P APER ACCEPTED FOR THE JOURNAL OF P A R A L L E L ALGORITHMS AND APPLICATIONS, SPECIAL ISSUE ONALGORITHMS FOR ENHANCED MESH ARCHITECTURES1The Liquid Model Load Balancing MethodDominik HenrichInstitute for Real-Time Computer Systems and RoboticsUniversity of Karlsruhe, D-76128 Karlsruhe, Germanye-mail: dhenrich@ira.uka.deAbstractLoad balancing is one of the central problems that have to be solved in parallelcomputation. Here, the problem of distributed, dynamic load balancing for massiveparallelism is addressed.A new local method, which realizes a physical analogy to equilibrating liquids inmulti-dimensional tori or hypercubes, is presented. It is especially suited forcommunication mechanisms with low set-up to transfer ratio occurring in tightly-coupled or SIMD systems. By successive shifting single load elements to the directneighbors, the load is automatically transferred to lightly loaded processors.Compared to former methods, the proposed Liquid model has two mainadvantages. First, the task of load sharing is combined with the task of load balancing,where the former has priority. This property is valuable in many applications andimportant for highly dynamic load distribution. Second, the Liquid model has highefficiency. Asymptotically, it needs O(D.K.Ldiff) load transfers to reach the balancedstate in a D-dimensional torus with K processors per dimension and a maximum initialload difference of Ldiff. The Liquid model clearly outperforms an earlier load balancingapproach, the nearest-neighbor-averaging.Besides a survey of related research, analytical results within a formalframework are derived. These results are validated by worst-case simulations in one-and two-dimensional tori with up to two thousand processors.Keywords:distributed computing, parallel algorithms, load sharing, load balancing,rings, tori, hypercubes1 . IntroductionLoad balancing is one of the central problems that has to be solved in parallelcomputation. Load imbalance leads directly to processor idle times and to low exploitation ofthe potential power of distributed computing. High efficiency can only be achieved if many

THE LIQUID MODEL LOAD BALANCING METHOD2processors are supplied with work and the computational load is evenly balanced among theprocessors. This problem can be divided in two distinct tasks, load balancing and load sharing.The easier task of load sharing is to supply each processor with at least some load. Thereby, theamount of processor load is of no interest as long as there is load at all. Load balancing is thetask of equilibrating the load as evenly as possible. As a final goal, every processor shouldhave the same amount of work.1For both of these tasks, many approaches have already been studied. A general taxonomyof load balancing approaches is given in [Casavant88]. Because the number of processors inavailable parallel computing systems increases quickly, scalable algorithms are required. Incentralized load balancing algorithms the scheduler forms an bottleneck. Thus, we concentrateon distributed approaches. Within this category of distributed algorithms, we additionallydistinguish between global and local methods. With global2 load balancing one processor maytransfer load (or load information) to any other processor in the system. This transfer of theload packages is done by sending them through a routing network. Several global distributedapproaches with asynchronous communication are described, for example, in [Kumar91,Schabernack92].The general drawback of global approaches to load balancing is that, with an increasingnumber of processors, the global communication of the load will slow down the algorithm.Thus, in the future, only local approaches seem applicable for massively parallel computers. Inthis paper, we concentrate on local distributed load balancing and load sharing methods, whereonly communication between a processor and its directly connected neighbors is allowed.Thus, the communication via several processors is not admissible.For the load balancing process, we assume that the total work consists of single loadelements that represent tasks to be processed. Because in many applications the size of the tasksis not known in advance, all the load elements are assumed to be of the same size. Thus, as atime measure in the load balancing algorithms, the transfer of one load element is appropriateand any compression of load is excluded. The number of communication set-ups transferringseveral load elements is not sufficient as time measure for tightly-coupled or SIMD systems,because the set-up is fast compared to the communication itself.For the application process, we assume that the amount of load is increased and reduceddynamically in time by generating new tasks and finishing existing ones. Additionally, thedevelopment of load increase and reduction is not predictable, thus, future load distribution

1The distinction between load sharing and load balancing may seem rather artificial because balanced load isalso shared load, but it leads to a better insight of the algorithms and for some applications load sharing issufficient.2This interpretation differs from the one in [Casavant88]. There, local load balancing addresses the schedulingand dispatching of processes within a single processor, and global load balancing addresses the loaddistribution over the total multiprocessor system.

THE LIQUID MODEL LOAD BALANCING METHOD3cannot be foreseen. Such highly dynamic load distributions are given, for example, in searchtree algorithms such as Branch-and-bound, A*, IDA*, etc.In summary, the application algorithm with dynamic load balancing can be viewed as twointerlaced, adversary processes, where the balanced state is unlikely to be reached. Asconsequence, an explicit termination criterion of the load balancing process can be omitted.Another consequence of dynamic load distribution is that aged load information is nearlyworthless. The older the information the more likely has the load configuration changed in themeantime.Here, we present and evaluate a new local load balancing approach. Former local loadbalancing approaches are reviewed and discussed in Section 2. Then, the new method isillustrated and a formal framework is set up in Section 3. Using this framework, the propertiesand the efficiency of the method are derived analytically in Section 4. These analytic results aresupported by several simulation results in Section 5.2 . Related ResearchIn this section, we survey known local load balancing methods. These methods can bedivided into three basic approaches: the diffusion method, the dimension exchange, and thenearest-neighbor-averaging. All three approaches have one property in common, the strictlocality of control and communication. Nevertheless, each approach uses a different startingpoint. Finally, we briefly discuss semi-local approaches, which loosen the strict localityproperty.2 . 1 . Diffusion ApproachThe diffusion method is an iterative algorithm and especially suited for systems withdirect communication networks. In every step, a fixed fraction of the load difference betweentwo neighboring processors is exchanged. When these local operations are used, the loaddistribution converges to the global optimum. The efficiency of the diffusion method dependson a diffusion parameter a which determines the size of the transferred load fraction.For processor i, let the load Li ˛ R and a set of directly neighboring processors D(i) begiven. Thereby it is assumed that the load consists of very many and very small load elements,so that a continuous representation is admissible. By the diffusion method, a load di(j) istransferred from processor i to every neighbor j ˛ D(i) withdi(j) = a (Li — Lj), with a ˛ (0,1)(1)

