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Abstract

In this paper we deal with the determination of the whole set of Pareto-solutions of
location problems with respect to Q general criteria. These criteria include median, center
or cent-dian objective functions as particular instances. The paper characterizes the set of
Pareto-solutions of all these multicriteria problems. An efficient algorithm for the planar
case is developed and its complexity is established. Extensions to higher dimensions as
well as to the non-convex case are also considered. The proposed approach is more general
than the previously published approaches to multi-criteria location problems and includes
almost all of them as particular instances.

Keywords: Location Theory, Multi-criteria Optimization, Algebraic Optimization, Geo-
metrical Algorithms

1 Introduction

In the process of locating a new facility usually more than one decision maker is involved. This
is due to the fact that typically the cost connected to the decision is relatively high. Of course,
different persons may (or will) have different (conflicting) objectives. On other occasions,
different scenarios must be compared in order to be implemented, or simply uncertainty in
the parameters leads to consider different replications of the objective function. If only one
objective has to be taken into account a broad range of models is available in the literature
(see Chapter 11 in [Dre95] ). In contrast to that only a few papers looked at (more realistic )
models for facility location, where more than one objective is involved (see [FP95, HN96| ).
One of the main deficiencies of the existing approaches is that only a few number (in most
papers 1) of different types of objectives can be considered and solution approaches depend
very much on a specific chosen metric. Also a detailed complexity analysis is missing in most
of the papers.

On the other hand there is a clear need for flexible models where the complexity status
is known, since these are prerequisites for a successful implementation of a decision support
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system for location planning which can really be used by decision-makers. In this paper we
present a model for continuous multi-criteria location problems which fulfills the requirement of
flexibility with respect to the choice of objective functions. To this end we present a new type of
objective function ( called ordered Weber function ), developed in [PF95, RCNPF96, PACFP9S],
which includes most of the classical location objective functions as special cases, like for e.g.
the Weber objective, the center objective, the cent-dian objective and the Weber objective with
positive and negative weights.

Additionally, we allow the use of polyhedral gauges as distance functions in each object-
ive function. It should be mentioned that by the polyhedral gauge approach we are able to
approximate every gauge (see [Val64, WWS85]). The outline of the rest of the paper is as
follows :

In Section 2 the problem is formally introduced and basic tools and definitions are presented.
Section 3 is devoted to the bicriteria case in the plane, while Sections 4 and 5 extend these
results to the general planar )-criteria case. In Section 6 generalizations looking at the non-
convex and at the n-dimensional case are discussed. The paper ends with some conclusions
and an outlook to future research. Throughout the paper we keep track of the complexity of
the presented algorithms.

2 Basic Tools and Definitions

First we restate some definitions which are needed throughout the paper.

Denote the set of demand points by A := {ay,...,apn}. Let B; C IR" be a compact, convex
set containing the origin in its interior, for i € M := {1,2,..., M }. The gauge with respect to
B; is defined as

v : R" - IR, ~(x):=inf{r>0:zerB;} (1)

the polar set By of B; is given by
By :={pelR": (px) <1 VaxebB} (2)
the normal cone to B; at x is given by
N(Bj,z):={peR" : (py—x) <0 Vye B} (3)

and the boundary of B; is denoted by bd(B;) .
The case we will mainly consider in this paper is where each v; with ¢ € M is a polyhedral

gauge, which means B; is a convex polytope with extreme points Ext(B;) := {e}, ... e }. Let
Guax = max{G; : i € M}. In this case we define fundamental directions di, ... ,dgi as the
half-lines defined by 0 and €},...,ef;,. Further, we define I'} as the cone generated by d?, and
d ., (fundamental directions of B;) where df_,, := dj.

Let m = (p;)iem be a family of elements of IR" such that p; € B? for each i € M and let
Cr = Miem(a; + N(B?,pi)). A nonempty convex set C is called an elementary convex set if
there exists a family 7 such that C, = C.

It should be noted that if the unit balls are polytopes we can obtain the elementary convex
sets as intersection of cones generated by fundamental directions of these balls pointed at each
demand point. Therefore each elementary convex set is a polyhedron whose vertices are called
intersection points (see Figure 1). Finally, in the case of IR there exists an upper bound on
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Figure 1: Existing facilities a;, « € M, and their unit balls B;

the number of elementary convex sets which is O((MGp.x)?) . [DM85] proved that the Weber
problem is linear in each elementary convex set. Therefore, if we consider polyhedral gauges,
there always exists an optimal solution to the Weber problem in the set of intersection points.

2.1 A General Approach : The Ordered Weber Problem

In this section we present a general location model, the ordered Weber problem, introduced by
[PF95] and later elaborated for the polyhedral case by [RCNPF96].

Consider the set of demand points A = {ay,...,an}, the corresponding gauges v;(-), i €
M, and two sets of nonnegative scalars  := {wy,...,wy} and A := {\y,... A\ys}, where the
element w;, 1 € M, is the weight of the importance given to the existing facility a;, 1 € M,
and the elements of A allow to choose among different kinds of objective functions. Given a
permutation o of M verifying

We1) Vo) (T = ar(1)) < Wa@2)Vo@) (T — a2)) < ... < Woan)Yo(u) (T — Go(ar))

we define y(z — A)u) 1= Wo(i)Vo(i)(® — as@)). The ordered Weber problem is given by the
following formulation
M
min F(z) =Y Ay(z — A (4)

n
z€R i1



The set of optimal solutions of this problem is called X*(F") or simply X* if this is possible
without causing confusion. This objective function looks very much like the objective function
of the classical Weber problem, but in fact this function is point-wise defined and in general
not convex as the following example shows.

Example 2.1 Consider two demand points a; = (0,0) and as = (10,5), weights A\; = 100 and
Ay = 1 with ly-norm and wy = wy = 1. We obtain two optimal solutions to Problem (4), lying in
each demand point. Therefore the objective function is not convex since we have a non-convex
optimal solution set (see Figure 2). .

F(a)) = 100x0+1x 15 =15
Flay) = 100X 0+1x 15 =15

1
F(glar+az) = 100 x 7.5+ 1% 7.5 = 7575

******************************************************************************************************
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*******************************************************************************************************

Figure 2: Illustration to Example 2.1

Nevertheless, if we assume that the weights are in increasing order we obtain that the objective
function is convex (see [PF95] for more details ).

In spite of its difficulty, the study of this model is very important because it provides a
quite general framework to deal with continuous location problems, as the Theorem 2.1 shows.
To describe the different types of location problems we use a 5-Position classification scheme
Pos1/Pos2/Pos3/Pos4 /Posb , which allows us to indicate the number of new facilities in (Posl)
and the type of the problem as planar (IR?), network-based (N), discrete (D) etc. in (Pos2).
Any assumptions and restrictions such as w,, = 1 for all m € M, etc. are given in (Pos3). The
type of distance function such as [,,, general distance function d, etc. is contained in (Pos4), and
the type of objective function such as > for the classical Weber function, max for the center



function, C'D,, for the cent-dian function, Y., for the ordered Weber function etc. appears in
(Pos5). For more details see [HN98].

The next result demonstrates how the classical location objective functions are related to
the ordered Weber function. Although this result is already known (see [NP99]) we include the
proof for the sake of readability.

Theorem 2.1
1. The classical Weber problem 1/IR"/ e /~;/ > is equivalent to the ordered Weber problem
1/Rn/)\1 = .= )\M = 1/P)/i/20rd‘
2. The center problem 1/IR"/ e /v;/ max is equivalent to the ordered Weber problem
1/]R,n/)\1 = ... = )\M—l =0 A )\M == 1/7i/zord'
3. The cent-dian problem 1/IR™/ e /~;/CD,, is equivalent to the ordered Weber problem
1/]R,n/)\1 = ... = )\M—l =w A )\M == 1/P)/i/20rd'
Proof:

3. Analogous to 1. and 2.

It should be noted that the computation of F'(z) is not a trivial task. We do not have an
explicit formula of F'in IR", because we have different expressions for F' depending on the order
in the sequence of distances. Anyway, F' behaves as the classical Weber function in a region
where the order does not change. To this end, we use the concept of ordered regions.

