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Introduction

The main two problems of continuous-time financial mathematics are option pricing
and portfolio optimization. The first of these problems is concerned with valuing derivative
contracts on stocks (or other underlyings) which have a non-linear payoff structure such as
all kind of options. The other important topic, portfolio optimization, consists of the search
for the best investment strategy of an investor who is trading securities at a financial market.

In this thesis, various new aspects of the above major topics of financial mathemat-
ics will be discussed. In all our considerations we will assume the standard diffusion type
setting for securitiy prices which is today well-know under the term ”Black-Scholes model”.
This setting and the basic results of option pricing and portfolio optimization are surveyed
in the first chapter.

The next three chapters deal with generalizations of the standard portfolio problem,
also know as "Merton’s problem”. Here, we will always use the stochastic control approach
as introduced in the seminal papers by Merton (1969, 1971, 1990). Although this approach
is known for some time now, there are a lot of natural generalizations of the problem which
are not treated in the literature.

One such problem is the very realistic setting of an investor who is faced with fixed
monetary streams. More precisely, in addition to maximizing the utility from final wealth
via choosing an investment strategy, the investor also has to fulfill certain consumption
needs (such as paying a monthly rent) that can be deterministic or even stochastic.Also the
opposite situation, an additional income stream (such as a payin scheme) can now be taken
into account in our portfolio optimization problem. We consider various such examples
and solve them on one hand via classical stochastic control methods (such as setting up a
corresponding Hamilton- Jacobi-Bellman equation and proving a corresponding verification
theorem (see Korn and Korn (2001)) and on the other hand show by means of a general
separation theorem how the problem solution can be reduced to that of well-examined
subproblems. This together with some numerical examples forms Chapter 2.

Chapter 3 is mainly concerned with the portfolio problem if the investor has differ-
ent lending and borrowing rates. Even more, the borrowing rate depends on the percentage
of his holdings which is already financed by a credit. Again, this is a very natural problem
and is not yet treated in the literature in the form we consider. We give explicit solutions
(where possible) and numerical methods to calculate the optimal strategy in the cases of
log utility and HARA utility for three different modelling approaches of the dependence of

the borrowing rate on the fraction of wealth financed by a credit.

A further generalization of the standard Merton problem consists in considering si-
multaneously the possibilities for continuous and discrete consumption (with respect to



time). In our general approach there is a possibility for assigning the different consumption
times different weights which is a generalization of the usual way of making them compa-
rable via discounting. To solve this problem some new verification theorems have to be set
up and have to be proved. Also, the martingale optimality principle of stochastic control
(see Korn (2003)) proves to be very usefull in this chapter and is adapted to the special
problems we are looking at. Again, all our findings are illustrated by some numerical
examples.

The final two chapters of this thesis look at numerical methods for calculating op-
tion prices. Although, the option pricing problem in a complete market setting such
as the one we are considering here is fully understood, there often remain numerical
problems with the only remaining task, the computation of the expectation of the
discounted final option payoff. Very often the payoff of so-called exotic options is highly
complicated and can depend on the whole path of the underlying’s price over the whole
life time of the option. This makes it very difficult and sometimes impossible to have an
explicit analytical formula for the option price. In such a situation, numerical methods
are needed. Besides the classical candidates such as Monte Carlo simulation, tree meth-
ods or solving a corresponding partial differential equation, typically methods which are
tailored to the exact specification of the option come into the game and prove to be efficient.

Chapter 5 deals with the special case of pricing basket options. Here, the main
problem is not path-dependence but the multi-dimensionality which makes it impossible
to give usuefull analytical representations of the option price. We review the literature and
compare six different numerical methods in a systematic way. Thereby we also look at the
influence of various parameters such as strike, correlation, forwards or volatilities on the
performance of the different numerical methods.

The problem of pricing Asian options on average spot with average strike is the
topic of Chapter 6. We here apply the bivariate normal distribution to obtain an approxi-
mate option price. This method proves to be very reliable and efficient for the valuation of

different variants of Asian options on average spot with average strike.
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1 Preliminaries

1.1 The Economy and Some Basic Definitions
1.1.1 Introduction

In this section we introduce the underlying economy, modeled by a stock market and a
money-market account. This economy will be used in this doctoral thesis for both option
pricing and portfolio optimization. It is based on variants of the well-known lognormal

model.

1.1.2 The Model

We consider a security market consisting of an interest-bearing cash account and n risky
assets. The uncertainty is modeled by a probability space (€2, F,{F}iecpo,7], P) - The time
period is the finite interval [0,7]. The flow of information is given by the natural filtration
{Fi}eo,r)> i-e. the P-augmention of an (independent) n-dimensional Brownian filtration.
Without loss of generality we set Fr = F, so that all observable events are known. All
traders are assumed to be price takers, and there are no transaction costs. The cash account
is modeled by the differential equation

dB(t) = B(t)r(t)dt, (1.1)

where r(t) is a bounded, positive and progressively measurable process. The price process
of the i-th (i = 1,...,n) risky asset is given by

dSZ(t) = Sz(t) (bl(t) - di(t))dt + Zn: Ojj (t)de (t) (1.2)
j=1
with
b(t) = (bl(t)7 s abn(t))/’ d(t) = (dl (t)a s adn(t))/’ (1'3)
denoting the drift vector and dividend-yield vector, and
oult) -+ owml(t)
O (1.4)
on1(t) -+ opn(t)

the volatility matrix. Let W (¢) be an n-dimensional Brownian motion, where the individual
Brownian motions are independent. The coefficients b;(t),d;(t) and o0;;(t) are assumed to
be bounded, progressively Fi-measurable processes. The dividend yields are assumed to
be nonnegative, that means d;(t) > 0 for all ¢ € [0,7] and i = 1,...,n. In addition oo’
has to be a strictly positive definite n X n-matrix, i.e. it exists some constant K > 0 with
'o(t)o’(t)x > Ko’z for all x € IR" and for all t € [0,T] P-a.s..

In the following we will present the corresponding definitions of trading strategies and
wealth processes, which are used in portfolio optimization and option pricing.



2 1 PRELIMINARIES

Definition 1.1

i) A trading strategy ¢ is a IR""-valued, {Fs}seo,m) -progressively measurable pro-
cess

o(t) == (¢o(t), @1(t),- .., en(t))

with

T
/ lpo(s)B(s)|ds < oo P—a.s.,
0

n

T
Z/ (0i(5)Si(s))*ds < o0 P—a.s., fori=1,...,n.
0

j=1
The value zo = ¢o(0)B(0) + >_7" ; ¢i(0)S;(0) is called initial wealth.

i1) Let ¢ be a trading strategy with initial wealth xo > 0. The process

X(t) := @o(t)B(t) + Z @i (t)Si(t)

is called wealth process corresponding to ¢ with initial wealth x.
iii) A mnonnegative, {Fs}sejo,r) -progressively measurable, real-valued process c(s), s €
[0,T] with

T
/ c(s)ds < oo P-a.s.
0

1s called consumption process.

Remark: The restrictions in Definition i) and iii) ensure, that the Ito-integral of the
corresponding wealth process in Definition 1.2 below is well defined, i.e. in H?[0,T] (see
Korn&Korn (2001) for a detailed definition).

Definition 1.2
A pair (¢, c) consisting of a trading strategy ¢ and a consumption process c is called self-
financing, if the associated wealth process X (t) satisfies P—a.s.:

X(t) = a:o—i-/o cpo(s)dB(s)-i-Z/o ©i(s)dS;i(s)
i=1

+;/O cpi(s)di(s)Si(s)ds—/O c(s)ds



1.1 The Economy and Some Basic Definitions 3

Remark: Self-financing means, that no fresh capital is added to the wealth process during
the life-time, and that all consumption is financed via capital withdrawing from the rebal-
anced portfolio with inital capital xz¢. The reason for the 4.th summand is that we assume
that dividens are reinvested; this will be discussed in more detail later on.

We now introduce the process of fractions of wealth invested in the stocks, the portfolio

process, as another way of describing an investor’s trading activities.

Definition 1.3
Let X(t) = x be the wealth of an investor at time t:

i) Consider a pair (mw,c) where c(t) is a consumption process and 7(t) a progressively

measurable process with
7(s) == (m1(s),...,m(s))

)

satisfying the restriction ftT 72(s)ds < oo P—a.s. for alli € {1,...,n}. Then m(.) is
called a self-financing portfolio process, if 7;(s) is the percentage of total wealth
invested in the stock S; at time s and if the corresponding wealth process X™(s) is
generated by a self-financing trading strategy ¢ via

X"(s)mi(s) = pi(s)Si(s)

forallie {1,...,n}. This set is denoted by S(t,x).

ii) The set
At (t,x) = {(7,c) € S(t,2)|X(s) >0 P—a.s.¥s € [t,T]}
1s said to be the set of admissible portfolio-consumption processes.
Remark 1.4

i) The percentage of wealth invested in the saving accounts mo(t) is given by my(t) =
1 —7'(t)1, where 1 = (1,...,1)". If > | m; > 1 the investor is actually borrowing

money, which is explicitly admitted.

ii) The condition ftT 72(s)ds < oo P-a.s. ensures (by Theorem 1.5), that the equation

1
(1.6) defining the wealth process has a unique solution.

iii) The addional condition X(s) > 0 P-as. Vs € [t,T] in AT (t,x) guarantees,
that the investor never ends up in debts. For these strategies the pairs (p,c) and
(m,c) € AT(t,x) are equivalent descriptions of the investor’s actions. However using
the portfolio process enables us deriving a nice differential equation for the evolution
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of the wealth process.
Let (p,¢) be a self-financing strategy with X (¢) > 0Vt € [0, 7], then:

dX(t) = @o(t)dB(t) + > @i(t)dSi(t) + > @i(t)ds(t)Si(t)dt — c(t)dt
=1 =1

= @oB)r(t)dt + > @i(t)Si(t) | bi(t)dt + > i (£)dW(t)
i—1 j=1

—c(t)dt

= (1—7@)1)X#)r(t)dt

+ i X (t)mi(t) | bi(t)dt + i Oij (t)de (t) | —e(t)dt
i=1 j=1

= X(t) [r(t)dt + 7' (t)(b(t) — 1r(t))dt + 7' (t)o(t)dW (t)] — c(t)dt

iv) A wealth process X™¢ written in terms of a fixed self-financing trading strategy
(m,c) € AT(t,x) with reinvested dividends has exactly the same form as a corre-
sponding wealth process without dividends. If the dividends are consumed, the drift
of the wealth process changes to b(t) — d(t). That means, if we don’t use the divi-
dends for additional consumption, but reinvest them in the wealth process and keep
the strategy m, they do not affect the wealth process. Nevertheless, dividends have of
course to be taken into account, when the stock drifts are estimated.

The following theorem ensures the existence, uniqueness and the explicit form of the so-
lution of the wealth equation (1.6) and will also prove to be very useful throughout this
dissertation.

Theorem 1.5 (Variation of Constants)
Let W (t) be a n-dimensional Brownian motion. Let x € IR and A, a,Sj,0; be progressively
measurable, real-valued processes with

/t (|A(s) + |a(s)]) ds < oo for allt > 0 P—a.s.
0

t
/ (1Sj(s) +]oj(s)]) ds < oo for allt >0 P—a.s.
0

Then the stochastic differential equation

aX(t) = (A@)X(t)+a(t))dt + Zn: (S5 ()X (8) + (1)) dW;(2)

X0) = «z
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possesses the unique solution {(X(t), F¢)i>0 given by
X0 =20) (4 [ s (at9) = 500500 | ds + 3 [ T awyis)| 19
= x — | a(s) — i(s)oj(s) | ds (s .
0 Z(s) = ’ ’ =170 Z(s)

where

2(t) = exp (/Ot (A(s) _ %HS(S)H?) ds + /Ot S(s)dW(s)>

s the unique solution of the homogeneous equation

dZ(t) = Z(@t)(A@)dt + S(t) dW(t))
Z(0) = 1.

PRrROOF.See Korn&Korn (2001), Theorem 2.54 O
We sum up our considerations in the following theorem:

Corollary 1.6 (Wealth process)
The wealth process X (™) (t) for (m,c) € At(t,x) is well-defined.
If the dividends are (immediately) consumed its evolution is described by

AX () = [X(0) (r(t) + 7 (O)6(2) — d(t) = (D) 1)) — (t)] dt + X (O (D)o ()W (1)
If the dividends are (immediately) reinvested the wealth equation has the following form:
dX (t) = [X(t) (r(t) + 7' (£)(b(t) — r(t) 1)) — c(t)] dt + X ()7 (t)o(t)dW (¢) (1.6)

The explicit solution of (1.6) is given by :
t—c(s)

X(t) = Z(@) <ﬂ:0+/ d5>
0 Z(s)

Z(t) = exp </0 (r(s) +7'(s)(b(s) —7(s)1) — %7?'(5)0(5)5(5)77(5)) ds

—i—/o ﬂ'(S)a(S)dW(S))

PROOF.

i) The processes b(.),d(.),0(.) and r(.) are bounded by definition. In addition we
have fot mi(s)ds < 00, fg mi(s)mi(s)ds < ooVi,j € {1,...,n} by fOT 72(s)ds < oo and
fg c(s)ds < oo (P—a.s.in each case). The process X (t) is continuous, hence (path-

wise) bounded on [0,T]. Hence

¢ / 1, / .
/0 X(s) <r(s) +7'(s)(b(s) —r(s)l) — 5 (s)o(s)o (5)77(5)) ds < oo P-as.
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for all t € [0,77], if we also take into accout that o(s)o(s)’ is uniformely positive
definite. A similar reasoning yields fg X2(s)w'(s)o(s)o’(s)m(s)ds < oo. So the Ito-
process X (t) is well-defined.

ii) The explicit solution is an application of the Variation of Constants Theorem 1.5.

O

Remark: In this thesis we generally assume, that the dividends are reinvested in both

cases of portfolio optimization as well as option pricing.

Remark 1.7 (Alternative representation of stock processes)
An alternative - seemingly easier interpretable - representation of the price processes could

be

dSi(t) = Si(t) | (bi(t) — di(t))dt + &;(t)dWi(t)| , (1.7)

whereby W(t) is a n-dimensional Brownian motion with some strictly positive definite cor-
relation matrix p(t) (otherwise arbitrage opportunities may occur), i.e. the one-dimensional
Brownian motions W; and /I/T\?j have a correlation of p;;(t) at time t. The strictly positive
definiteness ensures the existence of a particular upper triangular matrix A(t), such that

we have

This matrix can be easily determined by Cholesky-decomposition. Observe, that with

F1t) -0
a(t) = L
0 - Fal)
and (W1,...,W,) independent Brownian motions we obtain
Jo 51(5)dW(s)
fot &n(s)de(s)

0 Jo 53 (s)ds - Jy31(5)Fu()pra(s)ds
N : : . :

0 Jo n(8)1(s)pn1(s)ds - g&%(s)ds
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= : t& AT (s)5 S
ESE /0 (1) A(s) AT ()5 ()d

Aj(s) - Ap(s) AW (s)

i/t .
i : o

0 o Apn(s) AW, (5)

with A = gA, eg. gij =0;A;5,for j=1,...,nandi=1,...,n.

So the price processes (1.7) are equivalent to (1.2) for the choice of o = A. For a rigorous
proof we refer to Bjork[98] Proposition 3.19. For convenience in this thesis, the representa-
tion (1.2) is used for portfolio optimization and the representation (1.7) for option pricing.
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1.2 Portfolio Optimization
1.2.1 Introduction

The portfolio and consumption problem is a well-studied problem in mathematical finance.
It is concerned with optimal use of an inital capital of x for consumption (”living well”)
and investment (”getting rich”) and is thus maybe the most natural task of an investor.
The first mathematical approach to portfolio optimization was proposed by H. Markowitz
(1952). He used a one-period setting in which he balanced the return and the risk of the
portfolio. More exactly, at the initial time the parts of wealth invested in the particular
(risky) assets are chosen, such that the mean and the variance of the return on the
total wealth have the best possible fit to the investor’s preferences. Due to its simplicity
and plausibility it became popular in theory and practice. Even today it is widely used.
However, this model has the drawback, that it is not able to react on the future market
behavior, as it considers only buy-and-hold strategies.

In the late 1960’s Merton (1969,1971) introduced a continuous-time model which incorpo-
rated this desired reaction feature. Research on this area continued in the 1990’s, (see e.g.
Karatzas and Shreve (1998), Korn (1997), Merton (1990)) accompanied by the growing
popularity of option pricing. Today, the main challenges are the consideration of market
imperfections like crashes, or generally not hedgeable risks, transactions costs, illiquidity or
interest rate risk. The theory of portfolio optimization is mainly used by insurance compa-
nies and institutional investors to manage their portfolios.

1.2.2 The Model

In this thesis we consider continuous-time portfolio optimization based on the seminal
papers by Merton (see Merton (1969,1971)). The market model and the corresponding
trading strategies and portfolio processes are already described in Section 1. In Merton’s
framework portfolio optimization consists of maximising the expected utility from terminal
wealth and /or consumption until the time horizon of an investor who is endowed with a fixed
initial capital. More precisely, the portfolio optimization problem of an investor is about
the determination of an optimal investment strategy in the market securities. ” Optimal”
means, that expected utility is maximised by choosing among admissible strategies, a task
which will be made more precise shortly. The investor starts with an initial wealth of z > 0
at time ¢ = 0. In the beginning this initial wealth is invested in different assets and he
is allowed to adjust his holdings continuously up to a fixed planning horizon 7. During
the whole period [0,7], parts of the wealth can be consumed to realise utility. We are
considering self-financing portfolio processes. This leads us to the following definition:
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Definition 1.8 (General Portfolio Problem)
The problem

V(t,z):= sup J(t z;(m,c)) (1.8)
(m,c)EA(t,x)

with wealth process
dXTC(t) = X™t) [(r(t) + 7' ()(b(t) — r(t)1))dt — 7' (t)o(t)dW ()] — c(t)dt (1.9)
X(O) =20

where b(t),r(t),o(t) are bounded, F;-progressively measurable processes defined in equations

(1.1) - (1.4) and

T
J(t,z;(m c)) = BY"* {/t Ui(s,c(s))ds + UQ(X”’C(T))] (1.10)

A(t,z) = {(TI',C) € A" (t,z)|EH" [/tT Uy (s,c(s))ds + UQ_(X”’C(T))} < oo} (1.11)

s called the continuous portfolio optimization problem.
V(t,x) is called the value function, J(t,x;(m,c)) the utility functional, Uy, Uy utility func-
tions and A(t,x) is the set of admissible portfolio processes.

Definition 1.9 (Utility function)

i) A function U : (0,00) — IR which is strictly concave, continuously differentiable, and

satisfies

U'(0) :=limU'(z) = +oc0 and U'(o0) := lim U'(x) =0

z]0 T—00
is called utility function.

ii) Let U : [0,T] x (0,00) — IR be continuous, such that for all t € [0,T] the function
U(t,-) is a utility function in terms of i). Then U is also called utility function.

The following theorem enables us to prove some boundedness conditions needed later on.

Theorem 1.10 (Existence and uniqueness of solutions of SDEs)
Let

Q
>
—
~
N—
I

b(t, X (£))dt + o t, X (£))dW () (1.12)

describe an n-dimensional stochastic process with

b:[0,00) x R® - R", o:[0,00) x R® — R™"
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Let the coefficients b(t, ), o(t,z) of the stochastic differential equation (1.12) be continuous

functions with

[Ib(t, 2) = b(t, y)l| + [lo(t,2) —a(t, )l < Kljz —yl| (1.13)
1o, I + llot,2)[I? < K*(1+[[«]?) (1.14)
forallt >0, xz,y € R" and a constant K > 0 (where ||.|| denotes the Euclidean norm

of suitable dimension). Then there exists a continuous strong solution {(X(t), F¢) }ieo,) of
equation (1.12) satisfying

E(|IX@®)|?) < C (14 |[z]|*) for allt €[0,T]

for some constant C = C(K,T) and T > 0. Further, X(t) is unique up to indistinguisha-
bility.

PROOF. See Korn&Korn (2001), Theorem 3.22 O

Proposition 1.11
Under the conditions of Theorem 1.10 the solution X (t) of the stochastic differential equa-
tion satisfies for m > 1

E X 2m <C( 2m\ Ct
(oo IXEIP™) < € (1t el o

for allt € [0,T] and a suitable constant C = C(T, K, m,d), where T > 0 is a fized constant.

PRrROOF. See Korn&Korn (2001), Lemma 3.23 O

Remark: Only in very simple cases, e.g. log-utility, the optimisation problem can be
solved by simple straight-forward algebra. One approach to solve the optimization problem
is the martingale method (not to mix up with Martinale Optimality principle introduced
in the next theorem). Thereby the optimization is separated into a static problem,
namely the determination of the optimal payoff profile, and a representation problem,
i.e. the computation of the portfolio process corresponding to the optimal payoff profile.
The drawback of this method is that it cannot be applied to incomplete market and it
contains some ”contra-intuitive” and ”inconvenient” transformations. The most widely
used approach is therefore the Hamilton-Jacobi-Bellman framework, where the problem
is reduced to the determination of the solution of a PDE. To apply it, we need further
assumptions, which are in practice however no restrictions.
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1.2.3 The Hamilton Jacobi Bellman - Theorem

Definition 1.12 (Standard HJB Portfolio Problem)
The problem

V(t,z) = sup  J(t,z;(m,c)) (1.15)
(m,c)eAM (t,z)

Itz (mc) = B [ /t " U (5, e(s))ds + Ua(X™(T) (1.16)
with wealth process
dX™0(t) = X™t) [(r(t) + 7' (£)(b(t) — r(t)1))dt — 7' (t)o (t)dW ()] — c(t)dt (1.17)
X(0) = o

is called Hamilton Jacobi Bellman optimization problem if the following
conditions are fulfilled:

i) The market coefficients b(t),r(t),o(t) are at most functions of time,
wealth and the control:

b(s) = F°(s,X(s),(m c)(s)), (1.18)

r(s) = F'(s,X(s),(m,c)(s)), (1.19)

o(s) = F7(s,X(s), (m c)(s)), (1.20)
with

Fb(s,x,(m,c)) € C°[0,T] x R x R, R"™), (1.21)

F'(s,x,(m,¢))) € C°0,T] x Rx R"" R), (1.22)

Fo(s,x,(m,¢)) € C%0,T] x R x R"", R™™), (1.23)

whereby C® denotes the appropriate set of continuous and bounded functions.

ii) The utility function Uy(t,c) and Uy(x) are restricted by

Ui(s,c)

IN

C (1 + \c\k) for all s € [0,T],c € R, (1.24)
Uy(z) < C (1 + \x!k) for all z € IR, (1.25)

for some real constant C' and integer k.
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i11) The new set of admissible controls is given by:

At z) = {(W,c) e At (t,2)|E (/tT |(7T(s),c(s))|kds> < o0, (1.26)

E | sup |[X™(s)|"ds | < oo,Vk € IN,
s€[t,T)

Tk, kg c(t, X™(t)) < ki + kQX”(t)}

Remark: Note, that A" C A , since Uj(s,c) and Us(z) are restricted by inequalities
(1.24,1.25) and the conditions on 7(s),c(s) and X™¢(s) as defined in A”. Thus, the coeffi-
cients of the wealth process are slightly restricted, in particular, they cannot be dependent
from the paths of stocks anymore.

We now state a very useful principle for proving optimality of a control strategy.

Theorem 1.13 (The Martingale Optimality Principle)
Let (7*,c*) be an admissible control. We denote its corresponding utility functional by

T
G(t,r) = BV [/ Uy (s, ¢*(s))ds 4+ Ux(X™ ()
t
Furthermore, consider
0
wrete(g) = / Us(s,c(s))ds + G(8, X™(8)), X™(t) = a
¢

If w™%(0) is a supermartingale for all (m,c) € A(t, ), then (n*,c*) is indeed the optimal
control, i.e. we have

T
Gltr)= sup E [ / Us(s,e(s)) + Ua(X™(T))| = V(t, )
(m,c)eAH (t,x) t

Remark: Observe that we get E“ [w™ < 4¢(9)] = G(t,x) for all § € [t,T], thus
w™ ¢ b(H) is a martingale.
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PROOF. Let (m,¢) be an arbitrary admissible control. Then our assumptions leads to:
T T
Eb® [/ Ui(s,c(s))ds + UQ(XW’C(T)):| = EW [/ Ui(s,e(s))ds + G(T, X™(T))
t t

— Et,x[wn,c,t,m(T)]
S Et,x[wn,c,t,m(t)]

= G(t,z)

T
= EY* {/t Ui(s,c*(s))ds + UQ(X’T*’C* (T))

Further Notations:

Q = [t,T)x R (inner domain of value function)
0QQ = TxIR
U™ c IR compact (domain of portfolio process)
U = U"xIR (domain of portfolio and consumption process)

For G € CY%(Q),(t,z) € Q, (,¢) € U let:

re 0 1 0 9
(7,6) _ 2 o240 1A Y ~lip Y
A = + S o0 + [#(r+7'(b—7)1) —¢] 5

Remark: We can interpret the following HJB-theorem as a corrolary to the Martingale
Optimality principle.

Theorem 1.14 (The Standard HJB Verification Theorem)

Let
G e CH(Q)NC(Q) with |G(t,z)| < K(1 + |z|%) (1.27)
for some suitable constants K > 0,k € IN, be a solution to the Hamilton-Jacobi-Bellman
equation
sup {AFIG(t2) + (L)} =0, (L) €Q, (1.28)
(#,8)€U

G(T,z) =Us(x) , z€ R". (1.29)
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Then we achieve:
a) G(t,z) > J(t,z; (7, c)) for all (t,x) € Q and (7,¢)(.) € A®(t,z).
b) If for all (t,x) € Q there exists a (m,c)*(.) € AT (t,z) with

(m,0)" () € argmaxz e (ATIG(s, X (5)) + Un(s, é(s))

for all s € [t,T), where X (™) (s) is the controlled process corresponding to (m,¢)* via
equationl.9), we obtain:

G(t,x) =V(t,x) = J(t,z; (7, c)")

In particular, (w,c)* is an optimal control and G(t,z) coincides with the value func-
tion.

PROOF.
Let

6
Wb (G) = /t Ur(s, c(s))ds + G(0, X™(0)), X™(t) = =

we will show, that w™"*(#) is a supermartingale for all (r,c) € A’ (t,x). Then (7, c)* is
indeed the optimal control, i.e. we have

T
G(t,r)= sup B [ | iGsseton + ma(xmem)|
(m,c)eAH (t,x) t

We will do this in two steps:
i) Let us first consider an auxiliary problem where we are only considering a bounded
domain for the wealth process X™¢(.). This is achieved by suitably stopping the process.
Let therefore:

0, = {ze Rl <p},

rop = inf{s > t](s, X(s)) & [1,6] x Oy}
Hence the SDE for w™%%%(.) reads as

o,
wmc’t’x(TG,p) () +/ pA(”vC)G(s,X’T’C(s)) + Ui (s,c(s))ds
t

N /tTe,p [ch(s)(r i ﬂ_l(b o Tl)) _ C(S)] Gx(t, X7r7c(5))dW(8)
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For (7,¢) € A™(t, ) we obtain

To,
Et,aﬂ [wﬂ,c,t,m(T&p)] — wﬂ,c,t,a}(t) + Et,x |:/ p A(W’C)G(S,Xﬂ’c(s)) 4 U1(3,0(8)> d$:|
t TV

<

=]

w5 | [ T+ 7 1) = 9] Gl X)W o)

=0
The less-equal relation is valid by construction of G(t,z) in equation (1.28). Since O, is
bounded and G,(.,.) is continuous, G(.,.) is bounded on [t,6] x O,. As by the definition
of AT (t,x) we also have

EH® [/t@ [X™(s)(r +7'(b—r1)) — c(s)]2 ds| < o0

we realize that the whole integrand is in L2[0,6] and the expectation of the stochastic

integral vanishes leading to
wﬂ,c,t,a}(t) Z Et,x [wﬂ,c,t,m(T&p)] , (130)

or equivalently in the usual notation
Ty,
G(t,X™ () > E" [/ ’ Ui(s,c(s))ds + G(t,XW’C(Tg’p))] . (1.31)
t

ii) Now we have to show, that the relation (1.31) is valid for an unrestricted domain, i.e.
the situation we are originally considering. We are going to proof that via the following
equation:

lim E%* [/tm,p Ui (s, c(s))ds + G(TG,p),Xﬂ—’C(TG,p)):|

pP—00

Eb® [ /t ' Uy (s, c(s))ds + G(6, X’“C(G))} .