THE LIQUID MODEL LOAD BALANCING METHOD4With di(j) < 0, the load is transferred in the inverse direction. In this formulation,truncation errors are not considered. Every change of state of the processor load Li b y synchronous load balancing can be described by the following transition equation:L i(t+ 1 )˚˚:=˚˚˚L i(t)˚+˚�j˛D(i)˚di(j)(2)For a system with P processors and a total load of L that is distributed unevenly over thesystem, the processor load has to converge to L/P by the diffusion method. In [Cybenko89],this method is analyzed for the first time. Assuming a synchronous communication, necessaryand sufficient conditions for the diffusion parameter are given to ensure convergence.Additionally, the optimal parameter for hypercubes is found, which enables the highestconvergence rate of load balancing. In [Bertsekas89], the convergence for an asynchronousversion of the diffusion method is shown, provided that the communication delay of a link hasan upper bound.Besides the necessary convergence itself, the rate of convergence is important. In[Boillat90], different convergence rates for several network topologies are given. In thisanalysis, only the number of communication set-ups is considered, but not the amount oftransferred data. It is shown that in D-dimensional tori with Ki processing units in dimension i,the load configuration converges asymptotically to a balanced state with O(D.max{Ki}2) time.In D-dimensional binary hypercubes only O(D) steps are necessary. Additionally, the numberof iterations necessary to reach a balanced state depends on the initial load configuration but thisfact is not considered by the time measure used. In [Xu93], the optimal diffusion parameter forsynchronous load balancing in D-dimensional tori with K processors per dimension is derived.In [Kumar87] a variant of receiver-initiated diffusion approach named a-splitting isanalyzed for unidirectional rings. When an idle processor with index i˚+˚1 demands processori for work then the fraction (1˚—˚a).Li, with 0˚<˚a˚<˚1, of the total load Li is transferred toprocessor i˚+˚1. The analysis shows, that for an increasing number P of processing units, anexponential time effort of b˚P, with b˚=˚1/(1˚—˚a), is necessary asymptotically. The timeeffort is measured by the number of transfers, independent of the (continuous) amount ofinformation transferred. The discrepancy to the results of the former paragraphs is due to thedifferent initialization of load balancing.For diffusion methods, various applications are possible. For example, the diffusion wasused for branch-and-bound algorithms on Intel iPSC/2 in [Willebeek90] and on Transputerclusters with de-Bruijn and ring topologies in [L�ling92].The main drawback of diffusion methods comes up in practice. In [Horton93], it isshown that in spite of proven convergence, global imbalance using local balancing operationscan arise. This effect is due to the discrete realization of the continuous model. Necessarytruncation errors may cause decreasing ramps with slope —1 that are not further equilibrated.

THE LIQUID MODEL LOAD BALANCING METHOD52 . 2 . Dimension ExchangeThe dimension exchange is a further local load balancing method. It is a synchronousapproach where load balancing takes place successively in a single dimension. See[Willebeek93, Cybenko89, Dragon89]. In [Cybenko89], a dimension exchange forasynchronous multiprocessor systems with hypercube topology is presented, which needslog(P) steps with P processors. One load transfer includes the communication of multiple loadelements. This approach is suited for problems with little dependency between the loadelements (see [Fox89]).Comparing dimension exchange and the diffusion method, each approach is well suitedfor different communication models. With the diffusion method, simultaneous communicationwith all direct neighbors is best. For the dimension exchange, one communication at a time issufficient. In [Cybenko89], it is shown that the dimension exchange outperforms the diffusionmethod in hypercubes. This holds true for k-ary n-cubes too [Xu93].2 . 3 . Nearest-neighbor-averagingThe nearest-neighbor-averaging (NNA) is a further, completely local load balancingmethod. The idea is to change the load of each processor such that it is equal to the mean loadof the processor and its neighbors. Regarding the processor i and the set of its direct neighborsD(i), there is a mean load of ‘Li(t) = (Li(t) + �j˛D(i)Lj(t)) / (|D(i)| + 1) at time t, where |D(i)|stands for the number of neighbors. After one load balancing step, at time t˚+˚1, the processori should have a load of ‘Li(t). As a transition equation for the load change, the followingformula holds true:Li(t+1) := 1|D(i)|˚+˚1

Ł� ł�Li(t)˚+˚�j˛D(i)Lj(t) (3)The NNA can be realized in two different ways. An asynchronous variant is described in[Willebeek93]. When a processor is highly loaded then it transfers a portion of its load to alldeficient neighbors. The amount of transferred load is proportional to the difference of the meanload and the load of the neighbor. Let the deficiency of each neighboring processor j ˛ D(i) forthe processor i be given by hj = max{0,‘Li — Lj} and the total deficiency by Hi = �j˛D(i) hj.Then, the asynchronous NNA performs a load transfer di(j) from processor i to each of itsneighbors j ˛ D(i) withdi(j) = (‘Li(t) — Li) hjHi

(4)In the synchronous variant of NNA, the load of every processor is divided into |D(i)| + 1portions of the same size. The processor itself and all of its neighbors receive one load portion.The execution of each load balancing step satisfies the transition equation in (3). Let the

THE LIQUID MODEL LOAD BALANCING METHOD6processor i have a load Li and a set of neighbors D(i). Then, by the synchronous NNA, a loadtransfer di from processor i to each of its neighbors j ˛ D(i) is performed with3di = L i˚|D(i)|˚+˚1

(5)The synchronous NNA is analyzed in [Hong90] for binary hypercubes and in [Qian91]for general hypercubes. There, it is proven that the load balancing method converges and thatthe variation of the load has an upper bound.When comparing NNA with the diffusion method in Section 2.1, the NNA can berecognized as a special case of the diffusion method. With a diffusion parametera˚=˚1˚/˚(|D(i)|˚+˚1) the transition equation of the diffusion method in (2) turns into the one ofNNA in (3).2 . 4 . Semi-local Load BalancingBesides the strictly local load balancing methods presented above, there are semi-localapproaches. They have the requirement of locality being more or less loose in common.Nevertheless, these approaches cannot be fully allocated to global load balancing methods, andtherefore are only briefly mentioned here.A hierarchical and topological independent diffusion method for multiprocessor systemsis presented in [Horton93]. Local load transfers are controlled based on global load distributioninformation. On the one hand, neighborhood relations between load elements can be fulfilled.On the other hand, each processor has to be supplied with sufficient load elements to transferthe required amount of load. To reach the equilibrated load state, O(log(P)) transfers with Pprocessors are necessary. Thereby, one transfer includes the communication of several loadelements.The gradient model in [Lin87] is a receiver-initiated, topology-independent load balancingmethod for multiprocessor systems. A global potential field indicating the proximity of lightlyloaded processors is successively approximated. The load packages migrate in the direction ofthe gradient from highly loaded to lightly loaded processors. Because of the load elements aremigrating through several processing units and are not considered as additional load, thegradient model cannot be viewed as a strictly local approach. An application of the gradientmodel to domains with high, dynamic load changes, e.g., as tree search algorithms, is difficultbecause the approximation of the potential field ages quickly.