The set B(a;,a;) for i # j consisting of points

{zr eR" : wmi(r — a;) = wyy(e — a;)}

is called the bisector of a; and a; with respect to (w;,7;) and (w;,v;). Note that B(a;,a;) =
B(aj,a;). Given a permutation o on the index set M the ordered region O, consists of the
points (see Figure 3)

Oy = {2 € R" : Wo)Vo1)(® — Go1)) < - .. < Wonr) Vo) (T — ao(ar)) } (5)

Note that the concept of ordered regions can be seen as an extension to classical Voronoi
diagrams. The set we obtain as intersection of an elementary convex set and an ordered
region is called a generalized elementary convex set. The vertices of the generalized elementary
convex set are called generalized intersection points and the set containing all the generalized
intersection points is denoted by GZP. The full dimensional generalized elementary convex sets
are called cells. The set of all cells is denoted by C.
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Figure 3: Bisector lines and ordered regions generated by 4 existing facilities aq, ..., a4 associ-

ated with the [;-norm respectively the [-norm for  := {1,1,1,1}

[PF95] obtained that the objective function of the Ordered Weber problem is linear in each
generalized elementary convex set. Therefore there exists an optimal solution of the Ordered
Weber problem in GZP. In the case of polyhedral gauges with at most G, fundamental dir-
ections, [RCNPF96] obtained an upper bound of the number of generalized elementary convex
sets which in IR* is O(M*G2,,,). For the sake of readability the proof of this bound can be

found in the appendix at the end of the paper.

2.2 Multi-criteria Problems and Level Sets

Let F', ..., F?9 be functions from IR™ to IR. If we want to optimize simultaneously all these
objective functions we get points in a ()-dimensional objective space and we do not have the
canonical order of IR anymore. In this section, we introduce two different orderings of IR?, the
lexicographic and Pareto ordering, which can be given in the following way. Let 2,z € IR? and

Q:={1,...,Q}, then
2<lxZ & z=2Zorz <z forq:=min{ie Q : z # 7}

22z & 2<%z VgecQandz <z forsomepe Q.



A point z € IR" is called a lexicographic location (or lex-optimal) if there exists a permutation
7 of the set Q such that

(F™0 (), FF O (2)....., F"Q(2)) <iox (FTO(y), F*O(y). ..., FF(y)) VyeR".

We denote the set of lexicographic solutions by Aj%, (F L F Q) or simply by A}, if this is
possible without causing confusion. The set of lexicographic solutions with respect to a fixed
permutation 7 is denoted by X;(l) ..... Q)"

On the other hand a point € IR" is called a Pareto location (or Pareto optimal) if there
exists no y € IR" such that

(F'(y), F*(y)...., F(y)) < (F'(2), F*(x)...., F(x))

We denote the set of Pareto solutions by A7p,, (F L F Q) or simply by A7, if this is possible
without causing confusion. Note that A%, C XY, .

For technical reasons we will also use the concept of weak Pareto optimality and strict
Pareto optimality. A point x € IR" is called a weak Pareto location (or weakly Pareto optimal)
if there exists no y € IR" such that

Fily) < Fli(z) VYq € Q.

We denote the set of weak Pareto solutions by X5 _p,, (F Lo F Q) or simply by X _p.. if this

is possible without causing confusion. A point z € IR" is called a strict Pareto location (or
strictly Pareto optimal) if there exists no y € IR" such that

Fi(y) < Fi(z) Vq € Q.

We denote the set of strict Pareto solutions by X .. (F L FQ) or simply by X _p, . if this
is possible without causing confusion. Note that X . C AP, C X ...

In order to obtain a geometrical characterization of a Pareto solution we use the concept of
level sets.

For a function F': IR" — IR the level set for a value z € IR is given by
L (F,z):={zeR" : F(z) <z}
and the level curve for a value z € IR" is given by
L_(F,z):={zeR" : F(z) ==z}

Using the level sets and level curves [HN96] obtained the following characterizations:

TEX b (F' . F9) & F] L (F% Fi(z)) =0 (6)
re X, (F,... . F9) & s L (F? Fi(z)) = (%L_(Fq,Fq(x)) (7)

Q
TEX b, (F!,... F?) & (_11 L<(F9, Fi(z)) = {a} (8)

Finally [War83] proved, that the set A}, is connected, provided that the objective functions
are convex.



3 Bicriteria Ordered Weber Problems

3.1 Properties of 1/IR*/\; : /" /7i/2 — (Zord)Par

In this and the following sections we restrict ourselves to the plane in order to use the geometric
properties of the IR? to develop efficient algorithms. Moreover, we first consider the bicriteria
case, since - as will be seen later - it is the basis for solving the Q)-criteria case.

To this end, in this section we are looking for the Pareto solutions of the following vector
optimization problem in IR?

M
) =Y ANz — Ay
min v

z€IR? M
FQ(.CE) = Z )\?72(.26 — A)(Z-)
i=1

where the weights A/ are in increasing order with respect to the index i for each ¢ = 1,2, that
is,
A<M <. <N, ¢=1,2

and 79(x — A);) depends on the set Q7 of importance given to the existing facilities by the
g-th criterion, ¢ = 1,2. Therefore the previous vector optimization problem is convex, as
was discussed in Section 2. In the classification scheme we use this problem is denoted by
1/IR2/)\¢ /! /%’/2 - (Zord)par-

Note that in a multi-criteria setting each objective function F'¢, g € O, generates its own
set of bisector lines. Therefore in the multi-criteria case the generalized elementary convex
sets are generated by all the fundamental directions d;, 1=1,....M,g=1...G;, and the
bisector lines BY(a;,a;), q € Q.

We are able to give a geometrical characterization of the set AP, by the following theorem.

Theorem 3.1 Xp, (F', F?) is a connected chain from X*(F*') to X*(F?) consisting of facets
or vertices of cells or complete cells.

Proof:
First of all, we know that A}, # (), so we can choose x € A},,. There exists at least one
cell C € C with x € C. Hence three cases can occur:

1. z € int(C) : Since x € Ap,, we obtain

Q Q
() L2, Fo(a) = () E=(F, (@)

and by linearity of the ordered Weber problem in each cell we have

Q Q
O LS(Fq7Fq(y>> - ﬂ L:(quFq(y>) VyeC

q=1

which means y € &p,, Vy € C, hence C C &},



2. x € ab := conv{a,b} C bd(C) and a,b € Ext(C). We can choose y € int(C) and 2 cases
can occur:

(a) y € Ap,,. Hence we can continue as in Case 1.

(b) y ¢ &p,,. Therefore using the linearity we obtain first

Q Q
() L<(F9, F(2)) # (| L=(F?, F(2)) Vz € int(C)

q=1 q=1
and second, we have
Q Q B
() L<(F9, F%(2)) = (| L=(F%, F%(z)) Vze€ab
q=1 q=1
since z € A}, Therefore we have that C € Ay, and ab C Aj, .

3. x € Ext(C). We can choose y € int(C) and two cases can occur

(a) If y € A%, we can continue as in Case 1.

(b) If y ¢ AF,,, we choose 21, 29 € Ext(C) such that 7z7, T2; are faces of C,

ar’

i. If 21 or 2, are in A%,,, we can continue as in Case 2.
ii. If z; and 2 are not in A}, then using the linearity in the same way as before

we obtain that (C\ {z})NA%,, =0

Hence, we obtain that the set of Pareto solutions consists of complete cells, complete faces and
vertices of these cells. Since we know that the set A}, is connected, the proof is completed. m

3.2 An algorithm for solving 1/IR?/\; : /" /7i/2 — (Sord)par

The idea of the bicriteria algorithm is to start in a vertex x of the cell structure which belongs
to Xg,,, say © € AT'y. Then using the connectivity of A, the algorithm proceeds moving from
vertex x to another Pareto optimal vertex y of the cell structure which is connected with the
previous one by an elementary convex set. This procedure is repeated until the end of the chain
in Xy, is reached.

