
Rate dependent nonlinear propertiesof perovskite tetragonalpiezoeletri materialsusing a miromehanial model
Der Fahbereih Mashinenbau & Verfahrenstehnikder Tehnishe Universität Kaiserslauternzur Erlangung des akademishen Gradeseines Doktors der Ingenieurwissenshaftengenehmigte Dissertation

vonM.S. Mehatronik Ing. Bülent Delibasaus Malatya, Türkei

Kaiserslautern, September 2005



Hiermit erkläre ih, dass ih die vorliegende Arbeit selbst angefertigt und alle in ihrbenutzten Hilfsmittel in der Arbeit angegeben habe; dass ih die Dissertation oderTeile hiervon niht als Prüfungsarbeit für eine staatlihe oder andere wissenshaftlihePrüfung eingereiht habe; dass ih die gleihe oder eine andere Abhandlung niht beieinem anderen Fahbereih oder einer anderen Universität als Dissertation eingereihthabe.
Kaiserslautern, September 2005



AknowledgementsI would like to express my deepest appreiation to my advisor, Prof. Dr.-Ing. WolfgangSeemann for the guidane, enouragement, and feedbak he has provided to me duringthe researh and thesis proess.I am also very pleased to aknowledge the �nanial support of German ResearhFoundation (Deutshe Forshungsgemeinshaft -DFG "Ingenieurmaterialien aufvershiedenen Skalen: Experiment, Modellierung und Simulation") for this researhduring the last three years.I wish to ontinue my appreiation to Prof. Dr.-Ing. Paul Steinmann and Dr. AndreasMenzel for their ontinued interest and support in my work.I am also grateful for the assistane of my olleague Arunahalakasi Arokiarajanduring the progression of the researh.I would like to thank my faulty friends Rainer Gaussmann and Andreas Maier fortheir enouragement in the workgroup Mahine Dynamis of Kaiserslautern Universityof Tehnology.I espeially would like to thank my mother, brother and sisters, my ousin Arif Yavuzand his wife Suna Yavuz for their support and enouragement.Finally, I must thank my friends Seda Eden and Ozgün Pelvan for their many hoursspent in helping to orret the typesript mistakes in my thesis.
iii





AbstratNowadays piezoeletri and ferroeletri materials are beoming more and more aninteresting part of smart materials in sienti� and engineering appliations. Preisionmahining in manufaturing, miropositioning in metrology, ommon rail systems withpiezo fuel injetion ontrol in automobile industry, and ferroeletri random aessmemories (FRAM) in miroeletromehanial systems (MEMS) besides ommerialpiezo atuators and sensors an be very good examples for the appliation of piezoe-rami and ferroeletri materials.In spite of having good harateristis, piezoeletri and ferroeletri materials have sig-ni�ant nonlinearities, whih limit the appliations in high performane usage. Domainswithing (ferroelasti or ferroeletri) is the main reason for the nonlinearity of fer-roeletri materials. External exessive eletromehanial loads (mehanial stress andeletri �eld) are driving fores for domain swithing. In literature, various importantexperiments related to the non-linear properties of piezoeletri and ferroeletri mate-rials are reported. Simulations of nonlinear properties of piezoeletri and ferroeletrimaterials based on physial insights of the material have been performed during thelast two deades by using miromehanial and phenomenologial models. The mostsigni�ant experiments and models are deeply disussed in the literature survey.In this thesis the nonlinear behaviour of tetragonal perovskite type piezoerami ma-terials is simulated theoretially using two and three dimensional miromehanialmodels whih are based on physial insights of the material. In the simulations a bulkpiezoerami material whih has numerous grains is onsidered. Eah grain has randomorientation in properties of polarization and strain. Randomness of orientations is givenby Euler angles equally distributed between 0 and 2π. Eah element in the mirome-hanial model has been assumed to have the same properties of the real piezoeletrigrain.In the �rst part of the simulations, quasi-stati harateristis of piezoeletri materialsare investigated by applying yli, rate independent, bipolar, uni-axial and externaleletrial loading with an amplitude of 2 kV/mm gradually starting from zero value invirgin state. Moreover, the simulations are undertaken for these materials whih aresubjeted to quasi-stati, uni-polar, uni-axial mehanial stress, namely ompressivestress. The alulations are performed at eah element based on linear onstitutivev



equations, nonlinear domain swithing and a probability theory for domain swith-ing. In order to �t the simulations to the experimental data, some parameters suhas spontaneous polarization, spontaneous strain, piezoeletri and dieletri onstantsare hosen from literature. The domain swithing of eah grain is determined by aneletromehanial energy riterion. Depending on the atual energy related to a riti-al energy a ertain probability is introdued for domain swithing of the polarizationdiretion. Same energy levels are assumed in the eletromehanial energy relation fordi�erent types of domain swithing like 90o and 180o for perovskite type tetragonal or70.5o and 109.5o for rhombohedral mirostrutures. It is assumed that intergranular ef-fets between grains an be modelled by suh probability funtions phenomenologially.The marosopi response of the material to the applied eletromehanial loading isalulated by using Euler transformations and averaging the individual grains.Properties of piezoeletri materials under �xed mehanial stresses are also investi-gated by applying onstant ompressive stress in addition to yli eletrial loading inthe simulations. Compressive stress is applied and kept onstant before yli bipolareletrial loading is implemented.In the following hapters, a three-dimensional miromehanial model is extended forthe simulation of the rate dependent properties of ertain perovskite type tetragonalpiezoeletri materials. The frequeny dependent miromehanial model is now notonly based on linear onstitutive and nonlinear domain swithing but also linear ki-netis theories. The material is loaded both eletrially and mehanially in separatemanner with an alternating eletrial voltage and mehanial stress values of variousmoderate frequenies, whih are in the order of 0.01 Hz to 1 Hz. Eletromehanialenergy equation in ombination with a probability funtion is again used to determinethe onset of the domain swithing inside the grains. The propagation of the domainwall during the domain swithing proess in grains is modelled by means of linear ki-netis relations after a new domain nuleates. Eletri displaement versus eletri �eldhysteresis loops, mehanial strain versus mehanial stress and eletri displaementversus mehanial stress for di�erent frequenies and amplitudes of the alternatingeletri �elds and ompressive stresses are simulated and presented. A simple miro-mehanial model without using probabilisti approah is ompared with the one thattakes it into aount. Both models give important insights into the rate dependenyof piezoeletri materials, whih was observed in some experiments reported in theliterature.Intergranular e�ets are other signi�ant fators for nonlinearities of polyrystalline fer-roeletri materials. Even piezoeletri atuators and sensors show nonlinearities whenthey are operated with eletrial loading, whih is muh lower than the oerive eletri�eld level. Intergranular e�ets are the main ause of suh small hysteresis loops. Inthe orresponding hapter, two basi �eld e�ets whih are eletrial and mehanialare taken into aount for the onsideration of intergranular e�ets miromehanially



in the simulations of the two dimensional model. Therefore, a new eletromehani-al energy equation for the threshold of domain swithing is introdued to explainnonlinearities stemming from both domain swithing and intergranular e�ets. Thematerial parameters like oerive eletri �eld and ritial spontaneous polarization orstrain quantities are not implemented in the eletromehanial energy relation. But,this relation ontains new parameters whih onsider both mehanial and eletrial�eld harateristis of neighbouring elements. By using this new model, mehanialstrain versus eletri �eld butter�y urves under small eletrial loading onditionsare also simulated. Hene, a rate dependent onept is applied in butter�y urves bymeans of linear kinetis model. As a result, the simulations have better mathing withorresponding experiments in literature.In the next step, the model an be extended in three dimensional ase and the pa-rameters of eletromehanial energy relation an be improved in order to get bettersimulations of nonlinear properties of polyrystalline piezoeletri materials.





ZusammenfassungPiezoelektrishe und ferroelektrishe Materialien sind sehr wihtige Komponenten vonsogenannten intelligenten Strukturen, die heutzutage in vielfältigen wissenshaftlihenund tehnishen Anwendungen eingesetzt werden. Kommerzielle piezoelektrisheStapelaktoren und Sensoren, aktive Regelung von Einspritzsystemen in der AutomobilIndustrie mit Piezo-Aktoren, ferroelektrishe Speiher (FRAM) von mikroelektromeh-anishen Systemen (MEMS) sind sehr bekannte Anwendungen.Piezoelektrishe und ferroelektrishe Materialien weisen ein ausgeprägtes nihtlinearesVerhalten auf, sofern die Materialien Verwendung im Hohleistungsbereih �nden.Hauptursahe dieser nihtlinearen Eigenshaften sind Umklappprozesse der ferroelek-trishen und ferroelastishen Domänen, welhe durh starke äuÿere elektromehanis-he Belastungen ausgelöst werden können. In der Literatur �nden sih vershiedeneexperimentelle Untersuhungen in Bezug auf das nihtlineare Verhalten von ferroelek-trishen und piezoelektrishen Materialien. Simulationen der nihtlinearen Eigen-shaften von ferroelektrishen und piezoelektrishen Materialien wurden in den letztenzwei Dekaden mit mikromehanishen und phänomenologishen Modellen durhge-führt. Die wihtigsten experimentellen und theoretishen Ergebnisse werden im Lit-eraturüberblik angegeben.In Rahmen dieser Arbeit wird das nihtlineare Verhalten von piezoelektrishen Werk-sto�en mit Perovskit-Struktur unter Verwendung zwei- und dreidimensionaler mikro-mehanisher Modelle simuliert. Der piezoelektrishe Werksto� wird dabei als Summeeinzelner Körner aufgefasst, die eine jeweils zufällige spontane Polarisation undDehnung aufweisen können. Die Orientierung der Polarisation innerhalb der Körnerwird zwishen gleihverteilten Eulerwinkeln im Bereih von null und 2π angenommen.Die Elemente im mikromehanishen Modell werden analog zum realen Verhalten derKörner des piezoelektrishen Werksto�es abgebildet.In den Simulationen werden zunähst quasistatishe Eigenshaften der piezoelek-trishen Materialien in Abhängigkeit von zyklisher, bipolarer und einahsiger elek-trisher Ladung untersuht, wobei das elektrishe Feld am ungepolten Werksto� shrit-tweise von 0 bis 2 kV/mm Feldstärke erhöht wird. Darüber hinaus werden auh Simu-lationen mit quasistatisher, einpoliger und einahsiger mehanisher Drukbelastungdurhgeführt. ix



Die Berehnungen für jedes Element basieren auf linearen konstitutiven Gleihungen,nihtlinearen Umklappprozessen und einem Wahrsheinlihkeitsansatz für das Umk-lappen der Domänen. Um die Simulationen den experimentellen Daten anzupassen,werden Materialkennwerte, wie zum Beispiel die spontane Polarisation, die spontaneDehnung, die piezoelektrishe und die dielektrishe Konstante der Literatur entnom-men. Umklappprozesse jeder Domäne werden durh ein Kriterium basierend auf einerelektromehanishen Energiefunktion gesteuert. Die Wahrsheinlihkeit des Umklap-pens hängt dabei von dieser Energiefunktion ab. Abhängig von der aktuellen Energieim Verhältnis zu einer kritishen Energie wird eine Wahrsheinlihkeit für das Umklap-pen der Polarisationsrihtung de�niert. Dabei werden in der elektromehanishen En-ergie gleihe Energieniveaus sowohl für das 90o und das 180o Umklappen tetragonaler,bzw. 70.5o und 109.5o für rhombohedrishe Mikrostrukturen angenommen. Es wirdangenommen, dass interkristalline E�ekte zwishen Körnern durh die Wahrshein-lihkeitsfunktionen phänomenologish modelliert werden können. Die makroskopisheReaktion der Materialien auf die angelegte elektromehanishe Last wird durh eineEuler-Transformation und einer Mittelwertbildung der Körner berehnet.Im weiteren Verlauf werden im Rahmen der Simulationen die Eigenshaften vonpiezoelektrishen Materialien bei konstanter mehanisher und zyklisher elektrisherBelastung untersuht. Dabei wird zunähst eine mehanishe Drukspannung aufge-braht und danah eine zyklishe bipolare elektrishe Belastung angelegt.Im weiteren Verlauf wird ein dreidimensionales mikromehanishes Modell verwen-det, um die zeit-/geshwindigkeitsabhängigen Eigenshaften bestimmter tetragonalerpiezoelektrisher Materialien vom Perovskit-Typ zu untersuhen. Das frequenzab-hängige mikromehanishe Modell basiert niht nur auf linearen konstitutiven Gle-ihungen und nihtlinearen Umklappprozessen, sondern auh auf einer linearen Kinetik-theorie. Der piezoelektrishe Werksto� wird sowohl einem elektrishen Feld als auheiner mehanishen Drukbelastung unterworfen. Beide haben dreiekförmigen Ver-lauf mit vershiedenen Frequenzen zwishen 0.01 Hz und 1 Hz. Wiederum wird derBeginn der Umklappprozesse über ein Wahrsheinlihkeitskriterium hinsihtlih derelektromehanishen Energie bestimmt. Die Bewegung der Domänenwände währenddes Umklappens wird mittels einer linearen Kinetiktheorie beshrieben. Mittels Simu-lationen werden Zusammenhänge zwishen der elektrishen Verzerrung und dem elek-trishen Feld, der mehanishen Dehnung und dem elektrishen Feld, der mehanishenDehnung und der mehanishen Spannung, sowie der elektrishen Verzerrung und dermehanishen Spannung ermittelt.Des weiteren wird der Ein�uss des Wahrsheinlihkeitsansatzes auf das einfahe mikro-mehanishe Modell untersuht. Die Ansätze mit und ohne den Wahrsheinlihkeit-sansatz geben beide wihtige Einblike in das zeit-/geshwindigkeitsabhängige Ver-halten von piezoelektrishen Werksto�en, welhes in der Literatur in einigen experi-mentellen Arbeiten beshrieben wird.



Interkristalline E�ekte sind weitere wihtige Ursahen für nihtlineare Eigenshaftenpolykristalliner ferroelektrisher Materialien. So zeigen auh piezoelektrishe Aktorenund Sensoren Nihtlinearitäten, obwohl die elektrishe Belastung niedriger als die Ko-erzitivfeldstärke ist. Interkristalline E�ekte sind die Hauptursahen für kleine Hystere-sekurven. Im dem Kapitel wird versuht, die elektrishen und mehanishen Ein�ussfak-toren auf interkristalline E�ekte auf mikromehanisher Ebene zu berüksihtigen.Hierzu wird eine neue elektromehanishe Energie eingeführt, um sowohl Umklapp-prozesse als auh intergranulare E�ekte zu berüksihtigen. Die Materialkonstanten,wie zum Beispiel die Koerzitivfeldstärke, die spontane Polarisation und die spontaneDehnung, sind niht in der elektromehanishen Energie enthalten. Es ist jetzt möglih,die kleine Hysteresekurve mit diesem neuen mikromehanishen Model zu simulieren.Die Simulationsergebnisse des Modells zeigen eine sehr gute Übereinstimmung mit ex-perimentellen Ergebnissen.Zukünftig kann das Modell auf ein dreidimensionales Modell erweitert werden. Die Pa-rameter der elektromehanishen Energie können verbessert werden, um verbesserteSimulationen der nihtlinearen Eigenshaften polykristalliner piezoelektrisher Materi-alien zu erhalten.





Contents
Aknowledgements iiiAbstrat vZusammenfassung ixTable of ontents 11 Introdution 52 Literature survey 92.1 Experimental analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 92.2 Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112.2.1 Miromehanial modelling . . . . . . . . . . . . . . . . . . . . . 112.2.2 Phenomenologial modelling . . . . . . . . . . . . . . . . . . . . 132.2.3 Finite element modelling . . . . . . . . . . . . . . . . . . . . . . 162.2.4 Rate dependent modelling . . . . . . . . . . . . . . . . . . . . . 172.3 Misellaneous studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203 Conepts of piezoeletri materials 253.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253.2 Smart strutures and properties . . . . . . . . . . . . . . . . . . . . . . 253.2.1 Ferroeletriity . . . . . . . . . . . . . . . . . . . . . . . . . . . 263.2.2 Piezoeletriity . . . . . . . . . . . . . . . . . . . . . . . . . . . 273.2.3 Pyroeletriity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313.2.4 Eletrostritivity . . . . . . . . . . . . . . . . . . . . . . . . . . 313.2.5 Magnetostritivity . . . . . . . . . . . . . . . . . . . . . . . . . 333.2.6 Shape memory e�et . . . . . . . . . . . . . . . . . . . . . . . . 331



2 CONTENTS3.3 Piezoerami materials . . . . . . . . . . . . . . . . . . . . . . . . . . . 333.3.1 Prodution proess of piezoeletri materials . . . . . . . . . . . 353.3.2 Perovskite strutures . . . . . . . . . . . . . . . . . . . . . . . . 353.3.3 Ferroeletri domains . . . . . . . . . . . . . . . . . . . . . . . . 413.3.4 Domain swithing . . . . . . . . . . . . . . . . . . . . . . . . . . 423.3.5 Rhombohedral strutures . . . . . . . . . . . . . . . . . . . . . . 433.3.6 Ferroeletri domain swithing . . . . . . . . . . . . . . . . . . . 443.3.7 Ferroelasti domain swithing . . . . . . . . . . . . . . . . . . . 453.3.8 Marosopi properties . . . . . . . . . . . . . . . . . . . . . . . 474 Quasi-stati Models 534.1 Struture of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . 534.2 Eletrial loading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 584.3 Stress-strain and stress-polarization relations . . . . . . . . . . . . . . . 634.4 Eletri �eld and onstant ompressive stress . . . . . . . . . . . . . . . 704.5 Conluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 755 Rate dependent model 775.1 Relaxation time and frequeny . . . . . . . . . . . . . . . . . . . . . . . 775.2 Rate dependent model . . . . . . . . . . . . . . . . . . . . . . . . . . . 775.3 Rate dependent yli eletri loading . . . . . . . . . . . . . . . . . . . 795.3.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 825.4 Rate dependent mehanial loading . . . . . . . . . . . . . . . . . . . . 875.4.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 885.5 Conluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 966 Intergranular e�ets 996.1 Conepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 996.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1026.3 Conluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1097 Summary 111Referenes 113Appendix 123



CONTENTS 3A Theory of piezoeletriity 125A.1 One dimensional model of piezoeletriity . . . . . . . . . . . . . . . . . 125A.2 Thermodynamial relations . . . . . . . . . . . . . . . . . . . . . . . . 129Resume 135



4 CONTENTS



Chapter 1IntrodutionThe motivation of this study is to develop a new miromehanial model for the eletro-mehanial behaviour of polyrystalline piezo- and ferroeletri materials. Despite thereare lots of miro- and maromehanial models for the simulations of nonlinear proper-ties of piezoeletri materials, existing models are still su�ering to simulate signi�antharateristis of these materials. The reason of this is as follows. First, the behaviouris getting ompliated when eletrial and mehanial loading are applied together,so-alled eletromehanial oupling or linear onstitutive behaviour. Seondly, as theapplied load is getting higher, the response of the piezoeletri material to mehani-al or eletrial loading is hanging nonlinearly. The mirostruture of the materialsis distorted spontaneously and temperature is also in�uening the lattie struture ina nonlinear manner. Third, suh a lattie distortion or phase transformation an giverise to internal stresses in the miro level of the material due to the mismathing ofgrains or domains. Lastly, the nonlinearity stemming from phase transformation is notirrespetive of the rate of the applied loading. Therefore, muh more researh on piezo-eletri materials is still required overing all auses of these nonlinearieties both instatial and in dynamial loading ases.A signi�ant part of appliations used in industry are piezoeletri atuators and sensor.Although they are operated in low eletromehanial loading onditions, they are stillshowing nonlinearities, whih are the main drawbak of these atuators and sensors.Hene, a miromehanial model is also needed for the simulation of nonlinear problemsof suh appliations. Present models have to be extended to over nonliearities ofboth low and high eletromehanial loading. Therefore, the suggested model wouldbe robust enough to response in any loading onditions with high orrespondene toexperimental results.The ontent of this paper is as follows: hapter 3 presents priniples, onepts, examplesand sienti� appliations of some partiular smart strutures suh as piezoeletri,ferroeletri, eletrostritive and magnetostritive and shape memory materials. Then,5



6 CHAPTER 1. INTRODUCTIONbasi properties of piezoeletri erami materials inluding the types, manufaturingmethods, mirostrutures and mesosale harateristis are explained in detail. Lastly,the marosopi nonlinear behaviour of piezoeletri materials, whih are subjeted tohigh eletromehanial loading is introdued.Basi piezoeletri linear onstitutive relations and their derivations are presented inthe �rst part of the appendix. Linear onstitutive equations are �rst derived froma simple one dimensional eletromehanial model. Then, thermodynamial oneptssuh as �rst law of thermodynamis are implemented in order to ahieve the samepiezoeletri onstitutive relations.Chapter 2 is devoted to a literature survey in order to get important insights to experi-mental and modelling work in the �eld of piezoeletri materials by di�erent researhersin the past deades. The hapter is divided into subsetions like experimental analy-sis, miromehanial, phenomenologial, rate dependent, �nite element modelling andmisellaneous works in whih more than 130 sienti� publiations in a wide sale areanalysed and summarized.In hapter 4, a miromehanial model for quasi-stati marosopi properties of per-ovskite type tetragonal piezoeletri materials under pure eletrial, mehanial andeletromehanial loading is introdued. The piezoeletri bulk material is assumedto be at the virgin unpoled state in the beginning. First, the model is desribed andquasi-stati properties are given. Then, the material is separately subjeted to purebipolar eletrial and unipolar mehanial yli loading. During the eletromehanialloading ase, a yli bipolar eletrial �eld together with various onstant mehan-ial stress levels are implemented. The simulation results are illustrated in di�erentmarosopi urves like eletri displaement or polarization versus eletri �eld or me-hanial strain versus eletri �eld for eletrial loading, eletri displaement versusmehanial stress or mehanial strain versus mehanial stress with the omparisonof orresponding experimental ones.The fous of hapter 5 is to model and simulate frequeny dependent harateristis ofpolyrystalline piezoeletri materials. The model, whih is introdued in hapter 4 isextended to over the frequeny and amplitude dependene for a yli loading of thesematerials. Simulations are performed for various moderate frequenies and amplitudelevels of both bipolar eletrial and unipolar mehanial (ompressive) loading of PZT-PIC 151 (PI Cerami) material.Chapter 6 presents another miromehanial model, whih takes into aount intergran-ular nonlinearities. New parameters are introdued for haraterising the intregranulare�ets miromehanially. The results are shown in urves for the mehanial strainversus eletri �eld butter�y hysteresis urves not only under high yli eletri �eldbut also low eletri �eld with di�erent amplitude values for simulating the small hys-teresis loops in piezoeletri atuators and sensors. Additionally, the simulations forritial loading ases are also presented.



