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Abstract

In an undirected graph G we associate costs and weights to each edge. The weight-constrained
minimum spanning tree problem is to find a spanning tree of total edge weight at most a given
value W and minimum total costs under this restriction. In this thesis a literature overview
on this NP-hard problem, theoretical properties concerning the convex hull and the Lagrangian
relaxation are given. We present also some in- and exclusion-test for this problem. We apply a
ranking algorithm and the method of approximation through decomposition to our problem and
design also a new branch and bound scheme. The numerical results show that this new solution

approach performs better than the existing algorithms.
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1 Introduction

1.1 Problem

In this diploma thesis we focus on a problem from graph theory. Therefore we consider an
undirected graph G = (V| E) with a set of vertices V = {1,2,...,n} and a set of edges E with
cardinality m, where we associate to each edge e € F costs ¢, and a weight w.. A very popular

concept of this mathematical field are the spanning trees of a graph.

Definition 1.1

A spanning tree T is a connected subgraph of G which contains no cycle and all vertices of G.

The problem is to find a spanning tree with minimal costs under the constraint that the weight
of the tree is not greater than a given constant W. We can state our problem in the following

way.

Problem 1 Weight-Constrained Minimal Spanning Tree Problem

OPT :=min Y ¢ (1.1)
ecT

s.t. Zwe <W (1.2)
ecT

TeT (1.3)

where T is the set of all spanning trees in G.

For simplification we denote the costs of a tree 17" as ¢(T') = ) . ce and the weight of a tree
T as w(T) = ) cpwe. We call this problem weight-constrained minimal spanning tree problem
(WCMST) and in the multidimensional case with a vector of weights on each edge resource-
constrained minimal spanning tree problem (RCMST) where for each edge L resources are given

and for each of them a constraint has to be satisfied.

Problem 2 Resource-Constrained Minimal Spanning Tree Problem

min Z Ce (1.4)

ecT

s.t. Zwle <W; for1<I<L (1.5)
ecT
TeT (1.6)
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Example 1.1
Let the following graph G with n = 11 and m = 18 be given:

(3,6) (5,6)

M)

A minimal spanning tree ignoring the weight constraint is:

(ce, we) S

This tree has the costs ¢(T') = 20 and the weight w(T) = 48. If we search for a minimal spanning
tree with weight less or equal than 33, this tree is not feasible. An optimal solution with c¢(T) = 24
and w(T') = 33 is the following tree.

(ce, we) S
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1.2 Literature Overview

In this thesis our nomenclature is related to the paper of Xue [38] and to the publication of
Dumitrescu and Boland [12], which discusses the problem of finding a shortest path instead of a
spanning tree. In the literature very different denotations for our problem can be found: Minimal
spanning tree subject to a side constraint, minimal spanning tree subject to a budget constrained,
knapsack constrained minimum spanning tree problem and constrained minimum spanning tree
problem. The name ’constrained minimum spanning tree’ used in two on this problem most
important papers, the article of Goemans and Ravi [18] respectively the publication of Hong,
Chung and Park [27], seems not to be precise enough since a large number of different problems
of finding a minimal spanning tree with some constraint exists. Deo and Kumar study in [11] 29

constrained spanning tree problems. Some examples:

o Degree-Constrained Minimal Spanning Tree Problem:
The goal is to find a minimal spanning tree under the condition that the degree of each
vertex ¢ (the number of edges connecting the node i) is bounded by B i.e., deg(i) < B for
alli e V.

e Diameter-Constrained Minimal Spanning Tree Problem
The aim is to find a minimal spanning tree such that the largest unique path between two
nodes on the tree contains at least a given number of edges. If weights for each edge are
given, the problem can be extended to the problem of finding a minimal spanning tree
under the condition that the weight of every path between two nodes is smaller than a

given value.

e Hop-Constrained Minimal Spanning Tree Problem
This is a special case of the diameter-constrained minimal spanning tree problem: We
search for a minimal spanning tree such that the number of edges in the shortest path

along the tree from a fixed node 0 to all other nodes is smaller than a value B.

e Capacitated Minimal Spanning Tree Problem:
For every node ¢ € V' a weight or a demand d; is given. Additionally, we have a value C.
For a set S € V we define d(S) = >,cgd; and 67 (S) = {(i,j) e Ei € V\ S,j € S}. The
problem is to find a minimal spanning tree 7" such that |7'Nd~(S)| > L@J forall S C V.

o Weight-Constrained Minimal Spanning Tree With Flow Requirements:
Additionally to Problem 1 we identify one single vertex as source and associate a demand
of infinity. All other nodes ¢ € V' are interpreted as sinks and have a demand d;. The goal
is to find a minimal spanning tree which satisfies the flow requirements and the weight-

constraint.

By definition of some problems the tree has to be directed. The description and some remarks
to the directed version of the WCMST-problem, the so called weight-constrained minimum ar-

borescence problem (WCMA), are given in Chapter 3.
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Only a few considerations have been published to our problem: The WCMST was first mentioned
in the paper of Aggarwal, Aneja and Nair in 1982 [1]. In the literature two main approaches are
used to solve the problem exactly. On the one hand a Lagrangian relaxation to approximate a
solution combined with a branch and bound strategy ([1], [37]) and on the other hand a more
innovating approach by using the matrix tree theorem [27]. The most important publications to
the problem are the paper of Aggarwal, Aneja and Nair and the paper of Shogan [37] which give
some exact algorithms, the article of Goemans and Ravi [18] which contains an approximation
scheme and the paper of Hong, Chung and Park [27] which proposed an exact algorithm by using
the matrix tree theorem. The publication of Xue [38] contains only an algorithm for computing
the Lagrangian relaxation, and in [23] Hassin and Levin improve the results from [18]. In [39]
the authors Yamada and Wantanabe consider a maximum spanning tree problem subject to a
weight constraint. We can easily apply this to the minimization case. A few sources refer to the
publication of Morozov [33]. This text is written in Russian and was not found in non-Russian
literature. Unfortunately, from the sources it can not be concluded what the content of this
paper is like. In [4] is only mentioned that a polynomial approximation algorithm is published.
A further article in Chinese published and not available in English is the paper of Li and Yao
[28]. In the abstract it can be read that the NP-completeness is proven, with a dual algorithm of
generalized linear programming the upper bound was estimated and the character of an optimal

solution was analyzed.

1.3 Chapter Outline

In Chapter 2 we collect some basic definitions from graph theory and focus on the minimal cost
spanning tree problem. These results become relevant for other parts of this thesis. Chapter 3
introduces different formulations for our problem. Chapter 4 shows the relation between spanning
trees and matroids which allows us to state our problem in a more general way. In Chapter 5 we
classify the complexity of our problem. The consideration of a bicriterial optimization problem
allows us in Chapter 6 to state some conclusion for the convex hull of our problem which will be
connect to the Lagrangian relaxation in Chapter 7. Chapter 8 reviews an alternative relaxation
approach. In Chapter 9 we develop some possibilities to reduce the complexity of a problem by
in- and exclusion methods. Chapter 10 focus on a relation between the costs and the weight
of an edge. Chapter 11 gives an overview over all existing exact solution methods and a new
branch and bound scheme. All known approximation algorithms for the WCMST are described
in Chapter 12. The numerical results are presented in Chapter 13 and finally we summarize the

results of this thesis and give an outlook for further research in Chapter 14.

10
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1.4 Application

To motivate our considerations we present two applications:

Example 1.2 Designing Physical Systems
In Ahuja, Magnanti and Orlin [2] some possible applications for the simple minimal spanning tree
problem are given. They list some problems of physical systems where a spanning tree structure

15 needed:

e Pipeline Construction
A pipeline network connecting a number of towns should be constructed: We search for the

smallest possible total length of the pipeline.

e Linking Isolated Villages
There are several villages given which are connected by roads but not by telephone lines.
The aim is to determine along which stretches of road the telephone lines should be placed

such that the total of road length is minimized.

In both cases we have to solve a minimal spanning tree problem. For the construction costs we
can remark that the pipeline / telephone line with smallest total length need not be automatically
the cheapest way of connecting the towns (e.g. a mountain must be passed by a tunnel etc.). If
the construction costs should not exceed a given value we have to add a budget constraint. This
is a WCMS'T where the objective function is to minimize the total length and the constraint that

the costs are smaller then the budget limait.
The second application is sketched in [38]:

Example 1.3 Minimum Cost Reliability Constrained Spanning Tree

An important application of our problem is the minimum cost reliability constrained spanning tree
problem in communication networks: We have n stations in the plane which can communicate
with each other. The goal is to find a minimum cost connection (for instance the costs are
modelled by distances d. for e = {i, j} between the stations i and j) under the restriction that the
reliability of a connection (as spanning tree) described by a probability p. for each pair of stations

i,7 1s greater than a limit P € [0,1].

min Z de

ecT

s.t.Hpe > p
ecT

TeT
We can reformulate the constraint

Hpe > P & log Hpe >log P & Z:logp6 > log P.
ecT ecT ecT

11
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This is by multiplying with (—1) equivalent to

Z —logp. < —log P.
ecT

So we can interpret the minimum cost reliability constrained spanning tree as weight-constrained

minimal spanning tree problem.

12



2 Spanning Trees

The minimal spanning tree problem is one of the most popular problems in graph theory and
therefore a lot of literature concerning fast algorithms can be found. In this chapter we collect
some basic definitions from graph theory, properties concerning spanning trees and some facts for
the minimal spanning tree problem which might become useful for our problem. Also we use the
two optimality conditions for the minimal spanning tree problem to obtain optimality conditions

for the weight-constrained minimal spanning tree problem.

2.1 Definitions and Properties

The denotations and results in this section are taken from Ahuja, Magnanti and Orlin [2]. In
the first chapter we gave the definition of the a spanning tree. If only the denotation tree is used
we talk about a connected subgraph that contains no cycle. The whole set of vertices need not
necessarily be contained in the tree. For simplification we use the following notations: For an
edge e € E which connects the vertices ¢ and j we can write e = {i,j}. (In the directed case - e
goes from ¢ to j - the denotation e = (7, 7) is used. We call i the source of e and j the target of

e.) To characterize a spanning tree we define firstly a path.

Definition 2.1 Path
A path P is a sequence of vertices (i1, ..., ik, ig41,---,iK) With e, = {ix,ik41} € E for all
ke {l,...,k} and without any repetition in the set of vertices.

For a spanning tree we can state some properties.

Property 2.1
Let T be a spanning tree of G. Then we have the following properties:

1. T has at least two leaves, where a leaf is a vertex which is endpoint of exactly one edge.
2. T contains n — 1 edges.

3. Every pair of vertices in T is connected by exactly one path.

A very important ingredient for several algorithms in the next chapters is the concept of ex-

changing some edges for a spanning tree.

Definition 2.2 T-exchange
A T-exchange is a pair of edges [e, f| such that for e € T and f ¢ T the set T \ {e} U{f} is a

spanning tree. We define the costs of a T—exchange as cle, f] := cf — ce.

13
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Now we define fundamental cycles and fundamental cuts which become important in the next

section.

