A Fuzzy Programming Approach to Multicriteria Facility Location Problems

Matthias Ehrgott^∗ Rakesh Verma Department of Mathematics, University of Kaiserslautern, Postfach 3049, D-67653, Kaiserslautern, Germany

email: {ehrgott,verma}@mathematik.uni-kl.de

April 26, 1999

Abstract

Facility Location Problems are concerned with the optimal location of one or several new facilities, with respect to a set of existing ones. The objectives involve the distance between new and existing facilities, usually a weighted sum or weighted maximum. Since the various stakeholders (decision makers) will have different opinions of the importance of the existing facilities, a multicriteria problem with several sets of weights, and thus several objectives, arises. In our approach, we assume the decision makers to make only fuzzy comparisons of the different existing facilities. A geometric mean method is used to obtain the fuzzy weights for each facility and each decision maker. The resulting multicriteria facility location problem is solved using fuzzy techniques again. We prove that the final compromise solution is weakly Pareto optimal and Pareto optimal, if it is unique, or under certain assumptions on the estimates of the Nadir point. A numerical example is considered to illustrate the methodology.

Keywords: Location theory, Multicriteria optimization, Fuzzy Programming, Triangular fuzzy number, Linear membership function.

∗Corresponding author

1 Introduction

The development of location theory has started with the optimal location of a single facility in the plane ℜ^2, with respect to a set of existing facilities. This problem was first described in the 17th century by Fermat. In facility location literature, the two most important classes of problems that arise are the weighted sum and the weighted maximum of distances (minisum or median and minimax or center objective function). In realistic situations it is often not possible to consider only one criterion of the median (or Weber) or center (or Weber-Rawls) type.

Since the different decision makers involved in a locational decision will have different opinions of the importance of the existing facilities, a multicriteria problem with several sets of weights, and thus several objectives, arises. In such a multicriteria location problem a compromise location has to be found: For a multicriteria optimization problem, usually there are no “optimal” solutions as in the case of single criteria problems, but only preferred or compromise solutions are available. The preferred solution must be Pareto optimal (also called an efficient or a non-dominated solution).

Multicriteria facility location problems have received increasing attention in recent years, contributing to and applying theoretical results of multicriteria mathematical programming. Planar location problems with multiple objectives have been considered, among others, in [31], [8], [13], [22], [24], [15], [17], [18], [25],[19]. For an overview see also [11]. Parametric location problems which are closely related to multiple objective locations problems are discussed in [6].

Multiple criteria location problems with fuzzy approaches have been discussed by some researchers. Bhattacharya et al. have presented a fuzzy goal programming model for locating a single new facility under three criteria and locating multiple new facilities under two objectives in a plane bounded by a convex polygon in [2] and [3]. In [4] multiple facility minisum location problems under area restrictions were considered. Here the authors assume that the cost per unit distance is not known exactly, and is variable, unreliable and imprecise. They have considered flat fuzzy numbers to represent the cost per unit distance. In [5] they have also presented an interactive fuzzy goal programming model for locating multiple facility on a plane bounded by a convex polygon under multiple criteria. In [26] the authors examined a multiple criteria network location problem and used the fuzzy set theoretic approach to obtain a preferred solution among the nondominated solutions. However, incorrect mathematical formulations and inconsistencies in [26] were pointed out in [9]. In none of these papers the case where the decision makers have different opinions of importance (or relative strength) of the set of existing locations has been considered.

In this paper we consider multicriteria single facility location problems, where decision makers, i.e. all persons involved in the locational decision may have different opinions of importance of the set of existing locations Ex = {Ex_1, . . . , Ex_M } in the plane. These opinions represent their view of the relative strength of the new location at that point. These relative strengths are linguistic (e.g. “approximately”, “slightly less”, “at most as important”) or fuzzy in nature rather than crisp values. This situation arises when decision makers are asked to give his or her personal view to locate a single new facility in the plane. In this situation decision makers compare one existing location to another keeping some criteria in his or her mind to locate the single new facility.