7In hapter 7, onlusion and suggestions for the future work, espeially regarding ratedependeny and intergranular onepts for polyrystalline piezoeletri materials aregiven.
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Chapter 2Literature survey
2.1 Experimental analysisPlenty of experiments have been performed and desribed in literature in order to ob-serve non-linear properties of ferroeletri materials. For the point of measurements,nearly all the experimental set-up are the same. The sample that is piezoerami mater-ial is usually subjeted to both eletri and mehanial loading. In order to get a preisemeasurement generally a rigid servo-hydrauli test frame is used that an exert highompressive stress (�gures 2.1 and 2.2). In some experiments a speial loading �xturehas been used for a orret alignment of the loadings [HLM95℄, [CE93℄, [SH96℄, [Lyn96℄,[SHF03℄, [BRB01℄. A high eletri �eld is applied to the sample by using high voltageampli�ers. In these experiments mostly strain gauges or non ontat measurement in-struments (ontat-less probe, laser) are involved in order to measure the mehanialstrain output. Shaeufele et al. [LFLH99℄ used indutive displaement transduers in-stead of strain gauges to get a high repeatability in the strain measurements (�gure2.2). Zhou et al. [ZKM01℄ used a LVDT (linearly variable displaement transduer)for the strain measurement in their experiments. In addition to strain the eletri dis-plaement and the polarization is also monitored by simply adding a apaitor, whihis onneted to ground. Measurement outputs with strain, eletri displaement, stressand eletri �elds are reorded on a multiple hannel data aquisition system via ADC(Analogue to digital onverter). In suh experiments alternating eletri or mehanialloadings are applied. The amplitude of the loading is slowly inreased (quasi-stati) toobserve hysteresis and butter�y loops [HLM95℄.The response of piezoeletri materials to more omplex, ombined eletromehanialloading was observed in experiments by Zhou et al. [ZK04℄. During the experiments,both eletrial and mehanial �elds are applied yli with various onditions suh asin phase and out of phase and di�erent magnitude of mean mehanial pre-stress. Oneof the signi�ant observations is the slight enhanement of piezoeletri and dieletri9



10 CHAPTER 2. LITERATURE SURVEYonstants for low pre-stress and redution for higher pre-stress.
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2.2. MODELLING 11Lynh [Lyn96℄ made some experiments on soft PLZT material in order to see thee�et of nonlinearities of piezoeletri materials on seleting piezoeletri materials.The experiments observed the response of soft piezoeletri materials to the appliedeletri �eld and mehanial stress. Basially, the limitations of linear modelling andthe limitations of omposition of PLZT as an atuator material are investigated forsuh PLZT materials.Important ontributions by early experimental investigations of ferroeletri materialswere presented by Cao and Evans [CE93℄. They observed basi stress strain harater-istis with linearly hanging strain at low and high stress and non linearly hangingstrain at moderate stress levels of ferroeletri materials. In addition to these, theyalso observed di�erenes in the responses of the stress strain relationship for hard andsoft PZT materials, whih have both some similar mehanial properties suh as yieldstrength. In some later experiments, besides the e�et of types of PZT (soft or hard),in�uene of the onentrations of elements and phase hanges (tetragonal to rhombo-hedral and rhombohedral to tetragonal) was also investigated [LFLH99℄.Various investigators performed some omplex measurements for the assessment ofexisting multi-axial miromehanial and phenomenologial models with experiments,whih were done with di�erent loading onditions suh as uni-axial ompressive stressand oaxial eletri �eld for unpoled BaTiO3 and PZT ferroeletris [SHF03℄.2.2 ModellingComputer simulations and modelling are ommon ways for understanding the har-ateristis of ferroeletri and piezoeletri materials like in all other researh areas.There are two di�erent approahes that have been used in literature. Miromehanialmodelling is the one that takes physial insights into aount during the simulation.Phenomenologial modelling is the other approah that mostly relies on a thermody-namial basis for simulation.2.2.1 Miromehanial modellingSimulations of the nonlinear behaviour of piezoeletri materials based on physialinsights of the material are performed by using miromehanial models. In these mod-els usually bulk piezoeletri materials are assumed to be omposed of domains thatare randomly oriented. It is supposed that the behaviour of eah element is that ofa mirorystal. Linear onstitutive equations are used to alulate the e�ets of theapplied eletri �eld and the applied mehanial stress until domain swithing ours.The models assume that the eletri �eld or the mehanial stress in the material isuniform. An energy equation is introdued for the threshold of domain swithing. An-



12 CHAPTER 2. LITERATURE SURVEYalytial averaging over all elements is implemented in order to get the marosopiproperties aording to the miromehanial model.Several miro-eletromehanial models have been developed for the non-linear behav-iour of ferroeletri materials. Hwang et al. [HLM95℄ proposed a similar model likethat desribed above. They use a Preisah hysteresis model to desribe the polariza-tion and strain simulation of eah grain of the PLZT. In this model the ritial energyneeded for domain swithing is onsidered to be twie the multipliation of sponta-neous polarization and oerive eletri �eld. The model assumes that the marosopiload is equal to the load on eah grain of the PLZT. The simulations are omparedwith experiments, whih were performed with PLZT 8/65/35. The limitation is omingout that this model ould not desribe the relation between strain and eletri �eldproperly. In [MK98℄, Mihelitsh et al. presented an extended analytial approah ofthe model of Hwang et al. [HLM95℄. The model assumes that the material onsists ofsingle domain grains whih have transversely isotropi miro properties. Marosopiquantities are derived by a simple analytial averaging. The dieletri hysteresis of thepolarization versus eletri �eld, the butter�y hysteresis of strain versus eletri �eldand mehanial depolarization urves under mehanial stress are alulated for thefully poled ase.Chen and o-workers [CFH97℄ establish a mirosopi onstitutive relation of singlerystal ferroeletri materials by using an internal variable onstitutive theory anddomain volume frations. The model is developed for prediting the properties of poly-rystalline ferroeletris based on monorystalline ferroeletris. Beause of di�erenesbetween monorystal and polyrystalline materials, the simulation of the theory doesnot math exatly.A self onsistent miromehanial model with di�erent sets of swithing systems for fer-roeletri polyrystals by using some dimensionless miromehanial parameters suhas dimensionless piezoeletri onstant, polarization and dieletri onstants has beenpresented by Huber et al. [HF04℄. Barium Titanate, PZT-4D, and PZT-5H materi-als are hosen as sample eramis for the assessment of the model and experimentaording to the varying dimensionless material parameters.Hwang et al. [HM98℄ presented a simulation for polarization swithing to predit ele-tri displaement and strain harateristis of polyrystalline tetragonal ferroeletrieramis, whih are subjeted to an eletromehanial loading. In their model, the en-ergy required for swithing is approximated by using additional parameters to providethe best �t to experimental data that were obtained before. The simulations are ar-ried out for di�erent eletrial and mehanial loadings. Though they get reasonablesimulations for espeially eletri displaement and strain versus eletri �eld urves,the simulations are limited in approximating the gradual proess of swithing.In an other model, in order to estimate the interation of the eletromehanial �elddue to the domain swithing, an Eshelby inlusion method is provided [HHMF98℄. An



2.2. MODELLING 13ellipsoidal piezoeletri inlusion model in an isotropi matrix, whih is derived fordomain swithing is implemented in the simulations [MH97℄.Di�erent types of miromehanial simulations of tetragonal ferroeletri eramis wereperformed by Lu et al. [LFLH99℄. Using an orientation distribution funtion for de-sribing the domain patterns of ferroeletris in miromehanial model was the basidi�erene of the model from others. Various simulations were performed by using om-bined eletromehanial loadings. The hange of the urves were observed while usingdi�erent stress and eletri �eld values. Their basi limitation was the assumption thatthe marosopi load is equal to the load on eah grain of the ferroeletri material.Another similar approah was used by Chen and Lynh [CL98℄. The model mentionedsome other phenomena suh as di�erenes between tetragonal and rhombohedral stru-tures, di�erent energy levels assoiated with swithing riteria of these strutures (90◦and 180◦ for tetragonal, 70.5◦, 109.5◦ and 180◦ for rhombohedral), interation e�etsbetween grains and phase transitions (rhombohedral to tetragonal, tetragonal to rhom-bohedral). Additionally, they applied a linear saturation model to their alulations inorder to math simulations with experimental data. Their results show that the in-teration energy between grains in�uenes the hysteresis and butter�y urves, but thedi�erene of the rystal struture has no signi�ant e�et on the material nonlinearity.Another model tried to explain polarization swithing under various loading onditionswith non 180◦ domain swithings [CC01℄. It is assumed that there our only non 180◦domain swithings during loading and unloading of piezoeletri eramis. With thisassumption, there need to be two onseutive non 180◦ domain swithings in order toswith the dipoles in opposite diretion. The butter�y and hysteresis urves whih aresimulated in this model are not so symmetri. This is the basi drawbak of the model.2.2.2 Phenomenologial modellingPhenomenologial marosopi modelling is the other approah that mostly relies ona thermodynamial basis for simulation. Some di�erent phenomenologial onstitutivemodels are developed for simulating the behaviour of piezoeletri and ferroeletrimaterials. Beause of having less time requirement for alulations, phenomenologialmodels are in this sense more advantageous than miromehanial models.Reently, some marosopi onstitutive models were developed to predit the behav-iour of ferroeletri and piezoeletri materials. Bassiouny et al. [BGM881℄, [BGM882℄and Bassiouny and Maugin [BM891℄, [BM892℄ are the �rst researhers to develop anonlinear phenomenologial model, whih was built within the sheme of a thermo-dynamial theory. Their model uses plasti deformation and residual polarization asinternal variables, whih de�ne both reversible and irreversible eletromehanial be-haviours of ferroeletri media. The model tries to explain the eletri e�ets by usingvisoelastiity onepts in mehanis. Most of the reent phenomenologial attempts



14 CHAPTER 2. LITERATURE SURVEYhave been taking this model as a starting point for developing their model. Anotherearly marosopi model suessfully implemented basi hysteresis and butter�y urveswith the assumption of delay in domain swithing response due to the applied eletri�eld [CM80℄.Kamlah et al. [KT99℄, [KBMT97℄ presented a simple phenomenologial model for ferro-eletri materials to simulate the basi dieletri hysteresis, butter�y hysteresis, ferro-eletri hysteresis, mehanial depolarization and polarization indued piezoeletriityurves. This model is simple enough to be implemented in a �nite element ode forthe ase of uni-axial loadings. The basi assumption of this model is to take the inter-nal state variables as irreversible strain and polarization in addition to stress, strain,eletri �eld and polarization. They take into aount the history dependene of thematerial behaviour by introduing ertain internal variables representing the historyknowledge of the material. In this model a three dimensional formulation was alsopresented. Another di�erent phenomenologial model is also presented by Kamlah etal. [KJ97℄, [Kam01℄. The model presented marosopially not only history dependentnonlinearities and dieletri butter�y hysteresis due to swithing, but also thermo-eletromehanial oupling properties and rate dependent e�ets in the simulations. Inspite of being e�etive to simulate important properties of ferroeletri materials, themodel is too ompliated to be solved analytially. Therefore, some numerial methodssuh as numerial integration is used to model the system.MMeeking et al. [ML02℄ propose a phenomenologial onstitutive model for ferroele-tri swithing under multi-axial mehanial and eletrial loadings. The basis of themodel is taking a one-to-one relationship between remnant polarization and remnantstrain. Remnant polarization is taken as the only internal variable relating the kine-mati e�ets of the model. This property gives a signi�ant shortoming to the modelthat annot get ompressive strains parallel to the polarization diretion. Furthermore,it does not produe remnant strain during zero polarization. But it is satisfatoryenough for mehanial stresses whih are relatively small ompared to eletrial load-ings.A similar one dimensional phenomenologial model based on potential energy equationsof di�erent types of domain swithing for perovskite type tetragonal piezoeletri mate-rial is presented by Harsimar [Har04℄. The simulation results are presented with thermalharateristis as well as eletromehanial loading. Fully symmetri phenomenologialsimulation urves are obtained by addition of orresponding dieletri, piezoeletri andelasti properties of piezoeletri materials into domain swithing riterions [Lan01℄.A onstitutive model for non-linear swithing of ferroeletri materials is developed byHuber et al. [SH96℄. The model uses a single rystal onstitutive law that is analogous toslip systems of rystal plastiity theory. Although the model aptures the smooth shapesof dieletri hysteresis and butter�y hysteresis loops under eletromehanial loadsand depolarisation of polyrystalline materials under ompressive loads, the higher



2.2. MODELLING 15omputational time is the basi drawbak.A more general multi-axial onstitutive model based on thermodynami formulationsfor ferroeletri eramis is presented by Landis [Lan02℄. The model is derived fromHelmholtz free energy equations. The internal variables used in the model are remnantpolarization and remnant strain. The onstitutive laws derived from internal variabletheories are symmetri. Regarding the omputational time, the symmetri model isadvantageous for �nite element alulations. Landis et al. [LM99℄ also presented an-other onstitutive model for non-piezoeletri polyrystalline ferroeletris based uponthe domain wall motion through rystals. For prediting the polyrystalline ase, aself-onsistent sheme is implemented. The model is not able to aount for loal in-terations of neighbouring grains of the polyrystalline material.Researhers are also trying to ompare experimental urves, whih are performed un-der multi-axial loading, with the existing models suh as rate independent rystalplastiity model, visoplasti rystal plastiity model and phenomenologial modelsonerning the dieletri behaviours [HF01℄. Experimental urves are presented in ele-tri displaement versus eletri �eld urves for a seletion of di�erent loading angles(0◦,45◦,90◦,135◦,180◦). Among these models, a self onsistent model is found to mathmore aurately to multi-axial loading experiments than others. On the other hand, aself onsistent model is the slowest one from the omputational point of view. There-fore, sometimes it is required to redue the number of internal variables used in themodel for inreasing the e�ieny of the omputation. Ferroeletri domain evolutionis modelled with the help of grain growth theory by Loge and Suo [LS96℄. They usevariational priniples in order to model domain wall motions in a thermodynami non-equilibrium proess.There are plenty of similar phenomenologial models like the one presented by Coksand MMeeking [CM99℄. Their model is akin from the point of view of taking remnantpolarization and remnant strain as internal state variables in Helmholtz free energyrelation.Zhang et al. [ZR93℄ also formulated a 1-D marosopi model based on the �rst andseond laws of thermodynamis applying a ontinuum mehanis onepts. Detailedanalysis of the energy release, whih depends on the loal eletromehanial �elds beforeand after domain swithing, is investigated by Kessler et al. [KB01℄. The analyses wereapplied for the modelling of swithing stability and re-polarization.An extensive basi knowledge of piezoerami and ferroeletri materials is given byJa�e et al. in [JCJ71℄. The onstitutive relations an also be extended to �nite strainpiezoeletri polymers [LM94℄.



16 CHAPTER 2. LITERATURE SURVEY2.2.3 Finite element modellingThe �nite element method is also an e�etive approah for the simulation of piezoele-tri materials. It an be implemented to both miromehanial and phenomenologialmodeling. General �nite element formulation with the basi priniple was given by Alliket al. [AH70℄. Linear properties of piezoeletri materials for statial loading with theexamples of various geometrial shapes are implemented by Peelamedu et al. [PBDN01℄with the help of a �nite element model.Finite element methods for analyzing and simulating suh nonlinear problems havebeen known as their inreased omputational burdens in the models. In spite of takingmuh more time for simulation, the �nite element method an also be implementedin miromehanial approahes [TWSK02℄. Therefore, it is beoming ine�ient froma alulation point of view espeially in some large sale appliation problems suh asnonlinearities of piezoeramis near rak tip. Cao et al. [CG01℄ presented a modi�edmiromehanial �nite element method for fully oupled piezoerami materials in or-der to derease the omputational e�orts. They used analytial methods instead of a�nite element solution in one part of the simulations for both single rystallite andpolyrystalline piezoerami materials.Li et al. [LF04℄ developed a three dimensional �nite element model for the non-linearmodelling of ferroeletri materials with tetragonal mirostrutures. Due to the assump-tion of boundary onditions of the model, elements in the free faes of the materialundergo domain swithing in a less eletrial loading than the ones in the onstrainedfaes. In the model the energy barrier for 90◦ domain swithing is assumed to be onequarter of 180◦ domain swithing. Therefore, for all elements there our two sues-sive 90◦ domain swithings instead of one 180◦ domain swithing. In addition to aonstant uni-axial loading there have been multi-axial loadings for the investigationof the hange of butter�y and hysteresis urves. It is shown that the initial polingdiretions have little e�et on hysteresis loops. Simulation results are given not onlywith eletri displaement-eletri �eld and strain-eletri displaement urves for aneletrial loading but also stress-strain and stress-eletri displaement urves.A study of polarization swithing in polyrystalline ferroeletri materials with inter-nal eletrial and mehanial ontributions has been given by Hwang et al. [HW00℄,[HW00℄ using the �nite element method. The simulation shows that domain swith-ing ours for an eletrial loading of less than 5 % of the oerive eletri �eld. Themodel explains the polarization swithings and probability of possible swithing ofneighbouring regions at low loadings with the explanation of the Rayleigh law. Thisis the predition of propagating polarization swithing sequene forming a parabolishape with the major axis whih is parallel to the applied eletri �eld diretion for lowloading range. They use a phenomenologial parameter alled weighting fator for themehanial and eletrial ontribution to polarization swithing to simulate hysteresisand butter�y urves. When the eletrial ontribution is higher, whih is given by the



2.2. MODELLING 17lower values of weighting fator, 90◦ domain swithing is more enouraged than 180◦domain swithing or vie versa. Grain size e�ets of the materials to the eletri dis-plaement versus eletri �eld urve have been also disussed and on�rmed by �niteelement simulations and show that polarization swithing is not dependent on the size[HW00℄.Unlike using a salar eletri potential to nodal points of a standard �nite elementalulation, Landis [Lan02℄ implemented a vetorial eletri displaement derived froman eletri potential, whih is more advantageous for the numerial stability of the non-linear behaviour of piezoeletris. However, the number of nodal degrees of freedom isinreased in 3-D problems. Ghandi et al. [GH97℄ proposed a hybrid �nite elementmodel whih inreases the numerial e�ieny of modelling the nonlinear behaviour ofPZT ferroeletris. By means of eliminating some internal iterations in �nite elementalulation, the hybrid �nite element model is more suessful than onventional modelsespeially in omputational time.Arokiarajan et al. [ADMS1℄,[ADS04℄,[ADSM04℄ present a three-dimensional nonlinear�nite element miromehanial model based on a free energy equation, whih overs adomain swithing riterion and a probabilisti model. The model is also extended forrate dependent properties of piezoerami materials by means of linear kinetis theoryin addition to quasi-stati eletromehanial loading. Simulations are performed notonly for pure yli eletri and mehanial stress but also for onstant ompressivestress with yli eletri loading.2.2.4 Rate dependent modelsIn experiments it has been observed that the mehanism of domain swithing in grainsof piezoeletri materials is dependent on the rate of the loading. Therefore, the proessbeomes more nonlinear when the marosopi alternating loading is applied withdi�erent frequenies. In some appliations of piezoeletri materials, rate dependentharateristis are important and have to be studied.Early experiments about determination of eletri �eld and temperature dependene ofswithing time and urrent were performed by Merz [Mer54℄ for BaTiO3 single rystals.Additionally, he explained the swithing mehanism as nuleation of new domainsand a growth proess with domain wall motion. At the onstant applied eletri �eld,redution of swithing time and thus inreasing swithing urrent were observed whenthe temperature is inreased. Thus, the nuleation of domains and the growth proessare beoming faster at higher temperatures. Likewise, the dependene of the swithingtime and urrent with respet to the applied eletri �eld and the oerive �eld at a �xedtemperature is observed. One of the �rst disussion for simulating the rate dependeneof the polarization urve of BaTiO3 is given by Landauer et al. [LYD56℄ with the helpof Merz's [Mer54℄ observations, in whih the rate of swithing was basially related to



18 CHAPTER 2. LITERATURE SURVEYthe exponential funtion of the applied eletri �eld. Although the mehanism of theswithing proess is not determined learly as nuleation and a domain expansion, theymanage to illustrate the hange of the oerive �eld during the appliation of an eletriloading with di�erent rates. Then minimum oerive eletri �eld is found for theminimum loading rate. Aording to his experiments Drougard [Dro60℄ proposed thatrate dependent properties of BaTiO3 are dominated by domain wall motion governedby a nuleation proess of polarization swithing and he argues that nuleation doesnot disappear ompletely during the starting and end of the polarization swithing.Extensive analysis of rate dependent domain swithing mehanisms both nuleationand growth of the swithing mirostruture in ferroeletri materials based on thermo-dynamis and kinetis is presented by Kukushkin et al. [KO02℄.Behaviours of domain wall motion for BaTiO3 and eletrostritive strain response areexperimentally analysed under both quasi-stati and frequeny dependent yli ele-tri loading in addition to a onstant mehanial stress [BRB02℄. The measurementsare performed in real time with the help of a mirosope and CCD (harge oupled de-vie) amera in the experimental set-up. A high resolution LVDT is used for measuringdisplaements of the sample.Mukherjee et al. [MRLMY01℄ measured dieletri, elasti and piezoeletri onstants ofboth soft and hard piezoeletris as a funtion of not only eletri �eld and mehanialstress but also temperature and frequeny of the loading by using a laser interferometersystem whih makes measurements very easy and e�etive both in longitudinal andtransverse diretions. Aording to these experiments piezoeletri onstants are nothanging dramatially as the frequeny of the alternating loading is inreased. Theresponse of the piezoeletri onstants for hard piezoeletris (PZT EC-69) is nearlythe same with respet to loading frequeny. However, they are dereasing in values(5-15 %) for soft materials (PZT EC-65) as the frequeny is inreased from 10−2 Hz to103 Hz.The in�uene of rate dependene on the polarization and strain is investigated by Zhouet al. [ZKM01℄. The experiments are performed in a low frequeny range between 0.01Hz to 1.0 Hz. In their experiment the oerive eletri and stress �elds are found to in-rease with inreasing frequeny in polarization and strain versus eletri �eld urves.The saturation polarization and strain values are not deteted any more when thefrequeny is inreased. Besides, the hange in the harateristis of the strain versuspolarization graph is also deteted. It is laimed that the di�erent rate orientation ofswithing types (90◦ and 180◦) is supposed to be the reason of experimental results.Bursu and o-workers [BRB01℄ investigate also the rate dependent response of me-hanial strain of BaTiO3 in their experiments. They observe the inrease in oeriveeletri �eld level when the frequeny is inreased (0.05 Hz to 1 Hz) as well. But sur-prisingly, inrements of saturation or remnant strain value are observed so high, whenthe loading frequeny is inreasing from 0.05 Hz to 1 Hz. Thus, experimental results



2.2. MODELLING 19are not mathing exatly to Zhou's [ZKM01℄ observations. However, they are bothperforming the experiments at the same loading rate level. The basi reason for suhdi�erent behaviours an be explained by using di�erent piezoeletri sample types,whih are used in the experimentsA nuleation and growth mehanism in phase transformation of materials and kinetisrelations is �rst proposed by Avrami [Av39℄, [Av40℄, [Av41℄. There are some modi�-ations to this theorem to get best �tting of polarization swithing versus time forferroeletri materials by taking into aount the geometrial boundary riteria andan anisotropi size and growth mehanism [SRM98℄. Cao et al. [CTX99℄ present asimulation of ferroeletri phase transition to emphasize the e�ets of boundary on-ditions using a time dependent Ginzburg-Landau model. It is veri�ed in the modelthat surfaes are the favourable nuleation plaes for polarization swithing. Wang etal. [WSCLZ04℄ simulate the polarization swithing using a phase �eld model, whihis based on an extensional version of the Ginzburg-Landau model with taking intoonsideration the e�ets of bulk free energy, eletri and elasti energies, domain wallenergy, dipole-dipole eletri and elasti interation energy omponents. Although themodel results in an asymmetri behaviour for the mehanial strain versus eletri �eldurve, the simulations have shown the proof of the kinetis proess of nuleation andgrowth of new domains in domain swithing.A maromehanial model for time dependent hysteresis of PZT5A piezoeletri mate-rial at low range frequenies is given by Smith et al. [SOW01℄. The model inorporatesrate dependeny to the basi quasi-stati hysteresis model in whih the e�et of in-lusions to the domain wall motion is onsidered as well. Although the model doesnot aurately predit the hange in oerive �eld, it athes the redution in remnantpolarization during an inrease of the loading frequeny in a low regime.A 3-D ontinuum model, overing swithing riterion and kinetis of polarizationswithing has been suessfully applied to 2D ferroeletri eramis using a �nite el-ement method by Kim et al. [KJ02℄. The model assumes that the material onsistsof various types of ferroeletri variants the behaviour of whih is haraterized byHelmholtz free energy. Nuleation of domains and kinetis of swithing are determinedby the value of the eletromehanial energy and driving fore between variants respe-tively. A simple linear kineti relation is used for the propagation of the new variant.The model explains the rate-dependent behaviour in terms of the hanges in massfrations of di�erent types of variants. The simulations are performed for hysteresisand butter�y urves for yli loadings of various frequenies. The model shows theenlarging of the hysteresis urve when the loading frequeny is inreased.Viehland et al. [VC00℄ present an experimental investigation of the frequeny dependentharaterisation of ferroeletri material with hemial name 0.7Pb(Mg1/3Nb2/3)O3-0.3PbTiO3. Additionally, a random �eld model based on the reation of polar lusterswith a reversed polarization within ferroeletri domains is introdued for the kinetis



20 CHAPTER 2. LITERATURE SURVEYof domain swithing and domain dynamis. The results of experiments and simulationsan be well understood for suh types of ferroeletris. However, there are some missingpoints for di�erent ferroeletri materials suh as inreasing of the marosopi polar-ization during the early unloading stage of the eletri �eld up to the oerive �eldat higher frequenies. The validity of heterogeneous nuleation in the environments ofquenhed random �elds in soft ferroeletri materials is demonstrated and nuleationproesses whih are not restrited to be on domain walls are given to be related to theimpurity density of inhomogeneous polyrystalline materials [VL01℄.Omura et al. [OAI91℄ propose a simple 1-D lattie model for the explanation of delayduring polarization swithing by a so-alled visosity onstant. In their model, as thevisosity onstant is inreased, the oerive �eld of the hysteresis urve simulationinreases like in the ase of a high frequeny yli loading of piezoeletri materials.Another time dependent property of piezoeletri materials is ageing, whih is thehange of material parameters suh as remnant polarization and strain with time afterompletion of the loading and the unloading proess at long term loading. Zhou [Zho03℄observed a redution of the absolute magnitude of the eletri displaement and strainwith di�erent loading rates during relaxation time duration of PIC 151 soft PZT in hisexperiments.2.3 Misellaneous studiesRayleigh law whih is used basially for magneti equations an also be applied to someferroeletri materials showing piezoeletri property suh as PZT and BaTiO3 underlow eletromehanial �elds. Damjanovi [Dam97℄ showed the appliability of Rayleighrule by presenting quadrati relation between the harge density and the applied al-ternating mehanial stress and a linear relation between the piezoeletri onstantand the frequeny and amplitude of the applied alternating mehanial stress for suhmaterials. It is indiated that the dependene of the piezoeletri onstant on the me-hanial stress and small piezoeletri hysteresis loops an be explained by pinning ofdomain walls di�erent than 180◦. But still there are some properties of ferroeletrimaterials whih do not obey this priniple. It is proposed that there are still manynon-180◦ domain walls at the fully poled state of polyrystalline ferroeletri materials[Dam98℄. Therefore, the mehanial strain versus eletri �eld urve harateristis isexplained by these non swithed non-180◦ domain walls. The domain swithing proessin both �ne and oarse grained perovskite type tetragonal elements has been inves-tigated by Arlt et al. [Arl96S℄, [Arl97℄, [Arl96A℄. It is proposed that during a 180◦domain swithing of the grain a new transient highly mobile 90◦ domain wall is gen-erated inside the grain for eletrial loading, whih is higher than the oerive level.As it an be seen in �gure 2.3 that 180◦ domain swithing is ahieved for the ompletedomain by having only 90◦ domain swithing in sub-domains with domain wall motion



2.3. MISCELLANEOUS STUDIES 21beginning at the grain boundary. Propagation of new domains is dominated by thephase boundary between old and new nuleated phases. Although sub-domains haveompletely 90◦ domain swithings, the total domain undergoes an overall 180◦ domainswithing. Hysteresis urves that are using one ritial eletrial swithing �eld havebeen simulated with the desribed model. The model an explain nonlinear dieletriphenomena, although it deviates from the other models whih assume two suessive90◦ swithings in order to ahieve a 180◦ swithing. Additionally, the model fails toexplain the 90◦ swithing of the overall grain.
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Before nucleationFigure 2.3: Domains inside one grain under eletrial loading, before, during and afterthe swithing proess (Arlt et al. [Arl96S℄, [Arl97℄, [Arl96A℄, [AN88℄)Di�erent orientation distributions between grains or mirostrutures inside bulk piezo-eletri materials have been taken as a basi assumption for modelling of polyrystallinepiezoeletri materials. E�ets of di�erent orientation distributions on the marosopibehaviour of piezoeramis are investigated by Fotinih et al. [FC00S℄ using a miro-mehanial �nite element model. They use two types of rystalline distributions. Onetype is a regularly hanging distribution where eah element has an orientation di�er-ene of an angle of 2◦ from the neighboring element through the layers of the material.The seond type is a random distribution. It is observed in the simulations that maro-sopi urves are sharper for a regularly hanging distribution than for a random one.The authors used di�erent domain swithing riteria based on eletri displaementwith stability arguments instead of free energy riteria in their other �nite elementmodel of monorystalline piezoeramis [FC00J℄. The model is applied in harateris-tis of fatigue behaviour near a rak in piezoeletri materials under eletromehanialloading. The in�uene of parameter data to the marosopi behaviour is investigatedanalytially by varying permittivity and piezoeletri oe�ients in the model [FC02℄.