Definition 2.3 Cycle
A cycle is a path iy,1i9, ..., i, with the edges {i1,i2}, {i2,i3}, ..., {ix_1,ir} together with the edge

{ig,i1}.

Property 2.2 Fundamental Cycle
Let T' be a spanning tree of G. For every T-exchange e, f] we obtain exactly one cycle. This

cycle is called fundamental cycle.

For an edge f ¢ T let C(T, f) denote this cycle in T'U {f}. A spanning tree 7" has m —n + 1
fundamental cycles since |E\T| = m—n+1. If we delete in every fundamental cycle an arbitrary
edge, we obtain again a spanning tree (i.e. if f € E'\ T and if C(T, f) is the uniquely defined
cycle in T'U {e}, then TU {f} \ {e} for all e € C(T, f) is a spanning tree).

Definition 2.4 Cut
A cut is a partition of V in a set X CV and a set V\ X. Every cut defines a set {X,V\X} C E
with the edges in E which have one node in X and the other node in V' \ X.

Property 2.3 Fundamental Cuts

Let T be a spanning tree of G. If we delete an arbitrary edge e of T, we get some disconnected
trees T1 and Ty. The edges which have one node in T1 and one node in Ty constitute a cut, called
fundamental cut, of G with respect to T'. Let {X.,V \ X.} denote this set of edges.

A graph has n — 1 fundamental cuts with respect to any tree since a spanning tree T contains
n — 1 edges. If we add an edge of a fundamental cut to the two subtrees 77 and 75, we obtain
again a spanning tree (i.e. if e € T and if @ = {X¢,V \ X¢} is the uniquely defined cut in G.
Then T'\ {e} U {f} is a spanning tree for all f € Q.)

For computational uses we define at last the adjacency list which allows us to store the data

structure in a simple way:

Definition 2.5 Adjacency List
The edge adjacency list A(i) of a vertex i € V is the set of edges emanating from this vertex i.e.,

A1) = {{i,j} € E|j € V}. The node adjacency list A(i) is the set of vertices adjacent to i i.e.,
A@) = {j e VI{i,j} € E}.

Property 2.4

For an adjacency list in an undirected graph we have

> JA(D)] = 2m.

9%

14
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2.2 Minimal Spanning Tree Problem

Now we give some optimality conditions for the minimal spanning tree problem which can be

used to formulate two necessary optimality conditions for our WCMST. Firstly, we state the

formulation of the already mentioned minimal spanning tree problem.

Problem 3 (MST) Minimal Spanning Tree Problem

min E Ce

ecT
st.TeT

where T is the set of all spanning trees of the graph.

For the minimal spanning tree problem two optimality conditions can be formulated.

Theorem 2.5 Cut Optimality Condition [2]
A spanning tree T™ is a minimal spanning tree if and only if for every edge e € T, c. < cf for

every f € {Xe,V\ Xc}.

Proof

e Assume there exists a minimal spanning tree 1" that does not satisfy this condition. Then
we have an edge e € T' and an edge f € {X.,V \ X.} with ¢ < c.. Now we can delete e
from the tree and add f to it. So we obtain again a spanning tree with ¢(T'\ {e} U{f}) =
c(T) — ce + ¢y < ¢(T). This is a contradiction to the optimality of T'.

For the other part of the proof we have to show that a tree T* satisfying the cut optimality
condition is optimal. Assume 7" is a minimal spanning tree and T” # T™*. At least one edge
e € T* exists with e ¢ T'. If we delete this edge we have a cut X,V \ X.. Now we add
e to the tree 7”. This 7" U {e} must contain a cycle C(T",e) with an edge f # e where f
has one node in X, and the other in V' \ X,. Since T* satisfies the optimality condition we
have ¢, < c¢y. On the other hand T’ is optimal and ¢y < ¢, must hold, therefore c. = c;.
Then

o(T%) = ¢(T") = ce + g = c(T"\{e} U{[}).
The tree T* \ {e} U {f} has one edge more in common with 7" and satisfies also the cut

optimality. So we repeat this step until we obtain 7. In total we have ¢(T*) = ¢(T") and

therefore T™* is also a minimal spanning tree.

The theorem leads directly to the following corollary.

Corollary 2.6 [31]

A spanning tree T has minimal costs if and only if no T-exchange has negative costs.

15
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A further optimality condition follows from the property that for each pair of vertices there exists

a path between both vertices in a spanning tree.

Theorem 2.7 Path Optimality Condition [2]
A spanning tree T* is a minimal spanning tree if and only if for every nontree edge f = {k,l}

holds that c. < cy for every edge e contained in the path in T™ connecting k and [.
Proof

e Let 7" a minimal spanning tree and the edge e = {i,j} is contained in the path in T*
between the vertices k and [. If for the nontree edge f = {k,(} holds that c. > cy, we could
execute a T*—exchange [e, f|. The new spanning tree has smaller costs than 7. This

contradicts the optimality of T* and the path optimality conditions hold.

e Let e = {i,j} € T* and let X, and V \ X, be the set of vertices obtained by deleting e
from T™. Consider an edge {k,!} with k € X, and [ € V' \ X,. Since T™* contains an unique
path from k to [ and e is the only edge connecting the sets X, and V' \ X, e is element
of the path connecting the vertices k and [. From the path optimality condition we know
that c. < ¢y where f = {k,l}. This condition must hold for every nontree edge {k,l} in
the cut {X., V' \ X} for all e € T™*.

So T satisfies the cut optimality and from Theorem 2.5 it is a minimal spanning tree.

2.3 Optimality Conditions for the WCMST

The optimality conditions of the minimal spanning tree problem can be used to formulate neces-
sary conditions for an optimal solution of the weight-constrained minimal spanning tree problem.

Unfortunately, these two conditions are not very useful for practical purpose.

Theorem 2.8 Cut Optimality Condition

A spanning tree T™ is an optimal solution for the weight-constrained minimal spanning tree prob-
lem if for every edge e € T* and for every f € {X.,V \ Xc} with cy < ce the weight satisfies
w(T) —we +wyp > W.

Proof
Suppose the theorem does not hold. Then we can make a T*-exchange [e, f] and obtain a tree
with
(T \{ey U{f}) = e(T") = ce + ¢y < (T7)
and

W(T*\ {e} U{f}) = w(T*) = w, +wy < W.

16
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This is a contradiction to the optimality of T™.

Theorem 2.9 Path Optimality Conditions

A spanning tree T is optimal for the weight-constrained minimal spanning tree problem if for
every nontree edge f = {k,l} with c; < c. for every edge e contained in the path in T* connecting
k and 1, it must hold that w(T*) — we +wy > W.

Proof

Suppose the theorem does not hold. Then we can replace e by f in T* and we get a tree with

(T \{ep U{f}) = e(T") = ce + ¢y < (T7)

and

W(T*\ {e} U{f}) = w(T*) = w, +wy < W.

This is a contradiction to the optimality of T™.

Corollary 2.10
Let T* be an optimal solution for the WCMST. For every T*-exchanges le, f] with cle, f] <0 it
must hold that w(T*) — we +wyp > W.

Proof
The theorem is valid since otherwise the tree obtained by the T™-exchanges which improves the

total costs is feasible. This is a contradiction to the optimality of T™.

2.4 Algorithms for the Minimal Spanning Tree Problem

To solve the WCMST in many approaches a ’simple’ minimal spanning tree problem without
constraint has to be solved. Therefore we give a short remark to MST-algorithms: In the history
there are several approaches to solve the minimal spanning tree problem. The first work was
published in 1926 by Boruvka [5], [19]. Chazelle [9] claimed that the minimal spanning tree
problem is one of the oldest problems in computer science. The two most popular algorithms are
the algorithms of Prim and Kruskal, which will be presented next. Both algorithms are 'greedy’
algorithms. They add in each step an edge with minimal costs from a candidate list until a

spanning tree is found.

17



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Prims Algorithm

Algorithm 2.1 MST - Algorithm of Prim
Require: Graph G = (V, E) costs ¢, for all e € E

Ensure: minimal spanning tree T'

choose an edge e = {i,j} with minimal costs X := {i,j}
T :={e}
while |T| <n—1do
choose e = {7,7} with ¢ € X and j € V' \ X and minimal ¢,
5: X =XU {j}
T:=TU{e}

end while

The time complexity of this algorithm is O(n?) and can be reduced by an efficient implementation

to O(m +nlogn).

Example 2.1
The algorithm of Prim works in the following way:

18
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Kruskals Algorithm

Algorithm 2.2 MST - Algorithm of Kruskal
Require: graph G = (V, E) with costs ¢, for all e € F
Ensure: minimal spanning tree T’
sort the edges of E such that ¢, < ... < ¢, with m = |E|
T:=10
while |T| <n—1do

choose an edge with minimal costs such that 7'U {e} contains no cycle.

5. end while

The time complexity of this second algorithm is O(mlogm).

Example 2.2
To expose the difference between both algorithms we consider again the example from the previous

section.

Other Algorithms

Furthermore there are some other algorithms with much lower time complexity. Yao [40] and
Cheriton and Tarjan [10] independently developed algorithms with O(mloglogn). In 1986
Gabow, Galli, Spencer and Tarjan [15] published an algorithm with complexity O(m log 3(m,n))
where (3(m,n) is the number of needed log-iterations for mapping n to a number less than
In [9] an algorithm for the minimal spanning tree problem is proven which runs in O(ma(m,n))
where

a(m,n) := min{i > 1|A(i,4[E
n

1) > logn}

19
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with the Ackermann’s function A : N x N — N where

2j ifi=0
, 0 if j =0
A(i, ) =
2 ifi>1and j=1
A(i—1,A@,j—1)) ifi>1,5>2

20



3 Different Formulations

In this chapter we are interested in modelling the problem as integer programm and present two
different formulations. For the sake of simplicity we make at first a simplification for our costs

and weights.

3.1 Generalization

Lemma 3.1

Without lost of generality we can assume that all weights and costs are positive.

Proof
Suppose a graph with negative costs and weights is given. Let ¢pin := | mineeg ce| and wyi, =

| minee g we|. Then we define:
Ce i= Ce + Cmin, We := We + Wpin for all e € E and W := W + (n — 1)wpin

An optimal tree T* for the WCMST with costs ¢ and weights @ such that the total weight of the

tree is not greater than W is also optimal for the original problem:

ecT*
- Z (we wmln)
ecT*
Z We — (N — 1)Win
ecT*
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So T* is feasible. Suppose it exists a tree T with w(T) < W and ¢(T) < ¢(T*).

ar)=> é

ecT

- Z(ce + Cmin)

ecT

= Z Ce + (’I’L — 1)Cmin

ecT
=c(T) + (n — 1)emin
<c(T*) + (n — 1)cmin

= Z (Ce + Cmin)

ecT*
=¢(T™)

Since T is also feasible for the new problem (same arguments) this is a contradiction to the

optimality of T*.
O

For the following chapters we make the assumptions that costs and weights are greater or equal

than zero. Moreover we suppose that a graph does not contain multiedges and loops.

