Algorithmic Gauß-Manin Connection

Algorithms to Compute Hodge-theoretic Invariants of Isolated Hypersurface Singularities

Mathias Schulze

Vom Fachbereich Mathematik der Universität Kaiserslautern zur Verleihung des akademischen Grades Doktor der Naturwissenschaften (Doctor rerum naturalium, Dr. rer. nat.)

genehmigte Dissertation.

1. Gutachter: Prof. Dr. G.-M. Greuel 2. Gutachter: Prof. Dr. B. Sturmfels

Vollzug der Promotion: 17.07.2002

D 386

Contents

Introduction 1

1 Invariants of isolated hypersurface singularities 11 1.1 Milnor fibration . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2 Cohomology bundle . . . . . . . . . . . . . . . . . . . . . . . . 14 1.3 Gauß-Manin connection . . . . . . . . . . . . . . . . . . . . . 18 1.4 Brieskorn lattices . . . . . . . . . . . . . . . . . . . . . . . . . 27 1.5 Completion and (t,s)-module structure . . . . . . . . . . . . . 33 1.6 Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 1.6.1 Saturation and resonance . . . . . . . . . . . . . . . . . 37 1.6.2 Basis representations . . . . . . . . . . . . . . . . . . . 42 1.7 Mixed Hodge structure . . . . . . . . . . . . . . . . . . . . . . 45 1.7.1 Weight and Hodge filtrations . . . . . . . . . . . . . . . 46 1.7.2 Mixed Hodge structures . . . . . . . . . . . . . . . . . 50 1.8 Hodge numbers and spectral pairs . . . . . . . . . . . . . . . . 53 1.9 Newton filtration . . . . . . . . . . . . . . . . . . . . . . . . . 58 1.10 V-filtration standard bases . . . . . . . . . . . . . . . . . . . . 59

2 Algorithms for the Gauß-Manin connection 69 2.1 Formal standard bases . . . . . . . . . . . . . . . . . . . . . . 69 2.2 Formal differential deformations . . . . . . . . . . . . . . . . . 80 2.3 Matrix A of t . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 2.4 Saturation of the Brieskorn lattice . . . . . . . . . . . . . . . . 90 2.5 Monodromy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 2.6 Spectral pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 2.7 (t, s)-module structure . . . . . . . . . . . . . . . . . . . . . . 96

3 Applications and Examples 101 3.1 Quasihomogeneous singularities . . . . . . . . . . . . . . . . . 101 3.2 Example with Singular . . . . . . . . . . . . . . . . . . . . . 103 3.3 Example with 3 × 3 Jordan block . . . . . . . . . . . . . . . . 109 ii CONTENTS 3.4 Hertling’s conjecture . . . . . . . . . . . . . . . . . . . . . . . 111 A Singular implementation 113 A.1 Singular library linalg.lib . . . . . . . . . . . . . . . . . . 113 A.2 Singular library gaussman.lib . . . . . . . . . . . . . . . . 116

Bibliography 134

Introduction

Human thinking is based on abstraction, the concept of objects and equality. Equal objects with respect to a notion of equality form a class. Such a class of objects is considered an object itself.

In mathematics, one can pass over from a given notion of equality to a coarser one by an equivalence relation on a class of objects. All objects equivalent to a given object are considered to be equal and form an (equivalence) class. This leads to a classification problem, that is the problem of describing all classes. One possible solution consists in associating to each class a normal form being an object in this class. The concept of invariants serves to approach classification problems. An invariant associates to each object an object of a possibly different type such that only one object is associated to all objects in a class. So it associates an object to each class. Of course, there is always the trivial invariant that associates to each object its class. But this does not help to solve a classification problem. A set of invariants forms an invariant and an invariant solves the classification problem if the associated object determines the class. This thesis is concerned with algorithms to compute certain invariants.

The objects in this thesis are a special class of singularities. Singularities occur in all fields of mathematics and the various mathematical definitions reflect the intuitive idea of a non-smooth point of a geometrical object. The singularities in this thesis are a special class of complex space germs. A complex space is locally the zero set

V(f) = {x ∈ C^n|f(x) = 0} ⊂ C^n

of complex analytic functions f = f_1, . . . , f_m and a hypersurface V(f) is a complex space defined by a single equation. It is equipped with a sheaf of local rings carrying the algebraic information of the defining equations. To consider complex spaces means to consider solution spaces of complex analytic equations as geometrical objects. A map of complex spaces is locally defined by complex analytic functions. The concept of germs allows one to consider complex spaces locally at a point. A germ of a complex space X at a point x ∈ X is the equivalence class (X, x) of neighbourhoods of x and a hypersurface germ is the germ (X, x) of a hypersurface X. Any complex space germ is the germ

V(f) = ( V(f), 0 ) ⊂ (C^n, 0)

of the zero-set of power series f = f_1, . . . , f_m ∈ C{x} defined in a neighbourhood of 0 ∈ C^n and any hypersurface germ is the germ

V(f) = ( V(f), 0 ) ⊂ (C^{n+1}, 0)

of the zero-set of a single power series f ∈ C{x} defined in neighbourhood of 0 ∈ C^{n+1}. A map of complex space germs is the equivalence class of restrictions of a map of complex spaces. A singularity is a germ (X, x) of a complex space X at a non-smooth point x ∈ X. It is called a hypersurface singularity if X is a hypersurface and it is called isolated if there are only smooth points close to x. The objects in this thesis are isolated hypersurface singularities.

In chapter 1, we describe invariants of isolated hypersurface singularities. Let V(f) ⊂ (C^{n+1}, 0) be an isolated hypersurface singularity. It is defined by a power series f ∈ C{x} and one can consider f and its partial derivatives ∂(f) = ∂_{x0} (f), . . . , ∂_{xn} (f) as maps

(C^{n+1}, 0)^f � (C, 0) ,

(C^{n+1}, 0)^{∂ (f)} � (C^{n+1}, 0)

of complex space germs. The fact that V(f) ⊂ (C^{n+1}, 0) is an isolated singularity is equivalent to the fact that 0 ∈ C^{n+1} is an isolated critical point of f, that is, V(∂(f)) = {0}. This implies that the Milnor number

μ = dim_C ( C{x}/⟨∂(f)⟩ ) is a finite number. Let X be the intersection of a closed ball in C^{n+1} centered at 0 ∈ C^{n+1} with the preimage under f of an open disk T in C centered at 0 ∈ C. For appropriately chosen X and T , the restriction

X^′ = X\f^{−1}(0)^f � T \{0} = T^′

is a C^∞ fibre bundle, that is, locally at t ∈ T^′, the fibres are C^∞-diffeomorphic to a product space of a neighbourhood of t and the smooth fibre

X_t = X ∩ f^{−1}(t), and the restriction δX^f � T to the boundary δX of X is a trivial fibre bundle, that is, δX is C^∞- diffeomorphic to a product space of T and δX_t. The fibre bundle f : X^′ � T is called a Milnor fibration. Different choices of X and T lead to diffeomorphic Milnor fibrations. The general fibre of the Milnor fibration is called the Milnor fibre. A parallel shift through the local product structures of the Milnor fibration over a counterclockwise loop around 0 ∈ T defines a diffeomorphism of the Milnor fibre which is trivial on the boundary. The relative isotopy class of this diffeomorphism is a topological invariant of the singularity and is called the geometrical monodromy. By J. Milnor [Mil68], the Milnor fibre is homotopy equivalent to a bouquet of μ n-spheres, that is, the space formed by μ spheres of dimension n glued at one point. This implies that the reduced (co)homology of the Milnor fibre is concentrated in dimension n and is a free Abelian group with μ generators, that is,

~H_k(X_t) ∼= δ_{k,n}Z^μ ∼= ~H^k(X_t)

where δ is the Kronecker symbol. The ((co)homological) monodromy M is the automorphism defined by the geometrical monodromy on the (co)homology of the Milnor fibre. By the monodromy theorem, the eigenvalues of M are roots on unity and the Jordan blocks have size at most (n + 1) × (n + 1) and at most n × n for eigenvalue 1. Let M = M_sM_u be the decomposition of M into semisimple and unipotent part and

N = − log M_u 2πi the logarithm of the unipotent part. Then, by the monodromy theorem,

N^{n+1} = 0

and even N^n = 0 on the generalized 1-eigenspace. The (co)homology of the smooth fibres X_t, t ∈ T^′, form the (co)homology bundle H = ⋃ t∈T^′ H(X_t, C).

It is a flat vector bundle, that is, locally at t ∈ T^′, the fibres form a product space of a neighbourhood of t and the complex vectorspace H(X_t, C) such that on the intersection of such neighbourhoods the isomorphism of product spaces is independent of t. A (local) section of H is a (local) holomorphic section of the canonical projection

H � T^′ .

By the flatness of the cohomology bundle, differentiation of coefficient functions in the local product structures defines a derivative H^{∂t} � H on H , that is, it fulfills the Leibniz rule ∂_t(gv) = ∂_t(g)v + g∂_t(v) for (local) holomorphic functions g and (local) sections v of H . In terms of a local basis of H , ∂_t = 0 is a system of μ ordinary differential equations. The flat multivalued sections of H are the solutions of ∂_t = 0 and form a μ dimensional complex vectorspace. The monodromy is defined by shifting (co)homology classes along flat sections of H over a counterclockwise loop around in 0 ∈ T . Let i : T^′ � T by the canonical inclusion. Then a flat multivalued section of H in the generalized exp(−2πiα)-eigenspace H^n(X_t, C)_{exp(−2πiα)} of the monodromy corresponds to a local section of H at 0 ∈ T in the generalized α-eigenspace C^α = ker(t∂_t − α)^{n+1} ⊂ (i_∗H )_0 of the operator t∂_t by an isomorphism

H^n(X_t, C)_{exp(−2πiα)}^{ψα}_∼ � C^α (0.1)

of complex vectorspaces. The monodromy corresponds to the operator t∂_t by (t∂_t − α) ∘ ψ_α = ψ_α ∘ N and hence

exp(−2πit∂_t) ∘ ψ_α = ψ_α ∘ M. (0.2)

An elementary section is a section of H in a generalized eigenspace of t∂_t. The (local) Gauß-Manin connection G = ∑ α∈Q C{t}[t^{−1}]C^α is the μ-dimensional C{t}[t^{−1}]-subvectorspace of (i_∗H )_0 generated by local elementary sections at 0 ∈ T . It is a regular C{t}[∂_t]-module.

By the De Rham theorem, the cohomology bundle H can be described in terms of (relative) holomorphic differential forms. Following this idea, E. Brieskorn [Bri70] defined the Brieskorn lattice

H^{′′} = Ω^{n+1}_{X,0} /df ∧ dΩ^{n−1}_{X,0} .

It is the stalk of a locally free extension of the cohomology bundle H at 0 ∈ T and a C{t}-lattice in G, that is a free C{t}-submodule of G of rank μ. The Leray residue formula implies that

∂_t[df ∧ η] = [dη] (0.3)

for [df ∧ η] ∈ H^{′′}.

E. Brieskorn [Bri70] found the first algorithm to compute compute the complex monodromy. It has been implemented in the computer algebra system Maple V by P.F.M. Nacken [Nac90] and in the computer algebra system Singular [GPS02] by the author [Sch99, Sch02b]. Brieskorn’s algorithm and the algorithms in this thesis are based on (0.2) and (0.3).

The Gauß-Manin connection G has a rich structure. The generalized eigenspaces C^α of the operator t∂_t define a splitting of a decreasing filtration V of G by C{t}-lattices V^α = ∑ α≤β C{t}C^β. This filtration is called the V-filtration and tV^α = V^{α+1}. For α > −1, V^α is also a C{{s}}-lattice, that is a free module of rank μ over a power series ring C{{s}} with s = ∂^{−1}_t and sV^α = V^{α+1}. Since [∂_t, t] = 1, t is a differential operator t = s^2∂_s

on the C{{s}}-module V^{>−1}. The regularity of the Gauß-Manin connection is reflected by the existence of the saturated, that is t∂_t-invariant, C{t}-lattices V^α. By a result of B. Malgrange [Mal74], H^{′′} ⊂ V^{>−1} and, in particular, H^{′′} is a C{{s}}-lattice. In the sense of D. Barlet [Bar93, Bar00], the Brieskorn lattice H^{′′} is a (t, s)-module, that is a free C{{s}}- module with an operator t such that the commutator satisfies

[t, s] = s^2.

In contrast to Brieskorn’s algorithm which is based on the C{t}-structure, the algorithms in this thesis are based on the C{{s}}-structure.

The nilpotent operator N commutes with t and s and defines a t- and s-invariant weight filtration W over Q. Multiplying the Brieskorn lattice H^{′′} by powers of t resp. s defines a filtration F by C{t}-lattices F_k = t^{−k}H^{′′} on G resp. a filtration ~F by C{{s}}-lattices ~F_k = s^{−k}H^{′′} ∩ V^{>−1} on V^{>−1}. These filtrations are called Hodge filtrations. The Hodge filtration F was defined by A.N. Varchenko [Var82a] and the Hodge filtration ~F by J. Scherk and J.H.M. Steenbrink [SS85]. The weight resp. Hodge filtrations induce filtrations on the cohomology H^n(X_t, Q) resp. H^n(X_t, C) of the Milnor fibre. By J.H.M. Steenbrink [Ste76, SS85] and A.N. Varchenko [Var82a], the weight and Hodge filtrations define a mixed Hodge structure on the cohomology of the Milnor fibre, that is, on the graded parts of the weight filtration the induced Hodge filtrations are opposite to their complex conjugate shifted by the weight. Moreover, log M_u is a morphism of mixed Hodge structures of type (−1, −1), that is a morphism of type −2 resp. −1 with respect to the weight resp. Hodge filtrations. The Hodge numbers h^{p,q} are the dimensions of the graded parts of the induced Hodge filtrations on the graded parts of the weight filtration, that is,

dim_C gr^p_F gr^W_{p+q} H^n(X_t, C) = h^{p,q} = dim_C gr^p_{~F} gr^W_{p+q} H^n(X_t, C)

Properties of the mixed Hodge structure lead to certain symmetries of the Hodge numbers.

The spectral pairs reflect the embedding of the Brieskorn lattice H^{′′} in the Gauß-Manin connection G with respect to the V- and weight filtration. They consist of μ pairs (α, l) ∈ Q × Z with multiplicity

dim_C gr^α_V gr^W_l (H^{′′}/tH^{′′}) = dim_C gr^α_V gr^W_l (H^{′′}/sH^{′′}).

By the isomorphisms (0.1), they correspond to the Hodge numbers inheriting their symmetries and, by (0.2), they determine the Jordan data of the complex monodromy. The first components of the spectral pairs are the spectral numbers and form the (singularity) spectrum. They consist of μ rational numbers α ∈ Q with multiplicity

dim_C gr^α_V (H^{′′}/tH^{′′}) = dim_C gr^α_V (H^{′′}/sH^{′′})

and they determine the eigenvalues of the complex monodromy.

By M. Saito [Sai88], for Newton non-degenerate singularities, the V-filtration coincides with the Newton filtration which is defined by the Newton polyhedron of the power series f ∈ C{x}. Based on this result, S. Endrass [End02] implemented an algorithm to compute the singularity spectrum in Singular.

By P. Deligne [Del72], there is a simultaneous splitting of the weight and Hodge filtration of a mixed Hodge structure. In particular, N is strict with respect to the weight and Hodge filtrations. By M. Saito [Sai89], this implies the existence of a C{{s}}-basis of the Brieskorn lattice H^{′′} such that the basis representation of t is t ∼= A_0 + sA_1 + s^2∂_s.

The matrix A = A_0 + sA_1 of t determines the (t, s)-module structure of the Brieskorn lattice and, in particular, the spectral pairs and the complex monodromy.

In chapter 2, we describe algorithms to compute, for arbitrary isolated hypersurface singularities, the complex monodromy, the spectral pairs, and the (t, s)-module structure of the Brieskorn lattice in form of M. Saito’s matrices A_0 and A_1. These algorithms are based on the following results and ideas.

In section 1.5, we show that the ⟨x⟩-adic and ⟨s⟩-adic topologies on the Brieskorn lattice coincide and that there is a C[[s]]-isomorphism ^H^{′′} ∼= C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]] (0.4) where ^H^{′′} is the completion of H^{′′} with respect to this topology.

In section 1.10, we introduce standard bases with respect to splittings of refinements of the V-filtration. We show that the spectral pairs are the orders of a standard basis of the Brieskorn lattice with respect to a splitting of the weight refined V-filtration. We show that M. Saito’s basis is a reduced standard basis with respect to a Hodge splitting of the V-filtration.

In section 2.1, we develop a theory of standard bases over formal power series rings based on the idea of monomial orderings [Buc65, Buc85, GP96]. We describe a normal form and standard basis algorithm based on Buchberger’s algorithm [GP96] that converges with respect to the adic topology of the power series ring.

In section 2.2, we specialize this normal form algorithm to a normal form algorithm for the Brieskorn lattice using (0.4). In section 2.3, we show that it computes the matrix A = ∑ j≥0 s^j A_j of operator t with respect to a C{{s}}- basis of the Brieskorn lattice such that

t ∼= A + s^2∂_s

is the basis representation of the operator t. Here, we use the finite determinacy theorem to assume that f is a polynomial. This assumption can be replaced by appropriate degree bounds. In the following sections 2.4, 2.5, 2.6, and 2.7, we describe a sequence of C{{s}}[s^{−1}]-basis transformations and show that one compute the matrix A of t and a polynomial basis representation H of H^{′′} with respect to the transformed bases. In section 2.4, the transformed basis is a C{{s}}-basis of a saturated C{{s}}-lattice and one can compute the eigenvalues of monodromy from A_1 by (0.2). Here, we use the regularity of the Gauß-Manin connection by computing the saturation of a lattice and the monodromy theorem by computing the eigenvalues of A_1 on the saturation. In section 2.4, the transformed basis is a C{{s}}-basis of a direct sum of C{{s}}C^α and one can compute the complex monodromy from A_1 by (0.2). In section 2.5, the transformed basis is a C{{s}}-basis of a V^α and one can compute the spectral pairs from a standard basis of H by section 1.10. In section 2.5, the transformed basis is a C-basis of a direct sum ⨁ α≤β<α C α and one can compute M. Saito’s A_0 and A_1 from a finite jet of A and a finite jet of a reduced standard basis of H by section 1.10.

The algorithms in this thesis compute the complex monodromy, the singularity spectrum, the spectral pairs and M. Saito’s matrices A_0 and A_1. Moreover, they compute a complex basis representation of the weight and Hodge filtrations on the cohomology of the Milnor fibre. But an algorithm to compute the underlying real structure and hence the mixed Hodge structure on the cohomology of the Milnor fibre is not yet known.

Appendix A contains the documentation of a Singular implementation by the author [Sch02a] of the algorithms in chapter 2. In chapter 3, we give examples and applications. We demonstrate the Singular implementation for a singularity with a 2×2 resp. 3×3 Jordan block of the monodromy. As an application, we verify Hertling’s conjecture about the variance of the spectral numbers for singularities with Milnor number at most 16 using Arnold’s classification [AGZV85].

Acknowledgments 9

Acknowledgments

I wish to express my gratitude to the following people. My thesis advisors G.- M. Greuel and J.H.M. Steenbrink guided and supported me. G.-M. Greuel called my attention to Brieskorn’s algorithm and J.H.M. Steenbrink to the problem of computing the spectral pairs and M. Saito’s matrices A_0 and A_1. Exchange of ideas with A. Frühbis-Krüger helped me to develop the normal form algorithm for the Brieskorn lattice. H. Schönemann’s advice was essential for the implementation of the algorithms in Singular. The Singular implementation was tested using examples by C. Hertling for his conjecture and by N. A’Campo for the monodromy. The members of the Algebraic Geometry group of the University of Kaiserslautern supported me in many respects.

I wish to thank my parents Hannelore and Volkmar Schulze for their love and care.

Chapter 1

Invariants of isolated hypersurface singularities

In this chapter, we describe the invariants of isolated hypersurface singularities which can be computed by the algorithms in chapter 2.

The local elementary sections of the cohomology bundle at the critical value form a regular C{t}[∂_t]-module, the Gauß-Manin connection. The complex monodromy can be identified with the operator t∂_t. The description of complex cohomology in terms of differential forms by the De Rham isomorphism leads to an embedding of the Brieskorn lattice in the Gauß-Manin connection. The formal Brieskorn lattice is the completion of the Brieskorn lattice. We give an explicit description of the formal Brieskorn lattice leading to a normal form algorithm. The Gauß-Manin connection with the embedded Brieskorn lattice has a rich structure in form of the V-, weight, and Hodge filtration and a C{t}- and C{{s}}-module structure. The weight and Hodge filtration define a mixed Hodge structure on the cohomology of the Milnor fibre. This leads to symmetries of the filtrations and a close relation of the module structures in form of a certain simultaneous splitting of the V- and Hodge filtration. The relation of the filtrations is reflected by the spectral pairs corresponding to the Hodge numbers and the relation of the two module structures by M. Saito’s matrices A_0 and A_1. These invariants can be computed by the algorithms in chapter 2. Standard bases are well known in computer algebra and occur naturally in the context of filtrations and splittings. We introduce standard bases with respect to the V-filtration and describe the invariants in terms of standard bases.

1.1 Milnor fibration

In this section, we introduce the Milnor fibration associated to an isolated hypersurface singularity. It is a fibre bundle formed by the smooth fibres near the singular fibre. Its general fibre is homotopy equivalent to a bouquet of spheres of dimension equal to the dimension of the singularity. The number of spheres is the Milnor number of the singularity. The construction and results in this section can be found in [Mil68] and [Loo84].

We denote row vectors by a lower bar and column vectors by an upper bar. Lower indices are row indices and upper indices are column indices. Let V(f) ⊂ (C^{n+1}, 0) be an isolated hypersurface singularity. Then

(C^{n+1}, 0)^f � (C, 0)

is the germ of a holomorphic function with isolated critical point 0 ∈ C^{n+1}. Let x = (x_0, . . . , x_n) be a local coordinate system at 0 ∈ C^{n+1} and ∂ := (∂_0, . . . , ∂_n) where ∂_j := ∂_{xj} . Let t be a local coordinate at 0 ∈ C. Then the fact that f has an isolated critical point is equivalent to

V(∂(f)) = {0} = V(x)

and hence to √ ⟨∂(f)⟩ = ⟨x⟩ by the analytic Nullstellensatz [dJP00, Thm.

2.4.4]. This implies that there is a k ≥ 1 such that ⟨x⟩^k ⊂ ⟨∂(f)⟩.

Definition 1.1.1. The dimension

1 ≤ μ := dim_C ( C{x}/⟨∂(f)⟩ ) < ∞ of the Jacobian algebra C{x}/⟨∂(f)⟩ is called the Milnor number.

An isolated hypersurface singularity is determined by a finite jet of the defining power series.

Theorem 1.1.2 (Finite determinacy theorem). Let f ∈ ⟨x⟩ ⊂ C{x} with ⟨x⟩^{k+1} ⊂ ⟨x⟩^2⟨∂(f)⟩. Then f is k-determined, that is, for any g ∈ C{x} with f − g ∈ ⟨x⟩^{k+1}, there is an automorphism ϕ ∈ Aut C{x} such that ϕ(f) = g. In particular, if k ≥ μ + 1 then f is k-determined.

Proof: [dJP00, Thm. 9.1.4]

Let D^{2n+2} be the open unit ball and S^{2n+1} the unit sphere in C^{n+1}. By the curve selection lemma [Mil68, Lem. 3.1], we can choose δ > 0 such that f is defined on δD^{2n+2} with only critical point 0 and the singular fibre f^{−1}(0) intersects δ^′S^{2n+1}, δ^′ < δ, transversely. Since S^{2n+1} is compact, we

1.1. Milnor fibration 13

can choose ϵ > 0 such that the fibre f^{−1}(t), t ∈ ϵD^2, intersects δS^{2n+1} transversely. Finally, we set T := ϵD^2, X := δD^{2n+2} ∩ f^{−1}(T ), T^′ := T \{0}, X^′ := X\f^{−1}(0), and denote by i : T^′ �

� � T the inclusion. Then

X^f � T is a good representative of f in the sense of [Loo84, 2.7]. We denote by X_t := X ∩ f^{−1}(t) the fibre of f over t ∈ T and by X_U := X ∩ f^{−1}(U) the preimage of an open subset U ⊂ T under f. By the Ehresmann fibration theorem, X^{′ f} � T^′ is a C^∞ fibre bundle and, by [Loo84, Prop. 2.9], it is independent of the choices of ϵ and δ.

Definition 1.1.3. The C^∞ fibre bundle f : X^′ � T^′ is called the Milnor fibration and the general fibre X_t, t ∈ T^′, is called the Milnor fibre.

Figure 1.1 shows the Milnor fibration.

J. Milnor studied the Milnor fibration and proved the following theorem. Theorem 1.1.4. The Milnor fibre is homotopy equivalent to the bouquet of μ n-spheres.

Proof: [Mil68, Thm. 7.2]

Recall that the bouquet of a set of pointed topological spaces is the topological space obtained by gluing these spaces at their base points. Corollary 1.1.5. The reduced (co)homology of the Milnor fibre is concentrated in the dimension of the singularity, that is, ~H_k(X_t) ∼= δ_{k,n}Z^μ ∼= ~H^k(X_t) where δ is the Kronecker symbol.

Figure 1.1: The Milnor fibration

0

0

t f

T

X

X_0 X_t

1.2 Cohomology bundle

In this section, we introduce the (co)homology bundle and the (co)homological monodromy. The (co)homology of the fibres of the Milnor fibration form a local system with a natural flat connection on the sheaf of holomorphic sections. Shifting (co)homology classes along flat sections around the singular fibre defines an automorphism of the (co)homology of the Milnor fibre, the (co)homological monodromy. By the monodromy theorem, its eigenvalues are roots of unity and the size of its Jordan blocks is bounded by the dimension of the singularity added by one. An introduction to local systems, (flat) connections, and monodromy can be found in [Del70].

In the following, we denote the n-th homology resp. cohomology by H_n resp. H^n and omit the index n if the statement applies to homology and cohomology. Since f : X^′ � T^′ is a C^∞ fibre bundle, H(U) := H(X_U ) defines a Z-sheaf H. Note that H^n ⊗_ZC = R^nf_∗C_X′ . The O_T ′ -sheaf H := O_T ′ ⊗_{ZT ′} H is the sheaf of holomorphic sections of H. By corollary 1.1.5, H is a locally free Z-sheaf of rank μ and hence H is a locally free O_T ′ -sheaf of rank μ. Note that H ⊗_ZC is a local system in the sense of [Del70]. Definition 1.2.1. The Z-sheaf H is called the (co)homology sheaf and the O_T ′ -sheaf H is called the (co)homology bundle.

We denote by (Ω^•, d) the complex of sheaves of holomorphic differential forms and by T the sheaf of holomorphic vector fields. A connection on H is a map H^∇ � Ω^1_T ′ ⊗O_T ′ H which fulfills the Leibniz rule ∇(gv) = d(g) ⊗ v + g ⊗ ∇(v) for (local) sections g ∈ Γ(U, O_T ′ ) and v ∈ Γ(U, H ). A (local) section v ∈ Γ(U, H ) is called a flat section if ∇(v) = 0 and the sheaf ker(∇) of flat sections is a locally constant C-sheaf. The covariant derivative H^{∇X} � H of ∇ along a (local) vector field X ∈ Γ(U, T_T ′ ) is defined by ∇_X (v) = ⟨∇(v), X⟩. It fulfills the Leibniz rule ∇_X (g · v) = X(g) · v + g · ∇_X (v) for (local) sections g ∈ Γ(U, O_T ′ ) and v ∈ Γ(U, H ). A connection ∇ on H extends to a map of complexes Ω^•_T ′ ⊗_{OT ′} H � Ω^•_T ′ [1] ⊗_{OT ′} H by ∇(ω ⊗ v) = dω ⊗ v + (−1)^k∇(v) for (local) sections ω ∈ Γ(U, Ω^k_T ′ ) and v ∈ Γ(U, H ). If ∇^2 = 0 or equivalently ∇_{[X,Y ]} = [∇_X , ∇_Y ] then ∇ is called a flat connection.