22 CHAPTER 2. LITERATURE SURVEYGerthsen et al. [GK76℄ try to formulate the oerive �eld of �ne grained PLZT ma-terials with respet to some material parameters suh as spontaneous polarization,spontaneous strain and elasti modulus by haraterizing predominantly a non 180◦domain swithing proess in grains. For tetragonal elements the formulation of the o-erive �eld for the displaement of 90◦ domain walls is also presented with respet tobasi piezoeletri material parameters [Sh81℄, [Kr76℄.A domain swithing riterion based on internal-energy density has good predition of180◦ and 90◦ domain swithing parameters espeially at the point of mehanial loading[SA04℄.The in�uene of interations of domains to the marosopi behaviour of piezoeletrimaterials aording to thermodynami approah and internal variables is presentedby Elhadrouz et al. miromehanially [EZP05℄. Interation onepts stem from theinompatibilities of the spontaneous strain and eletri displaement �elds betweendomains. Nevertheless, simulations under a ompressive loading are given with the as-sumptions, they are not suessfully illustrated due to the inaurate implementationsof the interation energy in the simulations. Ball et al. [BSKS05℄ develop a ferroelastiswithing model for lead zironate-titanate (PZT) whih quanti�es the internal andeletrostati energy assoiated with 90◦ and 180◦ dipole orientations. In order to in-orporate inhomogenities of domains, interation energy implemented in the energyequations is assumed to be related to exponential funtions and varianes of exper-imentally measured values. The results are shown in hysteresis and butter�y urvesunder various onstant ompressive stresses with orresponding experimental ones. Astatistial theory of ferroeletri materials like BaTiO3 doped with Fe are analyzed inorder to understand the random interations of suh dopants in ferroeletri materi-als [Bos87℄. Chen et al. [CW98℄ study ferroeletri domain wall motion formulated inanalogy with disloation theory in plastiity.A onstitutive model for the nonlinear e�etive behaviour of piezoerami materialsis presented in [RK00℄, [RK00F℄. The model is restrited to a small eletromehanialloading so that the nonlinearity due to domain swithing is assumed to be negligible.The basi aim of the study is to model the e�et of interation of the mirorystals in astatistial method using e�etive medium approximation. Lateral domain wall motionis taken as the dominating ause of the nonlinearity for small loads. The riterionfor domain wall motion is based on the thermodynami energy di�erene for hangingdomain volume frations. In [RK99℄, the only e�et of orientation distributions of grainsin a polyrystal on the linear eletro-elasti properties of piezoerami materials usinge�etive medium approximation is presented. The e�etive medium approximationmethod is also applied in ferroeletri omposite materials for alulating thermo-eletro-elasti properties [KR98℄.There are some approahes for deriving e�etive piezoeletri material onstants. E�e-tive linear dieletri, elasti and piezoeletri onstants of piezoerami are determined



2.3. MISCELLANEOUS STUDIES 23by using a numerial method for random volume elements [FBW00℄. In this work, thepolyrystalline material is assumed to onsist of single domain rystals generated byrandom Voronoi tessellation. The basi addition of this model is taking into aountthe e�et of interations between grains.Meyer et al. [MV02℄ investigated the properties of 180o and 90o domain walls in PbTiO3in order to prove that the energy required to reate a 180o domain wall is higher thanfor a 90o domain wall for defet free strutures. They use an atomisti approah andalulate the fully relaxed atomi struture, polarization pro�le aross the domain walland barrier level for a domain wall motion. The alulations of energy requirementsresult in 35 mJ/m2 for 90o domain wall, about a fator of 4 lower than the energy of180o domain wall reation, whih is found to be 134 mJ/m2.Haug et al. [HOG05℄ demonstrated a two dimensional multi-grain model, whih pre-dits internal stresses during poling as a onsequene of a mismath in rystal orienta-tions of a ferroeletri polyrystal by using the miromehanial model of Huber et al.[HFLM99℄. The results are presented in marosopi butter�y and hysteresis urves foran unpoled single and polyrystals by applying an eletri �eld. However, they manageto �t their simulations to experimental hysteresis urves. The di�erene in mehanialstrain is found to be smaller during a yli loading than during the poling from thevirgin state in the butter�y urve.It is experimentally found that the porosity of the material struture signi�antlyin�uenes the material onstants of piezoeletri materials suh as piezoeletri andelasti onstants [Kah85℄, [NIOB80℄, [BW89℄. Dunn [Dun95℄ proposed a theoretialself-onsistent approah for the estimation of grain shape anisotropy and the in�ueneof porosity whih is found to have a strong e�et on the dieletri onstant.E�ets of mehanial stress under yli eletri loading for heterogeneous eletro-mehanially oupled ferroeletri materials using Eshelby's method to the inlusionproblem are presented by related authors [LW02℄.
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Chapter 3Conepts of piezoeletri materials
3.1 IntrodutionThe aim of the present hapter is to introdue the basi onepts of piezoeletrisand ferroeletris with other ategories of smart materials, whih are magnetostritive,eletrostritive, shape memory and pyroeletri. De�nitions of suh smart materialsinluding piezoeletriity are provided with additional examples of sienti� and engi-neering appliations. Then, piezoeletri erami materials are explained in more detailin a wide range like manufaturing proesses, mirostrutures in miro- and mesosale,linear and nonlinear properties and marosopi analysis.
3.2 Smart strutures and propertiesMaterials whih sense a hange in the environment and give a useful response by usinga feedbak system are alled intelligent or smart materials. Input sensing and outputresponses for smart materials are basi natural quantities suh as eletri �eld, me-hanial stress, magneti �eld and heat. The priniple of atuators and sensors areexplained in this onept. Figure 3.1 shows the responses of smart materials to inputonditions. Eletrial polarization an be the output of heat and mehanial loading.Likewise, material senses eletrial loading hange by distorting its geometrial shaperesulting a mehanial strain as an output. The de�nition of suh materials an beextended to "very smart" materials whih exhibit adaptive response aording to on-ditions of these natural quantities by hanging their property oe�ients (piezoeletrionstant, elasti onstant, dieletri onstant). Therefore, marosopi properties of"very smart" materials are highly nonlinear [NXKC90℄, [Uh00℄.25
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Inputs OutputsFigure 3.1: Conept of smart strutures (Inputs, Outputs)3.2.1 FerroeletriityIn order to understand ferroeletriity, one should know the basis of dieletri prop-erties and lattie strutures of materials. Dieletriity is the ability to have eletriitythrough the separation of positive and negative harges without any urrent �ow whenan eletri �eld is applied. Movements of harges lead to eletri dipoles whih is alledpolarization with the units of [C/m2℄. It is nothing but harge per unit area or eletridipole moment per unit volume. Dieletri materials are widely used in apaitors dueto their high material properties and superior insulating behaviours [Mur℄.Eletri displaement or eletri �ux density is the physial name of total eletri hargeper unit area of apaitors. Equation (3.1) shows linear relation of eletri displaement(D) with respet to eletri �eld (E) in terms of material dependent dieletri onstant(ǫ) for dieletri materials.
D = ǫE (3.1)Dieletri onstants of some materials with respet to vauum are given in Table 3.1.[ZKM01℄, [SZY82℄.In rystallographi strutures of some materials, polarization an be observed evenwhen they are not subjet to eletrial loading. Polarization whih ourrs under someonditions exept eletrial loading is alled spontaneous polarization. For instane, adrasti hange in temperature an lead to a spontaneous polarization of these mate-rials in their lattie struture. If the diretion of this spontaneous polarization an behanged by the appliation of an eletri �eld the rystals are said to be ferroeletri.



3.2. SMART STRUCTURES AND PROPERTIES 27Material Dieletri onstant [F/m] Relative dieletri onstantVauum 8.854 10−12 1Benzene 2.022 10−11 2.284Barium Titanate (8.854-110.68) 10−10 100-1250Glass (4.427-8.854) 10−11 5-10Iron Oxide 1.257 10−10 14.2Plexiglas 3.010 10−11 3.4Polyethylene 1.992 10−11 2.25PZT(PIC 151) 2.125 10−9 2400Te�on 1.859 10−11 2.1Table 3.1: Typial dieletri onstants of some materials in natureRohelle Salt (KNaC4H4O6.4H2O)was disovered as the �rst material showing ferro-eletri behaviour at the end of 19th entury. In the �rst half of 20th entury, Potassiumdihydrogen phosphate (KH2PO4) and Barium titanate (BaTiO3) were found. Other im-portant ferroeletri materials are Lead titanate (PbTiO3), lead zironate (PbZrO3),lead zironate titanate (PZT), lead lanthanum zironate titanate (PLZT), lead mag-nesium niobate (PMN), lithium tantalite (PbTaO3), and lithium niobate (LiNbO3).Pb(Mg1/3Nb2/3)O3, Pb(Fe1/2Nb1/2)O3 and Pb(Ni1/3Nb2/3)O3 show ferroeletri har-ateristis with high rate or frequeny dependeny on dieletri onstants. Therefore,they are known as relaxor ferroeletris.Ferroeletri materials, whih are ommonly made of eramis are beoming a more in-teresting part of smart materials due to their appliations in sienti� and engineeringarea. MLC (Multilayer erami apaitors) whih are widely used in eletronis engi-neering have advantageous properties for high apaitane due to their high dieletrionstant of ferroeletri materials suh as PMN. Ferroeletri memories are anothersigni�ant implementation of ferroeletri eramis suh as FRAM (Ferroeletri ran-dom aess memories). Although they have some manufaturing di�ulties, ferroele-tri miroeletromehanial systems (MEMS) are also used in ferroeletri thin �lms,aelerometers and miro-mirrors [YNLBL01℄.3.2.2 PiezoeletriityPiezoeletri phenomena are diretly related to the mirostrutural properties of ma-terials. There are thousands of rystals in nature, whih an be ategorized with 230di�erent mirosopi symmetries. There are 32 point groups or marosopi symme-



28 CHAPTER 3. CONCEPTS OF PIEZOELECTRIC MATERIALStries if only symmetry elements are taken into aount. Table 3.2 shows rystal stru-tures with orresponding point groups. Among these 32 point groups, there are 11point groups, whih have enter of symmetry in their lattie strutures. There is onepoint group, whih has no enter of symmetry but an other symmetry ondition holds.The remaining 20 point groups, whih do not possess enter of symmetry, are knownas piezoeletri materials, beause these point groups show polarity in their rystals[Nye85℄. Figures 3.3, 3.2 illustrate rystals with and without enter of symmetry whenthey are loaded with ompressive stress.Crystal system Point groups Non-enter of symmetryCubi 23,m3,432,43m,m3m 23,43m,432Hexagonal 6,6,6/m,622,6mm,6m2,(6/m)mm 6,6,622,6mm,6m2Trigonal 3,3,32,3m,3m 3,32,3mTetragonal 4,4,4/m,422,4mm,42m,(4/m)mm 4,4,422,4mm,42mOrthorhombi 222,mm2,mmm 222,mm2Monolini 2,m,2/m 2,mTrilini 1,1 1Table 3.2: Categorization of rystallographi point groups (point groups given in italiare piezoeletri)In 1880, Curie brothers (Jaques and Pierre Currie) observed piezoeletriity, the de-�nition of whih was given at that time by having an ability of ertain materials toprodue proportional eletrial harge with respet to the applied mehanial stress.This de�nition is later used for only diret piezoeletriity, beause suh materials alsoshow the ability of developing linear dependent mehanial strain or deformation whenan eletri �eld is applied. This is used for the terminology of onverse piezoeletri-ity [JCJ71℄. Figures 3.4 and 3.5 illustrate the reverse and diret piezoeletriity. Theexpressions of diret and reverse piezoeletriity without adding dieletri and elastiproperties are
Dk = dklmσlm (3.2)
Sij = dnijEn (3.3)Here, Dk denotes the eletri displaement, Sij is the mehanial strain, En is theeletri �eld, σlm is the mehanial stress and dklm is the piezoeletri tensor.
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Dk = dklmσlm + ǫσ

knEn (3.4)
Sij = sE

ijlmσlm + dnijEn (3.5)



30 CHAPTER 3. CONCEPTS OF PIEZOELECTRIC MATERIALSwhere ǫσ
kn is the dieletri onstant and sijlm is the ompliane tensor. Supersripts σon ǫ and E on ǫ illustrate the onditions of onstant mehanial stress and eletri �eldrespetively.
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Figure 3.4: Illustration of reverse piezoeletriity
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Figure 3.5: Illustration of diret piezoeletriityExamples of some ommon piezoeletri materials are Quartz (SiO2), polyvinylidene�uoride (PVDF), zin oxide (ZnO) and lead zironate titanate (Pb(Zr,Ti)O3).Piezoeletri atuators are one of the important parts of atomi fore mirosopes(AFM), whih have been widely used in deriving topographi images of materials' sur-faes or providing pitures of atoms in the materials. Piezoeletri stages are integratedin suh appliations in order to be able to realize miro- and nano-positioning of thesamples to be analysed. Various x − y − z or x − y − θ rotational piezoeletri stageshave been implemented in preision measurement devies espeially in optis due totheir high preise movements and senses under ontrol units.When a low eletri �eld is applied to piezoeletri materials in the linear range butwith high frequeny, large mehanial strain an be ahieved due to resonanes of thesystem. High amplitude of mehanial vibration will be generated by the appliationof alternating eletri �eld with the operating frequeny of resonane whih an be



3.2. SMART STRUCTURES AND PROPERTIES 31in kHz and even in MHz range. There has been an enormous inrease in the ultra-soni appliation of piezoeletri materials, espeially in the area of biomedial siene[Chr88℄. Ultrasoni imaging is one of the signi�ant developments, whih has been usedfor the easy diagnosis of illness with very low adverse reation ompared to other med-ial methods like x-rays. Piezoeletri resonators, vibrators, osillators and buzzers areother important examples of piezoeletri appliations whih are operated in resonanefrequeny modes.When piezoeletri devies are implemented in order to transform low voltage inputinto high voltage output by inserting two pairs of eletrodes on the surfaes of twodi�erently operated piezoeletri materials, these devies are named as piezoeletritransformers whih were �rst invented by Rosen [Ros56℄. They are simply onvertingeletrial signals in high dynamial mehanial motions and then reonvert them intoeletrial output. Reent appliations are mainly onentrated on laptops, where a highpower density is required.3.2.3 PyroeletriityThere are ertain rystals whose spontaneous polarization values are sensitive tohanges in temperature values. Suh materials are designated to have pyroeletri prop-erties. Change of spontaneous polarization with respet to temperature di�erene anbe shown by equation
δD = pδT (3.6)Here, p is the pyroeletri onstant. δD and δT are orresponding hanges in eletridisplaement and temperature. Pyroeletri oe�ients an have a negative value, sothat the spontaneous polarization dereases when the temperature is inreased for suhmaterials. As explained above, among 20 piezoeletri point groups 10 of them havea dipole in their lattie struture whih show thermal deformation namely pyroele-triity. That is why all pyroeletri materials show also piezoeletri properties, buta piezoeletri material is not neessarily pyroeletri. Some examples of pyroeletrimaterial groups are CH2CF2, ZnO and Pb(Zr, Ti)O3 [Dam98℄.3.2.4 EletrostritivityAs desribed above, onverse piezoeletri materials have linear proportional strainresponse to an eletri �eld. Sometimes a linear orrelation is not observed for somerystalline materials. Mehanial strain is found to be proportional to the square ofthe eletri �eld for eletrostritive rystals (�gure 3.6). In ontrast to piezoeletrimaterials, eletrostritive materials do not possess spontaneous polarization. Aordingto Cady' s de�nition, the sign of the deformation, whih ours with an applied eletri



32 CHAPTER 3. CONCEPTS OF PIEZOELECTRIC MATERIALS�eld, is proportional to a power funtion of the eletri �eld [JCJ71℄, [Cad46℄. Theeletrostritive phenomenon an be seen for all rystals although the e�et may bevery small. Then mehanial strain (S) an be approximated by a quadrati funtionof the eletri �eld (E) with the eletrostritive oe�ient (M) as fator
S = ME2 (3.7)Pb(Mg1/3Nb2/3)O3-PbTiO3 (PMN-PT) and Pb(Ni1/3Nb2/3)O3-PbTiO3 (PMN-PT) so-lutions show eletrostritive behaviour with high mehanial strain under an eletrial�eld. Atually, the lattie struture of PMN has enter of symmetry at zero ele-tri �eld. By the appliation of eletri �eld, positive and negative harges separatewhih leads to a strain whih is dependent on the eletri �eld quadratially. However,these materials have thermal limitations. Thereby, they annot be used in high per-formane appliations. Additionally, some piezoeletri materials like PLZT are oftenalled eletrostritive [Kkaj℄. These are some displaement transduers made of PMNeletrostritive materials. Sine suh materials have less hysteresis nonlinearity in strainompared to piezoeletri materials, they are more advantageous in appliations. Fur-thermore, eletrostritive materials are inluded in some intelligent appliations likerobotis, sonars and biotehnology.
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3.3. PIEZOCERAMIC MATERIALS 333.2.5 MagnetostritivityMagnetostritive materials hange shapes or dimension under the in�uene of a mag-neti �eld. Magnetostrition was �rst investigated by Joule in 1842. He observed thedeformation in Iron materials when they are subjet to magnetization. The prinipleis the same as reverse piezoeletriity. The only di�erene between them is the ap-plied loading, whih is a magneti �eld in magnetostritivity unlike an eletri �eld inreverse piezoeletriity. The relation between the mehanial strain and the magneti�eld is generally quadrati similar to the eletri �eld dependene of eletrostritivematerials [Smi05℄, [DSFF00℄ (�gure 3.7). Like diret piezoeletriity, magneti proper-ties (magnetization and permeability) of suh materials hange when they are loadedmehanially as well. Terfenol (TbxDy1−xFe) are well known magnetostritive alloys,whih are widely used in vibration and noise ontrol, high preise milling, thin �lmtehnology and as torque transduers in engineering appliations [Dap02℄, [Smi05℄.The linear governing equations for magnetostritive materials are
S =

σ

Ey

+ qH (3.8)
B = µH (3.9)Here, Ey is Young's modulus, q denotes magnetostritive oupling oe�ient, H refersto magneti �eld, B is magneti indution and µ is magneti permeability.3.2.6 Shape memory e�etShape memory e�ets are observable for some alloys whih try to reover their strain viaphase hange of lattie struture at a ertain temperature after being deformed mehan-ially. Shortly, they have the ability to get their original shape before being strained bytemperature inrease. Most widely used shape memory alloys are Nikel-Titanium (Ni-Ti), Copper-aluminum-nikel (CuAlNi), Copper-zin-aluminum (CuZnAl) and Iron-manganese-silion (FeMnSi). Basi appliations of them are in aerospae engineeringfor inreasing the performane of wing properties (lift, drag), and in medial tehnologyfor miro-instruments (grasper).3.3 Piezoerami materialsFerroeletri and piezoeletri materials, whih are ommonly made of eramis, havebeome a highly interesting part of smart materials due to their appliations in intel-ligent systems, espeially in eletronis and mehatronis engineering area [TKU01℄.
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Vibration damping and noise ontrol [BHY98℄, preision positioning, miro-mahining[Del02℄, [YNG03℄, [CBKHSB02℄, injetion mehanisms in ommon rail systems withpiezo ontrol in automobiles, ink-jet printers, thin �lms [RMBG04℄, ommerial stakatuators and sensors and miroeletromehanial systems (MEMS) are some examplesof usage of these materials in reent years.Piezoerami materials an be lassi�ed into two types as soft and hard piezoeramis.Soft and hard piezoeletriity an be haraterised by the stability of domain walls dur-ing eletromehanial loading. When domain walls move and domain swithings ourwell below 1 kV/mm eletrial loading, the piezoerami material is de�ned as soft.For suh soft piezoeramis, domain walls are very unstable. On the other hand, somepiezoeramis whose lattie struture undergoes domain swithing only above 1 kV/mmare alled hard [Uh00℄. Soft piezoeramis have higher dieletri onstants, piezoele-tri onstants and elasti onstants than hard ones. In PZT materials, donor-type iondoping leads to piezoerami soft harateristis. Therefore, suh PZT materials havelarge piezoeletri onstants. On the ontrary, lower-valent substituents provide ratherhard behaviour to PZT. Commerial sensors and atuators are basi appliations ofhard piezoeletris.



