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Summary Based on general partitions of unity and standard numerical flux
functions, a class of mesh-free methods for conservation laws is derived. A Lax-
Wendroff type consistency analysis is carried out for the general case of moving
partition functions. The analysis leads to a set of conditions which are checked
for the finite volume particle method FVPM. As a by-product, classical finite
volume schemes are recovered in the approach for special choices of the partition
of unity.

1 Introduction

The need for mesh-free methods typically arises in connection with problems
posed in time depending or very complicated geometries where the handling of
mesh discretizations becomes technically complicated or very time consuming.
If interesting features in solutions should be captured with maximal compu-
tational speed and minimal memory requirements, dynamic adaption of the
resolution is necessary. In mesh-based methods, refinement or coarsening tech-
niques require programming of complicated data structures which reflect the
hierarchical connectivity relations in the refined mesh. If the mesh points are
allowed to move, as in Lagrangian methods, large deviations lead to degenerate
mesh cells and stability problems can occur because the neighborhood structure
may no longer reflect the actual relative positions of the nodes. Other examples
where usual mesh structures are not applicable are high dimensional problems
because of memory limitations. A typical example for this situation arises in
connection with the Boltzmann equation where particle methods are classically
used to construct approximate solutions [10]. In gas and fluid dynamics, the
SPH method [9] has been successfully applied to problems with free boundaries
and large deviations. For variants of the SPH method, we refer to [6,14]. A
detailed analysis can be found in [2] and [5,11]. Another classical application of
particle methods is the simulation of vortex dynamics in incompressible Euler
or Navier-Stokes flows [12,4,3]. Recent developments in the area of mesh-free
methods for hyperbolic problems include the finite mass method (FMM) [15,
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16] and the partition of unity method (PUM) [7] (see also the references therein
for mesh-free finite element methods and [1] for a general overview on mesh-free
methods).

In this article, we analyze the finite volume particle method (FVPM) [8]. In
fact, we are going to embed this method into a more general framework which
also includes classical finite volume schemes. Since we will use a modification of
the original approach in [8], let us briefly outline the construction for the case
of scalar conservation laws in one space dimension

Ou , 9f(w)

ot oz

In standard finite difference discretizations of the Cauchy problem, approximate
values w; are calculated at regularly spaced points z; = ¢h, © € Z with distance
h > 0. The value w; typically represents the integral average of u over a volume
(xiié,xH%] attached to z;. In terms of the indicator function ;(z) of that

=0, u(0,2) = u’(x) (1)

interval, we can write the cell average as

s = %/Rz/)iudxzéw,w, Vi = (1,4h1)

where (-,-) abbreviates z-integration. Note that {i; : i € Z} is a partition of
unity, i.e. ) ;7 %i(r) =1 for all z € R.

As extension of this concept, we are going to introduce a particle method with
particle positions x; which may be irregularly spaced and moving. To each x; we
associate a function 1;, the particle. As in the finite difference approach, {1; : i €
Z} will be a partition of unity but the supports of the functions v; may overlap.
More precisely, we assume that the particles 1; are smooth functions which
are localized around the particle positions x;(t) and satisfy ), , i(t,z) = 1
for all z € R and t € Rt = [0,00) (for details of the construction, we refer
to Section 4). The positions are supposed to move according to a differential
equation & = a(t,z) with a given field a. As we will see, this movement implies
that v; satisfies the relations

o, oY, . .
817; =D (i =Ly, (;i = =D (@l — ;L) 2)

JEZ FEZ

where the function I5; is localized on the intersection of the supports of particle
i and particle j. Using (2), we find that v; satisfies the transport equation

op; . O ) )
o i :jé(xj—xi)rij. (3)

Note that the left hand side in (3) describes the movement of the particle while
the right hand side is related to a deformation of ;. Deformations arise if
particles move relative to each other so that the function values have to change
in order to keep the property that the sum of all 1; is equal to one. For the local
averages u; = (u, ;) /V; of the solution u of equation (1) we find

d ou 6% 8",bi 6¢i
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and with (2), we get

Vi) = S () — e, Tya) — () — g, Tig))

dt ,
JEZ
For abbreviation, we introduce the Lagrangian flux
G(taxau) = f(u) - ua(t,x)

which consists of the flux in (1) as well as a contribution ua due to the particle
movement with velocity a. Setting G; = G(t,x;,u;) and y;; = (I35, 1), we have
approximately

d
o (Vi) = > (Givji — Giviy)
it

since I7; are localized close to z; and x;. Now, we use the splitting ac — bd =
(@ —b)(c+d)/2+ (a+ b)(c—d)/2 which yields

1
Z (Givji — Gyvij) = Z §(Gi - G;)(vij +ji)
JEZL JEL

1
- 5 (Gi+ G)(vi = 730)
JEZ
Assuming G; =~ G for v;; + v;i # 0 (i.e. for nearby particles), we conclude
further

d Gi+Gj
— > (Vi) = =Y Byl ni
dt “ - 2

€7 7
where f3;; = 7;j—;i and n;; = sign(8;;). Note that %(Gi—i-Gj)nij is the numerical
flux function of central differencing. A more general approach is obtained if we
replace this particular expression by a general numerical flux function g;; =
g(t, zi, us, x5, uj,ng5) for G(t,z,u).

We end up with a system of ordinary differential equations

T vy = =3 Bilag, () = (. u(0)) /Vi(0). (4)
J

Based on the solution wu;(t) of (4) we construct an approximate solution @ of
the original problem (1) by setting

a(tvx) = Z’u,l(t)l/)l(t,.f) (5)
1EZL
Conservativity of the scheme follows from the property |5;;|9:;; = —|Bji|g;; which
implies

d . d
a (a,1) = T ZUsz =— Z 8319
icz ijeZ

1
=3 Z (18ijlgij + 1Bjilgji) = 0.

1,JEL
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Remark 1 Choosing a = 0, x; = ih, ; as indicator functions of (z;_1 LT 1],

Bii+1 = 1, Bii-1 = —1, Bi; = 0 otherwise, and n;; = sign(f;;), then ( ) turns
into a usual finite difference scheme for (1) provided that the time derivative is
discretized by Euler’s method.