By the linearity of the level sets in each cell we can distinguish the following disjoint cases,
it v e A5, :

A: CC AP, ,ie. Cis contained in the chain.
: Ty and Tz are candidates for A}, and int(C) ¢ X},
: 7Ty is candidate for AP, and TZ is not contained in AP, .

: Tz is candidate for A}, and Ty is not contained in A},

g O aQ W

: Neither Zy nor Tz are contained in AJ,_, .



Figure 4: Mlustration to Lemma 3.2: y,x, z € Ezt(C) in counterclockwise order

We denote by sit(C, z) the situation appearing in cell C according to the extreme point z
of C.

Lemma 3.1 Let Cy,...,Cp, be the cells containing the intersection point x, considered in
counterclockwise order, and y,...,yp, the intersection points adjacent to x, considered in

counterclockwise order, (see Figure 5). If v € X5, and i € {1,..., P}, then the following
holds :

sit(C;,z) = A
or sit(Cip1,2) = A
—  Y*
Tt & Xpur = . sit(C;, z) € {B,C}
and sit(C;4q,2) € {B,D}
Proof:
The proof of this lemma follows directly from the exhaustive case analysis in the appendix.

Applying these two results we describe the following algorithm.

ALGORITHM 3.1
( Solving 1/]R2/)\i 22 = Cora)par - )
Input:

1. Demand points a; € R*, i€ M.
2. Weights \! ;i€ M, q=1,2 satisfying 0 < X < ... <X, forqg=1,2.

3. Weights wl,ie M, q=1,2 satisfying w! >0 forie M,q=1,2.



Figure 5: Illustration to Lemma 3.1 with P, =6

4. Polyhedral gaugesv; : IR> - IR, ie M .

1. X, (F', F?).
Steps:

1. Computation of the planar graph generated by the cells.

2. Compute the two sets of lexicographical solutions Xyo, X5 .

8 IF XN XS #0

4. THEN (x trivial case : X*(F') N X*(F?) # 0 ) &g, := co{ X}, }
ELSE (x non trivial case : X*(F') N X*(F?) =0 x)

Apyr = AT U Ay,

Choose x € X[, NGIP andi:=0 .

WHILE x ¢ X5, DO

RIS S RS RN

BEGIN
10. REPEAT

11. ti=1+1



12. IFi>PFP, THEN i1 :=1— P,

13. UNTIL sit(C;,z) := A OR (sit(C;,z) € {B,C} AND sit(Ciy1,2) € {B,D})

14. IF sit(C;, x) :==A

15. THEN (% We have found a bounded cell. ) Xf,, = X, UC;
16. ELSE (x We have found a bounded face. x) Xp,, = Xp,. UTy;
17. temp =z

18. T =

19. i:=1iz(temp) — 1 (« Where i, (temp) is the index of temp in the list

of adjacent generalized intersection points

to the generalized intersection point z. *).

20. END n

[BOT9] proved that the computation of a planar graph induced by n line segments in the
plane, can be computed in O((n+ s)logn) time, where s is the number of intersection points of
the line segments. [BO79] method only works for line segments. Therefore, we need to assure
in our problem that we can replace half-lines by line segments. The following lemma shows
that we only have to look for the solutions in a bounded region. Hence all half-lines defining
the cells are transformed into segments.

Lemma 3.2 Forx € X, (Fl, e FQ) holds

,r.m
lr(x) < 2"1516% {l2(am) n;f"} =R

min
with
Tos 1= __max {lz(e]")} Vm e M
and
em._ em em> <@m em.  — @m>
m . . < i+17 “i+1 7 m 7 9 i+l 7 m
Tmin = i_{nl% {ZQ <<€m —em em . _ 6m>6i <em —em em . _ em) €it1 vme M ’
T omm i+1 7 9 Vi1 7 i+1 i 0 “il 7
1. €.
* 1 Q
X (F',...,F?) C B(0,R).

Proof:

Indeed, we know that A}, (Fl, e FQ) C X b (Fl, e FQ)) We show in the following

vt—Par (Fla"'>FQ) g X\:—Par (Pyl( _al)w"?’)/M(‘ _aM)) :



Let v € R"\ X} _por (71(- —a1), ..., yar(. —apr)). Then, there exists y € IR™ such that v,,(y) <
Ym(x) for all m € M. For any 0 < \; < ... < Ay the function

RY — R
X — Zi\n/lzl )\mxa(m)

with a permutation o of M such that z,1) < ... < @sar), is non-decreasing. Then F4(y) <
Fi(z) for all 1 < ¢ < Q. This means x € R"\ X} _p,, (F',...,F?).
Now it is sufficient to prove the claim for

v € Xy po (- —ar), ..., ym(. —anr)) .

Let # € X' p. (7(.—a1),...,7a(. —an)). Then there exists no point y € IR? which
strictly dominates . That means, especially for y = 0, there exists an index m, € M with

Using the triangular inequality this means

By elementary calculations using the law of sines we have

lg(iamx)

My
min

lo(z) < Y, () - re and Vi (£, ) <

max

r

Summarizing the previous estimations we obtain

S (sz (amx) + Yma (_amx )) Tgi%;x
e

< (la(am,) + b(—am, ) ) ==

< (Blan.) +la(=an,)) 52

< 2ly(ay, ) mx

The right side of the previous inequality depends on m, € M. To avoid this we have to
consider the maximum over all indices m € M which leads to the inequality :

m

”
< max
lo(z) <2 max {lg(&m) = }

min

This lemma implies that in the case of the ordered Weber problem the computation of
the planar graph generated by the fundamental directions and bisector lines can be done in
O((M?Gpax + M*G?, ) log (M?Grax)) = O(M*G?,,, 1og (MG ax))-

The evaluation of the ordered Weber function for one point needs O(M log(M Gax)),
therefore we obtain O(M°G?, log (MGhyax)) for the computation of lexicographic solutions.
At the end, the complexity for computing the chain is O(M°G?,, log (MGuax)), since we

) cells and the determination of sit(.,.) can be done

have to consider at most O(M*G?
in O(M1og(MG 4z)). The overall complexity is O(M°G?2,,. log (M Ghax))-

max



4 The 3-Criteria Case

In this section we turn to the 3-criteria case and we develop an efficient algorithm for computing
Xp. (FY F? F3) using the results of the bicriteria case.
The first lemma establishes some useful geometric relations.

Lemma 4.1
1. For a convex function F' : R" — IR and a real value z € IR holds
L .(F,z) = int(L(F,2)) C int(L<(F,2)) C ri(L<(F,2)) . 9)
2. The tangent cone to a closed convexr set C' C IR" at a point x € C is the closure of the
cone generated by C — {x}, i. e.
Te(r) = wone(C—{z}) = (RT(C —{z}))

= c{deR" :d=XNy—2z),yec C,A>0} . (10)
and especially
C—{x} CTe(x) or CCTe(x)+{z} (11)
3. For two nonempty closed convex sets C1,Cy € IR™ and x € Cy N Cy holds
Teynes(x) C Tey(z) N1, (x) (12)
If in addition ri(Cy) N1i(Cy) # O holds, then
Toyne, () = To, () N T, (x) . (13)

Proof:

1. The equality follows from the continuity of F. The first inclusion follows directly from
the definitions of level sets and strict level sets, whereas the second inclusion follows from
the definitions of the interior and the relative interior.

