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ABSTRACT. The immiscible lattice BGK method for solving the two-phase incompressible Navier-Stokes
equations is analysed in great detail. Equivalent moment analysis and local differential geometry are
applied to examine how interface motion is determined and how surface tension effects can be included
such that consistency to the two-phase incompressible Navier-Stokes equations can be expected. The
results obtained from theoretical analysis are verified by numerical experiments. Since the intrinsic
interface tracking scheme of immiscible lattice BGK is found to produce unsatisfactory results in two-
dimensional simulations several approaches to improving it are discussed but all of them turn out to yield
no substantial improvement. Furthermore, the intrinsic interface tracking scheme of immiscible lattice
BGK is found to be closely connected to the well-known conservative volume tracking method. This
result suggests to couple the conservative volume tracking method for determining interface motion with
the Navier-Stokes solver of immiscible lattice BGK. Applied to simple flow fields, this coupled method
yields much better results than plain immiscible lattice BGK.
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Introduction

Lattice Boltzmann methods are relatively new and quite popular numerical methods for solving the
incompressible Navier-Stokes equations of mathematical fluid dynamics in a very special way. Unlike
conventional Navier-Stokes solvers, they do not approximate the equations directly but simulate fluid
behaviour on a mesoscopic level and determine the solution of the incompressible Navier-Stokes equations
by computing certain moments of the particle density. The lattice BGK equation is a particularly simple
lattice Boltzmann method. Lattice Boltzmann has been developed as an advancement of the lattice gas
method which models the motion of microscopic fluid particles in a very simple way. A detailed historic
review is given at the beginning of Section [1.1.

The main advantage of lattice Boltzmann methods is the simplicity of the underlying mesoscopic
equations in comparison to Navier-Stokes. Thus, it is natural to believe in lattice Boltzmann to outper-
form conventional methods of computational fluid dynamics in the simulation of complicated flow, such
as flow in porous media or two-phase flow. In fact, there is a huge number of papers on lattice Boltzmann
methods for two-phase flow, a small extract is listed at the beginning of Section [2.2. However, so far,
rigorous numerical analysis of lattice Boltzmann methods for two-phase flow has hardly been performed.
Nevertheless, such kind of analysis is a very reliable tool for understanding the behaviour of a given
numerical scheme, so it is surely a good idea to apply it to lattice Boltzmann methods for two-phase flow
as well.

Keeping to this idea we shall proceed as follows. In Chapter [1, we will introduce the lattice BGK
method for simulating single-phase flow and show its consistency to the incompressible Navier-Stokes
equations by so-called equivalent moment analysis. The validity of this analysis will be underlined by
numerical experiments. Chapter |2 starts with the presentation of mathematical theory of two-phase
flow. After this, we will introduce the immiscible lattice BGK method which is one of several lattice
BGK schemes for two-phase flow. We will perform a detailed analysis of this method with particular
focus on interface tracking and the treatment of surface tension effects. Additionally, we will isolate the
intrinsic interface tracking method of immiscible lattice BGK and consider it as a stand-alone transport
scheme. In Chapter[3, we will define a benchmark problem for transport schemes and then present results
computed with ILBGK interface tracking. Those results will turn out to be quite unsatisfactory and thus,
we will also discuss several ideas how the scheme could possibly be improved. Unfortunately, none of
those ideas is to provide the desired result. Chapter 4] contains a detailed numerical analysis of ILBGK
interface tracking. We will learn that this scheme is a special case of a parameter-dependent general
method and consider numerical results for some reasonable choices of parameters. However, a careful
choice of parameters does not generally improve the scheme. Therefore, a conservative volume tracking
method will be presented in Chapter 5 as an alternative to the intrinsic interface tracking scheme of
immiscible lattice BGK. Numerical results will be presented for conservative volume tracking as a stand-
alone interface tracking scheme and in combination with the Navier-Stokes solver of immiscible lattice
BGK. After this, we will draw some conclusions from the work we performed and finally, the |Appendix
will provide an interesting supplement to the theoretical studies in Chapter |2.

Let us now conclude this introduction with a few remarks on notation. In the following, we will print
matrices and vectors in boldface and their respective components, as well as other scalars, in normalface,
for example A,g denotes the entry in the a-th line and (-th column of the matrix A and z, stands for
the a-th component of the vector &. Especially, 0 = (0,...,0)”. Subscripts denoting components are
separated from other lower indices by a semicolon, for example c;., represents the a-th component of the
vector ¢;. Summation is implicitly assumed over repeated lowercase Greek but not uppercase Greek or
Latin indices. Furthermore, we will use shortcuts of the form 0; for the derivative with respect to the
scalar variable t and J,, for the derivative with respect to the a-th component of the position vector.






CHAPTER 1

The lattice BGK equation

This chapter introduces the lattice BGK method for solving the incompressible Navier-Stokes equations.
The lattice BGK equation belongs to the family of lattice gas/lattice Boltzmann methods, see for example
Benzi et al. [3], Chen and Doolen [10], Rothman and Zaleski [67], or Wolf-Gladrow [81] for a detailed
overview of such methods. The main feature of lattice gas/lattice Boltzmann methods is that they
do not approximate the Navier-Stokes equations directly. Instead, they simulate particle dynamics on
a microscopic (lattice gas) respectively mesoscopic (lattice Boltzmann) scale and the solution of the
macroscopic Navier-Stokes equations is obtained via averaging. In particular, the lattice BGK equation
is a very simple lattice Boltzmann method.

Section[1.1 contains a short description of the lattice BGK method and a proof of its consistency to the
incompressible Navier-Stokes equations. In Section 1.2, one of the basic prerequisites of the consistency
proof, namely the assumption on the order of magnitude of some particular moments of the mesoscopic
particle distribution function, is justified by numerical experiments.

1.1. Overview of the lattice BGK equation

In 1986, Frisch et al. [17] introduced the lattice gas method for the incompressible Navier-Stokes equations
in two-dimensional space and in the same year d’Humiéres et al. [38] extended the method to three space
dimensions. The lattice Boltzmann method was developed in 1988 by McNamara and Zanetti [53] in
order to overcome an essential drawback of lattice gas, namely intrinsic statistical noise, and in 1989,
Higuera and Jiménez [33] introduced a linearised version of lattice Boltzmann. In 1992, Chen et al. [9]
and Qian et al. [63] independently proposed to apply the ideas of Bhatnagar et al. [4] to the lattice
Boltzmann method, thus inventing the lattice BGK (LBGK) method. In 1997, Abe [1] as well as He
and Luo [31] independently proved that the governing equations of LBGK can be derived directly from
the continuous Boltzmann equation with BGK type collision operator and in 1999, Junk [40] showed
the formal connection between the lattice Boltzmann equation and other kinetic schemes. It should also
be noted that Luo [51,52] derived a similar set of equations from the continuous Enskog equation and
proved consistency of this model to the incompressible Navier-Stokes equations.

In the following, we will discuss the lattice BGK method (Section [1.1.1) and prove its consistency to
the incompressible Navier-Stokes equations (Section [1.1.2).

1.1.1. Description of the method. In LBGK, we assume that a domain @ c R? is covered by a
regular lattice with equidistant nodes and we denote the set of lattice nodes with X. At a given time ¢,
we consider the particle density f(¢,a;wv) of fluid particles located at position & € X and moving with
velocity v € V,, where V, = {¢; : j=0,...,¢— 1} with some ¢ € IN contains only a finite number of
velocity vectors. Given two functions g1, g2 : V4 — IR, we introduce the scalar product

(91,92), = > _ g1(v)g2(v).

Defining now a discrete moment M of order m € IN of f by
M(t,xz) = (f(t,z;v), P(v))

v’

where P is a polynomial of degree m in v, we can write mass density p as a zeroth order moment of f
and momentum density pu as a first order moment of f, in particular

p(t,a}) = <f(ta CC;’U), 1>'v and (pua) (tv :L’) = <f(ta m;v)vva>v . (11)

Flow velocity w is then given by u, = pua/p.
In this thesis, we will exclusively consider the D2Q9 [63] LBGK model which is an LBGK model in
two space dimensions (D2) with a square lattice and nine discrete velocities (Q9). In lattice units, the

9



10 1. THE LATTICE BGK EQUATION
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FIGURE 1.1: The D2Q9 LBGK model: Each grey circle marks a node of the square lattice. Under the magnifier, we can see
the nine groups of particles (marked with black dots) and the corresponding particle velocities (pictured as arrows). This
Figure is taken from Junk [43].

velocity vectors are given by

() () ()

Note that non-zero particle velocities are chosen such that particles are moving from a given node to
one of its next neighbours in lattice direction (e¢;, c3, ¢5, ¢7) or diagonal direction (e, ¢4, cg, cs), as
illustrated in Figure 1.1. Figure|1.2 visualises a typical particle density at a given lattice node. In the
D2Q9 LBGK model, the lattice BGK equation for f has the form

ft+dt,x;v) = (1 —w)f(t,x — vot;v) + wf(p(t,x — vt), u(t, © — vt);v), (1.2)
for v = cg,...,cs, where §t denotes the time step size and w € [1,2) plays the role of a relaxation
parameter. Note that for the side length dx of the lattice, we have

dx = ||c1dt]|, = dt. (1.3)
The equilibrium particle density f¢? is given by
Fo(p.0) = 1°(0) (p-+ 30000 + Gpuava (vav - 2521, (149

where

1 fora=p

*(¢;)=4{1/9 forj=1,357 d oy =
fr(ey) / orJg an 6 0 otherwise.

4/9 forj=0 {
1/36 for j =2,4,6,8

By straight calculation, we obtain

1), =p  and  (f ), = pia. (L5)

Equation (1.2) is typically solved in two steps, the collision step

ftziv) = (1 —w)ft, @ v) +wf“(p(t ), ult, z);v) (1.6)
and the propagation step

f(t+6t,x;v) :f(t,:c—'uét;v). (1.7)
Combining (1.1) and (1.5) we find that conservation of both mass density p and momentum density pu,
is guaranteed in the collision step. Since it is not possible to create or destroy mass or momentum by
pure propagation we conclude that also the full LBGK equation (1.2) conserves mass density as well as
momentum density. The complete LBGK method is summarised in Algorithm T.1.
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f(ta €, CO)

FIGURE 1.2: The relative magnitude of particle densities when the fluid is in equilibrium: The particle density corresponding
to zero velocity is largest, the common magnitude of particle densities corresponding to velocities in lattice directions is
larger than that of particle densities corresponding to velocities in diagonal direction. This Figure is taken from Junk [43].

initialise p(0, ) and u(0, z);
let f(0,z;v) = f°(p(0,x),u(0,x)) as defined in (1.4);
while t < taz

determine f¢(p(t,x), u(t, x)) according to (1.4);

do collision according to (1.6);

do propagation according to (1.7);

let t =t + dt;

compute p(t, ) and pu,(t, ) according to (1.1);

let us(t, ) = pun(t,x)/p(t, );

ALGORITHM 1.1: The lattice BGK method

1.1.2. Consistency analysis. We shall now follow the equivalent moment approach proposed by Junk
[42, 43] to show consistency of the scheme (1.2) to the incompressible Navier-Stokes equations [15, 49,
50, 80]

Oty =0 and Or(oua) + 0s(0uaup) = 0aTugs- (1.8)
In (1.8), o denotes the constant density of the incompressible fluid while
Tap = ~POap + pt (Datip + Ipua) (1.9)

represents the stress tensor with dynamic pressure p and dynamic viscosity p. Note that incompressible
one-phase flow does not depend on density and in fact, the second equation in (1.8) can be reformulated
such that o does no longer appear. However, we will stick to the formulation above in order to maintain
notational analogy to the two-phase case considered in Section 2.1.

Equivalent moment analysis makes sense only under the condition that the lattice distance dx is
small compared to the characteristic length L of the flow, i. e.

6.’1}
Az =" <1
e Sh

because otherwise, space resolution is too coarse for (1.2) to produce reasonable results. Reider and
Sterling [64] showed that for a consistent approximation to incompressible flow, the characteristic speed
U of the flow must fulfill U = O (Az). For simplicity, we set the proportionality to one, i. e. we choose
U = Az. Introducing the characteristic time scale T'= L/U and using (1.3), we find that

_— = — = 2
At T LU Az,

The relation At = Az? will be frequently used in the following. Introducing additional scaled quantities

fla50) = ftasw), 5 (L2) = plt,), ﬁa(f,:ﬁ):%ua(t,w),

~ A 2 N
Fripase) = ) (5 38epiaen + 257 iy (vuvs - 22)),
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we can write the LBGK equation (1.2) in in terms of scaled quantities,
f(f+At,a“c;v) =(1 fw)f(t T — vAx; 'v) +wfe ( (t :cvax) (f,iva:z:) ;'U) .

In the following, we will exclusively work in the described scaling, so from now on we allow ourselves to
skip the hat-superscripts. Therefore, the equation above takes the form

fit+ At xz;v) = (1 —w)f(t,z —vAz;v) + wf p(t,z — vAZ),u(t,x — vAz);v) (1.10)
with

A 2
fé(p,u;v) = f*(v) <p+ 3Azpu v, + 9Tx,0uau3 <vav5 - %)) . (1.11)

Our aim is now to transform the LBGK equation (1.10) into a system of moment equations that
contains mass and momentum equations as a subsystem. Similar reformulations of lattice Boltzmann
equations can be found in d’Humiéres [36], d’Humieres et al. [37], Klar [45], as well as Lallemand and
Luo [48]. Here, we choose the scaled polynomials

U2

QO(”) =1, Ql(”) = N Qz(v) = g (1.12a)
Qo) =5 (H-3) Q=22 -5 (d-5). 0w
1 1
Qs(v) = 15 Bllvlz —4) v,  Qr(v) = N (3llv]|3 —4) v, (1.12¢)
and
1

Qs(v) = 57 (Ollolld — 15013 +2) (1124)

to produce the moments
M, = (f. Qk), and Mg = (f,Qx),, (1.13)

for k =0,...,8. Note that due to (1.12a), we obtain from (1.13)
My = Mg = p, M, = M{? = puy, and My = M3 = pus.

Furthermore, we will often use the notation

9= Mz M,
C\My M)
The chosen scaling of the polynomials (1.12) will be justified in Section 1.2.

We find that the mapping f — Qf = (Mo,..., Ms)T respectively f¢ — Qf¢ = (My?,..., Mg")T
is linear and invertible, so we can write

s 8
@ * ' Qk .
f= *7Mkf respectively = *7M qf*
& . 2 7.qp,
which yields

(1—w)f(t,x —vAz;v) + wf9p(t,x — vAZ), u(t mvax)'v)
Z 7 Q2 (1—w)Mk—l—wM,fq)(t,a:—vAx)f*('u).

Inserting this into (1.10) and applying Q to the resulting equation we obtain the discrete equivalent
moment system of (1.10) which reads

v

Wt + At z) = ZU* . <f*,Qij((1—w)Mj+wM;q)(t,m—vAx)> . (1.14)
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Since the summands on the right hand side of (1.14) are expressions of the form (f*, Pg(x — vAx)),,
where P is a polynomial in v and ¢ is a smooth function in @, we now have a closer look at structures of
this form. By definition, we have

8

(", Pg(@ —vAn), = 3 f*(ce) Pler)g(@ — crlda) (1.15)
k=0

which can be interpreted as a finite difference expression. Usually, the coefficients P(v)f*(v) of such an
expression are collected in a so-called stencil defined by

P(cs)f*(es) P(er)f*(er) Ples)f*(co) 8
P(e1)f*(e1) P(co)f*(co) Ples)f*(es)| g(x) = )  [*(ex)Plex)g(x — cpAx).
P(c2)f*(ca) Ples)f*(ez) Ples)f*(cq) k=0

Applying Taylor expansion to check the consistency of all stencils appearing in (1.14]) we find the discrete
equivalent moment system (1.14) to be a finite difference approximation to a system of partial differential
equations consisting of

1
Oip + Oalpua) = anero (Az?), (1.16a)
1 1 1 )
(1.16b)
1 1 )
ap = patis = 3= | 9p(pua) + dalpup) = 30app | + 0 (Az?), (1.16¢)

and three other equations (see details in Junk [42, 43]). Since the remaining equations decouple
from (1.16) and are not needed to show consistency of (1.14) to the incompressible Navier-Stokes equa-
tions (1.8), we will simply ignore them.

The number of equations in (1.16) can be further reduced by inserting (1.16¢) into (1.16b) which
yields

1
Ot(pua) + ds(puaupg) + PINTIL L

1/1

1 1 1

Requiring that all terms in this equation are of O (1) we find that we need d,p to be of O (sz) which
justifies the assumption

p(t,x) = 0+ 30Az?p(t, ), (1.17)

where ¢ is a constant and p is an order one function. We can now rewrite (1.16) in the form

Ona = O (AIZ) and Ot(oua) + 0s(0uaug) + Oap = %) (é - %) 03(0puq + Oaug) + O (Ax2) )

Now we define the dynamic viscosity u by

o1 1
S 1.18
n=2(-3) (113)
and apply (1.9), so we finally obtain
Daia = O (Az?) and di(oua) + 0s(ouaus) = daTap + O (Az?). (1.19)

Up to O (AxQ), those are in fact the incompressible Navier-Stokes equations (1.8) with constant density
o and dynamic pressure p. This yields

PROPOSITION 1.1. The discrete equivalent moment system (1.14) of the lattice BGK equation (1.10) is
an approximation of O (AasQ) to the incompressible Navier-Stokes equations (1.8)).
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1.1.3. Alternative formulation. He and Luo [30] proposed to exploit the pressure law (1.17) from
the beginning by using the equilibrium distribution

9Ax? 5o
i) = () (o + 38000v + 25 s (v - 22

2 3
instead of (1.11). This implies that in place of (1.5) we have
<f;IqL71>v =p and < ;Iq[nva>v = QUq;,

S0 to guarantee conservation of mass and momentum we must replace (1.1) with

(f,),=p and (f,Va), = 0Uq.

Performing then a moment analysis completely analogous to the one presented in Section [1.1.2 we obtain
Datia = O (Az?),

1
O(ouq) + 0g ((1 —w)Vap + wguau,@v) +0ap = 6 (8@3(91@) + 28a5(gum> + 0 (Az?),

and
1
B = ouauy — 5 (Dp(0ua) + dulous) ) +0 (As?)

instead of (1.16). Continuing the analysis, the above system of equations can be easily reduced to (1.19)
if definitions (1.18) and (1.9) are applied. Thus, we can formulate

PRrROPOSITION 1.2. The discrete equivalent moment system (1.14) of the LBGK equation (1.10) with
equilibrium distribution fi instead of [ produces an approzimation of O (AxQ) to the incompressible
Navier-Stokes equations (1.8).

1.2. Experimental investigation of moments

The scaling of the polynomials (1.12) is chosen in order to produce moments My, and M,? of O (1). Since
f°4 is given explicitly we directly calculate

eq _ eq _ eq _ eq _ 2 eq _ eq _ .2
My* = p, M™ = puq, My" = pus, M;* = puy, M* = pujusg, M:™ = pus,

Mg? =0, M:* =0, and Mg? =0.

The equilibrium moments Mg? to M:? are obviously O (1), so we expect the moments M, to Ms to be
0 (1) as well, see Junk et al. [44] for a detailed discussion of the ideas involved. However, we cannot prove
that this expectation is fulfilled and, even worse, for kK = 6,7,8 we cannot even guess the scaling of My
from what we know about M/ ?. Therefore, we want at least to experimentally investigate the moments
appearing in some slightly non-trivial situation, namely in laminar flow around a circular cylinder [82].

We consider a two-dimensional channel with length 27.5L and height L, where L is the characteristic
length of the flow, bounded by solid walls at top and bottom. Let this channel contain a solid circular
cylinder with radius L/4 whose centre point is located at a distance of L/2 from both bottom and inflow
of the channel. At each fluid-solid interface, we impose a no-slip condition by applying the bounce-back
rule

flt+ At x; —ck) = f(t, x; cr) (1.20)

if € + ¢pAx is is located outside the fluid domain. The bounce-back rule (1.20) sends each particle
distribution streaming towards a boundary node back to the direction it came from. Bounce-back is
known to be not very accurate at curved boundaries if certain care is not taken, however, here it is used
because it is the most common boundary condition for the lattice BGK equation. Even though boundary
conditions are not the major concern here, it should be noted that in the given situation, bounce-back can
be considered a boundary condition either for the (smooth) cylinder itself or for a zig-zag approximation
of it, being more accurate in the second case than in the first one. For a more detailed discussion of
the treatment of no-slip boundary conditions in LBGK consult for example Ginzbourg and Adler [19],
Ginzbourg and d’Humieres [20], He et al. [32], or Mei et al. [54, 55]. At the inflow boundary, we apply
a parabolic velocity profile whose maximum value equals the characteristic speed U of the flow.

This flow is now simulated on three different lattices with three different values of U and L, namely
on a 220 x 40 lattice with U = 0.1 and L = 2.5, on a 440 x 80 lattice with U = 0.05 and L = 5, and on
a 880 x 160 lattice with U = 0.025 and L = 10. We assume that the fluid has constant density o = 1
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FIGURE 1.3: Stream lines of the velocity field of laminar flow around a circular cylinder for Re = 3 (top), Re = 36 (middle),
and Re = 108 (bottom).
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FIGURE 1.4: Left: mean absolute value of My in each simulation, right: My for Re = 3.

and carry out experiments for the dynamic viscosities p = 1/12 (w =4/3), p = 1/144 (w = 48/25), and
= 1/432 (w = 144/73). Therefore, the dimensionless Reynolds number Re = pUL/u takes the values
Re = 3, Re = 36, and Re = 108. We perform 10000 time steps on the 220 x 20 lattice, 20000 time steps
on the 440 x 80 lattice, and 40000 time steps on the 880 x 160 lattice. Note that computation times
are chosen such that a given fluid particle is moving the same dimensionless distance in each simulation
(remember that U = Az). In the remainder of this Section, we will refer to the 220 x 40 lattice as
refinement level one, to the 440 x 80 lattice as refinement level two, and to the 880 x 160 lattice as
refinement level three. The final velocity fields of the experiments on refinement level three are visualised
in Figure[1.3]

Let us now turn our attention to the moments My to Mg of the particle distribution function f. For
the above simulations, the mean absolute values of those moments are visualised in Figures to[1.12.
Furthermore, each Figure contains an exemplifying contour plot of the corresponding moment for Re = 3
on refinement level three.

We find that in each simulation, the moments My to Ms can be considered to be O (1) throughout
the computational domain but Mg and M7 may take absolute values that are somewhat too large, even
though their respective mean absolute values are clearly O (1). Furthermore, Mg may take values that
are far too large and even its mean absolute value is very often larger that O (1).

To obtain more detailed information about this problem, we consider histograms showing the decadic
logarithm of the frequency of occurrence of the values of Mg, M7, and Mg in Figures[1.13,[1.14, respec-
tively [T.15. The logarithm is plotted instead of the frequency of occurrence itself to show more details
for values which do not appear very often. We learn from those histograms that nearly all values of
the moments under investigation can be considered to be O (1). In fact, values larger than O (1) are so
uncommon that they can be considered spurious anomalies. To get an idea of the positions where those
anomalies appear, we consider plots that mark all points where |Mg| > 10, |M7| > 10, and |Mg| > 10 in
the simulation for Re = 3 on refinement level three (Figure[1.16). It is evident that all the points where
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FIGURE 1.7: Left: mean absolute value of M3 in each simulation, right: M3 for Re = 3.
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FIGURE 1.8: Left: mean absolute value of My in each simulation, right: My for Re = 3.
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FIGURE 1.9: Left: mean absolute value of M5 in each simulation, right: M5 for Re = 3.

FIGURE 1.10: Left: mean absolute value of Mg in each simulation, right: Mg for Re = 3.

FIGURE 1.11: Left: mean absolute value of M7 in each simulation, right: M7 for Re = 3.
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FIGURE 1.13: Histograms showing the values of Mg (abscissa) versus the decadic logarithm of their frequency of occurrence
(ordinate) for Re = 3 (left), Re = 36 (middle), and Re = 108 (right), as computed on refinement level three.
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FIGURE 1.14: Histograms showing the values of M7 (abscissa) versus the decadic logarithm of their frequency of occurrence
(ordinate) for Re = 3 (left), Re = 36 (middle), and Re = 108 (right), as computed on refinement level three.
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FIGURE 1.15: Histograms showing the values of Mg (abscissa) versus the decadic logarithm of their frequency of occurrence
(ordinate) for Re = 3 (left), Re = 36 (middle), and Re = 108 (right), as computed on refinement level three.

FIGURE 1.16: Position of the anomalies in Mg (left), M7 (middle), and Mg (right) for Re = 3. Only the front part of the
channel is shown because for each of the moments under consideration, appreciable anomalies appear only there.

any one of the problematic moments has an absolute value larger than 10 are located in the neighbour-
hood of a solid boundary, a great many of them in the surroundings of the obstacle. Also the points of
contact between the solid boundaries and the inflow region turn out to be a source of spurious anomalies.

Remember now that the bounce back condition (1.20) is known to be somewhat inaccurate at curved
boundaries. Remember also that Mg and M7, are computed using the polynomials (1.12c) that scale
with 1/Ax? while the calculation of Mg is based on (1.12d) which even scales with 1/Ax?*. Therefore,
small errors in the particle distribution function f produce large errors in Mg, M7, and Mg. Note that
sensitivity to such a defect is increasing with Re because regularity of the flow is decreasing with Re.
Note also that by rough analysis of the bulk flow one finds that in lowest order, Mg, M7, and Mg depend
on derivatives of u of order three and more, so the absolute values of those moments can be expected to
be large if the derivatives of u are large which is in fact the case in that part of the channel which contains
the obstacle, compare Figure[1.3. Furthermore, such an analysis yields that none of the moments under
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consideration is convected with the velocity field. However, the analysis performed here is not valid at
the boundary, so we do not know whether its results are valid in the vicinity of the solid walls. See
Cornubert et al. [12] for a study of similar effects in the vicinity of solid boundaries.