Definition 1.2.2. The flat connection ∇ on H with ker ∇ = H is called the Gauß-Manin connection.

Note that the Gauß-Manin connection H^∇ � Ω^1_T ′ ⊗O_T ′ H is defined by ∇(gv) := dg ⊗ v for (local) sections g ∈ Γ(U, O_T ′ ) and v ∈ Γ(U, H). A connection ∇ on H defines a dual connection ∇^∗ on H^∗ by ∇^∗_X (ϕ)(v) = X(ϕ(v)) − ϕ(∇_X (v)) for (local) sections ϕ ∈ Γ(U, H^∗) and v ∈ Γ(U, H ) and (local) vector fields X ∈ Γ(U, T_T ′ ). Note that the homological and cohomological Gauß-Manin connections are dual connections.

We denote the covariant derivative of ∇ along ∂_t on H and i_∗H by ∂_t := ∇_{∂t} . Let T^{∞ u} � T τ � � exp(2πiτ) be the universal covering of T^′ where τ is a coordinate on T^∞ ∈ C. Definition 1.2.3. The pullback X^∞ := X^′ ×_T ′ T^∞ is called the canonical Milnor fibre.

Then X^∞ � T^∞ is a C^∞ fibre bundle with X^∞_τ = X_{u(τ )}. Since T^∞ is contractible, H(U) := H(X^∞_U ) defines a free Z-sheaf H of rank μ on T^∞ and u_∗H is the sheaf of flat multivalued sections of H . For a field extension Q ⊂ K, we denote by H_K := H ⊗_Z K the corresponding extension of scalars. We consider A ∈ H as a global flat multivalued section A(t) of H . Note that ∂_tA(t) = 0 for A ∈ H.

Lifting closed paths in T^′ along section in H defines the monodromy representation π_1(T^′, t) � Aut(H_t) ⟲ � � M_t on H_t where ⟲ is the counterclockwise generator. The monodromy representations on the H_t induce the monodromy representation π_1(T^′) � Aut(H) ⟲ � � M on H where ⟲ is the counterclockwise generator such that (Ms)(τ) = s(τ + 1) for s ∈ H. The sheaf H is determined by the monodromy representation up to isomorphism.

Definition 1.2.4. The automorphism M ∈ Aut(H) is called the ((co)homological) monodromy.

Note that the homological monodromy is dual to the inverse of the cohomological monodromy. Figure 1.2 shows the monodromy. The most important result on the monodromy is the following theorem.

Figure 1.2: The (geometrical) monodromy

0

0

t

M

f

T

X

X_0 X_t

Theorem 1.2.5 (Monodromy theorem). The eigenvalues of M are roots of unity, the Jordan blocks have size at most (n+1)×(n+1), and the Jordan blocks with eigenvalue 1 have size at most n × n.

Proof: [Bri70] and others.

From now on, we denote the homology resp. cohomology sheaf by H_n resp. H^n and the homology resp. cohomology bundle by H_n resp. H^n.

1.3 Gauß-Manin connection

In this section, we introduce the (local) Gauß-Manin connection. The local elementary sections of the cohomology bundle at the critical value generate a regular C{t}[∂_t]-module, the (local) Gauß-Manin connection. It has a C{t}- and C{{s}}-module structure and the operator t∂_t corresponds to the complex monodromy. The construction in this section can be found in [AGZV88] and [Her93, Her00]. Let M = M_sM_u = M_uM_s be the decomposition of M into semisimple part M_s and unipotent part M_u and N := − log M_u 2πi ∈ End_C(H_C).

By theorem 1.2.5, the eigenvalues of M_s are roots of unity. Note that −2πiN ∈ End_Q(H_Q) is defined over Q. Let

H_C = ⨁ λ H^λ_C

be the decomposition of H_C into generalized eigenspaces H^λ_C := ker(M_s − λ) of M and M^λ := M|_Hλ_C . Let H^{≠1}_C := ⨁ λ≠1 H λ C and H^{≠1}_Q := H^{≠1}_C ∩ H_Q. Note that the decomposition H_C = H^1_C ⊕ H^{≠1}_C is defined over Q, that is, H_Q = H^1_Q ⊕ H^{≠1}_Q .

By theorem 1.2.5, N^{n+1} = 0, ( N|_H1_C )_n = 0.

For α ∈ Q, we denote λ_α := exp(−2πiα).

Lemma 1.3.1. For A ∈ H^{λα}_C , the multivalued section s_α(A) of H^n defined by s_α(A)(t) := t^α exp(N log t)A(t) is single-valued. Proof: Since

M(s_α(A))(t) = t^α exp(2πiα) exp(N log t) exp(2πiN)MA(t) = t^αλ^{−1}_α exp(N log t)M^{−1}_u M_sM_uA(t) = t^α exp(N log t)A(t) = s_α(A)(t)

Figure 1.3: An elementary section

0 0

0 −t t

A s_α(A)

H_{−t} H_t

the section s_α(A) is M-invariant and hence single-valued. Note that the twist t^α exp(N log t) is inverse to the action of the monodromy on H^{λα}_C .

Definition 1.3.2. A section s_α(A) is called an elementary section.

Figure 1.3 shows an elementary section. The flat multivalued section s_α(A) defined by A ∈ H^{λα}_C is twisted by the factor t^α exp(N log t) depending on t such that it glues over −1 to a global single-valued section.

Let D be the sheaf of holomorphic differential operators. Note that D_{T,0} = C{t}[∂_t] with [∂_t, t] = 1. The elementary sections generate a D_T -module

G := ⟨ i_∗s_α ( H^{λα}_C )| α ∈ Q ⟩ O_T ⊂ i_∗H^n. Note that O_T s_α ( H^{λα}_C ) and hence G is independent of the coordinate t.

Definition 1.3.3. We call the D_{T,0}-module

G := G_0

the (local) Gauß-Manin connection.

Figure 1.4 shows the (local) Gauß-Manin connection. The eigenvalue level of the operator t∂_t is on the vertical axis Q. We denote the finite dimensional C-vectorspaces C^α by horizontal line segments and consider their lengths as the corresponding dimensions. We denote operators by arrows and submodules by dashed lines.

Figure 1.4: The (local) Gauß-Manin connection

−2 −1 0 1 2 3 4 5 6

t t t t t t t

∂_t ∂_t ∂_t ∂_t ∂_t ∂_t ∂_t

N N N N N N N N

α α + 1 α + 2 α + 3 α + 4 α + 5 α + 6 α + 7

C^α C^{α+1} C^{α+2} C^{α+3} C^{α+4} C^{α+5} C^{α+6} C^{α+7}

~G

G

Since t^α exp(N log t) is invertible, H^{λα}_C �

� ψ_α � G A � � (i∗sα(A))0 is an inclusion with image C^α := im ψ_α.

Note that, for an N-invariant subspace F ⊂ C^α, C{t}F is independent of the coordinate t. Lemma 1.3.4.

1. t ∘ ψ_α = ψ_{α+1} 2. ∂_t ∘ ψ_α = ψ_{α−1} ∘ (α + N) 3. (t∂_t − α) ∘ ψ_α = ψ_α ∘ N

4. exp(−2πit∂_t) ∘ ψ_α = ψ_α ∘ M^{λα} Proof: Equality 1 and 2 follow from the definition of ψ_α. Combining equalities 1 and 2 gives equality 3. Applying the exponential to equality 3 gives equality 4.

Note that, by lemma 1.3.4.3, C^α = ker(t∂_t − α)^{n+1} is the generalized α-eigenspace of t∂_t on (i_∗H )_0. From now on, we identify the operator N on H^{λα}_C with the operator N : C^{α ψα}_∼ � H^{λα}_C^N � H^{λα}_C C^{αψα}_∼� on C^α such that t∂_t − α = N. Corollary 1.3.5.

1. The operator C^{α t}_∼ � C^{α+1} is bijective and [t, N] = 0.

2. The operator C^{α ∂t}_∼ � C^{α+1} is bijective for α ≠ 0 and [∂_t, N] = 0. 3. C^α = im ψ_α = ker(t∂_t − α)^{n+1} 4. G is a free O_T [t^{−1}]-module of rank μ.

Proof: This follows from corollary 1.1.5 and lemma 1.3.4.

By lemma 1.3.4.2, the operators t and ∂_t are related by ∂_t = t^{−1}(α + N). This relation generalizes to a relation of their powers. Lemma 1.3.6. As C-homomorphisms C^{α+k} � C^α ,

∂^k_t = t^{−k} k∏ j=1 (α + j + N).

Proof: By lemma 1.3.4.3 and corollary 1.3.5.1,

∂^k_t = k∏ j=1 t^{−1}t∂_t

= k∏ j=1 t^{−1}(α + j + N)

= t^{−k} k∏ j=1 (α + j + N).

Figure 1.5: The V-filtration on the Gauß-Manin connection

−2 −1 0 1 2 3 4 5 6

α V^α α + 1 V^{α+1} α + 2 V^{α+2}

t t s s

Definition 1.3.7. The V-filtration V = (V^α)_{α∈Q} on G is the decreasing filtration by C{t}-modules

V^α := ∑ α≤β C{t}C^β = ⨁ α≤β<α+1 C{t}C^β, V^{>α} := ∑ α<β C{t}C^β = ⨁ α<β≤α+1 C{t}C^β. Figure 1.5 shows the V-filtration on the Gauß-Manin connection. Note that the V^α and V^{>α} are independent of the coordinate t. The generalized eigenspaces C^α define a canonical splitting C^α ∼= V^α/V^{>α} of the V-filtration and one can consider C^α as a subspace and a subquotient of G. For a filtration F on G, we denote by F C^α the induced filtration on C^α considered as a subquotient of G.

Proposition 1.3.8. The V^α and V^{>α} are free C{t}-modules of rank μ.

Proof: This follows from corollary 1.1.5 and 1.3.5.

By corollary 1.3.5.2, the inverse of the operator ∂_t is defined on V^{>−1}. It extends to a module structure over a power series ring.

Definition 1.3.9. The ring of microdifferential operators with constant coefficients is defined by C{{s}} := {^∞∑ k=0 a_ks^k ∈ C[[s]] | | ∞∑ k=0 a_k k! t^k ∈ C{t} } . Note that C{{s}} is a discrete valuation ring.

Lemma 1.3.10. For α > −1 or α /∈ Z, C{t}t^α is a free C{{s}}-module of rank 1 with s := ∂^{−1}_t := ∫_t 0 dt.

Proof: Since_∞ ∑ k=0 a_kt^kt^α = ∞∑ k=0 k∏ j=1 (α + j)a_k∂^{−k}_t t^α, the claim is equivalent to the fact that ∑_∞ k=0 a_kt^k ∈ C{t} if and only if ∑_∞ k=0 ∏_k j=1(α+j) k! a_kt^k ∈ C{t}. Proposition 1.3.11. For α > −1 or α /∈ Z, C{t}C^α is a free C{{s}}-module of rank dim_C C^α with s := ∂^{−1}_t . In particular, for α > −1 resp. α ≥ −1, V^α resp. V^{>α} is a free C{{s}}-module of rank μ.

Proof: Since N is nilpotent on C^α, dim_C N(C^α) < dim_C C^α.

By induction on dim_C C^α and by corollary 1.3.5.1 and 1.3.5.2, C{t}N(C^α) = N(C{t}C^α) is a free C{{s}}-module of rank dim_C C^α. By lemma 1.3.4.3 and 1.3.10, (C{t}t^α)^{dimC(Cα/N(Cα))} ∼=_{C{{s}}} C{t}(C^α/N(C^α)) ∼=_{C{{s}}} (C{t}C^α)/(C{t}N(C^α)) is a free C{{s}}-module of rank dim_C C^α − dim_C N(C^α) and hence C{t}C^α is a free C{{s}}-module of rank dim_C C^α. Then the claim follows from corollary 1.3.5.4.

Definition 1.3.12. We denote s := ∂^{−1}_t Definition 1.3.13. We call the maximal C{{s}}-module ~G := C{t}C^0 ⊕ ⨁ −1<α<0 C{t}[t^{−1}]C^α in G the reduced (local) Gauß-Manin connection. The μ-dimensional C{{s}}[s^{−1}]-vector space ~G ⊗_{C{{s}}} C{{s}}[s^{−1}] is called the Gauß-Manin system [Pha79, SS85].

Note that, for α > −1, V^α = V^α ~G. The following lemma, summarizes the basic properties of the V-filtration. Lemma 1.3.14.

1. The generalized eigenspaces C^α define a canonical splitting C^α ∼= V^α/V^{>α} of the V-filtration.

2. The operators V^{α t}_∼ � V^{α+1} , and V^{>α t}_∼ � V^{>α+1} are bijective.

3. The operator V^{α ∂t}_∼ � V^{α−1} resp. V^{>α ∂t}_∼ � V^{>α−1} is bijective for α > 0 resp. α ≥ 0.

4. For α > −1 resp. α ≥ −1, the operator V^{α s}_∼ � V^{α+1} resp. V^{>α s}_∼ � V^{>α+1} is bijective.

Proof: This follows from corollary 1.3.5.1 and 1.3.5.2.

The operator t is a differential operator with respect to the C{{s}}-structure. Definition 1.3.15. We denote ∂_s := ∂^2_t t Note that ∂_tt = s∂_s.

Lemma 1.3.16. [∂_s, s] = 1 In particular, t = s^2∂_s is a differential operator with respect to the C{{s}}- structure.

Proof: Since [∂_t, t] = ∂_tt − t∂_t = 1,

[t, s] = ts − st = t∂^{−1}_t − ∂^{−1}_t t = ∂^{−1}_t (∂_tt − t∂_t)∂^{−1}_t = ∂^{−2}_t = s^2. and hence [∂^2_t t, s] = 1.

The C{t}[∂_t]-module structure of the Gauß-Manin connection can be described in terms of the Jordan data of the monodromy.

Proposition 1.3.17. Let n_{λ,j}, j = 1, . . . , m_λ, be the Jordan blocks sizes of M^λ and −1 ≤ α_λ < 0 with λ = exp(2πiα_λ). Then there is a C{t}[∂_t]- isomorphism G ∼=_{C{t}[∂t]} ⨁ λ m_λ⨁

j=1 C{t}[∂_t]/C{t}[∂_t](t∂_t − α_λ)^{nλ,j} .

Proof: Let

H^λ_C ∼= m_λ⨁

j=1 H^{λ,j}_C be a decomposition of H^λ_C into Jordan blocks H^{λ,j}_C of M^λ of size n_{λ,j} = dim_C H^{λ,j}_C and C^{α,j} := ψ_α ( H^{λ,j}_C ) such that

V^{−1} = ⨁ λ m_λ⨁

j=1 C{t}C^{αλ,j}. Let A_{λ,j} ∈ H^{λ,j}_C be an N-cyclic vector. By corollary 1.3.5.2, ∂_t : C^α_∼ � C^{α−1} is bijective for α ≠ 0 and hence G = C{t} [ t^{−1} ] V^{−1} ∼= ⨁ λ m_λ⨁

j=1 n_{λ,j} −1∑

k=0 C{t} [ t^{−1} ] s_{αλ} (N^kA_{λ,j})

= ⨁ λ m_λ⨁

j=1 n_{λ,j} −1∑

k=0 C{t}[∂_t](t∂_t − α_λ)^ks_{αλ} (A_{λ,j} ) ∼= ⨁ λ m_λ⨁

j=1 C{t}[∂_t]/C{t}[∂_t](t∂_t − α_λ)^{nλ,j} as a C{t}[∂_t]-module.

1.4 Brieskorn lattices

In this section, we introduce the Brieskorn lattices. By the De Rham isomorphism, the cohomology bundle can be described in terms of (relative) holomorphic differential forms. This defines locally free extensions of the cohomology bundle, the Brieskorn lattices. The (local) Brieskorn lattices are embedded in the (local) Gauß-Manin connection as C{t}- and C{{s}}-lattices. The C{t}[∂_t]-module structure of the (local) Gauß-Manin connection can be expressed in terms of holomorphic differential forms on the (local) Brieskorn lattices. The results in this section can be found in [Bri70, Seb70, Mal74].

We denote by (Ω^•, d) the complex of sheaves of holomorphic differential forms. Since the Milnor fibre X_t, t ∈ T^′, is a Stein complex manifold, the De Rham homomorphism

H^n_{DR}(Ω^•_{Xt} )^{ρt}_∼ � H^n(X_t, C) = Hom_C(H_n(X_t, C), C) defined by ρ_t ( [ω] ) (δ) = ∫ δ ω is an isomorphism. We denote by (Ω^•_{X/T} , d) = (Ω^•_X /df ∧ Ω^{•−1}_X , d) the complex of sheaves of relative holomorphic differential forms with respect to f : X � T . The isomorphisms ρ_t glue to a natural isomorphism H^n(f_∗Ω^•_X′_{/T} ′ )^ρ � H^n .

E. Brieskorn [Bri70] defined the following extensions of H^n. Definition 1.4.1. The O_T -modules

H := H^n(f_∗Ω^•_{X/T} ) = H^n(f_∗Ω^•_X /df ∧ f_∗Ω^•_X ) H^′ := f_∗Ω^n_{X/T} /d(f_∗Ω^{n−1}_{X/T} ) = f_∗Ω^n_X /(d(f_∗Ω^{n−1}_X ) + df ∧ f_∗Ω^{n−1}_X ) H^{′′} := f_∗Ω^{n+1}_X /df ∧ d(f_∗Ω^{n−1}_X ) are called the Brieskorn lattices. We call their stalks H := H_0, H^′ := H^′_0 , H^{′′} := H^{′′}_0

at 0 ∈ T the (local) Brieskorn lattices. We refer to H^{′′} resp. H^{′′} as the (local) Brieskorn lattice.

The following O_T -module occurs naturally in the context of Brieskorn lattices.

Definition 1.4.2.

Ω := f_∗Ω^{n+1}_X /df ∧ f_∗Ω^n_X .

The operators d and df define the following exact sequences. Lemma 1.4.3 (Poincaré lemma).

0 � C � OX^d � Ω^1_X^d � · · ·^d � Ω^{n+1}_X � 0 is an exact sequence of C-vectorspaces.

Lemma 1.4.4 (De Rham lemma).

0 � OX^{df} � Ω^1_X^{df} � · · ·^{df} � Ω^{n+1}_X � Ω � 0 is an exact sequence of O_X -modules. Theorem 1.4.5.

1. H , H^′, and H^{′′} are locally free O_T -modules of rank μ and H = H^n(Ω^•_{X/T,0}) = H^n(Ω^•_{X,0}/df ∧ Ω^•_{X,0}), H^′ = Ω^n_{X/T,0}/dΩ^{n−1}_{X/T,0} = Ω^n_{X,0}/(dΩ^{n−1}_{X,0} + df ∧ Ω^{n−1}_{X,0} ), H^{′′} = Ω^n_{X,0}/df ∧ dΩ^{n−1}_{X,0} are their stalks at 0.

2. The identity and df induce O_T -inclusions H � � � H ′ � �^{df} � H ′′ (1.4.1) restricting to O_T ′ -isomorphisms H^n H |T^′ ρ ∼�_∼ � H ′|_{T ′}^{df}_∼ � H ′′|_{T ′} (1.4.2) Proof:

1. [Bri70] and [Seb70, Cor. 1] 2. This follows from lemma 1.4.4.

By theorem 1.4.5.1, there is an embedding of H , H^′, and H^{′′} in i_∗H^n compatible with the inclusions (1.4.1). We consider H , H^′, and H^{′′} as O_T -submodules of i_∗H^n. Proposition 1.4.6.

1. The identity induces an O_T -isomorphism H^{′′}/H^′_∼ � Ω .

2. The differential d induces an O_T -isomorphism H^′/H^d_∼ � Ω .

Proof:

1. This follows from the definition.

2. This follows from lemma 1.4.3.

By the isomorphisms (1.4.2), (local) sections η ∈ Γ ( U, f_∗Ω^n_X′ ) and ω ∈ Γ ( U, f_∗Ω^{n+1}_X′ ) define (local) sections s ( [η] ) ∈ Γ(U, H^n) and s ( [ω] ) ∈ Γ(U, H^n) such that s ( [η] ) (t) = ρ_t ( [η|_{Xt} ] ) , s ( [ω] ) (t) = ρ_t ([ ω df | |_{Xt} ]) .

Definition 1.4.7. For (local) sections η ∈ Γ ( U, f_∗Ω^n_X′ ) and ω ∈ Γ ( U, f_∗Ω^{n+1}_X′ ) , the (local) sections s ( [η] ) and s ( [ω] ) are called geometrical sections.

The action of the derivative ∂_t on the Brieskorn lattices can be expressed

in terms of holomorphic differential forms and the operators d and df.

Proposition 1.4.8.

H^{∂t}_∼ � H^{′ ∂t}_∼ � H^{′′} [η] � � [_{dη} df ] [df ∧ η] � � [dη]

Proof: We follow the proof by E. Brieskorn [Bri70, Satz 1]. Let η ∈ Γ ( U, f_∗Ω^{n+1}_X′ ) a (local) section and δ ∈ Γ(U, H_n) a flat (local) section. Let

H_n(X_t, C)^∂ � H_{n+1}(X\X_t, C)

be the Leray coboundary. By shrinking U, we may assume that there is a

∂(δ) ∈ H_{n+1}(X\U, C) inducing ∂(δ(t)) for all t ∈ U. Then the Leray residue formula implies that ( ∇_{∂t} s ( [η] )) (δ) = ∂_t ( s ( [η] ) (δ) ) − s ( [η] )( ∇_{∂t} δ ) = ∂_t ∫ δ η = 1 2πi ∂_t ∫ ∂(δ) df ∧ η f − t = 1 2πi ∫ ∂(δ) ∂_t df ∧ η f − t = 1 2πi ∫ ∂(δ) df ∧ η (f − t)^2 = 1 2πi ∫ ∂(δ) ( dη f − t − d η f − t )

= 1 2πi ∫ ∂(δ) dη f − t = ∫ δ dη df = s ([ dη df ]) (δ) and hence ∂_t[η] = [_{dη} df ] and ∂_t[df ∧ η] = [dη]. The bijectivity follows from lemma 1.4.3.

By proposition 1.4.8, the derivative ∂_t has a pole on each of the Brieskorn lattices. The pole orders are the same and at most equal to the dimension of the singularity added by one. Corollary 1.4.9.

1. The minimal κ with f^κ ∈ ⟨∂(f)⟩ equals the minimal κ with t^κ∂_tH ⊂ H , resp. t^κ∂_tH^′ ⊂ H^′, resp. t^κ∂_tH^{′′} ⊂ H^{′′}.

2. 1 ≤ κ ≤ n + 1 and κ = 1 if and only if the singularity V(f) is quasihomogeneous.

Proof:

1. Since 0 ∈ C^{n+1} is an isolated critical point of f, f ∈ ⟨x⟩ and there is a k ≥ 0 such that ⟨x⟩^k ⊂ ⟨∂(f)⟩. Hence, there is a minimal 1 ≤ κ < ∞ with f^κ ∈ ⟨∂(f)⟩.

We denote dx = dx_0 ∧ · · · ∧ dx_n and, for 0 ≤ j ≤ n, dx_{^j} = dx_0 ∧ · · · ∧ dx_{j−1} ∧ dx_{j+1} ∧ · · · ∧ dx_n. Since f^kΩ^{n+1}_{X,0} = f^kC{t}dx = ⟨f^k⟩dx, df ∧ Ω^n_{X,0} = df ∧ n∑ j=0 C{t}dx_{^j} = n∑ j=0 C{t}∂_j (f)dx = ⟨∂(f)⟩dx,

κ is minimal with f^κdx ∈ df ∧ Ω^n_{X,0}. By proposition 1.4.8, κ is minimal with t^κH^{′′} ⊂ ∂^{−1}_t H^{′′} or equivalently t^κ∂_tH^{′′} ⊂ H^{′′}. Then the claim follows from proposition 1.4.8.

2. By J. Briançon and H. Skoda [BS74], κ ≤ n+1 and this bound is strict.

By K. Saito [Sai71], f ∈ ⟨∂(f)⟩ if and only if the singularity V(f) is quasihomogeneous.

The geometrical sections have moderate growth with respect to the flat multivalued sections and the geometrical sections in H^′ tend to 0 as t ∈ T^′ tends to 0 ∈ T . Theorem 1.4.10. 1. H^{′′} ⊂ G 2. H^{′′} ⊂ V^{>−1}.

Proof:

1. [Bri70, Satz 2] 2. [Mal74, lem. 4.5] P. Pham [Pha77, Pha79] proved the following result in the context of the Gauß-Manin system. Proposition 1.4.11.

1. H, H^′, and H^{′′} are free C{{s}}-modules of rank μ.

2. H^{′′ s}_∼ � H^{′ s}_∼ � H [dη] � � [df ∧ η] [_{dη} df ] � � [η]

Proof: By theorem 1.4.5.2 and proposition 1.4.8, sH^{′′} = ∂^{−1}_t H^{′′} = H^′ ⊂ H^{′′} and hence C[s]H^{′′} ⊂ H^{′′}. By theorem 1.4.10.2, H^{′′} ⊂ V^{>−1} and, by proposition 1.3.11, V^{>−1} is a free C{{s}}-module. Since H^{′′} and V^{>−1} are C{t}- lattices, there is a k ≥ 0 such that s^kH^{′′} ⊂ s^kV^{>−1} = V^{>k−1} = t^kV^{>−1} ⊂ H^{′′} and, by proposition 1.3.11, V^{>k−1} is a C{{s}}-module. Hence, H^{′′} is a free C{{s}}-module. By proposition 1.4.6.1, H^{′′}/sH^{′′} ∼= H^{′′}/H^′ ∼= Ω_0 and dim_C Ω_0 = μ. By Nakayama’s lemma, this implies that H^{′′} is a free C{{s}}-module of rank μ. Then the claim follows from proposition 1.4.8.

From now on, we abbreviate Ω := Ω_0, Ω^• := Ω^•_{X,0}.

1.5 Completion and (t,s)-module structure

In this section, we consider the completions of the Brieskorn lattices. By E. Brieskorn [Bri70], the ⟨x⟩-adic and ⟨t⟩-adic topologies on the Brieskorn lattices coincide. We show that the ⟨x⟩-adic and ⟨s⟩-adic topologies coincide on the Brieskorn lattices. The formal Brieskorn lattices are the completions of the Brieskorn lattices with respect to this topology. We give an explicit description of the formal Brieskorn lattice leading to the normal form algorithm in section 2.2.

Definition 1.5.1. We call the ⟨x⟩-adic completions ^H = H^n(^Ω^•/df ∧ Ω^•), ^H^′ = ^Ω^n/d^Ω^{n−1} + df ∧ ^Ω^{n−1}, ^H^{′′} = ^Ω^{n+1}/df ∧ d^Ω^{n−1} of the Brieskorn lattices the formal Brieskorn lattices. We refer to ^H^{′′} as the formal Brieskorn lattice.

The following proposition is essential for Brieskorn’s algorithm to compute the complex monodromy.

Theorem 1.5.2. The ⟨t⟩-adic and ⟨x⟩-adic topology on H, H^′, resp. H^{′′} coincide. In particular, the ⟨t⟩-adic completion of H, H^′, resp. H^{′′} is naturally isomorphic to ^H, ^H^′, resp. ^H^{′′}.

Proof: [Bri70, Prop. 3.3]

Corollary 1.5.3. ^H, ^H^′, and ^H^{′′} are free C[[t]]-modules of rank μ.