2. See [HUL93], Chapter III, Proposition 5.2.1.
3. See [HUL93], Chapter III, Propositions 5.3.1 and 5.3.2.

]
We denote by
Co(IR$,IR?) := {(,0 | : IR§ — IR?, o continuous, Jim la((e(t)) = —1—00} : (14)
the set of continuous curves, which map the set of non-negative numbers IR; := [0, 00) into the
two-dimensional space IR* and whose image p(IRg) is an unbounded set in IR?.
For a set C' C IR? we define the enclosure of C' by
encl (C) := {.CE € IR* : 3¢ > 0 with B(z,e)NC =0, 3¢, € [0, 00) with
plt,) € Cor allp € Coo(IR, R?) with (0) = |} . (15)

Notice that C'Nencl (C) = 0. Informally spoken encl (C') contains all the points which are
surrounded by C', but do not belong itself to C'.



Lemma 4.2
If v € IR" is dominated by y € IR" with respect to strict Pareto optimality , then z) :=
x4+ ANz —y) € R" with A > 0 is dominated by x with respect to strict Pareto optimality.

Proof:
From z) := 2 + A(z —y), A > 0 follows = = 1+)\Z>\ + 1+)\y with A > 0.
Since y dominates = with respect to strict Pareto optimality and from the convexity of F'!, ..., F?

we obtain Fi(z) < 1+/\F‘I(z,\)jtH—/\F‘I() < 1+/\Fq(z,\)jtH—/\F‘I() forall ¢ € Q,

which implies (1 4+ A\)F9(z) < Fi(z))+ AF9(z) forallqe Q

respectively F?(z) < Fi(z,) forallge Q,

i. e. x dominates z, with respect to strict Pareto optimality. [
We denote the union of the bicriteria chains including the 1-criterion solutions by

X7 (FY P2 P?) = Ux (F9) U U U X (FP.F9) (16)

g=1p=g+1

We use the abbreviation gen since this set will generate the set Xp,, (F*', F?, F?). The next

encl (X557 (F1, F2,F3))

*
XP ar

Figure 6: The enclosure of X5o, (F', F?, F?®)

lemmata give detailed geometric descriptions of parts of the Pareto solution which are needed
to build up X, (F', F? F3). We will also learn more about the part of the plane which is
crossed by the Pareto chain.

Lemma 4.3

ol (encl (Xg2 (F', F2, F*))) € &y, (F', F2, F?)



Proof':
Let z € encl (X§or (F', F? F3)). Assume z ¢ X} p, (F', F? F3) . Then there exists a point
y € IR? which dominates 2 with respect to strict Pareto optimality. Consider the curve

o R —- R*, t — z+tlx—y)

Obviously ¢ is continuous and fulfills lim L((pt) = 400, i. e. p € Ox(IRg,R?). Moreover
©(0) = z. Since z € encl (X5, (F'', F2, F®)), there exists t € [0, 00) with

= plt) € X (FY, F2 %) (17)

By Lemma 4.2 we have F'/(z) < F9(z) for all ¢ € Q. Hence we can continue with the following
case analysis with respect to (17):

Case 1: z € X*(F) for some g € {1,2,3}:
= € XNF9) = xe X5 (F',F? F?) = Contradiction !

Case 2: z, € X}, (FP, F?) for some p,q € {1,2,3},p < q:
= v e X, (FP,FY) = xe X5 (F', F? F?) = Contradiction !

Therefore we have x € X . (F', F?, F3), i. e. encl (X5 (F', F?, F®)) C X} p,, (F', F? F3).
Since X p,, (F', F?, F3) is closed (see [Whi82], Chapter 4, Theorem 27 ) we obtain

cl (encl (XE7 (F', F%, F*))) C ol (X p,, (F', P F)) = Xy, (F' F2 F?)

]
For ¢ € Q we use the abbreviations
L%(x) := L<(F*, F¥(x)) (18)
and
LL(x) == Lo(F", F(x)) (19)
and
Tg (.CE) = TL‘IS(I) (.CE) = TLS(Fq,Fq(x))(x) . (20)
For p,q € Q we use the abbreviations
L?q(x) = LY (x) N LL(x) := L<(F?, F?(x)) N L<(F", F(x)) (21)
and
LP(z) := LP (z) N LL(z) :== L. (F?, FP(x)) N L (F?, F(x)) (22)
and
Tgﬁq(x) = L%ﬁq(z)(x> = TL%(:c)ﬂLqS(x) (x) = TLS(FP,FP(:c))ﬁLS(F‘?,F‘Z(:c))(x) . (23)

Lemma 4.4
If the assumptions

M, L4(x) =0 (24)



and

LE(x) #0Vp,q € {1,2,3},p<q (25)
are fulfilled, then ,
N, Li(@) ={=} (26)
{2} + N, T4(x) = {=} (27)
and
({.’E} - Tgmq(x)) N X\:—Par (Fp7 Fq) - @ v])uq € {1727 3}7]) <q . (28)
Proof:

From (25) we can especially conclude L% (x) # 0, LL(x) = int(LL(z)), LL ( ) = bd(LL(z)) for
all ¢ € {1,2,3}. Obviously z € N}_; LL (). Assume there exists y € M,_; LL(x) \ {z}, L e.
ye Li(x)\ {x} for all ¢ € {1,2 3} We can distinguish the following cases:

Case 1: y € L (z) for some p € {1,2,3}:
Then there exists € > 0 with B(z,e) C L2
(

x). By (25) we can choose u € L'%(z),r, s €
{1,2,3} \ {p},r < s. Now we choose A € (0,1

(
0, 1), such that
z =M+ (1 - Ny € B(y,e) C L2 (x)

For ¢ = r, s we obtain by the convexity of F'¢

i. e. zy € LL(z) and hence z, € ﬂgzl LZ(z). Contradiction to (24).

Case 2: y € Li(z) for all ¢ € {1,2,3}:
By the convexity of F? we have 7y C L% () for some ¢ € {1,2,3}. Hence we distinguish
again two cases:

Case 2.1: Ty € LP (z) for some p € {1,2,3}:
Then ri(zy) C L2 (x). We choose § € ri(Ty) and the result follows by Case 1 for
Y=y

Case 2.2: 77 C L% (z) for all ¢ € {1,2,3}:
Now we consider the two half-spaces generated by the carrier line of the segment
[z,y]. Hence by (25) the level sets L% (z),q € {1,2,3}, ly in the same half-space.
But then NJ_, L (z) # () which contradicts (24).

Therefore (26) is proven.

Instead of (27) we prove M;_; T%(x) = {0}. Assume there exists y # 0 with y € NJ_, TZ(z),
i.e.y € T(x)forq e {1,2,3}. By LL(z) # 0 the level set L% (x) is a non-degenerate polyhedron
in IR? and there exists A\, > 0, such that z+ \,y € LL(x) for ¢ € {1,2,3} (compare with Figure
7). We define A := min{)\l, X2, A3} > 0. Using 2 € L% (z) and the convexity of L% (z), we obtain
T+ Ay € [z,2 4 A\y] € LL(2) for ¢ € {1,2,3}. Finally we obtain = + Ay € N3_, L% (z), which
contradicts (26). Therefore (27) is proven.



Let y € ({x} — Tgpmq(:v)), then there exists u € T2(z) with y = 2 — u. Since u € T2 (x)
there exists v € L% (z)NLL (z) and A > 0 with u = A(v—z) (compare with Figure 7). Therefore
we have

Ao — ) tivel L2
= — — espective =
y=uzx v — x) respectively x 1+>\y 1+)\v

For r = p, ¢ we obtain now

1 A
Fr(z) < o587 (W) + 75 7 (v), since F7is convex

1 A
S TR+ ), sinee v € (@) € ()

which implies
(I+ N F"(x) < F'(y) + AF"(2)

respectively
Fr(z) < F'(y).

By (6) we obtain « ¢ X _p, (FP, F?) and hence y ¢ X _p.. (FP, F'9). Therefore (28) is proven.