Concluding this Section we hold the bounce-back condition (1.20) and the amplification of small er-
rors during moment calculation responsible for disturbing the order of magnitude of higher order moments
in the vicinity of no-slip boundaries. Furthermore, we did not explicitly care about proper treatment of
the points of contact between the no-slip boundaries and the inflow/outflow regions, so the appearance
of errors in the surroundings of those points is not really surprising. Therefore, we state that the poly-
nomials (1.12) are in fact scaled such that they produce moments of the particle density f which are of
O (1) in the bulk of the flow.






CHAPTER 2

Modelling of two-phase flow

Advancing the lattice BGK equation to a suitable model for immiscible two-phase flow is not at all
straightforward. Mathematical theory is complicated by the presence of an interface, where both density
and stress tensor may have a jump singularity and surface tension effects must be taken into account.
Furthermore, the treatment of those singularities in the context of the lattice BGK method is a problem
of its own.

In this Chapter, we will consider those difficulties in detail. Section 2.1 contains the mathematical
theory of two-phase flow, as far as it is needed for the following, and Section[2.2/introduces a corresponding
LBGK model, namely the so-called immiscible lattice BGK approach. Section [2.3 contains a detailed
investigation of the intrinsic interface tracking method of immiscible lattice BGK and finally, Section 2.4
describes the modelling of surface tension effects.

2.1. Mathematical theory of incompressible two-phase flow

This Section provides the theoretical background for the derivation of the immiscible lattice BGK method.
Assuming the flow in each phase is governed by the incompressible Navier-Stokes equations we will deduce
one system of equations governing the flow in the whole domain. This system will consist of weak forms of
the incompressible Navier-Stokes equations and the transport equation, the latter describing the motion
of the interface.

After stating the basic assumptions of the theory in Section [2.1.1] we will derive the full-space form
of the governing equations in Section [2.1.2 and in Section [2.1.3, we will present a reformulation of the
full-space incompressible Navier-Stokes equations. This reformulation will turn out to be essential for
simulating surface tension effects with the immiscible lattice BGK model (compare Section [2.4.2).

2.1.1. Basic assumptions. We consider a bounded open domain Q = (0, L1) x - - - x (0, Lg) € R? with
L; >0, for j=1,...,d, and require all quantities appearing here to be periodic at the boundary 9. We
assume some red fluid occupies a bounded open domain Q7 () C © and some blue fluid covers its open

complement Q°(¢) = Q\ Q7 (t). The phases are separated by the regular interface I'(t) = 9Q"(t) and we
define the indicator function x : [0, tmas] X € — {0, 1} such that

)1 forx e Q(t)
x(t@) = {O for x € Qb(1). 21)

The whole geometry is exemplified in Figure 2.1 Furthermore, we assume the movement of I' to be
determined by the velocity field w : [0, t,pas] X Q — R according to

T(t) = {x(t) : Owx(t) = u(t,x(t)), 2(0) € T(0)}.
In addition, we suppose
Qlt) = {:I:(t) 2 O (t) = u(t,x(t)), ©(0) € QI(O)} for l =m0,
as well as

2 (o timaz Q" (¢ ,Rd
‘[Ovtmam]xgr(t) <[ ? ] X ( ) )

and

82 tmaa: Qb t d .
u‘[o,tm}xmu) ([0’ | x (1), R )

Finally, to make sure the ordinary differential equation d;x = w(t,x) has a unique solution in [0, 4],
we assume w is uniformly Lipschitz continuous in Q = Q7(t) U Q¥(¢) UT(t). This implies that in each
phase, x(t,x) is described by the transport equation

Oex + uaOax = 0. (2.2)

21
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FIGURE 2.1: Example of a two-phase flow geometry in IR?

2.1.2. Derivation of the full-space equations. Let now the flow in each phase be governed by the
incompressible Navier-Stokes equations (1.8). Note that the density p is supposed to be constant in each
phase, i. e.

" for x e Q" (t
Q(t,.’l)) = Qb b()
o for x € Q°(t),

where " and " are non-negative real constants, and that due to the first equation in (1.8), the transport
equation (2.2) can be written in the form

OtX + Oa (uaX) =0. (23)
The conditions at the interface I'(t) are [49, 68|
[ua] =0 and [Tagng] = OKNG, (2.4)

where o is the coefficient of surface tension, x is the curvature of I', n denotes the inner unit normal
vector of T' (see again Figure 2.1), and [-] denotes the jump over the interface, i. e.

9l(t,2) = lim g(ty) - lim g(ty),  forazcl(?)
ye®(t) yeQ(¢)

For our purpose, it is convenient to transform the one-phase Navier-Stokes equations (1.8) together
with the jump conditions (2.4) into one system of partial differential equations on the whole domain €2,
as it is frequently done in mathematical modelling of two-phase flow. For example, Brackbill et al. [5]
give a rather physical approach to this transformation while Chang et al. [8] as well as Miller [56] arrive
at similar results using level set functions. In the following, we will present a transformation based on
distribution theory [13, [18, 69].

We start with defining D(2) = € (2, R) and denoting the space of continuous linear forms on D(2)
by D'(Q). If K € D'(2) we mark its value on the test function ¢ € D(Q) with (K, ¢)q. Furthermore, we
say that a sequence {¢r € D(Q)}, o converges in D(2) to ¢ € D(Q) if (i) there is a fixed compact set
® C Q such that supp 5 C ® for each k£ € IN and (ii) for any multi-index J each sequence {0k},
of |J|-th derivatives of the ¢}, converges uniformly on ® to dyp. Continuity of K € D’(£2) denotes that
for any sequence of test functions {¢}, o With limy .o o = ¢ we have

Jim (K, oo = (K, ¢)o
and linearity of K € D’(Q2) means that for any a,b € R and arbitrary o1, 92 € D() it is true that

(K, ap1 + bpa)o = a(K, p1)0 + b(K, p2)q.

Additionally, we say that a sequence {Ky}, . of continuous linear forms converges in D’(£2) to the
continuous linear form K if for every ¢ € D(Q)

klim <K - Kk, QO>Q = 0. (25)
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The space D’(Q) is often referred to as the dual space of D(2) and a continuous linear form K € D’(Q)
is called a distribution on 2. Distributions that can be expressed in the form

(K,p)a = ; K(z)p(x) de

are called regular while all others are denoted as singular.

Now, we start the derivation of the full-space equations. First, we multiply the single-phase Navier-
Stokes equations (1.8) with an arbitrary test function ¢ € D(Q) and integrate over Q7 (t) as well as Q°(t).
This results in

/ Oatiapdx =0 and / O (ouq)pdx + / Op(ouqug)pdr = / (OpTap)pdx (2.6)
QL(t) QL(t) Q1) Q1)

for I = r,b. Applying the transport theorem [15] provides
d
/ Oc(oua)pde = — ouap dx — / I (ouaupyp) de
(1) t o) (1)
and the divergence theorem yields [16]

—/ Op(ouqugp) da::/ guaugnlﬁcpdﬁl,
Ql(t) QL ()

where n! denotes the inner unit normal vector of 9Q!(¢) and 4' stands for the surface measure on 9Q!(t).
Therefore, we have

d
/ O (ouq)pde = — ouqpdr + / Quaugnlﬁgp dgt.
QL) dt Jor) 89 (1)

Exploiting again the divergence theorem we obtain

/ OpUgpdr = —/ uanixcp dst — / U O p d,
Ql(t) 01 (1) QI(t)

/ Op(ouqug)p de = 7/ Quauﬁnlﬂgo gt — / ouqugOgyp de,
QL(t) 89 (t) QL(t)

as well as

/ (aﬂTaﬁ)wdx = 7/ Taﬁn%@ dg' — / TagOpp de.
QL(t) QL (t) QL(t)

Inserting now all those results into (2.6) and remembering ¢ is compactly supported on €2 we end up
with

/ U Onp d + / uanlagad/ﬁ =0 (2.7a)
QL(t) T'(t)
and
d !
— QU d — ouauglgp de = — TagOpp dx — Tapnp di, (2.7b)
dt Jou ) Q1(1) (1) r(1)

where 4 denotes the surface measure on I'(¢). Since the functions uy : [0, tmaz] X Q2 — R, ug : [0, tmaz] X
Q= R, guqug : [0, tmez] X Q@ = R, and 745 : [0, tnez] X @ — R are smooth on Q up to at most a finite
jump at I'(t) we know that uq, ouq, ouaug, and 7,5 are regular distributions on €, so we have

(K, p)a = Kodz + Kopdz
Qr(t) Qv (1)

for K € {uq, 0tq, ouaug, Top} and some arbitrary ¢ € D(2). Furthermore, using the relation n = n" =
—nb on T'(t) we can now rewrite (2.7) in the form

(Ua, Oap)a — / [Ualnapds =0
T'(t)
respectively

d
E@umm — (ouatp, 0gp)0 = —(Tap, Ipp)a + /F(t) [Tapnple di.
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At this stage, we exploit the jump conditions (2.4) which results in
d
(Ua, 00l =0 and = {oua, p)a — {ouaus, Ipp)a = —(Tap. Jpp)a +/ oknapdf.  (2.8)
r'(t)

Let us now consider differentiation in D’(Q). If K € CY(Q,R) the divergence theorem yields
(0K, p)a = —(K,0.p)q for each ¢ € D(Q). In analogy to this rigorous result, the derivative in
the sense of distributions is for any K € D’(Q2) defined by

(0aK,0)0 = —(K, 0up)a, for each ¢ € D(N). (2.9)

Moreover, given some K : [0,tmes] — D'(Q) we say that K € €([0,tmas],D'(Q)) if (K(t),9)q €
CL ([0, tmaz], R) for each test function ¢ € D'(Q) and 9; K is then defined by

OK(@). 00 = GUKE. o, where LK), ha = Jim (FTI=E o)

for each ¢ € D(Q2). From (2.5), we obtain 0; K € D’'(£2) and thus, we conclude there is a distribution
O¢(ouq) € D'(Q) given by

d
(O(0ua), p)a = T (euasp)o  for each p € D(Q). (2.10)

Finally, we want to express the surface integral in equation (2.8) by a continuous linear form in D’(f2).
Thus, we define dp(; for each g € €°(I',R) and any ¢ € D(Q) by

<95F(t)790>92/ gp db. (2.11)
()

This definition yields

(nadr, v)q :/nﬂ5awdﬁ,
I

due to the divergence theorem, we obtain

/”ﬁ‘saﬁSOd'ﬁ = —/ 05(pdap) dz,
T Qr

and recalling definitions (2.1) and (2.9) we find that

~ 9p(pdap) da = —/Qxaaw de = — (X, 0ap)q = (OaX; ¥)q -
Consequently, we obtain

<aaXa <p>Q = <na6F7 <)0>Q .

Using (2.9), (2.10), and (2.11) we can reformulate the incompressible Navier-Stokes equations (2.8)
as

(Oatia, p)o =0 and  (Oi(oua), p)a + (9s(ouaus), ) = (0Tap, P)a + (0Knadr; p)a.
In addition, we find in complete analogy to the above derivation that the full-space form of the transport
equation (2.3) is
<atX7 50>Q + <aa (UaX) ) 90>Q =0.

Since all those equations hold for each ¢ € D(Q2) they express relations between distributions on .
Thus, we can formulate

THEOREM 2.1. On the assumptions summarised in Section[2.1.1] the incompressible Navier-Stokes equa-
tions (1.8) on Q! for 1 =r,b and the jump conditions (2.4) on T can be merged to the full-space Navier-
Stokes equations in D’ (),

Oatteq =0 and O(ouq) + 05(0uaug) = 03Tag + oLNOT. (2.12)
Furthermore, on the same assumptions, the transport equation (2.3) can be written in D’'(Q) as
Otx + Oaluax) =0 (2.13)
and the indicator distribution x € D'(Q) fulfils
OaX = Nor. (2.14)
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Q

FIGURE 2.2: Example of an oriented one-dimensional C2-surface I' with inner unit normal vector n in a domain Q C R2.

2.1.3. Divergence form of the surface tension term. In Section 2.4.2, we will find it essential to
make use of the relation

0knadr = 003 ((0ap — Nang)or) . (2.15)

By means of a sketchy and formal proof, Lafaurie et al. [47] already demonstrated the availability of (2.15)
in three-dimensional space. In the following, we will present a rigorous derivation in d-dimensional space,
for 2 < d € IN, which is based only on elementary tools from differential geometry [7,[74].

For this purpose, let us consider an oriented (d—1)-dimensional C2-surface I' C Q C R?, as exemplified
in Figure[2.2| First, we recall that due to (2.9) and (2.11), we have

(95 (60 = namaic) ) == [ (G = nans)0yp

for each p € D(Q). Then, we remark that since I is a €2-surface there exists for each point y € I' an open
neighbourhood U* C € such that y € U* and UF NT is the image of a bijective @?-mapping h* R4 o
0F - Q c R Next, we define (goo hk> : ©F — R, where 0" means ((pohk) (2F) = ¢ (hk(zk)) for
each z* € ©F. If we now choose a partition of unity {1/)””} such that the support of (apwk) oh” is compact
in ©F we can write

- /F(5aﬁ —nang)Oppdi = — Y </F(5aﬁ — nang)ds (") dﬁ) :

k

Our next aim is to transform the integral on the right hand side of this equation to an integral over
©F. We know the columns of the matrix

Ohb o Oy kb

ouhk o 94_1nk
to be tangential vectors of I' which implies that for the inner unit normal vector n of I' we have

ngdyhly =0, (2.16)
where 0 =1,...,d and v =1,...,d — 1. From this, we obtain 0. (nﬁavhg) =0fore=1...d—1 and
therefore,

d:-ngdyhfy + ngdychly = 0. (2.17)
Assuming now ¢ € D(Q) we can decompose dgp at any point y € I' according to

dpp = ay0,hf + bng

with a,b € R. Using (2.16) and nyn, = 1 we conclude

(6ap — nanp)dsp = aydyhe (2.18)
for . =1,...,d. Using again (2.16) we find that

0. (9o k") = 0.hs05 = D.hlsa 0, ).

Thus, we can express a in the form

ay = (9.050,05) " 0. (w0 ht),
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where the superscript ’—1’ denotes the corresponding entry of the inverse matrix, and inserting this result
into (2.18) we obtain

(Gag — nang)dap = OyhE (-h50,05) " 0. (90 o hk) .

Together with the substitution theorem, this finally yields

= /(5,15 — nanp)ds (p0*) di = 7/ 0,1 (0-moumb) 0. ((pu) o h*) 3z,
T ok

where

1/2
otk o ok \ [ohk o 041k

J =< det : : : : (2.19)
da—1hy -+ Oq_1hl) \Owhk - 94_1hk

denotes the Jacobian of the transformation U¥ NT' > y — 2% € ©F [16]. Since we chose {1)*} such that
the support of (gowk) oh” is compact in ©F we can now use the divergence theorem to achieve

_/ 80, bt (D-hf50,h5) ™ 0. ((pu) o h*) dzk:/ 0. (30,15 (0-h50,1E) ™) (") o BF 2t
ok Ok
(2.20)

Next, we want to express the right hand side of equation (2.20) in terms of the curvature x of I'.
However, before we can do this, we must find a way to calculate k.
Curvature is defined by the negative of the differential of the trace of the Gauflian mapping, compare
1

for example do Carmo [7] or Spivak [74]. We define the Gauflian mapping N by N =no (hk) B , so if
we further use D to represent the differential then curvature is given by

k = — trace DN. (2.21)

Since the trace of an operator is invariant under basis transformation we can now represent DN in the
basis {87hk} of T,I', where T,I" denotes the tangent space at y € I', and calculate  as the trace of the

resulting matrix A",
The above definition of N yields N o h¥ = n which implies

—1
DNDh* = Dn and therefore, DN = DnD (h’f) . (2.22)

Furthermore, from mn = 1 we conclude D (nn) = 0 and therefore, nDn = 0. This means n is
perpendicular to each column of Dn € R4 and therefore, each column of Dn is tangential to T
Thus we know that locally, we have Dn : T,.0F — JyI', where T« OF represents the tangent space at
z* € ©F, and since we also know that Dh* : T,,©% — T,T we find that DN : J,T' — T,T. Now, we

deduce the representation of DN in the basis {6Ehk} of T, i. e. we determine A ¢ R@1D>E@=1) guch
that

-1
DN = DR*A*D (r¥) .
Multiplying from the right with DR* and using (2.22) we find
Dn = Dh* A",
In component notation, this equation has the form
Oyna = 0-hi AL .
Multiplying this from the left with d:h¥, where ¢ =1,...,d — 1, and then isolating A’EC,Y we gain
-1

AE = (0.hgoch) Ochl0yma.
Using now (2.17) we finally end up with

AE = — (0-hEOChE) T nade k. (2.23)
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In the basis {05hk}, definition [2.21 reduces to

w=—AF (2.24)
so we have
k= (0-hEDE) ™ nadc k.

At this stage, we are able to derive a representation of the right hand side of equation (2.20) in
terms of . For this purpose, we assume without loss of generality that locally, the @2-surface I' can be
interpreted as the graph of a function h* : ©F — R, i. e. we can write

{zg for B=1,...,d—1

ki kY _
M=k for B d

for each z* € ©%. In this situation, we have

1) forg=1,...,d—1
a.hk = {7 o 2.25
A {aah’f for B=d (2.25)

as well as
. ~N\1/2
g= (1 + avhkavh’“) :

so we obtain from (2.16) and nan, =1

hkJjg for B=1,...,d—1
ng = o Jeh"/3 for f=1,..., (2.26)
1/ for B =d.
From (2.25), we gain
O:hf0yhl = 6. + 0.hF O, ¥
which yields
_ 1 - -
(0.h50,05) " =6y — a0, it (2.27)
and therefore, using again equation (2.25) we have
- Oca — OhFOLRF/J2 fora=1,...,d—1
O, hE (0.hka, pE) T = { Jea T Ol o e 2.28
vhe (0:h50:h3) 0.h* /g2 for a = d. (2:28)
Additionally, we conclude from (2.25)
Oer By = 040 hF
and since we know from (2.26) that ng = —1/J we have
. Oy b
ngamhg = ngdgdamhk = 7L.
Inserting now (2.27) and the above result into (2.23) we obtain
1 nn op) Ocy
Aey = (5€C - jashkach’f) Zar
d J
and using (2.24) we end up with
Occh® 1 = oy -
K= — < EEH -5 Echkashkach’“> :
Due to (2.28), we know
- J0ee — OMFORF /G fora=1,...,d—1
O, hE (Dhl0,nk) ™ = § 0% — Ol Ca e 2.29
90, he. (9<hisdyhis) :h* /3 for o = d. (2.29)
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-1
Now, we want to calculate 0. <387h§ (85hl’§67h,’§) ) for later use. Noting that

0.9 = %aggﬁkagﬁk and a% = _313 ch*ochk

we compute

d-h* Dech® 1 op o -
0. :< ] —ﬁagghkaahkachk>:—n

and

Do h¥ d-h*

0. (3556, — %ajﬁaﬁﬂ = Tacf}k — 0. (

~ Nk/ ~ ~
) A bk — a"%aahk = kO, h".

Together with (2.26) and (2.29), those results lead to
0. (30,1 (D-f50,1f5) ") = Knad
and comparing this with the right hand side of equation (2.20) we find that

/ 0. (30,1 (D:h50,15) ™) (pu*) o BF a2 = / rna ((pu*) o h*) 3az". (2.30)
ok ok

Transforming now ©% > z — y € U¥ and summing over k we get

zk: </@k KNa ((W/’k) ° hk) Hdz’“) = /anago d.

Finally, we apply again (2.11) to obtain

/ Knaw df = (knadr, )a.
r

Summarising all the results derived so far in this Section we have a rigorous proof of (2.15) and therefore,
we showed

THEOREM 2.2. Suppose the assumptions collected in Section 2.1.1 hold and T is a (d — 1)-dimensional
C2-surface in Q. Then, in D'(Q), the two-phase incompressible Navier-Stokes equations (2.12) can be
written in the form

Onlg =0 and Oc(ouq) + 03 (Quau5 —0(dap — nanﬁ)(Sp(t)) = 08Tag- (2.31)

Let us conclude this Section with a short excursion. Suppose for a smooth function g : I' — R we
define the surface derivative dgg by

(959), = 0:hE (0, 50-05) " 0, (9.0 B)

and the Laplace-Beltrami operator 8§ by

o o) ).

Then, we find that after a transformation of coordinates, the integrals in equation (2.30) can be rewritten
in the form

g =

[0 (s0.0 0unso, ) ™) (o) 0 1Y) et = [ Bhidea (o0") ds
oF r
where ¢dr denotes identity on I', respectively

/@k KNg ((ka) o h,k) Jdz* = /I,'Lmo‘ (gv*) da.

Therefore, summing over k we obtain

/Bgidp;agod/ﬁ:/mnagadzﬁ
T r

and thus, we see that it is also possible to define the curvature x by kn = 93idr, as it is done in
Bénsch [2], instead of using (2.21).
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2.2. Immiscible lattice BGK

In this Section, we present an LBGK model of two-phase flow which is consistent to the full-space
incompressible Navier-Stokes equations (2.31). To the best of the author’s knowledge, there are presently
three competitive approaches to simulating two-phase flow with LBGK, namely the immiscible LBGK
(ILBGK) method described below, the interacting potential method [70} 71,72, 73], and the free energy
method [34}, 58, 59, 76} [77]. Each of those approaches has its respective drawbacks, see Hou et al. [35]
and Luo [51, 52]. We settle on ILBGK because it is the only technique that allows to separate the
treatment of surface tension effects from interface tracking. Furthermore, it is a common drawback of
the interacting potential method and the free energy approach that in general flow, it is not possible to
explicitly fix the coefficient of surface tension a priori.

Simulating two-phase flow we must solve the transport equation (2.13) together with the two-phase
Navier-Stokes equations (2.31). Note that both density g and stress tensor 7,3 are likely to jump across the
interface I'. The possibility of jumps on I is a very crucial point because the appearance of discontinuities
does not coincide with the consistency analysis presented in Section [1.1.2] However, here we will bypass
this problem by requiring that neither p nor 7,3 jumps across the interface.

The basic ideas of immiscible lattice BGK date back to the immiscible lattice gas model published
in 1988 by Rothman and Keller [66]. The immiscible lattice Boltzmann method in two space dimensions
was introduced in 1991 by Gunstensen et al. 28], extended to three space dimensions by Gunstensen
and Rothman [27] in 1992, and further improved by Grunau et al. [26] in 1993. In the latter paper,
immiscible lattice BGK was introduced by adopting the ideas of Chen et al. [9] and Qian et al. [63] to
the immiscible lattice Boltzmann model. Note that ILBGK is a very simple form of immiscible lattice
Boltzmann.

We shall describe the classical formulation of immiscible lattice BGK in Section 2.2.1 and present a
more reasonable variation in Section [2.2.2]

2.2.1. Original method. We consider again the situation described in Section [2.1.1. As in one-phase
LBGK, we assume that  is covered by a regular lattice with equidistant nodes and again, we denote
the set of lattice nodes by X. At a given time ¢, we consider particle densities f(¢,x;v) and f°(¢, x;v)
of red respectively blue fluid particles located at position £ € X and moving with velocity v € Vg =
{Cj . .]20,78}

Recalling the polynomials (1.12]) we can express red and blue mass density in the form

ph=(f"Qo), for I = r,b. (2.32)
Full (or uncoloured) particle density f is defined by
ft,@;v) = fr(t,x;v) + fO(t, z;v). (2.33)
Therefore, full mass density p and uncoloured momentum density pu are given by
p=(f,Qo)y respectively  pur = (f, Q1), and  puz = (f,Q2), - (2.34)

In analogy to one-phase LBGK, we determine the flow velocity w by us = pua/p-
Coloured particle density is governed by the lattice BGK equation

Flt+ At z;v) = (1 - w) fl(t,z — vAz;v) +wfg™ (p'(t,z — vAz),u(t,x — vAz);v) (2.35)
with equilibrium particle density
9Az? O, 1
é’eq (P usv) = f*(v) (pl + 3Azp U0 v, + 2x Pluqus (vavg - 35>> + 55(1}), (2.36)

where the relaxation parameter w is assumed to be constant in §2. The term S(v) in (2.36) models
the effects of surface tension and will be discussed in detail in Section 2.4.2. Note here that S fulfils
(S, Qo), = 0 and therefore,

pl = < §6q7QO>U'

Together with (2.32), this yields mass conservation for both phases in immiscible lattice BGK.
In analogy to one-phase LBGK, the evolution equation (2.35) is typically solved by conducting first
the collision step

fit @) = (1—w) f (t@;0) + wfi“ (0 (t, @), ult, z); v) (2.37)
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and then the propagation step
it + At,x;v) = fl(t7 x — vAx;v), (2.38)

compare and (1.7). Note that due to
U — [ fbea
P *<f7QO>,U*< S aQ0>v7

pl is not affected by the collision step.