Proof: Since completion is faithfully flat, this follows from proposition 1.4.5.1 and theorem 1.5.2.

Proposition 1.5.4. The ⟨s⟩-adic and ⟨x⟩-adic topology on H, H^′, resp. H^{′′} coincide. In particular, the ⟨s⟩-adic completion of H, H^′, resp. H^{′′} is naturally isomorphic to ^H, ^H^′, resp. ^H^{′′}.

Proof: Let [ g∂_i(f)∂_j(f)dx ] ∈ ( ⟨∂(f)⟩^{2k}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1} ⊂ H^{′′}. Then, by proposition 1.4.11.2, [ g∂_i(f)∂_j(f)dx ] = [ (−1)^idf ∧ ( g∂_j(f)dx_{^i} )] = s [ (−1)^id ( g∂_j(f)dx_{^i} )] = s [ ∂_i ( g∂_j (f) ) dx ] = s [( ∂_i(g)∂_j(f) + g∂_i∂_j (f) ) dx ] ∈ s (( ⟨∂(f)⟩^{2(k−1)}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1} ) and hence by induction ( ⟨∂(f)⟩^{2k}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1} ⊂ s^kH^{′′}. Since 0 is an isolated critical point of f, there is an m ≥ 1 such that ⟨x⟩ ⊃ ⟨∂(f)⟩ ⊃ ⟨x⟩^m and hence ( ⟨x⟩^{2km}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1} ⊂ ( ⟨∂(f)⟩^{2k}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1}.

This implies that ( ⟨x⟩^{2km}dx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1} ⊂ s^kH^{′′} ⊂ ( ⟨x⟩^kdx + df ∧ dΩ^{n−1} )/ df ∧ dΩ^{n−1}. Hence, ⟨s⟩-adic and ⟨x⟩-adic topology on H^{′′} coincide. Then the claim follows from proposition 1.4.11.2. Corollary 1.5.5.

1. ^H, ^H^′, and ^H^{′′} are free C[[s]]-modules of rank μ. 2. ^H^{′′ s}_∼ � ^H^{′ s}_∼ � ^H [dη] � � [df ∧ η] [_{dη} df ] � � [η]

Proof: Since completion is faithfully flat, this follows from proposition 1.4.11 and 1.5.4.

The following description of the formal Brieskorn lattice leads to the normal form algorithm in section 2.2.

Proposition 1.5.6. There is a C[[s]]-isomorphism ^H^{′′} ∼=_{C[[s]]} C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]]. Proof: Since

df ∧ d^Ω^n = (df − sd)d^Ω^{n−1}[[s]] ⊂ (df − sd)^Ω^n[[s]]

there is a natural map

^H ′′^ι � ^Ω^{n+1}[[s]]/(df − sd)^Ω^n[[s]] .

By corollary 1.5.5.2, ι is a C[[s]]-homomorphism. Let ω = ∑_∞ k=0 ω_ks^k ∈ ^Ω^n[[s]] with (df − sd)ω ∈ ^Ω^{n+1}. Then df ∧ ω_{k+1} = dω_k and hence, by proposition 1.5.5.2, s[dω_{k+1}] = [df ∧ ω_{k+1}] = [dω_k] ∈ ^H^{′′} for all k ≥ 0. Then [dω_0] ∈ ⋂ k≥0 s^k ^H^{′′} = {0} and hence, by definition of H^{′′},

dω_0 ∈ df ∧ d^Ω^{n−1} = d(df ∧ ^Ω^{n−1}).

By lemma 1.4.3, ω_0 ∈ d^Ω^{n−1} + df ∧ ^Ω^{n−1} and hence (df − sd)ω = df ∧ ω_0 ∈ df ∧ d^Ω^{n−1}.

This implies that (df − sd)^Ω^n[[s]] ∩ ^Ω^{n+1} = df ∧ d^Ω^{n−1} and hence ι is injective. By lemma 1.4.3, d^Ω^n = ^Ω^{n+1} and hence, by corollary 1.5.5.2, ι is surjective. Note that ι is inverse to the canonical C[[s]]-projection ^Ωn+1[[s]]/(df − sd)^Ωn[[s]]^π � ^Ωn+1/df ∧ d^Ωn−1 . Since ^Ω^n[[s]] is a free C[[s, x]]-module of rank 1 with generator dx, there is a C[[s, x]]-isomorphism C[[s, x]]^{dx}_∼ � ^Ω^{n+1}[[s]] .

For η = ∑_n j=0(−1)^j g_jdx_ĵ ∈ ^Ω^n[[s]], (df − sd)η = n∑ j=0 (∂_j (f)g_j − s∂_j (g_j))dx = (∂(f) − s∂)gdx and hence dx induces a C[[s]]-isomorphism C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]]^{dx}_∼ � ^Ω^{n+1}[[s]]/(df − sd)^Ω^n[[s]] .

D. Barlet [Bar93, Bar00] considered the following algebraic structure. Definition 1.5.7. A (t,s)-module is a free C[[s]]-module of finite rank endowed with a C-endomorphism t fulfilling [t, s] = s^2. Corollary 1.5.8. ^H, ^H^′, and ^H^{′′} are (t,s)-modules. Proof: This follows from lemma 1.3.16 and corollary 1.5.5.1.

1.6 Lattices

In this section, we consider C{t}- and C{{s}}-lattices in the Gauß-Manin connection. A C{t}-lattice in the Gauß-Manin connection is a free C{t}- submodule of rank μ. We call a free C{{s}}-submodule of rank μ a C{{s}}- lattice. The V-filtration consists of C{t}- and C{{s}}-lattices and the Brieskorn lattices are C{t}- and C{{s}}-lattices.

Definition 1.6.1. We call a free C{t}- resp. C{{s}}-submodule of G resp. ~G of rank μ a C{t}- resp. C{{s}}-lattice. We call a C{t}- resp. C{{s}}-lattice a lattice.

From now on, we denote by V the V-filtration on G resp. ~G. Remark 1.6.2.

1. By proposition 1.3.8 and 1.3.10, the V^α are C{t}- and C{{s}}-lattices.

2. By proposition 1.4.5.1 and 1.4.11.1, H, H^′, and H^{′′} are C{t}- and C{{s}}-lattices.

Lemma 1.6.3. Let L be a C{t}- resp. C{{s}}-lattice. Then there are α, β ∈ Q such that V^α ⊃ L ⊃ V^β. Proof: Let L and L^′ be two C{t}- resp. C{{s}}-lattices. Since C{t} resp. C{{s}} is a discrete valuation ring, there is a k ≥ 0 such that t^kL ⊂ L^′ resp. s^kL ⊂ L^′. By lemma 1.3.14 and proposition 1.3.8 and 1.3.11, this implies the claim.

Lemma 1.6.4.

1. A C{t}-lattice L is a C{{s}}-lattice if and only if sL ⊂ L.

2. A C{{s}}-lattice L is a C{t}-lattice if and only if tL ⊂ L.

Proof: This follows from lemma 1.6.3 as in the proof of proposition 1.4.11.

1.6.1 Saturation and resonance

In this subsection, we consider saturated and non-resonant lattices. The V-filtration consists of saturated non-resonant lattices. By the regularity of the Gauß-Manin connection, the saturation of a lattice by the operator t∂_t = s∂_s − 1 is a lattice. The complex monodromy on the cohomology of the Milnor fibre corresponds to this operator on L/tL = L/sL for a saturated non-resonant lattice L.

Definition 1.6.5. Let L be a C{t}- resp. C{{s}}-lattice.

1. If t∂_tL = (s∂_s − 1)L ⊂ L then L is called saturated.

2. If L is saturated then the endomorphism res_L ∈ End_C(L/tL) resp.

res_L ∈ End_C(L/sL) induced by t∂_t = s∂_s − 1 is called the residue of L.

3. If res_L has non-zero integer differences of eigenvalues then L is called resonant.

Note that the residue is independent of the coordinate t. Remark 1.6.6.

1. By lemma 1.3.14.2 and 1.3.14.3, the V^α are saturated lattices. 2. By corollary 1.4.9.2, H, H^′, and H^{′′} are saturated if and only if the singularity V(f) is quasihomogeneous.

Lemma 1.6.7. Let L be a saturated lattice.

1. If L is a C{t}- and C{{s}}-lattice then tL = sL. 2. If V^α ⊃ L ⊃ V^β then L = ( ⨁ α≤γ<β L ∩ C^γ ) ⊕ V^β and the L ∩ C^γ are N-invariant.

3. If the eigenvalues of res_L are in [α, β] resp. [α, β) then V^α ⊃ L ⊃ V^{>β−1} resp. V^α ⊃ L ⊃ V^{β−1}.

Proof:

1. Since L is saturated and [∂_t, t] = 1, s^{−1}tL = ∂_ttL ⊂ L and hence tL ⊂ sL. By Nakayama’s lemma, dim_C(L/tL) = μ = dim_C(L/sL) and hence tL = sL.

2. Since V^α ⊃ L ⊃ V^β, L = L ∩ V^α = ( L ∩ ⨁ α≤γ<β C^γ ) ⊕ V^β. Since L is saturated, L ∩ ⨁ α≤γ<β C γ is t∂_t-invariant and L ∩ C^γ is the γ-eigenspace of t∂_t. Hence, by lemma 1.3.4.3, L ∩ C^γ is N-invariant.

3. Since L ∩ C^γ is the γ-eigenspace of t∂_t and res_L is induced by t∂_t, this follows from 2.

Definition 1.6.8. Let L be a lattice, L_0 := L, and

L_k := k∑ j=0 (t∂_t)^j L = L_{k−1} + t∂_tL_{k−1}

for k ≥ 1. Then L_∞ := ⋃ k≥0 L_k is called the saturation of L.

Lemma 1.6.9. Let L be a lattice. Then L_k and L_∞ are lattices.

Proof: We may assume that L is a C{t}-lattice. By induction on k, we may assume that L_{k−1} is a C{t}-lattice. Let g ∈ C{t} and v ∈ L_{k−1}. Then gt∂_tv = t∂_tgv − t∂_t(g)v ∈ t∂_tL_{k−1} + L_{k−1} = L_k. Hence, C{t}L_k ⊂ L_k and L_k is a C{t}-lattice. By lemma 1.6.3, there is an α ∈ Q such that L ⊂ V^α. Since V^α is saturated, L_k ⊂ V^α for all k ≥ 0. Since C{t} is Noetherian and V^α a finite C{t}-module, V^α is Noetherian and hence the sequence of C{t}-submodules

L_0 ⊂ L_1 ⊂ L_2 ⊂ · · · ⊂ V^α

is stationary. Hence, there is a k ≥ 0 such that L_∞ = L_k and L_∞ is a C{t}- lattice.

The following bound for the minimal k ≥ 0 with L_k = L_∞ is due to R. Gérard and A.H.M. Levelt [GL73, Thm. 4.2]. We give an elementary proof.

Proposition 1.6.10. Let L be a lattice. Then L_∞ = L_{μ−1} Proof: We may assume that L is a C{t}-lattice. By lemma 1.6.3, there is an α ∈ Q such that L ⊂ V^α. Let e = (e_1, . . . , e_μ) be a Jordan C-basis of ⨁ α≤β<α+1 C^β ∼= V^α/tV^α for res_L and e_j ∈ C^{αj} . By Nakayama’s lemma, e is a C{t}-basis of V^α. Let E_j := ⨁ j<i C{t}e_i. After reordering e, we may assume that NE_j ⊂ E_{j+1}.

Let v = ∑_μ j=1 ∑_∞ i=0 v^j_i t^ie_j ∈ E_j ∩ L_k\E_{j+1}. After multiplication with a unit in C{t}, we may assume that v ∈ v^j_i t^ie_j + E_{j+1} with v^j_i ≠ 0. Then t∂_tv ∈ ((i + α_j)v^j_i t^ie_j + E_{j+1}) ∩ L_{k+1} = ((i + α_j )v + E_{j+1}) ∩ L_{k+1} ⊂ (L_k + E_{j+1}) ∩ L_{k+1}. = L_k + E_{j+1} ∩ L_{k+1}.

By induction over j = k, L_{k+1} ⊂ L_k + E_{k+1} ∩ L_{k+1} and hence, since E_μ = 0, L_μ ⊂ L_{μ−1} + E_μ ∩ L_μ = L_{μ−1}.

By lemma 1.3.4.4, ψ := ⨁ −1<α≤0 ψα defines a C-isomorphism

H_C = ⨁ −1<α≤0 H λ_α C ψ ∼ � ⨁_{−1<α≤0} C^α = V^{>−1}/tV^{>−1} (1.6.1) such that ψ ∘ M = exp(−2πi res_V >−1 ) ∘ M.

A C{t}- resp. C{{s}}-lattice L defines an increasing filtration F^L = (F^L_k )_{k∈Z} on G resp. ~G by C{t}- resp. C{{s}}-lattices F^L_k := t^{−k}L resp. ~F^L_k := ~G ∩ s^{−k}L. Lemma 1.6.11. Let L be a C{t}- resp. C{{s}}-lattice.

1. If L is a C{t}- and C{{s}}-lattice then, for α > −1 or α /∈ Z, k∏ j=1 (α + j + N)F^L_k C^α = ~F^L_k C^α.

2. If L is a saturated C{t}- and C{{s}}-lattice L then the filtrations F^L and ~F^L coincide.

3. If L is saturated then the filtration F^L gr^α_V G resp. ~F^L gr^α_V ~G on C^α is N-invariant.

Proof:

1. This follows from 1.3.6. 2. This follows from 1.6.7.1 3. This follows from 1.6.7.2.

The filtration F resp. ~F induces an increasing filtration F^L := ψ^{−1} ( F^L(V^{>−1}/tV^{>−1}) ) resp. ~F^L := ψ^{−1} ( ~ F^L(V^{>−1}/sV^{>−1}) ) by C-vectorspaces on H_C. Note that, by lemma 1.3.4.3 and 1.6.11.3, if L is saturated then F^L resp. ~F^L on H_C is M-invariant.

Proposition 1.6.12. Let L be a saturated C{t}- resp. C{{s}}-lattice. Then ψ_L := ⨁ −1<α≤0 ⨁ k gr^{F L}_k (ψ_{α+k})

resp. ~ψ_L := ⨁ −1<α≤0 ⨁ k gr^{~F L}_k (ψ_{α+k})

defines a C-isomorphism gr^{F L} (H_C) = ⨁ −1<α≤0 ⨁ k gr^{F L}_k (H^{λα}_C )^{ψL}_∼ � L/tL resp. gr^{~F L}_k (H_C) = ⨁ −1<α≤0 ⨁ k gr^{~F L}_k (H^{λα}_C )^{~ψL}_∼ � L/sL such that ψ_L ∘ gr^{F L} (M) = exp(−2πi res_L) ∘ ψ_L resp. ~ψ_L ∘ gr^{~F L} (M) = exp(−2πi res_L) ∘ ~ψ_L.

Proof: We may assume that L is a C{t}-lattice. By lemma 1.6.3, there are α, β ∈ Q such that V^α ⊃ L ⊃ V^β.

By lemma 1.6.7.2, L = ( ⨁ α≤γ<β L ∩ C^γ ) ⊕ V^β and hence L/tL ∼= ⨁ α≤γ<β+1 (L ∩ C^γ )/t(L ∩ C^{γ−1}) = ⨁ −1<γ≤0 ⨁ α≤γ+k<β+1 (L ∩ C^{γ+k})/t(L ∩ C^{γ+k−1}) ∼= ⨁ −1<γ≤0 ⨁ α≤γ+k<β+1 t^k ( (t^{−k}L ∩ C^γ )/(t^{−k+1}L ∩ C^γ ) )

= ⨁ −1<γ≤0 ⨁ α≤γ+k<β+1 t^k gr^{F L}_k (C^γ ) = ⨁ −1<γ≤0 ⨁ α≤γ+k<β+1 t^k ∘ gr^{F L}_k (ψ_γ ) ( gr^{F L}_k (H^{λγ}_C ) )

∼= ⨁ −1<γ≤0 ⨁ α≤γ+k<β+1 gr^{F L}_k (ψ_{γ+k}) ( gr^{F L}_k (H^{λγ}_C ) )

= ψ_L ( gr^{F L} (H_C) ) . Then the claim follows from lemma 1.3.4.4.

The complex monodromy is determined by the residue of a saturated nonresonant lattice.

Corollary 1.6.13. Let L be a saturated non-resonant lattice. Then

M ∼= exp(−2πi res_L).

Proof: Since L is non-resonant, the filtration F^L resp. ~F^L is trivial. Then the claim follows from proposition 1.6.12.

1.6.2 Basis representations

In this subsection, we consider basis representations of the operator ∂_t resp. t with respect to C{t} resp. C{{s}}-bases of lattices. Since ∂_t resp. t is a differential operator, its basis representation with respect to a basis of the lattice is determined by a matrix.

Let L be a C{t}-lattice. By Nakayama’s lemma, a C-section

L � � L/tL τ � of the canonical projection defines a C{t}-isomorphism C{t} ⊗_C L/tL^{~τ}_∼ � L extending to a C{t}[t^{−1}]-isomorphism C{t}[t^{−1}] ⊗_C L/tL^{~τ}_∼ � G . We define the C-homomorphism B^τ by the diagram L^{∂t} � G

L/tL � � τ � B^τ � C{t}[t−1] ⊗ C L/tL ~τ ∼ �

and extend it to a C{t}-homomorphism C{t} ⊗_C L/tL^{~Bτ} � C{t}[t^{−1}] ⊗_C L/tL . By lemma 1.6.3, there is a k ≥ 0 such that t^k∂_tL ⊂ L and hence im B^τ ⊂ t^{−k}C{t} ⊗ L/tL. Definition 1.6.14. We call B^τ = ∞∑ j=−k t^j B^τ_j the τ-representation of ∂_t. If τ is composed with a C-basis C^μ ∼=_C L/tL then we call B^τ the τ-matrix of ∂_t. Proposition 1.6.15. ∂_t ∘ ~τ = ~τ ∘ ( ~ B^τ + ∂_t ⊗ 1 ) Proof: For g ⊗ v ∈ C{t}[t^{−1}] ⊗_C L/tL, ∂_t~τ(g ⊗ v) = ∂_t(gτ(v)) = g∂_tτ(v) + ∂_t(g)τ(v) = g~τB^τ (v) + ∂_t(g)τ(v) = g~τ ~B^τ (1 ⊗ v) + ~τ ( ∂_t(g) ⊗ v ) = ~τ ( ~ B^τ (g ⊗ v) + ∂_t(g) ⊗ v ) = ~τ ∘ ( ~ B^τ + ∂_t ⊗ 1 ) (g ⊗ v).

Remark 1.6.16.

1. If τ is the canonical C-section τ : V^α/tV^α ∼= ⨁ α≤β<α+1 C β � � � V_α

then B^τ = t^{−1}B^τ_{−1} and, by corollary 1.6.13, M ∼= exp(−2πiB^τ_{−1}). 2. Note that H^{′′}/t^K H^{′′} ∼= Ω^{n+1}/f^K Ω^{n+1} + df ∧ Ω^{n+1}.

By theorem 1.5.2, for any K, there is an N(K) such that ⟨x⟩^{N(K)}Ω^{n+1} ⊂ f^K Ω^{n+1} + df ∧ Ω^{n+1}.

Hence, one can compute a C-section τ of the canonical projection H^{′′} � � H^{′′}/tH^{′′} τ � by linear algebra. By proposition 1.4.8 and corollary 1.4.9, one can compute the τ-representation B^τ = ∞∑ j=−κ t^j B^τ_j of ∂_t up to any degree in t by linear algebra. This method is part of Brieskorn’s algorithm [Bri70, 3.5] to compute the complex monodromy.

Let L be a C{t}- and C{{s}}-lattice. By Nakayama’s lemma, a C-section L � � L/sL σ � of the canonical projection defines a C{{s}}-isomorphism C{{s}} ⊗_C L/sL^{~σ}_∼ � L . We define the C-homomorphism A^σ by the diagram L^t � L

L/sL σ � A^σ � C{{s}} ⊗ C L/sL ~σ �

and extend it to a C{{s}}-endomorphism C{{s}} ⊗_C L/sL^{~Aσ} � C{{s}} ⊗_C L/sL .

Definition 1.6.17. We call A^σ = ∞∑ j=0 s^jA^σ_j the σ-representation of t. If σ is composed with a C-basis C^μ ∼=_C L/sL then we call A^σ the σ-matrix of t. Proposition 1.6.18. t ∘ ~σ = ~σ ∘ ( ~ A^σ + (s^2∂_s) ⊗ 1 ) Proof: This follows from lemma 1.3.16 as in the proof of proposition 1.6.15.

Remark 1.6.19.

1. If α > −1 and σ is the canonical C-section σ : V^α/tV^α ∼= ⨁ α≤β<α+1 C β � � � V_α

then A^σ = sA^σ_1 and, by corollary 1.6.13, M ∼= exp(−2πiA^σ_1 ). 2. Note that, by proposition 1.4.6.1, H^{′′}/sH^{′′} ∼= Ω. By algorithm 2.2.11 based on proposition 1.5.6, one can compute a C-section σ of the canonical projection H^{′′} � � H^{′′}/sH^{′′} σ � and the σ-representation

A^σ = ∞∑ j=0 s^jA^σ_j of t up to any degree in s.

1.7 Mixed Hodge structure

In this section, we introduce the mixed Hodge structure on the cohomology of the Milnor fibre. The nilpotent operator N defines the weight filtration and the Brieskorn lattice the Hodge filtration on the Gauß-Manin connection. The weight and Hodge filtration define a mixed Hodge structure on the cohomology of the Milnor fibre. The results in this section can be found in [Del72, Ste76, Var82a, SS85].

1.7.1 Weight and Hodge filtrations

In this subsection, we define the weight and Hodge filtrations. The weight filtration of the nilpotent operator N defines a t- and s-invariant filtration on the Gauß-Manin connection, the weight filtration. It induces the weight filtration on the cohomology of the Milnor fibre. The Brieskorn lattice is a C{t}- and C{{s}}-lattice and defines a filtration by C{t}-lattices and a filtration by C{{s}}-lattices on G, the Hodge filtrations.

By the theorem 1.2.5, N is a nilpotent operator with

N^{n+1} = 0, ( N|_H1_C )_n = 0, and ( N|_Cα )_n = 0 for α ∈ Z. Note that

−2πiN = log M_u ∈ End_Q(H_Q)

is defined over Q.

Lemma 1.7.1. Let N ∈ End(V ) be a nilpotent operator of a finite dimensional vectorspace V with N^{n+1} = 0. Then there is a unique increasing filtration W = (W_l)_{l∈Z} such that N(W_k) ⊂ W_{k−2}, 0 = W_{−n−1} ⊂ W_{−n} ⊂ W_{−n+1} ⊂ · · · ⊂ W_{n−2} ⊂ W_{n−1} ⊂ W_n = V, and N^k induces an isomorphism W_k/W_{k−1}^{Nk}_∼ � W_{−k}/W_{−k−1} for all 1 ≤ k ≤ n.

Definition 1.7.2.

1. W [−k] is called the weight filtration of N centered at k.

2. For v ∈ V , min{l ∈ Z|v ∈ W_l} is called the weight of v.

Figure 1.6 shows the weight filtration centered at 0. We denote a 1- dimensional subvectorspace by a bullet, the operator N by an arrow, and the subvectorspace W_k by dashed lines. We consider each row of bullets as a Jordan block of N. Remark 1.7.3.

Figure 1.6: The weight filtration centered at 0

0 N N N 0 N N N 0 N N N N0

W_3 W^2

W_1 W^0

W_{−1} W^{−2} W_{−3}

1. A Jordan basis of V with respect to N defines a splitting of the weight filtration. If v ∈ V is a C[N]-generator of a Jordan blocks of size k × k then N^j v ∈ W_{k−1−2j} \W_{k−2j}. 2. The weight filtration of N determines the Jordan normal form of N.

The number of Jordan blocks of N of size k × k is dim_C gr^W_{k−1} V − ∑ j>0 dim_C gr^W_{k−1+2j} V.

Lemma 1.7.4.

1. t induces a filtered isomorphism (C^α, W C^α)^t_∼ � (C^{α+1}, W C^{α+1}) .

2. For α > −1 or α /∈ Z, s induces a filtered isomorphism (C^α, W C^α)^s_∼ � (C^{α+1}, W C^{α+1}) .

Proof:

1. This follows from corollary 1.3.5.1.

2. This follows from corollary 1.3.5.2.

Definition 1.7.5.

1. The weight filtration W = (W_k)_{k∈Z} on G is the increasing filtration W := ⨁ −1<α≤0 C{t}[t^{−1}]W [−n]C^α by C{t}[t^{−1}]-vectorspaces.

2. The weight filtration W = (W_k)_{k∈Z} on H_Q is the increasing filtration W := W [−n − 1]H^1_Q ⊕ W [−n]H^{≠1}_Q by Q-vectorspaces.

Remark 1.7.6.

1. By lemma 1.7.4.2, the weight filtration W ~G = C{{s}}W [−n]C^0 ⊕ ⨁ −1<α<0 C{{s}}[s^{−1}]W [−n]C^α is an increasing filtration by C{{s}}-modules.

2. The weight filtrations on H_C and on G correspond by

ψ_α(W H^{λα}_C ) = W C^α, α /∈ Z, W [−1]C^α, α ∈ Z. 3. By theorem 1.2.5, for α /∈ Z and k ∈ Z, W_{−1}C^α = 0, W_0C^k = 0, W_{−1}H^{λα}_Q = 0, W_1H^{λk}_Q = 0, W_{2n}C^α = C^α, W_{2n−1}C^k = C^k, W_{2n}H^{λα}_Q = H^{λα}_Q , W_{2n}H^{λk}_Q = H^{λk}_Q .

4. By remark 1.7.3.1 and lemma 1.7.4, the canonical splitting of the Vfiltration can be refined to a simultaneous splitting of the V- and weight filtration on G. In particular, gr_V gr^W = gr^W gr_V .

By proposition 1.4.5.1 and 1.4.11.1, H^{′′} is a C{t}- and C{{s}}-lattice and defines a filtration F^{H′′} by C{t}-lattices and a filtration ~F^{H′′} by C{{s}}- lattices on G.

Definition 1.7.7.

1. The increasing filtration F := F^{H′′} on G by C{t}-modules F_p = F^{n−p} := t^{−p}H^{′′} is called Varchenko’s Hodge filtration. The filtration F was defined by A.N. Varchenko [Var82a, 1.2].

2. The increasing filtration ~F := ~F^{H′′} on ~G by C{{s}}-modules ~F_p = ~F^{n−p} := ~G ∩ s^{−p}H^{′′} is called Steenbrink’s Hodge filtration. The filtration ~F was defined by J. Scherk and J.H.M. Steenbrink [SS85, Lem. 3.4].

Figure 1.7 shows the Hodge filtration on C{t}[t^{−1}]C^α.

The Hodge filtrations on the Gauß-Manin connection induce filtrations on the cohomology of the Milnor fibre via the isomorphism (1.6.1). Definition 1.7.8. Varchenko’s resp. Steenbrink’s Hodge filtration F resp. ~F on H_C is defined by F_pH_C := ⨁ −1<α≤0 ψ^{−1}_α (F_pC^α),

resp. ~F_pH_C := ⨁ −1<α≤0 ψ^{−1}_α ( ~F_pC^α).

The Hodge filtrations on the cohomology of the Milnor fibre are not equal but coincide on the graded parts of the weight filtration. Proposition 1.7.9. For −1 < α ≤ 0, p∏ q=1 (α + q + N)F_pH^{λα}_C = ~F_pH^{λα}_C .

In particular, ~F gr^W H_C = F gr^W H_C.

Proof: This follows from lemma 1.6.11.1.