In [14,2] schemes of a structure similar to (4) are considered but the coeffi-
cients (3;; in this approach are of a very special form and do not exactly satisfy
the requirements that will be introduced here. Using overlapping particles ;
and 3;; = 7;j — ;i as introduced above, the method turns into the finite volume
particle method which has been tested for scalar conservation laws like (1) and
for the system of Euler equations in [8].

Here, our aim is to show the consistency of (4) with a Lax—Wendroff type
result: assuming that (5) is close in a suitable sense to some function u : RT x
R — R, it already follows that u is a weak solution of the problem (1).
Definition 1 A function u e L}

loc

Cauchy problem (1) with u® € Lj,.(R) if

/Ooo < (1), %( )> + <f(u(t)), %(t)> dt + (u®, $(0)) =0

for all ¢ € CP(RT x R). Here, ¢(t) and u(t) denote the functions z — ¢(t,x)
and x — u(t,x) respectively.

(R, L}

loc

(R)) is called weak solution of the

While the detailed consistency proof will be given in Section 3, we can already
outline the main steps. We start with the relation

(o) (o) 2 (5
=y <|ﬁij|9ij%a¢> (6)

i€Z jel
0 V;
+ << i > - <Uivzl/)ia¢>> :
1EL
Using again the conservation property |5;;|9;j = —|Bji|gji, we can rewrite the
flux term as
Yi Vi Yy
—Z |Bijlgij—» ¢ :_Z |5zy|9m v )¢
“ Vi “ Vi 'V
1,JEZL i,JEZ

The consistency of the numerical flux and the fact that 3;; # 0 only for particles
i,j which are close to each other (i.e. z; = z; and u; = u;), implies that we can
approximate g;; by G;n;; for such pairs

1 v Y, 1 Yi P
- <§|ﬁij|gzj (77, - 7;) ,¢> - Y <Gi§ﬂzj (77, - 7;) ,¢>-

1,JEL 1,JEL
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A crucial observation is that the right hand side is a weak derivative
1 Yi o
Z <Gi§,6ij (72 v )= ZGiHia 9z
1,JEZL 1EL

where the functions {H; : i € Z} are constructed from f;; and {¢; : i € Z} and
form again a partition of unity. In the special case of finite difference schemes
(see Remark 1), the partitions {t;} and {H;} are depicted in Fig. 1.

Wi
1 i - 1/2 H;
*——o ° *——eo

Xi Xis Xji Xy

Fig. 1. The partitions of unity in the case of finite difference schemes

Since the sum ) ., G;H; can be viewed as an approximation of the Lagrangian
flux G, we obtain

_ZZ<|ﬁij|9ij%a¢> R <f(ﬂ)—aa,%>. (7)

i€Z jET.

For the second sum in (6) we get with (3)

> <w%,¢> = <Zuz-i:i¢i, %> + 03wl — i) (T, ) -

i€Z i€Z i€Z jET.

Here, the first term approximates (ua, d;¢) and the second one is related to the
change of shape of the functions ;. It turns out that this term is approximately

compensated by the contribution due to the volume change > <ulVZ /Vii, ¢>

in (6). Hence
i V; /] 99
;EZ <<ulﬁa¢> - <Ui7i¢ia¢>> ~ <a'ua 8_x>

Combining this result with (7) and (6), the term (at, 0, ¢) vanishes so that

(5o} = (1@.58). ®)

If now @ converges in a suitable sense to a function u, the relation (8) is the
essential part in showing that u is a weak solution of the problem (1).

We conclude the introductory remarks with an outline of the article. In Sec-
tion 2, the general consistency result is presented together with some definitions
and the assumptions on the partition {1;}, the geometric coefficients §;;, and
the numerical flux function g;;. The proof of the main result is contained in
Section 3. Finally, we check that the finite volume particle method (FVPM)
satisfies all requirements and thus is consistent.
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2 A Lax-Wendroff type result

Our aim is to derive a consistency result for the finite volume particle method
which has been introduced in the previous section. It turns out that the result
is largely independent of the form of the chosen partition of unity and the exact
structure of the geometric coefficients 3;; and therefore, we base the proof on
general assumptions which are listed below. In setting up these conditions, we
have taken care that standard finite volume (resp. finite difference) methods
on fixed regular or irregular grids are also contained in the considerations. For
example, the choice of parameters mentioned in Remark 1 obviously satisfies all
the requirements.

Before listing the assumptions, we need the notion of locally finite families.

Definition 2 Let M(R",L} (R)) be the set of strongly measurable functions
on Rt with values in L} (R) and let

loc
F={Fe MR" 1L} (R):i€Z}

For f € Llloc (R) let supp f be the complement of the largest open set on which
f wvanishes in the sense of distributions. We introduce

Ir(t,x) :={i€Z:x €suppF(t) }

which is the set of indices of those F; which are non-zero at (t,x). If we replace
t or x in Ix(t,z) by sets, this abbreviates the union

Ir(A,B):=J |J Ir(t,) ABCR
teAzeB

The indices of the functions F; whose support is completely contained in an
interval B(z) of radius € > 0 around z at time t are collected in

Ir(t,xz,e) :={i € Z:suppFi(t) C Be(z) }.

The set F is called locally finite if Ix([0,T],K) is finite for any compact set
K CR and any T > 0.

2.1 The particle clouds

A set of functions ¥ = {+); : R" x R — R :4 € Z} will be called a moving cloud
of particles if the following conditions are satisfied:
Regularity properties

— 1p; is measurable on RT x R,

— diamsupp ¢;(t) < S for some S > 0,
— ti(t, ) = 0 for all z & supp¢;(t),
Partition of unity properties

— ¥ is locally finite,
- 0<%i(t,z) <lforallt>0and z € R,
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— D iezi(t,z) =1forallt >0,z €R,
Position and volume properties

— for some a > 0, the volume V;(t) = (1,;(t)) satisfies V;(t) > o for all i € Z
and ¢ >0,

— there exists a continuous function z; : R* +— R such that z;(t) € supp;(t)
which is called the position of 1,

Movement properties

— there exists a field a € C°(RT, C1(R)) such that with a;(t) = a(t,z;(t)), the
relation

i O
ot t+ai ox

(RT,L!(R)) satisfying

= v1;

holds for some v; € Ly,

sup [[v" (#)l|L gy < Cr
0<t<T

in the sense of distributions on R (since ¢; € C'(R™,L}, (R)) is compactly
supported, we can view 1; as a differentiable mapping with values in the

space of compactly supported distributions &”(R)).