To prevent both phases from mixing with each other, we apply a third step between collision and
propagation, the so-called recolouring step. The basic idea of recolouring is to keep the interface sharp
by reallocating fl(t, @;v) in the vicinity of T'(t) such that as few coloured mass as possible crosses the
interface in the propagation step. To achieve this goal, we first have to compute the local colour gradient
which is for € X typically defined by

F(t,z) = Aim EJ: ¢ (pr(t, x+c;Ax) — ot + chx)). (2.39)
Then, we seek particle densities R(t, x;v) and B(t, x;v) such that
Fi(R—B,Q1), + I (R — B,Q2), — max (2.40a)
under the constraints

(R,Qo)y=p", (B,Qo),=p" and R+B=F (2.40D)

Note that (2.40a)) maximises the projection of the difference between the coloured momentum vectors
(R, Q1), (R, Q2>U)T and ((B,Q1), ('B,Qg)v)T into the direction of the local colour gradient F' and
that (2.40b) ensures conservation of coloured and uncoloured mass as well as uncoloured momentum.
Note also that this procedure has an effect only if the colour gradient is non-zero.

Let us now rewrite the constrained maximisation problem (2.40) in a form which is more convenient
for implementation. For this purpose, we insert the last constraint in (2.40b) into (2.40a) to obtain

2 (A (R Qu)y + B2 (R,Q2),) = (1 (1, Q) + B2 (f,Qa), ) — max.

Since f is conserved during the recolouring step, Fy (f,Q1), + Fy (f,Q2), is also conserved. For this
reason, we may require

B (R, Q1) + By (R, Qa), — max

instead of (2.40a), as it is done for example in Grunau et al. [26] or Nie et al. [57].
Furthermore, it is possible to drop the second constraint in (2.40b), as we will show in the following.
We consider the zeroth order discrete moment of equation (2.33),

<fra Q0>v =+ <fba Q0>,U = <.f7 Q0>—U )

and due to (2.32) and (2.34), this yields p" + p® = p. From the first and the third constraint in (2.40b),

we now obtain

<:R7 Q0>v + Pb = <:R + Bv Q0>v )

so we just deduced p® = (B, Qo),, which therefore needs not be required as a constraint. Thus, (2.40)
reduces to

By (R,Q1), + Fy (R,Q2), — max such that (R,Q0), = p" and R+B=f (2.41)

The resulting treatment of the maximisation problem is summarised in Algorithm 2.1, the recolouring
step is described in Algorithm [2.2] and the complete ILBGK method is presented in Algorithm [2.3.
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compute I:_'a(t,ac)cj;a for each 7j;
list the results in descending order;
let dens = 0;
while the list is nonempty and dens < p" (¢, x)
assuming that F,(t,®)cj.q is the first element of the list
let inc = min{p"(t,x) — dens, f(t,x,c;)};
let R(t, x; ¢;) = inc;
let B(t, z;¢5) = f(t,x, c5) — inc;
let dens = dens + inc;
remove F,(t, )¢ from the list;

ALGORITHM 2.1: Typical implementation of the constrained maximisation problem (2.41

compute F(t,x) according to (2.39);

use Algorithm 2.1 to find R(¢, x;v) and B(t, x; v) such that (2.41) is fulfilled;
let fr(t,a:,'v) = R(t, x;v);

let fo(t, @, v) = B(t, x;v);

ALGORITHM 2.2: The original recolouring step

initialise p!(0, ) and u (0, x);
let f4(0,@;v) = f5%(p"(0,2),u(0,z)) as defined by (2.36);
while t < taz
determine f5° according to (2.36);
do collision according to (2.37);
do recolouring according to Algorithm 2.2}
do propagation according to (2.38);
let ¢t =t + At
compute p!(t, ) according to (2.32);
compute f(t,z;v) according to (2.33);
compute p(t, ) and pu(t,x) according to (2.34);
let ua(t, @) = pua(t,x)/p(t, );

ALGORITHM 2.3: The immiscible lattice BGK method

2.2.2. Reformulation. In the following, we will present a very convenient reformulation of ILBGK
which was introduced by Ginzburg and Steiner [22,[23]. Instead of solving LBGK equations for red and
blue particle densities and computing uncoloured particle density according to (2.33), we now solve the
LBGK equation for uncoloured particle density,

ft+ At z;v) = (1 —w)f(t,z — vAz;v) + wf (p(t, z — vAz), u(t,x — vAz);v), (2.42)

with equilibrium particle density

L (pyu;v) = f*(v) (p + 3Azpuqvs + 9Az* PUU (vavg - %)) + S(v) (2.43)
along with equation (2.35) for red particle density. As usual, we divide (2.42) into the collision step
flt,xsv) = (1 —w)f(t,z;v) + wfS (pt, x), u(t, z);v) (2.44)
and the propagation step
f(t+ At x;v) = f(t,x — vAz;v). (2.45)

Blue particle density is finally given by f* = f — f7.
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We will now show that also the recolouring step can be formulated without explicitly considering
the blue phase. For this purpose, we must replace the colour gradient F with a quantity that can be
computed without knowledge of p’. In order to find a proper replacement, we must find out what F' is
consistent to.

For this purpose, we shall proceed as follows. We know that lattice BGK computes no functions
in the strict sense but only discrete values at the lattice points € X. However, we suppose there
are smooth Az-dependent functions interpolating those values. We further assume those interpolating
functions to converge in a suitable sense towards limit functions for Az — 0. Finally, we say the scheme is
consistent to a given system of continuous equations if those equations are fulfilled by the limit functions
for Ax — 0. Remark that this concept applies not only to lattice BGK but to any finite difference-based
numerical scheme.

In particular, we assume for [ = r,b there are functions pL, € € ([0,tmaz] X 2, R) such that
P, (t, ) = pl(t,x) for each t € [0,mqz] and & € X and we define

,DZI = pgr + pbAz as well as sz = pZm - pbAz

Therefore, the local colour gradient F takes the form

Fpq(t, ) ZchAaf (t,x + c;Az).

Additionally, we assume
Jim (pla,0)q = (Ph2)q (2.46a)

for any test function ¢ € D’(Q) and inspired by (1.17), we suppose

o" forx € Q" (t) b 0 forxz e Q ()
I(t,x) = d t, ) = 2.46b
polt @) {0 for & € Qb(t) o polt @) o® for x € Qb(t), ( )

where ¢" and ¢” denote the constant density of red respectively blue incompressible fluid. This implies

" for @ € Q" (¢) _ 0" forxeQ(t)
) =14° I t,x) = 2.46
po (t.) o® for x € Q(¢) as ek as po (1) —o® for x € Q°(¢). (2.46¢)

Let us now start analysing the consistency of the local colour gradient Fa,. First, we state

<FAm;a(tv m): @($)>Q = <ﬁ Z Cj;(xpzw(t’ T+ chx)v ¢($)> ’ (247)
J Q

where ¢ € D(Q) is an arbitrary test function. Since p,, is a regular distribution we have

1 1
o (L Az), = - o (t, FAN d
<szcj’ Pa,(tx+ c;Ax) <,0(:t:)>Q s Ej ¢j: /QpAm( x + c;Az)p(x) de

J

and because ¢ is of compact support in 2 we know that

1 _ 1 _
Ao Z Cjia / Past,x+cjAx)p(x) de = Az Z Cisa Pt +cjAzx)p(x) de.
; Q = supp ¢
The coordinate transformation  + ¢;Az — y yields
1 -
A Z Cj:a pAm t m+CJAx) )d:D = cmj;a/ pAI(tay)w(yfch‘r) dya
€ supp ¢ x I supp p+c; Az

where supp ¢ + ¢;Az = {y : y — ¢;Az € supp ¢}. Since 2 is open and supp ¢ is compact in €2, we find
that also supp ¢ + ¢;Az is compact in  if Az is chosen small enough. Thus,

sz i /u Pas(t Y)Yy — ¢;Az) dy = Ach], /,omty) (y — ¢;Az) dy.

At this stage, we obtain by Taylor expansion

pp p+c;Ax

2

T
——C36C5:708,0(y) + O (Axg)

oy — c;Ax) = ¢(y) — Axcjp0s0(y) + 5
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and therefore,

1 1
R o A (T —c;Ax)dy = — o (¢, d
- 2
_ ZCj;aCj;B/ Pt y)0sp(y) dy + ch .aCj:3Cj; ,,/ Pan(t,Y)0sy0(y) dy + O (Az?)
J

where the first and third term on the right hand side equal zero because j Cisa = 0 respectively
> CjsaCyipCj = 0. By virtue of (2.46), the second term on the right hand side fulfils

Az—0

lim _ch;acj;ﬂ/pAm(t Y)9se(y anacw/pa(ty)@w(y) dy.
J

Observing

D ity =60ap  and  py(ty) = (" + ") x(ty) — o,
where y is given by (2.1), we gain
~ 3 s / o5 (L y)dsply) dy = —6 (o + o) / X(t9)Pap () dy + 60" / op(y)dy.  (2.48)
J

Due to the divergence theorem [16],

6@b/ dap(y) dy =0,
Q

so the right hand side of (2.48) can be rewritten in the form

—6 (0" +0") /Qx(t, Y)datp(y) dy = 6 (0" + 0") (Baxs P)q »
and applying now (2.14) we obtain
6 (0" + ") (Baxs 9o = 6 (" + ") (nadr, ¥)q
for an arbitrary test function ¢ € D(Q). Thus, we can formulate

PROPOSITION 2.1. In D'(Q),

lim FAI,JK =6 (g + 0 )naép.
Az—0

The colour gradient F', is needed only for the maximisation procedure (2.41) and it converges for
Az — 0 to a vector which is parallel to n. However, the term which is maximised in (2.41) can be
interpreted as the Euclidean scalar product of the vectors F'a, and ((R,Q1)y » (R, Q2>,U)T, where the
latter represents coloured momentum of the red phase. Due to the fact that the Euclidean scalar product
of two vectors in R? is maximal if those vectors point into the same direction, minimal if they point into
opposite directions, and zero if they are perpendicular to each other, the maximisation procedure (2.41)
moves for Ax — 0 as much red mass as possible into the direction parallel to IE'AC,;, i. e. the direction
parallel to n. However, this behaviour does not change if we replace F A, with any other vector whose
limit for Az — 0 points into the same direction. Inspired by (2.14) we choose

1
Fp,(t,x) = oAz Z cixaz(t, T+ cjAx), (2.49)
J

where xaz € C ([0, tmaz] X ©,R) and limaz .o XAz = x with x defined by (2.1), and then, we repeat
the arguments above to show

PROPOSITION 2.2. In D'(Q),

lim FAx a = na51~
Az—0
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compute F(t, x)cj,q for each j;
list the results in descending order;
let dens = 0;
while the list is nonempty and dens < p" (¢, x)
assuming Fl, (¢, €)cj.q is the first element of the list
let inc = min{p" (¢, x) — dens, f(t,x,c;)};
let R(t, x; ¢;) = inc;

let dens = dens + inc;

remove Fy,(t, )¢, from the list;

ALGORITHM 2.4: Implementation of the constrained maximisation problem (2.51

compute F(t,x) according to (2.49);
use Algorithm 2.4 to find R(¢, x; v) such that (2.51) is fulfilled;
let f7(t, ;v) = R(t, z; v);

ALGORITHM 2.5: The reformulated recolouring step

Let us remark that from definition (2.49), we obtain

-1 0 1
Faga(t, @) = Az |71 01 Xaz(t, ) = O1xar + O (Az?) in D'(2) (2.50a)
-1 0 1
as well as
1 1 1 1
Fazo(t,x) = Az |0 0 0 Xas(t, ) = doxas + 0 (Az?) in D'(Q). (2.50b)
-1 -1 -1

It is also possible to prove Proposition 2.2 using some other stencils for computing the local colour
gradient as long as they are consistent to the components of the gradient. For example,

L[ .| r o
2 2
GAn |4 0 4 — 9 +0(Az?)  and AL 0 0]« d+0(Az?)
-1 0 1 -4

are a reasonable choice. However, from now on, we will exclusively work with the colour gradient F A,
defined by (2.49). Furthermore, to avoid complicated notation, we will from now on skip the Az-subscripts
as long as we do not perform a consistency analysis for Ax — 0. Thus, the constrained maximisation
problem (2.41) takes the form

Fi (R,Q1), + F> (R, Q2), — max such that (R, Qo) = p" and RS (2.51)

For this reason, the maximisation Algorithm [2.1/reduces to Algorithm[2.4 and recolouring itself takes the
form presented in Algorithm [2.5.

Next, we observe that red particle density is completely reorganised by the recolouring Algorithm 2.5
and therefore, the preceding collision step for the red phase is obsolete. Furthermore, combining (2.32)
and (2.38) we find that

p(t+ At,z) = <f’”(t, T — vAz;v), Qo(v)> , (2.52)

v

i. e. red density can be updated directly from the output of the recolouring step. Altogether, we obtain
the ILBGK Algorithm [2.6.

Finally, we realize red particle density is needed only for computing p”. Since (S, Qo), =0 the surface
tension term S(v) does not influence (2.52). Therefore, we remove it from the definition of red equilibrium
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initialise p(0, ), p" (0, ), and (0, x);
let f(0,z;v) = f&'(p(0, ), u(0,x)) as defined by (2.43);
while ¢ < ¢4
determine f¢(p(t, @), u(t, x)) according to (2.43);
do uncoloured collision according to (2.44);
do recolouring according to Algorithm [2.5;
compute p" (t + At, ) according to (2.52);
do uncoloured propagation according to (2.45);
let ¢ =t + At;
compute p(t, ) and pu, (¢, ) according to (2.34);
let uq (t, ©) = pua(t,x)/p(t, x);

ALGORITHM 2.6: Reformulation of the immiscible lattice BGK method

particle density and use

A 2

fr(p" usv) = f*(v) (pr + 3Azp UV + g—xpruaug (Ua’Ug - 50‘%)) (2.53)

instead of fg“ for the theoretical investigations to be performed in subsequent Sections.

2.3. Interface tracking in immiscible lattice BGK

In this Section, we want to investigate the intrinsic interface tracking scheme of immiscible lattice BGK.
Again, we will assume that both ¢ and 7,43 are continuous in €.

First, we will perform an equivalent moment analysis to learn which part of immiscible lattice BGK
is responsible for interface tracking (Section[2.3.1) and after this, we shall isolate the interface tracking
portion and consider it separately (Section 2.3.2). Finally, we will numerically investigate the isolated
ILBGK interface tracking scheme (Section[2.3.3).

2.3.1. Equivalent moment analysis. Let us now investigate how interface tracking is managed in

ILBGK and why it is necessary to recolour particle densities. For this purpose, we first consider the

evolution equation (2.35) for the red phase with equilibrium particle density f™¢ as defined by (2.53)

without any recolouring and apply the equivalent moment analysis introduced in Section 1.1.2.
Recalling the polynomials (1.12) we define

M = (f",Qxr)y and M = (f7°, Qx), for k=0,...,8
which yields

r,eq __ ‘s r,eq __ T r,eq __ T T,eq __ r 2 r,eq __ T
My™ =p", Mp™ = plu, My™ = pus, My ™ = puy, My™ = p ujusg,

T,eq __ 2 r,eq __ T,eq __ T,eq __
MP = prud, Mpei=0, M =0, Mg =0.

Proceeding now in analogy to what we did in Section [1.1.2 we find the equivalent moment system of
equation (2.35) for [ = r to take the form

<f*, QrQ; ((1 —w)Mj + wM;’eq>(t,a} - ’UA:Z?)> ,

v

8
M (t+ At,x)
k ]Z f* QQ
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compare (1.14), and therefore, due to coloured mass conservation we obtain for £k = 0
pr(t+ At,x) = (f*,Qop" (t,x — vAx)), + <f*, 3Az%Q, ((1 —w)M] 4+ w (p"uy) ) (t,z — UA{,C)>

n <f*, 3A22Qs ((1 — WM+ w (p"us) ) (t,z — vA:z:)>

v

v

4
+ <f*7 QA; Q3((1 —w)M§ + w,oruf)(uw — UA:U)>

+ <f*7 9A$4Q4((1 —w)Mj + LU/JTU1U2) (t,x — vA:c)>

3Az8
2

v

v

4
+<f*,9A2x Q5((1w)Mg+wpru§)(t,a:vAz)> Jr<f*7 Qﬁ(lw)Mg(t,a:vAz)>

v

6
n <f*, 3A; Qr(1 — w) M2 (t, @ — vA:z:)>

8
+ <f*, Al—ZQg(l —w) Mg (t,x — vAx)> . (2.54)

v v

In those regions of  where f* = 0, we have f = f (compare (2.33)) which yields M7 = p"u; as
well as MY = p"us and therefore, uy = M7 /p" as well as us = M3 /p". However, in those regions where
both f7 and f° are positive we find that f” # f and therefore, M7 # p"u; as well as M # p"u;. This
implies u; # M7 /p" and ug # M3 /p". Thus, in regions of mixed phases, equation (2.54) forces the red
phase to move with a velocity which is different from the actual flow velocity w. Fortunately, ILBGK
does not suffer from this effect because before propagation takes place, coloured particle densities are
redistributed by the recolouring step.

Let us now avoid this problem by choosing w = 1 which turns (2.35) into

frit+ Atz v) = 79 (p" (¢, ¢ — vAz), u(t,x — vAx);v) (2.55)
and (2.54) into

pl(t+ At ) = (f*,Qup" (t,x — vAz)), + (f*,3A2°Q1 (p"u1) (t, @ — vAz)),

4
+(f*,3A2°Q2 (p"uz) (t, x — 'vAac)>v + <f*, %%Qg (pu?) (t, @ — vAx)>

v

. 4 . . 9Az? r 9
+ (982 Q4 (p"uruz) (t, x — vAx)) + <f , Qs (p"u3) (t,x — vAx)> . (2.56)

2 v

The right hand side of this equation consists of expressions of the form (1.15) which can be interpreted
as finite difference stencils. In particular, the polynomials

9Az* 9Az*
Qo  3A2°Q1,  3A:°Qe, Qs 9Aa’Qi, and @
produce the stencils
1 4 1 1 4 1
Qoo 1 16 4| =1+ 2[4 —20 4] o142, +0(ad%
— — = —_— — < _— €T
07 36 36 6 ’
1 4 1 1 4 1
-1 0 1
2 Az 2 4
BACQr =~ |-4 0 4 o Az?9; + 0 (Az?),
-1 0 1
1 4 1
2 Ax 2 4
BAXQr = ——5 | 0 0 0| <Az, +0 (A%,
~1 -4 -1
1 -2 1
9Az* Az? Azt
—Qa e S5 |4 -8 4] o =ou+ 0 (Ad°),

1 -2 1
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-1 0 1
A 2
9Az4Q4<—>T:C 0 0 O <—>Ax4812+O(A16),
1 0 -1
respectively
1 4 1
9Az* Ax? Azt
5 Q5<—>—12 -2 -8 =2 o5 822+O(A$6)~
1 4 1
Therefore, (2.56) is equivalent to
o(L+ AL a) = (1 )
1 4 1 -1 0 1 (1 4 1
v 0a o0 4l ) =28 s 0 4l u) ) =20 0 0| () (b
36 - p LT 192 - p Ui y &L 192 p u2 y &L
1 4 1 -1 0 1 -1 -4 -1
1 -2 1 -1 0 1]
Az? . o Az? ,
+? 4 -8 4 (pul)(t,a:)—i-T 0 0 0| (puueg)(t,x)
1 -2 1 1 0 1]
1 4 1
Ax? r 9
+43 |72 -8 -2 (p"ui) (t, )
1 4 1
and thus,

WL Ay /[P0
+36< 4 —20 4 pr(t,:c),go(m)> 12< -4 0 4 (p’“ul)(tvw),tp(m)>

1 4 1 o -1 0 1 o
1 4 1 1 -2 1
Az , Az? . 2
DY 0 0 0] (pu2)(t,x),p(x)) + ETH 4 =8 4| (pui) (t, ), o(x)
-1 -4 -1 . 1 -2 1 .
-1 0 1 1 4 1
Az? ” Az? . 9
T 0 0 0| (P uu)(t,x),e(®)) + ST -2 =8 2| (p"uf) (t,z), o(x)
1 0 -1 5 14 1 0

for any test function ¢ € D(). Adjoining the finite difference stencils we obtain

p
1 1 4 1 A 1 0 -1
+%<pr(t,w), 4 -20 4 @(w)> —1—;<(prul)(taw)7 4.0 —4 @(fv)>

Q 10 -1 Q

1
-1 -4 -1 Ag? 1 -2 1
—r<wmw@,o 0 0¢w>+7;@m@wm,4—84ww>
1 -2 1

37
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and Taylor expansion yields

(p"(t+ At ), () = (0" (t, @), p(T)) + A%z (" (t, ), Oaatp())g + Az? ((p"us) (t, @), Or0(x))q,

334
+ Az? ((p"us2) (tyw),aﬂp(w»g + AT <(p?”u%) (t, $)7811<,0(113)>Q + Azt (P urus) (¢, ), 612@(:1:»9
1’4
+ AT (") (t, ), Doaip()), + O (Az?)

which is equivalent to

.’E2
(070 + A2, ol@))g = (0 (1:2). 0l@)g + o (o (12), Ouap (@)

+ Az ((p"w) (t, @), D1p()) o + Aa? ((p"u2) (1, ), Dap(@))g + O (Az?) .
Using now At = Az? we obtain

<pT(t . At,Amt_ ) ) @(x)> — ((p"ur) (t, @), Orp(x)) g — ((p"u2) (t, @), D2ip())
Q

1
= 6 <pr(t, w)7 8&(1()0(:1;»(2 +0 (A‘TQ)
and Taylor expanding the first term on the left hand side provides
T T a 1 ‘s
(0" (t, @), p(x))q = ((pur) (8, ), Drp(x)) g — ((P"u2) (8, ), D2p(@))q = & (0" (1, @), Daatp(®))g
+0 (AxQ)
for each test function ¢ € D(N2). By definition, this is equivalent to
1
6tpr =+ aa (prua) = Eaaapr + 0 (AxQ) (257)

in D’'(Q2). Note that we cannot apply an analogue to (1.17) here because in the vicinity of the interface,
the gradient of p" is of O (1/Ax). Therefore, the viscous term on the right hand side of (2.57) must be
explicitly dealt with.

Neglecting the O (AxQ) term on the right hand side we find that equation (2.57) combines the effects
of the transport equation

Op” + 0n (P ug) =0 (2.58)
and the diffusion equation
o1
8t,o' = gaaapr. (259)

(This behaviour can be illustrated by considering the case of a constant velocity field w(95t) where the
split scheme

At
P+ At ) = 57 (t @) + ~Oaad (ba), T (LE) =5 (Le) - AtuleomD 9,57 (t, x)

with initial condition p"(0,x) = p"(0,x) for each x € X determines exactly the same approximation to
the solution p” of the convection-diffusion equation

1
atpr + u((l(:onst) aaPT = gaaozpr

as the unsplit scheme

e+ 80.2) = 7 () + At (1000 (12) 0,571 0))
with the same initial condition.) Interpreting now p” as a non-normalised indicator function for the red
phase we find (2.58) to be in some sense a non-normalised variant of the transport equation (2.13) and,
therefore, to be responsible for interface tracking. Equation (2.59), however, causes the phases to diffuse
into each other and thus, it is responsible for the smearing of the interface. Altogether, we find that (2.57)
effectuates both tracking and smearing of the interface. The latter is another reason for the necessity of
the recolouring step.
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compute F(t, x)cj,q for each j;
list the results in descending order;
let dens = 0;
while the list is nonempty and dens < x(t, x)
assuming F, (¢, €)cj.q is the first element of the list
let inc = min{x(¢, ) — dens, £(u(t, x), c;);
let R(t, xz; ¢;) = inc;

let dens = dens + inc;

remove Fy,(t, x)cj,qo from the list;

ALGORITHM 2.7: Typical implementation of the maximisation problem (2.65

2.3.2. Isolation. To study the intrinsic ILBGK interface tracking scheme, it is most convenient to
separate interface tracking from the remainder of ILBGK. For this purpose, we will now put up a stand-
alone ILBGK interface tracking method.

Recalling the derivation of (2.57) from (2.55) we find that the nonlinear term

A 2
)22 Pl uatp (Uavﬁ - 6(1—6>

2 3

in the equilibrium distribution (2.53) contributes only to the error term in (2.57), so we decide to remove
it. Furthermore, it seems most suitable to solve a transport equation for the normalised indicator function
x instead of p" (Section[2.3.1). Therefore, we consider a pseudo-particle density R such that (R, Qo), = X
and a corresponding equilibrium pseudo-particle density

R(x, u;v) = f*(v) (x + 3AzxUava) (2.60)
which obviously fulfils (R, Qy), = x. Then, we solve the LBGK equation
R(t+ At,m;v) = R¥(x(t,z — vAz),u(t,x — vAz);v) (2.61)
whose zeroth order moment equation
1 4 1
x(t+ At,x) = x(t, ) + 36 4 =20 4| x(t,x)
1 4 1
-1 0 1 1 4 1
A A
- 1—5 40 4] (ow) (t ) — 1—; 0 0 0] (xu)ta) (262)
-1 0 1 -1 -4 -1
is in D’'(£2) consistent to
1
OeX + Oa(XUa) = anx + 0 (Az?). (2.63)

Scheme (2.61) can be used independently of the actual ILBGK method. However, if we want to
apply recolouring to this stand-alone scheme we have to construct a proper substitute for the uncoloured
particle density f. Motivated by (2.60) and (2.61), we define

£(u;v) = f*(v) (1 4+ 3Azuavy) - (2.64)
and replace (2.51) with
Fi(R,Q1), + F2» (R, Q2), — max such that (R, Qo) =X and R<L (2.65)

This results in the maximisation Algorithm 2.7 and the recolouring Algorithm 2.8. Note that £ plays in
fact the role of uncoloured particle density in the sense of representing the total amount of mass that is
sent into the direction of v. After recolouring, we update x according to

X(t+ Az, x) = (R(t, z — vAz;v),Qo(v)),, s (2.66)

compare (2.52). The complete immiscible lattice BGK procedure for solving the transport equation (2.13)
is summarised in Algorithm 2.9.
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compute F'(t,x) according to (2.49);
compute £ (u(t, z); v) according to (2.64);
use Algorithm [2.7 to find R(¢, x; v) such that (2.65) is fulfilled;

ALGORITHM 2.8: recolouring step for stand-alone ILBGK interface tracking

initialise p" (0, ) and (0, x);

while ¢t < t,0x
do recolouring according to Algorithm [2.8;
compute x(t + At, x) according to (2.66);
let t =t + At;

if necessary, update w(t, ) with any method;

ALGORITHM 2.9: ILBGK interface tracking

FIGURE 2.3: The initial situation of the model problem with straight interface I', x = 1 in a slice of width L and x = 0
everywhere else on Q = [0,4L] x [0,4L].