The main aim of this paper is twofold. Firstly we present a method to estimate the fuzzy weights of the set of existing locations for each decision maker. The importance (or relative strength) of the existing locations are given by the decision makers (various stakeholders) and are assumed to be fuzzy (triangular fuzzy numbers, see [20]). Secondly we present a method to find an “optimal compromise” solution of the fuzzy multicriteria location problem. Arising from determination of the fuzzy weights. To obtain the best compromise solution among the (weakly) Pareto optimal solutions, we use the concept and technique of fuzzy set theory (see [32] or [33]).

In our approach, we first formulate a fuzzy pairwise comparison matrix by comparing the existing locations with one another. To represent the importance (or relative strength) of the existing locations, we use Saaty’s ratio scale 1 to 9 (see [27, 28]) in a fuzzy environment. In order to extract the fuzzy weights from the this pairwise comparison matrix we use the geometric mean technique (see [7]). The resulting weights are again fuzzy. Then we utilize the index of optimism λ ∈ [0, 1] to convert these fuzzy weights to crisp numbers. Finally we compute normalized weights which are crisp again. Assigning these normalized weights to the existing locations, we use a fuzzy technique with a linear membership function to solve the multicriteria single facility location problem.

The rest of the paper is organized as follows. In Section 2 a mathematical model of the problem is presented. Determination of fuzzy weights is explained in Section 3. In Section 4, a fuzzy programming technique is proposed to solve the problem. Pareto optimality of the compromise solution obtained by the method of Section 4 is discussed in Section 5. A numerical example with rectilinear (l_1) and Euclidean (l_2) distance and two objectives is given in Section 6 to illustrate the proposed methodology. Finally, some conclusions and an outlook to further research are given in Section 7.

2 Fuzzy Multiobjective Location Problems

Let Ex = {Ex_1, . . . , Ex_M } be a set of existing locations in the plane, where Ex_m = (a_{m1}, a_{m2}) for all m ∈ M := {1, . . . , M}. Furthermore let X = (x_1, x_2) be the single new facility to be located. Let S ⊂ IR^2 be the set of all feasible solutions, i.e. all possible locations for the new facility.

By w̃^q_m we denote the fuzzy weight of the existing facility Ex_m assigned by decision maker q. If d_m(Ex_m, X) is a convex distance between the existing location Ex_m and the new facility X we consider Q objective functions f_q, where each f_q is either

f_q(X) := M∑ m=1 w̃^q_md_m(Ex_m, X) (1) or f_q(X) := max_{m∈M} w̃^q_md_m(Ex_m, X). (2) In (1) and (2) d_m(Ex_m, X) means the distance between the points Ex_m and X, where we allow different kinds of distances for different existing facilities (to account e.g. for different accesibility of existing facilities). We only require that d_m satisfies the axioms of a metric for all m.

For each q ∈ Q, min_{x∈S} f_q(X) is either a single objective planar median or center location problem with fuzzy weights.

3 Determination of Fuzzy Weights

In this section, we present a method to obtain the fuzzy weights w̃^q_m in (1) and (2) using Saaty’s 9 point ratio scale in a fuzzy context. In order to do so, we have to introduce some basics of fuzzy theory.

A triangular fuzzy number Ñ can be defined as a triplet (l, m, n). Here l and n stand for the lower and upper value of Ñ, and m denotes the modal value. The membership function of the fuzzy number Ñ is defined as μ~_N (x).

μ~_N (x) = 0 if x ≤ l x−l m−l if l < x ≤ m n−x n−m if m < x < n 0 if x ≥ n . (3)

Algebraic operations on triangular fuzzy number are defined now. Consider two triangular fuzzy numbers Ñ_1 = (l_1, m_1, n_1) and Ñ_2 = (l_2, m_2, n_2). Then addition, multiplication and inverse can be defined as follows.