3The communication effort can be reduced down to the difference between the two opposed load transfers byprevious exchange of load information.

THE LIQUID MODEL LOAD BALANCING METHOD72 . 5 ConclusionAll the presented local load balancing approaches have one disadvantage in common:They assume a continuous amount of processor load. Contrasting with that, for the mostapplications, a discrete representation of load is more adequate. Additionally, with massivelyparallel computers, one cannot turn to a continuous representation because the local processormemory is relatively small and, therefore, the number of load elements is limited. A continuousrepresentation simplifies the analysis of the methods but it leads to the load imbalancementioned in Section 2.1. Therefore, it is important to design load balancing mechanisms,which take this problem into account and, e.g., assume discrete load elements.Many of the former local load balancing approaches can be reduced to the diffusionapproach. Additionally, this is the only approach, which has been analysed to this extend sofar. For several topologies, e.g. K-ary D-cubes, the NNA implements the optimal diffusionparameter. Thereby, the time effort grows asymptotically in a quadratic form, for an increasingnetwork diameter. Because NNA represents the best known method analyzed so far, we willuse it for comparisons in Section 5.In the previous investigations of load balancing methods, the number of load transfers,i.e. communication set-ups, has been used as a time measure. For coarse-grained parallelcomputers, this is an appropriate measure, because the set-up time is huge compared to thetransfer time itself. On the other hand, for the fine-grained massively parallel architectures, thisratio is inverse. To determine analytically the time effort on these machines, it is important toconsider the amount of transferred information too. This amount is always greater than or equalto the number of transfers, because for communicating one information unit at least one set-upof the link is necessary. Thus, in the rest of the paper, we regard the communicated amountinstead of the communication set-ups.3 . The Liquid ModelThis section presents a new local load balancing method. The basic idea is illustratedusing both a continuous and discrete view point. Then, we develop a formal definition of themodel as a basis for our analysis. Finally, an example showing two basic properties is given.3 . 1 . IllustrationThe proposed load balancing method implements a Liquid model. For this model, a flatbox is filled with a homogeneous liquid. In the balanced state, the liquid has the same height atany place in the box. If one pours additional liquid into the box at an arbitrary location, theliquid equalizes itself such that the height is again the same everywhere. See Figure 1a for asimplified illustration.

THE LIQUID MODEL LOAD BALANCING METHOD8

˚(a)˚ ˚(b) ˚

Figure 1: The behaviour of the simplified Liquid model (a) and its discrete equivalent (b) whenfurther liquid resp. load is addedThis equilibration happens by locally displacing the superfluous liquid to theneighborhood. By successive displacements, the liquid equalizes itself again. This global effectis achieved by a strictly local mechanism, because none of the additional liquid molecules will"jump" to locations with lacking liquid.The discrete equivalent to the above continuous model is shown for the one-dimensionalcase in Figure 1b. This simplified physical effect can be used for load balancing. There, thegeometry of the box is discretized and every interval corresponds to one processing unit. Theliquid in the liquid model corresponds to the load in the load balancing process. Thequantization of the liquid height is represented by elementary load units. For example, in a treesearch algorithm, the nodes of the search tree that still have to be processed are the single loadunits.If there is a heavy load at some location and a light load at another location, the loadshould be transferred from the former to the latter place. Global approaches would detect theselocations and transfer the load directly by a communication network. Instead, with the Liquidmodel, the load is transferred implicitly. While there are processors with light loads, heavilyloaded processors shift load elements to some of their neighbors and receive load elements fromother neighbors. The lightly loaded processors only receive load elements but do not give anyaway. By successive shifting, the load is automatically transferred to the processors with lowload. The approach taken here targets for both aims, load balancing and load sharing. Theseaims will not be reached in one step, but asymptotically by several load balancing iterations.3 . 2 . Formal ModelFor a precise description of the liquid model load balancing method and for theformulation of analytical statements about the algorithm, the above presented idea is nowformalized. With regard to that, we assume a general cyclic mesh structure (torus) as the

THE LIQUID MODEL LOAD BALANCING METHOD9communication network of the processing units. This structure is a general topology, which isused, e.g., in Paragon or MasPar computers. The main advantages are that it can easily bescaled in the number of processors and that it is easy to implement.Given is a D-dimensional, symmetric4 torus with P = KD processing elements, for a fixedK ˛ N+. The processor Pi has a unique identity i, which results from the (cyclic) coordinatesof the torus and is given by the D-dimensional vector i = (i1, �, iD). The set of all admissibleidentifiers of the processing elements is given by the index setI := {(i1, �, iD) | ij ˛ {0, �, K—1} and j = 1, �, D}(6)For simplification the indices are taken (mod K), which means Pi stands for Pi˚mod˚K.The access to solely one dimension d is enabled by the vector 1d that consists of a 1 in the d-thposition and in all other positions 0.The processor system is inspected only at discrete points in time t ˛ N. Thus, we regarda series of successive system states. At every arbitrary point of time t˚˛˚N, the load ofprocessor Pi is denoted by Li(t) ˛ N. In the rest of the paper, the unique time parameter can beomitted, and the load states refer to the time t, i.e., Li stands for Li(t).The change of load states is accomplished by shifting elementary load units betweenneighboring processors. The Boolean function Ci,d(t) controls the shift of load elements. If forone processing unit i the condition Ci,d(t) holds true, then it shifts one load element to itsneighbour in dimension d. The function Ci,d(t) represents one of the six conditions C0 to C5 inTable 1. It evaluates the selected condition for the processing element i (respectively for its loadLi) at time t. Thereby, the one-dimensional condition is applied in the direction of dimension d.Thus, the scalar operations within the conditions refer only to the d-th component of the D-dimensional vector. For example C5i,d(t) stands for Li˚>˚0 � L(i1,...,iD) ‡ L(i1,...,id+1,...,iD).The conditions C0 and C1 use load information Li of only the processor i. Condition C1and its extension in C2 guarantee that none of the busy processors become idle due to shiftingload elements. Conditions C2 through C5 additionally use load information of the precedingneighbor Li—1d or succeeding neighbor Li+1d. By each of these conditions an extra mechanismfor load balancing in the frame of the Liquid model is implemented. Because each processingunit uses the same mechanism, the rules C0 to C5 are never working together.As one load balancing step of the Liquid model, the change of state from time t to timet˚+˚1 is regarded. Such a load balancing step consists of several substeps. Therefore, the loadstate Li of all processors i˚˛˚I is changed synchronously in every dimension d˚=˚1,˚�,˚D.Instead of viewing the explicit transfer of the load, here, we regard the resulting effect. Thestate change of load depends only on the direct neighbors within one dimension. With that, adefinition of load balancing relying only on these shift conditions can be established.