Figure 1.7: Steenbrink’s Hodge filtration on C{t}[t^{−1}]C^α

−2 −1 0 1 2

. . n − 1

α − 1 α α + 1 α + 2 α + 3

C^{α−1} C^α C^{α+1} C^{α+2} C^{α+3} ~F_2 ~F_1 ~F_0 ~F_{−1} ~F_{−2}

s s s s N N N N

1.7.2 Mixed Hodge structures

In this subsection, we introduce (mixed) Hodge structures and strict morphisms. A mixed Hodge structure consists of a Q-vectorspace with a weight filtration and a Hodge filtration defined over C which is opposite to its conjugate shifted by the weight on the graded parts of the weight filtration. Since there is a simultaneous splitting of the weight and Hodge filtration, a morphism of mixed Hodge structures is strict. The weight filtration defined by N and Varchenko’s resp. Steenbrink’s Hodge filtration define a mixed Hodge structure on the cohomology of the Milnor fibre and N is a morphism of mixed Hodge structures.

Definition 1.7.10. Let (H, F ) be a filtered vectorspace and let N ∈ End(H) be an endomorphism.

1. We call N of F -type k if N(F ) ⊂ F [k], that is, N(F^p) ⊂ F^{p+k} for all p.

2. We call N F -strict if there is a splitting F^p = I^p ⊕ F^{p+1} of F such that N(I) ⊂ I[k], that is, N(I^p) ⊂ I^{p+k} for all p. In this case, we call I an N-splitting of F .

Remark 1.7.11. Let H be a finite dimensional vectorspace, F an increasing filtration on H, and N ∈ End(H) an F -strict endomorphism type k ≥ 0. For k = 0, one can compute an N-splitting of F by computing the quotients F_p/F_{p−1} ∼= I_p ⊂ F_p of vectorspaces. For k = 1, there is an N-splitting I of F , that is,

F_p = p⨁ q=0 I_q, N(I_p) ⊂ I_{p+1}

and hence F_p /^p⨁ q=0 N^q(F_0) = p⨁ q=1 I_q/N^q(F_0), N ( I_q/N^q(F_0) ) ⊂ I_{q+1}/N^{q+1}(F_0).

By induction on the length of F , this implies that one can compute an N-splitting of F by computing images of linear maps and quotients of vectorspaces. If k ≥ 2 then (H, F, N) is a direct sum with k summands and the above argument applies simultaneously to each of them.

Definition 1.7.12. For i = 1, 2, let (H_i, F_i) be a filtered vectorspace and let N ∈ Hom(H_1, H_2) be a homomorphism.

1. We call N of (F_1, F_2)-type k if N(F_1) ⊂ F_2[k], that is, N(F^p_1 ) ⊂ F^{p+k}_2 for all p.

2. We call N (F_1, F_2)-strict if, for i = 1, 2, there is a splitting F^p_i = I^p_i ⊕ F^{p+1}_i of F_i such that N(I_1) ⊂ I_2[k], that is, N(I^p_1 ) ⊂ I^{p+k}_2 for all p. In this case, we call (I_1, I_2) an N-splitting of (F_1, F_2).

For a Q-vectorspace H and a field extension Q ⊂ K, we denote by

H_K := H ⊗_Q K

the corresponding extension of scalars.

Definition 1.7.13. Let H be a finite dimensional Q-vectorspace.

1. A Hodge structure of weight l ∈ Z on H is given by a decreasing Hodge filtration F on H_C such that H_C = F^p ⊕ F^{l−p+1} (1.7.1) for all p.

2. For i = 1, 2, let (H_i, F_i) be a Hodge structure of weight l_i. A morphism (H_1, F_1)^N � (H_2, F_2) of Hodge structures of type r is a Q-homomorphism of (F_1, F_2)-type r, that is N(F_1) ⊂ F_2[r] (1.7.2) Remark 1.7.14. A Hodge filtration F on H_C of weight l has a canonical splitting H^{p,l−p} := F^p ∩ F^{l−p} ∼= F^p/F^{p+1}. Then (1.7.1) is equivalent to H^{p,q} = H^{q,p} and (1.7.2) to N(H^{p,q}_1 ) ⊂ H^{p+r,q−r}_2 . In particular, a morphism of Hodge structures is strict with respect to the Hodge filtration. Note that H_C = ⨁ p H^{p,l−p}, F^p = ⨁ p≤q H^{q,l−q}. Definition 1.7.15. Let H be a finite dimensional Q-vectorspace.

1. A mixed Hodge structure on H consists of an increasing weight filtration W on H and a decreasing Hodge filtration F on H_C such that F gr^{WC}_l H_C defines a Hodge structure of weight l on gr^W_l H.

2. For i = 1, 2, let (H_i, W_i, F_i) be a mixed Hodge structure. A morphism (H_1, W_1, F_1)^N � (H_2, W_2, F_2) of mixed Hodge structures of type (r, k − r) is a Q-homomorphism of (F_1, F_2)-type r and (W_1, W_2)-type m, that is N(F_1) ⊂ F_2[r], N(W_1) ⊂ W_2[k].

There is a generalization of remark 1.7.14 for mixed Hodge structures.

Proposition 1.7.16. Let (H, W, F ) a mixed Hodge structure. Then the Cvectorspaces I^{p,l−p} := (F^p ∩ W_l) ∩ ( F^{l−p} ∩ W_l + ∑ k>0 F^{l−p−k} ∩ W_{l−k−1} )

define a simultaneous splitting

F^p = ⨁ l ⨁ p≤q I^{q,l−q}, W_l = ⨁ k≤l ⨁ p I^{p,k−p} of the weight and Hodge filtration. In particular, a morphism of mixed Hodge structures is strict with respect to the weight and Hodge filtration.

Proof: [Del72, Lem. 1.2.8]

Theorem 1.7.17. The weight filtration W and the Hodge filtration F resp. ~F define a mixed Hodge structure on the cohomology of the Milnor fibre H_Q and log M_u is a morphism of mixed Hodge structures of type (−1, −1).

Proof: [Var82a, Ste76, SS85] Remark 1.7.18.

1. By proposition 1.7.9, the Hodge structures defined by F and ~F on gr^W H_Q coincide.

2. By theorem 1.7.17 and proposition 1.7.16, N is strict with respect to W , F , and ~F .

1.8 Hodge numbers and spectral pairs

In this section, we define and relate the Hodge numbers and spectral pairs. The Hodge numbers are defined by the dimensions of the graded parts of the Hodge filtrations on the graded parts of the weight filtration on the cohomology of the Milnor fibre. The dimensions of the graded parts of the V- resp. V- and weight filtration on the Brieskorn lattice define the spectral numbers resp. pairs. The spectral pairs correspond to the Hodge numbers and inherit their symmetries coming from the mixed Hodge structure. The spectral pairs in a family have a semicontinuity property and are constant in a μ-constant family. C. Hertling conjectured a bound for the variance of the spectral numbers which is strict for quasihomogeneous singularities. The results in this section can be found in [AGZV88, Var82b, Ste85, Her01, Sai].

Definition 1.8.1.

1. The Hodge numbers are defined by h^{p,l−p}_λ := dim_C gr^p_F gr^W_l H^λ_C.

2. The spectral numbers are those α ∈ Q with positive multiplicity d^α := dim_C gr^α_V gr^F_0 G = dim_C gr^α_V gr^{~F}_0 ~G and form the (singularity) spectrum Sp(f) = (d^α)_{α∈Q} ∈ N^Q.

3. The spectral pairs are those (α, l) ∈ Q × Z with positive multiplicity d^α_l := dim_C gr^W_l gr^α_V gr^F_0 G = dim_C gr^W_l gr^α_V gr^{~F}_0 ~G and form the weighted (singularity) spectrum Spp(f) = (d^α_l )_{(α,l)∈Q×Z} ∈ N^{Q×Z}.

Note that d^α = ∑ l d^α_l . Lemma 1.8.2.

1. For p ∈ Z, t^p induces a C-isomorphism gr^F_p gr^α_V gr^W_l G^{tp}_∼ � gr^{α+p}_V gr^W_l gr^F_0 G .

2. For α > −1 or α /∈ Z and p ∈ Z, s^p induces a C-isomorphism gr^{~F}_p gr^α_V gr^W_l ~G^{sp}_∼ � gr^{α+p}_V gr^W_l gr^{~F}_0 ~G .

Proof: This follows from remark 1.7.6.4.

The spectral pairs determine the complex monodromy and the spectral numbers determine the eigenvalues of the complex monodromy. Proposition 1.8.3. Let (α_i, l_i)_{1≤i≤μ} be the spectral pairs. Then (λ_{αi} , l_i)_{1≤i≤μ} are the eigenvalues and weights of the monodromy.

Proof: By lemma 1.8.2, dim_C gr^W_l C^α = dim_C gr^α_V gr^W_l G = ∑ p∈Z dim_C gr^F_p gr^α_V gr^W_l G = ∑ p∈Z dim_C gr^{α+p}_V gr^W_l gr^F_0 G = ∑ p∈Z d^{α+p}_l . Then the claim follows from lemma 1.3.4.4.

The spectral pairs correspond to the Hodge numbers. Lemma 1.8.4. For −1 < α < 0 and p ∈ Z, d^{α+p}_l = h^{n−p,l−n+p} λ_α , d^p_l = h^{n−p,l+1−n+p} 1 . Proof: This follows from lemma 1.8.2.

The spectral pairs inherit the symmetries of the Hodge numbers coming from the mixed Hodge structure.

Proposition 1.8.5. The spectral pairs have the three symmetry properties d^α_l = d^{2n−l−1−α} l , d^α_l = d^{α−n+l}_{2n−l} , d^α_l = d^{n−1−α}_{2n−l} and each of them follows from the other two. In particular, the spectral numbers have the symmetry property d^α = d^{n−1−α}. Proof: By theorem 1.7.17 and lemma 1.8.4, for −1 < α < 0, d^{α+n−p} l = h^{p,l−p}_{λα} = h^{l−p,p}_{λα} = h^{n−(n−l+p),l−n+(n−l+p)} λ_{−1−α} = d 2n−l−1−(α+n−p) l , d^{α+n−p} n+l = h^{p,n+l−p} λ_α = h p−l,n−p λ_α = h n−(n−p+l),−l+(n−p+l) λ_α = d α+n−p+l n−l , d^{n−p}_l = h^{p,l+1−p} 1 = h^{l+1−p,p}_1 = h^{n−(−l−1+n+p),(l+1−n)+(−l−1+n+p)} 1 = d^{2n−l−1−(n−p)} l , d^{n−p}_{n+l} = h^{p,n+l+1−p} 1 = h^{p−l,n+1−p} 1 = h^{n−(n−p+l),(−l+1)+(n−p+l)} 1 = d^{n−p+l}_{n−l} .

Corollary 1.8.6. If α /∈ (−1, n) or l /∈ [0, 2n] or α ∈ Z and l /∈ [1, 2n − 1] then d^α_l = 0. In particular, V^{>−1} ⊃ H^{′′} ⊃ V^{n−1}. Proof: By theorem 1.4.10.2, V^{>−1} ⊃ H^{′′} and hence d^α_l = 0 for α ≤ −1. By proposition 1.8.5, this implies that d^α_l = 0 for α ≥ n and hence H^{′′} ⊃ V^{n−1}. By remark 1.7.6.3, if l /∈ [0, 2n] or α ∈ Z and l /∈ [1, 2n − 1] then d^α_l = 0.

The spectral numbers in a family have a semicontinuity property and are constant in a μ-constant family. Definition 1.8.7.

1. A germ of a holomorphic function (C^{n+1} × C^r, 0)^F � (C, 0) is called an r-parameter unfolding of f if F_0 = f where F_t := F |_Cn+1_{×{t}}. 2. Let (C^{n+1} × C^r, 0)^π � (C^r, 0) be the canonical projection. Then the critical space V(∂(F )) of the map (F, π) is called the critical space of F .

Let F be a r-parameter unfolding of f. Then the critical space C is an r-dimensional complete intersection and π_C := π|_C is finite and flat of degree μ. Hence, μ = ∑ x∈π^{−1}_C (t) μ_x

where μ_x denotes the Milnor number of F_t at x.

Theorem 1.8.8. If F_t(π^{−1}_C (t)) is a point then π^{−1}_C (t) is a point. Proof: [Gab74, Laz73, Tra73]

Definition 1.8.9. An unfolding is called μ-constant if π^{−1}_C (t) is a point for all t.

Theorem 1.8.10. The spectral numbers and the spectral pairs are constant in a μ-constant unfolding.

Proof: [Var82b]

Theorem 1.8.11. The number of spectral numbers contained in an half open interval of length 1 depends upper semicontinuously on the parameters of an unfolding.

Proof: [Ste85]

By proposition 1.8.5, the spectral numbers are symmetric around^{n−1}_2 . C. Hertling conjectured a bound for their variance which is strict for quasihomogeneous singularities.

Definition 1.8.12. Let α_1 ≤ · · · ≤ α_μ be the spectral numbers. Then γ := − 1 4 μ∑ i=1 ( α_i − n − 1 2 )_2 + α_μ − α_1 48 μ is called Hertling’s γ-invariant.

Conjecture 1.8.13 (Hertling’s conjecture). γ ≥ 0

Theorem 1.8.14. Hertling’s conjecture holds for quasihomogeneous singularities.

Proof: [Her01] Remark 1.8.15. For a singularity of type T_{p,q,r}, the γ-invariant is γ = 1 24 ( 1 − 1 p − 1 q − 1 r ) ≥ 0 M. Saito expressed the spectral numbers of an irreducible plane curve singularity in terms of its Puiseux pairs and proved Hertling’s conjecture in this case.

Theorem 1.8.16. Hertling’s conjecture holds for irreducible plane curve singularities.

Proof: [Sai]

1.9 Newton filtration

In this section, we introduce the Newton filtration and relate it to the Vfiltration. The Newton polyhedron of the defining power series of the singularity defines a decreasing filtration by C{x}-modules on C{x} and Ω^{n+1}, the Newton filtration. For Newton non-degenerate singularities, the Newton filtration induces the V-filtration on the Brieskorn lattice. This leads to Endrass’ algorithm to compute the spectral numbers. The results in this section can be found in [Sai88, VK85]. Definition 1.9.1. Let f = ∑ f_αx^α ∈ C{x}. 1. supp(f) := {α ∈ N^{n+1}|f_α ≠ 0} is called the support of f.

2. The convex hull Γ of ⋃ α∈supp(f) α + N^{n+1}

is called the Newton polyhedron.

3. The set of compact faces of Γ is called the Newton boundary and we denote, for σ ∈ ∂Γ, the restriction of f to σ by f_σ := ∑ α∈σ f_αx^α.

4. The singularity V(f) is called Newton non-degenerate if

V(∂(f_σ)) ⊂ n⋃ i=0 V(x_i)

for all σ ∈ ∂Γ.

We identify σ ∈ ∂Γ with the linear function Q^{n+1 σ} � Q with σ ⊂ σ^{−1}(1). By theorem 1.1.2, we may assume that f is convenient, that is, for all 0 ≤ i ≤ n, there is a k_i such that x^{ki}_i ∈ supp(f).

Definition 1.9.2. The Newton order C{x}^ν � Q_{≥0} ∪ {∞} , Ω^{n+1 ν} � Q≥0 ∪ {∞} is defined by ν(g) := min{σ(α)|σ ∈ ∂Γ, x^α ∈ supp(g)}, ν(dx) := ν(x_0 · · · x_n) − 1 for g ∈ C{x}. Lemma 1.9.3. For g_1, g_2 ∈ C{x}, ν(g_1 + g_2) ≥ min{ν(g_1), ν(g_2)}, ν(g_1g_2) ≥ ν(g_1) + ν(g_2) and ν(g_1 + g_2) = min{ν(g_1), ν(g_2)} if ν(g_1) = ν(g_2).

Definition 1.9.4. The Newton filtration N = (N^α)_{α∈Q} on C{x} and Ω^{n+1} is defined by N^α := ν^{−1}(α + Q_{≥0}).

and induces the Newton filtration on the Jacobian algebra C{x}/⟨∂(f)⟩ and on the Brieskorn lattice H^{′′} = Ω^{n+1}/df ∧ Ω^{n−1}.

Theorem 1.9.5. For a Newton non-degenerate singularity, the Newton filtration coincides with the V-filtration on the Brieskorn lattice. Proof: [Sai88, VK85] Remark 1.9.6. Based on theorem 1.9.5, S. Endrass [End02] implemented an algorithm to compute the singularity spectrum of a Newton non-degenerate singularity in the computer algebra system Singular [GPS02].

1.10 V-filtration standard bases

In this section, we introduce standard bases with respect to the V-filtration. A t- resp. s-invariant splitting of a refinement of the V-filtration defines the leading term and the higher terms of an element of the Gauß-Manin connection. We consider C{t}- resp. C{{s}}-submodules of the Gauß-Manin connection. The leading module is the module generated by the leading terms of the elements. A standard basis is a set of generators such that their leading terms generate the leading module. It is reduced if its higher terms are contained in the complement of the leading module. We show that the spectral pairs are the orders of a standard basis of the Brieskorn lattice with respect to a splitting of the weight refined V-filtration. We show that M. Saito’s basis of the Brieskorn lattice is a reduced standard basis with respect to a Hodge splitting of the V-filtration.

In order to refine the V-filtration, we order the index set Q × Z by the block ordering <_{Q×Z}:= (>_Q, >_Z) of >_Q and >_Z. Let V^{α,p} define a refinement of the V-filtration on G resp. ~G compatible with t resp. s, that is, tV^{α,p} = V^{α+1,p} resp. sV^{α,p} = V^{α+1,p}.

Let C^{α,p} define a splitting of this refined V-filtration, that is, V^{α,p}C^α = ⨁ p≤q C^{α,q} compatible with t resp. s, that is, tC^{α,p} = C^{α+1,p} resp. sC^{α,p} = C^{α+1,p}. Remark 1.10.1.

1. By lemma 1.7.4, V^{α,l} := W_{−l}V^α + V^{>α} = W_{−l}C^α ⊕ V^{>α} defines a refinement of the V-filtration on G resp. ~G compatible with t resp. s. We call it the weight refinement of the V-filtration. Figure 1.8 shows the weight refinement of the V-filtration. We denote the submodules V^α and W_k and their intersections V^{α,k} by dashed lines.

2. By definition of the Hodge filtrations,

V^{α,p} := F_pV^α + V^{>α} = F_pC^α ⊕ V^{>α} resp. V^{α,p} := ~F_pV^α + V^{>α} = ~F_pC^α ⊕ V^{>α}

Figure 1.8: The weight refinement of the V-filtration on C{t}[t^{−1}]C^α

−2 −1 0 1 2 3 4 5 6

α − 1 α α + 1 α + 2 α + 3

C^{α−1} C^α C^{α+1} C^{α+2} C^{α+3}

α V^α α + 1 V^{α+1} α + 2 V^{α+2}

W_{−k+1} W^{−k} W_{−k−1}

V^{α,k−1} V^{α,k} V^{α,k+1} V^{α+1,k−1} V^{α+1,k} V^{α+1,k+1} V^{α+2,k−1} V^{α+2,k} V^{α+2,k+1}

t t s s

N

defines a refinement of the V-filtration on G resp. ~G compatible with t resp. s, that is, tV^{α,p} = V^{α+p,p−1} resp. sV^{α,p} = V^{α+p,p−1} We call it the Hodge refinement of the V-filtration. By proposition 1.7.16 and theorem 1.7.17, there is an N-splitting of the Hodge filtration on C^α compatible with t resp. s, that is, F_pC^α = ⨁ q≤p C^{α,q} resp. ~F_pC^α = ⨁ q≤p C^{α,q} with N(C^{α,p}) ⊂ C^{α,p+1} and tC^{α,p} ⊂ C^{α+1,p−1} resp. sC^{α,p} ⊂ C^{α+1,p−1}. We call it a Hodge splitting of the V-filtration. Let G^α := C^{α,0} such that t^pG^α = C^{α+p,−p} resp. s^pG^α = C^{α+p,−p}.

Figure 1.9 shows a Hodge splitting of the V-filtration. We denote the finite dimensional C-subvectorspaces s^pG^α by horizontal line segments and consider their lengths as the corresponding dimensions.

Figure 1.9: A Hodge splitting of the V-filtration on C{{s}}[s^{−1}]C^α

−2 −1 0 1 2

. . n − 1

α − 1 α α + 1 α + 2 α + 3

G^{α+1} G^{α+2} G^{α+3} G^{α+4}

~F_2 ~F_1 ~F_0 ~F_{−1} ~F_{−2}

s s t t N N

For 0 ≠ v ∈ G, there is a maximal (α, p) with v ∈ V^{α,p} and there are unique v^{β,q} ∈ C^{β,q} such that v ≡ ∑ α≤β<γ ∑ q v^{β,q} mod V^γ for all γ ≥ α.

Definition 1.10.2. Let v = ∑ β ∑ q v^{β,q} ∈ G. We call v^{β,q} the (β, q)-term, supp(v) := {(β, q)|v^{β,q} ≠ 0} the support, and deg(v) := min{(β, q) | v ∈ V^{β,q}} the order of v. If v ≠ 0 then we call lead(v) := v^{deg(v)} the leading term of v. If the refinement is trivial then we call supp_V := supp, deg_V := deg resp. lead_V := lead the V-support, V-order resp. V-leading term.

Definition 1.10.3. Let H ⊂ G resp. H ⊂ ~G be a C{t}- resp. C{{s}}- submodule.

1. We call the C{t}- resp. C{{s}}-module lead(H) := ⟨lead(h)|h ∈ H⟩ generated by all leading terms of elements of H the leading module of H.

2. We call a (minimal) set of elements h ⊂ H such that ⟨lead(h)⟩ = lead(H) a (minimal) standard basis of H.

Remark 1.10.4.

1. Since C{t} resp. C{{s}} is Noetherian, any C{t}-submodule of G resp.

C{{s}}-submodule of ~G has a minimal standard basis.

2. A (minimal) standard basis with respect to a finer refinement is a (minimal) standard basis.

3. In remark 1.10.1.2, lead(H^{′′}) = ⨁ α_k C{t}G^{αk} resp. lead(H^{′′}) = ⨁ α_k C{{s}}G^{αk} .

Since C{t} resp. C{{s}}, is a discrete valuation ring, a minimal standard basis is a C{t}- resp. C{{s}}-basis.

Lemma 1.10.5. Let H ⊂ G resp. H ⊂ ~G be a C{t}- resp. C{{s}}-submodule and let h be a standard basis of H. Then ⟨h⟩ = H. If h is a minimal then h is a C{t}- resp. C{{s}}-basis of H.

Proof: We may assume that H ⊂ G is a C{t}-submodule. Since ⟨lead(h)⟩ = H, there are α, β ∈ Q such that V^αH ⊃ H ⊃ ⟨h⟩ ⊃ V^βH and hence V^αH/V^βH ⊂ ⨁ α≤γ<β ⨁ q C^{γ,q} is a finite dimensional C-vectorspace. Since ⟨lead(h)⟩ = H, this implies that ⟨h⟩ = H. Since lead(h) is a minimal set of generators and of lead(H), h is a minimal set of generators of H and hence, by Nakayama’s lemma, a C{t}- basis.

Definition 1.10.6. We call a (minimal) standard basis h of ⟨h⟩C{t} resp. ⟨h⟩C{{s}} a (minimal) standard basis.

Remark 1.10.7. By the choice of a C-basis C^μ ∼= H/tH resp. C^μ ∼= H/sH, a minimal standard basis of H corresponds to a C-section

H^π � � H/tH v �

resp. H^π � � H/sH v � of the canonical projection such that v^{−1}(V H) = π(V H) M. Saito [Sai89] calls such a section a good section. Definition 1.10.8. We call a (minimal) standard basis h reduced if (h − lead(h))^{α,p} /∈ lead(H) for all α ∈ Q and p ∈ Z.

Remark 1.10.9. A reduced (minimal) standard basis with respect to a finer refinement is a reduced (minimal) standard basis.

Proposition 1.10.10. Let H ⊂ G resp. H ⊂ ~G be a C{t}- resp. C{{s}}- submodule. Then there is a reduced minimal standard basis of H. Proof: We may assume that H ⊂ G is a C{t}-submodule. By remark 1.10.9, we may assume that dim_C C^{α,p} = 1. By lemma 1.10.5.2, there is a minimal standard basis h of H with decreasingly ordered (α, p) := deg(h). Assume that, for some k ∈ Z,

(h − lead(h))^{αl+j,pl} = 0, for l < k and j ≥ 0. (1.10.1)

Since deg(h) is decreasingly ordered, (h_k)^{αl+j,pl} = 0 for l < k and j ∈ Z. We multiply h_k with a unit in C{t} such that (h_k)^{αk +j,pk} = 0 for j > 0. For k < l, we add h_k times a unit in C{t} to h_l such that (h_l)^{αk+j,pk} = 0 for j ≥ 0. Then (1.10.1) holds for k + 1 and the claim follows by induction.

The spectral numbers resp. spectral pairs can be read off from a minimal standard basis of the Brieskorn lattice.

Proposition 1.10.11. Let h be a minimal standard basis of H^{′′} with respect to a splitting of a refinement of the V-filtration.

1. The V-leading terms lead_V (h) of h induce a C-basis of gr_V gr^F_0 G resp.

gr_V gr^{~F}_0 ~G. In particular, deg_V (h) are the spectral numbers.

2. Let the refinement be the weight refinement in remark 1.10.1.1. Then the leading terms lead(h) of h induce a C-basis of gr^W gr_V gr^F_0 G resp. gr^W gr_V gr^{~F}_0 ~G. In particular, deg(h) are the spectral pairs.

Proof:

1. For any splitting of the V-filtration,

gr^α_V gr^F_0 G = gr^α_V (H^{′′}/tH^{′′}) ∼= gr^α_V (H^{′′})/t gr^{α−1}_V (H^{′′}) ∼= lead_V (H^{′′})^α/t lead_V (H^{′′})^{α−1}.

resp. gr^α_V gr^{~F}_0 ~G ∼= lead_V (H^{′′})^α/s lead_V (H^{′′})^{α−1}.

2. Let the refinement be the weight refinement in remark 1.10.1.1. Then

gr^W_l gr^α_V gr^F_0 G = gr^{α,l}_V (H^{′′}/tH^{′′}) ∼= gr^{α,l}_V (H^{′′})/t gr^{α−1,l}_V (H^{′′}) ∼= lead(H^{′′})^{α,l}/t lead(H^{′′})^{α−1,l}. resp. gr^W_l gr^α_V gr^{~F}_0 ~G ∼= lead(H^{′′})^{α,l}/s lead(H^{′′})^{α−1,l}.

M. Saito [Sai89] constructed a good C-section

H^{′′} � � H^{′′}/sH^{′′} v � of the canonical projection such that tv = vA_0 + svA_1 for some A_0, A_1 ∈ End_C(H^{′′}/sH^{′′}). By the choice of a C-basis of H^{′′}/sH^{′′} ∼= C^μ, such a section corresponds to reduced minimal standard basis of the Brieskorn lattice with respect to a Hodge splitting of the V-filtration.

Figure 1.10 shows M. Saito’s C{{s}}-basis h = (h_i)_{1≤i≤μ} of H^{′′}. We denote the finite dimensional C-subvectorspaces C^{α,p} defining a Hodge splitting by horizontal line segments and consider their lengths as the corresponding dimensions. The support supp(h_i) of h_i is the set of indices (α, p) of C^{α,p} in the polygon.

Proposition 1.10.12. Let h be a reduced minimal standard basis of H^{′′} with respect to a Hodge splitting as in remark 1.10.1.2.

1. The h-matrix of t has the form A^h = A^h_0 + sA^h_1 2. A^h_1 is semisimple with eigenvalues the spectral numbers added by one. 3. gr_V (A^h_0 ) can be identified with N.

