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Abstract

Facility location planning problems are a well-studied topic in optimization — and for good
reason. Their applications appear in lots of different areas of real life. In this thesis, we study
location problems in the context of parametric networks, where the parameter is introduced on
the weights of the edges. Furthermore, interdiction location problems are analyzed, that include
an opposing force — the interdictor — with the goal to destroy the existing network by removing

edges of the network to make the situation as unfavorable as possible for the locator.

In the first part of the work, we investigate location problems in the context of parametric
optimization. Here, we assume that the edge weights in the considered networks are linearly
dependent on a parameter A\. Parametric optimization has been studied in relation to many
other classical optimization problems; however, so far, there have been no results on location
problems in networks with parametric edge weights. For this purpose, we analyze the classical
l-median and 1-center problems on general graphs and also on trees. In doing so, we examine
the complexity of both the solution itself and the objective function value as a function of the
parameter. We emphasize that the complexity of the optimal value function can be super-
polynomial on directed general graphs for both median and center problems, which motivates
the development of approximation schemes for these cases. In fact, approximation methods
that rely on an existing approximation scheme are introduced for both location problems on
directed and undirected general graphs. The developed method is based on the fact that both
median and center problems can be divided into subproblems, that get approximated individually
before combining the gained information into an overall approximate solution without losing the
initial approximation guarantee. Furthermore, exact algorithms are given for the two considered
parametric location problems on both directed and undirected trees. These algorithms exploit

the properties of trees — precisely the uniqueness of the shortest paths in said structures.

In the second part of the thesis, we introduce the p-median interdiction problem on trees. The
goal of the interdictor is to remove edges of the underlying network to deteriorate the initial
situation of the locator in order to worsen their objective function value. In this part, we first
show that the p-median interdiction problem on trees is NP-complete by a reduction from the
knapsack problem with bounded profit ratio of 2. Furthermore, we present algorithms for solving
the problem on paths with unit and arbitrary lengths. Finally, an exact algorithm is presented
for trees with unit edge weights and a single interdiction. Let e be the edge that is incident to
the leaf that is nearest to the median location of the initial tree. We prove that removing this

edge is the optimal interdiction strategy.



Zusammenfassung

Standortprobleme sind ein sehr gut untersuchtes Thema der Optimierung, denn ihre Anwen-
dungen finden sich in vielen Bereichen des realen Lebens. In dieser Arbeit beschéaftigen wir
uns mit zwei Varianten von Standortproblemen auf Netzwerken. Im ersten Teil analysieren wir
sie im Kontext parametrischer Optimierung, bei denen der Parameter in den Kantengewichten
eingefithrt wird. Weiterhin untersuchen wir Interdiction-Standortprobleme, bei denen ein geg-
nerischer Spieler — der Interdiktor — versucht, das Netzwerk durch das Entfernen von Kanten so

zu zerstoren, dass die Situation fiir den Standortplaner so ungiinstig wie moglich ist.

Im ersten Teil untersuchen wir Standortprobleme auf Netzwerken, wo die Kantengewichte linear
vom Parameter A abhéngen. Parametrische Optimierung wurde im Zusammenhang mit vielen
klassischen Optimierungsproblemen untersucht; bisher sind aber keine Ergebnisse zu Standort-
problemen auf Netzwerken mit parametrischen Kantengewichten bekannt. Daher analysieren
wir die klassischen 1-Median und 1-Center-Probleme sowohl auf allgemeinen Graphen als auch
auf Bdumen. Dabei untersuchen wir die Komplexitdt der Losung selbst als auch den Ziel-
funktionswert als Funktion des Parameters A. Wir zeigen, dass die Komplexitdt der optimalen
Zielfunktion auf gerichteten allgemeinen Graphen fiir beide Standortprobleme superpolynomiell
sein kann. Dies motiviert die Entwicklung von Approximationsmethoden fiir diese Falle. Wir
fithren fiir beide Standortprobleme auf allgemeinen Graphen Approximationsmethoden ein, die
auf bestehenden Approximationsschemata basieren. Die entwickelte Methode beruht darauf,
dass sowohl Median als auch Center Probleme in Teilprobleme unterteilt werden kénnen, die
zunachst einzeln approximiert werden, bevor die gewonnenen Informationen zu einer approxima-
tiven Gesamtlosung kombiniert werden ohne die urspriingliche Approximationsgiite zu verlieren.
Weiterhin werden exakte Algorithmen fiir beide Standortprobleme auf Bdumen gegeben. Diese
Algorithmen nutzen Eigenschaften von Baumen aus — insbesondere die Eindeutigkeit der Wege.
Im zweiten Teil der Arbeit fithren wir das p-Median-Interdictionproblem auf Bdumen ein. Ziel des
Interdiktors ist es, Kanten des zugrunde liegenden Netzwerks zu entfernen, um die Ausgangssi-
tuation des Standortplaners und somit dessen Zielfunktionswert zuverschlechtern. Wir zeigen
zunéachst, dass das p-Median-Interdictionproblem auf Baumen NP-vollstandig ist, indem wir eine
Reduktion vom Knapsack Problem mit beschréankter profit ratio von 2 durchfithren. Dariiber
hinaus présentieren wir Algorithmen zur Losung des Problems auf Pfaden. Abschlieend wird
ein exakter Algorithmus fiir Baume mit einheitlichen Kantengewichten und einer einzelnen In-
terdiktion vorgestellt. Sei e die Kante, die inzident ist zu dem Blatt, welches dem urspriinglichen
Median-Standort am néichsten liegt. Wir beweisen, dass das Entfernen dieser Kante die optimale

Interdictionstrategie darstellt.
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Introduction

Location planning is a field of mathematical research which crosses our daily life more often, than
we might think at first sight. The root of modern location planning can be traced back to Pierre
de Fermat and also Evangelista Torricelli and aims at finding the point, which minimizes the sum
of the Euclidean distances of three given points to the new location — although it is not clear, who
originated the problem [DHO01, Chapter 1]. There is different literature on the history of location
planning, for instance [LMW88, Wes93]. A popular, more applied version of this problem is the
identification of a new location for a supplier of materials for further industrial processing which
has been stated in [WP22] and is called Weber problem. In a more general approach, a new
location is to be found which minimizes the sum of all - possibly weighted - distances from all
given locations to the new one. This problem is called median location problem [LNG15]. A
second problem that is well studied throughout the literature, is called center problem [LNG15].
Here, the locator aims at placing a new facility, such that the maximum distance to the other

vertices is as small as possible.

Median as well as center problems have been extensively studied in many different variants
and contexts. A first distinction is in the underlying structure, on which location problems
can be analyzed. Although there have been approaches to generalize location problems and
combine shared similarities [PK08], mainly, one distinguishes between planar location problems
and network location problems. A further alteration of the main problem comes with the number
of new locations to be computed. One refers to the problem of placing p new facilities as the
p-median location problem (p-center location problem, respectively). Since the semial works
of Hakimi [Hak64, Hak65] and Kariv and Hakimi [KH79a, KIH79b] have studied the p-median
problem as well as the p-center problem, several other publications can be found in the context
of these problems on planes and networks. A good general overview on location planning is
available in [DHO1, HM03, LNG15, TFL83a, TFL83b, FMW83, RE05, Das11], for instance, and
also in [BF12] with focus on dynamic versions of the location problems. There are more variants
of location problems to be found in the broad literature on that topic. We mention hub-location
planning, where a hub is a service center to which demand nodes are assigned. Surveys on this
topic are for instance [AK08, Far+13]. Literature on facility location planning under uncertainty
can be found in [Sny06]. Here, location problems are considered, that are faced with uncertainty
in cost or demand, for instance. An overview on location problems with multiple criteria can be
found in [FSA10].

There are several applications known and studied for location problems. Daskin and Dean

[DDO04] for instance deal with the subject of location planning in the context of health care
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management. Here, advantages of a “good” planning cannot only be recognized from a financial
point of view, but it has also a direct impact on the health of the customers of these facilities.
Further application can be found when analyzing methods of waste management [A020, Eis07].
The survey of Melo, Nickel, and Saldanha-da-Gama [MNS09] gives an extensive overview over
literature for optimizing supply chain management. In [CE20] we are given an overview on
literature since 2000, that has been published in the general field of service location planning.
Farahani et al. [Far+19] also provides an overview on the literature on service facility location

planning.

In this thesis, we combine the standard median and center location problems with parametric
optimization in the first part and interdiction problems in the second. In the following, we
motivate this fields, state our contributions for each part and hereby present the general structure
of this work. First, Chapter 1 gives an overview on the definitions and basic models that are
used throughout the thesis. Details on the specific subjects can be found in the literature, that
is listed there. We now go into more detail on what content can be found in the two following

parts.
PART [: PARAMETRIC LOCATION PROBLEMS

Part I deals with location problems on parametric networks. With the help of parametric op-
timization real-world problems can be modeled where data might change over time. In this
thesis, the parameter is introduced on the edge weights of the network. Thus, they are linearly
dependent on a real-valued parameter A instead of being equipped with fixed values. Parametric
optimization in general has been of interest in the last decades and numerous literature has been
published in that field, see [Nem+25]. As of now, parametric variants of several classic network
optimization problems have been analyzed, such as the shortest path problem, the assignment
problem, the knapsack problem or the minimum spanning tree problem [MS00, Car83b, HK17,
FSE96].

In this work, vertex restricted location planning problems are investigated on parametric net-
works. That is, the optimal solution(s) are sought on the vertex set of the given network.
However, the introduction of a parameter on the edges might lead to networks, where optimal
locations switch as A varies within a given parameter set. Thus, the solution set of a parametric
location problem consists of an optimal solution together with its critical region, that is the set
of A for which the solution is optimal. Furthermore, we are interested in the graph that maps an
optimal solution to the corresponding objective function value for a fixed value of A, the optimal

value function.

These considerations lead to different questions that arise when dealing with parametric prob-
lems. First, the structure of the critical region is of interest. Also, the analysis of the optimal
value function provides useful information on the problem. If we compute for every feasible
solution of the parametric location problem their corresponding optimal value function, such
that for every A of the parameter set, it is known what the corresponding objective value is,
the resulting functions are known to be piecewise linear and concave for minimization problems
[Gus83]. Then, the solution of the parametric location problem can be interpreted as the lower

envelope over these piecewise linear functions dependent on A. The number of changes in its



slope, the breakpoints, however, and therefore also the number of linear segments on the lower
envelope gives hints to the computational effort to output the solution set together with the
optimal value function. First, the number of line segments can get super-polynomially large
for different problems [MS00, Car83a]. Furthermore, although the optimal solution stays the
same for one line segment or even consecutive segments, the optimal solutions can still alternate.
Consequently, when desiring to output all solutions together with their optimal value, there are
cases where this means that the output can get super-polynomially large. This has led to the
idea of not only searching for exact algorithms, but to also consider approximation schemes for

parametric optimization problems.

Our contribution. In the first part, we deal with 1-center and 1-median problems on both

directed and undirected general graphs and directed and undirected trees.

In Chapter 4, the 1-center problem is analyzed on the four stated graph classes. For all four
problems, we are able to either provide an exact algorithm in the case of trees or an approximation
method for the problem on general graphs. Here, we use an existing method, see [Baz+22] that
allows to approximate 1-parametric optimization problems. However, we cannot directly apply
the provided algorithm to the problem. Rather, we split it into subproblems that we approximate
and then build the approximate solution for the center problem of the information gained thereof.
We prove that the approximation guarantee of the given approximation scheme carries over to

the stated method to approximate the center problem.

Furthermore, for directed general graphs the complexity of the solution and of the optimal
value function are investigated. To do so, we construct a graph based on the one introduced in
[MSO00] that leads to super-polynomially many breakpoints on the optimal value function for the
parametric shortest path problem. For the construction we first have to prove how to bound
the distances in the parametric graph from above. Then, for our construction we can use the
properties of the graph in [MS00] to show, that the optimal value function of the 1-center problem
can have super-polynomially many breakpoints as well. Furthermore, we show that the solution

itself can switch as often.

For both directed and undirected trees the complexity of the solution and of the optimal value
function are investigated as well. Here, we are able to use properties of shortest paths on trees
to prove that the complexity of the 1-center problem in terms of solution and optimal value

function is polynomially bounded.

Chapter 5 gives the results for the 1-median version on directed and undirected general graphs
and trees, respectively. We provide exact algorithms for the parametric median problem on
trees. Furthermore, for the problem on general graphs, we introduce a scheme that solves the
problem approximately. We use a similar technique as already mentioned for the center problem.
Subdividing the median problem in subproblems and approximating them with the method of
Bazgan et al. [Baz+22] allows to combine the retrieved information to solve the median problem
approximately. Again, we prove that the approximation guarantee for the approximation of the
subproblems also holds true for the approximate solution of the median problem itself.

For directed general graphs we are able to prove, that the number of breakpoints of the optimal
function value can be super-polynomially large. Again, for the proof we use the graph introduced
in [MS00] but incorporate it into two different graphs for which we show that breakpoints of the
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graph of [MS00] occur in at least one of the two graphs.
Lastly, for both tree classes we are able to show, that the complexity of the optimal value function
and also the solution is polynomially bounded. Here, again, properties of trees and their shortest

paths are exploited.
PART II: INTERDICTION LOCATION PROBLEMS

Part II tackles the problem of interdiction location problems. Here, we introduce the interdictor
that is a second player and aims to worsen the objective function value of the locator. To achieve
this, the interdictor is allowed to remove one or more edges of a given network. The locator then
places their location on the remaining part of the original network. In general, the interdiction
can not only be done on the edges of the network, but also on its vertices. Interdiction problems
in general have various applications in real life. The initial thought might be that interdiction can
only be used for negative purposes, as in the context of destruction, where solving interdiction
problems would help terrorists, for instance, to identify crucial targets such as road sections,
supply stations or parts of critical infrastructure, for instance. On the other hand, as their
opponent you could also use this analysis to retrieve information on which supply facilities or
routes need special fortification [LSD11]. Furthermore, authorities could identify how to interrupt
supply chains of criminals, for instance [MPS07]. Therefore, solving interdiction problems can

also help to find vulnerable parts of a given system.

Interdiction problems gained a lot of interest, not only because of their various applications for
real life scenarios. The combination of interdiction and network optimization problems include
the shortest path problem or the maximum flow problem [[W02, Sch+20], where a lot of research
is done. Other classic network optimization problems that have been studied in the context of
interdiction are the matching problem [Zenl10] or the knapsack problem [Fis+19], for instance.
There is some literature on interdiction location problems, for instance where the interdictor can
destroy multiple already existing facilities to worsen the median objective [CSMO04]. However,
literature on interdiction location problems, where the interdictor removes edges of a network,
is limited. In this context, we mention [Fro21], where the authors prove that the p-median
interdiction problem is ¥5-complete in the general case. Therefore, we aim at providing more

understanding of the p-median interdiction problem in other cases.

Our contribution. We investigate on the p-median location interdiction problem. In Section 6.2
we prove this problem to be NP-complete on trees. This is done by reduction from the knapsack
problem with bounded profit ratio of 2 (K-BPR2). In order to use this reduction, we first prove
the K-BPR2 to be NP-complete as well by a reduction from the equal partition problem. In
Section 6.3, we investigate the problem on paths. For both cases of unit edge weights and
arbitrary lengths, we show how to solve the problem.

In 6.4, we deal with the interdiction median problem on trees with unit edge weights. Here, we
are able to provide an exact algorithm for the case where the interdictor is allowed to remove
one edge of the tree. We show, that removing the edge connecting the nearest leaf to the median
location in the undestructed tree leads to an optimal interdiction strategy. This part is joint
work with Till Heller, Luca Schéfer and Manuel Streicher and can be found in [Lei+23].

We conclude the thesis by an outlook and ideas for further research.



2.1

2.2

Preliminaries

In this chapter, we give an overview over the basic definitions, notations and concepts used
throughout this thesis. At the beginning of each section, we present further literature on the re-
spective topic. Still, we assume the reader to be familiar with the basic concepts of mathematical
optimization. We suggest [WN99, BT97], for instance, for an extensive overview on optimization

problems.

Basic Notation

We denote by N := {1,2,3,...} the set of natural numbers without 0. By Ng := {0,1,2,...}, we
denote the natural numbers together with 0. Furthermore, by Z,Q and R we denote the set of

integral, rational and real numbers, respectively. The empty set is denoted by &.

For two sets A and B, the union, intersection and the difference of the sets are denoted by
AUB,AN B and A\ B, respectively. Also, we write A C B, if A is a subset of set B.

Graph Theory

In this thesis, we analyze different optimization problems on graph structures. The following
introduction on this topic is mostly based on [KN09]. For a deeper understanding, the reader is
referred to this book.

Definition 2.1 — Directed Graph. A directed graph is a 4-tuple G = (V, E, o, w) with the following
properties:

1. V # @ is a set, the set of nodes or vertices of G with |[V| =n

2. E is a set, the set of arcs or edges of G with |E| =m

3. tisVNE=o

4. a: E — Vand w: E — V are maps, where a(e) is the start vertez of the arc e € E and

w(e) is the end vertex of e

If the direction of the edges is not important to the setup of the model, we use the concept of

an undirected graph.

Definition 2.2 — Undirected Graph. An undirected graph is a triple G = (V, E, ) consisting of a
nonempty set V, a set £ with VN E = & and a mapping

B:E—={Y:YCV,1<|Y|<2}.
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I Remark 2.3 For better readability, instead of |V (G)|, we may write |G|.

Definition 2.4 — Incident, adjacent. Let v1,vo € V,e; € E for a graph G = (V, E). Then, v; is
incident to e if it is a start or end vertex of e, thus v € {a(e),w(e)}. The vertices vy and v are

adjacent, if there is an edge that is incident to v; and wvs.
Sometimes, it is important to know the number of incident edges of a vertex.

Definition 2.5 — Degree, in-degree, out-degree. For a given vertex v in a graph G = (V, E), we
denote the number of incident edges, i.e. its degree, by deg(v). We differentiate between the
in-degree deg™(v) := [0~ (v)| with 6~ := {e € E: w(e) = v} and the out-degree deg™ (v) := |67 (v)]
with 6% (v) :={e € E: a(e) =v}.

For both directed and undirected graphs, we define paths connecting two vertices.