3.2 WCMST as Integer Program |

An interesting topic is to formulate our problem especially the set 7. A classical formulation is

the following, which can be found in different sources [1], [2], [3].

Problem 4

OPT := min Z CeTe (3.1)

eck
s.t. Zwexe <W (3.2)

eck
Y e <|S|-1L,VSeSwith2 < S| <n—1 (3.3)

ecsS
Z Te=n—1 (3.4)

eck
ze € {0,1} (3.5)

where S is the set of all subgraphs of G.

The binary variable z. is equal to 1 if the tree contains the edge e and 0 otherwise. The constraint
(3.2) is the weight-restriction. The inequality (3.3) ensures that 7' contains no cycles and (3.4)

guarantees that every vertex is connected. This formulation is not very useful for a LP-relaxation
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since the cardinality of the set of all subgraphs § is very large. For the RCMST problem we can
replace (3.2) by
Z wr, < W foralll <I<L (3.6)
eck

3.3 WCMST as Integer Program II

A second way to formulate the problem of finding a minimal spanning tree is to interpret the
problem as a multicommodity network flow problem. Therefore, we need a directed edge struc-
ture: We replace each edge e € F with nodes i and j by two anti-symmetric arcs (i,j) and (j,1).
We call this set E. Additionally, we define ¢;; = ¢j; := ¢, and w;; = wj; := w,. For an undirected
graph G = (V, E) let G= (v, E) denote the corresponding directed graph.

Definition 3.1
A spanning tree T € G = (V, E) s a directed-in-tree rooted at node s if the unique path in the

tree from any vertex to node s € V' is a directed path.
Every node in the directed in-tree (except the node s) has outdegree 1.

Lemma 3.2
There is an one-to-one correspondence between the trees in G and the set of all directed-in-trees

rooted at nmode n.

Proof

Let 7,, denote the set of directed-in-trees rooted at node n in G.
1. Let T € T. If we orientate all edges in T to n, we have a tree T in 7,,.
2. Let T € T,,. If we ignore the directions of the tree f, we get a tree T in 7.

So the one-to-one correspondence holds.

Example 3.1 Correspondence

O @O—0 corresponds to (7)) —0)
\@
&— &— ®/
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Obviously the transformation of an undirected tree to a directed tree does not change costs and
weights. If we find a directed weight-constrained minimal spanning tree in 7,,, we have an optimal

solution for our problem.

For the alternative formulation, which can be found in the paper of Jornsten and Migdalas
[29], we interpret the node n as sink and all the other nodes as sources generating one unit of

flow. The flow has to be sent from each source over an unique path to the sink:

Problem 5

min Z CijYijg (37)

(i,j)eE
s 2wty < (3.8)
(i,j)eE
1 ifi=k
Dooui— D yi=1{-1 ifi=n Vi€ V.VkeV\{n} (3.9)
JeV jev
(i.j)€E (G.i)EE 0 else
v <y V(i) € E vk € V\{n} (3.10)
Yk >0 Y(i,j) € EVk € V\{n} (3.11)
yij + i <1V(i,j) € E (3.12)
vig €101} (3.13)
3 gy =1Vie V\{1} (314
jevﬂ
(i,5)€E

The variable y;; is 1 if an edge (i,7) is element of the solution and 0 otherwise. The yf] eR
denote if a flow generated at node k is sent along the edge (i,7). The equalities (3.9) are the
flow conserving constraints and (3.10) ensures that flow is sent along an edge only if the edge is
contained in the minimum spanning tree. The inequality (3.14) ensures that only one edge goes
out from a node. Combined with (3.12) this guarantees the spanning tree structure. From a
resulting directed tree we go back to the undirected tree by ignoring the direction of each arc in

the directed tree. To obtain a spanning tree in G = (V, E) we can set . = y;; + y;; if e = {4, j}.

3.4 The Weight-Constrained Minimal Arborescence Problem

In the previous formulation we have considered a directed version of our problem. More formal.

Definition 3.2 Arborescence
Let G = (V, A) a directed graph with a set of vertices V' and a set of arcs A :={(i,j),i,j € V'}.
An arborescence B, rooted at s, is a connected partial graph G' = (V,B) of G, B C A, such that
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each vertex has out-degree 1, |B| = n — 1, B contains no cycles and for each vertex j exists a

unique path from s to j.

We can extend the weight-constrained minimum spanning tree problem to a weight-constrained

minimum arborescence problem (WCMA).

Problem 6 Weight-Constrained Minimum Arborescence Problem

where B is the set of all arborescence.

By construction we can model B € B by (3.9) - (3.14). The difference between the WCMST and
the WCMA is that in the WCMA ¢;; and ¢j; or w;; and wj; need not necessarily be equal.

3.5 Dual Problem

In the paper of Mehlhorn and Ziegelmann [32] a dual problem for the WCMST is stated. For

each possible tree T' € 7 we introduce a variable x7 € B and get:

Problem 7

This leads to the dual problem

Problem 8 Dual Problem

max u + Wwo
st.u+ovw(T) <c(T) VTI'eT
v <0

In this formulation only two variables are given, but the number of constraints may be exponen-

tial.
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4 Interpretation as Matroid Optimization
Problem

In Chapter 3 we have discussed the weight-constrained minimal spanning tree problem from the
Integer Programming perspective. This chapter deals with a relation to a field of combinato-
rial optimization, the structure of matroids. In the first section of this chapter we give some
fundamental definitions of matroid theory. The second section contains the connection between
matroids and the minimal spanning tree problem which is extended to the weight-constrained

minimal spanning tree problem in the last part of this chapter.

4.1 Basics in Matroid Theory

Let us define a matroid:

Definition 4.1 Matroid
An ordered pair M = (F,F) where F is a family of subsets of the set F is called matroid if and
only if the following three conditions hold.

1. 0eF
2. If Se Fand S" € S, then S" € F.

3. If Sy, Spy1 € F are subsets with p respectively p+1 elements, then there exists a f € Sp1\Sp
with S, U{f} € F.

We call the elements of M independent sets.

Example 4.1 [2/

e Graphic Matroid
We let F = E where E is the set of edges in a graph G. Furthermore, we define F as the
collection of edge sets which contains no cycle. (E,F) satisfies the matroid properties: If
Sp and S,11 are some independent edge sets which contain p and p 4+ 1 edges, we can add

some edge e from S,11 to S, and get a new set which contains no cycle.

e Partition Matroid
Let F = F1UF,U---UFg be an union of K disjoint sets and let uq,...,ux € N. Let F be
the family of subsets S C F' such that for all k € {1,..., K} SN F} contains no more than

U -
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Notice that both examples become relevant in Section 12.2. The important idea in matroid

theory is the concept of finding maximal independent sets.

Definition 4.2
A set S is called mazimal independent set if we cannot add an element f € F \ S such that

S U{f} is independent. A maximal independent set is also called a basis of the matroid.

In Definition 2.2 we have introduced the T-exchange. The corresponding idea in matroid theory

(S is basis and S" = S\ {f} U {e} is also a basis) is called elementary basis operation.

4.2 Matroid Optimization Problem

Now we associate some costs ¢y to each element f € F' and define the costs of a subset S C I as

c(S) = Z cy.

fes

So we can formulate the following problem:
Problem 9 Matroid Optimization Problem
min Z cr
fes

s.t. S is a basis of M.

where M = (F,F) is a matroid.

A simple approach for this problem is the use of a greedy algorithm.

Algorithm 4.1 Greedy algorithm for minimum cost basis of Ahuja, Magnanti and Orlin
order the elements of F' = {f1,..., fin} such that ¢; <co <--- < ¢,

set LIST:= ()
for j =1 TO m do
if LISTU{f;} is independent then
5. LIST := LIST U{f;}
end if

end for

LIST is a minimum cost basis;

Theorem 4.1 [2]

The algorithm solves the matroid optimization problem

27



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Proof

Let S* be an optimal solution for Problem 9 and the solution of Algorithm 4.1 is LIST:=
{firs Fiar--+» fir }- I LIST= S* nothing is to show. Assume S* # LIST. Suppose the elements of
S* are ordered in the order of increasing elements from F' = {fi,..., fm} as fj,..., fius for- -
with f, # fj,., and f; is the first element of S* not contained in LIST. We know that the set
{firs Fias- -+ fixs fq} is independent. From the construction during the algorithm we can conclude
from ¢ > jry1 that ¢ > ¢j, . The sets S = {fj,,..., fj,, [j,.,} and S* are independent. So
we can add some elements of S* to S and obtain another basis S’. This basis must contain the
elements S*U {f;, ., } \ fp for some f, € S* and p > jr1,¢(S") < ¢(S*). So S’ is also an optimal
basis. This basis S’ has more common elements with LIST than S*. We can iterate with the set
S’ until we have equality of S’ and LIST.

O

We can interpret the minimal spanning tree problem as matroid optimization problem where we
call like in Example 4.1 a set independent if we set E equal to F' and call F the set of all subsets
of E which contains no cycles. The Algorithm 4.1 is a generalization of Kruskal’s algorithm. The
if-clause testing if LIST U{e;} is independent corresponds to the test in Kruskal’s algorithm if
T U{e} contains a cycle.

4.3 Weight-Constrained Matroid Optimization Problem

Quite obviously, we can extend our Problem 9 to a weight-constrained matroid optimization
problem if we add a weight constraint to the formulation, if some weights are associated to each
fekF:

Problem 10 Weight-Constrained Matroid Optimization Problem

minZCf

fes
s.t. wa <W
fes
S is a basis of M

where M = (F,F) is a matroid.

Like in the previous section this problem is a generalization of the weight-constrained minimal
spanning tree problem. The idea to interpret the WCMST as matroid problem is used in Section
12.2. Also a large number of presented algorithms in this thesis can be extended to the weight-

constrained minimal matroid optimization problem.
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5 Complexity

The minimal spanning tree problem is polynomially solvable by the algorithms of Prim and
Kruskal. For the weight-constrained minimal spanning tree problem this result is only true if
NP = P. Aggarwal, Aneja and Nair [1] and Yamada and Wantanabe [39] prove the NP-hardness.

Theorem 5.1 NP-Hardness

The weight-constrained minimal spanning tree problem is NP-hard.

Proof
The idea is to reduce the knapsack-problem to the weight-constrained minimal spanning tree
problem.

Let us consider an instance of the knapsack-problem:

n
max Z a;z; (5.1)
1=1

i=1
x; € {0,1} for 1 <i<n (5.3)

Without loss of generality we can assume that all a; are positive. (Otherwise we define a; :=
a; + | minj<;<p a;|. An optimal z for the problem with costs @; is also optimal for the original

problem.) Using the identity max cx = — min(—c)x we can transform the knapsack problem to:

—(min Z —a;T;) (5.4)
1=1

s.t. Z bimi < B (5.5)
i=1
x; € {0,1} for1<i<n (5.6)

Now we construct a graph (V, E') with the set of vertices
V=11,1,2,2,....,n+1,n+ 1}
and an edge set

E={{1,1},{1,2},{1,2},{2,2},{2,3},{2,3}, ..., {mn+ 1}, {n,n+ 1}, {n + 1,n + 1}}.
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Let M :=1+)"}_; ar. Now we define ¢;; := —M for 1 <i <n-+1and ¢jip1 = —a; for1 <i<n
and wy, :=0for 1 <i <n+1and wyyq :=b; for 1 <i <n. Weset W := B. (Obviously this
can be done in polynomial time.)