4A symmetric torus consists of an identical amount of elements (processors) in every dimension. Thissymmetry is no precondition of the Liquid Model, but it simplifies the description.

THE LIQUID MODEL LOAD BALANCING METHOD10C i,d˚˚˚�"Processor Pi shifts one load element to Pi+1d"˚˚˚�

C0:Li˚>˚0"Pi has load elements to be transferred"

C1:Li˚>˚1"Pi is not idle after giving away one load element"C2:C1 � [(Li˚=˚1) �˚˚˚˚˚˚˚(L i—1 d ˚ > ˚ 1 ) ] "Pi is not idle after giving away one load element orreceives one load element from Pi—1d"C3:C1 � Li˚‡˚Li+1d"Pi is not idle after giving away one load element and Pi+1dhas not more load"C4:C2 � Li˚‡˚Li+1d"Pi is not idle after giving away one load element orreceives one load element from Pi—1d and Pi+1d has notmore load"C5:C0 � Li˚‡˚Li+1d"Pi has load elements to be transferred and Pi+1d has notmore load"

Table 1: Formal and verbal description of different instances (C0 to C5) of shift condition Ci,d,which indicates dependent on the load Li whether processor Pi should shift one load element toits neighbour in dimension dDefinition 1:(Liquid model)A change of state Li(t) fi Li(t+1), with i ˛ I, is called Liquid model load balancing (LM-C,with condition C in Table 1), if and only if in every dimension d = 1, �, D the followingequation is applied successively:L i(t+1)˚˚:=˚˚ �Li(t)˚+˚1,˚if˚Ci-1d,d(t)˚�˚�Ci,d(t)Li(t)˚—˚1,˚if˚�Ci-1d,d(t)˚�˚Ci,d(t)Li(t),˚otherwise�In Table 2, the mechanism of load transfers depending on the shift condition is illustrated.For each possible evaluation of the shift condition of two neighbouring processors, theresulting load transfers are given. The shift of load elements results by itself in a change ofload. This change of load serves in Definition 1 as basis to formulate the Liquid model loadbalancing method.By the above definition, the elementary step of iterative load balancing following theLiquid model is stated. Now, the question for the aim and the termination of the load balancingarises. The goal of every load distribution method, when aiming to balance the loadconfiguration, is to obtain the balanced state in as few as possible state changes t fi t + 1starting from any arbitrary load distribution Li. In the final balanced state, every processor loadshould have reached about the mean load of the total system. This balanced load configurationcan be defined by the maximum difference between two processors as follows.

THE LIQUID MODEL LOAD BALANCING METHOD11Processor:Pi—1dPi

Shift condition:Ci,d(t)˚=˚FalseCi,d(t)˚=˚False

Shift of load:——State change:Li(t+1)˚˚:=˚˚Li(t)Shift condition:Ci,d(t)˚=˚FalseCi,d(t)˚=˚True

Shift of load:—¥ fiState change:Li(t+1)˚˚:=˚˚Li(t)˚˚— 1Shift condition:Ci,d(t)˚=˚TrueCi,d(t)˚=˚False

Shift of load:¥ fi—State change:Li(t+1)˚˚:=˚˚Li(t)˚+ ˚ 1 Shift condition:Ci,d(t)˚=˚TrueCi,d(t)˚=˚True

Shift of load:¥ fi¥ fiState change:Li(t+1)˚˚:=˚˚Li(t)

Table 2: Load balancing following the Liquid model for processor Pi with its predecessor Pi—1d:The shift of load elements depends on the Boolean evaluation of the shift condition Ci,d, whichindicates by itself the load change of processor Pi.Definition 2:(Balancing)A load configuration Li, with i ˛ I, in a D-dimensional torus is called balanced, if and only iffor all i ˛ I the following condition holds true:|Li˚—˚Lj |˚£ ˚D, for all i, j ˛ I�The above definition serves as a formal termination criterion of the load balancingmethod, which is necessary for the analysis in Section 4. As long as the condition for abalanced load configuration is not fulfilled, a successive application of single balancing steps isnecessary. As a load shifting operation, a procedure Transfer_Load(Pi, Pi+1d) is assumed,which transfers one load unit from processor Pi to processor Pi+1d. With that, we obtain thefollowing imperative formulation of the load balancing method of Definition 1.Algorithm 1:(Liquid model load balancing)while (|Li — ‘L| > 1) dofor d = 1, �, D dofor all processors Pi, i ˛ I, do in parallelif Ci,d thenTransfer_Load(Pi, Pi+1d);/* Li := Li — 1 and Li+1d := Li+1d+ 1 */end;end;end;

THE LIQUID MODEL LOAD BALANCING METHOD12

Lii˚ ˚ ˚ ( b ) ˚ ˚ ˚

LiiFigure 2: Example of a single load balancing step by the Liquid model with shift condition C5in a ring of eight processors P(1) through P(8) (black arrows: real load transfer, grey arrows:"virtually" transferred load). The load configurations are depicted as processors with loadelements on the left and as function graph of the load Li depending on the processor Pi on theright.When integrating the Liquid model load balancing method in a given applicationalgorithm, the formal termination criterion is not checked. To do so, global information aboutthe system state had to be computed, which reduces the scalability of the algorithm. Withouttermination criterion, the load balancing mechanism will not terminate by itself. On the otherhand, this property is not necessary, because the application algorithm and the load balancingproceed concurrently. Thus, the termination of the load balancing mechanism is guaranteed bythe application.3 . 3 . ExampleAn example for one single Liquid model step in a ring topology is given in Figure 2.Thereby, every processing unit shifts one load element to its neighbor on the right iff conditionC5 holds, i.e., if a processor has load elements and its load is greater than or equal to the loadof its neighbour. Additionally, the processors shift the load elements in the same direction thatis given by the indices (here, to the right). In (a), the initial configuration is shown and thefuture shifts are indicated by arrows. In (b), the resulting configuration after the shift operationis given. the arrows indicate the "virtually" transferred load elements. (A formal definition ofthe virtual load transfer is given in Section 4.)Two effects of the Liquid model can be seen from this example. In the left processorgroup, P(0) through P(4), a global transfer by local shifts is performed. Additionally, in the rightprocessor group, P(5) through P(7), the load is balanced.There are two main differences between the Liquid model and the former load balancingmethods in Section 2. First, with the former methods, none of these global effects are possibleby shifting load elements locally. This is because if the load of three neighbors is alreadybalanced, then no load elements will pass this triplet in one step. Therefore, this balanced triplet