3.3. PIEZOCERAMIC MATERIALS 353.3.1 Prodution proess of piezoeletri materialsIn this part, the main manufaturing proess of piezoerami materials, whih areoften made up of polyrystalline eramis, are shortly explained. It is learly expetedthat types and onditions of the proess have strong in�uene on the harateristis ofpiezoerami material.Firstly, raw material powders should be in �ne partile size (sub-mirometer range) inorder to have better mixing. Compositional elements should have high homogeneity andexat amount for perfet solid solution. BaTiO3 is produed from raw material powdersof BaO and TiO2. Likewise, PbO, ZrO2 and TiO2 should be starting raw solutions forpreparation of PZT eramis. The mixing proess an generally be aomplished byusing ball milling.Mixed powders are then heated up to 800 oC to remove impurities and obtain the de-sired hemial reation and homogeneity for the solution. After the alination proess,milling and/or grinding methods of mahining are used for shape forming.Prodution of various speial piezoerami materials requires additional proesses suhas preipitation, whih is needed for better homogeneity of the �nal piezoerami byinserting an additional solution alled preipitant into mixing [JCJ71℄, [Uh00℄, [Cer℄.After forming the material into the desired shape, the solution is �red again under themelting point (1200 oC -1400 oC). The aim of suh �ring whih is known as sintering isto inrease the erami density by the elimination di�usion of the vaanies and poresat the mirostrutural level.The last proess is eletroding for the appliation of poling. Generally, layer of silvermaterials are bonded to the piezoerami surfae to whih the eletri �eld will beapplied. The silver layers should be adhered strongly without allowing any gaps thatan redue the e�etiveness of piezo atuators and sensors. Other eletrode materialswhih are ommonly used as eletrodes are gold, nikel, opper and platinum elements[JCJ71℄. In �gure 3.8 a �owhart of the manufaturing proess of piezoerami materialsis illustrated.3.3.2 Perovskite struturesThe mirostrutures of piezoeletri materials like ferroeletris ontain spontaneouspolarization. Therefore, all piezoeletri materials are also onsidered to be ferroeletrimaterials. Sine some of the ferroeletri materials do not show a linear eletromehan-ial behaviour, all ferroeletri materials annot be regarded as piezoeletri materials.Most of the ommerially used piezoeletri materials are polyrystalline ferroeletrissuh as BaTiO3, PZT and PLZT. These types of ferroeletri materials are in the groupof perovskite lattie strutures whih is in the form of ABO3. The mirostruture ofsuh perovskites is shown in �gure 3.9. All piezoeletri materials are existing with a
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3.3. PIEZOCERAMIC MATERIALS 37ubi rystal struture as long as they are above a ertain temperature alled Curietemperature (Tc). This is the transition temperature for suh materials to hange themirostruture form ubi to non-ubi (tetragonal or rhombohedral) when reduingthe temperature. Most typial perovskite ferroeletri strutures have a Curie temper-ature between 120 oC and 300 oC. For example for BaTiO3, this is 130 oC for and forPIC 151 it is 250 oC. As it an be seen on the left side of �gure 3.9, positive bariumatoms are loated at the orner of ubi elements. At the fae enters six negativeoxygen atoms are plaed. A positive titanium atom, whih an move in the diretionsof one of the negative oxygen atoms, is situated at the enter of the ubi element.Suh positions of atoms inside ubi elements bring out equally loated positive andnegative harges whih means that the distane between the enter of negative hargesand the enter of positive harges is zero. On the other hand, on the right hand side of�gure 3.9 the positive titanium atom is no more at the enter of the lattie for the aseof a temperature level whih is less than the Curie temperature. This titanium atomis now muh nearer to one of the oxygen atoms than to the others.In the lower part of �gure 3.9 internal energies for both ubi and tetragonal elementsare illustrated. The internal energy of the ubi element has a minimum value whenthe positive titanium atom is at the enter of the lattie struture. The energy isinreasing for any other position of the titanium atom along the z axis. On the otherhand, there are two minimum energy levels for tetragonal elements. In ontrary to theubi struture, the energy of the tetragonal struture has no minimum energy if thetitanium atom is at the enter of the lattie.In order to �nd the polarization harateristis of both the ubi and the tetragonalmirostruture one should alulate the dipole moment, whih is the total magnitudeof the harge times distane between atoms with a diretion from negative hargetowards positive harge. Figure 3.10 illustrates positions of harges inside a tetragonalperovskite element. Sine bc and a are the longitudinal and transverse dimensions ofthe unit ell, d is the distane from the positive titanium atom (Ti) to the enter ofthe lattie and q is the eletrial harge of titanium and oxygen atoms, dipole momentin the positive z diretion of negative oxygen and positive titanium atoms an bealulated as
Mz = q(

bc

2
+ d) − q(

bc

2
− d) + 2aq tan(α) + 2aq tan(α) (3.10)

Mz = 6qd (3.11)The resulting dipole moment is direted along the positive z diretion. The summationof dipole moments anels for x and y diretions. The polarization, whih is the resultof the net dipole moment per volume of the mirostruture in the lattie strutureduring the phase transition, is alled the spontaneous polarization (P0). Due to the



38 CHAPTER 3. CONCEPTS OF PIEZOELECTRIC MATERIALSequally loated harges inside ubi elements, dipole moments anel eah other in all
x, y and z diretions. Therefore, there is no polarization inside a ubi lattie struture.
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Position of Titanium zzFigure 3.9: Lattie struture of ubi and tetragonal elements of perovskite type ferro-eletris (BaTiO3) and orresponding internal energiesAs explained above piezoerami materials at room temperature mostly exist in aphase with tetragonal or rhombohedral lattie struture depending on the onstitu-tional elements of the material. The Curie temperature is the transition temperaturefor ferroeletri and piezoeletri materials at whih they start to hange their lattiestruture. When the temperature is above the Curie temperature, the lattie strutureis in the form of ubi elements, in whih the net dipole moment is zero due to theequally spaed loations of atoms inside the lattie. This phase is alled the paraeletriphase. The mirostruture of these materials transforms into a di�erent type when thetemperature is redued below the Curie temperature. The new phase ourring afterthis transition is alled the ferroeletri phase, in whih there is a net non-zero dipolemoment (�gure 3.10). In the ferroeletri phase, the lattie struture atually distortsfrom ubi to tetragonal. This leads to a mehanial strain, whih is alled the spon-taneous strain (S0). The spontaneous strain for a tetragonal struture in the diretion
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Figure 3.10: Loations of atoms and dipole moment alulation for perovskite typetetragonal BaTiO3 strutures.of moving positive titanium atom (+z diretion in �gure 3.10) an be alulated by
S0 =

bc − a0

a0

(3.12)The positive atom in the enter of the unit ell an move in diretion of one of thenegative atoms whih are loated at the fae enter of the tetragonal element. In thease of BaTiO3, the titanium atom an move in dretion of one of six oxygen atoms.This is the reason for the possible orientations of the spontaneous polarization diretioninside a perovskite tetragonal element (�gure 3.11).A typial phase diagram of ferroeletri materials is shown in �gure 3.12 for the ex-ample of a PZT solid solution. There are 3 possible phase hanges aording to theompositional perentage of PbZrO3 and PbTiO3 solutions. As seen in the diagram,Zironium elements lead to a mirostruture whih is mostly a non-tetragonal stru-ture below the Curie temperature. In the ase of a low perentage of titanium (fromI to II) the lattie struture is highly orthorhombi. When the amount of titaniumis inreased namely between 5 % to 45 % (from I to III), the mirostruture hangesto rhombohedral. Finally, tetragonal lattie strutures are mostly available when thesolution ontains more titanium than zironium (from I to IV). Commerially usedPZT materials are usually hosen from the region of IV due to its highly onentratedtetragonal strutures.
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3.3. PIEZOCERAMIC MATERIALS 413.3.3 Ferroeletri domainsIn miro sale of ferroeletri materials, lattie strutures whih have the same sponta-neous polarization orientations form homogeneous regions. Suh uniformly distributedaumulated lattie strutures are alled ferroeletri domains. Many of these domainsonstitute the grains of the material. The boundary between two neighboring domainsis referred to as a domain wall. There exist two types of domain walls for perovskitetype ferroeletri materials. The domain wall separating oppositely oriented domainsare alled 180o domain wall. The seond type of domain walls is separating domainswhih have perpendiular orientation to eah other. Therefore, they are alled 90odomain wall (�gure 3.13). There are also ferroelasti domain walls between domainswith di�erent spontaneous strain harateristis. Unlike 180o domain walls, 90o domainwalls an be both ferroeletri and ferroelasti. For the ase of rhombohedral strutures,there our three di�erent domain walls whih are 180o, 70.5o, 109.5o [Dam98℄.
Domain

180 Domain wallº

Domain

90 Domain wallºFigure 3.13: Illustration of 90o and 180o domain wallsLooking losely at the miro-level of both piezoeletri and ferroeletri materials, it anbe seen that the unpoled material is omposed of randomly oriented grains due to theomplex eletromehanial onditions in miro-level (�gure 3.14). Sine the diretionof the polarization is more or less equally distributed in the virgin state, the averagepolarization or mehanial strain of the bulk material is approximately zero. When thematerial is subjet to a high external eletri �eld, the diretions of all spontaneouspolarization vetors are aligned in the diretion of the eletri �eld by means of domainswithing of the grains. Sine the diretion of the polarization vetor after domainswithing has to be in one of the loal lattie axes, the polarization in general is notparallel to the eletri �eld loally but has a omponent in diretion of the eletri�eld. The proess of applying a strong eletri �eld to ferroeletri materials in orderto align domains in the diretion �eld is alled poling. Figure 3.14 illustrates the grainsand domains for polyrystalline ferroeletri materials before and after poling. As itan be observed in the �gure there are still some domain walls inside grains whih donot have ompletely the same spontaneous polarization diretion. Due to the di�erentmehanial and eletrial boundary onditions of grains of polyrystalline ferroeletri



42 CHAPTER 3. CONCEPTS OF PIEZOELECTRIC MATERIALSmaterials, diretions of spontaneous polarization vetors an not be aligned ompletelywith the external applied eletrial �eld during poling. As a result, the marosopispontaneous polarization and strain values are smaller than for a single rystal.
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Before poling After polingFigure 3.14: Grains and domains of polyrystalline ferroeletri materials before andafter poling.Domain wall motion is the mehanism for the phase hange in grains of ferroeletrimaterials during poling. Figure 3.15 illustrates both 180◦ and 90◦ domain wall motionsunder the e�et of pure eletrial loading. Domain wall movements inside grains willresult in a hange of orientation of the polarization, whih will be the same diretionas the applied eletri �eld. As it an be observed in �gure 3.15 that 180◦ domainwall motion does not have any shape hange in the grain. On the ontrary, non-180◦domain wall motions whih are 90◦ for tetragonal and 70.5◦ or 109.5◦ for rhombohedralstrutures give rise to strain hanges in the grain of ferroeletri materials.3.3.4 Domain swithingAs explained above, the marosopi behaviour of piezoeletri eramis annot bedesribed by linear onstitutive equations when they are under high eletromehani-al �elds. Domain swithing in mirostrutures is the main reason for the nonlinearity.There are six possible orientations for the polarization in the lattie struture for a per-ovskite type tetragonal mirostruture. Therefore, only two types of domain swithingare possible. These are 90◦ and 180◦ domain swithing the names of whih are relatedto the angle of rotation, whih the position vetor of the entral atom undergoes duringdomain swithing relative to its previous diretion. (�gure 3.16).
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Figure 3.15: 180◦ and 90◦ domain wall motions during phase hange of tetragonalferroeletri strutures [Cro93℄.3.3.5 Rhombohedral struturesAs explained before, phases of polyrystalline piezoeletri materials an hange fromubi to rhombohedral aording to the onstitutional elements of the materials whentheir operating temperature is redued below the Curie temperature (�gure 3.17). Un-like perovskite type tetragonal elements, negative atoms are loated at the orner of thelattie in rhombohedral strutures. So the enter of positive atoms an have the possi-bility to move inside the lattie diagonally. There are four possibilities for lines alongwhih the enter atom an be displaed in diagonal diretion, whih refer to eight dif-ferent positions of the enter atom. Therefore, it is expeted to have elongation throughthe orner of the lattie struture, when the struture is under eletromehanial load-ing. The angle between any of these diagonal vetors inside the rhombohedral elementis 70.5o or 109.5o. There is no 90o domain swithings like in tetragonal strutures. So,there are three di�erent phase transformations with 180o swithing in addition to 70.5oor 109.5o swithings.
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Figure 3.16: 90o-180o domain swithing in the lattie struture of perovskite type tetrag-onal struture
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Figure 3.17: The lattie struture of ubi and rhombohedral strutures above andbelow the Curie temperature3.3.6 Ferroeletri domain swithingAn externally applied eletri �eld an ause a nonlinear domain swithing with thehange of the position of the entral atom, whih is a titanium atom for BaTiO3



3.3. PIEZOCERAMIC MATERIALS 45when the magnitude of the eletri �eld is above the oerive �eld. Domain swithingwhih an our by a strong eletri �eld is alled ferroeletri domain swithing. Ifthe applied eletri �eld is in the reverse diretion of the spontaneous polarizationof the mirostruture, 180o ferroeletri domain swithing will be produed. On theother hand, if the appliation of eletri �eld is in the perpendiular diretion of thespontaneous polarization, the entral atom will orient in the same diretion as theeletri �eld that brings out 90o ferroeletri domain swithing for tetragonal struturesor 70.5o and 109.5o ferroeletri domain swithings for rhombohedral strutures (�gures3.18, 3.19).
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Figure 3.18: Ferroeletri domain swithing (90o and 180o) in a perovskite type tetrag-onal element under the e�et of an eletri �eld3.3.7 Ferroelasti domain swithingAs it an be seen in �gure 3.20 domain swithing an also be indued by the appli-ation of mehanial stress. This is alled ferroelasti domain swithing. When theapplied mehanial stress exeeds the oerive stress value, the entral atom will re-orient aording to the magnitude and diretion of the mehanial stresses. Unlike forferroeletri domain swithing, only non-180o domain swithings an be possible in thease of ferroelasti domain swithing whih is 90o for tetragonal strutures and 70.5o
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Figure 3.19: Ferroeletri domain swithing (70.5o and 109.5o) in the lattie strutureof a rhombohedral element under the e�et of an eletri �eldor 109.5o for rhombohedral strutures. Atually, there are four possible 90o domainswithings when the tetragonal mirostruture is subjeted to pure ompressive stress.Reoriented diretion of the spontaneous polarization will be de�nitely in a diretionperpendiular to the applied ompressive stress. The number of possible domain swith-ings is redued to 2, if the applied mehanial stress is tensile. In this ase the diretionof domain swithings is the same as the diretion of the applied tensile stress (�gure3.20).



3.3. PIEZOCERAMIC MATERIALS 47
P0 Ferroelastic 90

switching under
compressive stress

º

P0

90º

s

s

P0

P0

90º

s

Ferroelastic 90
switching under
tensile stress

º

s s s

Figure 3.20: Ferroelasti domain swithing (90o) in the lattie struture of perovskitetype tetragonal struture under the e�et of both ompressive and tensile mehanialstresses3.3.8 Marosopi propertiesFigure 3.22 shows a typial marosopi eletri displaement (D) versus eletri �eld(E) hysteresis urve for a quasi-stati, uni-axial eletrial loading. The experimentstarts with the initially unpoled erami (virgin state) with zero eletri displaement.During the simulation a yli, uni-axial eletri �eld is applied with a �xed amplitude.At the initial virgin state, the domains are distributed randomly. Orientations of spon-taneous polarizations are stohasti. Therefore, the resulting marosopi spontaneouspolarization and spontaneous strain are zero. When the eletri �eld is inreased grad-ually from zero at point 1, there is a linear inrease due to the dieletri response upto point 2. The linear onstitutive equation (3.4) is valid in the region between 1 and2 in whih the eletri �eld is not high enough for domain swithing. After this point,there is a sudden nonlinear inrease in the polarization. The eletri �eld at point 2is alled the oerive eletri �eld for a virgin state. At this region domain swithingsour, whih is the main reason for the nonlinear behaviour of piezoeletri materials.Domains are beginning to be oriented to the loading diretion during oerive ele-tri �eld level. In this region, the linear onstitutive equation is no longer valid. Thisnonlinear response to the eletri �eld ontinues up to point 3, where the eletri dis-plaement saturates for a further loading, beause there are no more domains for whih
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sFigure 3.21: Ferroelasti domain swithing (70.5o and 109.5o) in the lattie struture ofa rhombohedral struture under the e�et of both ompressive and tensile mehanialstressesa domain swithing is possible. As a result, no more domain swithing an be observedbeyond this point. All the domains are aligned in loading diretion. As a yli loadingis applied also the eletri �eld redues quasi-statially. The eletri displaement de-reases linearly with the eletri �eld until a zero eletri loading is reahed. This phaseis alled unloading. Although there are some bak-swithings among domains ouringin this region, there is still a polarization, whih is alled the remnant polarization (Pr)at zero eletri �eld after one omplete loading. A linear response to the eletri �eld,whih is atually inreasing its magnitude in negative diretion, ontinues to point 4whih is the threshold point for the negative oerive �eld (−Ec). Atually, the oer-ive �eld is the eletri �eld where polarization or strain equals zero. The polarizationbegins to derease sharply again beyond this point up to point 5, where the piezoele-tri material saturates again and the domains are fully aligned in the negative eletri�eld diretion. The eletri �eld is then redued in negative diretion and inreased inthe positive diretion to omplete the yli eletri displaement versus eletri �eldhysteresis loop. A seond time the remnant polarization (−Pr) is observed in the un-



3.3. PIEZOCERAMIC MATERIALS 49loading from negative eletri �eld, when the applied eletri �eld is dereased to zero.
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Figure 3.22: Hysteresis urveThe mehanial longitudinal strain (S) versus eletri �eld (E) butter�y urve is illus-trated in �gure 3.23. The lettered points in �gure 3.23 orrespond to the same letters in�gure 3.22. There are three basi e�ets for resembling these urves to butter�y shape.One of them is the onverse piezoeletri e�et and the other two are domain swith-ing and domain wall motions [Dam98℄. As the eletri �eld is inreased from zero, themirostrutures expand aording to equation (3.5). Beyond point 2, the expansion be-omes nonlinear due to domain swithing polarization harateristis. During unloadingafter point 3, a linear ontration ours for the fully poled saturated mirostruture.Redution in strain ontinues up to point 4, where domain swithing dominates again.In some ases, point 4 an have a negative strain value whih is due to 90o domainswithing. E�ets of di�erent types of domain swithing on butter�y urves will beexplained in hapter 6. Beyond point 4, inreasing the eletri �eld auses domains tostreth instead of a further ontration. Therefore, the strain is inreasing in positivediretion up to the saturated point 5, although the applied eletri �eld is inreasedin negative diretion. As the eletri �eld is again redued to zero, the urve inter-sets at the positive remnant polarization. The remnant polarization is negative forthe hysteresis urve at the same loation. Now, when a positive eletri �eld is appliedto omplete the loop, mirostrutures undergo the same experiene as for a loading innegative diretion. Point 6 beomes a turning point for the urve to inrease the strain.
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Ec-Ec EFigure 3.23: Butter�y urveTypial mehanial longitudinal strain (S) versus applied ompressive stress (σ) forpiezoerami materials is shown in �gure 3.24. The lettered points in �gures 3.24 aredi�erent from the letters in �gures 3.22 and 3.23. The materials are initially at virginstate without any remnant values. When the mehanial stress is inreased in negativediretion (ompressive stress) from stage 1, there is a quasi-linear redution in strainvalue up to stage 2. As the ompressive stress exeeds some ritial value, the polar-ization begins to swith and the material again shows a nonlinear redution in strainvalue points 2 and 3. Further applied ompressive stress has quasi-linear redution toa strain value due to saturation. After reahing point 4, the material is unloaded tozero stress. In this region, only small part of the domains swith bak. Therefore, theredution in negative strain is in a quasi-linear manner, whih results in a negativeremnant polarization at point 5.
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Chapter 4Quasi-stati ModelsAs explained before, domain swithing is dependent on the loading rate. If a triangu-lar voltage is applied, then the frequeny of the yli loading a�ets the marosopiharateristis of piezoeletri materials. Before explaining the details of rate depen-deny, whih will be implemented in the following hapter, a rate independent modeland the orresponding properties should be understood. In order to analyse rate in-dependent marosopi properties of piezoeletri materials, one should implement aquasi-stati loading whih means that load inrements are applied suh that the timebetween the inrements are su�iently large so that the time dependeny an be ne-gleted. Quasi-stati loading for experimental and modelling of ferroeletri materialsis de�ned in suh a way that the appliation of loading does not have any rate or timedependent e�et on the mirostruture of materials. During quasi-stati modelling, anadequate time is allowed for grains to omplete the domain swithing. In this hapter,a three-dimensional miromehanial model is presented with marosopi simulationsof piezoeletri materials whih are subjet to quasi-stati, yli, uni-axial eletro-mehanial loading.4.1 Struture of the modelIn this three-dimensional miromehanial model a bulk piezoeletri erami is on-sidered, whih onsists of 1000 regularly shaped elements eah of whih is assumed toshow the harateristis of an individual domain shown in �gure 4.1. The rystal axesand therefore the polarization diretion in eah grain has random orientation. In thesimulation these orientations of the grains are given statistially by using a randomgenerator of the dynami system simulation software program MATLAB. Randomnessof orientations is given to every element by means of Euler angles (α, β, γ) whih arehosen to be equally distributed between 0 and 2π. A global oordinate system for thebulk material and a loal oordinate system for eah element are introdued in order53



54 CHAPTER 4. QUASI-STATIC MODELSto transform the values obtained by the alulations in the loal oordinate systems toglobal oordinates and vie versa. Although it is lear that equally distributed Euler an-gles do not guaranty a uniform distribution of the polarization diretions, it is ommonto use these equally distributed Euler angles for suh simulations in miromehanialmodels. Polarization, strain and eletri �eld given in loal oordinates (xl, yl, zl) in adomain an be transformed to global oordinates (xg, yg, zg) or vie versa with the helpof the orresponding transformations R(α, β, γ).

Real case 3-D Model (10x10x10)Figure 4.1: 3-D miromehanial model in form of 1000 ubi elements ompared tothe real mirostruture
(xlylzl)

T = R(α, β, γ)(xgygzg)
T (4.1)The transformation matrix R(α, β, γ) is alulated by multipliation of subsequentthree rotation matries (Rz(α), Ry(β), Rz(γ)) the result of whih is given by (4.2) and(4.3).

Rz(α) =




c(α) s(α) 0
−s(α) c(α) 0

0 0 1



 Ry(β) =




c(β) 0 −s(β)
0 1 0

s(β) 0 c(β)



 Rz(γ) =




c(γ) s(γ) 0
−s(γ) c(γ) 0

0 0 1



 (4.2)
R(α, β, γ) =




c(α)c(β)c(γ) − s(α)s(γ) s(α)c(β)c(γ) + c(α)s(β) −c(γ)s(β)
−c(α)c(β)s(γ) − s(α)c(γ) s(α)c(β)s(γ) + c(α)s(γ) s(γ)s(β)

c(α)s(β) s(α)s(β) c(β)



 (4.3)
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where c and s mean osine and sine funtions of the orresponding arguments.For the rotation angles and axes, the Euler ZYZ onvention is onsidered, �gure 4.2.During the simulation, the external marosopi load applied in the model is assumed tobe equal to the load on eah element of the bulk piezoeletri erami. Parameters of softPZT-51 material is hosen for getting a better math of the eletri displaement versuseletri �eld urve to experimental results that are given in the literature [LFLH99℄.The lattie onstants of PZT-51 erami are given in table 4.1. In order to simplify thealulations, the dieletri permittivity is assumed to be isotropi and the same for allgrains. The value for the dieletri permittivity (ǫ) is taken to be 6.0 10-8 F/m, whihis a typial value for PZT materials. The spontaneous polarization value is taken as 0.3C/m2. At eah element, in addition to the piezoeletri linear onstitutive equation, thenon-linear domain swithing model is also implemented. During the �rst simulationsa yli, uni-axial, quasi-stati eletri �eld is applied with a maximum absolute valueof 2 kV/mm amplitude without any mehanial loading. The starting point for the�rst yle is at zero eletri �eld for the unpoled virgin bulk piezoeletri erami. Thedomain swithing at eah element is determined by using the eletromehanial energy



56 CHAPTER 4. QUASI-STATIC MODELSriterion that was presented before by Hwang et al. [HLM95℄.
∆PiEi + ∆Sijσij ≥ 2EcPc (4.4)In this relation, Ei and σij are eletri �eld and mehanial stress, Ec is the oeriveeletri �eld, Pc is the ritial value of the spontaneous polarization. Both Ec and Pcare dependent on the piezoeletri material onstants. ∆Pi and ∆Sij are the polariza-tion and mehanial strain hange during domain swithing, orrespondingly. Duringthe �rst part of the simulation only an external eletri �eld is applied, the externalmehanial stress is taken to be zero. Therefore, on the left side of the inequality,the mehanial stress term vanishes. Aording to this eletromehanial energy rite-rion, domain swithing ours if the hange of energy is higher than a ertain ritialthreshold. During the simulation, the same energy levels are assumed for 90◦ and 180◦domain swithings, whih an be di�erent from eah other for the real ase. In followinghapters, this assumption will not be taken into aount where energy levels for thethreshold of domain swithing will be assumed to be related to intergranular e�ets.Therefore, the eletromehanial equation will be hanged and not used anymore.Lattie onstants Dimensions (nm)

a0 (ubi) 0.4071
a (tetragonal) 0.4055
bc (tetragonal) 0.4102Table 4.1: Lattie onstants of PZT-51 eramis used in the simulations under quasi-stati loading [LFLH99℄.Another important nonlinearity of piezoerami materials arises due to intergranulare�ets whih is going to be explained deeply and miromehanially in the followinghapter. Sine the orientations of the spontaneous polarization of all grains are di�er-ent from eah other during both virgin and fully poled state, mehanial stresses areexpeted to our at the grain boundaries. This is even more apparent in the domainswithing range. Therefore, loal values of the loading, whih an be the eletri �eld orthe mehanial stress an be muh di�erent in neighbouring grains, so that a domainswithing an our even at levels of the marosopi loading, whih are well belowthe oerive �eld. Beause of this reason the orresponding nonlinearities an be ob-served even in a small eletromehanial loading range. In order to take into aountintergranular e�ets phenomenologially, a ertain probability for domain swithingis introdued in the desribed model. In the present model, a probability for domainswithing an be any funtion for whih the probability is high near the oerive �eldstrength and low far away from it. The funtion should ontain parameters, whih an



4.2. ELECTRICAL LOADING 57be adjusted in order to �t the simulation results to experimental results. The proba-bility for domain swithing is taken to be a polynomial funtion of some degree (n) ofthe ratio of the absolute values of the atual applied free energy and the ritial energyequation (4.5) - (4.6).
p(Ei) = (

Ei∆Pi

2EcPc

)n |Ei| < |Eci| (4.5)
p(Ei) = 1 |Ei| ≥ |Eci| (4.6)

Ec and Pc values are assumed to be the same as the oerive eletri �eld value andspontaneous polarization value orrespondingly. The value of the probability (p) isvarying between 0 and 1 aording to the applied eletri �eld (�gure 4.3). When theapplied eletri �eld is greater than or equal to the oerive eletri �eld, the probabil-ity value is taken as 1. In the desribed model n is an unknown parameter the value ofwhih an be hosen arbitrarily in order to get optimum mathing of the results to ex-perimental data. When the value of n is inreased, the probability for domain swithingis dereased as seen in �gure 4.3. Probability for domain swithing is dereased morewhen higher n values are used and �nally probability is redued to zero under oerive�eld level for n towards in�nity. In the simulations n has been hosen to be two, three,four or �ve. Other funtions for the probability like exponential or hyperboli funtionsmay also be used in the simulations. However the present simulations are restrited topolynomials and other probability funtions are not implemented in this paper.Aording to the probabilisti approah, domain swithing only depends on equation(4.5), if the applied free energy is smaller than the ritial energy. So, with this poly-nomial funtion the probability for a domain to swith its polarization diretion ismore and more inreasing, if the applied eletri �eld is approahing the level of theoerive eletri �eld. For a loading higher than the oerive �eld, equation (4.6) is au-tomatially satis�ed, whih means that the domain swithing ours in any ase. Forexample, if the applied eletri �eld Ei is 0.4 kV/mm and the polarization hange ∆Piwhih is assumed to have the same magnitude as the ritial value of the spontaneouspolarization Pc is 0.3. When oerive �eld (Ec) is 0.676 kV/mm and n is hosen to be3, then P (0.4) equals 0.026. So we have 2.6 % of probability of domain swithing. Inthe simulation ode, random generators are implemented aording to this result inorder to give a orresponding perentage of domain swithing. Therefore, 26 elementsare estimated to have domain swithing among 1000 elements with this relative loadingwhen the applied eletri �eld (E) is 0.4 kV/mm.
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Eci EFigure 4.3: Probability of domain swithing with respet to the eletri �eld as afuntion of the polynomial funtion.
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Figure 4.4: Eletrial loading with a yli eletri �eld.4.2 Eletrial loadingIn this setion, only eletri loading without any mehanial stress is onsidered. Duringthe simulation a yli, uni-axial eletri �eld is applied with a maximum absoluteamplitude value of 2 kV/mm. The eletrial loading of the bulk material is illustratedin �gure 4.4. Figure 4.5 shows a polarization (eletri displaement) versus eletri �eld



4.2. ELECTRICAL LOADING 59hysteresis urve without onsidering a probability funtion in the simulation for quasi-stati loading. As an be seen in this �gure the polarization urve has a sharp ornernear the oerive eletri �eld, whih is the main di�erene of the model omparedto experimental data. Figure 4.6 illustrates the hysteresis urve with a third orderpolynomial (n = 3) for the probability funtion. Figure 4.7 is the urve from the modelin whih a fourth order polynomial (n = 4) for the probability funtion is implemented.Smoothness of the urves near the oerive eletri �eld levels an be observed easilyfrom �gures 4.6 and 4.7 ompared to �gure 4.5. A omparison of the simulation withexperimental data whih was measured by Lu et al. [LFLH99℄ is also given (�gure4.8). The simulated results obtained with a �fth order (n = 5) probability funtion �tbetter to experimental results than those urves, whih were simulated without usingthe probabilisti approah.

