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1 Introduction

Spherical wavelets are used as mathematical tool for breaking up a complicated structure of a
function into many simple pieces at different scales and positions. In the last years, wavelets
on the sphere have been in the focus of several research groups which led to different wavelet
approaches. Common to all these proposals is a multiresolution analysis which enables a bal-
anced amount of both frequency (more accurately, angular momentum) and space localization.

In the year 1995, a (parametric) concept of spherical wavelets was proposed by Dahlke, Dah-
men, Schmitt, and Weinreich (see [5] and [29]) based on a tensor product basis, in which one
component is a spline of exponential (E-) type. The so–called E-splines provide not only C(1)–
wavelets, but also guarantee the reproduction of trigonometric functions within the wavelet
expansion. Potts and Tasche [24] form tensor products of interpolatory trigonometric wavelets
and polynomial wavelets in accordance with a usual longitude/lattitude parametrization of the
sphere. These wavelets satisfy the C(1)–assumption described in [29] only in an approximate
sense. Another multiresolution tensor spline method on the sphere is proposed by Lyche and
Schumaker [23]. Starting with a triangulation of the sphere, Schröder and Sweldens [28] con-
struct spherical Haar–type wavelets on the triangles yielding smoother wavelets by virtue of
the so–called lifting scheme. A group theoretical approach to a continuous wavelet transform
on the sphere is followed by Antoine [1], [2] and Holschneider [21]. The parameter choice of
their continuous wavelet transform is the product of SO(3) (for the motion on the sphere) and
R

+ (for the dilations). A continuous wavelet transform approach for analyzing functions on
the sphere is presented by Dahlke and Maass [6].

The constructions of the Geomathematics Group in Kaiserslautern ([15], [19], [20], [8], [9],
[11], [12]) are intrinsically based on the specific properties concerning the geometry of the
sphere and the theory of ’spherical polynomials’, i.e., in the jargon of the geosciences ’spher-
ical harmonics’. Two approaches to spherical wavelets have been established: On the one
hand, a continuous wavelet transform (and its discretizations) was obtained by taking partic-
ular advantage of the conception of spherical singular integrals. Within this framework the
wavelets turn out to be kernel functions generated by summing up certain clusters of spherical
harmonic expressions. The wavelets are definable either by increasing space localization of the
kernels or by decreasing frequency localization of their corresponding symbols (i.e., Fourier
transform in terms of spherical harmonics). Wavelet modeling is provided by a two–parameter
family reflecting the different levels of localization and resolution. On the other hand the
authors [16], [8] presented a scale discrete wavelet transform involving band–limited as well as
non–band–limited kernel representations by forming the so–called P–scale or M–scale wavelet
representations. With the help of approximate or exact (for spherical harmonic or spherical
splines) interpolatory formulae all wavelet transforms allow fully discrete approximants via
tree algorithms (i.e., pyramid schemes) [25], [8], [7], [4], [10], [13], [3]. Recently, a multiresolu-
tion analysis based on zonal functions with a local support has been developed by the authors
of this paper (see [18] and the references therein).

Looking at the different concepts, two essential approaches can be identified: The first one
uses certain grids on the sphere and tries to transfer concepts of the one–dimensional wavelet
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analysis to the sphere. The approaches with longitude/latitde grids or triangulations fall into
this category. The second approach put the emphasis on the solution of rotation–invariant
pseudodifferential equations on the sphere (as proposed, e.g., in [8]). For this concept, zonal
functions are an appropriate tool. In this case, there is — at first glance — no need for a
particular point distribution on the sphere.

In this paper we are interested in a new compromise for the construction of spherical wavelets.
In fact, our wavelets are based on zonal functions but also relate to structured grids in order
to obtain fast algorithms that are easy to implement.

The key points of our paper can be characterized as follows:

• The wavelets and the scaling function are based on zonal kernel functions so that our
approach is well–suited for the solution and regularization of rotation–invariant pseudo-
differential equations.

• The wavelets are locally supported so that the integration can be made efficient.

• The construction is based on a biorthogonal system of zonal functions, which gives us
almost all advantages of an orthogonal approach.

• A new block–wise grid structure is used on the sphere: The points lie on circles of con-
stant latitude to ensure that the construction of a biorthogonal system is not expensive.
But the grid gets sparser in the polar regions so that there are not too large differences
in the distances between neighboring points.