1. Addition

Ñ_1 ⊕ Ñ_2 = (l_1, m_1, n_1) ⊕ (l_2, m_2, n_2) = (l_1 + l_2, m_1 + m_2, n_1 + n_2)

2. Multiplication

Ñ_1 ⊙ Ñ_2 = (l_1, m_1, n_1) ⊙ (l_2, m_2, n_2) = (l_1l_2, m_1m_2, n_1n_2)

3. Inverse Ñ^{−1}_1 = (l_1, m_1, n_1)^{−1} = ( 1 n_1 , 1 m_1 , 1 l_1 ) Each decision maker is asked to perform a pairwise comparison of the M existing facilities. We use a nine-point ratio scale for this purpose (see [28],[27]). Decision makers are asked to compare existing facilities pairwise, answering questions “How much more important is facility j as compared to facility i?”. Ratios are expressed as numbers between 1 and 9, where 1 means equally important and 9 means absolutely more important, with intermediate grades weakly (3), strongly (5), and very strongly (7) more important. However, we expect these judgements to be fuzzy in nature, i.e. instead of the crisp numbers {1, . . . , 9} we rather use fuzzy ratios {~1, . . . , ~9}. Therefore a judgement matrix Ã, the entries of which are triangular fuzzy numbers ã_{ij} = (α_{ij} , β_{ij}, γ_{ij}), is obtained. So the decision makers are asked to provide the modal value as an estimate of the ratio of importance, but also a left and right spread as bounds. Note that the entries on the diagonal of the matrix must be crisp and equal to one. These fuzzy numbers indicate the relative strength of the M existing facilities. Therefore

Ã_q =

1 ã_{12} ã_{13} . . . ã_{1(M−1)} ã_{1M} 1 ã_{21} 1 ã23 . . . ã2(M−1) ã2M . . . . . . . . . . . . . . . . . . 1 ã_{(M−1)1} 1 ã_{(M−1)2} 1 ã_{(M−1)3} . . . 1 ã(M−1)2 1 ã_{M1} 1 ã_{M2} 1 ã_{M3} . . . 1 ã_{M(M−1)} 1

, (4)

where ã_{ij} ∈ {~1, . . . , ~9} if i < j 1 if i = j ∈ {~1^{−1}, . . . , ~9^{−1}} if i > j is a fuzzy pairwise comparison matrix for the qth decision maker.

From the fuzzy judgement matrix Ã_q the fuzzy weight w̃^q_i = (ε^q_i , ξ^q_i , η^q_i ) for facility i according to the judgement of decision maker q can be computed using a geometric mean technique. Usually an eigenvector is chosen to define the weights of the different facilities. In the fuzzy context, instead of computing a fuzzy eigenvector, [7] proposed a geometric mean technique. This method is easier to apply and can be well justified. For details we refer to [7]. Define α_i = [ ∏_m j=1 α_{ij}]^1m and α = ∑_m i=1 α_i. Similarly, let β_i = [ ∏_m j=1 β_{ij} ]^1m and β = ∑_m i=1 β_i and also γ_i = [ ∏_m j=1 γ_{ij}]^1m and γ = ∑_m i=1 γ_i. The fuzzy weights w̃^q_i = (ε^q_i , ξ^q_i , η^q_i ) are determined by (α_iγ^{−1}, β_iβ^{−1}, γ_iα^{−1}). Note that the fuzzy weights w̃^q_i are correct triangular fuzzy numbers again, in the sense that the lower value ε^q_i is less than the modal value ξ^q_i , which is less than the upper value η^q_i .

At this stage a fuzzy multiobjective location problem

min_{X∈S} f_q(X), (5)

with objectives of median type (1) and/or of center type (2) is obtained. We will now use the index of optimism λ ∈ [0, 1] introduced in [10] to convert the fuzzy weights into crisp weights. A larger index indicates a higher degree of optimism and will imply that the crisp weight w^q_i related to w̃^q_i is closer to the upper value η^q_i . The fuzzy weights with index of optimism are defined as

w^q_i = λη^q_i + (1 − λ)ε^q_i , λ ∈ [0, 1].

The crisp values w^q_i can now easily be normalized, such that ∑_M i=1 w^q_i = 1 for all q = 1, . . . , Q. Then a multiobjective location problem

min_{X∈S}(f_1(X), . . . , f_Q(X)) (6)

is obtained.

4 A Fuzzy Technique to Solve Multicriteria Single Facility Location Problems

For this approach, we need estimates of the lowest and highest value each of the objectives can attain for Pareto optimal solutions of (6). This can be done by solving Q single objective single facility location problems

min_{X∈S} f_q(X) (7)

for each q ∈ {1, . . . , Q}, taking one criterion at a time. Here the estimated crisp weights w^q_i appear as weights in f_q.