Figure 4.5: Hysteresis urve without probability funtion.Figures 4.9 and 4.10 show the simulated marosopi mehanial strain versus eletri�eld butter�y urves. In order to get suh butter�y urves, one should assume di�er-ent energy levels for the threshold of domain swithing, beause nonlinear redutionduring oerive eletri �eld level an only be simulated with muh more 90o domainswithing than 180o domain swithing for tetragonal ferroeletris in miromehanialmodelling. At this point, eletromehanial energy requirement for 90o domain swith-ing is assumed to be half of the one for 180o domain swithing. Beause, only 90odomain swithing gives hange in mehanial strain. The right hand side of inequality(4.4) is hanged and redued to only PcEc instead of 2PcEc for the ase of 90o domain
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Figure 4.6: Hysteresis urve with third order polynomial for the probability funtion.

Figure 4.7: Hysteresis urve with fourth order polynomial for the probability funtion.swithing. This leads to the energy inequality given in equation (4.7). Equation (4.8)remains the same as equation (4.4) whih is applied for 180o domain swithing energy
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Measured
(Lu et al. 99)

Simulated

Figure 4.8: Comparison between simulation (�fth order polynomial for the probabilityfuntion) and measured data [LFLH99℄.level. Although suh assumptions of energy levels for di�erent domain swithings arevery simple, it is just implemented for understanding the probabilisti harateristisof the model in butter�y urves. As explained before, this assumption will not be usedanymore in the following hapters. Instead, a new method is introdued, whih oversintergranular e�ets in eletromehanial energy equations.
∆PiEi + ∆Sijσij ≥ EcPc, for 90o domain swithing (4.7)
∆PiEi + ∆Sijσij ≥ 2EcPc, for 180o domain swithing (4.8)Figure 4.9 shows a butter�y urve without onsidering a probability funtion in thesimulation. As an be seen in the �gure the marosopi mehanial strain is respondingsharply like the polarisation urve in �gure 4.5 near the oerive eletri �eld. Figure4.10 is the butter�y urve of the model with a probabilisti approah, in whih a �fthorder polynomial (n = 5) for the probability funtion is implemented. In addition to thespontaneous polarization, a value of 0.0012 (0.12%) is hosen as a spontaneous strainfor eah element [DAS04℄. The smoothness of the urves in the range of the eletri�eld in whih domain swithing ours is similar to the smoothness of the polarizationurves.
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Figure 4.9: Butter�y urve without probability funtion.
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E(kV/mm)Figure 4.10: Butter�y urve with �fth order polynomial for the probability funtion.The energy requirement for the threshold of di�erent types of domain swithing anhange the behaviour of the butter�y urve drastially. Unlike the hysteresis urve,the harateristis of the butter�y urve is highly dependent on 90o domain swithing,



4.3. STRESS-STRAIN AND STRESS-POLARIZATION RELATIONS 63whih is the main ause of the tip properties of the urve. If the eletromehanialenergy level for 90o domain swithing is hosen muh lower than 180o domain swithing,the domain swithings are mostly dominated by two 90o instead of one omplete 180odomain swithing. Therefore, tips of butter�y urve will even have negative strain valuesduring the loading in both diretions. In order to understand the e�ets of the type ofdomain swithing, the eletromehanial energy requirement for 180o domain swithing,equation (4.9), is assumed to be 5 times higher than for a 90o domain swithing,equation (4.10). The parameters of the equations (4.9)-(4.10) are taken to be the sameas the ones in equations (4.7)-(4.8). In this simulation, the probabilisti approah is notimplemented. Figure 4.11 shows this simulation of the butter�y urve. It an be easilyobserved that the beginning of the domain swithing in �gure 4.11 is sharper and thestrain value is dereasing in a smaller eletri �eld range around the oerive �eld levelompared to �gures 4.9 and 4.10. The reason is that suh eletromehanial energyequations favour 90o domain swithing at the oerive eletri �eld level in �gure 4.11.Sine the energy requirement for the threshold of a 180o domain swithing is so high,the butter�y urve is smooth just after the urve is passing through the deepest strainvalue. Therefore, 180o domain swithing will ontinue in a high eletrial loading rangeand extend to the saturation value at the maximum amplitude of the loading whih is2 kV/mm.
∆PiEi + ∆Sijσij ≥ 5EcPc, for 180o domain swithing (4.9)
∆PiEi + ∆Sijσij ≥ EcPc, for 90o domain swithing (4.10)4.3 Stress-strain and stress-polarization relationsAs explained before, there may be ferroelasti domain swithings, whih are only possi-ble as 90o swithings for a perovskite type tetragonal struture when they are subjetedto a mehanial loading instead of an eletrial one. Unlike ferroeletri domain swith-ing, ferroelasti domain swithing aompanies high strain output at the level of theoerive mehanial stress (σc).In the following, the non-linear mehanial stress versus longitudinal strain urve forpolyrystalline piezoeletri materials are simulated by the appliation of a mehanialstress, whih is ompressive, uni-axial and quasi-stati (�gure 4.11). In this part of thesimulation, the eletrial loading is kept onstant and zero (E = 0). The ompressivestress is applied starting from zero to a maximum of 100 MPa. The stress- strain urveis simulated only for the ase of a fully poled piezoerami material. Therefore, themehanial loading is not bipolar and yli like in the hysteresis and butter�y simula-tions. The simulations are performed both with and without a probabilisti approah,
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Figure 4.11: Butter�y urve assuming an energy requirement for a 180o domain swith-ing whih is �ve times higher than for a 90o domain swithing

s

s

Bulk material

Mechanical loadingFigure 4.12: Mehanial loading with a onstant ompressive stress.equations (4.11) and (4.12). Figure 4.13 shows funtions of the probability of domainswithing with respet to the applied mehanial stress by using various n values for



4.3. STRESS-STRAIN AND STRESS-POLARIZATION RELATIONS 65the ase of a probabilisti approah in the simulation.
p(σij) = (

σij∆Sij

2σcSc

)n |σij| < |σc| (4.11)
p(σij) = 1 |σij| ≥ |σc| (4.12)
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Figure 4.13: Probability of domain swithing with respet to the mehanial stress asa funtion of the exponential.The material parameters whih are used in the simulations are idential to the onesused for hysteresis and butter�y simulations. The oerive mehanial stress is assumedto be 20 MPa. The spontaneous strain is taken as 0.2 %.Figure 4.14 shows the orresponding stress-strain urve, in whih a probabilisti ap-proah is not implemented. As expeted the stress-strain urve near the oerive me-hanial stress range has a sharp edge, whih is not the ase in the experimentalstress-strain urve. Simulations with third (n = 3) and fourth (n = 4) order proba-bility funtions are plotted in �gures 4.15 and 4.16. These urves are smoother than�gure 4.16.Figure 4.17 illustrates the best mathing of the stress-strain urve with a seventh order(n = 7) probabilisti approah with the experimental urve whih are taken from Luet al. [LFLH99℄.Similarly, the eletrial displaement or marosopi polarization of piezoerami ma-terials are in�uened by the appliation of a ompressive stress. Figures 4.18, 4.19, 4.20
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Figure 4.14: Stress strain urve without probabilisti approah.

Figure 4.15: Stress strain urve with third order polynomial for the probability funtion.and 4.21 show the ompressive stress versus eletri displaement urves at zero ele-tri �eld for initially fully poled materials. At the beginning of the loading from zero
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Figure 4.16: Stress strain urve with fourth order polynomial for the probability fun-tion.

Simulated

Measured
(Lu et al. 1999)

Figure 4.17: Comparison between simulation (seventh order polynomial for the proba-bility funtion) and measured data [LFLH99℄.



68 CHAPTER 4. QUASI-STATIC MODELSto the oerive mehanial stress, it is observed that there is a linear derease in theeletri displaement. This is due to the linear piezoeletri e�et, whih is marosop-ially positive in the fully poled ase. Therefore, when the loading is inreased up tothe oerive mehanial stress, there is a linear derement in the eletri displaementvalue (refer to diret piezoeletri e�et, D = dσ). As soon as the oerive mehanial�eld is ahieved, the ferroelasti domain swithing ours. These swithings are mainly90o domain swithings for perovskite type tetragonal strutures. During 90o domainswithing, there are two possible swithing diretions, whih an produe either posi-tive or negative polarization, but the same strain values. Thereby, the diretions of thespontaneous polarization of grains or domains beome random when the saturationlevel of the stress is reahed. When the applied ompressive stress is released fromthe fully depolarised state, the eletri displaement response is nearly independentof the ompressive stress, beause depolarised domains or randomly oriented domainsare marosopially leading to a piezoeletri onstant of zero value. Therefore, it isexpeted that the material does not have a diret linear piezoeletri e�et.Figure 4.18 shows the urve of the ompressive stress versus eletri displaement inloading diretion without implementation of a probabilisti approah. Figures 4.19 and4.20 show the same urves with third (n = 3) and fourth (n = 4) order probability fun-tions orrespondingly. Finally, �gure 4.21 illustrates the omparison of simulation andexperimental urves [LFLH99℄ of the ompressive stress as a funtion of the eletri dis-plaement. In this simulation a sixth (n = 6) order probability funtion is implementedfor the omparison.

Electric displacement (C/m )2Figure 4.18: Stress-eletri displaement urve without probabilisti approah
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Electric displacement (C/m )2Figure 4.19: Stress-eletri displaement urve with third order polynomial for theprobability funtion

Electric displacement (C/m )2

(fourth order)

Figure 4.20: Stress-eletri displaement urve with fourth order polynomial for theprobability funtion
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2Figure 4.21: Comparison between simulation (sixth order polynomial for the probabilityfuntion) and measured data [LFLH99℄.4.4 Eletri �eld and onstant ompressive stressMost ommerial piezoeletri atuators whih are used in industrial appliations areoperated under high mehanial loading onditions. Therefore, it is required to analysethe e�ets of a mehanial stress on the loading of piezoeletri materials. In this se-tion, the marosopi properties of piezoeletri eramis are analysed when a onstantompressive stress is applied in the same diretion as the eletri �eld, �gure 4.22. Theexperimental results, whih are given in literature show that if a �xed high ompressivestress is applied during a yli eletrial loading of piezoeletri eramis, there arethree basi di�erenes, whih are observed in the eletri displaement versus eletri�eld hysteresis urve. The �rst observation is the dereasing of the oerive eletri�eld value, whih is the threshold for domain swithing. The reason for this behav-iour is explained by the types of domain swithings (90◦ and 180◦) under the loadingof a ompressive stress. It is experimentally proofed that there our muh more 90◦domain swithings under a mehanial loading than without any mehanial loading.The basi reason for the dereasing of the oerive eletri �eld level is the redutionof energy required for domain swithing for the �rst 90◦ domain swithing due to thestress distribution inside the mirostruture of the material. On the other hand, thisstress distribution in the same mirostruture of the piezoeletri erami inreasesthe energy required for the seond 90◦ domain swithing (�gure 4.23). Thereby, the



4.4. ELECTRIC FIELD AND CONSTANT COMPRESSIVE STRESS 71total range of the eletri �eld in whih domain swithing ours is enlarged for thease of a ompressive stress ompared to the no stress ase. The domain swithingrange is linearly inreasing with the magnitude of the applied ompressive stress. Fora better explanation one lattie struture of a piezoeletri erami after applying a�xed ompressive stress and a yli eletri �eld is onsidered. The mehanial stresses(σ1 > σ2 > σ3) and eletri �elds (E1 > E2 > E3) are assumed to be like in loal oor-dinates (x1, x2, x3) of the lattie struture in �gure 4.22. For some mirostrutures theinternal mehanial stresses an be tensile, beause of the orientations of loal dire-tions of the mirostrutures. Therefore, the seond term of the left side of the energyrelation in equation (4.4) an beome positive for the �rst 90◦ domain swithing ofthe piezoeletri erami material. Then three energy relations for domain swithingsin orresponding three loal diretions of the lattie struture an be ordered for alow eletri �eld as E3∆P + σ3∆S ≥ E2∆P + σ2∆S ≥ E1∆P + σ1∆S. When theritial energy is ahieved for the third loal diretion of the lattie struture, a 90◦domain swithing ours. After the �rst domain swithing, with inreasing eletri�eld the inequality energy relation for the seond 90◦ domain swithing is expetedto exeed the energy threshold value. When the eletri �eld is inreased, the energyinequality relation reverses due to the dominane of the eletri �eld in loal diretions
E1∆P + σ1∆S ≥ E2∆P + σ2∆S ≥ E3∆P + σ3∆S. For the seond 90◦ domain swith-ing, a higher eletri �eld is required to overome the negative e�et of the ompressivestress in the energy equation in loal diretion 1. Therefore, the mehanial stress indiretion 1 disourages the seond 90◦ domain swithing.The seond major in�uene of the onstant ompressive stress is the redution of theremnant and saturation polarization values of the marosopi eletri displaementversus eletri �eld urve. This phenomenon is explained by the negative e�et ofthe mehanial stress term in the linear onstitutive equation (3.4). As it an be seenfrom this equation, the magnitude of remnant and saturation polarization is dereasingproportionally when the magnitude of the applied ompressive stress is inreased.A nonlinear hanging of the piezoeletri oe�ient is the third important e�et whena ompressive stress is applied. Aording to experiments [Lyn96℄, there is no linearorrelation between the applied mehanial stress and the piezoeletri oe�ient (dijk),whih is assumed to be related to the marosopi spontaneous polarization valueshown in equation (4.13) during the simulations. The piezoeletri onstant is assumedto behave transversely isotropi as mentioned before. The value of the piezoeletrionstant (d) in the loading diretion is taken to be 3.0 10−9(m/V).In this model, it is also tried to simulate the marosopi eletri displaement versuseletri �eld urve under a onstant ompressive stress. In the simulations the onstantompressive stress values are hosen as 20 MPa and 40 MPa.Figures 4.24, 4.25 and 4.26 show the eletri displaement versus eletri �eld hystere-sis urves with and without probability funtions for piezoeletri eramis that have
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Figure 4.22: Eletromehanial loading, yli eletri �eld with onstant ompressivestress.
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Figure 4.23: Lattie struture under onstant ompressive stress with eletri �eld anddomain swithing possibilities.a tetragonal perovskite type mirostruture subjet to 20 MPa onstant ompressivestress with yli uni-axial quasi-stati eletri �eld. Figure 4.24 demonstrates a hys-



4.4. ELECTRIC FIELD AND CONSTANT COMPRESSIVE STRESS 73teresis urve, whih was simulated without taking into onsideration the probabilityfuntion. It an be seen easily that there are two stepwise hanges of the eletri dis-plaement near both the loading and the unloading oerive eletri �eld levels. Thisbehaviour is explained by the di�erent types of domain swithings (90◦ and 180◦) dueto the e�et of the ompressive stress. The �rst step during the domain swithing rangeis dominated by a �rst 90◦ domain swithing, whih is enouraged by the ompressivestress in the mirostrutures due to the eletromehanial energy equation. In a realexperimental ase, suh a stepwise inreasing is not so apparent. Therefore, the authorhas one more used probability funtions in the simulations in order to have a bettermathing with the experimental urve. Figures 4.25 and 4.26 have been obtained byusing third and fourth order polynomials for the probability funtions. Espeially �g-ure 4.25 mathes the orresponding experimental urve. An inreased swithing periodrange and dereased marosopi remnant and saturation polarization values are wellapproximated in these simulations [DAS05℄.
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Figure 4.24: Comparison between simulation (without probability funtion) and mea-sured data.A higher mehanial loading ase has been also simulated and ompared with experi-mental data. Figure 4.27 shows the hysteresis urve with 40 MPa onstant ompressivestress using a third order polynomial for the probability funtion with orresponding
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Figure 4.25: Comparison between simulation (third order polynomial for the probabilityfuntion) and measured data.
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Figure 4.26: Comparison between simulation (fourth order polynomial for the proba-bility funtion) and measured data.



4.5. CONCLUDING REMARKS 75experimental data. As the onstant ompressive stress is inreased, the period of do-main swithing is enlarged, whih is approximated well in the simulation. However, themagnitude of the hange of marosopi eletri displaement or remnant polarizationhas been overestimated.
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(Lu et al. 99)
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Figure 4.27: Comparison between simulation (third order polynomial for the probabilityfuntion) and measured data.4.5 Conluding remarksCharateristis of perovskite type tetragonal polyrystalline piezoeletri eramis havebeen simulated by using a three dimensional miromehanial model under uni-axialquasi-stati high eletri yli loading and onstant ompressive stress. A piezoeletrilinear onstitutive model and nonlinear domain swithing with probability funtionshave been implemented in the model. By using this probability funtion, the in�uene ofintergranular stress an be assumed to be taken into aount phenomenologially. Theeletri displaement versus eletri �eld urves, using probability funtions do bettermath to the experimental hysteresis urves than simulation results in whih probabilityfuntions have not been used. Piezoeletri eramis under �xed ompressive stress havebeen deeply investigated in this hapter. Hysteresis urves under di�erent onstantompressive stress values are also simulated. In the next hapter, the model will beimplemented to get rate dependent properties of suh materials with various alternatingloading onditions.
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Chapter 5Rate dependent model
5.1 Relaxation time and frequenyIn experiments it an be found that the response of ferroeletri materials to appliedeletromehanial loading is not rate independent. The time required for dipole reversalor domain swithing in ferroeletri materials is alled relaxation time and its reiproalis the relaxation frequeny [RCW76℄. Experiments and models for the quasi-stati load-ing ase annot explain the rate dependent harateristi of suh materials. Therefore,quasi-stati relations will not be valid for high dynami loadings with fast hangingeletri �elds. Figure 5.1 illustrates an experimental observation of polarizability of atypial dieletri material with respet to the frequeny of the loading. In these experi-ments a triangular eletri �eld is applied. It an be seen from �gure 5.1 that the totalpolarizability of the material redues with inreasing frequeny of the applied �eld ifthe frequeny exeeds the relaxation frequeny of the material [RCW76℄,[MM37℄.5.2 Rate dependent modelEarly experiments to determine the dependene of the eletri �eld and the temperatureon the swithing time and the swithing urrent were performed by Merz [Mer54℄for BaTiO3 single rystals. In addition he explained the swithing mehanism as thenuleation of new domains and a growth proess with domain wall motion. For anapplied onstant eletri �eld, a redution of the swithing time and thus an inreasingswithing urrent is observed for inreasing temperatures at whih the experimentswere performed. This means that the nuleation of domains and the growth proessare faster at higher temperatures. Likewise, the dependene of the swithing time andthe urrent on the applied eletri �eld and the oerive �eld at a �xed temperature isobserved. As an be seen in �gure 5.2 the swithing time is dependent on the applied77
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Figure 5.1: Polarizability of typial dieletri material as a funtion of the frequeny ofthe applied eletri �eld.eletri �eld hyperbolially. The time neessary for domain swithing is dereasing withrespet to the eletri �eld. It an also be onluded from these experiments that thereiproal of the swithing time inreases when the applied eletri �eld is inreased[Mer54℄. One of the �rst publiations on the simulation of the rate dependeny ofpolarization urves for BaTiO3 was given by Landauer et al. [LYD56℄. They used theobservations of Merz [Mer54℄, in whih the rate of swithing was basially expressed asan exponential funtion of the applied eletri �eld. Although the swithing proess wasnot determined learly as a nuleation with further domain expansion, they managed toillustrate the hange of the oerive �eld due to di�erent loading rates. The minimumoerive eletri �eld was found for the lowest loading rate.It is known from literature that domain swithing starts inside a domain of the piezo-eletri material at a ritial level of either the applied eletrial �eld or the mehanialstress. The generation of the new phase during the domain swithing proess an beseparated into two parts: nuleation and kinetis of the new phase [AKK94℄. The be-ginning of the nuleation of the new phase is assumed to take plae at the threshold ofthe ritial energy. The propagation of the new phase is dominated by the motion ofthe phase boundary between the old and the new nuleated phases [Arl96S℄, [Arl96A℄,[Arl97℄. The propagation of the new phase is determined by a so alled kinetis rela-tion. The ompletion of domain swithing inside the domain requires a ertain timeperiod. The simulation of piezoeletri materials for quasi-stati loading uses the as-sumption of omplete domain swithing inside the domains during eah inrementalloading step. When the loading is faster, the time between two suessive loading stepsis not adequate for a omplete domain swithing. Therefore, the overall eletri dis-
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Figure 5.2: Swithing time and reiproal of it with respet to applied eletri �eld.plaement and strain versus eletri �eld urves will hange for yli loadings withinreasing frequenies. For the propagation of the new phase, linear kinetis theory isused in this thesis. Due to linear kinetis theory, there is a ritial time step (∆tl)during the simulation. This limit time is the time, whih the phase boundary needs topropagate ompletely through the domain whenever nuleation has been initiated. Itis a material, temperature and �eld dependent parameter. If the time interval betweentwo subsequent inremental steps is larger than this ritial time period, the phaseboundary an ompletely propagate through the domain, i.e. the swithing proess anbe ompleted. If the time between two simulation steps is smaller than the limit time(∆tl), then the swithing proess in the grain is not �nished after one simulation step.For a simulation of the quasi-stati ase the time step in the simulation should begreater than the limit time (∆tl)5.3 Rate dependent yli eletri loadingThe limit time (∆tl) an be expressed with respet to the eletri �eld, eqn. (5.1),whih is bipolar, yli, uni-axial and triangular in a shape shown in �gure 5.3.
∆tl =

C

E − Ec

(5.1)In equation 5.1, C is a material onstant, whih depends on temperature [Mer54℄. Its
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Figure 5.3: Cyli triangular eletri �eld.values with respet to various temperature levels for piezoeletri eramis with 10 mmthikness are tabulated in table 5.1.Parameter, C(kV/mm) Temperature (oC)0.0036 230.0027 500.0018 750.0008 100Table 5.1: Material parameter values (C) under various temperature levels [Mer54℄.In the simulation the frequeny of the applied eletri �eld is given by
fE =

1

TE

(5.2)where TE is the period aording to Figure 5.3. The rate of hange of the eletri �eld(Ė) is given in �gure 5.3 with the amplitude Ê of the eletri �eld aording to
Ė = ±

2Ê

TE/2
= ±

4Ê

TE

= ±4ÊfE (5.3)During the simulation the inrements of the eletri �eld ∆E between di�erent load-ing steps are given expliitly. In Figure 5.4 it an be seen that suh an inrement
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∆ts =

∆E

Ė
=

∆E

(4ÊfE)
(5.4)holds. This is the simulation time step.