Definition 2.6 — Path. A vg-vi-path in a directed graph G = (V, E) is a sequence
P = (vg,e1,v1,. .., €k, vk)

with & > 0 such that vg,...,vx € V and e1,...,e, € F with a(e;) = v;_1 and w(e;) = v; for all
i =1,...,k. Let Py, be the set of all v,-vi-path P. The definition of a path in undirected

graphs is analogously.

I Remark 2.7 A vg-vi-path with vy = vy is called a cycle.

At some points, the set of edges, that belong to a path, is relevant. Therefore, we introduce the

following definition.

Definition 2.8 — Edge set of a path. Let a path P = (vg,e1,v1,..., ek, vx) be given. Then, we
refer to the edge set of the path as F(P) = {e1,ea,...,er}.

I Remark 2.9 A vertex v that has degree 0 or 1 is called a singleton or a leaf, respectively.

The following definition describes all vertices, which are connected to another vertex by a path.

Definition 2.10 — Reachability. For a graph G = (V, E) a vertex w € V is reachable from v € V|
if there exists a v-w-path in G. We set

Eqg(v) = {w € V: w is reachable from v € V'}

For undirected graphs, we introduce the following definition.

Definition 2.11 — Component and connectivity in undirected graphs. Let G = (V| E) be an undi-
rected graph.

1. E¢g(v) is the component of vertex v in G

2. His connected, if Eg(v) = V(G) for some (all) v € V(G)

For directed graphs, the corresponding definition is given below.
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Definition 2.12 — Component and connectivity in directed graphs. Let G = (V, E) be a directed
graph.

1. v and w are strongly connected, if v € Eg(w) and w € Eg(v)

2. Compe(v) ={w € V: w and v are strongly connected} is the component of v in G

3. G is strongly connected, if Compg(v) =V for some (all) v € V

4. G is weakly connected, if the underlying undirected graph is connected
A special class of graphs that is important in this thesis are trees.

Definition 2.13 — Tree. A graph G = (V, E) that contains no cycles is called a forest. If G is also

connected, it is called a tree.
Furthermore, we introduce subgraphs of a given graph.

Definition 2.14 — Subgraph. For a given graph G = (V, E, 3), we call G’ = (V' E', 5’) a subgraph
of G, if the following properties hold:

1. V' CV

2. 'CFE

3. 8 = B

Remark 2.15 If G is a tree, let some vertex r € V' be the root of the breadth-first-graph of G
([Lei+01]). We denote by G, the subtree of G, which is rooted in vertex v and contains all
descendants of vertex v in the breadth-first-graph of G with root r as well as their incident

edges.

Remark 2.16 If the tree is rooted and directed, by out-tree, we refer to the tree for which the

in-degree of the root is 0.

Also, for a graph G = (V, E), let a set B/ C F be given. Then we define G — E' := (V, E \
E', Bp\gr). If E' = {e} is a single edge, we simply write G — e instead of G — E'.

Edges of a graph can be assigned a weight, which can be, for example, the length or cost.

Definition 2.17 — Length function on a graph; network. For a graph G = (V, E), the length function
¢: E — R, assigns a non-negative length to all edges of the (directed or undirected) graph. A
graph together with a length function (G,¥¢) is called a network. Depending on the underlying

graph, it is either directed or undirected.
Based on this definition, we define the length of a path in a graph.

Definition 2.18 — Length of a path. Let G = (V, E) be a graph and ¢: E — R, be a length
function. The length ¢(P) of a path P = (vg,e1,v1,...,¢ek,vg) in G is defined as

U(P) = Zﬁ(ei).

For characterizing the shortest path between two vertices, the following definition is needed.
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Definition 2.19 — Distance of two vertices. The distance of two vertices in a graph G with respect

to a length function ¢: £ — R is defined as

d¢(u,v,G) :=1inf {{(P) : P is a path in G from u to v}.

Remark 2.20 If there is no path P connecting two vertices u and v, the distance is set to
d¢(u,v,G) = oco. For convenience reasons we write £, instead of ¢(e). If we want to denote
the length of the edge between two distinct vertices u and v we write £(u, v) instead of £((u, v)).
Also, if the context is clear, we write d(u,v) instead of dy(u,v,G). On the other hand, if the

graph on which the distance is measured is not clear from context we may also write dg (u, v).

I Remark 2.21 In all definitions, we might omit the subscript G, if the graph is clear from the

context.

Optimization Theory, Complexity and Approximation

In this section, we want to introduce the basics of optimization theory as well as complexity and
approximation. We refer to Ausiello et al. [Aus+99], Garey and Johnson [GJ79], Wolsey and
Nembhauser [WN99], and Williamson and Shmoys [WS11] for a detailed overview of the topic.

Definition 2.22 — Optimization Problem. A quadruple (I, SOL,m,goal) of objects given in the
following characterizes an optimizaton problem II:

1. 1 is the set of instances

2. SOL is a function that maps an input instance 7 € I to its set of feasible solutions

3. m is the measure function, defined for pairs (m,z), ® € I,z € SoL(w), that provides a

non-negative integer — the value of z

4. goal defines, whether II is a minimization or a maximization problem
If IT is a minimization problem, we wish to find a solution x* that minimizes m over the set of
feasible solutions for every instance. In case of a maximization problem, we wish to maximize

m.

Remark 2.23 By z*, we denote an optimal solution for an instance m € I. Furthermore, we
refer to the value of an optimal solution by OPT(7) := goal{m(7w,x): € SoL(n)} for an
instance 7 € T of the optimization problem IT = (I, SOL, m, goal).

The alphabet is a finite, non-empty set 3, while X* is the set of all finite strings over the alphabet

3. We can now define the encoding scheme to map objects to strings in >*.

Definition 2.24 — Encoding scheme and input size. An encoding scheme is used to describe the
instance of a problem (or other objects) in terms of strings @ € X* over an alphabet ¥. The

input size |z| is the number of characters needed to encode the instance.
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Remark 2.25 As standard, we use the binary encoding scheme over ¥ = {0, 1} in the following.
An integer n, for example, can be encoded via the binary encoding scheme in [logy(n)+1]+1

bits. We omit the base 2 of the logarithm in the following.

Definition 2.26 — Decision problem. A decision problem is given by a set of instances that are
either YESs-instances or NO-instances. We want to verify for all instances, whether they are part

of the YES-instances.

Remark 2.27 For an instance m € I, and a threshold K > 0 the decision problem of an opti-
mization problem II asks whether there exists a feasible solution x € II, such that m(m, ) < K
(for minimization problems) or m(w,2z) > K (for maximization problems) holds true. The
decision problem for an optimization problem is also called the underlying language.

We say that an algorithm solves the decision problem if it halts and can verify whether a

given instance is a YES-instance or a NO-instance.

Definition 2.28 — Complexity class NP. The class NP consists of all decision problems for which
there is a non-deterministic Turing machine M and a polynomial pol, such that M solves the

decision problem after at most pol(|x|) steps for every input x € ¥*.

In this thesis, we want to analyze the running time of algorithms. To do so, we use the O-notation

that is defined as follows.

Definition 2.29 — O-Notation. Let f,g: N — R be two functions. Then, we use the following
notations.
o f € O(g(n)) if there exist constants ¢ > 0,n¢ and a € N, such that f(n) < cg(n) + a for
all n > ng
e f€Q(g(n)) if there exist constants ¢ > 0,19 and a € N, such that f(n) > cg(n)+ a for all
n > ng

« f€0O(g(n))if f € O(g(n)) and f € Q(g(n))
Now, we can define the running time of an algorithm as follows.

Definition 2.30 — Asymptotic running time and complexity of an algorithm. Let A be an algorithm
and 77 (m) be the running time of A on an instance w. The number of steps that algorithm A
takes specifies its running time. Usually, we are interested in the worst-case-running time T4 of

an algorithm A on instances of size n:
Ta(n) == max{T}(m): |r| <n}.

Algorithm A has complezity

+ O(g(n)) if Ta(n) € O(g(n))
+ Q(g(n)) if Ta(n) € Q(g(n))
* O(g(n)) if Ta(n) € O(g(n))
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Remark 2.31 An algorithm A runs in polynomial time, if there exists a polynomial pol such
that T4 € O(pol(n)).

Definition 2.32 — Complexity class P. The class P consists of all decision problems for which there
is a deterministic Turing machine M and a polynomial pol, such that M solves the decision

problem after at most pol(|x|) steps for every input z € X*.

Definition 2.33 — Polynomial time reduction. Let IT and II’ be two decision problems. Let f: IT —
IT" be a function, that maps instances of II to instances of II’ such that x € II if and only if

f(z) e II'. Tt is called polynomial time reduction, if it is computable in polynomial time.

Definition 2.34 — NP-completeness. A decision problem P is called NP-complete, if it is in NP

and for every decision problem IT’ in NP, there is a polynomial time reduction from II’ to P.

In this thesis, we want to approximate different optimization problems. We introduce general

definitions in the following.

Definition 2.35 — a-approximation. Let 7 be an instance of an optimization problem II. For
a minimization problem, a feasible solution = € SOL(7) is an a-approzimation, if f(z) < « -
OPTp(n) for a > 1.

Definition 2.36 — PTAS, FPTAS. A class of approximation algorithms (A. ).~ for a problem II
is called a polynomial-time approzimation scheme (PTAS), if for every e > 0, A. is an (1 + ¢)-
approximation for every instance 7 of IT and runs in polynomial time in the encoding length of
m. If additionally, the running time is polynomial in /e, we call (A.)c>0 a fully polynomial-time

approzimation scheme (FPTAS).

Location Theory

This section introduces the basics of location theory. For an overview on location planning, we
refer to [Ham95, LNG15, DHO1].

While details may vary, most location problems can be described by five main types of in-
formation. Hamacher, Nickel, and Schneider [HNS98] discuss this in their paper and provide
a classification scheme to shortly describe a location problem. It consists of five positions
Py, /P,/P3/Py/Ps, which stand for the following:

P1 Number and type of facilities to be planned

P2 The type of location problem (i.e. continuous, discrete, network)

P3 Specialties, i.e. restrictions, forbidden spaces

P4 Contains relation of existing to new facilities (i.e. distance function, costs)

P5 Describes the objective

Remark 2.37 In this thesis, we only discuss location problems on networks. Therefore, we

drop P2. Also, we might omit P3 for better readability, if no specialties need to be stated.

Classically, we differentiate between two objectives, the center problem and the median problem.

The first one searches for minimum over all maximal distances from either one or more centers
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to every other vertex. The latter one seeks to minimize the sum of the distances from either one
or more new facilities to every other vertex. Depending on where we are allowed to place new

facilities, different problems arise.

Definition 2.38 — Vertex restricted and absolute problems. Let G = (V| E) be a graph. Then,
we can either limit the possible locations for the new facilities to the vertices (vertex restricted
problem) or allow them to also be placed on the edges connecting the vertices (absolute location

problem).

Throughout this thesis we only consider cases, where the set of existing locations is the vertex
set. These existing facilities might be equipped with weights w; > 0 for all 4 = 1,...,n. Also,

we denote the set of new facilities by
X={a1,....zp} C V.
The objective function of the center problem is then defined as follows.

Definition 2.39 — Center objective function. Let G = (V, E) be a graph and w; > 0. Then, the

objective function for the center problem for a chosen set X of locations is

f(X) = maxw;d(X,v;) with d(X,v) := mi}r{l d(z,v).

7, X xTE

Then, the p-center problem is stated as follows.

p-center location problem (p, max, Q)

INSTANCE: Undirected graph G = (V, E), edge lengths ¢: E — Z, vertex weights w; > 0
and number of locations p € Z.

TASK: Find a set X C V of p new locations such that the objective function of the
p-center location problem is minimal, i.e. minimize

max w;d(X, v;)

1/7

In the following, we state the objective function of the median problem.

Definition 2.40 — Median objective function. Let G = (V| E) be a graph and w; > 0. Then, the

objective function for the median problem for a chosen set X of locations is

reX

f(X) = Zwid(X, v;)  with d(X,v) := mind(x,v).

Based on this objective, we formulate the p-median location problem as follows.
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p-median location problem (p, >, G)

INSTANCE: Undirected graph G = (V, E), edge lengths ¢: E — Z., vertex weights w; > 0
and number of locations p € Z .

TASK: Find a set X C V of p new locations such that the objective function of the

p-median location problem is minimal, i.e. minimize

Z wld(X, Ui).

veV

Remark 2.41 Optimal solutions for both cases of problems are denoted by X*, while the opti-
mal objective function value is denoted by OPT(p, max, G) and OPT(p, >, G), respectively.

Interdiction Problems

This subsection gives a brief overview over interdiction problems. Network interdiction problems
involve an additional opposing force, called the interdictor. Said interdictor wishes to worsen the
objective function value of the optimization problem. The set of feasible interdiction strategies

is defined as follows.

Definition 2.42 — Interdiction strategy. Let B € Z be the interdiction budget. Furthermore, let
ble) € Zy, ie., b: E — Z, be the interdiction cost for each edge e € E. Then, the set of all

feasible interdiction strategies, denoted by I', can be expressed as follows:

I = {’7 = (P)/e)eeE € {0, l}m | Z b(e) “Ye < B} )

ecE
where 7. equals one, if edge e is interdicted or zero, if not.

The set of optimal interdiction strategies is denoted by I'* = {y* € I' | v* optimal}. In what
follows, each interdiction strategy v € I' induces an undirected graph G(v) := (V',E’) with
V' =V and E' = E\ E(y), where E(y) := {e € E | 7. = 1}. In this thesis, the locator places
their facility on G(7), i.e. after the interdiction step.

Based on this, we define the decision version of the p-median location interdiction problem as

follows.

Decision version of the p-median location interdiction problem

INSTANCE: Undirected graph G = (V, E), edge lengths ¢: E — 7, interdiction costs
b: £ — Z,, interdiction budget B € Z., number of locations p € Z,, and
decision parameter K € Z .

QUESTION:  Does there exist an interdiction strategy v € I' such that

i d X)>K?
xcff, 2 om0 2
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In the optimization version of the stated problem, we aim to find the maximum K for which the

decision version is a YES-instance.

Parametric Optimization

In this section we want to introduce the reader to linear parametric optimization problems. For
a more extended introduction, we refer to the book of Gal [Gal94].

As well known, a standard linear program is given by a set of feasible solutions X and a linear
objective function f: X — R, f(z) := c¢'x for ¢ € R",n € N, which we wish to minimize while

staying feasible, thus can be stated as

min f(x)

zeX

In the parametric version of this problem, we introduce a parameter interval A C R as well as
a parameter A € A, and reformulate the objective function in the following manner: let two
functions a,b := X — R be given. The objective function of the linear parametric minimization

problem is then defined as
i X = R, fax) :==alz) + X - b(x).

Linear parametric minimization problem IT”

INSTANCE: Non-empty set X of feasible solutions, two functions a,b : X — R, parameter
interval A C R
TASK: For every A € A, find an optimal solution 3 € X such that the objective

function is minimal, i.e. minimize

@) =a(z) + A b(z)

By fixing the parameter to A, we obtain the so called non-parametric version II7()\) of the

parametric problem II7.

Remark 2.43 If an optimal solution of II¥()) exists for every A € A, the optimal solution of
the linear parametric minimization problem is a division of the parameter set A into finitely
many intervals (—oo, M|, [Ai, Nix1],_q ... ;1. [A1, +00) together with the optimal solution z

for the corresponding interval [Hel+22].

Definition 2.44 — Critical region. For a solution z, its critical region A(x) C A is the interval of

all parameters for which z is optimal for II(\).

Definition 2.45 — Optimal value function. The optimal value function

F:A—>RF(N):= JI:Iélg(lf)\(l‘)

maps A to the optimal objective function value of II¥'(\) for every A € A.
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Figure 2.1: Visualization of the upper envelope.

Remark 2.46 For minimization problems, the optimal value function is piecewise linear and

concave [Gus83].

Definition 2.47 — Breakpoints. The changes in the slope of the optimal value function are called

breakpoints.

Remark 2.48 If for the intervals (—oo, A1], [Ai, Aig1]y_1 ... ;_1 A1, +00) I is minimal, break-

points correspond to the ;.

Definition 2.49 — Complexity of the optimal value function. The number of breakpoints of the

optimal value function indicates its complexity.

Remark 2.50 We refer to the number of changes of the optimal solution z3 as the complezity

of the solution.

Throughout the section on parametric optimization, upper and lower envelopes of functions as

well as envelopes of linear line segments are needed. The relevant definitions are given below.

Definition 2.51 — Line segment. A [ine segment is a linear function s, whose domain is an open

interval [s;, s, thus s: (s;,8,) = R, 2 — s(x).
Definition 2.52 — Upper envelope. Let S = {s1,...,5,} be a set of n line segments. Then, the
upper envelope of the segments is a function

UE(S,z): R = R,z — max {—o0, {s;(z): s; € S,z € (s1); <x < (8:)i}}-

Definition 2.53 — Lower envelope. Let S = {s;,...,s,} be a set of n line segments. Then, the

lower envelope of the segments is a function
LE(S,z): R — R,z +— min {oo, {s;(x): s; € S,(s1): <z < (Sr)i}}-
7

As a visualization, in Figure 2.1 the upper envelope of three parametric functions f)\l, ff, f;\‘s is
shown.
The following results concerning the running time to compute upper and lower envelopes and

the complexity thereof are used multiple times throughout the thesis.
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Theorem 2.54 [Her89] The upper as well as the lower envelope of n line segments can be

computed in O(nlogn).

As for the complexity, in [Her89], we find the following.

Theorem 2.55 [Her89, WS88] The complexity of the upper envelope of n line segments is in
O(na(n)).

If the segments are ordered, the following holds.

Theorem 2.56 [CW02] If the n line segments are sorted in slope and sorted in the endpoints

of their a-coordinate, the upper envelope can be calculated in O(nloglogn).

Remark 2.57 The three theorems stated before hold also true for the computation of lower

envelopes.

In this thesis, we introduce parameters in network setups. Here, we equip the edges of the
underlying network with lengths that are dependent of A, yielding edge lengths of the form
lx(e) = a(e) + Ab(e), for a,b = E — R being two functions.