Since 79, — 6 for p — oo P—a.s., the polynomial boundedness of U(.,.), the definition of

A™ . and the dominated convergence theorem we obtain

T [ /t i Ul(s,c(s))ds} _ gt [ /t ' Ul(s,c(s))ds}

yielding convergence for the first summand. For the second, note that we have convergence

in probability of G(1yp, X™(19,5)) to G(8, X™(0)) by:
P(IG (70,0, X™(7,5)) — G0, X™4(0))] > €)

IN

P(IX™OI > p))

IN

1
S [HXM(.))HQ} — 0, for p — oo.

~
<o
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which in particular implies convergence in distribution (see Billingsley(1968), Theorem 4.3,
p.26). Alternatively, we could prove the above convergences by lim, ..o G(79p , X™(79,))
= G(6,X™(0)) P—a.s. due to continuity of G and X7(.) as we have 15, — § P—a.s. for
p — 0.

Using polynomial boundedness of G and boundedness in expectation of X™¢ we are
going to show that {G(7p p, X™(79,))}p is uniformly integrable. With

G (0., X™(r0))| < K (14 |X™(70,)|F) < K (1+]1X7()]1F)
and
E[[|IX™())]['] < oo (via equation (1.26))

we obtain

E <G(Te,an”’c(Te,p))>2

< EB|K?(1+ 20X+ IXm ()™ | < 00

Hence, the family {G(7g,, X™¢(79,))}p is indeed uniformly integrable. Together with the
convergence in distribution we obtain (see Billingsley(1968), Theorem 5.3 and 5.4))

lim B (G, X™(19,,))] = E** [G(0, X™(6)] .

p—00

iii) Thus in total we have
0
Gt X™e() > Bbe [ / Us(s, o(s))ds + G(t,XW(e,XW(a))]
t
for all (m,c)

arg max(;r’é)eU
gale, we obtain

€ A" and 0 € [0,T). Especially for § = T, together with (m,c)*(.) =
(AFOG(., X™)" () + Ui(.,é(.))) and noting that w™ <" H2(.) is a martin-

Ehe [ /t ' Ui(s, c*(s))ds + Uy (X™ ¢ (T))] > ph [ /t ' Uy (s, c(s))ds + Ua(X™(T))

So finally we proved assertion a) and b).

Remark 1.15 (Proof of HJB-Theorem)

We showed for all z € IR and t € [0, T], that w™%%% (defined in 1.13) is a super-martingale
for an arbritary control in A”(¢,2) , and a martingale for the control defined by (1.28). So
we basically proved conditions ensuring the Martingale optimality principle. The advantage
of this principle over the standard HJB-theorem is, that it is a more general principle, which
can be applied to a wider class of portfolio problems.
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Remark 1.16 (Algorithm to solve the HIB-Equation)
The main consequence of Theorem 1.14 is that it offers an algorithm to solve our portfolio
problem via solving the HJB-equation which will be done in the following steps:

i) Under the assumption that V(t,x) is concave the candidates for the optimal consump-
tion and portfolio process are obtained by a formal maximization:

Va(t, x)

() = —(UU/)—l(b—T_l)m

ct) = (%w(t,.))_l(vx(t,x))

Then, plugging this into equation (1.28) leads to:

0 = —%(b—rl)/(aal)l(b—r_l)w

) + rzVy(t,x) + Vi(t, )

a —1
- <%U2(t,.)> (Va(t, 2)) Vio(t, ) + Us(t, c*(1))

Ui(z) = V(T,x)

ii) We are left with the task to solve this equation, which is the hardest part. One
way which will be successful for some particular examples is the so-called separation
ansatz, e.g. we try an ansatz like V (t,z) = f(t)(=7) %:ﬂ, f(T) =1 (for HARA-utility).
Another possibility is simply to guess the optimal control or the value function and
then checking the conditions of Theorem 1.14.

iii) Derive 7*(t) and ¢*(t) explicitly out of the formal representations given in 1i).
iv) Check all assumptions made and needed, i.e. :

a) Is V/(t,z) strictly concave and satisfies the polynomial growth condition (1.27) ?
b) Is the corresponding wealth process (1.9) well defined ?
c) Is (m,c)(t) € AM(t,x) and 7 bounded ?

Remark 1.17 (Alternative representation of the wealth process)

For exponential utility, that means U(x) = 1 — exp(—At) for some A > 0, it is optimal to
invest a fixed amount of money in stocks, which is independent of the wealth. If we have
an income stream it can be optimal to invest in stocks even if the actual wealth is zero
(see Chapter 2). So for these and other examples it is more convenient (resp. necessary for
the second case) to define the amount of money invested in particular stocks as the control
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process (see Pliska (1986) or Korn(1997)). Then we obtain the following representation of

the wealth process:
dX"“e(t) = [(X“’c(t)r(t) +u'(t)(b(t) —r(t)1) — c(t)] dt — /' (t)o(t)dW (t) (1.32)
X(O) = X0

Observe the relation u(t) = w(t)X (¢). The HJB-equation reads then as:

{aG(t ) 4 Lassra

1
Sup ot 2 02

(a,8)eR"!

4 0G(t,x)
or

+ lar+d'(b—r)1—¢ + Us(t, c)} =0

G(T,z) = Ui(x)

The corresponding process (u*(t),c*(t)) of this solution leads to a unique wealth process,
if the conditions of the Variation of Constants Theorem 1.5, the polynomial boundedness
condition of (1.24,1.25) and the corresponding conditions of A are fulfilled.

Remark 1.18 (HJB-equation and log-utility)

Often the HJB-theorem is used, to find the optimal control for log-utility. Technically this is
wrong, because the log and its value function violates the polynomial boundedness condition
(1.27) required by this theorem. Practically this is no problem, since - roughly spoken - the
value function is something like V (¢, 2) = 51 (¢t) log(B2(t)x) + f(m,7,¢,b,0,t), and thus, the
x-variable in its derivatives always cancels out against the z-variable of the corresponding
coefficients in the It6-Integral. So the Ito-Integral is always sufficiently well behaving, such
that the argumentation of the HJB-proof is still valid.

1.2.4 Examples

Example 1.19 (HARA-Utility with deterministic process parameters)
Suppose there is no consumption and the final-utility is given by the HARA-function:

1
Ui(t,x) :=0, Us(z)= ;x”, c=0

where 0 < v < 1. Let
b(t) € C°([0,T] — R™), r(t) e C’[0,T] — R), o(t)C’([0,T] — R™ ")

bounded and continuous functions. Our guess for the value function, generalized from the

case for constant coefficients, is:

Glt,z) = %m(t)v exp (w /t ' ﬂ(s)ds>
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with

1 , e 1
r(s) = 1(s) + 5 (b(s) = r(s)1) (o (s)o(s)) H(b(s) — r(s);):

Now we check, that this indeed is a solution of the HJB-equation (where we omit the time

variable s for lucidity):

Ga(t,x)
Gux(t, )

- ! (1) exp < /t ' w;(s)ds)
Fra(t) exp ( /t ! w;(s)ds) - %x(m exp ( /t ' w(s)ds> i (s)

1 N 1
= Ozi(b—rl) (o0") l(b—ri):—{—r—ﬁ(s)

0= —%(b —r1)(oo") " b—-rl) +rxGy(t,x) + Gi(t, x)

— 0= —%(b — 1) (o0’) M (b —r1)

Note, that the value function is concave, thus we can derive 7*(t) by formal maximisation
of the HJB-equation:

1
=1

G (t, )

() 2Gyyp(t, x)

(o(H)a(®)) 7 (b(t) = r(t)1) = —(00")H(b—71)

Finally we check the assumptions:

a)

Lovep (3 [ wtsgas)| <o [Lewp (3 [ ntoyas)

Thus the polynomial growth condition (1.27) is valid and V' (¢, z) is strictly concave.

b) We prove the assumptions of (1.10), since these are sufficient conditions for the exis-

tence of a solution of the corresponding wealth process (1.9):

br) = (0 + T2 000) = )2 ()0 000) = (012

o(t,z) = [1—(b(t) —r(t)Do@t)) |z
-

Since the market parameters b(t),r(t),o(t) are bounded and b(¢,z) and o(t,z) are

linear in x, the assumptions (1.13,1.14) are valid. Thus the equation (1.17) has a

unique solution.
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¢) The process 7*(t) is bounded, since the market parameters are bounded and oo’
satisfies the uniformly positive definiteness conditions. By Proposition (1.11) we have
T (t) € A%(t, ).

Remark: The reason why we did not model market coefficients that depend on the wealth
and the control, is that we cannot give an explicit solution for the value function.

Example 1.20 (Log-Utility with stochastic process parameters)
Suppose there is no consumption and the final-utility is given by the natural logarithm:

Ui(t,z) :=0, Us(z)=1log(z), ¢=0
Let:

b(.) = {b(s),Fs:s€]0,T]},

<

—

N>
Il

{r(s),Fs:s€[0,T]},
o(.) = {o(s),Fs:5€[0,T]} >C P-as.

be progressivly measurable and bounded processes with z'c(s)o’(s)x > Ca'z for some
C >0 and all s € [0,7].

V(t,r) = il(};)Et’x[Ug(X”(T)]
e , L

T
= log(z) + WES}(};@ Eb [/t r(s)+ 7' (s)(b(s) —r(s)1)

T
< log(z) + E“* /t sup {’I“(S) + #L(b(s) —7(s)1) — %ﬁ'ga(s)al(s)frs} ds]

{#ts:Fs—meas.}

So the pointwise optimal control is

7t = (o(s)o(s)) " (b(s) = r(5)1),
and we define it pathwise as:

T (s) =7

Since 7*(s) is progressivly measurable and bounded too, we found the optimal control.



1.3 Pricing Derivatives with Martingale Methods 21

1.3 Pricing Derivatives with Martingale Methods
1.3.1 Introduction

The valuation of derivative securities has been the object of a long quest. A model of de-
scribing the random behavior of speculative asset prices was initially proposed by Bachelier
(1900). The development of a rigorous theory of option pricing, however, only dates back
to the 1970’s. Black and Scholes (1973) proposed a valuation formula for European options
which is consistent with the absence of arbitrage opportunities in the financial market.
This model and the underlying methodology are refined and extended by Merton (1973).
An equivalent approach based on an appropriately chosen ”risk neutral” valuation operator
was pioneered by Cox and Ross (1976). The foundations and principles underlying these
valuation methods are identified and characterized in the seminal paper of Harrison and
Kreps (1979).

In the 1990’s derivatives became more and more popular. They were used for hedging mar-
ket risks and simply for speculation. Thus, many new types of derivatives were invented
with complicated contract specifications. As a consequence of that an enormous number of
mathematical papers were published in this research area. However, the pricing is still based
on the framework pioneered by Black, Merton and Scholes. So in 1997 it was well-deserved
that Merton and Scholes were awarded the Nobel prize in Economic Science for their work

to determine the value of derivatives. Black already died in 1995.

1.3.2 The Model

A derivative security is a financial contract whose payoff depends on the price(s) of some
underlying asset(s). In their most general form, derivative securities generate a flow of
payments over periods of time as well as cash payments at specific dates. In addition,
the cash flow needs to be paid at fixed points in time or during fixed periods of time.
Some derivative securities involve cash flows paid at prespecified random times or even at
(random) times which are chosen by the holder of the contract.

Definition 1.21
Let (Q,F,P) be a probability space. A probability measure Q on (2, F) is absolutely
continuous relative to P if

VA€ F:P(A)=0= Q(A) =0.

Theorem 1.22
A probability measure Q is absolutely continuous relative to Pif and only if there exists

a nonnegative random variable Z on (2, F) such that we have
VAe A:Q(A) = / Z(w)dP(w) .
A

7 =dQ/dP is said to be the density of Q relative to P.
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PRrOOF. The suffiency of the Theorem 1.22 is obvious, the converse is a version of the
Radon-Nikodym theorem (Williams (1991), Chapter 5.14). O

Definition 1.23
The probability measures P and Q are equivalent , if each one is absolutely continuous
relative to the other.

Remark: Note that if Q is absolutely continuous relative to P, with density Z, then P
and Q are equivalent if and only if P(Z > 0) = 1.

For presenting the modern approach to option pricing we need the following result
relating Brownian motions under a change to an equivalent probability measure.

Theorem 1.24 (Girsanov’s Theorem)
Let 0 ={0(t), F: : t € [0, T} be an n-dimensional adapted process with

T
/ 02(s)ds < o0 P—a.s. Vi € {0,...,n}
0

and (n(t;0))o<i<t defined by

w0) = (= [ oo - 5 [ )P,
=1

be a martingale, where W (t) is an n-dimensional Brownian motion. Then
t
Wi =W(t) —|—/ Osds
0

is an n-dimensional standard Brownian motion with respect to the probability measure P ()
with density n(T';0) relative to P.

PROOF. See Korn and Korn (2001), Theorem 3.11 O

Proposition 1.25 (Novikov condition)
A sufficient condition that n(t;0) is a martingale is the so-called Novikov condition:

E [exp (%/Ot HH(S)Hst)] <o

PROOF. See Karatzas&Shreve (1991). O

Definition 1.26

i) Let Q denote the probability measure, defined by dQ = n(T,oc~ (b — r)))dP. The
) p y ; y n(T,
measure Q is per definition absolutely continuous relative to P.
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i1) With E* we denote the expected value w.r.t to Q. Let Y Fp-measurable, then
T
E* [/ B7(s)c(s)ds + B_l(T)Y}
0

T
= FE [n(T; o (b—r)) (/ B7(s)c(s)ds + B_l(T)Y>]
0
if the expected values exist.

Remark 1.27

i) Since u,r, o are bounded and as oo’ is uniformely positive definite, the Novikov con-
dition (1.25) is fulfilled, and W (t) —l—fg o~ 1(s)(b(s)—7(s))ds is a Q-standard Brownian

motion.
ii) In our setting Q is the unique equivalent martingale measure.

iii) The definition of the It6 integral remains valid when changing to an equivalent prob-
ability measure (Lamberton and Lapeyre (1996), p. 79).

Remark 1.28 (The stock price process under the measure Q)

The probability measure Q is often called equivalent martingale measure, since the wealth
process (1.6) and stocks without dividend yields discounted by B(t) are martingales with
respect to this measure. More precisely, let S(t) := S;(t)/B(t) be the discounted stock
price. Then by It6’s Lemma

dSi(t) = —r(t)exp ( /O t —r(s)ds) Sy(t)dt + exp ( /0 t —r(s)ds) dSi(t)

= Sit) | (bilt) — dilt) — r(e)dt + 3 3y (AW (1)

Jj=1

Written in one equation for all stocks this reads as

dS(t) = S(t)((b(t) = d(t) = r(t) 1)dt + o (t)dW (1))
= S(t) (=d(t) + () (o7 (8)(uls) = 7(s))dt + dW (1))
= Sy (=d(t) + o(t)dWy) ,

where W} := fg o= (s)(b(s) —r(s))ds + W (t) .
Now we consider S(t) under Q. According to the theorem of Variation of constants S;(t) is
given by:

S;(t) = Si(0) exp (— /Ot di(s) — %Hai.(s)HZdS + /Ot ai.(s)dW8*>
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where ;. = (041, ...,0i). Soif d; =0, g(t) is a Q-martingale (since the Novikov Condition
is fulfilled with 6§ = —o(s)). Hence S(¢) is given under Q by:
¢

Si(t) = Si(0) exp (/Ot (r(s) — di(s) = 3llo.(s)[?) ds +/0 Uz‘~(s)dW;>

So for the case that r(.),b(.),d(.),o(.) are deterministic, we just have to replace the stock
drift b(.) by the interest rate r(.) to obtain the stock price distributions under the martingale

measure, roughly spoken.

Definition 1.29 (Contingent Claim)

A (European) contingent claim Y ist a nonnegative payoff at time T, more precisely Y is
a nonnegative Fr-measurable random variable with E*[B~Y(T)Y] < oo for the equivalent
martingale measures Q. The set of contingent claims is denoted by I.

Examples:
i) Y =(5(T) - K)",K € R"; vanilla call (x* = max(z,0))
i) Y = (S1(T) — K) " lpviepor): s 0y>m - H € IRT; ?down-and-out call”-barrier option
i) V=000, Si(t) —K)T0<t; <...<t <...<ty="T; Asian option
iv) Y = (3, a;S:i(T) — K)* ; basket option

Definition 1.30

The contigent claim Y 1is said to be attainable under a consumption pmcesss c if there
exists an admissible trading strategy (m,c) € AT (t,x) with corresponding X ™°)(t) (defined
in Corollar 1.5) and

Y = X™YT) P—a.s.

such that X™(t) = X™/B(t) is a martingale with respect to the equivalent martingale mea-

sure Q.

The foregoing definition is the basis of the so-called replication approach to option pricing
(see also Definition (1.32)). Its applicability relies heavily on the fact that trading strategies
attaining the final payment of a contingent claim exist. In our setting this is ensured by the
following theorem:

Theorem 1.31 (Completeness of the market)
Let' Y € I be a contigent claim and ¢ a consumption process. Assume further that our
standard requirements for the market coefficients are satisfied.

Assertion:

i) If there ezists a trading strategy (m,c) € AT(0,z) with X™¢(T) >Y P—a.s., then

E* [ JFe(s)/B(s)ds + Y/B(T)| < . (1.33)
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ii) LetY be a contingent claim and x = E*[fOT c(s)/B(s)ds+Y/B(T)]. Then there exists
a trading strategy (w,c) € A1(0,2), and the corresponding wealth process satisfies
Y =X"YT) P—-a.s. .

PROOF.
i) Let (m,¢) € AT(0,z) with X7 > Y P-a.s. and X™¢(t) = X™(t)/B(t), then:
d)?”’c(s) = B_l(s)X”’c(s)[(T(s) + 7' (t)(b(s) — r(s)))ds + 7(s)o(s)dW (s)]
—B7Y(s)c(s)ds — B~Y(s)r(s) X™¢(s)ds

= XTs) (7 (1)(b(s) = 7(s))ds + 7' (5)o(5)AW ()] — () / B(s)ds

Hence:
X™(t)/B(t) + /0 o(s)/B(s)ds (1.34)
= x —I—/O X™(s) (71' (t)(b(s) —r(s))ds + /0 X™¢(s)n' (s)o(s)dW (s)
= m+/ X™(s Yo (s)dW*(s) (1.35)
The Brownian motion W*(.) is defined by W*(t fo —r(s))ds + W (t).

Due to (7, c) € AT (¢, z) (1.34) is nonnegative. The term (1. 35) isa continuous local Q-
martingale. Hence, (1.35) is a nonnegative Q-super-martingale (see Karatzas&Shreve
(1991), Chapter 1, Problem 5.19). Taking the expectation for ¢t = T yields

E* [XW(T T)+ [ e )ds}
< E* [:g+ fOT)Z”’C(s)W’(s)J(s)dW;‘] —z
Since Y is attainable by the strategy (m,c), we get
E* [Y/B(T) + [y c ds]
< B |[XTT)/B(T) + [} ols)/B(s)ds| <a
ii) The term

=E [foTn(T; 0)B~(s)c(s) + n(T; H)B_l(T)Y‘]:t] ,
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with 7(T; §) defined in Girsanov’s theorem with = (u—r)/o, is a P-martingale. Ac-
cording to the martingale-representation theorem (Karatzas & Shreve (1988), Chapter
3, Theorem 4.15 and Problem 4.16) M, can be written as It6 integral

t
M, = M, +/ ®,dW (s) (1.36)
0

with {(I)t}te[O,T] some n-dimensional, progressively measurable process with fOT P2dt <
00, P—as.. Via the Bayes’ Rule (Karatzas&Shreve (1988), Chapter 3, Lemma 5.3)

we obtain

n(t;0) "M, = M} = E* [fOTB—l(s)c(s) n B—l(T)Y‘}}] ,

Observe that n(t;6) =1+ fg n(s;0)(—0(s))dW s. Hence by the multidimensional 1t6-
formula we get

D(s) + M(s)0(s)
P(s;0) '

t
M; = M; +/ *(s)dW? , ®*(s) =
0

Now let:

(@) (s) . Fre(g) > ()
m(s) = oGy ) (1.37)
0 o X™(s) =0

Plugging this into (1.35) yields for V¢ € [0, T7:
_ t
X™t) = x4+ / DLW
0
= x— Mj+ M;
= z-E* [ JTB(s)e(s) + B*l(T)Y]
+E BTN T)Y | F] . (1.38)
Now let t =T

DO, T Xr =z — E* [ JTB=Y(s)e(s) + B—l(T)Y] +B-YT)Y (1.39)

-~

=0 by assumption

This yields X7 = Y. Further, by our assumption on the market coefficients, m(s)
satisfies all the requirements on a portfolio process. O

Remark: By (1.38) we can conclude X; = E*[e” S rs)dsy | Fi], if interest rates are

deterministic.
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Definition 1.32 (Arbitrage Opportunity)
A trading strategy (m,c) € A(0,0) is called an arbitrage opportunity , if it satisfies
P(fOT c(s)ds+ Xp >0)=1 and P(fOT c(s)ds+ Xp>0)>0.

Remark: It follows from the Completeness of the Market Theorem (1.31) Part i), that the
market contains no arbitrage opportunities.

Definition 1.33 (Rational Price)
The rational price of a contingent claim (Y, c) at time t is the infimum over the prices over
all trading strategies (m,c) € A(t,z) with X7 =Y.

Corollary 1.34 (Formula for the rational price)
The rational price of a contigent claim (Y,c) is given by

Wy (t) = E* [/tTD(t, s)c(s)ds + D(t,T)Y‘]:t} ,Vt € 10,7

and there exists a trading strategy (m,c) with which we are able to replicate the payoffs.

PROOF. Due to Theorem (1.31) Part ii) there exists a trading strategy (,c) € A(0, %), with
T=FE" UOT D(0, s)c(s)ds + D(O,T)Y] such that Y = X™%(T") P—a.s.. Then with part ii):

T T
E* {/ D(0, s)c(s)ds + D(O,T)Y] <W(0)<i=FE" {/ D(0, s)e(s)ds + D(0,T)Y
0 0
In the case of ¢t € (0,7] it can be argued in a similar way. O

Completeness of our model is mainly due to the fact that we have exactly as many risky
assets as the dimension of the Brownian motion which is the source of randomness in our
model. This is also underlined by:

Remark 1.35 (Bjork’s Meta-Theorem)

Let M denote the number of underlying traded assets in the model excluding the risk free
assets, and let R denote the number of random sources. Generically we have the following
relations:

i) The model is arbitrage free if and only if M < R.
ii) The model is complete if and only if M > R.

iii) The model is complete and arbitrage free if and only if M = R.
Remark 1.36

i) Bjork gave neither an exact formulation nor a proof of his theorem, but this ”theorem”,
or rule of thumb, is nevertheless extremely useful for intuition, when dealing with
market models.
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In chapter (1.1.2) we required, that the product of the volatility matrix with its
transposed counterpart is strictly positive definite. This implies that the volatility
matrix itself has full rank. Hence the effective number of random sources is equal to
the number of trades assets. Therefore we ensured that the market is complete and
arbitrage free.

Now we present an example of an arbitrage opportunity for 2=M > R=1. Imagine

two assets driven by the same one-dim. Brownian motion:

Sl(t) = Sl(t)(uldt + UldW(t)) , M1 >1r01€ R*

Sg(t) = Sg(t)(ugdt + UQdW(t)) , M2 >71,09 € R

Let 71 (m2) be the part of wealth, invested in S1(S3) and 1 — 7 — 79 the part invested
in the money market account. Then the wealth process reads as:

1—7T 2 —T

dX(t) = X(t) [mal (” dt + dW(t)) + Ty (” dt + dW(t)> + rdt}

01 02

p—r
o1

such that w01 + m09 = 0 and w1 > 0 (or g > 0, if the market price of risk from

If the so-called "market prices of risk” satisfy > “i—;r then choose 71 and 7o,
Sy is bigger). As a consequence, we created a trading strategy, which is completely
riskless, but has a greater return than the money market account. Hence we have an
arbitrage strategy, by lending money and investing it in this portfolio.

The following is an example of an incomplete market:

Let us assume that we have a market consisting of two assets, driven by two corre-
lated Brownian motions, and an exchange option on this assets, namely max[Sy(T") —
S1(T), K]. By theorem (1.31) there exists exactly one trading strategy, consisting of
the two assets and the money market account. Now suppose we are not allowed to
trade in the second asset (which means that our market has two random sources, but
only one tradable asset), then of course we are not able to hedge this option.

1.3.3 Examples

Corollary 1.37 (Black and Scholes 1973)

Let the interest rate r(.), the volatility o(.), and the dividend yield d(.) be deterministic
functions of time with ftT o(s)?ds > 0 VYt € [0,T]. Let S(t) € IR" be the stock price
at time t € [0,T). The rational price of a European call (Y = (S(T) — K)*) resp. put

Y =

(K — S(T))") with "strike price” K at time t is given by:
Vo(S, K, t) = Se=Ji d&dsN(gy) — KemJi TN (dy),

Vp(S,K,t) = Ke li O8N (_dy) — Se= ) do)s N (—gy)
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where
log(S(t)/K) + [, (r(s) — d(s) + 0.502(s)) ds
ftT o%(s)ds

d =

T
dy = dy— / o?(s)ds
t
and where N(z) denotes the standard normal distribution function.

PRrROOF. Due to Corollary (1.34) we obtain
Vo(S. K1) = Efe"T0(S(T) - K) | F

— BT (el T —d) 0502 (st o)W () _ gyt

whereby W (s) denotes the standard Brownian motion with respect to Q. As o(.) is deter-

ministic, ftT o(s)dW (s) is distributed as ‘/ft s)dsX, with X being standard normally
distributed. Therefore:

S(T) > K

s Gl o)) 0502 (st [T o2 ()dsX o pe

<— X > —ds

Plugging this into the above equation yields

T 2
o r(s s o2 (s)ds T 62(s)ds = e /2
Vo(S,K,t) = / e~ T(T—1) < S r(s)—d(s)-0.5 d+\/ft (s) —K) 0
(5. K1) . (t)e -
d - »
= / 2 (S(t)e_ ftT d(S)dseftT _0.50'2(8)d8—\/ftT UQ(S)dS T e_r(T_t) K) e /2 dm
o V2T

—(z T 52(s)ds)? —x
_ [ ~ [T d(s)ds © (w1 )2 (Tt 6_2/2
= Se ™ Jt e K dx
oo V2T V2T
di 7:1:2/2 da efx2/2
= S(t)e  Jt Jds)ds & dx — e "I g dz
| s —a— [ —

= Se~ [ A& N () — e T N(dy)

The formula for the put option can be determined either by a similar calculation or by the
T
put-call parity Vo (S, K,t) — Vp(S, K, t) = Se™ Ji d(s)ds _ pre—r(T—1), O
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2 Optimal Portfolios with Fixed Monetary Streams

2.1 Introduction

In contrast to the standard setting of the portfolio problem as presented in Chapter 1 a
small investor often has to take into account additional constraints like:

e continuous consumption requirements (”daily living expenses”)

e expenses occurring regularly at fixed time instants

(such as rents, insurance fees,..)
e income occurring at fixed times (such as the investor’s salary).

