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Introduction and Overview

Two of the most studied problems in information-based complexity are the integration

problem

Int(f) = | fdu

Dd

and the approximation problem

App(f) = [flr2(,

where d € N U {oo} and p is given as the d-fold product measure of some probability
measure (o on D. In each case, f: D? — R is a (square-) integrable function with
respect to p. In this thesis, we mostly consider the infinite-variate case d = oo.
Typically, one assumes that it is known a priori that f € H for some function space
H; we specifically only consider the case of H = H(k) being a reproducing kernel
Hilbert space (RKHS).

Neither the integration problem nor the L2-approximation problem can usually
be solved exactly. Therefore, we approximate both problems, using algorithms based
on only finitely many function evaluations. Without loss of generality, we use linear

algorithms A given by

n

A(f) :Zf(wi)'ai

i=1
for f € H(k), where n € N, &; € D? and a; € R for the integration problem or
a; € L*(ng) for the L*-approximation problem, respectively. To such an algorithm
we associate its cost, which is determined by the effort it takes to evaluate f at the

points x;, as well as its worst-case error on the unit ball in H (k).

Without precisely defining cost(A) and error(A, k) yet, we mention that we are
not only interested in the performance of individual algorithms, but in the inherent
complexity of Int and App on H(k). We quantify this via the n-th minimal error,
which is given by the smallest possible value of error(A, k) among all algorithms A

with cost at most n, i.e.

en(k) = inf{error(A, k): cost(A) < n}.
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In the case of d being finite, an important question is how the inherent difficulty of
Int and App depends on the number of variables in D?. For instance, one could study
the case of D = [0, 1] and d-variate Lebesgue-integration of functions f € H(k) that
are defined on D?. The study of e, (k) both as a function of n and d simultaneously
is the subject of tractability studies, which is comprehensively studied in Novak and
Wozniakowski (2008), Novak and Wozniakowski (2010) and Novak and Wozniakowski
(2012) and is the subject of a huge number of articles.

In many cases, as d increases, both Int and App become very difficult, which is
also called the curse of dimensionality. To avoid this and achieve favorable results
even for a large number of variables, function space settings are studied where, loosely
speaking, the influence of the j-th variable on Int or App decreases fast enough as j
grows.

In the case d = oo, the main focus of this thesis, we also seek to control the
importance of the j-th variable as j increases, which in contrast to the finite variate
case is even needed to establish the well-definedness of Int and App.

This thesis is in large parts based on the results of Gnewuch et al. (2024) and
Gnewuch et al. (2026), which are the topics of Chapter 2 and 3, respectively. The
results of Gnewuch et al. (2024) will be abstracted to a more general setting, of which
one particular instance was considered in the paper. In Chapter 1, we describe a more
general function space setting, which serves to put the results of the later chapters

into a broader context.

Function Space Setting: Tensor Products of RKHSs

We describe the infinite-variate function space setting of this thesis. As univariate
building blocks, let (k;);en be a sequence of real-valued nonzero reproducing kernels
k;, which all share a domain D x D # . Additionally, let D be equipped with some
o-algebra, and let o be a probability measure on D. The multi- and infinite-variate
spaces we consider arise as tensor products of the univariate spaces H(k;). We restrict
the domain DM appropriately to X < DY to ensure the convergence of the infinite

product

K(z,y) = | | kx5, ;)

jeN
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for ¢,y € X. It is known that based on functions u; € H(k;) with norm one for j € N,

the domain

X={xeD": Y |z ;) — 1] < oand ) |u;(z;) — 1| < oo}
jeN jeN
ensures the convergence as desired. The infinite-variate function spaces we consider

are then always of the form H(K) with K defined on the domain X x X. This is
motivated by the fact that in this case

H(K) ~ () H (k;)™,
JjeN
where the right-hand side denotes the incomplete Hilbert space tensor product ac-
cording to von Neumann (1939), see also Riifmann (2020). This enables us to utilize
results for abstract tensor products for the study of the function space H(K), in
particular regarding embeddings into other spaces. For a brief overview of the incom-
plete tensor product as well as the results that are important to this thesis, we have

included Appendix A.
It will be shown that f € H(K) admits an orthogonal decomposition

f = Z f v
veU
where U denotes the set of all finite subsets of N. For a fixed v € U, all functions f,,
obtained this way belong to a subspace of H(K) that is, in essence, a finite-variate

tensor product space of certain subspaces of H(k;) for finitely many j.

We put this into a broader context. In the literature on Hilbert spaces of infinite-
variate functions, the spaces that are considered admit a similar decomposition. How-
ever, loosely speaking, in that setting all the underlying univariate kernels k; are the
same, and the importance of different variable groups is determined by weights =,,.
For more details, we refer to Chapter 1.

Spaces in the second setting have been studied, for instance, in Hickernell et al.
(2010), Niu et al. (2011), Kuo et al. (2010b), Wasilkowski and Wozniakowski (2011),
Plaskota and Wasilkowski (2011), Wasilkowski (2012), Gnewuch (2013), Dick and
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Gnewuch (2014), Wasilkowski (2013) and Kuo et al. (2017a). We remark that for
the study of integration and L?-approximation, additionally it is often assumed that
the underlying univariate kernel k£ is anchored at some point a € D, which means

k(a,a) = 0.

We now give an overview over the thesis, focusing on the setting of each chapter

along with the corresponding main results.

Infinite-Variate Square-Integrability

In Chapter 1, we study the general infinite-variate tensor product setting as described
above, establishing some basic results. In particular, we study the question of when
Int and App with respect to u are actually well-defined. It is reasonable to assume
that at least the univariate spaces H(k;) fulfill

H(k;) < L*(po).-

The corresponding inclusion operator is always continuous, and we denote it by 7j.

We assume

DT =1 < oo,

jeN
which ensures a proper mode of convergence of the product | [,y [|7;]. In the main
result for this chapter, Theorem 1.4, under some additional assumptions, which ensure

intuitively that Tju; is close enough to 1 in L?(iu) for large j € N, we establish that
H(K) < L*(n)

with a continuous identical inclusion 7' of norm

7| =] Iz,

jeN
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Function Space Setting: Spaces of Increasing Smoothness

In Chapter 2, we turn to the case of the univariate building blocks k; of the infinite-

variate kernel k; having a specific form, namely

Ri(oy) =1+ ) 0,5 e (@) - e(y),

veN

where the ¢, are square-integrable functions forming an orthonormal system in L? (1)
and the o, ; are suitably chosen Fourier weights. In particular, at least for the pur-
poses of this introductory presentation, we assume that the monotonicity and summa-

bility properties

(Al) 0 <y, <y <... forevery j e N,

(A2) X, jen O‘rj,gl' < o0,

(A3) Dlien i < o0, where 7; := SUp,ey 1/ 5,

hold. Here, we can choose u; = 1 in the definition of K, and the results from Chapter 1
are applicable, so that we have

H(K) € L*(n),

here even with a compact identical embedding.

The special case a,,; = 7; - o, ; leads to the well-studied weighted tensor product
case, where all univariate spaces H (k;) are the same as vector spaces, with equivalent
norms. In contrast to this, in many cases, it is also sensible to consider the case where

H(k;) < H(k) with a compact embedding, at least for large j. This corresponds to
ay

lim —— =0
V—>00 OéV,j

and we refer to spaces in this setting as spaces of increasing smoothness.
Spaces H(k;) of this type include Haar spaces, Walsh spaces, Korobov Spaces
and certain Sobolev spaces, which have all been studied in this context in Gnewuch

et al. (2019), where also the general setting has been studied under the additional
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assumption that
X=D"

for the domain X of K. We also refer to the predecessor works Gnewuch et al. (2017)
and Hefter and Ritter (2015).

The case
X< DN

poses additional challenges, which we study in this thesis. Here, our main example,
which we also study in some detail, are the Hermite spaces of finite or infinite smooth-
ness, which were studied in this setting as function spaces in Gnewuch et al. (2022).
For the study of integration and L?-approximation on finite-variate Hermite spaces,
we refer in the case of finite smoothness to Irrgeher and Leobacher (2015), Dick et al.
(2018), Kazashi et al. (2023), Dung and Nguyen (2023), and Leobacher et al. (2023).
In the case of infinite smoothness, we refer to Irrgeher and Leobacher (2015), Irrgeher
et al. (2015), Irrgeher et al. (2016a), and Irrgeher et al. (2016b).

Main Results: Infinite-Variate Problems in Spaces of Increasing Smooth-

ness

On the space H(K), we establish upper and lower error bounds for integration and
L?-approximation. To present them, for a sequence 3, we introduce the notation
decay(3), which denotes, roughly speaking, the polynomial rate of convergence of 3
to zero; for a reproducing kernel k, we denote by dec(k) the decay of the sequence
(en(k))nen of n-th minimal errors. Our main result is this, see Theorem 2.9: For

integration and L2-approximation we have

—1 -1
min (dec(kl), %) < dec(K) < min <dec(k:1), decay((;zl ) ) )

where ; according to (A3) determines the norm of the embedding from H(k;—1) into
H(ki—1), and o ; determines the norm of the embedding from H (k;) into L*(u). In
the important case of the «, ; fulfilling a polynomial or exponential growth condition,

see Section 2.1.2, the upper and lower bounds match, and we get
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dec(K) = min (dec(kl), pT_l) 7

where decay(y) = p = decay(a;'). An intuition for this is that the error of the
infinite-variate problem gets smaller if we increase the growth of the Fourier weights in
the j direction, which corresponds to the spaces H(k;) increasing in smoothness faster
as j grows. However, increasing this growth rate is only beneficial until dec(K) =
dec(ky), which corresponds to the infinite-variate problem being (almost) as easy
as the hardest underlying univariate problem. We therefore only need to find error
bounds for univariate integration or L2-approximation on H(k;) to establish such
bounds for the corresponding infinite-variate problem.

We study one example where X < DY holds, namely Hermite spaces, in more
detail, relying on Gnewuch et al. (2024). Here, pq is the standard normal distribution
on D = R. In the case of the Fourier weights growing at a polynomial rate, which
corresponds to the spaces H(k;) being of finite smoothness, we obtain

dec(K) = 5 - min (2ry, p — 1)

for the integration problem and

dec(K) = 5 - min (ry,p — 1)
for the L2-approximation problem, where r; is the rate of polynomial growth of
(a1)ven. We note that this factor of 2 between the difficulty of the integration
problem and that of the L2-approximation problem was not observed in any example
studied in Gnewuch et al. (2019). In the case of exponential growth of the Fourier

weights, we have

dec(K) =4+ (p = 1)

for the integration problem and the L2-approximation problem, so the aforementioned
factor of 2 disappears here.

Let us mention that the upper error bounds in this setting are obtained by MDM-
algorithms (MDM stands for multivariate decomposition method), which are usually

employed in spaces H(M) where M is an anchored kernel. Even though K is not
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anchored, we establish that H(K) can be embedded into such a space H(M), which
allows us to construct MDM-algorithms to use in H(K). The kernel M plays an
important role in the proofs for upper error bounds, but not in the construction of
said MDM-algorithm. Therefore, an MDM-algorithm can be established on H(K)

without first needing to figure out information about M.

Function Space Setting: Spaces with Gaussian Kernels

We now turn to Chapter 3, which concerns integration and L?-approximation on
Hilbert spaces with Gaussian kernels, based on Gnewuch et al. (2026). In this chapter,
o is again the standard normal distribution on D = R. The univariate Gaussian

kernel with shape parameter o > 0 is given by

ly(z,y) = exp(—a(z® — y°))

for z,y € R.
Based on this, for d € N u {0} and a sequence o of shape parameters o; > 0

fulfilling Zj:1 07 < o0, we define the product kernel L, by

La(way) = H&Tj( j’yj)

J

for ¢,y € R? in the case d € N and for x,y € X in the case d = o. Here, X is the
appropriate domain for the infinite-variate case we discussed before, with the unit
vector u; € H(() being given by
u;(z) = exp(—o;z?)

for x € R. Interestingly, for this example the well-definedness of the infinite-variate
product kernel even holds for all «,y € DY. However, as we will see, the restriction to
X is without loss of generality for the integration and the L2-approximation problem,
while it has the advantage of giving us access to results for abstract tensor products.

In any case, we have H(L,) < L?*(u). In the finite-variate case d € N, the

integration problem on H(L,) has been studied before in Kuo and Wozniakowski
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(2012), Kuo et al. (2017b), Karvonen and Sarkké (2019), and Karvonen et al. (2021),
while the L?%-approximation problem has been studied in Fasshauer et al. (2012), see
also Sloan and Wozniakowski (2018). The infinite-variate case has not been studied

before.

We study the infinite-variate case for the first time, and also improve some known

results in the finite-variate case.

Main Result: The Transference Principle

Recall that in Chapter 2, we studied Hermite spaces as an example. In Gnewuch et al.
(2022), a strong connection was established between spaces with Gaussian kernels and
Hermite spaces of infinite smoothness. For /5 € ]0, 1[, we denote by kg the univariate

Hermite space with Fourier weights a,, = 87" for v € N, so, as a reminder,

ka(z,y) =1+ > 8" hy(x) - hy(y)
veN
for z,y € R. For a summable sequence 3 of such base parameters ; € |0, 1], we
denote by Kg the tensor product kernel of the univariate kernels kg . It turns out

that if the sequences o and 3 are related via

1
1 J— . =
b= T Wy 8o

there exists an isometric isomorphism @ from L?*(u) onto itself which fulfills that
Q|H(K,) is (up to a constant) also an isometric isomorphism from H(Kg) to H(Le).
Further, for f € H(Kg), one function evaluation of @ f can be calculated using only
one function evaluation of f, and vice versa.

Based on this result, we establish, roughly speaking, a way to transform algorithms
for integration or L?-approximation on H(Kg) into algorithms for the same problem
on H(L,) and vice versa, preserving cost and (up to a constant) error. The constant

is actually given by eg(Ls), and so we obtain

en(La) = 60([/0) 'en(Kﬁ)
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for every n € N. We mention that for the integration problem, we actually require a

different relation between B and o, given by

1

1-p; = :
& 1+ 202

In both cases, f; — 0]2- is monotonically increasing and bijective from |0, 1] to |0, oo|,
which yields, for both problems, a one-to-one-correspondence between Hermite spaces
of infinite smoothness and spaces with Gaussian kernels such that the given problem

is equally hard on corresponding spaces.

Main Result: Infinite-Variate Problems in Spaces with Gaussian Kernels

For the infinite-variate problems on H(L,), we obtain the following result: Put

In(1/0?
p = liminfM,
j=e In(j)

which fulfills 1 < p < oo if the shape parameters are square-summable. We obtain

dec(Lg) = 5 (p— 1),

see Theorem 3.22 for integration and Theorem 3.27 for L2-approximation. This cor-
responds to the result for the Hermite case mentioned previously, and is of course

derived from it.

Main Results: Tractability in Spaces with Gaussian or Hermite Kernels

For integration in the finite-variate case, we are able to improve some known tractabil-
ity results for both Hermite spaces of infinite smoothness and spaces with Gaussian
kernels. For these known results, we refer mainly to Irrgeher et al. (2015) in the
Hermite case and to Kuo et al. (2017b) in the Gaussian case.

In the study of tractability, we consider sequences of function spaces (H (M) )gen-
In our case, for Hermite spaces, we consider a sequence (3 of base parameters, and

for d € N the d-variate kernel M, is given by the product of the univariate kernels
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ka,,...,kp,. In the Gaussian case, we proceed analogously based on a sequence o of

shape parameters.

We also make use of the information complexity n"*™ (e, My) with 0 < ¢ <1 and
d € N for the normalized error criterion. Roughly speaking, ¢ +— n""™ (g, M) is the

inverse function to n — e, (My)/eq(My).

We introduce the following notion of tractability, see Kuo et al. (2017b). Expo-
nential convergence (t, k)-weak tractability, for short EC-(¢, x)-W'T, holds for (M) en
if

In(n™™ (e, My))

li =0.
d+61—Ilnaoo dt + 1n(€71)“

In the case
(tv K’) = (17 1)7

we put 7, := o; in the Gaussian case and 7y, := ; in the Hermite case and assume that
(7j)jen is non-increasing to obtain the following result: EC-(1,1)-WT is equivalent to
lim; o v; = 0.

In the Hermite case, this has already been established by Irrgeher et al. (2015)
combined with Irrgeher et al. (2016b). The Gaussian case was only studied previously
under the additional condition that o is bounded by a constant less than 1/2. The
necessity of lim;_,,, 0; = 0 has already been established under this condition, while the
only known sufficient condition was that the shape parameters converge exponentially
fast to 0.

We turn our attention to the case
t>1and k>0,

and here we put v, := o, in the Gaussian case and ; := 1/(1—f3;) in the Hermite case
to obtain the following result: If (7;);en is polynomially bounded, then EC-(¢, k)-W'T
holds for all ¢ > 1 and xk > 0. See Theorems 3.18 and 3.20 for more general results
that permit exponentially growing shape parameters o; and exponentially shrinking
gaps 1 — 3; for the base parameters 3;. For Hermite kernels the case ¢ > 1 has not
been studied before, and for the Gaussian case it was only known that EC-(¢, k)-W'T

holds for all £ > 1 and x > 1, if o is non-increasing and bounded by a constant less
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than 1/2, see Kuo et al. (2017b).

Notation

Throughout this thesis, we use the following notations.

For any Hilbert space H and f,g € H, we denote the scalar product of f and g¢
by {f,¢)m and the norm of f by |f|x. For bounded linear operators 7', their norm
is denoted without subscript by | T].

We denote finite or infinite families with bold letters and their members with
the corresponding normally set letters, for instance 7 = (7;);e;. We introduce the
following pointwise operations for real-valued families. Let 7 := (7;)je; and x :=
(z)jes be real-valued families and z € R. We put 7@ := (7;7)jes and 77 := (77) jes
if T is positive, i.e., 7; > 0 for every j € J. Moreover, 1 — 7 := (1 — 7j)jes. If T is
positive and Y, ;|7; — 1| < oo then we set 7. = [ [,c; 75 > 0.

We denote the asymptotic equivalence of two sequences 7,w by 7 = w.



Chapter 1
General Setting

In this chapter, we present the framework for integration and L?-approximation of
finite- and infinite-variate functions we will study in this thesis and provide some
general results. Based on this, in later chapters, we will study more specific cases.
In this chapter, our main interest lies in the infinite-variate case, and many results
presented here are well-known in the finite-variate case. Nevertheless, in the interest of

a uniform presentation, we handle the finite- and infinite-variate case simultaneously.

1.1 Function Space Setting

The function spaces we consider throughout this thesis are always given as repro-
ducing kernel Hilbert spaces (RKHSs) over R. For a reproducing kernel &, the cor-
responding RKHS is denoted by H(k). For an introduction to RKHSs, as well as
basic results, we refer to Aronszajn (1950) as well as Paulsen and Raghupathi (2016).
Given a real-valued reproducing kernel k£ on a domain D x D # (&, we denote by
H (k) its corresponding reproducing kernel Hilbert space.

More precisely, we consider the tensor product of d ‘univariate’ RKHSs, where
either d € N or d = 0. In the case d € N, we put J = {1,...,d}, in the case d = o0 we
put J = N. In either case, let (k;);es be a family of reproducing kernels on a common
domain D x D # . Additionally, we assume k; # 0 for all j € J.

In the finite-variate case d € N, it is straightforward to define the tensor product
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kernel K by
K(z,y) = | [ ki(z;,;) (1.1)

jedJ

for &,y € D?, which is again a reproducing kernel.

In the infinite-variate case, however, K according to (1.1) might not be well-
defined on the whole domain D’ x D”. Therefore, we define an appropriate domain
as follows, which is trivial in the finite-variate case: We remark that for any sequence

of complex numbers z = (z;),es the convergence

jeJ

implies the convergence of || je 7, and further that z; = 0 holds for at most finitely
many j € J and that [],.;2; = 0 holds if and only if z; = 0 for some j € J. For
basic results on the convergence of infinite products of complex numbers, we refer
to von Neumann (1939, Chap. 2). We mention that convergence of | |

e % here is

understood as convergence of the net of all finite partial products: [],_; z; converges

jeJ
to z € C if for every € > 0 there is a finite Iy € J such that for every finite I 2 Iy we

have || [je; 25 — 2| <e.

Motivated by this, we define the set

Xo = {CE € DJZ Z |l€j([L‘j,l’j) — ]_| < OO}
jeJ
For & € Xy, we have that K(x,x) according to (1.1) is well-defined, with a proper

mode of convergence as described above.

However, for &,y € X, in general K (x, y) according to (1.1) is not well-defined. A
minimal counterexample, of course in the case J = N, to this is given by D = {—1, 1}
as well as k;(z;,y;) = x; -y; for j € J and x;,y; € D. In this example, we have
Xo = D7, but K(x,—x) is never well-defined.