E

DE

Dts tFigure 5.4: Loading steps (∆E, ∆ts)Equation (5.4) shows that the time step ∆ts is dereasing for inreasing frequeniesof the eletri �eld. It has to be mentioned that ∆E and Ê is kept onstant for thesimulations. If ∆ts is smaller than ∆tl a domain, whih begins to hange the diretionof polarization, does not hange the phase in the whole domain during one simulationstep ∆ts. Instead, due to linear kinetis theory only a fration (∆ts
∆tl

) will have the newpolarization diretion. Espeially, if ∆ts is very small ompared to ∆tl due to a highfrequeny fE, the domain swithing proess may take several simulation steps untilthe whole domain is swithed. In order to determine the volume fration ∆V of theswithed part of the total volume V of the domain, the time ∆tp has to be determined,whih has elapsed sine the nuleation proess begins.
∆V = V

∆tp
∆tl

→
∆V

V
=

∆tp
∆tl

(5.5)Note that ∆tp may be a multiple of ∆ts. If P0b and P0a denote the polarization togetherwith the polarization diretion of the whole domain before and after the swithingproess, then the polarization P0 during the swithing proess after inserting the volumefrations is
P0 = (1 −

∆V

V
)P0b +

∆V

V
P0a = (1 −

∆tp
∆tl

)P0b +
∆tp
∆tl

P0a (5.6)As disretized the time axis, the polarization at one loading step after the beginningof the nuleation is
P01 = (1 −

∆ts
∆tl

)P0b +
∆ts
∆tl

P0a (5.7)



82 CHAPTER 5. RATE DEPENDENT MODELAs explained before, if the value of ∆ts is muh lower than the value of ∆tl, the domainswithing proess may take many inremental steps to be ompleted. Due to this fata number n is introdued for eah domain, whih has already started the swithingproess. This number denotes the number of time steps, whih have already passedafter the beginning of the swithing proess in the orresponding domain. For the nthtime step after nuleation the polarization during domain swithing is obtained
P0(n) = (1 −

(n − 1)∆ts
∆tl

−
∆ts
∆tl

)P0b +
(n − 1)∆ts

∆tl
P0a +

∆ts
∆tl

P0a (5.8)
P0(n) = (1 −

(n − 1)∆ts
∆tl

)P0b −
(n − 1)∆ts

∆tl
P0a +

∆ts
∆tl

(P0a − P0b) (5.9)
P0(n) = P0(n−1) +

∆ts
∆tl

(P0a − P0b) (5.10)This is repeated until
n∆ts = ∆tl (5.11)where at the end of the swithing P0=P0a is assumed. Equations (5.5) to (5.11) arederived in order to get a disretized linear kinetis model for the omputer simulationprogram.5.3.1 SimulationsSimulations are performed for eletri displaement versus eletri �eld urves withdi�erent frequenies (0.01 Hz, 0.1 Hz, and 1 Hz) and amplitudes of the eletri �eld(2 kV/mm, 1.5 kV/mm, and 1 kV/mm). These values are hosen in order to be ableto ompare the simulation results with experiments that were performed for the samevalues. Although equation (5.1) shows that limit time (∆tl) is highly dependent onthe eletri �eld, the limit time is onsidered to be onstant. For the simpliity ofalulations in the simulation it is taken to be 0.07 seonds for the assumption of apiezoeletri erami under the ondition of room temperature (23 oC). This meansthat 0.0018 Hz will be the maximum frequeny for a quasi-stati loading at an am-plitude of 2 kV/mm for the eletri �eld and inrements of ∆E=1 V/mm. PIC 151is taken as a sample piezoeletri material, whih was also used in the experiments[Zho03℄. Therefore, the dieletri permittivity (ǫ) is taken to be 2.124 10−8 F/m andfor simpliity it is assumed to be isotropi. The spontaneous polarization P0 and theritial value of the spontaneous polarization (Pc) are hosen to be 0.4 C/m2. A valueof 1 kV/mm is assumed for the oerive eletri �eld level. The piezoeletri onstantis onsidered to behave transversely isotropi. The value of the piezoeletri onstant



5.3. RATE DEPENDENT CYCLIC ELECTRIC LOADING 83in loading diretion is taken as 0.45 10−9 m/V. The elasti onstant (s33) is 1.9 10−11N/m2. For a better explanation of the model, one additional example are also insertedfor the ase of ∆ts < ∆tl. If the domain swithing riterion, equation (4.4) is ful�lled,a new element nuleates and begins to propagate with respet to linear kinetis model.Aording to the applied eletri �eld with a frequeny of 1 Hz, ∆ts is 0.00125 seond.Therefore, n equals ∆tl
∆ts

= 0.07/0.00125=56. This means that 56 steps are required forthe orresponding element to �nish its domain swithing. So, the polarization hangefor eah step for this partiular element is atually the polarization hange for a quasi-stati loading divided by 56. For every step, in order to have a simple alulation,equation (5.10) is used. The domain swithing ontinues during the range of 56 V/mmeletri �eld loading range sine eah eletrial loading step (∆E) is 1 V/mm.

Figure 5.5: Hysteresis urves without probabilisti approah, Ê = 2 kV/mmSimulations without probabilisti approahSimulation results are shown in �gures 5.5, 5.6 and 5.7 for the ase in whih a probabilityfor domain swithing is not taken into aount [CFH97℄. It is experimentally found thatthe oerive eletri �eld is dependent on the frequeny of the loading whih apparentlyan also be seen in the simulated urves. The oerive eletri �eld is inreasing whenthe frequeny is inreased from 0.01 Hz to 1 Hz. This an even be seen in �gure 5.7 foran amplitude of eletri �eld of 1 kV/mm, whih orresponds to the oerive eletri�eld level hosen above. Another important observation for these urves under yli
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Figure 5.6: Hysteresis urves without probabilisti approah, Ê = 1.5 kV/mm

Figure 5.7: Hysteresis urves without probabilisti approah, Ê = 1 kV/mm, leadingto di�erent remnant polarizations for di�erent loading frequenies



5.3. RATE DEPENDENT CYCLIC ELECTRIC LOADING 85loading with a high frequeny is that the eletri displaement is inreasing even fora dereasing eletri �eld during unloading provided that the atual eletri �eld islarger than the oerive �eld. For a yli loading with a frequeny of 1 Hz and anamplitude of the eletri �eld of 2 and 1.5 kV/mm, the eletri displaement annotreah the saturation level whih orresponds to a quasi-stati loading. Instead, in aertain range the eletri displaement is inreasing for a dereasing eletri �eld as faras the applied eletri �eld is larger than the oerive �eld. The remnant polarization,whih is the polarization at zero eletri �eld, is not hanging too muh for frequeniesof 0.01 Hz and 0.1 Hz and amplitudes of the eletri �eld of 2 and 1.5 kV/mm, beauseall possible domain swithings are approximately ompleted at the point where themaximum eletri �eld is reahed for suh amplitudes and frequenies of the appliedloading. On the other hand, as shown in �gure 5.7 the saturation polarization annotbe reahed and the frequeny of the loading has a strong in�uene on the remnantpolarization, if the amplitude of the applied eletri �eld is near the oerive �eld. Theremnant polarization is dereasing if the frequeny of the yli loading is inreasing,see �gure 5.10.

Figure 5.8: Hysteresis urves with fourth order polynomial for the probability funtion,
Ê = 2 kV/mm
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Figure 5.9: Hysteresis urves with fourth order polynomial for the probability funtion,
Ê = 1.5 kV/mmSimulations with probabilisti approahAs explained before, in piezoerami materials it is observed that there our some do-main swithings below the oerive �eld. In previous publiations this was modeled bya probability riterion, whih is explained in the previous hapter and an be found forexample in [DAS04℄. Suh a probability is also implemented for the simulation of therate dependent harateristis of PIC 151 using a miromehanial model, for whihthe nuleation starts with a ertain probability depending on the energy di�erenebetween atual and swithed state during swithing. Figures 5.8) to 5.10 show ele-tri displaement versus eletri �eld urves again for a yli loading with di�erentamplitudes and frequenies. For the simulations a fourth order probability funtionis implemented. As it an be seen in the �gures, the urves are smoother, espeiallyin the range near the oerive �eld level ompared to the ones that were simulatedwithout adding the probability riterion. Therefore, these urves orrespond better tothe experimental results for eletri �eld values near the oerive �eld. All other im-portant properties already explained for the simulation without probability riterionare observed as well: dereasing of the eletri �eld level for zero overall polarizationwith dereasing frequeny of loading. Other phenomena are the inrease of the rem-nant polarization for smaller amplitudes of the loading and dereasing frequenies orontinuing further domain swithings during the early unloading stage as far as the
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Figure 5.10: Hysteresis urves with fourth order polynomial for the probability funtion,
Ê = 1 kV/mmyli eletri �eld is above the oerive �eld [DAS1℄.5.4 Rate dependent mehanial loadingIf instead of a yli eletri �eld, a yli mehanial stress is applied then it an beestimated that the ouring polarization swithings are also time dependent. Similarto an eletri �eld a limit time (∆tl) an be formulated

∆tl =
Cσ

σ − σc

(5.12)in whih σc denotes the oerive stress, σ is atual mehanial loading and Cσ is aonstant. There is no adequate data for the value and dependene of Cσ in literature.In order to be ompatible with the results of the rate dependeny of the eletrialloading in the previous setion, Cσ is assumed to be onstant and to have a value of0.0036 MPa.During the simulation the frequeny of the applied ompressive stress is given by
fσ =

1

Tσ

(5.13)
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Figure 5.11: Applied triangular ompressive stresswhere Tσ is the period aording to Figure 5.11. The rate of hange of the ompressivestress (σ̇) an be derived by equation (5.14). σ̂ is the amplitude of the ompressivestress.
σ̇ = ±

σ̂

Tσ/2
= ±

2σ̂

Tσ

= ±2σ̂fσ (5.14)In the simulation the inrements of the ompressive stress ∆σ between di�erent loadingsteps are given by.
∆ts =

∆σ

σ̇
=

∆σ

(2σ̂fσ)
(5.15)

∆ts is the simulation time step for the rate dependent ompressive loading. The sameproedure as for an eletrial loading in the previous setion is followed to �nd outnumerial kineti relations due to the mehanial loading. Equations (5.5) to (5.11)whih are independent of loading types are implemented for getting a disretized linearkinetis model for a omputer simulation program for an applied ompressive stress.5.4.1 SimulationsSimulations are performed for mehanial strain versus mehanial stress and eletridisplaement versus mehanial stress urves with various loading frequenies (0.01Hz, 0.1 Hz, and 1 Hz) and amplitudes of the ompressive stress (-100 MPa, -75 MPa,-50 MPa). The limit time (∆tl) is assumed to be independent of equation (5.12) andonstant Cσ during the appliation of the unipolar stress and to be 0.07 seonds. There-fore 0.0018 Hz is the maximum frequeny for a quasi-stati loading for an amplitudeof 100 MPa of the ompressive stress and inrements of ∆ts=0.05 MPa. Material pa-rameter are already given in the setion in whih the eletrial loading for PIC 151 ispiezoeletri material.



5.4. RATE DEPENDENT MECHANICAL LOADING 89Simulation results (mehanial strain versus ompressive stress) are presented in �g-ures 5.12 to 5.14 for the ase, in whih probability funtions are not onsidered. It isapparently seen in the simulations that the oerive mehanial stress is dependent onthe frequeny of the loading like for an eletrial loading. One of the basi importantobservations for these urves is that the mehanial strain is further dereasing evenduring the releasing of ompressive stress provided that the atual ompressive stress islarger than the oerive mehanial stress. For a mehanial loading with an amplitudeof 100 MPa and a frequeny of 1 Hz, the strain is observed to arrive saturation levelduring unloading. The negative remnant strain is not hanging muh for frequeniesbetween 0.1 Hz and 1 Hz, but the absolute value of remnant strains for 0.1 Hz and 1Hz are lower than the one in a 0.01 Hz loading.

Figure 5.12: Stress-strain urves without probabilisti approah, σmax = 100 MPaFinally, if the frequeny of loading is further inreased to an amplitude of 100 Mpa, itis observed that suh inrement during unloading for athing saturation value is notvisible anymore. Figure 5.15 shows this behaviour in the stress-strain urve with 100MPa amplitude alternating ompressive stress with a frequeny of 2 Hz. Unlike for thease of 1 Hz in �gure 5.12, the mehanial strain is not inreasing for 2 Hz loadingin �gure 5.15, when the loading is redued from 100 MPa. This observation an beexplained as follows; the response of domain swithing is not as fast as the responseof linear harateristis of piezoeletris, whih is assumed to be independent of ki-netis relations. Additionally, the saturation strain and remnant strain value dereasesonsiderably.
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Figure 5.13: Stress-strain urves without probabilisti approah, σmax =75 MPa

Figure 5.14: Stress-strain urves without probabilisti approah, σmax =50 MPaMehanial stress versus eletri displaement or marosopi polarization urves underthe same ompressive loading amplitudes (100 MPa, 75 MPa, 50 MPa) and frequenies
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Figure 5.15: Stress-strain urves without probability approah (2 Hz), σmax = 100 MPa(0.01 Hz, 0.1 Hz, and 1 Hz) without using a probabilisti approah are shown in �gures5.16 to 5.18. Adoption of 60 MPa as a oerive mehanial stress during the simula-tion is the only signi�ant di�erene of assumption unlike stress versus strain urvesin whih 20 MPa oerive mehanial stress is applied. This assumption leads to a dif-ferent domain swithing level in the eletromehanial energy equation. Therefore, thesimulation results are expeted to have onsiderable hange when they are omparedwith stress versus strain urves. But the fat that domain swithing level is inreasedwhen the rate of loading is faster is still valid irrespetive of the assumed value of theoerive mehanial stress level unless the amplitude of the applied mehanial stressis lower than this oerive stress level (�gures 5.16 and 5.17). The results in �gure 5.18show only linear straight lines in whih there are no domain swithings for all three dif-ferent frequeny ranges of loading. The simulations stay under the level of the domainswithing range below whih only linear onstitutive relations are implemented. Fromthe saturation or remnant eletri displaement point of view, one an easily observethat the absolute value of the remnant polarization is redued steadily if the frequenyof loading is beoming higher at a loading level of 100 MPa amplitude, whih is strongenough to fore grains to have domain swithing (�gure 5.16). Suh an observationannot be apparently seen in the simulations like in �gure 5.17 when the amplitudeof the applied ompressive stress is lose to the oerive mehanial stress level. Butstill, the remnant polarization in the 1 Hz urve is muh lower than one for 0.1 and0.01 Hz urves. The harateristis of urves during unloading are also interesting for



92 CHAPTER 5. RATE DEPENDENT MODELvarious loading onditions. The response of the urve of 0.01 Hz is nearly onstantand independent on the mehanial stress during unloading from 100 MPa to a zerolevel like the same behaviour in a quasi-stati unloading (�gure 4.18). As it is alreadyexplained, all grains are depoled due to non-180o domain swithing (90o for tetrago-nal, 70.5o and 109.5o for rhombohedral) and beoming again randomly distributed likein the virgin state, when the applied ompressive stress is high enough to let grainsdepole. Responses are related to ompressive stress during unloading for the ase ofloading with 0.1 Hz and 1 Hz of 100 MPa amplitude of ompressive stress. Eletridisplaement is dereasing linearly in absolute value (inreasing in real value) as theompressive stress is released. However, there is a nonlinear inrement in the absolutevalue of polarization in the ase of unloading of the urve with 1 Hz loading up to amehanial oerive stress level below whih the response again beomes linear like in0.01 Hz. The ause of suh inrement during unloading an be explained by ontinu-ing of the domain swithing in the early unloading ase whih are also observable inhysteresis urves with eletrial loading and stress versus strain urves in mehanialloading. The slope of the responses during unloading, whih is nothing but the maro-sopi piezoeletri onstant, is going to inrease as the amplitude of the ompressivestress is dereased provided that amplitude will not be lower than the oerive stresslevel, �gure 5.17. It an easily be onluded that a small amount of grains are depoledwith 75 MPa amplitude stress ompared to the ones with an amplitude of 100 MPa.

Figure 5.16: Stress-eletri displaement urves without probabilisti approah, σmax= 100 MPaAs explained before, for polyrystalline piezoeletri materials it is observed that do-
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Figure 5.17: Stress-eletri displaement urves without probabilisti approah, σmax= 75 MPa

Figure 5.18: Stress-eletri displaement urves without probabilisti approah, σmax= 50 MPa



94 CHAPTER 5. RATE DEPENDENT MODELmain swithing an our below the oerive �eld. This was modeled by probabilityfuntions in previous setions. Suh a probability for domain swithing below the oer-ive level is also implemented in the simulation of the rate dependent harateristis ofPIC 151 by using a miromehanial model of piezoeletri materials whih are subjetto ompressive stress. Figures 5.19 to 5.21 show ompressive stress versus mehanialstrain urves with an implementation of fourth order (n=4) probability funtion forloading with the same amplitudes and frequenies as in the non probabilisti approah.As it an be seen in the �gures, the urves beome smoother espeially in the regionnear the oerive mehanial stress level ompared with the ones that were simulatedwithout implementing the probability riterion. So, the urves have a better orrespon-dene to the experimental ones, espeially for mehanial stress values in the regionof the oerive �eld. The fats that dereasing of the oerive mehanial stress levelwith dereasing frequeny of loading and further domain swithing at the early unload-ing stage up to the oerive mehanial stress �eld for a ompressive stress of higherfrequenies are also notieable in these urves.

Figure 5.19: Stress-strain urves with fourth order polynomial for the probability fun-tion, σmax = 100 MPaSimilarly, probabilisti approahes of fourth order (n=4) are also implemented to geta omparison of mehanial stress versus eletri displaement urves in �gures 5.22to 5.24. All three �gures illustrate the same harateristis and behaviours sine theoerive mehanial stress level is onsiderably redued when the probabilisti approahis used. Even urves for a 50 MPa amplitude value all possible domain swithings are
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Figure 5.20: Stress-strain urves with fourth order polynomial for the probability fun-tion, σmax = 75 MPa

Figure 5.21: Stress-strain urves with fourth order polynomial for the probability fun-tion, σmax = 50 MPaaomplished and the eletri displaement is saturated in lower rate loadings (0.1 Hz,0.01 Hz). Therefore, responses beome linear and independent of the applied stress



96 CHAPTER 5. RATE DEPENDENT MODELduring unloading. Only the urve with 1 Hz frequeny loading is not obeying suha behaviour due to the un�nished domain swithing range to have omplete depoledgrains before unloading begins, so that there is a linearly inlined urve after the domainswithing range ends as the ompressive stress is released from its highest amplitudelevel.

Figure 5.22: Stress-eletri displaement urves with fourth order polynomial for theprobability funtion, σmax = 100 MPa5.5 Conluding remarksNonlinear properties of perovskite type tetragonal ferroeletri and piezoeletri ma-terials under uni-axial, high, yli, bipolar eletri loading and uni-axial, unipolarompressive stress with various loading frequenies and amplitudes are simulated byusing a miromehanial model. For the simulation material parameters of PIC 151PZT eramis are used. A piezoeletri linear onstitutive model and a nonlinear do-main swithing with probability funtions have been applied in the model. A linearkinetis model is used for the propagation of the new phase during the domain swith-ing proess. The simulated urves with a probabilisti approah do math better to theexperimental urves than simulation results, in whih probability funtions have notbeen used. The model follows the basi harateristis of polyrystalline piezoeletrimaterials for di�erent loading rates and amplitudes suh as the hange of the oerivemehanial and eletri �eld and the hange of the remnant polarization and strain.
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Figure 5.23: Stress-eletri displaement urves with fourth order polynomial for theprobability funtion, σmax = 75 MPaThe simulations are presented in eletri displaement versus eletrial �eld hysteresisurves for eletrial loading and mehanial stress versus mehanial strain, mehanialstress versus eletri displaement urves for mehanial loading both during loadingand unloading onditions expliitly.
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Figure 5.24: Stress-eletri displaement urves with fourth order polynomial for theprobability funtion, σmax = 50 MPa



Chapter 6Intergranular e�ets
6.1 ConeptsAs it was mentioned in previous hapters, intergranular e�ets are signi�ant fators forthe nonlinearities in the harateristis of polyrystalline ferroeletri materials. Sinedomains and their polarization vetors are random in orientation and are onneted bydomain boundaries, they annot behave independently from eah other. Therefore, itis expeted that they depend on polarization and strain harateristis of neighbour-ing domains. Figure 6.1 illustrates the e�ets of neighbouring mirostrutures to thedomain swithing behaviour of a partiular lattie. Due to ontinuum theory, lattieswhih did not yet undergo a domain swithing are sharing boundaries of high stresswith neighbouring latties whih have no domain swithing.In hapter 4 intergranular e�ets are onsidered and simulated phenomenologially byusing a probabilisti approah. In the present hapter, eletrial and mehanial �elde�ets are miromehanially taken into aount for the onsideration of intergranulare�ets in the simulations. Sine all domains have a so-alled spontaneous polariza-tion in their mirostrutures, they an serve as an eletrial soure in addition tothe marosopi eletri �eld for neighbouring elements (Refer to D = ǫE). Thus theeletromehanial energy equation for the threshold of domain swithing is extendedto have suh an eletrial soure term for neighbouring elements. Likewise, di�erentdisplaement behaviours of domains lead to mehanial �elds for neighbouring domains(Refer to S = sσ). Thereby, the eletromehanial energy equation should ontain suhmehanial �eld terms of neighbouring domains. In this sense, it is now proposed tohave a new eletromehanial equation, whih onsiders both mehanial and eletrial�eld harateristis of neighbouring elements.

EnPn + Cpe

Nn∑

i

PiEiTi + σnSn + Cpm

Nn∑

i

SiσiTi ≥ 0. (6.1)99
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different electric fieldFigure 6.1: Intergranular e�ets between mirostrutureswhere, Cpe and Cpm are assumed to be material dependent parameters regarding theeletrial and mehanial �elds of neighbouring elements. These material parameterswill be investigated during simulations by using various di�erent numerial values tounderstand their e�ets to the marosopi urves. Nn is the number of neighbouringelements. Ti is the transformation matrix between elements.Unlike Hwang's approah [HLM95℄ for the energy equation, this relation does notontain any ritial and oerive eletri �eld level at the right hand side of equation(6.1). The terms beginning with Cpe and Cpm are internally generated eletrial andmehanial �elds. Therefore, they do not have to be zero even though the externallyapplied eletrial or mehanial �elds are zero.For the simpliity and in order to save time, simulations are performed for a twodimensional model with 30x30 elements. Therefore, there are 4 neighbours for eahelement to take intergranular alulations into onsideration in the energy equation.This means that Nn is 4. A partiular element, whose energy equation is alulated, isdenoted with subsript n. Neighbours of this partiular element are represented with
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Figure 6.2: Partiular element and neighbouring ones with orresponding strain andpolarization assignments for energy equationsubsripts n + 1 or n − 1. Figure 6.3 illustrates the two dimensional elements withsubsripts. Therefore, equation (6.1) takes the form
EnPn +

4∑

i=1

Cpe(Pn+iEn+iTn+i) + σnSn +
4∑

i=1

Cpm(Sn+iσn+iTn+i) ≥ 0 (6.2)
n-1 n n+1

n+30

n-30Figure 6.3: Element n and the orresponding neighbours in a 2-D assignment



102 CHAPTER 6. INTERGRANULAR EFFECTS6.2 SimulationsSimulations are arried out under the loading onditions of an alternating, uni-axial,bipolar eletrial �eld with an amplitude of 1 kV/mm. So, exept the magnitude of theamplitude of the eletri �eld, the pure eletrial loading has the same harateristis asthe loading in the previous hapters. Despite the externally applied mehanial stressis zero, the mehanial stress terms of neighbouring elements in the eletromehanialenergy equation are not zero, sine internal stresses are generated due to the nonlin-ear phase transformation. These internal stresses are alulated and inserted in theeletromehanial energy equation by using linear elastiity theory. Simulation resultsare presented only in mehanial strain versus eletri �eld butter�y urves, beauseparameters in the eletromehanial energy relations an signi�antly e�et mehanialstrain versus eletri �eld butter�y urves muh more than eletri displaement ver-sus eletri �eld hysteresis urves. Sine the shape of the butter�y urves are stronglydependent on the types of domain swithing, it is muh more logial to evaluate theeletromehanial energy relation whih is mainly based on intergranular e�ets withdi�erent types of domain swithings (90o and 180o) in perovskite type tetragonal piezo-eletri materials. The simulation urves presented here have the information abouthow many perent of domain swithings are 90o or 180o type.Figure 6.4 shows mehanial strain versus eletri �eld butter�y urves, in whih 0.65and 0.35 are assumed for the parameters Cpe and Cpm in the eletromehanial en-ergy equation. These parameters are hosen arbitrarily. During the simulation, 66 %of elements are performing 90o domain swithing whereas the rest are 180o domainswithings. Figure 6.5 illustrates another butter�y urve with the same Cpe value buta di�erent Cpm value with a magnitude of 0.7, namely two times the one used in �gure6.4. It is found that the perentage of 90o domain swithing is redued to 59 % by anamount of 6 % ompared to �gure 6.5. As it is known that the main ause of negativestrain and tips of the butter�y urve at oerive eletri �eld level is 90o swithing.One an easily observe the di�erene between these two urves by omparing their tipor minimum strain values, whih an go below zero values for �gure 6.4. On the otherhand, the tip values ould not redue to negative strain values in �gure 6.5. Aordingto this observation one an onlude that the strain value an go down to negativevalues as the value of Cpm is dereased in the model. Another signi�ant di�erenebetween these two urves is the oerive eletri �eld value, whih an be de�ned asthe eletri �eld where the strain reahes its tip magnitude. As it was explained be-fore, there is no onstant oerive eletri �eld value de�ned in our eletromehanialenergy relation. Therefore, the oerive eletri �eld value an hange aording to theparameters (Cpe and Cpm) hosen in this relation. In �gure 6.4, the oerive eletri�eld is found to be 0.28 kV/mm whih is smaller than the oerive �eld (0.33 kV/mm)found in 6.5. If the material dependent Cpm value is further inreased more as in �g-ure 6.6, the oerive �eld inreases to 0.44 kV/mm. The Cpm value is hanged to 1.05



6.2. SIMULATIONS 103while Cpe is kept onstant during the simulation. 55 % of domains are observed to have90o domain swithings in �gure 6.6. Another important parameter of butter�y urvesis that the remnant or saturation strain does not hange remarkably with respet todi�erent material dependent Cpm values used to simulate these urves.
Butterfly curve (C =0.65, C =0.35)pe pm