This has the particular consequence that only some of the investor’s money can be used for
investment purposes during a subset of the whole investment period [0,7]. We will show
how an investor can still make use of it by considering a generalized portfolio problem with
given consumption and investment streams.

The contributions of this section will consist of

e presenting a generalized setting for the standard continuous-time portfolio problem
allowing for the consideration of additional consumption and investment requirements

e an explicit solution of the generalized problem via an explicit solution of a Hamilton-
Jacobi-Bellman equation with additional boundary constraints (thereby adding a new
example of an explicit solution to a stochastic control problem to the literature)

e a second solution method based on a general separation theorem between constrained
and unconstrained investment that allows for dealing with general requirements

e some explicitly solved realistic examples of constrained portfolio problems.

This problem and also our findings are similar to the results of El Karoui and Jeanblanc-
Picqué (1998), but differ in both the methods used and in some aspects of the model. In
particular, we will rely on our Seperation Theorem and on the stochastic control approach

via solving the HJB equation explicitly.

This chapter is organized as follows: We will state the problem together with some
notations in the next subsection. The solution of this problems by classical HJB-methods
forms Section 2.3 while Section 2.4 will contain the solution method based on our
Separation Theorem. Some more examples and final remarks rounds off this chapter.
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2.2 The Model and Some Basic Definitions

We consider a standard n-dimensional Black-Scholes type securities market as introduced in
Section 1.1, but we restrict to the case of constant market coefficients. This market consists
of a riskless bond and n risky assets with prices given by

dB(t) = B(t)r(t)dt,

dSZ(t) = Sz(t) bidt—FZUz‘dej(t) ,t=1,...,m,
j=1

where W (t) is an n-dimensional Brownian motion. To model the consumption requirements
and/or the income streams of our investor we consider continuous monetary streams c(t)
with the additional feature of

T
/ le(s)|ds <00 P-aus.
0

and discrete monetary streams given by a finite sequence of square integrable random
variables B(i) which are F;,-measurable. The discrete monetary stream takes place at the
times t1,...,t;, with 0 < t; < ... < t,,, < T, where F; is assumed to be the Brownian
filtration. In the presence of those monetary streams the wealth process corresponding to
a portfolio process 7(t) (i.e. the process of the fractions of wealth invested in the different
securities at time t) satisfies equations

dX7(t) = [X7(t) (r(1 = 7'(t)1) + 7' () ) — c(t)] dt + X7 (t)7' (t)odW (t) (2.1)

on [ti,tit1) for i =0,...,m, with tg = 0,¢,41 = T. At time instants ¢1,...,t,, we have the
following jump condition

X7(t;) = X"(ti—) — Bi.. (2:2)
In this setting, our goal is to maximise the utililty of the final wealth, i.e.

Vt,x) = eilvl}()t )EW [U(X™(T))] - (2.3)

where AM(t,z) is the set of admissible portfolio processes defined in equation (1.26).
Typical examples will be:

i) Continuous consumption requirements, i.e. ¢(t) = ¢ > 0

ii) A constant pay in scheme, i.e. ¢(t) = —d <0

iii) Monthly payments, B; = B > 0
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2.3 Problems with Fixed Consumption/Income: the HJB-Solution

In this section we demonstrate that for a variety of cases the above described control

problem can be explicitly solved via setting up a corresponding Hamilton-Jacobi-Bellman

equation and then solving it.

2.3.1 Constant continuous consumption requirements

We start with the case of a constant consumption process and power utility, i.e. we assume
c(t) = —c (2.4)

for all t € [0,T] and some ¢ > 0 and the HARA-function as final utility, i.e. U(z) = %x'y,
v € (0,1). Then, the HJB-equation corresponding to our problem (2.3) has the form

max {1o720%% Vi, (t,2) + (ro +7 (b = 1)@ = ) Vo (6,2) + Vi (t,2)} = 0 (2.5)

with the obvious final condition

V(T,z) =1/ (2.6)
and the boundary condition

V(t,<(1—exp(—r(T—1t))) =0 (2.7)

which results from the fact that as soon as the minimum amount of money to satisfy the
future consumption requirements is reached by the wealth process all risky investments are
stopped. The form of this boundary is a consequence of the equation governing the future
consumption requirements process X.(t) given by the ordinary differential equation

X, (t) = rXc(t) — ¢, Xo(T) = 0

which is uniquely solved by
X () = £(1—exp (—r (T — 1))

Note in particular that therefore the investor’s initial capital x has to be bigger than
Te = X (0) = £ (1 — exp (—17)) .

Otherwise, the consumption requirements cannot be satisfied.

Hence, given our Verification Theorem 1.14 (or e.g. Fleming and Soner (1993) or
Korn and Korn (2001)) one only has to solve the HJB-equation (2.5)) together with the
boundary conditions (2.6, 2.7). This will be done in the next theorem:
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Theorem 2.1 Optimal control with continuous consumption
Let our initial capital x satisfy
1 —exp (—rT)
c———=.
r

x> (2.8)

Then, the value function V(t, x) of our optimisation problem (2.1-2.8) with a given con-
sumption rate of ¢ > 0 is given by

Vit,z) = B (%X (T)’Y) (2.9)

= La— 0 -exp(-r(T=0)) exp (v (r+12(55) ) (T-1)

for all pairs (t,x) with t € [0,T] and z € [ (1 —exp (—r (T —t))),00).
The corresponding optimal portfolio process has the form

T

= i (1 — exp (—r (T — t)))] . (2.10)

rT

Remark
Note the following limiting behaviour of the portfolio process

0,ifx | £(1 —exp(—r (T —1)))
™ (t) - b—r 4
702(1_7),1f T — 00
i.e. the influence of the consumption vanishes if the wealth process approaches infinity
while the consumption requirements do not permit stock investment if all the capital is

needed for consumption. In particular, the boundary condition (2.7) is met.

ProOOF.

Standard verification theorems yield that a smooth and polynomially bounded solution
V(t,z) of the HIB-equation (2.5-2.6) is indeed the value function of our optimisation
problem. In doing the first step to arrive at this solution, we perform the optimisation in
(2.5-2.6) which results in the candidate

b—r V.

0% Vi

m(t)=—

for the optimal portfolio process and hence leads to the equation

b—r\> V2
Vi re—c)Vy—1 S
e =01 (2F) G =0,
which has to hold for all pairs (t,z) with ¢ € [0,T] and & € [¢(1 — exp (—r (T —t))),0)
as points outside this set cannot guarantee to satisfy the consumption requirements for
sure. We now verify that V(¢,z) as given in (2.9) solves this equation. To simplify this we
introduce

A:<x_cl—exp(—r(T—t))>’ B=6Xp<7<7“+1/2(b%)2ﬁ>(T_t)>,

r
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ViaV = %A“/B this leads to
-1 1 b—r\2
Vi = A" cexp(—r(T'—t))B—A"B <7° + e (=) )
Vv, = A'B
me = ('7 - 1) A,Y_QB

and to

b—r\* V2
Vt+(rx—c)Vg;—1/2< > ) Wxx

= (re—c) A IB+ 1) (b%)2 ﬁA’YB + A lcexp (—r (T —t)) B

_A’YB<T+1/2(1;?TT)2ﬁ>

= A7'B[(re —c) +cexp(—r (T —t)) — Ar] = 0.

As a further result we obtain the optimal portfolio process as

b— v b—
() = — r V, T

v 2y L (e (o (T = 1))

Remark 2.2 (Decomposition of wealth process)
The form of equation (2.9) implies that the value

A= (x—cl_eXp(_T (T_t))> (2.11)

r

would be the capital that an investor starting at time t with a capital of x can use for
investment. Indeed, the optimal utility as described in equation (2.9) can be reached by
using this amount of money and investing it according to the optimal portfolio process in
the pure optimal terminal wealth problem (see e.g. Korn (1997)),

_ b—r
W(t):m,

leading to exactly this expected utility. Further, the remaining amount of money equals

(2.12)

X.(t), the process describing the evolution of the money needed for future consumption
requirements. Thus, the optimal wealth process starting with initial value of x in t=0 must
have the form

X(t) = (¢ £(01—exp(—rT))exp (’“”%Qﬁ—% <—of’13>>2>t
b—r €(1 —exp(—r(T —
SO i ew (T 1) (2.13)
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Note that the form of the optimal portfolio process as given in (2.10) corresponds exactly
to the strategy of dividing the initial capital into
1 —exp(—rT)

x:xl—i-xgch—i-(a:—xl)

and then leaving x; in the bond to pay out all the consumption requirements, taking
the remaining part zs and investing it so as to solve a portfolio problem without any
consumption at all. The second term in the brackets of the relation defining 7(¢) is thus a
consequence of the consumption requirements. It can easily be verified that 7 (t) satisfies
all the integrability requirements of a portfolio process.

Remark 2.3 (General given continuous consumption rate requirements)

Having seen both the relevant idea and the solution of the HJB-equation in the above
constant case, it is easy to figure out the necessary ingredients to solve the problem in the
non-constant continuous case. In fact the only difference is that now the required initial
capital that has to be put aside at the beginning is obtained from the solution of the
differential equation

XL(t) = rXolt) — elt),  Xo(T) =0

i.e from

T
X(t) = /t exp(—r(s —t))c(s)ds

as

T
z. = Xc(0) = /0 exp(—rs)c(s)ds

The solution of the corresponding HJB-equation is then totally similar.

2.3.2 Lump Sum Consumption

In contrast to the previous section we now assume that consumption takes place at fixed
time instants t1,...,t, with 0 < t; <... <, < T and is required to equal (non-stochastic)
amounts C; > 0 at times ¢;. This is now a consumption stream with all mass concentrated
at isolated time points. However, the idea to put aside at ¢ = 0 the required money to
satisfy the needs for consumption and to invest the remaining capital as if there were no
consumption at all, will stay valid here, too. Note that for paying in a consumption of
B; = C; at time t; (i.e. to pay out C; > 0 )one needs an amount of money of

Cie—r(ti—t)

at time t < t; to attain C; via riskless investment on [t,¢;]. We therefore get the following
condition for the wealth process to satisfy

X(t)= Y Ce e 0,7]. (2.14)

ity >t
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Note that by the form of this requirement we also indicate that X (¢) is the wealth at time
t after the possible consumption at time t has been made. More precisely, we have

X(t;) = X(t;—) —C;. (2.15)
As X (t) is discontinuous at the times of consumption ¢;, we cannot expect the value function
V(t,z) = sup E" [lX”(T)V} (2.16)
re A (t,x) Y
to be continuous at t;. Instead, we must have
V(ti,x — C;) = V(ti—, x) (2.17)

for all = satisfying (2.15) in place of X (t). However, on intervalls (t;,t;4+1) V(¢,z) should
satisfy the usual HJB-Equation as we will prove in the verification theorem below. We

summarize our consideration in

Theorem 2.4 Optimal control with lump sum consumption

For a given set of consumption requirements C; > 0 at times t;, ¢ = 0,...,m with 0 <t; <
<ty ST, let our initial capital satisfy

x> Y e, (2.18)
ity >t

Then the value function of problem (2.16) is given by

)
1 ol r(b=r) L) (g

Vt,a)=~=|z— Cie mti=t) (05 s ) 2.19

(t,2) 7( 2. ) (2.19)

ity >t

for all pairs (t,x) witht € [0,T] and x € [Zi:ti>t Cie~rti—t) oo). The corresponding optimal
portfolio process has the form

b= Zz‘:ti>t Cie"th=0)
7(t) 2 [1 — ] . (2.20)

- o2(1— x

PROOF.

The Verification Theorem (2.5) below indicates that V (¢, ) is the unique (piecewise) smooth
solution of the corresponding HJB equation that also satisfies the jump condition (2.17).
Similar as in the proof of Theorem (2.1), we can verify that V (¢, x) as given in (2.19) above
has these properties and hence coincides with the value function. One can also obtain the

optimal portfolio process then directly as

) b—r Vi(t,z) b—r 1 Zi:ti>t Cie i)
T = — g -
02 Vi (t,x) o2(1—7) x
where at times ¢; we have taken the right-continuous limit of the derivatives. O

It thus only remains to prove the verification theorem:
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Theorem 2.5 Verification theorem for lump sum consumption
Let G(t,z) be a polynomially bounded solution of

sup {10'271'2562(;;1::1:(75, z) +zr +7(b—1)|Gy(t, ) + Gi(t, x)} =0 (2.21)

TE[—a,a]

forallt € [0,T]\ {t1,...,tm},x > Zi:tptcie*r(ti*t) and some fived o > 0.

G(ti,x - Cz) = G(ti—,x) (2.22)

G (t, > Cl-er(tit)> = 0 (2.23)
Bty >t

G(T,z) = %x'y (2.24)

which is in CY2 on (tj,tiv1),i =0,...,m with tg = 0,t,,.1 = T. Let further be

b—r Gi(t,x)
02 2Gyr(t,x)

™ (t,x) = — € (—o, )

for suitable o > 0 (where in points t; we take the right hand limits of the derivatives). Then,
g(t, ) coincides with the value function V(t,x) , and 7*(t, X™ (t)) is an optimal portfolio
process.

PROOF.

Let G(t,z) be the asserted solution of (2.21)-(2.24). Let m(.) be a portfolio process with
corresponding wealth process X ™ (t) satisfying the initial condition (2.14) and 7(t) € [—a, a].
We then have:

G, X™(t) = Gt X™(ti) + thX”(s)arr(s)dW(s)

tie

t T l0271'52 ™(s)? s
b [ ]G G+ )= 1) + Gt (| d

for i¢ = max{i|t; < t}. From equations (2.15) and (2.22) we conclude

G(tie, X" (tie)) = G(tie—, X" (tie) + C;) = G(tie—, X" (tie—))
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Thus, starting at (ts,x) we can apply the It6-formula to obtain inductively

G(t,X™(t)) = Glts,z)
[ |G X 00 - 1) + (X6 G| s

N ib GxXW(S)UTF(S)dW(S)

ts

o 3 [ G+ GoXT(s)r 4 7 =) + Lor(5) X5 ()76 |
/ti [t " s)(r+m(s T) 57 (s s) m} s

i=ib

=1t
= Y [ axr@emaw s

i=ib "t

: i 1027752 ()2 s
+ /t [GH—G;L«X (5)(r +7(s)(b— 1)) + 7w ()" X (s) Gm}d

+ G, X" (s)on(s)dW (s)

tie

where i® = min{i : t; > t,}. Due to the definition of G(t,2) in (2.21), the facts that 7*(t)

attains the supremum in (2.21), and lies in [—a, a] we have
E'* (G(t, X7 (t)) < E'* <G(t,X”*(t))>

for all t € [0,7] and 7 € A™(ts,z) (note the polynomiality of G(¢,z) and the boundedness
of 7(.), and 7*(¢) ) and in particular

ts,T l s vy — ts,T s
E (7<X <T>>) B (G(T, X™(T))

IN

B (G(T,X™ (1)) = B (% (x (T)>7>

As *(t) € (—a, @), *(t) is an (interior) optimal control, which is still optimal if we make
o arbitrarily large. Hence V (¢, x) = E%* (G(T,X™ (T))), and using (2.21) we get

V(t,z) = Bt (G(T, X (T))) — G(t, )
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2.3.3 Generalized Consumption and Income

In the following we investigate the portolio problem with both consumption and income
simultaneously. In both cases we deal with continuous and discrete monetary streams. More
precisely, we assume that discrete consumption and income takes place at fixed time instants
t,...,tm with 0 <ty < ... <ty <T and is required to equal values D; at times t;, where
D; > 0 means consumption and D; < 0 means income. We denote the continuous monetary
stream by c¢(t), where again ¢(t) > 0 stands for consumption and ¢(¢) < 0 for income.
Having seen both the relevant idea and the solution of the HJB-equation in Section 2.2, it
is easy to figure out the necessary ingredients to solve the problem in the generalized case.
Of course, if the value of future obligations is positive, we then do not have to set aside
capital at the beginning. Just the opposite, as we are certain to get more capital in the
future we can already take advantage of it. More precisely, we raise a credit to invest future
income today to get a higher overall-return.

Observe, that the sign of the present value of future consumption and income can be
changing over time. The main idea now is to add this present value - independent of its sign
- to our wealth and to invest this then obtained capital as if there were no consumption or
income at all.

The value of discrete streams D; with ¢; > t equals

S Dy rtid),

ity >t

The value of the continuous monetary stream c(s) at time ¢ equals

T
X(t) = / exp(—r(s —t))c(s)ds.
¢
In total, we get the following condition on the wealth process

X(t) > Xc(t)+ Y Die "B peo,T]. (2.25)

Bty >t
We solve this optimisation problem by using wu(¢), the amounts of money invested in the
stocks as control process, instead of 7(¢). The wealth process then has the representation

dX(t) = [X()r + (b —r)u(t) + c(t)]dt + u(t)odWy (2.26)
on (t;,t;+1) and the jump condition equals
X(t;) = X(t;—) — D;. (2.27)

Note that by the form of this requirement we also indicate that X (¢) is the wealth at time
t after the discrete payment at time t has been made. We get the following value function

1
V(t,r) = sup E* [—X“(T)V} (2.28)
u€A*(t,x) Y

with the obvious jump condition

V(ti, xr — Dz) = V(ti—, a:) (2.29)
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for all x satisfying equation (2.25) in place of X (¢) and with A*(¢, ) being the correspond-
ing admissible set of controls for u(t). However, on intervalls (¢;,%;41) V (¢, ) should satisfy
the usual HJB-Equation as we will prove in the verification theorem below.

Remark
The corresponding boundary condition of the value function is

1% (t,Xc(t) + ) Dl-e_r(ti_t)> =0.

it >t
So if the value of future streams is positive at a particular time instant ¢ € [0, T, the domain
of V(t,x) and the corresponding control includes points (¢, ) with x=0 (in particular (¢, 0)).
Looking at the optimal control (2.20) we see that just copying the methods of Sections 2.3.1
or 2.3.2 cannot work, since m would not be defined for x=0. We therefore overcome this
problem by choosing as control wu(t), the process of money invested in the stock instead of

the portfolio process m(t). However, the main ideas will stay valid here.

Theorem 2.6 Optimisation with consumption and income

For a given set of monetary streams D; at discrete timest;, i =1,...,m with0 <t; < ... <
tm < T and a continuous stream c(s) with present value X (t) = ftT exp(—r(t—s))c(s)ds ,
let our initial capital satisfy

v > X(t)+ Y Die "D, (2.30)
ity >t

Then the value function of problem (2.28) is given by

v b—r\2
Vb z) = - <x—Xc(t) = Die_r(t"_t)> (3 (85) 5 ) -0 (2.31)

v it >t

for all pairs (t,z) with t € [0,T] and x € [X(t) + Diitit Dje Tti=t), 00). The correspond-
ing process of amounts of money invested in the stock has the form

it >t
PROOF.
The HJB-equation corresponding to our problem has the form
sup {1ou’0?Vyy (t,x) + (re+ (b—r)u+c(t)) Va (t,z) + Vi (t,z)} =0 (2.32)
ue

for all pairs (¢,x) satisfying the constrains ¢ € [0,7] \ {t1,...,tm} and x €
R AGED . D;e "% o0) and boundary conditions

V(T,z) = Y7

1% (t,Xc(t) + ) Dier(tit)> = 0

Bty >t

V(ti,x — Dz) = V(ti—,x)
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The Verification Theorem 2.7 below indicates that V (¢, x) is the unique (piecewise) smooth
solution of the corresponding HJB equation that also satisfies the jump condition (2.29).
We will verify that V (¢, z) as given in (2.31) above has these properties and hence coincides
with the value function. In doing the first step to arrive at this solution we perform the
optimisation in (2.32) which results in the candidate for the optimal portfolio process

b—r Vy(t,z)

0% Vie(t,z)’

u(t) = —

where at times t; we have taken the right-continuous limit of the derivatives. As a conse-
quence this leads to the equation

b—r\> V2
W+(T$+C(t))vm—1/2< 7“> = =0,
o Ve

which has the same domain as the HJB-equation (2.32). We now verify that V (¢, z) as given
in (2.31) solves this equation. To make this easier we introduce

A=x—X.(t) — Z Die "D B —exp <fy <7° + 1/ (bTTT)Q ﬁ) (T - t)> .

ity >t

This leads to

v, o= 4 <_Xg(t) Y Die_’"(“_t)> B-A'B (r—i- Vot (ITTT)Q)

ity >t
V., = A7'B

Vee = (y—1)A72B

b—r\* V2
‘/}+(T:E+C(t))Vx—1/2< . ) WZ

= (rz+c®) AT B+ 1h(50) (L ATB

+A (—Xé(t) —r ) Dl-e”“”)) B-AB(r+14(55)" )

ity >t

= AB

(re+c(t) + <—Xé(t) —r Z Dier(tit)> — Ar

it >t

= A"IBle(t) — XL(t) + X.(t)] = 0.

As a further result we obtain the optimal portfolio process

. b—r V, b—r (i —
e B (e s e, (X(t)+Y(t)+ > Dt t>>,

(o .
2t >t
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where at times ¢; we have taken the right-continuous limit of the derivatives.

O
It thus only remains to prove the verification theorem.
Theorem 2.7 Verification theorem for income and consumption
Let G(t,x) be a polynomially bounded solution of
1
sup {—UQuQGm(t, x) + [zr + (b — r)u]G.(t, z) + Gy(t, a:)} =0 (2.33)
relR 2
forallt € [0, T]\ {t1,...,tm}, x> =Y (t) = > i1~ Die "=t and
G(ti—, .’E) = G(ti, T + Dz) (234)
G <t, RIS Dze‘““‘”) =0 (2.35)
it >t
1
G(T,x) = —a” (2.36)

Y
which is in CY2 on (t;,t;41),i=0,...,m with tg = 0,t,.1 = T. Le further be

b—r Gyt )
02 Gae(t,T)

u*(t,x) =

(where in points t; we take the right hand limits of the derivatives). Then, G(t,x) coincides
with the value function V(t,x), and uw*(t, X" (t)) is an optimal control process for problem

(2.28).

PROOF.

Let G(t,x) be the asserted solution of (2.33-2.36). Let u(.) be the process of the amounts
of money invested in the stock with corresponding wealth process X "(t) satisfying (2.26).
Again, we apply the Ito formula to obtain inductively for each admissible control process

u(.)
G(t, X7 (1))

= G(ts,x)

+ /t . [Gt + Go (X (s)r + ul(s)(b = 1) + cls) ) + %cf?u(sFGm] ds

tib
+ Gzou(s)dW (s)

ts
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ie

py / [Gt +Ga( X3 +uls)(b—7) +els)) + %02u<s>2amm] ds

i=ib

i tit1
+ Z/t Gzou(s)dW (s)
i=ib i

+ /t; [Gt + Gy <Xu(s)7" + u(s)(b — 7”) + C(S)> + %UZU(S)ZGMC] ds

+ t Gzou(s)dW (s)

tie

where i® = min{i : t; > t,} and i® = max{i : t; < t}. Due to the form of u*(¢,z) (an
affine linear function of X*(¢)), X*(¢) is the unique solution of the corresponding wealth
equation. Further as G(t,x) solves (2.33) and the fact that v*(¢) attains the supremum in
(2.33) we have:

ts,T l u — ts,T u
B (ZO0m)) = B G X)

IN

* 1 *
B (G(T, X" (T))) = B <— (x (T))7>
Y
where the expectations are finite due to the polynomiality of G(¢,z). Thus finally we obtain:

V(t,z) = Bt <g(T, X”*(T))) — G(t, ).

2.4 A Separation Theorem for Requirements

The solutions obtained above by the HJB-technology all show a very natural formal sepa-
ration of the initial wealth in an amount necessary to cover the consumption requirements
and a remaining part which the investor can use to speculate in an optimal way. In this
section we will show that there is a general separation principle that can also be used to
cover cases such as regular pay-in schemes. The basic idea behind this approach is the fact
that due to our assumption of a complete market the additional monetary streams of the
investor can be hedged by suitable investment strategies. To state the separation theorem,
we have to introduce some notation :
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Since we assumed a complete market, each discrete monetary stream B; maturing at ¢;
(i=1,...,m) can be hedged with an appropriate self-financing portfolio process m;(.) and
a corresponding wealth process with initial wealth given by:

dX;(t) = X;(t) [(r + () (b —rd))dt + mi(t)odWi] (2.37)
X;(0) = =z :=FE%[e” fotiT(S)dsBi]

Xl(tz) = Bz P—-a.s.

Observe that ;(.) is not the optimal control for the i-th stock, but for the i-th ”option”

B;. For the continuous streams we have:

dX.(t) = Xc(t) [(r+m(t)(b—rl))dt + 7. (t)odW;] — c(t)dt (2.38)

T
Xe(0) = w:=FE" [/ e Jo T e(t)dt
0

X.(T) = 0 P-as.

Remember that in both cases the wealth process is almost surely nonnegative (in both the
objective- and martingale probability measure) at any time. So the strategies contain no

bankruptcy risk.

Instead of trying to maximise the utility of a single wealth process which contains all
payments streams as defined by equations (2.1) and (2.2), we will try to maximise the
utility of a decomposed wealth process:
n
XT(t)=XT(t)+ Y X;(t)+ X(t) ,s(t) =min{i:t; >t} (2.39)
j=s(t)

where on [t;,t;11) we have the evolution described by

dX"(t) = dX7(t) + f: dX;(t) + dX.(t) (2.40)
j=i+1

and at time instants ¢; we have the ”jump conditions”

X'(t) = X (ti—) - B; (2.41)
= )+ Y Xhm) + Xltio) + Xiltio) - B (242)
j=it1 D —

The separated wealth processes satisfies:

dX™(t) = X*(t)[(r + 7 )b —rl))dt + 7' (t)odW;] (2.43)

n
X7(0) = z-— ij —
j=1
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Observe that Yﬁ(T) =X T(T) and X7 (t) contains no consumption requirements. We will
show that the processes X (t) and X7 (t) as defined in (2.1) and (2.2) are equivalent under
the constraint that both have to be nonnegative and the controls have to be admissible.