We therefore restrict our domain further in a way that is motivated by the study

of abstract tensor products of Hilbert spaces. For each j € J, let an u; € H(k;) with
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|uj ] zrx;) = 1 be given. Define

xW = {xe X, Z lu(z;) — 1| < oo}. (1.2)
jeJ
If we assume
X = &, (1.3)

K® = K as given by (1.1) is well-defined for «,y € X and a reproducing kernel
with domain X(*), see Theorem A.4. This allows us to consider the space H(K)
of real-valued functions on the domain X(*). Further, roughly speaking, there is a
‘canonical’ isometric isomorphism between H(K') and the Hilbert space tensor prod-
uct &, H (k;)), again see Theorem A.4, where this is also made more precise.
Here, we just remark that this means we can make use of the theory of Hilbert space
tensor products when studying H(K). For a short overview regarding the tensor
product of countably many Hilbert spaces according to von Neumann (1939), includ-
ing the results needed for this thesis, Appendix A is included, where we also give

further references.

When it is necessary to make clear the dependence of K on the k; and u;, we use

the notation

Rk =RQK = K (1.4)

jeJ jeJ
with K being defined according to (1.1) on the domain X(®) x X,

We mention the following facts: First, the choice of w affects X(*) in the following
way: If v = (v))jes also fulfills v; € H(k;) with |[vj]|zx,) = 1 for all j € J, we have
X = %) if and only if

Z |<uj>vj>H(kj) — 1] <.
JjeJ
Otherwise, we have X(®) n X(®) = ¢, cf. (A.1). Furthermore, as long as X, # (J,
we can always find u = (u;);es such that (1.3) is fulfilled. For any x € Xy, one can
simply choose
k('v xj)

Ui = ——n 173
T RC 2 ) )
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for j € N. In applications, however, there might be further restrictions to the choice

of u, see in particular Theorem 1.4.

Finally, if (1.3) is fulfilled, for any « € X, there are at most finitely many z;
with k;(z;,z;) = 0. Since we assumed k; # 0 for all j € J, and a sequence being
an element of X does not depend on finitely many members of the sequence, there

always exists y € X with K(y,y) # 0, and therefore we have
H(K) # {0}. (1.5)

Remark 1.1. For each j € J, let (e,;),en; be an orthonormal basis of H(k;). We

assume 0 € N; for notational convenience and require
€0, = Uj

for every j € J. Let N denote the set of all sequences n := (;),e; with n; € N; for
every j € N and with {j € N: n; # 0} being finite. Then the functions

ey 1= Henj,j (1.6)
JjeJ

with 7 € N form an orthonormal basis of H(K), which follows by the corresponding
statement for abstract tensor products, see Remark A.1, together with the isomor-

phism given by Theorem A.4, which respects the product structure.

Remark 1.2. The reproducing kernel K according to (1.1) can be written as the
superposition of certain kernels of product form that only depend on finitely many

variables.

More precisely, for each j € J, we have that k], given by

ki (2, y) = kj(@,y) — uj(z)u;(y)

for x,y € D, is also a reproducing kernel, the corresponding RKHS H (k;‘ ) being the
orthogonal complement of span{u;} in H(k;). Now, let U be the set of all finite
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subsets of J. For v € U, define k} by

ki@, y,) = | [ )z, 05)

JEV
for 2, = (%)) jev, Yo = (Vj)jer € D¥. Finally, put

X ={weD’: Y ki(x, x,) < 0},

veU

where x, = (2;) e, and define K* by

K*(z,y) = Z ko (xw, y,)
veU

for ,y € X*. Since we have

kj(z,y) = uj(@)u;(y) + K (2, y)
for every j € J and every x,y € D, a simple calculation shows

X* =X as well as K* = KW,

For v € U, we isometrically embed H(k¥*) into H(K) by mapping f, € H (k%)
to
[ X->Rixz— f(x,). (1.7)

In this sense, we have H (k%) € H(K™) as a closed subspace. Further, in this
sense, for vy # vy € U, we have that H (k] ) and H(k},) are orthogonal, which follows

readily from Remark 1.1. For f € H(K®), we therefore have a unique decomposition

veU
with f, € H(k}) for v € U. Further, the f, are pairwise orthogonal. This decomposi-
tion is most useful, since it allows us, under additional assumptions, to trace back the

study of algorithmic integration and L2-approximation on the infinite-variate space
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H(K™) to the study of these problems on the finite-variate spaces. See Section 2.3

for further details and references.

Remark 1.3. In the literature, a class of spaces of infinite-variate functions different
from the one described previously in this section, but still admitting a function de-
composition of the form (1.8) has been studied, see for example Kuo et al. (2010b),
Wasilkowski and Wozniakowski (2011) and Wasilkowski (2012). We describe it here
briefly.

We only consider the infinite-variate case J = N. As a univariate building block,

let k # 0 be a reproducing kernel on D x D. Additionally, we assume

1¢ H(k).

As in Remark 1.2, denote by U the set of all finite subsets of N. For every v € U,
let 7, = 0 be some nonnegative weight. For d € N we define K, as the d-fold tensor

product of k with itself, i.e.

Kq(m,y) = | [ k(z;,9;)

Jj=1

for &,y € D?. We use the notation x,, as in Remark 1.2. The domain of the infinite-

variate kernel we seek to construct is then given by

X ={xeD: Z YK (xy,y,) < 0},
veU

and the infinite-variate kernel K is given by

K(z,y) = ), WKy (@, v,) (1.9)
veU
for ,y € X. The kernel K is the superposition of the finite-variate kernels of tensor
product form 7, K),|. Roughly speaking, v, determines the importance of the variable
group v.
We relate this construction to our general setting. Note that K given by (1.9)

is not necessarily a tensor product kernel. However, in the special case of product
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weights, that is, the existence of a sequence (7;) en such that

T = H’yj

JEV
for all v € U, we have, with the choice of u; =1 for all j € N,

X =X" and K = X)(1 + k)™,
jeEN
which follows from Remark 1.2. Therefore, the setting described in this remark and

our general setting both ‘share’ the special case of product weights.

1.2 Integration and L?-Approximation

In the sequel, let D be equipped with some o-algebra D and let 1o be a probability
measure on (D, D), and assume k; to be D (X) D-measurable, which implies that H (k;)
consists of D-measurable functions. Denote by p = u(® the d-fold product measure
of po with itself.

We first remark that the measurability of the k; implies that X is a measurable
set in the d-fold product of (D, D) with itself. By Kolmogorov’s 0-1-law, we even get

(X)) € {0,1}. In the sequel, we assume we are in the non-trivial case
pE™) =1,

We assume that for each j € J, all elements of H(k;) are square-integrable with

respect to pg, and denote by T} the inclusion mapping

Ty H(k;) — L*(o): f = f],
where [f] is the L?(pg)-equivalence class of f.

Observe that Tj is always continuous, which follows easily from the closed graph
theorem along with the facts that convergence of a sequence in an RKHS is equiv-

alent to pointwise convergence and that convergence in L?(uo) implies almost sure
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convergence of at least a subsequence.
The following result establishes sufficient conditions for H(K') being a space of

square-integrable functions with respect to p. We only consider the case J = N.

Theorem 1.4. Assume that

DT = 1] < o0, (1.10)
jeN
Further assume that
DI Tuy) = 1] < 00 and (1.11)
JeN
> J wjdpio — 1‘ < 0. (1.12)
jeN D

Then, we have H(K™) < L?*(u) with a continuous identical embedding T with
norm
17 =] TIZ;0-
JeN

Proof. We apply Theorem A.3, setting H; = H(k;) as well as G; = L*(uo) and v; = 1
for j € N. Note that (A.4) holds by (1.11) and (A.5) holds by (1.12). Thus, there
exists a bounded linear operator T®: ) ;o H(k;)") — &),y L (110)™ fulfilling

T®°X) fi = RSl

jeN jeN

for all sequences with f; # u; only finitely often and

1% =] [1731.

JeN

Now, let ®: X H (k;)) — H(K™®) denote the isometric isomorphism according
to Theorem A.4 and W: L*(1) — &);ey L (110)") the isometric isomorphism according
to Gnewuch et al. (2022, Thm. A.7). We show that

T =y 17991
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is the embedding with the desired properties, noting that |7 = [,y [7] clearly
holds.

Firstly, for n € N, we clearly have the existence of v, = [| ['_; u;] in L*(p). Tt was
shown in Gnewuch et al. (2022, Thm. A.7) that (v, )nen converges to some v € L?(p)

and that 9,y u; = ¥(v). For the function % = [ [,y u; € H(K), we thus get

v =V 1y,

On the other hand, we also have almost sure convergence of v, to 4, so by uniqueness

of the limit, we indeed have [4] = v.

Now, let (e5)nen be an orthonormal basis of H(K') as described in Remark 1.1.
In particular, e, is given as a product of functions e, ;, of which only finitely many

of which differ from u;. As before, we obtain
[eq] = UTIT®0 ™ (ey)).

For arbitrary f e H(K), there exists a square-summable sequence (c,)nen such that

['= 2inen Cn - €n, which immediately yields

[f] = ¥ 'T20 2 (f). =

If the conditions of Theorem 1.4 are fulfilled, the functionals

Int: HEK™) > R: f — fdu (1.13)
x(w)

and
App: H(K™) — L*(p): f — [f] (1.14)

are well-defined, continuous linear operators. We remark that while we only consider
the L2-case in this thesis, Int is of course already well-defined if H(K®) < L'(u).
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1.3 Computational Problems and Algorithms

For reproducing kernel Hilbert spaces of square-integrable functions, our goal is to
analyze the worst case minimal errors of the integration problem and the L2-approxi-
mation problem, that is, to analyze the approximation of the operators Int and App,
respectively, within the framework of information based complexity (IBC). The class
of algorithms we consider are linear algorithms based on finitely many function eval-
uations. We mention that for linear problems like Int and App, the restriction to
linear algorithms is without loss of generality, see Novak and Wozniakowski (2008,
Sec. 4.2.2) for details and references. For more precise definitions, let £ # ¢ and let
k be a reproducing kernel with domain E x E. Let p be a probability measure on E
such that the operators Int and App are well-defined with respect to p.
We consider algorithms A given by

n

A(f) = Zf(mz) "y (1.15)
i=1
for f € H(k), wheren € N, x; € F and a; € R for the integration problem or a; € L?(p)
for the L2-approximation problem, respectively. For the integration problem, these
are of course also called quadrature formulas or quadrature rules. In either case, the
x; are called nodes and the a; are called weights.

The worst-case error of A on H (k) is defined as

error(A, k) = sup {

[ sao=ans g s and | oy <1}
E
for the integration problem and

error(A, k) = sup {|f — A(f)|lz2(p): f € H(k) and | f] a@) < 1}

for the L%-approximation problem, respectively.

In either case, we define the cost of an algorithm of the form (1.15) by

cost(A) = Z cost(x;),
i—1
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where cost: E — N u {00} is a mapping specifying the cost of a single function
evaluation at a given node. We distinguish two cases: In the case of E being finite-
variate, it is natural and indeed commonly done to consider the case cost(x) = 1 for
each & € E. In the infinite-variate case £ < DY for some univariate domain D, we
consider a less generous cost model, namely the unrestricted subspace sampling model
introduced by Kuo et al. (2010a): Given a default value a € D and a non-decreasing

function $: N u {0} — N U {0}, where $(m) = oo if and only if m = co, we define
cost(x) = $(|{j € N: z; # a}|). (1.16)

The set {j € N: z; # a} used in the definition is also called the set of active variables

of &. Throughout this thesis we assume that there exist ¢i, ¢y > 0 such that
c1-m < $(m) < exp(ey - m) (1.17)

for all m € N, cf., e.g., Kuo et al. (2010b) and Plaskota and Wasilkowski (2011). We
mention that the upper bound is generous, while the lower bound is reasonable, since
it takes at least m numbers to specify a point & with m components different from a.

We are not only interested in the error and cost of specific algorithms, but the
inherent complexity of both computational problems. We quantify this by the n-th

minimal error, which is given by
en(k) = inf{error(A, k): cost(A) < n}
for n € N. Sometimes, we instead consider the e-complexity, given by
n(e, k) = inf{n e N: e, (k) < ¢}

for € > 0. Roughly speaking, e, (k) and n(e, k) are inverse to one another.
To study the behavior of e, (k) as n — o0, another key quantity is the decay. First,

the decay of a sequence of positive real numbers z is defined by

decay(z) = sup {7 > 0: Z z;/T < oo} : (1.18)

jeN
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It is well known, see e.g. Fasshauer et al. (2012, p.250), that if z is non-decreasing,
we have

decay(z) = sup{r > 0: sup{z, -n"} < o},

so the decay is roughly the polynomial rate at which z tends to 0. In the case of n-th

minimal errors, we abbreviate

dec(k) = decay((en(k))nen)- (1.19)

1.3.1 Algorithms in the Multivariate Case

We briefly consider the finite-variate case d € N. Given univariate kernels k; for j €
{1,...,d}, we denote by K, the d-variate tensor product kernel of the k;. We introduce
two well-known ways to construct algorithms for integration or L2-approximation on

H(Ky), given algorithms for the corresponding univariate problems on the spaces
H(k;).

Remark 1.5. Let us assume that for each j € {1,...,d}, we have a number of nodes
n; € N, as well as an algorithm A;,,, for the univariate problem on H(k;), which is

given by
An () = D0 (@) - aiy
i=1
for fe H(k;). We set m = (1) jef1,....a}-

We introduce the full tensor product rule Ay, = ®;l:1 Ajn,; by

Agn(f) = D, f(®) - as,

€N
<n

for f e H(K,), where ¢ < n is meant pointwisely and

d
r; = (331‘171, . ,wid,d) and a; = 1_[ ai].,j.
j=1

Since the set of nodes for the d-variate algorithm is the Cartesian product of the

sets of nodes for the univariate problems, this algorithm often has a prohibitively
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high cost. However, if the underlying univariate function spaces have high regularity,
optimal or almost optimal error rates can sometimes still be achieved. Because of
their relevance to Section 3.2.4, We mention Irrgeher et al. (2015), Irrgeher et al.
(2016a) and Irrgeher et al. (2016b), where Hermite spaces were studied, as well as
Kuo et al. (2017b) and Karvonen et al. (2021), where spaces with Gaussian kernels

were studied.

Remark 1.6. Now, let us even assume that for each j € {1,...,d} and for each
n € N, an algorithm A, ; for the univariate problem on H(k;) with cost n is given.
For notational convenience, set Ap; = 0. We introduce the Smolyak or sparse grid

algorithm of level L € N by

Qu(f) = Z @<Aljaj - Alj—lﬂj)

leNd

I+ tlg<L
for f e H(Ky).
In the case ki = - -+ = kg, if there exists kK > 1 and ¢ > 0 such that
error(A, j, k1) <c-n " (1.20)

holds for all n € N, Smolyak algorithms yield the following upper error bound,
which can be found in Gnewuch and Wnuk (2020, Thm. 7) or can be derived from
Wasilkowski and Wozniakowski (1995, Thm. 1): There exist constants Cp, C; > 0,
which only depend on ¢ and k, such that for every n € Ny and a Smolyak algorithm

()1, with cost n, we have

In(n + 1) (D) (el =) -
|ul K
error(Qr, K4) < CoCy (1 + ax((u = 1, 1)> (n+1)"". (1.21)
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Chapter 2

Spaces of Increasing Smoothness

In Chapter 1, we saw how, given a sequence (k;),en of univariate reproducing kernels
and based on some u; € H(k;) with norm one, their infinite tensor product K = K
is defined, as well as when H(K) consists of square-integrable functions. In this
chapter, we study a special class of univariate kernels k; and corresponding infinite-
variate kernels K with the goal to approximate the operators Int and App, see (1.13)
and (1.14), on H(K).

We introduce the class of kernels studied in this chapter, beginning by defining
univariate kernels k;. Let ¢ # D < R, let py be a Borel probability measure on
D, and let p be its d-fold product measure. Let (e,),en, be a sequence of square-
integrable functions on D such that the corresponding L2-equivalence classes form an
orthonormal system in L?(ug). Further, for a fixed j € N, let a sequence of Fourier
weights a; = (a,,j)ven, be given fulfilling
inf o, ; > 0 and Z a;;e,,(x)Q < Q0

veNy JeN
0

for all z € D. It is known, see Lemma 2.1, that k; given by

ki, y) = ) apie(r)e(y)

veNg
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for z,y € D is a reproducing kernel on D x D. We additionally assume that
€ = 1 and Qo = 1,

which implies
1 e H(k;) with |[1{z®,) = 1.

This is already sufficient to define the infinite-variate kernel K. We choose

in which case the kernel K = ),y kﬁuj ) is well-defined on the domain X x X, where

X ={xeD": Z gk (x;) < oo}

v,jEN

As a control on the importance of the univariate spaces H(k;) towards H(K),
we introduce certain summability and monotonicity assumptions, see (Al)—(A3) on
page 35. We discuss these assumptions in detail later. Here, we mention two facts:
Firstly, (A2) ensures that H(K) is continuously identically embedded into L?(u),
so that Int and App are well-defined. Secondly, under suitable assumptions on the
Fourier weights, we have

H(k;) < H(ky)
with a compact identical embedding. Further, the norm of these embeddings decays
to 0 sufficiently fast.

This setting of compact embeddings has been studied before under the name
increasing smoothness. In Gnewuch et al. (2019), upper and lower bounds of dec(K),

see (1.19) were obtained under the additional assumption
x=D" (2.1)

It was also established that multiple classical examples fall under this special setting,

including Korobov spaces, Haar spaces, Walsh spaces and certain Sobolev spaces.

We study this setting without requiring (2.1). Our study is based on Gnewuch
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et al. (2024), where Hermite spaces with po being the standard normal distribution
are studied. Hermite spaces fall under the setting discussed here and do not fulfill
(2.1).

In this chapter, we generalize the results from Gnewuch et al. (2024), so that we
achieve general results without needing the assumption (2.1). We also address the
example of the Hermite spaces.

We proceed as follows. In Section 2.1, we define the setting in detail and give
some basic embedding results. In Section 2.2, we embed H(K) into a space H (M)
with a reproducing kernel M that is the tensor product of kernels anchored at some
a € D. We also embed a corresponding space H(M}) with similar properties into
H(K). A particular challenge here is handling the different domains of K, M, and
M} correctly. Based on these embeddings, we achieve our main results in Section 2.3,
namely, for both problems, upper and lower bounds on dec(K). The upper and lower
bounds will turn out to match for polynomially or exponentially growing Fourier
weights. We also provide a sketch of how to construct MDM-Algorithms that achieve
the upper error bound. Lastly, in Section 2.4, we consider the specific example of

Hermite spaces.

2.1 Setting

Let @& # D < R and let uy be a Borel probability measure on D. In this chapter, we
focus on the infinite-variate case, and we again study RKHSs whose kernels are given
by tensor products of univariate kernels £;, all defined on the same domain D x D,

with j € N. However, in this chapter we require the k; to have the form

ki(z,y) = ) oy te(2)e,(y) (2:2)

veNy

for x,y € D, where (¢,),en, is a family of square-integrable functions whose equiv-
alence classes form an orthonormal system of L*(uo) and (a,;)veny jen is a family
of positive Fourier weights fulfilling certain conditions which ensure, for instance,
convergence in (2.2).

To put this precisely, we use a proposition due to Gnewuch et al. (2022, Prop 2.1)
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which we present here, fitted to the case we are interested in. As this proposition

concerns the univariate case, we omit the parameter j in the notation.

Proposition 2.1. Let o = (a,),en, be a sequence of real numbers fulfilling

inf o, > 0.

veNy
Further, let (e,),en, be a sequence of square-integrable functions on D such that the
corresponding sequence of L?-equivalence classes is an orthonormal basis of L*(jg)

and

Z a,t e (1) <o (2.3)

veNy

holds for all x € D.

Then, if a sequence of real numbers (c,),en, fulfills

—1 2
Yot < oo,

veNy

the series Yoy, Cv - €y converges in L*(po) and the sequence Y,y ¢y - ¢, converges

absolutely in every point. Furthermore, k given by

k(z,y) = Z a;leu(x)eu(y)

for x,y € D defines a reproducing kernel on D x D. The corresponding Hilbert space

s given by

H(k) = { Z ey e (C))ven, € RN with Z a,t < oo} (2.4)

veNy veNg

and

o nw = Z Qy - JDf - ey dt - JDg - ¢, dfig. (2.5)

veNp
We remark that in Gnewuch et al. (2022), the assumption D < R is not required.
Throughout this chapter, based on Proposition 2.1, we consider the following

setting: We assume that a family of square-integrable functions (e, ),en, forming an
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orthonormal basis in L?(ug) is given. Further, for each j € N, let (ay;)ven, be a
sequence of Fourier weights with

inf o, ; >0 (2.6)

veNy

and

dlagte(n) <o (2.7)

veNg

for all x € D. Further, we assume that
¢o=1 and ap;=1forall jeN. (2.8)

Then, for each j € N, a reproducing kernel k; is given by

ki(r,y) =14 > oy te,(2)e,(y)
veN
for x,y e D.
For the corresponding infinite-variate kernel, we set u; = 1. Then, the definition

of the domain X(*) as given by (1.2) simplifies to

xW = {a: e DV: Z a, i -el(x;) < oo}

v,jeEN

and we consider the infinite-variate kernel K given by K(z,y) = [ [,y kj(2;,y;) for

x,y € X Since w is fixed throughout the chapter, we will also write

x=xW

n

In this setting, we have x € X if and only if (Hj:1

kj(xj,z;) = 1 for all j € N.