1 1 1

0.8 0.8 0.8

0.6 0.6 0.6

0.4 0.4 0.4

0.2 0.2 0.2

0 0 o
10 20 30 40 10 20 30 40 10 20 30 40

FIGURE 2.4: Initial state and the ILBGK solution of the model problem for wq (¢, ) = 0. Each graphic shows a cut through
the twentieth line of the 40 x 40 lattice. The pictures are taken at ¢t = 0 (left), t = At (middle), and t = 2A¢ (right).

2.3.3. Numerical investigation. Let us now investigate the interface tracking Algorithm|2.9/by means
of a simple model problem. We consider a square domain Q = [0,4L] x [0,4L], where x(0,2) = 1 on a
slab of width L and x(0x) = 0 everywhere else on (2, as illustrated in Figure [2.3] For our convenience,
we assume p = 1 in [0, s ] X . We further assume 02 is periodic in each direction, so transport of the
slab to the left or right is essentially a one-dimensional process.

Let us now perform some numerical experiments. For the beginning, we consider the static case,
i.e. uq(t,x) = 0 for each t € [0, tmqs] and every € Q. In this case, x(¢, ) = x(0, ) for each t € [0, 0]
Nevertheless, ILBGK interface tracking exhibits diffusion during the first time step. However, diffusive
effects are completely compensated at the end of the second time step, see Figure 2.4 for an illustration.
This procedure repeats again and again until ¢,,,, is reached. To make clear where this behaviour comes
from, we will now exemplify the performance of Algorithm 2.9 in the given situation.
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For this purpose, we choose & € X such that x (0,Z) = 1 and x (0,Z + c1Ax) = 0, for example
& = Ax(26,20)7 on a 40 x 40 lattice. Initialising the pseudo-particle density R with its equilibrium state
we obtain from (2.60) and (2.64)

R(0,Z;v) =4(u(t,&);v) = f"(v), R(0,&+c1Az;v) =0, and £(u(t, &+ c;Azx);v) = f*(v).
According to Algorithm 2.9, we now have to apply the recolouring step. Following Algorithm[2.7, we find
that R(0,x;v) = R(0, x;v) for each € Q. Propagating R according to (2.61) we obtain
4/9, forj=0
1/9, forj=1,3,7
1/36, forj =2,8
0, for j =4,5,6

1/9, forj=1
and R(At,Z+ciAz;c;) =41/36, for j =2,8
0, for j =0,3,4,5,6,7.

R (At, Iﬁ; Cj) =

At this stage, the first time step is finished and we have
X (At, &) =5/6 and X (At, & + c1Az) = 1/6.

Thus, during the first time step, one sixth of the red mass at & diffuses into the blue phase while one
sixth of the blue mass at & + c¢; Az diffuses into the red phase. This coincides exactly with the diffusion
term in equation (2.63).

The second time step starts again with the recolouring Algorithm [2.8] This time, we obtain

4/9, forj=0

/o fors=5.5.1 1/9, forj=5
R(ALFc) =4 0 T and  R(At,Z+ e1Awse;) = 1/36, for j = 4,6
1/36, for j=4,6 0 for j =0,1,2,3,7,8
s orjp==uU,1,4,9,/(,

0, for j =1,2,8
which leads to
R (2At, &;v) = R(0,Z;v) and R(2At, & 4+ c1Az;v) = R(0, & + ¢1 Az;v)

after propagation. An analogous investigation of the second interface in the model problem, i. e. the
jump from y = 0 to x = 1, reveals completely symmetric behaviour and away from the jumps in Y,
Algorithm [2.9 shows no effect at all. Thus, we conclude x(2At, ) = x(0, ) throughout €.

Since the situation at the end of the second time step is identical to the initial condition we now
deduce that the scene will repeat again and again if we continue the experiment. Therefore, we find that
ILBGK interface tracking yields the correct solution if we run the code for an even number of time steps
while the result is perturbed if we run the code for an odd number of time steps. Note, however, that
red mass is always perfectly conserved in the sense that percental mass loss is below machine accuracy.

Let us now assume Y is moved to the right by the constant velocity field u = (0.25,0)7, again on
a 40 x 40 lattice. Figure [2.5 illustrates the initial setting and the first eight time steps of the ILBGK
interface tracking Algorithm 2.9 in this case.

The correct solution corresponds to the red slice being moved one lattice point to the right in four
time steps. We observe that this is nearly perfectly met, only the fronts are smeared out a little bit after
the fourth time step. However, after eight time steps, we have exactly the same situation as after four
time steps, so we conclude that the same scene will repeat again and again until the simulation stops.
Thus, we know the smearing of the interface not to grow in time. At the end of the eighth time step, the
loss of red mass equals 1.4211 - 1074 percent.

2.4. Modelling surface tension in immiscible lattice BGK

In the following, we shall examine how to include surface tension effects into immiscible lattice BGK,
i. e. how to find an ILBGK model which is consistent to the two-phase incompressible Navier-Stokes
equations (2.31). As before, we shall allow neither density g nor stress tensor 7,43 to be discontinuous at
the interface.

We will start with some theoretical investigations in Section [2.4.1] construct a consistent LBGK
model of surface tension in Section [2.4.2, and finally, we will perform some numerical experiments in
Section [2.4.3.
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FIGURE 2.5: The initial setting and the first eight time steps (line by line, top left to bottom right) of the ILBGK interface
tracking Algorithm [2.9 for the model problem with w = (0.25,0)” on a 40 x 40 lattice. All graphs show a cut through x
along the twentieth line of the lattice.

2.4.1. Theoretical background. Here, we want to give reasons for the assertion that it is possible to
express the surface tension term 93((dag — nang)dr) in terms of the local colour gradient F'a,. Note
that we put the subscript Az because we carry out a consistency analysis for Ax — 0. In particular, we
will constitute the claim that for an arbitrary test function ¢ € D(£2)

FAw;aFAx;ﬂ >
[1Facllz "7 /g’

where the right hand side is well-defined because for ||Fazll2 — 0 also Fagz.q — 0 and Fags/||Faszl2
remains bounded, by proving

(a3 = o) 2)q = Jfim, (s Pacla - (2.6)

aaXA:caﬁXAa: > (2 68)
Q

dag — Nang)or, = lim (das||Vxazl2—
<( B ﬁ) r 90>Q Aa:—>0< ﬁH XA ||2 ||VXA()2||2

where V = (01,...,04)T. The idea of replacing

FAa:'aFA;E'ﬂ > . < 8aXAa:86XAJ; >
bapl||F Azl — —2—5, with 0as||Vxazls — ===,
< plFsellz = =p %) plVxaslls = =G0

is supported by (2.50). To be well prepared for the investigations to follow, we will first consider some
facts from differential geometry [7,74]. Note that geometrical considerations are presented in the general
context of d-dimensional space, not in the special D2@Q9 setting.

In Section [2.1.3} we already assumed T to be an oriented (d — 1)-dimensional €2-surface in Q c R?.
For this reason, there is a tubular neighbourhood of T [7], i. e. for each y € T" we can choose an interval
I, of length £(y) along the normal direction of I in y such that for any ' 3 y' # y? € T' we have
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'+ 2Azn
Yy

LT —2Azn

FIGURE 2.6: The tubular neighbourhood I'sa, around an interface I"

Iy NI = 0. Thus, if we choose

1
Az < 5 min{e(y)}
there is an open neighbourhood T'oa,(t) of T'(¢) such that any @ € Toa,(t) can be uniquely represented
by

@ =y + Axtn(y),

where y € I is fixed, n(y) denotes the inner unit normal vector of I" at y, and ¢ € (—2,2), see Figure 2.6
for a sketch. Note that for £ € (—1,1), the above equation describes points in the tubular neighbourhood
I'az C Tga, of T. Furthermore, we already found in Section [2.1.3 that since I' is a @2-surface there
exists for each point y € ' an open neighbourhood U* € € such that U¥ N T is the image of a bijective
C2-mapping h* : R4 5 0F - O c R Thus, each © € ['ya, can be written in the form

x = h" (2%) + Aztn o h* (z%) (2.69)

with z¥ € eF.

Let us now recall the function xa, € € ([0,tmaz] X Q,R) fulfilling limaz—0 XAz = Xx- In Sec-
tion 2.2.2, we did not need any further assumptions on the structure of xa, in order to analyse the
consistency of the local colour gradient F'a,. Here, however, we shall not investigate the colour gradient
F A, which is a linear function of x, but instead, we will examine nonlinear terms containing || F az |-
Therefore, we need the additional assumptions

1 forx € Q" \Ta,
Xaz(t, @) = S nag (6,25, 0)  for & € Ta, NUF (2.70a)
0 for £ € Q°\ Ta

as well as

Nax € € ([0, tmas] x O x (<L), R),  Omar 20, lim naq (t,2",0) =m0 (1,2%,¢)  (2.70b)

10 € C* ([0, tmaz] x OF x (=1,1),R) , and  9gmo > 0. (2.70¢)

An example of such a function will be given in the |[Appendix. Note that due to (2.70a) and ya, €
CL ([0, timaz) x ,R), we have

Nas (t,25,1) =1, nas (2%, —1) =0, dmas (t, 2", £1) =0, (2.71)

and analogous properties of 7g. Note also that since I'a, reduces to I' in the limit Az — 0, condi-
tion (2.70a) immediately implies

lim XAz =

Az—0

1 forxeQr
0 forx e QP.

Let us now investigate the right hand side of (2.68). For this purpose, we first consider

<HVXAx||2,<P>Q=/Q||V><Ax(t7$))\\290(w)d$

for an arbitrary test function ¢ € D(2). Outside of T'a,, the function xa, is, by definition, constant in
space, soO we gain

/wawmwwm:/ IVt @)l o) da.
Q

Fax
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At this stage, It is convenient to represent & € I'a, in the form (2.69). For this reason, we choose a
partition of unity {W“} such that the support of (gm/}k) o h* is compact in ©F (compare Section 2.1.3).
This yields

/ IVxae(t, )], o) dz = 3 / IVxae(t: )5 (90) () da
Az k Taz

Then, we apply the coordinate transformation I'a, 2 x — (zk,f) € OF x (—1,1) to obtain

1
/ VX a0 (t, @)y () da = / / HVXM (t, h* () + Axtn o h¥ (zk)) H
N er J-1 2
(pu) (BF (24) + Axtn o h* (2)) 3 (2*,¢) dedz*
with the Jacobian 5(2"’, E) given by
Oy -+ Og—171 O
é\(zk,ﬁ) = |det : ; : ,
Ohxqg -+ 0Og-17q Oy
where dg means 8/82’5 for =1,...,d —1 and 9, stands for 9/0¢. Thus,
O1hE + Aztoink - Og_1hh + Axldy_inf  Axnk
(2, 0) = |det : : : (2.72)
31h§ + Axé@lng e ad,lh’; + Axf@d,lnz A:m’;

with n¥F = n o h*. Applying now (2.70a) we obtain
1
/ / HVXAJ. (t, h* (2%) + Axtn o h* (zk)) H2 (o) (hk (z%) + Awtn o B* (z)) 3 (2",¢) dedz"
er J—-1

1
- /@ / |05 (12", ) Vb + O (£,2%,6) V||, (p0") (B* (%) + Atn o B (2))
kJ—1
g (2", 0) dedzk. (2.73)

Now, we have to investigate V/ in some more detail. We know the Jacobian of the transformation
Tag 2 @ (2%,0) € ©% x (—1,1) is given by (2.72) and that of the inverse transformation ©F x (—1,1) >
(zk,f) — x € ['a, has the form

Ozl o 02k
é\_l(:c) = |det
8135—1 T adzgl'—1
ot - Oal
where 9, represents 0/0x,, for a« = 1,...,d, so the implicit function theorem provides
O2F ... 0.,2F
14 LU (0ihh + Actorint - 0u_ihh + Axldy_ink  Aank 1
9, 2 cer 92k : ) : - '
1¥4-1 a1 |\ o rk + Axtorn - Oa_1hE + Awldg_ink  Aznk 1
ol - Ol
In particular, this means
1
: : =] (2.74)
8d_1h’f + Axf(’)d_ln’f s Og—q hs + A.rfad_ln]; 00 0
d

Axnk e Axnk
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In Section [2.1.3] we already found n*dzh% = 0 as well as nk9gn® = 0. Since also n¥n* = 1 by definition
we realize that
Lo
N
is a solution of (2.74). This solution is unique because the matrix in (2.74) is invertible.
Using (2.75) we find the right hand side of equation (2.73) to fulfil

\v/ (2.75)

1
/ / |smas (t,25,0) V25 + Bumac (1,25,0) Ve, (o0*) (n* (%) + Aatn® (4)) 7 (,0) araz*
ek J-1

1
= / / HAajaﬂnAw (t, zk,f) Vzg + OMas (t, zk,f) n* (zk) H2 (gm/Jk) (hk (zk) + Aztn” (zk))
ok J-1

-9 (2%,0) dedz",

where
Oht + Axtoinf - Dbk + Anldy_ank
3z, = Rd(=0) = det . - -
Ol + Axldynl - Oa_1hl + Axldg_1nl nl

and therefore, applying the third condition in (2.70b) we determine
1
lim / / |Azdgnas (t,2",0) Vi + dmax (t, 2", 0) n* (2%)]], (e0*) (hk (2%) + Aztn® (zk))
ok J-1

L3 (24,0) dedzk = /@k /11 9eno (1, 2", ) * (29)], (w0*) (B (%)) 3 (") deaz*

with
81hlf e 8d_1h’f ’/l]f
d(z) = |det :
81]15 tee 8d_1h§ n];
1/2
onk oo OiRE
1. ! 1. d 81hlf 8d_1h’f n’f
= | det ‘ i ) . det : : :
Oq—1hi -+ 0Ogq—1hy
ohk o 04 bk nk
nbo ok 1a d=11tqg Mg
Using again nfdzh® = 0 and nfnk =1 we find by straight calculation that
1/2
ouhk - O1hk
1. ! 1. d 81hlf E)d_lh’f n’f
det : . : | det | : :
Og—1hi -+ Oq—1hj
n¥ n’j 81h§ 3d—1h§ n’;
1/2
onf o OiRE Oihk - 94 1h¥
= § det ; : ; ;

Og—1h¥ -+ 0Og_1hk ouhk o 94_1nk

and thus, J(z) equals the Jacobian given by ,i. e. the Jacobian of the transformation U* NI 3> y —
z* € ©F. Furthermore, due to anHQ = 1 we have

/@k /11 [0en0 (£, 2%, €) n® (") ]|, (p0*) (h’“ (z’“)) g (") dedz"
L. (/11 [9eno (8:2",0)] df) (p0*) (" (=) 8 () d=*.
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At this stage, the fourth condition in (2.70b) yields
1 1
/ |0emo (t, 2", €)| dt = / Ao (t, 2", €) de
-1 -1
and due to (2.71), we find that independent of ¢ and z*,
1
/ OeMo (t, zk,ﬁ) dal =g (t,zk, 1) — 1o (sz, —1) =1. (2.76)
-1
Therefore,
1
/ ( [ o (1.4,0) de> (o) (W5 (4)) 8 () d* = [ (o0") (* () 8 () as*
or \J-1 oF
Summing over k and performing the coordinate transformation ©F 3 z2* — y € U* N T we finally obtain
> / (pu") (P* () 3 (%) a2t = / p(y)di(y) = (r.¢)g
o Jor r

where £ denotes the surface measure on I'. This completes the proof of

PROPOSITION 2.3. In D'(Q),

AI;QOI\VXMIIQ = dr.

Let us now consider the consistency of OaXaz08Xxaz/||VXxazl2 in D'(Q). Due to definition (2.70),
we first obtain in analogy to the above

OaX Az (T)Oy XAz (T _ / /1 k k k k(k
/Q e A () dr = Z (Azdgnas (1 2°,0) Buzh + Benas (1, 2°,0) 0k (24))

S (o) v () ) (R () + Bt (25)) 7 (25) v
HAl‘ag’r]Ax (t, zk ,0) VZB + Omaq (¢, zk ,0) nk H

where 0, means 0/0z, and 0, stands for 0/0x, while d3 represents 9/ 822. We determine

1
lim / / (Azdsnas (1 25, 0) Bzl + Onas (1, 2*,0) n® ()
Axz—0 orJ_1
Ax0gnag (t, zk,f) &yzg + OMax (t, zk,é) n’fy (zk)

HAaragnAz (t, 2%, 0) sz + Omag (t, 25, ) nk (zk)H2

/ / (9emo (t, 2", ) ng, (%)) (Qeno (t, 2%, €) nf (2¥)) ) (hk (zk)) J(2") dedz*

Haeno (t, 25, 0)nk (2F)[|,
and using now ||nk||2 = 1 together with the second condition in (2.70c) we obtain

/ / 54770 t P f ( k)) (3£770 (t z* E) nlj (Zk)) (907/’k) (hk (Zk)) g (zk) dl d=*

Iaeno (t, 25, 0)n* (M|,

:/@k (/_lamo (t,zkj) dﬂ) nk (zk) 5( )(<P¢ )( ( k))a(zk) ds".

Recalling equation (2.76) we find
/@k (/_11 0o (t,zkf) dﬂ) nk (zk) ns (zk) (‘P?/’k) (hk (zk)) g (zk) da
= /@k nk (zk) n,’i (zk) (smb’“) (hk (zk)) 9 (zk) dzk

(W/Jk) (hk (zk) + Azbn* (zk)> g(zk,é) dl dz*

which leads to
5 [ () () o) (W (29) 8 () = [ mawim )ptw)at),

so we finally gain
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PROPOSITION 2.4. In D'(Q),

aaXA:vaBXAz

= NN~ 0r.
Az—0  [[Vxasl2 o

Combining now Propositions 2.3 and 2.4 we have a proof of relation (2.68). Note that defining

N daXxaz/IVxazllz for [[Vxazlz >0
e 0 otherwise

we can proceed in complete analogy to the above to show
PROPOSITION 2.5. In D'(Q),

lim faz.q = Nadr.
AachEO Az« Naor
2.4.2. Consistent modelling of surface tension. Let us consider again the lattice BGK equa-
tion (2.42). In this equation, surface tension is modelled by the term S(v) in the equilibrium particle
density f§? defined by (2.43). We shall now discuss how to choose this term properly.
In equivalent moment analysis for one-phase lattice BGK (Section [1.1.2), it is striking that the term

., 9Az? O
frw)——puaus <”a”ﬁ - %)

in the equilibrium particle density f°? given by (1.11) produces the term ds(puqug) in the Navier-Stokes
equations (1.8). Inspired by this observation, we choose

* 9A:E2 FAz'aFAx' 504
5(0) = 1*(0) 50 (8o 5 pe ) (v - %52

and therefore,
fs'(p,usv) =

9A 2 F w'aF x; 50
f (v) (p + 3Azpuqvy + il (puaug +0o (M — 6a3||FA$||2>> (vavg — —ﬁ>) . (2.17)
2 | F azll2 3

Performing now an equivalent moment analysis of (2.42) we obtain the governing equations

(Oatia, p)g = O (Az?), (2.78a)

F :L"aF T;
(0u(pa) + 05 (1 = 00005 + ptats + 0 (222850 1P sa) ) + )
[Fasll .

= <% (355(/)%) + 28a5(ﬂ“ﬂ)> : <p>Q +0(Az?),  (2.78b)
and

FAz; FA ;
(Gas9)q = (puats + (T80 5,y 1F o )

1

30 (85(””0) + 3a(ﬂuﬂ)) ; </’> +0(Az?),

(2.78¢)

where ¢ € D(Q) is an arbitrary test function. Note that sufficient regularity of ¢ and 7, in € is crucial at
this point because otherwise, the basic prerequisites of equivalent moment analysis do not hold. Inserting

now (2.78c) into (2.78b) and applying (1.9), (1.17) as well as (1.18) we end up with
(Oaltta, @) =0 (AIZ)
and

F, z'aF T
(Or(0ua) + 05 (ouatp), )y — <oag (muanz _ PavaFany

, = (0pNap, ) + O (Az?).

Assuming now (2.67) holds we can rewrite this system of equations for Az — 0 in the form

(Oatia; p)g =0 and (Or(oua) + Op(ouaup), 90>Q — (093 ((6ap — nang) or) 790>Q = (9pMap; 90>Q )

so we gain
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PROPOSITION 2.6. In D'(Q), the equivalent moment equations of the lattice BGK scheme (2.42) with the
equilibrium particle density fg defined by (2.77) are consistent to the two-phase incompressible Navier-
Stokes equations (2.31) if assumption (2.67) holds and if both density o and stress tensor Tog are suffi-
ciently smooth at the interface.

Note that Nie et al. [57] suggest the surface tension term S(v) defined by S(co) = 0 and
9Az* A ( FawiaF'azis ¢jiaCjip
2 IFaclla llesli3

instead of S. Following this proposal we obtain the equilibrium particle density féq given by fgq (p,u;co) =

S(e;) = f*(c)) 1) forj=1,...,8

f*(ej)p as well as

éq(p,u;cj) =

9AQS2 1) B A FA : FA 8 Cj;aCy;
*(e; 3A N = e GeB £ (gt Azal Az CialyiB
f (cj){fH- TPUaCjia + — <puau5 (cmycj,ﬂ 3 > + = < Fls Tl

for j = 1,...,8 and using this equilibrium particle density instead of f§’ we find that the equivalent
moment system of (2.42) contains

(Oatia, P)g = O (Az?), (2.79a)

<8t(pua) + 03 ((1 —w)Vap + wpuqug + A (M — TAw;a5>> + Oup, <p>
| F azll2 0

= (5 (0uat0u) + 205(09))0) +0 (802, (2790)

Q
and
A FAI'aFAxﬂ 1
Dogs @)er = S (et ) - (0 0u(pus)), 0 (Az?),
< af §0>Q <puo¢uﬁ+ o < HFAchZ Az;af3 3w ﬁ(pua)+ a(puﬁ) ' Q+ ( z )
(2.796)
where
T _ ng,2/||FA3?H2 0
Ax — 2 )
0 Fi/IFadl:

in place of (2.78). We observe

FRapn/IF a2 0 _ (IFazll2 0 _ (FRen/IF aall2 0
0 FRau/IF aall2 0 [ Fazll2 0 FRao/IF acl2

SO assuming

FAm;aFAx;ﬁ

lim
Az—0 ”FATHQ

IPssllas g = Grople  and i (

7<p> = (nangdr, )q
Q
(compare Propositions[2.3 and 2.4) we obtain

. FAw;aFAa::
AhmO < (7ﬁ - TAI;O&B) ag0> = - <(6aﬁ - nanﬁ)6F7 <)O>Q + <N04,37 SO>Q )
xr— O

[ az2
N — n? 0
0 n2)’

and therefore, in the limit Az — 0, we can rewrite (2.79) in the form (Jaua) = 0 respectively

where

A A
(01(010) + 05 (tats = 5 (b = mama)e + 580} 0) = Ot 9
Q

Defining now the surface tension coefficient o5 = A/w is the best we can do to bring this result as close as
possible to the two-phase incompressible Navier-Stokes equations (2.31). However, we can not eliminate
the spurious term agﬁgNag in the momentum equation. Due to this inconsistency, we claim that the
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Pout

FIGURE 2.7: The setting of the bubble test with a bubble of radius & located at the centre of a basin Q = [0,4®] x [0, 4&]

surface tension term S is a better choice than S. We will now underline this claim with a numerical
experiment, the so-called bubble test.

2.4.3. Bubble test. Here, we simulate a circular bubble of red fluid resting in a basin of blue fluid, as
illustrated in Figure 2.7, and we use this setting to verify Laplace’s law [49|
o

Din Pout = mv
where ® stands for the radius of the bubble while p;, and p,,; denote the pressure inside respectively
outside the bubble. The latter are determined by averaging the pressure calculated with (1.17) over all
lattice points at an Euclidean distance of less than 0.7® respectively more than 1.3® from the centre of
the bubble. We consider a quadratic basin with side length 4® and periodic boundaries and suppose the
bubble is located at the centre of this basin, see again Figure 2.7. Furthermore, we assume that

p(0,z) = 0(0,z) =1, ua(0,x) =0, and [0, z;0v) = & (p(0, ), w(0,z);v) (2.80a)

for x € X as well as

(0, z) = {p((),a:) for x € XN Q"(0) (2.80b)

0 for & € X N Q%(0).

Then, we proceed as described in Algorithm [2.6. Note that due to (2.80), we have p” = x in the given
situation. For our convenience, we choose w = 1 for all the computations discussed here.