[
T+ 7 I‘I //II
{2} + T (=) / {2} + T (=) T+ 4
Figure 7: Tllustration to the proof of Lemma 4.4
Lemma 4.5
If LZ(x) # 0 for some p,q € {1,2,3},p < q, then
L) N Xy _poe (FP, F) #0 (29)

Proof:
By L”'%(z) # 0 we have x ¢ X*_p. (F?, F9). Therefore, without loss of generality, there
exists a y € X _p,. (FP, F7) that dominates z, i. e. FP(y) < FP(z) and F?(y) < F9(x). Hence



{z} - T2"%(a)

‘z+u

{z} +T2"%(a)

Figure 8: Tllustration to the proof of Lemma 4.4

y € LZ"(x), that means LZ"(x) N X _p,, (F7, F7) # 0. =

The curve ¢ € Cy(IRg, IR?) with (0) = x separates the sets C' and D with respect to the
convex cone I pointed at x, if C, D C T and there is no continuous curve ¢ € C([0, 1], IR?) with
(([0,1)) € T,¢(0) € C,¢(1) € D verifying p(Rg) N ¢([0, 1]) # B (see Figure 9).

Lemma 4.6

X} pa (F' P2 F?) C X5 (F' F? F®) Uendl (X530 (F!, F?, %))

Proof':

Let & € XJ_p,, (F', F?, F3). Then we have by (6) NJ—; L% (z) = 0 and we can distinguish the
following cases.

If L2 (z) = () for some p,q € {1,2,3},p < ¢, then
£ € X (FP, F) = X°(F?) U X3y (7, F9) U () € XE (1, P2, F9)

and we are done.

On the other hand, if LZ'%(x) # 0 for all p,q € {1,2,3},p < ¢, we will prove z €
encl (5o (F*, F?, F?)).

We have by (6) x ¢ X% _p.. (FP,F9) forallp,q € {1,2,3},p < ¢, and hence x ¢ X5, (F*', F?, F3).
Since X% _p,, (FP, F7) is closed (see [Whi82], Chapter 4, Theorem 27 ) for all p,q € {1,2,3},p <
q, the set X5o (F', F% F3) is also closed . Hence there exists € > 0 with B(z, e)NX5er (F*', F?, F3) =
0.

Moreover we have to prove that all curves ¢ € Cy(IRg, IR?) with ¢(0) = z fulfill o(IRJ) N
X (F1F2F%) 2 0.



Figure 9: ¢ separates C; and (5 with respect to I’

By (29) we have
CPM(x) i= L2 (x) N XS py, (FP, F) # 0 (30)

and by (30), (22) and (11) we have

o) € L2t < (31)

for all p,q € {1,2,3},p < q.
Moreover we have X*(F?) C LL(x) C {x} + TZ(x) for all ¢ € {1,2,3} by (11). In addition
we have
AT(FryuCri(z) © XT(FP)U XS p,, (FP, F) by (30)
= X, (Y, FY)

w—Par

C R*\ ({2} —T¢"(x)) by (28)

N

for all p,q € {1,2,3},p < q.
Now let » € O (IR¢, IR?) with (0) = z.
If p(IRS) N CPM(x) # () for some p,q € {1,2,3},p < ¢, we have

0 # o(Ry) VAL p,, (F7, F7) by (30)
C o(Rg) N Xy (F', F2, F°) by (16)

and we are done.
Otherwise if p(IR$)NCP(z) = () for all p,q € {1,2,3},p < g, there exist p,q € {1,2,3},p <
q, such that ¢ separates CP""(x) and C?"(x) with respect to {x} +TZ(z),r € {1,2,3} \ {p,q}.
On one hand, X} . (F?, F") and X} p,. (F% F") are connected sets both containing
X+ (F7).
On the other hand, by (28) the bicriteria chains X} _p,.
cross {z} — T2 (2) and {z} — T2 (x), respectively.
Therefore we can distinguish the following three cases:

(FP,F") and X

w—Par

(F?, F") cannot



Case 1: X*(I") is separated from CP™"(x) by ¢ with respect to {z}+TZ(x),r € {1,2,3}\{p, ¢}
= 0# X5 po (F7, F) No(Ry) € XL (F F2, F?) Np(IRy)

Case 2: X*(I'") is separated from C?" (z) by ¢ with respect to {z}+TZ(x),r € {1,2,3}\{p, ¢}
= 0 # X, pa (F1LF) No(Rg) € XET (F, F2, F?) N o(Ry)

Case 3: ) £ X*(F") Np(Rg) = 0# X5 (F,F2 F?) no(Rg)

That means all ¢ € Oy (RS, IR?) with ¢(0) = z fulfill p(IRF) N X5 (F, F2, F®) # (). Hence
x € encl (X5 (F', F? F?)). -

Finally we obtain the following theorem which provides a subset as well as a superset of

{2} + TL"2(z)

{z} — TéﬁB(I) {=} - TéﬁS(x)

{2} + T2 (z)

{2} + TL3(z)

{2} —~ TL"2(z)

Figure 10: Hlustration to the proof of Lemma 4.6

Xz (F', F2 F3).
Theorem 4.1
encl (X7 (F', F%, F*)) C &3, (F', F? F®) € X&7 (F', F?, F*) Uencl (XE7 (F', F?, F?))

Proof:



encl (X5 (FY, F?, F?) C X'y, (F', F% F?) by Lemma 4.3
C X, (P, FY)
C X}y (', F?, FY)
C XE™ (F',F2, F3) Uencl (XE" (F', F2, F3)) by Lemma 4.6

Now it remains to consider the Pareto optimality of the gap X5e (F!, F?, F'3) with respect to
the three objective functions F!, F'?, F'3. For a cell C' € C we define the collapsing and the
remaining part of f with respect to ()-criteria optimality by

colg(C) ={x e C :a¢ X5, (F',... . F9)} (32)
and
remg(C) :={z€C: vy, (F,... F9} . (33)

Using the differentiability of the objective functions in the interior of the cells we obtain the
following lemma.

Lemma 4.7

For C € C holds :
1. colg(C)Uremg(C) =C.

2. Either remg(C) = C or remg(C) C bd(C). In the letter case remg(C) is either empty
or consists of complete faces and/or extreme points of C' or

3. For C C X*(F?) with p € {1,2,3} and x € int(C) holds:

(34)

{ 3¢ € R with VFI(z) = EVET(2) }
x € rem3(C) &

and § <0 forq,r € {1,2,3} \ {p}, g <r

For C C A%, (FP, F?) with p,q € {1,2,3},p < q, and x € int(C) holds :

{ 3¢7, ¢ € R with VF' () = &PV F?(x), VF'(z) = £V F9(z) }
x € remz(C) &

and £PE1 < 0 forr € {1,2,3}\ {p, q}
(35)

Proof:
1. Follows directly from the definition of colg(C') and remg(C).

2. If int(C) N, (F' F? F?) # 0 we have C C A%, (F', F?, F?) and hence remg(C) = C.
This follows analogously to the proof of Theorem 3.1

If int(C) N X, (FY, F?, F?) = ), then remg(C) C bd(C). The rest follows analogously
to the proof of Theorem 3.1.



3. If C C X*(FP) for p € {1,2,3} and x € int(C), we have L” (z) = L% (z) and therefore
r€remy(f) & Li(x)NLL(x)=Li(x)NLL(x) for ¢,r € {1,2,3} \ {p},q<r
& VFi(z) =¢&VF(x) with £ <0 for ¢,r € {1,2,3}\ {p}, g <r
If C C &g, (FP,F9) for p,q € {1,2,3} and x € int(C), there exists £ € IR with
VFP(z) = EVF(x) with € < 0.

(Notice that the trivial case X*(F') N X*(F?) # 0, i. e. VFP(z) = 0 = VFi(x) is
included. )

The Pareto optimality condition ﬂgzl Li(z) = 2:1 L%(x) for the 3 criteria is fulfilled if
and only if the level curve L’ (z),,r € {1,2,3}\ {p, ¢}, has the same slope than L (x)
and L2 (x), i. e. if and only if €7, €7 € IR exist with

VF'(x) =&VEFP(x), VF (x) = £VFI(z) and £P7 < 0.