THE LIQUID MODEL LOAD BALANCING METHOD13forms a burden for a (virtual) load transfer. Second, the former methods achieve load sharingonly as a side effect of balancing the load. This contrasts with the Liquid model, where load isshared among the processors in the first place, and after that, load balancing takes place. Wewill investigate the second effect in greater detail in the following section.4 . AnalysisIn this section, we use the framework of the last section to achieve three basic statementsabout the Liquid model. The statements refer to global effects by local operations, to theconvergence to an equilibrated load distribution, and to the high efficiency of the algorithm. Inthe following, both statements are derived formally only for condition C5, because it results inthe most efficient variant (see Section 5). The other conditions C3 through C4 can be treated inthe similar way.One representative of global effects has already been illustrated for LM-C5 in Figure 2.5The virtual load transfers occur in the shift direction (here, to the right). The precondition forthat effect is a series of processors that have exactly one elementary load, some processors tothe right being idle. Another general representative of global effects is the virtual load transfer inthe inverse shift direction. Thereby, the load of some processor is reduced by one element andof another processor, with a smaller index, increased. The load of the intermediate processorsremains unchanged. The latter effect is explained more precisely in the following definition (seealso examples in Figure 3).Definition 3:(Virtual load transfer)Given are two processors Px and Py, with x, y˚˛˚I and within a dimension d, i.e., there existsa k ˛ N+ with y = x + k.1d. A change of a given load configuration Li(t), with i ˛ I, is called avirtual load transfer between processors Px and Py, if Lx(t+1) = Lx(t) + 1 and Ly(t+1) =Ly(t)˚—˚1 under the condition that, for all i = x+1d, �, y—1d Li(t+1) = Li(t) holds.�Besides global effects by the load balancing method, global structures can be observed inthe load configuration itself. Because the load balancing method considers multiple dimensionsone by one, only one-dimensional structures are of interest. A typical structure is given by thestrongly monotone ascent of the processor load in the shift direction. Such load ascents withmaximum length are called ramps in the following definition (see also examples in Figure 3).

5An detailed example is given in Table 3.

THE LIQUID MODEL LOAD BALANCING METHOD14

Shift direction iLiLiiFigure 3: Different shapes of ramps in one-dimensional load configurations and the resultingvirtual load transfers by LM-C5 in a one-dimensional ring.Definition 4:(Ramps)The load configuration between two processors Px and Py, with x, y˚˛˚I and withindimension d, forms a ramp if the following four conditions hold true:(1)there exists a k ˛ N+ with y = x + k.1d and(2) for all i = x, x+1d, �, y—1d holds Li < Li+1d and(3)Lx—1d ‡ Lx and(4)Ly+1d £ Ly�In Figure 3, a series of examples for ramps in one-dimensional load configurations isdepicted. There, processor load Li is plotted against the processor index i. The shift direction isto the right. In the upper row, the slope of the ramps decreases from the left to the rightexample. In the lower row, special cases with smallest-possible ramps in a load plateau areshown (left: jump, mid: maximum, right: minimum). Additional arrows in the figure indicatethe virtual load transfers. The relationship between ramps and virtual load transfers is stated inthe following theorem.6

6In this and the following theorems, a load configuration is assumed, where all processors have at least oneload element (Li˚>˚0, with i˚˛˚I), i.e., the goal of load sharing has already been reached. This assumption isnot critical, because all processors are supplied with load elements by the Liquid model in a very short time(in O(D.K) steps).

THE LIQUID MODEL LOAD BALANCING METHOD15Theorem 1:(Global effects)Let Li(t) > 0, with i ˛ I. A virtual load transfer between processors Px and Py, with x, y˚˛˚I,can be observed after one load balancing step by LM-C5 if the load configuration between thesetwo processors forms a ramp.Proof: The condition (1) of Definition 4 guarantees the order of the processors Px and Py,which is required by Definition 3. From conditions (2) and (3) and Definition 1 follows that Pxreceives an additional load element from Px—1d but does not shift any to Px+1d, i.e., after oneload balancing step, processor Px has one more element and Lx(t+1) = Lx(t) + 1 holds. Fromconditions (4) and (2), it follows analogously that Py shifts one load element to Py+1d but doesnot receive any from Py—1d, i.e., after one load balancing step, processor Py has one elementless and Ly(t+1) = Ly(t) — 1 holds. For all processors Pj with j = x+1d, �, y—1d, it followsfrom condition (2) with i = j, that Pj does not give away any load, and from condition (2) withi˚=˚j—1d, that Pj does not receive any load. With that, the load state of processor Pj isunchanged and Lj(t+1) = Lj(t) holds after one load balancing step. Now all the requirements ofDefinition 3 are fulfilled.�A basic precondition for the efficiency of the load balancing method is that the quality ofthe load configuration does not worsen by applying load balancing. With LM-C5, thisconservative behavior can be guaranteed. The reason is that the maximum or the minimum ofthe load is not increased or decreased, respectively. The following lemma proves this statement.Lemma 1:(Conservativity)After the application of one load balancing step by LM-C5 to a load configuration Li(t), withi˚˛˚I and Lmax(t) = max{Li(t) | i ˛I} with Lmin(t) = min{Li(t) | i ˛I} respectively, it holds:Lmax(t + 1) £ Lmax(t) and Lmin(t + 1) ‡ Lmin(t).Proof. Initially, we consider only a partial step in dimension d. By the last two cases of thestate transition by LM in Definition 1, the load state of a processor cannot be increased. Thefirst state change Li(t+1) := Li(t) + 1 is performed if Ci,d(t) � �Ci+1d,d(t) holds true. With C5 asa condition, this is equivalent to Li—1d(t) ‡ Li(t) � Li(t) < Li+1d(t). Thus, processor Pi has nomore load than its neighbor Pi+1d after one partial load balance step in dimension d. Withminimal load the argumentation is analogous. Because the partial steps in all dimensions areexecuted successively, their combination to one full load balancing step does not increase ordecrease any maxima or minima, respectively.�Besides the conservativity referring to the load configuration, the load balancing methodadditionally has to improve the distribution of the load. For iterative methods, this requires animprovement within a fixed number of iterations. Otherwise, the efficiency cannot beguaranteed. For LM-C5, this improvement can be observed at all left maximum positions or