• The grid is organized in blocks of size 2p by 2p−1 so that the algorithms can be formulated
easily.

• Finally, a scaling equation is established with only a few coefficients. In fact, we end up
with a fast wavelet transform which is completely similar to the algorithms known from
one–dimensional Euclidean wavelet theory.

What is the prize that we have to pay for all these advantages? It is by no means dramatic:
First, we do not develop a multiresolution analysis of the whole space of square–integrable
functions but on finite dimensional subspaces. In fact, we have – at the beginning of the
analysis — to choose a finest level of resolution. From numerical point of view, this is what
has to be done for practical applications, anyway. Second, we use zonal kernel functions only
at the finest scale. On the coarser levels, the wavelets and the scaling functions turn out to be
linear combinations of zonal kernel functions centered at different points. But this does not
influence the applicability to the solution of rotation–invariant pseudodifferential equations on
the sphere, since the isotropy is observed on the finest level and all other information originated
on this level is transported automatically to the coarser ones.

Since our work is rather technical, we would like to motivate one of the main ideas right now:

Consider four points of a structured grid, where four zonal functions ϕ
(0)
ij , i, j ∈ {0, 1} are
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centered. This is the scaling function at scale 0, i.e., at the finest scale. Going to the coarser

scale we are led from these four functions to the scaling function ϕ
(1)
00 at scale 1 together with

three wavelets:

ϕ
(1)
00 =

1

2

(

ϕ
(0)
00 + ϕ

(0)
10 + ϕ

(0)
01 + ϕ

(0)
11

)

EWψ
(1)
00 =

1

2

(

ϕ
(0)
00 − ϕ

(0)
10 + ϕ

(0)
01 − ϕ

(0)
11

)

NSψ
(1)
00 =

1

2

(

ϕ
(0)
00 + ϕ

(0)
10 − ϕ

(0)
01 − ϕ

(0)
11

)

Dψ
(1)
00 =

1

2

(

ϕ
(0)
00 − ϕ

(0)
10 − ϕ

(0)
01 + ϕ

(0)
11

)

Figure 1 sketches this construction. The wavelets can be associated with a certain direction
for the analysis: east–west (EW), north–south (NS), and diagonal (D). Thus, for scale 1 and
all larger scales the functions are not zonal, anymore.

Figure 1: Out of 4 neighboring scaling functions at scale 0 the scale function at scale 1 as well
as 3 wavelets (with directional information) are built.

The paper is organized as follows: In Chapter 2 we show the construction of the block grids.
Chapter 3 introduces the scaling functions, that are used in Chapter 4 for the definition of the
wavelets. The multiresolution analysis together with the fast wavelet transform is discussed in
Chapter 5. Some examples are shown in Chapter 6. At the end, we summarize our results.

2 Block Grids

Our approach to spherical wavelets is strongly related to grids on the sphere with a particular
structure. In what follows, we describe the construction of such grids. Our whole procedure
is done on one half of the northern hemisphere of the unit sphere Ω in three–dimensional Eu-
clidean space R

3. For the other parts of the sphere the grid is formed similarly in a symmetric
manner.

The main concepts are as follows: The distances between neighboring points in the grid
should not be too different. A coarsening of the grid should be possible. The generation of a
biorthogonal function system out of zonal kernel functions centered at the grid points should
be easy (for the Euclidean case see, e.g., the investigations in [22]). These requirements lead us
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to a construction, where the grid points are lying on circles of latitude, and where the points
are organized block–wise, such that in each block there are 2p times 2p−1 grid points.

Let us fix an integer N ≥ 2, that defines the finest level of the grid. We set

∆λ = π2−(N+1)

and
λi = i∆λ, i = 0, . . . , 2N+1 − 1. (1)

For the north–south direction, we assume that the values ϑi, i = 0, . . . , 2N − 2 are ordered in
the following way

π

2
> ϑ0 > . . . > ϑ2N−2 > 0. (2)

The points ηij on the unit sphere Ω are then defined by

ηij =





sinϑj cosλi

sinϑj sinλi

cosϑj



 , i = 0, . . . , 2N+1 − 1, j = 0, . . . , 2N − 2. (3)

Not all of the point ηij are used during our work. The grid is block–wise organized. From
scale to scale the number of points is reduced. The details will be explained in the following
lines.