Remark 2.58 The distances in the parametric network are then referred to as d(v;,v;) for

two vertices v;, v;.
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3.1

Introduction and the Graph of

Mulmuley and Shah

Introduction

As seen in Chapter 2, the goal of standard linear optimization problems is to maximize or
minimize a linear function f(z) = ¢'x, dependent on a variable z, while staying feasible, thus
x € X with X being the set of feasible solutions. When speaking of linear parametric optimization

problems, we refer to a group of problems where the objective function is of the form
i) =alz)+ X b(x), (3.1)

with a(x),b(x): X — R being two functions and A € A C R. Thus, for every solution x, the ob-
jective function value is a function in the parameter A. For parametric optimization problems IT¥
the goal is to find an optimal solution for every possible value of A. If the non-parametric version
I17(\) has an optimal solution for every A € A, an optimal solution set for the parametric prob-
lem consists of a division of the interval A into intervals (—oo, M], [Ai, Ait1]y—y .. ;1 [Ar, +00)
and for every interval, a solution z that is optimal for every II(A) the corresponding interval
[Hel4-22].

There are several real-world scenarios where input data may vary. Here, the introduction of a
parameter that reflects these changes, is a suitable model to tackle different real-world-problems.
Thus, the field of parametric optimization has been of interest for the last decades. There
is various literature on the applications of parametric optimization, such as the planning of
air transportation fleets [Jen87], planning of heat and power systems [DAP16] or application
in process systems engineering [Obe+16, Pis+02]. Furthermore, it is interconnected to other
mathematical fields, such as robust optimization [AP20], sensitivity analysis [GG12], multi-

objective optimization [HRT24] or multi-level programming [PDR03, AP19], just to name a few.

Numerous optimization problems have been studied to this day. This includes for example,
but not exclusively, the parametric variants of the shortest path problem [MS00, GR19, Car83b,
KO81], the assignment problem [Car83b, GK10], the minimum cost flow problem [Car83a, Ruh88,
HPROT], the knapsack problem [Giu+17, HK17] or the minimum spanning tree problem [FSE96].
For an extensive overview of parametric optimization problems and their real-world applications,

we refer to the recent survey by Nemesch et al. [Nem+25].

In Section 2.6 we already mentioned that fixing the parameter A in a parametric optimization
problem leaves us with a standard linear optimization problem — the non-parmetric version of the

parametric problem. When comparing the former with the non-parametric version, it is clear that
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the parametric problem is at least as hard to solve as the latter. Since we are initially interested
in a solution x for every A, we quickly discover that the computation of an optimal solution set
might be excessive in terms of computational effort. When analyzing the objective value function
of the underlying parametric optimization problem as a function of X\, we find, that for several
problems, this optimal value function can have super-polynomially many breakpoints, which are
changes in its slope and mark the limits of each interval introduced in the beginning. Each of
these breakpoints indicates a change in the optimal solution, thus making the computation of an

optimal solution set impossible to do in polynomial time.

Still, the parametric and the non-parametric version of a problem may remain tractable, as it
is the case for the minimum spanning tree problem [FSE96], for example. Conversely, this is
not the case for the assignment problem [Car83b], the minimum cost flow problem [Car83a] and
the shortest path problem, for instance. Different authors have shown that the optimal value
function of the parametric shortest path problem, which maps the parameter A to its optimal
objective value, can have super-polynomially many breakpoints. This has been studied for general
directed graphs in [MS00] and [Car83b], and for planar graphs in [GR19]. As a result, an exact
algorithm might have to compute super-polynomially many solutions, which justifies the need
of approximation schemes. At this point, we mention the paper of Bazgan et al. [Baz+22], that
introduces a general approximation method for parametric optimization problems based on the
Eisner-Severance method of [ES76]. Since we use their results in this thesis, we briefly introduce
the reader to the topic. First, we recall mild assumptions that are needed to make sure that
for all x € X and A € A the values of fy(z) are non-negative and also to ensure computational
bounds.

 The parametric problem TI* is given as in (3.1) with A = [Amin, o], Amin € R

e The optimal cost curve is well defined

e a(z) and b(z) are polynomial-time computable

e The positive rational upper and lower bounds UB and LB for fy(z) are polynomial-time

computable such that fx_, (z),b(z) € 0U[LB,UB]| for all z € X

Furthermore, for 8 > 1, a polynomial-time S-approximation algorithm ALGg must be available
for the non-parametric version of the problem that is used as a subroutine in the approxima-
tion algorithm. Then, in time polynomial in 1/ and the input size of the problem, a (1 + ¢)-
approximation can be computed if an exact algorithm is given for the non-parametric version
I ()\) for every A € A. If a B-approximation exists for II¥()\), a (1 + ¢) - B-approximation
can be computed. More precisely, their approximation ensures a running time of O(Ty JUB T
TavLcy - (1< - logl/e 4+ 1/= - log UB/LB + 1/c - log 3)), where 11,5 ,up is the time to compute upper
and lower bounds and Targ, is the running time of the subroutine used. For discrete problems,

this running time reduces to

1 UB 1
T T - —-log— 4 —"-1 . 2
O( LB/UB + TaLG, (6 ogrg t Oé%ﬁ)) (3.2)
We briefly describe how the algorithm works. The algorithm subsequently analyzes intervals
[\, \]. For the B-approximate solutions z; for I1¥()\;) and z,. for I (\,.), respectively, it checks
whether either ; or x, is (1 4 ¢€) - S-approximate for the whole interval [A;, A,]. This is done
by first evaluating, if fi, (z;) < fi, (z,) or f,(x) < fr, (7). If neither of the cases holds true,
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Figure 3.1: Hlustration of the approximation scheme provided by Bazgan et al. [Baz+22]; visu-
alization of one interval where neither x; or x, are approximate for the whole interval and thus
the interval gets splitted.

consider the point where f)(x;) and fy(x,) intersect. Let A, := p(z, x,) := a(@r)=al@) /bp(z))—b(x,.)
be the corresponding A. Then, it is checked whether the line connecting the objective function
values fy, (z,) and fy,(z;) is within a factor of (1 +¢) away of the optimal value function at A,.
If this is note the case, this is, 2; or x, are not (1 + ¢) - S-approximate for the whole interval
[A1, \r], it gets partitioned into two new intervals [N\, A, ] and [A,,, A-], which get queued for a
later analysis. If the line is within a factor of (1 + ¢), x; or x, are (1 + ¢) - S-approximations
for the whole interval. Details on how to compute the starting interval are given in [Baz-+22].
Figure 3.1 shows a visualization for one interval. The blue line indicates the connecting line C'
of f, (z,) and fy,(x;), while the light blue line shows (1 +¢) - C\.

At this point, we mention three things on where we use a slight modification of the provided
algorithm. Algorithm 3.1 provides the reader with the algorithm, where the deviations are
already integrated.

First, the algorithm as stated in [Baz+22] only returns the (1 4 ¢) - S-approximate solutions.
However, we also need the corresponding intervals of A and the corresponding line segments.
Nevertheless, at no additional computational cost we can store these information as well, since
both the line segment and the interval are already being used to determine whether the current
x; or x, is (1 + €) - f-approximate or not. In fact, it is sufficient to output x; together with the
corresponding interval to encode all information needed. Hence, the modified output set contains
triplets of a (14 ¢) - B-approximate solution x; together with the corresponding interval [A;,, \.,].
Second, when the algorithm detects that the intersection point is within a factor of (1 +¢) away
from C(\), it adds both (1 + ¢) - S-approximate solutions z; and z, to the output set. At this
point, we divide the corresponding interval [A;, A,] at A, which we calculated before and store
x; as the approximation for [A;, A,,] and @, for [An,, A.].

Third, when generating the intervals that get examined in next iterations of the approximation
algorithm, we use a stack to store them, as suggested in their paper by Bazgan et al. [Baz+22,
Remark 4]. That is, whenever an interval [\, A,] is divided into intervals [A;, A, ] and [Ap, Ar,
we stack the latter before the former. This way we ensure that the leftmost interval in terms of
its A-values that is not yet added to the solution set is the next interval to get examined. As a

result, the solution set is ordered in terms of the interval bounds \; as well as the slopes b(x) for

B=1.
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These modifications do not affect the validity of the algorithm, but provide the solution data in
the described way, which is needed in algorithms developed later on. We provide the reader with
the modified algorithm of Bazgan et al. [Baz+22] in Algorithm 3.1. Whenever we refer to the

approximation algorithm, we mean the following.

Algorithm 3.1 — Approximation of parametric optimization problems [Baz+22].

Input: An instance of a parametric optimization problem II with the assumptions stated
above, € > 0, B-approximation algorithm ALGg for the non-parametric version of II

Output: A set of (1+¢)- S-approximations x; for the given instance of IT together with their

corresponding critical regions [A;;, Ay,]

1: Compute LB and UB
2: As < Amin + /8- € - LB/UB;A* < A\puin + B+ /e - UB/LB
3: x,  ALGg(\.); 2* < ALGg(\")
4: stack <
5: stack.push(([As, \*], z«, %)) > stack of intervals still to be considered
6: SO > solution set
7: while stack # @ do
8 ([, A\r], 21, z) + stack.pop()
9 if fa.(x1) < fa.(z,) then
10: S SU{(z1, [N, M)}
11: else if fy,(z,) < fi (z;) then
12: S — SU{(zr, [M; Ar])}
3% else
14: Am — p(xr, )
15 fu, (o) S (1 +e)- (3 fu (@) + 3 £, (2r)) then
16: S < SU{(z1, [Mi; Aml), (@ry [Am, Ar])}
17: else
18: T < ALGg(A\p)
19: stack.push(([Am, Ar], Zm, 7))
20: stack.push(([A;, Am] , 21, 2m))
21: end if
22: end if

23: end while

24: return S

Note, that Bazgan et al. [Baz+22, Remark 1] suggest values for A, \*, that are calculated

independently of € for discrete problems, which leads to the running time stated in (3.2).

Summarizing the previous information, when analyzing parametric optimization problems, dif-
ferent questions arise depending on which aspect of the problem we look at. Probably the first
question that comes to our mind is how the problem can be solved, thus if there is an algorithm
that outputs an (or more) exact or approximate solution(s). Also, the complexity of the solution

itself and of the objective function value corresponding to the solution(s) is of interest.
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The standard location problems on graphs differentiate between directed and undirected general
graphs and quite often directed and undirected trees. On all structures, we analyze parametric
variants of the center and the median location problem (for a definition recall Section 2.4). To
the best of our knowledge, no results are known for parametric location problems. So in the
remainder of this part of the thesis, we want to answer the two stated questions about the
complexity and analyze exact or approximate algorithms for the different parametric location
problems (PLPs). The results are summarized in the following three tables. The first table leads

the reader to the exact algorithms and approximation schemes, respectively.

Center Problem Median Problem
Directed Undirected Directed Undirected
. ’ Algorithm 4.7, . s Algorithm 5.2,
General Graphs  Algorithm 4.7 Remark 4.10 Algorithm 5.2 Remark 5.6
. o . Algorithm 5.10
Trees Remark 4.12  Algorithm 4.14 ~ Remark 5.8 Algorithm 5.17

Table 3.1: Algorithms for the PLPs.

The next table shows, for which problems the complexity of the optimal value function has been

analyzed.
Center Problem Median Problem
Directed Undirected Directed Undirected
General Graphs Theorem 4.1 - Theorem 5.1 -
Theorem 5.14
e , PSR
Trees Proposition 4.13  Theorem 4.17  Proposition 5.9 Theorem 5.19

Table 3.2: Analysis of the complexity of the objective function for the different PLPs.

The last table gives an overview of where to find the results on the complexity of the solutions

of the different problems.

Center Problem Median Problem
Directed Undirected Directed Undirected

General Graphs Theorem 4.6 - - -

Remark 5.12

Trees Proposition 4.11  Theorem 4.18  Proposition 5.7 Theorem 5.20

Table 3.3: Analysis of the complexity of the solution for the different PLPs.

3.2 Construction of Mulmuley and Shah

One of the results that we use in the remainder of this chapter is the analysis of the parametric
shortest path problem from Mulmuley and Shah in [MS00]. Since we use their graph multiple

times throughout, we introduce it up to a certain level of detail. Its construction is very technical
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Figure 3.2: Core G ,, of the graph of Mulmuley and Shah; layers are indicated by boxes.

and listing its exact details will generate no added value in terms of understanding this section.
However, we will present all information that is necessary for the proofs of our results with
fewer details than in the original paper. While the construction of the graph is described first
in [MS00], we recommend [GR19] for a detailed insight on the construction process, since it also

uses the original graph, but provides a clearer description of it.

It is known that the objective function of the parametric shortest path problem can have super-
polynomially many breakpoints (see [MS00, Car83b, Nik+06]). In the following, we show how
Mulmuley and Shah [MS00] construct a directed graph G = (V, E) with edge weights that are
linear in a parameter A € A, for which this holds. Using this graph, we can similarly demon-
strate that the objective function of the parametric center problem may have a super-polynomial
number of breakpoints. This characteristic may render the computation of the objective function

values for each center as a function of A € A inefficient.

Core Structure of the Graph. We begin by describing the general structure of the graph G.
Let m,n € N. The final core G, ,, of G is a layered structure together with a dedicated starting
vertex s € V and an ending vertex t € V.

I Remark 3.2 Note, that by G, , we only refer to the layered ,inner* graph without the vertices
s and t.

Each graph Gy, is constructed inductively based on its predecessor Gy_1,, for k € {1,...,m}.
The parameter m indicates the number of inductive construction steps, while n denotes the

number of vertices in the first layer of the base graph G ,,, referred to as the core in the paper.

The vertices of G, , are indexed according to their layer and row numbers: the vertex in the
ith row and jth layer is denoted as v; ;. Note that the row index starts at 0. If the context is

clear, the layer index may be omitted for brevity.

The core consists of three layers, containing n, n, and 2n — 1 vertices, respectively. See Figure 3.2
for a graphical representation. The edges connecting these layers are indicated and will be
formally introduced next.

The layers are connected as follows. Each vertex v; ; in the first layer has exactly one successor v; 2
in the second layer for i € {0,...,n—1}. The connections from the second to the third layer follow

a different structure: each vertex v; 2 has n successors, specifically v;4, 3 for j € {0,...,n —1}.
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Figure 3.3: Connection of the second and third layer of G ,,; not all edges are shown.

This means that the first vertex in layer two connects to the first n vertices of layer three (indexed
0 to n — 1), the second vertex connects to the next n vertices (indexed 1 to n), and so forth. For

a visual representation, refer to Figure 3.3, where not all edges are displayed for clarity.

Building the graph. While the graph G, consists of three layers and their connections as
described above, every subsequent graph is constructed differently. Graph G, , comprises three
copies of graphs built in previous steps as follows. One copy of G,,—1, forms the left part, a
reversed copy of G,,_1 ,, constitutes the middle part, and a copy of G',,—1,2,,—1 serves as the right

part, referred to as G*,GM, and G, respectively.

Remark 3.3 Note that by a ,reversed“ copy, we mean that not only is the order of the layers in
Gm—1,n Teversed, but also the edges connecting the layers are inverted while maintaining the
general edge structure and the weight functions on the edges. See Figure 3.4 for an illustration

of G ,, and its reversed counterpart.

Example 3.4 Let m = 1. The core G, and its reversed copy are shown in Figure 3.4. As
we can see, the arrangement of the layers is reversed, while the orientation of the connecting

edges is also inverted.

Gin reversed G,
o————> : : *————0
® { { [ @ { ]

Number of vertices: 70 n 2n —1 2n —1 n n

Figure 3.4: Core G, and its reversed copy.
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We will now elaborate on the interconnection of G, G and GF.

The vertices of the last layer of G are connected one-to-one with the vertices of the first layer
of the reversed G™. Notably, both layers contain the same number of vertices. The last layer
of GM is connected to the first layer of G in the same manner as the second and third layers
in the core graph. Specifically, the first vertex of the third layer in GM is connected to the first
n vertices (numbered 0 to n — 1) of the first layer of G, the second vertex of the last layer is
connected to the next n vertices (numbered 0 to n — 1), and so forth. With each iteration , the
graph G, , expands, ultimately reaching at most 2 (2n — 1) rows and 3™ layers. Figure 3.5

illustrates the complete construction of G5 ,, as an extension of the previous Example 3.4.

Example 3.5 Let m = 1. For constructing Gz ,, we need G'1 ,,, its reversed copy and G 2,1 as
GF, GM and GE, respectively. We have already shown how G* and GM are built in Figure 3.3
of Example 3.4. In Figure 3.5, we see the completed graph G, and the connecting edges
inbetween the three parts of the graph.

Figure 3.5: Graph Gy ,.

Weights and the curve of the objective function. After building the structure of the graph
G n, we now recall weights and the curve of the objective function. In the beginning we already
mentioned that the final graph has a dedicated starting vertex s € V and an end vertex t € V.
Vertex s is connected to all n vertices in the first layer, while all vertices in the last layer are

connected to ¢ resulting in the final graph. A simplified illustration is given in Figure 3.6.

Further details on the construction of the weights can be found in the corresponding paper.
However, two key aspects are worth mentioning. The starting vertex s is connected to its
successors with weights denoted as wsy (i) for i« = {0,...,n — 1}. The vertices in the last layer
are connected to t with weights 0. The construction process leads to disjoint intervals, within
each of which n pairwise vertex-disjoint shortest s-t-path exist. To achieve this, in each iteration,
the previous intervals are stretched by a factor N > n and then split into n segments to generate

n new shortest paths for each ,,0ld“ shortest path.
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Figure 3.6: Simplified structure of the graph of Mulmuley and Shah; layers are indicated by
boxes

Remark 3.6 The first of the n shortest paths passes through the first vertex of the first layer
vg,1 of Gy n, the second of the shortest paths through the second vertex vy ; and so forth.
The next set of shortest paths again starts at vertex v; g ensuring, that the vertex succeeding

s always rotates from top to bottom of the first layer.

Through the construction of the intervals and the increasing number of shortest paths Mulmuley
and Shah [MS00] receive with every induction step, the authors can show, that the optimal value
function of a parametric shortest path problem may have super-polynomially many breakpoints,

as the authors state in Theorem 1.3:

Theorem 3.7 [MSO00] There is an explicit family of graphs G,, on n vertices, with edge weights
that are linear functions in a parameter A\, such that the optimal cost graph of the weight of
the shortest path between s and t has 9% (log? n) breakpoints.