We occasionally employ the monotonicity and summability properties

kj(xj, x;))nen converges, since

(Al) 0<ay; <ag; <... forall jeN,

(A2) Zy,jeN a;} < o0,
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(A3) Dlien i < o0, where 7; 1= SUp,ey 1/,

which we do not assume globally in this chapter, but they or a subset of them will

often be needed to establish results, e.g. concerning p(X) or embeddings.

2.1.1 Basic Embedding Results

In the following, we give some basic results and intuition about the weights «,,; as
well as the role of the assumptions (A1)—(A3). Firstly, for each j € N, it follows
immediately from the definition of the scalar product on H(k;), see (2.5), that
(a;jl'/2ez/)1/eNo

is an orthonormal system in H(k;), which by (2.4) is even an orthonormal basis.
Intuitively speaking, assumption (A1) means that the e, get less important in the
space H (k;) as v increases.

We observe that H(k;) is identically embedded into L?*(pg). We denote the em-
bedding operator by 7T} and note that 7T is continuous with

—1/2
1T = sup o, ;> > 1. (2.9)
reNy
Under assumption (Al), this supremum is always attained at v = 0 or v = 1.
Under assumption (A2), it is attained at v # 0 for at most finitely many j € N.
We briefly turn our attention to the Hilbert space adjoint operator T3 of Tj. For

vy, o € Ny we have

Ayy,j <21,1, el/2>H(kj) = <€V1, e1/2>L2(,uo) = <el/1vTj*eV2>H(kj) (2'10)

and therefore Tie, = a;jl-e,, for all v € N. It follows that

@*Ef = Z a;]l ) <f7 eV>L2(HO) % (211)

veNg

for all f € H(k;), see Gnewuch et al. (2019, Eqn. (14)). Therefore, the sequence
—1/2

i JueNy, which implies firstly that 7} is injective and

of singular values of T} is («
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secondly that T} is compact if and only if

lim o1 = 0.
v—00 v

We remark that this is a very weak additional requirement, since we already assume
(2.7) and D # ¢F. Further, it is obviously implied by (A2).

In Section 2.2, we are also interested in identical embeddings S;; from H(k;) into
H(k;), where ¢ < j € N. Analogous to our discussion on T}, we get the following

results. Firstly, S;; is well-defined as well as continuous if and only if

Oy

sup
veN Q5

< o0,

in which case
Oéu,i

|S:l7 = sup —* = 1. (2.12)

veNg Q5
This norm makes the meaning of assumption (A3) clear: Note that H(k;) is the

orthogonal sum of the space H(1) of constant functions and the space
Hiky—1) = {F e B [ fduo =0}, (2.13)
D

SO 7;/2 as given in (A3) is the norm of the identical embedding of H(k; — 1) into the
space H(k; — 1). Therefore, v; as given in (A3) being finite assures that H(k; — 1)
is always embedded into H(k; — 1), the norm of the embedding being given by 7;/ 2
and (A3) as a whole ensures that the norms of the embeddings from H(k; — 1) to
H(k; — 1) converge to 0 sufficiently fast.

Secondly S;;, if it is well-defined, is always injective and thirdly is compact if and

only if

This setting of compact identical embeddings is also known as increasing smoothness.

We conclude this section by studying the infinite-variate embedding from H(K)
into L?(x). This was shown in the case of ¢, being the Hermite polynomial of degree
v in Gnewuch et al. (2022, Lem. 3.8, Prop. 3.10 and Lem. 3.12). Here, we present a
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different proof, in part based on the results from Section 1.1.

Theorem 2.2. Assume (A2) is fulfilled. Then H(K) is identically embedded into
L*(u), the norm of T given by

|T| = Hsupa

jeN ve

Furthermore, T' is injective and compact, and we have

n(X) = 1.

Proof. To show u({}., jen a1 e2(x;) < oo}) = 1, it suffices to show

J Za ¢2(z;)du < .

v,jeN

This is indeed true, since, by monotone convergence,

J Z e (ry)dp = Z f ay el (@) dpo = Z a, s < o.

v,jeN v,jeN D v,jeEN

We apply Theorem 1.4. Note that, as previously discussed, the embedding 7 from
H(k;) into L*(uo) always exists, is continuous as well as injective, and its operator
norm is given by (2.9). Further, (A2) ensures that ||7;| # 1 only finitely often, which
in turn implies (1.10). Note that (1.11) and (1.12) are trivilally fulfilled here with
u; = 1 for j € N. Therefore, by Theorem 1.4, T' is indeed continuous with the norm

given as claimed.

For ease of notation, we do not distinguish between square-integrable functions
and their equivalence classes in the following. To show compactness, we make use of
the adjoint operator 7 and the eigenvalues of T*T again, cf. (2.10) and (2.11). Let
U be the set of all finite subsets of N. For v € U, we define ¢, and 3, by

T) = 1_[ Cu; (z;) and B, = Ha;jl’é?

JEV JEV
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for all £ € X. Then it follows from Remark A.1 that (e, ),y is an orthonormal basis
of L*(1) and from Remark 1.1 that (8, - ¢,)uer is an orthonormal basis of H(K).
Analogously to (2.10), we get

T*e, = B3, e,

174

for all v € U, which leads to the decomposition

T*Tf = Z ﬂ;l : <f, 2V>L2(M) cCp.

veU

Since

holds for all v € U, the summability condition (A2) implies the convergence of (8, )ver
to 0 and therefore compactness of T'. Since 3, # 0 for all v € U, we get injectivity
of T O

Remark 2.3. We briefly consider only two kernels say k; and ks, and assume that

H(ks) is compactly identically embedded into H(k;), or equivalently

. a1
lim = 0.
V00 (1, 9

We mention briefly a result on interpolation between these spaces due to Gnewuch
et al. (2022, Rem. 2.3). Let 0 < # < 1 and define the Fourier weights

a, = 04,(12 : al1;19_ (2.14)
For the kernel k() given by

EO(2,y) =14 o, ey (2)e(y)

veN

for 2,5 € D, we obtain the following result. The space H (k")) is the same as the
interpolation space Ky o(H (ka), H(k1)) = Jo2(H(k2), H(k1)) obtained with quadratic
interpolation via the K- or the J-method. We do not explain these methods further

here, only mentioning the following consequence which will be of some relevance to
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us in Section 2.4.3: For f e H(ky), we have

1 Loy < 1F 0y - 1 Ve,

see Chandler-Wilde et al. (2015, Lem. 2.5). For details on the interpolation of Hilbert
spaces, we refer to Chandler-Wilde et al. (2015).

2.1.2 Weights of Polynomial and Exponential Growth

In this section, we study the two types of Fourier weights (PG) and (EG) which are

defined as follows.

(PG) Let r; > 1 for j € N such that

D2 <o (2.15)
JjeN

and
ry = }Ielé T (2.16)

The Fourier weights with a polynomial growth are given by
a,; = (v+1)7
for v,j € N.
(EG) Let rj,b; > 0 for j € N such that (2.15) and (2.16) are satisfied and
by = }% b;. (2.17)
The Fourier weights with a (sub-)ezponential growth are given by

i
Ay 5 1= 2"

for v, j € N.
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Note that in the case (EG), the weights can be parametized differently by varying
the base of exponentiation instead of the r; in the exponent: Let b;, 3; > 0 be given
for j € N such that (2.17) is satisfied and

jeN

Define Fourier WeiglltS
b
—vJ
aV7j — /8]

for v, 7 € N. Then,
;= o—v"7 logy(B;)

and r; = log,(/;) satisfies (2.15), and therefore, we are in the case (EG) (after
potentially reordering the kernels to ensure r; = inf ey ;). This different presentation
of the case (EG) will be most useful in Chapter 3, where we establish a close relation
between Hermite spaces in the case (EG) and RKHSs with Gaussian kernels, while
the original presentation is more useful in this chapter and also sometimes allows us

to consider (PG) and (EG) simultaneously.

Lemma 2.4. In both cases, (PG) and (EG), we have (A1), (A2), and (A3) with
fy] — 27‘1—7‘]'

for every j € N.

Proof. Obviously, (A1) is satisfied.

-1
Furthermore, we have }; v a,;

show (A2), it therefore suffices to show that there exists an integer jo € N such that

—1
S ool <o

VEN7 Jj=Jjo

< oo for every j € N, which is also obvious. To

This was shown in Gnewuch et al. (2022, Lem. 3.17), utilizing in both cases the

> nTénOT—i—J

n=no no

inequality
o

nTdr = nOT( 1o ) (2.18)

T—1
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for ng € Ny and 7 > 1, which yields the claim for (PG) immediately and for (EG)

since there exists a ¢ > 0 such that

1 .—cvb1

Ay S
for all v, j € N.
Regarding (A3), the supremum in the definition of (A3) is attained for v = 1 in

both cases. In the case (PG) we obtain

v; =sup(v + 1) =27
veN

for every j € N from (2.16), so that (A3) follows from (2.15) in this case. In the sequel

we consider the case (EG), where we have

v; = sup 2T1'”b1—Tj'Vbj
j .
veN

Using (2.16) and (2.17) we obtain

s —r:).b s
2N Ly < sup 20TV = 9T
veN

for every j € N, and (A3) follows from (2.15) also in the case (EG). O

Remark 2.5. Recall from Section 2.1.1 that for ¢, j € N we have H(k;) & H(k;) with

a compact identical embedding if and only if

aV,i

lim
Vo0 (), j

= 0. (2.19)

In the case (PG) we have (2.19) if and only if r; < r;; observe that the latter holds
for a fixed 7 € N if j is sufficiently large. In the case (EG) we have (2.19) if and only if
b; < bj or b; = b; and r; < r;; observe that the latter holds for ¢ = 1 if j is sufficiently

large.
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2.2 Anchored Spaces and Embeddings

Fix some a € D. A reproducing kernel m with domain D x D is called anchored at a

if m(a,a) = 0. It is straightforward to see that this is equivalent to f(a) = 0 for all
fe H(m).

A convenient setting to study infinite-variate integration and L2-approximation is

given if we have a sequence (m;);en of reproducing kernels on D x D, where
m; =79;-m

for suitable positive numbers 7, and a kernel m that is anchored at a € D. In this

case, in Section 2.3, we will study so-called multidimensional decomposition methods
(MDMs) on H (M) where the kernel

M =X)L +m;)W

jJeN

is defined on an appropriate domain as laid out in Chapter 1. In this case, the

F=>t

veU

orthogonal decomposition

of f e H(M) described in Remark 1.2 is an anchored decomposition, which, in par-
ticular, allows the evaluation of f,, at a point x, using an acceptably small number
of function evaluations of f at points y with at most |v| components not equal to
a. We make this more precise: Assume that the constant sequence a = (a,a,...) is
in the domain X of M and therefore, so is every sequence which differs from a in at

most finitely many points. Since m is anchored at a, we have

fol@) = > (=DM f(za, ax) (2.20)

Acv

for every @ € X, where f(xx,axc) denotes the value of f at the point y given by
y; = z; if j € X and y; = a otherwise, see Kuo et al. (2010a, Exmp. 2.3). In
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particular, fy is constant and we have

fo = f(a). (2.21)

We conclude that a finite number of function values of f suffice to obtain a function
value of f,; the corresponding number 2/*! is acceptable as long as || is sufficiently

small. The anchored component f, of f has the property that
fu(xx) = 0if z; = a for some j € A. (2.22)

See Kuo et al. (2010a, Thm. 2.1) for a general result on the decomposition of multi-

variate functions.

In this setting, the decomposition f = > ., fu is called the anchored function
decomposition, which is also known as cut HDMR, where HDMR stands for ‘high-
dimensional model representation’, cf. Rabitz and Alig (1999) and Kuo et al. (2010a).
It will turn out that in this setting of the anchored decomposition, MDMs are almost
optimal algorithms for integration as well as L?-approximation, see Section 2.3.2

combined with Theorem 2.9.

However, we aim to find such algorithms for spaces in the setting as given by
Section 2.1, where k; — 1 is not necessarily anchored. Indeed, it follows immediately
from the definition of k; that k;(a,a) = 0 if and only if ¢,(a) = 0 for all v € N. In the
case of Hermite spaces, which we will study in Section 2.4, ¢; and ¢ do not share a
root.

More generally, if ¢, (a) = 0 is true for all v € N, by (2.13) we have for all f € H(K)
and ¢ # v € U that f, has integral 0, which implies

| sin= 1o
X
and, by (2.21),

L fdu = f(a).

In other words, the integration problem is trivial in this case. This result is well
known, see, e.g., Hickernell et al. (2010, Rem. 3).
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Throughout this section and Section 2.3.1, we may therefore assume that for some
vy € N, we have ¢,,(a) # 0. For ease of presentation, we actually only consider the
case

ei(a) # 0, (2.23)

which is essentially without loss of generality. Formally, we may replace ¢; by ¢,, and
the corresponding Fourier weights a; ; by oy, ; in our results. We comment on the
(non-existent) impact of (2.23) on the L?-approximation problem in Remark 2.11.

To achieve upper error bounds, in this section, we study the embedding of H(K)
into the product of suitably chosen anchored spaces. To achieve lower bounds, we
then study the embedding of such a product into H(K).

The following theorem, which is based on Gnewuch et al. (2024, Thm. 3.2), de-
scribes how H(K) can be embedded (not identically, but via a restriction of the
domain) into a suitable space as described above. Despite the more general setting
at hand here, the proof is very similar to that of Gnewuch et al. (2024, Thm. 3.2).
We set

cM(a) =14 ki (a,a) (2.24)

fora e D.

Theorem 2.6. Assume that (A1)-(A3) hold. For every a € D there exists a repro-
ducing kernel

ml:DxD—R
with the following properties:

(i) We have
H(ky) = H(1 +m])

as vector spaces, and

m](a,a) = 0.

The operator norms of the identical embeddings Tj: H(k;) — H(1 +~;m]) and
Vi H(m]) — H(ky) satisfy

1/2
175 < (1 + ¢ (a))
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for every j € N as well as
V] < cM(a).

(i) The mazimal domain of the reproducing kernel

Ml (x,y) := H(l + ;- ml (x5, 5)) (2.25)
JeN
18 equal to
Xt = {m e DV: Z Vi1 - (z;) < oo} . (2.26)
v,jeN
Further, we have
w(xh) =1 (2.27)

and
{x € D: = constant except for finitely many terms} < X' € X. (2.28)

(iii) We have
{flar: fe H(K)} < H(M]) < L* (),

and the operator norm of the restriction T: H(K) — H(M}), f — fl|x+ satisfies

|T) < C'(a) =] [(1+ ;- (a). (2.29)

jeN

Proof. Recall from (2.13) that H(k;) is the orthogonal sum of the spaces H(1) and
H(k*), where k* := k; — 1. Moreover, we have v, = 1. We put

§(f) = L fdpo. (2.30)

In a first embedding step we consider the reproducing kernels

k= 1+ k"
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for j e N. We have
H(K]) = H(ky)

as vector spaces, and

110y = 6P+ 27 1517

for f € H(k;), where
IFI2 1= 3 v s )Ty,

reN

cf. Gnewuch et al. (2022, Prop. 2.1). Since 22! < a,,; holds, we have H(k;) < H(k;)

E7
with an identical embedding

T H(k;) — H(k])

of norm one.

Next, we describe a second embedding step, which depends on a € D. This
step is essentially due to Gnewuch et al. (2019, Lem. 3.13), but with slightly different
assumptions on the weights. Our goal is to show that there exists a reproducing kernel
m, that satisfies H(ky) = H(14+m,) and m,(a,a) = 0 as well as H(1) n H(m,) = {0}
and

|1 singy = [F (@ + 70 £

for every f € H(ky) and every v > 0. On H(k;), we introduce the seminorm | - |,
given by
[fla = 1f(a)]

for f € H(ky). Then, the following two conditions that were introduced in Gnewuch
et al. (2017) are fulfilled:

(B1) k* # 0 is a reproducing kernel on some set D x D and H(k*) n H(1) = {0} and
(B2) 1] = 1 and there exists a ¢ > 0 such that | f|, < | f|®+) for all fe H(k*).

For (B2), one can choose ¢ to be the operator norm of the evaluation functional at
the point a in the nontrivial case that this is not the zero functional. It was shown in

Gnewuch et al. (2017, Rem. 2.5) via the equivalence of certain norms that (B1) and
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(B2) imply, in particular, that on H (k1) equipped with the norm given by

112 = 1 (@) + 1f]

for f € H(k;), all function evaluations are continuous. Further, it is clear that this
norm is induced by a scalar product. Therefore, H(k;) equipped with this norm
is a RKHS, and we denote the corresponding kernel by m. Finally, let m, be the
reproducing kernel of the closed subspace of H(m) containing all f with f(a) = 0.

Then m, has all required properties.

Now, let f € H(k;). Since

[f(@) = €A < ki(a, ) | f = () ) = kala, @) - | £

we obtain

€O+ 1f(@) = NN+t 1P

|51 ma) <

(
(
(
(
=

< (€D + ki@, @) - 171)" + 47 1P

<@+ AP+ A+ kil a) - [P+ P

<@+ (KHP+r kl(a,a) AP A1)
L+~

) (€N +y7 @) - [11P)

For f € H(m,) we also obtain

1 Wiy = 1F (@) = ECHI + IFIP < (@) - IFI.

Put m] := c(a)-m,. Clearly, H(k;) = H(1+m]) and m!(a,a) = 0. Furthermore,

1ttty < (L 7€ @)2 - | Lty

for every f € H(k;) and every v > 0, cf. Gnewuch et al. (2017, Thm. 2.1) and its

proof. Moreover,

|y < €'(@) - [l gmty
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for every f € H(m/). Consequently,

2)
1T < 1701 1T < (14 et (@)
for the identical embedding
Ty H(K]) < H(L +7; -m])
as well as |V| < ¢!(a). This completes the proof of (i).

Due to the equivalence of | - | g,y and | -
such that

HH(1+mT)7 there exists a constant ¢ > 0

m) (v, z) <c-(1+k*(x,z))

and
k*(x,2) < c- (14 m](z,))

for all z € D. Let € DY. Employing (A3) we conclude that

Z% oz, x;) = xe Xl
jeN

Therefore M as defined in (2.25) is a reproducing kernel with maximal domain XT.

Analogous to Theorem 2.2, u(X") = 1 follows from the properties (A2) and (A3).
Further, XT € X is obvious by definition of v; and { € D: & constant} = X' follows
from (2.3) along with (A3).

We claim that
{flxr: fe H(K)} < H(M]).

Indeed, Theorem A.5, together with (A3) and applied with u; := 1 for every j € N,
X =X, and Y™ := X7, yield the claim as well as (2.29).

Since

JDmZ(x,x)d,uo(x) J a(x, 2)dpo (HZ )

veN
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which follows from (A2), we obtain

M @ydut) = [T (1426 | e ohduote) ) <0

x1 jeN
using (A3). Consequently, H(M]) < L?*(p). O

We remark that in Gnewuch et al. (2024, Thm. 3.2), in the case of Hermite spaces
it was even shown that X' contains all bounded sequences. This seems not to be
possible in the setting at hand, without any knowledge about the growth of e, (x) as

x or v tend to infinity. However, it is also not needed in the forthcoming analysis.

Remark 2.7. We describe the decomposition of M/ as given in Remark 1.2. Let U
denote the set of finite subsets of N. For v € U let

T = H’Yj

JEU

and
m) (@, y) = | [ ml(z;, ;). z,ye X

JjEV

The reproducing kernel M according to Theorem 3.24 is of the form

M(I = Z T m(TLV'
veU
This also fits into the situation from Remark 1.3 of weighted tensor product kernels
with weights 7, of product form. We also have that m](a,a) = 0, i.e., m] is anchored

at a.

We show a corresponding result for an embedding into H (K') rather than from it.
Theorem 2.6 allows us to study upper bounds for integration and L?-approximation
on H(K) by instead considering H (M), Theorem 2.8 will allow us to study lower
bounds of the error of integration and L?-approximation on H(K). In comparison to
Gnewuch et al. (2024, Thm. 3.7), some changes are needed in the second embedding

step to suit our more general setting in Theorem 2.8 and its proof.