For the scale l = 0 we define the index sets (k = 0, . . . , N − 1) as follows:

I(0)
k =

{

(i, j)
∣

∣

∣ i = 0(2k)2N − 2k, j = 2N − 2N−k(1)2N − 2N−k−1 − 1
}

. (4)

(Throughout the paper, we write i = a(b)c for the set of indices i = a, a+ b, a+ 2b, . . . , c). As
an example we consider the scale l = 0 in Figure 2, where we have listed the index sets for the
case N = 3.

Scale Set i j

l = 0 I(0)
0 0, 1, 2, . . . , 7 0, 1, 2, 3

I(0)
1 0, 2, 4, 6 4, 5

I(0)
2 0, 4 6

l = 1 I(1)
0 0, 2, 4, 6 0, 2

I(1)
1 0, 4 4

I(1)
2 0 6

l = 2 I(2)
0 0, 4 0

I(2)
1 0 4

l = 3 I(3)
0 0 0

Figure 2: Index sets for the case N = 3
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Going from scale to scale, the number of indices in each set is reduced by a factor 2 both for
i and j. In more detail, for the scale l, we set for k = 0, . . . , N − l − 1

I(l)
k =

{

(i, j)
∣

∣

∣ i = 0(2k+l)2N − 2k+l, j = 2N − 2N−k(2l)2N − 2N−k−1 − 2l
}

. (5)

A special situation occurs, if k = N − l (for l > 0). In this case the index set I(l)
k would be

empty using the formula of the definition stated above. This is the reason why we set

I(l)
N−l =

{

(i, j)
∣

∣

∣ i = 0, j = 2N − 2l
}

. (6)

By definition, all other I(l)
k are set to I(l)

k = ∅. In addition, we let I(l) =
⋃N−l

k=0 I(l)
k .

For given N , we have therefore defined the following non empty sets: I(0)
0 , . . . , I(0)

N−1, I
(1)
1 , . . . ,

I(1)
N−1, I

(2)
1 , . . . , I(2)

N−2, . . ., I
(N)
0 . Figure 2 shows an example for N = 3.

In accordance with our construction the total number of indices in the sets amounts to

#I(l)
k = 22N−2l−2k−1, k = 0, . . . , N − l − 1, l = 0, . . . , N, (7)

and
#I(l)

N−l = 1, l = 1, . . . , N. (8)

Thus it readily follows that (with δlj denoting the Kronecker symbol)

#I(l) =
1

2

N−l−1
∑

k=0

4N−k−l + (1 − δl0)

= 2
N−l−1
∑

p=0

4p + (1 − δl0)

= 2
1 − 4N−l

1 − 4
+ (1 − δl0)

=
2

3
(4N−l − 1) + (1 − δl0).

For our wavelet approach, two aspects are of importance: First, we start from a point set for
the scale l = 0 with respect to the index sets and the points ηij . This point set is the extendable
to the whole sphere. Second, for all scales, a so–called SGS, i.e., ’scale grid support’, with
respect to the point set is inherent in the construction. We associate to each kernel functions
under consideration a scale–dependent relevant area on the unit sphere Ω.

Concerning the first aspect we notice that, based on the points ηij and on the aforementioned
index sets, the grid points are positioned block–wise for the scale l = 0:

00B
(0)
k =

{

η2i+(2k−1) j | (i, j) ∈ I(0)
k

}

, k = 0, . . . , N − 1. (9)
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Clearly, all grid points are collected in the set

00B(0) =
N−1
⋃

k=0

00B
(0)
k . (10)

Figure 3 illustrates the sets for different N .

Figure 3: Point sets for N = 2, 3, 4, and 5. Block 0: o, block 1: ×, block 2: �, block 3: +,
block 4: ∗.