Now, if X^{(q)} is an optimal solution of the q-th single objective problem (7), X^{(q)} can be evaluated for all objectives. According to each solution and value for every objective, a pay-off matrix with entries f_{pq} = f_q(X^{(p)}), q, p = 1, . . . , Q can be formulated as follows.

f_1(X) f_2(X) . . . f_Q(X)

X^{(1)} f_{11} f_{12} . . . f_{1Q} X^{(2)} f_{21} f_{22} . . . f_{2Q} . . . . . . . . . . . . . . X^{(Q)} f_{Q1} f_{Q2} . . . f_{QQ}

(8)

The fuzzy technique to solve the multicriteria location problem uses the results from the payoff table to define a linear membership function for each of the criteria. With these membership functions and a max-min operation, the problem is converted to a single objective optimization problem.

From the pay-off table, we find estimates of the upper (U_q) and lower (L_q) values for each criterion corresponding to the set of Pareto solutions of (6), U_q = max(f_{1q}, f_{2q}, . . . , f_{Qq}) and L_q = f_{qq}, q = 1, 2, . . . , Q. Now we can use well known techniques of fuzzy programming to formulate the problem as a maximum achievment problem.

Using U_q and L_q, a linear membership function μ^L_{fq} (see [33]) for each of the Q criteria is obtained, by

μ^L_{fq} (x) =

1 if f_q ≤ L_q U_q −f_q U_q −L_q if Lq < fq < Uq 0 if f_q ≥ U_q

. (9)

Using the max-min operator (see [1]) the above problem can be converted to a single criterion problem, (10) - (13), namely

max R, (10)

subject to the constraints

f_q(X) + R(U_q − L_q) ≤ U_q, q = 1, . . . , Q (11) R ∈ [0, 1] (12) X ∈ S. (13)

The final problem obtained is a convex programming problem (provided that S is convex) in variables X and R, which can readily be solved using existing algorithms and software. We note that solving the problem with different values of the index of optimism λ, several sets of weights can be obtained. Therefore several possible compromise solutions will be available.

In the next section we will discuss Pareto otpimality of the final compromise solution obtained from solving (10) - (13) for the multiobjective problem (6).

5 Pareto Optimality of the Final Compromise Solution

Let us assume that S is a closed and bounded subset of IR^2. This is not a very strong assumption. Usually the set of Pareto optimal solutions of a location problem can be shown to be restricted to such a set, which can be computed from the coordinates of the existing facilities. For details see the references mentioned in the introduction. Let S_{P ar} denote the set of Pareto optimal solutions of the multicriteria location problem min_{X∈S} (f_1(X), . . . , f_Q(X)), S_{P ar} := {X ∈ S : ̸∃X^′ ∈ S s.t. f_q(X^′) ≤ f_q(X) q = 1, . . . , Q and f(X^′) ≠ f(X)}. Furthermore we will use the set of weakly Pareto optimal solutions. A point X ∈ S is weakly Pareto optimal, if there is no X^′ ∈ S such that f_q(X^′) < f_q(X) for all q = 1, . . . , Q. We denote the set of weakly Pareto optimal solutions of (6) by S_{w−P ar}. The compactness assumption and the continuity of the objectives f_q guarantee that S_{P ar} and S_{w−P ar} are nonempty, see e.g. [29]. We obtain the following result.

Theorem 1 1. An optimal solution X^∗ of (10) - (13) is weakly Pareto optimal for the multicriteria location problem (6).

2. The problem (10) - (13) has at least one optimal solution, which is Pareto optimal for (6).

Proof:

1. Assume the contrary. Then there is an X ∈ S such that f_q(X) < f_q(X^∗) ∀q = 1, . . . , Q. Let R^∗ be the optimal solution value of problem (10) - (13). Then

f_q(X) + R^∗(U_q − L_q) < f_q(X^∗) + R^∗(U_q − L_q) ≤ U_q, ∀q = 1, . . . , Q.

