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Abstract

In this paper we present and investigate a stochastic model for
the lay-down of fibers on a conveyor belt in the production process of
nonwovens. The model is based on a stochastic differential equation
taking into account the motion of the fiber under the influence of tur-
bulence. A reformulation as a stochastic Hamiltonian system and an
application of the stochastic averaging theorem lead to further sim-
plifications of the model. Finally, the model is used to compute the
distribution of functionals of the process that might be helpful for the
quality assessment of industrial fabrics.

Keywords. fiber dynamics, stochastic Hamiltonian system, stochastic
averaging.

AMS Classification. 37H10, 60H30, 70H05

1 Introduction

The understanding of the forms generated by the lay-down of flexible fibers
onto a moving conveyor belt is of great interest in the production process of
nonwovens that find their applications e.g. in composite materials (filters),
textile and hygiene industry [3]. In the melt-spinning process of nonwoven
materials, hundreds of individual endless fibers being obtained by the con-
tinuous extrusion of a melted polymer are stretched and entangled by highly
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turbulent air flows to finally form a web on the conveyor belt. The quality
of this web and the resulting nonwoven material – in terms of homogeneity
and load capacity – depends essentially on the dynamics and the deposition
of the fibers.

A mathematical model and numerical simulations for the nonwoven pro-
duction process are presented in [9]. The paper focuses on the fiber spinning
and lay-down, where the fiber dynamics in the deposition region close to the
conveyor belt is dominated by the turbulent air flow. For the description of
the interaction between fibers and turbulent flow a stochastic force model
is derived and analyzed in [13] as well as experimentally validated in [14].
Applying this concept, the fiber fabric can be in principle numerically gen-
erated and its quality investigated in the spirit of the multi-scale image
analysis of [16]. However, these simulations lead usually to excessively large
computation times, when all physical details of the production process are
considered. Thus, simplified models for the lay-down process are needed.
In particular, this is true for optimization and control procedures where
many different simulations are needed. Experimental studies on the forms
of threads laid on a moving belt as well as a simplified general theory for the
buckling of the fibers can be found in [8]. The coiling behavior of flexible
rods is investigated in [12].

Motivated by the research work done in the field of woven textile com-
posites [6], e.g. modeling [11], numerical and asymptotical stress analysis
[17], stiffness / load capacity investigations [5], we focus in this paper on
the modeling of nonwoven textiles and the determination of textile proper-
ties, e.g. weight distribution, that are important for the quality assessment
of industrial nonwoven fabrics. In particular, we present a new simplified
stochastic model for the fiber lay-down process, i.e. for the generation of the
fiber web on the conveyor belt that is assumed to be non-moving for simplic-
ity. Taking into account the fiber motion under the influence of turbulence,
the process is described by a stochastic differential system in Section 2. Its
associated Kolmogoroff equation and stationary solution are investigated in
Section 3. Moreover, we include remarks on the identification of the pro-
cess parameters. Section 4 contains an investigation of the scaled stochastic
Hamiltonian system using stochastic averaging. In Section 5 we conclude
with the computation of the probability distribution of process functionals.
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Figure 1: Fiber scenario on the conveyor belt.

2 Stochastic Model for Fiber Lay-down

Focusing on a single slender elastic inextensible fiber in an isotropic lay-down
process, the fiber on the non-moving conveyor belt can be described by an
arc-length parameterized curve ξ : IR+

0 → IR2 as visualized in Figure 1. Due
to its inextensibility, ‖∂tξ‖ = 1 holds. The web-forming is modeled as

∂tξ = τ(α)

∂tα = −b(‖ξ‖) ξ

‖ξ‖ · τ⊥(α),

where τ(α) = (cos α, sin α)T denotes the normalized tangent on the fiber.
Since a curved fiber tends back to its starting point, the change of the angle
α is assumed to be proportional to ξ · τ⊥(α) with τ⊥(α) = (− sinα, cos α)T .
The amplitude of this drive is prescribed by a continuously differentiable
function b : IR+

0 → IR with b(r) > 0 for r > 0 and b′(r) ≥ 0 for r ≥ 0. Let
r0 be the argument that satisfies b(r0) = 1/r0. The amplitude depends on
the process and needs to be adapted to the experimental parameters. In
case of an anisotropic lay-down process the scalar-valued function b has to
be replaced by an appropriate matrix-valued one, i.e.