This leads to the graph:

O——0

(0,0) /5\ (0,0) . (0,0) /ﬁ\ (0,0) o
2/ N

@

@ (—ay,b1) @ (—az2,b2) o (=an,bn) @ (=an,bn) .

If we solve the weight-constrained minimal spanning tree problem for this graph, all edges {7,i}
are contained in an optimal solution. To obtain the spanning tree structure we have for each
i € {1,...,n} the opportunity either to take the edge {i,i + 1} or the edge {i,i+ 1}. If an
edge {i,7+ 1} is part of an optimal solution T™* of the weight-constrained minimal spanning tree

problem for this graph, then z; = 1. More formal

1 if{i,i+1}eT*
0 if {i,iti}eT*
So the knapsack-problem can be reduced to the weight-constrained minimal spanning tree prob-

lem. Since the knapsack-problem is NP-hard [17] (number [MP9]) the weight-constrained minimal

spanning tree problem is also NP-hard.
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6 Convex Hull

In this chapter we make some statements for the convex hull of our problem and prove some
properties of our solution. Therefore it is useful to interpret the weight-constrained minimal
spanning tree problem as bicriterial optimization problem and use some already known results
of a bicriterial optimization problem for our WCMST. Also we collect some properties of the

relation between different trees in the convex hull which are interesting for us.

6.1 WCMST as Bicriterial Problem

The weight-constrained minimal spanning tree problem is related to a bicriterial optimization

problem where we consider the constraint as second objective function:

Problem 11
> Ce
min | T (6.1)
> We
ecT
st.TeT (6.2)

From the bicriterial problem we can classify the set of trees.
Definition 6.1

1. A tree T is called dominated by a tree T if ¢(T) < ¢(T) and w(T) < w(T) where in at least

one case <’ holds.

2. A tree T is called efficient if and only if for all trees T in T with ¢(T) # ¢(T) and w(T) #
w(T), ¢(T) # e(T) and w(T) # w(T) hold.

3. An efficient tree T whose image (¢(T),w(T)) lies on the border of the convex hull of
{(c(T),w(T))|T € T} is called a supported tree.

4. A tree is called weakly efficient if and only if for all trees T in T with C(T) # ¢(T) and
w(T) # w(T) «(T) # e(T) and w(T) # w(T).

For the relation between the bicriterial optimization problem and the weight-constrained minimal

spanning tree problem, we can state the following theorem.
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Theorem 6.1

1. An optimal solution of the weight-constrained minimal spanning tree problem is weakly

efficient for the bicriterial problem.

2. Under all optimal trees for Problem 1 there exists at least one efficient tree for Problem 11.
Proof

1. Assume it exists an optimal solution T which is not weakly efficient. Then there exists a
tree T' with ¢(T) < ¢(T*) and w(T) < w(T*). Since w(T*) < W T is also feasible and has

lower costs than T* which is a contradiction to the optimality of T*.

2. Let 7" :={T € T|c(T) = OPT, w(T) < W}. Take a tree T}, in 7* with minimal weight.
This tree is efficient for Problem 11 since otherwise a tree T exists with ¢(T") < ¢(T*

min)
and w(T') < w(T*

min

) < W where in one case '<’ holds. This is a contradiction either to

the optimality of T;. or to the property that 7). has minimal weight under all optimal

in in

solutions.
O

For graphical interpretation we consider the two dimensional space with the ¢- and w-axes. The
points in the diagram represent the cost-weight-vector of a tree. The convex hull of our Problem
1 is the boundary of the grey region. If we drop the line W = 35 we have the convex hull to
Problem 11.

@)

Figure 6.1: Convex hull

32



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

The optimal solution to our original problem is the tree with costs 8 and weight 32 marked
with a square in the figure. This is an efficient tree. Another optimal solution is the tree with

costs 8 and weight 33 marked with a triangle. This tree is weakly efficient.

In [26] Hamacher and Ruhe show that the number of efficient spanning trees is in the worst

case exponential in the number of vertices n.

6.2 Adjacency and Connectedness

The next area which will be threaded, is the question whether a feasible solution can be improved
by changing edges until an optimal solution is reached. Therefore we need a definition concerning

the relation between two trees.

Definition 6.2
1. Two spanning trees T1 and Ts are called adjacent if one T-exchange between the trees exists.
2. Two trees T1 and Tk are called connected if a sequence of trees 11,15, ..., T, exists such

that for all k =2,..., K T} is adjacent to Tj1.

One of the most important properties is the following theorem which describes the relation

between the supported trees.

Theorem 6.2 [1]

The set of all supported spanning trees of Problem 11 is connected.

This means that for two supported trees 77 and Tk a sequence 11,75, ..., Tk of pairwise adjacent
trees exists such that T} is a supported tree for all k € {1,..., K}. In Section 11.1.3 we pick this

property up and analyze this connectedness intensively to construct a branch and bound scheme
to solve the WCMST.

The set of all efficient trees is not necessarily connected. Consider the following example from
Ehrgott and Klamroth [14].

Example 6.1 Connectedness of Efficient Solutions

(ce,we)
O—0O

()

(0,0) (9,0) (0,0) (10,0) (0,0) (0,19)
(0,0) @ (7,1) o (0,0) @ (0,7) 3 (0,0) @ (20,6)
(0,0) (1,2) (0,0) (7,1)  (0,0) (1,15)

()
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In the table only edges with positive costs and weights are listed. The edges

{U1, Un}, {01,1)12}, {01,1)13}7 {02, U21}, {02, U22}, {02, U23}, {03, Usl}, {03, U32}, {02, U33}

belong to every efficient tree.

Tree | Type (c(T),w(T)) | Edges

T, Supported (1, 28) {v1s,v2}, {ve2, v3}, {vs1,v4}
T, Supported (2, 24) {v1s,v2}, {ve2, v3}, {vss, v}
T3 Non-Supp. (8, 22) {vi3,v2}, {vas, v3}, {vs1,v4}
Ty Supported (9, 18) {v13,v2}, {vas, v3}, {vss, v4}
T Non-Supp. (12, 17) {v1s,v2}, {va1,v3}, {vss, va}
Ty Non-Supp. (17, 16) {v11,v2}, {ves, vs}, {vss, va}
T Non-Supp. (20, 15) {v11,v2}, {va1,v3}, {vss, v4}
Ty Non-Supp. (27, 14) {v12,v2}, {vaa, v}, {vs2, v4}
Ty Supported (28, 9) {v13,v2}, {ves, vs}, {vsa, v}
Tivo | Supported (51, 8) {v1s,v2}, {va1,v3}, {vs1, v}
Ti1 | Non-Supp. (36,7) {v11,v2}, {vas, v3}, {vs1,v4}
Ti2 | Supported (39,6) {v11,v2}, {va1,v3}, {vs1,v4}

If we consider the not-supported tree Tg, it is clear that this tree is not adjacent to any efficient

tree and the set of efficient trees is not necessarily connected.

Remark

Aggarwal, Aneja and Nair [1] claimed in their second theorem that the set of efficient solutions
is connected. Example 6.1 shows that this claim is not correct. Their proof mentions only the
set of supported efficient trees. In [14] it is further shown that each graph can be extended to a

graph in which the set of all efficient trees is disconnected.

Conclusion

From this example we can conclude for the weight-constrained minimal spanning tree problem
that an optimal solution is not necessarily adjacent to a known efficient tree. Furthermore Ruzika
[35] shows that the set of all weakly efficient trees is also not connected. So an optimal solution
can not be found by simple edge exchanges. If we are interested in some better upper bounds,
it might be possible to improve a feasible solution by T'—exchanges. Therefore we present in the

next section the ideas of Neighborhood- and Adjacency-search.
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6.3 Neighborhood- and Adjacency-Search [3]

In the publication of Andersen, Jérnsten and Lind [3] two algorithms are proposed to find efficient
solutions for Problem 11. They start by the set of supported solutions. Firstly, we state the two
optimality conditions which are needed for the search algorithms. These two conditions are very

similar to the optimality conditions in Section 2.1 which are formulated only for costs.

Theorem 6.3 [3/

Assume that a tree T is not dominated by any spanning tree which is adjacent to T'. Then:

1. Let e € T. Then there exists no f € {X.,V \ Xc} \ {e} such that ¢y < c., wy < w, where

in at least one case ‘<’ holds.

2. Let f € E\T. Then there exists no e € C(T, f)\ {f} such that cy < c., wy < we where in

at least one case ‘<’ holds.
Proof

1. Assume it exists an edge in f € {X.,V \ Xc} \ {e} with ¢y < ce, wy < w, where in at least
one case ‘<’ holds. Then T\ {e} U{f} is a spanning tree which is adjacent to T. Also
(T\{e} U{f}) = (T) — ¢y +ce < e(T) and w(T'\ {e} U{f}) = w(T) —wy + we <w(T)
where in at least one case '<’ holds. This is a contradiction to the assumption that T is

not dominated by any adjacent spanning tree.

2. Assume it exists an edge e € C(T, f) \ {f} with ¢; < ¢. and wy < w, where in at least one
case ‘<’ holds. Then T\ {e}U{ f} is adjacent to T" and ¢(T\{e}U{f}) = c(T") —ce+cy < c(T)
and w(T \ {e} U{f}) <w(T) where in at least one case '<’ holds. This is a contradiction

to the assumption that 7" is not dominated by any adjacent spanning tree.

So we have two different methods for searching supported trees.

Neighborhood-Search

Start with the set of all supported solutions. For each tree T in this set we evaluate all trees which
are adjacent to this T and not dominated by T and all the trees evaluated so far. If this true, we
add this tree to our set. Then we test whether one of the trees evaluated so far was dominated by
this new tree. If this true, we eliminate the already known tree and go on with the next adjacent

tree to T until all trees in our set are considered.

Adjacent-Search

The algorithm works in the same manner as the Neighborhood-Search but we search only for non

dominated trees which are adjacent to at least two known trees.

35



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

The main difference of both approaches is that the number of found trees of the neighborhood-
search is on average greater than the number of found trees by the adjacency-search. The
advantage of the adjacency-search is that a smaller number of trees is examined than in the

neighborhood-search.

Extension to the WCMST

Obviously, we can run both algorithms and take from the set of found trees the best efficient tree
which is feasible. From Example 6.1 we know that the set of all efficient trees is in general not
connected. So both search algorithms will in general not find an optimal solution. But it might
be possible that better upper and lower bounds can be found. Notice that we are not interested
in the whole set of all efficient trees, so we have to check whether the algorithm can be speed up.
For the neighborhood-search a modified version is given in [39] which is proposed in the Section
12.3. For the adjacency-search one could think of considering not all supported solutions in the
starting step. Perhaps a feasible and an infeasible supported tree. But this idea might fail: If we
search in Example 6.1 for the optimal solution such that w(7") < 7 and start with 719 and T1s.