CHAPTER 2. SPACES OF INCREASING SMOOTHNESS 51

We introduce the set
Xt = {:c e DN: Zai; e (z4)? < oo},
jeN

which will turn out to be the maximal domain for M}. Clearly we have X < X' < DN,
so that pu(X*) =1 follows from u(X) = 1.

For a € D we put

cta) = (1+apq +a®) .

Theorem 2.8. Assume that (A1)-(A3) hold. For every a € D there exists a repro-
ducing kernel
mt:DxD—R

with the following properties:

(i) We have
H(1+ mi) = span{eg, ¢1}

as vector spaces and
m:(a,a) = 0.

(ii) The maximal domain of the reproducing kernel

Mi(z,y) == [ [(1+ a5} - mi(x),47))
jeN

is equal to XV.

(iii) We have
{fle: fe HM;)} < H(K)

and the operator norm of the restriction T: H(M}) — H(K) , f — f]|x satisfies

7)< [T +agh™>

JjeN

Proof. We begin by describing two embedding steps. Let £(f) be given by (2.30). In
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the first embedding step we consider for j € N the reproducing kernels /’{:Ji given by
kj(x,y) =1+ CY1_,]1- ~e1(z) - e1(y)

for x,y € D. Clearly,
H(kjl) = span{eg, e;}

as vector spaces, and

sy = ECHI + g 1P

for every f e H(k;), where
1= IS5 e 2ol

Hence H (kjl) < H(k;) with an identical embedding
Ty H(k)) — H(k;)

of norm one.

For the second embedding step, we introduce the kernel m,, given by

Ma(2,y) := (er(x) — ei(a)) - (ex(y) — er(a))

for x,y € D. Obviously, H(1 + m,) = spanfep,e;} and m,(a,a) = 0 as well as
H(1) n H(m,) = {0}. Furthermore, for every f € span{eg,e;} there is some y € D
such that f = f(a) + ma(-, y), which yields

|1y = F(@)? + 77" (ea(y) = er(@)? = fa)® + 77" {f e iagu):
Let f € span{hg, hi}. Since

() = fla)l < kila, @) - | f = &N gty = (rn +a®)2 - | f ],
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we have
Hflli,(kl (1f (@) +£(f) = F@))* + av - |£]?
< (IF @] + (ar + a2 - [£1)° +ary - |17
< (T+ag) - 1f@P + (1 +ary) - (s +a?) - [fI? +an; - f]?
< (+a) - (If@P + )™ -a; - [ f1?)
:( +041J) ||fH2 (1+ct(a)-ai ;mhae)"

Put m} := ct(a) - ma. We get
4 L1y 12
;90 < (1+a3)
for the norm of the identical embedding
4 _
T]( ) H(l+o5; -ml) — H(kjl)

1, and | -

Due to the equivalence of the norms || - || HO

¢ > 0 such that

||H(1+m¢), there exists a constant

mg(z,7) < c- (1 + a7 - ef(z))
and

0411 ef(z) < c- (1+my(e, )
for all z € D. This in combination with (A2) gives us

Zalj- J(zj,2;) <o < xe Xt
jeN

This shows that My as defined in (ii) has maximal domain X*.

Furthermore,
74 o 7@, H(1+ Oéijl- mi) — H(kj)

J J

is continuous with norm bounded by (1 + a;;)"?. Due to (A2) and Theorem A.5
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applied with u; := 1, X® := X4, 9@ = X, K := M} and L™ := K yields
{flx: fe H(My)} = H(K)

with the norm of the restriction operator 7' bounded by [T ;e (1 + ay )" O

In analogy to Remark 2.7, we have a decomposition of M} given by

M= Y mi, 231
veU
where
W= [oi;

JEV

and
mi,u(a}7 y) = H mi('xja yj)7

JjEV

for &,y € X'.

2.3 Integration and L’-Approximation in Infinite-

ly Many Variables

We study integration and L?-approximation with respect to the infinite-variate prod-
uct measure p of the univariate measure i for functions from the space H(K'), which
depend on infinitely many variables. More precisely, since the functions in H(K') have
maximal domain X, we consider the restriction of u onto X instead of u itself. How-
ever, we assume that the corresponding Fourier weights satisfy (A1)—(A3), which

implies p(X) = 1.

2.3.1 Upper and Lower Error Bounds

In the sequel we fix a constant sequence @ = (a,a,...) € X'. Note that by The-

orem 2.6(ii), all sequences that are constant except finitely often are contained in

X
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Based on a, we employ the unrestriced subspace sampling model as described in
Section 1.3, with the cost of a function evaluation being given by (1.16) and under the
condition (1.17). Therefore, any algorithm with finite cost only evaluates functions at
points x that differ from a only finitely often. Recall also the definition of the decay,
see (1.18), which quantifies, roughly speaking, the polynomial rate of convergence of
a sequence to 0.

In the following main result, cf. Gnewuch et al. (2024, Thm. 4.9), we present
an upper bound and a lower bound for the decay dec(K') of the n-th minimal errors
en(K). We use a; ' and 4 to denote the sequences (a;)jen and (7;)jen, which satisfy
decay(a;') = 1 and decay(v) = 1, see (A2) and (A3). Recall that lower bounds on

dec(K) correspond to upper error bounds and vice versa.

Theorem 2.9. For integration and L?-approzimation we have

—1 -1
min (dec(k‘l), %) < dec(K) < min <dec(k:1), decay(o;l ) ) .

Proof. Due to Theorem 2.6, we have H(k;) = H(1 + m]). Hence the closed graph
theorem ensures that the norms of H(k;) and H(1+m]) are equivalent, which implies

that for some ¢y, co > 0 we have
c1-en(ky) <en(14+ml) <cy-en(ky),

which in turn implies
dec(ky) = dec(1 + m]).

Furthermore, due to Theorem 2.6, the restriction map f — f|z1 is a continuous
linear map from H(K) into H(M]). Due to (2.27), we have f = f|x+ in L?*(u) for all
f € H(K) and thereby

en(K) < C e, (M])

for all n € N, with C' denoting the norm of the restriction map. Therefore the lower
bound on dec(K) follows from
2

d —1
dec(M]) = min (dec(l +m)), M) :
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a result that was established for superpositions of weighted tensor products of an
anchored kernel through the use of MDM-Algorithms, see Plaskota and Wasilkowski
(2011, Thm. 2) for integration and Wasilkowski (2012, Cor. 9) for L?-approximation
and cf. Remark 2.7. See Section 2.3.2 for further details.

Due to Theorem 2.8 and the closed graph theorem, we have that the restriction
[+ flx is a continuous linear map from H(My) into H(K). Since u(X) = u(X) =1,
we obtain f = f|x in L?(u) for all f € H(M}). Consequently,

en(K) = c-en(MY)
for all n € N, with ¢ denoting the norm of the restriction map. Noting that
en(K) = e, (k)

for all n € N, it suffices to prove the upper bound

decay(a;') — 1

dec(M}) < 5

(2.32)

to establish the desired upper bound for dec(K).

In the case of L?-approximation, this is an established result, ultimately based on
the study of algorithms that do not only allow finitely many function evaluations of
f, but even the evaluation of finitely many linear bounded functionals at f. We refer
to Wasilkowski (2012, Cor. 9).

In the case of integration, we follow an idea due to Kuo et al. (2010b, Sec. 3.3):

Let N € N, and let ) be any algorithm of cost at most N, given by
k
Q) =D flm) - bi
i=1

for f € H(M}) with b; € R and x; being different from a only finitely often. By

rearranging the terms according to which variable groups of x; differ from a and
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renaming the weights b; and nodes x;, we get the representation

o =3 N @) o,

veU =1

where U is the set of all finite subsets of N and :CEV) differs from a exactly at the
entries given by v for all v € U and ¢ = 1...,n,. In the sequel, we use both

representations. We now construct a function from H(M}) to ‘fool’ Q.

First, define

G(N) = sup{z&: m, ¢; € N and Z$(€i) < N}.
i=1

=1

Because of the lower bound from (1.17), we have

G(N) < - V.

Denote by
Ug={reU:n, #0}

the set of all variable groups for which there is some node x; that differs from a

exactly at the entries given by v and by

JQZUV

I/EUQ

the set of all variables used by (). Clearly, we have
|[Jol < G(N) <1+ N.
We define the univariate function g by

g(x) = e (z) —e1(a) for x € D,
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which is clearly an element of H(m}), and the infinite-variate function f by

—-1/2

flx) = Z ozi} Z al_’;g(xj) for ¢ € X,

Jj¢Jq Ji¢JqQ

which is an element of H (M} ), which follows from the decomposition (2.31). We also
get Q(f) = 0 by definition of Jg and (2.22). Further, we have § gdug = —ei(a) and

gl

1 . . .
Lrarlmb =  j, which implies HfHMi =1 and

[ - [ D)
and thereby the desired bound. O

We give a short explanation of the result of Theorem 2.9. Since H(k;) is continu-
ously embedded into H(k;) for every j € N, both the univariate integration problem
and L?-approximation problem are, up to a constant, at least as hard on H(k;) as
on H(k;). Therefore, dec(k;) quantifies how hard our hardest univariate problem is.
With the help of our result, to achieve upper or lower error bounds for the infinite-
variate integration or L?-approximation problem on H(K), one needs only to study
the corresponding univariate problem on H (k).

The sequences v and a; ! both quantify, loosely speaking, how fast the importance
of the spaces H(k;) towards H (K') diminishes, since the first sequence determines the
norms of the embeddings from H (k;—1) into H(k;—1), while the latter determines the
norms of the embeddings from H (k;) into L?(u0). Our conclusion is that the difficulty
of the integration problem and the L2-approximation problem can be controlled just
in terms of the difficulty of the hardest underlying univariate problem, as well as
growth properties of the weights. If the weights grow fast enough, the infinite-variate
problem is no harder than the hardest underlying univariate problem.

A natural question is whether or not the upper and lower bounds in Theorem 2.9
match. Obviously, we always have 1 < decay(y) < decay(a;'). We will establish
that in the important cases (PG) and (EG) we even have decay(v) = decay(aj'), so
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that our upper and lower bounds match, see Remark 2.10.

For completeness’ sake, we present an abstract example of Fourier weights where
o' decays infinitely fast, while 4 decays very slowly. To this end, let € > 0. For
v,j € N, define

2. plte ifv<y
Q=
2 glte, otherwise.
Informally speaking, for a fixed j, the sequence (a;j-),,eN falls only slightly faster than
linear until v = j, then falls exponentially fast. For each j € N, the supremum in the

definition of +; is attained at v = j, so that

’Vj — jf(l-i-a) )

Therefore, we have
decay(a; ') =0 and decay(y) =1+¢

in this example. It is readily checked that (A1)—(A3) hold. We are not aware of an

example in the literature where these Fourier weights are a reasonable choice.

Remark 2.10. We return to the cases (PG) and (EG) from Section 2.1.2. In this
case, the upper and lower bounds do match as seen in the following.
We have

_ori—r; _ or1  ,—1
v =20 =2y

for every j € N in both cases, (PG) and (EG), see Lemma 2.4, and therefore
decay(vy) = p = decay(aj?). (2.33)

Together with Theorem 2.9 this implies

dec(K) — min (dec(kl), pT_1> (2.34)

for integration and for L2?-approximation.

Therefore, the decay of the minimal errors on H(K) is fully determined by the
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decay of the minimal errors on H(k;), which corresponds to the hardest underlying
univariate problem, as well as p, which quantifies the growth of smoothness of H (k;)
as j increases. If p is big enough, the infinite-variate problem on H(K) is no more
difficult that the univariate problem on H (k).

We conclude this section with the following remark.

Remark 2.11. We discuss the impact of the assumption (2.23) on our upper and
lower bounds in the case of L2-approximation. The lower bounds on dec(K'), which
correspond to upper error bounds, are clearly not affected by this.

Regarding upper bounds on dec(K), we observe that Theorem 2.8 is not im-
pacted by this assumption; the continuous embedding H(M}) < H(K) holds re-
gardless. While the bound (2.32) does not hold for the integration problem without
assuming (2.23), it does still hold for the L?-approximation problem, as Wasilkowski
(2012, Cor. 9) still holds. Therefore, the bounds from Theorem 2.9 hold for the
L?-approximation problem regardless of whether (2.23) is fulfilled, while for the inte-

gration problem, we actually require (2.23), but the problem is trivial otherwise.

2.3.2 Multivariate Decomposition Methods

Let us now describe the algorithms that yield the lower bounds on the polynomial
decay rate dec(K) of the n-th minimal errors for integration and L2-approximation
on H(K). These kinds of algorithms were first called changing dimension algorithms,

see Kuo et al. (2010b), and are now known as multivariate decomposition methods
(MDMs).
MDMs operating on H (M)

At first, we consider the reproducing kernels m! and M] with a fixed a € D, as

introduced in Theorem 2.6. Recall

H(1) n H(m]) = {0} and M} =&)L +ym,),

jeN

which yields the anchored function decomposition from Remark 2.7. MDMs based on

the anchored function decomposition as described in Section 2.2 were first considered
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in Kuo et al. (2010b); see, e.g., Wasilkowski and WoZniakowski (2011), Plaskota and
Wasilkowski (2011), Wasilkowski (2012), Gnewuch (2013), Dick and Gnewuch (2014),
Wasilkowski (2013), Kuo et al. (2017a) for subsequent work.

For f e H(M]) and v € U, denote by f, the orthogonal decomposition of f into

H(m] ). Observe that f, only depends on the variables with indices in v, and

gy = 2% Vol (2:35)
veU

In principle, we may study integration and L?-approximation on each of the spaces
H(m],) with v € U\{@}. Formally the underlying measure is the infinite product
(i, but since the elements of H (mjw) only depend on the variables with indices in v,
we are actually dealing with integration and L2-approximation with respect to the
|v|-dimensional standard normal distribution. Cf. (1.7) for an isometric embedding
from a finite-variate tensor product space into an infinite-variate one in a more general
setting.

To construct an MDM, we have to choose a finite set A of non-empty elements
of U, i.e., of finite sets of variables, and for each v € A an algorithm A, ,,, for inte-
gration or L*-approximation of functions from H(m/ ), which uses n, € N function
values of each input function f, € H(m],). We assume that the algorithms A, ,,
are of the form (1.15). For L*-approximation we assume additionally that also the
approximating functions A, ,,(f,) only depend on the variables with indices in v.
The corresponding MDM on H(M]) is given by

A(f) = fla) + D Aun, (o). (2.36)

veA

For notational convenience we put n, := 0 for v € U\(A u {}) and A, := 0. For

every choice of A and of algorithms A4, ,, for v € A we obtain

error®(A, M) < Z Y - error’ (A, ,,ml ) (2.37)

directly from (2.35) and (2.37). This was first shown in Plaskota and Wasilkowski

(2011, p. 513) for integration; the same argument applies for L?-approximation. We
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add that

error(A, o, m;,/) = (error(O, mg)) I

for the error of the zero algorithm, i.e., for the operator norm of the integration
functional or the L*-embedding operator. Since A, ,, is applied to the anchored
components f,, of f € H(M]) in (2.36), we obtain from (2.20) that evaluating f, at a
point @, needs at most 2¥! function evaluations of f, each at nodes & with at most

|| entries not equal to a, which yields the bound

cost(A) < $(0) + Z n, - 2% $(|v)) (2.38)
veA
on the cost of A, see, e.g., Plaskota and Wasilkowski (2011, p. 512).

We add that in order to obtain good finite-variate algorithms A, ,,, and to further
gain control on error?(A4, ,, , mCTW) in (2.37), we may use Smolyak’s construction, only
requiring good algorithms on the space H(m]). See Remark 1.6 for a brief explanation
as well as two references.

For suitable MDMs we thus have an explicit upper bound for the worst-case error
on the unit ball in H(M]) and an explicit upper bound for the cost. See Plaskota
and Wasilkowski (2011) and Wasilkowski (2013) for a detailed analysis in a general

setting and for the almost optimal choice of A and of the algorithms A, ,,, for u € A.

MDMs operating on H(K)

The study of MDMs operating on H(M]), along with the embedding of H(K) into
H(M]), see Theorem 2.6, already gives us the upper error bound obtained in The-
orem 2.9. However, we wish to construct MDMs operating on H(K') working only
with the kernels k; and K, relegating the kernels m! and M] to only being relevant
in the proofs and not having to construct them explicitly.

For a detailed explanation, more knowledge about the ¢, is needed, for instance,
some (asymptotic) bounds for ¢,(z) as v or x vary. Therefore, we sketch a general
idea of how to proceed here. For a more detailed analysis in the case of Hermite
spaces with (PG) or (EG), see Gnewuch et al. (2024, Sec.4.3.3).

We assume that dec(k;) > 0, which yields the existence of a sequence algorithms
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A, for integration or L*-approximation, respectively, on the space H(k;), using at

most n function evaluations and with the error bound

error(A,, k1) <c-n7"
for some constants ¢ > 0 and x > 1. Although we do not know m] explicitly, we
still know that H(m]) is continuously embedded in H (k1) and that the corresponding

embedding constant is at most ¢'(a), see Theorem 2.6(i). Hence we have
error(A,, m!) < c'(a) - error(A,, ki),

and the upper bound on error(A,,m!) may be used to obtain upper bounds for the
errors of Smolyak algorithms A, ,, operating on the spaces H(m] ,,) as seen in (1.21).
Furthermore,

error(0,m]) < c'(a)

for integration and

error(0, m!) < ¢’(a) - max(1, 041_&/2)

for L2-approximation. Finally, we employ Theorem 2.6.(iii) to return to the space
H(K): Since the embedding of H(K) into H(M]) by restriction is continuous with

operator norm bounded by C'(a), we obtain

error’(A, K) < (C’T(a))2 : Z Yo - error® (A, ,,,ml ) (2.39)
veU\{J}

from (2.37). Compared to MDMs on H(M]), in the present setting it is desirable to
gain some control on the constants ¢'(a) and C'(a) in the error bounds. In particular,
we want both constants to be as small as possible through a good choice of a.

We may therefore consider the following optimization problem: For a given er-
ror tolerance ¢ > 0, determine A and n, for v € A such that the upper bound for
error(A, K) is at most € and the upper bound (2.38) for cost(A) is as small as pos-
sible. This problem has been studied in, e.g., Plaskota and Wasilkowski (2011) and
Wasilkowski (2013). Again, we also refer to Gnewuch et al. (2024, Sec. 4.3.3).

For the algorithm A given by the solution of this optimization problem, the error
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bound (2.39), further bounded by the error bounds for Smolyak algorithms given by
(1.21), and together with the bound on the cost given by 2.38, yield the upper error
bound in Theorem 2.9.

2.4 Hermite Spaces

In this section, we study one specific class of examples of spaces with increasing

smoothness, namely Hermite spaces on the domain D = R. We also consider
Ho = N(07 1)

to be the standard normal distribution throughout this section. In particular, for

v € Ny, the underlying basis function
e, = h,

is given by the Hermite polynomial of degree v, while for the Fourier weights, we
will mostly consider the cases (PG) and (EG). Interestingly, in this setting (PG) and
(EG) coincide with classical notions of finite or infinite smoothness, respectively, of
functions f € H(k;).

This setting is of special interest for two reasons. Firstly, we will see that
X < RY,

which is in contrast to other examples that were studied in Gnewuch et al. (2019).
Secondly, the study of integration and L2-approximation on Hermite spaces, particu-
larly in the case (EG), will be instrumental to the study of these problems on spaces
with Gaussian kernels in Chapter 3. In particular, we will establish a way to trans-
form algorithms for a given problem on a Hermite space into an algorithm for the
same problem on a corresponding space with a Gaussian kernel, preserving cost and,
up to a constant, error.

By the general results we have already established, particularly in Section 2.3.1,
we basically only need to find dec(k;) or achieve good bounds on it to study dec(K).
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Therefore the majority of this section, up to and including Section 2.4.3, is only
concerned with the study of the univariate case, and for this we drop the index j in
our notation. In the univariate case, we mostly survey known results.

At the end of the section, we turn to the infinite-variate case again, and will be
able to exactly determine dec(K) in the cases (PG) and (EG).

Finite-variate Hermite spaces with different kinds of Fourier weights have been
studied, e.g., in the following papers on integration and approximation problems.
Fourier weights with a polynomial growth are considered in Irrgeher and Leobacher
(2015), Dick et al. (2018), Kazashi et al. (2023), Dung and Nguyen (2023), and
Leobacher et al. (2023). We will survey some of the results in the univariate case in
Section 2.4.3.

Fourier weights with a (sub-)exponential growth have been studied in Irrgeher and
Leobacher (2015), Irrgeher et al. (2015), Irrgeher et al. (2016a), and Irrgeher et al.
(2016b). We will revisit this case in Section 3.2.3 as well as Section 3.2.4, since it
is closely related to the setting of RKHSs with Gaussian kernels, which we study in
Chapter 3.