∂tα = − ξ

‖ξ‖M(‖ξ‖)τ⊥(α),

where M(r) ∈ IR2×2 denotes a positive definite matrix.
Considering a turbulent flow in the deposition region of the fiber close to

the conveyor belt, the fiber lay-down is additionally affected by a stochastic
force that can be modeled by a Wiener process Wt in IR with amplitude A.
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Figure 2: Representative path behavior for balanced (A = 1) as well as
deterministic (A < 1) and stochastic (A > 1) dominated (ξ, α)-systems.
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The resulting stochastic differential system reads

dξt = τ(αt) dt

dαt = −b(‖ξt‖)
ξt

‖ξt‖
· τ⊥(αt) dt + AdWt

where the conservation of length ‖∂tξ‖ = 1 is still valid. Since length,
i.e. fiber (arc-)length t and position ξ, is the only dimension in the lay-down
process, the system can be non-dimensionalized by scaling it with the typi-
cal deposition radius r0. Then, we have b?(r?) = r0 b(r0r

?) and A? =
√

r0A.
Consequently, b?(1) = 1 holds, and the dimensionless noise amplitude A?

characterizes the relation between stochastic and deterministic rates in the
behavior of the system. Figure 2 shows examples for the pathwise behav-
ior of the solution for varying noise A with constant drive b(r) = 1 and
fixed fiber length. Physically relevant scenarios include typically parame-
ters ranging from A = 0.1 to A = 5 depending on the size of the turbulent
force exerted on the fiber. Note that for convenience we have skipped the su-
perscript star ? denoting the dimensionless quantities. Moreover, we embed
our model in the context of dynamical systems and stochastic processes and
use in the following the notation and interpretation of time for the arc-length
parameter.

Introducing polar coordinates ξ = (r cos φ, r sinφ)T , r = ‖ξ‖ and the
angle β = α−φ with φ in ξ-space (Figure 1), the given stochastic differential
system can be rewritten in terms of (r, β) ∈ [0,∞) × [0, 2π]

drt = cosβt dt (1a)

dβt =

(

b(rt) −
1

rt

)

sinβt dt + AdWt (1b)

dφt =
sinβt

rt

dt. (1c)

Due to symmetry, we can restrict ourselves to β ∈ [0, π]. Since the equation
for φt is decoupled from the remaining (rt, βt)-process, this transformation
leads to a dimension reduction of the problem. The deterministic (r, β)-
system with A = 0 moves on closed orbits in the (r, β)-plane, as illustrated
in Figure 3. Its fixpoint is (r, β) = (1, π/2). The periodic orbits are given
by the level sets, ”energy”, H(r, β) = h ∈ [0,∞) of the Hamiltonian

H(r, β) = B(r) − ln r − ln sinβ
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Figure 3: Orbits of the deterministic (r, β)-system for different values of h.

where B(r) =
∫ r

1 b(r′) dr′. For fixed energy h, the radius r takes values in
[rmin(h), rmax(h)] with 0 < rmin(h) < 1 < rmax(h).

We can rewrite (1) in Hamiltonian coordinates (r, z) ∈ [0,∞)×(−∞,∞)
with z = ln tan(β/2), i.e. β = 2arctan(ez), z′ = 1/ sin β, β ′ = sinβ. Using
Ito’s formula gives then

drt = cos β(zt) dt (2a)

dzt =

(

b(rt) −
1

rt

)

dt − A2 cos β(zt)

2 sin2 β(zt)
dt +

A

sinβ(zt)
dWt (2b)

and consequently with H(r, z) = B(r) − ln(r) − ln sin(2 arctan(ez))

drt = −∂zH(rt, zt) dt

dzt = ∂rH(rt, zt) dt − A2 cosβ(zt)

2 sin2 β(zt)
dt +

A

sinβ(zt)
dWt.

Remark 1 Linearizing the system in (2) around the fixpoint (r, z) = (1, 0)
we obtain a Hamiltonian system with the Hamiltonian function

Hlin(r, z) =
1

2

(

b′(1) + 1

)

(r − 1)2 +
1

2
z2.

being a harmonic oscillator. Its period of motion [4] is Tlin = 2π/
√

b′(1) + 1.
In general, as in the nonlinear case considered above, the period of motion

TH is not constant but depends on the energy h. An integral representation
for TH stated in (5) can be derived analytically, see below and [4] for further
investigations. For small h, the nonlinear period of motion tends obviously
to the linearized one.
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Figure 4: Period of motion TH(h) for b(r) = 1 (–) and b(r) = r (- -).