Proof: Let (α, p) = deg(h). Then, by proposition 1.10.11.1, α are the spectral numbers. By remark 1.10.4.2, lead(H^{′′}) = ⨁ α_k C{{s}}G^{αk} and hence p = 0. Since h is reduced, h_k ∈ G^{αk} ⊕ ⨁ α_k<α_l+j<α_l s^jG^{αl} . Since t = (α + 1)s + sN on C^α and sN(G^α) ⊂ G^{α+1}, this implies that th_k − (α_k + 1)sh_k ∈ sN(lead(h_k)) + ⨁ α_k+1<α_l+j≤α_l s^j G^{αl} .

Figure 1.10: M. Saito’s C{{s}}-basis h = (h_i)_{1≤i≤μ} of H^{′′} on C{t}[t^{−1}]C^α

−2 −1 0 1 2

. . n − 1

α − 1 α α + 1 α + 2 α + 3 ~ F_2 ~F_1 lead_V (H^{′′}) = ~F_0 ~F_{−1} ~F_{−2}

supp(h_i) supp(lead(h_i))

Then there are a^l_k ∈ C such that g_k := th_k − (α_k + 1)sh_k − ∑ α_k+1≤α_l a^l_kh_l ∈ ⨁ α_k +1<α_l+j<α_l s^j G^{αl} and sN(lead(h_k)) = ∑ α_k +1=α_l

a^l_k lead(h_l). (1.10.2) Since g_k ∈ H^{′′} and lead(H^{′′}) ∩ ⨁ α_k +1<α_l+j<α_l s^j G^{αl} = 0, g_k = 0 and hence th_k = (α_k + 1)sh_k + ∑ α_k+1≤α_l a^l_kh_l. (1.10.3)

By (1.10.3), A^h_0 = (a^l_k) and

A^h_1 = α_1 ... α_μ .

Let n^l_k := a^l_k, α_k + 1 = α_l, 0, α_k + 1 < α_l.

Then, by (1.10.2), gr_V (A^h_0 ) = (n^l_k) is the lead(h)-matrix of sN.

We denote by min deg resp. max deg the minimal resp. the maximal degree of the components of a vector.

Remark 1.10.13. Let h be as in in proposition 1.10.12 and min deg_V (h − h^′) > max deg_V (h) + k.

Then h^′ is a minimal standard basis and A^h_j = A^{h′}_j for j ≤ k. In particular, if h is correct up to V-order max deg_V (h) + 1 then A^h_0 and A^h_1 are correct.

Chapter 2

Algorithms for the Gauß-Manin connection

In this chapter, we describe algorithmic methods for the Gauß-Manin connection to compute the invariants in chapter 1.

In section 2.1, we develop a theory of standard bases over formal power series rings. In section 2.2, we show that the formal Brieskorn lattice is a special case of a formal differential deformation and apply this theory to obtain a normal form algorithm for the formal Brieskorn lattice. In the following sections, we combine the description of the invariants in terms of standard bases with respect to the V-filtration in section 1.10 with the algorithmic methods from section 2.1 and 2.2. This leads to algorithms to compute the complex monodromy, the spectral pairs, and the (t,s)-module structure of the Brieskorn lattice in form of M. Saito’s matrices A_0 and A_1.

An implementation [Sch02b] of these algorithms in the computer algebra system Singular [GPS02] is documented in appendix A.

2.1 Formal standard bases

In this section, we develop a theory of standard bases over formal power series rings based on the idea of monomial orderings [Buc65, Buc85, GP96].

In section 1.10, a splitting of a refinement of the V-filtration defines the leading term of an element of the Gauß-Manin connection and hence the notion of a standard basis of a submodule. A lattice in the Gauß-Manin connection is a free module over a power series ring and its completion over a formal power series ring. In this section, we consider free modules over formal power series rings. A local monomial ordering defines a filtration by submodules with a splitting defined by the monomials. As in section 1.10, this defines the leading term of an element and hence the notion of a standard basis of a submodule. For global monomial orderings on a polynomial ring, Buchberger’s algorithm [GP96] computes normal forms and standard bases. In general, it does not terminate for local monomial orderings on a formal power series ring. We describe a normal form and standard basis algorithm based on Buchberger’s algorithm that converges with respect to the adic topology of the power series ring.

We denote by <_N resp. <_{lex} the partial resp. the lexicographical ordering on N^n and by e^i = (δ_{i,j})_j the i-th unit vector.

Definition 2.1.1.

1. A total ordering < on N^n is called a semigroup ordering if α < β ⇒ α + γ < β + γ. It is called global resp. local if 0 = min N^n resp. if 0 = max N^n. If N^n is identified with a set of monomials {x^α}_{α∈N} then a semigroup ordering is called a monomial ordering. If <_m is a semigroup ordering on N^m and <_n is a semigroup ordering on N^n then the block ordering (<_m, <_n) of <_m and <_n defined by

(α, β)(<_m, <_n)(α^′, β^′) :⇔ α <_m α^′ ∨ (α = α^′ ∧ β <_n β^′)

is a semigroup ordering on N^{m+n}.

2. A semigroup homomorphism

N^{n deg} � Q

is called a degree if deg(e^i) ≠ 0 for all i and deg(e^i) is called the weight of e^i. It is called global resp. local if deg(e^i) > 0 resp. deg(e^i) < 0 for all i. If deg_m is a degree on N^m and deg_n is a degree on N^n then the block degree (deg_m, deg_n) defined by

(deg_m, deg_n)(α, β) := deg_m(α) + deg_n(β)

is a degree on N^{m+n}.

3. Let < be a semigroup ordering and deg a degree on N^n. Then (<, deg) is called a degree ordering if deg(α) < deg(β) ⇒ α < β.

Remark 2.1.2.

1. A semigroup ordering is global if and only if it is a well-ordering. 2. A degree ordering (<, deg) is global resp. local if and only if deg is global resp. local.

Using the following lemma, one can define the leading term and the order of a formal power series.

Lemma 2.1.3 (Dickson’s lemma). Let ∅ ≠ S ⊂ N^n. Then there are α^1, . . . , α^k ∈ S such that S ⊂ k⋃ j=1 (α^j + N^n).

Proof: The claim holds for n = 1. Assume that the claim holds for some n. Let N^{n+1 π} � � N^n × {0} = N^n be the canonical projection. By assumption, there are α^1, . . . , α^k such that π(S) ⊂ k⋃ j=1 (π(α^j) + N^n).

Let N := max{α^j_{n+1}|1 ≤ j ≤ k}. Then

S ∩ (N^n × N_{≥N} ) ⊂ k⋃ j=1 (α^j + N^{n+1})

and, for 0 ≤ j < N, S ∩ (N^n × {j}) ⊂ N^n × {j} = N^n. Since the claim holds for n, this implies that the claim holds for n + 1. Proposition 2.1.4. Let < be a local semigroup ordering on N^n and ∅ ≠ S ⊂ N^n. Then max_< S exists.

Proof: Since < is a local semigroup ordering, α = max_< (α + N^n) and the claim follows from lemma 2.1.3.

Let s = (s_1, . . . , s_m) and x = (x_1, . . . , x_n). Definition 2.1.5.

1. We call a global resp. local monomial ordering on {x^α}_{α∈N}n a (monomial) ordering on C[x] resp. C[[x]].

2. We call a global resp. local degree on {x^α}_{α∈N} a degree on C[x] resp.

C[[x]].

Definition 2.1.6.

1. For p ∈ C[[x]], supp(p) := {α ∈ N^n | p_α ≠ 0} is called the support of p.

2. Let < be a monomial ordering on C[[s]]. For 0 ≠ p ∈ C[[s, x]], lead_<(p) := ∑ α=max_< π_Nn (supp(p)) p_{α,β}s^αx^β is called the leading term of p. We omit the lower index < if there is no ambiguity.

3. Let deg be a degree on C[[s]]. For p ∈ C[[s, x]], deg(p) := max deg(π_Nn (supp(p))) is called the order of p.

Definition 2.1.7. Let < a monomial ordering on C[[s, x]] and H ⊂ C[[s, x]] a C[[s]]-module.

1. The C[[s]]-module lead(H) := ⟨lead(h)|h ∈ H⟩C[[s]] generated by all leading terms of elements of H is called the leading module of H.

2. A (minimal) set of elements h ⊂ H such that ⟨lead(h)⟩C[[s]] = lead(H) is called a (minimal) standard basis of H. It is called reduced if (h − lead(h))_{α,β} = 0 for all s^αx^β ∈ lead(H).

Using the following lemma, one can show that a standard basis is a set of generators.

Lemma 2.1.8.

1. Let (N^n, <_{lex})^α � (N^n, <_N) be a strictly non-decreasing sequence. Then, for all γ ∈ N^n, there is a k ∈ N^n such that γ ≤_N α^k.

2. Let < be a local semigroup ordering on N^n and

(N^n, <_{lex})^α � (N^n, >) a strictly decreasing sequence. Then, for all γ ∈ N^n, there is a k ∈ N^n such that γ > α^k.

Proof:

1. For n = 1, <_{lex}=<_N and α is a strictly increasing sequence. Hence, the claim holds in this case. Assume that the claim holds for some n but not for n + 1 and let N^{n+1 π} � � N^n × {0} = N^n be the canonical projection. Let

(N^{n+1}, <_{lex})^α � (N^{n+1}, <_N) is a strictly non-decreasing sequence and γ ∈ N^{n+1}. Then (α^{k,k})_{k≥0} is unbounded and, by replacing α by a subsequence, we may assume that (α^{k,k}_{n+1})_{k≥0} is unbounded for all k ∈ N^n. Since γ ≰_N α^{k,k} for all k, there is a <_N-maximal β^k ∈ N^n such that

(β^k − N^n) × N ⊂ ⋃ k≥0 (α^{k,k} − N^{n+1})

and hence β^k ≤_N π(α^{k,k}) for all k ≥ 0. Since α is strictly nondecreasing, (N^n, <_{lex})^β � (N^n, <_N) is a strictly non-decreasing sequence. By the assumption, there is a k such that π(γ) ≤_N β^k. Since (α^{k,k}_{n+1})_{k≥0} is unbounded, there is a k ≥ 0 such that γ_{n+1} ≤ α^{k,k}_{n+1} and hence γ ≤_N α^{k,k}. This is a contradiction to the assumption.

2. Since α = max_<(α + N^n) this follows from 1.

Proposition 2.1.9. Let < a monomial ordering on C[[s, x]] and h ⊂ H a standard basis of a C[[s]]-module H ⊂ C[[s, x]]. Then ⟨h⟩C[[s]] = H.

Proof: We denote 0^n := 0 ∈ N^n. Let p ∈ H and p^{0m+n} := p. Assume that for 1 ≤ l ≤ m + n − 2, k ∈ N^l, and k, j ∈ N, p^{k,k,j,0m−l−2} ∈ C[[s, x]] with p − p^{k,k,j,0m−l−2} ∈ ⟨h⟩C[[s]] is already defined. Then p^{k,k,j,0m−l−2} ∈ H and hence lead(p^{k,k,j,0m−l−2} ) ∈ lead(H). Since h is a standard basis of H, lead(H) = ⟨lead(h)⟩C[[s]] and hence there are α^{k,k,j} ∈ N^m and i_{k,k,j} such that lead(p^{k,k,j,0m−l−2} ) = s^{αk,k,j} lead(h_{ik,k,j} ). Let p^{k,k,j+1,0m−l−2} := p^{k,k,j,0m−l−2} − s^{αk,k,j} h_{ik,k,j} . Then {lead(p^{k,k,j,0m−l−2} )}_{j≥0} is a strictly decreasing sequence and p^{k,k+1,0m−l−1} := (p^{k,k,j,0m−l−2} )_{j≥0} ∈ C[[s, x]] defines an element of C[[s, x]] with p − p^{k,k+1,0m−l−1} ∈ ⟨h⟩C[[s]]. Then

(N^{m+n}, <_{lex})^{lead(p)} � ( {s^α, x^β | (α, β) ∈ N^{m+n}}, > )

is a strictly decreasing sequence and

p^∞ := (p^k)_{k∈N}m+n ∈ C[[s, x]]

defines an element of p − C[[s, x]] with p^∞ ∈ ⟨h⟩C[[s]]. By lemma 2.1.8.2, p^∞ = 0 and hence p ∈ ⟨h⟩C[[s]].

Definition 2.1.10. We call a (reduced) (minimal) standard basis h of ⟨h⟩C[[s]] a (reduced) (minimal) standard basis.

For a finitely generated C[[s]]-module, a minimal standard basis is a C[[s]]- basis.

Lemma 2.1.11. Let <_s be the monomial ordering on C[[s]], <_x a monomial ordering on C[[x]], <:= (<_s, <_x) the block ordering of <_s and <_x on C[[s, x]], and V ⊂ C[[x]] a finite dimensional monomial C-vectorspace. Then a minimal standard basis of a C[[s]]-module H ⊂ C[[s]]V is a C[[s]]-basis of H.

Proof: Let h be a minimal standard basis of H. Then, by proposition 2.1.9, ⟨h⟩C[[s]] = H. Assume that h is not a C[[s]]-basis of H. Then there is a g ⊂ C[[s]] such that hg = 0. By reordering g and h, we may assume that k∑ j=1 lead(g^j) lead(h_j) = lead(h) lead(g) = 0

for some k ≥ 2. By dividing by a power of s, we may assume that lead(g^k) = 1 and hence lead(h_k) = − k−1∑ j=1 lead(g^j) lead(h_j ).

This is a contradiction to the minimality of the standard basis h.

We denote by ∁ the complement with respect to the monomial C-basis of C[[s, x]].

Definition 2.1.12. A C[[s]]-normal form resp. a reduced C[[s]]-normal form with respect to h ⊂ C[[s, x]] is a map C[[s, x]]^Φ � C[[s, x]] such that

1. p = Φ(p) + ha for some a ⊂ C[[s]] with lead(p) ≥ lead(h_ja^j ) for all j, 2. if Φ(p) ≠ 0 then lead Φ(p) ∈ ∁⟨lead(h)⟩C[[s]] resp. Φ(p) ∈ ∁⟨lead(h)⟩C[[s]].

Lemma 2.1.13. Let Φ be a C[[s]]-normal form with respect to a standard basis h ⊂ C[[s, x]].

1. Φ^{−1}(0) = ⟨h⟩C[[s]].

2. If lead(p) ∈ ∁⟨lead(h)⟩C[[s]] then lead Φ(p) = lead(p). 3. lead Φ is uniquely determined.

Proof: This follows from definition 2.1.12.

Proposition 2.1.14. Let Φ be a reduced C[[s]]-normal form with respect to a standard basis h of a C[[s]]-module H ⊂ C[[s, x]]. Then Φ induces the C-section

C[[s, x]] � � C[[s, x]]/H Φ � of the canonical projection with image ∁ lead(H). In particular, Φ is uniquely determined.

Proof: This follows from proposition 2.1.9, definition 2.1.12, and lemma 2.1.13.1.

A monomial ordering < on C[[x]] defines an increasing filtration M = (M^α)_{α∈N}n on C[[x]] by C[[x]]-submodules M^α := ⨁ α≥β Cx^β, M^{<α} := ⨁ α>β Cx^β.

The monomials define a canonical splitting of M by M_α/M_{<α} ∼= Cx^α ⊂ M_α. Buchberger’s normal form algorithm [GP96] computes a C[[s]]-normal form with respect to h if it converges with respect to the ⟨s, x⟩-adic topology on C[[s, x]]. For certain monomial orderings on C[[s, x]], it converges for any h ⊂ C[[s]].

Definition 2.1.15. We call a monomial ordering on C[[x]] algorithmic if (M_α)_α is a basis of the ⟨x⟩-adic topology and dim_C M_α/M_β < ∞ for α > β. Remark 2.1.16.

1. Any local degree ordering is algorithmic.

2. For an algorithmic ordering on C[[s, x]], Buchberger’s normal form algorithm [GP96] converges for any h ⊂ C[[s]].

For arbitrary monomial orderings, there is a sufficient condition on the monomial ordering and on h ⊂ C[[s, x]] for the convergence of Buchberger’s normal form algorithm.

Definition 2.1.17. Let U = (U_k)_{k≤0} be an increasing filtration on C[[s, x]] by C[[s]]-modules U_k.

1. We call U ⟨s, x⟩-adic if it is a basis of the ⟨s, x⟩-adic topology. 2. Let < be a monomial ordering on C[[s, x]] and h ⊂ C[[s, x]]. We call U (<, h)-stable if s^α lead(h_j ) ∈ U_k implies that s^αh_j ∈ U_k for all j and k. Remark 2.1.18.

1. Let < be an algorithmic ordering and (α^k, β^k)_{k≤0} an increasing enumeration of N^{m+n}. Then U_k := M^{(αk,βk)} defines a ⟨s, x⟩-adic C[[s]]-filtration U = (U_k)_{k≤0} which is (<, h)-stable for all h ⊂ C[[s, x]].

2. Let (<_s, deg_s) be a degree ordering on C[[s]], <_x a monomial ordering on C[[x]], <:= (<_s, <_x) the block ordering of <_s and <_x on C[[s, x]], and V ⊂ C[[x]] a finite dimensional monomial C-vectorspace. Then there is a ⟨s, x⟩-adic filtration U = (U_k)_{k≤0} which is (<, h)-stable for all h ⊂ C[[s]]V and such that deg_s(p) < k for all p ∈ U_k ∩ C[[s]]V .

The following algorithm is a modification of Buchberger’s normal form algorithm for power series rings. For a monomial C-vectorspace U ⊂ C[[s, x]], we denote by C[[s, x]]^{πU} � � U

the canonical projection.

Definition 2.1.19. Let < be a monomial ordering on C[[s, x]], h ⊂ C[[s, x]], and U = (U_k)_{k≤0} a ⟨s, x⟩-adic (<, h)-stable filtration.

1. We define a normal form algorithm nf = (nf_1, nf_2, nf_3) by proc nf(p, h, k) ≡ q := π_{Uk} (p); r := p − q; if r ≠ 0 ∧ lead(r) ∈ ⟨lead(h)⟩C[[s]] then j := min{i| lead(r) ∈ C[[s]] lead(h_i)}; r, a, q^′ := nf ( r −^{lead(r)}

lead(h_j ) hj , h, k);

q := q + q^′;

a := a +^{lead(r)}_{lead(hj )} e_j fi nf_1, nf_2, nf_3 := r, a, q.

for p ∈ C[[s, x]] and k ≤ 0.

2. We define a reduced normal form algorithm rnf = (rnf_1, rnf_2, rnf_3) by proc rnf(p, h, k) ≡

q := π_{Uk} (p); r := p − q; if r ≠ 0 then if lead(r) ∈ ⟨lead(h)⟩C[[s]] then j := min{i| lead(r) ∈ C[[s]] lead(h_i)}; r, a, q^′ := rnf ( r −^{lead(r)} lead(h_j ) hj , h, k ) ; a := a +^{lead(r)}_{lead(hj )} e_j else r^′, a, q^′ := rnf(r − lead(r), h, k); r := lead(r) + r^′; fi q := q + q^′; fi rnf_1, rnf_2, rnf_3 := r, a, q.

for p ∈ C[[s, x]] and k ≤ 0.

Note that nf and rnf depend on < and U.

Lemma 2.1.20. nf and rnf terminate.

Proof: Since U = (U_k)_{k≤0} is a basis of the ⟨s, x⟩-adic topology, there are only finitely many monomials in ∁U_k for all k. By definition of nf and rnf, supp(r) ⊂ ∁U_k and lead(r) is strictly decreasing. Hence, nf and rnf terminate.

Lemma 2.1.21. Let l < k ≤ 0, p ∈ U_k and (r, a, q) = nf(p, h, l) resp. (r, a, q) = rnf(p, h, l). Then 1. p = ha + r + q with a^j ∈ C[s] and lead(p) ≥ lead(h_j a^j ) for all j,

2. if r ≠ 0 then lead(r) ∈ ∁⟨lead(h)⟩C[[s]] resp. r ∈ ∁⟨lead(h)⟩C[[s]],

3. if lead(p) ∈ ∁⟨lead(h)⟩C[[s]] + U_l resp. p ∈ ∁⟨lead(h)⟩C[[s]] + U_l then p = r + q,

4. r ∈ U_k ∩ ∁U_l and q ∈ U_l.

In particular, nf_1(·, h, k) resp. rnf_1(·, h, k) is a C[[s]]-normal form resp. a reduced C[[s]]-normal form with respect to h modulo U_k.

Proof: This follows from the definition of nf resp. rnf.

By proposition 2.1.21.4, nf resp. rnf converges with respect to the ⟨s, x⟩- adic topology.

Definition 2.1.22. Let < be a monomial ordering on C[[s, x]], h ⊂ C[[s, x]], U = (U_k)_{k≤0} a ⟨s, x⟩-adic (<, h)-stable filtration, k = (k_j )_{j≥0} a strictly decreasing sequence, p_0 := p ∈ U_{k0} , and

r_{j+1}, a_{j+1}, p_{j+1} := nf(p_j, h, k_{j+1}) resp. r_{j+1}, a_{j+1}, p_{j+1} := rnf(p_j, h, k_{j+1})

for j ≥ 0. We define a normal form algorithm nf = (nf_1, nf_2) resp. a reduced normal form algorithm rnf = (rnf_1, rnf_2) by nf(p, h) := (r, a) resp. rnf(p, h) := (r, a)

where a := ∑ j≥0 a_j ∈ C[[s]] and r := ∑ j≥0 r_j ∈ C[[s, x]]. Note that nf and rnf depend on <, U, and (k_j)_{j≥0}.

Proposition 2.1.23. Let < be a monomial ordering on C[[s, x]], h ⊂ C[[s, x]], U = (U_k)_{k≤0} a ⟨s, x⟩-adic (<, h)-stable filtration, and (r, a) = nf(p, h) resp. (r, a) = rnf(p, h). Then

1. p = ha + r with a^j ∈ C[[s]] and lead(p) ≥ lead(h_ja^j ) for all i,

2. if r ≠ 0 then lead(r) ∈ ∁⟨lead(h)⟩C[[s]] resp. r ∈ ∁⟨lead(h)⟩C[[s]],

3. if lead(p) ∈ ∁⟨lead(h)⟩C[[s]] resp.p ∈ ∁⟨lead(h)⟩C[[s]] then p = r,

4. if p ∈ U_k then r ∈ U_k.

In particular, nf_1(·, h) resp. rnf_1(·, h) is a C[[s]]-normal form resp. a reduced C[[s]]-normal form with respect to h.

Proof: This follows from lemma 2.1.21.

Remark 2.1.24. By definition of nf resp. rnf, nf_1 resp. rnf_1 is C-scalar multiplicative in the first argument. But, in general, it is not C[[s]]-scalar multiplicative and not additive.

Buchberger’s standard basis algorithm [GP96] computes standard bases using a C[[s]]-normal form.

Proposition 2.1.25. Let < be a monomial ordering on C[[s, x]] and U = (U_k)_{k≤0} a ⟨s, x⟩-adic filtration which is (<, h)-stable for all h ⊂ C[[s, x]]. Then there is a procedure sb resp. rsb to compute from h ⊂ C[[s, x]] a standard basis resp. a reduced standard basis g ⊂ C[[s, x]] of ⟨h⟩C[[s]] and a matrix B with coefficients in C[[s]] such that g = hB.

Proof: By proposition 2.1.23, nf_1 computes a C[[s]]-normal form with respect to any h ⊂ C[[s, x]]. Buchberger’s standard basis algorithm [GP96] using the normal form algorithm nf_1 computes from h a standard basis g ⊂ C[[s, x]] of ⟨h⟩C[[s]] and a matrix B with coefficients in C[[s]] such that g = hB. Let (r, A) := rnf(g−lead(g), g). Then, by proposition 2.1.23, g−lead(g) = r+hA and lead(g) + r = h(B − A) is a reduced standard basis of ⟨h⟩C[[s]].

Proposition 2.1.26. In the situation of remark 2.1.18.2, there is a procedure sb to compute from h ∈ C[s]V a standard basis g ∈ C[s]V of ⟨h⟩C[[s]] and a matrix B with coefficients in C[s] such that g = hB.

Proof: Buchberger’s standard basis algorithm using a weak normal form algorithm [GP96] computes from h ∈ C[s]V a standard basis g ⊂ C[s]V of ⟨h⟩C[s]_{⟨s⟩} and a matrix B with coefficients in C[s] such that g = hB. Since lead commutes with completion, h is a standard basis of ⟨h⟩C[[s]].

2.2 Formal differential deformations

In this section, we introduce the notion of a formal differential deformation. A formal differential deformation is a formal deformation of a local Artinian C-algebra by differential operators and hence a finitely generated module over a power series ring. This notion is motivated by proposition 1.5.6 and the formal Brieskorn lattice is a free formal differential deformation of rank μ. We specialize the normal form algorithm in section 2.1 to an algorithm to compute presentations of formal differential deformations. In particular, this algorithm computes C[[s]]-basis representations in the formal Brieskorn lattice.

Let x = (x_1, . . . , x_n) and ∂ := (∂_1, . . . , ∂_n) where ∂_j := ∂_{xj} . Let ⟨f⟩ ⊂ C[[x]] be an ideal such that C[[x]]/⟨f⟩ is a local Artinian C-algebra, that is,

dim_C(C[[x]]/⟨f⟩) < ∞.

Then C[[x]][∂]/⟨f⟩C[[x]][∂] is a right C[[x]][∂]-module. Let s = (s_1, . . . , s_m) and D = (d^j ) be a matrix with coefficients in C[[s, x]][∂]. Then the C[[s]]-module C[[s, x]][∂]/⟨f − sD⟩C[[s, x]][∂] is a formal deformation of C[[s, x]][∂]/⟨f⟩C[[s, x]][∂] and

C[[s, x]][∂]/⟨f − sD⟩C[[s, x]][∂] ⊗_{C[[x]][∂]} C[[x]][∂]/C[[x]][∂]⟨∂⟩ ∼=_{C[[s]]} C[[s, x]]/⟨f − sD⟩C[[s, x]] with the coefficients of D acting on C[[s, x]] as differential operators.

Definition 2.2.1. We call a C[[s]]-module of the form C[[s, x]]/⟨f − sD⟩C[[s, x]] a (formal) differential deformation of C[[x]]/⟨f⟩. Remark 2.2.2. By proposition 1.5.6, ^H^{′′} ∼=_{C[[s]]} C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]] is a differential deformation with f = ∂(f) and D = ∂. Let H = C[[s, x]]/⟨f − sD⟩C[[s, x]] be a differential deformation and let C[[s, x]]^{πH} � � H be the canonical projection. Let (<_x, deg_x) be a degree ordering on C[[x]] and deg_x(∂) := − deg_x(x) > 0.