2.4.1 The Univariate Case

For v € Ny, we denote the Hermite polynomial of degree v by h,. We give some of
the basic definitions and properties found in Gnewuch et al. (2022, Sec. 3.1).
The Hermite polynomials arise by orthonormalizing the monomials in L?(pg). An

explicit representation is given by

/2] o
_ k
() = V! kZ_;)(_l) %k (1 — 2k)]

for v € Ny and = € R, see Szego (1975, Eqn.(5.5.4)). In particular, we have

ho(x) =1, hi(x) =2 and he(x) = \/Li(xQ —1) (2.40)

for € R. In particular, the first part of (2.8) is fulfilled. In Gnewuch et al. (2022,

Lem. 3.1), several asymptotic properties for the scale of Hermite polynomials were
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given. Here, we only mention Cramér’s inequality

sup |, (z)] < exp(2?/4) (2.41)
veNg
for all x € R, which will be of use later.

Let (aw)ven, be a sequence of Fourier weights fulfilling inf, ey, , > 0 and

Do hy(r)? < o (2.42)

veNy

for all x € R. Further, we assume

04021.

Then, by Proposition 2.1, we have that k, given by

k(x,y) =1+ Y 0y hy (2)hy(y) (2.43)

veN

for x,y € R, is a reproducing kernel. We call H (k) a univariate Hermite space.

A sufficient condition for (2.42) is given by

Dl v <o, (2.44)

veN

which is also necessary under the additional assumption of a being non-decreasing,
see Gnewuch et al. (2022, Lem. 3.3) and the comment following it.

In the sequel, we consider a non-decreasing sequence a := (a,),en of Fourier
weights satisfying (2.44) and the corresponding univariate Hermite kernel.

Hermite spaces behave monotonically on the main diagonal in the following sense,
see Gnewuch et al. (2024, Lemma B.1).

Lemma 2.12. For z,y € R with |x| < |y| we have
k(z,x) < k(y,y)-

Proof. We observe that k(x,z) = k(—xz,—x) holds for all x € R, since each of the

Hermite polynomials is either an even or an odd function. Thus, it suffices to show
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that x — k(x,x) is non-decreasing on R*. To this end, we use two recurrence relations

of Hermite polynomials, namely
B(x) =vY? h,_y(x) and hy(x) = v Y% (zh,_1(z) — k!, _(z))
for v € N and z € R, see Szegd (1975, Eqn. (5.5.10)). This implies

(h) () = 2xhy,  (x) = (hy ) (x)

and thus, inductively,
(hy)'(x) = 22 Y (=)™ - by (x). (2.45)
k=1

For n e N and x € R, we consider the partial sum

n

fal@) == ) gt - ().

v=0

By (2.45) we have

—sz Z DY R | (2)

Since « is non-decreasing, the inner sum on the right-hand side is always nonnegative,

and therefore f,, is non-decreasing on R*. Finally, f,,(z) converges to k(z, z) for every
reRT. ]

Let us briefly recall the general setting. When discussing error bounds for MDM-
algorithms, constants c'(a) and C'(a) showed up, see, for instance (2.39), which were
given by (2.24) and (2.29). Lemma 2.12 reveals that, in the case of the infinite-variate
product of univariate Hermite spaces, these bounds are minimal for @ = 0. Further,

in the case a = 0 a bound for these constants based on the values hy,(0) for v € N
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can be established, see Gnewuch et al. (2024, Rem. 3.3).

2.4.2 Smoothness of Functions from Univariate Hermite Spa-

ces

We discuss some smoothness results for functions from the space H (k).
Recall the cases (PG) and (EG) from the infinite-variate setting. Here, we look

at a univariate counterpart, so let » > 1 and
a, = (v+1)

for polynomial growth or r,b > 0 and

a, =27
for exponential growth.

We will see that polynomial growth of the Fourier weights corresponds to finite
smoothness for functions from H(k), with the smoothness increasing as r increases.
Similarly, exponential growth of the Fourier weights corresponds to infinite smooth-
ness, which in a sense still increases as b increases.

In the case of polynomial growth, we follow Leobacher et al. (2023, Sec. 2), where
actually, even a multivariate result is obtained. We only give the univariate case here.
We consider the special case r € N; additionally, let a weight 0 < v < 1 be given. We

define the Fourier weights &, via their inverses

v/l ifl<v<e

v (v =)V, ifv>r,
with g = 1, and let k be the corresponding Hermite kernel. Firstly, we have
VL E, <y (r/)

for all v € N, see Leobacher et al. (2023, Lem. 2), so that the sequences v and & are
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equivalent. This implies H (k) = H(k) as vector spaces, with equivalent norms.

~

Secondly, the space H (k) is the Sobolev space of all absolutely continuous func-
tions that are at least r times weakly differentiable and whose weak derivatives up to
order r are square-integrable with respect to ug; here v acts as a weight for the norm.

Clearly, the second result is then also true for H(k), up to equivalence of norms.

In the case of exponential growth, the elements of H (k) are real analytic if b > 1/2,
and they belong to the Gevrey class of index (2b) 1 if 0 < b < 1/2. See Gnewuch et al.
(2022, Exmp. 3.6, Lem. 3.7) for further details and references. For s > 1, the Gevrey
class with index s is defined as the space of infinitely often differentiable functions
f fulfilling the following property: For every compact K < R, there exists a C' > 0
such that

sup | £ (z)| < ¢ pl®
reK

for all n € Ny. Observe that this inequality holding in the case s = 1 is equivalent to

f being analytic.

2.4.3 Integration and L?-Approximation of Functions of a

Single Variable

We now study univariate integration and L2-approximation on the space H(k). Re-

garding the sequence of Fourier weights a, we only consider the case
decay(a™") = 1. (2.46)

Of course, for k to be well-defined it would be sufficient to assume decay(a) > 1/2,
see (2.44). However, for our ultimate goal of studying infinite-variate problems in
the cases (PG) and (EG), it suffices to consider the univariate case assuming (2.46).
Note that to our knowledge, in the case decay(a ') < 1, no upper error bounds have

been established so far.
As a reminder, for two sequences of Fourier weights oy, ae with o, < a, 2 for

v e N, we have

H(ka,) < H(kas) (2.47)
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with a continuous identical embedding of norm one, see (2.12).
For integration, we proceed as follows: First, we study the particular case k'l .= k
with
a, = (v+1), (2.48)

with 7 = 1. In the even more special case r € N, we survey results from Dick et al.
(2018) and Duang and Nguyen (2023) to achieve matching upper and lower bounds on
en(kl') based on smoothness properties on the functions in H(kl'l). We generalize
these results to the case of arbitrary r > 1 via the interpolation of Hilbert spaces,
cf. Remark 2.3. Then, results for H (k) under the assumption (2.46) follow from the
results for H (k") with the help of (2.47).

For L*-approximation, we utilize a result from Dolbeault et al. (2023) which essen-
tially says that algorithms based on general linear information are not more powerful

than algorithms based on function evaluation.

Integration

For Fourier weights according to (2.48) with r € N even the asymptotic behavior of

the n-th minimal errors for integration is known: There exist ¢;, ¢y > 0 such that
c-n "< en(k:m) <cp-n " (2.49)

holds for all n € N, see Dick et al. (2018) and Dung and Nguyen (2023). We remark
that both papers actually considered the d-variate case of the d-fold tensor product
of the kernel k"] and the d-dimensional standard normal distribution for some d € N,
which results in the additional factor (In(n))@~Y/2 in (2.49). The corresponding lower
bound is due to Dick et al. (2018, Thm. 1), and the matching upper bound is due
to Dung and Nguyen (2023, Thm. 2.3); upper bounds involving a further logarithmic
factor have already been established in Dick et al. (2018, Cor. 1) for d € N and in
Kazashi et al. (2023, Thm. 4.5) for d = 1.

We briefly sketch how asymptotically optimal quadrature formulas are constructed
in Dung and Nguyen (2023). Consider the interval [ := [—1/2,1/2] and the Lebesgue
measure A on I. Denote by W" the Sobolev space of absolutely continuous functions

on [ that are r times weakly differentiable, and whose weak derivatives up to order r
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are square-integrable with respect to A. We equip this space with its usual norm. Our
goal is to use asymptotically optimal algorithms on W" to construct asymptotically
optimal algorithms on H(kl"1).
To this end, denote by ¢ the density function of the standard normal distribution,
given by
p(x) := (2m) % - exp(—2*/2)

for x € R. Further, we define the following integer shifts: For f: R — R and ¢ € Z
we use f(-+ £) to denote the function x — f(z + ¢) on the domain 1.

The idea for integration on H(k[")) now is to shift I to I + ¢ for only finitely
many ¢, and consider integration on the union of these shifted intervals, instead of on
R. More precisely, for f € H(k['l), we apply asymptotically optimal algorithms for
integration on W to integrands of the form (fy)(- + ¢).

See Dung and Nguyen (2023, Eqn. 2.11) for the following key result.

Lemma 2.13. For every r € N and every § € |0, 1/4] there exists ¢ > 0 such that

[(fo) (- + Ollwr < ¢ exp(=0€%) - | fllam)
for every f e H(K') and every ¢ € Z.

It is well known that the n-th minimal errors for integration on W7 with respect

T

to A are of the order n™". In the sequel, for every m € N, let A/ be a quadrature

formula based on m function evaluations fulfilling

[ rr- Ain(f)‘ <com | flwr

for some ¢ > 0 independent of m and for every f € W”. We mention that here one
can for instance use quadrature formulas based on polynomial interpolation of degree
r — 1 and equidistant nodes in I.

For every L € N and every sequence m := (my)|¢<1, in N we obtain a quadrature

formula

Apa(f) = 3 A ((F - @)+ 0)

|€|<L
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on H (k).
See Dung and Nguyen (2023, p. 8) for the following fact, which immediately follows
from Lemma 2.13 and the continuity of f — §, fdA on W".

Lemma 2.14. For every r € N and every § € |0,1/4| there exists ¢ > 0 such that
e(Apm, k') < c- Z m;" - exp(—00?) + Z exp(—66?)
<L (=L
for all L € N and m as before.

In the sequel, we fix some 6 := )0, 1/4[. For n > 2 we choose

L, - [(g - mm)ﬂ
- [n exp (—2% w?ﬂ |

and we use A,, := Ar,, m, to denote the corresponding quadrature formula on H (k[r]).
See Ding and Nguyen (2023, Thm. 2.1) for the following result, which yields the

upper bound in (2.49) and is derived from Lemma 2.14 in a straightforward way.

and

Theorem 2.15. For the integration problem on H(k[r]) the following holds. For every
r € N there exists ¢ > 0 such that the worst-case error and the number of nodes of A,

satisfy
e(An, K'Yy <c-n"

and

respectively, for every n € N.

Remark 2.16. Let ¥ € N. Since L,, and my, are non-decreasing functions of r, we
may easily construct a sequence of quadrature formulas that is asymptotically optimal

simultaneously for all r € {1,... 7}.
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Now, we turn to the case of r > 1 without requiring r € N. Using interpolation of

Hilbert spaces and Theorem 2.15, we obtain the following result.
Theorem 2.17. For the integration problem on H (k) the following holds.

(1) If decay(a™!) > 1 then
dec(k) > decay(a™!).

(i) For Fourier weights of the form (2.48) we have
dec(kl"y = decay(a™) = r

ifr =1 and
dec(kl'y < decay(a™) = r

if1/2 <r < 1.

Proof. First, we consider Fourier weights according to (2.48), where we obtain
dec(k[’"]) =7

for r € N immediately from (2.49).

Now, let » > 1, and let r,7 € N be given such that r < r < 7. Then there exists a

uniquely determined 6 € ]0, 1] such that
r=(1-0)r+6r,
cf. (2.14). Then, as described in Remark 2.3, we obtain
v+ 1) = (w+19)"" (v + 1)),
for the Fourier weights of the spaces H(kl'!), H (k) and H(kl), as well as

1 hees < (k)= (1F )
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for f e H(kIT), which directly implies
error(A, k") < error(A, k)= . error(A, kI11)?

for every quadrature formula A.

Using Remark 2.16, we obtain
en (kM) < e (KIEN0 e, (BIT)O
This further implies
dec(kl") = (1 — 6) dec(k) + 0 dec(k) = r. (2.50)
On the other hand, using (2.50) in the equivalent form
dec(kM) < —— - (dec(kl"T) — 0 dec(k[))
with ,7 € N and r > 1 shows that
dec(kl) < r.

Finally, we consider any non-decreasing sequence « of Fourier weights fulfilling
(2.46) and the corresponding kernel k. For every 1 < r < decay(a™!) the space H (k)

is continuously embedded into H(kl'!), and therefore
dec(k) = dec(kl) = r
which implies dec(k) > decay(a™!). O

L?-Approximation

For Fourier weights of the form (2.48) the asymptotic behavior of the n-th minimal

errors for L2-approximation is even known for all » > 1, where we have

en (k) =072, (2.51)
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see Dung and Nguyen (2023, Thm. 3.5).

As for integration, the multivariate case with the d-fold tensor product of the
kernel k") and the d-dimensional standard normal distribution is studied for L*-
approximation, too, in Dung and Nguyen (2023), which results in the additional
factor (In(n))@=17/2 in (2.51).

In the further analysis of the approximation problem we use general results on
upper bounds for the minimal worst-case error for L2-approximation on separable
RKHSs using function values due to Dolbeault et al. (2023). The results are also
employed in Dang and Nguyen (2023).

Before stating the corresponding theorem, we provide an auxiliary lemma con-

cerning the decay of B := (/3,,)nen given by

again under the assumption

Dl <o (2.52)
veN

Lemma 2.18. If (2.52) is satisfied then
decay(B) = decay(a™'/?).

Proof. Due to (2.52), we have decay(a™') = 1.
The weak discrete Stechkin inequality asserts that for ¢ > 1 there exist constants
¢,C' > 0 depending only on ¢ such that for all non-increasing sequences (w,),en of

positive real numbers we have

1 1/q 1 1/q
-1 q q
¢ supn | — E w < supnw, < Csupn g w .
p <n ,,) P P (n u>

> > >
n=1 v=n n=1 n=1 v>n

For this and related inequalities including optimal constants, see Jahn and Ullrich
(2021). Applying this two-sided estimate with ¢ := 27 and w, = a, Y7 shows
that decay(a~'/2) > 7 if and only if decay(8) > 7, provided that 7 > 1/2. Hence

decay(3) = decay(a~'/?) follows in the case decay(a™') > 1.
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In the borderline case decay(a™') = 1 we use

<oy
n veN
and (2.52) to conclude that decay(B) = 1/2 = decay(a~?). As observed above,
decay(3) > 1/2 would imply decay(a~/?) > 1/2. Hence we have decay(3) = 1/2 =
decay(a~'/?). O

Theorem 2.19. For L*-approzimation on H(k) the following holds. If (2.52) is
satisfied then
dec(k) = decay(a1/?).

Proof. The sequence of singular values of the embedding of H (k) into L? () is a2,
Since the singular values, as the minimal worst-case errors of L2-approximation using
general linear information, are lower bounds for the minimal worst-case errors of
L?-approximation using function values, more precisely, since

en(k) = o 12

n

for all n € N, the inequality dec(k) < decay(a~/?) follows.
For the reverse inequality, we use Dolbeault et al. (2023, Thm. 1), which shows

that there exists a universal constant ¢ € N such that

ecn(k) < Bn

for every separable RKHS H (k) with square-summable singular values «,, of its iden-
tical embedding into any L2-space. In the present case the square-summability is
guaranteed by (2.52). Since the n-th minimal errors e,(k) form a non-increasing
sequence, the decay dec(k) of (e,(k))nen, is the same as the decay of the subse-
quence (€e,(k))nen,. We conclude that dec(k) > decay(3), and it remains to observe
Lemma 2.18. [l

Remark 2.20. The approach yielding the error bound from Dolbeault et al. (2023,

Thm. 1) is based on a least square estimator using independent random sample points
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drawn with respect to a suitable density. Thus, the proof is non-constructive, as it
only ensures the existence of a good deterministic algorithm using function values. Of
course, it would be desirable to have explicit constructions for sample points achieving

this univariate error decay.

2.4.4 Functions of Infinitely Many Variables

We now return to the infinite-variate case. Let p be the infinite product of the
univariate standard normal distribution pg with itself. For v, j € N, let Fourier weights
a,,; be given fulfilling (A1)-(A3). In particular, the univariate Hermite kernels k;
given by

ki(r,y) =1+ > oyt hy(x) - hu(y)

veN

for z,y € R, are well-defined, and so is the infinite-variate kernel K given by

) o= [ ki, 5)

jeN

for ,y € X, on the maximal domain

X = {xeRN D a ) h(x;) <oo}
v,jeEN

We also call H(K') an (infinite-variate) Hermite space.

Of course, we have H(K) < L*(p) with a compact identical embedding and p(X) =
1, which follows from Theorem 2.2 but in this specific example was first established in
Gnewuch et al. (2022, Lem. 3.8, Prop. 3.10, and Lem. 3.12). In Gnewuch et al. (2022,
Prop. 3.10), it was also established that X < RY, which follows immediately from the
fact that that at least one of the Hermite polynomials is unbounded (of course, this

is true for all except hg); further it was established that
ln(N) = X (2.53)

using Cramér’s inequality (2.41).
Remark 2.21. In Gnewuch et al. (2022, Prop. 3.19), it was established that in the
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case (EG) with b; > 1, we have

X = {:BERN: Mo a2 <oo}. (2.54)

jeN

In the case (PG), no such simple characterization of X is known. However, we are

able to show the inclusion
X := {x € RY: there exists ¢ > 0 with |z;| < ¢ - In(j)? for all j € N} C %.

This is of interest, since we actually have p(X) = 1, and so we can characterize almost
all elements of X. To show p(X) = 1, one can apply the Borel-Cantelli lemma to the
sets

A, = [c¢-1In(n)?, o]
for n > 3 and some ¢ > +/2, bearing in mind that for any = > 0, the probability

po([z, o0[) is bounded by (1/z) - exp(—x?/2).

To actually show X < X, we proceed as follows. We remind ourselves of the

definition of the case (PG), in particular
oy = (7/ + 1)rj

with infjenr; =7 > 1. Let € X, and let ¢ > 0 such that |z;| < c-In(j)Y/2

First, fix v € N. Since h, is a polynomial of degree v, there exists some B > 0

and some jy € N, such that for all j > j, we have

oy h(eg) < Brojj 2l < B-(v+ 17" ()" ¢,

which implies the convergence

Z ay b hy(x;)? < o0 (2.55)

jeN
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Now, for fixed vy, j € N, utilizing (2.41) and (2.18), we have

Dagthy(2;)? < exp(a?/4) - vg " (1 + w/(r — 1)) = G521+ g/ (ry — 1)),

|23 704

and the exponent of j is smaller than —1 for 1y big enough. If this is indeed fulfilled,

Z Z a, ;- hy(z;)? < oo,

jeNvz=yg

we obtain

which, together with (2.55) for every fixed v, implies x € X.

2.4.5 Integration and L?-Approximation of Functions of In-

finitely Many Variables

Closing out this chapter, we give results for integration and L?-approximation on an
infinite-variate Hermite space H(K) in the cases (PG) and (EG). Theorem 2.9, and
in the cases (PG) and (EG) more specifically (2.33), combined with the results from
Section 2.4.3 for the univariate case, yields the following main result, cf. Gnewuch
et al. (2024, Cor.4.10). As a reminder, we put

T
:= liminf -2
P TG

which quantifies the asymptotic behavior of o ; as j tends to oo.

Corollary 2.22. In the case (PG) we have

dec(K) = 5 -min (2ry, p— 1)

for the integration problem and

dec(K) = 5 - min (ry,p— 1)

for the L*-approzimation problem. In the case (EG) we have

dec(K) =5 (p—1)

2



80 CHAPTER 2. SPACES OF INCREASING SMOOTHNESS

for the integration problem and the L?-approzimation problem.

Proof. As already seen in (2.34), we have

dec(K) — min (dec(kl), pT_l) (2.56)

for integration and L2-approximation in both cases (PG) and (EG).

The decay of (;1)ven is equal to ry in the case (PG) and equal to oo in the
case (EG). Using Theorems 2.17 and 2.19 we obtain dec(k;) = r; for integration and
dec(k;) = r1/2 for L*-approximation in the case (PG), while dec(k;) = oo for both
problems in the case (EG). O

Remark 2.23. Corollary 2.22 reveals that r;, which is the minimal smoothness
among all Hermite spaces H(k;) of univariate functions, and p, which concerns the
growth of the smoothness as j — o0, determine the decay of the minimal errors
on Hermite spaces H(K) with Fourier weights of a polynomial or (sub-)exponential
growth. On the one hand, if p is sufficiently large, then these minimal errors decay
as fast as the minimal errors in the univariate case on the space H (k;); for (PG) this
means p = 2r; + 1 or p = 7 + 1, while we need p = oo in the case (EG). On the other
hand, we have dec(K) = 0if p = 1.