Summing up the preceding results we get a complete geometric characterization of the set of
Pareto solutions for three criteria.

Theorem 4.2
Xy (F'F2F?) = (X5 (FYF2 F?) U encl (X5 (FY, F2, F?))
\{z€R?: 3C €C,0C C X5 (F',F? F3),x € col3(C)}

Proof:
Let y € Xy, (F'', F2, F®). Then we have by Theorem 4.1

y € X5 (F', F? F3) Uencl (X857 (F!, F? F¥)) .
Moreover for C' € C with y € C' we have y € rem3(C), i. e. y ¢ col3(C). This implies
y € (g (F' F? F®) Uencl (A5 (F', F?, F?)))
\{z€R?: 3C €C,CC X5 (F', F? F?),z € col3(C)}

Now let
y € (AET (F 2 FP) Uencl (X530 (F', B2, F?)))
\{z€R?: 3CeC,CCA5(F,F% F3), x€cols(C)}
We distinguish the following cases:
Case 1: y € encl (X8, (F', F?, F?3)). Then y € X, (F*, F?, F3) by Theorem 4.1.
Case 2: y € X5 (F', F?, F?)
Case 2.1: 3C € C,C C X5 (F', F?, F®) withy € C
= y¢&colz3(C) = yeremy(C) = ye X, (FL,F? F3).



Case 2.2: AC e€(C,C C X5 (F',F? F3) withy € C
= L% (y)N Li(y) = {y} for some p,q € {1,2,3},p < ¢
= Mo1 LE(y) = {y}
= ye X, (FLF2 3 C Xy, (F',F? F3).
n

In the case of Ordered Weber functions the gradients VFY(z),q € {1,2,3}, can be computed
in O(M log(MGyax)) time (analogous to the evaluation of the function). Therefore we can
test with (34) and (35) in O(M log(MGhay)) time if a cell C € C,C C X§r (F*', F?, F3)
collapses. We obtain the following algorithm for 1/IR?/® /7,,/3— (X ora) par With time complexity
O(M°G?, 10og(MGay)).

max

ALGORITHM 4.1
(Solving 1/IR*/X; = /" [%i/3 = (Zora)par -)

1. Demand points a; € R*, i€ M.
2. Weights N\l ;i€ M, q=1,2,3 satisfying 0 < X{ < ... <X\, forq=1,2,3.
3. Weights wl,ie M, q=1,2,3 satisfying w} >0 forie M, q=1,2,3.
4. Polyhedral gaugesv; : IR> — IR, ie M .
Output:
1. x5, (F' F? F3).
Steps:
1. Computation of the planar graph generated by the cells C.

2. Computation of X} _p,. (F*, F?), X

w

—Par (F17F3>7X*

w

_pur (B2, F3) using Algorithm 8.1.

XEZ? (F17 F27 F3) = th—Par

(F F2) U X _py, (FY FP) U XS p,, (F2, FP).
X (FYF?2 F3) = X80 (F', F2 F3) Uencl (X5 (F', F? F?)).
Forall C e C with C C X§.» (F*, F? F?) Do

Compute colz(C') using Lemma 4.7.

Xy (FYF? F3) = X5, (FY F? F3)\ cols(O).

ST B A

Endfor

Finally we present an example to illustrate the preceding results..



Example 4.1

We consider the four existing facilities a1 = (2,6.5),as = (5,9.5),a3 = (6.5,2),a4 = (11,9.5)
(see Figure 3 ). ay and aq are associated with the ly-norm, whereas as and az are associated with
the loo-norm. We consider three Ordered Weber functions F'¢ defined by the following weights :

gl wi wi wi|A A A3 A
11 1 0 1]1 1 1 1
211 1 01 1 1 1
311 1 1[0 0 0 1

We obtain the optimal solutions X*(F') = {ay}, X*(F?) = {a,} and X*(F?) = (6.5,8), (8,6.5).
The sets X5or (F*Y, F?, F3) and X3, (F*Y, F?, F3) are drawn in Figure 11 and Figure 12, respect-

wely. Both figures show a part of the whole situation presented in Figure 3.

ygen

Par (F17 F2’ FS)

———---

—_——— - — —
7
7

Figure 11: Hlustration to Example 4.1

5 The Case () > 3

Now we turn to the Q)-Criteria case which is based on the 3-criteria case.

Theorem 5.1

1.
U el (encl (X8 (F7, F9, 7)) € &5, (F....
(A

2.

X (F1,..

P,q,T€EQ
p<g<r

P,q,T€EQ
p<g<r

F9)

FO) C | AER(FFLFT) U encl (XES(FPF9FT))



Proof:

1.
&
=
&
=
&
=

2.
=
&
&
&
=
&

! [}
! [}
| -
I ad
. N -
s | \\ e |
s | N e ,
L P A

Figure 12: Illustration to Example 4.1

|
|
&
T
|
|
!

ze U cl(encl (X5, (FP,F1,F")))
P,q,TEQ
p<g<r

z € cl(encl (X5 (FP,F4,F"))) for some p,q,r € Q,p<q<r

r e X! p, (FP,F9,F") for some p,q,7 € Q,p < ¢ <r, by Lemma 4.3
L% (x) N LL(x) N LL(x) = {z} for some p,q,7 € Q,p < q <7, by (8)
02221 LL(z) = {z}, since x € LL(x) for all ¢ € Q

1€ X py, (FL... FQ) by (8)

€ X, (F... FQ)

e X, (F'... FQ)

z € X b (Fl, . ,FQ)

Nz LL () = 0 by (6)

LY (z) N LL(z) N L-(x) = 0 for some p,q,r € Q,p < ¢ < r, by Helly’s Theorem

r € X _po (FP,F9,F") for some p,q,r € Q,p < q<r, by (6)

T € XEZ? (FP,F1,F") U encl (XEZ? (FP,F9 F")) for some p,q,r € Q,p < g < r, by Lemma 4.6

ze U XE;? (FP,FUF™) U U encl(XéZ;l (FP,F1 F"))
P,q,TEQ P,q,rEQ
p<g<r p<g<r



In the Q-criteria case the crucial region is now given by the cells C' € C with

cc U i FOF) \ U enc (X5 (FP, F9,FT))

P,q,T€EQ p,q,TEQ
p<g<r p<qg<r

= U Xpu (FP.F) N\ J encl (A5 (F?, F7,F7))
P,q€EQ Pp,q,TEQ
r<q p<g<r

Similar to Lemma 4.7 one can test by comparing the gradients of the objective functions in
int(C), if the cell C' € C collapses with respect to F,...  F? or not. Finally we obtain the
following Theorem, which can be proven by the same technique as in the 3-criteria case (see
proof of Theorem 4.2).

Theorem 5.2

P,q,T€EQ P,q,T€EQ
p<g<r p<g<r

XSar(FlwaQ):( U XE(FP PG FT) U U encl(XEZ?(Fp,F",F’")))

P,q€Q p,q,r€EQ
r<gq p<q<r

\ {x clR*:3CecC,0CC U X p,(FP,F?) \ U encl (X5 (FP,F9,F")),z € colQ(C’)}
For the @-criteria Ordered Weber problems we obtain the following algorithm.

ALGORITHM 5.1
(Solving 1/IR*/X; = /" [%i/Q = (Zord)par @ >3 )

1. Demand points a; € IR*, i € M.
2. Weights N\l ;i€ M, q € Q satisfying 0 < A\ < ... <\, forqe Q.
3. Weights wl,ie M, q € Q satisfying w! >0 forie M, qe Q.
4. Polyhedral gaugesv; : R*> — IR, i€ M .

Output:
1 X, (F'... F9).