Then the order deg_x is well-defined on C[[x]][∂]. Let g be a standard basis of ⟨f⟩C[[x]] and m = (m_j )_j := (x^β)_xβ_{/∈⟨lead(g)⟩} decreasingly ordered. Then lead(⟨f⟩C[[x]]) = ⟨lead(g)⟩C[[x]], ⟨f⟩C[[x]] = ⟨g⟩C[[x]], and C[[x]] = ⟨m⟩C ⊕ ⟨g⟩C[[x]]. (2.2.1) Hence, [m] is a C-basis of H/⟨s⟩H = C[[x]]/⟨f⟩C[[x]] = ⟨m⟩C (2.2.2) and, by Nakayama’s lemma, [m] is a minimal set of C[[s]]-generators of H. Let B = (b_j) a matrix such that g = fB. (2.2.3) By remark 2.1.18.2 and proposition 2.1.25, one can compute g ⊂ C[[x]] and B with coefficients in C[[x]]. By proposition 2.1.26, if f ⊂ C[x] then one can compute g ⊂ C[x] and B with coefficients in C[x]. Let (<_s, deg_s) be a degree ordering on C[[s]], <:= (<_s, <_x) be the block ordering of <_s and <_x on C[[s, x]], and

deg := (deg_s, deg_x)

the order with respect to the block degree of deg_s and deg_x. We abbreviate lead_s := lead_{<s} and lead := lead_<. Let (α^k)_{k≥0} be a decreasing enumeration of N^n. For k ≥ 1, we identify

C[[s]]^k = ⨁ 1≤j≤k C[[s]]x^{αj} . Definition 2.2.3. We define h = (h_{k,β})_{k,β} := ( (g_k − sDb^k)x^β ) k,β ∈ ⟨f − sD⟩C[[s, x]]. Then {h(0, x)} = ⟨g⟩C[[x]], ⟨lead(h)⟩C[[s]] = ⟨lead(g)⟩C[[s, x]], (2.2.4)

and, by (2.2.1), ∁⟨lead(h)⟩C[[s]] = ⟨m⟩C[[s]]. (2.2.5) Proposition 2.2.4. H is free if and only if h is a standard basis. Proof: By (2.2.2) and Nakayama’s lemma, [m] is a minimal set of generators of H. Since H = C[[s, x]]/⟨f − sD⟩C[[s, x]], C[[s, x]] ∼=_{C[[s]]} ⟨m⟩C[[s]] + ⟨f − sD⟩C[[s, x]] and H is free if and only if ⟨f − sD⟩C[[s, x]] ∩ ⟨m⟩C[[s]] = 0. Since ⟨lead(g)⟩C[[s, x]] = ⟨lead(h)⟩C[[s]], this implies the claim.

The following proposition characterizes free differential deformations in terms of flatness instead of standard bases.

Proposition 2.2.5. If any relation of f lifts to a relation of f − sD then H is free.

Proof: Let [v] ⊂ C[[x]]/⟨f⟩ = H/⟨s⟩H be a C-basis. Then, by Nakayama’s lemma, ⟨[v]⟩C[[s]] = H. Assume that vg ∈ ⟨f − sD⟩C[[s, x]] for some 0 ≠ g ⊂ C[[s]]. Since v ⊂ C[[x]] is C-linearly independent, 0 ≠ v lead_s(g) = lead_s(vg). Hence, vg = (f − sD)q for some q ⊂ C[[s, x]] with minimal deg_s(q). If f lead_s(q) = 0 then lead_s(q) is a relation of f and lifts to a relation of f − sD. Hence, by the minimality of deg_s(q), we may assume that f lead_s(q) ≠ 0. Then v lead_s(g) = f lead_s(q) ∈ ⟨f⟩C[[x]] with 0 ≠ lead_s(g) ⊂ C[[s]]. This is a contradiction to the C-linear independence of [v]. Hence, [v] is a C[[s]]-basis of H.

By corollary 1.5.5 and remark 2.2.2, the differential deformation C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]] is a free C[[s]]-module of rank μ. We give an elementary proof of this fact. Lemma 2.2.6. If 0 ≠ p = (f − sD)q with lead(p) /∈ ⟨lead(h)⟩C[[s]] then lead_s(q) is a relation of f, that is, f lead_s(q) = 0.

Proof: If 0 ≠ p = (f − sD)q with f lead_s(q) ≠ 0 then lead_s(p) = f lead_s(q) and hence lead(p) ∈ ⟨lead(h)⟩C[[s]].

Proposition 2.2.7. The differential deformation C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]] is a free C[[s]]-module.

Proof: Assume that 0 ≠ p = (∂(f) − s∂)q and lead(p) /∈ ⟨lead(h)⟩C[[s]] for some q ⊂ C[[s, x]] with minimal deg_s(q). By lemma 2.2.6, ∂(f) lead_s(q) = 0. By lemma 1.4.4, we may assume that there are 1 ≤ i < j ≤ n, k ∈ N, and r ∈ C[[x]] such that lead_s(q) = s^kr ( ∂_i(f)e_j − ∂_j (f)e_i ) . This implies that ∂ lead_s(q) = s^k∂(f) ( ∂_j (r)e_i − ∂_i(r)e_j ) and hence p = (∂(f) − s∂) ( q − lead_s(q) − s^{k+1} ( ∂_j (r)e_i − ∂_i(r)e_j )) . This is a contradiction to the minimality of deg_s(q). Hence, h is a standard basis and the claim follows from proposition 2.2.4.

Using the following proposition, one can specialize the normal form algorithm from section 2.1 to formal differential deformations. We denote by min deg resp. max deg the minimal resp. the maximal degree of the components of a vector or a matrix. Definition 2.2.8.

1. We define the weights deg(s) by deg(s_j ) := min deg(m) + min deg(x) − max deg(d^j) < 0.

2. We define a sequence N = (N_K )_{K≤0} by N_K := −K min deg(s) − min deg(x) + max deg(D).

3. We define a filtration V = (V_K )_{K≤0} on C[[s, x]] by C[[s]]-modules V_K := {p ∈ C[[s, x]]| deg(p) < N_K } + ⟨s⟩^{−K} C[[s, x]]. Remark 2.2.9. If H = C[[s, x]]/⟨∂(f) − s∂⟩C[[s, x]] ∼=_{C[[s]]} ^H^{′′} then deg(s) = min deg(m) + 2 min deg(x),

N_K = −K deg(s) − 2 min deg(x).

The following proposition is the basis for a normal form algorithm for differential deformations.

Proposition 2.2.10. V = (V_K )_{K≤0} is a ⟨s, x⟩-adic (<, h)-stable filtration on C[[s, x]] with π_H (V_K ) = ⟨s⟩^{−K} H. Proof:

1. By definition of N and U, U is ⟨s, x⟩-adic. 2. Since g is a standard basis, min deg(m) + min deg(x) ≤ min deg(g) (2.2.6) and hence deg(sDb_k) ≤ max{deg(s_jd^jb_k)|1 ≤ j ≤ m} ≤ max{deg(s_j) + max deg(d^j) + max deg(b_k)|1 ≤ j ≤ m} ≤ max{deg(s_j) + max deg(d^j)|1 ≤ j ≤ m} ≤ min deg(m) + min deg(x) ≤ min deg(g) ≤ deg(g_k) = deg lead(g_k).

Since s^αh_{k,β} = s^α(g_k + sDb_k)x^β , this implies that deg(s^αh_{k,β}) ≤ deg(s^α lead(g_k)x^β) = deg lead(s^αh_{k,β}).

Hence, U is (<, h)-stable.

3. Let p ∈ V_K and s^αp_α := lead_s(p) with maximal |α| < −K for fixed p mod ⟨f − sD⟩C[[s, x]]. Then deg(p_α) = deg(s^αp_α) − deg(s^α) < −(K + |α|) min deg(s) − min deg(x) + max deg(D) ≤ min deg(s) − min deg(x) + max deg(D) = min deg(m)

and, by (2.2.1), p_α ∈ ⟨g⟩C[[x]]. By remark 2.1.18.2 and proposition 2.1.23, there is a q ⊂ C[[x]] with p_α = gq and lead(p_α) ≥ lead(g_jq^j ) for all j. . Then, by (2.2.3), p_α = gq = fBq ≡ sDBq mod ⟨f − sD⟩C[[s, x]] (2.2.7) and, since (<_x, deg_x) is a degree ordering, deg(g_j) + deg(q^j) ≤ deg(p_α) for all j and hence

max deg(q) ≤ deg(p_α) − min deg(g). (2.2.8)

Then, by (2.2.8) and (2.2.6),

deg(sDBq) ≤ max deg(sD) + max deg(B) + max deg(q) ≤ max deg(sD) + max deg(q) ≤ max deg(sD) − min deg(g) + deg(p_α) ≤ max deg(sD) − min deg(m) − min deg(x) + deg(p_α) ≤ max{deg(s_j ) + max deg(d^j )|1 ≤ j ≤ m} − min deg(m) − min deg(x) + deg(p_α) = deg(p_α).

Hence, by (2.2.7), p^′ := p − lead_s(p) + s^αsDBb ≡ p mod ⟨f − sD⟩C[[s, x]] with

deg(p^′) ≤ deg(p) ≤ N_K , lead_s(p^′) <_s lead_s(p).

Since (<_s, deg_s) is a degree ordering, this contradicts to the maximality of |α|. Hence, p ∈ ⟨s⟩^{−K} + ⟨f − sD⟩C[[s, x]] and π_H (V_K ) = ⟨s⟩^{−K} H.

The following normal form algorithm is a specialization of the reduced normal form algorithm in section 2.1 based on proposition 2.2.10.

Definition 2.2.11. We define a (reduced) normal form algorithm for differential deformations ddnf = (ddnf_1, ddnf_2, ddnf_3) by ddnf(p, g, K) := rnf(p, h, −K), ddnf(p, g) := rnf(p, h)

with <= (<_s, <_x) and U = V for p ∈ C[[s, x]] and K ≥ 0. Note that ddnf depends on (k_j )_{j≥0} and D.

Figure 2.1 shows a reduction step in the normal form algorithm for differential deformations. We denote the 1-dimensional C-vectorspace spanned by a monomial in ⟨m⟩C[[s]] resp. in ⟨lead(g)⟩C[[s, x]] by a bullet resp. a circle. The monomial at the tail of the arrow is replaced by a power series with support above the dashed line crossing the head of the arrow. The C[[s]]-submodule V_{−K} is invariant with respect to such a reduction step.

Figure 2.1: The differential deformation normal form algorithm s

x

K

V_{−K}

⟨lead(g)⟩C[[s, x]] ⟨m⟩C[[s]]

Remark 2.2.12. In practice, one should replace the computation of π_{V−K} by a sequence of lead_s computations. This leads to the following equivalent definition of ddnf.

proc ddnf(p, g, K) ≡

if lead(p) ∈ ⟨s⟩^K then q := p;

elsif deg lead(p) < N_{−K} q := lead_s(p); fi r := p − q; if r ≠ 0 then if lead(r) ∈ ⟨lead(g)⟩C[[s, x]] then j := min{i| lead(r) ∈ C[[s, x]] lead(g_i)}; r, q^′, a := ddnf ( r −^{lead(r)}

lead(g_j ) gj + sD

(_{lead(r)}

lead(g_j ) bj ) , K ) ; a := a +^{lead(r)}_{lead(gj )} e_j ;

else r^′, q^′, a := ddnf(r − lead(r), K); r := lead(r) + r^′; fi q := q + q^′; fi ddnf_1, ddnf_2, ddnf_3 := r, q, a.

Definition 2.2.13. We define Φ : C[[s, x]] � C[[s, x]] by

Φ_K (p) := ddnf_1(p, g, K), Φ(p) := ddnf_1(p, g)

for p ∈ C[[s, x]] and K ≥ 0.

Remark 2.2.14. By definition of ddnf, Φ is C[[s]]-scalar multiplicative. But, in general, it is not additive.

Proposition 2.2.15.

1. Φ is a C[[s]]-scalar multiplicative map C[[s, x]] � � � � � Φ � ⟨m⟩C[[s]] � � � H over H with im Φ_K = ⨁ |α|<K s α⟨m⟩C.

2. If H is a free C[[s]]-module then Φ induces the C[[s]]-section

C[[s, x]]_{πH} � � H Φ �

of the canonical projection π_H with im Φ = ⟨m⟩C[[s]].

Proof:

1. This follows from remark 2.2.14, proposition 2.1.23 and 2.2.10, and (2.2.5).

2. This follows from remark 2.2.14, proposition 2.1.14, 2.1.23, 2.2.4, and 2.2.10, and (2.2.5).

Remark 2.2.16.

1. By proposition 2.2.15.1, Φ ( ⟨f − sD⟩C[[s, x]] ) = ⟨m⟩C[[s]] ∩ ⟨f − sD⟩C[[s, x]] and H ∼=_{C[[s]]} ⟨m⟩C[[s]] /( ⟨m⟩C[[s]] ∩ ⟨f − sD⟩C[[s, x]] ) = ⟨m⟩C[[s]] / Φ ( ⟨f − sD⟩C[[s, x]] ) In particular, by proposition 2.1.23.4 and 2.2.10, H/⟨s⟩^K H ∼=_{C[[s]]} ⟨m⟩C[[s]] /( Φ_K ( ⟨f − sD⟩C[[s, x]]\V_{−K} ) + ⟨s⟩^K ⟨m⟩C[[s]] ) and dim_C(⟨f − sD⟩C[[s, x]]\V_{−K} ) < ∞. Hence, one can compute a C[[s]]-presentation of H.

2. By proposition 2.2.15.2, if H is a free C[[s]]-module then Φ is the C[[s]]- basis representation with respect to [m]. By proposition 1.5.6, remark 2.2.2, and proposition 2.2.7, this is the case for the formal Brieskorn lattice ^H^{′′}.

2.3 Matrix A of t

In this section, we describe an algorithm to compute a basis representation of the operator t with respect to a C[[s]]-basis of the Brieskorn lattice. This algorithm is a specialization of the normal form algorithm for differential deformations in definition 2.2.11.

2.3. Matrix A of t 89

Let x = (x_0, . . . , x_n) and ∂ := (∂_0, . . . , ∂_n) where ∂_j := ∂_{xj} . Let f ∈ C{x} define an isolated hypersurface singularity with Milnor number μ = dim_C C{x}/⟨∂(f)⟩ < ∞. By theorem 1.1.2, we may assume that f ∈ C[x] and hence ∂(f) ⊂ C[x]. Note that this assumption can be replaced by appropriate degree bounds. Since completion is faithfully flat, we may replace C{x}-, C{t}-, resp. C{{s}}- modules by their ⟨x⟩-, ⟨t⟩-, resp. ⟨s⟩-adic completion. Let <_x be a degree ordering on C[[x]]. By proposition 2.1.26, one can compute a polynomial standard basis g of ⟨∂(f)⟩ and a polynomial matrix B such that g = fB. Then lead⟨∂(f)⟩ = ⟨lead(g)⟩ and hence one can compute m = (m_j )_{1≤j≤μ} := (x^β )_xβ_{/∈lead⟨∂ (f)⟩} with m_1 > · · · > m_μ. Then C[[x]] = ⟨m⟩C ⊕ ⟨∂(f)⟩C[[x]] and m is a C-basis of C[[x]]/⟨∂(f)⟩. By theorem 1.5.2 and proposition 1.5.4, ^H ′′ is the ⟨x⟩-, ⟨t⟩-, and ⟨s⟩-adic completion of H ′′ and we may replace H ′′ by ^H^{′′} for the computation. By corollary 1.5.3 and 1.5.5, H^{′′} is a free C[[t]]- and C[[s]]-module of rank μ with H^{′′}/sH^{′′} ∼= C[[x]]/⟨∂(f)⟩. Hence, by Nakayama’s lemma, [m] is a C[[s]]-basis of H^{′′}. For k ∈ Z, the canonical projection C[[s]][s^{−1}]^{jetk} � � ⨁ j≤k Cs^j is called the k-jet. Let A = ∑ k≥0 s^j A_j be the [m]-matrix of t defined by [m]A := t[m] = [fm]. Then, by proposition 1.6.18, A + s^2∂_s is the [m]-basis representation of t. By proposition 2.2.15.2 and remark 2.2.16.2, m jet_k(A) = ddnf_1(fm, g, k + 1) with D = ∂ and hence one can compute jet_k(A) for any k ≥ 0. Let <_s be the standard degree ordering on C[[s]] and <:= (<_s, <_x) the block ordering of <_s and <_x. Then < induces a monomial ordering on the [m]-basis representation

C[[s]]^μ = ⟨m⟩C ⊂ C[[s, x]]

of H^{′′}.

2.4 Saturation of the Brieskorn lattice

In this section, we describe an algorithm to compute a basis representation of the Brieskorn lattice and of the operator t for a C[[s]]-basis of the saturation of the Brieskorn lattice.

By corollary 1.5.3 and 1.5.5, H^{′′} is a C[[t]]- and C[[s]]-lattice. Hence, by lemma 1.6.9, H^{′′}_k and H^{′′}_∞ are C[[t]]- and C[[s]]-lattices. By proposition 1.6.10, κ := min{k ≥ 0 | H_k = H^{′′}_∞} ≤ μ − 1. We consider the columns of a matrix as generators of a module. Let E = (δ_{i,j})^i_j where δ is the Kronecker symbol be the unit matrix of size μ. Then ⟨E⟩ = C[[s]]^μ is the [m]-basis representation of H^{′′}. By proposition 1.6.18, A + s^2∂_s is the [m]-basis representation of t and hence s^{−1}A + s∂_s is the [m]-basis representation of ∂_tt = t∂_t + 1. Let

Q_{−1} := E, H_0 := E, Q_k := (s^{−1}A + s∂_s)Q_{k−1}, H_{k+1} := (H_k|Q_k),

for k ≥ 0. Then ⟨H_k⟩ is the [m]-basis representation of H^{′′}_k for k ≥ 0. Since C[[s]]^μ = ⟨H_0⟩ ⊂ ⟨H_k⟩ for k ≥ 0, we may redefine the generators H_k without changing the modules ⟨H_k⟩ by

Q_{−1} := E, H_0 := E, Q_k := jet_{−1} ( (s^{−1} jet_k(A) + s∂_s)Q_{k−1} ) , H_{k+1} := (H_k|Q_k),

for k ≥ 0. In order to compute H_{k+1}, it suffices to compute the k-jet of A. Hence, the generators H_k can be computed successively for increasing k ≥ 0. In order to avoid poles in s, we redefine the generators H_k such that ⟨H_k⟩ is

2.4. Saturation of the Brieskorn lattice 91

the s^{−k}[m]-basis representation of H^{′′}_k . Then the generators H_k are defined by Q_{−1} := E, H_0 := E, Q_k := jet_k ( (jet_k(A) + s^2∂_s)Q_{k−1} ) , H_{k+1} := (sH_k|Q_k),

for k ≥ 0 and the coefficients of H_k resp. Q_k are in ⨁ 0≤j≤k Cs j . By remark 2.1.18.2 and proposition 2.1.23 and 2.1.25, one can compute a standard basis of ⟨sH_k⟩ up to degree k and a normal form of Q_k with respect to this standard basis up to degree k. Since s^kC[[s]] ⊂ ⟨H_k⟩, the truncated standard basis is a polynomial standard basis and the normal form equals zero if and only if ⟨Q_k⟩ ⊂ ⟨sH_k⟩ or equivalently ⟨H_{k+1}⟩ = ⟨H_k⟩. Hence, one can compute κ and

H_∞ := H_κ, H := s^κE. Then ⟨H⟩ = s^κC[[s]]^μ is the s^{−κ}[m]-basis representation of H^{′′}. By remark 2.1.18.2 and proposition 2.1.25, one can compute a minimal standard basis of ⟨H_∞⟩ up to degree κ. Since s^κC[[s]] ⊂ ⟨H_∞⟩, the truncated standard basis is a polynomial minimal standard basis and, by lemma 2.1.11, it is a C[[s]]-basis. Since s^κ⟨H_∞⟩ ⊂ ⟨H⟩ and hence s^κC[[s]]^μ ⊂ ⟨H^{−1}_∞ H⟩,

⟨H^{−1}_∞ H⟩ = ⟨jet_κ(H^{−1}_∞ H)⟩.

By remark 2.1.18.2 and proposition 2.1.23, one can compute a normal form of H with respect to H_∞ up to degree κ in order to compute the H_∞- basis representation ⟨H^{−1}_∞ H⟩ of ⟨H⟩. The following procedure saturate = (saturate_1, saturate_2, saturate_3) computes from the [m]-matrix A of t a polynomial minimal standard basis H_∞ of the s^{−κ}[m]-basis representation ⟨H_∞⟩ of H^{′′}_∞, the s^{−κ}[m]H_∞-basis representation ⟨H⟩ of H^{′′}, and the s^{−κ}[m]-matrix A of t.

proc saturate(A)

H := E;

Q := jet_0(A); κ := 0;

while jet_κ ( nf_1(Q, sb(sH), κ) ) ≠ 0 do κ := κ + 1; H := (sH|Q); Q := jet_κ ( (jet_κ(A) + s^2∂_s)Q ) ;

od H_∞ := sb(H);

H := jet_κ(nf_2(s^κE, H_∞, κ)); A := A − κsE; saturate_1, saturate_2, saturate_3 := H_∞, H, A, κ.

Since the s^{−k}[m]- and [m]-matrix of t differ by −ksE, the matrix A is transformed after the saturation process and the computation of A can be continued up to any degree after this transformation.

Let H_∞, H, A, κ be computed by saturate. Then A = ∑_∞ j=0 s^jA_j is the s^{−κ}[m]-matrix of t. By proposition 1.6.18, A + s^2∂_s is the s^{−κ}[m]-basis representation of t and hence H^{−1}_∞ (A + s^2∂_s)H_∞ is the s^{−κ}[m]H_∞-matrix of t. Since s^κC[[s]]^μ ⊂ ⟨H_∞⟩,

jet_k ( H^{−1}_∞ (A + s^2∂_s)H_∞ ) = jet_k ( H^{−1}_∞ (jet_{k+κ}(A) + s^2∂_s)H_∞ ) . By remark 2.1.18.2 and proposition 2.1.23, one can compute a normal form of (jet_{k+κ}(A) + s^2∂_s)H_∞ with respect to H_∞ up to degree k + κ in order to compute H^{−1}_∞ (A+s^2∂_s)H_∞ up to degree k. The following procedure transform computes from H_∞, H, A, κ computed by saturate the s^{−κ}[m]H_∞-matrix A of t up to any degree k.

proc transform(H_∞, H, A, κ, k)

A := jet_k ( nf_2 ( (jet_{k+κ}(A) + s^2∂_s)H_∞, H_∞, k + κ )) ; transform := A.

2.5 Monodromy

In this section, we describe an algorithm to compute the complex monodromy. We show that one can compute a basis representation of the Brieskorn lattice and of the operator t with respect to a C[[s]]-basis of a saturated non-resonant lattice. In particular, by corollary 1.6.13, one can compute the complex monodromy.

Let H_∞, H, and κ be computed by saturate and A be computed by transform. Then h := s^{−κ}[m]H_∞ is a C[[s]]-basis of the saturated C[[t]]- and C[[s]]-lattice H^{′′}_∞, ⟨H⟩ the h-basis representation of H^{′′}, and A = ∑_∞ j=0 s^jA_j the h-matrix of t and hence A_0 = 0.

By proposition 1.6.18, A + s^2∂_s is the h-basis representation of t and hence s^{−1}A + s∂_s is the basis representation of ∂_tt = t∂_t + 1. Hence, by lemma 1.6.7.1, A_1 − E is the [h]-basis representation of the residue res_H′′_∞ of H^{′′}_∞.

2.5. Monodromy 93

By transforming A_1 to Hessenberg form, one can compute a product decomposition of the characteristic polynomial of A_1. In many cases A_1 is a sparse matrix and this product decomposition is non-trivial. By theorem 1.2.5, the eigenvalues of A_1 are rational and can be computed by univariate factorization of the factors of the characteristic polynomial. Let

α = (α_i)_{1≤i≤μ} := eigenvals(A_1 − E)

be the eigenvalues of res_H′′_∞ . Then, by proposition 1.6.12, exp(−2πiα) are the eigenvalues of the monodromy M. Let

δ(A) := max{α_i − α_j | α_i − α_j ∈ Z}

be the maximal integer difference of eigenvalues of A_1. By corollary 1.8.6, V^{>−1} ⊃ H^{′′} ⊃ V^{n−1}. Since the V^α are saturated, V^{>−1} ⊃ H^{′′}_∞ ⊃ sH^{′′}_∞ ⊃ V^n and hence, δ(A) ≤ n. If δ(A) = 0 then H^{′′}_∞ is a non-resonant lattice and, by corollary 1.6.13, exp(−2πiA_1) is a monodromy matrix.

If δ(A) ≠ 0 then we proceed as follows. Since one can compute the eigenvalues of A_1, one can compute the generalized eigenspaces of A_1. By a C-linear basis transformation, we may assume that

A = A^{1,1} A^{1,2} A^{2,1} A^{2,2}

such that A_0 = 0, A^{1,2}_1 = 0, A^{2,1}_1 = 0, and the eigenvalues of A^{1,1} resp. A^{2,2} are minimal resp. non-minimal in their class modulo Z. Then the C[[s]][s^{−1}]- basis transformation

A := s 0 0 1 −1 ( A + s^2∂_s ) s 0 0 1 = A^{1,1} + s s^{−1}A^{1,2} sA^{2,1} A^{2,2}

decreases δ(A) and the degree up to which A is computed by 1. After at most n steps, δ(A) = 0 and exp(−2πiA_1) is a monodromy matrix. In order to compute A_1 and hence exp(−2πiA_1), it suffices to compute the [m]-matrix of t up to degree κ + δ(A) + 1 ≤ μ + n.

2.6 Spectral pairs

In this section, we describe an algorithm to compute the spectral pairs. We show that one can compute a basis representation of the Brieskorn lattice and of the operator t with respect to a C[[s]]-basis of the weight refined V-filtration. In particular, one can compute a standard basis of the Brieskorn lattice with respect to the weight refined V-filtration and hence, by proposition 1.10.11.2, the spectral pairs.

Let H_∞, H, and κ be computed by saturate and A be computed by transform. By corollary 1.8.6, V^{>−1} ⊃ H^{′′} ⊃ V^{n−1}. Since the V^α are saturated, V^{>−1} ⊃ H^{′′}_∞ ⊃ sH^{′′}_∞ ⊃ V^n and hence,

max α − min α < n + 1.

If max α−min α < 1 then, by lemma 1.6.7.3, h is a C[[s]]-basis of V^{min α} and hence A_1 − E is the [h]-basis representation of the residue res_V min α of V^{min α}. By lemma 1.3.4.3, the nilpotent part of A_1 is the h-basis representation of the operator N defining the weight filtration. Since one can compute the eigenvalues of A_1, one can compute a C-basis transformation U = (u_i)_{1≤i≤μ} such that α_1 ... α_μ + N := U^{−1}A^1U

has Jordan normal form. By remark 1.7.3.1, one can compute the weight filtration indices l = (l_i)_{1≤i≤μ} of the columns of U from N. We reorder the columns of U such that (α, l) is ordered <_{Q×Z}-decreasingly and redefine H := U^{−1}H, A := U^{−1}AU. Then the C[[s]]-basis v := s^{−κ}[m]H_∞U of V^{α1} refines the weight refinement in remark 1.10.1.1, ⟨H⟩ is the v-basis representation of H^{′′}, and A is the v-matrix of t. By remark 2.1.18.2 and proposition 2.1.25, one can compute a minimal standard basis

H = (h_i)_{1≤i≤μ} := sb(H, κ)

of ⟨H⟩ up to degree κ and the leading terms

lead(H) =: (s^{ki} e_{ji} )_{1≤i≤μ}.

2.6. Spectral pairs 95

Since s^κC[[s]]^μ ⊂ ⟨H⟩, the truncated standard basis H is a polynomial minimal standard basis of ⟨H⟩ and vH is a minimal standard basis of H^{′′} with respect to the weight refinement in remark 1.10.1.1. Then, by proposition 1.10.11.2, deg(vH) = (α_{ji} + k_i, l_{ji} )_{1≤i≤μ} are the spectral pairs and ⟨s^{−κ}H_∞Uh_i|α ≤ α_{ji} + k_i, l_{ji} ≤ l⟩C is the [m]-basis representation of V^αW_l(H^{′′}/sH^{′′}). Hence, one can compute the V- and weight filtration on H^{′′}/sH^{′′}.

In order to compute the spectral numbers only, one can skip the computation of l and reorder the columns of U such that α is ordered increasingly. Then, by proposition 1.10.11.1,

deg_V (vH) = (α_{ji} + k_i)_{1≤i≤μ}

are the spectral numbers and ⟨s^{−κ}H_∞Uh_i|α ≤ α_{ji} + k_i⟩C is the [m]-basis representation of V^α(H^{′′}/sH^{′′}). Hence, one can compute the V-filtration on H^{′′}/sH^{′′}.