We have at first to compute Ty to find another tree which is adjacent to the optimal solution 77;.
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7 Lagrangian Relaxation

The most used approach to handle the weight-constrained minimum spanning tree problem is
the Lagrangian relaxation ([1], [18], [29], [37], [39]) which delivers a lower bound for the objective
value OPT. In this chapter we introduce the Lagrangian relaxation of our problem, show a nice
and very useful relation to the convex hull, present two algorithms for finding the Lagrangian

dual and make a statement to the quality of the relaxation.

7.1 Definition and Properties

In the best case the value of the Lagrangian relaxation and O PT coincide but in general we have

a duality gap.
Problem 12 Lagrangian Relazation

C*(MST; ) := min (¢(T) + pw(T)) (7.1)
st.TeT (7.2)

This is a minimum spanning tree problem and thus it is easy to solve. For all © > 0 this relaxation

is a lower bound for our problem since
C*(MST; p) — pW = min(e(T) + pw(T)) — pW = min(e(T) — p(W —w(T)) < OPT
holds for all ;# > 0. To obtain the best lower bound we have to solve the Lagrangian dual:

Problem 13 Lagrangian Dual

C*(D1) := max (C*(MST; u) — uW) (7.3)
sit.pu>0 (7.4)

In the following we define p* := argmax(C*(MST;u) — uW). We can illustrate the function
e(T) + pw(T) — pW in the following figure where the dotted lines describe the function for fixed
T.

For an alternative way to visualize the Lagrangian Dual we use the same figure as in Section 6.1

where T}; solves Problem 12 for p*.
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c(T) + pw(T) — uW

W g

Figure 7.1: Lagrangian Relaxation I

C*(Dl) ************************* ?‘:**\W‘**

Figure 7.2: Lagrangian relaxation 11
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In the article of Yamada and Wantanabe [39] some properties of the Lagrangian relaxation for

the maximization case are given which can easily be transformed to the minimization case.
Theorem 7.1 [39]
1. C*(MST; ) — pW is piecewise linear and concave in [0,00).

2. If C*(MST;p) — uW is differentiable at p,

dC*(MST; ) — uW
dp

=w(T,) -W
where T}, is the optimal solution to the relaxed problem.

Proof

1. For a fixed tree the function ¢(T")4pw(T)—pW is linear in p. For the function C*(M ST'; 1) —
uW we take the lower envelope of all the linear functions which corresponds to a tree. So

we get a piecewise linear function.

2. The derivative follows directly.
O

For our pu* > 0, the optimal solution for the Lagrangian dual, we can conclude from the properties

that 7}, is feasible if > p* and infeasible if p < p*.
Theorem 7.2 [39]
1. If u* = oo, then the WCMST is infeasible.

2. Let Ty is the optimal solution for min{c(T)|T € T}. If Ty is feasible, then u* = 0 and Ty

is the optimal solution.
3. If w(Ty») =W, then Ty» is optimal and we have no duality gap.
Proof
1. We know that
OPT > C*(MST; p*) — w'W = min(c¢(T) — p*(W —w(T)))
For a feasible solution 7" is W — w(7T") > 0 and so
min(e(T) — u* (W = w(T))) = —00 < min(e(T) — p(W — w(T)))

for p < oo which is a contradiction to the maximality of p*. There does not exist a feasible
tree and the WCMST is infeasible.
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2. If T, the optimal solution for min{c(T)|T" € 7}, is feasible then T} is a optimal solution
for the WCMST since no other tree has smaller costs. For the Lagrangian relaxation we

know that
min(c¢(T) — w*(W —w(T)) < OPT = ¢(Tp) = min(c(Tp) + 0(W — w(Tp))
Since p* maximizes the lower bound of the Lagrangian relaxation, p* has to be equal to 0.

3. Since
OPT > C*(MST;p*) — W = min(e(Tys ) — p* (W — w(T'w*))) = min e(T)+ )

holds ¢(T,») = OPT since T~ is feasible.

7.2 Lagrangian Relaxation and Convex Hull

Between the Lagrangian relaxation and the frontier of the convex hull (more precisely, the lower

left frontier of the convex hull) there exist a very nice relation:

Theorem 7.3

Every supported tree T' corresponds to a p such that ¢ + pw is minimized by this tree.

Proof
Every facet of the convex hull of the bicriterial problem is a segment of a function in the w — ¢
space:

fw) = —pw +b
For a supported tree T where (w(T'),c(T')) lies on such a facet holds
co(T) = —pw(T) + .

This can be reformulated to
b=¢c(T)+ pw(T).

If we displace the function parallel such that an other vector (c¢(T"),w(T")) lies on this function,

we have to increase b to b’. Then we have for all 77 where (¢(T"),w(T")) lies not on this facet

Z Ce + pwe = c(T") + pw(T") =b > b= c(T) + pw(T) Z Ce + pWe.
eeT” eeT

Therefore, T minimizes ¢(1) + pw(T).
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So every facet corresponds to a u. For two adjacent facets with corresponding 1 and uo all trees
T where (¢(T),w(T)) is the extreme point which has both facets in common are optimal for the

costs ¢+ pw for all pu € [uq, pol.

Theorem 7.4 [8§]

The number of extreme points on the convex hull is polynomially bounded.

Proof
We define for every pair of edges with w, # wy:
Ce —C
feg = ——L
Wy — We

We call this pi.; a breakpoint and define the set of all these p.f

M={" e e B}
Wyr — We

Let us order and number the elements of M as
—co<pt <p? << pf <o

We know that K is bounded by m(m — 1). Let us now consider an extreme point and the
corresponding tree 7. We know that T is optimal for the cost function ¢(T') + pw(T) all p €
(s phj1] =: I where p; and g1 corresponds to the two facets which have this extreme point

in common. We know further from the cut optimality condition that

ct + pwys > co + pwe for all e € T and for all f € L(e, Tj,)
where L(e,T) :={f € E\T|e € C(Ty, f)}

for an arbitrary p € [uj, pj11]. Our p is also element of an interval [p*, u**1] =: I. We show
that I 1. If T Z I, we have, without loss of generality, the situation that pk < i < p < phtL
So for a ji € (u*, juj) an edge f € L(e, T) has to exists with ¢f + fiws < ¢ + fiwe. Therefore, we
have p¥ < i < p fe < prj. This is a contradiction to the fact hat M contains all breakpoints.

So I C I and the number extreme points is bounded since K is bounded by m(m —1).

7.3 Algorithms for Finding the Extreme Points and the Lagrangian
Dual

In this section we review two algorithms for finding the (nondominated) extreme points and the
Lagrangian dual. In the article of Jiittner concerning the resource constrained spanning tree
problems [30] the Handler-Zhang method is proposed to find these points. Since this method

is methodically very similar to the following two algorithms it is not presented in this thesis.
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Both algorithm check at the beginning whether the weight-constrained minimal spanning tree
is feasible and whether a cost minimal solution is an optimal one for the WCMST. This can be

done be computing the lexicographical optima:

lex min (Z Ce, Z We)

ecT ecT
st.TeT

and

lex min (Z We, Z Ce)

ecT ecT
st.TeT

Procedure 7.1 Feasibility
Find 77 = arglexmin{( " ¢, > we)|T € T}
ecT e€T
Cy :=c(Ty)
Wy = w(Ty)
if W7 < W then
5. STOP (T} is optimal)

else
Find T = arglexmin{( ) we, > ¢)[T € T}
ecT ecT
Cy = c(T»)
Wy = w(T3)

10: if Wy > W then
STOP (problem is infeasible)
else if W5 = W then
STOP (tree is optimal)
end if
15: end if

At the beginning the algorithm tests whether a tree which is optimal for the minimal cost
spanning tree problem is also feasible for the WCMST. In the lines 7 - 11 the algorithm decides
if the problem is feasible and in the case of w(7y) = W the algorithm has found an optimal

solution.
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Algorithm of Aggarwal, Aneja, Nair

In [1] an algorithm for computing all extreme points of the convex hull is proposed:

Algorithm 7.2 Bound algorithm of Aggarwal, Aneja, Nair
Run Procedure 7.1

= (w(Th) — w(T2))/(e(T2) — o(T1))

compute a minimal spanning tree 75 of G under the costs ¢, + pwe

repeat this step for (77,73) and (7%, 7%) until no more solutions can be found

In this algorithm the quotient denotes the point where ¢(T) + pw(T1) = ¢(T2) + pw(Ts). In the
case that T or T, are optimal for p then 77 is optimal for all < p and 75 is optimal for g > pu.
If another tree T3 is optimal, the algorithm iterates for (77,73) and (73,7%).

Algorithm of Xue [38]

In the paper of Xue [38] an algorithm for identifying the closest segment of the convex hull to

the optimal solution is proposed.

Definition 7.1
Let A € [0,1]. We define a graph G(\) = (V, E, \) with the same nodes and edges as G and with
cost function I} = Ace + (1 — Nw, Ve € E.

We have [ = w and ! = ¢.
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Algorithm 7.3 The approximation scheme of Xue
Run Procedure 7.1
A=0pu:=1
while V‘(TH) £ 1MTy) do

w(Ty)—w(Ty)
w(Ty)—w(Tx)+c(Th)—c(Th)

Atp
2

5:  Compute a minimum spanning tree 7%, with respect to »

odd iteration
V=
even iteration

if there are more than one minimal spanning trees then
take one with smallest weights ()
end if
if w(T,) < W then
10: A= Ty =T,
else
Bi=7
T, :=T,;
end if
15: end while

T is approximation

(%) This line is not included in the original algorithm. The reason why we have to add it can be

seen in the Example 7.1.

The algorithm finds the facet of the convex hull which is close to the optimal solution. There-
fore the algorithm starts with a feasible tree for the WCMST T and an infeasible tree T},.
By updating the actual tree T is always feasible and the tree T}, is always infeasible. We
try to minimize the distance between T, and T) by finding values between A and p until
Ae(T,) + (1 = Nw(T,) = Ae(Ty) + (1 — Nw(Ty) which means that 7}, is also optimal for *
and the facet is found. The T) is an upper bound and the extreme supported spanning tree of

the feasible trees which has smallest costs.

Theorem 7.5 [38]

Let Ty be a minimal spanning tree in G(0) and T\ a minimal spanning tree in G(1).
1. There exists an optimal tree for the WCMST if and only if w(Ty) < W.
2. If w(Ty) < W, then Ty is optimal for the WCMST.

3. Assume that a solution for the WCMST exists but w(Ty) > W. The algorithm stops after
a polynomial number of iterations with X\, u, T\ and T, such that ZA(T#) = IMTy),W €
[w(Ty), w(Ty)], and OPT € [c(Ty),c(T,)].
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In [38] the theorem is stated but not proven. Only a similar theorem for the weight-constrained
shortest path problem is published. For completeness we give here a modification of Xue’s proof
for the weight-constrained shortest path problem to our problem combined with the results es-

tablished in the section above.