A sequence ¥, = {¥}, : 0 < h < 1} of moving particle clouds is called uniformly
regular (or short “urp-sequence”) if the above assumptions hold for ¥ = ¥,
with S, @ and C7 replaced by Sy, h, ag, h and Cy, 7h. Here, Sy, , oy, and Cy, 7
are assumed to be uniform constants for the sequence ¥,. In addition, we require
that

supsupsup | Iy, (¢, z,rh)| < oo Vr > 0.
h>0 t>0 z€R

2.2 The geometric coefficients

Let ¥ = {1; : i € Z} be a moving cloud of particles. A family of measurable
functions © = {8;; : Rt — R:4,j € Z} is called ¥—admissible if

165 (t)] < C for all i,j € Z and t > 0,

— Bij = —Bji,

— there exists B > 0 such that 3;;(t) = 0 if |2;(t) — z;(t)| > B,
— > jezBij(t) =0 for all i € Z and ¢ > 0,

— for each ¢ > 0 there exists £ € R such that

YooY sim=1

zi(t)>7 z;(t) >

Let ¥, = {¥, : 0 < h < 1} be a urp-sequence and O, = {O, : 0 < h < 1}
a sequence of families @, = {ﬁZ(Jh ). i,j € Z}. Then 6, is called ¥,—admissible
sequence of geometric coefficients if each @, is ¥,—admissible with B replaced
by Be.h and A being uniformly bounded also in h.
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2.3 The numerical fluz function

If a € C°(RT,CY(R)) is a given velocity field and f the Lipschitz continuous
flux of the conservation law, we first introduce the modified flux

G(t,z,u) = f(u) —ua(t,x).

We then assume that g(t,z1,u1, 22, uz,n) with ¢ > 0, z1,29,u1,u2 € R and
n € {—1,1} is a numerical flux function for G which satisfies
Consistency

- g(ta z,u,T,u, n) = G(ta z, U’)n
Conservativity

- g(taxauayava _n) = _g(tvyavaxauvn)

Continuity

- |g(ta T, U,y,v, n)_g(t’ z,u,Y,0, n)| < L(|$_f|+|y_g|+|u_a|+|v_1_)|)a where
L depends monotonically on ¢t and max{|ul,|al,|v|,|7|}. Also, g is assumed
to be continuous in ¢ € RT.

2.4 The particle method

Let ¥ = {4; : i € Z} be a moving particle cloud, g a numerical flux function sat-
isfying the assumptions of Section 2.3, and © = {3;; : 4,j € Z} a ¥-admissible
family of geometric coefficients. Further let u® € L] (R). A set of functions
{u; € CY(RT) : i € Z} is called solution of the (¥, O, g)-particle method (or
simply (¥, ©, g)-solution) if for all i € Z

L) = =Y Bilas, wl0) = (u®,(0)) /Vi(0).

JEZ

where

9ij (t) = g(t, i (t), ui(t), z;(t), u;i(t), ni;(t)), ngj = sign By

and z; is the position of particle ;.
If ¥, is a urp-sequence, ©, a V¥,-admissible sequence of geometric coeffi-
cients, then a sequence {ugh) € CYR") : i € Z}, h > 0 is called solution of

the (¥, O,,g)-particle method if for fixed h > 0 the set {ugh) ci € Z}is a
(@, O, g)—solution.

2.5 U,-convergence

The particle method presented in the previous section includes an approximation
of the initial value u°. We now study in which sense, for example, v’ € L (R)
is approximated by (0, z) = > u;(0)1;(0,z) where u;(0) are the local averages
(u®,4;(0)) /V;(0). The resulting notion of ¥,-convergence will then be assumed
also for £ > 0 to get the consistency result. We start with a preparatory remark.
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Lemma 1 Let ¥ = {4; : i € Z} be a moving particle cloud and {u; : R — R:
i € Z} a family of measurable functions. Then,

u(tax) = Z ui(t)z/)i(tux)
iEIq/(t,I)
is measurable on RY xR and can be identified with ¥, ., uip; € M(R', 1L, (R)).

If |ui(t)| < C(t) for some increasing function C : RY — RT | then u is contained
in L2 (RT,L®°(R)). If u; € CY(RY) then u € CY(R',L} (R)) with derivative

loc loc
ou du; 0;
ot = 2V Ty
1EL 1EL
Proof The truncated series
n

Sn(tax) = Z ui(t)'l/)i(tax)

i=—n

is clearly measurable on Rt x R and converges point-wise to

u(t,z) = D w(t)i(t @)

iEIq/(t,I)

which is therefore measurable. Since ¥ is locally finite, we have for any compact
K C R that |Iy(t, K)| < co. For any z € K it follows Iy (t,z) C Iy(t, K) which
leads to the estimate

ju(t,z)] < max |ui(t)] Y (t,z) < max |u(t)]

icly (t,K) i Ty (LI icly (t,K)

for all z € K so that u(t) € L2 (R) C L, (R) Because of point-wise convergence
Sy, — u and the uniform bound for z € K C R, it follows that S, () — u(t) in
L}, (R) for n — oco. Hence, we can identify Y, ., u;; with the function u.
Under the condition |u;(t)] < C(t), we find immediately |u(t,z)| < C(¢t).
Finally, if u; € C'(R"), then uip; € CHR',L} (R)) still makes up a locally

finite family. Hence, if x is restricted to a given compact K C R and ¢ € [0,7],
we can replace u by a finite sum so that the result follows.