Therefore there exists an R > R^∗ and an i ∈ {1, . . . , Q} such that

f_i(X) + R(U_i − L_i) = U_i, f_q(X) + R(U_q − L_q) ≤ U_q, q ≠ i. This contradicts the fact that X^∗ is an optimal solution of (10) – (13).

2. Suppose X^∗ is not a Pareto optimal solution. Then there exists an X ∈ S_{P ar} such that f_q(X) ≤ f_q(X^∗) ∀q = 1, . . . , Q and f_i(X) < f_i(X^∗), for some i. Therefore f_q(X) + R^∗(U_q − L_q) ≤ U_q ∀q = 1, . . . , Q. Because X^∗ is an optimal solution of (10) - (13), so is X. Thus the claim is proved. □ Note that Theorem 1 implies that whenever the solution of Problem (10) - (13) is unique, then it is also Pareto optimal.

For problems with only two objectives, we can strengthen the result of Theorem 1. To do so we have to introduce some further notation. Since all objectives are continuous they attain their minima on S and we can define y^0_q := min_{X∈S} f_q(X). Then y^0 := (y^0_1, . . . , y^0_Q) is called the ideal point of the multicriteria optimization problem (6). The ideal point is a lower bound on all objective values. An upper bound on the objective values for the Pareto set is given by the Nadir point y^N , where y^N_q := max_{X∈SP ar} f_q(X). We assume that y^0_q < y^N_q for all q, because otherwise the qth objective is irrelevant for the optimization. Concerning the pay-off matrix mentioned in Section 4 we observe that L_q = y^0_q . However, U_q = y^N_q is not necessarily true, because, U_q may over- or underestimate y^N_q , see e.g. [21] for an example.

Under the general asumption that |S_{P ar}| ≥ 2 (otherwise y^N = y^0 and the objectives are not conflicting) and that S is convex, we obtain Theorem 2.

Theorem 2 Assume that S is convex, and that U_q ≤ y^N_q for q = 1, 2. Furthermore assume that U is a feasible estimate of y^N , i.e. there is at least one X ∈ S such that f_q(X) < U_q for q = 1, . . . , 2. Then an optimal solution X^∗ of (10) - (13) is Pareto optimal for (6).

Proof:

Let X^∗ be an optimal solution of (10) - (13), i.e. X^∗ solves max_{X∈S} min_{q=1,...,Q} U_q − f_q(X) U_q − L_q , or, if we use the constants α_q := (U_q − L_q)^{−1} > 0, max_{X∈S} min_{q=1,...,Q} α_q(U_q − f_q(X)). From Theorem 1 we know that X^∗ is weakly Pareto optimal. Therefore we will look at S_{w−P ar} in more detail. We use a result from [23], which states that S_{w−P ar} = Opt(f_1) ∪ Opt(f_2) ∪ S_{P ar}, (14) where Opt(f_q) denotes the set of optimal solutions of min_{X∈S} f_q(X). From (14) we have a partition of S_{P ar} as follows: S_{w−P ar} = (Opt(f_1) ∪ Opt(f_2)) ∪ (S_{P ar} \ (Opt(f_1) ∪ Opt(f_2))) =: S_1 ∪ S_2 Note that S_1 and S_2 are disjoint and that due to the general asumption that no ideal solutions X satisfying f(X) = y^0 exist, |S_{P ar}| ≥ 2, and due to the connectedness of S_{P ar} (see [30]), we know that S_2 ≠ ∅.

Now we show that for all X^1 ∈ S_1 f_q(X^1) ≥ y^N_q for q = 1 or q = 2 and that for all X^2 ∈ S_2 f_q(X^2) < y^N_q for q = 1 and q = 2. Then

min_{q=1,2}{α_q(U_q − f_q(X^1))} ≤ min_{q=1,2}{α_q(y^N_q − f_q(X^1))} ≤ 0 < min_{q=1,2}{α_q(y^N_q − f_q(X^2))}

(15)

for all X^1 ∈ S_1 and all X^2 ∈ S_2.