Proof
1. directly
2. directly

3. Let T and T” spanning trees. If ¢(T') = ¢(T") and w(T') = w(T") we call T and T” equivalent.
(We denote this by 7'~ T".) Assume that T is an optimal solution. (7" is also an optimal
solution if 77 ~ T.) Let 7 denote the set of all efficient spanning trees where we remove
for each efficient solution all equivalent spanning trees. From Theorem 6.1 we know that
T contains one optimal solution.

The number of spanning trees in a graph is bounded and therefore K := |T| < 0. Let the
trees in 7 be numbered Ty, 1), - TiK), such that

Then
w(T[l]) < w(T[Q}) <...< w(T[K])

must hold. Otherwise there are some trees in 7 which are dominated. Let 1) be an
optimal solution. For w(T}) > W and T} € 7 we know that k < K. If k = 1, then T is an

optimal solution. Assume that 1 < k < K. Since no tree in 7T is dominated we have
C(Tm) > C(T[Q]) > > C(T[K])

and
w(T[l]) < w(T[Q}) <. < w(T[K}).

For every A € (0,1) every minimal spanning tree in G(\) is equivalent to a tree in T.
Since the algorithm only computes spanning trees which are optimal for costs of the form
(I — X)c+ Aw only the trees on the facets of the convex hull are considered. The number
of such trees is bounded by m(m — 1).

The algorithm stops after O(min{log K, m?}) iterations (the logarithm depends on the
binary search). If the algorithm stops, it is not guaranteed that the solution is optimal.
We only know that segment between (w(7)),c(Th)) and (c(7),), w(T))) is a facet of the
convex hull. And for the optimal solution 7™ it must hold that w(Ty) < w(T™*) < w(T})
and c(T),) < c(T*) < ¢(Th).
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7.4 Quality of the Lagrangian Relaxation

The question of the goodness of the Lagrangian relaxation and the algorithm of Xue naturally

occurs. Unfortunately, the gap between OPT and the result of the algorithms can be made as

big as possible:

Example 7.1
Let a graph be given

(0,0) (0,0)
O O
(1,n) (n=T51+213D
(0,0) (0,0)
O O

O

Let W = n — 1. Obuviously the optimal solution is a tree with all horizontal edges and the edge
(n—=T151+2,[5]). So OPT =n—[%]+2.

1. Algorithm:

Iteration | A (c(Th), w(Ty)) | (e(Th), w(Ty)) l)\(Tu) MNT) |y (c(Ty), w(T))
1 0| 1 (n, 1) (1,n) n 1 : (n, 1)(%*)
2 11 (n,1) (1, n+3|in+i STOPP
In (x%) also (1,n) is a solution since
1 1 1 1 n 1 n 1 n 1 n
nt-l=-l+-n=-F-<—41l==(n—[=]+2)+=[=
pntal=gltgn=gt3<gtl=50-[31+2)+35[5]
Assume we do not have line (x) in the algorithm and choose this tree:
Tie. | A | i | (@) w(@) | T w(@) | PEG) | @) | 3 | @), w(@)
1 0| 1 (n,1) (1,n) n 1 i (1,n)
2 0| 3 (n,1) (1,n) 1 1 (n,1)
3 i (n,1) (1,n) Sn+ 1 R (1,n)
4 113 (n, 1) (1,n) in+r | i+q ¢ (n,1)
5 % % (n,1) (1,n) gn—i— % %n—i— % % (1,n)
6 % % (n,1) (1,n) gn +3 %n + % % (n,1)
7 &3 (n,1) (1,n) In+ L& | En+2| 3 (1,n)

It is easy to see that the algorithm does mot terminate. So the modification of the algo-

rithm is necessary.
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The solution of the algorithm is a tree T with ¢(T) = n and w(T) = 1. For our optimal

solution we have
cGU—OPT:n—Or—%]+%:[%—Q

and our gap is not bounded.

2. Lagrangian relaxation
Additionally we will compute the Lagrangian dual by the definition above. We consider the

Lagrangian relazation

min ¢(T") + pw(T)
st.TeT

For > 1 we have
n n n
n+pl <14 pun andn—l—,u1<n—|—2+(1—,u)[§} :(n—f§}+2+uf—1)

and for p <1 we have
I+ pn <n+pl

and

14+pun <pun+2

:n+2—n+,un+3—3,u[31
<n+2-(1-pmn—[3])
<n+2-(1-p)3]

For the Lagrangian dual we have to consider

max n + pul — p(n —1)
st.p>1

and

max 1+ un — pu(n — 1)
st.op <1

In the first case we have for up > 1

n+pul —pn—1)=n(l—p)+2u
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Since p > 1 this term is mazimized for large n for u = 1.

In the second case we have for p <1
l+pun—pn—-1)=1+p

Since pu < 1 this term is mazimized for p = 1.

From both cases we obtain the value of the Lagrangian dual
c"(D1) =2
For the duality gap we get
OPT — ¢*(D1) = (n — [%1 +2)-2=(n—[3])

For large n no approximation quality can be guaranteed.
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8 Alternative Relaxation

The following alternative relaxation was published by Jornsten and Migdalas [29]. The main idea
is to combine variable splitting with the Lagrangian relaxation.
The basis for this consideration is the formulation Problem 5. We introduce some auxiliary

variable z;; for all (i, j) € E and some o and [ which are non negative parameters with a+3 = 1:

Problem 14

min « Z cijyij"i_ﬁ Z CijZij (81)

(i,j)€E (i,))€E
s.t. (3.9) — (3.14)

Z Wij Zij5 < w (8.2)

(i,j)eﬁ
N
2y € (0,1} ¥(ij) € E (8.3)
. . _)

zij = yij V(i,j) € B (8.4)

It is obvious that the objective values of Problem 5 and Problem 14 are equal.

We consider now the well-known Lagrangian relaxation and the Lagrangian dual problem
c*(D1) := max ¢*(MST; u) — uW
st.p>0.

We apply the Lagrangian relaxation to Problem 14 and split the problem into two subproblems

Problem 15
C*(MST; A) = min Z (acij + )\ij)yij
(i,j)eﬁ
st (3.9) — (3.14)
and
Problem 16
C*(KNPSK; )\) = min Z (ﬁci]‘ — )\ij)zij
(i,j)eﬁ
s.t. Z Wij 25 < w
(i,j)eﬁ

2 €{0,13Y(,5) € E
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We have the easily solvable Problem 15 of finding a minimal spanning tree and the NP-hard
Problem 16 of solving a knapsack problem. We define also a dual problem to the splitten problem:

Problem 17

c*(D2) := max (¢*(MST;\) + ¢*(KNPSK; \))
st \ij >0V(i,j) € E
A= ()\ij)(i,j)eﬁ
For this problem we can conclude the following important result:

Proposition 8.1
The value ¢*(D2) is a lower bound for OPT and is at least as good as the value of the Lagrangian
dual, i.e.

(D2) > ¢*(D1).

Proof
Let A* and p* be the optimal solutions to Problem 17 and Problem 13 respectively. For a+ 5 =1
we have

A= prw + Be
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with w = (w;j) — and ¢ :=

()€ (€i5) sy Then

*(D2) = *(MST; \*) + (K NPSK; \*)
> *(MST;\) + ¢ (KNPSK;\)
B min Zé(ﬁcij - Xij)zij
min Z (ozcij + )\ij)yl-j (i,j)eE
= (i,j)eﬁ + s.t. Z WijZij <W
5..(3.9) — (3.14) (i))€E .
Zij € {0, 1} V(Z,j) e b
min 30 (feij — (urwij + Beig)) i
(i,j)e E
+ s.t.

min ) (acy + prwi; + Beig)yi
= (i.))€E Yoo wizig <KW
5.t.(3.9) — (3.14) (i))EE _

Zij € {O, 1} V(Z,j) e FE

3 *
min 3 —ptwijzij

min ) (Cz‘j + ,u*wij)yl-j (i))EE
= (i,j)eﬁ + s.t. E WijZij <WwW — ,u*W + M*W
5.t.(3.9) — (3.14) (i,j))€E

2 € {0,1} V(i,j) € E

min Y W — prw;;zi;
min 37 (cij + prwig)yi; — W

(i,j)eﬁ
= (LJ)eE + s.t. z Wi 25 < w
s.t.(3.9) — (3.14) (i.j)€E

2 € {0,1} ¥(i,j) € E
min Y W — prwi;zi;
(i,j)eﬁ
= C*(Dl) + s.t. z WijZij <W
(z‘,j)ef _
zi; €{0,1} V(i,j) € E
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It remains to show that Problem 17 is a relaxation i.e., ¢*(D2) < OPT. This part of the proof

was not shown in [29]. We prove this in the following.
c(D2) = m)z\;mx(c*(MST; A+ (KNPSK;\))
min Y, . =(Bcii — Nij)zij
minz .. E(acij —|—)\ij)yij Z(Z’j)eE(ﬂ ! J) !
= max( (L)€ + s.t. Z . Ewijzij < w )
A 5.1.(3.9) — (3.14) Gg)ek “HTY =
zij € {0,1} V(i,j) € E
min ), o g (@ci + Aig)yi + (B¢ij — Xij)zij
1.(3.9) — (3.14
. S£(39) - (3.14)
A z(i,j)eﬁ WijZij < W_)
zij € {0,1} V(i,j) € E

N\ 7

min 32, o g (@c + Aig)yi + (B¢ij — Xij)zij )

< max( 5.4.(3.9) — (3.14)

< max .. =
A z(i,j)eﬁ WijZij < %4 V(Z;;]) ek

zij = yijV(i,j) € E

min 2, o % CijYij
= max( s.t.(3.9) — (3.14) )
>\ . . =4
2B Wighis S W V(i,j) € E
min Z(i,j)éﬁ CijYij
— 5.£.(3.9) — (3.14)
. . =1
Z(meg wijy;; < W V(i j) € B

= OPT
O
Corollary 8.2
The bound of the splitting approach is strictly better if the objective value of
min Z M*W—M*wijzi]‘
(i)€E
s.t. Z WijZi5 < w
(i) E
2 €{0,13Y(,5) € E
18 not 0.
Proof
This follows directly from the proof of the previous proposition.
O
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We can add

Z Zij =n-—1
(i)€E
to Problem 16 which is also a NP-hard problem. This might lead to a better bound without

increasing the complexity substantially.

Conclusion
The advantage of this approach is not only of theoretical worth: Every Lagrangian multiplier
corresponds to a binary variable. An infeasible solution depends on different values in a pair

(Yij, zij). By changing the according multipliers only this pair is affected.

Generalization
The proposed approach of variable splitting in this chapter can also be applied to several other

problems of the form

min f(z)

s.t. F(x) <

The values of the traditional Lagrangian relaxation are
v; = min{ f(z)|G(z) <0,z € Conv[F(z) <0,z € z]}

and
ve = min{ f(z)|F(z) <0,z € Conv[G(z) <0,z € X|}

Therefore the value of the reformulated problem is
v =min{ f(z)|x € Conv[F(z) <0,z € X]N Conv[G(z) <0,z € X]}.