Proposition 1 Assume ¥, = {¥, : 0 < h < 1} is a urp-sequence and let
u € L (RT L (R)) be given. Then, the coefficients

loc
i) = (p@0,u) V0, o ew,

are measurable on RT and, for a.e. t € RT,
. h
satisfy |ug"” (1) < lu(t) L= (z) and

max  |u;i(t) —u(t,z)| = 0 as h =0
i€lg, (t,z,rh)

for a.e. x € R and all v > Sy,. If u € CH(RT x R), we even find

max  |u;i(t) —u(t,z)| < Ch vVt > 0.
iEIwh(t,a:,rh)
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Proof Since u is strongly measurable, u(t) is the L} _(R) limit of simple functions
Sn(t). The product t — (1);(t), s, (t)) is obviously measurable so that the same
holds for the limit, giving rise to measurability of u; (we suppress the index h
for ease of notation). The bound on u; simply follows from

|ui(t)] < [lw(t)llwee r (i), 1) /Vilt) = llut)llLe )

To show the convergence, we pick x € Rt > 0 and r > Sy, For any ¢ €
Iy, (t,z,rh) the conditions diamsupp; < Sy h and 0 < ¢; < 1 then imply
that ;(t) is bounded from above by the indicator function X, (,) of a ball
with radius rh around z. Hence,

(8) = (e, )] = ] ut) = ), (0|
< g () = u(t )], X )
2rh

av(ju(t) —u(t,z)|, Bra(z))

= .

where av(f, A =T A| [ f(y) dy is the averaging operator. It is known [13] that

for all Lebesgue points ofu( ) (and thus a.e. in z) the average of |u(t, y) —u(t, z)|
over the ball y € B,,(z) tends to zero for h — 0 which leads to the claimed
convergence. If u € C'(Rt x R), uniform Lipschitz continuity yields at once

ui(t) — u(t, z)| = | (i(t), ult) — u(t, z)) |/Vi(t)
< Ldiamsuppv; < LSy, h.

The convergence result of Proposition 1 motivates the following definition of
¥, —convergence.

Definition 3 Let ¥, = {¥), : 0 < h < 1} be a urp—sequence. A sequence of
families of measurable functions {ugh) :RT = R:7€Z},0<h <1, U
converges to u : R" x R R if for a.e. t >0

max  [ul"(t) — u(t, )] 2250
iEIwh(t,a:,rh)

for a.e. z € R and every r > Sy, .

2.6 The consistency result

Using the Definitions from above, we can now state

Theorem 1 Let ¥, = {¥}, : 0 < h < 1} be a urp-sequence, g a numerical fluz
function, and O, o Y,—admissible sequence of geometric coefficients. If {ugh) €
CYR'):i € Z},0 < h <1 isa solution of the (¥, O, g)-particle method which
satisfies the uniform bound |uz(-h) (t)| < C(t) for some function C : Rt — R" and
W, —converges to some u : RT x R — R, then u is a weak solution of the Cauchy
problem, satisfies ||u(t)||Lo®) < C(t) and ah) ;= Yicz ul(-h)z/)gh) converges to u
in L, (R*, L, (R)).
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3 Proof of Theorem 1

We split the proof into several sub-steps. Since there is no danger of ambiguity,
the superscript h is dropped in all proofs for ease of notation.

In the first step, we show the bound on w and convergence in the space
Lioe (BT, Lige (R)).

loc

Lemma 2 Under the conditions of Theorem 1, we have

~(h) _ (h) () ool (et Tl
u“—%ui ¥ ——ru i L (RY, L, (R))

and [[u(t)||Le®)y < C(t). For t = 0, we find aM(0) — w0 in L (R). More
generally, if A: RT x R x R+ R is continuous, we obtain

S AP (1), u () (¢, 2) S Atz u(t, x)

1EZ

]
in L,

(R, Ly, (R)).

Proof Let u be the ¥, limit and note that, according to Lemma 1, the index set
in the definition of @ can be replaced by Iy, (¢, z). Using the relation Iy, (t,z) C
Iy, (t,z,rh) for r > Sy, as well as the partition of unity property, we find

[a(t,z) —u(t,x)| =] Y (wilt) —ult,®)i(t,z)

i€ly, (t,z,rh)
< max  |ui(t) —ult,z)| (9)

i€ly, (t,z,rh)

which tends to zero as h — 0 for a.e. t > 0 almost everywhere in z € R
Assuming a bound on wu;, it is easy to see from the above estimate that u is
also bounded. In this case, we obtain from the Lebesgue theorem @(t) — w(t) in
L},.(R) for a.e. t > 0 so that u is strongly measurable, i.e. u € M(R",L} (R)).
Using again the bound on u(t) and a(t), we conclude & — v in L} (R*, L, .(R)).
Proposition 1 applied to the function u(t,z) = u’(x) shows that {u;(0) : i €
Z} W,-converges and is uniformly bounded. Hence, the above argument shows
that @(0,2) — u’(z) in L} (R). Repeating estimate (9) again for A(t,z) =

loc

Diez Alt, i(t), ui ()4 (t, ), we find
|A(t7 $) - A(tv P u(tv x))| <

iEIg,I}?(%,};,rh) |A(t7 Lg (t)a U (t)) - A(t7 €, U(t, x))|

where z; is the position of the particle ;. Note that, due to uniform continuity
of A in a neighborhood of (¢, z,u(t,x)), we get convergence for a.e. t > 0 a.e.
in z € R If z is restricted to a compact set and ¢t € [0,T], we conclude that
A(t,z,u(t,z)) and A(t,x;,u;) are bounded. Hence, with the same argument as

above, convergence in L} (R*, Ll (R)) follows.
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Since the approximation %) of v is t-differentiable we just have to show con-
vergence of the flux terms to get consistency, as the following Lemma indicates.

Lemma 3 With the assumptions of Theorem 1, we find that u is a weak solution
of the Cauchy problem if the approzimation @M satisfies

/0 <8u( ’¢> h0, /0°°<f(u)’%> i@t

for every ¢ € C°(RT x R).

Proof The convergence & — u obtained in Lemma 2 implies at once

o oi
/0 <“ _>dt_%‘ﬂ%/ ot 9 <E’¢>dt
o0 8~
— — Jim (3(0).6(0)) - Jimy [ <8—¥¢> dt.

Using Lemma 2 again, we get convergence of the initial value and with the
assumption for the second limit, it follows that u is a weak solution.