So if our objective is to maximise the final utility, we would of course prefer to maximise

X"(T), because that means we have to deal with the simple wealth process X7 (t). Let us

summarize our considerations in the following theorem:

Theorem 2.8 Let X™(t) be the wealth process given by (2.1,2.2), )Nfﬁ(t) the process given
by (2.43) and AM(t,x) the set of its admissible portfolio processes. Then:

i) For every & € AT (t,x), there exists a m € AM(t,x) with

X™(t) = X" ()Vt € [0,T]

i) For every m € A™(t,x) , there exists a 7@ € A™(t,x) with

X™(t) =X (t)Vt € [0,T]

iii) By the above assertions it follows

sip  E[U(X"(T)] = sup E|UXHT))]
reAM (t,x) e AM (t,x)

PROOF.
1. Let ¢ € [t;,tiy1). Assume that X (t;) = X (¢;). Define m(t) as:

X7 () = S X () — Xo(8)) 7()
() = ( ;ﬂ (i) ) (2.44)
ZTZHI X; (t)ﬂj (t) + Xc(t)me()
X7(t)

+

Note that the value X™(t) (X7(¢)) does not depend on =(t) (7(t)) but of course on
7(s)(7(s)),s € [0,t). Therefore, the definitions of m(t) (7) are explicit ones and not im-
plicit.
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This yields:

X™(t)
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+ /t X™(8)[r +7'(s)(b—r1)] —c(s)ds + /t X™(s)r' (s)odWs

S EUCED SR OES 0] IR (OERAVER

-|-/t’ X7(s) — Z Xj(s) — Xe(s) | 7' (s)odWs

j=i+1
m t

+ Z {Xj(ti)%—/ Xj(s)[r +m5(s)(b—rl)] d5+/ X;( adW}
j=it+1 ti

XJ()

+ /t Xe(8)[r+ml(s)(b—1r1)] —c(s)ds + /t Xe(8)ml(s)odWs

Xc(t)
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+ XT(s) = Y Xj(s) = Xe(s) | [r + 7 (s)(b— 1)) ds
ti j=i+1

+ XT(s) = Y Xj(s) = Xe(s) | #(s)odW,
ti j=i+1

So X™(t) — >0, 11 Xj(t) — Xc(t) follows the same dynamics as X7(t), hence

for all t € [t;,t;+1). The assertion for all ¢ € [0, 7] follows by induction and due to the fact
that X;(t;) = B; almost surely.
2. Let t € [t;,tiy1). Assume that X (t;) = X (¢;). Define 7(t) as:

=Y (K70 + i1 X0 + Xe®)) = Sy X (O (8) + Xelt)me(t)

Plugging this into (2.43) yields:

XT(t) = X7(t;)+ / rX7(s) + ()Z'ﬁ(s)—i— Z Xj(s)—l—Xc(s)) 7' (s)(b—r1)ds

t;

- /t 2 Xi($)Ti()(b = 1) + Xe(s)mi(s)(b — r 1)ds

v g=i+l
+ / X(s)+ Y Xj(s) + Xo(s) | 7' (s)odW,
ti j=i+1
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/ X(s X;(s) + Xo(s )) (r+7(s)(b— r1))ds

/ X(s X;(s) + Xo(s >) ' (s)odW,

X;(t)

—{Xc(tl-)%—/t;Xc(s)[r%—ﬁ b—r1)] ds+/ Xe( adW}

Xe(t)

Thus <)Z'7~r(t) + 20 XG(t) + Xc(t)) follows the same dynamics as X™(t).

3. From 1. we conclude:

sup  E[UX™(T)]> sup E[U(f(ff(T))}
reAM (t,z) e AM (t,z)

And from 2.:

sip BEUKXT(T)] < swp B [UXT(T)]
reAM (t,x) e AM (t,x)
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So the assertion is proved.

Remark 2.9 (The Use of the Separation Theorem)
Our Separation Theorem results in the following algorithm to solve the portfolio problem:

i) Calculate the Black-Scholes-prices x; of the outstanding contingent claims B; (j =
1,...,m) and the BS-price x. of the continuous monetary stream c(t).

ii) Substract these prices from the initial wealth:
_ n
X™(0)=X"(0) — ij —
j=1

iii) Solve the simplified optimization problem (without consumption)

7 =arg max E [U()Z"}(T))}
TeA(t,x)

by the usual HJB-method, whereby X7 (t) is given by (2.43).
iv) Calculate the optimal control for the total wealth by formula (2.44).

To illustrate our Separation Theorem we solve again the continuous consumption problem:

Example 2.10 (Continuous Consumption with HARA-Utility)

Let ¢(t) = ¢ be a constant consumption stream, x our total initial wealth and the market
parameters r, b, o constant. Then the initial capital needed to cover this consumption reads
as:

7. = X.(0) = E* [/OT e”cdt} =<2(1—exp(—rT)).

Thus the wealth process of our decomposed optimisation problem is given by

dXT(t) = X7(t) [(r+ 7 )b —rl))dt + 7 (t)odW,] ,
XF0) = 2—£(1—exp(—rT)) |
The solution of the new optimisation problem

1

7*(t) = arg max Eb* [
TeA(t,x) Y

@ @y]

is well-known and reads as
_ (o0t

=99 (h—r1).
T 1—7(b rl)
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The composed wealth process reads as:

XT() = X7(0)+ Xe(t)

— (a: — ; (1-— eXp(—TT))> exp

(oo')~1

(1 —7)?

+2 (1 —exp(—r (T —1)))

Loy <b—r;>)t+—— -

Since the consumption stream is deterministic, its replicating portfolio 7. is equal to zero.
With formula (2.44) we can determine the optimal portfolio process of our original problem:

X - X(®) R
= X7(1)

oo’)71 ¢
_ (1_)7 (b—r1) 1_W(1—exp(—T(T—t))) -

Comparing the wealth process with (2.13) and the optimal portfolio process with (2.10),
we can conclude that these results are confirmed by the solutions from the HJB-approach.

Example 2.11 (HARA-Utility with an option)
Let B be a vanilla call with strike price K, x our total initial wealth and the market
parameters 7, b, o are constant. Then the initial capital needed to cover this consumption

reads as:

z1 = X1(0) = E* [e7"(S(T) — K)*] = V(S(0), K, 0)

with
V(s k,t) = sN (10g(5/k) +U S;__%;ﬂ)@ - t)) ey <1og(s/k) +U (rT— é:?)(:r - t))

The initial wealth X ™(0) of our isolated wealth process X 7(.) is given by —z1. The solution
of the optimisation problem

1

7 (t) = arg max E"* [
TeA(t,x) 0

& @]

remains the same
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The composed wealth process reads as:

XT(t) = XT(t)+ Xa(t)

C

= <x - (1- eXp(—rT))) exp

1 , (00’71 1
—§(b—r;) W(b_ r1)>t+ —

The control needed to replicate the option is given by:

_ S0 <10g(S(t)/K) +(r+ 202)(T — t))
ovIT —1t

Since the consumption stream is deterministic, its replicating portfolio 7. is equal to zero.

With formula (2.44) we can determine the optimal portfolio process of our original problem:

w) = KO- X)) + X Om ()
- X7 (1)

O X (t S(t log(S(t)/K —d+0.502)(T —t
o)y [ K] S0 (los(S0/E) + (r— d+050%) (T — 1
1—~ X (t)] " X7(t) ovT —t
Observe that we need to know not only the wealth, but also the stock price S(¢) to determine
the optimal control, which indicates that we solved a problem with a corresponding two
dimensional HJB-equation, which - if the solution cannot be guessed - may become quite

involved.

2.5 Numerical Illustration and Conclusions

To illustrate the behaviour of the portfolio process in the different situations presented so

far we give some numerical examples:

Figure 1 corresponds to the continuous consumption case in Section 2.3.1 with T = 1,

b =12%, r = 5%, 0 = 20%, v = 0.5 and consumption rate c(t) = +500. The optimal
control without consumption would be 7’ = (13# = 3.5. We see that for t — 1 and =

constant the optimal control 7(¢,x) converges to 3.5, since the amount of consumption,
which has to be financed from the wealth is decreasing with time, and so we have more
and more money left over to invest in stocks. For increasing wealth  and constant ¢ the

optimal control converges again to 3.5, since the role of consumption compared with total
1—exp(—r(T—t))
T

, all wealth is needed to finance future consumption.

wealth can then be neglected. On the other hand, for z — ¢ , m(t,x) converges

to zero, since if X (t) = CLM
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Figure 1: Optimal control m with continuous consumption
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Figure 2: Optimal control 7« with lump sum consumption
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Figure 2 shows the optimal control for the discrete consumption case in Section 2.3.2 with
same stock parameters as above but lump sum consumption with At = 0.2 and D; = —100.
It is not surprising, that we get jumps at consumption time instants. Besides this effect,

the behaviour coincides with that of Figure 1.

u(t,x)

AR
AN
AN

u(t,x)

Figure 4: Optimal control 4 with continuous consumption
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Figure 3 and Figure 4 illustrate the difference between continuous income and consumption,
where we used the same parameters as before, except ¢(t) = 4500 for the income rate.
Note, that we changed the control process to be the amount of money invested in the stock
instead of the portfolio process. In the case of income the optimal control decreases over
time, because the amount of future income decreases. In the case for consumption it is just
the other way around, i.e. the optimal control increases, since the money needed to finance
future consumption decreases.

Conclusions

As private equity plans on one hand are getting more and more into fashion we believe that
the results of this chapter have a practical relevance. Further, the case of an a priori fixed
consumption plan seems to be much more realistic than that of a random consumption as
treated in the standard formulation of the portfolio problem. With regard to this argument
and our results one can thus always concentrate on the pure terminal wealth problem.
Even more general problems can be treated with our approach and are subjects of future
research. Two possible candidates are: Optimal portfolios with fixed consumption/income
and a loan dependent interest rate (see the next chapter and also Krekel (2001) for a related
problem) and optimal portfolios with crash possibilities and fixed consumption/income (see
Korn (2001)).
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3 Optimal Portfolios with loan-dependent Interest Rates

3.1 Introduction

In the classical Merton framework the optimal trading strategy is to invest a multiple of the
total wealth in the stocks for both cases, logarithmic as well as HARA-utility. With common
market parameters this factor is often bigger than one (see Chapter 1 for the typical forms
of the optimal portfolios). In other words, the investor is advised to borrow a multiple of
his own wealth to speculate in risky assets. Of course in the presence of possible crashes no
rational investor would do so, because this can result in immediate bankruptcy (see Korn
and Wilmott (2001) who investigate optimal portfolios under the threat of a crash). On
the other hand, since the default probability of this particular credit is much higher, the
counterpart lending the money will definitely claim higher yields than that for government
bonds. To take this effect into account, we introduce a loan-dependent interest rate, which
we call in addition credit margin or interest rate spread. If the investor’s bond position gets
more and more negative, the risk of the lender will be almost the same, as if he invests in
the stocks themselves. Therefore in a single stock setting, the loan-dependent interest rate
should be modelled to converge (w.r.t. the control) to the return of the stock.

3.2 Model

We consider a security market consisting of an interest-bearing cash account and n risky
assets as introduced in Section 1.1 by equations (1.1), (1.2) with the following modifications:
We assume the volatility and the stock drift to be constant, but more importantly, distin-
guish between the interest rates for borrowing and lending. This feature will be modeled
via a control dependent interest rate r(t) := r(m;), where r(.) : IR™ — IR is a left-continuous
and bounded function, which will be defined later on. In financial terms, the bank or the
financial market calls for a compensation in form of higher interest rates if it seems to be
more risky to lend money to the investor. So we end up with the following processes. The
cash account is modelled by the differential equation

dB(t) = B(t)r(n(t))dt,

where r(m(t)) is still a bounded, strictly positive and progressively measurable process, as
defined in Section 1.1. Note in particular that with this kind of modeling each investor may

be faced with a different evolution of his account. The price process of the i-th risky asset

S;(t) defined by

n
dS;(t) = Si(t)[bidt + > oy dW; ()]
j=1
remains the same with oo’ a strictly positive definite N x N-matrix. As usual the investor
starts with an initial wealth x¢g > 0 at time ¢ = 0. In the beginning this initial wealth is
invested in different assets and the investor is allowed to adjust his holdings continuously
up to a fixed planning horizon T'. His investment behavior is modeled by a portfolio process
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n(t) = (mi(t),...,mn(t)) as introduced in Definition (1.3) . Observe that 1 — "% | m;(¢) is
the percentage of wealth invested in the savings account. So if Y " | m;(t) > 1 the investor
is actually borrowing money and the interest rate spread comes into the game. With the

new feature of control dependent interest rate the wealth process reads explicitely as
dX(t) = X@)[ (r(x(®)(1 = 7'(¢)1) + ' (t)b)dt + 7' (t)odW (t) ], (3.1)

with X (0) = . Note that the presence of r(m(t)) introduces a non-linear dependence of
the wealth process on m(t). The properties of r(.) ensure the existence of a solution of the
SDE (3.1) The investor is only allowed to choose a portfolio process which is admissible

and thus leads to a positive wealth process X™. The final wealth is given by

X™(T) —:coefo (r(x() (1= (0 D)+n ()b — L' (D)oo n(¢) ) di+ [ ' (¢) JodW (1) (3.2)

We will solve the optimization problem without consumption, i.e.
max  E(U(XT(T))), 3.3
e BU(XT(T) (33)

with Log and HARA-utility. Note that in expression (3.3) we wrote maz instead of sup. Via
a new verification theorem we will show that such a maximum exists.

We suggest three ways of modeling r(.) which covers all practical needs, and also prove
to be quite usefull for numerical calculations. Let 7 be the interest rate for a positive cash
account and 7 a real-valued vector, which denotes the percentage of wealth invested in
the particular stocks. Keep in mind that #’1 = """ | 7; is the total percentage of wealth

invested in stocks. Our considered functions read as follows:

i) Step function

where —co=ap <1< <...<aj <ajp1 <...<ay =00 and
O0=X <A <...< A< Ajp1 <. < Appg < 00,

ii) Frequency polygon

m—1
r() = 7T + Z i+ p( 7'l _O‘J))l[aj aJ+1)(7r 1) (3.5)
7=0
Ty = Z:U’l—l(al_al—l)a Jj=1L....,m—-1

where —co=ap <1< <... <o <ajp1 <... <y =00,
pj >0forall j=1,...,m—2and po=0= 1,70 =0 .
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iii) Logistic function

A/
. e’ 1+

r(7) =7 + A (3.6)

ear’ 1+8 +1
with A > 0, « > 0 and 3 € R.

14.00%

12.00%

10.00% -

8.00%

r JES—

6.00%

4.00%

2.00%

0.00%

o] 0.5 1 1.5 2 25 3 3.5 4

Figure 5: Step function
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Figure 6: Frequency polygon

Note that simple dependencies, like r(7) =7 for /1 <1l and r(7) =7 + A for 7’1 > 1
can be modeled with the help of the step function. See Korn (1995) for the treatment of
an option pricing problem in the presence of such a setting. With the frequency polygon
we are able to model smoothly increasing credit spreads. In these cases, the optimisation
problem (3.3) can be solved analytically, although we have to deal with some subcases
separately.

The logistic function can be unterstood as a differentiable approximation of a frequency
polygon with just one triangle. The main reason for its introduction is for numerical
computations, because it is twice continuously differentiable and can be handled without
considering subcases separately. An analytical solution is not available, but this does not

matter with regard to the use in a numerical context.

In Section 3.3 we solve the optimization problem for the logarithmic utility and in Section
3.4 for the HARA utility. Section 3.5 gives the conclusion.
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Figure 7: Logistic function

3.3 Logarithmic Utility

Let U(z) = log(z), then we have the following optimization problem

V(t,z) = sup  E""(log(X™(T)))
m(.)eAM (t,x)

T
= sup { log(z) + E[/t (r(x@)(1 —a'(t)1) + ' ()b (3.7)

m(.)eAM (t,x)

—%ﬂ'(t)aa'ﬂ(t))dt] +E [/tT W’(t)adW(t)} }

where 7(z) is given by (3.4),(3.5) or (3.6). Using Fubini’s Theorem for 7(t) € L2[0,7] and
observing that in this case the whole process in the expectation-brackets is in L2[0,T],
yields

V(t,x)

r / / _ lﬂ'/ O_O_/ﬂ_
_ mg@+%wgﬁmwliE[u@@»u—ﬂau)+w@w 0 @ﬂdt

T
< log(x) +/t sup E[(r(fr(t))(l —7'(t)1) + 7' ()b — %w'(t)oa'w(t))]dt.

{ 7 (t) }
Fi—Ineas.

Notice, that we have changed from functional to pointwise optimization, leading to the
inequality sign. Since there is nothing stochastic or time-dependent within the brackets of
the expected value (besides the control process 7 (t) which however is at our disposal ), we
obtain that

V(L) gl%@%kmp{Mﬂ&—ﬁﬂﬂﬁ%—%ﬁm%HT—ﬁ (3.8)
#elR"™
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We introduce the following notations to study the question of existence of a maximum:

D]’ = {(ml, S ,l‘n), oy < sz < Oé]'+1} (39)
1=1
H; = {zeR" :Zﬂ:i:aj} (3.10)
1=1
D; = DjUH; (3.11)
1
M]S(’(x) = (T + )1 —2"1)+2'b — §@x/aa'x (3.12)

where 7 =0,...,m — 1.

Remark 3.1

-----

D;jNU = (H; UD;)NU for any compact set U C IR".

ii) In the step-function case of the following Proposition 3.2 the term M J-Se(x) is needed
to determine the local maxima.

iii) We include a real number © € (0,00) in front of the quadratic term, because we
are going to use this notation and the upcoming calculations again in the section on

HARA-utility.

Proposition 3.2 : Existence of the maximum
Let:

M%(z) = r(z)(1 —2'1) + 2'b — %@m'aa'm (3.13)

with r(z) being either a step function, frequency polygon or logistic function as given by

(3.4)-(3.6) and © € (0,00). Then there is an
" €eU:=D.(0)={x € R": |z —(0,...,0)| <c},
for a suitable ¢, such that we have

M%(z*) = sup M%(z) = sup M%(z),
Z‘ERn zelU

or in other words

x* = argmax M%(z).
zelU
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PROOF.
Boundedness:
Since oo’ is strictly positive definite and r(x) is bounded, M?(z) is bounded from above
and M?(z) — —oo for ||z|| — oco. Hence the supremum is finite and located in a compact
domain U, i.e. we have

sup M%(z) = sup M%(x).

ey zelR"

The same holds of course for the local suprema

sup M?%(x) = sup M%(z)
zeD;NU zeD;

forall j =0,...,m — 1.
Existence:

If r(z) is a frequency polygon or a logistic function, the existence of the maximum follows
by continuity of M?(z) and compactness of U.

Let r(x) be a step function as given in (3.4). Because M]S@ is continuous we get:

sup M (z) = max sup M %(z) =max max M (z).
zelU J zeD;NU J xzeD;NU

Observe, that for all x € H;, j =1,...,m — 1, we have M]S_el(x)ZM]Se(m), since A\j_1 < Aj
and 2’1 > 1 in H;. Thus argmaxggeWMfe(m) is always in D; N U and not in H; N U.
Hence there exists an index I and x; € Dj, such that sup,c; M3 (z) = M0 (x)).

Consequently, for all three functions there exists x* with

z* = argmax MY (z).

zelU
O
Now we are able to proof our verification theorem:
Theorem 3.3 : Optimal control for Log-utility
Let
* ~ / / 1 / /
() =7= argmax ¢r(z)(l—2'1)+2b — =z'oc’x ;. (3.14)
zcR" 2

The constant process ©* defined by (3.14) is the optimal control and we get
1
V(t,z) = log(x) + <7“(7?)(1 -7’ 1) +7'b — §fr/aalfr> (T —1t).
PRrROOF. From Proposition 3.2 and equation (3.8) we obtain:

E"(log(X™ (T))) < V(t,z) <log(z) + <7“(7%)(1 -7 1) +7'b — %fr'aa'fr) (T —1)

=B (log(X™(T)))
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Since 7*(.) is constant, it is an element of A"(0,z¢), and thus admissible.

Remark 3.4

The remaining question is, how to determine the optimal control. If 7(7) is a step function
or a frequency polygon as given in equations (3.4) and (3.5), we can determine the
maximum explicitly, using the partition {D;};—o, . m—1 of IR". We investigate Mf(m)
separately on the sets D;. Since M je (z) are downwards opened parabolas (in both cases),
we can determine the local maxima. Then we compare these maxima to obtain the absolute
maximum and the corresponding optimal control. If 7(7) is a logistic function, we have to
calculate the maximum via numerical methods.

In the following we consider all these cases explicitly.

3.3.1 Step function

Theorem 3.5 : Optimal Portfolios for step functions and Log-utility

Let V3(t,z) be the value function for logarithmic wutility with r(x) being a step func-
tion defined by equation (3.4). In addition, let M5S® be the function to be mazimized in
Proposition 3.2 and which corresponds to this step function r(x), i.e.

m—1
1
S© _ =
M°®(x) = |7 + ZO )\jl(aj@jﬂ}(ac'_l) (1—2'1)+2b — §®m’00':c, (3.15)
j:

where \j and a; as given in equation (3.4). Then there exists an optimal (constant) control

* ~ S1
T(.) =7 =arg max M x

such that

VS(ta)=  sup  EY(log(X™(T))) = E*(log(X™ (T))).
w(.)eAM (t,x)

The value 7 is explicitly given below (with © = 1):

i) In the one-dimensional case holds

o= {ﬁj:z;rz%v.rgi%l} Mjsg(frj) where (3.16)

b—r—A\j
7, = max <aj,min <aj+1, %)) . (3.17)
o
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it) The multidimensional case leads to

S M3 (7. h 3.18
To= |, e max | M(E) where (3.18)
SO _ = ) ! ! 1 /!
M7®(z) = [ +A](1—2'1)+2'b - 5@3@ oo'x, (3.19)
and
%(U*U*/)flb*u vy & Fj N diSt(Hj,’l}j) > diSt(Hj+1,?)j)
frj = Vj RS Fj (3.20)
%(O'*O'*I)flb*d N & Fj N diSt(Hj,’l}j) < diSt(Hj+1,?)j)
with
1 NnN—1 =
b = Heo)y b (4 A

and o* € RMD*(=1) yyirp 0% = Oki — Oni and bj* = by — by, — Ocjy1 Y i) Onioy;
resp. bzd =by — by — O > 1" | onioy,

The function dist(.,.) is defined as

dist(X,Y) := inf —
SHXY) = nf |l

where X,Y C IR™ and ||.|| is the Euclidean norm.

PROOF. As proved in Theorem 3.3, the optimal control exists and is given by

™()=#% = arg max M5®(z)
zeIR"

with © = 1. As stated in the proof of Proposition 3.2 we know that

max M (z) = max mzﬁM]SG(m)_
zelR" {5:0,..., m—l}xeDj

Hence, it holds:

0 SO [~ S6
argmax M (x) = arg max {M T }:ar max M?%(x).
gmax M (z) (s, drg max (M (75) gJCED_j ()
As mentioned before, we achieve the local maxima and corresponding arguments on the
sets E and then compare them in order to obtain the absolute maximum. Thus we are

only left with verification of 7; .
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One-dimensional case

Each Mjse(m) is a downwards opening parabola with an obviously unique unconstrained
maximum (with unconstrained maximum, we mean the maximum w.r.t. the domain IR").
So we can determine the local maximum (i.e. w.r.t. D;) by calculating the zero point of its
derivative (w.r.t IR") and check its position relative to D;. If the unconstrained maximum
is in D; = [, aj11] we have already found the local maximum. If it lies on the right(left)
side of the interval, the local maximum is achieved in a1 (o) .

Multidimensional case
Again, the first step is to determine the unconstrained maxima for the different A; by

defining
1
vj = arg mjs;%(n{(F +A)(1 —2'1) 4+ 2'b —§@x'aa'x} (3.21)
TE
= Loy - + )1
= o) - (7 A)0).

Observe, that oo’ is regular, as stated in Proposition (3.2) . If v; € Fj, then we have found
the local maximum of case A\; and so 7; = v;.

If v; & ﬁj, then the local maximum must lie in one of the hyperplanes H; respectively
Hji1, since —oo’ is strictly negative definite and M jse(ac) therefore strictly concave. If
dist(Hj,v;) > (<) dist(Hit1,v;) then 7; lies in Hj41 (Hj). Thus we have to calculate the
maximum under the constraint 7’1 = «, with o = o resp. o = oj 1. We will realize it by
(Fj)n = — Z:Zf(ﬁj)z

In the following we have to use the components of the vector & and b explicitly to continue
our calculations. So for ease of notation we neglect the index j of A; and v;:

1
v o= argmagc{(? + M1 —2"1)+2'b — 5@7?'00'95}
re
n—1 n—1
= argmax 1{r —i—A—i—Zxk(bk—F —/\)+(a—2mk)(bn—F - )
(xl,...,mn_1)€Rn7 k=1 k=1

n n—1 n—1 2
30 (Lo 0~ S |
k k=1

1=1 =1

n—1
= argmax {f A+ 2B — ba) + by — 7 =)
(x17---7xn71)6Bn71 k=1

1 n n—1 2

oy (zm o)t a) }
i=1 \k=1

Now let b* € R"! with bf = by — bu(k = 1,...,n — 1) and o* € R VXD with

= op; —on; (k=1,...,n—1). Observe, that rank(c*) = n — 1, otherwise this would

*
O
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lead to the contradiction rank(c) < n. Thus o* is regular. So we achieve

n—1
v = argmax {(1—&)(F +>\)+abn+2$kbz+
(ml,...,xn_l)ean_l k=0

1 n n—1 2 n—1
_59 Z (; mka};) + 200y Z rpor; + oo’ }

i=1 k=1

1 n
= argmax {(1—a)(F —I—)\)—i—abn——GZozZJii
(ml,...,mn71)€Rn_l 2 i=1

n—1 n 1 n n—1 2
S <b,=; “6ay am-a;;i> oy (Z Wk) }
k=1 i=1 i=1 k=1
Thus, with b* = b} — Oa Y ! | 0pi0;, we obtain the usual representation

1 1
v = arg max (1—a)(F + )+ ab, — —@Zanii +2'b™ — ~02'0* 0"z 3,
(ml,...,xn_l)ean71 2 i=1 2

which yields the solution

1
v o= _(O_*O,*/)flb**.

S)

Remark 3.6

i) Note, that v does not depend on A or 7, because these quantities are fixed on the
hyperplanes H;. If the unconstrained maximum of the M JSG (x) lies in the sets {D :
I < j}, then the absolute maximum cannot lie in one of the sets {D; : | > j},
because M]S@(x) > M9 (z) for all z € UleE (via Aj < Ajy1). So, if we are stepwise
increasing j (beginning at 0) we can stop the maximum-search, if the above condition
is fulfilled.

ii) In the one-dimensional case we see from the above equations that this method can be
used to bound 7(t) by an arbitrary boundary «,, choosing \,,—; = b — r, since this
case implies v,,_1 = 0.

Example 3.7

Let r(x) be modeled as in Figure 5, i.e.
5% rx1<1
% 1<z1<15

"= 9% . 15<wi<o

12% : 25<zl
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Let b = 12% and o = 20%. Then 7*(.) = 12;/8‘73% = 1.25 . For comparison: If we would

have r(x) = 5% then the optimal control would yield 12;70007§% = 1.75.

Figure 8: Parabolas M*! with r(.) step function and r flat

In Figure 8 we plotted the corresponding function M1 (which we have to maximise) with
r modeled as step function and with r flat. Note, that generally there are jumps at a,
except for the case when «; = 1.0. Since the coefficient of r(z) is (1 — x), the parabola is
continuous in z = 1, although r(x) jumps at that point.

3.3.2 Frequency polygon

The procedure is similar to the one for step functions, i.e. we determine the maxima piece-
wise on D_] and then we compare them to obtain the absolute maximum. In preparation
for the next section, we again include a parameter 6 € (0,00) in front of the square term.