Our purpose now is to extend the grid to the whole sphere and to introduce a hierarchical
structure. To this end we let

00ηij = ηij =





sinϑj cosλi

sinϑj sinλi

cosϑj



 , 01ηij =





sinϑj cos(π + λi)
sinϑj sin(π + λi)

cosϑj



 , (11)

10ηij =





sin(π − ϑj) cosλi

sin(π − ϑj) sinλi

cos(π − ϑj)



 , 11ηij =





sin(π − ϑj) cos(π + λi)
sin(π − ϑj) sin(π + λi)

cos(π − ϑj)



 , (12)

In consequence, four blocks with indices m,n ∈ {0, 1} are introduced by

mnB
(l)
k =

{

mnη2i+(2k−1) j

∣

∣

∣ (i, j) ∈ I(l)
k

}

. (13)

Furthermore, we let
mnB(l) =

⋃

k

mnB
(l)
k .

By virtue of
B(l) = 00B(l) ∪ 10B(l) ∪ 01B(l) ∪ 11B(l)

we obtain a block–structured set of points on the whole unit sphere.
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Figure 4: The SGS 00S
(l)
ij,k for N = 3 and the scales 0,1,2,3 (from left to right). First row: Top

view. Second row: Side view. The underlying point set is also shown.

Lemma 1 For N ≥ 2, the total number of points in the grid reads

#B(0) =
8

3
(4N − 1).

Next we come to the second aspect, i.e., the specification of SGS, which will help us later on

to introduce, for each (i, j) ∈ I(l)
k , scaling and wavelet functions with suitably adapted local

support. We understand for m = n = 0 the SGS 00S
(l)
ij,k to be the rectangle (formulated in the

framework of polar coordinates)

00S
(l)
ij,k =

[

(i− 1/2)2−Nπ, (i+ 2l+k − 1/2)2−Nπ
]

×
[

1

2
(ϑj + ϑj−1),

1

2
(ϑj+2l + ϑj+2l−1)

]

. (14)

This definition may fail at the boarders of the j–region. We therefore substitute in this
definition for j = 0 the expression 1

2(ϑj + ϑj−1) by π/2, and if j + 2l > 2N − 2, we substitute
the term 1

2(ϑj+2l + ϑj+2l−1) by 0. For the other cases of m,n ∈ {0, 1} we make similar
definitions, but omit the details here. With this construction we associate with each scaling
function a certain area of the unit sphere Ω, and we get, furthermore, a partition of Ω in the

sets mnS
(l)
ij,k for each l. These associated supports are sketched for different l in Figure 4.

3 Scaling Function

The wavelet approach as discussed in this paper is discrete in space and scale. Our aim now
is to describe the construction of the scaling function in accordance with the grid generated
for a presribed N .

Obviously, the points in the set B(0) are arranged in 2N − 1 circles of latitude on the northern
hemisphere and (symmetrically) in 2N − 1 circles on the southern hemisphere. As point of
departure for our promised biorthogonalisation method we make the assumption that there
are given 2N −1 kernels Kj ∈ L2[−1, 1], j = 0, . . . , 2N −2 with local support suppKj = [hj , 1].
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We furthermore suppose that

2π

∫ 1

−1
Kj(t)dt = 1. (15)

With these kernels we define, for the scale l = 0, the scaling functions to be

mnϕ
(0)
ij = Kj(

mnη2i+(2k−1) j · ), (i, j) ∈ I(l)
k .

From (15) it is clear that
∫

Ω

mnϕ
(0)
ij (ξ)dω(ξ) = 1.

The scaling function for the scale l = 0 are zonal kernel functions on the sphere. Consequently
they are an appropriate tool for problems of geomathematics, which can be formulated using
rotation–invariant pseudodifferential operators (see, e.g., [8] and the references therein).

The support of the scaling function at scale l = 0 (for example, if m = n = 0) is

supp00ϕ
(0)
ij =

{

η ∈ Ω | η · η2i+(2k−1) j ≥ hj

}

,

where the parameter hj has to be chosen in close adaption to the associated SGS.

In addition, we assume that there is a second set of locally supported kernels K̃j ∈ L2[−1, 1],

j = 0, . . . , 2N − 2 with local support suppK̃j = [hj , 1] and 2π
∫ 1
−1 K̃j(t)dt = 1.

Finally, by taking
mnϕ̃

(0)
ij = K̃j(

mnη2i+(2k−1) j · ), (i, j) ∈ I(l)
k , (16)

we are led to a biorthogonal system satisfying

(mnϕ
(0)
ij ,

m′n′

ϕ̃
(0)
i′j′) = δii′δjj′δmm′δnn′ , (17)

where (·, ·) is the L2(Ω)–inner product.