Example 1 Considering the linearization, the period of motion is Tlin = 2π
for b(r) = 1 and Tlin = 2π/

√
2 for b(r) = r. For the corresponding nonlinear

cases, numerical evaluations of TH are presented in Figure 4.

3 Kolmogoroff Equation and Stationary Solution

We start the investigation of the fiber lay-down model by considering the as-
sociated Fokker-Planck equation and determining its stationary distribution
as t → ∞.

The forward or Fokker-Planck equation for the density p1 : (t, r, β) 7→
p1(t, r, β) of system (1) is given by

∂tp1 + cosβ ∂rp1 +

(

b(r) − 1

r

)

∂β(sin β p1) =
A2

2
∂ββp1,

where p1(t = 0, r, β) is prescribed. Its stationary solution reads

pS1
(r, β) = Cre−B(r) (3)

with the normalization constant C. In the Hamiltonian coordinates (r, z =
ln tan(β/2)) of system (2) we have

pS2
(r, z) = pS1

(r, β(z))β ′(z) = Cre−B(r) sinβ(z) = Ce−H(r,z)

due to the transformation of measures. Note that the subscript of the sta-
tionary solution indicates the corresponding system.
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pS1

. Right: pSH
for b(r) = 1.

Concerning the energy-related stationary distribution we have

pSH
(h) =

d

dh

∫

H(r,z)<h

pS2
(r, z) dr dz = C e−h d

dh

∫

H(r,z)<h

dr dz

= C e−h TH(h) (4)

because the period of motion of the deterministic system is given by

TH(h) =
d

dh

∫

H(r,z)<h

dr dz. (5)

see e.g. [4]. This follows from the coming consideration. Take the re-
duced one-parametric family of deterministic processes with initial condition
H(r(0), 0) = h, then every point (r, z) in the phase-space can be prescribed
by h and the first time t to reach this point. As a simply consequence of
the conservation of energy and the canonical structure of the Hamiltonian
system, the functional determinant of the corresponding transformation is

one. Hence,
∫

H(r,z)<h
dr dz =

∫ h

0

∫ TH(h′)
0 dtdh′ which yields (5).

A numerical simulation of the lay-down process (1) with b(r) = 1 en-
ables the comparison of the analytical stationary distributions pS1

with the
stationary distribution of the rt-process and, respectively, the comparison
of pSH

with the numerically computed stationary distribution of the energy
process Ht, see Figure 5.

Remark 2 The identification of the parameters, i.e. drive b and noise am-
plitude A, in the lay-down model is important for the realistic description
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of industrially relevant scenarios. Comparing the stationary distribution pS1

with experimentally available data we can determine the function B and thus
its derivative b. The noise amplitude A can be computed from

(dαt)
2 = A2 dt

or alternatively from

lim
h→0

E
[

(αt+h − αt)
2
]

h
= A2,

presupposing that the real process is prescribed by white noise. In a forthcom-
ing publication we will identify both parameters from the simulation of the
complete production process of nonwovens, according to [9, 13], for different
industrially relevant cases.

4 Stochastic Averaging and Energy Equation

In the following we consider lay-down processes (1) with little noise A =
√

εÃ
on associated longer ”time” scales t = t̃/ε with 0 < ε � 1, see Figure 2 for
the pathwise behavior for different noise levels. In this case, a simplified
approximation of the dynamics can be given by stochastic averaging. This
leads to a reduced system as ε → 0, i.e. stochastic differential equations
for the limit energy process for which we determine the drift and variance
coefficients.

Dropping the tildes, the rescaled (rε
t , β

ε
t )-system reads

drε
t =

1

ε
cos βε

t dt

dβε
t =

1

ε

(

b(rε
t) −

1

rε
t

)

sinβε
t dt + AdWt.