If max α − min α ≥ 1 then we proceed as follows. By section 2.5, we may assume that A = A^{1,1} A^{1,2} A^{2,1} A^{2,2}

such that A_0 = 0, A^{1,2}_1 = 0, A^{2,1}_1 = 0, and the eigenvalues of A^{1,1}_1 resp. A^{2,2}_1 are less than min α + 1 resp. greater or equal to min α + 1. Then the C[[s]][s^{−1}]-basis transformation

H → s 0 0 1 −1 H,

A → s 0 0 1 −1 ( A + s^2∂_s ) s 0 0 1 = A^{1,1} + s s^{−1}A^{1,2} sA^{2,1} A^{2,2}

decreases max α − min α and the degree up to which A is computed by 1 and increases κ with s^κC[[s]]^μ ⊂ ⟨H⟩ by 1. After at most n steps, max α−min α <

1 and one can compute the spectral numbers resp. spectral pairs as before. In order to compute the spectral numbers resp. spectral pairs, it suffices to compute the [m]-matrix of t up to degree

κ + ⌊max α − min α⌋ + 1 ≤ μ + n.

2.7 (t, s)-module structure

In this section, we describe an algorithm to compute the (t, s)-module structure of the Brieskorn lattice. We show that one can compute a basis representation of the Brieskorn lattice and of the operator t with respect to a C[[s]]-basis of a Hodge splitting. In particular, one can compute a reduced standard basis of the Brieskorn lattice with respect to a Hodge splitting and hence, by proposition 1.10.12 and remark 1.10.13, M. Saito’s matrices A_0 and A_1.

Let H_∞, H, and κ be computed by saturate and A be computed by transform. Then ⟨H⟩ is the v-basis representation of H^{′′} and A is the vmatrix of t. By section 2.6, we may assume that

A_1 = α_1 ... α_μ + N

with α_1 ≤ · · · ≤ α_μ < α_1 + 1 and that s^κC[[s]] ⊂ ⟨H⟩. Then the C[[s]]-basis v of V^{α1} refines the V-filtration. Let c be the image of v under the map

V^{α1} � � V^{α1} /sV^{α1} ∼= ⨁ α_j C α_j � � � V α_1 .

Then c is a <_Q-increasingly ordered C-basis of ⨁ α_j C α_j compatible with the

direct sum. By Nakayama’s lemma, c is a C[[s]]-basis of V^{α1} and s^kC[[s]]^μ is the c-basis representation of V^{α1+k}. Let the C[[s]]-basis transformation U = ∑_∞ j=0 s^j U_j with U_0 = E be defined by vU := c. By lemma 1.3.4.3 and proposition 1.6.18,

UsA_1 = (A + s^2∂_s)U

or equivalently ( E + ∞∑ k=1 s^kU_k ) sA_1 = (^∞∑ i=0 s^iA_{i+1} + s^2∂_s )( E + ∞∑ j=1 s^j U_j ) and hence

([·, A_1] − k)U_k = k−1∑ j=0 A_{k−j+1}U_j for all k ≥ 1. The eigenvalues of the commutator [·, A_1] ∈ End_C(C^{μ2} ) are the differences of the eigenvalues α of A_1. Since α ∈ [α_1, α_1 + 1), this implies that, for all k ≥ 1, the eigenvalues of [·, A_1] − k are in Q^∗ and hence

U_k = ([·, A_1] − k)^{−1} (^{k−1}∑ j=0 A_{k−j+1}U_j ) .

Hence, one can compute jet_k(U) from jet_{k+1}(A) and one can compute U up to any degree. Since s^κC[[s]]^μ ⊂ ⟨H⟩ and hence s^κC[[s]]^μ ⊂ ⟨U^{−1}H⟩,

⟨U^{−1}H⟩ = ⟨jet_κ(jet_κ(U)^{−1}H)⟩.

is the c-basis representation of H^{′′}. Since U_0 = E and κ ≥ 0, jet_κ(U) is a minimal standard basis of ⟨E⟩ = C[[s]]^μ. By remark 2.1.18.2 and proposition 2.1.23, one can compute a normal form

H := jet_κ(nf_2(H, jet_κ(U), κ))

of H with respect to jet_κ(U) up to degree κ in order to compute the c-basis representation ⟨H⟩ of H^{′′}. Then C[[s]]^μ ∩ ⟨s^{−p}H⟩ is the c-basis representation of the p-part ~F_pV^{α1} of the Steenbrink’s Hodge filtration ~F on V^{α1} . By remark 2.1.18.2 and proposition 2.1.25, one can compute a standard basis

H = (h_i)_{1≤i≤μ} := sb(H, κ)

of ⟨H⟩ up to degree κ. Since s^κC[[s]]^μ ⊂ ⟨H⟩, the truncated standard basis H is a polynomial standard basis and cH is a standard basis with respect to the V-filtration. Since deg_V (s^kc_j) = α_j + k, one can compute F = (f_i)_{1≤i≤μ} such that cF := lead_V (cH)

are the V-leading terms of cH and the leading terms

(s^{ki} e_{ji} )_{1≤i≤μ} := lead(F )

of F . Then ⟨F_k⟩C with

F_k := ( jet_0(f_i/s^{ki} ) ) k_i≤k

is the c-basis representation of ~F_k( ⨁ α_j C α_j ). Hence, one can compute Steen-

brink’s Hodge filtration ~F on ⨁ α_j C α_j .

By lemma 1.3.4.3 and proposition 1.6.18,

A := sA_1 = jet_1(A)

is the c-matrix of t and

A_1 = α_1 ... α_μ + N.

By remark 1.7.3.1, one can compute the weight filtration indices of c from N. By remark 1.7.11, one can compute a C-basis transformation U such that c := cU is a <_{Q×Z}-decreasingly ordered C-basis of ⨁ α_j ⨁ p∈Z C^{αj ,p} compatible with the direct sum for a Hodge splitting as in remark 1.10.1.2. Let H := U^{−1}H, A := U^{−1}AU. Then ⟨H⟩ is the c-basis representation of H^{′′} with s^κC[[s]]^μ ⊂ H and A is the c-matrix of t. By remark 2.1.18.2 and proposition 2.1.25, one can compute a reduced standard basis H := rsb_1(H, κ + 1)

of ⟨H⟩ up to degree κ + 1. Since s^κC[[s]]^μ ⊂ ⟨H⟩, H is a standard basis and, by lemma 2.1.11, H is a C[[s]]-basis of H. Hence, cH is a C[[s]]-basis and a standard basis of H^{′′} with respect to a Hodge splitting which is reduced up to V-order less then α_1 + κ + 2. Since s^κC[[s]]^μ ⊂ ⟨H⟩, V^{α1+κ} = ⟨s^κc⟩ ⊂ ⟨cH⟩ = H^{′′} and hence α_1 + κ + 1 > max deg_V (cH).

By proposition 1.6.18, remark 2.1.18.2, and proposition 2.1.23, one can compute a normal form

A := jet_1 ( nf_2 ( (jet_{κ+1}(A) + s^2∂_s)H, H, κ + 1 )) of (jet_{κ+1}(A) + s^2∂_s)H with respect to H up to degree κ + 1 in order to compute the cH-matrix A of t up to degree 1. By proposition 1.10.12 and remark 1.10.13, A = A_0 + sA_1 = A^h

for a reduced standard basis h of H^{′′} with respect to a Hodge splitting and hence, by proposition 1.6.18, (H^{′′}, t) ∼=_{C{{s}}} (C{{s}}^μ, A_0 + sA_1 + s^2∂_s). In order to compute A_0 and A_1, it suffices to compute the [m]-matrix of t up to degree 2(κ + ⌊max α − min α⌋) + 1 ≤ 2μ + 2n − 1.

Chapter 3

Applications and Examples

In this chapter, we give examples and applications for the algorithms in chapter 2.

For quasihomogeneous singularities, the invariants described in chapter 1 can be computed in terms of weights of a monomial vector space basis of the Jacobian algebra. The algorithms in chapter 2 are implemented in the computer algebra system Singular [GPS02] by the author [Sch02a]. We demonstrate this implementation for a singularity with a 2 × 2 resp. 3 × 3 Jordan block of the monodromy. The the hypersurface singularities up to Milnor number 16 are classified by V.I. Arnold [AGZV85]. Using the Singular implementation and Arnold’s classification, we verify Hertling’s conjecture 1.8.13 up to Milnor number 16.

3.1 Quasihomogeneous singularities

In this section, we compute the invariants described in chapter 1 in terms of weights of a monomial vector space basis of the Jacobian algebra.

Let f be a quasihomogeneous singularity. By a coordinate transformation, we may assume that f ∈ C[x] is a quasihomogeneous polynomial with respect to a weight vector w with ∑_n i=0 w^i = 1. Then the matrix of t can be computed explicitly by the Euler relation f = n∑ i=0 w^ix_i∂_i(f). We denote by deg_w the weighted degree with respect to w. Let [m] be a monomial C-basis of the Jacobian algebra C{x}/⟨∂(f)⟩. By the isomorphism H^{′′}/sH^{′′} ∼= Ω^{n+1}/df ∧ Ω^n ∼= C{x}/⟨∂(f)⟩,

[m] can be considered as a vectorspace basis [mdx] of H^{′′}/sH^{′′}. Then, by proposition 1.4.8, t[m_j dx] = [fm_jdx] = [^n∑ i=0 w^im_j x_i∂_i(f)dx ]

= [^n∑ i=0 (−1)^iw^im_j x_idf ∧ dx_{^i} ]

= s [^n∑ i=0 ∂_i(w^im_jx_i)dx ]

= s(deg_w(m_j ) + 1)[m_jdx] and hence t[m_j dx] = (deg_w(m_j ) + 1)s[m_j dx], (3.1.1) (t∂_t − deg_w(m_j))[m_j dx] = 0. (3.1.2) Hence, for α > −1 or α /∈ Z, (s^k[m_j dx])_{degw (mj )+k=α} is a C-basis of C^α. By (3.1.2) and lemma 1.3.4.3, N = 0 and the weight filtration is trivial. Hence, [mdx] is a standard basis with respect to the weight refinement and with respect to a Hodge splitting as in remark 1.10.1. By proposition 1.10.11, deg_w(m) are the spectral numbers and (deg_w(m_i), n − 1)_{1≤i≤μ} are the spectral pairs. In particular, since N = 0 and by lemma 1.8.3, e^{−2πi degw (m1)} . ..

e^{−2πi degw (mμ)} is a monodromy matrix. By (3.1.1), the [mdx]-matrix of t is A = sA_1 with

A_1 = deg_w(m_1) + 1 . ..

deg_w(m_μ) + 1 . By proposition 1.6.18, the diagram H^{′′ t} � H^{′′}

C{{s}}^μ [mdx] ∼ � sA_1+s^2∂_s � C{{s}}^μ [mdx] ∼ � commutes.

3.2 Example with Singular

The algorithms in chapter 2 are implemented in the computer algebra system Singular [GPS02] in the library gaussman.lib [Sch02a]. We demonstrate the usage of the Singular implementation by computing an example with a 2 × 2 Jordan block of the monodromy.

We consider the singularity of type T_{2,5,5} defined by the polynomial

f = x^2y^2 + x^5 + y^5 ∈ C{x, y}.

For the following computations, we use a Pentium III 850 with Linux operating system.

First, we load the Singular libraries gaussman.lib and sing.lib.

> LIB "gaussman.lib";
> LIB "sing.lib";

Then we define the ring R = Q[x, y]_{(x,y)} and the polynomial f = x^5 + x^2y^2 + y^5 ∈ R.

> ring R=0,(x,y),ds;
> poly f=x2y2+x5+y5;

The ring command defines and activates a polynomial ring over a field localized by a monomial ordering [GP96]. In the definition of R, 0 means that the base field has characteristic 0 and equals Q, (x,y) means that the variables are x and y, and ds means that the monomial ordering is a local degree ordering. The poly command defines a polynomial in the active ring. Note that a monomial x^iy^j is denoted by xiyj.

Next, we compute the Milnor number μ using the milnor command.

> int mu=milnor(f);
> mu;
11

Hence, μ = 11.

Next, we compute the Jordan data of the monodromy using the monodromy command.

> list l=monodromy(f);
> def e,s,d=l[1..3];
> e;
e[1]=1/2
e[2]=7/10
e[3]=9/10
e[4]=1
e[5]=11/10
e[6]=13/10
> s;
2,1,1,1,1,1
> d;
1,2,2,1,2,2

The computation takes less than one second. The result is a list consisting of a = 1 2 , 7 10 , 9 10 ,1, 11 10 , 13 10 , s = 2, 1, 1,1, 1, 1, d = 1, 2, 2,1, 2, 2. A triple (a_i, s_i, d_i) corresponds to d_i Jordan blocks of the monodromy of size s_i × s_i with eigenvalue e^{−2πiai} . Hence,

−1 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 7}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 7}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 9}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 9}5 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 11}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 11}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 13}5 0 0 0 0 0 0 0 0 0 0 0 e^{−πi 13}5

.

is a monodromy matrix in Jordan normal form. Note that the eigenvalues are roots of unity and that there is a Jordan block of size 2 × 2 with eigenvalue −1 which is the maximal size for 2 variables by theorem 1.2.5.

Next, we compute the weight refined V- filtration on H^{′′}/sH^{′′} using the

vwfilt command.

> list v=vwfilt(f);
> def a,l,d,V,m,j=v[1..6];
> a;
a[1]=-1/2
a[2]=-3/10
a[3]=-1/10
a[4]=0
a[5]=1/10
a[6]=3/10
a[7]=1/2
> l;
2,1,1,1,1,1,0
> d;
1,2,2,1,2,2,1
> V;
[1]:
   _[1]=gen(11)
[2]:
   _[1]=gen(10)
   _[2]=gen(6)
[3]:
   _[1]=gen(9)
   _[2]=gen(4)
[4]:
   _[1]=gen(5)
[5]:
   _[1]=gen(3)
   _[2]=gen(8)
[6]:
   _[1]=gen(2)
   _[2]=gen(7)
[7]:
   _[1]=gen(1)
> m;
m[1]=y5
m[2]=y4
m[3]=y3
m[4]=y2
m[5]=xy
m[6]=y
m[7]=x4
m[8]=x3
m[9]=x2
m[10]=x
m[11]=1
> j;
j[1]=2x2y+5y4
j[2]=2xy2+5x4
j[3]=5x5-5y5
j[4]=10y6+25x3y4

The computation takes less than one second. Note that the i-th unit vector e_i = (δ_{i,j} )^j where δ is the Kronecker symbol is denoted by gen(i). The result is a list consisting of a = − 1 2 , − 3 10 , − 1 10 , 0, 1 10 , 3 10 , 1 2 , l = 2, 1, 1, 1, 1, 1, 0, d = 1, 2, 2, 1, 2, 2, 1, V =(e_{11}),(e_{10}, e_6),(e_9, e_4),(e_5),(e_3, e_8),(e_2, e_7),(e_1), and m = y^5, y^4, y^3, y^2, xy, y, x^4, x^3, x^2, x, 1, j = 2x^2y + 5y^4, 2xy^2 + 5x^4, 5x^5 − 5y^5, 10y^6 + 25x^3y^4.

A triple (a_i, l_i, d_i) corresponds to d_i spectral pairs (a_i, l_i), j is a standard basis of the Jacobian ideal ⟨∂_x(f), ∂_y(f)⟩, and [m] is a monomial vectorspace basis of the Jacobian algebra C/⟨∂_x(f), ∂_y(f)⟩. Hence, ( − 1 2 , 2 ) , ( − 3 10 , 1 ) , ( − 3 10 , 1 ) , ( − 1 10 , 1 ) , ( − 1 10 , 1 ) , (0, 1), ( 1 10 , 1 ) , ( 1 10 , 1 ) , ( 3 10 , 1 ) , ( 3 10 , 1 ) , (1 2 , 0 )

are the spectral pairs. Note that they are symmetric around (0, 1) by proposition 1.8.5. By the isomorphism H^{′′}/sH^{′′} ∼= Ω^{n+1}/df ∧ Ω^n ∼= C{x, y}/⟨∂_x(f), ∂_y(f)⟩,

[m] can be considered as a vectorspace basis [m(dx ∧ dy)] of H^{′′}/sH^{′′}. Then V_i is the [m(dx ∧ dy)]-basis representation of a vectorspace basis of the d_idimensional (a_i, l_i)-graded part of the weight refined V-filtration on H^{′′}/sH^{′′}, that is,

d_i = dim_C ( gr^{ai}_V gr^W_{li} (H^{′′}/sH^{′′}) ) , ⟨[m(dx ∧ dy)]V_i⟩C = gr^{ai}_V gr^W_{li} (H^{′′}/sH^{′′}). Next, we compute the spectral numbers and Hertling’s γ-invariant using the

spgamma command.

> v=spnf(a,l,d);
> def a,d=v[1..2];
> a;
a[1]=-1/2
a[2]=-3/10
a[3]=-1/10
a[4]=0
a[5]=1/10
a[6]=3/10
a[7]=1/2
> d;
1,2,2,1,2,2,1
> spgamma(v);
1/240

Hence, the spectral numbers are − 1 2 , − 3 10 , − 3 10 , − 1 10 , − 1 10 , 0, 1 10 , 1 10 , 3 10 , 3 10 , 1 2 and the γ-invariant is γ = 1 240 . Finally, we compute the (t, s)-module structure of the Brieskorn lattice using the tmatrix command.

> list l=tmatrix(f);
> def A0,A1=l[1..2];

The computation takes about one second. The result is a list consisting of

A_0 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

,

A_1 =

1 2 0 0 0 0 0 0 0 0 0 0 0^7_{10} 0 0 0 0 0 0 0 0 0 0 0^7_{10} 0 0 0 0 0 0 0 0 0 0 0^9_{10} 0 0 0 0 0 0 0 0 0 0 0^9_{10} 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0^{11}_{10} 0 0 0 0 0 0 0 0 0 0 0^{11}_{10} 0 0 0 0 0 0 0 0 0 0 0^{13}_{10} 0 0 0 0 0 0 0 0 0 0 0^{13}_{10} 0 0 0 0 0 0 0 0 0 0 0^3_2

.

Hence, (H^{′′}, t) ∼= (C{{s}}^μ, A_0 + sA_1 + s^2∂_s) as (t, s)-module, that is, there is a C{{s}}-isomorphism ϕ such that the diagram H^{′′ t} � H^{′′}

C{{s}}^μ ϕ ∼ � A_0+sA_1+s^2∂_s � C{{s}}^μ ϕ ∼ �

3.3. Example with 3 × 3 Jordan block 109

commutes. Note that A_1 is semisimple with eigenvalues the spectral numbers added by one and that

A_0e_1 = e_{11}, A_0e_{11} = 0

where

A_1e_1 = 1 2 e_1,

A_1e_{11} = (1 2 + 1 ) e_{11}.

By proposition 1.10.12, gr_V (A_0) = A_0 can be identified with N. Hence, e_1 can be identified with a C[N]-generator of the 2 × 2 Jordan block of the monodromy with eigenvalue e^{2πi( 1}2^{+Z)} = −1.

3.3 Example with 3 × 3 Jordan block

In this section, we use the Singular implementation to compute a more complicated example with a 3 × 3 Jordan block of the monodromy.

We consider the singularity defined by the polynomial

f = x^2y^2z^2 + x^7 + y^7 + z^7 ∈ C{x, y, z}.

The milnor command returns the Milnor number μ = 167.

The monodromy command returns a = 1 2 , 1 2 , 4 7 , 9 14 , 9 14 , 5 7 , 11 14 , 11 14 , 6 7 , 13 14 , 13 14 ,1, 15 14 , 15 14 , 8 7 , 17 14 , 17 14 , 9 7 , 19 14 , 19 14 , 10 7 , s = 1, 3, 1, 1, 2, 1, 1, 2, 1, 1, 2,2, 1, 2, 1, 1, 2, 1, 1, 2, 1, d =18, 1, 3, 15, 3, 3, 15, 3, 3, 15, 3,1, 15, 3, 3, 15, 3, 3, 15, 3, 3

after about 2^1_2 minutes. Hence, the Jordan data of the monodromy is

(−1, 1)^{18}, (−1, 3), (e^{−πi 87} , 1)^3, (e^{−πi 97} , 1)^{15}, (e^{−πi 97} , 2)^3, (e^{−πi 107} , 1)^3, (e^{−πi 117} , 1)^{15}, (e^{−πi 117} , 2)^3, (e^{−πi 127} , 1)^3, (e^{−πi 137} , 1)^{15}, (e^{−πi 137} , 2)^3, (1, 2), (e^{−πi 157} , 1)^{15}, (e^{−πi 157} , 2)^3, (e^{−πi 167} , 1)^3, (e^{−πi 177} , 1)^{15}, (e^{−πi 177} , 2)^3, (e^{−πi 187} , 1)^3, (e^{−πi 197} , 1)^{15}, (e^{−πi 197} , 2)^3, (e^{−πi 207} , 1)^3.

A triple (e^{−2πia}, s)^d denotes d Jordan blocks of the monodromy of size s × s with eigenvalue e^{−2πia}. Note that the eigenvalues are roots of unity and that there is a Jordan block of size 2 × 2 resp. 3 × 3 with eigenvalue 1 resp. −1 which is the maximal size for 3 variables by theorem 1.2.5.

The sppairs command returns a =− 1 2 ,− 5 14 ,− 3 14 ,− 3 14 ,− 1 14 ,− 1 14 , 0, 1 14 , 1 14 , 1 7 , 3 14 , 3 14 , 2 7 , 5 14 , 5 14 , 3 7 , 1 2 , 4 7 , 9 14 , 9 14 , 5 7 , 11 14 , 11 14 , 6 7 , 13 14 , 13 14 , 1, 15 14 , 15 14 , 17 14 , 17 14 , 19 14 , 3 2 , l = 4, 3, 3, 2, 3, 2, 3, 3, 2, 2, 3, 2, 2, 3, 2, 2, 2, 2, 2, 1, 2, 2, 1, 2, 2, 1, 1, 2, 1, 2, 1, 1, 0, d = 1, 3, 3, 3, 3, 6, 1, 3, 9, 3, 3, 12, 3, 3, 15, 3,19, 3, 15, 3, 3, 12, 3, 3, 9, 3, 1, 6, 3, 3, 3, 3, 1

after about 2^1_2 minutes. Hence, the spectral pairs are ( − 1 2 , 4 ) , ( − 5 14 , 3 )_3 , ( − 3 14 , 3 )_3 , ( − 3 14 , 2 )_3 , ( − 1 14 , 3 )_3 , ( − 1 14 , 2 )_6 , ( 0, 3 ) , ( 1 14 , 3 )_3 , ( 1 14 , 2 )_9 , (1 7 , 2 )_3 , ( 3 14 , 3 )_3 , ( 3 14 , 2 )_{12} , (2 7 , 2 )_3 , ( 5 14 , 3 )_3 , ( 5 14 , 2 )_{15} , (3 7 , 2 )_3 , (1 2 , 2 )_{19} , (4 7 , 2 )_3 , ( 9 14 , 2 )_{15} , ( 9 14 , 1 )_3 , (5 7 , 2 )_3 , (11 14 , 2 )_{12} , (11 14 , 1 )_3 , (6 7 , 2 )_3 , (13 14 , 2 )_9 , (13 14 , 1 )_3 , ( 1, 1 ) , (15 14 , 2 )_6 , (15 14 , 1 )_3 , (17 14 , 2 )_3 , (17 14 , 1 )_3 , (19 14 , 1 )_3 , (3 2 , 0 ) . A triple (a, l)^d denotes d spectral pairs (a, l). Note that d^{ai}_{li} := d_i have the symmetry properties d^a_l = d^{3−l−a}_l , d^a_l = d^{a−2+l}_{4−l} , d^a_l = d^{1−a}_{4−l} by proposition 1.8.5.

3.4. Hertling’s conjecture 111

3.4 Hertling’s conjecture

The hypersurface singularities up to Milnor number 16 are classified by V.I. Arnold [AGZV88]. Using Arnold’s classification and the Singular implementation, we verify Hertling’s conjecture 1.8.13 up to Milnor number 16.

By theorem 1.8.14, Hertling’s conjecture holds for quasihomogeneous singularities and, by remark 1.8.15, for singularities of type T_{p,q,r}. We exclude these types of singularities and compute the spectral pairs and Hertling’s γ-invariant for the remaining singularities. The result is contained in table 3.1, the singularity type in the first column, the defining polynomial in the second column, the spectral numbers in the third column, the γ-invariant in the fourth column, and the computation time in seconds in the last column. We omit the weight filtration indices since they are trivial.

By theorem 1.8.16, Hertling’s conjecture holds for irreducible plane curve singularities. Apart from V_{1,1} and V^#_{1,1}, the spectra in table 3.1 occur already in the list of spectra of unimodal and bimodal singularities in [AGZV85].

Table 3.1: γ-invariant for Milnor number μ ≤ 16

type polynomial spectral numbers γ time

Z_{1,1} yx^3 + y^3x^2 + y^8 −^4_7 , −^7_{16} , −^5_{16} , −^2_7 ,

−^3_{16} , −^1_7 , −^1_{16} , 0, 0,^1_{16} , 1 7 ,^3_{16} ,^2_7 ,^5_{16} ,^7_{16} ,^4_7

1 384 3

W_{1,1} x^4 + y^3x^2 + y^7 −^7_{12} , −^3_7 , −^1_3 , −^2_7 , −^1_6 ,

−^1_7 , −^1_{12} , 0, 0,^1_{12} ,^1_7 ,^1_6 , 2 7 ,^1_3 ,^3_7 ,^7_{12}

1 336 2

W^#_{1,1} x^4 + 2y^3x^2 + y^6 +

y^5x

−^7_{12} , −^{11}_{26} , −^9_{26} , −^7_{26} ,

−^5_{26} , −^3_{26} , −^1_{12} , −^1_{26} , 1 26 ,^1_{12} ,^3_{26} ,^5_{26} ,^7_{26} ,^9_{26} , 11 26 ,^7_{12}

7 1872 4

Q_{2,1} z^2y + x^3 + y^2x^2 +

y^7

−^1_{12} ,^1_{14} ,^3_{14} ,^1_4 ,^1_3 ,^5_{14} , 5 12 ,^1_2 ,^7_{12} ,^9_{14} ,^2_3 ,^3_4 ,^{11}_{14} , 13 14 ,^{13}_{12}

1 336 3

Table 3.1: γ-invariant for Milnor number μ ≤ 16

Q_{2,2} z^2y + x^3 + y^2x^2 + y^8

−^1_{12} ,^1_{16} ,^3_{16} ,^1_4 ,^5_{16} ,^1_3 , 5 12 ,^7_{16} ,^9_{16} ,^7_{12} ,^2_3 ,^{11}_{16} ,^3_4 , 13 16 ,^{15}_{16} ,^{13}_{12}

7 1152 2

S_{1,1} z^2y+zx^2+y^2x^2+ y^6

−^1_{10} ,^1_{12} ,^1_5 ,^1_4 ,^3_{10} ,^2_5 ,^5_{12} , 1 2 ,^7_{12} ,^3_5 ,^7_{10} ,^3_4 ,^4_5 ,^{11}_{12} ,^{11}_{10} 1 288 3

S_{1,2} z^2y+zx^2+y^2x^2+ y^7

−^1_{10} ,^1_{14} ,^1_5 ,^3_{14} ,^3_{10} ,^5_{14} , 2 5 ,^1_2 ,^1_2 ,^3_5 ,^9_{14} ,^7_{10} ,^{11}_{14} , 4 5 ,^{13}_{14} ,^{11}_{10}

1 140 3

S^#_{1,1} z^2y +zx^2 +zy^3 + y^4x

−^1_{10} ,^1_{11} ,^2_{11} ,^3_{11} ,^3_{10} ,^4_{11} , 5 11 ,^1_2 ,^6_{11} ,^7_{11} ,^7_{10} ,^8_{11} ,^9_{11} , 10 11 ,^{11}_{10}

1 220 5

S^#_{1,2} z^2y +zx^2 +zy^3 + y^3x^2

−^1_{10} ,^1_{12} ,^1_6 ,^1_4 ,^3_{10} ,^1_3 ,^5_{12} , 1 2 ,^1_2 ,^7_{12} ,^2_3 ,^7_{10} ,^3_4 ,^5_6 ,^{11}_{12} , 11 10

13 1440 5

U_{1,1} x^3 + xz^2 + xy^3 + y^2z^2

−^1_9 ,^1_{10} ,^1_5 ,^2_9 ,^3_{10} ,^2_5 ,^4_9 , 1 2 ,^5_9 ,^3_5 ,^7_{10} ,^7_9 ,^4_5 ,^9_{10} ,^{10}_9 11 2160 5

U_{1,2} x^3 + xz^2 + xy^3 + y^4z

−^1_9 ,^1_{11} ,^2_{11} ,^2_9 ,^3_{11} ,^4_{11} , 4 9 ,^5_{11} ,^6_{11} ,^5_9 ,^7_{11} ,^8_{11} ,^7_9 , 9 11 ,^{10}_{11} ,^{10}_9

1 99 2

V_{1,1} yx^2 + z^4 + z^2y^2 + y^5

−^1_8 ,^1_{10} ,^1_8 ,^1_4 ,^3_{10} ,^3_8 ,^3_8 , 1 2 ,^1_2 ,^5_8 ,^5_8 ,^7_{10} ,^3_4 ,^7_8 ,^9_{10} , 9 8

1 240 3

V^#_{1,1} yx^2 + z^3y + y^4 + z^3x

−^1_8 ,^1_9 ,^1_8 ,^2_9 ,^1_3 ,^3_8 ,^3_8 ,^4_9 , 5 9 ,^5_8 ,^5_8 ,^2_3 ,^7_9 ,^7_8 ,^8_9 ,^9_8 5 864 5

Appendix A Singular implementation

This chapter contains the documentation of the Singular [GPS02] implementation of the algorithms in chapter 2 in the Singular documentation style. This implementation is contained in the Singular library

gaussman.lib and uses procedures from the Singular library linalg.lib

to compute eigenvalues and the Jordan normal form. Singular including the above libraries is free software under the GNU Public License.