Note that the appropriate kernels K̃j can be constructed from the given kernels Kj (or vice
versa). The numerical effort is small: For each j a linear system of equations has to be solved.
For typical applications, these systems have about 10–20 equations, dependent on the supports
[hj , 1]. Details can be found in a forthcoming paper [14].

In other words, a primal scaling function together with its dual counterpart are defined for
the scale l = 0 with respect to the grid B(0). It remains to construct the scaling functions for

the other scales. We do this successively: Assume, mnϕ
(l−1)
ij and mnϕ̃

(l−1)
ij are already given.

Then we set for k = 0, . . . , N − l − 1 and m,n ∈ {0, 1} and (i, j) ∈ I(l)
k

mnϕ
(l)
ij =

1

2

(

mnϕ
(l−1)
ij +mn ϕ

(l−1)

i+2k+l−1 j
+mn ϕ

(l−1)

i j+2l−1 +mn ϕ
(l−1)

i+2k+l−1 j+2l−1

)

. (18)

For k = N − l we have to distinguish two cases. If l = 1,

mnϕ
(l)
ij =

1√
2

(

mnϕ
(l−1)
ij +mn ϕ

(l−1)

i+2k+l−1 j

)

(19)
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and if l 6= 1
mnϕ

(l)
ij =

1

2

(

mnϕ
(l−1)
ij +mn ϕ

(l−1)

i+2k+l−1 j
+ 2 mnϕ

(l−1)

i j+2l−1

)

(20)

for (i, j) ∈ I(l)
k . The idea of this construction is as follows: The scaling function is the mean of

the four scaling functions corresponding to four neighboring indices. This construction works
if the four points belong to one block. Of course, the other cases (i.e., k = N − l) have to
be considered, when only two scaling functions are in a block. Then the mean is formed with
the two scaling functions of this block and the scaling function of the neighboring block (in
direction to the pole). In this neighboring block there is (at this stage) only one point. The

situation with l = 1 is given only for the first scale, when in the block mnB
(0)
N−1 are two points

and the block mnB
(0)
N does not exist.

The dual scaling functions are defined similarly. We set for k = 1, . . . , N − l and m,n ∈ {0, 1}
and (i, j) ∈ I(l)

k

mnϕ̃
(l)
ij =

1

2

(

mnϕ̃
(l−1)
ij +mn ϕ̃

(l−1)

i+2k+l−1 j
+mn ϕ̃

(l−1)

i j+2l−1 +mn ϕ̃
(l−1)

i+2k+l−1 j+2l−1

)

. (21)

For k = N − l + 1 we have to distinguish two cases, again. If l = 1,

mnϕ̃
(l)
ij =

1√
2

(

mnϕ̃
(l−1)
ij +mn ϕ̃

(l−1)

i+2k+l−1 j

)

(22)

and if l 6= 1
mnϕ̃

(l)
ij =

1

2

(

mnϕ̃
(l−1)
ij +mn ϕ̃

(l−1)

i+2k+l−1 j
+ 2 mnϕ̃

(l−1)

i j+2l−1

)

(23)

for (i, j) ∈ I(l)
k .

With this construction of the scaling function and the dual scaling function we get for each
scale a biorthogonal system

Theorem 2 For each scale l,

(mnϕ
(l)
ij ,

m′n′

ϕ̃
(l)
i′j′)L2(Ω) = δii′δjj′δmm′δnn′ .

For higher scales, the support of a scaling function obviously is the union of the supports of
the scaling function which it is built with. Once more, it is helpful to associate for each scaling
function a SGS with respect to the underlying grid as defined before.