Steps:
1. Computation of the planar subdivision generated by the cells C' € C.
2. Computation of Xf p. (FP,F?) ,p,q € Q,p < q, using Algorithm 3.1.
8. XD (FP,FU,F7) 1= Xy _p, (P, F)UX;_py, (P, F7)UX; _py (F1,F7) p.q,r € Qup < g <.

4o X, (FY FQ) = U XET(FP,F9,F") U U encl (XET (FP, F7,F7)).
P,q,T€EQ P,q,T€EQ
p<gq<r p<g<r



O

. Forall C e CwithCC U Xi p,, (FP,F9) \ U encl (X5 (FP,F1 F")) Do
P,q€Q P,q;rE€Q

r<q p<g<r

6.  Determine colg(C).

=

X (FY . FQ) = X5, (F, .. FQ) \ colg(C).
8. Endfor

6 Extensions

6.1 Multi-criteria Ordered Weber Problems with Attraction and
Repulsion

If we allow the weights wi,i € M, q € Q, to be positive or negative, we cannot apply
the procedures presented in the preceding sections. Especially, we do not have the following
properties anymore :

e Convexity of the objective functions F?, q € Q.
e Connectivity of the set of Pareto optimal points Xj, (F*',..., F?).

As a consequence a solution algorithm for the multi-criteria ordered Weber problem with at-
traction and repulsion, classified as 1/IR?*/w! % 0/7:/Q — (X ora)par » has to have a completely
different structure than the algorithm for the convex case

1/IR2/)V :/ /72/62 - (Zord)pm“‘

Note that for negative w] we cannot write wiv;(z) = v;(wix) anymore. Instead we have
wivi(x) = —vi(|wf|z). Therefore, the increasing order of the weights A{,... A%, cannot be
maintained and we drop the assumption 0 < A\{ < ... < )\9,.

However the following properties are still fulfilled :

e The cell structure remains the same, since fundamental directions and bisector lines do
not depend on \! and the sign of wf.

e Moreover we still have the linearity of the objective functions F'? inside each cell.

Consequently, we can compute the local Pareto solutions with respect to a single cell as de-
scribed in the case of 1/IR*/\; : /" /7i/Q — (Xora)par - Of course we cannot be sure that the
local Pareto solutions remain globally Pareto. Therefore to obtain the set of global Pareto
solutions all local Pareto solutions have to be compared.

A schematic approach for solving 1/IR*/wf 2 0/7:/Q — (X ora)par Would be:

1. Compute the local Pareto solutions for each cell C' € C.

2. Compare all solutions of step 1 and get A}, (Fl, ceey FQ) .

3. Output: X, (F,...,F?).



In general Step 2 might become very time consuming because we have to compare in the Q-
criteria case O(Q*M*G2,,,) cells. However for more special cases efficient algorithms can be
developed. In the single criteria case solution algorithms can be found in [PACFP98, ND97].
If we restrict ourselves to the bicriteria case, we can do a procedure similar to the one used in
[HLN99] for network location problems:

After having finished step 1 we project all local Pareto sets into the 2-dimensional objective
space. We get a set of L € O(M*G?,,.) line segments. We apply the algorithm of [Her89], with

the modification described in [HLN99], to get the global Pareto solution in the objective space
in O(Llog L) time. Afterwards we transform the solutions back to the decision space.

6.2 Higher Dimensions

The problem 1/IR"/X\; : /" /7i/Q — (X ora)par has essentially the same structure as the problem
in IR?. Therefore, similar approaches to the ones given in Sections 4 and 5 could be applied.
The only difference is that in IR" we should check for n+1 criteria at each time (see [EN96] ), so
that instead of considering bicriteria chains we must consider n-criteria chains in Step 2. Never-
theless, although theoretically possible this approach is computationally very time consuming,
since many situations may occur when one intersects n level curves or level sets.

Alternatively, we can use a different approach based on checking for local Pareto optimality
using convex analysis tools. This approach is just based on the null vector condition :

x* is Pareto solution <= 0€ri (conv (U 8Fq(x*))>

qeQ

where 0F?(x*) stands for the sub-differential set of F9 at 2* (see [FP95]).

In fact, it can easily be seen that the approach used for the planar case is nothing else than
a geometric interpretation of this null vector condition exploiting the additional properties of
the plane. It is straightforward to see that in the same way as it was done for the planar case,
there exists a subdivision C of IR", such that in each element C' € C the objective functions
F' ..., F9 are linear. Therefore, in the interior of each cell C € C , dF%(z*) is constant and
equals the vector defining the linear representation of F'¢. This means that we can check the
null vector condition in each cell in O(Q log Q) using [FGZ96]. Then using the connectivity of
the set A5, we can get this set by just following a backtracking search in the subdivision C.

In order to obtain the set of Pareto solutions in each cell C', a scheme testing generalized
elementary convex sets following a non-increasing order on its dimension can be performed.

A schematic procedure for solving 1/IR"/X\; : /" /7i/Q — (X ora)par 1S given in what follows.
The following notation is used :

1. A(C) is the set of generalized elementary convex sets of any dimension adjacent to C'.
2. AL, (C) is the set of Pareto optimal solutions on C'.

3. 7 is an auxiliary set.

ALGORITHM 6.1
(Solving 1/IR"/Ni = /" /%)@ — (Zord)par - )

Input:



1. Demand points a; € IR" ;1 € M.
2. Weights X!, ie M, q=1,2,...,Q satisfying 0 < X < ... <X, forq=1,2,...,Q.
3. Weights wl,ie M, q=1,2 satisfying wl >0 forie M, q=1,2,...,Q.
4. Polyhedral gauges v; - R" — IR, i€ M .
1&g, (FY... F9).
Steps:

1. Solve 1/R™ A}, w!/vi) Sora- Let D be a generalized elementary conver set containing
optimal solutions of 1/IR"/\1/%i/ S ora-
Initialize X, = Xp,, (D) , 7= 10.

. WHILE C' ezists such that C N (Xp,, \7) # 0 DO
BEGIN
Compute A(C), set Cy = C.

2

3

4

d. REPEAT
6 Choose C; € A(Cy).
7 A(Cy) = A(Co) \ ¢4
8 Compute X5, (C1).
9

IF Xf”kar (Ol) Z Xl;kar

10. THEN
11. BEGIN

12. Xpar = Ao U A, (C1)
13. C=0C

14. EXITREPEAT

15. END

16. UNTIL A(C) =0

17. IF A(Cy) =0 THEN 7 =7 U Cj
18.  END

19. Output Xp,,



The reader can realize that the hardest part of this algorithmic scheme is the computation
of the set A(C') of adjacent generalized elementary convex sets to C'. Once this step is efficiently
done all the remaining steps can be performed with minor effort.

7 Conclusions

In this paper we showed the usefulness of ordered Weber problems for modeling multi-criteria
locational decision problems. We developed efficient algorithms and proved structural results.
Also a detailed complexity analysis of these algorithms is provided. Extensions to the multi-
facility case as well as improvements for the complexity results for special cases are under
research. Also a more detailed discussion of the problems mentioned in Section 6 is planned.
Furthermore, we are working on an implementation of ordered Weber problems in LOLA
(Library of Location Algorithms, [HKNS96] ).

A Appendix

A.1 Computation of the bound on page 6
Theorem A.1 An upper bound on the number of ordered regions is O(M*G?).

Proof:

Given two bisectors with O(G) linear pieces, the maximum number of intersections is O(G?).

The number of bisectors of M points is (A; ), so, the maximum number of intersections between
M

them is O(G? (( 2 ))) By the Euler formula, the number of intersections has the same complexity

as the number of regions. Hence, an upper bound for the number of ordered regions is O(M*G?).

]

A detailed analysis of this theorem shows that this bound is not too bad. Although, it is of
order M*G?, it should be noted that the number of bisectors among the points in A is (1\2/1 )
which is order M?. Therefore, even in the most favorable case of straight lines, the number of
regions in worst case analysis gives O((Af )2) which is, in fact O(M*). Since our bisectors are

polygonal with GG pieces, this bound is rather tight.