1. Let X^1 ∈ S_1. By definition either f_1(X^1) = min_{X∈S} f_1(X) or f_2(X^1) = min_{X∈S} f_2(X).

Without loss of generality we only consider the first case and show that f_1(X^1) = min_{X∈S} f_1(X) implies f_2(X^1) ≥ y^N_2 . Suppose that this would not be true and let X^1 be such that f_2(X^1) < y^N_2 . Now take any X ∈ S_{P ar}, X /∈ Opt(f_1). By the choice of X^1 we have f_1(X) ≥ f_1(X^1) and therefore f_2(X) < f_2(X^1) < y^N_2 . This would imply max_{X∈SP ar} f_2(X) ≤ f_2(X^1) < y^N_2 , which contradicts the definition of y^N .

2. Next let X^2 ∈ S_2. Thus X^2 ∈ S_{P ar} and f_q(X^2) ≤ y^N_q by definition. Note that f_q(X^2) = y^N_q would imply X^2 ∈ S_1. Indeed, if e.g. f_1(X^2) = y^N_1 this yields f_1(X) ≤ f_1(X^2) for all X ∈ S_{P ar}, therefore f_2(X) ≥ f_2(X^1) for all X ∈ S_{P ar}. Thus we would imply f_2(X^1) = min_{X∈S} f_2(X). So f_q(X^2) < y^N_q as claimed.

We have now proved the theorem for U = y^N . In the general case U_q ≤ y^N_q we can use the fact that U is a feasible estimate for y^N . Therefore there exists X ∈ S such that f_q(X) < U_q ≤ y^N_q , q = 1, 2. Therefore there exists X^′ ∈ S_{P ar} with f_q(X^′) < y^N_q , and analogous to 2. above, all such X^′ are in S_2. The fact that min_{q=1,2}{α_q(U_q − f_q(X^′)} > 0 together with the first and second inequality in (15) completes the proof. □

Remark 1 The proof of Theorem 2 actually shows that a solution of (10) - (13) is properly Pareto optimal (see [14]). This is due to the fact that S_{P ar} is the closure of the set of properly Pareto optimal solutions (see e.g. [29]), and in defining S_2 we just omitted the two boundary points of S_{P ar}, cf. Figure 1.

1 2 3 4 5 6

1 2 3 4 5 6 S_1

S_1

S_2 y^N U

Objective values of Pareto optimal compromise solution

Figure 1: Illustration of Theorem 2

Theorem 2 indicates, that it is desirable to have estimates of the upper bounds of objectives that are less or equal than the Nadir values. The condition U_q ≤ y^N_q of Theorem 2 can be satisfied for Q = 2 if the pay-off table is replaced by the solution of lexicographic optimization problems lexmin_{X∈S} (f_1(X), f_2(X)) and lexmin_{X∈S} (f_2(X), f_1(X)).

With Opt(f_q) := {X^∗ ∈ S : f_q(X^∗) = min_{X∈S} f_q(X)} we define L_q = min_{X∈S} f_q(X) and U_q := min_{X∈Optj} f_j (X), q ≠ j, q = 1, 2. Then y^0 = (L_1, L_2) and y^N = (U_1, U_2). For the general case of Q ≥ 3 criteria unfortunately no procedure is known to determine y^N (see [21]). In this case, we can get lower estimates Ū_q ≤ y^N_q of the Nadir values from payoff table obtained from the solution of problems

min_{X∈S} f_q(X) + ∑ i≠q ϵ_if_i(X) (16)

for each q, where ϵ_i > 0 are small, e.g. ϵ_i =^1_{Q2} . This is due to the fact that an optimal solution of (16) is Pareto optimal for the multiobjective location problem.

6 Numerical Example

In this example we consider two criteria one of which is a median objective and one of which is a center objective.