4 Wavelets

The scaling functions introduced in the last section enable us to define a particular concept of
wavelets. Of course, wavelets correspond to a scale l = 1, . . . , N and to an area of Ω, which is
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associated to (i, j) ∈ I(l)
k . We set for k = 1, . . . , N − l − 1, m,n ∈ {0, 1} and (i, j) ∈ I(l)

k ,

mn
EWψ

(l)
ij =

1

2

(

mnϕ
(l−1)
ij −mn ϕ

(l−1)

i+2k+l−1 j
+mn ϕ

(l−1)

i j+2l−1 −mn ϕ
(l−1)

i+2k+l−1 j+2l−1

)

, (24)

mn
NSψ

(l)
ij = (−1)m 1

2

(

mnϕ
(l−1)
ij +mn ϕ

(l−1)

i+2k+l−1 j
−mn ϕ

(l−1)

i j+2l−1 −mn ϕ
(l−1)

i+2k+l−1 j+2l−1

)

, (25)

mn
D ψ

(l)
ij = (−1)m 1

2

(

mnϕ
(l−1)
ij −mn ϕ

(l−1)

i+2k+l−1 j
−mn ϕ

(l−1)

i j+2l−1 +mn ϕ
(l−1)

i+2k+l−1 j+2l−1

)

. (26)

As already pointed out, the suffixes EW , NS, and D stand for east–west, north–south and
diagonal. Thus the idea of this framework should become clear: The differences between the

scaling function mnϕ
(l)
ij and its four constituting blocks are transcribed to three wavelets. One

corresponds to the east–west structure, one stands for the north–south structure, and one is
of mixed type. The factor (−1)m is due to the fact, that on the southern hemisphere, the
point sets are generated by mirroring the sets from the northern hemisphere at the equator.
Thus, the role of north and south is changed, and this is compensated with the factor −1 on
the southern hemisphere.

As for the scaling function we have to consider the special case k = N − l separately. Analo-
gously to the scaling function, for k = N − l, we let

mn
EWψ

(l)
ij =

1√
2

(

mnϕ
(l−1)
ij −mn ϕ

(l−1)

i+2k+l−1 j

)

(27)

if l = 1 and, if l 6= 1

mn
EWψ

(l)
ij =

1√
2

(

mnϕ
(l−1)
ij −mn ϕ

(l−1)

i+2k+l−1 j

)

, (28)

mn
NSψ

(l)
ij = (−1)m 1

2

(

mnϕ
(l−1)
ij +mn ϕ

(l−1)

i+2k+l−1 j
− 2 mnϕ

(l−1)

i j+2l−1

)

. (29)

Using the same formulas (with ϕ̃ instead of ϕ), the dual wavelets ψ̃ are definable. As an
immediate consequence of this construction we find

Lemma 3 Each wavelet mn
X ψ

(l)
ij and each dual wavelet mn

X ψ̃
(l)
ij , X ∈ {EW,NS,D}, is a linear

combination of zonal functions. Furthermore, the zero mean property is valid:
∫

Ω

mn
X ψ

(l)
ij (ξ)dω(ξ) =

∫

Ω

mn
X ψ̃

(l)
ij (ξ)dω(ξ) = 0.

Our considerations provide us with a biorthogonal system of both scaling and wavelet functions:

Theorem 4 The sets

{00ϕ
(N)
ij ,01 ϕ

(N)
ij ,10 ϕ

(N)
ij ,11 ϕ

(N)
ij } ∪ {mn

X ψ
(l)
ij | when available}

and
{00ϕ̃

(N)
ij ,01 ϕ̃

(N)
ij ,10 ϕ̃

(N)
ij ,11 ϕ̃

(N)
ij } ∪ {mn

X ψ̃
(l)
ij | when available}

form a biorthogonal system.
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It should be noted that our approach leads us to a different number of wavelets (EW , NS,
and D) for varying indices (i, j) from scale to scale.

An illustration of the results of our construction is given in Figure 5.

Scale Blocks Wavelet Types
(l) (k) EW NS D

l = 1 k = 0, 1, . . . , N − 2 × × ×
k = N − 1 ×

l = 2, . . . , N k = 0, . . . , N − l − 1 × × ×
k = N − 1 × ×

Figure 5: Available wavelet types for different scales and blocks.