Applying Ito’s formula the resulting energy process H ε
t = H(rε

t , β
ε
t ) fulfills

the equation

dHε
t = ∂rH drε

t + ∂βH dβε
t +

1

2
∂ββH (dβε

t )
2

=

(

b(rε
t ) −

1

rε
t

)

drε
t − cot βε

t dβε
t +

1

2 sin2 βε
t

(dβε
t )

2

=
A2

2 sin2 βε
t

dt − A cot βε
t dWt.
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Using formally the stochastic averaging theorem, see e.g. [10] or [15] and [1,
2] for an application to stochastic Hamiltonian systems, the limit equation
for Hε

t as ε tends to 0 is given by

dH0
t = aH(H0

t ) dt + σH(H0
t ) dWt

with drift and variance

aH(h) =
A2

2TH(h)

∫ TH(h)

0

1

sin2 β(t)
dt, σ2

H(h) =
A2

TH(h)

∫ TH(h)

0
cot2 β(t) dt (6)

In these formulas β denotes the solution of the deterministic (r, β)-process
for fixed energy h. The expressions for aH and σ2

H can be formulated more
explicitely as

aH(h) =
A2

2

(

1 + TH(h)
)

, σ2
H(h) = A2 TH(h), (7)

with TH(h) =
e2h

TH(h)

∫ h

0
TH(h′)e−2h′

dh′.

The derivation of (7) is based on two equations for the parameters. Firstly,
due to their form in (6) we have

2aH(h) − σ2
H(h) = A2. (8)

The second equation we obtain from the stationary distribution. Consider
the Fokker-Planck equation corresponding to H 0

t

∂tpH + ∂h (aH(h)pH) =
1

2
∂hh

(

σ2
H(h)pH

)

,

the solution of the stationary equation 2aH(h) pSH
= ∂h

(

σ2
H(h) pSH

)

reads

pSH
(h) = C̃ exp

(

−
∫ h (σ2

H)′(h′) − 2aH(h′)

σ2
H(h′)

dh′

)

with the normalizing constant C̃. On the other hand the stationary solution
for the (rε

t , β
ε
t )-process is independent of ε and according to (4)

pSH
(h) = Ce−h TH(h)

holds for all ε and therefore also for the limit process. Hence, from the
comparison of the different expressions for pSH

we obtain

(σ2
H)′(h) − 2aH(h)

σ2
H(h)

= 1 − (ln TH(h))′. (9)
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Equations (8) and (9) yield a differential equation for the variance

(σ2
H)′(h) = A2 + 2σ2

H(h) − (ln TH(h))′ σ2
H(h)

from which the explicit formulas in (7) can be concluded.
Summarizing, the energy equation for the limit process H 0

t and its asso-
ciated Fokker-Planck equation read

dH0
t =

A2

2
(1 + TH(H0

t )) dt + A

√

TH(H0
t ) dWt

∂tpH +
A2

2
∂h

(

(1 + TH(h)) pH

)

=
A2

2
∂hh

(

TH(h) pH

)

.

The introduction of an alternative energy process

Gε
t = e−Hε

t = rε
t e−B(rε

t
) sinβε

t

is more suitable for the following numerical simulations since it is restricted
on the interval [0, 1]. Analogously to the previous averaging procedure or
directly from Hε

t by means of the Ito-calculus, i.e.

dG0
t = −e−H0

t dH0
t +

1

2
e−H0

t (dH0
t )2,

we determine the limit process G0
t as

dG0
t = aG(G0

t ) dt + σG(G0
t ) dWt

with drift and variance

aG(g) = −A2

2
g, σ2

G(g) =
A2g2

TG(g)

∫ TG(g)

0
cot2 β(t) dt (10)

or, respectively,

σ2
G(g) = A2TG(g), (11)

TG(g) =
1

TG(g)

∫ 1

g

TG(g′) g′ dg′

in accordance to (8) and (9) for H0
t . The period of motion TG is defined by

the associated transformation TG(g) = TH(− ln g). The stationary solution
of the associated Fokker-Plank equation

∂tpG − A2

2
∂g(gpG) =

A2

2
∂gg(TG(g)pG)

11
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reads, as expected,

pSG
(g) = C TG(g), g ∈ [0, 1].

A more detailed investigation of the above Fokker-Planck equation with
suitable boundary condition will be considered in a forthcoming publication.