Theorem 3.8 : Optimal Portfolios for polygons and Log-utility

Let VP(t,z) be the value function with logarithmic utility and with r(%) being a fre-
quency polygon as defined in equation (3.5). In addition, let MP® be the corresponding
function to be mazximized in Proposition 3.2, i.e.

m—1
1
PoO _ ) ! / ! / /
M™% (x) = |7 + ZO i+ pj(x _1—0@))1[04]-704]-“)(% D (1—-2"1)+2b — i@m oo'x,
]:
with o, pi, ;i gwen in (3.5). Then there exists a constant control ©*(.) = & =

arg max, . jpr MP9(z) such that we have

VP(ta)=  sup  EY(log(X™(T))) = BV (log(X™ (T))).
w(.)EAM (t,x)

The value 7 is explicitly given below (with © =1):
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i) In the one-dimensional case we have

— MFPO (4. } h 3.22
" {ﬁji?i%,-r-l-}gw}il}{ i (75) where (3.22)
b—7 — 1. (1 .
#; = max (aj,min <aj+1, 4 @7;21%3%))) (3.23)
J

i1) For the multidimensional case we get

i {ﬁj:?i%,?}igl} {Mfe(ﬁ'j)} where (3.24)
1
Mfe(a@) = (F +rj+pj@@'l—a;))1—-2"1)+2b — 5@3@'00":6 (3.25)
for
%(U*U*/)flb*u N & E N diSt(Hj,’l}j) > diSt(Hj+1,?)j)
frj = Vj RS Dj (3.26)
%(O'*O'*I)flb*d N & Fj N diSt(Hj,’l}j) < diSt(Hj+1,?)j)
with

v = (00’ +2u;1 1) (b— 1(F —rj+ pj(l+0ay)))

and o* € RM"D*0=D with o = op; — on and b = b, — by — 011 > 1) Onio}
resp. bzd =by— by — 0> " | onioy,;

PROOF. Again, due to Theorem 3.3 and Proposition 3.2, the optimal control exists and is
given by

™()=# = arg max MP9(x)
zelR"

= arg max Mng(frj) with 7; = arg ma_xMng(x),
{7j:j=0,...,m—1} x€D;
with © = 1. Again, only the form of 7; has to be verified, using the fact that equation
(3.25) can be rewritten as

_ _ 1
MP®(x) = (F +rj— pjoy) + 2 (b= 1(F +r; — pj(1+ o)) — 5.%'/(90'0/ +2u;1 1)z,

Because MT?(z) is continuous, the above procedure is valid. More precisely, due to
continuity, we get that sup,cy M?(x) = max; SUPgep; Mfe(x) = max; max, - Mf‘g(m),
and thus the above equation follows. Observe, that p;1 1’ is positive semidefinite, since
pj >0and 1 u= (37, 7;)? > 0. Thus Ooo’ + 24,1 1’ is still strictly positive definite.

So as before, we are concerned with downwards opening parabolas.
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One-dimensional case

The argumentation is exactly the same as in the proof for step functions. But in contrast
to the step function, we have to check all intervals in order to get the absolute maximum.
More precisely, due to ”strong” increasing slopes, it can happen that the unconstrained
maximum lies in the interior of an interval, but the absolute maximum lies in an interval
right from it on the real line. For demonstration, we are going to give an example in
Remark 3.10.

Multidimensional case
Let ®; =7 +rj — pjoy, ¥; =7 +r; —pi(l +a;)) and MJP@ be the parabola on Dj, i.e.:

1
MP®(z) = {q>j +2/(b—17;) — §x/(@o’a/ + 2uj;1)x} (3.27)
The first step is to determine the unconstrained maximum.

1
v; = arg mj%(n {ij + x/(b - l\Ilj) - 5%(@00' + 2,ujll’)x }

S

= (©00’ +2p51 1)1 (b= L(F —rj+ (1 + )
Ifv; € Fj, then we have already found the local maximum, thus
ﬁ']’ = ’Uj.

If v; & ﬁj, then the local maximum must lie in one of the hyperplanes H; respectively
Hji1, since —oo’ is strictly negative definite and M JP © therefore strictly concave. Again
we calculate the maximum under the constraint v;’1 = «, with & = «j resp. @ = @j41. As
before we use the components of the vector & and b explicitly to continue our calculations,
and neglect the index j:

1
= ) "(b—1¥) — =2/ "rop1
v argrgleazc{ + ' (b— 1V) 57 (Boo’ + ,u__)x}

n—1 n—1
— argmax _1{®+Zxk(bk—\ll)+(a—Zxk)(bn—\Il)
(@1,..;zn_1)elR" k=1 k=1

n n—1 n—1 2 n—1 n—1 2
_%@ Z <Z Tpoki + (o — Zxk)Um) — i (Z g+ (a0 — Z xk)> }
k k=1

i=1 =1 k=1 k=1

=2
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n—1
= argmax {q) + a(b, — U) — pa® + Zxk(bk —by)
(ml,...,mn71)€Rn_l k=1

n n—1 2
_%@Z <kz: xk(akl- — O'm‘) + OéO'm) }

i=1 =1

Analogously to the proof of Theorem 3.5 let b* € R" ! with by, = bp — b, and 0" €
R=Dx(=1) with 0% = Oki — Opn;. Again we have rank(c*) = n — 1. Thus o* is regular and

n—1
v = argmax {CD + afb, — V) — pa® + Zwkbz
(ml,...,xn_l)ean71 k=1

1 n n—1 2 n—1
—592 (kzl wkUZz> +20z0m‘kzlwkgzi +04202n' }
1= = =

1 n
= argmax {@ + a(by, — ¥) — pa? — —@Z ool
(ml,...,xn_l)ean_l 2 i=1

n—1 n n n—1 2
—i—Zxk (bl’; — GOZZUm‘UZi> — %@Z <Z xka,’;i> }
k=1 i=1 k=1

i=1

Hence, with bf* = b} — ©Oa ) " | 0pio};, we obtain the usual representation

1. < 1
v = arg max {Cb + afby, — ¥) — pa® — ~O E ool + b — —@x/a*a*'x},
n—1 2 ‘ 2
(:vl,...,:vn_l)G]R i=1
which yields the solution
1
Py — 6(0*0*/)_117**-

It is worthwhile to note that the maximum does neither depend on the interest rate 7 +r;,
nor on fi;, and the calculation of the maximum is exactly the same as for step functions.

This is not suprising, since 7 is fixed on these hyperplanes.
O

Example 3.9
Let r(x) be modeled as in Figure 6, i.e.
5% <1
5% +(x—1)*x3% : 1<x<15b
r(z) =4 6.5%+ (z—15)%x6% : 1lh<zx<2
95% + (z—2)*3% : 2<x<25

11% : 25 <=z
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Let b = 12% and o = 20%, then the optimal control equals 7*() = 12A-5%4+3%:2 _ 1 3

20%24-2%3%
For comparison: If r(z) = 5% then again the optimal control equals 1.75.

Figure 9: Parabolas M ! with r(.) frequency polygon and r flat

Note that the parabola is generally not differentiable in the «;.

Remark 3.10

In this remark we show that for the case of frequency polygons it is necessary to calculate

the maximums for all domains D;. Let r(x) be modeled as follows

5% <1
5% +(x—1)%3% : 1<xz<15

r(z) =4 6.5%+ (z—15)x6% : 1lh<z<2
95%+ (. —2)«10% : 2<x<25

145% : 25 <z

Assuming b = 30% and o = 20%, the unconstrained maximum of Mfl(x) is in D3, but the

absolute maximum is achieved in Dy, which is proved by the following calculations:

R ( . ( b—?’—r3+l¢3(1+a3)>>
T3 = max | oz, min | oy, 5
0%+ 2p3
. 0.3 — 0.05 — 0.065 + 0.1(1 + 2)
= max <2,m1n (3, 022 12701 >> = 2.104166
implies
1
M5O (#3) = (0.05+0.065+0.1(73 — 2))(1 — #3) + 730.3 — 57%30.22 = 0.4042
but also
R b—F—r 0.3 — 0.05 — 0.095
#4 = max <Q4T4>) = max (2.5, 052 ) = 3.875
and

1
MFP®(#) = 0.145(1 — 7ty) + 740.3 — 57%40.22 = 0.4453.
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3.3.3 Logistic function

The optimal control is given by

eaxli+6
T o= argxrg;%(n T +)\760“'i+5+1

1
(1—2'1)+2b — §£C/O'O'I$ } .

Since r(x) is bounded, we achieve very loosely speaking, a kind of downwards opened
parabola (at least in the asymptotic sense for ||z|| — oc). Thus, there exists an absolute
maximum. In the one-dimensional case we have to solve the following equation

et th e th 9 _
(1- 95))‘(eax+6 1 1)? A aerB 17 b+
—_———
A(z) B(x)
Since limg oo A(x) = 0,lim,_o A(z) = 0, A(z) is bounded. In conjunction with the

boundedness of B(x) and continuity we can infer that the above equation has at least
one solution 7. Furthermore we can determine the solutions of the above equations by
some numerical procedure, and then we can conclude the absolute maximum as before, by
comparing these results. But with suitable parameters the above equation will only have
one solution. Because 7*(t) = 7 is constant, it belongs to A" (0, z¢). Thereby the original
optimisation problem is solved too.

Example 3.11
Let r(z) be modeled as in Figure 7, i.e. ¥ = 5%, A = 6%, a = 3 and = 4. Then the
optimal control equals 1.26.

Figure 10: Parabolas with r(.) logistic function and r flat
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3.4 HARA Utility

Let U(z) = %x“’ with v € (0,1). In this case we have the following optimization problem

V(t,z) = = sup  EM((X™(T))7) (3.28)
T m()eAn (t)

= —  sup

1 {mv g I (rm@) = @ D 0 — ' (oo’ n(0) ) e+ [T w()raw (1) }
T w()eAT (ta)

Again, this optimization problem is solved by a pointwise maximization. But, due to the
non-linear structure of the above term, the correctness cannot be shown by some simple
inequaltities as in the logarithmic case. Instead of this, we will show the correnctness via

our Verification Theorem 1.14.

Theorem 3.12 : Verification with HARA utility
The value function with HARA wutility is given by

Vit z) = 1 @ a4 DL (177 o0’ #] (T 1)
0

and the optimal control exists and equals
1
() =7 =argmax | r(z)(1 —2'1) + 2'b — 5(1 —y)a'oo’z
xT

PRrROOF. The existence of the maximum was already shown in Proposition 3.2. So it is left,
to check the conditions of the Verification Theorem 1.14. Let

Gltz) = 1 o le@® O Db L1 —)it o0 #] (T 1)
0

The function G(t, z) is sufficiently smooth and polynomially bounded. In addition, we have
to show that for all t € [0,7] and z € IR

sup (A"G(t,z)) =0,
W€R+

holds where

2
AT = % + [r(m)(1 = 7'1) + 7'b] x% + %x%r'aa'w% .

Let for all 7 € IR™ and (t,z) € [0,T] x IR"

ATG(t,z) <0.
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This is equivalent to

o4 [r(m)(1 — 7' 1) + 7'b] +2 4 177/00'779626—2 G(t,z) <0
ot = or 2 0%x T

o Lob®mu-sni-fa—wors] <T—t>{ —ay [T(fr)(l — 1) + 7
Y

1 1
_5(1 - V)ﬁlaglﬁ-] + [7"(71')(1 - 7T,_1) + W,b] 1”)/$’y_1 =+ 57‘('/0'0',7(1-27(»7 _ 1)1-’\/_2} <0

1 1
s r(m)(1—-7"1)+7'b— 5(1 —y)r'oo’r <r(7)(1—#'1)+7'b— 5(1 — )i oo’

which follows by the construction of 7, and finally the assertion follows. Verification is now

completed by also noting G(T,x) = %w“f . O

As in the case with logarithmic utility the optimization problem is reduced to the

maximization of downwards opening parabolas. Hence, the further steps will be very
similar.

3.4.1 Step function

Theorem 3.13 : Optimal Portfolios for step functions and HARA utility

Let VS(t,z) be the solution of the HARA-portfolio problem (3.28) with r(x) step
function defined by (3.4). In addition, let

m—1
1
S(1— _ | =
M5O () = |7 + ZO ALiay ) (#' 1) | (1 —2'1) + b — 51— t'oo'x
j:

with o, Aj given in (3.4). Then there exists an optimal (constant) control

() = # = arg max M0 (z)

zelR"
such that
1 1 *
VS(t,x)= sup EM (—(X”(T)ﬁ) = E"® (-()(7r (T))7> :
n(.)EAM (t,x) v Y

The solution 7 is explicitly given in Theorem 3.5 with © = (1 — 7).

PRrOOF. The existence of the maximum of M50~ (z) was shown in Proposition 3.2. The
correctness of the value function was proved in Theorem 3.12. The determination of 7 was
already shown in Theorem 3.5. O
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m4.5-5
W4-45
03.5-4
m3-3.5
02.5-3
m2-25
01.5-2
01-1.5
m0.51

m0-0.5

Example 3.14

Figure 11: Optimal control with r(.) step function and HARA utility (v = 0.5)

Remark 3.15 (Optimal control 7* for the case of step functions)

In Figure 11 we plotted the optimal control 7* for the case of step function HARA-utility
against the volatility o and the stock drift b. We observe the well known and natural re-
sult, that the optimal control 7* increases when the asset drift increases resp. the volatility
decreases. But there is a new feature: Note that if a; = 1 there is no jump, because the
parabola is continuous at this point, as explained before. Otherwise there are plateaus on
levels which equal the points of discontinuity of r(7), given by the a;. This behaviour can
be explained due to the formulas (3.16) and (3.17) in Theorem 3.5. Observe that a change
of o and b does not necessarily affect the optimal control, if it lies actually on one of the
points of discontinuity of the step function. This can be ovserved in Figure 8 showing a
typical problem, to be maximised in order to find the optimal control. These function are
discontinuous, in particular the maximum can lie on a point of discontinuity, thus a change
of the parameters ¢ and b does not have to imply a change of the maximum.

There is also an economic interpretation for this behavior: On these regions it is not ben-
efitial to increase m when the stock drift (slightly) increases, because the loss due to the
more expensive payments of interest (via the upwards-jump of r(7)) is higher than the
benefit due to the higher position in the stock. Conversely, it is not benefitial, to reduce
the stock positions when b (slightly) decreases, because r would not fall, and thus the gain
from decreasing interest payments would not be higher than the loss via the shortage of
the stock-position. If the drift is strongly changing the above effects beat their counterparts
and the optimal control is jumping to the next plateau.
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3.4.2 Frequency Polygon

Theorem 3.16 : Optimal Portfolios with polygons and HARA utility

Let VE(t,x) be the value function given in equation (3.28) with r(z) given by a frequency
polygon as defined by equation (3.5). In addition, let MFPO=7)(x) be the corresponding
function to be mazximized to find the optimal control with r(x) frequency polygon, i.e.

1
MPO (@) = |7 + > [+ (2’1 = a)))] Lg 0,00 (@ 1) | (1= 2'1)
=0

Jj=

1
+a'b — 5(1 — )2’ oo’ x

with o, pj, rj given in (3.5). Then there exists a constant control

* A Po
() =7 =arg max M " (x
() max, ()

such that

VP(t,x)= sup EY <1(X’T(T))“’> = EY <
m()EAM (t,x) v

1

S @y).

The number 7 is explicitly given in Theorem 3.8 with © = (1 — 7).

PROOF. The existence of the maximum was shown in Proposition 3.2. The correctness of
the value function was proved in Theorem 3.12. The determination of 7 is exactly the same
as in Theorem 3.8. O

Remark 3.17 (Optimal control 7* for the case of frequency polygons)

In Figure 12 we plotted the optimal control 7* in case of the frequency polygon and the
HARA-utility against the volatility o and the stock drift b. Again, we observe the obvious
behavior, that the optimal control 7* increases when the asset drift increases resp. the
volatility decreases. But on the points of discontinuity of the first derivative, i.e. oj, we
observe different properties: In a; = 1.0 there is a sharp bend on the surface, instead of a
plateau. In ao = 1.5 there is again a small plateau. Then = is slightly increasing between 1.5
and 2.5 and then it jumps to a value at 3.5. So there are still plateaus, but they are smaller
as in the step function case, since the dependency of the interest rate and the control is
continuous.

The plateau at 1.5 can be explained by the the slopes of the frequency polygon: The slope
between 1 and 1.5 is smaller than the one between 1.5 and 2, so - from an economic point
of view - it is not benefitial to increase the (relative) investment in the stocks, since the
(relative) loan payments would increase ”over-proportional”. Or from an analytical point
of view: Due to the stronger slope the maximum does not change with an increasing b and
decreasing o.
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L
L0000

m4.5-5
W4-45
03.54
m3-3.5
0253
W2-2.5
01.5-2
01-1.5
m0.51

0o0-0.5

Figure 12: Optimal control with r(.) frequency polygon and HARA utility (y = 0.5)

The sharp bend can be explained by formula (3.23): For # < 1 the derivative of the optimal
control w.r.t bis 1/(0.5%02), but for 1 < x < 1.5 it is 1/(0.5x02+2%u1) = 1/(0.5%02+0.06),
thus clearly smaller.

3.5 Conclusions

Optimal control for other dependencies

Note that in the case of frequency polygons, the value function is a continuous function from
the space of frequency polygons to the real numbers, because the apex and the maximum
function is continuous. Let 7(7) : IR™ — IR be a bounded and continuously differentiable
function. Since 7(7) is bounded and continuous, the maximum of the corresponding function
M?(x) and thus an optimal control u* exists. We can restrict the domain of #(#) to a
compact set, which is sufficiently large such that 7 lies in it. On this compact set 7#(7) can be
uniformely approximated by a sequence of frequency polygons P, (7), i.e. || P,(.)—7(.)|| — 0.
Hence via the above noted continuity and the same techniques as in Theorem 1.14 in order
to show uniform integrability we can conclude

pefo (] e[ ()

where U equals Log or HARA utility and 7*/() denotes the optimal control with control
depending interest rate r(t) = f(m(¢)). Unfortunately, the optimal control does not nec-
essarily converge, because ’argmax’ is not continuous. But if 7* is unique (which means
the difference between the absolute maximum and nearest local maximum is greater than

#,Pn(.)

zero), we obtain convergence of the control too, as 7 cannot alternate between two

local maxima, if n is sufficiently high.
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For the ease of notation we have not included time-dependent market parameters b(t), o(t)
and a time-dependent funtion r(¢,x), but note that this would not cause any technical
difficulties. In addition it would be interesting to solve the problem with a jump-diffusion

stock process.

Closing remarks

We have shown that a control-depending interest rate can be easily included into portfolio
optimization. We provided explicit solutions for step functions and frequency polygons in
both cases of logarithmic and HARA utility. In addition we have shown convergence of the
optimal control; a feature, which is generally hard to obtain in portfolio optimization.
Independent from interest rate risk, this method can also be used to avoid high controls,

in a sense of an implicit risk controlling.
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4 Optimal Continuous and Discrete Consumption

4.1 Introduction

The standard literature (e.g. Merton(1990) or Korn&Korn(2001)) of portolio optimisation
typically deals with the case of a continuous consumption stream and/or one final pay-
ment. Of course, in the real market consumption takes place at discrete, maybe periodical
time instants. So a continuous consumption stream is more or less an approximation of the
discrete consumption in the real market. The longer the time spaces between the consump-
tion payments are, the more unsatisfactory this approximation becomes. In this chapter
we will present the solution of the lump sum consumption problem for HARA-utility and
LOG-utility, i.e. we explicitly consider consumption at a discrete time set. Furthermore we
will add time-dependent weigths to the particular consumptions. These weights give the
investor more possibilities to take his preferences into account and can also be used to dis-
count the payments. As a side-effect, we will derive more general solutions for continuous

consumptions.
4.2 Model
Since consumption takes place at discrete time instants 0 < t1 < to < ... < t, = T, we
get a new evolution for the wealth process. The process X ™B(t) , where B = (By, ..., By)

denotes the consumption payments, reads as
dX™B() = XTB(1) [ (r(t) + ' (£)(b(t) — r(£)1)) dt + W'(t)ath] (4.1)
forall t € (t;,tit1),i=0,...,n—landt=0. At ¢; (Vi =1,...,n—1) we clearly must have
X™B(t;) = X™B(t;—) - B, (4.2)

where X™B(t;—) denote the lefthand limit. In this chapter we assume that the market
coefficients r(t), b(t) and o(t) have the properties of Definition 1.12, i.e. they are continuous,
bounded and are function of time, wealth and of .

Definition 4.1 (Lump Sum Optimization Problem)
The problem of deriving a solution to

Vit z) = sup JE(t, z; (7, B)) (4.3)
(m,B)e AL (t,x)

where

Tt (m,B)) = EY | Y auUi(Bi) + anlUn(By) (4.4)
t<t; <T
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and

Ab(t,z) = {(7‘(‘, B)|X™B(t) > 0 P—a.s.Vs € [t,T], B; w.r.t Def. (1.29)

E (/tT\(W(sﬂkds) <oo, B" | Y oUi (By)| < oo} (4.5)

wt<t; <T

is called a lump sum optimization problem, where the U; are the utility functions and the oy
are the real-valued weights. The process w is a portfolio process as defined in Definition 1.3
and the B; > 0 are Fy;-measurable random variables (in other words ”contingent claims”).

Theorem 4.2 (The martingale optimality principle for lump sum consumption)
Let (m*, B*) be an admissible control. We define the corresponding value function by

G(t,x) = B Z ;Ui (Bf) + anUn (By)
wt<t;<T

Furthermore, let

WO = YT @l (B) + G0, X)) with X (1) = .

t<t; <0,i#n

If w™BL2(0) is a supermartingale for all (7,B) € AL(t,x), then (n*,B*) is indeed the

optimal control, i.e. we have

G(t,z) = sup BN [ 5t 2 (7, B))] = VE(, 2).
(m,B)EAL (t.x)

PROOF.
Let (7, B) be an admissible control and for notational convenience assume ¢ < T":

EY YT Ui (By)| = B | Y Ui (Bi)| + G(T, X™(T))
:t<t; <T nt<t; <T
_ Et,x[wﬂ,B,t,x(T)]
< Et,x[me,t,x(t)]
= G(t,x)

= Et’x Z OCiUi (Bl*)

t<t; <T
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Remark 4.3

i) Observe, that E“* [w”*vB*7tv$(9)] = G(t,x) for all @ € [t, T] implies that ww*,B*,m(a)
is a martingale.

ii) Note that even though 7 does not occur explicitly in the definition of G(¢,x) and
w™BH(9) in Theorem 4.2 and in its proof, the optimal consumption B and the

connected functions of course depends on 7.

iii) The optimal consumption B,, at the last time instant 7" is obviously equal to X (7).
For the ease of notation we wrote B, instead of X (7).

Let us first recall some notations, which will be useful for proving a verification theorem
corresponding to Theorem (4.2):

0O = R"

U C IR compact
For G € C12(Q),(t,x) € Q, # € U™ let

~ 8 1 Al /A 82 A~/ a
T == 4= — —r)1l)—.
A" (t, x) 8t+2x 7700778$2+x(7"+77(b 7“)_)(9$
Theorem 4.4 Lump Sum Verification theorem
Let
G € CY2([ti, tip1) x O)NC(T x O) with |G(t,z)] < K(1 + |z|*) (4.6)

for some suitable constants K > 0,k € IN, be a solution to the piecewise Hamilton-Jacobi-
Bellman equation for allt € [0, T\ {t1,...,t,} and x> 0:

sup {A"(t,z)G(t,x)} =0 (4.7)

el

with the jump conditions

G(ti—,z) = oUi(bi(x)) + G(t;,x — b} (x)) (4.8)
bj(r) = arg max a;U;(b) + G(t;,x — b) (4.9)
G(T,x) = a,Uy(x) (4.10)

Furthermore define

b—r Gi(t,x)
0% xGy(t,x)
(where in the points t; we take the right hand limits of the derivatives). Then, G(t,x)

coincides with the value function VI (t,z), and (7*(t),B) is an optimal control process for
problem (4.3). Note, that we wrote B; as bj(X(t;)), whereby b;(.) is a real-valued function.

™ (t,x) = —

(4.11)
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PROOF.

4 OPTIMAL CONTINUOUS AND DISCRETE CONSUMPTION

The proof is similar to the continuous case in Chapter 1. That means, we will prove the

desired assertion first on a bounded domain, and then we will generalize it to an unbounded
one. Let G(t,x) be the asserted solution of equations (4.7)-(4.10) and

Op

T0,p

= {z € R|z| < p},

= inf{s > t|(s,X(s)) ¢ [t,0] x Op}.

Now we apply [t0’s formula to the utility process and take the expectation in one step:

E [ww,B,t,x(Tg’p)

;

wn,B,t,x (TG,p)

E A™(t, X™B(5))G(s, X™B(5)) ds

t ~~

<0

/min(min{ti it >t},70 p)

.

X™B(s)n' ()0 (5)Gy(s, X™B(5)dW (s)

min(min{t;:t; >t},7 p)
2|)

t

.

G(ti, XW’B(ti)) — G(ti—, Xﬂ—’B(ti—)) + o;U; (b;k(Xﬂ’B(tl)))
<0
}'t]

> B[ AR 6 s X ) s

ti

=0

> E

1:t<t; <7y p

]

tit1
AT XTB(5))G s, XTB(s)) ds
t; ~"~

<0

> E

it<ti,tig1 <Tg,p

g

wit<ti,tig1 <Tg,p

=0

o,
E / p AT(t, X7 ()G (s, X (5)) ds| Fy
max{ti:t<ti§79,l7} zO

> /Te’p X”’B(s)w/(s)U(S)Gx(S,XW’B(S))dW(S) ft]

max{ti:t<t¢§7'9’p}

-~

=0

The inequality-relation for the term A7 (¢, X (s))G(s, X (s))) is valid by equation (4.7). For
the second inequality-relation in the jumps at times ¢; we observe from (4.8) and (4.9), that
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that for all b € [0, 2]
G(ti—z) > aUi(b) +G(t;,x —b).

Since O, is bounded and G, (., .) is continuous, G4 (., .) is bounded on [t, 8] x O,. In addition,
it holds

EY [/te [(X™B(s)(r +7'(b— rl))]2ds < 00

by the definition of A”(t,z). So the whole integrand is in L?[0,6] and the expectation of
the stochastic integral equals zero. Thus we shown so far that

wrBbE () > BN [w B ()] (4.12)

Now we have to show the same for the unrestricted problem, i.e.

wn,B,t,x(t) > Etﬂ? [wW,Bytaﬂf(@)] (4.13)
due to

lim Eb® [wﬂ’B’t’x(TG,p)] - gbe [wﬂvB,tﬂU(Q)] ) (4.14)

p—0o0

Since the argumentation of the proof is the same as in the Verification Theorem 1.14
in Chapter 1, we will not repeat it here. Hence w™%(f) is a martingale for (7*, B*),
and otherwise a supermartingale. The assertion now follows by the martingale optimality
principle.