Then we have v > max{vy,ve}.
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9 In- and Exclusion Tests

In this chapter some possibilities are presented which allow us to decide for some edges whether
the edge is in at least one optimal tree (inclusion) or whether there is no optimal tree containing
this edge (exclusion). The ambition of these tests is to reduce the complexity of our problem.
In contrast to the weight-constrained shortest path problem [5] in the literature only Aggarwal,
Aneja and Nair [1] touch on this subject. Their algorithm will be found at the end of this chapter.
For the sake of completeness also some trivial results will appear in the following. Regrettably,

the most results are of more theoretical interest and not quite useful for practical applications.

9.1 Inclusion Tests

Theorem 9.1
If there is a cut X and V \ X with |{X,V \ X}| = 1, then this edge is in every optimal and

furthermore in every feasible solution.

Proof
Since the solution of the weight-constrained minimal spanning tree problem must be connected

we have to include this edge in every tree.

Corollary 9.2

If our graph contains a leaf, the corresponding edge is element of every optimal solution.

In this case we can search for a minimal spanning tree in the remaining n — 1 vertices and with

total weight less than W minus the weight of the edge of the leaf.

Theorem 9.3
If for an edge e € E there does not exist an edge f € E with cy < c. and wy < w,, then there

exists at least one optimal solution which contains e.

Proof
Assume the theorem does not hold. Let T" be an optimal solution. We consider T'\ {f} U {e}
where f is an arbitrary edge in the cycle C(T,e). We get

w(T\{f}U{e}) = w(l) —ws+we <w(T) <W
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and
co(T\A{frufe}) =c(T) = ¢y + ce < c(T)

which is a contradiction to the optimality of 7. So the theorem holds.

Corollary 9.4
Let eq,...,ex be edges such that U?:l ex, does not contain a cycle and co; < ey < - <y < 5
and we, < wy for all k € {1,...,K} and for all f € E\ U?:l e, then there exists an optimal

solution containing the edges eq,...,ex.

Proof

Assume the theorem does not hold. Let T" be an optimal solution such that an edge ej exists
with e ¢ T. We consider T'\ {f} U {ex}. By adding the edge ey the set T'\ {ex} must contain
a cycle. In this cycle at least one edge has to exist which is not in {ej,...,ex} since this set

contains no cycle. We get:
w(T\{f}Uler}) = w(Tl) —wy +we, <w(T) <W
and
c(T\{fYU{er}) = o(T) —cp + e, <e(T)

which is a contradiction to the optimality of T'. So the corollary holds.

Theorem 9.5
Let e = {i,5} € E. If along every path dfj from i to j in G which does not contain the edge e
exists an edge ey, such that c. < ¢, and we < we, , then exists an optimal solution which contains

€.

Proof

Assume the theorem does not hold. In the optimal solution 7' there exists one path diTj from 4
to j. If we consider T'U {e}, we get a cycle dg; U {e}. On this cycle there exists an edge e such
that ce < cep and we < we,.. For T'\ {er} U {e} holds

w(T \{er} U{e}) = w(T) — we, + we <w(T) <W

and
c(T\{er} U{e}) =c(T) — cep +ce < c(T)

which is a contradiction to the optimality of T'. So the theorem holds.
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In this context one question forces on: Is an edge being contained in at least one minimal spanning
tree with respect to the costs and in at least one minimal spanning tree with respect to the weights
also in at least one optimal solution for the WCMST? The following example provides a negative

answer.

Example 9.1
We consider the following graph with € € (0,1):

(cﬁvwe)
O O

(0,1) (0,1)

(0.1) ~

(0,1)

/ /

A minimal spanning tree with respect to the costs is the tree Ty with ¢(T1) = 1—e and w(T)) = 8—e:

(0,1) (0,1) (0,1)
O O O O
(1—e,1—¢)
(0,1) (0,1) (0,1) (0,1)
O O O O O

A minimal spanning tree with respect to the weights is the tree Ty with ¢(Tp) = 8 — e and w(Ty) =
1 —e:

In both trees the edge with the cost-weight vector (1 — e, 1 — €) occurs. We are searching now for

a WCMST with w(T') < 4. A feasible tree is the tree:

(0,1) ~ (0,1)
N\

O

This tree has costs 4 and weight 4. Assume it exists a tree T containing the edge with cost-weight

vector (1 —e,1 — €) with ¢(T) < 4 and w(T) < 4. The sum of the costs of the remaining seven
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edges has to be smaller than 3+ € and the sum of the weights of these edges has to be also smaller
than 3+ €. Since all the possible edges in the graph have an integral cost-weight vector both sums
have to be smaller than 3. This is not possible since seven edges have to be chosen and by this
one sum is greater than 3. So no optimal solution to the WCMST-problem can contain the edge
(1—¢€1—%¢).

9.2 Exclusion Tests

Before starting with exclusion tests we focus on the problem how to handle with edges found
by an inclusion-test. Unfortunately, the way to update the graph in an ordinary minimal cost
spanning tree problem after finding one edge which is element of an optimal solution can not be
extended to our and other multicriterial spanning tree problems. The difficulty of updating will

be described in the following example.

Example 9.2

Assume that we have a graph with the following subgraph and only costs associated to each edge:

Let the edge {2,3} be found by an inclusion test and be a member of an optimal solution for the
minimal spanning tree problem. Then we can interpret the nodes 2 and 3 as one vertex and for
all edges {2,k},{3,k} we can exclude all edges {3,k} with cor, < c3 and all edges {2,k} with
csk < Cok. So for every k only one edge {2,k} or {3,k} is in the tree and we can exclude some

edges and get a graph with n — 1 nodes. In this example the graph reduces to:

.............. @ 2 @ resp. @ 2 @

Q——@
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Let the edge {2,3} be found by an inclusion test and be a member of an optimal solution for a
weight-constrained minimal spanning tree. We cannot decide if the edge {1,2} or {1,3} can be
dropped since concerning the costs {1,3} is a better choice but {1,2} is a better choice for the
constraint. So in this case no edge can be dropped and the graph cannot be reduced to a graph
with n — 1 nodes since multiple edges are not allowed. On the other hand, the edge {3,4} can be
excluded from the graph since cog =2 < 5 = ¢34 and woy =5 < 6 = w3y and {3,4} cannot be an

edge of an optimal solution.

Now we formulate the results from this example in a more formal way.

Definition 9.1 Dominated FEdges

Let A, B\'V be disjoint and Ty and Tp two subtrees for the sets A and B. Let Exp C E denote
the sets of edges having one node in A and one node in B. An edge e = {i,j} € Eap is dominated
by some edge f = {k,l} C Eap if and only if c; < c. and wy < we.

Theorem 9.6 Ezclusion of Dominated Edges
Let we have found some disjoint subtrees Ty and Tp of an optimal tree for the WCMST. Let
A=V (Ta) and B := V(TB) the two connected set of nodes. All dominated edges in Eap are

not elements of the optimal solution which contains the subtrees Ty and Tpg.

Proof

Assume that the theorem is not valid and a dominated edge e with one node in A and the other
node in B is in the optimal solution 7. The edge f dominating e is not in the tree since otherwise
we have a cycle. Let us consider T\ {e} U {f}. This set is a tree since f connects the subtrees
T4 and Ts. We have

w(T\{e} U{f}) = w(l) —we + wy <w(T) <W

and
co(T\{e} U{f}) =c(T) = ce + ¢y < c(T)

which contradicts the optimality of T. So the theorem is valid.

Corollary 9.7
If we have found a subtree T'a which is in an optimal solution T and which connects the node set

A, then we can drop all dominated edges in E ) for allv eV \ A.

Proof

Analogously to the proof of the previous theorem.
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Example 9.3
Let in the following graph the solid edges be the edges which are in an optimal tree and the dotted

edges be all possible edges that can be contained in an optimal solution.

(11) (4,1)

) e

The edges with the cost-weight vector (4,4) and (4,1) are dominated and cannot be elements of

an optimal solution. Our graph reduces to:

R

Surely, it is also possible to exclude an edge e if there exists an edge f between the sets A and

B with ¢y = ¢, and wy < w,. In this case we have to give up our ambition to exclude only edges

which cannot appear in every optimal solution.

Theorem 9.8
All edges e with w. > W and more strictly all edges with we > W — Z?;f we,; where e;, 1 <1<

n — 2, are edges with smallest weight in the graph cannot occur in a feasible solution.

Proof

It is clear that the total weight of every tree including an edge with costs greater than W is
greater than W and therefore this tree is not feasible. Further, the total weight of every tree is
greater than the sum of n — 2 times the smallest weights in the graph and therefore an edge with

weights we > W — Z?;lz we, is not a feasible solution.
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If an upper bound UB for the optimal solution is found, we can reformulate the theorem by

replacing W by UB and weights by costs.

In the literature only Aggarwal, Aneja and Nair [1] present an exclusion test:

Algorithm 9.1 Exclusion Test of Aggarwal, Aneja and Nair
while change = true do

change: = false
for all e € E do
compute a minimal spanning tree T, such that w(T,) = min(}_,;crwy[T € T,e € T).
5: if w(T,) > W then
delete e from E.
change:=true
end if
end for
10: for all e € E do
Compute ¢(T.) =min(}_ jepcr|T € T,e € T)
if C(Tkl) > UB then
delete e from F.
change:=true
15: end if
end for

end while

The proposed algorithm is not quite efficient with respect to the run time by the computation
of the minimal spanning tree for a fixed edge: Since the minimal spanning tree with no fixed
edge and the minimal spanning tree with one fixed edge differ only in one edge exchange, we
show a possible way to implement the idea of Algorithm 9.1 efficiently. The approach is to take
a weight minimal spanning tree T' and consider for each edge e € E'\ T the cycle C(T,e). We
take from this cycle without the edge e the edge f with largest weight. The tree T'\ {f} U {e}
is a minimal tree for the fixed edge e, and if w(T") — wy + we > W, the edge e can be excluded
from the tree. Analogously, we can do this for a cost minimal spanning tree and a known upper
bound UB on OPT. This improvement has the advantage that the complete spanning tree need

not be recalculated in each step.
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Algorithm 9.2 Refinement of Algorithm 9.1

Compute

Ty :=argmin{ > w|T € T}
ecT

Ty :=argmin{ Y c.|T € T}
ecT

repeat

5. for all e € F do
compute C(17,e)
f 1= argmin{eslf € C(Th,e) \ {e}}
if w(Th) —ws 4+ we > W then
E:=FE\{e}
10: if e € T then
perform a minimal cost Ty-exchange e, f] with f € E
end if
end if
compute C(1y,e)
15: f=argmin{cs|f € C(T3,¢€) \ {e}}
if ¢(T2) — ce + ¢y > UB then
E :=FE\{e}
if e € T then
perform a minimal weight T}-exchange [e, f] with f € E
20: end if
end if
end for

until £ was not changed in the last iteration
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10 Dependence of Costs and Weights

We focus here on the case that the weights depend on the costs: Let us consider a function
f: Q@ — Q such that f(c.) = w, for each e € E. In this chapter we deal only with simple
functions. If such a dependence exists, we may be able to make some statements concerning the

properties of an optimal solution.