Simulations are performed with L = 10 on a 40 x 40 lattice and with L = 20 on an 80 x 80 lattice
for ¢ = 0.00005, 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05, and 0.1. We always perform 1000 time steps on
the 40 x 40 lattice and 2000 time steps on the 80 x 80 lattice. Plotting the values of Ap = pin — Pour
versus o /R in Figure 2.8, we find that on both lattices, the surface tension term S produces significantly
better results than S for any choice of 0. We also observe the so-called spurious currents, a well-known
numerical artifact that originates from the discretisation of the surface tension term 9g((das —nans)dr),
see for example Ginzburg and Wittum [24] or Lafaurie et al. [47]. The velocity fields produced by S
and S are exemplified for o = 0.005 and o = 0.01 in Figures 2.9 (40 x 40 lattice) and [2.10 (80 x 80
lattice). It is striking that the flow field produced by S is far more widespread than that produced by
S. Furthermore, we learn from Figure 2.11]that for the surface tension term S, also ||u|| becomes larger
than for S. For the sake of completeness, we also show percental mass loss and computing times for
the simulations with surface tension term S in Table 2.1 and for those with surface tension term S in
Table [2.2. Finally, we remark that total momentum is always zero while the bubble radius equals 10
lattice units in all computations on a 40 x 40 lattice and 20 lattice units in all computations on an 80 x 80
lattice.

Altogether, we find the surface tension term S to produce more accurate results and less distinctive
numerical artifacts than S. Therefore, we will from now on exclusively use S to include surface tension
effects into lattice BGK simulations.
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FIGURE 2.9: Velocity fields produced by the surface tension terms S (left) and S (right) in bubble tests with o = 0.005

(top) and o = 0.01 (bottom). All computations were performed on a 40 x 40 lattice.
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(left) and S (right) in bubble tests with o = 0.005

(top) and o = 0.01 (bottom). All computations were performed on a 80 x 80 lattice.

FI1GURE 2.10: Velocity fields produced by the surface tension terms S
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Lattice o Mass loss in % Number of flops
40 x 40  0.00005 6.96088 - 108 4.44087 - 10°
40 x 40 0.0001 7.14132-1078 4.44087 - 10°
40 x 40 0.0005 7.17161 - 1078 4.44085 - 10°
40 x 40 0.001 7.17161 - 1078 4.44085 - 10°
40 x 40 0.005 7.38076 - 1078 4.44085 - 10°
40 x 40 0.01 7.47666 - 1078 4.44085 - 10
40 x 40 0.05 7.34006 - 108 4.44081 - 10°
40 x 40 0.1 7.28928 - 1078 4.44074 - 10°
80 x 80  0.00005 1.30909 - 107 1.00613 - 10!
80 x 80 0.0001 1.31692 - 107 1.00613 - 1011
80 x 80 0.0005 1.31763 - 107 1.00613 - 1011
80 x 80 0.001 1.32412- 1077 1.00613 - 101!
80 x 80 0.005 1.32478 - 107 1.00613 - 101t
80 x 80 0.01 1.32132- 107" 1.00613 - 10!
80 x 80 0.05 1.28786 - 1077 1.00612 - 101!
80 x 80 0.1 1.28483 - 107 1.00612 - 101!

TABLE 2.1: Percentage loss of red mass and computing times in the bubble tests with surface tension term S.

Lattice o Mass loss in % Number of flops
40 x 40 0.00005 7.25899 - 10~8 4.39853 - 10
40 x 40 0.0001 7.22619 - 10~8 4.39852 - 107
40 x 40 0.0005 7.33344-10°8 4.39852 - 10
40 x 40 0.001 7.26404 - 10~8 4.39850 - 10°
40 x 40 0.005 7.42429 - 108 4.39850 - 10°
40 x 40 0.01 7.41135-1078 4.39849 - 10°
40 x 40 0.05 7.43217-10°8 4.39847 - 10
40 x 40 0.1 7.14921 - 108 4.39836 - 107
80 x 80 0.00005 1.35872- 107 1.00290 - 1011
80 x 80 0.0001 1.36000 - 10~7 1.00290 - 1011
80 x 80 0.0005 1.36397 - 107 1.00290 - 101!
80 x 80 0.001 1.36386 - 107 1.00290 - 101!
80 x 80 0.005 1.34733 - 1077 1.00290 - 10!
80 x 80 0.01 1.33235- 107 1.00290 - 1011
80 x 80 0.05 1.31966 - 107 1.00290 - 1011
80 x 80 0.1 1.29152 - 107 1.00289 - 1011

TABLE 2.2: Percentage loss of red mass and computing times in the bubble tests with surface tension term S.



CHAPTER 3

Some numerical experiments

Since ILBGK interface tracking achieved very reasonable results for the essentially one-dimensional model
problem discussed in Section 2.3.3 we now want to try this method for really two-dimensional flow.
Therefore, we first define a benchmark in Section 3.1, then we simulate it with ILBGK in Section [3.2.
Because we find that the only shortcoming of this method are spurious oscillations in the run of the
interface we try two approaches for smoothing those oscillations, namely adding anisotropic diffusion to
the interface as well as applying artificial surface tension. Those approaches are dealt with in Sections 3.3
and 3.4, respectively.

3.1. A two-dimensional benchmark

In this Section, we shall define a benchmark test for interface tracking in two space dimensions. To
stay in the setting of Chapters 1] and 2, we force all quantities except the indicator function x to be
smooth throughout the computational domain. This restriction guarantees a thorough investigation of
interface tracking which is not disturbed by numerical difficulties due to jump singularities. Note that the
benchmark is chosen with regard to comparison of numerical schemes and not with respect to physical
relevance.

Let the domain Q = [0,2L] x [0,2L] C R? contain the open square bubble Q" = (L/2,3L/2) x
(L/2,3L/2) of red fluid and let Q° = Q\ Q" be the domain of the blue fluid. We denote the interface
between Q" and Q2 by I' and the unit normal vector of I' that points into Q" by n. The whole framework
of the benchmark is illustrated in Figure(3.1.

In the setting described above, we assume both fluids have the same constant density ¢ and constant
dynamic viscosity u and suppose their respective flow is governed by the two-phase incompressible Navier-
Stokes equations (2.31). Additionally, we consider the transport equation (2.13) for x. We will perform
numerical experiments on 40 x 40, 80 x 80, and sometimes 160 x 160 lattices with initial velocity fields
u(0,2) = (0.1,0)7, u®(0,2) = (0.1,0.1)7, and u®(0,2) = Cyue - (—x2,21)7 as well as surface
tension coefficients o € {0,0.1,0.01,0.001}. The initial velocity fields are sketched in Figure 3.2. In the
definition of u(®), the point (0,0)” is assumed to be the centre of the bubble and, therefore, of  while
the constant C,s) is given by

7/500  on the 40 x 40 lattice
Cue = 7/1000 on the 80 x 80 lattice
/2000 on the 160 x 160 lattice

2L

FIGURE 3.1: The initial situation for the two-dimensional benchmark: Q7 and QP are filled with red respectively blue fluid,
x=1in Q" and x =0 in Q°, ' = 9", and m is the unit normal vector of T" pointing into Q7.

53
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FIGURE 3.2: The initial velocity fields w(}) (left), w(?) (middle), and u(®) (right) of the benchmark

which yields maxgex Hu(?’) H , 2 0.177715. However, compressibility effects are not a crucial point in the
investigations to follow, so maximum flow speed is not as important in the given situation as it is in other
lattice BGK simulations.

Inserting the above velocity fields into the Navier-Stokes equations (2.31) we find that the continuity
equation dyu, = 0 is always fulfilled while the momentum equation takes the form

O — 008(0ag — Nanp) for u € {u, u®}
b= 0C2 0o + 005 (8as — nang) for u=u®.

In the case o = 0, this reduces to 0,p = 0 respectively 0,p = QCi(3>ma. Thus, for ¢ = 0 each of the initial
velocity fields u(?, u® | u®) is a stationary solution of the incompressible Navier-Stokes equations (2.31)
if we choose the initial pressure field

2

p(0,2) =0 foru e {u(l),u(Q)} respectively p(0,x) = %maxa for u=u'®. (3.1)
In other words, this choice of initial pressure guarantees that neither w nor p changes in time if surface
tension is neglected. For this reason, choosing o = 0, u(0,x) € {u(l),u@),u(?’)}, and p(0, ) according
to (3.1) we reduce the Navier-Stokes equations (2.31) to a model of plain interface tracking. Note,
however, that this is no longer true for non-zero surface tension.

Let us now assume that w is constant in time. Then, choosing u = u(® we force the bubble to
perform exactly one revolution by running 1000 time steps on the 40 x 40 lattice, 2000 time steps on the
80 x 80 lattice, respectively 4000 time steps on the 160 x 160 lattice. For u € {u(l),u(Q)} and periodic
boundary conditions, the bubble will also perform one revolution if we stop the simulation after 400
time steps on the 40 x 40 lattice, 800 time steps on the 80 x 80 lattice, respectively 1600 time steps on
the 160 x 160 lattice. Therefore, the final state of the benchmark will always be identical to the initial
situation.

3.2. Plain ILBGK

Here, we consider plain ILBGK interface tracking according to Algorithm [2.9] Since the velocity field is
not affected by stand-alone interface tracking we always know the analytical solution of the benchmark,
as explained in Section[3.1. Furthermore, we know from Section 3.1 that for u € {u(l), u®, u(?’)} plain
interface tracking is equivalent to simulating Navier-Stokes flow with ¢ = 0 and pressure field p according
to (3.1).

To get a deeper understanding of how ILBGK interface tracking works, we investigate the case of
zero velocity before we consider the actual benchmark. Applying u,(x) = 0 for each & € Q we find
ILBGK interface tracking to exhibit oscillatory behaviour in ¢, i. e.

x(mAt, x) {

=x(0,z) if m € N is even
# x(0,z) if m € IN is odd,

see Figure[3.3 for an illustration. These oscillations behave completely analogous to those already observed
in Section 2.3.3.

Let us now examine the motion of the square bubble in the velocity fields u") (Figure [3.4), u(?
(Figure [3.5), and u® (Figure(3.6). For u = u(!), ILBGK advection produces heavy oscillations along
the interface sections perpendicular to u("). Those oscillations decrease with increasing lattice resolution.
However, fine lattice computations are expensive, so we should try to avoid or, at least, to damp those
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FIGURE 3.3: Behaviour of a static square bubble on a 40 X 40 lattice under the influence of the ILBGK interface tracking
Algorithm [2.9] for uo = 0. The plots show a cut through the centre of the simulation result, i. e. the fortieth line of the
lattice, after 400 time steps (left) and after 401 time steps (right). In the case of zero velocity, the square bubble always
oscillates between those two states.

Lattice Velocity Mass loss in % Number of flops
40 x 40 u® 1.70530 - 1013 2.07773 - 108
40 x 40 u® 1.29319 - 10~ 12 2.07769 - 108
40 x 40 ul® —3.26850 - 10~ 13 5.19433 - 108
80 x 80 u® 2.13163 - 10713 1.59739 - 10°
80 x 80 u® 1.90425 - 10~12 1.59743 - 10°
80 x 80 u® —9.66338 - 10713 3.99364 - 10?
160 x 160 u® 2.13163 - 1013 1.25263 - 1010
160 x 160 u® 3.01270 - 10~ 12 1.25266 - 1010
160 x 160 ul® —3.26850 - 10~ 12 3.13169 - 1010

TABLE 3.1: Percentage loss of red mass and computing times for the simulations shown in Figures|3.4 to[3.6

oscillations. For u = u(?), the spurious oscillations are even worse, covering now the complete interface.
At least, they can again be damped by using finer lattices. Lastly, concerning rotation in the velocity field
u = u® | simulation results are most unsatisfactory. Nevertheless, interpreting x as a pseudo density of
the red fluid we find that red mass is perfectly conserved in plain ILBGK interface tracking, as can be
seen from Table 3.1l For the sake of completeness, this table also shows the number of floating point
operations needed for the different simulations.

It is interesting to observe that keeping the nonlinear term

2
f*(v)gA; XUa U (Ua’l)g - 60‘—5)
3

in the equilibrium distribution (2.60) we obtain irregularities away from the interface in the solution of
the benchmark problem with u = u(®, see Figure 3.7 for an illustration. Those irregularities represent
errors in x which are considerably larger than O (A:UZ). Therefore, they cannot be identified with the
numerical error produced by the transport scheme (2.62). One possible explanation for their appearance
is the recolouring step trying to produce sharp interfaces from small perturbations in the numerical
approximation of the indicator function x. Such a problem does not appear for u € {u(l), u? }, so the

velocity field w(®) (which is non-constant in space and features curved streamlines) is most likely to be
responsible for perturbing y. However, there is no rigorous proof of this conjecture, so the explanation of
the spurious irregularities of x must be considered an unsolved problem. We shall face similar difficulties
in Sections|3.4 and 5.3.

Note that neither using a symmetrised variant of the recolouring step [21] nor decreasing the flow
speed results in a considerable improvement of ILBGK interface tracking, corresponding numerical results
are shown in Figures[3.8 and[3.9, respectively. Note also that to overcome the perturbation of the interface,
D’Ortona et al. [14] as well as Télke [78] proposed special modifications of the recolouring step. The
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FIGURE 3.4: Solution of the benchmark problem for u = w(!) with Algorithm[2.9]on a 40 x 40 (top line), 80 x 80 (centre
line), and 160 x 160 (bottom line) lattice, all pictures taken after one complete revolution. Left: simulation result, middle:
isoline for x = 1/2 of the true solution (dotted line) and the ILBGK approximation (solid line), right: absolute value of the
Euclidean error in the ILBGK approximation.
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idea behind both those approaches is to reduce the perturbation of the interface by spreading it over a
wider range of lattice nodes. Here, however, we are exclusively interested in sharp interfaces, so we do
not consider this idea any further.

3.3. Anisotropic diffusion

In Section [2.3.1, we learned that recolouring serves as artificial anti-diffusion for the viscous numerical
scheme (2.61). Unfortunately, for really two-dimensional flow this kind of anti-diffusion has the bad side-
effect of disturbing the interface. Since everything works well if the flow is essentially one-dimensional
(compare Section[2.3.3) we claim that those defects are not generated by too much anti-diffusion across the
interface, which should cause trouble in 1-d, too, but maybe they are provoked by a lack of diffusion along
the interface. Thus, it is a natural idea to seek help in the replacement of the recolouring Algorithm 2.8
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FIGURE 3.5: Solution of the benchmark problem for u = w(®) with Algorithm[2.9]on a 40 x 40 (top line), 80 x 80 (centre
line), and 160 X 160 (bottom line) lattice, all pictures taken after one complete revolution. Left: the simulation result,
middle: isoline for x = 1/2 of the true solution (dotted line) and the ILBGK approximation (solid line), right: absolute
value of the Euclidean error in the ILBGK approximation.

with an anisotropic diffusion procedure that applies diffusion along the interface and anti-diffusion across
it.

The theory of anisotropic diffusion has been developed in recent years as a powerful tool for image
processing. A very good overview of the theory and its application to images is given by Weickert [79].
Grahs et al. [25] use anisotropic diffusion for the numerical computation of shock solutions of nonlinear
hyperbolic conservation laws, and Jawerth et al. [39] published two lattice Boltzmann models of the
anisotropic diffusion process. However, we do not use one of their models but directly implement a
numerical scheme developed by Weickert [79].

In the remainder of this Section, we will try to annihilate the negative effects of the spurious diffusion
term in the transport equation (2.63) by adopting the ideas of Weickert [79] and of Grahs et al [25].

3.3.1. Theoretical Background. The basic idea is to solve a nonlinear diffusion equation of the form

aff( = 0o (daﬁ’aﬁf() (3'2)



58 3. SOME NUMERICAL EXPERIMENTS

i \\‘ I

‘\\M
‘1

140
120

100

W Li\“ .

50 50 100 150

FIGURE 3.6: Solution of the benchmark problem for u = w(3) with Algorithm[2.9]on a 40 x 40 (top line), 80 x 80 (centre
line), and 160 X 160 (bottom line) lattice, all pictures taken after one complete revolution. Left: the simulation result,
middle: isoline for x = 1/2 of the true solution (dotted line) and the ILBGK approximation (solid line), right: absolute
value of the Euclidean error in the ILBGK approximation.
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FIGURE 3.7: Solution of the benchmark problem for u = u(®) with Algorithm[2.9 on a 40 x 40 (left), 80 x 80 (middle), and
160 x 160 (right) lattice if the nonlinear term in the equilibrium distribution is kept.
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FIGURE 3.8: Solution of the benchmark problem for u = u(1) (left), u = w(?) (middle), and u = u(® (right). All pictures
show the level line for x = 1/2 of the analytical solution (dotted line), the ILBGK approximation (dashed line), and the
ILBGK result with symmetrised recolouring (solid line) after one complete revolution.
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FIGURE 3.9: Solution of the benchmark problem for u = u(!) (left), u = w(? (middle), and u = u(®) (right). All pictures
show the level line for x = 1/2 of the analytical solution (dotted line), the ILBGK approximation (dashed line), and the
ILBGK result computed with flow speed /10 (solid line) after one complete revolution.

with initial condition (0, 2) = x(t, ) until a suitable value of f is reached and then use ¥ as a smoothed
version of x. The diffusion tensor d,s is defined such that it produces forward diffusion along the smeared
jump in ¥, i. e. along the interface I', and backward diffusion across it. Note that the variable ¢ plays
the role of time in the sense that it measures the duration of the diffusion process. However, it does
not represent physical time ¢. In the following, we will give a short outline of the techniques involved
in putting up dng and solving equation (3.2). See Weickert’s book [79] and references therein for more
details.
We start this overview with defining the structure tensor

Sap(®) = OaX(2)IpX (2).

This tensor implies an orthonormal basis {w{, w3} of R* consisting of the eigenvectors w{ || VX and

w§ L Vyx of 8, where V = (0, 82)T. The corresponding eigenvalues 9, X0, X respectively 0 measure the
steepness of ¥ in the eigendirections of s°. To avoid any trouble with jumps, we apply GauBian smoothing
to sg 5, 1. e. instead of 3 5 we use the smoothed structure tensor

sla(@) = (Go * (9a305%) ) (@), (3.3)

where for any g € L' (]RQ, ]R)

(Goxa) (@) = [ Gola—y)afv)dy (34)
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denotes the convolution of g with the Gauflian G19 given by

Tl
e ( a a)
19( ) o 192 €Xp 2192
with standard deviation ¥ > 0. Note that Gauffian smoothing is equivalent to solving the linear diffusion
equation

(3.5)

OiX = OaaX (3.6)

with initial condition ¥(0,2) = x(f, z) until pseudo time f = 992/2 and that o is therefore a measure for
the intensity of the smoothing.
The symmetric matrix s € R**? is positive semi-definite and has two orthonormal eigenvectors,

2sY.
w || ( = 2) and wy L w?. (3.7)
—si+ \/ (st1 — 5%,) 44 (st2)

The corresponding eigenvalues vy and v, are given by

1
Vi2=75 (51191 + 532 * \/(51191 - 532)2 +4 (51192)2> ) (3.8)

where the '+’ in front of the square root belongs to v; and the -’ belongs to v5. In order to achieve
forward diffusion along the jump and backward diffusion across it, we define the diffusion tensor d such
that it possesses the same eigenvectors w{ and w} as the smoothed structure tensor s¥ while we define
its eigenvalues by

1 for 11 <0

3.9
17exp(ﬁ) for v1 > 0. (3:9)

M) =¥ (r;) and A =1, where U(ry) = {

The constant Ciy must be chosen such that the flux function ®(v;) = 1 ¥(v4) is increasing, i. e. d,, ® > 0,
for 0 < v; < v and decreasing, i. e. 0,,® < 0, for ¥ < 11 < 0o because then, we have forward diffusion
for 0 < v; < v and backward diffusion for v < ] < .

Weickert [79] claims without further explanation that (3.9) implies C'y &~ 3.31488. However, we find

that for 1 > 0
v\ 4 —Cy
L, P=1—(1+4 — =
O (100 (5)) e ()

(00, @)

and therefore,

=1—(144Cy)e v,

vy=v

Requiring (9,,®) = 0, which is necessary for a change in the sign of 9,, ® at v; = v, we obtain

L) 1
C@€{0,W_1< 46 > 4}7

where W represents the Lambert W function [11]. The choice C'y = 0 produces a flux function which is
neither increasing for 0 < 11 < v nor decreasing for v < v; < 0o, so we chose

Cy =W_4 (161/4) ~ L 233666
4 4

which differs significantly from Weickert’s choice. Figure [3.10]shows plots of both ® and ¥ with Cy =

2.33666 and C'y = 3.31488 for several values of v. In the case C'y = 2.33666, the change in the sign of

0., ® always occurs at v, = v, so for this choice, ® produces forward diffusion if 0 < v; < v and backward

diffusion if v < v; < oo while the choice C'y = 3.31488 slightly perturbs this relation. Even though this

perturbation is barely relevant in practice, we shall use C'y = 2.33666 for all the simulations below.

The parameter v must also be chosen with care. If we choose it too large it causes too much forward
diffusion perpendicular to the interface, so the jump in x will smear too much, and if we choose it too
small the rapid decrease of the flux function ® (see again Figure|3.10) will reduce backward diffusion to
some negligibly small amount. Obviously, it strongly depends on the given situation whether or not a
certain value of v is reasonable. For the problems considered below, numerical experiments yield that

v = min {mwax{yl}, mmax{l/Q}} (3.10)
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FIGURE 3.10: The functions ® (solid line) and ¥ (dashed line) with Cy = 2.33666 (top) and C'y = 3.31488 (bottom) for
v = 0.1 (left column), ¥ = 0.3 (middle column), and v = 0.5 (right column) versus v;. In each plot, the axis of ordinates
shows the function values, the abscissa represents v1, and the dotted vertical line marks the spot where v1 = v.

is a proper choice.
At this stage, we are finally able to determine the diffusion tensor d by computing the inverse principal
axis transform of diag (A1, \2), i. e.

dog = wiawﬁﬁz\l + wg;awg;ﬁx\g. (3.11)

This formula guarantees d to have the eigenvalues A; and Mo as well as the eigenvectors w? and w?}.
Therefore, it guarantees that d,g has exactly the properties we want it to have and thus, we are now
able to set up the anisotropic diffusion equation (3.2).

3.3.2. Numerical algorithm. In order to permit easy use of anisotropic diffusion in immiscible lattice
BGK, we discretise equation (3.2) on a regular quadratic lattice with spacing Az, as it is used in ILBGK
itself. Weickert [79] showed that for any diffusion tensor d with suitable condition number, the finite
difference stencil

o

ki(x) ks(x) ka(z)
ks(z) ko(x) ki(z)| < Oa (dapds) + O (Az?)
ke(z) ke(z) ks(z)

with
/{JO(.’I}) _ 2d11($) + dn(m + ClAJC) + dll(.’D + C5A$) + 2 |d12(.’13)| + |d12($ + ClAl‘)| + ‘dlg(x + 63A$)|
2A12 2A12
n |d12(iL‘ + C5Al‘)| + |d12(:1: + C7Al‘)| _ |d12(3§ + CQAJ/')‘ + dlg(il: + CgAl‘)
2Ax? 4Az?
|di2(x 4+ esAx)| — dia(x + caAz)  |dia(x + cgAx)| + dia(x + cgAx)
B 4Ax? B 4Az?
|d12(33 + CsAIL')| — dlz(.’B + CgAx) 2d22(m) + d22(.’1) + c;;A:c) + dgg(.’l) + C7A£ZJ)
B 4Az? B 2A12 ’
(3.12a)
k)l (CL‘) _ d11(17 + ClA.I) + dll(w)QA‘;ilg(ﬂE + ClA.’E)‘ |d12(1¢)| ’ (3.12b)
kQ((L’) _ dlg(IE + CQALL') + dlz(iL‘) + ‘dlg(w + CQA.’L')‘ + |d12($)| (312(:)

4A 22 ’
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let X(0, ) = x(t, );
at each lattice point,
compute sgﬂ according to (3.3);
compute v o according to (ﬁ);
compute v according to (3.10);
compute \p 2 according to (3.9);
compute d,p according to (3.11);
perform #,,4, time steps of the scheme (3.12);

let X(t, -’13) = )A( (fmaxv .’1});

ALGORITHM 3.1: Anisotropic diffusion

initialise;

while t < t,nae
determine (¢t + At, x) according to (2.62));
do anisotropic diffusion according to Algorithm 3.1;
t=t+ At;

ALGORITHM 3.2: ILBGK interface tracking with anisotropic diffusion instead of recolouring

_ dQQ(IIJ =+ CgAJi) + dgg(.’ll) — ‘dlg(ﬂ) + CgAl‘)‘ — |d12(i13)|

kg(w) IAL2 y (312(1)
() = —di2(T + csAx) — d12(mil—@!;l12(:c + c4Az)| + |di2(z)| 7 (3.120)
k() = dii(x + c5A) + d11(af:)2—A\;l212(m + csAx)| — |d12(w)|’ (3.126)
A A
ko) = di2(x + cgAx) + d12(w)4+A\5212(m + ceA)| + |d12(a:)|’ (3.128)
Fr(z) = de(IB + C7A.’L') + dzz(iL‘)Q—A‘jzlz(w + C7A$)‘ — |d12(:l:)| 7 (3.12h)
and
—d Azx) —d d A d
() = 12(% + csAz) — diz(x) + |diz(x + csAz)| + |dia ()| (3.121)

4Ax?
leads to a stable numerical scheme for the anisotropic diffusion equation (3.2), namely

k4(iL‘) k‘3(w) kz(dﬁ)
X+ At ) =x(E ) + Al [ks(x) ko(z) Ki(z)| X (£ z) (3.12j)
ke(x) kr(x) ks(z)

if the pseudo-time step size At is properly chosen. Computing dqp according to (3.11) and approximating
the anisotropic diffusion equation (3.2) by scheme (3.12) we obtain the anisotropic diffusion Algorithm/[3.T.
Note that a suitable stopping time ¢,,,, is still to be determined.