O

4.3 HARA Utility

Now we present the explicit solution for HARA-Utility, which is defined by

vt >tUn

Vit z) = sup E'*
(m,,B)eAL (t,2)

We start with a heuristic derivation which is followed by a rigorous proof.
First consider the jump condition, that means at time instants ¢; the next equation has to
hold

1

V(ti—,x) = sup|a;=b;" +V(ti,x —b;)|. (4.15)
b; Y

This equation can be interpreted as follows: The supremum over b; means, that the con-

sumption has to be chosen, such that the sum of the utility of the actual consumption and

expected utility of future consumption is maximised. The value function is right-continuous

w.r.t ¢t in ¢;. The jump in the value function at t; is exactly the realized utility.
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We guess the solution to be of the form

1
Vit z) = =27 f(t)' (4.16)
v
leading to
L 1 1 1-
Vi(ti—,z) = sup [ai—bi7+—(x—b,~)7f(ti) 7. (4.17)
b; v v

To determine the maximum, we set the derivative with resp. to b; equal to zero:

Oél'bl'fyil - (l‘ - bi)vilf(ti)lify =0

& b=—r = . (4.18)

V(ti—x) = : az<1x) + (f (1:6)) f(ti)17]
L\ f(t) +1 a; " f(t) +1

=2

2=
I
@Q
)
i
g
-

I
=2 |
I 1
8
/-~
L
2
I+
&h
= "
: +
—_
P N———
2
' +
/-
L
f‘»—
e
~ T2
=2 [k
~— &g
+
—_
~
2
kﬁ-
=
L

1 5 =
— —CC’YOZZ' (ai"/—l f(tz) + 1> (419)
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Using again the guess of V¥ given by equation (4.16) leads us to

1 TFt—) = L < Tilf(t.) 1>17 (4.20)

73: i = 7:U a; | o i)+ .
— ft-)=al7 (a7 () +1) (1.21)
— f(t) = ftim) —al . (1.22)

The case when there is only the final utility left leads us to the following deduction

1

f& = Y a7,

{it;>t}Un

g9i(t) = exp (% /tti n(s)ds),

where k(s) denotes the drift coefficient of the value function of the standard HARA-problem.
We summarize the above considerations in the following theorem:

Theorem 4.5 (Optimal portfolio for Lump Sum HARA-Utility)
The value function of the portfolio problem

Vit z) = sup  EYT Z ailB;/ (4.23)
(m,B)e AL (t,x) {ist;>t}Un v
s given by
1—y
1 1 v t;
Vit z) = =27 Z a; " exp (—/ m(s)ds) (4.24)
v {i:t;i>t}Un =7/t
where
1
k(s) =7(s) + 5(b(s) = () 1) (o () (s)) " (bs) — T’(S)_l)j-

The optimal control equals

1

T (t) = T

(o(t)a(®)) 7 (b(t) = r(t)1) (4.25)

and the optimal consumption reads as

bi(x) = - J : (4.26)
‘ n T— ¥ 171
> j—iqj " exp (m ft: m(s)ds)
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Remark 4.6

i) The reason for the "Un” in the sums of equations (4.23) and (4.24) is the following:
We defined the value function as sum of all future utility, but did not define a jump
in wealth at the final time instant ¢,, = T, such that G(T,x) > 0 holds. So we need
the "Un” to cover the case of t =T

ii) The portfolio process is the same as in the Example 1.19 with only a final utility.

iii) The optimal consumption B; at times ¢; has the natural behavior of being a linear
function in wealth x. It is growing with the corresponding weight a;. Note in particular
that it contains some non-linearity: The optimal consumption (for x = 1) is not just
o; devided by the sum of the expected HARA-utility of the remaining time instants.
Instead all summands are taken to the power of 1/(1 — 7).

PRrooF.
Our candidate for the value function V' (¢, z) is concave, so we can formally derive the optimal
process m* and check if it fulfills the HJB-equation. First we calculate the derivatives

L v tj o
Ve(t,z) = 2771 Za;” exp <—/ K(S)dS) ,
= I—vJ;
1—y
) nooo_1 v tj
Ve (t,x) = (y—1)27 Z:oz;_7 exp <1—/ m(s)ds) ,
— -7 Jt
Jj=i
-
1 LB v tj
Vi(t,z) = —=a7(1—7) Z:OC;ﬂ exp <—/ ﬂ(s)ds>
¥ o L=~/
n 1 ~ t;
* —n(s)Za; 7 exp <—/ (s)ds)
= 1—7vJ:
1=y
n % t;
= -’71 -~ Q 7exp<—/ msds) —K),
1= XafTew (25 [ w0 ()
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By the HJB-equation and by the above derivatives we check that the following equations

are true
2(t,

Vit 2) + r(t)aValt, z) - %A(t)% —0
1—n 1 7

& 5 7 (—=k(t)) +r(t)z” — §A(5)7 — = 0
v—1 1 1

& 5 K(t) +r(t) + 5A(t)E —0

& st =1 (r(t) + %A(t)ﬁ)

From the derivatives we can easily conclude, that the trading strategy (4.25) is the optimal
one for this value function. By equation (4.9) and due to the construction of V¥ in (4.17)
and (4.18) holds

1
b; = arg max a;=b" +V(t;,x —b)|.
Y

The jump condition (4.8) actually also is true by construction, but we check it once again:

1
V(ti—,x) =V (t;,z — b)) + ai;aﬂ
n . 1=y ﬂ/_il v n . 1=y

N lxv Z a]%j eri(ti—t) = 1 x—Oii 7(t) Z %1? ettt

v j=i v 042771 f(tz) +1 j=i+1

v
T
+O¢Z‘— 1
T\ T () +1
1—v L1 K 7

1 1 N 1 7 t
& a7 (f(ti) + 0%1W> =— |z 3 fit) FE)' 7 +ai— | —— -

! T\ a7 () +1 o7 f(t:) +1

A - . v , , v

iy’ t: I— — . t: I
& =27 | f(t) + oy T — | f(t:) + iy —

7 T\ s) +a] flt:) +a; 7

1 | 1 ! !

Y ) 1—y e ) 1—
& ’yw f(t;) + o ’yx —— f(t) +a
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From the solution of lump sum utility we can guess the solution for the continuous case:

Theorem 4.7 (Optimal portfolio for continuous HARA-Utility)
The value function of the portfolio problem

T
V(t,x) = sup B [/ a(s)lc(s)'yds + ﬁlXW’C(T)“’ ,
(m,c)e AR (t,z) t Y Y

i.e., a problem as in Definition 1.12 with Us(t,c) = a(s)%c(s)'y and Uy (z) = ﬂ%x“’ and with
a wealth process fulfilling equation (1.9), that means

dX™t) = X™) [(r@) + 7' () (b(t) — r(t)1))dt — ' (t)o(t)dW (t)] — c(t)dt,

is given by
V(t,z) = %;ﬂ (/tT a(s) T exp <ﬁ /t n(z)dz) ds + AT exp (ﬁ /tT ,@(z)dz»w,
where

K(s) = (5) + 5(0(5) = (511 (r(5)o(s)) (o) = () D

The optimal control equals

* 1 —
T (t) = ﬁ(d(t)v(t)') Ho(t) —r(t)1)
and the optimal consumption reads as

1
xa(s) =

= n(z)dz) ds + BT exp <ﬁ ftT n(z)dz) .

C*(t) =T 1 (

ft a(s)T=7 exp

PROOF.
First we check, whether the HJB-equation is fulfilled. For this purpose we introduce some
notations:
T 1 y s 1 y T
o(t) = / a(s)T=7 exp <—/ m(z)dz) ds + B1-7 exp <—/ n(z)dz) ,
' 1—7~J; =7 J
1 1_
Vit,r) = —a7®(t) 7,
gl

Vat,o) = a7 7re(t)' 7,

Vee(t,z) = (’y—l)x“/_2<1>(t)1_7,

Vita) = (187 |=a() ™ - Eor(O(0)] .

= =) )™ — B0 ()
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(=) - ()

Alt) = () —rt) 1) (a()a()) " (b(t) —r(t)1).
Now we prove that the HJB-equation holds:

1 V2(t,x)
340y G

_ (%)1 (Va(t, 2)Va (£, 2) + Ua(t, € (1)) = 0

+ r(t)aVy(t,x) + Vi(t, x)

—%(1 C)al) TR B(E) T — a(t) T D)

1 1
Foa(t) T ()T = 0
>

The first line of the last equation is zero and the remainder collapses also to zero. So the

HJB-equation is fulfilled. In addition 7*(#) is bounded and equals —(o¢’) 1 (b — r 1) x“z it(fi)

and the value function V (¢, z) is concave.
a
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Example 4.8 (Optimal continuous consumption and final payment for HARA-Utility)

Let
aty=e; B=1

and the market parameters 7, b, 0 to be constant.
The optimal control equals:

1
L=y

T (t) = (co’)"H(b—rl).

The optimal consumption is given by:

G

T e o (s~ 0) ds +enp (T )

1
2(e) ™

exp <—%mﬁ) ftT exp (%(’m —0)s > ds + exp (%ﬂ(T - t)>

m(e*‘st)ﬁ

exp <——/<;t) P [6<11W(%6)T> — e<117(%6>t>] + exp (%,«;(T - t)) |

Remark 4.9 (Convergence of the HARA-Utility solutions)
In this remark we show that the discrete solution converges to the continuous solutions. Let
without loss of generality ¢t = 0 and «(s) : [0,7] — IR™ be some real-valued continuous and

bounded function and let 5 = 0. We define the corresponding discrete problem as follows

T
A" =— tr=ix A", o =a(t])A".

n 7

Let the consumption rate of the discrete solution be defined as

Colny (%) = An
where 0(n) = [0/ A”] for some 6 € 0, T] and "[y]” is the biggest integer smaller than y.

Observe that (« )1 v = (A")1=y Wa(t")l A" such that

1
x (ag(n)) =

S0 o) T exp (£ fd

6(n)

) = (s)ds)
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By the definition of the Riemann-Integral we obtain

1
za(ty) =

lim ¢"(z) =

n—00 . n ny = 2 n
My o0 D07 gy (t]) =7 exp (% ftﬁ(n) /@(s)ds) A
1
B za(t]) =7
GT a(s)T=7 exp <1Z,Y B m(z)dz) ds
= c(0,x).

So we get the same consumption process and the same portfolio process. With our choice of
o, the disrete value function does not converge to the continuous value function. But this
is just a matter of rescaling the weights ;. With o = a(t?) * (A™)!=7 we can conclude

the convergence of consumption, control and value function.
4.4 Logarithmic Utility
Now we derive the corresponding theorems of the previous section for the LOG-Utility.

Theorem 4.10 (Optimal portfolio with Lump Sum LOG-Utility)
The value function of the portfolio problem

V(t,z) = su EH® a; log(B;
(t,x) (n,B)e}t:)L(t,x) {i:ti>zt}u'n jlog(Bj)
equals
G(t,x) = i:ti;Unaj llog <m> + r(tj; — t)] (4.27)
where
K(s) =r(s) + %(5(8) —r(s)1) (a(s)a(s)) " (b(s) —r(s)1).

The optimal control is given by

(1) = (o(t)o(t)) 7 (b(t) — r(t)1)

and the optimal consumption at t; reads as
pr— et
' Z;L:z @;
Remark: The term in the brackets in equation (4.27) is the log-utility in ¢; of < 7 )

j=i X
invested in ¢ under the optimal control in the standard log utilitiy problem. Thus we have

a linear structure of the solution, since the value function is the sum of the discounted
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expected utlities to be achieved on the time instants.

PROOF.
In order to proof this theorem we check the conditions of Theorem 4.4:

i.) Continuity condition in ¢; as in equation (4.8):

(
G(ti—,x) = a;log(b}) + G(t;,z — b))

o
= aﬂog( )—i—G(tz,m = Z+1 J)

= a;log (Z] > )—i— Z a; llog <ﬁ> +n(tj—t)]

Jj=i+1

ii.) Correctness of b} as in equation (4.9):
by = arg max [ai log(b;) + G(ti, x — bl)]

The derivative with resp. to b; has to be equal to zero, i.e.

1 1
Yo T T Z “

iii.) Hamilton-Jacobi-Bellmann equation (4.7):

Glt.a) = Y ajlog | s +<r+ S A >Zajt ~1)
j=i 2j=i %
1 n

G:(t,z) = ;Zaj
j=i

1 n
Guo(t,x) = —PZaj
j=i

n

Gi(t,z) = — <7“ + %A(@) > ay

j=i
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Hence, the following equation holds

2 X
Gilt,z) + raGa(t, z) — %A(s)%

1 n n n
& —<7°—|—§A(s)>Zaj—i-rZaj—i-A(s)Zaj:O.
j=i j=t j=t
iv.) Final Utility Condition (4.10):
ap log(x) = G(T, x)

=0

v.) Optimal control (4.11):

T (t,2) = —(o(t)o(t)) 7 (b(t) — r(t)1)

Since the assumptions of Theorem 4.4 are fulfilled, the above statement follows directly.

e = o) 00 - (o))

TGy (t, x

O
As in the HARA-case we can guess the solution of the continuous case from the solution of
the discrete case:

Theorem 4.11 (Optimal portfolio for continuous LOG-Utility)
The value function of the portfolio problem

T

V(t,z) := sup  EY [/ a(s)log(s)ds + Blog(X™(T))
(m,c)e AT (t,x) t

i.e. a problem as in Definition 1.12 with Us(t,c) = a(s)log(c) and Uy(x) = [log(z) and

wealth process (1.9)

dX™C(t) = X™) [(r(t) + 7' ()(b(t) — r(t)1))dt — 7' (t)o(t)dW ()] — c(t)dt

s given by
= Ta s) |lo % s/@ z)dz| ds
G(t,x) —/t (s) [l Iy <ftToz(z)dz+ﬁ> +/t (z)d ] d (4.28)
C S B
+51log (ftT a(z)dz+ﬁ> +/t (z)d (4.29)
where
K(s) =r(s) + 1(b(S) —r(s)1) (a(s)a(s)) " (b(s) —r(s)1).

2
The optimal control reads as

(1) = (a(t)o(t)) " (b(t) —r(t)1)
and the optimal consumption equals

() =

a(s)x .
ftT a(z)dz+ 3
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PRrOOF.
First we check, whether the HJB-equation is fulfilled. For this purpose we introduce some
notations
a(s) ’
®%(s) = |log| ———""—"— —i—/ﬂzdz ,
(#) T a(2)dz + 16} t (2)
t
o aft
ap(s) = —— ),
ft a(z)dz +
d(s) = |log T# + /T k(z)dz| ,
a(z)dz + 0 t
t
ot
os) = 2D ),
[ a(z)dz+ 3

T
G(t,z) = /t a(s) [log(x) + @(s)] ds + [log(m) + @B(s)] ,

(/tToz(s)ds+ﬁ>,

Gua(t,z) = L (/tTa(s)dHﬁ),

X

Gy(t,x) =

8

N

T
Gi(t.r) = —alt) [log(x) + D*(1)] + / a(s) 0 (s)ds + BB (s),

and

(M)l w - 2

At) = (b(t) = r(t) 1) (a(t)o(t)) 7 (b(t) — r(t)1).

Observe that, the optimal controls and final utility coincide with the above assertions:

—1
Gt x) = fTao(éijzl;ﬁ:(aUZ;;t,c)) (G(t,x))
() = <a<t>a<t>'>1<b<t>—r<t>;>:—<a<t>0<t>’>1<b<t>”(“”x§<(::§>)
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Now we check that the HJB-equation holds

7;6) +r(t)xVy(t,z) + Vi(t, x)

_<M

—1
dc ) (Vu(t,2)) Ve (t, ) + Us(t, c*(t)) = 0

o +%A(t) (/tT als) + ﬁ) +r(t) (/tT als) + ﬁ) ~ a(t) [log(x) + ®(1)

4 o) N\ o)
+ [ a<s>< Tt <t>>d +6<ftTa(Z)dz+ ; <t>>

Cu Tas a(t) a(t)
+{ (t)+/t ()fTa(z)dz+ﬁ+ﬁfTa(z)dz+ﬁ}

t t

—a(t) [log(x @ a(t)lo o -
+{ (1) [log(x) + @*(t)] + (t)lg<ftTa(z)dz+5>} "

The first line of the last equation is zero and the remainder collapse also to zero. So the

HJB-equation is fulfilled. In addition 7*(¢) is bounded and equals —(oo’) (b — 7 1) x“;’;it(f)m)

and finally the value function V' (¢, x) is concave.
g

Example 4.12 (Equally weighted continuous log-consumption)
The solution of the optimisation problem

T
V(t,z) = sup  EYT [/ log(c(s))ds + log(z)
(m,c)e AT (t,z) t

for fixed coeflicients b, 7, o equals

b—r

o2’

X™(t)
T—t+1
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Remark 4.13 (Convergence of discrete to continuous consumption)
At time ¢ the consumption rate of the continuous case with 5 =1 and «(t) = 1 is given by
x
)= ——

=7
Now we calculate the corresponding consumption rate in the discrete setting with equally-
spaced time instants t;41 — t; := At := T/N, oy = At and a,, = 1. With i = [t/N] we
obtain that

bi T

At N-1 :
Ot YA+
Taking the limit we get:

lim =%
N—oo At T—-t+1

So again we conclude convergence of the discrete consumption case to the continuous one.
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4.5 Numerical Results and Conclusion
4.5.1 Optimal consumption for equal weights

In this subsection we are neither discounting the utilities nor do we have any other prefer-
ences w.r.t the different time instants, i.e. a; = 1 for all ¢ = 1,...,n. Let us first investigate
for a time horizon of twenty years the effect of different +’s on the optimal controls in case
of HARA-Utility, where consumption takes place every two years. In the following table the
ratios of optimal consumption b;(z) w.r.t z, i.e. b;j(x)/z are shown:

Table 4.1: Optimal HARA Consumption w.r.t v

N =10, At;=2years, a; =1, b=5% oc=30%, r=0%

Y\t | 2 1 6 8 10 12 14 16 18 20
0,01 | 0,100 0,111 0,125 0,143 0,167 0,200 0,250 0,333 0,500 1,000
0,1 | 0098 0,110 0,124 0,141 0,165 0,199 0,249 0,332 0,499 1,000
0,2 | 0096 0,107 0,121 00139 0,163 0,197 0,247 0,330 0,498 1,000
0,3 | 0,093 0,104 0,118 0,136 0,160 0,193 0,244 0,328 0,496 1,000
04 | 0087 0098 0,112 01130 0,154 0,188 0239 0,323 0,492 1,000
05 | 0077 0088 0,102 0120 0,144 0,178 0230 0,315 0,486 1,000
0,6 | 0060 0071 0,084 00102 0,126 0,161 0212 0,299 0474 1,000
0,7 | 0031 0040 0,052 0068 0,091 01124 0,176 0,264 0,446 1,000
0,8 | 0,003 0,005 0,009 0016 0027 0049 0,09 0,173 0,365 1,000
0,9 | 0,000 0,000 0,000 0,000 0,000 0000 0001 0,006 0,076 1,000
0,99 | 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 1,000

HARA Consumption w.r.t gamma

d2y
0,9
4y
0,8 -
H 6y
0,7 -
m 8y
< 0,6
S
=1 I 10y
E 054
g 012
304 y
03 O14y
02 ] E 16y
o1 1 H 18y
0 | |&@ 20y
0,01 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 0,99
gamma

Figure 13: Absolute Optimal HARA Consumption w.r.t =y
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For the ease of interpretation we rescale the consumption ratio, by the number of outstand-
ing consumptions by

Ri:@(n—i—kl).

So R; = 1 means, that we have no preference about the time of consumption, R; > 1, that
we prefer to consume in the present (instead of the future) and R; < 1 vice versa.

Table 4.2: Relative Optimal HARA Fraction R; w.r.t v

N =10, At;=2years, o;=1, b=5%, oc=30%, r=0%

v\ ti 2 4 6 8 10 12 14 16 18 20
0,01 | 0,999 0,999 0,999 0,999 0,999 0,999 1,000 1,000 1,000 1,000
0,1 0,985 0,986 0,988 0,990 0,991 0,993 0,995 0,997 0,998 1,000
0,2 0,961 0966 0,970 0,974 0,978 0,983 0,987 0,991 0,996 1,000
0,3 0,925 0,933 0,941 0,950 0,958 0,966 0,975 0,983 0,991 1,000
0,4 0,867 0,881 0,895 0,910 0,924 0,939 0,954 0,969 0,985 1,000
0,5 0,769 0,793 0,817 0,841 0,866 0,892 0,918 0,945 0,972 1,000
0,6 0,599 0,636 0,675 0,716 0,759 0,803 0,850 0,898 0,948 1,000
0,7 0,314 0,362 0,417 0,477 0,545 0,620 0,703 0,793 0,892 1,000
0,8 0,029 0,045 0,071 0,109 0,165 0,246 0,361 0,519 0,729 1,000
0,9 0,000 0,000 0,000 0,000 0,000 0,000 0,002 0,019 0,152 1,000
0,99 | 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 1,000
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Figure 14: Relative Optimal HARA Consumption w.r.t ~y
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Table 4.2 has to be read as follows: For v = 0.4 and T; = 4 it is optimal to consume 88.1%
of the amount, which would be optimal to consume if all time instants would be equally

weighted.
From Table 4.2 and Figure 14 we can observe, that consumption is equally weighted for
v — 0 and that all consumption takes place at the final time instant for v — 1. Let us

examine this analytically :

Remark 4.14 (HARA-Utility at extreme cases)

i) For v — 0 we get:

ii)

lim7*(t) = (o(t)o(t))~'(b(t) —r(t)1)

v—0

o
lim b* = v
XA iy

So for v — 0 we get exactly the same optimal portfolio and consumptions as for
logarithmic utility. Besides some possible weighting in the «;, there are no preferences

with regard to the times of consumption.

For the case of v — 1
let us assume, that r(s) > 0 or b(s) # r(s) for all s € [0,7]. Then «(s) is positive,
since (o(t)o’(t))~1 is positive definite for all s € [0,T]. So we conclude with (4.26) :

hmb;(m):{ 0 = i#n

y—1 r : 1=n

That means, for v close to but still smaller than 1, we are extreme risk takers, and
wait for consumption until the final utility, to take the chance to increase our wealth
over time until the final time instant.

We here do not plot any results for the log-utility case, since the results would be almost
the same as in the case of HARA-utility for v = 0.01,
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4.5.2 Optimal consumption for discounted utility

In this subsection we investigate the HARA-utility case with fixed v = 0.5 as well as the
LOG-utility case under discounted utility. Let 0 be the discount factor, then we define
a; = e % We now examine the solutions under different 4’s.

Table 4.3: Relative Optimal LOG Consumption R; w.r.t ¢

N =10, At;=2years, o =e %, b=5%, o=30%, r=0%

S\T: | 2 4 6 8 10 12 14 16 18 20
0% | 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000
1% | 1,092 1,082 1,071 1,061 1,051 1,040 1,030 1,020 1,010 1,000
2% | 1,180 1,167 1,145 1,124 1,103 1,082 1,061 1,040 1,020 1,000
3% | 1,291 1,256 1,222 1,189 1,156 1,123 1,092 1,061 1,030 1,000
4% | 1,396 1,348 1,301 1,255 1,210 1,166 1,123 1,081 1,040 1,000
5% | 1,505 1,443 1,382 1,323 1,265 1,209 1,155 1,101 1,050 1,000
6% | 1,618 1,541 1466 1,393 1,322 1,253 1,187 1,122 1,060 1,000
7% | 1,734 1,641 1,551 1464 1,379 1,298 1219 1,143 1,070 1,000
8% | 1,853 1,744 1,638 1,536 1438 1,343 1,251 1,164 1,080 1,000
9% | 1,974 1,848 1,727 1,610 1,497 1,388 1,284 1,184 1,090 1,000
10% | 2,096 1,954 1817 1,684 1,556 1434 1,317 1,205 1,100 1,000

The results coincide with economic intuition, that means, the greater the discount factor
d, the bigger is the part of wealth consumed in the beginning of the time horizon.

Table 4.4: Relative Optimal HARA Consumption R; w.r.t §

N =10, At;=2years, a;=e % b=5%, oc=30% r=0% ~=05

S\ti] 2 4 6 8 10 12 14 16 18 20
0% | 0,563 0,603 0,645 0,689 0,735 0,783 0,834 0,887 0,942 1,000
1% | 0695 0,725 0,756 0,788 0,821 0,855 0,890 0,925 0,962 1,000
2% | 0,848 0,864 0,880 0,897 0,913 0,930 0,947 0,965 0,982 1,000
3% | 1,020 1,018 1,016 1,013 1,011 1,009 1,007 1,004 1,002 1,000
4% | 1,212 1,187 1,162 1,138 1,114 1,091 1,068 1,045 1,022 1,000
5% | 1,420 1,369 1,319 1,270 1,222 1,176 1,130 1,086 1,042 1,000
6% | 1,644 1,563 1,485 1409 1,335 1,263 1,194 1,127 1,062 1,000
7% | 1,879 1,767 1,658 1,552 1451 1,353 1,258 1,168 1,082 1,000
8% | 2,124 1,978 1837 1,701 1570 1444 1,324 1,210 1,102 1,000
9% | 2,375 2,195 2,021 1,853 1,601 1,537 1,390 1,252 1,122 1,000
10% | 2,629 2415 2,207 2,007 1815 1,631 1457 1,204 1,141 1,000
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Figure 15: Relative Optimal HARA Consumption w.r.t p

In Figure 15 again we observe, that the more wealth is consumed in the beginning, the bigger
the discount factor . But here, there seems to exist a position of equilibrium somewhere
around 6 = 3%, such that there is no preference with respect to the time of consumption.
We will investigate this closer:

Remark 4.15 (Equilibrium of consumption)
For a; = =% the optimal consumption reads as follows

xe_&"ﬁ
@) = _
Z?:i e 17 exp (% fti’ n(s)ds)
B T
= - .
Soiexp (75 [ ((s) - 9) ds)
So for b,r,0 constant and 0 = vk we get b (x) = =7 thus R; = 1. This equality could

in particular be used to determine the inverstor’s -, if he plans to consume in each year the
same relative part of his wealth and p is known (e.g. equal to the interest rate).

It is clear that all consumption takes place at the first time instant for § — oo.
At last we give in Figures 17 and 18 the results for Log-Utility:
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Figure 16: Relative Optimal HARA Consumption w.r.t p

Relative Log. Consumption w.r.t discount rate
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Figure 18: Absolute Optimal LOG Consumption w.r.t p

4.6 Conclusions

We defined a new family of lump sum optimization problems and derived an appropriate
verification theorem for these. Due to this result we solved the optimization problem for
HARA-Utility and LOG-Utility with time-dependent weights. The solutions of the lump
sum problems enabled us to determine the solutions of the corresponding problems with
continuous consumption. These continuous problems are also generalizations of the cases
treated in the literature and we derived their solutions by using the standard verification
theorem (for continuous consumption). To complete our considerations we showed the
convergence of the discrete solutions to the continuous ones in special cases and provided
some numerical results.

Our lump sum optimization problem is a very natural extension of the existing lit-
erature of portfolio optimization. It seems to be very useful in practice, since in the real
world consumption is more likely to take place on a monthly or yearly base than on a
continuous one. If the investor is sure about his consumption he can use our formulas to
determine his personal risk aversion, namely the v in the HARA-case. Future challenges
of our problem could be time-dependent 7’s, in order to take different risk preferences in
the different life-spans of the investor into account. It seems to be very hard to solve this
problem analytically, so this could be an application for numerical methods in portfolio
optimization.
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5 An Analysis of the Pricing Methods for Baskets Options

5.1 Introduction

A basket option is an option whose payoff depends on the average of some particular assets
(for this reason it is called "basket” option). We are going to treat Calls and Puts on
baskets. More precisely we define a basket of stocks by

B(T) =Y wiSi(T),
1=1

where B(T) is the weighted arithmetic average of n underlying stocks. Then the payoff of
a Call(@ = 1) resp. Put(f# = —1) reads as

Pgusket(B(T),K,0) =1[0(B(T)— K)]*.