Since we need this graph for the remainder of this section, we want to give a short summary of

the main results, that we need in further proofs.

o A vertex of one specific layer only has successors in its following layer.

Vertices of one layer are not connected to each other.

o sis connected to all vertices in the first layer of G, ,, with weights ws) (i), while all vertices

of the last layer are connected to ¢ via weightless edges.

o For increasing )\, the consecutive super-polynomially many shortest s —¢-paths pass vertices

v;1,4={1,...,n — 1} one by one, always starting at the top v 1, ending at v,_1 1.






Parametric Center Problems

In this chapter, we analyze parametric 1-center problems on networks. Recall from Section 2.4,
that the (non-parametric) center location problem is defined as minimizing f(z) with f(z) =
max; , w;d(v;, x). Also, as stated before, the edge lengths £ of all graphs analyzed are linearly
dependent on the parameter \. Thus, the parametric center problem can be stated as follows:

Parametric center location problem (1, G, max)y

INSTANCE: Graph G = (V, E), edge weights £) = a(e) + A\b(e), such that a(e),b(e): E —
R, a parameter set A € A for A C R, vertex weights w > 0

TASK: For every A € A, find an optimal location 3 C V such that the objective

function of the center location problem is minimal, i.e. minimize

max w;d (v;, )
K2

The non-parametric 1-center problem is studied thoroughly. The literature on this problem traces
back to the work of Hakimi [Hak64], where he motivates the idea of center problems by the need
of a location for a police station, that minimizes the maximal distance to their operational areas.
In his work, he indicates, that the vertex restricted center problem on both vertex-weighted
and vertex-unweighted graphs can be solved by computing the all-pair-shortest paths on the
given network and evaluate over the resulting distances. He also proposes an algorithm to solve
the absolute center problem, where points on edges serve as feasible solutions as well. Later,
Kariv and Hakimi [KH79a] optimize this algorithm and provide one with a running time of
O(mn+n?logn) for the absolute center without vertex weights. The weighted case is considered
in this work as well, where they state an algorithm that runs in O(mnlogn). On tree structures,
an algorithm for the computation of an absolute center is proposed by Megiddo [Meg83], that
has a running time of O(n). Although not directly part of this work, we mention the p-center
problem, where p new locations are sought that minimize the distances to their nearest existing
facilities. Kariv and Hakimi [KH79a] prove this problem to be NP-hard on general graphs while
giving an exact algorithm for the case of a tree. Several heuristics are known for the problem on

general graphs. A thorough overview can for instance be found in [LNG15].

The next Section 4.1 deals with the center problem on directed general graphs, while Section 4.2

shows the results for the analysis of the problem on trees.
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Directed General Graphs

For the remainder of this section, the underlying structure of the center problem are directed

general graphs with parametric edge weights ¢x(e) = a(e) + Ab(e) and vertex weights w > 0.

First, we analyze the objective function of the parametric center problem. We will use the
construction introduced in Section 3.2 to prove that the objective function can have super-

polynomially many breakpoints, which is stated in the following theorem.

Theorem 4.1 The optimal value function of the parametric center problem can have super-po-

lynomial many breakpoints.

For the proof of this theorem, we will need an upper bound M, that is bigger than the distance
between a possible center v € V' and every other vertex u € V in graph G. Note, that we can only
bound dy (v, vj), if a v;-vj-path exists, since otherwise it is d (v, vj) = co. However, the feasible
set X C V of vertices for the location problem consists only of those vertices, from which every
other vertex in V' is reachable. In the non-parametric setup where X\ is fixed, the distances are
independent of the parameter. Assuming all v;-v;-path exist, it is easy to see, that there exists
an M fulfilling the property. Let d(vs,v¢) := max; ;j d(v;, vj). Then M := d(vs,v;) + 1 fulfills the
desired property. In the parametric version, where all weights on the edges are dependent on A,
we need another method to find M.

Lemma 4.2 Let G = (V, E) be a graph, where the weights on the edges are given by £, (e) =
a(e) + X-b(e),\ € A =[Ny, 00). Let P; be a shortest v;-v;-path for the interval [\, A1] with
edge set E(Py), for v;,v; € V. Let r =3 cpp,)b(e) be the corresponding gradient of the
optimal value function dy(P;) = ZeeE(Pl) a(e) +r- . Then, an upper bound on the shortest

v;-v;j-path for all A can be found as follows:

M) (vi,v;) = Z ale) +7r-A, e>0.
e€E(Py)

Proof. Let P, be the shortest v;-vj-path for the interval [A;_i,\],l > 1 with edge set E(F)).
Also, let 1 = - cp(p,) b(e). We know, that the optimal value function of the shortest path
problem with weights linearly dependent on A, is piecewise linear and concave [Car83b]. The
objective function values dj(F)) are of the form dx(F}) = }_.c p(p,) a(e) + 71+ A. Due to concavity,
itisr=ry >r foralll>1.

Also due to concavity, it is clear, that for every A, it is d)(P1) > dx(P,) for all [ > 1. Therefore,
dx(Py) serves as an upper bound for the objective function values of the shortest v;-v;-path. For

the first interval, this is a tight bound. Figure 4.1 illustrates the lemma. |

Remark 4.3 Note, that the path P; corresponds to the path, that is found when searching for
the shortest v;-v;-path with fixed A = Ao.
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Figure 4.1: Hlustration of Lemma 4.2.

For the proof of Theorem 4.1 and also the subsequent Theorem 4.6, we need a bound M) that
is not only larger than the shortest v;-v;-path, but bigger than the shortest paths between a

feasible center and all other vertices in the graph. This can be found using Lemma 4.4.

Lemma 4.4 Let G = (V, E) be a graph, where the weights on the edges are given by ¢, (e) =
a(e)+A-ble),\ € A =[N\, 0). Let Vx C V be the subset, that contains all vertices, from which
every other vertex in V' is reachable. Then, for A = Ag, run an SSSP-algorithm for all v; € Vx
on graph G to obtain shortest v;-v;-paths P;;, each of them containing edges E(P;;). Let the
corresponding objective function values be dx(P;;) = t;j + 71 - Ao, with r;; = EeeE(PU) b(e)
and t; = ZeeE(Pij) a(e). Let r := max; ; r;;. Furthermore, let ¢ := max; ; t;;. Then, an upper
bound on the objective function values of the parametric shortest paths between every pair of

vertices can be found as follows:

My =t+r-\

Proof. From Lemma 4.2 we know, that each v;-v;-path P;; itself can be bounded by My (FP;;)
as defined there. In Remark 4.3 we already stated, that for finding these bounds, the shortest
paths for A = X\ need to be calculated. To find an upper bound on all linear functions My (FP;;),
let r and t be as stated. Since r is the biggest gradient of the functions and ¢ is the biggest
intersection with the ordinate axis found over all functions, ¢t + r - A is at least a tight bound on
the functions My (P;;). [ |

Remark 4.5 To bound weighted distances w;dx(v;,v;), w > 0, calculate M} as described
in Lemma 4.4. Then, let wyay := max; w;. An upper bound on the weighted distances is
M) == Wmax - Mg\

With the help of the lemmata above, we can finally prove Theorem 4.1.

Proof of Theorem 4.1. Consider the graph Mulmuley and Shah used, for which we know that

the minimum value function for the shortest s-t-path has 9%(log” n) many breakpoints, see Theo-
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rem 3.7. We construct the following graph, see Figure 4.2, by adding a vertex ¢’ and connecting

it to t with weight M), which can be found as stated in Lemma 4.4. Recall from Section 3.1,

s { t v
°
My
Figure 4.2: Graph G, using the construction of [MS00].

that vertices in one layer only have successors in following layers. This means, that vertex s is
the only vertex reaching all other vertices in G, ,, and also ¢'. Thus, vertex s is the only possible
(and optimal) center for every A € A. Recall that M, is bigger than the distance between s and
any other vertex in graph G, . That is, for v; € V(G ), there is no s-v;-path whose distance
dx(s,v;) is bigger than dx(s,t") = da(s,t)+ M. Thus, the latter is relevant for the optimal value
function of the center problem for every A € A. We know that dy(s,¢) has super-polynomial
many breakpoints due to the construction of graph G, ,. Therefore, also the optimal value

function of the center problem has super-polynomially many breakpoints. |

Now that it is clear, that the optimal value function value can have super-polynomially many
breakpoints, the question arises, whether the center itself may change its position super-polyno-
mially often in a given graph for varying . Indeed, the next Theorem 4.6 shows, that this might

be the case.

Theorem 4.6 The position of the center of the parametric center problem can change super-

polynomially often.

For the proof of this theorem, we again use an alteration of the graph of Mulmuley and Shah (see
[MS00]) introduced above. Remember, that we want to minimize the maximum distance from
the new location to every other vertex in the graph. We want to alter the graph of Mulmuley
and Shah in such a way, that the shortest s-t-path is decisive for the placement of the center.
Then, we will take advantage of the fact, that the second vertex of the s-t-path in the first layer
of Gy, switches as described in Section 3.2. In the altered graph, we want to achieve, that these

switches correspond to the (changing) placement of the center for increasing A.

For a better understanding of the proof, we want to present its idea for fixed lambda first and

deal with the parametric edge weights afterwards.

Idea of the proof of Theorem /.6 with fixred A. We structure the proof in two parts: first, we in-
troduce the new built graph and then afterwards we evaluate the possible placements for the
center. In the latter part, we need to calculate the shortest paths from every possible center in
the graph to all other vertices to find the optimal placement.

Let A be fixed and G, ,, as described above for some m,n. Furthermore, let M be an upper
bound on the longest distance between any pair of vertices v;,v; € V. We choose M := oy + 1
for £nax being the biggest edge weight in the graph G, p, S0 fax = max; £;. Note, that with
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Figure 4.3: Alteration of the graph of Mulmuley and Shah, new vertices b; depicted in green;
weights are written in blue; not all edges are shown.

fixed A, this bound can be easily calculated. Hence, we also omit it in the description of weights

and distances.

Building the graph. Firstly, we introduce n new vertices by, ...,b,—1 between vertex s and
the n vertices of the first layer of the initial graph G, . The new vertices are connected to s
via weightless edges and to the n existing vertices with the initial weights ws(7). Also, for any
pair by, by, with k,1 € {0,...,n — 1}, k # [ of the newly introduced vertices, we introduce edges
in both directions connecting them. Furthermore, we introduce a vertex ¢’, that is connected to
t. The weight of the edge connecting ¢ and ¢’ is chosen by 2M + 1. The resulting graph is shown
in Figure 4.3. In the figure, it is already indicated, that we erase vertex s and its n outgoing
(now) weightless edges for the proof. Note, that only two of the edges between the new vertices

are depicted in the figure to avoid a confusing illustration.

Evaluation of the possible new center. Through connecting all new vertices b; among each
other, we ensure, that every one of them is a potential location for the center, because all other
vertices in the graph are connected to at least one of them due to the original construction of
Gm,n. More than that, none of the other vertices can be center of the graph, since none of the
vertices from one specific layer are connected back to their previous layer(s) and therefore all

these cannot be reached by vertices in layers further back.

Now, what remains open is the evaluation of the b; in terms of their objective function values,
say we need to calculate f(b;) for all b;. Therefore, we first need to calculate the distances from
every b; to all other vertices in the new graph. Then, we need to extract the maximal distances
among these and place the center such that the maximum distance gets minimized. The vertices
to which we need to know the distances, can be parted in the vertices b; themselves, vertices

that lay in Gy, p, vertex t and vertex ¢'.

Before we evaluate the distances in detail, let us note the following. Since A is fixed, we can calcu-
late the vertex b;-, for which the distance d(b;,t) is minimal, thus b;« = argmin,_; _,,_; d(b;,1).
Let o = d(b;+,t) = min;—y,__,—1d(b;,t) be the corresponding objective function value. We find

the following.

Paths to b;: We defined the weights of the edges connecting the newly introduced vertices as



40 Chapter 4. Parametric Center Problems

M and therefore
d(bz,bJ)ZM Vi,j=1,...,n—1,i7éj

Paths to vertices in G,, ,: Let v; be a vertex in G, ,. An upper bound for the length of the
shortest path from any of the vertices b; to v; can be evaluated as follows. There exists a
vertex b; for which d(b;,v;) < M and therefore

d(bi,vi) < d(bi,b]‘) + d(bj,’l}i) < 2M.

Paths to t: Due to the definition of b+, and again the fact, that there exists a vertex b; for
which d(b;,t) < M we evaluate the shortest paths to ¢ as follows:

dby,t) =2 < M
d(bi,t) <z + M Vi#i*
<M

Paths to t': For any of the b;, we have that

d(bi,t") = d(bi,t) +2M + 1 (4.1)

From the calculations above, we can see that the shortest path that is decisive for the placement
of the center is the one to ¢, see (4.1), because it is always bigger than the distances to any other
vertex in the graph. The distance to ¢’ is minimal for the vertex b;+, as per definition, meaning
that the center will be placed there. |

Above, we fixed A to give a general idea of the final proof of Theorem 4.6. In the parametric
version, the main structure of the proof stays the same. However, an important difference is the
choice of M. Before, with fixed weights, we could easily calculate M. Now, we need to use the
upper bound M) for the pairwise shortest paths between any two vertices in the graph, that is

dependent of A that we introduced in Lemma 4.4.

Proof of Theorem 4.6. For this proof, we use the same graph as above, see Figure 4.3. Note that
now all the weights of edges are dependent on A. This holds for edges in G,y ,, (here we use the
original weights) as well as the weights that formerly contained M (we now use M) ) and the
weigths ws) (i) connecting the newly introduced vertices b;,¢ = {1,...,n — 1} with the vertices
of the first layer of G, ,, that again are the ones from the original graph of Mulmuley and Shah.
We refer to the n vertices of the first layer of Gy, as by, i = {0,...,n — 1}, such that h; is the

successor of b;.

With the same arguments as above, only the vertices b; are valid candidates for the placement
of the center. Remember, that since the weights on the edges are now dependent of A, the
evaluation of the distances of any b; to all other vertices in the graph is also dependent of
A. Therefore, we review the arguments from above. Let again b;~ be the vertex, for which
the distance dy(b;,t) is minimal, thus b;» = argmin,_; _,_; dx(b;,t) for a given \. Let z =

dx(bi+,t) = min;—1, _,—1dx(b;,t) be the corresponding objective function value. Note, that b;-
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is also the predecessor of that vertex in the first layer of Gy, ,, that lies on the shortest path to
t for that given A\, namely h;« due to the construction of the new graph. This fact is important

for the evaluation of the placement of the center.

As above and with the same arguments, we evaluate the distances from b; to b;, to vertices in

G and to the vertices ¢ and ¢’

Paths to b;: Due to the construction it is

dx(bi,b)) =My Vi,j=1,....n—1,i#j

Paths to vertices in G, ,: Let v, be a vertex in Gy, .. Let b; be the vertex for which
dx(b;,v;) < M) and therefore

d,\(bi,vi) < dk(bi,bj) + d)\(bj,’l)i) < 2M,.

Paths to t: Due to the definition of b;+ and the fact that there is a vertex b; for which dy(b;,t) <
M, we get:

dx(bi=,t) = 2 < My
dx(bi,t) <ax+ My Vi#i*
<2M

Paths to t': For any of the b;, we have that

dx(bi,t') = dx(bi,t) +2My + 1 (4.2)

Again, the shortest path to vertex t’ is the decisive factor for the objective function value of
the corresponding b; for all ¢ and all A\. Therefore, to find a solution for the center problem,
we need to minimize that distance given in 4.2. Clearly, dy(b;,t') is minimal, when dy(b;,t)
is minimal. Since b; is connected to h; via the original weights wsy (i), we can conclude, that
dx(b;,t) is minimal for a given A\, when the path P\(h;,t) connecting h; and t is part of the
shortest s-t-path of the original graph of Mulmuley and Shah. We know, that this path changes
super-polynomially often. Also the vertex h;, that is a successor of b; on the corresponding
shortest path, changes whenever the shortest path changes which was introduced in Section 3.2.
That in consequence means that the corresponding b} that minimizes d(b;,t), and therefore the

center, changes super-polynomially often itself with increasing . |

Considering the previous results, one can see the need for an approximation algorithm for the
parametric center problem: an exact algorithm might have to output super-polynomially many

solutions. In the following, we provide such an algorithm.

For the non-parametric center problem, the approach that evaluates all feasible solutions in terms
of their objective function values and chooses the best among them, can in fact be done in O(n?).

This is, because computing the all-pair-shortest-paths using Floyd-Warshall, for instance, can
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be done in this running time [Lei+01]. For the parametric version, however, calculating the all-
pair-shortest-paths might be excessive in terms of computing, as seen before. Therefore, we use
an existing approximation scheme to solve the center problem approximate. More precisely, we
use an (1 + ¢)-approximation provided by Bazgan et al. [Baz+22]. As described in Section 3.1,
the parametric problem, for which an approximation is sought, needs to be of the form fy(x) =
a(z) + X\ - b(x). Consequently, we cannot directly approximate the center problem by using a
non-parametric algorithm as a subroutine. Instead, let a vertex v; be given. We approximate
the weighted single-source-shortest-paths w;dy(v;,v;) to all other vertices of the network. This
is done by using a non-parametric SSSP as a subroutine and add the multiplicative factor w; to
every distance. Then, the upper envelope over these approximations is calculated. This leaves us
with an approximation of the optimal value function of the center problem for the chosen vertex
v;. Doing this for all vertices and then calculating the lower envelope over all upper envelopes,

approximates the parametric center problem.

In their work, Bazgan et al. [Baz+22] already formulate that the approximation method can be
used for the parametric shortest path problem, when the functions a(e) and b(e) map to non-
negative integers Ny. Together with A > 0, this restriction ensures, that the lengths on the edges
and thus the distances d(v;,v;) between two vertices, that gets approximated, is non-negative,
which is usually required in the context of approximation [WS11].

The method is described in the following.