3.3.3. Anisotropic diffusion instead of recolouring. In the following, we perform some experiments
with ILBGK interface tracking, where the recolouring step (Algorithm [2.8) is replaced with anisotropic
diffusion (Algorithm [3.1), as outlined in Algorithm [3.2. In particular, we perform one time step of this
algorithm for the benchmark problem with u, = 0. In Figures(3.11][3.12, and [3.13, we present results
computed on a 40 x 40, 80 x 80, and 160 x 160 lattice, respectively, with one, 100, and 2000 pseudo-time
steps of anisotropic diffusion.

In analogy to the one-dimensional case (compare Section[2.3.3), we observe that during one time step
of the transport scheme (2.62), a certain part of the red mass located at those lattice points € € X N Q"
next to the interface diffuses into the blue phase. In particular, away from the corners of Q", exactly
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FIGURE 3.11: Solution of the benchmark problem with Algorithm (3.2 on a 40 x 40 lattice for uq = 0 and one (top line),
100 (centre line), respectively 2000 (bottom line) iterations of Algorithm 3.1. Left: surface plot of the indicator function X,
middle: horizontal cut through x (solid line, '+’ marking the values at the lattice points), taken at the vertical centre of €,
versus corresponding cuts through the exact solution (dotted line) and the result of unmodified viscous transport according
to (2.62) ('’ marking the values at the lattice points), right: absolute value of the Euclidean error in .

one sixth of the red mass at x is diffusing into the blue phase which perfectly coincides with the one-
dimensional case. Note that in the middle columns of Figures|3.11 to/3.13, the smeared indicator function
is represented by ‘0’ marking its values at the lattice points. Now, we would like anisotropic diffusion to
return the diffused mass to its original phase. The value of x after anisotropic diffusion was applied is
marked with ’+” in the middle columns of Figures[3.11 to[3.13, so concerning the plots we would like no
"%’ to be located on any other level than zero or one after anisotropic diffusion was applied.

We clearly see from the Figures that one pseudo-time step of anisotropic diffusion does not yield any
appreciable sharpening of the interface. After 100 steps, we find that the diffused lattice points have in
fact started to move back to their respective phases but after 2000 steps, we realize that those lattice
points are still far away from their destination while the indicator function already starts converging to
a constant value. The latter is a typical behaviour if too many pseudo-time steps of anisotropic diffusion
are applied, see again Weickert’s book [79] for more details.
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FIGURE 3.12: Solution of the benchmark problem with Algorithm [3.2 on a 80 x 80 lattice for uq = 0 and one (top line),
100 (centre line), respectively 2000 (bottom line) iterations of Algorithm 3.1. Left: surface plot of the indicator function x,
middle: horizontal cut through x (solid line, ’*’ marking the values at the lattice points), taken at the vertical centre of €,
versus corresponding cuts through the exact solution (dotted line) and the result of unmodified viscous transport according
0 (2.62) ('O’ marking the values at the lattice points), right: absolute value of the Euclidean error in x.

From the above results, we conclude that anisotropic diffusion is not capable of considerably reducing
the strong smearing of the interface produced by the viscous transport scheme (2.62) without introducing
other side-effects of similar relevance. Furthermore, we have to remark that the original ILBGK interface
tracking Algorithm 2.9 is troublesome only in the case of non-zero velocity but has no real problems with
simulating the static case considered here. For those reasons, we decide to give up the idea of replacing
the recolouring step with an anisotropic diffusion approach to interface sharpening. However, it should be
mentioned that Algorithm [3.2]is perfectly mass conserving for the experiments discussed in this Section,
as can be seen from Table[3.2.

3.3.4. Anisotropic diffusion after recolouring. The idea behind this approach is to apply the re-
colouring step to compensate the strong smearing of the interface and then use anisotropic diffusion to
smooth the resulting surface waves, as summarised in Algorithm [3.3]
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FIGURE 3.13: Solution of the benchmark problem with Algorithm[3.2 on a 160 x 160 lattice for uo = 0 and one (top line),
100 (centre line), respectively 2000 (bottom line) iterations of Algorithm 3.1. Left: surface plot of the indicator function X,
middle: horizontal cut through x (solid line, '+’ marking the values at the lattice points), taken at the vertical centre of €,
versus corresponding cuts through the exact solution (dotted line) and the result of unmodified viscous transport according
to (2.62) ("D’ marking the values at the lattice points), right: absolute value of the Euclidean error in .

initialise;

while t < tyaz
do recolouring according to Algorithm [2.8}
determine x (¢ + At, x) according to (2.66);
do anisotropic diffusion according to Algorithm 3.1;
t=t+ At

ALGORITHM 3.3: ILBGK interface tracking with anisotropic diffusion after recolouring
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Lattice tmax Mass loss in % Number of flops

40 x 40 1 —4.26326 - 1014 1768277

40 x 40 100 —1.42109 - 1014 22286423

40 x 40 2000 —8.52651 - 10714 416069023

80 x 80 1 0 6840117

80 x 80 100 —8.52651 - 10714 88425423

80 x 80 2000 —4.12115- 10713 1.6542 - 10°
160 x 160 1 0 27022357
160 x 160 100 —5.68434 - 1014 352393183
160 x 160 2000 —3.69482 - 1013 6.5969 - 10°

TABLE 3.2: Percentage loss of red mass and computing times for the experiments shown in Figures|3.11 to 3.13

Lattice Velocity Mass loss in % Number of flops
40 x 40 u -0.0926773 1.2738 - 1011
40 x 40 u® -0.0926773 1.2738 - 101!
40 x 40 ul® -0.0926773 8.0307 - 10"
80 x 80 u) -0.0247983 2.0111 - 10*2
80 x 80 u? -0.0247983 2.0111 - 10*2
80 x 80 u® -0.0247983 1.2692 - 1013
160 x 160 u® -0.00620029 3.1938 - 1013
160 x 160 u® -0.00620029 3.1939 - 10'3
160 x 160 ul® -0.00620029 8.4693 - 1013

TABLE 3.3: Percentage loss of red mass and computing times for the experiments with anisotropic diffusion after recolouring

Figures 3.14, 3.15, and [3.16 show benchmark results for v = v, v = u®, and v = u®, re-
spectively, with f,,4; = 1 in Algorithm 3.1. All plots show very sharp interfaces without any spurious
oscillations, only the corners are smoothed. Unfortunately, looking at Table [3.3 we find that a severe
gain of mass occurs in each simulation. This effect depends on lattice size but it seems to be unattached
to the velocity field. Anyway, we do not investigate this method any further because mass gain of this
magnitude is not acceptable.

3.4. Artificial surface tension

The surface tension term oxkndr appearing in the incompressible Navier-Stokes equations (2.12) acts only
on the interface I', its magnitude is proportional to the local curvature s of I', and the direction of its
virtue is parallel to the inner unit normal vector nm of I'. Its main effect is the smoothing of strongly
curved parts of the boundary. Solving only the transport equation (2.13) we do not have any surface
tension, so we do not benefit from such a smoothing effect. However, due to the spurious waves in the
interface produced by Algorithm|[2.9 it was most welcome. Thus, it is a natural idea to try to smooth those
oscillations with some artificial surface tension. Typically, artificial surface tension is used depending on
a parameter that measures the disturbance of the interface. In the benchmark, the unperturbed edges
of the square are straight lines, i. e. their curvature is zero, so we interpret x as a governing parameter
of artificial surface tension. Note that with this choice, we must accept the corners of the square to be
rounded off by surface tension.

In order to apply ILBGK interface tracking with artificial surface tension, we solve the transport
equation (2.13) together with the incompressible Navier-Stokes equations (2.31). For this purpose, we
proceed as we did for the bubble test in Section 2.4.3, initialising «(0,x) € {u(1)7u(2),u(3)} instead of
o (0,x) = 0 for each € X. Again, we choose the relaxation parameter w = 1 for all the computations to
follow, thus enforcing the dynamic viscosity p = 1/6. We perform simulations for o € {0.001,0.01,0.1} on
a 40x40 and an 80x 80 lattice. Note that simulations on a 160x 160 lattice are no longer performed because
of their excessive need of computing time. Benchmark results are shown in Figures [3.17 and [3.18 for
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FIGURE 3.14: Solution of the benchmark problem for u = w(!) with Algorithm [3.3] We present results computed on a
40 x 40 (top line), 80 x 80 (centre line), and a 160 X 160 lattice (bottom line). Left: simulation result, middle: contour line
for x = 1/2 of the analytical solution (dotted line), the plain ILBGK approximation (dashed line) and the simulation result
(solid line), right: absolute value of the Euclidean error in x.

u(0,x) = uV, in Figures[3.19 and[3.20 for u(0, z) = «(?, and in Figures[3.21 and[3.22/for (0, z) = u®).
Finally, computing times and percentage loss of red mass are summarised in Table [3.4]

We learn from these experiments that ¢ = 0.001 is not enough for smoothing the interface. Also
for o = 0.01 we still find many spurious waves in I', even though the corners of the square are already
smoothed a lot. For o = 0.1 surface tension already turned the square into a circle. It is especially the
contrast between the smoothing of the corners and the non-smoothing of the spurious waves for ¢ = 0.01
that teaches us the disability of artificial surface tension to damp the oscillations produced by ILBGK
interface tracking.

We also observe severe mass loss in the simulations with w(0, ) € {u(l), u(z)} as well as considerably
increased (compare Table[3.1) but not really severe mass loss in the simulations with u(0,z) = «®). In
any case, mass loss is increasing with o. Furthermore, the plots for u(0,x) = u®) show irregularities in
x which are very similar to those we already observed in Figure[3.71 Due to the latter, it is natural to
expect a connection between the difficulties arising here and those discussed at the end of Section [3.2.
However, the reason why mass loss and irregularities appear cannot be rigorously explained.
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FIGURE 3.15: Solution of the benchmark problem for u = w(® with Algorithm ‘We present results computed on a
40 x 40 (top line), 80 x 80 (centre line), and a 160 x 160 lattice (bottom line). Left: simulation result, middle: contour line
for x = 1/2 of the analytical solution (dotted line), the plain ILBGK approximation (dashed line) and the simulation result
(solid line), right: absolute value of the Euclidean error in x.
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FIGURE 3.16: Solution of the benchmark problem for u = w(® with Algorithm ‘We present results computed on a
40 x 40 (top line), 80 x 80 (centre line), and a 160 x 160 lattice (bottom line). Left: simulation result, middle: contour line
for x = 1/2 of the analytical solution (dotted line), the plain ILBGK approximation (dashed line) and the simulation result
(solid line), right: absolute value of the Euclidean error in x.
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FIGURE 3.17: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
u(0, ) = ul?) on a 40 x 40 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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FIGURE 3.18: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
(0, 2) = u(1) on a 80 x 80 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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FIGURE 3.19: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
u(0,) = u® on a 40 x 40 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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FIGURE 3.20: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
u(0, ) = u(® on a 80 x 80 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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FI1GURE 3.21: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
u(0,) = ul® on a 40 x 40 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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FIGURE 3.22: ILBGK solution of the benchmark problem with o = 0.001 (top), o = 0.01 (centre), and o = 0.1 (bottom) for
u(0, ) = u(3) on a 80 x 80 lattice. Left: surface plot of x, middle: level line for x = 1/2 of the exact solution (dotted line),
the ILBGK approximation (dashed line), and the ILBGK result with artificial surface tension (solid line), right: absolute
value of the Euclidean error in the ILBGK result with artificial surface tension.
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Lattice u(0,x) o Mass loss in % Number of flops
40 x 40 u® 0.001 0.00266895 1.77729 - 10°
40 x 40 u® 0.01 0.0320708 6.44152 - 10°
40 x 40 u® 0.1 0.282062 6.72455 - 10°
40 x 40 u® 0.001 0.00479016 5.33269 - 108
40 x 40 u® 0.01 0.0343632 5.33257 - 108
40 x 40 u® 0.1 0.346245 5.33157 - 108
40 x 40 u® 0.001 7.57425 1078 4.44354 - 10°
40 x 40 ul® 0.01 7.73500 - 108 4.44341 - 10°
40 x 40 u® 0.1 7.4175-108 4.44325 - 10
80 x 80 u® 0.001 0.00143724 6.73781 - 1010
80 x 80 u® 0.01 0.0188019 6.13699 - 1010
80 x 80 u® 0.1 0.155951 6.3404 - 1010
80 x 80 u® 0.001 0.00232742 4.08821 - 10
80 x 80 u® 0.01 0.0221576 4.08812 - 10°
80 x 80 u® 0.1 0.146429 4.08773 - 10°
80 x 80 u® 0.001 1.34075- 107 1.00634 - 10
80 x 80 ul® 0.01 1.31308 - 107 1.00634 - 1011
80 x 80 u® 0.1 1.34066 - 10~7 1.00633 - 1011

TABLE 3.4: Percentage loss of red mass and computing times for ILBGK interface tracking with artificial surface tension



CHAPTER 4

Numerical analysis of the viscous transport scheme

Due to the unsatisfactory behaviour of ILBGK interface tracking (compare Chapter [3) we now try to
modify this method such that it produces more reasonable results. In particular, we generalise the
ILBGK transport scheme (2.62) and seek a choice of parameters that produces a stable scheme for
interface tracking which is less diffusive than (2.62). The idea behind this approach is that a scheme with
only little diffusion requires only little anti-diffusion, i. e. recolouring, to produce a sharp interface and
that little recolouring should produce only little disturbance of the interface. In the ideal case, we even
ended up with a scheme that does not need any recolouring at all.

We will construct a general transport scheme in Section[4.1 and use its stability properties to find the
most reasonable choice of parameters in Section [4.2] Finally, in Section 4.3, we will apply the resulting
transport scheme with and without recolouring to the benchmark problem.

4.1. Generalisation of the viscous transport scheme

The ILBGK transport scheme (2.61) yields a solution of the viscous transport equation (2.63). Here, we
want to investigate whether it is possible to reduce the undue diffusion in (2.63) by modifying the viscous
transport scheme (2.61). Therefore, we consider the general lattice BGK transport equation

R(t + At, x;v) = R, (x(t, © — vAz), u(t, — vAz);v) (4.1)
for the pseudo-particle density R with (R,1), = x. The general equilibrium density R{Z, of pseudo-
particles is given by

Rot, (6 usv) = fren(v) (X + aAzxuava), (4.2)

where 0 < a € R and f,, is a weight function (see Junk [41] for guidance in constructing equilib-
rium (pseudo-)particle densities). Furthermore, we remove the constraint At = Az? to gain additional
flexibility.
Taking the zeroth order equivalent moment of both sides of equation (4.1) we obtain
Xt + At @) = (fron, X, 2 — VAZ) + aAzva x(t, & — VAT )ua (t, 2 — vax)>v ) (4.3)

compare Section|1.1.2. Taylor expansion yields
Az? Ag? 4
X(tvm - ’UAQ]‘) = X(ta SC) - AxvaaaX(t7m) + TvavﬁacKﬁX(t7x) - Tvavﬁvwaaﬁy)((t, $) + V) (AJ} )

as well as
Uo (t,  — VAT) = Uy (t, ®) — Azvgdaus(t, ) + ATvagvvamua(t,:c) — ATxgvngaagwgua(t, x)
+0 (AJ:4)
and inserting those results into (4.3) we find that assuming
rwDo =1 Frwtady =0 (Fromtats), = ppboss and (s, fien), =0
(4.4)

equation (4.3) is equivalent to

A
X(t+ At x) — x(t, @) + Atug (¢, 2)0a X (t, ) + Atdgus (t, ) x(t, ) = 2—t(“)aax(t, z) + 0 (Az?)
a

which can be interpreted as explicit Euler time discretisation of
1
Oex + Oa(uax) = %(%ax +0 (At, Aa:Q) . (4.5)
Note that for a = 3 and At = Ax?, this coincides exactly with the viscous transport equation (2.63).

s
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Let us now derive the most general weight function f7,, fulfilling (4.4). Rewriting (4.4) we obtain
the linear system of equations

1 1 1 1 1 1 1 1 1 .
gen (CO)
Co;1 C1;1 C2:1 C3;1 C4:1 Cs5:1 Ce:1 Cr:1 C8;1 %
gen (61)
Co;2 C1;2 C2:2 C3;2 C4;2 Cs5;2 C6;2 Cr:2 C8;2 « (c)
2 2 2 2 2 2 2 2 2 gen \©2
Co;1 €1 €21 €31 €11 C5:1 C6:1 71 C8:1 * (c3)
gen
Cp;1C0;2  C1;1C1;2  €2;1C2;2  C3;1C3;2  C4;1C4;2  C5;1C5;2  Ce;1C6;2  Cr;1C7;2 €8;1C8;2 M (c )
4
03;2 c%;Q 03;2 03;2 c421;2 cg;Z C%;2 c$;2 C%;Q ien (65)
cg;l cllg;l Cg;l cg;l CZ;I cg;l cggl c%;l cg;l ieﬂ (06)
2 2 2 2 2 2 2 2 2 gen
Cp;1€0;2  Cr;1€1;2 €2:1C2;2 C3:1C3;2 Cy1C452 Cg1C52 Cgi1C6;2 C7;1C7;2 CR:108;2 “ (er)
CO1CR0 C11C3.5 C21C3, C3.1C3o C41C2. C51Co Ce1CRo Cr1C3, Cg1C3 gen \%7
0;1€0;2 1;1€1;2 2;1C2:2 3;1€3;2 4;1C4;2 5;1C5:2 6;1C6;2 7;167:2 8;1€8;2 * (c )
3 3 3 3 3 3 3 3 3 gen \©8
Co;2 Cl;2 C2;2 C3;2 C4;2 Cs;2 Ce;2 C7;2 C8;2

_ (1,0,0,At/ (aAz?) ,0, At/ (aAz?) ,o,o,o,o)T.

This is a system of ten equations for nine unknowns. However, explicitly calculating the entries of the
system matrix we find

11111 1 1 1 1\ . 1
0110 -1 -1 -1 0 1 |([lzen( 0
0011 1 0 -1 -1 —1[Jsen(e) 0
01101 1 1 o 1]]fenle At/ (aAz?)
0010 -1 0 1 0o —1][Jen(e 0
0011 1 0 1 1 sen ()1 =1 At/ (ara?)
0110 -1 -1 -1 0 1 |][Jwn(e) 0
0010 1 0 -1 0 —1]]|Jen(e 0
0010 -1 0 -1 0 1|l 0
0011 1 0 -1 -1 —1) Vaenl®s) 0

and at this stage, we observe the second equation to equal the seventh and the third equation to equal
the tenth, so actually, the system contains only eight linear independent equations for nine unknowns
and it yields the one-parameter solution
1+4555:(a—1) forj=0
foen () = ¢ 5255 (1 — 240) for j =1,3,5,7
AL a for j =2,4,6,8

with parameter 4. Note that for « = 1/6, a = 3, and At = Axz? the weight function f gen, coincides exactly
with f*. The moment equation (4.3) can now be rewritten in the form

il 1—2a a
X(t+At,$):X(t7$)+W 1—-2a 4(/(1,—1) 1—2a X(t,w)
A 1—-2a i
V0N g Ly () () — 2 0 1_02“ 0 (xua) (1), (4.6)
oAz | “*T —2a) (xur) (%, @) = o xuz) (t,x), (4.
—a 0 a —a 2a—1 —a

so we just proved

PROPOSITION 4.1. The finite difference scheme (4.6) which is equivalent to equation (4.1) is consistent of
0] (At, Agcz) to the viscous transport equation (4.5). The classical ILBGK interface tracking scheme (2.61)
coincides with the choice a = 1/6, a = 3, and At = Ax?.
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Checking the consistency of the stencils in (4.6) we find by straight Taylor expansion that

yil 1—2u o
2
A |12 da-1) 1-2a — Oaa + 0 (A2?), (4.7)
il 1—2a o
1 —A 0 Yl 1 a 1—2a a«a
2 2
SAp |2¢—1 0 1-2a <o +0(Az?),  and 5Az | O 0 0| < d+0(Az?).
—Aa 0 a - 2u—1 —a

Let us think a little bit more about the Laplace stencil (4.7). By Taylor expansion, we find that for a
general nine-point stencil and a smooth function g : [0, t4] X @ — R,

Ba A3 Ao

8 8
s bo 41| g(t,x) =g(t,x) Zl‘}j + Az0,g(t, x) Z/{'chj;a
b A7 Ag J=0 J=1
Az? 5 Ax? s 4
+ = Oapy(t, @) > iciacis + —¢ Gaprg(t; ) D Aiciacipciy + 0 (Azt)  (4.8)
j=1 j=1
and therefore,
Ly A3 Ao
by By b| <« a,m +0 (AZL’Q) (49)
be b7 Ag
if and only if
8 8 8 9 8
Z&j =0, Zﬁjcj;a =0, Zf’jcj;acj;ﬂ = A2 dap,  and Z@jcj;acj;ﬁcm =0.
§=0 j=1 j=1 j=1

In complete analogy to the above, those conditions can be rewritten in the form

1111 1 1 1 1 1 0
0110 -1 -1 -1 0 1]|(% 0
0011 1 0 -1 -1 —1||™ 0
()11011101?}2 2/Ax?
0010 -1 0 1 0 -1 &z: 0
0011 1 0 1 1 1| 2/Ax?
0110 -1 -1 -1 0 1 ° 0
0010 1 0 -1 0 -1 f}ﬁ 0
0010—10—101/&7 0
0011 1 0 -1 -1 -1 s 0

This system of equations reduces to

Ao

1111 1 1 1 1 1 0
00110 -1 -1 -1 0 1][™ 0
0011 1 0 -1 -1 —1]|™ 0
0110111012:2/Am2
0010 -1 0 1 0 —1ff 0
001110111135 2/ Ax?
0010 1 0 -1 0 -1 ; 0
0010 -1 0 -1 0 1 ’ 0
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which yields the one-parameter solution
4(a—1)/Az? for j =0
8; =4 (1 —2a)/A2% forj=1,3,57
o/ Ax? for j =2,4,6,8,
so (4.9) holds if and only if the stencil can be written in the form (4.7). Therefore, we just proved

THEOREM 4.1. Any nine-point stencil that is second order consistent to the Laplace operator can be
written in the form

a 1—2a o
A2 1-2a 4(u—1) 1-2a
a 1—2a a

and any difference stencil of this form is second order consistent to the Laplace operator. FEspecially,
the choice a = 1/6 yields the nine-point Laplace stencil that appears in the original ILBGK transport
scheme (2.62) and o = 0 results in the standard five-point stencil for the Laplace operator [29].

4.2. Stability of the general viscous transport scheme

To reduce diffusion in ILBGK interface tracking, we have to choose the parameter a in equation (4.5)
and, therefore, in the general viscous transport scheme (4.6) as large as possible. In the following, we will
investigate the stability properties of scheme (4.6) to find the largest value of a that can be chosen without
causing numerical instability. In (4.6), the parameter a appears only within the fraction At/ (2aA3:2) in
front of the Laplace stencil, so the choice of a is of course connected to the choice of Ax and At.

For the beginning, we consider the simple case u,, = 0, so we actually study the scheme

At il 1—2a ®
a 1—2a a

which is consistent to the diffusion equation
1
8tX — %(%QX + 0O (At, A$2) .

We will investigate under which conditions (4.10) is L°°-stable respectively L2-stable, i. e. we will check
under which conditions

Ix(t+ At)|lee < [Ix()lle=  respectively — [[x(t 4+ At)|le2 < [[x(£)]e>
for t € [0, tymazr — At].
Let us start with £°°-stability. First of all, we recall that by definition,

lIx(t + At)|| g = max|x(t + At, x)| for t € [0, tmar — At].