Let Ex_1 = (1, 1), Ex_2 = (2, 3), Ex_3 = (4, 2) be the coordinates of the three existing locations in the plane. The relative strength of the existing locations is presented as a comparison matrix, where the elements of the matrix are triangular fuzzy number with left and right spread. In this example we consider ~2 = (1, 2, 4) and ~4 = (2, 4, 6). The comparison matrix for the existing locations is as follows:

Ã_1 = Ã_2 =

1 (1, 2, 4) (2, 4, 6) (^1_4 ,^1_2 , 1) 1 (1, 2, 4) (^1_6 ,^1_4 ,^1_2 ) (^1_4 ,^1_2 , 1) 1

(17)

For convenience, we used the same comparison matrix (17) to obtain the weights for both objectives, one of which is a center and one of which is a median objective. Using the geometric mean technique discussed in Section 3, we got the following fuzzy weights for the three locations:

(w̃_1, w̃_2, w̃_3) =

(0.24, 0.57, 1.29) (0.12, 0.29, 0.71) (0.07, 0.14, 0.35) .

Using an index of optimism λ = 0.5 we get the normalized crisp weights

(w_1, w_2, w_3) ≈ (0.55, 0.30, 0.15).

Using the fuzzy programming technique of Section 4 the optimal compromise location of the above fuzzy multicriteria facility location problem with rectilinear distance d_m(Ex_m, X) = l_1(Ex_m, X) and Euclidean distance d_m(Ex_m, X) = l_2(Ex_m, X) is shown in Table 1. We have used AMPL (A Modelling Language for Mathematical Programming, see [12]) and LOLA (Library of Location Algorithms, see [16]), to solve the single objective location problems. AMPL has been used to model and solve the single objective problem (10) - (13).

Distance Location X^∗ Objectives R l_1 (1.2647, 1.2647) (1.5529, 0.7412) R = 0.49 l_2 (1.2817, 1.3714) (1.2103, 0.5342) R = 0.55

Table 1: Optimal Solutions of the Numerical Example

Both solutions are indeed Pareto optimal. The Example is shown in Figure 2.

7 Conclusions

In this paper we have considered multicriteria facility location problems, where the decision makers have different opinions of the importance of the set of existing facilities. Decision makers’ opinions are collected in fuzzy comparison matrices, from which fuzzy weights are obtained by a geormetric mean method. Using an index of optimism the weights of the existing locations are extracted. We proved that the final compromise solution is weakly Pareto optimal and Pareto optimal, if it is unique or the decision space is convex and overestimation of Nadir values is avoided. Our method takes into account the difficulties of people to express clear and crisp judgements, thus making more realistic models of location problems available. The proposed solution technique guarntees that a best compromise solution is found. Further extensions of our concepts to multifacility problems and problems on networks are under research.

1 2 3 4

1

2

3

Optimal solution for l_1

Optimal solution for l_2 Ex_2

Ex_1

Ex_3

Figure 2: Existing Facilities and Compromise Lcations

Acknowledgement

One of the authors (Rakesh Verma) wishes to express his gratitude to Deutscher Akademischer Austauschdienst (DAAD), Germany for the financial support under its Research Fellowship program.

References

[1] R. Bellman and L.A. Zadeh. Decision making in a fuzzy environment. Management Science, 17B:141–164, 1970.

[2] U. Bhattacharya, J.R. Rao, and R.N. Tiwari. Fuzzy multi-criteria facility location problem. Fuzzy Sets and Systems, 51:277–287, 1992.

[3] U. Bhattacharya, J.R. Rao, and R.N. Tiwari. Bi-criteria multi facility location problem in fuzzy environment. Fuzzy Sets and Systems, 56:145–153, 1993.

[4] U. Bhattacharya and R.N. Tiwari. Imprecise weights in weber facility location problem. Fuzzy Sets and Systems, 62:31–38, 1994.

[5] U. Bhattacharya and R.N. Tiwari. Multi-objective multiple facility location problem:

A fuzzy interactive approach. Journal of Fuzzy Mathematics, 4(3):483–490, 1996.

[6] M.L. Brandeau and S.S. Chiu. Parametric analysis of optimal facility locations. Network, 21:223–243, 1991.

[7] J.J. Buckley. Fuzzy hierarchical analysis. Fuzzy Sets and Systems, 17:233–247, 1985.

[8] L. Chalmet, R. Francis, and A. Kolen. Finding efficient solutions for rectilinear distance location problem efficiently. European Journal of Operational Research, 6:117– 124, 1981.