The result of Lemma 1 implies

Zl/’zduz +Z 8¢z

€L IEZ

and with u; being a (¥, O, g)-solution, we obtain

i 0; Vz
Z |/8lj|92]¢ +Z ( Vi — Vz¢z> (10)

1,J €L

In the next lemma, we consider convergence of the second term on the right
hand side of (10).

Lemma 4 Under the conditions of Theorem 1, we find for
¢ € CP(RT x R)

0 (h) “(h) 0
m [0 Vi h—s0 / [
/0 <Zuz ( o V(h)z/)i >¢> dt == | {au,50) db

€L

Proof Using the assumption on the time derivatives of ;, we get
6 0
i€l i€Z i€l

In view of Lemma 2, the first term on the right hand side gives the desired limit

S wit)alt, 2 (0)i(t, 2) 225 u(t, 2)a(t, o)

€L
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in L} (R*,Lj,.(R)). Hence, it suffices to show that the second term in (11)

vanishes in connection with the contribution due to VZ /Vi. We first observe that

where the first term on the right equals zero. It remains to show that

wi | (vis, #) — (wini, 1 Vi ®)\ gy 220 (12)
/ > ( >( ¢)> h—0

Vv
LEZL ¢

Since ¢ is compactly supported, we first note that for a given ¢ > 0, the sum-
mation can be restricted to the indices Iy, (¢,0, R) for R sufficiently large. The
number of indices in this set can be estimated by |Iy, (¢,0, R)| < C/h. Indeed,
this bound is obtained by covering (—R, R) with intervals of length (Sw, + 1)h
which requires a number of O(1/h) since the particle number in each of the
small intervals is bounded

|[Wh (tafa (SW* + l)h)| < sup sup sup |I¢h (taxa (SW* + l)h)| < o0,
h>0 t>0 zeR

zeR
Hence, convergence of (12) follows if we can bound each term in the sum by an

expression of order h%. Rearranging the bracket in (12), we get with Proposition
1 and the assumptions on v;

‘< vithi, @ — <¢Z,¢>>‘ < “VZH]Ll Ch < ChA.

Z

Since u; are uniformly bounded in A, the result follows.

Before we focus on the convergence of the flux terms in (10), we need some
auxiliary result which covers a central argument in the consistency proof.

Lemma 5 Let ¥ = {1; : i € Z} be a moving particle cloud and {B;; : i,j € Z}
a Y—admissible family of geometric coefficients. The functions

i(t i(T, ..
z](t LE = BZ] / 1/) ts z/)‘J/J((t;;) d37 1] € L

form a locally finite family of x—differentiable functions which satisfy |I1;;(t,z)| <
sup; jez, |8ij(t)|. Moreover I;j(t,z) # 0 implies i,j € ly(t,x, D) where D =
3S + B s related to the mazimal diameter S of the supports of v¥; as well as
the constant B characterizing the indices 1,5 for which B;; = 0. Based on II;;,
another locally finite family of functions

x) L= Z Hij(t,x)

JEL

can be defined which is a partition of unity

ZHi(t,x) =1 Vi>0,zeR
€7
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Each H; satisfies a bound

|Hi(t,2)| < sup |5 (1)] 1w (2, 2, D).
1,JEZL

Proof According to the definition, II;; is a function with compact support in the
convex hull of the supports of v; and ;. Indeed, if we denote this convex hull
by [a,b], we see that for z < a the integrand is identically zero and for x > b,

we have
”(t $ /67,] </ 1/)7, t S / ",b] ) =0.

Moreover, we have the bound |HZ~]-| < |,8ij|/2 since

1< — / %d %——ds</ wlds<1
ViV

Since w; is contained in supp;, we have z;,z; € [a,b] and since the support of
1; has a diameter less than S, we find (with z; < x;) that [a,b] C [z; =S, z; +S].
Since f3;; is different from zero only for |z; —x;| < B, the condition I1;;(t, z) # 0
implies that |b—a| < 25+B as wellas z € [a,b] C z+[—(25+B),25+B]. In other
words, 7,7 € Iy (t, 2z, D) with D = 3S + B. To show that £ := {Il;; : 1,5 € Z} is
locally finite, we take 7> 0 and K C R compact. For a ball K which contains
K in such a way that the boundaries have at least a distance D, we know that
Iy([0,T], K) is finite and if i € Iy ([0, T], K) then the support of IT;;(t) does not
intersect K for any j € Z and t € [0,T]. Hence, |1.(]0,T], K)| can be estimated
by Iy ([0, T], K)| sup;so sup,cg | Iy (£, , D)|. Based on the locally finite family
L, we now introduce H : = {H; : i € Z} according to

= II(t,z), i€ 7.
JEZ
With the same argument as above, one can show that
|11(10, T, K)| < |Lu ([0, 7], K)]

so that # is also locally finite. Moreover, each H; satisfies the bound |H;(¢, z)| <
sup;; |8ij| 1w (t,x, D)| since the sum involves at every point at most |1y (t,z, D)
many terms. For the space derivative of the sum of all H;, we find

S =YY (ﬂ_% Yyl

1EZ 1EL yEZ €L JEL

Since, by assumption, ZjeZ Bij = 0, we conclude that ), , H; is a constant
¢ € R To determine ¢, we need the assumption on the geometric coefficients
that 3, -, ij >z PBij = 1 for some z € R. The idea is to pick a test function
¢ € CP(R) which satisfies 0 < ¢ < 1, (1,¢) = 1 and which is supported
sufficiently far to the right of z, say a : = infsupp ¢ > Z + 2D. We then have

c=<ZHi,¢>=<ZHi’¢>

IEZL T; >
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because for z; < z, the support of H; is disjoint with the one of ¢. Introducing
the function

&(z) = /00 o(s) ds, zeR

we conclude that ' = —¢ and (1, ¢) = 1 implies that &(z) =1 for z € (—o0, al.
Integration by parts yields

c:<z Hg,¢>:<zzaéi"j,¢>.