Chapter 3
Spaces with Gaussian Kernels

In this chapter, we study integration and L2-approximation on RKHSs with Gaussian
kernels. The underlying probability measure is the d-fold product measure of the
standard normal distribution p, where d € N U {oo}. The univariate Gaussian kernel

with shape parameter o > 0 is given by

Uy (z,y) == exp (—02 (x— y)2)

for z,y € R. Based on a finite or infinite sequence o of positive shape parameters,

the d-variate Gaussian kernel with those parameters is given as

La’(mv y) = 1_[ gtfj (xj’ yj)

J=1

for £,y € R? in the finite-variate case and @,y being in an appropriately chosen
domain ¥ < RY in the infinite-variate case.

This chapter is based on Gnewuch et al. (2026). We study the infinite-variate case
d = o0, establishing matching upper and lower bounds on the decay rate dec(L,) of
the n-th minimal errors of integration or L?-approximation on L.

In the finite-variate case d € N, the integration problem on H(L,) has been
studied before in Kuo and Wozniakowski (2012), Kuo et al. (2017b), Karvonen and
Sarkka (2019), and Karvonen et al. (2021), while the L?-approximation problem has
been studied in Fasshauer et al. (2012), see also Sloan and Wozniakowski (2018).
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In the case of integration, we are able to improve on some of the known results,
particularly regarding tractability.

Our contributions are based on the fact that there is a close relation between spaces
with Gaussian kernels and Hermite spaces with Fourier weights of exponential growth,
the latter of which we introduced in Section 2.4. In particular, if the Fourier weights
of the Hermite kernel and the shape parameters of the Gaussian kernel are suitably
related, there exists an isometric isomorphism @ on L?(u) that can be restricted to an
isometric isomorphism between the two RKHSs. The isomorphism () was established
in Gnewuch et al. (2022).

Making use of this isomorphism, we establish a way to construct algorithms on the
space with a Gaussian kernel from algorithms on the Hermite space and vice versa,
preserving error (up to a constant) and cost.

This has the consequence that any error bound that is already established for one
of the two spaces, can also be applied to the other. In this context, we will discuss
some of the results of the articles mentioned above, as well as corresponding results
for Hermite spaces with infinite smoothness, which have been studied in Irrgeher and
Leobacher (2015), Irrgeher et al. (2015), Irrgeher et al. (2016a), and Irrgeher et al.
(2016b).

We proceed as follows. In Section 3.1, we introduce spaces with Gaussian ker-
nels and study some basic properties, including their domains. We also introduce
the aforementioned isometric isomorphism here. Section 3.2 is concerned with the
integration problem. We establish at first a way to transfer algorithms between
spaces with Gaussian kernels and Hermite spaces. Based on this, we first study the
finite-variate case and then the infinite-variate case. Section 3.3 is concerned with
the L2?-approximation problem. Here, too we first establish a way to transfer algo-
rithms, which works different than in the case of integration. Based on this, we study
infinite-variate L2-approximation, since the finite-variate case is largely solved.

This chapter follows closely Gnewuch et al. (2026), with the presentation fitted
to the rest of the thesis and a few details added; we will cite the main results more
explicitly. We also put the discussion of L, in the infinite-variate case more clearly
into context of Chapter 1.

Throughout this chapter, we often consider the finite-variate and the infinite-
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variate case simultaneously. As notational convention, let d € N u {oo}, and let
J ={1,...,d} in the case d € N and J = N in the case d = .

3.1 The Function Space Setting

We study spaces with Gaussian kernels and their relation to Hermite spaces of in-
finite smoothness. In this section, we mainly present known results from Steinwart
et al. (2006), see also Steinwart and Christmann (2008) and Minh (2010), and from
Gnewuch et al. (2022), most importantly a particular one-to-one correspondence be-
tween both types of RKHSs.

3.1.1 Univariate Gaussian Kernels

The univariate Gaussian kernel ¢, with shape parameter o > 0 is defined by

Uy (z,y) = exp (—02 (x — y)2)

for z,y € R. Despite a different use in stochastic analysis, the Hilbert space H(¢,)
will be called a Gaussian space throughout this chapter.

For the analysis of Gaussian spaces we refer to Steinwart et al. (2006), see also
Steinwart and Christmann (2008, Sec. 4.4). In particular, each function f € H((,) is
the real part of an entire function g restricted to the real line, where g belongs to the
complex reproducing kernel Hilbert space with kernel ¢, extended to C in the obvious

way. Since

|f(SL’) - f(y)|2 = <f7 ga('v'r) - go('vy)>%l(€g)
< ey - 166 (5 2) = € ) e,
= 2[fle,) - (1 = o2, y)

for all z,y € R, the functions from H(/,) are bounded. No Gaussian space contains
any non-zero polynomial, and obviously /, is translation-invariant, i.e., ¢, (x,y) =

l,(x — y,0). Moreover, we have the following monotonicity property of Gaussian
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spaces:
o1 < o9 = H(ly,) € H(l,,) (3.1)

with a non-compact continuous identical embedding of norm 4/o5/0;.

3.1.2 Tensor Products of Gaussian Kernels

We study the tensor product kernel of univariate Gaussian kernels, in particular we
establish the appropriate domain in the infinite-variate case. This will turn out to be

a weighted #2-space, which motivates us to establish the following result.
For any sequence w := (w;);es with w; = 0 for every j € J we use ¢*(w) to denote

the corresponding weighted ¢2-space, i.e.,

P(w) = {(:cj)jej eR”: > wj-af < oo}. (3.2)

jeJ

In addition to the weighted (*-space £*(w), we also consider the space £* of all

bounded sequences in R. In the following lemma, we just consider the case d = oo.
Lemma 3.1. For every positive sequence w with ZjeN wj < o0 we have
(*c W) eRY  and  pP(w) =1

Proof. The first statement obviously holds true, and the second statement follows

f Zw] 2du ij deuo ;) ij<oo

JeN jeN jeN

from

which implies that Y . w; - 27 < o0 holds for p-almost every = € R". O

jeN
Let o > 0 be a sequence of shape parameters. Throughout this chapter, we will

mostly consider the case

Yot < (3.3)

jed

of square-summable shape parameters.
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In contrast to other settings we considered in this thesis, here it is ensured that

Lo(z,y) = [ lo,(z5,;) = exp(= > 0% - (x; — y;)?) (3.4)

jed jed

is well-defined for all ¢, y € R’, with the convention that exp(—o0) := 0. Nevertheless,
it makes sense to restrict the domain to a subset X < R’ following the general tensor
product setting, as described in Chapter 1. We discuss this in the following, and it
will turn out X = ¢*(o) is the correct choice. Of course, for d < oo the assumption
(3.3) is trivially satisfied and R¢ = (?(a?).

We establish some basic results regarding L, and (2(o).
Lemma 3.2. (i) For all sequences o fulfilling (3.3), we have u(¢*(a?)) = 1.

(ii) For all sequences o, we have H(Ly)  L*() with a compact identical embed-

ding.

(iii) For all sequences o, we have Ly(y,2z) = 0 and h(z) = 0 for y € (*(o?) and
z € R/\(%(a?), where h € H(Ly) denotes the representer of f — Spo fdu on
H(L,).

Proof. Lemma 3.1 yields (i) in the non-trivial case d = o0. Since Ly (x, ) = 1 for

every « € R, the kernel L, has finite trace, i.e.,

JRJ T (@, 2)du(z) < .

The latter implies (ii), see, e.g., Steinwart and Scovel (2012, Lemma 2.3).
We establish (iii) in the non-trivial case d = 0. Let € RN, y € (*(6?), and
z € RM(%(62). Obviously, Ly (y, z) = 0. The representer h of integration on H(L,)

satisfies
e = | Tole w)inty).

and therefore h(z) = 0. O

A natural question in the case d = oo is then whether the restriction of the

domain from R’ to (?(o) in any way impacts the study of the integration or the
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L?-approximation problem. Lemma 3.2.(iii) reveals that this is not the case if (3.3)
holds.

We describe how the choice of X = ¢*(o) fits into the tensor product setting from
Chapter 1.

Remark 3.3. Recall that the appropriate domain for an infinite tensor product
kernel relies on unit vectors u; € H({,,) that are, loosely speaking, close to 1. Since

1 ¢ H({,,) for any choice of shape parameter, we choose u; given by
uj(x) = Ly, (x,0)
for all x € R, cf. also Gnewuch et al. (2022, Sec. 4.2). Clearly, we have
i, = €y (0,0) = 1.

Two elementary calculations show

1 1/2
A =
JRUJ " (2‘7]2“"1)
1 1/2
2000 = (—1—) |
JR 43 eHo 40? +1

We recall from Chapter 1 the definition of the appropriate domain

as well as

X={xeR : ) |l (zj,2;) = 1] <ooand ) |u;(z;) — 1] < oo},

jeJ jeJ
which here simplifies to
X={xeR’: Z |u;(z;) — 1] < 0}.
jeJ

Since u;(z;) > 0 always holds, the sum ;,; [u;(z;) — 1| converges if and only if the
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product [ [y u;(z;) converges to a value other than zero, and we obtain
X =1(o).

We note that Theorem 1.4 is also applicable here if (3.3) holds, since

J u?d,uo — 1‘
R

all are asymptotically equivalent in j and we have u(X) = 1 already by Lemma 3.2(i).

2

J ujdpy — 1‘ and
R

Of course, in this case the L?-embedding is easier obtained by Lemma 3.2(ii).

In subsequent sections, we consider integration and L2-approximation, which are
trivial if (3.3) does not hold, see Remark 3.8 and Section 3.3.1. See Gnewuch et al.
(2022, Sec. 4.2) for further results on different domains for L, in the case d = co.

For every d the mapping

Lo- = Zo- |32(a.2)><[2(0.2)

and the Hilbert space H(L,) are called a Gaussian kernel and, despite a different use
in stochastic analysis, a Gaussian space, respectively. Accordingly, H(L,) consists of

real-valued functions on the domain

X(Ly) := *(0?).

3.1.3 Hermite Kernels

We introduce a new notation for Hermite spaces to make the dependence on the
Fourier weights clearer. This is necessary in this chapter, since we often manipulate
the weights or consider multiple scales of weights at the same time. We consider
specific Hermite spaces of infinite smoothness, see Section 2.4.1 and 2.1.2.

Let 0 < 8 < 1. The univariate Hermite spaces we consider are determined by the

sequence of Fourier weights (a,),en, = (87")ven,, SO the kernel k is given by

k(e y) = Y, B ho(x) - hu(y)

veNy



88 CHAPTER 3. SPACES WITH GAUSSIAN KERNELS

for z,y € R. We call # the base parameter.
For infinite-variate Hermite spaces, let 3 := (3;),es be a sequence of base param-
eters, i.e., 0 < 8; < 1.

For every sequence 3 with

DB <o (3.5)

JjeJ

we define the Hermite kernel Kz by

Kp(z,y) := 1_[ kﬁj (xj7 yj)

jeJ
for x,y € X(Kg) with the maximal domain
X(Kpg) == (B),

cf. (2.54). If d < oo then (3.5) is trivially satisfied and X(Kz) = R? Recall that
w(X(Kg)) = 1 and H(Kg) = L*(u) with a compact identical embedding, cf. Theo-

rem 2.2.

3.1.4 The Isometric Isomorphism

As we will see, the relation

1-8 2

o 3.6
’ 1+(1+80§)V2 (3.6)

for every j € J is of key importance. First of all, we note that (3.6) defines a bijection

between the set of shape parameters o; > 0 and the set of base parameters 0 < 3; < 1.

Remark 3.4. Consider the case d = 0, and assume that (3.6) is satisfied for every
jeN. If limj o 0; = 0 or lim;_,, §; = 0, then 8; = o7 and therefore (*(a?) = (*(B)
as vector spaces. Moreover, (3.3) and (3.5) are equivalent. We conclude that (3.6)
defines a bijection between the set of square-summable sequences of shape parameters

o; > 0 and the set of summable sequences of base parameters 0 < 3; < 1.

Let ¢ := (c;)jes be a positive sequence with > . ;w; < oo for w; = |¢; — 1]. We
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define ¢.: R7 — [0, 00[ by
exp(=3. 9L 22) ifzer
p ies 2 rg) ifxe P(w),

0 otherwise.

90(;(513) =

Note that  — ez and & — ¢ '@ define bijections on ¢*(?). We define a linear

mapping Q. on the space of all functions f: ¢*(6?) — R by

Qcf(@) = ¢/ pe(®) - f(cx)
for « € (?(a?), reminding the reader of the notation ¢, =[], ¢;.
In Gnewuch et al. (2022, Thm. 5.8) the following result was established. Note
that in that paper, instead of the univariate kernels kg, kernels (1 — j3;)ks, were

considered.
Theorem 3.5. Assume that (3.3) is satisfied. Moreover, assume that (3.6) and

1/4

¢; = (1+807) (3.7)

are satisfied for every j € J. Then Q. defines an isometric isomorphism on L*(p)
and between H((1 — B).Kg) and H(L,).

Regarding the proof, we mention that at first the theorem is established in the
univariate case utilizing Mehler’s formula that makes it possible to write univariate
Gaussian kernels in terms of the Hermite polynomials. The multi- and infinite-variate
case then follow using tensorisation arguments similar to Theorem A.3.

By definition, the value of Q).f at x is determined by the value of f at cx. The

analogous property for Q7! reads as follows.

Lemma 3.6. Assume that (3.3) is satisfied. Moreover, assume that (3.7) is satisfied
for every j € J. Then we have o, > 0 on (*(6?) and

1 1

Q' f(x) = fleT )

C}s/QSOC(C_lm)

for all f: (?(6?) — R and x € (*(a?).
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Proof. We only have to verify that ¢, > 0 on ¢?(¢?). In the non-trivial case d = oo
the latter follows from ¢ — 1 = o7, which holds due to (3.3) and (3.7). O

3.2 Integration

In what follows, we derive new results for integration and L?-approximation on Gaus-
sian and Hermite spaces. This will be done by transferring known results from Her-
mite spaces with the help of the isometric isomorphism from Section 3.1.4 to Gaussian
spaces and vice versa. Since the actual transference mechanisms for integration and
L?-approximation differ significantly, we discuss both applications separately in Sec-
tions 3.2 and 3.3, respectively.

Throughout this section, o := (0;)es and B := (f);es denote sequences of shape
parameters and base parameters, respectively. Initially, we do not impose any summa-
bility requirements on o or 8. For the integration problem, an appropriate relation
between o; and f3;, which is different from (3.6), will be determined later, see (3.11).

3.2.1 The Norm of the Integration Functional

Before our main discussion of the integration problem, we briefly discuss its norm, or

J.r

for M = L, and M = K. We remark that eo(M) will appear as a constant multiple

equivalently the 0-th minimal error

eo(M) = sup

[ fl e any <1

times throughout the rest of the section.

Lemma 3.7. For the integration problem, if (3.3) is satisfied then

eo(Lo) = [ [ ——

jer (1+ 4012-)1/4'

If (3.5) is satisfied then
eo(Kﬁ) = 1.
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Proof. For d = 1, we refer to the known results

1
1 —1—40]2-

ep(lo,) = <1,
see Kuo et al. (2017b, Eqn. (1.5)), as well as eg(ks;) = 1 see Irrgeher et al. (2015,
p. 385).

The case d € N follows immediately.

For d = oo, we make use of the tensor product structure of the integration func-
tional, see Theorem A.3, noting that the d-fold tensor product of R (as a Hilbert
space) is isometrically isomorphic to R. Cf. Gnewuch et al. (2022, Sec. A.4-A.6),

which may also be used here. We obtain
eo(M) =] [ eo(m;)
jeJ
with m; 1= {,, or with m; := kg, . O

Remark 3.8. Consider the reproducing kernel EU on the domain RY, as in (3.4). If
(3.3) is not satisfied, we still have H(L,) < L*(x1) due to Lemma 3.2. However, in
this case, integration is trivial, since for the norm z of the integration functional we

obtain
2?2 = JRNJRN E,,(m, y) dp(x) du(y)
— H JRJR Co; (5, y5) dpo(z;) dpto(y;)

JeN

1
2
L£(1+4qﬁv2

3.2.2 The Transference Result

For any positive sequence 7 € R’ we define t,: R7 — R’ by t,.(x) := 7 'z
In this section, our goal is, roughly speaking, to utilize the isomorphism ). to
translate algorithms for integration on H(Kg) into algorithms for integration on

H(Ly). The main challenge is that integration of f with respect to p does not
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translate to integration of @) f with respect to u, but with respect to the image mea-
sure t,-u, where ¢ and 7 are suitably related, see Lemma 3.10 for details. To offset
this, we will establish and use the fact that, for a sequence 7', the integration problem
on H(Ly,) with respect to p is equivalent to the integration problem on H(L,) with
respect to tpu. Then, we only need to find fitting parameters so that both changes
of measure cancel each other out, leading to the different relation between o and 3

given by (3.11), as opposed to (3.6).

Lemma 3.9. Let T := (7;)je; denote a positive sequence with Y |7;— 1] < oo. The

image measure t-p of  with respect to ty has the density T, - 2 with respect to y.

Proof. To establish the statement of the lemma, it suffices to show for an arbitrary
cylinder set A € R” that t-u(A) = §, 7. - p2dp.
In the case d < oo any cylinder set is of the form A := A; x --- x Ay with

measurable sets A; € R. Since

polrzds) = (2m) 7 | exp(—a?/2)da;

J

2 -1
= Tj'J exp(— ! 5 -x?)duo(xj),
A4

we obtain
o) = 1 (t(0) = [ Lol ) = 7. | G2l@)du(a)

which in turn yields the claim.

In the case d = w0 we put Jy := {j € N: 7; < 1}. Using the monotone convergence

theorem we obtain

1

JRN 2 (x)dp(x) < JRN exp <— Z ' 2_ x?) du(x) = H 7t < . (3.8)

jedo Jj€Jo

For d = oo any cylinder set is of the form A := A; x ... with measurable sets A; < R,
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where A; = R for j > jy. For every j; > jy, we obtain

bon(A) = ij#o(TjAj) _ f_l[(ﬁ- J exp<_7j22— 1 ,g;?)duo(:vj))

j=1 Aj
J1 Ji 7_2 -1
= nTj J exp<—Z ! 5 x?)d,u(a:)
j=1 A j=1

Clearly, we have

J1 7'2—1 7'2—1
exp(—z ]2 -x§><exp<—2 ]2 x?

Jj=1 Jjedo

for all € RY. Thus, due to (3.8), the dominated convergence theorem yields

() = .- | E@)dn(a),

which in turn establishes the claim. O

Lemma 3.10. Let ¢ := (¢j)jes and T := (75)jes denote positive sequences with
Djesle; =1 <o and 3, |m — 1| < co. If

2
cj—i—l

T = 5 (3.9)
for every j € J then we have
T
HQcf otr) = =7 - 1(f) (3.10)

*®

for every f e L'(u).

Proof. By definition,

Qef oty = ci/z (peots)  (foteir) = (ci/2 (peote) - f) Ote-ir.
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Note that } ;. ;w; < o0 for w; := |¢; ' — 1|. Lemma 3.9 implies
T s )
[(chot‘f'):m (QOCOtC)'SDC—lT'fd/L
ci!” JrJ

for every f: R — R such that (¢ ote) -2, - f e L*(u).
Lemma 3.1 yields p(f*(w)) = 1. Let @ € £*(w). We have pq-1-(x) > 0 and, since

w; = |c¢; — 1], we also have . (t.(x)) > 0. Since

x2

—In (pete(@)) - peir(@) = 2, 15 - (6 = 14277 = ¢)).

we conclude that (3.10) is satisfied for every f € L'(p) if ¢; — 1 = 2(cf — 77) for every
j € J. The latter is equivalent to (3.9) for every j € J. O

We are now able to give the following main result, cf. Gnewuch et al. (2026,
Thm. 4.3).

Theorem 3.11. Assume that (3.3) is satisfied. Moreover, assume that

1
1—fBj=— 3.11
b= 1507 (3.1
¢; = (1+407)'?, (3.12)
7; = (1+205)"” (3.13)

are satisfied for every j € J. For every quadrature formula A with nodes from (*(a?)

and
1/2
C

B(f) = — - AQef o tr)

we have
e(A, Ly) = (1 +40);* - e(B, Kg).