Figure 6.4: Butter�y urve (Cpe = 0.65, Cpm = 0.35)Figures 6.7 and 6.8 show mehanial strain versus eletri �eld urves for the same Cpmvalue, whih is 0.7. This time the Cpe values are varied during the simulations. In �gure6.7 Cpe is hosen to be 0.45 whih is two times the value used in the simulation in �gure6.8. In the former butter�y urve, tips are smooth and enlarged, whereas in the latterbutter�y urve tips are muh sharper. Unlike �gure 6.7, the minimum strain valuedoes not go below zero in �gure 6.8. So we an laim that redution of the Cpe valuewill derease the magnitude of the strain tips in the butter�y urves. This statementan be proven by another observation from these simulations that more domains areundergoing 90o domain swithing in �gure 6.7 than in �gure 6.8. 59 % of elementsare found to have 90o domain swithing in the simulation of �gure 6.7, whereas thisperentage is redued drastially in �gure 6.8 to 38 %. There is also a slight inrementin remnant strain in �gure 6.8 ompared to �gure 6.7. But this di�erene is not highenough to argue that the eletrial material onstant Cpe has a strong in�uene onthe remnant or saturation value of the butter�y urves. Still, there are some domainswithings ourring in the early stage of the loading below the oerive level for �gure6.7. That is why, there are disontinuities at zero eleti �eld in �gure 6.8. Also itannot be onluded that the domain swithing level is a�eted by this Cpe parameter.The reason is that the marosopi oerive eletri �eld levels are approximately the
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Butterfly curve (C =0.65, C =0.7)pe pm

Figure 6.5: Butter�y urve (Cpe = 0.65, Cpm = 0.7)
Butterfly curve (C =0.65, C =1.05)pe pm

Figure 6.6: Butter�y urve (Cpe = 0.65, Cpm = 1.05)same for both of the simulations. In �gure 6.4, the oerive eletri �eld value is foundto be 0.34 kV/mm whih is just 0.02 kV/mm higher than the oerive �eld shown in�gure 6.8.
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Butterfly curve (C =0.45, C =0.7)pe pm

Figure 6.7: Butter�y urve (Cpe=0.45, Cpm=0.7)
Butterfly curve (C =0.9, C =0.7)pe pm

Figure 6.8: Butter�y urve (Cpe=0.9, Cpm=0.7)As earlier explained ommerial piezoeletri motors or sensors show nonlinearitieswhen they are operated with an eletrial loading, whih is muh lower than the o-erive eletri �eld level. The reason for suh nonlinearities or small hysteresis loops



106 CHAPTER 6. INTERGRANULAR EFFECTSis also domain swithing, whih ours due to intergranular e�ets between grains.Suh small hysteresis loops an be a problem for the appliations of these piezoele-tri atuators and sensors. Reently, there are some ontrol units whih are developedfor the ompensation of these nonlinearities to have linear harateristis during smalleletromehanial operations by using a Preisah model [Pre38℄. In previous hapterssuh small hysteresis loops in butter�y urves are modeled by using a phenomenologi-ally based probabilisti approah. In this hapter additional terms are introdued inthe eletromehanial energy equation to onsider intergranular e�ets and to explainthese small nonlinear behaviours. In order to reprodue nonlinearities for a low eletro-mehanial loading uni-axial, quasi-stati, bipolar eletrial loading is applied with 0.1kV/mm or 0.2 kV/mm amplitude, whih is one tenth or one �fth of the amplitude ofthe value of the loading whih is implemented for the butter�y urves in �gures 6.9to 6.11. This alternating loading is applied to a fully poled perovskite type tetrago-nal piezoeletri material. Figure 6.9 illustrates the mehanial strain versus eletri�eld urve with a yli loading of 0.1 kV/mm amplitude with the addition of the �rstpoling of PIC 151 piezoeletri material up to 1 kV/mm. In this simulation, Cpe and
Cpm values are assumed to be 0.65 and 0.7, respetively. After the fully poled ase andreleasing of the loading from 1 kV/mm to zero, the material is subjeted to a ylieletri �eld starting with a negative eletri �eld with an amplitude of 0.1 kV/mm.In this phase, there our some domain swithings despite the amplitude is lower thanthe oerive �eld. 6.3 % of the elements are undergoing a domain swithing in whihall of them are 90o swithing leading to strain hanges and a hysteresis loop. But stillthe amplitude of the loading is not strong enough to let all domains to have domainswithing. Therefore, the tips of the butter�y urves annot be seen in this simulation.Figure 6.10 illustrates also the mehanial strain versus eletri �eld butter�y urvewith the same loading onditions but with a di�erent amplitude, whih is 0.2 kV/mm.The same Cpe and Cpm values are hosen as in �gure 6.9. Although the amplitudeof loading is still under the level of the oerive eletri �eld, 35 % of the elementshave domain swithing 95 % of whih undergo a 90o domain swithing during the �rstloading in negative diretion. Like in �gure 6.9 the loading amplitude in �gure 6.10 isstill not strong enough to let the strain go to the deepest value. As it an be expetedthe area of the hysteresis loop is enlarged due to the inreased number of 90o domainswithings. If the amplitude of the applied alternating eletri �eld is inreased, domainswithing will dominate and the butter�y urve will our again. Figure 6.11 shows amehanial strain versus eletri �eld urve with an amplitude of 0.4 kV/mm uni-axial,quasi-stati eletri �eld for piezoeletri material, whih is initially fully poled up to1 kV/mm eletri �eld. The loading is not omplete yli. The same Cpe and Cpmvalues are again hosen as in �gures 6.9 and 6.10. It is found that 83 % of the elementsexperiene a domain swithing and among them 54 % are 90o swithings. Espeially,just after the loading passes through an eletri �eld of -0.2 kV/mm, the strain is de-reasing with a high slope. Most of the 90o domain swithings are ourring in this



6.2. SIMULATIONS 107region. Having redued the minimum tip value, the strain is going to inrease by theseond 90o swithings whih give rise to a positive strain in loading diretion. Althoughthe amplitude of the eletri �eld is high enough to reah the minimum strain value, itis still not strong enough to have saturation. The reason is that 17 % of elements havenot experiened any domain swithing. Therefore, the mehanial strain stays below0.15 % whih is under the level of the remnant polarization, as the maximum eletri�eld is ahieved. One of the basi drawbaks of this simulation is the lak of symmetry.There our some 180o domain swithings before 90o swithings at the positive loadingrange, whih annot be explained physially. Still the same minimum strain value withnegative loading is also ahieved in the positive loading range.
Butterfly curve (C =0.65, C =0.7)pe pm

Figure 6.9: Hysteresis loop in the butter�y urve with 0.1 kV/mm amplitude of theyli eletri �eld (Cpe=0.65, Cpm=0.7)Rate or frequeny dependent harateristis of mehanial strain versus eletri �eldbutter�y urves are also investigated with the new eletromehanial energy relationby using a linear kinetis model, whih has been formulated and explained in previoushapters in detail. Simulations are performed for the eletri loading with di�erentfrequenies (0.01 Hz, 0.1 Hz, and 1 Hz) and an amplitude of the eletri �eld of 1kV/mm, whih orresponds to the eletri �eld level far above the oerive �eld. Thesimulation results are presented in �gure 6.12, in whih Cpe and Cpm values are assumedto be 0.65 and 0.7. The oerive eletri �eld is inreasing when the frequeny isinreased from 0.01 Hz to 1 Hz in analogy to the observations in hapter 5. Anotherimportant property of these urves with alternating loading with a high frequeny
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Butterfly curve (C =0.65, C =0.7)pe pm

Figure 6.10: Hysteresis loop in the butter�y urve with 0.2 kV/mm amplitude of theyli eletri �eld (Cpe=0.65, Cpm=0.7)
Butterfly curve (C =0.65, C =0.7)pe pm

Figure 6.11: Butter�y urve with 0.4 kV/mm amplitude of eletri �eld (Cpe=0.65,
Cpm=0.7)



6.3. CONCLUDING REMARKS 109is that the mehanial strain is inreasing even for a dereasing eletri �eld duringunloading provided that the atual eletri �eld is larger than the oerive �eld. Fora yli loading with a frequeny of 1 Hz the strain value annot reah the saturationlevel. Yet, the strain is inreasing for a dereasing eletri �eld as far as the appliedeletri �eld is larger than the oerive �eld. The remnant or saturation polarizationis approximately onstant for all frequeny levels. The amplitude of the eletri �eld isso strong that all elements �nish their domain swithing proesses. On the other hand,the minimum mehanial strain value is slightly inreasing (tips are going up) whenthe loading frequeny is inreased from 0.1 Hz to 1 Hz, but this statement annot begeneralized, sine there is no di�erene of strain between the loading of 0.1 Hz and 0.01Hz. Finally, it should be added that the perentage of 90o or 180o domain swithingsis nearly onstant when the frequeny of the loading is hanging.

Figure 6.12: Butter�y urves with 1 kV/mm amplitude of the yli eletri �eld(Cpe=0.65, Cpm=0.7)6.3 Conluding remarksIn this hapter nonlinear properties of tetragonal ferroeletri and piezoeletri mate-rials under uni-axial, yli and quasi-stati eletrial loading are simulated by usinga miromehanial model based on intergranular e�ets. A piezoeletri linear onsti-tutive model and a nonlinear domain swithing with eletromehanial energy relation



110 CHAPTER 6. INTERGRANULAR EFFECTSwith various material parameters have been used in the model. Material parameters arevaried in order to understand their in�uene to mehanial strain versus eletri �eldbutter�y urves. Butter�y urves are also investigated with di�erent amplitude valuesfor the eletri �eld, whih are lower than the oerive �eld for getting small hysteresisloops. Lastly, this eletromehanial energy relation is ombined with a linear kinetismodel to get rate dependent harateristis of butter�y urves with di�erent frequenyonditions.



Chapter 7SummaryNonlinear properties of piezoeletri materials are one of the signi�ant problems foratuators and sensors, whih are ommonly used in sienti� and engineering appli-ations. The nonlinearities even inrease and beome ompliated, when piezoeletrimaterials are operated in a high performane usage. Piezoeletri linear onstitutiverelations are approximations and annot explain these nonlinear behaviours.In this study, properties of tetragonal perovskite type piezoerami materials have beensimulated by using a new miromehanial model for PIC 151 PZT eramis. In the�rst part of the study the model is presented with simulations of these materials un-der uni-axial, high, quasi-stati, yli bipolar eletri loading and ompressive stressseparately. A piezoeletri linear onstitutive model, and nonlinear domain swithingwith probability funtions have been used in the model. A probabilisti approah isimplemented for the explanation of intergranular e�ets in a phenomenologial man-ner. The maximum of the applied eletrial �eld and mehanial stress are 2 kV/mmand 100 MPa, orrespondingly. Simulation results are presented in marosopi eletridisplaement versus eletri �eld hysteresis and mehanial strain versus eletri �eldbutter�y urves for eletrial loading and eletri displaement versus mehanial stressand mehanial strain versus mehanial stress urves for a ompressive loading. It isfound that the hysteresis urves using probability funtions do better math the exper-imental hysteresis urves than simulation results in whih probability funtions havenot been used. Moreover, piezoeletri materials under various onstant ompressivestress (20 MPa, 40 MPa) with alternating eletri �eld have been deeply investigatedby the extension of the miromehanial model. Signi�ant harateristis of piezo-eletri materials under eletromehanial loading are aptured during the simulationaording to the experiments.The miromehanial model is further improved in order to simulate rate dependentproperties under a yli loading by means of linear kinetis theory. The simulations areperformed for moderate frequeny levels (0.01 Hz - 1 Hz). Maximum applied eletro-111



112 CHAPTER 7. SUMMARYmehanial loadings are varied (1 kV/mm - 2 kV/mm) for a better understanding ofthe harateristis of nonlinearities near and above the oerive eletri levels wherenonlinear phase transformations or domain swithings dominate. Amplitudes of the ap-plied ompressive stress are hosen in the range of 50 Mpa - 100 MPa. Inreasing of theoerive �eld values and remnant or saturation polarization and mehanial strain forsmaller amplitudes of the loading and ontinuing further domain swithings during theearly unloading stage as far as the yli eletri �eld or mehanial stress is above theoerive �eld are the ommon �ndings of these simulations. Interesting results aboutthe e�et of the oupling oe�ient in the mehanial loading ase espeially in the de-poling region for mehanial strain and eletri displaement versus mehanial stressurves are shown for various ritial amplitude values.Simulation of the in�uene of intergranular e�ets to marosopi properties of piezo-eletri materials by a miromehanial approah has been one of the basi aims of thiswork. Eletrial and mehanial harateristis of neighbouring grains have been su-essfully implemented in the alulation of eletromehanial energy equation for theonset of phase transformation. By the appliation of intergranular e�ets of neighbour-ing elements nonlinear domain swithings have been simulated even in low eletro-mehanial onditions. Therefore, the model an explain nonlinearities of polyrys-talline piezoeletri materials, whih are subjeted to an eletrial loading in a widerange of amplitude values (0.1 kV/mm - 1 kV/mm). The model beomes robust enoughto explain nonlinearities both for low (below oerive eletri �eld) and for strong load-ing onditions. In addition to this, the model is further extended to simulate a frequenydependent eletrial loading with the help of linear kinetis theory.In the future, the idea of intergranular e�ets an be improved more for the imple-mentation of miromehanial models. In this researh, there are only two parametersinvolved for intergranular mehanial and eletrial e�ets. More material parametersare neessary regarding to the types of possible phase transformations. Further studieson these material parameters an lead to better simulation results and mathing withorresponding experimental data. The model applied in this study an be used for amehanial loading also.Frequeny dependent properties have been modelled by using linear kinetis, whihhas the same priniple as given by Merz [Mer54℄. Instead of using suh an old model,nonlinear kinetis theory and movement of domain wall onepts an be implementedbetter for the simulation of eletromehanial loading with moderate frequenies. Ap-plied frequeny and amplitude levels an also be varied in a wide range, espeially forpiezoeletri atuators and sensors in future works.



Bibliography[AKK94℄ Abeyaratne, R., Kim, S.J., Knowles J.K., "One dimensional model for shapememory alloys", International Journal of Solids and Strutures 31, 2229-2249,1994.[AH70℄ Allik, H., Hughes, T.J.R., "Finite element method for piezoeletri vibration",International Journal for numerial methods in engineering., Vol. 2, pp. 151-157,1970.[Arl97℄ Arlt, G., "A model for swithing and hysteresis in ferroeletri eramis," In-tegrated Ferroeletris, Vol. 16, pp. 229-236, 1997.[Arl96A℄ Arlt, G., "A physial model for hysteresis urves of ferroeletri eramis,"Ferroeletris, Vol. 189, pp. 103-119, 1996.[Arl96S℄ Arlt, G., "Swithing and dieletri nonlinearity of ferroeletri eramis," Fer-roeletris, Vol. 189, pp. 91-101, 1996.[AN88℄ Arlt, G. and Neumann, H., "Internal bias in ferroeletri eramis: origin andtime dependene," Ferroeletris, Vol. 87, pp. 109-120, 1988.[ADMS1℄ Arokiarajan, A., Delibas, B., Menzel, A., Seemann, W., "Studies on rate-dependent swithing e�ets of piezoeletri materials using a �nite element model,"Computational material siene, (In press).[ADS04℄ Arokiarajan, A., Delibas, B., Seemann, W., "Nonlinear simulation of piezo-eletri materials by miromehanial approah with probability funtion," Com-putational modelling and simulation of materials, (2004).[ADSM04℄ Arokiarajan, A., Delibas, B., Seemann, W., Menzel A, "Simulation of non-linear behaviour of piezoerami materials using probability funtions," 3rd Eu-ropean onferene on strutural ontrol, (2004).[Aul90℄ Auld, B.A., "Austi �elds and waves in solids", Robert E. Krieger, Florida,1990. 113



114 BIBLIOGRAPHY[Av39℄ Avrami, M., "Kinetis of phase hange . I General Thory", Journal of ChemialPhysis, Vol. 7, pp. 1103-1112, 1939.[Av40℄ Avrami, M., "Kinetis of phase hange . II Transformation-time relations forrandom distribution of nulei ", Journal of Chemial Physis, Vol. 8, pp. 212-224,1940.[Av41℄ Avrami, M., "Kinetis of phase hange . III Granulation, Phase Change, andMirostruture", Journal of Chemial Physis, Vol. 9, pp. 177-184, 1941.[BSKS05℄ Ball, B.L., Smith, R.C., Kim, S.-J., Seeleke, S., "A ferroeletri swith-ing model for Lead Zironate-Titanate (PZT)", Center for Researh in Sienti�Computation-North Carolina State University., Report-rs-tr05-16, 2005.[BGM881℄ Bassiouny, E., Ghaleb, A.F., Maugin, G.A., "Thermodynamial formulationfor oupled eletromehanial hysteresis e�ets-I. Basi equations", Int. J. EngngSi., Vol. 26, No. 12, pp. 1279-1295, 1988.[BGM882℄ Bassiouny, E., Ghaleb, A.F., Maugin, G.A., "Thermodynamial formula-tion for oupled eletromehanial hysteresis e�ets-II. Poling of eramis", Int. J.Engng Si. Vol., 26, No. 12, pp. 1297-1306, 1988.[BM891℄ Bassiouny, E., Maugin, G.A., "Thermodynamial formulation for oupledeletromehanial hysteresis e�ets-III. Parameter identi�ations", Int. J. EngngSi., Vol. 27, No. 8, pp. 975-987, 1989.[BM892℄ Bassiouny, E., Maugin, G.A., "Thermodynamial formulation for oupledeletromehanial hysteresis e�ets-IV. Combined eletromehanial loading", Int.J. Engng Si., Vol. 27, No. 8, pp. 989-1000, 1989.[BW89℄ Bast, U., Wersing W., "The in�uene of internal vouids with 3-1 onnetivityon the properties of piezoeletri eramis prepared by a new planar proess",Ferroeletris, 94, pp. 229-242, 1989.[BHY98℄ Beldia, E.C., Hilton, H.H., Yi, S., "Visoelasti damping and piezo-eletriontrol of strutures subjeted to aerodynami noise", Pro. 4th AIAA/CEASAeroaoustis Conf., pp. 805-815, 1998.[Bos87℄ Boser, O., "Statistial theory of hysteresis in ferroeletri materials", Journalof Applied Physis, Vol. 62(4), pp. 1344-1348, 1987.[BRB01℄ Bursu, E., Ravihandran, G., Bhattaharya, K., "Eletro-mehanial behav-iour of 90-degree domain motion in Barium Titanate single rystals", Proedingof SPIE Vol. 4333, pp. 121-130, 2001.



BIBLIOGRAPHY 115[BRB02℄ Bursu, E., Ravihandran, G., Bhattaharya, K., "Observation of domain mo-tion in single-rystal Barium Titanate under ombined eletromehanial loadingonditions", IUTAM Sym. on Mehanis of Martensiti Phase Transformations inSolids, pp. 63-70, 2002.[Cad46℄ Caddy, W.G., Piezoeletriity, MGraw-Hill, New York, 1946.[CBKHSB02℄ Cao, S., Brand, U., Kleine-Besten, T., Ho�mann, W., Shwenke, H.,Büte�sh, S., Büttgenbah, S., "Reent developments in dimensional metrologyfor mirosystem omponents", Mirosystem tehnologies, Vol. 8, pp. 3-6, 2002.[CE93℄ Cao, H., Evans, A.G., "Nonlinear deformation of ferroeletri eramis," Jour-nal of Am. Ceram. So., 76, pp. 890-896, 1993.[CG01℄ Cao, X., Gabbert, U., "Nonlinear �nite element modelling and analysis of piezo-eletri materials and strutures", Innovationskollegs Adaptive mehanishe Sys-teme, Otto-von-Guerike-Universität Magdeburg, pp. 65-74, 2001.[CTX99℄ Cao, W., Tavener, S., Xie, S., "Simulation of boundary ondition in�uenein a seond order ferroeletri phase transition", Journal of Applied Physis, Vol.86(10), pp. 5739-5746, 1999.[Cer℄ CeramTe. AG., www.eramte.om[CC01℄ Chaplya, P.M., Carman, G.P., "Dieletri and piezoeletri response of leadzironate-lead titanate at high eletri and mehanial loads in terms of non-180◦domain wall motion", Journal of applied Physis, Vol. 90 (10), pp. 5278-5286,2001.[CFH97℄ Chen, X., Fang, D.N., Hwang, K.C., "Miromehanis simulation of ferroele-tri polarization swithing," Ata mater., Vol. 45, No. 8, pp. 3181-3189, 1997.[CL98℄ Chen, W., Lynh, C.S., "A miro-eletro-mehanial model for polarizationswithing of ferroeletri materials," Ata Mater., 46, No. 15, pp. 5303-5311, 1998.[CM80℄ Chen, P.J., Montgomery, S.T., "A marosopi theory for the existene of thehysteresis and butter�y loops in ferroeletriity", Ferroeletris, Vol. 23, pp. 199-208, 1980.[CW98℄ Chen, I-W., Wang, Y., "A domain wall model for relaxor ferroeletris", Fer-roeletris, Vols. 206-207, pp. 245-263, 1998.[Chr88℄ Christensen, D.A., "Ultrasoni Bioinstrumentation", John Wiley, New York,1988.



116 BIBLIOGRAPHY[Cro93℄ Cross, L.E., "Ferroeletri eramis: tailoring properties for spei� applia-tions," Ferroeletri eramis, Basel: Birkhäuser, 1993.[CM99℄ Coks, A.C.F., MMeeking, R.M., "A phenomenologial onstitutive law forthe behaviour of ferroeletri eramis", Ferroeletris, Vol. 228, pp. 219-228, 1999.[Dam98℄ Damjanovi, D., "Ferroeletri, dieletri and piezoeletri properties of fer-roeletri thin �lms and eramis", Rep. Prog. Phys., Vol. 61, pp. 1267-1324, 1998.[Dam97℄ Damjanovi, D., "Stress and frequeny dependene of the diret piezoeletrie�et in ferroeletri eramis", Journal of Applied Physis, Vol. 82(4), pp. 1788-1797, 1997.[DSFF00℄ Dapino, M.J., Smith, R.C., Faidley, L.E., Flatau, A.B., "A oupledstrutural-magneti strain and stress model for magnetostritive transduer",Journal of intelligent material systems and strutures, 11(2), pp. 134-152, 2000.[Dap02℄ Dapino, M.J., "Magnetostritive materials", Enylopaedia of smart materi-als, M. Shwartz, Ed., John Wiley and sons, New York, pp. 600-620, 2002.[Del02℄ Delibas, B., "Preision utting in CNC turning mahines", Master Thesis, Sa-bani University, Graduate Shool of Engineering and Natural Sienes, 2002.[DAS04℄ Delibas, B., Arokiarajan, A., Seemann, W., "Nonlinear simulation of piezo-erami materials using miromehanial approah", 45th AIAA /ASME /ASCE/AHS /ASC strutures, strutural dynamis, and materials onferene, 2004.[DAS05℄ Delibas, B., Arokiarajan, A., Seemann, W., "A nonlinear model to piezoele-tri polyrstalline eramis under quasi-stati eletromehanial loading", Journalof material siene: materials in eletronis, Vol. 16(8), pp.507-515, 2005.[DAS1℄ Delibas, B., Arokiarajan, A., Seemann, W., "Rate dependent properties ofperovskite type tetragonal piezoeletri materials using miromehanial model",International journal of solids and strutures, (In press).[Dro60℄ Drougard, M.E., "Detailed study of swithing urrent in Barium Titanate",Journal of Applied Physis, Vol. 31(2), pp. 352-355, 1960.[Dun95℄ Dunn, M.L., "E�ets of grain shape anisotropy, porosity, and miroraks onthe elasti and dieletri onstants of polyrystalline piezoeletri eramis", J.Appl. Phys., pp. 1533-1541, 1995.[EZP05℄ Elhadrouz, M., Zineb, T.B., Patoor, E., "Constitutive law for ferroeletri andferroelasti single rystals: a miromehanial approah", Computational materialssiene., 32, pp. 355-359, 2005.



BIBLIOGRAPHY 117[FC00S℄ Fotinih, Y., Carman, G.P., "Nonlinear behaviour of polyrstalline piezoe-ramis," Smart Strutures and Materials., Proeding of SPIE Vol. 3992, pp. 319-330, 2000.[FC00J℄ Fotinih, Y., Carman, G.P., "Stresses in piezoeramis undergoing polariza-tion swithings", Journal of Applied Physis, Vol. 88(11), pp. 6715-6725, 2000.[FC02℄ Fotinih, Y., Carman, G.P., "Modeling polyrystalline behaviour of piezoe-ramis ", Ferroeletris, Vol. 274, pp. 101-119, 2002.[FBW00℄ Fröhlih, A., Brökner-Foit, D., Weyer, S., "E�etive properties of piezoele-tri polyrystal," Smart strutures and materials, Proeeding of SPIE Vol. 3992,pp. 279-287, 2000.[GH97℄ Ghandi, K., Hagood, N.W., "A hybrid �nite element model for phase tran-sitions in nonlinear eletro-mehanially oupled material", Proeeding of SPIEVol. 3039, pp. 97-112, 1997.[GK76℄ Gerthsen, P., Krüger, G., "Coerive �eld in �ne grained PLZT eramis", Fer-roeletris,Vol. 11, pp. 489-492, 1976.[Har04℄ Harsimar, S., "Simulation of butter�y loops in ferroeletri materials", Con-tinuum Mehanis and Thermodynamis, Vol. 16, Issue 1-2, pp. 163-175, 2004.[HOG05℄ Haug, A., Onk, P.R. Giessen E.V., "Internal stress generation during swith-ing of ferroeletris", Coupled nonlinear phenomena-modelling and simulation forsmart, ferroi, and multiferroi materials, MRS Pro., Vol. 881E, CC4.4, 2005.[HF04℄ Huber, J.E., Flek, N.A., "Ferroeletri swithing: a miromehanial modelversus measured behaviour", European Journal of Mehanis A/Solids, 23, pp.203-217, 2004.[HF01℄ Huber, J.E., Flek, N.A., "Multi-axial eletrial swithing of a ferroeletritheory versus experiment", Journal of the mehanis and physis of solids., 49,pp. 785-811, 2001.[HFLM99℄ Huber, J.E., Flek, N.A., Landis, C.M., MMeeking, R.M., "A onstitutivemodel for ferroeletri polyrstals," Journal of the mehanis and physis of solids.,47, pp. 1663-1697, 1999.[HA00℄ Hwang, S.C., Arlt, G., "Swithing in ferroeletri polyrystals", Journal ofApplied Physis, Vol. 87(2), pp. 869-875, 2000.[HHMF98℄ Hwang, S.C., Huber, J.E., MMeeking, R.M., Flek, N.A., "The simula-tion of swithing in polyrystalline ferroeletri eramis", Journal of AppliedPhysis.,Vol. 84 (3), pp. 1530-1540, 1998.