T, >T T;>T JEL

Note that for index pairs (4,5) with z; > Z, ; < Z and G;; # 0, the function
II;; must be supported close to T so that, by construction, it is supported in
x € (—00,a] where @ = 1. Hence, the corresponding integrals (0,II;;, ®) vanish
and

. LR P
(ST (9) o) - (T Emie)

Finally, our construction assures that for indices ¢ with (1;, ®) < V;, x; is close
to the support of ¢ and thus sufficiently far from z to assure that all j € Z with

Bij # 0 satisfy x; > z. Using ZjeZ Bij =0, we get

Z Bij =0 = Z Bij <¢%@>

Tj>T Tj>T

For indices i with (1;, ) = V;, we also have

Z Bij = Z Bij (1/)%@

T;>T zT;>T

and hence
Cc= E ﬁij =1.
Ti>T Tj>T

Now, we can conclude the proof of Theorem 1 by showing the convergence of
the flux terms in (10).
Lemma 6 With the assumptions of Theorem 1, we find for any ¢ € CH(RT x R)
RET Ry A
0 vy 19y Vi(h)’ : " O

ijEL

Proof We first note that the double sum is actually finite since both indices can
be restricted to Iy, ([0,7], K) for T > 0 and K C R sufficiently large so that
supp ¢ is well contained in the compact set [0,7] x K.
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We then exploit the relation nj; = sign(8;;) = —sign(8;;) = —ni; together with

the conservativity of g which leads to |8i;|gi; = —|B;ilgji- This allows us to write
Yi 1 Yi P
> Bijlaii = > 51Bilei (o — ) -
i.jez Vi G Vi Y

According to Lemma 5, we have

1 (AR
§ﬁ”( ]>_ oz

VoV

so that with integration by parts
o0 o0
Yi O
/ <— > |5z‘j|9z‘j¢;¢ dt = > gijnijili;, 90 ) @
0 ijEL : 0 \ijez
Using consistency of g, we write
gijNij = G; + Rij, Gz(t) = G(t,xi(t),ui(t)). (13)

The remainder R;; = g(t, z;, u;, T4, Ui, njj)nij — gijnij can be estimated with the
help of Lipschitz continuity of g

| Rij| < L(lui — uj| + |2i — z4]).
Defining
o
R(t,z) = Y Rij(8)I5(t, @) - (8, 2)
i,jEL
and using the fact that I;;(¢,z) # 0 ounly if i,j € Iy, (t,%, Dy, h) with Dg, =
35Sy, + By, , we have the estimate
[R(t,z)| < > sup |85 (4)| L(|ui () — uj(t)]
i,j€ 1, (L, Dy, h) HTE2
+ [zi(t) — 25 ()] 0z (2, )]

Due to the uniform bound on |3;;|, u; and u as well as the estimate |z; — ;| <
2Dy, h and the assumed ¥,—convergence, we conclude

/ (R,1) dt 2=% 0.
0

In view of (13), it remains to show that
oo oo
/ > G, 99\ 4 ﬂ/ <G,@> dt (14)
0 ieZ ox 0 ox

where G = G(t, z,u(t,z)) and H; is defined as in Lemma 5. Using the fact that
H; is a partition of unity, (14) reduces to the condition

/Ooo <Z(GZ~ — G)H;, %> dt =% 0. (15)

1EZ
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The Lipschitz continuity of G leads to the estimate
|Gz — G| < L(|uz - U| + |$z — $|)
Since H;(t,z) # 0 implies ¢ € Iy, (t,z, Dy, h)
S Llus — ul + [z — a | Hiu(t )

1EZL

< L| Iy, (t, 2, D h)| ie%g{%m)(lw — ul + |; — x[) | Hi0x (1, 7)]

so that (15) follows with the uniform bounds on u;,
|H;|, |1y, (t,z, Dy, h)| and the assumed convergence of u;.

In view of (10), Lemma 4 and Lemma 6 show that the assumption of Lemma 3
is satisfied which completes the proof of Theorem 1.

4 The finite volume particle method

Based on a given set of particle positions x; which move according to #; =
a(t,z;), we construct a partition of unity {+;} and geometric coeflicients 3;;.
Together with (4) this defines the finite volume particle method (FVPM). For
suitable sequences of particle positions and the associated partitions and co-
efficients we then check the conditions of Section 2. Applying Theorem 1, we
conclude that FVPM is consistent to (1).

4.1 Point clouds

In order to obtain reasonable approximation properties with a cloud of points
C={xz; € R:i€Z},itis clear that some regularity of C has to be assumed.
To quantify gaps in the cloud C, we introduce the functional

¥(C) : = sup inf |z — p|
zeRPEC

and to control the clustering of points, we use
N(r,C):=sup{peC:|z—p|l <r} r>0
zeR
where | - | is the counting measure. Obviously, N (r, C) is the largest number of

points p € C' in an interval of radius r around any = € R.

Definition 4 The set C = {z; € R:i € Z} is called a regular point cloud, if
v(C) < 0o and N(r,C) < oo for all r > 0.

If we study families of point clouds we will assume a certain uniformity.

Definition 5 A family { C}, : h > 0} is called uniformly regular if

supy(Ch/h) < 00 and sup N (r,Cp/h) < oo ¥Vr >0.
h>0 h>0
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Note that v(C},/h) < oo assures that the maximal distance between neighboring
points in (Y, is of order h. Indeed, if we assume the points z; of a cloud C to be
ordered according to z; < z;41, we can write

1
~v(C) = 5 Sup |Tit1 — xi) (16)
1€EZ
so that y(Cy/h) < a implies |z; 11 — ;| < 2ah for all i € Z.

It is a simple matter to check that

N(rh,Cy) = N(r,Cp/h)

so that the second condition in Definition 4 assures that in an interval of radius
rh the points from C}, cannot cluster in such a way that their number becomes
infinite as h — 0.

4.2 Moving point clouds

In the next step, we consider point clouds which move along a prescribed velocity
field a € CO(RT, C(R)). If C = C(0) is the initial point configuration, we define
C(t) = X(t;C,0), where X(¢;z,7) is the solution at time ¢ of the problem
& =alt,z), z(1) = .

Lemma 7 Let a € C°(RY, C'(R)) and C(0) be a regular cloud of points. Then,
for any T > 0 there exists K > 0 such that

(X(t;p,7) = X(tg, 7)< Klp—gq| V7 €[0,T], pgeR
For 0 <t <T, the set C(t)X(t;C(0),0) is a reqular cloud with
HCW) < K4(C0) and  N(,C@) < N(rK,C(0)) V> 0.