Remark 3 For TH(h) tending to infinity as h → ∞ – as motivated by
Figure 4 – and TG(g) g being integrable over [0, 1], we observe from (11)
that the variance satisfies σ2

G(g = 0) = 0 with σ2
G(g) ∼ (TH(− ln g))−1 as

g → 0. In Figure 6, σG is exemplified for A = 1.
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Figure 8: Time development of mean values (left) and standard deviations
(right) of Gε

t (–) and G0
t (:) for ε = 1, 0.1, 0.01 (from top to bottom).

A numerical simulation yields the stationary distributions of the energy
process Gε

t , ε = 1 and the limit process G0
t that are plotted against the

theoretical stationary distribution pSG
in Figure 7. The temporal evolution

of the mean value and the standard deviation of the two energy processes is
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visualized in Figure 8, where ε is chosen as ε = 1, 0.1, 0.01. For large ε the
decay in the beginning differs significantly, before the final behavior of the
processes is driven by the standard noise of Monte-Carlo simulations.

5 Distributions of Process Functionals

An important issue for the quality assessment of fabrics is the distribution
of fiber length that lies in a prescribed domain, since this information yields
the weight distribution in the physical space and thus gives insight into
the structure of the nonwoven material, i.e. holes, thinning, swelling. In the
context of stochastic processes the fiber length distribution can be associated
with the time distribution the process stays in a certain domain. In the
following we perform a numerical study of such functionals of the process.

The ”time” spent in a domain D of the (r, β)-phase space is described by

the distribution of the random variable I =
∫ T

t0
χD(rt, βt) dt for fixed T where

χD is the characteristic function of D. Alternatively for domains given by
the energy functional G = e−H , e.g. D = Dg = {(r, β)| G(r, β) < g}, we can
also use the approximate equations for G0

t to determine an approximation

IG for I with IG =
∫ T

t0
χ[0,g](G

0
t ) dt.

Remark 4 The distribution of the above functionals can in principle be
determined by solving a related partial differential equation to obtain the
characteristic function of I. The distribution of I is then computed using
the inverse Fourier transform, see [7]. However, for the nonlinear processes
considered here there is no explicit solution of these equations, and a direct
evaluation of the functionals by a Monte-Carlo method is more straightfor-
ward.

Figure 9 shows the distribution of the functionals I/T and IG/T with
D = Dg = {(r, β)| G(r, β) < g} for initial values G0 = 0.53, t0 = 0, g = 0.3
and final time T = 40, 200, 400 using the (rε

t , βε
t )-process with ε = 1 and the

G0
t -process respectively. Obviously, in these cases evaluating the functionals

with the limit G0
t -process gives a good approximation of the true value.

Remark 5 For large times T , starting with the stationary distribution, the
distribution of IG is governed by the ergodic theorem: the distribution of IG

tends towards a δ-distribution at the value P (Dg) :=
∫ g

0 pSG
(g′)dg′:

lim
T→∞

1

T

∫ t0+T

t0

χ[0,g](G
0
t ) dt = P (Dg).
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Figure 9: Probability distribution of time spent in Dg, g = 0.3, P (Dg) = 0.39
using the (rε

t , β
ε
t )-process, ε = 1 (line) and G0

t -process (line & marker) for
T = 40 (:), 200 (- -), 400 (–).

6 Conclusion and Outlook

By presenting a new stochastic model for the lay-down of fibers, this paper
sets the theoretical basis for further investigations of the production process
of nonwovens. Thereby, we have determined the associated Kolmogoroff
equation and stationary solution of the model and derived the correspond-
ing energy process with drift and variance coefficients by help of stochastic
averaging. The limit energy process enables the simple computation of prob-
ability distributions of process functionals, e.g. fiber length distribution, that
are helpful for the quality assessment of nonwoven materials.

The application of our theoretical results on the industrial process re-
quires the extension of the model with regard to an anisotropic lay-down
process and a moving conveyor belt. This generalization will lead to a
matrix-valued drive function and an additional drift (transport) term in the
(ξ, α)-system. The practical relevance of the model has to be guaranteed by
the identification of the parameters, i.e. drive and noise amplitude. There-
fore, appropriate validation data will be generated by the simulation of the
complete physical production process. Apart from the practical application,
the theoretical analysis of the solution of the degenerate Fokker-Planck equa-
tions with suitable boundary conditions for the (ξt, αt) or (rt, βt) as well as
for the limit energy process G0

t is also a point of interest that is left to future
work.
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