[9] S.S. Chaudhary and R. Kincaid. Comments on facility location problem on network under multiple criteria fuzzy set theoretic approach. International Journal of Systems Science, 11:2387–2391, 1990.

[10] C.H. Cheng and D.L. Mon. Evaluating weapon system by analytical hierarchy process based on fuzzy scale. Fuzzy Sets and Systems, 63:1–10, 1994.

[11] J. Current, H. Min, and D. Schilling. Multiobjective analysis of facility location decisions. European Journal of Operational Research, 49:295–307, 1990.

[12] R. Fourer, D.M. Gay, and B.W. Kernighan. AMPL - A Modeling Language for Mathematical Programming. The Scientific Press Series, 1993.

[13] R.L. Francis, F. Leon, J. McGinnis, and J.A. White. Facility Layout and Location :

An Analytical Approach. Prentice-Hall, New York, 1992.

[14] A.M. Geoffrion. Proper efficiency and the theory of vector maximization. Journal of Mathematical Analysis and Applications, 22:618–630, 1968.

[15] H.W. Hamacher. Mathematische Lösungsverfahren für planare Standortprobleme.

Vieweg Verlag, Braunschweig, 1995. 171 pages.

[16] H.W. Hamacher, K. Klamroth, M.C. Müller, S. Nickel, and A. Schöbel.

LOLA: Library of location algorithms - a toolkit for solving location problems. http://www.mathematik.uni-kl.de/~lola/. Software of the University of Kaiserslautern, Germany, Release 1.2, 1997.

[17] H.W. Hamacher and S. Nickel. Median location probems with several objectives.

Studies in Locational Analysis, 4:149–153, 1993.

[18] H.W. Hamacher and S. Nickel. Multicriteria planar location problems. European Journal of Operational Research, 94:66–86, 1996.

[19] H.W. Hamacher, S. Nickel, and M. Labbé. Multicriteria network location problems with sum objectives. Networks, 1999. to appear, Report in Wirtschaftsmathematik No. 15.

[20] A. Kaufmann and M.M. Gupta. Introduction to Fuzzy Arithmetic Theory and Application. Van Nostrond Reinhold, New York, 1991.

[21] P. Korhonnen, S. Salo, and R.E. Steuer. A heuristic for estimating nadir criterion values in multiple objective linear programming. Operations Research, 45(5):751–757, 1997.

[22] R.F. Love, J.G. Moris, and G.O. Wesolowsky. Facilities Location: Models & Methods.

North-Holland, New York, 1988.

[23] C. Malivert and N. Boissard. Structure of efficient sets for strictly quasi convex objectives. Journal of Convex Analysis, 1(2):143–150, 1994.

[24] L. McGinnis and J. White. A single facility rectilinear location problem with multiple criteria. Transportation Science, 12:217–231, 1978.

[25] S. Nickel. Multicriterial and restricted location problems with polyhedral gauges. In Operations Research Proceedings 1994, pages 109–114. Springer Verlag, Berlin, 1994.

[26] J.R. Rao and K. Saraswati. Facility location problem on a network under multiple criteria – fuzzy set theroetic approach. Internatinal Journal of Systems Science, 19:2555–2559, 1988.

[27] T.L. Saaty. A scaling method for priorities hierarchical structures. J. Math. Psychology, 15(3):234–281, 1977.

[28] T.L. Saaty. The Analytic Hierarchy Process. RWS Publicaton, Pittsburgh, 1990.

[29] Y. Sawaragi, H. Nakayama, and T. Tanino. Theory of Multiobjective Optimization.

Academic Press, Orlando, 1985.

[30] A.R. Warburton. Quasiconcave vector maximization: Connectedness of the sets of Pareto-optimal and weak Pareto-optimal alternatives. Journal of Optimization Theory and Applications, 40:537–557, 1983.

[31] R. Wendell, A. Hurter, and T. Lowe. Efficient points in location problems. AIIE Transactions, 9:238–246, 1977.

[32] L.A. Zadeh. Fuzzy sets. Information and Control, 8:338–353, 1965. [33] H.J. Zimmermann. Fuzzy programming and linear programming with several objective functions. Fuzzy Sets and Systems, 1:45–55, 1978.