Proof Due to our smoothness assumptions on a, the flow map X is well defined
and the constant K is obtained with a standard Gronwall estimate. Assuming
that x; < x;4q for all z; € C(0), we note that the ordering is not changed in the
evolution. According to (16), we have

ACW) = g 3upl X (t2001,0) = X (t52,,0)| < K2 (C(0)

With a similar argument for the backward movement, we conclude with the
relation p = X (0; X (¢;p,0),t) that

|X(0;2,t) —p| = |X(0;2,t) — X(0; X(t;p,0),1)| < K|z — X (t;p,0)].

Hence |z — X(¢;p,0)| < r implies | X (0;z,t) — p| < Kr so that N(r,C(t)) <
N(rK,C(0)).

Mainly to avoid working with finite time intervals, we introduce the notion of
fields with finite strain.
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Definition 6
A function a is called field of finite strain if a € C°(R*,C1(R)) gives rise to a
flow map X which satisfies for some K > 0

| X (t;p,7) — X(t;q,7)| < Klp—gq| Vt,7€R", pgeR

Corollary 1 Let a be a field of finite strain and { C,(0) : h > 0} a uniformly
reqular family of point clouds. Then { Cp(t) : h > 0} is uniformly regular and

supsupy(Cp(t)/h) < oo
teR h>0

supsup N(r, Cp(t)/h) < oo Vr > 0.

teR h>0
Proof We just note that the assumptions on the field a guarantee existence of
solutions to # = a(t,z), (0) = z for all times. The uniform regularity follows
immediately from Lemma 7.

4.8 Construction of particles

To explain the construction of particles, we first restrict to the case of a single,
non-moving point cloud C. Taking a Lipschitz continuous function W : R — R
which is strictly positive for |z| < A = v(C), say W(z) > omin > 0, and which
vanishes for |z| > kX with some x > 1, we define

o(x)

), o(z) =Y Wi(z), Wilz)=W(—ug), i€L
€L

Yi(z) =

In Fig. 2, this construction is visualized. The symbols on the z-axis indicate the
particle positions. Around each position z;, the function W; is plotted.

T T T T

1 -

1 1 1 1

-4 -2 0 2 4
X

Fig. 2. Irregular particle positions z; and functions W;

The sum o of all the functions W; is shown in Fig. 3.

3 T T T T
5| /\
1 /\/ |
O 1 1 1 1
-4 -2 0 2 4
X

Fig. 3. The function o corresponding to Fig. 2

After dividing W; by o, we get the partition functions v; which, in contrast to
W;, may be non-symmetric and of different height (see Fig. 4).
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Fig. 4. The partition of unity corresponding to Fig. 2

We remark that the sum defining o is finite at each © € R because it involves
only those points z; € C' with |z; — 2| < kA which are at most N(kA, C) many.
We also know that o > oniy because the biggest gap in the particle cloud is of
length A = v(C') but the functions W; are bigger than o, over intervals of at
least that length. Hence the maximal possible gap is still covered by at least one
of the W;.

If the regular cloud is moving along a field of finite strain, the same construc-
tion is carried out with A = sup;~,y(C(¢)) and

Wi (t, w)

¢i(t7$) = O'(t $) )

o(t,z) =Y Wilt,z), Wilt,z) = W(z —zi(t))  (17)
1EZ

Finally, for a moving, uniformly regular family {C} : h > 0} we introduce
particles using A = supy,~ sup;>o 7(Cp(t)/h) and

W (t,z) =W (m—sz(t)>

giving rise to 1/)2@) and o) as in (17).

Proposition 2 Let ¥, = {¥;, : 0 < h < 1} be a family of particle clouds

Y, = {@bgh) 1 € Z } which are constructed based on a uniformly regular family
of point clouds moving along o field of finite strain. Then, each Wy is locally
finite with

supsupsup | Iy, (t,z,7h)| < oo Vr >0
h>0 t>0 zeR

and

M e CORT, WEH(R)) N CHRT, L (R)).
Further, there exists Sy, > 0 such that

diamsuppyp\™ (t) < Sy.h Vi€ Z,h >0

and ay, > 0 such that
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for allt >0 and h > 0. The derivatives of 1/)Z(h) are given by

oy -y (th) _ F.(-h)) :

oz = J? t
3@5@) J(h) o(h) - (h) (h
5 =~ @) — )
JEZ
where
¢(h) ow W
i T oW oz
We also have
h h
o 4 o NOMO
ot v Oz LT

(h)
where v; 7’ € Ly,

(RT,LY(R)) allows the estimate

sup [ (8)lli ey < Corh VA > 0.
0<t<T

Proof We assume that ¥, is based on a moving point cloud Cj(t). Due to our
construction of 1; (we suppress the superscript h), the support is contained in a
ball of radius kAh, giving rise to Sy, = 2kA. Since the number of points in a ball
of radius rh certainly dominates the number of particles which are completely
contained in that ball, we also conclude that |Iy, (t,z,rh)| < N(rh,Cp(t)) which
is uniformly bounded by assumption. Since for any compact K C R, we can find
R > 0 such that K is contained in a ball of radius Rh around the origin, we get
at once

|IWh (th)| < |IJ/;L (t7 Oth)| < N(Rha Ch(t)) < N(KRh, Ch(o))

where the last inequality follows from Lemma 7.
Altogether, |Iy, ([0,7], K)| is uniformly bounded for any 7" > 0 which shows
that ¥, (and thus also Wy, : = { W, : i € Z }) is locally finite.
The estimate on the diameter of the supports also implies
Iy, (t,x) C Iy, (t,z, Sy, h), giving rise to a uniform bound

o(t,z) <supsup |ly, (t,z, Sy, h)|max W (z) =: omax.
t>0 zeR reR

Since W (z/h) > omin on |z| < Ah, we obtain

oo
it x) > ——, |z| < Ah.
Omax
Consequently, the volume can be estimated from below

v, z/ i dz > THnop,
el <A

Omax

and we set ay, = 2A0min/Tmax-



22 Michael Junk, Jens Struckmeier

To show smoothness properties of 1;, we continue with the observation that
the support of W;(t) stays in a compact set K C R if ¢ varies in a compact
interval [0,7]. Hence, we can replace o by

=Y Wilt,z), I=1Iy,(0,7],K)
iel

which is only a finite sum. Since Lipschitz continuity implies differentiability
almost everywhere, we immediately get

Y LOW: Wil = OW,

or & Oz o 64—~ Oz
kel

(18)

At this point, we remark that ¢; € C°(Rt, W1 (R)). Indeed, a small change
in time leads to a little translation of the participating functions Wy which is a
continuous operation in L! (R).