Proof. At first, we only assume that (3.3) is satisfied. We alter the shape parameters
of the Gaussian kernel L,. To this end, let 7 := (7;),e; denote any positive sequence

with 3., [75—1| < co. Obviously, 3. ;(7j0;)* < 0. Recall that ¢, defines a bijection
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on ¢*(?). Since

Lio(x,y) = Hfrjaj (zj,y;) = Hﬁaj (1525, Tjy5) = Lo (T, TY)

jed jed

for all ¢,y € (*(a?), the spaces H(L,,) and H(L,) are isometrically isomorphic via

f + fot,. Consequently,

e(A,Ly) = sup |I(foty)— A(fot,)|

1l e (Lre) <1

Next, we apply Theorem 3.5 with 7o instead of o, which leads to

2
1-8; = 3.14
! 1 + (]. + 8(7’j0’j)2)1/2 ( )
and
Cj = (1 + 8(7’j0’j)2)1/4, (315)

instead of (3.6) and (3.7). Assume that (3.14) and (3.15) are satisfied for every j € J.
Since 3 ;(7j04)? < o0, we obtain 3. ; B; < oo by Remark 3.4, which in turn ensures
that Kpg is well-defined. Let Q := Q.. Then Qg (x,) is an isomorphism from H(Kg)
to H(L,s) with

1Qf iLrey = | F ica=gyurcsy = X =B 1 Fres)
for every f € H(Kg). We conclude that

e(A,Ly) = (1-B)Y*- sup |[(Qf otr) — AQf ot.)|.

||f||H(K,5)<1

Finally, we apply Lemma 3.10, noting that the unique solution of (3.9) and (3.15)
with 7; > 0 is given by (3.12) and (3.13). In the sequel, we assume that (3.11), (3.12),
and (3.13) are satisfied, in addition to (3.3). We use

(Tjdj)2 =(1+ 20?)0?
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to obtain
1+ 8(7j0;)% = (1 +407)%.

It follows that (3.14) is satisfied, too, and obviously, },;c;|7; — 1| < o0 as well as
2jes lej — 1] < 0. Lemma 3.10 yields

1/2
T % C
oA L) = (1= @25 sup |[(f) = S A@QF ot,)|
Cy Hf”H(K5)<1 T
We use o
T (1 + 20]2) /
¢? (1 +402)"
to obtain X
1ogyeli - -
( B;) C;/Q (1 +40j2)1/4
and therefore
1-B)2 Tt = (14407 0

* Ci 72

Remark 3.12. Let the assumptions from Theorem 3.11 be satisfied. For a quadra-
ture formula A on the Gaussian space H(L,) with nodes from ¢?(o?) the quadrature
formula B on the Hermite space H(Kg) according to Theorem 3.11 is easily deter-
mined explicitly. Let

1—1—40]2 1/2
I (14—20]2)

for every j € J. Then, for f: (*(o?) — R we have
Bf = €y Zf(yz) 'bia
i=1
with y, € *(6%) and b; € R given by

Y, = ex; and bi = (T 'x;) - a;.

It is easily verified that (x;, a;) — (y;, b;) defines a bijection on the set (*(g?) x R

of pairs of nodes and coefficients.



CHAPTER 3. SPACES WITH GAUSSIAN KERNELS 97

We discuss the cost of the algorithm B. In the case d € N, we assume cost(x) = 1
for all € R’, which leads to

cost(A) = cost(B) = n.

In the case d = o0, we use the unrestricted subspace sampling model, see Sec-
tion 1.3, specifically with the default value a = 0. Since we have e; # 0 for all j € J,
it follows that cost(x;) = cost(y;) for all i, and therefore

cost(A) = cost(B).

Corollary 3.13. Assume that (3.3) and (3.11) are satisfied. In the cost model cases
as given in Remark 3.12, for every n € N we have

en(La) _ en(KB) = en(Kﬁ)’

eo(Los)  eo(Kp)

i.€., the normalized n-th minimal errors for integration on Gaussian spaces and on

the corresponding Hermite spaces, related by (3.11), coincide.

Proof. We combine Theorem 3.11 and Remark 3.12 to obtain
en(Lo) = (1 +402); " - e, (Kp)

for every n € Ny. Use Lemma 3.7 to establish the desired result. O]

For the remainder of this section, we utilize Corollary 3.13 to study the asymptotic
behavior of the n-th minimal errors, which, by Corollary 3.13, is the same on H(L,)
and H(Kg). We remark, however, that Corollary 3.13 actually even gives us the
exact relation between e, (L) and e(Kg) for every n € N. In particular, integration
on H(L,) is actually easier than on H(Kg) and, at least for large shape parameters,

the corresponding constant factor might be significant for moderately large n.
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3.2.3 Univariate Integration

Let us mention prior work concerning integration on H(¢,) and on H(ks), where
explicit upper bounds for the worst-case error e(A, M) of particular quadrature for-
mulas A and explicit lower bounds for e, (M) are obtained. Of course, these upper

bounds immediately yield upper bounds for minimal errors.

First, we mention Gauss-Hermite rules, which are analyzed in Irrgeher et al. (2015)
on Hermite spaces and in Kuo and Wozniakowski (2012) as well as Kuo et al. (2017b)
on Gaussian spaces. These are Gaussian quadrature rules based on exactly integrating
the Hermite polynomials. More specifically, for n € N, the n-point Gauss-Hermite

rule is given by
Anf = f(@:) - ai,
i=1

where the z; are the zeros of the Hermite polynomial of degree n, and the weights
a; are chosen in such a way to ensure that A, integrates all polynomials of degree
less or equal than 2n — 1 exactly. While of course the set of all polynomials is dense
in H(kg), the space H({,) contains no nontrivial polynomials, so intuitively Gauss-
Hermite rules are better fitted for integration on H(kg) than on H(¢,). Nevertheless,
Kuo and Wozniakowski (2012) and Kuo et al. (2017b) establish positive results.

In Karvonen et al. (2021), scaled Gauss-Hermite rules were studied on Gaussian
spaces. For n € N, and x;, a; given as for the n-point Gauss-Hermite rule, the n-point

scaled Gauss-Hermite rule is given by

1 < x; x?- o0
BTL = — B —— . i L s
)= G520 izlf ((1 n 202)1/2> it P (1 + 2o2>

which is motivated by integrating 2n — 1 members of a specific orthonormal basis of
H({,) exactly.

Lower bounds for the n-minimal errors have been established in Irrgeher et al.

(2015) for Hermite spaces and in Kuo et al. (2017b) for Gaussian spaces.
In the following we combine these results in the best possible way regarding the

convergence rate of the n-th minimal errors with the transference result established
in Theorem 3.11 and Corollary 3.13.
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We remark that in Kuo and Wozniakowski (2012) and Kuo et al. (2017b), inte-
gration with respect to the normal distribution N(0,1/2) was studied, rather than
with respect to pug. Similarly, in Karvonen et al. (2021), integration with respect to
N(0,a?) was studied for an arbitrary positive variance parameter o. However, as
discussed in Section 3.2.2, the integration problem on H({,,) with respect to g is
equivalent to the integration problem on H({,) with respect to N(0,a?), so that re-
sults depend only on the product of o® and o, rather than both variables separately.
This is also reflected in the results of Karvonen et al. (2021). We are able to make

use of all three papers by simply substituting the parameters appropriately.

Theorem 3.14. Let

Ci(o) =271 (1 4 40~ 4,
Cy(o) == V4. (14 20372,
C(ﬁ) = 7_[_—1/4 . (1 . 52)1/4‘

For every shape parameter o > 0 and every n € N the n-th minimal error e, ({,) for

integration on the Gaussian space H({,) satisfies

0,2

2n n
202
. ‘ L _ =y
Cy (o) (1 n 202) (n+1)" < en(ly) < Co(0) <1 - 202) n~ 4,

For every base parameter 0 < < 1 and every n € N the n-th minimal error e, (kg)

for integration on the Hermite space H(kg) satisfies

1 /B\*" —2 no o —1/4
§.<§> (1) < enllis) < C(B) - " -,

Proof. The upper bound for e, (¢,) follows immediately from Karvonen et al. (2021,
Thm. 2.5), and the lower bound for e,(ks) is established in Irrgeher et al. (2015,
Thm. 2).

Assume that .

1-f=—".
g 1+ 202
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First of all, Corollary 3.13 and Lemma 3.7 yield
en(ly) = (1+402) Y e, (kp).

Moreover, we have

2072
B = 2
1+ 20
and
. 1+ 402
(14 202)2

Consequently, the upper bound for e,(ks) follows from the upper bound for e,(¢,)

and the lower bound for e,(¢,) follows from the lower bound for e, (kg). O

The lower bound for e, (¢,) from Theorem 3.14 improves the lower bound from
Kuo et al. (2017b, Thm. 4.1), which is super-exponentially small in n, while the upper
bound for e, (kg) from Theorem 3.14 only slightly improves the upper bound from
Irrgeher et al. (2015, Prop. 1). Obviously, the upper and lower bounds from Theo-
rem 3.14 are not tight at all. On the level of algorithms, on H(ks), the scaled Gauss-
Hermite rules, further transformed according to our transference principle and specif-
ically to Remark 3.12, achieve a slightly better error rate than the Gauss-Hermite

rules previously considered in Irrgeher et al. (2015).

3.2.4 Multivariate Integration

In this section we study the multivariate case d € N, where upper bounds for the
minimal errors e, (M) have been established in Kuo et al. (2017b) and Karvonen
et al. (2021) for Gaussian spaces as well as in Irrgeher et al. (2015) and Irrgeher et al.
(2016b) for Hermite spaces. In all three papers, the upper bounds are obtained by
quadrature formulas that are full tensor products of suitable univariate quadrature
formulas, which have already been mentioned in Section 3.2.3. For lower bounds and
for the study of tractability concepts we refer to Kuo et al. (2017b) and Irrgeher et al.
(2015).
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Exponential Convergence

At first, we consider the case of d € N being fixed, and thus (3.3) and (3.5) are trivially
satisfied for any choice of parameters o; and f3;, respectively.

Let either M := L, or M := Kg. Motivated by Theorem 3.14, we study whether
there exist constants C4, Cy, p > 0 fulfilling

en(M) < Cy - exp(—Cy - nP) (3.16)

for all n € N. In this case, we say that exponential convergence is achieved for the

integration problem on H (M) and
p*(M) :=sup{p = 0:3C1,Cy >0VneN: e, (M) <Cy-exp(—Cy-nP)}

is the most relevant quantity.

Exponential convergence has been studied by Kuo et al. (2017b) and Karvonen
et al. (2021) for Gaussian spaces, as well as by Irrgeher et al. (2015) for Hermite spaces.
We present a moderate generalization of the result for Gaussian spaces, together with

a proof that employs the transference mechanism.

Theorem 3.15. Ezponential convergence is achieved for the integration problem on
H(Ly) with
p=1/d=p*(Ls).

Proof. After a possibly necessary reordering of the univariate kernels, the shape pa-
rameters satisfy o1 = --+ = 04, which implies 5; = --- = §; for the base parameters
given by (3.11). Thus we may employ Irrgeher et al. (2015, Thm. 1.1) in the specific
case w := 1/e as well as a; := In(1/6;) and b; := 1 for all j € N, which yields expo-
nential convergence on H(Kpg) with p*(Kg) = 1/d. Furthermore, (3.16) is satisfied
for M = Kpg in the extremal case p = 1/d, see Irrgeher et al. (2015, Thm. 4).
Corollary 3.13 implies that (3.16) holds for M = Kjg if and only if it holds for
M = L, with C} being replaced by C} - e9(Ls ), but with Cy and p unchanged. Thus,

we obtain the desired result. O

Theorem 3.15 has been established in Kuo et al. (2017b, Thm. 1.1) under the
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additional assumption

max o7 < 1/2,
1<j<d

while the general case has been left open for future research. In the case
op=-=04>0

the exponential convergence on H(L,) with p = 1/d follows directly from Karvonen
et al. (2021, Cor. 2.11).

Alternatively to the transference mechanism, the following monotonicity prop-
erty allows to establish Theorem 3.15 in full generality and working exclusively with
Gaussian spaces. Suppose that o < @ ie., O'J(I) < 0'](-2)
(3.1) we conclude that H(L,u)) € H(Ly ) with a continuous identical embedding.
Therefore we obtain p*(L,) < 1/d for every o from Kuo et al. (2017b, Thm. 1.1.(b)),
and exponential convergence with p = 1/d for every o from Karvonen et al. (2021,

Cor. 2.11).

for j =1,...,d. Using

Exponential Convergence Weak Tractability

Exponential convergence has been studied alongside uniform exponential convergence
and several notions of tractability in Irrgeher et al. (2015), Irrgeher et al. (2016b),
and Kuo et al. (2017b). We specify the setting by arbitrary sequences o := (0;),en
and B := (f;)jen of shape parameters o; > 0 and base parameters 0 < §; < 1. For
every d € N we put o4 := (01,...,04) and B, := (1, ..., fa4), and we consider either
Mgy := Lg, for all d e N or My := Kg, for all d e N.

By definition, we have uniform exponential convergence if there exists a constant

p > 0 with the following property: For every d € N there exist C7, Cy > 0 such that
en(My) < Cy - exp(—Cy - nP)

for all n € N. For all sequences o, Theorem 3.15 excludes uniform exponential con-
vergence, and the lack of this property excludes exponential convergence polynomial
tractability, see Kuo et al. (2017b, p. 832). We are thus led to the study of a weaker

tractability concept, which is discussed in the following.
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For 0 < ¢ < 1 the information complexity for the absolute and the normalized

error criterion are defined by
n (e, My) := inf{n e N: e, (M) < ¢}

and
n""M (e, My) = inf{n € N: e, (M) /eo(My) < €},

respectively. Lemma 3.7 yields n®(g, My) < n™™ (e, My), with equality if My is a
Hermite kernel.

Let t = 1 and x > 0. By definition, exponential convergence (t, k)-weak tractabil-
ity, for short EC-(¢,k)-WT, holds for (My)4en and the normalized error criterion,
if

In(nr™ (e, My))
d+e 1m0 df + (In(e71))"

= 0.

For Hermite spaces, the case t = k = 1 is studied in Irrgeher et al. (2015) as well as
Irrgeher et al. (2016b), while for Gaussian spaces, the case t > 1 and x > 1 is studied
in Kuo et al. (2017Db).

First, we give a necessary condition and a sufficient condition for EC-(1,1)-WT
in the case of Gaussian spaces and the normalized error criterion. For non-increasing
shape parameters the two conditions coincide and hence we even obtain a character-

ization of this tractability property.

Theorem 3.16. Let o be a sequence of shape parameters. If EC-(1,1)-WT holds for

(Lo,)den and the normalized error criterion, then we have

inf O'j = 0.
jJeN

If o is non-increasing and
lim o; = 0,
j—®

then EC-(1,1)-WT holds for (Ly,)den and the normalized error criterion.

Proof. For both statements, we make use of corresponding results for Hermite spaces,

similarly to the proof of Theorem 3.15. Therefore, let B be the sequence of base



104 CHAPTER 3. SPACES WITH GAUSSIAN KERNELS

parameters given by (3.11).

For the first statement, suppose that infjeyo; > 0 holds. Then, we also have
infjen 85 > 0, which means there exists a constant sequence ,[Ni’ of base parameters
such that 3 is bounded from below by B Thus, we may use Irrgeher et al. (2015,
Thm. 1.3) in the specific case w := 1/e as well as a; := In(1/5;) and b; := 1, which
shows that EC-(1,1)-WT does not hold for (K3 )den. Further, for all d € N we have
identical embeddings of H (K} ) into H(Kg,) of norm one, cf. (2.47), which implies
en(Kp,) < €,(Kg,) for all d,n € N. Thus, EC-(1,1)-WT does not hold for (Kjg, )den-
Together with Corollary 3.13, this shows the claim.

To show the second statement, we assume that o is non-increasing and converges
to 0. Then, B is also non-increasing and converges to 0. Thus, by Irrgeher et al.
(2016b, Thm. 3), again in the specific case w := 1/e as well as a; := In(1/3;) and
b; := 1, we have that EC-(1,1)-WT holds for H(Kg,)asen. Again by Corollary 3.13,

this shows the claim. O

Theorem 3.16 improves the previously best known sufficient condition for EC-
(1,1)-WT for Gaussian spaces, namely, that the sequence of shape parameters is non-
increasing and converges to 0 exponentially fast, see Kuo et al. (2017b, Thm. 1.1(e)).
On the other hand, the necessity of o converging to 0 was already known under the

additional assumptions that the boundedness condition

supo; < 1/2 (3.17)
jeN
is satisfied and o is non-increasing, see Kuo et al. (2017b, Thm. 1.1(f)). We remark
that the first result for Hermite spaces we have used in the proof, Irrgeher et al.
(2016b, Thm. 3), is fully constructive. Therefore, via the transference principle, the
sufficient condition in Theorem 3.16 is also obtained constructively.
Our next goal is to study EC-(t,k)-WT in the case t > 1. As an intermediary
step, we derive a new upper bound for In(n""™ (e, L,,)) with an explicit dependence

on ¢, d, and o. For d e N we put

0 it d < 2,
In(In(d)) otherwise.

h(d) :=
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Theorem 3.17. There exists a constant C' > 0 such that
d
In(n™™ (e, Ly,)) < C - (dh(d) + dIn(In(e Z (In(o;)) )

for every d e N, every € € |0,1/3], and every sequence o := (0;),en of shape parame-

ters.

Proof. Put

1
<j221n(1+f‘?).

From Karvonen et al. (2021, Thm. 2.10) we get

d

d
Z (1+ 20 -1/2, n(l + 40?)_1/4 -exp(—n;¢;)
j=1 =1
1#]

for all d € N and (nq,...,ng) € N¢ with N := [%

j=1 1. Together with Lemma 3.7

this implies

V(Lo <
(L d Z +207)72 - (1 + 4o)* - exp(—ny()) < Z exp(—n;¢;).
O'd j=1 7j=1
Choosing
In(d/e)
o
J

we obtain exp(—n;(;) < ¢/d and therefore n"™ (e, L,,) < N, i.e.,

(e, d) == """ (e, Lo,) ﬂ(ln 4/e) > (3.18)

j=1
cf. Kuo et al. (2017b, Eqn. (3.9)).

For z > 0 we define

o(z) :==1In(1+ 2),
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and we put 7 := In(d/e) = 0 as well as
Jyi={je{l,...,d}: 7 <2} and Jy = {1,... d}\J.

Clearly, ¢(z) < z for every z > 0 and ¢(z) < 3In(z) if z > 2, and therefore

In(n(e,d)) < Z In(7/¢;+ 1) < Z 7/ + 3 Z In(7/¢;)

jeJ1 Jj€J2

<2d+3 ) In(r/¢)).

Jj€J2
In the sequel, we assume that £ € ]0,1/3], so that In(7) = In(In(3)) > 0. With
c1:=2/In(In(3)) + 3 we obtain

In(n(e,d)) < exdln(r) +3 Y In(1/¢;). (3.19)

Jj€J2

Let us consider the particular case that
info; > 2.
JeN
We put
U(y) == 1n(1+1/(24%))

for y = 2, so that ¢; = ¢(0;). Since lim, . y? - ¥(y) = 1/2, we have
co = inf 4 - Y(y) € ]0,1/2].
y=2
With ¢3 := 2+ In(1/c2)/1In(2) we obtain

In (1/(y)) < In(y?/c2) = Iny) - (2 + In(1/e2)/ Iny)) < e In(y)

for every y = 2. Consequently,

D In(1/¢G) = D In((1/¢(07)) < e Z In(a;).

JEJ2 JeJ2
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Together with (3.19), this implies

In(n(z, d)) < crdn(r) + 3¢5 Y | In(oy).

j=1

Observe that the upper bound in (3.18) is a monotonically increasing function in
cach of the variables o;. For any sequence of shape parameters we therefore have
d
In(n(e,d)) < exdIn(r) + 3cs Y In(max(a;, 2)).

j=1

Since
In(max(a;,2)) < (In(0;))* + 1.

we obtain

In(n(e, d)) < crdIn(r) + 3esd + 3cs Y (In(o))

j=1

Finally, there exists a constant ¢4 > 0 such that

( )+ In(e )) <In (2 max(In(d), ln(s_l)))
caln (max(ln(d), In(e™"))) < eq (h(d) + In(In(s 1))

for all de N and € € ]0,1/3]. O

Next, we present a sufficient condition for EC-(¢, k£)-WT to hold for some ¢ > 1

and every k > 0.
Theorem 3.18. If there exist ¢, = 0 such that the shape parameters satisfy
7, < exp(cj”)

for all j € N, then we have EC-(t,k)-WT for (Ls,)aen and the normalized and the

absolute error criterion for everyt > o+ 1 and every k > 0.