5 Multiresolution Analysis

Once again, suppose that N ≥ 2 is fixed, and the scaling and wavelet functions are defined in
accordance with our approach. For l = 0, . . . , N we introduce the scale space Vl as the span

of all functions mnϕ̃
(0)
ij for k = 0, . . . , N − 1, (i, j) ∈ I(0)

k , m, n ∈ {0, 1}, i.e., we let

V0 =
〈

mnϕ̃
(0)
ij

∣

∣

∣
k = 0, . . . , N − 1, (i, j) ∈ I(0)

k , m, n ∈ {0, 1}
〉

, (30)

and for l = 1, . . . , N

Vl =
〈

mnϕ̃
(l)
ij

∣

∣

∣
k = 0, . . . , N − l, (i, j) ∈ I(l)

k , m, n ∈ {0, 1}
〉

. (31)

These finite dimensional spaces possess the dimension

dimVl =
8

3
(4N−l − 1) + 4(1 − δl0). (32)

Moreover, they form a nested sequence of subspaces in the form

{0} ⊂ VN ⊂ VN−1 ⊂ . . . ⊂ V1 ⊂ V0 ⊂ L2(Ω). (33)

Observing the property of biorthogonality for the scaling function we are able to define pro-
jection operators Pl : L2(Ω) −→ Vl by

Pl(F ) =
∑

k,m,n

∑

(i,j)∈I
(l)
k

(mnϕ
(l)
ij , F )mnϕ̃

(l)
ij , (34)

where, as always, (·, ·) is understood in the topology of L2(Ω). It is clear, that Pl(F ) =
F whenever F ∈ Vl. In the sense of signal processing, the projection operators Pl can be
associated with low–pass filtering.
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The difference between two succeeding scale spaces is collected in a detail space. In more
detail, we define

W1 =
〈

mn
X ψ̃

(1)
ij

∣

∣

∣k = 0, . . . , N − 2, (i, j) ∈ I(1)
k , m, n ∈ {0, 1}, X ∈ {EW,NS,D}

〉

⊕
〈

mn
EW ψ̃

(1)
ij

∣

∣

∣
(i, j) ∈ I(1)

N−1, m, n ∈ {0, 1}
〉

. (35)

while, for l = 2, . . . , N , we let

Wl =
〈

mn
X ψ̃

(l)
ij

∣

∣

∣
k = 0, . . . , N − l − 1, (i, j) ∈ I(l)

k , m, n ∈ {0, 1}, X ∈ {EW,NS,D}
〉

⊕
〈

mn
X ψ̃

(l)
ij

∣

∣

∣
(i, j) ∈ I(l)

N−l, m, n ∈ {0, 1}, X ∈ {EW,NS}
〉

. (36)

In doing so we get dimWl = 2 4N−l+1 − 4δl1. Furthermore, because of the decomposition of
Vl−1 as direct sum of Wl and Vl, i.e.,

Wl ⊕ Vl = Vl−1, l = 1, . . . , N, (37)

we are able to deduce

Lemma 5 For N ≥ 2 fixed,

V0 = VN ⊕
N

⊕

l=1

Wl.

The space Wl contains the detail information of a signal F . In fact, our method enables a
dynamical space-varying frequency distribution of a function F ∈ L2(Ω). Consequently, the
wavelet analysis is not only related to a frequency band (according to the scale l), but also
scale–dependent spatial information is provided.

The analysis is performed by the wavelets transform, that is defined as follows: For the scale

l and the index (i, j) ∈ I(l)
k ,

mn
X WT(l; i, j;F ) = (mn

X ψ
(l)
ij , F ), F ∈ L2(Ω), (38)

where m,n ∈ {0, 1} and X ∈ {EW,NS,D} (when defined). Due to the biorthogonality of the
wavelets and the dual wavelets, we are able to introduce the operators Rl : L2(Ω) −→Wl by

Rl(F ) =
∑

k,m,n

∑

(i,j)∈I
(l)
k

∑

X∈{EW,NS,D}

(mn
X ψ

(l)
ij , F ) mn

X ψ̃
(l)
ij . (39)

These operators act as band–pass filters on a signal F ∈ L2(Ω).

The wavelet analysis and the reconstruction can be summarized in the following

13



Theorem 6 For F ∈ L2(Ω),

P0(F ) =
∑

m,n∈{0,1}






(mnϕ

(N)
00 , F )mnϕ̃

(n)
00 +

N
∑

l=1

∑

k

∑

(i,j)∈I
(l)
k

∑

X∈{EW,NS,D}

(mn
X ψ

(l)
ij , F ) mn

X ψ̃
(l)
ij






.