A.2 Case analysis for the proof of Lemma 3.1

x+ = (—x9, 1) is perpendicular to x = (x1,2,). For ¢ = 1,2 let s, be the direction vector of

the lines, which describe the level curves L_(F, .) in int(C). Let He be the half-space with
respect to the line
lc = {yEIR2 : y:x—l—n(xR—x),nEIR}

which contains C' (see Figure 13). Without loosing generality assume that s, points into H,
ie. ((xr—x)F,s0) >0 (If ((xp — x) ", 55) <0, set s, := —s,.).



Figure 13: Halfspace He with C' C He

The following case analysis shows how to determine which of the five situations (see Section
3.2) occurs.

Case 1 :
x € argming o {f"(y)} A z € argmingco{f*(y)}
= (fH2) < o) A i) < faer)) A () < FPlap) A () < fPer))

Case 1.1 :

At least 3 of 4 inequalities are strict

— (@) < fYap) A @) < far) A (@) < o) A ) < fPr))
Vo (M) = M) A @) < far)) A (@) < fPen) A fAz) < f(ar)))
Vo (M) < fMan) A @) = ar) A (@) < ) A ) < fer))
Vo ((FY@) < ) A FH@) < far)) A (@) = Pan) A Pe) < fer)))
Vo (M) < fMa) A @) < far)) A (@) < fPen) A fAz) = f(ar)))

— 1z dominates x;, as well as =g

— Situation E occurs.

Case 1.2 :

Exactly 2 of 4 inequalities are strict.

Case 1.2.1:



(fH@) < fHze) A fH@) < fixr)) A (@) = fPan) A f () = f2(zr))
=—> « dominates x;, as well as xp
= Situation E occurs.
stricter :
= {2} = argmin,{f'(y)} and f?/¢ is constant
= {2} =&, since f? convex and int(C) # 0

— The end of the chain is achieved.

Case 1.2.2 :
((fY@) = fHae) A fH =) = fHar) A (@) < Plr) A f ) < fPer))
Vo (M) < fMan) A @) = ar)) A (@) = fPen) A fAz) < f(ar)))
Vo (M) = M) A @) < far)) A (@) < ) A ) = far))

— 1« dominates xy, as well as =g

— Situation E occurs.



Case 1.2.3 :
((fHa) < fHaw) A fH2) = fHar)) A (FP(x) < o) A fP () = fPer)))
— 1z dominates xj,

— Situation D occurs.

Case 1.2.4 :
((fH2) = fHae) A fH2) < fHxr)) A (FP(x) = o) A FP () < fPer)))
— 1z dominates xpr

— Situation C occurs.

Case 1.3 :

Exactly 1 of 4 inequalities is strict.

Case 1.3.1:
((fY@) < frao) A fH =) = fHar) A (@) = Pla) A fe) = fPer))
Vo (M) = M) A @) < fHar)) A (@) = fPen) A fAz) = f(ar)))
— {2} € argmin,{f'(y)} and f?/¢ is constant
= {2} € A, since f? convex and int(C) # 0

— The end of the chain is achieved.

Case 1.3.2 :
(f1(=@) = L) A fH @) = fHar)) A (fP(2) < fPa) A fP2) = f2(2R))
— f!/c is constant and TTxr = argmin,co{f*(y)}
— TR =Xy

— Situation D occurs.

Case 1.3.3 :
(fH@) = flaL) A fH@) = fHar)) A (fP2) = o) A fFP2) < f2(2R))
f'/c is constant and Txr = argmin,co{f*(y)}

TTL = X(*l,Q)

AN

Situation C occurs.



Case 1.4 :

None of the 4 inequalities is strict.
— (@ =) AP =) A () = ) A P = )
= f!/c is constant and f?/¢ is constant
= (O C X} and C C Xy, since f1, f? convex and int(C) # ()

= Contradiction to X N Xy =0.

Case 2 :
x € argmingeo{f'(y)} A x ¢ argmingco{f*(y)}
= (fY2) < fUz) A fH) < flzr)) A (fP(x) > fPan) V () > f(zr))
Case 2.1 :
<sf-,52) =0

= Situation A occurs (see Figure 14).

Case 2.2 :
(s1,82) >0

= Situation C occurs (see Figure 15).

Case 2.3 :
(st,s2) <0
Case 2.3.1:
(sy, 0 —x) <0
= Situation D occurs (see Figure 16).
Case 2.3.2 :
(s3,2p, —x) >0
Case 2.3.2.1:
fA(xr) = f*(zr)
= L_(f?,.) runs through z,, and =g
= (sy,rp —x) <0
—>  Contradiction to Case 2.3.2.

Case 2.3.2.2 :
fA(xr) > f*(xr)

= Situation D occurs (see Figure 17).



Case 2.3.2.3 :
fA(zL) < f*(xr)

= Situation C occurs (see Figure 18).

Case 3 :
@ ¢ argmin, co{f*(y)} A x € argmin, co{f*(y)}
= (fi=@) > fUzL) vV fH@2) > fiar) A (@) < fPlar) A fP2) < f2(er))
The case analysis corresponds to the case analysis of Case 2,

with reversed roles of f! and f2.

Case 4 :
v ¢ argmin, o {f1(y)) A v ¢ argmin,o{ f2(y)}
= (fH@) > flz) vV i) > fiar) A (@) > o) Vv P (2) > fP(2r))
Assumption :
fH @) > fHap) A f2 () > fP(ar)
—> 1z dominates x
—  Contradiction to z € X}, .
Assumption :
fHa) > flar) A f2(z) > f2(zr)
— xpr dominates x

= Contradiction to = € A, .

Therefore holds :
(f'2) > fMan) A ) < fMar) A @) < Pan) A ) > Par))
Vo (fY@) < e A ) > fer) A fA() > fan) A fP) < f(zR))
= () < f'(@) < far) A FPxr) < f2(x) < f2(ar))
\% (f(zr) < fX(z) < fH(=L) A fP(zr) < f2(z) < f2(zr))
Assumption :

Y@= M) v @) = far) Vo @) = Pan) VP ) = Par)
— 1z is dominated by xg or z,
= Contradiction to z € A%, .
Therefore holds :
(fY2r) < fY(@) < f(2r) A far) < fA(x) < f2(a1))
v (f'(xr) < fl(z) < fMzr) A [Pen) < f2(x) < f*(zr))



Case 4.1 :

<51 752> =0
= Situation A occurs (see Figure 19).

Case 4.2 :
<51L7 52> 7& 0

V
= A y € C, which dominates z (see Figure 20)

—  Contradiction to z € A%,

((s1,82) >0 A (fl(zr) < fH(z) < fHxe) A fP(ar) < fP(z) < fP(2r)))

((s1,82) >0 A (fl(z) < fH@) < fl(ar) A fPlar) < fP(2) < f2(xL)))

Case 4.2.1 :
((s1,52) <O A (fHzr) < fH2) < fHar) A fP(zn) < fP(x) < fP(zR)))

1

Case 4.2.2 :
Vo ((sis2) <O A (fH(ar) < fH2) < fl(ar) A fPar) < f2a) < fA(ar)))
= Situation B occurs (see Figure 21).
LS(f27 ) LS(f27')
C C
Ty TR Tr TR
51
S1 x T
S92 \ I’
\‘ s9 lI
v L<(f1,) L<(f%,)
st Ly
1
Figure 14: Mlustration to Case 2.1 Figure 15: Hlustration to Case 2.2



~
IN
~
i
“—“~—-

®
=

Figure 17: Hlustration to Case 2.3.2.2

Figure 16: Hlustration to Case 2.3.1

Figure 19: Ilustration to Case 4.1

Figure 18: Illustration to Case 2.3.2.3
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Figure 20: Hlustration to Case 4.2.1 Figure 21: Illustration to Case 4.2.2
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