Proof. 1t suffices to consider the normalized error criterion. We apply the upper
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bound for
n(e,d) := n"""™(min(e, 1/3), Ly,) = n""" (e, Ly,).

from Theorem 3.17. Clearly, we have

dh(d) + dIn(In(max(s71,3)))

li =0
d+€1—r1nﬁoo dt + ln(e’f*l)“
even for ¢ > 1, so it suffices to show
Z] 1 (IH(UJ))JF _
d+e-1-0 df + hl( )

for t > a+ 1. This is indeed true, since

d d

Z (In(o;))" < Z cj® < ed®. O

j=1 j=1

Theorem 3.18 extends the result established in Kuo et al. (2017b, Thm. 1.1.(h)),
where the boundedness condition (3.17) is shown to imply EC-(¢, k)-WT for every
t > 1 and every k = 1 under the additional assumption that o is non-increasing.
Theorem 3.18 yields, in particular, that the latter already holds if (¢;), ey is polyno-
mially bounded.

Next, we apply the transference result to obtain new results for Hermite spaces,
where the normalized and the absolute error criterion coincide.

At first, corresponding to Theorem 3.17, we provide a new upper bound for

In(n""™ (e, Kg,)) with an explicit dependence on ¢, d, and 3.

Theorem 3.19. There exists a constant C' > 0 such that

d
In(n™™ (e, Kg,)) < C - (d h(d) + dIn(In(e Z (1-B; )

for every d e N, every e € |0,1/3], and every sequence 3 := (J;) en of base parameters

n (0,1).

Proof. Since (3.11) implies 207 < 1/(1—4;), the statement follows from Corollary 3.13
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and Theorem 3.17. O

Next, corresponding to Theorem 3.18, we give a sufficient condition for EC-(t, k) —

W'T to hold for some ¢t > 1 and every x > 0 in the case of Hermite spaces.

Theorem 3.20. If there exist ¢, = 0 such that the base parameters satisfy

B; <1—exp(—cj®)

for all j € N, then we have EC-(t,k)-WT for (Kg,)aen and the normalized error

criterion for everyt > o+ 1 and every k > 1.

Proof. The assumption on the shape parameters /5; implies —In(1 — ;) < ¢j¢. Thus

we may proceed as in the proof of Theorem 3.18 to verify the claim. n

Remark 3.21. On the one hand, rather mild assumptions on the shape parameters
or the base parameters imply EC-(¢, k)-WT for every ¢ > 1 regardless of choice of k,
see Theorems 3.18 and 3.20. On the other hand, in the case t = 1, much stronger
properties are required even for EC-(¢,1)-WT to hold, see Theorem 3.16 and Irrgeher
et al. (2015, Thm. 1.3). We add that necessary conditions for EC-(t, k)-WT are only

known in the case t =1 and 0 < x < 1.

3.2.5 Infinite-Variate Integration

In this section, we consider the case d = co. For M = L, or M = Kg, we study the
decay dec(M) of the n-th minimal worst-case errors, see (1.18) and (1.19). Note that
a lower bound for dec(M) corresponds to an upper bound for the n-th minimal errors

en(M) and vice versa. Our goal is to determine dec(L, ), and to this end we put

In(1/02
p = liminfM.

s In(g) (3:20)

Note that (3.3) implies p = 1, see, e.g., Gnewuch et al. (2019, Lemma B.3).
For the cost of an algorithm, we employ the unrestricted subspace sampling model,

cf. Section 1.3. Specifically, we choose the default value a = 0.
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For the following main result on infinite-variate integration, cf. Gnewuch et al.
(2026, Thm. 4.14).

Theorem 3.22. Assume that (3.3) is satisfied. The polynomial decay rate of n-th

minimal errors of integration on the Gaussian space H(Ly) is
1
dec(Ly) = 5(,0 —1).

Proof. Consider the sequence 8 of base parameters given by (3.11). Corollary 3.13
immediately yields
dec(Ly) = dec(Kp) (3.21)

and thus it suffices to show dec(Kg) = (p — 1). This follows from Corollary 2.22 in
the case (EG).

Indeed, we already established in Section 2.1.2 that 3 gives rise to Fourier weights
ay,; = B; 7 fulfilling (EG), since 8;” = 27" for v, j € N, where we set r; := —log,(/3)),
and possibly reordering the kernels so that r; = inf ey 7;.

Hence we obtain from Corollary 2.22 that the polynomial decay rate of n-th min-

imal errors of integration on the Hermite space H(Kg) is
L ..
deC(Kﬂ) = §(p - 1)7

where (2
p := liminf N n( )

Given (3.11) we have 3; = o7, and therefore
In(1/5;)

= lim inf = 9. ]
A N O

Algorithms that yield dec(L,) = (p — 1)/2 are obtained by applying the trans-
ference result to properly chosen multivariate decomposition methods (MDMs) on
the space H(Kg). We roughly sketched the construction of MDMs in a more general
setting in Section 2.3.2. See Gnewuch et al. (2024, Sec. 4.3) for a more detailed sketch

in the case of Hermite spaces.
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Comparing the result of Theorem 3.22 to Remark 3.8, we observe that if a sequence
o fulfilling (3.3) but decaying relatively slowly, so that p approaches one, lead to
dec(Ly) being close to zero, which corresponds to the integration problem being
harder than if & would decay faster. On the other hand, if o decays even slower,
so that (3.3) is not fulfilled anymore, the integration problem becomes trivial. This
might seem counterintuitive. However, recall Corollary 3.13, which states that for
fixed n, we actually have that e, (L, ) is smaller than e, (Kg) by a factor of ey(Ls). If
p approaches one, this constant factor becomes very large, which corresponds to the

integration problem becoming easier.

3.3 L’-Approximation

As before, we consider sequences o := (0;)jes and 3 := (8);es of shape parameters

and base parameters, respectively.

3.3.1 The Norm of the L>-Approximation Operator

As in the case of the integration problem, we first discuss the norm of the L2*-
approximation problem, or equivalently eo(M) for M = L, and M = Kg, since

it will appear as a constant later.

Lemma 3.23. For the L*-approximation problem. if (3.3) is satisfied then

~ V2
O(La) - g (1 N (1 N 80]2,)1/2) 1/2°

If (3.5) is satisfied then
eo(Kg) = 1.

Proof. Asin Lemma 3.7, we make use of the tensor product structure of the problem,
along with known results in the case d = 1, to obtain the result. In the case d = 1,

we have 5
2
60(60].) = < ]-7
1+ (1+ 80?)1/2
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see, e.g., Sloan and Wozniakowski (2018, Eqn. (10)), and eq(kg,) = 1, see Irrgeher
et al. (2016b, p. 104). Consequently,

eo(M) = [ [ eo(m;)

jedJ
with my := {,, or with m; := kg,. O

Similarly to Remark 3.8, one can show that if (3.3) does not hold, the L

approximation problem is trivial.

3.3.2 The Transference Result

In contrast to integration, we may use the relation (3.6) directly to establish a trans-
ference result for L?-approximation in a straightforward way. For this main result,
cf. Gnewuch et al. (2026, Thm. 5.1).

Theorem 3.24. Assume that (3.3) is satisfied. Moreover, assume that (3.6) and
(3.7) are satisfied for every j € J. For every linear sampling method A with nodes

from €*(6?) we have
e(4, Ly) = (1= B)./* - e(Q7' AQe, Kp).

Proof. We apply Theorem 3.5. Put @ := Q.. Since Q|x(x) is an isomorphism from
H(Kg) to H(L,) with

1Qf oy = 11 H1-)srcs) = X = B)i - | F iz

for every f e H(Kpg), we have

e(A,Ly)=1-B)* sup |Qf — AQf| 2

||f||H(K,5)<1

Furthermore,

1Qf = AQf |2y = |f — QT AQ S| 2wy,

since () is an isometric isomorphism on L?(p). O
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Remark 3.25. Let the assumptions from Theorem 3.24 be satisfied. For a linear
sampling method A on the Gaussian space H(L,) according to (1.15) with nodes
from ¢*(o) the linear sampling method Q.'AQ. on the Hermite space H(Kpg) is

easily determined explicitly: For f: £?(a?) — R we have
Q' AQuf) = Y Qe (@) - Qs = 3 Flus) b
= i=1
with y, € (2(o?) and b; € L?(u) given by
Y, = Cx; and

see Lemma 3.6.

It is easy to see that (x;, a;) — (y;, b;) defines a bijection on the set £2(a?) x L*(p)
of pairs of nodes and coefficients. Furthermore, in the case d € N, and in the case
d = oo for the unrestricted subspace sampling model with default value a = 0, we

have
cost(A) = cost(Q.'AQ.),

cf. Remark 3.12.

Corollary 3.26. Assume that (3.3) and (3.6) are satisfied. In the cost model cases

as given in Remark 3.25, for every n € N we have

)
= = en(Kﬁ)v
i.e., the normalized n-th minimal errors for L?-approzimation on Gaussian spaces
and on the corresponding Hermite spaces, related by (3.6), coincide.

Proof. Combine Theorem 3.24, Remark 3.25, and Lemma 3.23. O

3.3.3 Multivariate L>-Approximation

L?-approximation in the case of finitely many variables has been studied previously

by Fasshauer et al. (2012) and Sloan and Wozniakowski (2018) for Gaussian spaces
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and by Irrgeher et al. (2016a) and Irrgeher et al. (2016b) for Hermite spaces. While
the latter paper employs linear sampling methods as described in Section 1.3, Irrgeher
et al. (2016a) and Sloan and Wozniakowski (2018) allow a larger class of algorithms,

namely linear algorithms A based on linear information, i.e.,
A(f) = Z Ailf) - ai (3.22)

with n € N, bounded linear functionals \; on H(M) and coefficients a; € L*(u);
Fasshauer et al. (2012) consider both classes of algorithms. In the case of general
linear algorithms, the same tractability concepts have been studied on the one hand
in Fasshauer et al. (2012) and Sloan and Wozniakowski (2018) for Gaussian spaces,
and on the other hand in Irrgeher et al. (2016a) for Hermite spaces, with rather
complete and matching results for both types of function space.

It was already observed in Irrgeher et al. (2016b) that the linear sampling methods
studied there achieve the same results as algorithms of the form (3.22) for several
tractability concepts.

Based on the previous work from Dolbeault et al. (2023), more general tractability
results were established in Krieg et al. (2023). In particular, general linear informa-
tion and function evaluation do not lead to different tractability results for weak
tractability with exponential convergence or most of the other tractability notions
considered in Irrgeher et al. (2016a), Irrgeher et al. (2016b), Fasshauer et al. (2012)
and Sloan and Wozniakowski (2018).

This leads to already rather complete results, though in a non constructive way.
Therefore, we do not apply our transference result to this case here. Our results for

infinitely many variables, however, are new.

3.3.4 Infinite-Variate L?-Approximation

As in Section 3.2.5, we consider p given by (3.20) and consider the unrestricted
subspace sampling model with default value a = 0.
The next main result, c¢f. Gnewuch et al. (2026, Thm. 5.4), follows easily from

Corollary 2.22 by means of our transference result.
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Theorem 3.27. Assume that (3.3) is satisfied. The polynomial decay rate of n-th

minimal errors of L*-approzimation on the Gaussian space H(Ly) is
1
dec(Ly) = 5(,0 —1).

Proof. We proceed as in the proof of Theorem 3.22: By Corollary 3.26, we only have
to consider dec(Kg), and dec(Kg) is known for L?-approximation, too. This time,
however, the sequence B = (f;)jen is defined as in (3.6), but again 5; = 0]2. and the
weights 577 = 29" with v, j € N are exponentially growing Fourier weights in the
sense of Section 2.1.2, possibly after reordering the kernels. As before,
In(1/8; - 1n(2
p— timinf B2 i 02)
= In(j) = In(j)
Hence we obtain from Corollary 2.22 that the polynomial decay rate of n-th minimal

errors of L*-approximation on the Hermite space H(Kg) is

dec(K ) = %(p _ ). 0
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Appendix A

Tensor Products of Hilbert Spaces

Throughout Chapters 1-3, we make use of the countable product of Hilbert spaces in
an abstract setting. Here, we give a brief introduction into this setting and give some
basic results.

We stress that most of the results found here were already established in von
Neumann (1939) and, based on that, in the author’s master’s thesis Riiimann (2020).
These results are only included here for the reader’s convenience and orientation.

However, we added Theorem A.3, which is a generalization of a previous result.

A.1 Tensor Products of Arbitrary Hilbert Spaces

In this section we consider Hilbert spaces H; # {0} with j € N over the same scalar
field K € {R, C}. Our first goal is to construct the incomplete tensor product; see von
Neumann (1939) or Riifmann (2020) for a thorough study. For a more comprehensive
overview, see Gnewuch et al. (2022, App. A).
We define
H= X H;
jeN

and fix a sequence u = (u;)jen € H such that |ul|z; =1 for all j € N. Let

c) = {f% S il = 1] < 0 and 3 [¢us, fm, = 1] < OO}'

JeN JeN
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We mention that for a second sequence v = (v;);en € H of unit vectors, we have
C(u) = C(v) iff Z |<Uj,Uj>Hj — ]_| < 00, (Al)
jeN

with O™ ~ C) = & otherwise. Then,

K™, £) = | [{f5 90m,

jeN
is well-defined for all f,g e C™ and
KW . o o o) K

is a reproducing kernel. We define the incomplete tensor product of the spaces H; by

H® = QH" = H(KW).

jeN

For any f € C™ the function (X) ien fi 1= K®@(., £) is called an elementary tensor.
Obviously, | ;e filluw = | jen | fillm;, and the span of the elementary tensors is
dense in H™. We denote the set of all sequences f € H with only differ from
u; finitely often by C*®) Perhaps less obvious, even the span of those elementary
tensors based on sequences f € C*™ is dense in H™, see, e.g., RiiBmann (2020,
Prop. 2.39).

We mention that for any d € N, the finite tensor product ®;l:1 H; is isometrically
embedded into H™ by mapping any elementary tensor ®§l:1 fj to the elementary

tensor ®jeN gj, where g; = f; for j < d and g; = u; otherwise.

Remark A.1. Consider any choice of orthonormal bases (e, ;)nen; in each of the

spaces H;. Assuming 0 € N; for notational convenience, we require that
€oj = Uj

for every j € N. Let IN denote the set of all sequences 1 := (1;) ey With n; € N; for
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every j € N and with {j € N: n; # 0} being finite. Then the elementary tensors
en =X ey, (A.2)
JeN
with 17 € IN form an orthonormal basis of H(%).
We denote by U the set of finite subsets of N.

Remark A.2. Based on Remark A.1 we introduce an orthogonal decomposition of
H™_ For v e U, define H, as the closed subspace determined by those ey for which
n; # 0 if and only if j € v. Clearly, we have

o™ =@ H,.

veU

Further, for v € U, the space H, is isometrically isomorphic to the finite Hilbert
space tensor product

@ Hj.

JEV
where ﬁ; is the orthogonal complement of span{u;} in Hj;.

We now present a new result regarding the tensor product of operators on Hilbert
spaces. This slightly generalizes the result from Gnewuch et al. (2022, Sec A.4),

making it more immediately useful in the context of this thesis.

Theorem A.3. For j € N, let H;,G be nonzero Hilbert spaces and u; € H; with

|uj|z;, =1 as well as vj € G with ||vj|g, = 1. Further, for each j € N, let
T;: Hi — Gj

be a bounded linear operator such that

o8]
DT = 1] < o0, (A.3)
j=1

o0
2T uslle; = 1] < o0, (A4)
j=1
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and

o6}
2 KT 0506, = 1] < 0. (A.5)
j=1

Then, there exists exactly one bounded linear operator T®: H® — G®) fulfilling

T fi = RTif (A.6)

jeN jeN

for all fe C™W,

Proof. We denote the dense linear subspace F of H® given as the span of those
elementary tensors (X) jen Jj for which f; # u; only finitely many times. Then, (A4)
along with (A.5) ensure that (Tju;) ey is a sequence in C®), which is not changed by
exchanging finitely many u; for f;. Therefore, we can define an operator T': F' — G
by setting
T(X) fi) = QT ;)
jeN jeN
for f € C**) and extending linearly. The operator T is bounded, in fact we have
17| =] TI750
JeN

which we will infer in the following from the corresponding statement for finite tensor
products, see, e.g., Hackbusch (2012, Prop. 4.150).

To show |T'| = [T,y 75, let h; € H; for each j € N such that [|h]x, = 1 and
IT5hillc, = |T;]. For a fixed d € N, define the elementary tensor ).y fj, given by
fj = hj for 7 < d and f; = u; otherwise. Obviously, we have ®jeN f; € F with
I X jen fillzw = 1. Further, we have

d o]
T fillew =TT 1T 17w,
j=1

jeN j=d+1

By letting d tend to infinity bearing in mind (A.4), the inequality indeed holds.
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For the other inequality, let

h:i®f]ﬂ€F

i=1 jeN

with |A| e = 1. Here, we have f;; # wu; only finitely often for each i. Hence, there
exists a dyp € N such that f;; = u; for all i € {1,...,n} and j > dy. Let d = dy and
define h e @?:1 H; by

n o d
Z@ 7yt
i=1j=1

and recall that by isometric embedding of ®?:1 H; into H™®), we have ||?L||®d o, =L
i

Thus, we have

d d
| QLMW e, 6, < TITI.
Jj=1 J=1

We define a sequence w of unit vectors w; = (Tju;)/||Tju;|c, in G;. Then by (A.4)
and (A.5) in connection with (A.1), we have C(*) = C*) and thereby G*) = G(®), We
denote by h the image of the isometric embedding with respect to w of ®§l=1(TJ)(%)
into G

h = Z@gj,i

i=1 jeN

with g;, =T} f;; for j < d and g;; = w; otherwise. Then

d
IThllcw = HZ@Th law = ( H | Zyusl) - (Bl < ]_[ T - (] [1750)
j=1

i=1 jeN j=d+1 j=d+1

and the desired inequality follows by letting d tend to co.

We obtain T® by extending T to H™ via the BLT-theorem. O
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A.2 Tensor Products of Reproducing Kernel Hil-
bert Spaces

Subsequently, we consider the special case that H; := H(k;) with reproducing kernels

k; on a shared domain D. To € DN we associate

(@) = (k;(-,75))jen € X H(ky),

jeN

and we put

XW .= {xe DV: r(x) e CW}.

If X = ¥ then

K®(x,y) == K“(r(2),7(y)) = | [ (x5, ;)

JeN
with «,y € X yields a reproducing kernel

KW W x 5 K

of tensor product form.

In the sense of the following result the incomplete tensor product H® is the
RKHS with tensor product kernel K. This result was first proven in RiiBmann
(2020, Thm. 4.10), see also Gnewuch et al. (2022, Thm. A.6) for a more succinct

version of the proof.

Theorem A.4. If X% # ¥ then
®: H® — KX

given by
Og(x) := g(r(z)), xe X,

is an isometric isomorphism between H™ and H(K™). In particular, for f € C®
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and © € X the product [ Liew fi(z;) converges and
<q’ &) fj) (@) = [ [ fi(=))-
JEN jeN

In addition to the reproducing kernels k; and the unit vectors u; € H(k;) we
consider reproducing kernels £;: D x D — K such that H(k;) € H({;) and |Ju;|z,) =

1 for every j € N. Moreover, we let
Tj: H(k;) — H({;)

denote the corresponding identical embedding. Analogously to X(*) and K we
consider the set 9 of all € DY such that

Z|€j(xj,a:j)—1|<oo and Z|uj(xj)—1|<oo

JeN JeN

and the tensor product kernel

L(u)(mvy) = Héj(xjuy])a wayem(U)v

JeN

assuming that Y™ = .
We obtained the following result in Gnewuch et al. (2024, Thm. A.3).

Theorem A.5. If J # Y™ < X and 2ien 175 — 1| < <o then

{flyw: fe HE™W)} < H(LW),

and the operator norm of the restriction T: H(K™) — H(L™), f — flyw is given

by
T = H 175

JeN

Proof. The statement of the theorem is obtained via tensorization and application of
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Theorem A.4. More precisely, let

HOO = @(H(E) ™, G = @H(E) ™

jeN jeN

and let T7®: H® — G®™ denote the tensor product of the identical embeddings T;.
Note that

|72 =] [IT30, (A7)

JjeN
which can easily be inferred from the corresponding statement for finite tensor prod-
ucts, see, e.g., Hackbusch (2012, Prop. 4.150) and cf. the proof of Theorem A.3.
Moreover, let ®: H® — H(K®) and T: G®™ — H(L®) denote the isometric

isomorphisms according to Theorem A.4. It suffices to show that
ToT®od 'f = flyw

for every f e H(K®™).

Consider any orthonormal bases (ey)nen according to Remark A.1. Let

f = Z cn - Pe, € HKW)

neN

with ¢, € R such that Y, |c,|* < 0. We obtain

YoT®od 'f(z) = Y ¢y YT oT®%,(x)

neN

for every = € 9. Furthermore,

®e,, = ®Tje,,j,j c G("),

JeN

and therefore
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for every x € 9. It follows that
ToT®od ! f(x) = f(x)

for every x € 9™, as claimed.
The statement on the operator norm of 7' follows from (A.7) as well as the fact

that ® and T are isometries. O
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