Algorithm 4.7 — Approximation for (1, max, G)x.
Input: G = (V, E) with parametric edge weights ¢)(e) = a(e) + Ab(e), vertex weights w; > 0
Output: (1 + ¢)-approximation of (1, max, G)x
1: for all v; € V do
for all v; € V do
calculate (1 + ¢)-approximation of w,;dy(v;,v;)
end for

: end for

2
3
4
Bs calculate upper envelope of the piecewise linear functions found in line 3
6
7. calculate lower envelope of all upper envelopes found in line 5

8

: return the lower envelope found in line 7 and the vertices yielding its line segments

Theorem 4.8 Algorithm 4.7 results in an (1 + €)-approximation for the parametric center

problem on directed general graphs.

Proof. The main idea of the algorithm is to evaluate all vertices that are feasible and choose the
best alternative for every A € A. In line 3, we use the general approximation method described
in [Baz+22]. In their work, they already show, how this can be done to approximate shortest
paths. Therefore, what remains to be shown is that the approximation quality of the calculation

also holds for the objective function value of the center problem.

Let x € V be arbitrary, but fixed. Let fi(A),..., fn(\) be the objective functions with f;(\) :=



4.1 Directed General Graphs 43

dx(z,v;) for v; € V and ¢« = {1,...,n}. By the results of Bazgan et al., we can calculate
functions fi{(A),..., f/(\) that are (1 + &)-approximate for their corresponding exact shortest

path functions, that is
fi) <@ +e)fs(V). (4.3)

Then, with fL. (\) = max;{f/(\)}, the following holds:

ma{ f/(0)} = f1- ()
<4ef0)
< (14 &) max{ (V).
resulting in
mac{ f{(A)} < (1+€) max{fi(\)}.

Also, with f;«(A\) = min;{f;(\)}, it holds:

min{ //(\)} < f1- ()

<A+
= (1+ ) min{ fi(V)},

such that
min{ f{(\)} < (1+ ) min{f;(\)}.

The first result justifies calculating the (exact) upper envelope over the approximate shortest
path functions in line 5 without losing the approximation quality in this step. Also, this upper
envelope consists of linear functions for which the approximation quality, and therefore (4.3)
holds. Then, with the second result, calculating the lower envelope in line 7 also keeps the

approximation quality. [ ]

In fact, Algorithm 4.7 yields an FPTAS, as the following Lemma 4.9 shows.

Lemma 4.9 Let G = (V, E) be a graph with parametric edge weights £, (e) = a(e) + Ab(e) and
vertex weights w; > 0. Let C' be the maximum among all values a(e),b(e). Algorithm 4.7

yields an FPTAS for the parametric center problem.

Proof. Algorithm 4.7 firstly applies the approximation algorithm n — 1 times for every one of
the n vertices in the graph in order to find the shortest paths from each vertex to every other
vertices. Then, for each vertex, we need to find the upper envelope of the n — 1 shortest path
approximations. Then, over all n upper envelopes, we need to calculate the lower envelope. Let
Tapp be the running time of the approximation scheme, Tyg the running time for calculating
the upper envelope and T the one for the lower envelope, respectively. Then, the running time
Tac of Algorithm 4.7 is

Tac=n-((n—1) -Tapp +Tur) + T1E.
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We determine the running times of all parts successively and assume that ¢ < 1.

Approximation of the shortest paths: The subroutine consists of calculating the shortest
v;-vj-path which can be done in O(m+nlogn) [AMO93] and multiplying with the according
weight w; in O(1). For a fixed vertex v;, this is done for all other vertices v;.Thus, with
(3.2) and the analysis in [Baz+22, Part 5], it is

Tapp CO (i -(m+nlogn+mn) - lognC> co <i -(m +nlogn) - lognC> .

Complexity of the approximation of the optimal value function of the shortest paths:
The complexity of the approximation is in O(% -lognC') [Baz+22]. For the purpose of better
readability, let s := % -lognC, making it O(s).

Calculating the upper envelope: The upper envelope of n intersecting line segments can be
computed in O(n - logn) time [Her89]. We know that the number of line segments, that
may be generated through the approximation of the shortest paths, is in O(s). Hence, in
our case, we want to compute the upper envelope of n — 1 many piecewise linear functions,

each consisting of at most O(s) line segments, meaning

Tur C O(ns - log(ns)).

Complexity of the upper envelope: The complexity of the upper envelope of n line segments
is in O(n - a(n)), where a(n) is the functional inverse of the Ackermann function [HSS86,

WS88]. Therefore, the complexity of one upper envelope in our case is O(ns - a(ns)).

Calculating the lower envelope: The lower envelope of n line segments can be computed in
the same time as the upper envelope, so O(n -logn) (see [AS00]). Since we compute the
lower envelope over the n upper envelopes, each with complexity O(ns - a(ns)), we end up

with a computational time for the lower envelope of

Tie € O((n?s - a(ns)) - log(n?s - a(ns))).

Putting the information together, we get a running time for Algorithm 4.7 of

Tec= n-((n—1)-Tapp  +Tur) +Tie
C O(n-(ns-(m+nlogn)+ ns -log(ns)) + (n’s - a(ns)) - log(n?s - a(ns)))
= O(n?s - (m + nlogn + log(ns) + a(ns) - log(n’s - a(ns))))

Before resubstituting s, we want to simplify the term above. We use basic rules for logarithms
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and also a(ns) < ns, a(ns) < log(ns) as well as m < n?.

O(n?s - (m 4+ nlogn + log(ns) + a(ns) - log(n?s - a(ns))))

= O(n?s - (m +nlogn + log(ns) + a(ns) - logn + a(ns) - log s + a(ns) - log(a(ns)))

C O(n?s - (m +nlogn +log(ns) + a(ns) - logn 4+ a(ns) - log s + a(ns) - logn + a(ns) - log s)
= O(n®s - (m + nlogn + log(ns) + a(ns) - logn + a(ns) - log s)

C O(n%s - (n® +log(ns) + a(ns) - log(ns)))

= O(n?s - (n* + a(ns) - log(ns)))

C O(n%s - (n? +log?s))

where the last line is due to the fact that
O(a(ns)log(ns)) € O(log*(ns)) = O(log? n + lognlog s + log” s)

and the fact that (lognlogs) is either at most log®n or log®s. Resubstituting s = % - lognC

gives us a running time of

1 1
@ (n2 o lognC - <n2 + log® <5 ~10gn0)))

which proves our claim. [ ]

Remark 4.10 As of now, no results are known about the complexity of the optimal value
function or the solution of the parametric center problem on undirected graphs. However, we
can still use Algorithm 4.7 to approximate this problem. This is, because the algorithm used

for the subroutine can be used on undirected graphs in the same running time.

Trees

In the remainder of this section, we discuss the parametric center problem on tree graphs 7' =

(V, E) (see Section 2.2). Therefore, we again distinguish between directed and undirected trees.

Directed Trees

If we recall the center problem, we find that only those vertices are feasible, from which all other
vertices can be reached. For a directed tree, this means that there is only one feasible solution,

if we are faced with a rooted out-tree.

Proposition 4.11 The parametric center problem on a directed tree 7' = (V, E) is optimally
solvable, if the tree is a rooted out-tree with single optimal solution » € V' being the root for all

A

Proof. Let the tree be rooted in r € V. Per definition, the root is the vertex, from which every

other vertex v; € V' can be reached. This root is unique. Furthermore, if it only has descendants
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— meaning the tree is a rooted out-tree — it is the only vertex fulfilling feasibility for the center

problem and thus it is the single optimal solution. |

Remark 4.12 We can find out, if a tree is a rooted out-tree by checking whether there is a
single vertex, that has an in-degree of 0. If the representation of the tree is given with an
adjacency list, we can check the in-degrees in O(m + n). Note, that connectivity is given

through the definition of a tree.

As to analyze the complexity of the objective function, we use the fact, that every shortest r-v-
path-path, for » € V' being the root and v # r € V being any other vertex, can enter the optimal

value function only once.

Proposition 4.13 If T' = (V, E) is a rooted out-tree, the objective function of the parametric center

problem has at most n — 2 breakpoints.

Proof. From Proposition 4.11 it is known, that the root » € V is the only feasible, and thus
optimal solution for all A € A. Recall that the objective function of the parametric center
problem is max,, ey w;dy(r, v;) for all A\. The distances d(r,v) are linear functions and for every
A, there is a path defining the objective function. Let v; be the vertex, such that w;dy(r,v;) is
maximal for an interval [A,, As]. Also, let v; be the vertex for which w;dy(r,v;) is maximal for
an interval starting at A;. That means, there is an intersection of w;d(r,v;) and w;dx(r,v;) at
As. Then for every A > Ay, it is w;dx(r, v;) < wjdx(r,v;) due to the linearity of dy(r,v). Thus,
every path occurs in the optimal value function of the center problem only once. Since there is
a total of n — 1 paths from r to every other vertex, the number of breakpoints in the objective

function value is bounded by n — 2. |

The observations above lead to the conclusion, that parametric center problems on directed trees

are not of particular interest, since they are only feasible for a very special case.

Undirected Trees

This section deals with the parametric center problem on undirected trees T' = (V, E). Analo-
gously as for the directed case, the fact that paths are unique in trees, simplifies the parametric
center problem in comparison to the problem on general graphs and therefore the answer to the
three questions stated in Section 3.1. However, unlike in the case of directed trees, in general

there is more than one feasible solution in the undirected case.

Still, an exact algorithm that has polynomial running time can be formulated. For every vertex
v;, the shortest paths d (Ui,’l}j) to all other vertices v; are computed and multiplied with the
corresponding vertex weight w;. The distances dy(v;,vj) can be found by fixing A and solving
the non-parametric problem to generate the edges of the path. Then, for every vertex, the upper
envelope is calculated over the objective functions of the corresponding shortest paths. Finally,
the lower envelope over all upper envelopes solves the parametric center problem. Algorithm 4.14

states the procedure.
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Algorithm 4.14 — Solution of (1, max,T')x.
Input: T = (V, E) with parametric edge weights £x(e) = a(e) + Ab(e) and vertex weights
w; >0
Output: Set of optimal vertices for (1, max,T")y
1: for all v; € V do
for all v; € V do
calculate w;d (v;, v;)

end for

: end for

2
3
4
5: compute upper envelope of the linear functions found in line 3
6
7. calculate lower envelope of all upper envelopes found in Line 5

8

: return the lower envelope found in Line 7 and the vertices yielding the line segments

The stated algorithm indeed solves the parametric center problem, as shown in the following The-

orem 4.15.

Theorem 4.15 Algorithm 4.14 solves the parametric center problem on undirected trees.

Proof. Since the algorithm evaluates all vertices in terms of their corresponding objective function
values and chooses the best among them for all A € A, it outputs a set of optimal vertices for

the parametric center problem dependent on the current \. |

As mentioned in the introduction, the stated algorithm solves the problem in polynomial time,

as the next Lemma 4.16 shows.

Lemma 4.16 Algorithm 4.14 solves the parametric center problem on undirected trees in
O(n%logn).

Proof. The overall running time 7' of Algorithm 4.14 depends on the computation of the para-
metric single source shortest paths (Tsp) together with the weight-multiplication, calculating the
upper envelope over them for each vertex individually (T g), and the running time for the lower

envelope over all upper envelopes (T1g), so
T=n- (TSP + TUE) +TiE.

Since the parametric paths are unique, they can be found with breadth-first search for fixed A

in O(n) for trees. Multiplication is done in O(1), so
Tsp C O(n).

As a result, there are n — 1 linear functions dj(v;,v;), over which the upper envelope can be
calculated in
Tug € O(nlogn).
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Each of the upper envelope consists of at most O(n) line segments. This is because of the follow-
ing. Let a linear function d(v;, v;, ) be maximal among all distances for an interval [A € A, Ag].
Let dx(vi,vj,) be the linear function it intersects with at A, thus dx(vi,v;,) > dx(vs,v;,) for
A > A;. Due to linearity, the function dj(v;, v, ) is not part of the upper envelope for all A > A,.
Considering the fact, that the lower envelope is computed over all n upper envelopes, thus over

O(n?) line segments, the running time for this step is
Tie € O(n*logn?),

see [AS00]. The overall running time then is

T C O(n-(n+nlogn) +n?logn?)
C O(n? - (logn + logn?))
C O(n*logn).

The number of breakpoints of the objective function as well as the number of switches of the
optimal location of the center is bounded by the number of total paths in the tree, as it is shown

in the next two lemmata.

Lemma 4.17 The number of breakpoints in the objective function of the parametric center

problem on undirected trees is bounded by n(n—1)/2.

Proof. Let T = (V, E) be an undirected tree with |V| = n. Then, there are no more than n(n—1)/2
different shortest paths P in the tree since between any two vertices v;,v;, the corresponding
shortest path is unique. Also, the distances dy(v;,v;) are linear functions. Therefore, once a
shortest path is no longer minimal for some J, it will also never again become optimal, hence no

objective function value of a shortest path contributes to the lower envelope more than once. W

Lemma 4.18 The number of switches of the center location is bounded by n(n—1)/2.

Proof. Clearly, for every A € A, the center of the tree is to be found on the path P,,,, for which
it is Ppqp = argmax; w;dy(FP;). Since there are only n(n—1)/2 different shortest paths in the tree,

the number of switches in the location of the center is also bounded by n(n—-1)/2. [ |
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Parametric Median Problems

Having dealt with parametric center problems in the previous chapter, this chapter analyzes
the parametric median problem. From Section 2.4 we recall, that the (non-parametric) median
location problem is defined as minimizing f(z) with f(z) = 2,  wid(v;, 2). With parametric
edge weights £y (e) = a(e) + Ab(e) and vertex weights w; > 0, the parametric median problem
can be formulated as follows:

Parametric median location problem (1,G, ")

INSTANCE: Graph G = (V, E), edge weights £ = a(e) + \b(e), such that a(e),b(e): E —

R, a parameter set A € A for A C R, vertex weights w; > 0
TASK: For every A € A, find an optimal location x5 C V such that the objective

function of the median location problem is minimal, i.e. minimize

Z widy(x,v;)

The 1-median problem was motivated by Hakimi [Hak64] as a location for a “switching center”
in a communication network. In this work, he provided foundation for this problem. First he
points out, that the vertex restricted case on general graphs with vertex weights can be solved
exactly by computing the all-pair-shortest-paths and summing the retrieved weighted distances
for each vertex. Evaluating over the minimum of the summed distances solves the problem.
The more notable result, however, is that an absolute median can always be found on the
vertices of the graph. On tree structures, the computation of the 1-median can be done by an
algorithm of Goldman [Gol71] in O(n). Surprisingly, this method never takes the edge weights
into account but rather computes the median by only comparing vertex weights. We introduce
this algorithm later in Section 4.2.2 as it is used for the corresponding parametric problem as
well. An introduction to the median problem can for instance be found in [LNG15]. An overview
over the p-median problem is given in Section 6.1, where we analyze this problem in the context

of interdiction problems.

As we did for the center problem, we also divide this chapter in two parts. The first Section 5.1

is concerned with the problem on directed general graphs while Section 5.2 deals with trees.

Directed General Graphs
In this section, let G = (V, E) be a directed graph with parametric edge weights ¢, (e) = a(e) +

Ab(e) and vertex weights w; > 0. While we cannot give a result for the complexity of the



50 Chapter 5. Parametric Median Problems

solution of the problem as of now, we can still answer the question about the complexity of the
objective function values. Again, we want to use the graph of Mulmuley and Shah, introduced

in Section 3.2.

Theorem 5.1 The optimal value function of the parametric median problem can have super-

polynomial many breakpoints.

Proof. Consider the graph G with core G, ,, of Mulmuley and Shah and it’s alteration G’ shown
in Figure 5.1. Note that Subfigure 5.1a shows exactly the graph that is constructed in [MS00]
and introduced in Section 3.2, while the graph G’ in Subfigure 5.1b is a slight variant. Here,

we introduce a vertex t’ that is a successor of vertex ¢ with constant edge weight. Vertex s is

s t
[ ] .—>0

(a) Graph G of [MS00]. b) Graph G'; alteration of graph G of [MS00].

Figure 5.1: Graphs used in the proof of Theorem 5.1.

the only vertex that is feasible for the median location in both graphs G and G’. This is due
to the construction of G,,, and the fact, that every vertex of a layer only has successors in
following layers, never in previous ones. Thus, s is the optimal location for every A. Recall that

the objective function value on G is of the form

fra(s) = da(s,v:) + da(s, 1)

ZS

for v; being the vertices of the core of Gy, ,. On G’ it is

Prar(s) =Y da(s,v0) +da(s, 1) + da(s,t') = frals) +da(s, ).

19

In particular, for every A, the s-t-path having super-polynomial many breakpoints, is part of the

sum once for G or twice for G/, respectively.

Let X be a breakpoint of dy(s,t) in graph G. Assume, that A is not a breakpoint in the
objective function fy (s) for graph G, meaning at A the objective function is linear. Then,
A is a breakpoint of f ¢/(s) in graph G’. This is due to the fact, that X" is a breakpoint of
dx(s,t"). Since fac(s) = faa(s) + da(s,t'), adding dx(s,t’) results in a breakpoint at \'. We
can conclude, that either X’ is a breakpoint of the objective function value in G or G’. This fact
holds for every of the 29 (log” n) breakpoints of dy(s,t). Consequently, not less than half of the
breakpoints occur in either G or G’. Therefore, on one of the graphs, the objective function has

at least 22(log” n)—1 breakpoints, which proves our claim. |

Since the computation of the objective function values might be excessive, we introduce an
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approximation scheme similar to the one presented for parametric center problems on directed
graphs in Section 4.1. We keep the idea of dividing the problem into smaller subproblems, that
we approximate. Out of these, we then build the approximate solution for the initial problem in
a second step. Again, the idea is to evaluate all feasible vertices but use the (14 ¢)-approximation
introduced by Bazgan et al. [Baz+22]. As opposed to the algorithm for the center problem, we do
not only approximate the shortest path between two vertices. Instead, for every vertex v; € V', we
run the (non-parametric) SSSP-algorithm as a subroutine for the approximation, multiply with
weights and sum all found paths. That is, we calculate the median objective for a fixed vertex
and a fixed A as a subroutine. This is possible, since the median objective fulfills the assumptions
for the problem to be approximated (recall Section 3.1). Thus, we gain an approximation on the
objective function value for the parametric median problem for every vertex v. Then, calculating
the exact lower envelope over these n piecewise functions and evaluating the vertices yielding the
line segments solves the problem approximately. As before, we need to ensure that the objective
function values are non-negative for the approximation part of the described routine. Therefore,
we restrict the problem in the same manner as for the center problem in Section 4.1. Let a(e)
and b(e) functions that map to non-negative integers Ny. Then, for all A > 0, the distances
dx(v;,v;) between two vertices are non-negative and therefore also the median objective value,

which is the sum of distances dy. Algorithm 5.2 shows the method.