THE LIQUID MODEL LOAD BALANCING METHOD16right minimum positions in load plateaux or valleys, respectively. At these positions, thebehavior is symmetrical, thus we regard only a left, global maximum position. The applicationof a load balancing step can have two alternative consequences. Either the value in themaximum position is reduced (see upper row in Figure 3), (because no other extreme positionscan arise spontaneously, the total number of maximum positions has been decreased), or themaximum position has moved for one processor in the inverse shift direction (see lower row ofFigure 3). In the following lemma, the two alternatives of improvement are derived.Lemma 2:(Improvement)Given is a non-balanced load configuration Li > 0, with i˚˛˚I and Lmax = max{Li | i ˛ I}}.After a load balancing step using LM-C5, every maximum position m ˛ I at the left end of aplateau (Lm(t) = Lmax(t) and Lm—1d(t) < Lmax(t), for one d) is either:(1)reduced in its value for one load unit:Lm(t+1) = Lmax(t) — 1 and Lm—1d(t+1) < Lmax(t) or(2)moved left for one processor element:Lm(t+1) = Lmax(t) — 1 and Lm—1d(t+1) = Lmax(t)Proof. Because the load configuration Li(t) is not balanced, there always exist a dimension dand an index m ˛ I with Lm = Lmax and Lm—1d < Lm. With that, Pm forms the upper (right) endof a ramp of Definition 4. Let Pn, be the corresponding lower (left) end. Thus, Lm — Lnindicates the load difference of the ramp.Case 1. If Lm—2.1d < Lm—1d or Lm—1d + 1 < Lm holds, then the load difference is greater thanone. According to Theorem 1, one load element has been transferred virtually from Pm to Pnafter one load balancing step. Because Lm(t+1) = Lm(t) — 1 holds, Lm is no longer as high asthe previous maximum height, i.e., Lm(t+1) < Lmax(t). Because the load difference is graterthan one, no other global maximum at the lower end of the ramp can arise and, thus, condition(1) is satisfied.Case 2: Let Lm—2.1d˚‡˚Lm—1d˚˚and˚Lm—1d+1 = Lm. The direct neighboring processor Pm—1dforms the left end of a ramp and the load difference of the ramp is equal to one. According toTheorem 1, the maximum position Pm is virtually transferred to Pm—1d with Lm(t+1) = Lm(t)˚—˚1. Because of the small load difference, a new global maximum position arises at Pm—1d afterthe load transfer, i.e., Lm—1d(t+1) = Lmax(t). The former maximum position of Pm has movedleft to Pm—1d and condition (2) is satisfied.�In Case 2 of the lemma, the extreme value positions cannot be reduced because there is aload difference of only one element in the ramp. E.g., if a ring of processors with a load rampof height one is part of a two-dimensional torus, then a orthogonal ring may have such a ramp,too. Thus, the number of total load difference in the torus is increased by one. If we regardhigher-dimensional topologies then the total load difference, which will not necessarily be

THE LIQUID MODEL LOAD BALANCING METHOD17

112112223

223223334 (a)

111012111 (b)Figure 4: In (a) an example of a balanced load configuration in a 3-dimensional torus, with totalload difference of 3 elements is given. In (b) a balanced 2-dimensional torus with an unbalancedring is shown.reduced by LM-C5, increases with the number of dimensions. This is because the extremepositions may cycle on different rings. An example of this situation is given in Figure 4a.On the other hand, if the total load difference in a D-dimensional torus is greater than D,the difference will be reduced by LM-C5. This fact is shown in the next theorem. Before that,the relation of balanced torus and their embedded rings is pointed out.Lemma 3:(Balance)Given is a D-dimensional torus. If all existing rings are balanced then the torus is balanced, too.Proof. Let all rings in the D-dimensional torus be balanced (according to Definition 2) and letx,˚y˚˛˚I be two arbitrary processors. Then, each path from x to y leads via at most D pairwiseorthogonal rings. Each ring contains a load difference of at most one load element because theyare balanced. Thus, the load difference between processor x and y sum up to at most D loadelements. This argument holds for all processor pairs x, y and, therefore, the torus is balanced.�The reverse implication does not hold because two extreme positions x and y in a D-dimensional torus, with 1 < |Lx — Ly | £ D, may belong to the same ring. See Figure 4b for acounterexample. Together with the in Lemma 2 derived possibilities for improvement, thislemma is used to show that an overall balancing of the disturbed load is reached.Theorem 2:(Convergence)A unbalanced load configuration Li > 0, with i˚˛˚I in a D-dimensional torus, will converge toa balanced configuration when LM-C5 is applied.Proof. As long as the torus is not balanced, there exist at least one unbalanced ring with loaddifference greater than two elements (Lemma 2). Applying Lemma 3 to this ring, then, in everyload balancing shift, either a global extreme position is reduced, which is the trivial case, or isis moved, which we will regard further. Without loss of generality, we can asume that theextreme position is a maximum. Because this ring has a load difference greater than two

THE LIQUID MODEL LOAD BALANCING METHOD18elements, there exist a corresponding (local) minimum position, which will move in the inversedirection. Thus, the distance of the extreme positions is reduced regarding to the dimension ofthe ring. (Here, the distance in the ring is measured in the move direction, i.e. the extremepositions may diverge at first.)After a shift in another dimension these two extreme posisions may not belong to the same ringanymore. Still, there exist another unbalanced ring in which the distance is further reducedaccording to the above arguments. This process repeats until the maximum is reduced due toCase 1 of Lemma 2 and there is no unbalanced ring in the torus anymore. Hence, the loadconfiguration of the torus is balanced.�With that, the following upper bound for the necessary time effort of the LM-C5 can beset-up.Theorem 3:(Efficiency)For balancing an unbalanced load configuration Li > 0, with i ˛ I and Ldiff = max{|Li — Lj|, i, j˛ I}, in a symmetrical, D-dimensional torus with P = KD processors, K ˛ N, a maximum timeeffort T (measured in shifts) by LM-C5, is necessary of:T =˚O(D . K . Ldiff)Proof. It is sufficient to prove, that the global maximum is reduced for at least one load elementafter O(D.K) load balancing steps, i.e., Lmax(t + O(D.K)) < Lmax(t) holds, with Lmax =max{Li | i ˛ I}. For that, the set of global maximum positions is regarded. Let m ˛ I with Lm= Lmax be such a position.Case 1. Let (Lm—1d < Lmax—1) or (Lm—1d = Lmax—1 � Lm—2.1d < Lm—1) for one dimension d.According to Lemma 2 (Case1), the maximum position m is removed by one load balancingstep.Case 2. Let (Lm—1d = Lmax—1 � Lm—2.1d ‡ Lmax—1). According to Lemma 2 (Case2), themaximum position m moves left onto m — 1d in dimension d by one load balancing step. TheManhattan distance of the maximum position to the nearest position n with Ln˚£˚Lmax˚—˚2 isat most D.K in a torus with unidirectional links. According to Theorem 2, this distance will bereduced by moving both extreme positions in inverse directions. Thus, at most D.K/2 steps arenecessary until the maximum position is equilibrated.Case 3. Let Lm—1d = Lmax. The position m will not move before all additional maximumpositions lying directly to the left of m have been moved and Lm—1d < Lmax holds true. In theworst case, K — 2 positions have to move. After that, for position m, Case 1 or 2 isappropriate.In all cases, at most O(D.K) load balancing steps are necessary to remove the maximumposition m. Because this position is representative for all existing maximum positions and all