From (4.10), we obtain
_ 4(a—1)At
x(t+ At ) = (1 + W) x(t, x)
1—20)At
L%ﬁ%_<“uw+qA@+X@w+%A@+x@w+%A@+xww+qA@>
4 At
2aAz?

and therefore, x(t + At, x) is of the structure

(X(t, T + coAx) + x(t, ® + cuAx) + x(t,  + cgAz) + x(t,x + c8Ax)>

8

8
x(t+ At,x) = Zij(t, z + cjAzx) with Z v; = L
§=0 j=0

Assuming x(t+ At, x) is a convex combination of the x (¢, & + ¢;Ax), i. e. assuming also y; > 0 holds for
j=0,...,8, we find that

min x (¢, ® + ¢;Az) < x(t + At, ) < max x (¢, + ¢;Azx). (4.11)
J J
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Since for any given & € X

migclx(t, y) < min x(¢, & + ¢;Ax) and max x(t,y) > max x(t, & + ¢;Ax)
ye J yeX
condition (4.11) immediately implies £>°-stability. Thus, for L>-stability it is sufficient to require
4At At At
———(a—1) > ——a> d ———(1—2a) >
+ 2aAz? (e=1) 20, 2aA2¢ = 0, o ZanQ( ) 20

and simplifying those conditions we can formulate

PROPOSITION 4.2. Scheme (4.10) is L°°-stable if

At 1
and

1
0<au< - < .
=4=73 arz? = 2(1—a)

By definition, £2-stability means

1/2 1/2
1
(N— Z [x(t+ At,w)|2> ( Z Ix(t, x) ) for each t € [0, timas — At],
x

xzeX wEDC
where Ny denotes the number of lattice points in X. The above inequality reduces to
DIt + At )P <> |x(t@)>  for each t € [0, tmas — At].
xzeX zeX

To enforce this condition, we proceed as exemplified for the one-dimensional case by Peyret and Tay-
lor [60], i. e. we decompose x in Fourier space, thus obtaining

Xta)= Y X(t&exp(ifara) and  x(t+AtLz)= > X(t+ At €)exp(ifata),
€1,§2=—00 £1,€9=—00

where ¢ denotes the imaginary unit. Afterwards, we insert those results into (4.10) and obtain by straight
calculation

X(t+ At €) =

At
1+ 2012 da—4+ 4 Z AEXP (igacj;an + Z 1 - 24’- exp (Zgozcj aA-'I»') X(t, 5)
j=1,3,5,7 j=2,4,6,8
(4.12)

Our aim is now to prevent the amplitudes of X (¢ + At, €) for each t € [0, ¢4 — At] and arbitrary € € Z?
from being amplified by (4.12). Defining the so-called amplification factor

At
=14+——-\4u—4 ) .. 1-— ) . 4.1
A(€) + 5aA.2 | 4 + j:§5 74L€Xp (i€acjaAT) + j:§6 8( 24a) exp (i€ Cjia AT) (4.13)

we can abbreviate (4.12) by X (¢t + At, &) = A(§) X (¢, £). Hence, we obtain

X (mAt, &) = (HA ) ,€) for m € N

and therefore,

[ X (mAL, )| = (H IA(§)|> |X(0,)]  form e N.

a=1
To avoid any amplification of amplitudes of X, we now apply the strict von Neumann condition [60]
|A(€)] <1 which implies

At
vl Kt > wexp (iacjial) + | > (1 -2a)exp(ifacinlr) || <1 (4.14)
§=1,3,5,7 §=2,4,6,8
for each 0 < €ncj.0 A2 < 2m. This yields

PROPOSITION 4.3. The scheme (4.10) is L2-stable if condition (4.14) is fulfilled.
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let @ =0 and Az = 27 /Ny;
while a4 < 1/2
let At =0 and Apgr(a) = 0;
repeat
let At = At + 1/ (10Ny);
determine A according to (4.13);
if maxe |A] <1 then Aoz () = maxe |Al;
until maxg |A| > 1;
let w=u+1/(2Nx);

ALGORITHM 4.1: Test for L2-stability of scheme (4.10

0.1 0.2 0.3 0.4 0.5
A

FIGURE 4.1: Maximal value of At/ (QCLA:L‘Q) for which (4.10) is still L2-stable (dashed line) respectively £>°-stable (solid

line). The axis of ordinates represents the values of At/ (QanQ) while the axis of abscissae shows the stencil parameter «.
The dotted vertical line marks the original ILBGK scheme with « = 1/6 and a = 3.

Since (4.14) is very complicated to evaluate we will investigate it numerically using Algorithm [4.1.
The result on a 40 x 40 lattice is compared to the conditions for £L>°-stability in Figure|4.1. Note that up
to a negligibly small discretisation error, calculations on finer grids yield the same result. It is clear that
the classical five point stencil for the Laplace operator (« = 0) has the worst stability properties while
the best stencil is in some sense quite its opposite (« = 1/2). The ILBGK scheme (a = 1/6,a = 3) is
L2-stable for At/Ax? < 2.2388 and L>°-stable for At/Axz? < 9/5. Since ILBGK is based on the scaling
At = Az? it is in fact unconditionally stable in the £2 norm and the £ norm.

Let us now consider the general transport scheme (4.6) for a constant non-zero velocity field w.
Adapting the above arguments we obtain the conditions

At 1
— <
2aAz2 — 4 —4au

1 1
— - > — - >
(1—-2a) (a - +u1> >0, (1—-2a) (a - u1> >0,

(1 24) (ﬁHLQ) S0, (-2 (aix u2> - (4.15a)

and

1 1
_ > - — >
u(a x+u1+uQ>_0, a(a - u1+u2)_O,

1 1
— — > — — >
U.(an U U2> >0, /{L(aAw—i-ul UQ) >0

for L>°-stability. Let us first consider (4.15a) for the case 4 > 1/2. This yields

(4.15b)

anJrua <0 as well as A

and multiplying the latter inequality with —1 we obtain

—Uq <0
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< Uy < — L .
alAzr — - alAw

This contradicts the assumption a > 0 and therefore, « < 1/2 is a first condition for £>°-stability of (4.6).
Using this result we summarise (4.15a) in the form

1
|UQ|ST fOI'/{L<1/2
[e7A WA

From (4.15b), we conclude that in the case 4 < 0 we must require

<ui+us < —
aAr = 2="uAs

and therefore, 4 > 0 is also necessary for £°°-stability. Thus, (4.15b) implies

<
lur| + |uz| < As

for « > 0 and we can finally formulate

PROPOSITION 4.4. For a constant velocity field w, the general transport scheme (4.6) is L°°-stable if

0< <1 At < 1
=4=3 alAz? ~ 2(1 —a)’
ol € o fora# L, and |+l < fora#0 (416)
Ua| < —— fora# o, an Uy uz| < —— fora#0. .
Thus, the mazimal value of a for which (4.6) is L°°-stable in the case a # 0 is
1
a=——"——.
Az (fu| + [uz])

Analysing L2-stability we find the general transport scheme (4.6) to yield the amplification factor

At [ 4u—4 1 )
B&)=14+ — | ——— _— | efSacinde
(€) +2A$ oAz —|—j_1§3:57u(an+cJ, U >e

1 1€ Cj: x
+ Z (1—2a) (w + Cj;aua> gitacinlt )

§=2,4,6,8
for u = const, so we obtain

PROPOSITION 4.5. For a constant velocity field w, the general transport scheme (4.6) is L2-stable if
|B| < 1.

However, replacing A with B in Algorithm[4.1 has no influence on the result of the analysis. Therefore,
as long as conditions (4.16) hold, plotting the maximal value of At/ (2aAxz?) for which (4.6) is still
L2-stable respectively L>°-stable results again in the chart already presented in Figure 4.1. Thus, we
conclude that stability of the general viscous transport scheme (4.6) is governed by stability of its parabolic

part (4.10).

4.3. Numerical experiments with improved ILBGK interface tracking

From Section 4.2, we know that for a constant velocity field u the general viscous transport scheme (4.6)
allows the largest time step size and suffers least diffusion if

1 1
a= = and a=—— for u € {u(l),u(2)}. 4.17
2 Az (Juy| + |uz|) (4.17)
Furthermore, we know that
At 1 A
max = — and therefore, At o = aAZ? = 436,
2aAx? 2 |U1‘ + |U2|
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initialise x and wu;

choose « and a according to (4.17);

let t = 0;

while t < t,40
determine (¢ + At, x) according to (4.18);
let t = t + At;

ALGORITHM 4.2: Interface tracking with scheme (4.18

so scheme (4.6) takes the form

B N 1 -1 0 1
X+ At@) = x(t@) 43 10 —4 0] x(tw) — g |00 0] (o) (1:2)
101 Lo
. 0 1
Al el | 8 _01 (xuz) (t,@). (4.18)

We perform benchmark simulations for the above scheme with © = u() and w = u(?. The largest
possible value of a is then ten respectively five and therefore, we need 40 respectively 80 time steps for
one revolution on the 40 x 40 lattice as well as 80 respectively 160 time steps on the 80 x 80 lattice.
Algorithm 4.2 gives an overview of the whole procedure. Simulation results are collected in Figures 4.2
and |4.3 while mass loss and computing times are shown in Table [4.1. Note that for w = uw(*) and
At = 10Az the viscous transport scheme (4.18) reduces to

1 0 O
1
Xx(t+ At,x) = x(t, ) + 3 0 -2 0f x(t,x)
1 0 O

which, on the given assumptions, approximates

Az
O x + O xur = 2—08aax,

for which in those directions parallel to the flow field u(*), the transport term clearly dominates diffusion.
Nevertheless, we learn from the plots that there is still too much diffusion in the scheme, so we must
apply the recolouring step. However, it should be mentioned that both mass loss and computing time for
the benchmark are highly competitive.

Following Algorithm [4.3 we simulate the benchmark for u € {u(l), u(2)} using (4.18) and the re-
colouring step, where we replace the uncoloured pseudo-particle density £(u;v) with

')egen(u; U) = f;en (1 + G,A.’E’U,a'l}a)

for the above choice of parameters. If u = u®) we cannot use (4.17), so we define

1 d B 1

4T MY T A maxg {Ju] + [ual}

Therefore, we need approximately 264 time steps for one revolution on the 40 x 40 lattice and approxi-
mately 515 time steps for one revolution on the 80 x 80 lattice.

The corresponding results are just perfect for u = u(!) and quite unsatisfactory for u € {u(2), u(3)},
as can be seen in Figures4.4]to 4.6 and Table[4.2, Still, we chose At such that At/ (2aAz?) = 1/2 which
is exactly the border between the stable and the unstable regime (recall Figure[4.1) and choosing At not
quite as large may avoid some severe numerical difficulties. Therefore, we present results computed with
Algorithm [4.3 for the lattice BGK time step size At = Az? in Figures[4.7 to[4.9 and Table [4.3]

In the given situation, the result for w(0,z) = u(") is worse than before, that for u(0,z) = u® is
better, and that for w(0,x) = u® is of the same quality as its predecessor. Since we cannot obtain any
substantial improvement for the general case we decide to give up this method.

for u =u®. (4.19)
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FIGURE 4.2: Solution of the benchmark problem with Algorithm for u = u(?) on a 40 x 40 (top line) and an 80 x 80
(bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the simulation result
(solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line), right: absolute
value of the Euclidean error in the simulation result.
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FIGURE 4.3: Solution of the benchmark problem with Algorithm [4.2] for u = u(2) on a 40 x 40 (top line) and an 80 x 80
(bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the simulation result
(solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line), right: absolute
value of the Euclidean error in the simulation result.
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FIGURE 4.4: Solution of the benchmark problem with Algorithm [4.3 for w = u(}) and At = aAz? on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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FIGURE 4.5: Solution of the benchmark problem with Algorithm [4.3 for w = u(®) and At = aAz? on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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FIGURE 4.6: Solution of the benchmark problem with Algorithm [4.3 for w = u(®) and At = aAz? on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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FIGURE 4.7: Solution of the benchmark problem with Algorithm [4.3 for w = u(1) and At = Az2 on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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FIGURE 4.8: Solution of the benchmark problem with Algorithm [4.3 for w = w(?) and At = Az2 on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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FIGURE 4.9: Solution of the benchmark problem with Algorithm [4.3 for u = u(® and At = Az? on a 40 x 40 (top line)
and an 80 x 80 (bottom line) lattice. Left: surface plot of the simulation result, middle: contour lines for x = 1/2 of the
simulation result (solid line), the correct solution (dotted line), and the outcome of ILBGK interface tracking (dashed line),
right: absolute value of the Euclidean error in the simulation result.
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initialise x and wu;

if u € {u®, u?} choose a and a according to (4.17);

if u = u® choose « and a according to (4.19);

let t = 0;

while t < t00
do recolouring according to Algorithm (2.8 with £4.,, instead of ¢£;
determine (¢ + At, x) according to (2.66);
let t =t + At;

ALGORITHM 4.3: Interface tracking with equation (4.1) and recolouring

Lattice u(0,x) Mass loss in % Number of flops

40 x 40 u 0 5.11392 - 10°
40 x 40 u®? —4.26326 - 1014 1.02278 - 107
40 x 40 u® 0 3.37519 - 107
80 x 80 u® 0 3.88550 - 107
80 x 80 u® —4.26326 - 10~ 14 7.77101 - 107
80 x 80 u® —1.98952 - 1013 2.50129 - 108

TABLE 4.1: Percentage loss of red mass and computing times for the simulations with Algorithm 4.2

Lattice u(0,x) Mass loss in % Number of flops

40 x 40 u 0 1.05043 - 107
40 x 40 u® 0 2.11877 - 107
40 x 40 ul® 2.41585 - 10~ 13 7.00696 - 107
80 x 80 u™ 0 8.14550 - 107
80 x 80 u® 0 1.64395 - 108
80 x 80 u® 7.38964 - 10~13 5.29820 - 108

TABLE 4.2: Percentage loss of red mass and computing times for the simulations with Algorithm |4.3/for At = aAxz?

Lattice u(0,x) Mass loss in % Number of flops

40 x 40 u 5.82645 - 10713 1.05249 - 108
40 x 40 u®? 1.73372- 10712 1.05886 - 10%
40 x 40 u® 1.15108 - 10~ 12 2.65433 - 108
80 x 80 u 5.96856 - 1013 8.15681 - 108
80 x 80 u® 3.42482 - 10712 8.20843 - 108
80 x 80 ul® 4.95959 - 1012 2.05742 - 10°

TABLE 4.3: Percentage loss of red mass and computing times for the simulations with Algorithm 4.3 for At = Ax?2
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CHAPTER 5

Volume tracking lattice BGK

After we separated interface tracking from the Navier-Stokes solver in ILBGK, we now want to combine
the ILBGK Navier-Stokes solver with a classical method for interface tracking, namely the conservative
volume tracking method. Even though immiscible lattice BGK and conservative volume tracking seem
to be based on completely different ideas, we will see that they have a lot of things in common.

We first introduce a conservative volume tracking method and apply it to the benchmark in Sec-
tion [5.1, then we point out mutualities and differences of ILBGK and conservative volume tracking in
Section[5.2. Finally, in Section[5.3] we introduce a volume tracking lattice BGK method which solves the
Navier-Stokes equations with lattice BGK and determines the motion of interface with volume tracking.
At the end of Section(5.3] this method is applied to the benchmark and the results are compared to those
achieved with plain ILBGK.

5.1. Conservative volume tracking

In this Section, we will consider a conservative volume tracking method [24, 46, 62, 65] which is based
on the ideas of Rider and Kothe [65] in their most simple form. Let us therefore interpret each lattice
point & € X as the centre point of a quadratic grid cell L(x), as shown in Figure 5.1. Choosing all cell
edges to be of length Az we make sure that the uniform lattice X is then covered by a uniform grid.
Now, the basic idea of volume tracking is to interpret x(z) as that volume fraction of grid cell £(x) which
is filled with red fluid and to solve the transport equation (2.13) with a conservative algorithm based on
the so-called volume fluxes of red fluid across the cell boundaries.

In Section[5.1.1, we will discuss the basic prerequisite of volume tracking, namely the reconstruction
of the interface in a given grid cell. Section[5.1.2 deals with the actual volume tracking algorithm and in
Section [5.1.3, we present some numerical results.

5.1.1. Interface reconstruction. We are particularly interested in cells containing both red and blue
fluid, i. e. cells with 0 < x5 < 1, where
1
Xa(t) = —/ x(t,y) dy. (5.1)
AZEQ L(w)

Remember that all edges of L(z) have length Az, so the volume of {(x) is exactly Az2. Let us now
assume each I'y = L(x) NT to be a straight line, so we can describe it with the line equation

NgalYa + Lo =0 for y € 'y, (5.2)

x + c3Ax

T T+ c1Ax

FIGURE 5.1: The quadratic grid cell {(x) (boldface square) around lattice point «
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Q

1 2

FIGURE 5.2: Example of a reconstructed interface in a grid cell. Points 1 to 4 are collected counter clockwise for the
calculation of V (QF) with equation (5.4).

where n, = n(x) is the inner unit normal vector of T'y, and the line constant L, is still to be determined.
Since by definition, n points into the red liquid we have in general

>0 foryeQ
Npala + Lz ¢ =0 foryeT, (5.3)
<0 foryeQ

with QF = L(z) N Q" and Q5 = L(z) N QL.

Suppose for a moment L, is known. Then, we can use (5.3) to check whether or not a given point
y € L(x) belongs to Q. Since I'y is assumed to be a straight line and L(x) is known to be a square
Q. must be a triangle, a tetragon, or a pentagon. The vertices of the polygon 2}, consist exactly of the
vertices of L(x) that lie inside the red phase and the intersection points of I';, with the cell edges of L(x).
Once for m = 1,..., M, with M € {3,4,5}, the vertices y™ of Q, are known in Cartesian coordinates,
we can calculate the volume V (L) of QF using the formula

M
(st =y g (5.4)

m=1

V() =

N =

where yM*! = ! is implicitly assumed (see Figure|5.2 for an exemplifying illustration). Afterwards, we
express the volume fraction g occupied by red fluid in the form x, = V (L) /Ax? or vice versa, we
have V (Q7) = xzAz2.

To compute L, we first pass a line perpendicular to n, through each vertex of L(x) and denote
the corresponding line constant by LJ', where m specifies the vertex (see Figure [5.3] for more details).
Together with the cell edges of L(x), those lines form a polygon which is uniquely defined by the condition
that n, must point into its interior (recall Figure [5.2). The volume V (LZ') of this polygon is named
truncation volume. If one of the L7 solves now V (L7') = V (L) we are already done. Otherwise, we
compute V (L™) — V (Q%) for each L7 and sort the results in ascending order. Then, we pick L} such
that

V(Ly) = min {V(L3): V(Lg) -V (%) > 0}
and Lz such that
V(L) = max {V(LY) : V(L) -V (Q,) <0}.

Afterwards, we interpolate the function V (Lg) — V (%) between L, and L}. Finally, we use Algo-
rithm 5.1} which is typically referred to as Brent’s algorithm [6, 61], to solve
Vol (Lg) =V (Lz) =V () = 0

for L. Knowing n, and L, we are now able to completely describe I';, by equation (5.2).

5.1.2. Volume tracking. The next step will be the determination of the fluxes of red fluid across the
cell boundaries. Those fluxes correspond to the amount of red fluid flowing from [z to a neighbouring
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FIGURE 5.3: Two lines with identical normal vector passing through vertices 2 respectively 4. Those lines are marked with
their particular line constants L2 and L%. The parallel lines passing through vertices 1 and 3 intersect the grid cell in one
point only, so the corresponding truncation volume can only be zero or Az?2.

let #1 = L, wo = L}, and #3 = #1;
while Vol(#s) # 0
if Vol(w2) Vol(ws) > 0 let #3 = #1;
if | Vol(w3)| < | Vol(#2)| exchange #o with »3 and let #1 = #3;
let & = (3 — #2)/2;
if & = 0 or Vol(#2) = 0 stop here, #, is the solution;
else
try to update »o with one step of inverse quadratic interpolation;
if that works out well go on, everything is fine;
else

update »5 with a bisection step;

ALGORITHM 5.1: Brent’s algorithm

grid cell. In particular, we apply here a conservative fractional step (or operator split) algorithm [62,65],
i. e. we apply a scheme of the form

At _ At Cs C1
Xz (t + 7) = Xac(t) + E (? (t,(l: + EAQT) -F (t,(l? + ?A.%) ) (55&)
and
B At At At cr At cs3

where & (t, T+ C—QIAI) represents the normalised volume flux across the eastern edge of L(x) computed
at time t. All other normalised volume fluxes are denoted analogously.

There is a simple geometric interpretation of the volume fluxes which we will now exemplify for
F (t7:1: + %Am) in the case uq (t,ar: + %Am) > 0. Let us therefore divide the grid cell L(x) into two
disjoint rectangles, one of area wu; (t,a: + %Am) AtAz and one of area (Am — Uy (t, T+ %Ax) At) Az,
as illustrated in Figure 5.4. Then, all the fluid contained in the first rectangle will cross the eastern cell
edge in the present time step while all the fluid in the latter one will fail to do so. In particular, this means
that the mass flux of red fluid across the eastern cell boundary corresponds exactly to the amount of red
fluid contained in the volume u; (t, T+ %Ax) AtAz. This, in turn, coincides with the fluid contained
in the dark tetragon in the south-eastern corner of the example grid cell £(x) in Figure[5.4. Therefore, if
V (t,@ + $-Az) denotes the volume of red fluid in uy (¢, @ + 4 Az) AtAz the volume flux is given by

Vol c1 _ 2
F (t,:c—i— 2Ax)—V(t,:I:+ QAZ‘)
and if Volg(t) denotes the volume of red fluid in grid cell L(x) at time ¢ we have

Vol (t + %) = Vol (t) + (V (t,:c + %Ax) -V (t,w + %Am) )
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Az

FIGURE 5.4: The volume flux of red fluid over the eastern cell edge in the case ui (t, x + %Aac) > 0 corresponds exactly to
the volume of the dark tetragon at the lower right of the example grid cell £(e). The full, i. e. uncoloured, volume flux over
the eastern cell edge is given by the volume of the rectangle uj (t, x+ %Aw) AtAz while the volume of its complement

in (), (Am —u1 (t, x + %Am) At) Az, corresponds the volume of (uncoloured) fluid that does not pass the eastern cell
edge. Volume fractions and normalised volume fluxes are obtained by dividing the volumes of the polygons and the volume
fluxes, respectively, by Az?2.

Dividing this equation by the volume of the grid cell, Az2, we obtain

At N At 1 Cs 1 C1
Xe (t + 7) =)+ 55 (AtAxV (b F0) = gV (b ?A”CD

and comparing this equation with (5.5a) we find that

Cs _ 1 E
F (t, T+ ?Afc> = AtAxV (t, T+ Am) (5.6a)
and
C1 o 1 C_l
F (t,:v + ?Al') = —AtAxV (t,m + 5 Ax) . (5.6b)
In exactly the same way, we gain
At Cy - 1 At Cy
and
At C3 - 1 At C3

so we can apply (5.6a) as well as (5.6b) to update x(t+At/2) using equation (5.5a) and then exploit (5.6¢)
as well as to update x(t) using equation (5.5b).
Let us now give a more classical interpretation of (5.6). Knowing from (5.1) that x4 (t) = Volg(t)/Az?
we define
V(t,x+ S Ax)
Xer%lAw (t) = cL )
U1 (t,:c + 9 Am) AtAx

ie.we let Xz e1n, (t) equal the volume fraction of the red fluid in the rectangle u; (¢, + S Az) AtAx
(see again Figurel5.4), so we gain

C1 1 C1
Uy (t,ar: + EA.Z‘) X:z:—i—%Ax(t) = mV (t,:z: + EAx) .
Since analogous results hold at each cell edge of L(x) and

1
01 (u1x), () = Az <u1 (t,w + 62—1Ax) Xa+ 9 as(t) — w1 (t,ac + %Aw) Xm—i—%’Az(t)) + 0 (Az?)
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initialise x(0) and w(0, x);
let t = 0;
while ¢ < ¢4
reconstruct the interface in each grid cell as described in Section [5.1.1}
ift mod2=1
compute F (¢, + ¢1Az/2) in each grid cell according to ;
compute . (t + At/2) in each grid cell according to (5.5a);
compute F (t + At/2,x + c3Az/2) in each grid cell according to (5.6d);
compute x4 (t + At) in each grid cell according to (5.5b);
else
compute F (¢, + c3Az/2) in each grid cell according to (5.6d);
compute . (t + At/2) in each grid cell according to (5.7a);
compute F (t + At/2,x + ¢;Ax/2) in each grid cell according to (5.6b);
compute x,(t + At) in each grid cell according to (5.7b);
let t =t + At;

if necessary, update u(t, z) with any method;

ALGORITHM 5.2: Conservative volume tracking

respectively

At 1 At cs At

A A
— Ug <t+7t,w+%Ax)Xm+c77Am (t+7t>> —&—O(AxQ),

where (uqaX),, (t) = ua(t, )xz(t), we find that (5.5) is in fact a proper discretisation of the transport

equation (2.13) if (5.6) is true.
Note that we can dramatically improve the accuracy of scheme (5.5)) by employing the so-called Strang

splitting [75], i. e. by applying (5.5) only in uneven time steps and sweeping the directions otherwise.
This means that in even time steps, we have to solve

At At cr cs
and

. At At At Cs At (&1

while in uneven time steps, we stick to (5.5). The complete volume tracking procedure is summarised in
Algorithm [5.2.

5.1.3. Numerical experiments with conservative volume tracking. Let us now apply Algo-
rithm[5.2 to the benchmark problem. Figures[5.5, 5.6, and 5.7 show the results computed with u = u(!),
u = u? respectively u = u(®). We find that for all simulations, conservative volume tracking yields very
accurate results and clearly outperforms the ILBGK interface tracking Algorithm 2.9. However, looking
at Table 5.1 we find that in return for its poor accuracy, ILBGK interface tracking needs less computing
time than conservative volume tracking. Furthermore, this table teaches us that none of these methods
suffers from considerable mass loss.

5.2. ILBGK interface tracking versus conservative volume tracking

Let us now have a closer look at the relation between the ILBGK interface tracking Algorithm[2.9 and the
conservative volume tracking Algorithm [5.2. Both have in common that they use the indicator function
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FIGURE 5.5: Solution of the benchmark problem for u = w() with Algorithm on a 40 x 40 (top) and an 80 x 80
(bottom) lattice, all pictures taken after one complete revolution. Left: volume fraction xz of red fluid, middle: level line
for x = 1/2 respectively xez = 1/2 of the correct solution (dotted line), the ILBGK approximation (dashed line), and the
volume tracking result (solid line), right: absolute value of the Euclidean error in the volume tracking result.
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FIGURE 5.6: Solution of the benchmark problem for u = w(® with Algorithm 5.2/ on a 40 x 40 (top) and an 80 x 80
(bottom) lattice, all pictures taken after one complete revolution. Left: volume fraction xz of red fluid, middle: level line
for x = 1/2 respectively xaz = 1/2 of the correct solution (dotted line), the ILBGK approximation (dashed line), and the
volume tracking result (solid line), right: absolute value of the Euclidean error in the volume tracking result.
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FIGURE 5.7: Solution of the benchmark problem for u = w(®) with Algorithm on a 40 x 40 (top) and an 80 x 80
(bottom) lattice, all pictures taken after one complete revolution. Left: volume fraction xz of red fluid, middle: level line
for x = 1/2 respectively xz = 1/2 of the correct solution (dotted line), the ILBGK approximation (dashed line), and the
volume tracking result (solid line), right: absolute value of the Euclidean error in the volume tracking result.