Algorithm 5.2 — Approximation for (1, ", G)x.
Input: G = (V, E) with parametric edge weights £)(e) = a(e) + Ab(e) and vertex weights
w; >0
Output: (1 + ¢)-approximation of (1, G, >")x
1: for all v; € V do
2: Compute (1 + ¢)-approximation of 3 w;dx(v;, v))
3: end for
4: Calculate lower envelope of all sums found in Line 2

5. return the lower envelope found in Line 4 and the vertices yielding its line segments

Theorem 5.3 Algorithm 5.2 results in an (1 + ¢)-approximation for the parametric median

problem on directed general graphs.

Proof. Let x € V be arbitrary, but fixed. In the considered problem, we want to approximate the
median objective function at z. Recall, that the edge weights ¢x(e) = a(e) + Ab(e) are linearly
dependent of A. Therefore, as mentioned before, the distances dy (x, u) of the corresponding paths
Py, for u € V are linear functions as well and of the form dx(z,u) = 3_ c(p, ) (a(e)+Ab(e)). For
computing the median objective value, 3 .y, wydx(x, u) needs to be calculated. As it is the sum
of linear functions, it is a linear function as well. Therefore, the parametric median problem that
we want to approximate, satisfies the required assumptions. Consequently, we can approximate

the objective function of the median problem for a fixed vertex with the approximation scheme
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stated in [Baz+22]. Let f/(A) be the approximation of f;(\). Then, for these functions it is
N <@ +e)fi(N). (5-1)

The approximate median objective function is computed for all vertices and through the evalu-
ation of the lower envelope the best among them is chosen for every A. It remains to be shown
that the approximation quality is still valid after the computation of the exact lower envelope
over the approximated functions. Let f;+(\) := min;{f;(\)}. Then, it holds:

min{f/(A)} < fi.(A)
5.1
< (I+e)fi-(V)
= (L ) min{£;(V)},
such that
min{f/(A)} < (14 &) min{f;(\)}.
Thus, calculating the lower envelope in line 4 keeps the approximation quality. |

Theorem 5.4 Let G = (V, E) be a graph with parametric edge weights ¢)(e) = a(e) + Ab(e)
and vertex weights w; > 0. Let C' be the maximum among all values a(e), b(e). Algorithm 4.7

yields an FPTAS for the parametric median problem.

Proof. To analyze the running time Ty for Algorithm 5.2, we have to analyze the running time
Tapp for approximating the median objective values separately for all v € V' and the running

time T for computing the lower envelope. Thus, the running time of Algorithm 5.2 is
Tam =n-Tapp + TiE.

We determine the running times of all parts successively, for which we assume that € < 1.

Approximation of the median objective values: From (3.2) we know that the running time

for the approximation is in

1 UB
@ (TUB/LB + Tarc <5 log LB)> )

where Tyg,1p is the time to compute upper and lower bounds on the objective function

and Tarq is the time to run the subroutine for fixed .

An upper bound can be found in polynomial time with calculating 2(n — 1)2C in O(m).
This is, because the distance between two vertices can be no more than 2(n—1)C, thus the
sum over all distances to all other vertices is bounded by 2(n — 1)2C which is in O(n?C).

The lower bound can be set to 1.

As for Tapp, in our case, where we calculate the median objective function for a fixed
vertex at a fixed A, this is calculating the SSSP, multiplying with the according weights and
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summing up the n received paths. Calculating the SSSP is in O(m + nlogn), multiplying
and calculating the sum is in O(n).

Therefore, the approximation part of Algorithm 5.2 can be done in
1 2
Tapp CO (m+ — - (m+nlogn)-logn“C
€

1
co (6 - (m +nlogn) ~lognC’>

Complexity of the approximation of the optimal value function: The complexity of one
approximation is in O (£ - (log(UB))) (see [Baz+22]). For the considered case, this is
O(1/e -lognC). For better readability, let again s := 1/ -lognC', thus the complexity of the

approximation of the median objective for one vertex is in O(s).

Calculating the lower envelope: The lower envelope of n line segments can be computed
in O(nlogn) time (see [Her89]). Thus, the lower envelope of the n approximate median
objectives can be computed in

Tie = O(nslogns).

Combining the information and using rather rough estimations, we can prove our claim:

Tam =n-Tapp +1TLE

:(’)<n~1

- (m 4+ nlogn) -lognC + nslog ns)

€
co (n é - (n?) -lognC + n232)
3 1 2.2
—O<n ~510gnC+ns>
1 1\°
=0 n3.glogn0+n2 (5) log” nC

Observation 5.1 Instead of dividing the problem in smaller subproblems, the approximation al-
gorithm of Bazgan et al. [Baz+22] can also approximate the parametric median problem directly
by using a non-parametric algorithm as a subroutine that solves the 1-median problem on the
given network. That is because the objective function is of the required form, as seen before, and
we make the same assumptions for a(e),b(e) and A. Furthermore, there is an exact algorithm

available that solves the 1-median problem on a network in O(n(m + nlogn)) by enumeration.

As a reminder, in Algorithm 5.2 we approximated the n optimal value functions for all vertices
separately and afterwards computed the lower envelope to minimize over all possible solutions.
Integrating the minimization step directly into the subroutine by solving the median problem
over all vertices directly saves the running time needed to calculate the lower envelope. For this

observation, recall the running time provided in [Baz+22], see (3.2).
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For s = /e - lognC, as before, the running time for Algorithm 5.2 is in
1
@] (n — - (m+nlogn) -lognC—l—nslogns)
€

where the term (nslogmns) is the time needed to calculate the lower envelope, see proof of
Theorem 5.4. The running time for the algorithm that approximates the median problem directly,
is in

(@] (i_ “(n-(m+nlogn)) - lognC’> .
However, we are able to utilize some handy properties of the approximation algorithm that allows
to get a faster running time to compute the lower envelope. Thus, we are able to improve the

overall running time of Algorithm 5.2. We state our improved result in the following.

Theorem 5.5 The running time of Algorithm 5.2 is in O (n . % - (m +nlogn) - log nC).

Before we prove Theorem 5.5, we recall Theorem 2.56, which is used in the following analysis:
if the n line segments are sorted in slope and sorted in the endpoints of their z-coordinate, the

upper (lower) envelope can be calculated in O(nloglogn) [CWO02].

Proof. As seen before, the running time of Algorithm 5.2 is
1
Tamv=01|n- g . (m+nlogn) . lognC’ +TiE

where Ty is the time to compute the lower envelope. Since we are using a stack in the ap-
proximation algorithm, we are able to generate the different approximations such that they are
each sorted in A\. Moreover, the corresponding line segments are also sorted in slope. This is
because the approximation of the optimal value function is concave and thus the slopes are sorted
in decreasing order [Baz+22]. Consequently, after the approximation step, we have n sets of s
ordered elements with respect to both slope and A. To calculate the lower envelope over all of
them by using the algorithm provided by Chen and Wada [CW02], these elements need to be
merged in an ordered way. This can be done by merge sort techniques in O(nslogn) [Lei+01].
Therefore, the running time to compute the lower envelope is the sum of the running time to
sort the elements and to apply the algorithm by Chen and Wada [CW02]:

Trg = O(nslogn + nsloglogns).

Since we may assume that n,s > 2. Then it is loglogns = log(logn + log s) < log(logn - log s).
Furthermore, from [Baz+22] we know that s € O (Y/e-lognC). Additionally, since s is the

number of segments in one approximation, s is also bounded by n'™. That is, because for each
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edge we count the number of paths where the edge may occur. Therefore,

Tie = O(nslogn + nsloglogns)
(ns(logn + log(logn - log s)))
(ns(logn + log(logn - logn™)))
(ns(logn + loglogn + log(mlogn)))

1
(nslogn) =0 (n - ~10gnC) .
Thus, the running time of Algorithm 5.2 is
1
Tan =0 <n o (m+nlogn) - lognC’> .
|

We proved that the running time of both variants, the subdividing-approach as well as the
direct approximation, actually have the same theoretical running time and also approximation
guarantee. However, there might be advantages of the method described in Algorithm 5.2.
When subdividing the problem and approximating every subproblem individually, we might be
able to gain more information in the sense of a finer division of A together with the approximate
solutions. Thus, although the theoretical approximation guarantee of (1 + ¢) is the same, in
a computational study we might be able to gain better results by running the approximation
over all vertices individually and use this information to build the solution set of the problem.
Furthermore, since the n approximation steps are done independently of another, they can be
run in parallel. In practice, this might yield running time improvements. Again, we are aware
that in a theoretical consideration, both aspects of running time and approximation guarantee

are equal for both approaches.

Remark 5.6 Algorithm 5.2 can be used to approximate the parametric median problem on
undirected graphs as well. On undirected graphs, the algorithm used in the subroutine works

on undirected graphs in the same manner and has the same running time.

Trees

For the remainder, let T = (V,E) be a tree with parametric edge weights. We distinguish
between directed and unirected trees, but will see, that the case of directed trees is similarly

restricting as it is for the parametric center problem.

Directed Trees

For the parametric median problem, most of the arguments hold, that were already stated in
Section 4.2.1. Therefore, we will only give the results and refer to the mentioned section for
details.

Proposition 5.7 The parametric median problem on a directed tree T' = (V, E) is optimally
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solvable, if the tree is a rooted out-tree with single optimal solution » € V' being the root for all

A

Remark 5.8 As already stated in Remark 4.12, we can check whether the tree is a rooted

out-tree in O(m + n).

Proof. See Proposition 4.11 |

As for the complexity of the objective function, we use the fact, that the objective function values

are linearly dependent on A.

Proposition 5.9 If T'= (V, E) is a rooted out-tree, the objective function of the parametric center

problem is a linear function.

Proof. From Proposition 5.7 we know, that the root r € V' is the optimal solution for all A € A.
vey da(r,v) for all .

Since dy(r,v) are linear functions, the sum is also a linear function. [ |

The objective function of the parametric median problem therefore is >

Undirected Trees

For the remainder of this section, let T = (V, E) be an undirected tree where the edges are
equipped with weights ¢ (e) > 0 for A > 0.

For non-parametric median problems on undirected trees, there is the algorithm of Goldman
[Gol71], that solves the problem in O(n), even when vertex weights w(v;) = w; are given for
all vertices v;. In this section, we show, that this algorithm can also be used in a parametric
setup, as long as the edge weights are nonnegative. The case of negative weights on the edges is

discussed later on.

Surprisingly, the mentioned algorithm runs without taking the edge weights into account. While
this seems counterintuitive, we can imagine the algorithm to balance the tree in terms of the
weights of its vertices. We briefly describe the procedure for the non-parametric case in the

following.

Given an undirected tree T' = (V, E), let W := ). w; be the sum over all vertex weights w;.
Then choose an arbitrary leaf v; that has one adjacent vertex v;. If the weight w; equals W/2,
return vertex v; together with vertex v; as optimal solutions for the median location problem.
In the case that w; > W/2, only vertex v; is optimal. If none of these cases hold for the chosen
leaf, update the weight w; to w; + w; and delete v; and edge e = (v;,v;). Then, choose another

arbitrary leaf and iterate the process until the algorithm terminates.

As indicated in the beginning, the lengths on the edges are not relevant for the algorithm,
but only the vertex weights determine the solution of the median problem. This gives hope
that the algorithm can also be used for parametric undirected trees, which is in deed the case.
The parametric median problem with non-negative edge weights can be solved by applying

Algorithm 5.10. Note that we allow for vertex weights in this specific case.
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Eal

Figure 5.2: Hlustration for the proof of Theorem 5.11.

Algorithm 5.10 — Solution of (1,>",T), for positive edge weights.
Input: T = (V, E) with parametric non negative edge weights £)(e) = a(e) + Ab(e), vertex
weights w(v;) = w;, i = {1,...,n}
Output: Set of optimal vertices for (1, ,7)x
1: W+ Zi Wy
2: while ||[V|| > 2 do
3: choose leaf v;
identify unique edge (v;, v;)

4:

Be if w; /2 then

6: identify unique edge (v;,v;)
T return {v;, v;}

8: end if

9: if w; > W/2 then

10: return {v; }

11: end if

12: wj — wj + w;y

13: T=V,E)«+ T\ {v}
14: end while
15: return V = {v}

Theorem 5.11 Algorithm 5.10 solves the parametric median problem on undirected trees with

positive edge weights.

Parametric version of the proof of 5.11 (based on [Gol71]). For S C V', let w(S) ==, g w(v).
Also, let fx(z,S) =3 cqgw(z)dr(z,v). Let an edge e = (k,l) be given. Eliminating e from the
edge set F results in two subtrees with node sets K and L, where k € K and [ € L, respectively.
See Figure 5.2 for an illustration.

Then, two things must be proven:
1. If w(L) > w(K) then there is at least one optimal location in L

2. If w(L) < w(K) then the problem of finding an optimal location in V is equivalent to
finding an optimal location in K with redefined vertex weights w’ (k) := w(k) + w(L)
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Claim 1 Let r € K be given. We show, that f\(r) > fi(l).

Ia(r) = fa(r, L) + fa(r, K)
= w(L)dx(r,1) + fA(l, L) + fa(r, K)
> w(K)dx(r,1) + fa(l, L) + fa(r, K)
—f,\lL—I—Z v)(dx(r, 1) + dx(r,v))

veK

> falL L)+ ) w(v)da(v,1)

veK

=l L)+ fal, K) = fa(1)

Claim 2 Let again r € K be given.

) =

f)\(T, L) + w(k)dA(T7 k) + f)\(’l“, K \ {k})

= w(L)dx(r, k) + fa(k, L) + w(k)dx(r, k) + fa(r, K \ {k})
= d(r; k) (w(L) +w(k)) + fa(k, L) + fa(r, K\ {k})
= 1) + Ik, L)

Since fi(k, L) is constant, the claim is proven.

The first statement ensures, that searching for an optimal location in the subtree with bigger

summed vertex weights is valid. The second statement shows, how this is done by adjusting the

vertex weights.

Remark 5.12 Equivalent to the non-parametric version of this problem, either one or two

vertices are optimal for the stated problem.

Theorem 5.13 Algorithm

5.10 has a running time of O(n).

Proof. Equivalent to the non-parametric version, every vertex gets examined at most once.

Theorem 5.14 The objective function of the parametric median problem on undirected trees

with non negative edge weights is a linear function.

Proof. Follows directly from the fact, that paths in trees are unique, and that the lengths of

these parametric paths are sums of linear functions. Then, the sums of theses lengths are linear

functions as well. Together with Remark 5.12 the claim holds.

As described above, the algorithm of Goldman works entirely without taking the weights on the

edges into account. While this might be unintuitive, conversely, it means that we can use it to

solve the parametric median problem on undirected graphs like the non-parametrical problem.
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Note, that Algorithm 5.10 only works, as long as the weights on the edges are positive. For

illustration, see Example 5.15.

Example 5.15 Let an undirected tree T' = (V, E) be given as in Figure 5.3.

Figure 5.3: Exemplary Graph.

Let

Le1) =3+40.7-X,  wlex) =5+05-\, Lle3)=T7+0.1-\ wl(eg) =6+04- )\,
lles) =4.5+0.2- N {l(eg) =3, wl(er) =1.5+0.5- A, f(eg) =4+0.5- A\

For A\ > 0, it is clearly £(e;) > 0 for all ¢. For unit weights on the vertices, we get vertex vs as
the center location for the parametric 1-median problem. Indeed, the optimal function values

depicted in Figure 5.4 show, that vs is optimal for all A > 0.

a(wi)

150 | Fa(vr)

fa(ve)

Fa(va)
Fa(vg)

Fa(v2)
Fx(vg)
Ia(vr)

""""""""""""’”””””””””,,,——-fA(vs)

50

100 f

2 4 A
Figure 5.4: Graphs of the objective function values for vertices v; to wvg for positive edge
weights.

The algorithm does not work, if we allow for negative edge weights, which is shown in the next
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example, where we changed the first three edge weights for the same graph in Figure 5.3:

le1) =3—0.7- A, le) =5—05-XA, Llleg) =T7—0.1-\, lieg) =6+0.4- A,
lles) =4.54+0.2 X,  L(eg) =3, ller) =154+05-\  lleg) =4+0.5-\

The objective function values are depicted in Figure 5.5. Analyzing the lower envelope shows,
that there is a switch in the median location from vertex vz to vi, when there corresponding

objective functions intersect.

Ia(vs)

fx(ve)
fa(vg)
100 | fa(va)

Fa(vg)

Fa(vr)

fa(v2)
fx(ve)
fa(v3)
50 + fa(v1)

2 4 A

Figure 5.5: Graphs of the objective function values for vertices v; to wvg.

Remark 5.16 As we have stated above, the value of all parametric shortest paths in a tree are
linear functions, as they are sums of linear edge weights and furthermore, they are unique.
Therefore, if the parametric weights on the edges might be negative, we are still able to solve
the 1-median problem exactly by calculating the APSP and evaluating the lower envelope

similarly the the center problem case in Section 4.2.

Algorithm 5.17 — Solution of (1,>,7)x.
Input: T = (V, E) with parametric, not necessarily non negative edge weights ¢, (e) = a(e) +
Ab(e), vertex weights w(v;) = w;
Output: Set of optimal vertices for (1,5 ,7)x
1: for all v; € V do

2 for all v; € V do

3: calculate dj (v, vj)
4 end for

53 > dx(vi,v;) for all ¢
6: end for

7. calculate lower envelope of linear functions found in line 5
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8: return for every A, the corresponding vertex that minimizes the lower envelope found in

line 7

Theorem 5.18 The running time of 5.17 is O(n?).