THE LIQUID MODEL LOAD BALANCING METHOD19positions are processed in parallel, Lmax(t + O(D.K)) < Lmax(t) holds. With the maximum loaddifference Ldiff, the theorem is proven.�The last theorem shows that local load balancing can be efficient. Contrasting with NNAin Section 2, the Liquid model shows only linear time effort in the single parameters using a torias interconnection network.7 The NNA as special case of the diffusion approaches needsquadratic time depending on the maximum number of processing units per dimension.Comparing LM-C5 with the dimension exchange in hypercubes, the LM-C5 has the sameasymptotical time effort, which has a logarithmic form.When examining the analytical results of LM-C5 and other load balancing methods,please note that two different time measures have been applied. The linear time effort of LM-C5is measured in the amount of communicated data. The time effort of NNA or of the dimensionexchange is measured in the number of communication set-ups. The data amount is alwaysgreater or equal to the number of set-ups, because for transferring a single data unit at least oneset-up of the connection is necessary. Thus, the comparison of the two different time measuresis justified.5 . Simulation resultsThe application algorithm with dynamic load balancing can be viewed as two interlaced,adversary processes. The application algorithm disturbs the load distribution by increasing orreducing the load in an unpredictable way. On the other hand, the load balancing process triesto re-equilibrate the load by transferring load elements. Investigating solely the balancingprocess apart from the application algorithm makes the effects more clearly recognizable.Because the nearest-neighbour-averaging method (NNA) implements the optimal diffusionparameter of the diffusion approaches in several topologies, we use this method forcomparison.We compared NNA and LM with different shifting conditions in ring simulations of sizeP. As the worst case scenario, one processor holds the total load Lsum = c.P, where c > 0 is anarbitrary integer, and the remaining processors are idle. Thus, in the perfectly balanced systemstate, every processor holds c load elements. Each balancing method is executed synchronouslyuntil the balanced state is reached. For NNA, a synchronous variation of the method in Section2.3 is used. If a non-integer amount of load should be shifted, then the amount is roundedasymmetrically. When transferring to the right and to the left, it is rounded upwards and

7For the common topologies, either the number of processors K per dimension or the dimension D itselfgrows with the topology size, but not both simultaneously.

THE LIQUID MODEL LOAD BALANCING METHOD20T:LM-C5:NNA:0160000000160000000

1151000000

2141100000

3131110000

4121111000

5111111100

6101111110

791111111

881111112

971111122

1061111213

115111212356000005

1241121223

1331212133

143212122354200014

1532212132

162222122344210023

172222213243211023

182222222233220123

1932311123

2023221123

2132312122

2223221222

2322312222

2422222222

Table 3: A worst case example depicted over time T for the Liquid model (LM-C5) and nearest-neighbour-averaging (NNA) with eight processors in a ring topology.downwards respectively. This insures that the perfectly balanced system state is actuallyreached and not only "ramps" turn up.As time unit T, the number of shifts executed synchronously is used. Because NNAgenerally needs more than one shift per logical load balancing step (one NNA iteration), themaximum number of load transfers per single load balancing step is summed. In the LM, thiscorresponds to exactly one shift. This time measure is reasonable, especially if the set-up timefor communication is short compared with the transfer time itself. This case holds especially forthe tightly-coupled systems regarded here.In Table 3, a worst case example for NNA and LM is given. In a ring structure with eightprocessors, initially only one processor holds 16 load units. For both methods, only the logicalelementary steps are recorded. Please note that multiple steps are necessary for one averagingwith NNA. Before NNA has averaged the first two processors, LM could already reach theload sharing goal after the seventh step. After the 18-th step, LM has reached the load balancinggoal. NNA still needs 6 further steps for balancing. Altogether, in this example, LM is about 25% faster than NNA.

THE LIQUID MODEL LOAD BALANCING METHOD21

20001500100050000

NNA-balance

LM-C5-balance

LM-C4-balance

LM-C3-balance# Processors P# Transfers T [*1000]020406080(a)

20001500100050000

01020304050

NNA-share

LM-C5-share

LM-C4-share

LM-C3-share# Processors P# Transfers T [*1000](b)Figure 5: Simulation results of load balancing (a) and load sharing (b) by the nearest-neighbour-averaging (NNA) and the Liquid model (LM) for synchronous processing in a ring for theworst case (c = 5)The general validity of the run-time proportions in the above example can be shown byfurther simulations. In Figure 5, the simulation results for different numbers of processors aregiven. The results show an almost linear increase in time with P for all balancing methods.When numerically fitting analytical functions to the results, quadratic components with smallcoefficients can be recognized only for NNA. For load balancing, NNA needs about four timeslonger than LM within our range of processor numbers. For load sharing, the difference isworse — NNA is 23 times slower than LM.With LM, the load elements are always shifted, unless the load difference to the successoris negative (C3 through C5). Therefore, load sharing has priority compared to load balancing.In the worst case (see above), only when all processors are supplied with a load the loadbalancing phase begins. The time effort of LM for load sharing amounts to T = P — 1, measuredin necessary shifts. This explains the huge difference between LM and NNA for loadbalancing.Additionally, simulation results not shown here indicate a linear increase in time with thesize Lsum of initial load.In Figure 6 the runtime behaviour of NNA is further investigated. Depending on theinitial load Lsum˚=˚c.P of the first processor, the normalized number of NNA iterations isdepicted. For NNA, one iteration mostly includes several shifts. The data points of each initialload have been normalized so that they match at value One for 512 processors. If iterationsinstead of shifts are depicted then NNA shows not such an extreme behaviour, because themultiple shifts per iteration smear the quadratic form. Altogether, the quadratic portion of the

THE LIQUID MODEL LOAD BALANCING METHOD22

512448384320256192128640

0,00,20,40,60,81,0 c = 10e+9 c = 1000000 c = 100000 c = 10000 c = 1000 c = 100 c = 10 c = 1# Processors PNormalized # NNA iterationsFigure 6: Dependency of the nearest-neighbour-averaging (NNA) execution time of the initialload difference Lsum˚=˚c.P plotted by the number of iterations normalized to one for up to 512processors.runtime increases with the initial load of the first processor (the total number of load elements,respectively). The borderline case is formed by continuous load.In Figure 7, the simulation results of LM in a squared, two-dimensional torus aredepicted for an increasing number of processors. In (a), the worst case with Lsum = c.P loadelements on only one processors is assumed (c = 5) as initial load distribution. For the last threeconditions (C3 through C5), identical numbers of iterations are necessary to reach the balancedstate. In (b), the initial load was uniformly ranomized among 0 and 100 load elements. Asabove, the results show an only linear time dependency of LM on the number of processors.To show the efficiency of the LM, NP-hard scheduling problems are used as anapplication domain in [Henrich94, Henrich95]. For the experiments, we used the MasParSIMD machine MP-1 with 16384 processors arranged in a two-dimensional torus. Altogether,20 problem instances with 106 up to 108 expanded nodes of the search tree were solved. Thedifferent shift conditions mentioned in Table 1 show very different behavior in the experimentalresults. All three conditions performing only the load sharing task (C0 through C2) are average.In contrast, the LM using any shift condition including load balancing (C3 through C5) are veryefficient. All of them outperform the NNA method.