We price these options with the Black-Scholes Model described in Chapter 1. Note that by
the form of the payoff it is not necessary to distinguish between the trading date and the
valuation date to calculate the values of these options, since they are not path-dependent.
Hence without loss of generality we can set ¢ = 0 and denote the remaining time to maturity
with 7. In order to ease the calculations we use the so-called forward notation. The T-
forward price of stock i is given by

FI' = 8;(0) exp (/OT <T(s) - di(s)) ds> :

On account of the fact that we are not explicitly performing any Ito-calculus in this chapter,
we use the more expressive notation introduced in Remark (1.7). Thus we can rewrite the

stock price as

T4 T
S;(T) = Fl exp <_/0 §ai2ds —I—/O UidWi(s)>

where the W;(.) are one-dimensional Brownian motions correlated to each other with p;;.

We define the discount factor as

DF(T) = exp (- /0 Tr(s)ds) .

The forward-oriented notation has two advantages: Firstly, in the opposite to short rates
and dividend yields, forward prices and discount factors are market-quotes. Secondly, from
a computational point of view, it is less costly to work with single numbers, i.e. the forward
prices and the discount factor, instead of several term-structures, namely the short rates
and the dividend yields.
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The problem of pricing these basket options in the Black-Scholes Model is the following:
The stock prices are modelled by a geometric Brownian motion and are therefore log-
normally distributed. Since the sum of log-normally distributed random variables is not
log-normal, it is not possible to derive an (exact) closed-form solution. Due to the fact that
we are dealing with a multidimensional process, only Monte Carlo or Quasi-Monte Carlo
are suitable numerical methods to determine the values of these options. However, the aim
of this chapter is to analyse existing analytical approximations, and find out which one
provides the overall best results, i.e. the closest prices to Monte Carlo.

We test these methods:

Beisser(1999) performs some conditional expectation technique,

Gentle(1993) approximates the arithmethic average by a geometric one,

Levy(1992) uses a log-normal distribution with matching moments, and

Milevsky&Posner(1998) applies the reciprocal gamma distribution.

Not that all methods mentioned here use an approximation of the distribution B(T)
to calculate the basket option price in closed-form. Wid did not test the method of
Hyun(1993), because it is an application of the method of Turnbull&Wakeman(1991)
for Asian Options (Edgeworth expansion up to the 4th moment) and it is a well-known
problem that this approximation gives really bad results for long maturities and high
volatilites. The observation that the method of Levy almost always overprices, while the
method of Beisser’s approach provides a lower bound of the option values, leads us to test
also the arithmetic mean of both (referred to as “Levy+Beisser”).

The different approximations are discussed in the next section, while in the third
section we calculate the reference prices by Monte Carlo simulation in order to be able to
backtest the values of the different approaches. The last section of this chapter contains
our conclusions.

5.2 The Valuation Methods
5.2.1 Beisser

The main idea behind the method of Beisser is the conditional expectation technique intro-
duced by Rogers&Shi(1995) for the pricing of Asian Options. More precisely, to condition
the expectation of the payoff with a normal distributed random variable Z using the tower
law, then estimate the result by applying Jensen’s inequality and derive a closed-form so-
lution for this estimate. In a nutshell this reads as
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E([B(T) - K]*)

I
=

(B (1) - K7°]2))

(E ([B(T) —K‘Zr))

= Z w; [ETN(d1i) - INQN(d%)}
i=1

Y
=

where ET, INQ some adjusted parameters and dy;, do; are the usual terms in this new notation.

5.2.2 Gentle

We can rewrite the payoff of the basket option as

n + n n +
PBasket(B(T)7 Ka 0) = [9 (Z szl(T) - K)] = [9 <<Z szT> Z QZS:(T) - K)] 3
=1 i=1 i=1

where
U)Z'FiT
a; = ;
Z?:I wZFlT
; T 1 T T
SH(T) = SF(’Z-T) = exp (—5/0 afds+/0 JidWZ’(S)).

Note that Y ;" | a;S;(T) is an arithmetic average with expectation equal to one as the
weights sum up to 1. We approximate this sum by the geometric average

n

B(T) = (Z wiFZ-T> [T s: ).
i=1

i=1

In contrast to the arithmetic average, the geometric average of log-normally distributed
random variables is also log-normally distributed. Taking this into account Gentle performs
a Black-Scholes calculation to obtain the price of the basket option

Viasket(T) = DF(T)0 (M43 N (0dy) — K*N(0d2) ) (5.)

where Df(T) is the discount factor, N(-) the distribution function of a standard normal

random variable and
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M —logK +V?

d1: Vv )

d2:d2_V7

5 n 1 n
M = E(log B(T)) = log (Z w; FF) -3 Z aio?T and
=1 =1

n n

V2 = Var(log B(T)) = Z Z a;a;0;0;pi; 1.
i=1 j=1

By the obvious fact that
E |B(T) + E[B(T)] - E[B(T)| = E[B(T)]

Gentle corrects the mean of the geometric average by using the adjusted strike
K* =K — (E(B(T)) - E(B(T)))

where

E(B(T)) =Y i wiFf, B(B(T))=eM2"".

7

5.2.3 Levy

Levy’s basic idea is to approximate the distribution of the basket by a log-normal distribu-
tion with mean M and variance V2. These two parameters are determined in such a way
that they match the true moments of the arithmetic average, i.e.

M = 21og E(B(T)) — 0.5log E(B*(T)) and
V2 = log E(B%(T)) — 2log E(B(T)),

n n
E(B*(T)) = Z Z wiijiTFjT exp(oi0jpi; T),
i=1 j=1

such that

E(B(T)) =E(e*) and Var(B(T)) = Var (¢¥),

where X is a normally distributed random variable with mean M and variance V2. The
basket option price can now be evaluated analogously to (5.1).

5.2.4 Levy + Beisser

The prices in this method are the equally weighted arithmetic means of Beisser’s and Levy’s
prices.
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5.2.5 Milevsky and Posner

Milevsky&Posner(1998) use the reciprocal gamma distribution as an approximation for the
distribution of the basket. The motivation is the fact that the distribution of correlated
log-normally distributed random variables converges to the reciprocal gamma distribution
as n — o0o. Consequently, the first two moments of both distributions are matched to yield
a closed-form solution. We used the two following ways of calculating the parameters of the
gamma distribution. In the figures and tables Milevsky denotes the genuine choice of the
parameters of the gamma distribution, and Milevsky-FExcel a slightly modification found in
Staunton(2002). We just state the Milevsky-Excel results in the tables as Milevsky-Excel

clearly outperforms Milevsky.

5.2.6 Monte Carlo

The algorithm we applied consists of a Monte Carlo simulation using antithetic method
and geometric mean as controle variate for variance reduction. The number of simulations
was always chosen large enough to keep the standard deviation below 0.05.

5.3 Test Results

This section analyses the performance of the particular pricing methods. Normally, this
is done changing the volatility and the strike. We will do this more systematically, i.e. we
will change all relevant parameters individually, while the remaining ones are kept fixed
to our standard scenario, and examine the results. That means in detail that four sets of
tests are performed. They involve changing the correlations p;;, strike K, forward prices
FZ-T and the volatilities o; repectively. It is not necessary to change the discount factor,
because this only a multiplicative factor in the formula. In addition, it makes no sense to
change the weights w;, because this is effectively the same as to vary the forwards, neither

to change the the maturity, since this equivalent to changes of the volatility.
Our standard scenario is a call option on a basket with four stocks and a maturity

of five years. The discount factor is fixed equal to one. Let i and j denote the indices of

the stocks. The default parameters are

Pij = 0.5 (fOI“ 1 75 j),
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K = 100,
ET =100,

o; = 40% and
w1

i =

In the next section we compare the option prices calculated by the different methods. The
results are presented in tables and plots. If the absolute prices are too close to allow for a
judgement of the methods, the relative differences between the Monte Carlo prices and the
prices calculated by Beisser, Levy and Levy+Beisser are also compared.

In addition we plot the implicit distribution of the particular approximations and
compare them to the real ones calculated by Monte Carlo simulation. With implicit
distribution we mean, that we derive the underlying distribution of the particular methods
by an appropriate portfolio of calls. Consider the payoff of the following portfolio consisting
only of Calls:

H(B(T)) = % |:PBasket (B(T), L — é, 1> — PBasket(B(T)7 L, 1)

1
- (PBasket(B(T)vL + AL, 1) - PBask:et <B(T)7L + AL + a, 1>> :|

We notice that the payoff II(B(T)) is explicitly given by

0 B(T)<L-1
o [B(T)— (L—1)] L-1<B(T)<L
I(B(T)) = 1 L<B({T)<L+AL (5.2)
1—a[B(T)—(L+AL)] : L+AL<B(T)<L+AL+1
0 B(T)>L+ AL+ 1
For o — o0 it is equal to:
: B(T)<L
I(B(T))={ 1 : L<B(T)<L+AL

B(T)>L+ AL

So for a sufficiently high « the value of our portfolio is approximately the probability that
the price of the basket is at maturity in [L, L + AL]. To calculate the whole implicit dis-
tribution, we shift the boundaries stepwise by AL . Instead of applying the underlying
distributions, we used this procedure, because we can not directly determine the distribu-
tion for Beisser’s approximation. Besides, this procedure seems to be more objective and

consistent to compare the approximations.
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Figure 19: Densities for the standard scenario

In Figure 19 we plot the densities of the basket distributions for our standard sce-
nario. Levy’s and Beisser’s distribution coincides with Monte Carlo, whereby Gentle’s and
Milevsky’s one show evident deviations. We will have this result again for many of the

forthcoming cases.
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5.3.1 Effect of varying the Correlations

Two tests are performed to observe the effect of varying the correlation p;; between stocks
¢ and j. First at each step the correlation p;; between all stocks 7 and j is set to the same
value p, varied from 0.1 to 0.95. The results (Table 1) are graphed in Figures 20 and 21.
Note that, except for Milevsky and Gentle, all methods perform reasonably well. Especially
for p > 0.8, Beisser, Levy, Levy+Beisser and Monte Carlo give virtually the same price.

Milevsky Levy+ Monte | Standard

p -Excel Gentle Beisser Levy Beisser Carlo | Deviation
0,10 20,25 15,36 20,12 22,06 21,09 21,62 0,0319
0,30 22,54 19,62 24,21 25,17 24,69 2497 0,0249
0,50 24,50 23,78 27,63 28,05 27,84 2797 0,0187
0,70 26,18 27,98 30,62 30,75 30,69 30,72 0,0123
0,80 26,93 30,13 31,99 32,04 32,02 32,03 0,0087
0,95 27,97 3341 33,92 33,92 33,92 33,92 0,0024

Dev.! 3,17 5,15 1,13 0,33 0,39 0

Table 1: Varying the correlations simultaneously (Figure 20)

The deviation to Monte Carlo, denoted by ”Dev.”, is calculated as

1 n
Dev = | — MC; —V;)?,
ev n;( )

and is used as a performance index for the different methods.

The good performance of Levy, Gentle and Beisser for high correlations can be ex-
plained as follows: All three methods provide exactly the Black-Scholes prices for the
special case that the number of stocks is one. For high correlations the distribution of
the basket is approximatly the sum of the same (for p = 1 exactly the same) log-normal
distribution, which is indeed again log-normal. As Levy uses a log-normal distribution
with the correct moments, it has to be a good approximation for these cases. The same
argumentation applies for Gentle. If we have effectively one stock the geometric and the
arithmetic average is the same. The bad performance of Milevsky for high correlations can
be explained by the fact, that with effectively one stock we are far away from ”infinitly”

many stocks, which was the motivation for this method.
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Figure 20: Varying the correlations simultaneously (Table 1)

—X—Beisser

—%—Levy

—&—| evy+Beisser

Figure 21: Varying the correlations simultaneously (Rel. Diff.)



5.3 Test Results 111

The second test is a repetition of the first, but this time the correlation pis between stocks
1 and 2 is kept constant at 95%. Figures 22 and 23 show the results. The plots corresponds
to the results of the first test in Figures 20 and 21. Milevsky and Gentle performs worst
(by a considerable margin) in both tests.
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Figure 22: Varying the correlations sym. with fixed p12 = 95%
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Figure 23: Varying the correlations sym. with fixed p12 = 95% (Rel. Diff.)
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To analyse this more precisely we plot the corresponding densities for Figure 22 with p1o =
95%, else p;; = 0.5 in Figure 24:
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Figure 24: Densities for the standard scenario with p1o = 95%

At last we use in Figure 25 a very inhomogeneous correlation matrix.:
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Figure 25: Densities for the standard scenario with inhomogenous correlation

The density plots are almost the same as for the case of our standard scenario in Figure 19.
Thus the correlation does not have a really strong effect on the densities and consequently
on the difference to the Monte Carlo prices. Beisser’s and Levy’s approaches are most able
to deal with all cases of correlation matrices.
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Summary

In a nutshell we come to the conclusion that the prices calculated by Levy’s approach
(whose method slightly overprices) are overall the closest to the Monte Carlo prices. Levy’s
approach is followed by Beisser’s approximation (whose approach slightly underprices). The
other two methods are not recommendable.

5.3.2 Effect of varying the Strikes

The strike K is varied from 50 to 150. Table 2 and Figures 26 and 27 contain the results.

Milevsky Levy+ Monte | Standard
K -Excel Gentle Beisser Levy Beisser Carlo | Deviation
50,00 51,93 51,99 54,16 54,34 54,25 54,28 0,0383
60,00 44,41 44,43 47,27 47,52 47,40 47,45 0,0375
70,00 38,03 37,93 41,26 41,57 41,41 41,50 0,0369
80,00 32,68 32,40 36,04 36,40 36,22 36,32 0,0363
90,00 28,22 27,73 31,53 31,92 31,73 31,85 0,0356
100,00 24,50 23,78 27,63 28,05 27,84 27,98 0,0350
110,00 21,39 20,46 24,27 24,70 2448 24,63 0,0344
120,00 18,77 17,65 21,36 21,80 21,58 21,74 0,0338
130,00 16,57 15,27 18,84 19,28 19,06 19,22 0,0332
140,00 14,70 13,25 16,65 17,10 16,87 17,05 0,0326
150,00 13,10 11,53 14,75 15,19 14,97 15,15 0,0320
Deyv. 3,03 3,74 0,32 0,06 0,13 0

Table 2: Varying the strike (Figure 26)

The differences between the prices calculated by Monte Carlo and the approaches of
Levy, Beisser and Levy-+Beisser are relatively small. The price curves of the methods
of Gentle and Milevsky run almost parallel to the Monte Carlo curve and represent
an under-evaluation. The relative and absolute differences of all methods are generally
increasing when K is growing, since the approximation of the real distributions in the tails
is getting worse and the absolute prices are decreasing.

Summary
Again, overall Levy’s approximation performs best and slightly overprices, while Beisser’s
approximation is the second best and always slightly underprices.
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5.3.3 Effect of varying the Forwards and Strikes

The forwards on all stocks are now set to the same value F which is varied between 50 and
150 in this set of tests. The results are presented in Table 3 and Figures 28 and 29. The
price curves of Monte Carlo, Beisser, Levy and Levy-+Beisser join to form one curve and
curves of Milevsky and Gentle are clearly below these curve.

Milevsky Levy+ Monte | Standard
F -Excel Gentle Beisser Levy Beisser Carlo | Deviation
50,00 3,93 3,00 4,16 4,34 4,25 4,34 0,0141
60,00 6,56 5,53 727 7,52 7,40 7,50 0,0185
70,00 9,95 8,91 11,26 11,57 11,41 11,53 0,0227
80,00 14,10 13,13 16,04 16,40 16,22 16,35 0,0268
90,00 18,97 18,11 21,563 21,92 21,73 21,86 0,0309
100,00 24,50 23,78 27,63 28,05 27,84 27,98 0,0350
110,00 30,63 30,08 34,27 34,70 34,48 34,63 0,0391
120,00 37,32 36,91 41,36 41,80 41,58 41,71 0,0433
130,00 44,49 44,21 48,84 49,28 49,06 49,19 0,0474
140,00 52,08 51,92 56,65 57,10 56,87 57,00 0,0516
150,00 60,05 59,98 64,75 65,19 64,97 65,08 0,0556
Deyv. 3,51 3,98 0,31 0,07 0,12 0

Table 3: Varying the forwards sym. with K = 100 (Figure 28)

Then we repeat the test but keep the first forward price F 1T fixed at 10. The results can be
found in Figures 30 and 31 and are similar to the previous results.
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We again repeat the test but this time use Fjf = 20 and the strike is set to
4
K=a) wkF' (5.3)
i=1

with @ = 0.5. The corresponding curves are in Figures 32 and 33. The results are again
similar to the previous two tests, except that the differences between all methods are smaller,
which comes from the fact that we have an in-the-money option and all methods are able
to reproduce the forward of the basket. Consequently the resulting curves (mentioned in
the first test of the forwards) almost merge into one (on the scale of Figure 32).
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Figure 32: Varying the forwards sym. with F{f =20 and K = 0.5 Z?:l wiFZ-T
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The previous test is now repeated, but we set a = 1.5 in (5.3). The results are given in
Figures 34 and 35.

The prices of Monte Carlo, Beisser, Levy and Levy+Beisser once again perform similarly
(forming the upper curve). The difference between the Milevsky and Gentle from the Monte
Carlo prices is more substantial than in the case with a = 0.5. Because we have an out of
the money option, the tails of distributions are determining. Consequently, due to the fact
that the approximating distributions differ in the tails more than at the mean (resp. the
mass in the tails has more weight), the (relative) price differences become larger.

Note by Figure 35 that for the first time we have the effect that Levy’s approximation also
(slightly) underprices .
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Finally, we repeat the last three tests but set Ff = 200. The resulting price curves are
displayed in Figures 36, 38 and 40 (or compare Figures 37, 39 and 41 showing the relative
differences) and form the same pattern as the those in Figures 30, 32 and 34 (or compare
Figures 31, 33 and 35). The results are in general similar to those of the previous tests.
Levy’s approach (which again overprices) performs overall best, followed by the method of

Beisser (which again underprices).
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At last we give in Figure 42 a density plot with F{f = 10 and FJ = F?:‘F = F] =100 . Due
to the comparison with Figure 42 we observe, that inhomogenous forwards does not have an
effect on the approximations of the densities w.r.t our standard scenario with homogenous
parameters.
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Figure 42: Densities for the standard scenario with F{f = 10

Summary

Levy’s and Beisser’s approach are most able to deal with varying forwards and strikes. Ex-
cept for the case of a out-of-the-money Call with inhomogenous forwards, Levy’s approx-
imation always slightly overprices. As before Beisser’s approximation slightly underprices.
The other methods perform worse by a considerable margin.
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5.3.4 Effect of varying the Volatilities

The next set of tests involves varying the volatilities o;. At each step, o; is set to the same
value o. The volatility o is varied between 5% and 100%. The results (see table 4) are
displayed in Figures 43 and 44.

Milevsky Levy+ Monte | Standard
o -Excel Gentle Beisser Levy Beisser Carlo | Deviation
5 % 3,52 3,52 3,53 3,53 3,53 3,53 0,0014
10 % 6,99 6,98 7,04 7,05 7,05 7,05 0,0042
15 % 10,36 10,33 10,55 10,57 10,56 10,57 0,0073
20 % 13,59 13,52 14,03 14,08 14,06 14,08 0,0115
30 % 19,49 19,22 20,91 21,09 21,00 21,07 0,0237
40 % 2450 23,78 27,63 28,05 27,84 27,98 0,0350
50 % 28,51 27,01 34,15 34,96 34,55 34,80 0,0448
60 % 31,56 28,84 40,41 41,78 41,10 41,44 0,0327
70 % 33,72 29,30 46,39 48,50 47,45 47,86 0,0490
80 % 35,15 28,57 52,05 55,05 53,55 54,01 0,0685
100 % 36,45 24,41 62,32 67,24 64,78 65,31 0,0996
Dev. 11,83 16,25 1,22 0,69 0,28 0

Table 4: Varying the volatilities sym. with K = 100 (Figure 43)

The prices calculated by the different methods are more or less equal for rather ”small”
values of the volatility. They start to diverge at o ~ 20%. The Monte Carlo, Levy, Beisser
and Levy+Beisser prices remain close, whereas the prices calculated by the other methods

are too low.
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Figure 44: Varying the Volatilities sym. with K = 100 (Rel. Diff.)
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The second test in Figure 45 is a repetition of the first, except that the volatility o of
the first stock is kept fixed at 5%. This time the prices diverge much more. The methods
Levy and Levy+Beisser are overpricing with all other methods underpricing. We note that
Beisser’s method performs best. Figure 45 portrays the results.
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Figure 45: Varying the volatilities sym. with o1 = 5%, K = 100

We now repeat the previous test but set the strike to K = 50. The results (see Figure 46)
are similar to those of the previous test. However, the price curves only start to diverge
for o =~ 30%. Gentle’s approximation performs worst of all throughout the test. Worse
results are obtained when repeating the previous test with the strike K set to 150. The
price curves are graphed in Figure 47. The prices diverge more, since we have now an
out-of-the-money option.

At last these three plots are graphed again but with o1 = 100%. The general pattern
(Figures 48, 49 and 50) looks completely different, i.e. one no longer observes a single curve
“fanning out” with increasing o (see Figures 45 to 47). However, changing the strike from
50 to 100 and then to 150 has the same effect as before (i.e. the price differences increase).
This time the prices do not start out similarly and then diverge, instead they differ consider-
ably from the beginnig. Gentle’s approximation performs well for “small” values of o, while
the Levy and Levy+Beisser method also perform well for “large” o. Beisser’s approach
again performs well for all values of o.
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Figure 46: Varying the volatilities sym. with o1 = 5%, K = 50
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Figure 47: Varying the volatilities sym. with o1 = 5%, K = 150
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Figure 48: Varying the volatilities sym. with o1 = 100%, K = 50 (Table 5)

Milevsky Levy+ Monte
o -Excel Gentle Beisser Levy Beisser Carlo-CV | StdDev
5% 56,03 50,03 50,00 69,89 59,94 50,22 | 0,0812
10 % 56,04 50,08 50,00 69,93 59,97 50,27 | 0,0790
15 % 56,05 50,17 50,14 69,99 60,06 50,69 | 0,0772
20 % 56,05 50,29 50,70 70,05 60,38 51,25 | 0,0535
30 % 56,07 50,60 53,00 70,22 61,61 53,92 | 0,0428
40 % 56,10 50,88 56,11 70,46 63,28 57,12 | 0,0380
50 % 56,14 50,95 59,47 70,81 65,14 60,51 | 0,0416
60 % 56,19 50,74 62,84 71,32 67,08 63,91 | 0,0490
70 % 56,26 50,30 66,06 72,08 69,07 67,23 | 0,0606
80 % 56,36 50,00 69,08 73,27 71,17 70,40 | 0,0762
100 % 56,61 50,00 74,33 77,57 75,95 76,15 | 0,1018

Dev. 9,06 12,44 1,01 13,93 6,69 0,00

Table 5: Varying the volatilities sym. with o1 = 100%, K = 50 (Figure 48)
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Figure 49: Varying the volatilities sym. with o1 = 100%, K = 100 (Table 6)

Milevsky Levy+ Monte
o -Excel  Gentle Beisser Levy Beisser Carlo-CV | StdDev
5% 35,22 15,15 19,45 55,46 37,45 22,65 | 0,5594
10 % 35,23 16,60 20,84 55,52 38,18 21,30 | 0,3858
15 % 35,24 18,08 22,60 55,61 39,10 22,94 | 0,2660
20 % 35,26 19,56 24,69 55,71 40,20 2524 | 0,2124
30 % 35,30 22,35 29,52 55,98 4275 30,95 | 0,1603
40 % 35,36 24,73 34,72 56,35 45,54 36,89 | 0,1156
50 % 35,44 26,52 39,96 56,89 48,43 41,72 | 0,0894
60 % 35,56 27,59 45,05 57,68 51,36 46,68 | 0,0472
70 % 35,72 27,87 49,88 58,87 54,38 51,78 | 0,0587
80 % 35,93 27,38 54,39 60,70 57,54 56,61 | 0,0742
100 % 36,45 24,41 62,32 67,24 64,78 65,31 | 0,0996

Dev. 14,4816 19,1883  1,9254 22,7055 10,7802 0,00

Table 6: Varying the volatilities sym. with o1 = 100%, K = 100 (Figure 49)
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Figure 50: Varying the volatilities sym. with o1 = 100%, K = 150 (Table 7)

Milevsky Levy+ Monte
o -Excel Gentle Beisser Levy Beisser Carlo-CV | StdDev
5% 25,18 4,52 14,82 46,28 30,55 15,10 | 0,0765
10 % 25,19 5,73 15,42 46,36 30,89 15,73 | 0,0749
15 % 25,21 7,07 16,24 46,46 31,35 16,58 | 0,0734
20 % 25,23 8,49 17,34 46,58 31,96 17,42 | 0,0510
30 % 2528 11,40 20,49 46,90 33,69 20,94 | 0,0407
40 % 2535 14,15 24,74 47,35 36,04 25,64 | 0,0360
50 % 2544 16,47 29,66 47,98 38,82 31,01 | 0,0394
60 % 25,58 18,18 34,87 48,92 41,90 36,66 | 0,0465
70 % 25,76 19,18 40,11 50,33 45,22 4234 | 0,0579
80 % 26,01 19,46 45,18 52,50 48,84 47,88 | 0,0733
100 % 26,62 18,03 54,44 60,32 57,38 58,14 | 0,0988

Dev. 14,28 19,33 1,71 22,00 10,73 0,00

Table 7: Varying the volatilities sym. with o1 = 100%, K = 150 (Figure 50)
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We plot the densities of the implicit basket distributions for inhomogenous volatilities in
Figures 51 and 52.
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Figure 51: Densities for std. scenario with o1 = 5%, 09 = 03 = 04 = 100% (Figure 45)
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Figure 52: Densities for std. scenario with o1 = 100%, 09 = 03 = 04 = 10% (Table 6)

In both cases Beisser’s approach is the only method which reproduces the distribution of
the basket. To our surprise, Levy’s method shows the most evidents deviations to the real
distribution. In these scenarios even Gentle’s and Milevsky’s approach is better.
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At last we try an example with o1 = 90%, 09 = o3 = 50% and o4 = 10% in Figure 53 to
test if there is some ”balancing” effect, i.e. observe that (o1 + 04)/2 = g2. We see there is

one except for Levy’s approach.
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Figure 53: Densities for the standard scenario with o1 = 90%, 05 = 03 = 50%, 04 = 10%

Summary

The only method which is able to deal with inhomogenous volatilities is the method of
Beisser. Levy’s approach, which was up to now the best method, massively overprices. The
prices of Gentle and Milevsky are getting worse with growing volatilities (see Figures 43,
45, 46 and 47), and besides that they seem to ignore changes in the volatilities, if there is
one single stock with high volatilites (see Figures 48, 49 and 50).

5.4 Conclusion

The tests confirm that the approximations of Levy and Beisser are overall the best per-
forming methods. With the exception of inhomogenous volatilities and out-of-the-money
calls with inhomogenous forwards, Levy’s approximation generally overprices slightly.
Beisser’s approximation underprices slightly in all cases. Apart from the above mentioned
exceptions Levy’s approximation is more closer to the real prices. The underpricing of
Beisser’s approach is not surprising since this method is essentially a lower bound on
the true option price (see Beisser (1999)). Figures 51-53 shows, that Beisser’s approach
is the only method which is able to approximate the real distribution for the case of
inhomogenous volatilities. In this case even Gentle’s and Milevsky’s method is better than
Levy’s approach. In the other cases, i.e. change of correlation, forwards and strikes, the
density curves of Levy’s and Beisser’s approach lie almost on the Monte Carlo curve, where
the methods of Gentle and Milevsky show evident deviations.