Proof. The running time of Algorithm 5.17 is
T=n-(Tsp+ Tsum)+ TrE,

where Tsp is the time needed to compute the single source shortest paths, Tsum for calculating
the sum in line 5 and the running time for the lower envelope 17 p over all objective function
values for every vertex. Again, with breadth-first search for fixed A, the single source shortest
paths can be done in O(n) for trees, so Tsp = O(n). Summing up the resulting n — 1 linear
functions is in O(n), so Tsum = O(n). Since this is done for every vertex, the lower envelope
over n linear functions is computed in the last step, which is why it is T, p = O(nlogn). The

running time then is

TCO(n-(n+n)+nlogn)
@

(n?).

Furthermore, we are able to give a bound for the complexity of the optimal value function and

the solution itself.

Theorem 5.19 The number of breakpoints in the objective function of the parametric median

problem on undirected trees with negative edge weights is in O(n).

Proof. For every of the n vertices v; € V, the objective function value } . dx(v;, v;) is a linear
function in A, since it is the sum of distances, that are linear functions dependent of A\ as well.
For these n linear functions, the number of breakpoints of their lower envelope is in O(n), since

none of the linear functions enters the lower envelope more than once. |

Theorem 5.20 The number of switches of the median location on parametric undirected trees

is bounded by n.

Proof. As seen in Theorem 5.19, the number of breakpoints in the objective is bounded by n.
With the same argument — no linear function representing the objective function value of one
vertex — contributes to the lower envelope more than once, meaning that each of the n vertices

is the location of the median at least once. [ |
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6.1

p-median Location Interdiction

Introducion

Interdiction problems pursue the question of how a system can be interrupted in the worst
possible way in terms of the original objective function. The interruption itself can be caused by
different acts, such as modification of the edge lengths or deletion of entire edges as well as the

vertices. In this chapter, we analyze the p-median location interdiction problem.

The decision version of the p-median location problem is known to be NP-complete for variable
p on general networks, which can be shown by a reduction from the dominating set problem
[KH79b]. For this case, there are several heuristics known. A good overview on this topic can
for example be found in [Mla+07]. For a general graph with unit length values on the edges and
variable p, the problem still remains NP-complete [GJ79]. In contrast, for fixed p, the decision
problem is solvable in polynomial time on general graphs by enumeration [GJ79]. Due to the
hardness of the general case, research focused on particular graph structures. For G being a
tree, the authors in [KH79b] present an O(n?p?)-algorithm to solve the problem. A dynamic
programming approach based on this result was later proposed in [Tam96], which runs in O(pn?)
and got improved by [BB05] to an algorithm which runs in O(nlog’*?n). The complexity for
path graphs is shown to be O(pn) in [HT91]. A linear time algorithm can be applied for the 1-
median location problem on trees [Gol71]. An overview of the solution methods for the p-median

location problem in particular can be found in [Ree06].

Interdiction problems have gained increasingly more attention lately [SS20]. There are several
different applications, that motivate research in this field. The interdiction of a network can
either have a desirable outcome, such as in narrowing the spread of a disease [Ass87], interdicting
smuggling routes [MPS07] or — as for example done in [Wo093] — the aim of (armed) forces to
reduce the amount of drugs and chemicals transported illegally via road or waterways — possibly
with limited resources. Also — on the contrary — attacks on networks can be interpreted via
interdiction steps. In this case, the analysis of these problems might allow the determination of

valuable edges or locations of the original network.

Two main optimization problems, which have been studied in the context of interdiction, are
the shortest path problem as well as the maximum flow problem. Notable research on the first
topic has been done in [BGV89], [BKS98], [CD82] or [IW02], for instance. Results on the latter
problem might for example be found in [GMT71], [RSL75], [Sch+20], [Wol64] or [Wo093]. In

[SS20], one can find a recent overview of the literature on interdiction problems.



6.2

66 Chapter 6. p-median Location Interdiction

Research concerning the combination of location and interdiction problems on the other hand
is quite scarce. In this context, we mention the r-interdiction median problem, which is defined
as follows. Given a supply-system with p existing locations, the interdictor wishes to find the
subset of r locations, which, when removed, yields the highest weighted distance with respect
to the median location function [CSMO04]. There are a few extensions to this problem, such as
the possibility to fortify a fixed number of the existing facilities, which in consequence cannot
be interdicted by the attacker anymore [LSD11]. In [APA10], the authors alter the concept
of fortifying a specified number of locations, but rather introduce a restricted budget for for-
tification. A further topic, gaining more interest, is the p-hub interdiction problem, which is
for example considered in [URS20]. Still, most of these approaches have in common, that the
interdictor intervenes the existing locations and not the underlying network. An exception to
this concept can be found in [FR21]. Here, the authors combine the covering problem with an
edge interdiction problem. In [FR22], the authors present a polynomial time algorithm for the
interdiction problem on trees, where an upfront chosen set of facilities is given and the interdictor
wishes to worsen the reachability within the tree. In [Fro21], the authors combine the median
location problem with edge interdiction. To the best of our knowledge, this is the only work on
the p-median interdiction problem with edge interdiction. There, they consider the problem for
different orders of action of the locator and the interdictor. For the case, that the interdictor acts
before the locator, they prove this problem to be ¥5-complete in the general case. In the same
work, a bilevel mixed-integer formulation is presented for the problem. This result motivates the

analysis of the problem for restricted cases.
In the following, we define the p-median location interdiction problem.

Decision version of the p-median location interdiction problem

INSTANCE: Undirected graph G = (V, E), edge lengths ¢: E — Z., interdiction costs
b: E — Z,, interdiction budget B € Z,, number of locations p € Z, and
decision parameter K € Z.

QUESTION: Does there exist an interdiction strategy v € I' such that

i d X,v)>K?
xcih, 2 doo () 2

In the optimization version of the stated problem, we aim to find the maximum K for which the

decision version is a YES-instance.

Complexity results

It is well known that the p-median location problem is NP-complete, cf. [KH79b]. Therefore it
would be surprising for the corresponding interdiction problem to be polynomial time solvable.
In fact Frohlich [Fro21] proved that the decision version of the p-median location interdiction
problem is ¥5-complete. However, there are several restrictions of the p-median location problem
which are proven to lead to polynomial time solvability, as mentioned in the introduction. Among

the restricted versions, that are polynomial time solvable is the p-median location problem on
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trees, as shown by Tamir [Tam96]. In this section we prove that adding the interdiction layer to
the problem makes the problem significantly harder: The p-median location interdiction problem

is NP-complete even on trees. For this, we consider the knapsack problem with bounded profit

ratio of 2 (K-BPR2). An instance is given by a set M of m items with associated weights w; > 0
and profits p; > 0 for all ¢ € {1,...,m}. For the profits it holds 1’;—; < 2 for all p;, p; with i # j.
We now show that this problem is NP-complete.

Lemma 6.1 The knapsack problem with bounded profit ratio of 2 is NP-complete.

Proof. We reduce the equal partition problem to K-BPR2. Let an instance of the equal partition
problem, which is known to be NP-complete [GJ79], be given with a set I = {u1,...,%,} such
that Y1, w; = B € 2Z,w > 0. For the equal partition problem we ask for a partitioning of the
elements of I into two subsets Iy, I such that >, @; = > ., w; = L and |I| = || = 2.
Define p; = w; := w; + B+ 1 for all 4. According to this definition, the smallest p; is at least
B+ 1 and the biggest p; is not greater than 2B + 1 such that the ratio 5—; of all pairs p;, pj, i # j
is bounded by 2.

Suppose we are given a solution I; to the equal partition problem, we ask for a solution to the
knapsack problem with profit
B n
P>—+—-(B+1
Z 5 +—2( +1)

and total weight
B n
W< —+—=(B+1).
<S+2B+Y

We state, that the selection I is such a solution. For the profit, it is P =3",c; pi = >,y (i +
B+1)=Z5 4+ 2(B+1). Also, W =3, cpp, wi =Y, (0 + B+1) =5 + 2(B+1).

On the other hand, given a solution J € I to the knapsack problem for which P > g +5(B+1)
and W < £ + 2(B + 1) we show that .J together with I\ J is a solution to the equal partition
problem. To prove this statement, we need to show that |.J| = 5

Suppose that |J| < §. Then for the profit, it is >, ;pj = >_,c,(0;+B+1) < B+ (5 —1)(B+
1) = §(B +1) — 1 < P which is a contradiction to the solution of the knapsack problem.
Analogously, suppose that [J| > 3. Then for the weight it is > ., w; =3 . ;(@0; + B+1) >
B+ (5 +1)(B+1)=2B+ 1+ 5(B+1) > W. Therefore, we have |J| = 5. Finally, calculate

n B n
E -:E v, +—(B+1)>—+ —=(B+1
‘ Pj : w]—|—2( +)_2+2( +1)
jed jed
and also B
n n
P = v, +—(B+1)< =4+ —=(B+1).
Ew ij+2( +)_2+2( +1)

i€ jeJ
Therefore, we get that »°, ;@; = 5

Clearly, given a solution to the K-BPR2, we can verify this solution in polynomial time. Thus,
the K-BPR2 is NP-complete. |



68 Chapter 6. p-median Location Interdiction

[ ] [ ]
l; =0
bi=B+1 * ®
Uz
l; =0
b; = w;
L =p;
bi=B+1
o o [ J [ [ ] ® [ ] ®
£:=0 ° ° ° ° ° ° ° °
bj=B+1
[ J [ J [ J [ [ ] [ J [ ] [ J
(a) Red color depicts the edges with lengths ¢; = p; > 0; (b) One optimal locator’s solution
green color depicts the edges with individual interdiction where the placed centers are depicted
costs b; = w;. in blue.

Figure 6.1: The tree graphs used in the proof of Theorem 6.2.

With this result, we can prove our initial claim that the p-median location interdiction problem

on trees is NP-complete.

Theorem 6.2  The p-median location interdiction problem, where the underlying graph is

given by a tree, is NP-complete.

Proof. We show this by reducing K-BPR2 to the location interdiction problem. Let an instance
of K-BPR2 be given by a set M of m items with associated weights w; and profits p; for all i €
{1,...,m}. For the profit it holds for all p;,p; with i # j that g—;’ < 2. Furthermore, let
W, P € Z be two integers. Consider a tree with lengths ¢; and interdiction costs b; for every
edge e; as depicted in Figure 6.1a. Note, that the construction provides m paths of four vertices
emerging from vertex v, and one path of two vertices. Let B = W be the interdiction budget.
For every selection of interdicted edges, one optimal strategy to choose m + 1 centers is depicted

in Figure 6.1b.

To prove this fact, we need to show that every single path emerging from vertex v, must have
one center, and furthermore, that the center in the paths with 4 vertices must be below the edges

where ¢; = p;.

In case that every outgoing edge of v, which is part of the m paths of 4 vertices (depicted in
green in Figure 6.1a) is interdicted, the stated solution is optimal. Now consider the case where
w.l.o.g. the leftmost interdictable edge is interdicted and let the second outgoing edge of v, be

non interdicted. The notation used can be found in Figure 6.2.

Every path with interdicted starting edge (the edge outgoing of v, ) needs at least one center for
feasibility, since otherwise not all vertices are reached. Also, this center has to be placed below
the edge with length greater than zero — in the considered case u; or a vertex below. Now, the

only possibility for the locator to change the objective function value is to spare the center of
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Figure 6.2: Excerpt of the tree from Figure 6.1.

the non interdicted paths — us in the example — and instead place it at v;. Then, the length
{1 does not appear in the calculation of the objective function value. But instead, all vertices
in the second path then need to be covered via center v,. That means, the edge with length
{5 needs to be crossed 3 times. Even if we assume that the lengths have the maximal possible
factor £1 = 2 - {5, it would still be better for the locator to place the center at vertex wus.

The same explanation holds for the shifting of the center in v, to a vertex in an interdicted path.
In this case, the vertices above v, need to be covered by another center below which is — by the
same estimation as before — worse than the provided solution of Figure 6.1b.

Note that this solution is not unique. In fact — as stated before — the center in the m paths of 4
vertices can be placed at any vertex below the edges where ¢; = p;. Also, the center at v, can

be shifted up to two vertices up.

Assume we are given a solution of the knapsack problem such that the selection I € M of items
fulfills Zie yw; < W and Zie ;pi > P. Now consider the optimal solution of the locator as
stated above after interdiction of the edges e;,i € I. For the interdiction costs, it is ) ;. b; =

> icrwi < W. Furthermore, the corresponding objective function value calculates as ) ;. £; =
2ierPi = P

On the other hand, if we are given a selection of interdicted edges J € F); such that ZjeJ b; <B
and 3 ; ¢; > P, we show that J is a solution to K-BPR2. Firstly, > . ;w; =3 ,c;0; < B =
W. Also, the profit calculates as Zje,pj = Zje, t; > P.

Given an interdiction strategy -, the corresponding p-median problem on G(v) can be solved in
polynomial time as G(7) still does not contain cycles [KKH79b]. Thus, the p-median interdiction

problem on trees is contained in NP and therefore NP-complete. |

We proved that the p-median location interdiction problem is NP-complete, even on trees in
general. In the remainder of the article, we further restrict the problem in order to get a better

impression on what makes the problem hard.

A direct consequence of the p-median location interdiction problem on trees being contained in
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NP, is that regarding the interdiction budget as a constant makes the problem polynomial time
solvable. This holds true, as having a constant interdiction budget makes the number of possible
interdiction strategies polynomial in the instance size. Thus, the procedure of solving a p-median
problem for all interdiction strategies and thereby finding the best strategy runs in polynomial

time.

Observation 6.1 The p-median interdiction problem on trees is polynomial time solvable if the

interdiction budget is considered a constant.

Further possible restriction are to simplify the graph structure even more, making the edges have
unit interdiction costs, making the edges have constant or even unit lengths, or restricting the
number p of locations to be placed. Any combinations of these restrictions is also interesting.
Therefore we focus on the subcase of unit interdiction cost and regard different further restric-
tions. In the next section, we consider the p-median location interdiction problem on paths with

unit interdiction costs and afterwards move back to the same problem on trees.

Interdicting a path

In this section, let G = (V, E) be a graph with V' = {vy,...,v,} and F = {¢; = {v;,v;41}: i =
{1,...,n—2}. The resulting graph has the structure of a path consisting of n vertices and n — 1

edges. For the remainder, we refer to these types of graphs as paths.

In this section we tackle the p-median location interdiction problem on paths, where we addi-
tionally assume unit interdiction costs and p = B + 1, i.e. every component emerging from the
interdiction can be equipped with exactly one location. Note that for unit interdiction costs,
we may assume B < n — 1, as a path only contains n — 1 edges. We first elaborate on paths
with unit lengths. In this case the interdictor can use a simple method to worsen the situation
for the locator. This procedure is initially analyzed for one interdiction step (B = 1) and is
then generalized to arbitrary interdiction budgets B > 1. After that, we show, how paths with
arbitrary lengths can be handled for B = 1.

Recall the idea of Goldman’s algorithm [Gol71] that is needed in the remainder of this section.
For a tree T, we start at an arbitrary leaf and compare the weight of that leaf to the total
summarized weight of all vertices. As long as the weight of the leaf is less than half of the total
weight, we delete the leaf and update the weight of the adjacent vertex by adding the weight of
the deleted leaf. In that manner, we iterate over the leaves until we find one with a weight greater
or equal to the half of the total weight. This vertex is the 1-median of the original graph. With
this method, we are also able to state the 1-median location(s) on a path, which is dependent
on the number of the vertices. The optimal solution(s) on a path is to place the new location(s)

at vertex vns,_1 Or vns, for n even or at vertex vy, for n odd.

Paths with unit edge weigths

Let the graph be a path P = (v1,e1,v2,...,€,-1,v,) with £ = 1 and b = 1 as described above.

We first examine the case for B = 1.
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Lemma 6.3 Let P be a path with £ = 1 and b = 1. The optimal interdiction strategies for
the p-median location interdiction problem are to interdict e; or e,_1, yielding in an isolated

vertex and a new path of length n — 2, i.e.

F* :{’Y:T = (170’70)’75 = (077071)} CR”717

where the order of v/,7 = 1,2 is induced by the order of the edges.

Proof. As described above, the optimal solution(s) for the 1-median problem are at vertex v/, 1
or vy, for n even or at vertex vr.y, for n odd. The resulting objective function value OPT(1, ), P)

can then be computed via:

2

OPT(1,) ,P) = E_

4

n even

L else

Every interdiction strategy with B = 1 results in two components of the original path. Since
p = 2, i.e. one new location in each component, we compute the optimal objective function value
for the 2-median problem under the given setting by adding up both objective function values
computed separately for every component. Therefore, let e; be the interdicted edge for some
t € {1,...,n — 1} yielding a separation of the original path P into P, = (vi,e1,v2,...,€_1,0t)
and P,_; = (U441, €141, -+, €n—1,U,). Then, the objective function for the overall problem of

placing one new location in either part is
1
z*=O0PT(1,Y ,P)+OPT(1,) ,Puy) = Z(2t2 +n? —2nt —a) (6.1)

with a € {0, 1,2}. The goal of the interdictor is to choose ¢ such that z* is maximal. For a given

case, i.e. where n and a are fixed, we can reduce equation 6.1 to the following expression
t? —nt (t n)2 n

ot = (t—2) -

2 4

for the computation of the maximum. Since we aim to maximize the latter expression, it can

-

Fort € {1,...,n—1}, the maximum is found at t; = 1 or to = n— 1, which proves the claim. W

again be reduced to

This result allows to expand the considerations to B <n — 1.

Lemma 6.4 Let a path P = (v1,e1,v2,...,€,-1,v,) be given with £ = 1, b = 1. The optimal

interdiction strategy under an interdiction budget B < n — 1 is to successively interdict the

edges incident to leaves, thus resulting in B single vertices and one path of length n — 1 — B.

Proof. Consider an optimal interdiction strategy ', where at least one of the interdicted edges
does not cut off a leaf as depicted in Figure 6.3. Let e, be the described edge. Given there exists an

edge with the stated properties, there also exist sets of vertices V, = {v, € V: ¢ < r,deg(vy) = 1}
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Figure 6.3: Detail of interdicted path P; interdicted edges are depicted in red.

and Vy = {vs € V:r < s,deg(vs) = 1}. Let v, € V, be the vertex with the biggest index and
vs € Vs the vertex with the smallest index. This requirement ensures that the component

P,s = (vg,€q;...,€s5-1,0s) of the original path is only interdicted once at e,.