Lattice u Mass loss (CVT) Mass loss (ILBGK) Flops (CVT) Flops (ILBGK)

40 x 40 u® —5.00222 - 10~ 12 1.70530 - 1013 9.29160 - 108 2.07773 - 108
40 x 40 u® —1.42478 - 10710 1.29319 - 1012 2.49489 - 10 2.07769 - 108
40 x40 u® —1.87498 - 10719 —3.26850 - 10~13 9.18812 - 10° 5.19433 - 108
80x 80  wu® —1.25056 - 10~12 2.13163 - 10713 3.63342 - 10° 1.59739 - 10°
80x80  wu® —6.43610 - 10~ 11 1.90425 - 1012 9.76144 - 10° 1.59743 - 10°
80x8  u® —1.70616 - 10~19 —9.66338 - 10~13 3.83166 - 1010 3.99364 - 10°

TABLE 5.1: Percentage loss of red mass and computing times for the simulations with the conservative volume tracking
Algorithm 5.2 (CVT) and the ILBGK interface tracking Algorithm [2.9 (ILBGK)

x of red fluid to determine the position of the interface I" but they use very different approaches to solve
the transport equation (2.13).

ILBGK interface tracking determines the local colour gradient F', which is an inner normal vector
of ', and distributes red pseudo-mass, i. e. x, into ¢ different directions (for example ¢ = 9 in the D2Q9
model used here) such that as much red pseudo-mass as possible is distributed into the direction closest
to F'. If there is some red pseudo-mass left the direction which is second closest to F' obtains as much
as possible, and so on until there is no more red pseudo-mass left. This procedure results, in fact, in a
perfectly sharp interface, never more than two grid cells wide, but the run of the interface is not kept
under control. Actually, this is not very surprising since the whole procedure is designed to keep the
interface sharp but no care at all is taken about its correct shape.

In contrast to ILBGK interface tracking, the conservative volume tracking Algorithm [5.2 is more
sophisticated. It calculates the inner unit normal vector n of I' according to Proposition [2.5 and then
utilises m, and Yy, to find a reasonable approximation to I' in each grid cell. After this, the volume
tracking method retraces in some sense the characteristics of the transport equation (2.13) to find the
full flux of fluid volume over the cell boundaries. Since in each grid cell, the position of I' is known
the volume tracking Algorithm can now determine the fluxes of red fluid over the cell boundaries. The
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initialise p(0, ), x£(0), and u(0, x);
let f(0,z;v) = f&'(p(0, ), u(0,x)) as defined by (2.43);
while ¢ < ¢4
determine f¢(p(t, @), u(t, x)) according to (2.43);
do uncoloured collision according to (2.44);
do uncoloured propagation according to (2.45);
determine . (t + At) according to Algorithm [5.2}
let t =t + At;
compute p(t, ) and pu, (¢, ) according to (2.34);
let uq (t, ®) = pua(t,x)/p(t, x);

ALGORITHM 5.3: Volume tracking lattice BGK

change in x, is then given by the sum of the normalised fluxes of red volume over all boundaries of the
grid cell. Altogether, we see that volume tracking provides a very detailed treatment of all aspects of
interface motion by carefully determining the amount of red fluid to be moved to a given direction. This
guarantees not only the sharpness of the interface but also its correct motion.

Comparing both methods we find that ILBGK is in some sense a crude version of conservative volume
tracking. This interpretation coincides with the results presented in Section |5.1, where we found that
ILBGK interface tracking is faster but less accurate than conservative volume tracking.

5.3. Combination of conservative volume tracking and lattice BGK

Our goal is now to design a lattice BGK method for two-phase flow which does not suffer from too much
disturbance of the interface. For this reason, we construct a volume tracking lattice BGK (VILBGK)
method by combining the volume tracking Algorithm 5.2 with the Navier-Stokes solver of the immiscible
lattice BGK Algorithm [2.6] The whole procedure is summarised in Algorithm [5.3.

Let us now apply this Algorithm to the benchmark problem. In analogy to Section[3.4] we assume o =
1 and w = 1, which yields the dynamic viscosity ¢ = 1/6, and we run simulations for ¢ € {0.001,0.01,0.1}.
Results for ¢ = 0.001 are shown in Figures[5.8 to[5.10] those for ¢ = 0.01 are collected in Figures [5.11
to 5.13| and those for o = 0.1 can finally be found in Figures|5.14 tol5.16. Note that we do not know the
analytical solution for any of those experiments . Mass loss and computing times for all simulations are
collected in Table[5.2.

In analogy to the results presented in Section[5.1.3] we find that for o = 0.001 VTLBGK yields more
accurate results than ILBGK. For ¢ = 0.1 surface tension turns the square into a smooth circle in the
VTLBGK simulations and into a perturbed circle in the ILBGK computations, i. e, surface tension is
already quite strong but still too weak to cure the spurious oscillations produced by ILBGK interface
tracking. In the simulations for o = 0.1, both methods produce a smooth circle from which we conclude
that surface tension does no longer allow any other shape of the interface. Note that computing time in
VTLBGK simulations is always higher than in ILBGK calculations.

The simulations for w(0,x) = u® produce the kind of irregularities we already observed in Sec-
tions 3.2 and [3.4] Still, there is no rigorous explanation for this phenomenon. Note that this time,
we also observe perturbations of x, in the results for u(0,x) = u™ but their order of magnitude is
much smaller. Also the rigorous investigation of their origin is a task for future research. One possible
explanation for the irregularities in x, might be the incompressibility error in the velocity field causing
perturbations of x, which are then amplified in later time steps. However, this is pure speculation.
Fortunately, mass loss is only of O (10’10) for all VTLBGK computations.
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FIGURE 5.8: Solution of the benchmark problem for w(0, ) = w(!) and o = 0.001 using Algorithm 5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.9: Solution of the benchmark problem for u(0,x) = 4® and ¢ = 0.001 using Algorithm 5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.10: Solution of the benchmark problem for u(0,«) = () and o = 0.001 using Algorithm 5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.11: Solution of the benchmark problem for w(0,x) = u™® and ¢ = 0.01 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.12: Solution of the benchmark problem for u(0,2) = u(®) and ¢ = 0.01 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.13: Solution of the benchmark problem for w(0,x) = u®) and ¢ = 0.01 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.14: Solution of the benchmark problem for w(0,2) = u() and ¢ = 0.1 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.15: Solution of the benchmark problem for (0, ) = u(?) and ¢ = 0.1 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 X 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction xz, right: level
line for x = 1/2 respectively xz = 1/2 of the ILBGK approximation (dashed line) and the VITLBGK result (solid line).
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FIGURE 5.16: Solution of the benchmark problem for w(0,2) = u(® and ¢ = 0.1 using Algorithm [5.3 on a 40 x 40 (top
line) and an 80 x 80 (bottom line) lattice, all pictures taken after one revolution. Left: the volume fraction X, right: level
line for x = 1/2 respectively xo = 1/2 of the ILBGK approximation (dashed line) and the VTLBGK result (solid line).

Lattice u(0,x) o Mass loss in % Number of flops
40 x 40 u® 0.001  —5.75014 - 10710 7.88354 - 107
40 x 40 u® 0.01 2.80039 - 1010 6.44152 - 10°
40 x 40 u® 0.1 —2.80011 - 10~10 6.72455 - 109
40 x 40 u® 0.001 1.72520 - 10~19 5.28694 - 10°
40 x 40 u® 0.01 —1.15008 - 10~ 10 4.64590 - 10°
40 x 40 u?® 0.1 —1.22498 - 10~ 10 5.34097 - 10°
40 x 40 u® 0.001 —8.77520 - 1010 2.91615 - 10'°
40 x 40 u® 0.01 3.34978 - 10~ 10 2.86207 - 1010
40 x 40 u® 0.1 —9.22469 - 10~10 2.27901 - 1010
80 x 80 u®) 0.001 1.48745 - 1010 6.73781 - 1010
80 x 80 u® 0.01 2.90640 - 10~10 6.13699 - 1010
80 x 80 u® 0.1 —2.25015 - 10710 6.34040 - 1010
80 x 80 u® 0.001 —3.09370 - 10~10 2.72286 - 1010
80 x 80 u® 0.01 1.88123 - 1010 2.34716 - 1010
80 x 80 u® 0.1 —5.81366 - 10~10 2.73493 - 1010
80 x 80 u® 0.001 2.23096 - 10~10 2.85516 - 10'!
80 x 80 u® 0.01 —3.22501 - 1010 2.53958 - 101!
80 x 80 ul® 0.1 —2.03130- 1010 2.12220 - 10!

TABLE 5.2: Percentage loss of red mass and computing times for the simulations with Algorithm[5.3|






Conclusions

Assuming the absence of jumps in density and stress at the interface we have studied the immiscible
lattice BGK model of incompressible two-phase flow. Even though many parts of the analysis have been
performed for the particular D2Q9 model, the underlying ideas apply directly to other lattices structures
because they are based only on general properties of lattice BGK. Adopting those ideas to more general
immiscible lattice Boltzmann models is also straightforward.

By detailed mathematical analysis, we have found a recently published [22, 23] variant of ILBGK to
be more reasonable than the original. Furthermore, we have presented a model of surface tension for which
immiscible lattice BGK is formally consistent to the full-space form of the incompressible Navier-Stokes
equations. The proof of this consistency has turned out to be not at all straightforward.

Particular focus was given on the intrinsic interface tracking method of immiscible lattice BGK. This
method allows a sharp interface to smear out during one time step and corrects the smearing during the
next one. This correction is done by the recolouring step. In one space dimension, this method works
very well but in 2-d, the recolouring step produces severe perturbation in the interface. Furthermore, for
a special velocity field we have observed irregularities in the solution which we have not yet been able to
rigorously explain. However, it should be mentioned that ILBGK interface tracking performs definitely
better than a Riemann solver because Riemann solvers are not able to maintain a sharp interface in more
than one space dimension.

We have tried two approaches to cure the perturbation of the interface, anisotropic diffusion and
artificial surface tension. Using anisotropic diffusion we have managed to remove the disturbance of
the interface but the price we had to pay for this was unacceptable mass loss. The artificial surface
tension approach has turned out to be of no help for removing the perturbation of the interface but
produced unacceptable mass loss as well. With artificial surface tension, we have again observed the
above irregularities in the solution for a special velocity field.

Furthermore, we have found that ILBGK interface tracking is only a special case of a more general
method which first solves a parameter-dependent viscous transport equation for the indicator function
of one phase and then applies the recolouring step to correct the resulting diffusion of the phases into
each other. Detailed analysis of the stability properties of the general viscous transport scheme has
yielded a numerical method with improved theoretical properties but even for this improved scheme, the
recolouring step has turned out to produce severe disturbance of the interface.

As an alternative to the unreliable ILBGK interface tracking, we have presented a relatively simple
conservative volume tracking method. In numerical experiments, this method has turned out to be more
accurate but also more expensive than ILBGK interface tracking. Furthermore, we have realized a close
connection between the concepts of ILBGK interface tracking and conservative volume tracking. Coupling
conservative volume tracking with the Navier-Stokes solver of ILBGK we have found the numerical
results computed with this coupled method to be quite promising, even though again, we have observed
irregularities in the solution for a special velocity field.

Once the reason why those irregularities appear is rigorously explored, it may be possible to use this
knowledge for the improvement of both the (general) ILBGK interface tracking scheme and the coupled
volume tracking lattice BGK method. Also the reason why mass loss appears if anisotropic diffusion is
used to remove the disturbance of the interface is not yet investigated, so it might also be possible to
cure this defect and to construct a reliable transport scheme from ILBGK interface tracking in this way.

In addition, it should also be examined in how far the difficulties of ILBGK interface tracking can
be reduced by allowing the interface to smear out over a few lattice points, as already proposed by some
authors. Furthermore, also the other lattice Boltzmann models of two-phase flow (interacting potential
and free energy) have not yet been mathematically investigated. Finally, to investigate the consequences
of jumps in density and stress is another challenging task for future research.
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APPENDIX

Example of a smooth indicator function

Let us now consider an example of an indicator function xya, € € ([0, tmas] x 2, R) fulfilling

1 forx € Q" \ Tax
Xaz(t, ) =< nag (t, zk,ﬁ) for & € Ta, NUF (A.1a)
0 for £ € Q°\ Tas
as well as
NAx € Gl ([Oatmaz] X Gk X (_17 1)7R) ) 8577Ax Z Oa Al:lbgo NAzx (t, Zk7€) =T (t, Zk7€) (Alb)
My € el ([O,tm(m] x OF x (-1, 1)7]R) , and o > 0. (A.1c)

in a d-dimensional domain  (compare Section 2.4.1). Note that due to lima,oTa; = T, condi-
tion (2.70a) immediately implies

I 1 forxe Q"
im =
AnDo XAz 0 for x € Qb.

First, we introduce the so-called smoothing kernel

1 T
Vaz(w) = Ard o (E) (A.2a)
with [13]
exp(=1/(1-]l2l3)) f
<1
To(w) = 4 Joow(Cu i) o 122 (A.2b)
0 otherwise,

see Figure|A.1 for an exemplifying illustration. Then, for any regular distribution K € D’(£2) we define
KA:C by

Kag(x) = (Upay x K) (),

where

(Was + K) () = /Q V(e — y)K(y) dy (A3)

denotes the convolution of K with ¥ a,, compare Figure|A.2.

3.5

FIGURE A.1: The smoothing kernels ¢ (solid), ¥, /, (dashed), and ¥, /4 (dash-dotted) in one-dimensional space
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FIGURE A.2: The function x (left), the smoothing kernel ¥, 5 (middle), and the convolution product ¥/, * x (right) in
one-dimensional space

Later in this Appendix, we will show xa, = Yaz * x, where

1 for @ € Q" (¢)
tz) =
x(t.) {0 for @ € Q°(t),

to fulfill (A.1). First, however, we want to show one basic property of convolution with W A,, namely

(Kaz @) = (K, @) + 0 (Az?)
for each regular distribution K € D’(Q) and any test function ¢ € D(Q). By definition, we have

//\I/Az:c— K(y)o(x)dedy — /K

and from (A.2) and the coordinate transformation ( y)/Ax — & we obtain

//\IJAI z—y)K(y)p(z)drdy = //Bl(o (@)K (y)p(y + TAz) dZ dy, (A.5)

where B1(0) = {:i eR: |2, < 1}. By Taylor expansion, we find that

(Kaz — K, ¢)q (A.4)

o (y+ TAx) = o(y) + AxZa0ap(y) + O (Aa:z)

and therefore,

/Q /31(0) Vo (2)K (y)p(y + 8Ax) dE dy
:/31(0) \I/o(i:)dic/QK(y) dy+A3:/ /93 0(@) K (y)20000(y) dZ dy + O (Aa?) .

From (A.2b), we learn that

/ Uo(%)dE = 1,
B1(0)

so (A.5) takes the form

/Q /Q Uno(x — y)K(y)p(z) dz dy

- / K(y)o(y) dy + Az / / Uo(3) K (9)Fadaip(y) dF dy + O (Az?)
Q QJB.(0)

and inserting this into (A.4) we obtain

(Ko — K, 0)g| = Am/ﬁ o Vo (&)Za d:‘é/QK(y)@a@(y) dy +0 (Az?)

which already yields
(Kaz, p)g = (K,9)q + 0 (Az).

Note, however, that the smoothing kernel ¥ is even and the function Z, is odd, so we have

/ Uo(Z)Zqdz =0
B1(0)
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Bax (w) BAI):‘ ((l:)

"I~ Azn R
FIGURE A.3: Bag(x) for @ € Q\ Ta, (left) and for @ € T'a, (right)

and therefore,
<KAwa <p>Q = <Ka <)0>Q +0 (A.’E2>

in this special case. Altogether, we gain
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PROPOSITION A.1l. For any regular distribution K € D'() and an arbitrary test function ¢ € D(Q)

<\IJA;C * K7 <)O>Q = <K7 QO>Q + O (AxQ) )
where the smoothing kernel Ua, is given by (A.2). If Uy was not an even function only
<\I]Ar * Ka §0>Q = <Ka $0>Q +0 (A‘T)
was fulfilled.

In the remainder of this Appendix, we want to show that W, * x also fulfils conditions (A.la)
to (A.1lc). Note that by construction, U, * K € €>*°(Q,R) for any regular distribution K € D’(Q) [13]

and therefore, we have Wa, * x € C! ([0, tmaz] X Q,R). Since WA, is even, i. e.
\Iij(w_y) :\IlAm(y_w),
and supp Ya, = Ba,(0), where Bay(z) ={y : |ly — x|, < Az}, we obtain from (A.3

U, #x(t, ) = / V. (y — @) x(t,y) dy.
’BAl(m)

For & € Q\T' Az, we have Ba,(z)NT = @ and therefore, x(y) = x(x) for each y € Ba,(x), see Figure/A.3

for a sketch. Thus,
[ sty =0 forec @)\ a0
BA;n (:l‘:)

and

/ Uas (y — ) X(ty) dy = / Wo(z)dz =1 forw e @ (t)\ Lanlt),
Baz(x) Bi(z)

where Bi(x) = {y : ||y — ||, < 1}. Therefore,
Ua, x x(t, ) = x(t, x) for x € Q\Taz.

Let us now assume « € U¥ N Ta,. In this case,

U, # x(t ) = / Uau(z — y)x(y) dy = / W an(z — y) dy
Baz(x) Baz(®)NQ (1)

and using (A.2a) together with the representation
x =h* (zk) + Azln o h* (zk) ,
where z¥ € ©F and £ € (—1,1) (compare Section [2.4.1)), we obtain

1 hF () —y A
Une(x—y dy:/ v + InohF ()] dy.
/BAw(m)ﬂQT(t) ( ) Baz(x)NQr () Aa?d 0 Az ( )

(A.6)
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Defining now

1 h* (%) —
na (t,2",0) =/3 S Amd%( (Zi Yt mont (zk)> dy (A.8)
Az (T "

and recalling (A.6) we find that U, * x is in fact of the structure (A.1la).
In the following, we turn our attention to the conditions collected in (A.1b). Recall that by construc-
tion, Waz * X € CL ([0, tmas] x ©,R). Since I is by definition a C2-surface we also have

Rtee?(Ohr)  aswellas  mec (T,RY)
and therefore,
Naz € C ([0, tmas] x OF x (=1,1),R) .
Then, we determine

1 h* (zk) —y
0 T :/ - o hk k 8a\I! S GV A A hk k d 7
s B as (@) () AT (n oh” (2 >) 0 < Ax noh” (") | dy

where o = 1,...,d. At this stage, we apply (A.7) and (A.2a) to obtain

/93 1 (na oh¥ (zk)) 0, ¥g (hk(sziy +¢nohF (zk)> dy.

Aw(@)NQT () Azd
_ / (na o B* (%)) aWars (@ — y) dy.
Bz (®)NQ (1)

Drawing now n o h* (zk) under the derivative and using the divergence theorem we write

/ <naohk (zk)) &XlllAw(w—y)dy:/ N (Y) (naohk (zk')) Un(x—y)di(y),
Bas(2)NQ7 (L) Baz(z)NT(t)

where 4 denotes the surface measure on I'. Since I' is a C2-surface it is possible to choose Az small
enough such that for y',y? € Ba,(x) N Q7 (t) we have n, (y') na (y?) > 0, i. e. the angle between the
inner unit normal vectors at two arbitrary points in Ba,(x) N T is less than 7/2. This yields

1o (Y) (na o h* (zk)> >0 for Az small enough.

Furthermore, ¥, (x—vy) > 0 on B, (x) by definition and for « € T'a,, the volume measure of B, (x)NT
is non-zero by construction. Thus, we conclude

/ na(Y) (naohlC (zk)) Un.(x—y)di(y) >0
Bae(z)NI(t)

and therefore, Oyma, > 0 for Az small enough.
In the following, we shall consider properties (A.1c). For any & € I'a, N UF we have Ba,(x) C
I'oaz NUF, so we can use the representation

y=h" (2k) + Azln o h* (ﬁk)

with 2% € ©F and ¢ € (—2,2) to rewrite the right hand side of definition (A.8) in the form

1 h* (zk) -y &
] +lmoh” (2F) ] d
/93M(w)mr(t) Agd ™" < Az "o (Z ) Y

= /@k(t) /02 Aidgo h" (%) — h* (2k) +tnoht () — inoht (213) 5<2k’é) didz. (A.9)

Ax
The Jacobian J (2’“,@) is given by

Oy -+ Oa—1yr O
: : (A.10a)

Owya - Oa1ya Opya
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and thus,
Ohk + Axloynk o By 1hE 4+ Axldy_ ik Axik
5(2’“,2) = |det : : : , (A.10b)
Rl + Axlornk - Dy 1 bk + Axldy_ ik Axil
where izk =hn* (2k) and ¥ =mno ka. This yields

Ol + Axloynk - By hE + Awldy ik Ak
5(2’“,8) = Azd(%,0) = Az |det : : Sl (A
O hE + Axlonk - Bg_1 ki Axldy_nl Ak
By Taylor expansion, we obtain
RF (2F) = BF (24) + (25— 2) ash* (24) + 0 (5 - 25)7),
where 3 =1,...,d — 1, and therefore,

BE () - n* (2) _ % *%mhk () +0 | a (Zg 5?’)2

Az Az Az
Inserting now the definition
1
wh = — <2k — zk> (A.12)
into the right hand side yields
h* () — B* (zk)
Az
Expanding n o h* (zk) in exactly the same way and using again (A.12) we obtain
noh” (") =mno h* (2" + wFAz) + 0 (Az)
and substituting those expansions into ¥y we find that
h* () — B* (zk)

Ax

= —wgaghk (zk + kax) + 0 (Ax).

Uy

+no b (%) — inon* ()

=T, ( - wgaghk (zk + 'kaa:) + (f - f) (n o h* (zk + ’kal’)) + 0 (Ax) >

Inserting definition (A.12) into J yields

OhE + Axloyik - 8y hF + Axldy_nk  #k
g(zk,wkj) = |det : :
Ok + Axloynk - Bg_1hE + Axldy 0k Rk
where A" = h* (2% + wPAz) and A* = noflk, and recalling (A.11) we find the coordinate transformation
OF 5 2% — wk € OF to turn the right hand side of equation (A.9) into

/ /2 Aid 0, h* (zk)A—xhk (ﬁk) + fn o h* (zk) —inohk <2k> 5(2,@ di dz
okt) Jo
2
- /~ / Yo <_wgaﬁhk (2" +whAz) + (E B g?) noh” (2" + whAz) + 0 (Am))
okt) Jo
3 (24 wh 1) dl dw

Note here that the Jacobian of the transformation ©F 5 2* — wk € OF equals Az
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At this stage, we determine

2
lim [ﬁ / Uy (—wg(’)ﬁhk (zk + 'ka.’E) + (Z - g) no h,k (zk + ’ka,T) +0 (A.’L‘))
Ax—0 ek (t) Jo

2
Tk 0k 3\ 35 g0k ko pk(k ) k(_k E\ 37 300k
3 (24 w",0) dldw _/6%)/0 o (—whdgh” (%) + (€= £) noh* (24)) 3 (2*) dldw
with
Dbk (2%) - Qarhb (=) mao P (2F)
H(Zk) = |det : : : )
DRk () - 9uahk () ngo b (2)
so we define
2
no (£, 2*,0) = /N / Wy (~ufopht () + (£~ D) noh® ()3 (=) di dw' (A.13)
k() JO
to obtain lima,—0naz = 1o- Recalling
UoeC(QR),  hFee?(OhT)  aswellas  mec (TR
and observing that J (zk) cannot become zero we obtain
1o € €' ([0, tmas] x OF x (=1,1),R).
Now, it only remains to show dyng > 0. Recalling definition (A.13) we find that

2
demo = /~ / (na oh” (Zk)) 0¥ (—wgﬁghk (zk) + (f - f) noh” (zk)) dJ (zk) dl dw*
Ok(t) Jo
and the coordinate transformation ©F x [0,2] ('wk, é) — &€ Q' NT%, where

Iy = {E eR? : &€ = k" (2F) + whoh® (2%) + fno A (2¥) with 7 € (—2,2)} ,
yields

/6k(t) /02 (na o h* (zk)> 0, ¥ (_wgaghk (Zk) n <€—£> n o hk (zk)) g (zk) df dw”

B /Q"(t)ml“’g (na °h' (zk)) 0a'Wo (C B £> ac,

where
¢=h" (zk) +¢nohf (zk) with ¢ € (—1,1).

Drawing (na o h* (zk)> under the derivative and using the divergence theorem we obtain

/ (a0 B* (%)) DaWo (¢ — €) dé =
Qr(t)nrk
Due to (A.2b)), we have for ¢ fixed
supp o (¢ — &) = {€ € R+ ¢ — €] <1}
and by definition of ¢ and I'5, we know that
{eemr ¢ -l <1}nofor@nrs)
is not of measure zero. This implies ¥, > 0 on a set of non-zero measure in the domain of integration.

Since for Az — 0 also nq(§) (na o ht (zk)) > 0 we have 9ynp > 0 which yields that, in fact, dng > 0.
Therefore, we finally gain

na(€) (ma o BF (2)) Wo (¢ — €) da(€).

a{armnrk}

THEOREM A.l. If the assumptions stated in Section 2.1.1 hold and Ax is chosen small enough then the
function Wa, * x with WA, defined by (A.2) fulfils the conditions (A.1).
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