The wavelet analysis and the reconstruction can be organized as a fast wavelet transform.
Basis for this algorithms are the filter coefficients in the scale relation, which are implicitly
defined in (18)–(29). For example, it follows from (24) that

mn
EW WT(l; i, j;F ) =

1
2

(

(mnϕ
(l−1)
ij , F ) − (mnϕ

(l−1)

i+2k+l−1 j
, F ) + (mnϕ

(l−1)

i j+2l−1 , F ) − (mnϕ
(l−1)

i+2k+l−1 j+2l−1 , F )
)

.

In fact, we end up with a fast tree algorithm of the following structure:

Wavelet Decomposition

F (mnϕ
(0)
ij , F ) (mnϕ

(1)
ij , F ) . . . (mnϕ

(N)
ij , F )

(mn
X ψ

(1)
ij , F ) . . . (mn

X ψ
(N)
ij , F )

@
@

@R

@
@

@R

@
@

@R

- - - -

The reconstruction can be organized as follows:

Wavelet Reconstruction

PN (F ) + PN−1(F ) + PN−2(F ) + . . .

RN (F ) RN−1(F ) RN−2(F )

- - -- - -

@
@@R

@
@@R

@
@@R

6 Examples

We present two examples for the described wavelet approach. The first example shows a
function F ∈ L2(Ω) consisting of two spherical harmonics of degree 4, a zonal one and a
tesseral one. We choose the example in such a way that there is a discontinuity along a circle
of latitude (cf. Figure 6).
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Figure 6: The function F built out of two spherical harmonics.

The point set is constituted with N = 8, that is, we have a pointset with approximately
87000 points. Since the pointset is rather dense for this function, we decided to approximate

(mnϕ
(0)
ij , F ) just by the value F (mnη2i+(2k−1)). This is an efficient approach, when the data

are dense enough. The wavelet transforms are then calculated using the algorithms described
in the last chapter. The wavelet transforms of types east–west and north–south are presented
in Figure 7. For this, we plotted each SGS with a color specified by the corresponding wavelet
transform. The wavelet transform at scale j is multiplied with a factor 2−j to get comparable
results.

As a second example, we take a test function composed by an Abel–Poisson kernel located
at the southern hemisphere and by two singularity kernels at the northern hemisphere (cf.
[8]). The parameters of the singularity kernels are set in such a way, that they are associated
with the gravitational potential of buried point masses with different depths. The function is
illustrated in Figure 8. The function is sampled at a grid (N = 9) with approximately 700.000
points. Again, we approximated the integrals for the finest scale by functional values. The
wavelet transforms at different scales are presented in Figure 9.

7 Conclusions

The paper is motivated as follows: In the context of physical geodesy and space physics, a large
number of observables of the gravity field can be represented by rotation–invariant pseudodiffe-
rential operators applied to the Earth’s disturbing potential (for example, gravity anomaly,
geoid undulation, first and second radial derivative of the disturbance potential obtained by
satellite–to–satellite tracking and/or satellite gravity gradiometry). Moreover, at least when
low earth orbiters (such as the satellites GRACE, CHAMP, and GOCE) come into play we
are confronted with millions of data distributed over dense structured grids. In consequence,
the problem of modeling spaceborne data requires the determination of the Earth’s gravity
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Figure 7: The values of the wavelet transforms (east–west on the left hand side, north–south
on the right hand side). Shown are the scales 1, 3, and 5.

potential by an efficient and economical evaluation procedure for dense data structures. At
the same time, the comparability of the different observables of isotropic character should be
available in a unified setup.

Our approach fills up this gap by formulating a fast wavelet transform on spherical reference
surfaces under the geophysical relevant assumption of isotropy. In addition, when dealing
with satellite data there is a strong need for regularization, i.e., downward continuation by
means of inverse Abel–Poisson–type operators (see, [8], [7], [17], [27]). Since these operators
also are rotational invariant pseudodifferential operators, downward continuation of satellite
data, indeed, becomes attackable by our fast wavelet implementation involving zonal kernel
functions. Because of the space localizing properties of the scaling and wavelet functions,
our method enables fast approximations of local phenomena, too. Even more, it should be
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Figure 8: The function F built out of an Abel–Poisson kernel and two singularity kernels
centered at in the northern hemisphere.

mentioned that it is possible to apply the described concept in a fully local framework.
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