Now consider P,q, which is interdicted at e, with strategy +/, resulting in two new paths. Using

qs>
the result of Lemma 6.3, the optimal objective function value for the interdiction of path P, does
not decrease by interdicting e, instead of e,.. Therefore, successively using this method of shifting
the interdicted edges to the leftmost edge of the respective components will also not decrease the

overall objective value of 7/ yielding an optimal interdiction strategy v* as stated. |

Paths with arbitrary lengths

For the remainder of the section, we assume an arbitrary length function ¢ to be given.

One obvious strategy is to interdict all edges successively. In each step at a time, we compute
the optimal objective function value for the locator by solving two median location problems on
the remaining paths after the current interdiction step. Evaluating over all obtained objective
function values yields the best edge to interdict. We present an approach which efficiently iterates
over all edges by using an interesting structure of a matrix, which helps computing the locators
objective function values. Let a path P = (v1,e1,v,...,€,_1,vy,) be given. The median location
is found at vertex vpns,) for n odd or at vertex v.s, or v. 41 for n even. The objective function
value for the 1-median problem on the given path is determined by the total number of times,
each edge is crossed to reach all vertices from the median location. Given the structure of a path,
these numbers are bounded by |[7/2] if n is odd and by 7/2 if n is even. More precisely, these
bounds hold for the edges €|./,| and e[/, incident to the median location (n odd) or the edge
enss (n even), respectively. Furthermore, this number decreases by one the closer the edges are

to the leaves of the path. Example 6.5 shows the case for a path of length 7.

Example 6.5 Let P = (vy,ey,...,¢eq,v7) a path with length values ¢;,7 = {1,...,6} as depicted.
With n odd and the observations above, we get that the median is located at vn/,) = vs.
Furthermore, we can determine the number of times s; the edge e; is represented in the

objective function value (depicted in green).
@ 1 Q 2 Q 3
n N b N s

The information of how often an edge length contributes to the objective function value can be

i‘f%\?@l@
1w N/ 15 \_J 1

stored in a vector S € N"7!, where each entry represents one edge. Multiplying S with the

length vector ¢ yields the optimal objective function value for the path.

We use this scheme for the construction of the matrix calculating the objective function values
for different interdicted edges. Assume that some edge e, t € {1,...,n — 1} gets interdicted.
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This results in the two paths Py 1 = (vi,e1,v2,...,e,-1,v) and Pro = (Ve41, €441, - -5 €n—1,Un),
for which the objective function values can be calculated separately as stated via the vectors
Si1=(s1,...,8-1) € for P, and S; 2 = (S441,-..,8n—1) for P». The union yields a new vector
St = (5¢1,0,52). Assuming that we only interdict once, we can proceed to build S, for all edges
er,t =1,...,n sequentially. The matrix .7 = (S;); € N®~"VX=1 can again be multiplied with
{. Evaluating for the biggest objective function value solves the 1—interdiction median problem.

Example 6.6 shows the matrix for the path of Example 6.5.

Example 6.6 Let P be the path of Example 6.5. Furthermore, let the length vector ¢ be given.
The matrix obtained via the presented method is as follows:

01 2 3 2 1
1 01 2 2 1
1 1 01 2 1
1 2 1 0 1 1
1 2 2 1 0 1
1 2 3 2 10
As stated, the matrix .7 is of size (n —1) x (n — 1), where each row ¢ € {1,...,n — 1} represents

the objective function value if edge e; gets interdicted. Therefore, the procedure explained runs
in time O(n?) since the multiplication of matrix .# with the given length vector ¢ is of stated
time. We want to mention, that an increase of interdiction steps adds factor n to the running
time for each single interdiction. This is due to the fact, that we need to consider every possible

combination for the edges, that get interdicted.

Interdicting a tree

In this section, we show, how to interdict a tree T = (V,E) with £ =1, b = 1, B = 1 and
p=DB+1

Theorem 6.7 For T'= (V, E) with / =1,b=1, B=1 and p = B + 1, the optimal interdiction
strategy is as follows: among all leaves of T, find one, that has the least distance to at least
one optimal solution of the 1—median location problem on 7. Interdict the edge incident to
this leaf.

Proof. Since the proof is constructive, consider the exemplary tree in Figure 6.4 which illustrates

the used structures.

Let » € V(T) be an optimal solution to the 1—median location problem on T. Also, let T be
rooted in r. Let f = (vi,v2) € E(T) be an edge with ve being a leaf that fulfills

d(r,v2) = min_d(r",1). (6.2)

For all neighbors w € N(r), it holds that
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Figure 6.4: Exemplary tree for Theorem 6.7.

Assume, that |T,y| > |T — T,|. Then, w would yield a better objective function value for the
1—median location problem than r, which is a contradiction to the assumption, that r is optimal
for said problem. Now, for every edge e = (uy,us) € E(T) with d(r,u1) < d(r,us2), it is

OPT(2,) ., T —e) <OPT(L, Y ,T) — (d(r,up) - T, ). (6.4)

This is, since placing a second location in the tree T, saves at least |T),,| times the distance

d(r,us) in comparison to the solution of the 1—median problem on the original tree T

We aim at finding e* = (u}, u}) such that d(r,u3) - |Tu5
to the biggest right hand side of inequality (6.4), thus providing an upper bound for the optimal

= mineep(r) d(r, uz) - |Ty,|. This leads

objective function value OPT(2,>",T — e), which the interdictor maximizes. We claim, that u}

is a leaf.

Case 1: d(r,u3) > 1. Suppose, u3 is not a leaf and let instead e’ = (u}, uy) € Ty; with uy being
a leaf. Then, |Tu3 (ryub) — d(r,u3) + 1. Using this, we get

d(r,u3) - |Tus

(r,u3) - d(r,uh) — d?(r,u3) + d(r, u3)

— d(r, u}) (d(r, up) - AT “22((652 132) 1)>

> d(r, up) (d(r, u3) = (d(r,u3) — 1)) (6.5)
= d(r, u/2) =d(r, u/2) : ‘Tu’z

d(r,uy)
d(r,ul)
= mineep(r) d(r, u2) - |Tu, |-

where (6.5) follows from the fact that

contradiction to d(r, u}) - |Tu§

< 1 under the assumptions made. This is a

Case 2: d(r,u3) = 1. In this case, (6.5) does not hold. We need to distinguish between two

cases.

Case 2.1: uj is a leaf. v/
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Case 2.2: Assume, that u} is not a leaf. Again, we distinguish between two cases.

Case 2.2.1: Assume, that 7,5 is not a path. Let uy € T,z be a leaf. There is at least
one vertex v’ € T, for which d(u") > 2. Thus, it holds that

d(ub,ub) < ’Tu; -2

/
— d(ryuy) —1< ’Tu;

-2

= d(r,uy) < |Ty

Since d(r,u3) = |Tw| = 1, we get d(r,u’) - [Tw| < d(r,u3) - Ty, which is a

contradiction to d(r, u3) - | T
Case 2.2.2: Assume Ty; is a path. Then, we find that

mingepory d(r, 62) - [Tun| = d(r,u3) - |Tog | = d(r, ) - | T

= mineeE(T) d(T, U2) : ‘Tuz |

s with uy € T5 being a
leaf.

Coming back to inequality (6.4) we conclude, that the right hand side is biggest, if for e* =

(uf,u3), vertex ub is a leaf.

We now want to use the term on the right side of inequality (6.4) as an upper bound for the
objective function value of the interdiction problem. Therefore, let f = (v1,v2) be the edge from

Assumption (6.2), which gets interdicted. Then, we find the following.

If the optimal solution r to the 1—median problem on 7T is part of the optimal solution of the
2—median problem on (T — f) — together with the leaf vy — then it holds that

OPT(2,> ,T — f) = OPT(1,» ,T) — d(r,v2).

Now suppose, that the optimal solution r to the 1 —median problem on T is not part of the optimal
solution of the 2—median problem on (T — f) anymore. That means there exists s € N(r) in the
neighborhood of r which is part of the optimal solution together with leaf vo. Using the fact,
that d(r,s) = 1, we get that

OPT(2,) |, T — f) = OPT(1,) ,T) —d(r,vs) — 1. (6.6)

Note, that OPT(2,>,T — f) does not depend on the specific choice of f, meaning the objective
function value is the same for all f fulfilling (6.2). In any case it holds true that

OPT(2,) ", T — f) > OPT(L, ) _,T) — d(r,vs) — 1. (6.7)

Now we distinguish between two cases.
Case 1. Let f’ = (v}, v}) such that v} is a leaf, but not fulfilling assumption (6.2). Therefore,
d(r,vh) > d(r,vz). Then we get that
OPT(2,) ", T — f') <OPT(1,Y ,T) — d(r,v}) (6.8)
< OPT(L, ) ,T) —d(r,v) — 1 (6.9)
<OPT(2,) ,T - f) (6.10)
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where (6.8) follows from inequality (6.4), (6.9) follows from the estimation of the distances

in the current case, and (6.10) is due to inequality (6.7).

Case 2. Let f’' = (v}, v5) such that vj is not a leaf. Then, with go € T}, being a leaf, it is

OPT(2,> ,T — f) <OPT(1, > ,T) — d(r,v}) - [Ty (6.11)
<OPT(1,) ,T) —d(r,q) — 1 (6.12)
<OPT(1,) ,T) —d(r,vs) — 1 (6.13)
<OPT(2,» ., T - f). (6.14)

The first line (6.11) again follows from inequality (6.4), (6.12) is due to the definition of
g2, (6.13) follows from condition (6.2) and the last estimation (6.14) follows from inequal-
ity (6.7).

Combining our results of cases 1 and 2, we find that choosing an edge f for the interdiction
step, which fulfills condition (6.2) yields the optimal objective function value for the interdictor,
namely the biggest objective function value OPT(2,>,T — f). |

Observation 6.2 In case 2.2.2, where d(r,u3) = 1 and T, is a path, we have seen that

in d(ru) - [Ty | = d(r,u3) - [T

=d(r,ub) - |Tu/2

for the leaf u},. We stated, that we choose the edge connecting the leaf for our interdiction
strategy. In fact, this is mandatory in every case, except for u} being the successor of uj. Let
T

value of the remainder of the path, which is not connected to the main tree containing » anymore,

> 2. Then, if the edge e* is interdicted, the locator can improve the objective function

with the placement of the new location.

We now prove the running time of the described method.

Theorem 6.8 The procedure stated in Theorem 6.7 has a running time of O(n?).

Proof. The procedure described above needs to compute an optimal solution of the 1-median
location problem and the distance from all leaves to this solution. The former computation can
be done in time O(n) [Gol71], whereas the latter can be done in time O(n?) by a breadth-first-

search on every vertex. Thus, in total, the procedure runs in O(n?). |

Remark 6.9 It is not possible to apply the procedure to generalized problems. There are several
alterations possible, where one can change the input in one parameter while the rest of the
problem setup stays the same. This includes a change of the interdiction budget (B > 1) or
an arbitrary length function on the edges. For the first problem, we immediately see, that
simply choosing the B leaves closest to the median location and interdict them in one step,
can lead to the following problems. First of all, it is not clear, whether B leaves exist in the

original graph. But even if there are, the procedure does not necessarily give the optimal
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interdiction strategy as example 6.10 shows. Also, consecutively applying the procedure B

times does not yield an optimal solution, as Example 6.11 shows.

For the case of arbitrary lengths on the edges, we find, that in case 1 of the proof, the inequality
T
2

amount of vertices, which is only possible because of the unit length values of the edges. In

(r,ub) — d(r,ul) + 1 relies on the fact, that the distances can be calculated via the

fact, consider the following minimal example 6.12 illustrating that the proposed method does

not work for arbitrary lengths.

Example 6.10 Let a tree T'= (V, E) be given as in Figure 6.5

IR

Figure 6.5: Exemplary tree, optimal median location depicted in blue.

Let the interdiction budget be given with B = 3. Then, if we choose the 3 leaves closest to the
optimal location, we yield the graph in Figure 6.6a. The optimal objective function value of
the locator is 15 in this case, but there are better interdiction strategies. One of the optimal

strategies is depicted in Figure 6.6b and leaves the locator with an optimal objective function

value of 16.
(a) Exemplary tree after interdiction step fol- (b) Exemplary tree after optimal interdiction
lowing the idea of Theorem 6.7, median loca- step, median locations depicted in blue.

tions depicted in blue.

Figure 6.6: Exemplary tree of Figure 6.5 after different interdiction strategies.

Example 6.11 Let a tree T = (V, E) be given as in Figure 6.7.

P

R

Figure 6.7: Exemplary tree, optimal median location depicted in blue.

Let the interdiction budget be given with B = 2. Then, applying the algorithm, we either cut
the bottom left leaf or one of the leafs on the right side (see Figure 6.8). Choosing the bottom
left leaf forces the interdiction of one of the leafs on the right side in the second application

of the algorithm. One possibility of a resulting graph after iteratively applying the algorithm
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two times is shown in Figure 6.9a. This leaves the locator with an optimal objective function
value of 19 after the interdiction steps, while interdicting as shown in Figure 6.9b yields an

optimal objective function value of 20, thus being a better strategy than the one found before.

e

(a) Possible outcome after first interdiction ) Possible outcome after first interdiction
step, median locations depicted in blue. step, median locations depicted in blue.

Figure 6.8: Exemplary tree of Figure 6.7 after different choices in the first call of the algorithm.

IR ST e

(a) Exemplary tree after iterative interdiction b) Exemplary tree after optimal interdiction
steps, median locations depicted in blue. steps median locations depicted in blue.

Figure 6.9: Exemplary tree of Figure 6.7 after different interdiction strategies.

Note, however, that it would have been possible to find the optimal interdiction strategy by
choosing one of the leaves on the right side in the first call of the algorithm as this would
have been a valid choice as well. After that, in the second call we would have chosen the leave
next to the first interdicted one, thus leading to the optimal solution shown in Figure 6.9b.
But since the algorithm does not take into account, what leaves are ,,generated* after an
interdiction, we can not guarantee an optimal outcome. It remains open, whether the optimal

solution can always be found by iteratively applying the algorithm.

Example 6.12 Let a tree T' = (V, E) be given as in Figure 6.10 and B = 1.

Figure 6.10: Exemplary tree, optimal median location depicted in blue.

Following the procedure proposed in Theorem 6.7, one of the four edges incident to the leaves
gets interdicted resulting in the tree in Figure 6.11a. The optimal objective function value of
the locator is 35, while the optimal interdiction strategy depicted in Figure 6.11b leaves the

locator with an optimal objective function value of 41.
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1 P 1 w 10
1
10 10\ ‘/‘4.
10 10
a) Exemplary tree after interdiction step fol-
Yy

lowing Theorem 6.7, median locations de- (b) Exemplary tree after optimal interdiction
picted in blue. step, median locations depicted in blue.

Figure 6.11: Exemplary tree of Figure 6.10 after different interdiction strategies.







Conclusion and Further Research

This thesis addressed two new areas in location planning.. Although location planning has been
analyzed in a various different variants and in combination with different mathematical fields,
the literature on location planning in the context of parametric optimization and interdiction

problems is scarce.

In the first part, we investigated location planning on networks, where edge lengths are not
fixed, but linearly dependent on a parameter. Using parametric optimization to tackle real world
scenarios allows to model data that is variant over time, for instance. Therefore, an analysis of
different parametric location problems is of interest. In this theses specifically, we studied the
1-center and 1-median problem on said networks where the underlying structure was either a
directed or undirected general graph or a tree. We presented exact algorithms to solve these
problems on trees and approximation methods for parametric general graphs. Furthermore, we
investigated on the complexity of the solution set and also provided insights, how the optimal

value function evolves depending on the parameter for the different problems.

In the second part, we studied the p-median interdiction problem. Here, the interdictor is allowed
to remove a vertex from the network before the location planner selects an optimal location on
the altered network. Interdiction problems are of great interest against the background of real
world problems where they are relevant for numerous aspects of them. This includes the analysis
of the vulnerability of systems or on the other hand information on how to disrupt undesired
supply routes, for instance.

For trees, we proved this problem to be NP-complete, highlighting its complexity. For trees with
unit-weighted edges, we could develop an algorithm that solves the median interdiction problem

for 1 interdiction. For paths, we showed how to interdict for unit and arbitrary lengths.

The results contribute to the understanding of location planning on networks in the context of

parametric optimization and interdiction, respectively.
However, for both topics, questions remain open that motivate further research in these fields.

As for parametric location planning, we already mentioned a computational study that com-
pares both introduced approaches to approximate the median problem. Here, an investigation
on whether the method of individually approximate the optimal value function for every ver-
tex leads to a better practical running time through parallelization and/or a better theoretical

approximation guarantee would be of interest.

A natural extension is to increase the number of parameters. The work of Helfrich et al. [Hel+-22]
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gives hope, that similar approximation approaches as introduced in this thesis could be carried
over to multi-parametric problems. As they already state, the multi-parametric shortest path
problem can be approximated with their algorithm. Investigating on how this can be used in a
similar manner as for the single-parametric cases is of interest. Additionally, in this context an
analysis on how the construction of the upper and/or lower envelope changes the running time

and if it carries over the approximation guarantee remains open.

In the context of interdiction, we only provided insights on the p-median interdiction location
problems. Not many interdiction location problems are investigated as of now. Since they are
relevant to model real world problems, more research can be done in that field. No results were
given for the p-center problem in this thesis, which is a direct continuation as a field of research.
Also, analysis that is done so far leads to the conclusion that interdiction problems tend to be
hard to solve exactly. Therefore, an interesting topic could be the exploration of heuristics for

this class of problems.

Moreover, a more fundamental change could be made towards the understanding of the interdic-
tion process itself. As of now, the goal is to optimally interdict such that the objective function
value of the locator that acts afterwards, is worsened as much as possible. It is interesting to
analyze whether the complexity of interdiction problems decreases, if we allow for “good enough”

interdiction steps instead of insisting on the optimal.

Overall, this work lays the foundation for further exploration of parametric location and inter-
diction location problems on networks. By extending these concepts to more general settings,
considering new problem variations, and developing algorithms or approximation schemes, future

research can continue to advance the field of network-based facility location planning.
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