118 BIBLIOGRAPHY[HLM95℄ Hwang, S.C., Lynh, C.S., MMeeking, R.M., "Ferroeletri/Ferroelasti in-terations and a polarization swithing model," Ata Metal. Mater., Vol. 43, No.5, pp. 465-495, 1995.[HM98℄ Hwang, S.C., MMeeking, R.M., "The predition of swithing in polyrys-talline ferroeletri eramis," Ferroeletris, Vol. 207, pp.465-495, 1998.[HW00℄ Hwang, S.C., Waser, R., "Study of eletrial and mehanial ontribution toswithing in ferroeletri/ferroelasti polyrystals", Ata Mater., Vol. 48, pp. 3271-3282, 2000.[JCJ71℄ Ja�e, B., Cook, W.R. and Ja�e, H., "Piezoeletri Ceramis", Aademi Press,London and New York, 1971.[Jos92℄ Joshi, S.P., "Non-linear onstitutive relations for piezoeletri materials",Smart Mater. Strut.,1, pp. 80-83, 1992.[Kah85℄ Kahn, M, "Austi and elasti properties of PZT eramis and anisotropipores", J. Am. Ceram. So., 68, pp. 623-628, 1985.[Kam01℄ Kamlah, M., "Ferroeletri and ferroelasti piezoeramis-modeling ofeletromehanial hysteresis phenomena," Continuum meh. thermodyn., 13, pp.219-268, 2001.[KBMT97℄ Kamlah, M., Böhle, U., Munz, D., Tsakmakis, C., "Marosopi desriptionof the non-linear eletro-mehanial oupling in ferroeletris," Smart struturesand materials, Proeeding of SPIE Vol. 3039, pp. 144-155, 1997.[KJ97℄ Kamlah, M., Jiang, Q., "A model for PZT eramis under uni-axial loading,"Wissenshaftlihe berihte, Forshungszentrum Karlsruhe, Institut für Material-forshung, 1997.[KT99℄ Kamlah, M., Tsakmakis, C., "Phenomenologial modeling of non-linear eletro-mehanial oupling in ferroeletris," International journal of solids and stru-tures, 36, pp. 666-695, 1999.[Kkaj℄ Keiji Kusumoto of AIST, Japan: www.geoities.jp/kusumotokeiji/yougoeng.htm[KB01℄ Kessler, H., Balke, H., "On the loal and average energy release in polarizationswithing phenomena", Journal of the mehanis and physis of solids., 49, pp.953-978, 2001.[KJ02℄ Kim, S.-J., Jiang, Q., "A �nite element model for rate-dependent behaviourof ferroeletri eramis," International journal of solids and strutures, 39, pp.1015-1030, 2002.



BIBLIOGRAPHY 119[KR98℄ Kreher, W.S., Rödel, J., "Ferroeletri eramis and omposites: Statistialmodels for e�etive piezoeletri and pyroeletri properties," International sym-posium on appliations of ferroeletris, pp. 455-458, 1998.[Kr76℄ Krüger, G., "Domain wall motion onept to desribe ferroeletri rhombohe-dral PLZT eramis", Ferroeletris, Vol. 11, pp. 417-422, 1976.[KO02℄ Kukushkin, S.A., Osipov, A.V., "Theory of swithing in Ferroeletris", Fer-roeletris, Vol. 280, pp. 169-199, 2002.[LYD56℄ Landauer, R., Young, D.R. and Drougard, M.E., "Polarization reversal inthe barium titanate hysteresis loop," Journal of Applied Physis, Vol. 27(7), pp.752-758, 1956.[Lan02℄ Landis, C.M., "A new �nite-element formulation for eletromehanial bound-ary value problems", International journal for numerial methods in engineering,Vol. 55, pp. 613-628, 2002.[Lan02℄ Landis, C.M., "Fully oupled, multi-axial, symetri onstitutive laws for poly-rystalline ferroeletri eramis," Journal of the mehanis and physis of solids.,50, pp. 127-152, 2002.[Lan01℄ Landis, C.M., "Symmetri onstitutive laws for polyrystalline ferroeletrieramis", Smart strutures and materials, Newport Beah, CA, 2001.[LM99℄ Landis, C.M., MMeeking, R.M., "A self onsistent model for swithing inpolyrystalline ferroeletris eletrial polarization only", Proeding of SPIE Vol.3667, pp. 172-180, 1999.[LF04℄ Li, F., Fang, D., "Simulation of domain swithing in ferroeletris by a threedimensional �nite element," Mehanis of Materials 36, pp. 959-973, 2004.[LW02℄ Li, W.F., Weng, G.J., "A theory of ferroeletri hysteresis with superimposedstress", Journal of Applied Physis, Vol. 91(6), pp. 3806-3815, 2002.[LS96℄ Loge, R.E., Suo, Z., "Nonequilibrium thermodynamis of ferroeletri domainevolution", Ata mater., Vol. 44, No.8, pp. 3429-3438, 1996.[LFLH99℄ Lu, W., Fang, D.-N., Li, C.Q., Hwang, K.-C., "Nonlinear eletri-mehanialbehaviour and miromehanis modelling of ferroeletri domain evolution," AtaMater., 47, No. 10, pp. 2913-2926, 1999.[Lyn96℄ Lynh, C.S. "The e�et of uniaxial stress on the eletro-mehanial responseof 8/65/35 PLZT," Ata Mater., 44, No. 10, pp. 4137-4148, 1996.



120 BIBLIOGRAPHY[LM94℄ Lynh, C.S., MMeeking, R.M., "Finite strain ferroeletri onstitutive laws",Ferroeletris, Vol. 160, pp. 177-184, 1994.[MH97℄ MMeeking, R.M., Hwang, S.C., "On the potential energy of a piezoeletriinlusion and the riterion for ferroeletri swithing", Ferroeletris,Vol. 200, pp.151-173, 1997.[ML02℄ MMeeking, R.M., Landis, C.M., "A phenomenologial multi-axial onstitutivelaw for swithing in polyrytalline ferroeletri eramis," Journal of engineeringsiene., 40, pp. 1553-1577, 2002.[Mer54℄ Merz, W.J., "Domain formation and domain wall motions in ferroeletri Ba-TiO3 single rystals," Pysial review, Vol. 95(3), pp. 690-698, 1954.[MV02℄ Meyer, B., Vanderbilt, D., "Ab initio study of ferroeletri domain walls inPbTiO3", Physial Review B, Vol. 65, pp. 104111/1-104111/10, 2002.[MK98℄ Mihelitsh, T., Kreher, W.S., "A simple model for the nonlinear materialbehaviour of ferroeletris," Ata mater., Vol. 46, No. 14, pp. 5085-5094, 1998.[MRLMY01℄ Mukherjee, B.K., Ren, W., Liu, S.-F., Masys, A.J., Yang, G., "Non-linearproperties of piezoeletri eramis", Proeding of SPIE Vol. 4333, pp. 41-54, 2001.[Mur℄ Murata Manufaturing Co., www.murata.om[MM37℄ Murphy, E.J., Morgen, S.O., Bell system teh. J., 16, 493, 1937.[NIOB80℄ Nagata, K, Igarashi, H., Okazaki, K., and Bradt, R.C., "Properties of aninteronneted porous Pb(Zr,Ti)O3 eramis", Jpn. J. Appl. Phys., Vol. 19, L37-L40, 1980.[NXKC90℄ Newnham, R.E., Xu, Q.C., Kumar, S., Cross, L.E., "Smart Ceramis",Ferroeletris, Vol. 102, pp. 259-266, 1990.[Nye85℄ Nye, J.F., Physial Properties of Crystals, Oxford Clarendon Press,1985.[PBDN01℄ Peelamedu, S.M., Barnett, A.R., Dukkipati, R.V., Naganathhan, N.G., "Fi-nite element approah to model and analyse piezoeletri atuators", JSME In-ternational, Series C, Vol. 44, pp. 476-485, 2001.[Pre38℄ Preisah, P., "Über die magnetishe Nahwirkung", Zeitshrift für Physik, 94,pp. 277-302, 1938.[RCW76℄ Ralls, K.M., Courtney, T.H., Wulf, J., "Introdution to materials siene andengineering", Wiley., Toronto, 1976.



BIBLIOGRAPHY 121[Ros56℄ Rosen, C.A., "Cerami transformers and �lters", Pro. Eletroni Comp.Symp., pp. 205-211, 1956.[RMBG04℄ Roy, S.S., Morros, C., Bowman, R.M., Gregg, J.M., "Superior eletro-mehanial performane over PZT, in lead zin niobate (PZN)-lead zironiumtitanate (PZT) thin �lms", Appl. Phys., A, pp. 339-344, 2004.[RK99℄ Rödel, J., Kreher, W.S., "E�etive properties of polyrystalline piezoeletrieramis," Journal de physique IV, pp. 239-247, 1999.[RK00℄ Rödel, J., Kreher, W.S., "Modelling of domain wall ontribution to the ef-fetive properties of polyrystalline ferroeletri eramis," Smart strutures andmaterials, Proeeding of SPIE Vol. 3992, pp. 353-362, 2000.[RK00F℄ Rödel, J., Kreher, W.S., "Modeling of the e�etive linear behaviour of piezo-erami eramis," Ferroeletris, Vol. 241, pp. 83-90, 2000.[OAI91℄ Omura, M., Adahi, H., Ishibashi, Y., "Simulation of ferroeletris harater-istis using a one-dimensional lattie model", Japanese journal of applied physis,Vol. 30, No. 9B, pp. 2384-2387, 1991.[SH96℄ Shaeufele, A.B., Haerdtl, K.H., "Ferroelasti properties of lead zironate ti-tanate eramis," Journal of Am. Ceram. So., 79, (10), pp. 2637-2640, 1996.[Sh81℄ Shmidt, N.A., "Coerive fore and 90◦ domain wall motion in ferroeletriPLZT eramis with square hysteresis loops", Ferroeletris, Vol. 31, pp. 105-112,1981.[SZY82℄ Sears, F.W., Zemansky, M.W., Young, H.D., University Physis, 6th Ed.,Addison-Wesley, 1982.[SAD04℄ Seemann, W., Arokiarajan, A., Delibas, B., "Miromehanial simulation ofpiezoeletri materials using probability funtions", 2004 SPIE Pro. 5387, pp.57-64, 2004.[SHF03℄ Shieh, J., Huber, J.E, Flek, N.A., "An evaluation of swithing riteria forferroeletris under stress and eletri �eld", Ata Materialia, 51, pp. 6123-6137,2003.[SRM98℄ Shur, V., Rumyantsev, E., Makarov, S., "Kinetis of phase transformations inreal �nite systems: Appliation to swithing in ferroeletris", Journal of AppliedPhysis, Vol. 84(1), pp. 445-451, 1998.[Smi05℄ Smith, R.C., Smart material systems, Model development, Siam, Philadelphia,2005.



122 BIBLIOGRAPHY[SOW01℄ Smith, R.C., Ounaies, Z., Wieman, R., "A model for rate dependent hys-teresis in piezoerami materials operating in low frequenies," NASA/CR-2001-211062, ICASE Report No.2001-26, 2001.[SA04℄ Sun, C.T., Ahuthan, A., "Domain-swithing riteria for Ferroeletri materialssubjeted to eletrial and mehanial loads", Journal of Amerian Cerami So.,87 (3), pp. 395-400, 2004.[TWSK02℄ Tadmor, E.B., Waghmare, U.V., Smith, G.S., Kaxiras, E., "Polarizationswithing in PbTiO3:an ab initio �nite element simulation", Ata Mater., 50, pp.2989-3002, 2002.[Tie69℄ Tiersten, H.F., "Linear piezoeletri plate vibrations", Plenum Press, NewYork, 1969.[TKU01℄ Torii, A., Kato, H., Ueda, A., "A miniature atuator with eletromagnetielements", Eletrial Engineering in Japan, Vol. 134, No. 4, pp. 70-75, 2001.[Uh00℄ Uhino K., "Ferroeletri Devies", Marel Dekker AG, New York, 2000.[VC00℄ Viehland D., Chen, Y.-H., "Random-�eld model for ferroeletri domain dy-namis and polarization reversal, "Journal of Applied Physis, 88,11, pp. 6696-6707, 2000.[VL01℄ Viehland, D., Li, J.-F., "Kinetis of polarization reversal in0.7Pb(Mg1/3Nb2/3)O3−0.3PbT iO3: Heterogeneous nuleation in the viin-ity of quened random �elds", Journal of Applied Physis, Vol. 90(6), pp.2995-3003, 2001.[WSCLZ04℄ Wang, J., Shi, S.-Q., Chen, L.-Q., Li, Y., Zhang, T.-Y., "Phase �eld sim-ulations of ferroeletri/ferroelasti polarization swithing", Ata Materialia, Vol.52, pp. 749-764, 2004.[YNG03℄ Yan, C., Nakao, M., Go, T., Matsumoto, K., Hatamura, Y., "Injetion mold-ing for mirostrutures ontrolling mold-ore extrusion and avity heat �ux," Mi-rosystem tehnologies, Vol. 9, pp. 188-191, 2003.[YNLBL01℄ Yee, Y., Nam, H.-J., Lee, S.-H., Bu, J.U., Lee, J.-W., "PZT atuatedmiromirror for �ne-traking mehanism of high-density optial data storage.",Sensor and Atuators A: Physial, 89 (1-2), pp. 166-173, 2001[ZR93℄ Zhang, X.D., Rogers, C.A., "A marosopi phenomenologial formulation foroupled eletromehanial e�ets in piezoeletriity", Journal of intelligent mate-rial systems and strutures, Vol. 4, pp. 307-316, 1993.



BIBLIOGRAPHY 123[Zho03℄ Zhou, D., "Experimental investigation of non-linear onstitutive behaviour ofPZT piezoeramis ," Ph.D. Thesis, Forshungzentrum Karlsruhe, 2003.[ZK04℄ Zhou, D., Kamlah, M., "High �eld dieletri and piezoeletri performaneof soft lead zironate titanate piezoeramis under ombined eletromehanialloading", Journal of applied Physis, Vol. 96 (11), pp. 6634-6640, 2004.[ZKM01℄ Zhou, D., Kamlah, M., Munz, D., "Rate dependene of soft PZT eramisunder eletri �eld loading," Smart Strutures and Materials., Proeding of SPIEVol. 4333, pp. 64-70, 2001.



124 BIBLIOGRAPHY



Appendix ATheory of piezoeletriityIn this hapter, the basi linear piezoeletri theory will be explained and the meh-anism will be built on a simple one dimensional model, by whih the piezoeletrilinear onstitutive relations are derived. Similarly, thermodynamis follows with thepriniple of onservation of energy for ahieving linear piezoeletri equations. Lastly,piezoeletri nonlinear onstitutive relations are presented after the extension of thethermodynamial priniples.A.1 One dimensional model of piezoeletriityIn this part a one dimensional model for piezoeletriity is de�ned by using aneletrially- neutral system of harges [Aul90℄. Figure A.1 illustrates the model, whihan show similar eletromehanial harateristis like piezoeletri solids. There are twopairs of harges with di�erent signs in the system. Center atoms whih are designatedwith q are onneted by a rigid rod. On the ontrary, outside harges (+Q, −Q) areonneted to the enter atoms by simple elasti springs. Figures A.2 and A.3 show themodel under the appliation of mehanial and eletrial laoding, orrespondingly.
x = xa equil x = xb equil
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Figure A.1: Model of a piezoeletri solid [Aul90℄125
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Figure A.2: Model with applied mehanial fore
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DEFigure A.3: Model with applied eletri �eldDuring the appliation of a mehanial loading the hange in the displaement ofoutside harges is
∆X = ∆xq1

+ ∆xq2
(A.1)The dipole moment P with respet to enter of the system is give by

Px =
∑

n

qnxn (A.2)The dipole moment of the equilibrium state is
(Px)equil = −Qxequil + ql/2 + ql/2 − Qxequil = 2(ql/2 − Qxequil). (A.3)The springs are assumed to have the same elasti onstants K. Then, statial foresating on outward harges an be obtained
fq1

= K(xq1
− l/2) (A.4)for the spring on the left hand side,

fq2
= K(xq2

− l/2) (A.5)



A.1. ONE DIMENSIONAL MODEL OF PIEZOELECTRICITY 127Eletrostati fores T ating on harges q1 and q2 an be alulated
Tq1

= qQ(
−1

(xq1
− l/2)2

−
1

(xq1
+ l/2)2

) + Q2(
−1

(xq1
+ xq2

)2
) (A.6)

Tq2
= qQ(

−1

(xq2
− l/2)2

−
1

(xq2
+ l/2)2

) + Q2(
−1

(xq2
+ xq1

)2
) (A.7)The ombined statial spring fores and eletrostati fores are

Fq1
= K(xq1

− l/2) + qQ(
−1

(xq1
− l/2)2

−
1

(xq1
+ l/2)2

) + Q2(
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+ xq2
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) (A.8)

Fq2
= K(xq2

− l/2) + qQ(
−1

(xq2
− l/2)2

−
1

(xq2
+ l/2)2

) + Q2(
−1

(xq2
+ xq1

)2
) (A.9)Considering the mehanial loading ase, it an easily be proven from symmetry thatharges q1 and q2 have the same absolute displaements

| xq1
|=| xq2

| (A.10)Therefore, total hange in displaement of the system given in by
∆X = 2 | ∆xq1

| (A.11)The hange in the dipole moment results in
∆Px = −Q∆xq1

− Q∆xq2
= −2Q∆xq2

. (A.12)For the ase of an eletrial loading, the total fores in the system an be alulatedby balane equations
∆Fq1

+ Q∆Eq1
= 0 (A.13)

∆Fq2
− Q∆Eq2

= 0 (A.14)where Eq1
and Eq2

are hanges in eletri �eld on the harges of q1 and q2. For anysmall disturbane from the equilibrium ondition, one an use the following relations
Fq1

= Fq1equil
+ (

∂Fq1equil

∂xq1

)equil∆xq1
+ (

∂Fq1equil

∂xq2

)equil∆xq2
(A.15)
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Fq2

= Fq2equil
+ (

∂Fq2equil

∂xq1

)equil∆xq1
+ (

∂Fq2equil

∂xq2

)equil∆xq2 (A.16)Sine equilibrium fores are equal and have zero values and xq1 = xq2

(
∂Fq1equil

∂xq1

)equil = −(
∂Fq2equil

∂xq2

)equil = A (A.17)
(
∂Fq1equil

∂xq2

)equil = −(
∂Fq2equil

∂xq1

)equil = B (A.18)If (A.15) - (A.16) and (A.17) - (A.18) are substituted into eqn (A.13) - (A.14), thisyields
A∆xa + B∆xb = −Q∆Eq1 (A.19)
−B∆xa − A∆xb = +Q∆Eq1 (A.20)
A(∆xa − ∆xb) − B(∆xa − ∆xb) = 0 (A.21)Displaements of outher harges are
∆xq1

= ∆xq2
(A.22)and the hange in dipole moment is

∆P = −Q∆xq1
− Q∆xq2

= −2Q∆xq1
(A.23)Finally, one an desribe the hange in displaement and dipole moments of the systemas follows

∆Px = ǫ∆Ex + d∆Fx (A.24)
∆L = d∆Ex + s∆Fx (A.25)where s, ǫ, d are system parameters. These equations are the so-alled linear onstitu-tive piezoeletri relations.



A.2. THERMODYNAMICAL RELATIONS 129A.2 Thermodynamial relationsThe onservation of energy priniple with the onept of the �rst law of thermodynam-is for a piezoeletri material an be written by [Tie69℄
U̇ = σijṠij + EiḊi (A.26)where, U denotes the internal energy. Ḋi and Ṡij are the rates of hange of the eletridisplaement and mehanial strain of the piezoeletri medium. The eletri enthalpy

H is de�ned by
H = U − EiDi (A.27)A di�erentiation with respet to time gives
Ḣ = U̇ − EiḊi − ĖiDi (A.28)Introduing this in eqn. (A.26) yields
Ḣ = σijṠij − ĖiDi (A.29)If the enthalpy H is onsidered to be a funtion of strain S and eletri �eld E,
H = H(S,E) (A.30)and di�erentiating H with respet to time
Ḣ =

∂H

∂Sij

Ṡij +
∂H

∂Ei

Ėi (A.31)and inserting in (A.31) yields
(τij −

∂H

∂Sij

)Ṡij − (Di +
∂H

∂Ei

)Ėi = 0 (A.32)Sine equation (A.32) is an identity, whih must hold for arbitrary Ṡij and Ėi, whihare onsistent with the ondition Ṡij= Ṡji, then
∂H

∂Sij

=
∂H

∂Sji

(A.33)
τij =

1

2
(
∂H

∂Sij

+
∂H

∂Sji

) (A.34)
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τij =

∂H

∂Sij

(A.35)
Di = −

∂H

∂Ei

(A.36)If the enthalpy H is given by a homogeneous quadrati relation
H =

1

2
cijklSijSkl − dijkEiSjk −

1

2
ǫijkEiEj (A.37)Then, from equations (A.35) and (A.36) the linear piezoeletri onstitutive relationsan be derived.

τij = cijklSkl − dkijEk, (A.38)
Di = diklSkl + ǫikEk. (A.39)When temperature T and entropy W are taken into aount and Gibbs' potentialenergy G [Jos92℄ is introdued, then G reads
G = U − τijSij − EkDk + TW. (A.40)By assuming an adiabati reversible system the di�erential form dU of the internalenergy is given by
dU = τijdSij − EkdDk + TdW. (A.41)Taking also the di�erential dG of Gibbs' potential
dG = dU − dτijSij − τijdSij − EkdDk − dEkDk − TdW − WdT. (A.42)and Gibbs' potential after inserting into eqn. (A.41) beomes, the result is
dG = −τijdSij − dEkDk − WdT. (A.43)Expressing Gibbs' potential in form of a Taylor series without having higher orderterms
dG = (

∂G

∂τij

)dτij + (
∂G

∂Ek

)dEk + (
∂G

∂Tij

)dT (A.44)



A.2. THERMODYNAMICAL RELATIONS 131then, by using equation (A.43) and (A.44),
Sij = −(

∂G

∂τij

) (A.45)
Dk = −(

∂G

∂Ek

) (A.46)
W = −(

∂G

∂T
) (A.47)an be dedued.When dependent variables Sij, Dk, W are written as a funtion of the independentvariables τlm, En and T , then

dSij = (
∂Sij

∂τlm

)dτlm + (
∂Sij

∂En

)dEn + (
∂Sij

∂T
)dT (A.48)

dDk = (
∂Dk

∂τlm

)dτlm + (
∂Dk

∂En

)dEn + (
∂Dk

∂T
)dT (A.49)

dW = (
∂W

∂τlm

)dτlm + (
∂W

∂En

)dEn + (
∂W

∂T
)dT (A.50)where sijlm is the elasti ompliane, dijn is the piezoeletri onstant, αij is the oe�-ient of thermal expansion, ǫkn is the dieletri onstant, pk is the pyroeletri oe�ientand c is the spei� heat. These material parameters an be de�ned as follows

sijlm = (
∂Sij

∂τlm

) (A.51)
dijn = (

∂Sij

∂En

) = (
∂Dk

∂τlm

) (A.52)
αij = (

∂Sij

∂T
) = (

∂W

∂τlm

) (A.53)
ǫkn = (

∂Dk

∂En

) (A.54)
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pk = (

∂Dk

∂T
) = (

∂W

∂En

) (A.55)
c

T0

= (
∂S

∂T
) (A.56)Integrating the dependent variables �nally results in onstitutive equations,

Sij = sijlmτlm + dnijEn + αij∆T (A.57)
Dk = dklmτlm + ǫknEn + pk∆T (A.58)
W = αijτlm + pnEn + (

c

T0

)∆T (A.59)The onstitutive relations negleting the temperature term an be written in matrixform,
{S} = [sE]{τ} + [d]{E} (A.60)
{D} = [d]T{τ} + [ǫτ ]{E} (A.61)These relations an be written in various forms like
{τ} = [cE]{S} − [g]{E} (A.62)
{D} = [g]T{S} + [ǫS]{E} (A.63)or
{τ} = [cD]{S} − [h]{D} (A.64)
{D} = −[h]T{S} − [βS]{D} (A.65)where the oe�ients an be related to eah other by
[cE] = [sE]−1 (A.66)
[g] = [cE][d] (A.67)
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[ǫS] = [ǫτ ] − [g]T [d] (A.68)
[cD] = [cE] + [g][βS][g]T (A.69)
[h] = [g][βS] (A.70)
[βS] = [ǫS]−1 (A.71)Nonlinear terms of spontaneous strain and spontaneous polarization (S0ij, P0ij) an beadded to these linear onstitutive relations to get nonlinear onstitutive relations
Sij = sijlmτlm + dijnEn + αij∆T + S0ij (A.72)
Dk = dklmτlm + ǫknEn + pk∆T + P0ij (A.73)The spontaneous strain and polarization is a nonlinear funtion of the mehanial stressand the eletri �eld.
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