Multiplying equation (18) by ;, summing over all j and replacing ¢ again
by o, we arrive at

_1 OWi oW 1
or o Z <¢‘7 oz Vi oz (19)
JEZ
Using the fact that O,W; = —;0,W;, we obtain in an analogous way
81/% . OW;
=—— Z ( ﬂ/’y 8 W/h’ﬁ) . (20)

Considering W; as an L' (R) valued function on Rt , we have W; € C'(R*,L! (R))
where continuity of the first derivative is again due to the continuity of the
translation operator in ! (R). A straight forward estimate of difference quotients
shows that also 1f; € C'(R*,L!(R)). Combining (19) and (20), we end up with

i .o 1 N AT
Ot T+ or "j%(x] %) oz Wi (21)

Introducing

1 . . OW;
v = ;Z(ﬂﬁj—xi)a—xj Gi
JEZ
with (; being the indicator function of a ball of radius kAh around x;(t), the right
hand side in (21) can also be written as v;2;. To estimate the L' -norm of v;(t),
we note that o > oni, and, since the velocity field a(t) is uniformly bounded
in C(R) if ¢ ranges in a compact interval, we get |i; — @;| < L(t)|z; — ;.
Note that this estimate is only needed if (;0,W; # 0 which may happen if
|z; — x;] < 25Ah (otherwise the supports are disjoint). The number of involved
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points z; is estimated by N(2kMh,C}(t)) < N(2KkMh,Cy(0)) according to
Lemma 7 so that

oW (-/h)

2kM\h.
ox &

1Al @y < LON 2K rAR, Gy (0)) H
LY (R)

With the change of variables y = x/h, we find that [[0,W (-/h)||L1 (w)
= [|0:W{|L1(w) for all A > 0 so that the result follows with

Cy,(T) : = sup sup2kAL(t)N(2KkAh, Cy(0)).
0<t<T h>0

4.4 Geometric coefficients

Motivated by the derivation of the method in Section 1, we define the coefficients
h h h
g1 = (rw - 1P w,1) (22)
where Fig-h) are taken from Proposition 2

h (h)
F_ i W
4 o) O

Proposition 3 The coefficients ,61(]’1) are uniformly bounded and satisfy ﬂl(]h) =

—ﬂ](.?) as well as ZjeZ ,BZ(Jh) = 0 for all © € Z. There exists a constant B > 0

such that |x£h) (t) — xg-h) (t)] > Bh implies ,Bl(Jh) (t) = 0. Finally, for every € R,

we have
> Zﬁ” =1 Vt>0,h>0.

()22 2 ()22
Proof We again suppress the superscript h in the proof. ;From the definition
(22) of B;;, the skew symmetry follows at once.

Since |¢;/o| < 1/0min, we find

1
[l = [
R Omin JR

which is a uniform bound giving rise to |ﬂl(]h ) )] < 2[0:W |1 (R)/Omin- Taking
into account that diamsupp; < Sy, h, we conclude that for |z;(t) — z;(t)| >
25y, h, the supports of W) and 1); are disjoint and hence §;; = 0. The remaining
two properties are shown based on a useful reformulation of the formula for 3;;

0
/sz =2 <1/)za ﬂ> . (23)

Equation (23) follows immediately from

%_ IGWJ _1/).1@
or o Oz J

OW
o) d
o (y)‘ y

6W(w/h)‘dx: 1
ox

Omin
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= {0 85+ s () )

/BZ] - ( 7] th ) <1/)7, 81/)] 1/)J 8¢Z > <1/)7,7 81/)] > .

It implies that

so that

and

0
> Bij =2<¢i7%2¢j> =0

jEZ, JEL
and with ¥z (t,z) : = in>5c Vi(t, x),

0 0 o 9
SN 8y _2< %,1> <%wx,1> 2
Ti>T T;>T
Note that ¥z(t,z) = 0 for z — —oo since all 9;(¢,z) with z; > z vanish for
x <z — Bh. On the other hand, for >+ Bh, the function ¥z (t, z) coincides
with ) ;.7 i(t,z) =1, so that WQ‘ =1.

Tr=—00

5 Conclusion

We have presented a consistency result for a general class of conservative, mesh-
free methods based on partitions of unity. Apart from the partition and a stan-
dard numerical flux function, the schemes are characterized by the parameters
Bi; which contain geometrical information about relative position of particles
and the amount of overlap. For example, in classical finite volume methods,
which are recovered in the approach for a special choice of the partition of
unity, the coefficients (3;; are related to the surface area of the cell faces (in
the multi-dimensional case) and the corresponding normal directions. In the fi-
nite volume particle method (FVPM), which can be viewed as a generalization
of classical finite volume methods to the case of overlapping and moving grid
cells, the coefficients are calculated based on the partition functions according
to Bij = 2 (14, 051p;). Since the proof of the consistency result requires only little
regularity of the partition of unity functions and is mainly based on some gen-
eral assumptions on the coefficients 3;;, it applies at the same time to FVPM
and standard finite volume methods.

The advantage of FVPM to work for general distributions of particle positions
and overlapping partition functions has to be paid with the calculation of V;
and (3;; which involve integration over ; and 0,1;. The goal is to discretize
the integrals in such a way that the evaluation becomes fast without violating
the consistency conditions presented here (note that for consistency, the specific
form B;; = 2 (1, 051);) is not necessary). Since additional restrictions on f3;;
may arise from stability considerations, a convergence analysis is naturally the
next step in the investigation of the method. Apart from that, the treatment of
bounded domains is most important, because the main applications of particle
methods will be in complicated and time depending geometries.
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