5.4 Conclusion 133

The performance of Milevsky’s and Gentle’s approach is poor, since they do not match the
real distribution of the basket even in the case of the standard scenario with a homogenous
set of parameters. A reason for the bad performance of Milevsky may be, that the sum
of log-normally distributed random variables is distributed like the reciprocal gamma
distribution only as n — oco. But as in our case where n = 4 or even in practice with n = 30
we are far away from infinity. The geometric mean used in Gentle’s approach also seems
to be an inappropriate approximation for the arithmetic mean. For instance, the geometric
mean of the forwards equal to 1,2,3 and 4 would be without mean correction 2.21 instead
of 2.5. This is corrected, but the variance is still wrong. The Levy method is the best ap-
proximation except for the case of inhomogenous volatilities. The reason for this drawback
may be that all stocks are "thrown” together to one log-normal distribution. This is quite
contrary to Beisser’s approximation, where every single stock keeps a transformed log-
normal distribution and the expected value of every stock is individually evaluated. This is
probably the reason why this method is able to handle the case of inhomogenous volatilities.

An obvious advice to a practitioner would be to use Levy’s method for homogenous
volatilities and Beisser’s for inhomogenous ones. But then the question occurs, how to
define the switch exactly. So we suggest the following: Price the basket with Levy and
Beisser: If relative difference is less 5% use Levy’s price for an upper, and Beisser’s price
for a lower bound. If it is bigger than 5% run a Monte-Carlo simulation or if this is not

suitable, keep the Beisser result.
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6 Asian options on Average Spot with Average Strike

6.1 Introduction

Asian Options, also known as ” Average Options”, are options whose payments at maturity
depends on a - in real world - discretely monitored average of stock prices. There are two
basic types of Asian Options: Fixed Strike Options (syn. Average Price Options, Average
Rate Options) and Floating Strike Options (syn. Average Strike Options). The first type
pays at maturity the difference - if positive - between some arithmetic mean of the stock
and a predetermined strike price. The second type pays at maturity the difference - if
positive - between the stock price and the arithmetic mean at maturity. Asian Options
are normally European-style options. It is not possible to derive an (exact) closed-form
solution in the Black-Scholes model, since the sum of log-normally distributed random

variables is not log-normal.

Numerical approximations for both types of options are among others:

Kemna& Vorst (1990) uses Monte-Carlo simulation with geometric mean as controle variate.
Roger&Shi(1995), Zvan,Forsthy& Vetzal(1997) and Benhamou&Duguet(2000) solve the
problem applying PDE-methods. Binomial and trinomial trees are not the appropriate
methods to price these kind of options, since the branches would not recombine, and thus
the calculation time would increase exponentially with the refinement of the tree.

Analytical approximations for Fixed Strike Options are (to name just a few):

Levy(1992) uses a log-normal distribution with matches the first two moments of the distri-
bution of the arithmetic mean, not to confuse with Ruttiens& Vorst(1990), who simply use
the geometric mean. Turnbull& Wakeman(1991) compute an edgeworth expansion to match
the first four moments based on a log-normal distribution. Carverhill&Clewlow(1990) and
Benhamou(2000) apply fourier-transformation.

Recently, Henderson& Wojakowski(2001) showed the equivalence of Floating and Fixed
Strike Options. So all these methods can also be applied to Floating Strike Options.

We introduce here a quite new type of Asian Option, the so-called Asian Option on
Average Spot with Average Strike. The payoff of this option depends on the ratio or the
difference of two arithmetic averages of the stock prices. This is going to be specified in
the next chapter.

6.2 Model

We are using the Black-Scholes Model with deterministic coefficients. The saving account

reads as

dB(t) = B(t)r(t)dt, B(0) = By,
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where 7(t) is a deterministic and bounded function of time. The stock is given by

dS(t) = SO[(r(t) — d(®))dt + o(H)dW (t)],  S(0) = So,

where d(t) is the deterministic and bounded dividend yield and o(t) is the deterministic,

bounded and piecewise continuous volatility.

Let us first introduce some notations:

T : maturity of option

K . strike price

« : strike in percent
Ng : total number of Spot-Fixings
N : total number of Strike-Fixings

1 &
As = E;S(tz)

L
= —E k
Ak; - Nk i:1s(tz)

1 Cal
0 = {_1 . put (Call/Put Operator)

The fixing dates are ordered, i.e. 0 < tF < ... <tk <5
k
as:

(7) Fixed Strike

(i) Average Spot with Average Strike in Equity

... <ty, =T. The payoffs read

(0{As — K"
(0{As —adr})"

As

+
(7i7) Average spot with Average Strike in Performance : <9 {— - a})

Ay

Note that a Floating Strike Option is a special case of an Average Spot with Average Strike

in Equity Option with Ng; = 1.
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6.3 Approximate Valuation

To our knowledge, up to now, the pricing of these options is rarely or even not treated in
literature. There are four ways to price these options:

o Approzimation by geometric means
e Monte Carlo (with geometric mean as control variate)
o Approrimation by bivariate log-normal distribution with matching moments

e PDE and FM (with dimension reduction)

We implemented and tested the first three methods. Let us first describe the Approzimation
by Geometric Means: If we replace the arithmetic means by geometric means, we get a
bivariate log-normal distribution. Then the problem is equivalent to an exchange option
whose solution is well-known (e.g. see the Collector’s book) and was already treated in the
late 70’s by Margrabe(1978). As usual we use this approximation with or without adjusted
strike to match the expectation of the arithmetic means. Without adjusting the strike this
approximation can be used as control variate for variance reduction in the Monte Carlo
simulation.

We will concentrate here on the third method, namely the Approzimation by bivariate
log-normal distribution with matching moments. In order to ease the calculations we
introduce some additional notation:

The T-forward price at time ¢ is given by:
T
F(T) = S;exp (/ r(s) —d(s) ds)
t
Hence we can write the stock price given S; as:
Tq T
Si(T) = Fy(T) exp (—/ 502(s)ds+/ a(s)dW(s)>
t t

Since short rates are not quoted, we work instead with discount factors of the form:

Df,(T) = exp (- /t ! r(s)ds)

To take observed prices into account, when we want to price the option during the lifetime,
we have to distinguish the means of observed- and future quotes:
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As(t) = Nis Z S(t7) (sum of future spot-quotes )
iits >t
ALt) = Nis ZtZ;tS(tf) (sum of observed spot-quotes)
Ag(t) = Nik Ztkzﬁ S(tk) (sum of future strike-quotes )
AL(t) = Nik Zk: S(tF) (sum of observed strike-quotes)
isth <t

Our idea is to approximate the arithmetic means by an appropriate bivariate log-normal
distribution with matching moments. More precisely, we replace A4(t) and Ag(t) by log-
normal distributions X, = exp(M; + ViY;) and Xj = exp(My + Vi Yyx), where Yy, Yy such

that
()= (G)-6n)
Thus we choose the parameters such that the first and second moments are matching
E[As(t)] = E[XJ] = exp(M, +0.5V7)
E[As(t)’] = BIXJ] = exp(2M, +2V2)
E[AL(t)] = E[X)] = exp(M +0.5V;)
E[Ap(t)?] = FE[X}] = exp(2My + 2V}2)
and the correlations coincide
E[Ay(t)As(1)] = E[XX,] = exp(Ms + My + 0.5V2 + 0.5V2 + pViVi)
which yields

M = 210gE[A(t)]—%1OgE[A(t)2]

V = /log E[A(t)?] — 2log E[A(t)]

E[AL(DA (1)
log <E[Ak<kt>}E[As (t)])

Vs Vi

p =
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The moments are given by (the Ag(t)-moments are similar to those of Ag(t)):

Blae) = + 3 B

min(tF,t%)
E[A, 1) = N%f > Y REHFM) exp < /t a(s)ds>

(3 >tj.tj >t

k

min(t7,t3)
FAMAW] = 55 5 2 RUDHAE e ( / a(s)ds>

iith>e >t

Hence we achieve the appropriate distribution, but we are not finished yet, since in some
cases the derivation of the expectation is not trivial. The next section will adress to this
problem.

6.4 Final Computation

6.4.1 Fixed Strike Option

Vrizs(t) = Df(T)*E —<9{As(t) + AL(t) — K}>+]

DT« | (o exp(aa, + vivs) - (1 - A;(t))}>+]

Q

The Average-so-far can be put in the strike price, hence the option can be treated as a
vanilla option,

i) Case: (K — Al(t)) >0

Vrizs(t) = Dfy(T)0 {exp(M; + 0.5V2)N(0dy) — (K — AL(t)) * N(0da)}
d2 = (M —log(K — A(t))/Vs,

a = d2+V,,

ii) Case: (K — AL(t)) <0

Viizs(t) = DF(T) (0 {exp(M, +05V?) — (K — A[(t)}) "

In this case our method is equivalent to Levy(1992).
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6.4.2 Average Spot with Average Strike in Equity

.
Vawesic)) = DA(T) < | (6{(400) + 420) - (Aut) + 4400} ]

N
DF(T) + E (9{ exp(M, + V,Ys) — exp(My + Vi¥) — (A4(t) — A;@))}) ]

Q

Therefore the option valuation depends on A)(t) — A(t) , which we call here Average-
Strike-so-far. We distinguish three cases:
i) Case: (A} (t) — AL(t)) = 0:
In this case we are concerned with an exchange option pricing problem, which has
been solved by Margrabe(1978).

V= V2 V2 -2V

dl = (MS — My +0.5(V, — Vi) + 0.5 % VQ)/V

2=d -V
Vavesi = DFi(T)0( exp(M, + 0.5V,)N(8dy) — exp(My + 0.5V N(6ds)

ii) Case: (A} (t) — AL(t)) > 0:
We are now concerned with a pricing problem which is equivalent to that of a spread
option. This type of options has been treated in Shimko(1994) and Zhang(1997).
We were able to reduce the two-dimensional integral to a one-dimensional one by

applying conditional expectation techniques:

M, — log(A}(t) — AL(t))

= T
o) = —ﬁ log [1 -+ exp(My + Vi) /(A4(t) — AL(1))]
B L s d+ pr + Vs + ¢(x + pV/Vs)
Vavesk (t) = th(T)e\/% /OO [ TSN (9 N )
_ Mit0.5Vi <6d + p(x + VVi) + oz + \/Vk)>
Vi-7

’ / d+ px + ¢(x) —é -
— (A(t) = AL(t)N <9ﬁ> ] e 2d

The derivation of this formula can be found in Appendix 1.
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iii) Case: (A} (t) — A(t)) < 0:
Due to the payoff structure and our approximation, the value of the option is a function
of Mg, Vi, My, Vi, A\ (t), AL(t), p and we have the following symmetric relationship:

Vavesi (0, My, Vs, My, Vie, A3 (8), AL(t), p) = Vayesi (—0, My, Vi, M, Vi, AL(1), A3 (¢), p)

So we if have a Call(Put) Option and the Awverage-Strike-so-far is negative we can
shuffle the parameters and price it as Put(Call) Option. In this new notation our

Average-Strike-so-far will be positive, and we can price it as in the second case.

6.4.3 Average Spot with Average Strike in Performance

Q

[ exp(M, + ViY;) + AL() ’
DA(T) + B _<9 {eXp(Mk + ViYe) + AL(t) a}) ]

i) Case: A)(t) =0 = A.(t)
Note that:

exp(Ms + ViY5) a

exp(My, + ViYr)

exp <MS ~ M+ V2V - 2pVSVkY> :
where Y is standard normally distributed. So we have again a vanilla option, since the

bivariate log-normal distribution collapse to an one-dimensional normal distribution.

ii) Case: A} (t) >0
We get a new type of option which we again have to price by numerical integration.
Since the strike fixing dates are before the spot fixing dates, we know that the two

events A (t) # 0 and A} (t) = 0 cannot occur simultaneously.

p(x) = AL(t) + exp(My + Vi, z)

log(ag(x) — AL(t)) — M

di(z) = Vs
—00 p (ag(x) — A(t) <0
_ pr—di(x) \ [ At
A(ﬂ”)‘N(9 1_p2>{ el

pr+ Vi(1 = p?) — di(x)

B(z) =N (9 N ) qS(lx) exp <MS + st + prs>
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where N(.) is the standard normal distribution with N(—oco0) = 0 and N(co) = 1.
Then the option value is given by the following one-dimensional integral which has to
be evalutad by numerical integration:

2

Veer(t) = DRI —= [~ (B@) - (o)) 3

The proof of this formula can be found in Appendix 2.

6.5 Numerical Results and Conclusions

Since the numerical methods for Fixed Strike Options were already compared in many
other papers (e.g. Levy&Turnbull(1992)), we will concentrate on the Average Spot on
Average Strike Options. We denote the moment matching method with MM, Geo the
approximation by geometric mean (used as MC-control variate), Geo Adj geometric mean
with adjusted strikes, and M C Monte Carlo.

The numerical results are shown in Table 1 to 4. The number in brackets is the
Std Dev of Monte Carlo. The deviation in the last column is calculated as

20

1
= .| = E R VAV
Dev 2 2 (MC; —V;)?,

and is used as a performance index for the different methods.

.. and the winner is:

Overall MM seems to be the most efficient and accurate approximation method. In
particular, if the valuation date is after first fixing (see table 2 and table 4) it clearly
outperforms the other two approximation methods. With a slight exception in table 3
(and there only for high volatilities) it is extremely close to Monte Carlo. It seems to be
extremely promissing to apply this method to related option types such as e.g. baskets.

Table 1:

Comparison of Average Spot with Average Strike in Equity Options,

valuation at starting date: t = 0, N}, = Ns = 26,tF = i/52,t5 = 4.5+ /52,7 = 5%,d =
1%, S = 100.
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o a | MC Std Dev MM Geo Geo Adj
0.50 | 54.87  (0.000)  54.87  54.84 54.87
0.80 | 31.42 (0.000) 31.42  31.41 31.42

0.10 | 1.00 | 17.43 (0.000) 17.43 17.43 17.43
1.20 | 7.71  (0.000) 7.71 7.71 7.71
1.50 | 1.55  (0.000) 1.55 1.55 1.55
0.50 | 56.22  (0.002)  56.22  56.01 56.19
0.80 | 38.59  (0.002) 38.59  38.44 38.52
0.30 | 1.00 | 29.80  (0.002)  29.80  29.69 29.71
1.20 | 23.02 (0.001) 23.01 22.93 22.93
1.50 | 15.72 (0.001) 15.72 15.66 15.64
0.50 | 61.43  (0.006) 61.42  60.79 61.14
0.80 | 48.92  (0.007)  48.92  48.42 48.56
0.50 | 1.00 | 42.56 (0.006) 42.56  42.13 42.19
1.20 | 37.36  (0.006) 37.35  36.97 36.97
1.50 | 31.14  (0.006)  31.13  30.82 30.76
0.50 | 67.89  (0.023) 67.88  66.52 67.01
0.80 | 58.87  (0.022) 5887  57.70 57.90
0.70 | 1.00 | 54.18  (0.030)  54.18  53.10 53.19
1.20 | 50.20 (0.022) 50.22  49.22 49.22
1.50 | 45.34 (0.027) 45.28  44.38 44.29
Deviation: (0.0128) 0.0141 0.6122 0.5217
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Table 2:
Comparison of Average Spot with Average Strike in Equity Options,

valuation after starting date with observed prices equal to forwards: ¢ = 0.25, N, = Ny =
26,tF =i/52,t3 = 4.5+ /52,7 = 5%,d = 1%, S = 100.

o a | MC Std Dev MM Geo Geo Adj
0.50 | 55.56  (0.000)  55.56  55.52 55.56
0.80 | 31.81  (0.000)  31.81  31.78 31.81

0.10 | 1.00 | 17.64  (0.000) 17.64 17.61 17.64
1.20 | 7.79  (0.000) 7.79 7.7 7.79
1.50 | 1.56  (0.000) 1.56 1.56 1.56
0.50 | 56.92  (0.002) 56.92  56.60 56.88
0.80 | 39.04  (0.001) 39.04 38.78 38.97
0.30 | 1.00 | 30.13  (0.001)  30.13  29.91 30.04
1.20 | 23.25 (0.001) 23.26 23.07 23.17
1.50 | 15.87  (0.001)  15.87  15.72 15.78
0.50 | 62.17  (0.006)  62.17  61.33 61.88
0.80 | 49.48  (0.006)  49.49  48.75 49.11
0.50 | 1.00 | 43.03  (0.006)  43.04  42.37 42.65
1.20 | 37.75  (0.007) 37.76  37.14 37.36
1.50 | 31.46  (0.007) 31.45  30.91 31.06
0.50 | 68.73  (0.023) 68.70  67.04 67.80
0.80 | 59.53  (0.022)  59.56  58.04 58.55
0.70 | 1.00 | 54.80  (0.024) 54.81  53.36 53.77
1.20 | 50.76 (0.022) 50.79 49.42 49.74
1.50 | 45.74 (0.021) 45.78 44.50 44.74
Deviation: (0.0116) 0.0151 0.8104 0.5297
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Table 3:

Comparison of Average Spot with Average Strike in Performance Options,

valuation at starting date: t = 0, Ny = Ny = 26,tF = i/52,t5 = 4.5 +i/52,r = 5%,d =
1%, S = 100, Notional = 1000.

o « MC Std Dev MM Geo Geo Adj
0.50 | 542.22 (0.002) 542.22 542.22 542.22
0.80 | 310.18  (0.002) 310.18 310.18 310.18
0.10 | 1.00 | 171.88  (0.002) 171.88 171.88 171.86
1.20 | 75.89  (0.001) 75.89  75.89 75.86
1.50 15.23 (0.001) 15.23 15.23 15.21
0.50 | 549.72  (0.020) 549.70 549.73 549.43
0.80 | 376.15  (0.018) 376.09 376.12 375.44
0.30 | 1.00 | 289.86  (0.017) 289.83 289.86 289.06
1.20 | 223.49 (0.016) 223.43 223.46 222.62
1.50 | 152.25 (0.015) 152.21 152.24 151.45
0.50 | 590.34  (0.066) 590.21 590.41 587.81
)
)
)
)
)
)
)
)
)

0.80 | 468.44  (0.064) 468.30 468.51 465.05
0.50 | 1.00 | 406.94  (0.070) 406.63 406.83 403.16
1.20 | 356.47  (0.068) 356.20 356.40 352.68
1.50 | 296.32  (0.062) 296.16 296.35 292.71
0.50 | 638.44  (0.202) 637.38 638.11 629.94
0.80 | 551.67  (0.229) 550.77 551.49 542.12
0.70 | 1.00 | 506.82  (0.219) 505.89 506.61 496.96
1.20 | 468.73  (0.224) 468.08 468.78 459.06
1.50 | 421.59  (0.194) 421.05 421.73 412.12
Deviation: (0.1122) 0.4334 0.1081 5.0306
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Table 4:

Comparison of Average Spot with Average Strike in Performance Options,

valuation after starting date with observed prices equal to forwards: ¢ = 0.25, N, = Ny =
26,tF =i/52,t3 = 4.5 +i/52,r = 5%,d = 1%, S = 100, Notional = 1000.

o « MC Std Dev MM Geo Geo Adj
0.50 | 549.41 (0.002) 549.41 549.10 549.41
0.80 | 314.42 (0.002) 314.42 314.12 314.42
0.10 | 1.00 | 174.25 (0.001) 174.25 173.99 174.22
1.20 | 76.88  (0.001) 76.88  76.71 76.84
1.50 | 15.38  (0.001) 15.38  15.33 15.36
0.50 | 559.69  (0.015) 559.68 557.15 559.37
0.80 | 383.27  (0.014) 383.28 381.07 382.57
0.30 | 1.00 | 295.49  (0.014) 295.49 293.55 294.64
1.20 | 227.84 (0.013) 227.84 226.19 226.96
1.50 | 155.23 (0.013) 155.24 153.95 154.41
0.50 | 605.73  (0.057) 605.75 599.17 603.08

)

)

)

)

)

)

)

)

)

0.80 | 481.28 (0.064) 481.24 475.33 477.71
0.50 | 1.00 | 418.01 (0.059) 418.12 412.66 414.37
1.20 | 366.39  (0.059) 366.46 361.41 362.64
1.50 | 304.80  (0.055) 304.87 300.39 301.13
0.50 | 661.05  (0.167) 661.40 648.86 653.22
0.80 | 572.66  (0.212) 572.33 560.69 562.95
0.70 | 1.00 | 526.03  (0.218) 526.09 514.99 516.42
1.20 | 486.87  (0.191) 487.06 476.47 477.31
1.50 | 438.38  (0.193) 438.47 428.55 428.79
Deviation: (0.1030) 0.1240 6.2819 4.9723
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Appendix 1

We will derive here the formula of a standard spread call option. The put option formula
can be derived by call-put parity, and the formula of our particular problem by some
simple parameter transformations. We apply here a conditioning technique to turn the

two-dimensional integral to a single one.
SIT) = Srexp((u —07/2)(T) + o1 Wi(T))
So(T) = Syexp((ua — 03/2)(T) + 0aWa(T))
where gy = r —di,u2 = r — do and Corr(Wi(.),Wa(.)) = p. The PAYOFF of a spread
option is given by:
max(S1(T) — S2(T) — K,0)
The density of a bivariate standard normaldistribution reads as follows:

fey) 1 < x? — 2pxy + 12
z,y) = ————exp|——5——g—
2m/1 — p? 2(1 — p?)

) or written as a product

(y — pz) i

fylx)f(z) = \/ﬁ\/l—— ( p2)>\/12_7rexp< 9622)

We calculate the price via conditional expectation:

E[max(5’1 (T) —SQ(T) —K, 0)]

= FE[Emax(51(T)—52(T)-K,0)]|5:]

+oo
= / [/ [Sl exp ((m —01/2)T + Ulﬁy> -
{y:(S1(y)>K+S2(z)}

—00

Spexp ((nz — 03/2)T + 02V/T) - K]f<y|x>dy} f (@)

First the conditional expectation is calculated. Determination of the integration-range for
K >0:

log | $1/ (K + Sy exp (12 — 03/2)t + 02v/T) )| + (1 = o3 /2)t

o1 VT
= —d— ¢(x) with
g — los(S1/K)+ (i —oi/2)t
o VT
p(x) = \/_ log [1 + 52 exp ((,ug — 03 /2)t + Ugﬁx>]
o1
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Computation of the integrals over K:

/_:O [/doo {— K]f(y!w)dy] f(z)da

/_:O [/:O_p [— K}f(y)dy]f(a:)dm

vV 1—p2

d+pz+é(z)

_ —/m[/m Kf(y)d ]f(x)dx

_ _K/—i—oo <d+ﬂ$+¢2< )) flz)dz =: As

Computation of the integrals over Ss:

d+pz+¢(x)

_/+°° [/ Sy exp ((n 2—02/2)T+02\/—9€) fly )dy}f(x)dx

= sweapun [ [
— 5,(0)exp uzT/ [/

o o Hoo d+ p(z + 0aVT) + ¢z + 02VT)
= SQ( ) p(:U'QT)/ < m

exp (—03/2)T — Ugﬁﬂt) f(y)dy] f(z)dzx

d+px+¢(w)

} f(x — ooVT)da

) flx)dx =: Ay
Computation of the integrals over Si:

+00 oo
[N sies (- ot +ovTy) sl siie
—oo LJ—d(a)

= 51(0)6“1T/:o [/OO P (—%%Tﬂn\/fy) f(ylw)dy}f(w)dx

—d—¢(x

+oo [e§) 0.2 0.2
= Sl(O)e“lT/ [/ exp <01\/Ty — 71T(1 —p?) — pro VT + proVT — %Tﬁ)
—o0o

—d—¢(z)

f(y\x)dy} f(z)dz

N o [T 1 o [ W= VT = p?) — pr)?
= 8(0)e /_Oo /_d_¢($)m — p< 3= ) )dy

\/12_7r exp (_ (z — U;ﬁp)2> dz
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400 [e'e] 1
S1 (O)e‘“T/ / _—
—00 J—d—g(a+o1vVTp) V2my/1 — p?

(v VT~ ) — pla +01V/Tp)) )

Putting all together:

and

Hence:

1 2
exXp — 2(1 — p2) Y o exp <——
1o d+pa+o1VT+¢(x+01VTp)
—p2
= Si(0)enT / / Vice F(y)dyf (z)da
oo T T
_ Sl(O)e‘“T/ N d+ pr+ o VT + ¢p(z + porVT) @)z = A,
—00 vV 1-— p2
Voau(S1, 82, K) = e 7" (Ar + Az + As)
Vpur(S1, 82, K) = Voan(S1, 52, K) — e (S1e7 + SpetT 4 K)
Note, for K <0 : Vca”(sl,SQ,K) = Vput(SQ,Sl, —K).
Translation in Forward-Notation: Let X; = N(0,1) iid:
log(Si(0)) + (ps — 03/2)T
olT
exp(M; + V; X;)
M; —log(K)
Vi
1
— log [1 My + Vox)/K
N og [1 + exp(My + Vox)/ K]
VCall(Sla 52, K) = B_TT/ €M1+0'5V1N d i pr + \/71 + (b(a? + p\/Vl)
—00 v 1-— p2
YATE. (d + p(@+ VW) + d(a + M))
1—p?

J;)dx
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Appendix 2

Let the prices of two stocks be given by:
Fy(T) = exp(M; + WY)
F5(T) = exp(Ma + V2X)

where
()= ()G )

The option value is:

V =Df(T)+E (9{% _K}ﬂ

(R =)

The conditional mean is given by an analytical solution, the outer integral is done through

or

V =Df(T)+E |E Fy(T)

numerical integration. Note, if K1 = 0 = K> the fraction collapses to lognormal distribution
and the calculation can be done analytically by a Black-Scholes-Type formula. We derive the
formula for a call, the derivation for a put is equivalent. The density of bivariate standard

normal distribution is given by:

Fany) 1 ( x2—2p:ny—|—y2>
x, = ———exp|——r—F5——
VT i 21— 2)

- o (L —pm?\ L
okts) = e (<4 e ()
Let K9 > 0:
o(x) = Ko + exp(My + Vo x)

Then:

exp(M + Viy) — (K — ﬂ)} F(yle)dyf (x)da

/ /y|exp (M1+Viy)>Kp(z)—K1} Lﬁ(ﬂf) o(z)

/ /dl(x) [(b(lx exp(My + Viy) — (K - %)} fylz)dyf (x)da

with

log(K¢(x)—Ki1)—M; . _
dl(m):{ : - (ol) - K >0
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Integration of the constant part:

A =

/ /d [ - ]\/%\/1_—‘”‘1)( %)dyf(w)dx

< [ o b o ()
: /ZN(——%?_;;C) =gt e

Integration of the non-constant part:

1 (y — px)°

oo [ e ) e o

VQ 1— 2

2

/oo \/%\/1—— /dl(x) o(x

— or — _ L 2))2
v exp (_(y p 1/15)12) ) >dyf(x)dx

2(1 —
(e} 1 00 1 VQ 1— 2 2
= / — ) exp | My + M + pxV7 | exp v dy f(z)dx
oo V21 S @ —pr—vi(1-p?) qS( ) 2 2
V1-p2

_ [Ty @ e i(I=p?)) T Vea-p4 P\de
- [ (M) e (304 TR o) s

Putting these calculations together yields:
V = DF(T)(B - A)

and for a put option we get:

tou = o [ ({455 [~ 5]

di(z) —pz—Vi(1—p?)\ 1 Ve —p?) x x)dx
N( e )am“poﬂ+ ) o
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