A.1 Singular library linalg.lib

Library: linalg.lib — Linear Algebra Author: Mathias Schulze (mschulze@mathematik.uni-kl.de)

Procedure: hessenberg – Hessenberg form Usage: hessenberg(M); matrix M Assume: M constant square matrix Return:

matrix H; Hessenberg form of M

Example: example hessenberg; shows examples

Procedure: evnf — eigenvalues normal form Usage: evnf(e[,m]); ideal e, intvec m

Assume: ncols(e)==size(m) Return: order eigenvalues e with multiplicities m Example: example evnf; shows examples

Procedure: eigenvals — eigenvalues and multiplicities Usage: eigenvals(M); matrix M Assume: eigenvalues of M in basefield Return:

list l;
ideal l[1];
number l[1][i]; i-th eigenvalue of M
intvec l[2];
int l[2][i]; multiplicity of i-th eigenvalue of M

Example: example eigenvals; shows examples

Procedure: jordan — Jordan data Usage: jordan(M); matrix M Assume: eigenvalues of M in basefield Return:

list l;
ideal l[1];
number l[1][i]; eigenvalue of i-th Jordan block of M
intvec l[2];
int l[2][i]; size of i-th Jordan block of M
intvec l[3];
int l[3][i]; multiplicity of i-th Jordan block of M

Example: example jordan; shows examples

Procedure: jordanbasis — Jordan basis Usage: jordanbasis(M); matrix M

A.1. Singular library linalg.lib 115

Assume: eigenvalues of M in basefield Return:

list l;
module l[1]; inverse(l[1])*M*l[1] in Jordan normal form
intvec l[2];
int l[2][i]; weight filtration index of l[1][i]

Example: example jordanbasis; shows examples

Procedure: jordanmatrix — Jordan matrix Usage: jordanmatrix(e,s,m);

ideal e, intvec s, intvec m

Assume: ncols(e)==size(s)==size(m) Return:

matrix J; Jordan matrix with list(e,s,m)==jordan(J)

Example: example jordanmatrix; shows examples

Procedure: jordannf — Jordan normal form Usage: jordannf(M); matrix M Assume: eigenvalues of M in basefield Return:

matrix J; Jordan normal form of M

Example: example jordannf; shows examples

A.2 Singular library gaussman.lib

Library: gaussman.lib — Gauß-Manin Connection Author: Mathias Schulze (mschulze@mathematik.uni-kl.de) Overview: A library to compute Hodge-theoretic invariants of isolated hypersurface singularities See Also: mondromy.lib, spectrum.lib Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; monodromy; spectrum; spectral pairs; mixed Hodge structure; V-filtration; weight filtration

Procedure: gmsring — Gauß-Manin system Usage: gmsring(t,s); poly t, string s Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

ring G; Gauß-Manin system of t with variable s
poly gmspoly=t;
ideal gmsjacob; Jacobian ideal
ideal gmsstd; standard basis of Jacobian ideal
matrix gmsmatrix; matrix(gmsjacob)*gmsmatrix==matrix(gmsstd)
ideal gmsbasis; monomial vectorspace basis of Jacobian algebra
int gmsmaxdeg; maximal weight of variables

Note: gmsbasis is a C{{s}}-basis of H^{′′} and [t, s] = s^2 Keywords: singularities; Gauß-Manin connection; Brieskorn lattice Example: example gmsring; shows examples

Procedure: gmsnf — Gauß-Manin normal form

Usage: gmsnf(p,K); poly p, int K Assume: basering returned by gmsring Return:

list nf;
ideal nf[1]; projection of p to ⟨gmsbasis⟩C{{s}} mod s^{K+1}
ideal nf[2]; p==nf[1]+nf[2]

Note: computation can be continued by setting p=l[2] Keywords: singularities; Gauß-Manin connection; Brieskorn lattice Example: example gmsnf; shows examples

Procedure: gmscoeffs — Gauß-Manin basis representation Usage: gmscoeffs(p,K); poly p, int K Assume: basering returned by gmsring Return:

list l;
matrix l[1]; C{{s}}-basis representation of p mod s^{K+1}
ideal l[2]; p==matrix(gmsbasis)*l[1]+l[2]

Note: computation can be continued by setting p=l[2] Keywords: singularities; Gauß-Manin connection; Brieskorn lattice Example: example gmscoeffs; shows examples

Procedure: monodromy — complex monodromy Usage: monodromy(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list l=jordan(M); Jordan data of monodromy matrix e^{−2πiM}

See Also: mondromy.lib, linalg.lib

Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; monodromy Example: example monodromy; shows examples

Procedure: spectrum — singularity spectrum Usage: spectrum(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list sp; singularity spectrum of t
ideal sp[1];
number sp[1][i]; i-th spectral number
intvec sp[2];
int sp[2][i]; multiplicity of i-th spectral number

See Also: spectrum.lib Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; V-filtration; spectrum Example: example spectrum; shows examples

Procedure: sppairs — spectral pairs Usage: sppairs(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list spp; spectral pairs of t
ideal spp[1];
number spp[1][i]; V-filtration index of i-th spectral pair
intvec spp[2];
int spp[2][i]; weight filtration index of i-th spectral pair
intvec spp[3];

int spp[3][i]; multiplicity of i-th spectral pair

See Also: spectrum.lib Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; V-filtration; weight filtration; spectrum; spectral pairs Example: example sppairs; shows examples

Procedure: spnf — spectrum normal form Usage: spnf(a[,m][,V]);

ideal a, intvec m, list V

Assume: ncols(a)==size(m)==size(V);

typeof(V[i])=="int"

Return: order (a[i][,V[i]]) with multiplicity m[i] lexicographically Example: example spnf; shows examples

Procedure: sppnf — spectral pairs normal form Usage: sppnf(a,w[,m][,V]);

ideal a, intvec w, intvec m, list V

Assume: ncols(a)==size(w)==size(m)==size(V);

typeof(V[i])=="module"

Return: order (a[i][,w[i]][,V[i]]) with multiplicity m[i] lexicographically Example: example sppnf; shows examples

Procedure: vfilt — V-filtration Usage: vfilt(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list v; V-filtration on H^{′′}/sH^{′′}
ideal v[1];

number v[1][i]; V-filtration index of i-th spectral number
intvec v[2];
int v[2][i]; multiplicity of i-th spectral number
list v[3];
module v[3][i]; vectorspace basis of i-th graded part

in terms of v[4]

ideal v[4]; monomial vectorspace basis of H^{′′}/sH^{′′}
ideal v[5]; standard basis of Jacobian ideal

See Also: spectrum.lib Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; V-filtration; spectrum Example: example vfilt; shows examples

Procedure: vwfilt — weighted V-filtration Usage: vwfilt(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list vw; weighted V-filtration on H^{′′}/sH^{′′}
ideal v[1];
number v[1][i]; V-filtration index of i-th spectral pair
intvec v[2];
int v[2][i]; weight filtration index of i-th spectral pair
intvec v[3];
int v[3][i]; multiplicity of i-th spectral pair
list v[4];
module v[4][i]; vectorspace basis of i-th graded part

in terms of v[5]

ideal v[5]; monomial vectorspace basis of H^{′′}/sH^{′′}
ideal v[6]; standard basis of Jacobian ideal

See Also: spectrum.lib Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; V-filtration; spectrum Example: example vwfilt; shows examples

Procedure: tmatrix — C{{s}}-matrix of t on Brieskorn lattice Usage: tmatrix(t); poly t Assume: characteristic 0; local degree ordering; isolated critical point 0 of t Return:

list A; C{{s}}-matrix A[1]+s*A[2] of t on H^{′′}
matrix A[1];
matrix A[2];

Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; opposite Hodge filtration; V-filtration;

Example: example tmatrix; shows examples

Procedure: endfilt — endomorphism V-filtration Usage: endvfilt(v); list v Assume: v returned by vfilt Return:

list ev; V-filtration of t on Jacobian algebra
ideal ev[1];
number ev[1][i]; i-th V-filtration index
intvec ev[2];
int ev[2][i]; i-th multiplicity
list ev[3];
module ev[3][i]; vectorspace basis of i-th graded part in terms of ev[4]

ideal ev[4]; monomial vectorspace basis of Jacobian algebra
ideal ev[5]; standard basis of Jacobian ideal

Keywords: singularities; Gauß-Manin connection; Brieskorn lattice; mixed Hodge structure; V-filtration; endomorphism filtration Example: example endfilt; shows examples

Procedure: spprint — print spectrum Usage: spprint(sp); list sp Return:

string s; spectrum sp

Example: example spprint; shows examples

Procedure: sppprint — print spectral pairs Usage: spprint(spp); list spp Return:

string s; spectral pairs spp

Example: example sppprint; shows examples

Procedure: spadd — sum of spectra Usage: spadd(sp1,sp2); list sp1, list sp2 Return:

list sp; sum of spectra sp1 and sp2

Example: example spadd; shows examples

Procedure: spsub — difference of spectra Usage: spsub(sp1,sp2); list sp1, list sp2 Return:

list sp; difference of spectra sp1 and sp2

Example: example spsub; shows examples

Procedure: spmul — linear combination of spectra Usage: spmul(sp0,k); list sp0, int[vec] k Return:

list sp; linear combination of spectra sp0

with coefficients k Example: example spmul; shows examples

Procedure: spissemicont — semicontinuity test of spectrum Usage: spissemicont(sp[,1]); list sp Return:

int k=1; if sum of sp is positive on all intervals [a, a + 1)

[and (a, a + 1)]

int k=0; if sum of sp is negative on some interval [a, a + 1)

[or (a, a + 1)] Example: example spissemicont; shows examples

Procedure: spsemicont — semicont. combinations of spectra Usage: spsemicont(sp0,sp,k[,1]);

list sp0, list sp

Return:

list l;
intvec l[i]; if the spectra sp0 occur with multiplicities k in

a deformation of a [quasihomogeneous] singularity with spectrum sp then k<=l[i] Example: example spsemicont; shows examples

Procedure: spmilnor — Milnor number of spectrum Usage: spmilnor(sp); list sp Return:

int mu; Milnor number of spectrum sp

Example: example spmilnor; shows examples

Procedure: spgeomgenus — geometrical genus of spectrum Usage: spgeomgenus(sp); list sp Return:

int g; geometrical genus of spectrum sp

Example: example spgeomgenus; shows examples

Procedure: spgamma — γ-invariant of spectrum Usage: spgamma(sp); list sp Return:

number gamma; γ-invariant of spectrum sp

Example: example spgamma; shows examples

Index

A, 94, 98 A^{i,j}, 93, 95 algebra

Jacobian, 12 α, 93 A^σ, 44 ~Aσ, 44 A(t), 17

B, 81, 89 b^j , 81 Brieskorn

algorithm, 33, 44 lattices, 28

formal, 33 local, 28 B^τ , 42 ~Bτ , 42 ∁, 75 c, 96, 98 C^α, 21 C^{α,p}, 60, 61 (co)homology bundle, 15 sheaf, 15 connection, 15 dual, 16 flat, 16 Gauß-Manin, 16 local, 20 covering

universal, 16 C{{s}}, 24

C{t}, 12 C{x}, 12 D, 80 D, 20 d, 15, 27 d^j, 80 d^α, 54 d^α_l , 54 ddnf, 86 ddnf_i, 86 deg, 62, 70, 72, 81, 83 degree, 70, 72

block, 70 global, 70 local, 70 deg_s, 81 deg_w, 101 deg_x, 81 δ(A), 93 derivative

covariant, 15 determinacy

finite, 12 k-determined, 12 differential deformation, 80 normal form algorithm, 86 dx, 31 dx_{^j}, 31

E, 90 e_i, 106 e^i, 70 eigenvals, 114

eigenvalues, 93

endfilt, 121

Euler

relation, 101

evnf, 113

F , 97 f, 80 f, 12, 13, 89, 101, 103, 109 F C^α, 23 filtration

(<, h)-stable, 76 ⟨s, x⟩-adic, 76 F_k, 97 F^L, 40 F^p, 51, 52 F_p, 49, 50 ~F_p, 49, 50 f_σ, 58

G, 20 G , 20 ~G, 25 g, 81, 89 G^α, 61 Γ, 58 γ, 57 Gauß-Manin system, 25

gaussman.lib, 116
gen(i), 106
gmscoeffs, 117
gmsnf, 116
gmsring, 116

H, 17, 28, 81, 91, 94, 97, 98 H^′, 28 H^{′′}, 28, 89 H, 15 H , 15 ^H ′′, 89 h, 82, 92, 94

H_C, 17, 51 H^λ_C, 19 H^{≠1}_C , 19 Hertling’s

conjecture, 57 γ-invariant, 57

hessenberg, 113

H_∞, 91 H_k, 90, 91 h_{k,β}, 82 H^n, 18 H_n, 18 H^n, 18 H_n, 18 Hodge

filtration, 51, 52 canonical splitting, 52 Steenbrink’s, 49, 50 Varchenko’s, 49, 50 mixed structure, 52 morphism, 52 simultaneous splitting, 53 numbers, 53 refinement, 60 splitting, 61 structure, 51, 52 morphism, 52 H^{p,q}, 52 h^{p,q}, 53 H_Q, 17, 51 H^{≠1}_Q , 19 H_R, 17, 51

i, 13 index

column, 12 row, 12 I^{p,q}, 52

j, 94, 97 k-jet, 89 jet_k, 89

jordan, 114
jordanbasis, 114
jordanmatrix, 115
jordannf, 115

k, 97 κ, 31, 90

l, 94 λ_α, 19 lattice, 36 C{{s}}, 36 C{t}, 36 filtration, 40 resonant, 37 saturated, 37 lead, 62, 63, 72 leading

module, 63, 72 term, 63, 72 lead_<, 72, 81 lead_s, 81 lead_V , 63 Leibnitz rule, 15 lemma

De Rham, 28 Poincaré, 28 <, 81, 89 <_{lex}, 70 <_N, 70 <_{Q×Z}, 59 <_s, 81 <_s, 89 <_x, 81, 89

linalg.lib, 113

L_∞, 38 L_k, 38

M, 17 m, 81 m, 72, 80 σ-matrix, 44 τ-matrix, 43 max deg, 68, 83 Milnor

fibration, 13 fibre, 13

(co)homology, 13 canonical, 16 homotopy type, 13 number, 12

milnor, 103

min deg, 68, 83 M^λ, 19 (t,s)-module, 36 monodromy

(co)homological, 17 eigenvalues, 18 generalized eigenspaces, 19 Jordan blocks, 18 part

nilpotent, 19 semisimple, 19 unipotent, 19 representation, 17 theorem, 18

monodromy, 117

M_s, 19 M_u, 19 μ, 12, 89

N, 59, 83 N, 19, 22, 46 n, 12, 72, 80, 89 ∇, 16 ∇_X , 15 ∇_{∂t} , 16 N^α, 59 Newton

boundary, 58 filtration, 59 non-degenerate, 58 order, 58 polyhedron, 58 nf, 77 nf_i, 77 N_K , 83 normal form, 75 algorithm, 77, 79 reduced, 77, 79 reduced, 75 ν(g), 58 ν(ω), 58

Ω, 28 Ω^•, 15, 27 Ω^•_{X/T} , 27 operator

microdifferential, 24 order, 62, 72 ordering

algorithmic, 76 block, 70 degree, 70 global, 70 lexicographical, 70 local, 70 monomial, 70, 72 partial, 70 semigroup, 70

∂, 12, 80, 89 ∂_s, 26 ∂_t, 16 Φ, 87 Φ_K , 87 π_H , 81 π_U , 77

poly, 103

ψ, 40 ψ_α, 20 ψ_L, 41

Q_k, 90, 91 σ-representation, 44 τ-representation, 43 residue, 37 res_L, 37

ring, 103

rnf, 77 rnf_i, 77 rsb, 79

s, 24, 25 s_α(A), 19 saturate, 91, 92 saturate_i, 91 saturation, 38 sb, 79, 80 section

elementary, 20 flat, 15, 17 geometrical, 29 global, 17 good, 64 holomorphic, 15 monodromy invariant, 19 multivalued, 17, 19 single-valued, 19 Singular, 113 Sp, 54 space

critical, 56

spadd, 122

spectral numbers, 54 symmetry, 55 spectral pairs, 54

symmetry, 55

spectrum, 118

singularity spectrum, 54 weighted, 54

spgamma, 124
spgeomgenus, 124
spissemicont, 123
spmilnor, 123
spmul, 123
spnf, 119

Spp, 54

sppairs, 118
sppnf, 119
sppprint, 122
spprint, 122
spsemicont, 123
spsub, 122

standard basis, 63, 64, 72, 74 minimal, 63, 64, 72, 74 reduced, 64, 72, 74 (F_1, F_2)-strict, 51 F -strict, 50 supp, 58, 62, 72 support, 58, 62, 72 supp_V , 63

T , 13 T^′, 13 T , 15 t, 12 τ, 16 (α, p)-term, 62 T^∞, 16

tmatrix, 121

t∂_t, 22 transform, 92 (F_1, F_2)-type, 51 F -type, 50

U, 94, 96 u, 16 unfolding, 56

μ-constant, 56

V , 23, 36, 84 v, 94 V- filtration, 23

canonical splitting, 23 leading term, 63 order, 63 support, 63 V^α, 23, 36 V^{>α}, 23 V^{α,p}, 60 v^{α,q}, 62 vector

column, 12 row, 12

vfilt, 119

V_K , 84

vwfilt, 120

W , 46 weight, 47, 70 filtration, 47, 48, 52 refinement, 60 W_k, 46, 48, 52

X, 13 X^′, 13 s, 80 x, 12, 80 X^∞, 16

xiyj, 103

X_t, 13 X_U , 13

Bibliography

[AGZV85] V.I. Arnold, S.M. Gusein-Zade, and A.N. Varchenko. Singularities of Differentiable Maps, volume I. Birkhäuser, 1985.

[AGZV88] V.I. Arnold, S.M. Gusein-Zade, and A.N. Varchenko. Singularities of Differentiable Maps, volume II. Birkhäuser, 1988.

[B^+87] A. Borel et al., editors. Algebraic D-modules, volume 2 of Persp.

in Math. Acad. Press, 2. edition, 1987.

[Bar93] D. Barlet. Theory of (a,b)-modules, I. In V. Ancona and A. Silva, editors, Complex Analysis and Geometry, pages 1–43. Plenum Press, 1993.

[Bar00] D. Barlet. Un critère d’existence de bloc Jordan pour an (a,b)- module. Républ. Inst. Élie Cartan, 10:1–11, 2000.

[Bjö79] J.-E. Björk. Rings of differential operators. Math. Libr. North- Holland, 1979.

[BM84] J. Briançon and Ph. Maisonobe. Idéaux de germes d’opérateurs différentiels à une variable. Enseign. Math., 30:7–38, 1984.

[Bri70] E. Brieskorn. Die Monodromie der isolierten Singularitäten von Hyperflächen. Manuscr. Math., 2:103–161, 1970.

[BS74] J. Briançon and H. Skoda. Sur la clôture intégrale d’un idéal de germes de fonctions holomorphes en un point de C^n. C. R. Acad. Sci. Paris, 278:949–951, 1974.

[Buc65] B. Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des Restklassenringes nach einem nulldimensionalen Polynomideal. Thesis, Univ. Innsbruck, 1965.

[Buc85] B. Buchberger. Gröbner bases: an algorithmic method in polynomial ideal theory. In N. K. Bose, editor, Recent trends in multidimensional system theory. Reidel, 1985.

[Del70] P. Deligne. Equations différentielles à points singuliers réguliers, volume 163 of Lect. Notes in Math. Springer, 1970.

[Del72] P. Deligne. Théorie de Hodge, II. Publ. Math. I.H.E.S, 40:5–57, 1972.

[dJP00] T. de Jong and G. Pfister. Local Analytic Geometry. Adv. Lect.

in Math. Vieweg, 2000.

[End02] S. Endrass. spectrum.lib. Singular 2.0.3 library, Centre for Computer Algebra, University of Kaiserslautern, 2002.

http://www.singular.uni-kl.de.

[Gab74] A.M. Gabrielov. Bifurcations, Dynkin diagrams and modality of isolated hypersuface singularities. Funct. Anal., 8:94–98, 1974.

[GL73] R. Gérard and A.H.M. Levelt. Invariants mésurant l’irrégularité en un point singulier des systèmes d’équations différentielles linéaires. Ann. Inst. Fourier, Grenoble, 23(1):157–195, 1973.

[GP96] G.-M. Greuel and G. Pfister. Advances and improvements in the theory of standard bases and syzygies. Arch. Math., 66:163–176, 1996.

[GPS02] G.-M. Greuel, G. Pfister, and H. Schönemann. Singular 2.0.3.

A Computer Algebra System for Polynomial Computations, Centre for Computer Algebra, University of Kaiserslautern, 2002.

http://www.singular.uni-kl.de.

[Her93] C. Hertling. Analytische Invarianten bei den unimodularen und bimodularen Hyperflächensingularitäten. Dissertation, Bonner math. Schriften 250, 1993.

[Her00] C. Hertling. Frobenius manifolds and moduli spaces for hypersurface singularities. to appear in Cambr. Univ. Press, 2000.

[Her01] C. Hertling. Frobenius manifolds and variance of the spectral numbers. In New Developments in Singularity Theory, NATO Science Series. Kluwer, 2001.

[Kul98] V. S. Kulikov. Mixed Hodge structures and singularities. Number 132 in Cambr. Tracts in Math. Cambr. Univ. Press, 1998.

[Laz73] F. Lazzeri. A theorem on the monodromy of isolated hypersurface singularities. Astérisque, 7-8:269–275, 1973.

[Loo84] E.J.N Looijenga. Isolated Singular Points on Complete Intersections, volume 77 of London Math. Soc. Lect. Note Series. Cambr. Univ. Press, 1984.

[Mal74] B. Malgrange. Intégrales asymptotiques et monodromie. Ann.

scient. Ec. Norm. Sup., 7:405–430, 1974.

[Mil68] J. Milnor. Singular Points on Complex Hypersurfaces, volume 61 of Ann. Math. Stud. Princ. Univ. Press, 1968.

[Nac90] P.F.M. Nacken. A computer program for the computation of the monodromy of an isolated singularity. Predoctoral thesis, Katholieke Universiteit Nijmegen, 1990.

[Pha77] F. Pham. Caustiques, phase stationnaire et microfonctions. Acta.

Math. Vietn., 2:35–101, 1977.

[Pha79] F. Pham. Singularités des systèmes de Gauss-Manin, volume 2 of Progr. in Math. Birkhäuser, 1979.

[Sai] M. Saito. Exponents of an irreducible plane curve singularity.

math.AG/0009133.

[Sai71] K. Saito. Quasihomogene isolierte Singularitäten von Hyperflächen. Invent. Math., 14:123–142, 1971.

[Sai88] M. Saito. Exponents and Newton polyhedra of isolated hypersurface singularities. Math. Ann., 281:411–417, 1988.

[Sai89] M. Saito. On the structure of Brieskorn lattices. Ann. Inst.

Fourier Grenoble, 39:27–72, 1989.

[Sch99] M. Schulze. Computation of the monodromy of an isolated hypersurface singularity. Diplomarbeit, Universität Kaiserslautern, 1999. http://www.mathematik.uni-kl.de/~mschulze.

[Sch01] M. Schulze. Algorithms for the Gauss-Manin connection. Journ.

Symb. Comp., 32(5):549–564, 2001.

[Sch02a] M. Schulze. gaussman.lib. Singular 2.0.3 library, Centre for Computer Algebra, University of Kaiserslautern, 2002.

http://www.singular.uni-kl.de.

[Sch02b] M. Schulze. mondromy.lib. Singular 2.0.3 library, Centre for Computer Algebra, University of Kaiserslautern, 2002.

http://www.singular.uni-kl.de.

[Seb70] M. Sebastiani. Preuve d’une conjecture de Brieskorn. Manuscr.

Math., 2:301–308, 1970.

[SS85] J. Scherk and J.H.M. Steenbrink. On the mixed Hodge structure on the cohomology of the Milnor fibre. Math. Ann., 271:641–655, 1985.

[Ste76] J. Steenbrink. Mixed Hodge structure on the vanishing cohomology. In Real and complex singularities, pages 525–562. Nordic summer school, Oslo, 1976.

[Ste85] J.H.M. Steenbrink. Semicontinuity of the singularity spectrum.

Invent. Math., 79(3):557–565, 1985.

[Tra73] Lê Dung Trang. Une application d’un théorème d’A’Campo à l’équisingularité. Preprint, Centre de Math. de l’Ecole Polytech., Paris, 1973.

[Var82a] A.N. Varchenko. Asymptotic Hodge structure in the vanishing cohomology. Math. USSR Izvestija, 18(3):496–512, 1982.

[Var82b] A.N. Varchenko. The complex exponent does not change along the stratum μ=constant. Funct. Anal. Appl., 16:1–9, 1982.

[VK85] A.N. Varchenko and A.G. Khovanskii. Asymptotics of integrals over vanishing cycles and the Newton polyhedron. Sov. Math. Docl., 32:122–127, 1985.

Wissenschaftlicher Werdegang

1994 Abitur am Helmholtz-Gymnasium Zweibrücken 1994-1999 Studium der Mathematik an der Universität Kaiserslautern 1996 Vordiplom in Mathematik an der Universität Kaiserslautern 1999 Diplom in Mathematik an der Universität Kaiserslautern 1999-2000 Master Class des Mathematical Research Institute der Niederlande 1998-2000 Stipendiat der Studienstiftung des deutschen Volkes 2000-2002 Promotionsstudium Mathematik an der Universität Kaiserslautern 2000-2002 Stipendiat der Graduiertenförderung der Universität Kaiserslautern