THE LIQUID MODEL LOAD BALANCING METHOD23

1500010000500000

0246810

LM-C5-share

LM-C3/4/5-balance

LM-C4-share

LM-C3-share# Processors P# Shifts T [*10000](a)

105104103102101100

0100200300400

Minimum

Maximum

LM-C3/4/5-balance# Processors P# Shifts T(b)Figure 7: Simulation results of load balancing and sharing by LM in a 2-dimensional torus forthe worst case (a) and for a uniform random distribution (b).6 . SummaryThe realization of the Liquid model leads to a series of scalable and efficient dynamic loadbalancing techniques (LM-C3 through LM-C5). This is ensured by the strong locality of thealgorithm as well as by exploiting the feature of tightly-coupled processing units. As it has beenproven for multi-dimensional tori and simulated for the ring and the 2-dimensional torus, it isexpected to be suitable and efficient for various other topologies.Besides the simplicity of the presented algorithm, the main advantage lies in thecombination of load sharing and load balancing. The most simple version, following both thesharing and the balancing task (C5), yields the best overall run time. The Liquid model giveshigh priority to the sharing task before balancing is performed. Especially for algorithms withhighly dynamic load distribution, as e.g., tree search techniques, this prioritizationdemonstrates to be efficient. But this property is useful in many more applications.The Liquid model has outperformed a former local load balancing approach, nearest-neighbor-averaging (NNA). None of the above two properties are reached by the NNAalgorithm. It does not have such global effects when executing only a single local operation,and NNA performs load sharing only as a consequence of balancing.

THE LIQUID MODEL LOAD BALANCING METHOD24AcknowledgementThis research work was supported by the Deutsche Forschungsgemeinschaft (DFG) witha stipend by the "Graduiertenkolleg" of the Computer Science Department, University ofKarlsruhe. The work was performed at the Institute for Real-Time Computer Systems andRobotics, Prof. Dr.-Ing. U. Rembold and Prof. Dr.-Ing. R. Dillmann. I want to thank Alf-Christian Achilles and Peter Sanders for proofreading an earlier version of this paper and theanonymous reviewers for their comments.References[Bertsekas89]Bertsekas D. P., Tsitsiklis J. N., 1989, "Parallel and DistributedComputation: Numerical methods", Prentice-Hall, Englewood Cliffs, NJ, pp519-526.[Boillat90]Boillat J. B., 1990, "Load balancing and poisson equation in a graph",Concurrency: Practice and Experience, vol 2, no 4, pp 289-313.[Casavant88] Casavant T. L., Kuhl J. G., 1988, "A taxonomy of scheduling in general-purpose distributed computing systems", IEEE Transactions on SoftwareEngineering, vol 14, no 2, pp 141-154.[Cybenko89]Cybenko G., 1989, "Load balancing for distributed memorymultiprocessors", Jour. Parallel Distributed Comput., vol 7, pp 279-301.[Dragon89]Dragon K. M., Gustafson J. L., 1989, "A low-cost hypercube load balancealgorithm", Proc. 4th Conf. Hypercubes, Concurrent Comput. and Appl., pp583-590.[Fox89]Fox G. C., 1989, "Parallel computing comes of age: Supercomputer levelparallel computations at Caltech", Concurrency Practice Exper., vol 3, no 5,pp 457-481.[Henrich94]Henrich D., 1994, "Local load balancing for data parallel branch-and-bound", Int. Conf. Massively Parallel Processing, June 21-23, Delft, TheNetherlands.[Henrich95]Henrich D., 1995, "Lastverteilung f�r feink�rnig parallelisiertes Branch-and-bound", Dissertation, Universit�t Karlsruhe.[Hong88]Hong J.-W., Tan X.-N., Chen M., 1988, "From local to global: An analyzisof nerarest neighbor balancing on hypercube", Proc. 1988 ACM Symp. onSIGMETRICS, pp 73-82.[Horton93]Horton G., 1993, "A multi-level diffusion method for dynamic laodbalancing", Parallel Computing, vol 19, pp 209-218.[Kumar91]Kumar V., Ananth G. Y., Rao V. N., 1991, "Scalable Load balancingtechniques for parallel computers", Technical Report 91-55, Department ofComputer Science, University of Minnesota.[Lin87]Lin F. C. H., Keller R. M., 1987, "The gradient model load balancingmethod", IEEE Transactions on Software Engineering, vol 13, no 1, pp 32-38.[L�ling92]L�ling R., Monien B., "Load balancing for distributed branch-and-boundalgorithm", Proc. 6th Int. Parallel Processing Symp., pp 543-548.

THE LIQUID MODEL LOAD BALANCING METHOD25[Qian91]Qian X.-S., Yang Q., 1991, "Load baalncing on generalized hypercube andmesh multi-processors with LAL", Proc. 11th Int. conf. on DistributedComputing Systems, pp 402-409.[Schabernack92]Schabernack, 1992, "Lastausgleichsverfahren in verteilten Systemen -�berblick und Klassifikation", Informationstechnik it, vol 34, no 5, pp 280-295.[Willebeek90]Willebeek-LeMair M., Reeves A. P., 1990, "Local vs. global strategies fordynamic load balancing", Proc. Int. Conf. on Parallel Processing, vol 1, pp569-570.[Willebeek93]Willebeek-LeMair M. H., Reeves A., 1993, "Strategies for dynamic loadbalancing on highly parallel computers", IEEE Trans. on Parallel andDistributed Systems, vol 4, no 9.[Xu93]Xu C. Z., Lau F. C. M., 1993, "Optimal parameters for load balancing usingthe diffusion method in k-ary n-cube networks", Information ProcessingLetters, vol 47, pp 181-187.