10.1 Monotony

Theorem 10.1
Let the WCMST be feasible and a function f: Q — Q with f(ce) = w, is given. We define for

a tree T Cpap = MaXeeT Ce AN Cppip 2= MiNge Ce.
1. Let f be monotonically increasing.
a) If f(emaz) < %, then T is feasible.
b) If f(Cmin) > 22, then T is infeasible.
2. Let f be monotonically decreasing.

a) If f(cmin) < 25, then T is feasible.
b) If f(cmaz) > 2, then T is infeasible.

Proof
1L a) w() = egTwe = e;Tf(ce) < (n—1)f(emar) < (n— 1) =W

b) w(T) = 3, we = 3, flee) 2 (n=1)f(emin) > (n = Datp =W

2. a) w(l) = egTwe = %; flee) < (=1 f(emin) < (n =)t =W

b) w(l) = 2 we = 2, flee) 2 (n=Df(emaz) > (n - Daty =W

62



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

10.2 Linear Functions

Theorem 10.2
Let the function f : Q — Q be linear such that f(ce) = ace + b = we for each e € E. Let the
WCMST be feasible.

1. If a > 0, then an optimal tree T* for min{c(T)|T € T} is optimal for the WCMST.
2. If a < 0, then an optimal tree T for max{c(T)|T € T} is feasible for the WCMST.

3. Ifa <0, the tree T which solves max{w(T)|w(T) < W, T € T} is optimal for the WCMST.

Proof

1. Let T be a feasible solution. Then

:Zwe:Zace+b —aZce (n—1)b

ecT™* ecT™* ecT™*
<a§ Ce + n—lb—g (ace +b) = g we = w(T) < W.
ecT ecT ecT

So the optimal solution for the unconstrained problem is feasible for the WCMST and

therefore optimal.

2. Let T be a feasible solution. Then

T):Zwe:Zace—i—b—aZce (n—1)b

eeT ecT ecT
<a§ Ce + n—lb—g (ace +0) = E we =w(T) < W.
ecT ecT ecT

So the optimal solution for the unconstrained maximization problem is feasible for the
WCMST. (Notice that the optimal solution for the unconstrained maximal spanning tree
problem can be found analogously to the minimal spanning tree problem by taking in the

algorithm of Prim always a possible edge with greatest costs.)
3. By definition the tree 7' is feasible. Let us consider a tree T’ with w(T) < w(T):

b . b
== que g = ud) -

eET eET

<1w ———Z we——:Zce:c(T)

eET eeT

So T is an optimal solution.
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10.3 Proportional / Inverse Proportional Costs and Weights

Let c. and w, be proportional for all e € E i.e., 7= = a for all e € E.

Theorem 10.3
If 5]—2 =a for all e € E and the WCMS'T is feasible, then the weight-constraint can be ignored.

Proof
Since the WCMST is feasible a feasible tree T exists. Let T* be the optimal solution for
min{c(T)|T € T}. Then

w(T*):ZwGZZECe:%ZCE

ecT™* ecT™* ecT™*
1 1 _
< EZCG:ZECE:Zwe:w(T) <W
ecT ecT ecT

Since ¢(T*) < ¢(T') the claim holds.

Let c. and w, be inverse proportional for all e € FE i.e., ccw. = a for all e € E.

Theorem 10.4

If cewe = a for all e € E and the WCMST is feasible, then an optimal solution is greater than
(n—1)
-

a
Proof
At first we show that for a,b > 0 the term % + % > 2ﬁ holds: We now that
2
(a—b)%*>0

which can reformulated to
a’? —2ab+b% > 0.

If we add on both sides 2ab, we get
a’® +b% > 2ab

which can be reformulated to
a’ +b?
ab

> 2

and further to ) )
a® +2ab+b -

ab -
By using the binomial theorem
(a+0b)?
ab

>4
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holds. Since ¢ > 0 and b > 0 we can conclude that

(a+10) - 4
ab T a+b
which leads finally to the desired
1 1
b ath”

For ay,...,ax > 0 we have

K1 1
> 2K
ay,
k=1
For a feasible solution of our problem we have:

1 n—1)? n—1)>
Zce—zw—e—aZ—e>a(n—1)E —a(zwz Za( W)

T T T eeT We
ec ec ec n—1 eeT

Remark

In the previous theorem we see that the costs are minimal if each edge in the tree has costs a%.
If we search for a solution with w(T") = W, we have:

miane
s.t. Zce

ecT
TeT

So we can alternatively search for a tree with

1
minz lce — anW

ecT

Since very different functions can appear the topic of a dependence between costs and weights

might be interesting for further research.

65



11 Exact Algorithms

In the literature only a few ideas to solve the WCMST exactly can be found. We can charac-
terize these exact algorithms in branch and bound schemes which splits the problem into several
problems by fixing and excluding some edges and other exact solutions. We explain three branch
and bound procedures found in the publication of Aggarwal, Aneja and Nair [1], the article of
Shogan [37] and the paper of Yamada, Watanabe and Kataoka [39] and give a new own branch
and bound algorithm. Additionally we state two alternative ways to solve our problem: the idea
of Hong, Chung and Park [27] using the matrix tree theorem is more algebraically orientated and
the idea of solving the WCMST by a ranking algorithm.

11.1 Branch and Bound Algorithms

Since branch and bound is a very popular method to solve various optimization problems, using
a branch and bound method for solving the WCMST suggests itself. The four following branch
and bound schemes works with the same idea: In each branching we restrict our problem by
fixing and forbidding edges i.e., we introduce the disjoint sets A, B C E. A spanning tree must
contain all edges of A, i.e. . =1 for all e € A. For all e € B the edge e is not in the spanning

tree, i.e. x, = 0.

Problem 18 (Pyp)
Cip = min Z CeTe
eck

s.t. Zweace <WwW
eck

T € Tap
where Typ =T N{z|z. =1, Ve € A} N{z|ze =0,Vee B} ={T e TIACT,BNT = 0}.
Since T4 C 7 this (P4p) is a more restrictive problem than Problem 1. And obviously
OPT < C%p

holds. The difference between the algorithms is how to choose A and B and how to handle P 4.
The first and second scheme use the Lagrangian relaxation and compute in each iteration a large
set of spanning trees under some cost function ¢, + pw, for all e € E. The third algorithm updates
only an existing tree be edge-exchanges chosen by a clever exchange rule. The last branch and

bound algorithm describes a more general procedure.
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11.1.1 The Algorithm of Aggarwal, Aneja and Nair [1]

The branch and bound scheme of Aggarwal, Aneja and Nair, which is the oldest idea to solve
the WCMST, works in the following way: By computing the convex hull we get some best trees
TH, T~ € T with w(TT) > W and w(T~) < W and ¢(T") < ¢(T~). Also we have an upper
bound UB = ¢(T'~) and a lower bound on the intersection point of the line w(7) = W and
the line (¢(T1),w(TH))((e(T~),w(T™)). An efficient solution of the bicriterial problem which is
optimal for the WCMST lies in the triangle uvz (see Figure 11.1) where u = (¢(T7),w(T'7)),z =

(T )—c(T* (T~ )—e(Tt -
(S )+ S ) W) v 0.0,

c(T)

c(T7) u v

c(TT) \
w(T") W w(TH) w(T)

Figure 11.1: Algorithm of Aggarwal, Aneja and Nair

The idea of Aggarwal, Aneja and Nair is to start from the known upper bound on the convex
hull and update by using a branch and bound scheme the triangle uvz until an optimal solution

is found. Let T~ = {ey,...,en—1}. Therefore, we have z., = 1 for i < n—1 and x., = 0 for i > n.

Branching
We branch from the tree 7'~ by partitioning 7\{7'~ } in n — 1 non-empty and disjoint sets Ty, g,
(k€ {1,...,n—1}) such that

TAkBk = {T € T| {61,... ,ek_l} = A, CT, {ek} = B,NT = @}

For T4, B, we search also for trees T,j and T, on the convex hull of T4, g, with w(T,;) < W,
w(T;F) > W and ¢(T}") < (T, ). If the facet defined by this 7 and 7~ of this problem
lies outside of uvz or does not lead to a better solution, we will not consider this set further.
Otherwise we branch 74, p, with 7, . In general, if we branch from a tree T, € T;p where

T\ A={e1,...,ex}, we have at level s + 1 a partition
Tj:ék ={T € TjglAU{er,...,ex_1} = A, C T,B* U{er} =: B NT = 0}

for all k € {1,..., K}. (Please notice that in [1] the used numbering of the x; is wrong.) So we

can formulate the algorithm.
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T— ={A}U{ei,ea,...,ex}

AU{el,eg} AU{el,...,eK_l}
B U {e3} BU{ek}

Figure 11.2: Branching in an arbitrary step

Procedure 11.1 Branch- and bound-Scheme of Aggarwal, Aneja and Nair: Efficient Frontier
run Procedure 7.1 with 7y p;

if C1 > UB or Wy > W then
return to Main Case 1 {74 p: can be ignored}
end if
5. if W7 < W then
define T} := Ty

return to Main Case 2

else
Case 3
10: end if
repeat
{with (T1, Tys) and (T3, Tho)}
i = (w(Tha) — w(Ti2))/(e(Tiz) — e(Tia))
Compute a minimal spanning tree Tr3 under the cost ¢, + pw, from the set TAZ By
15: until no further efficient solution can be found
Choose two efficient trees T}, T}, next to w(T) = W such that w(T}) > W and w(T}, ) < W

return to Main

68



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Algorithm 11.2 Branch- and bound-Scheme of Aggarwal, Aneja and Nair: Main

10:

15:

20:

25:

30:

while the set of eligible branches is not empty do
repeat
For the kth partition of TAZBZ goto Procedure 11.1
if return under 1. case then
the set can be ignored
else if return under 2. case then
the tree T}~ is the best feasible tree for this branching
UB :=c(T},)
else {return under 3. case}
i {(c,w)l(e,w) > ple(Ti) w(Ti)) + (1 — ) (e(Ty ) w(Ti)),0 < p < 1} A {(e w)le <
UB,w < W} =0 then
this branching need not considered
else if w(T), ) = W then
UB = c(T),)
else
TLBy, := c(21,) where zj, describes the intersection point of (T}, 7} ) and w = W.
T(TLBy) :=1T,
end if
if ¢(T, ) < UB then
UB :=c(Ty))
end if
end if
k=k+1
until all partitions of the level are considered
if TLBy, > UB then
prune T(TLBy,) for all branchings
end if
LB :=ming TLBy = TLB(%)
if LB > UB then
T* = T(UB) respectively OPT = UB
STOPP
end if
k=1

end while
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Theorem 11.1
1. The algorithm terminates.

2. The algorithm is valid.

Proof

1. Since this is an ordinary branch and bound scheme with breadth-first search the algorithm

terminates after a finite number of steps.

2. The algorithm is valid since in each step we update the triangle (u—v — z). Since (u — z) is
a face of the convex hull of the efficient solution an optimal solution cannot lie below this

face. The triangle in each branching level [ can be constructed in this way:

2 =%, = (TLB(3,),W) = (LB, W)
ol =(UB,W)
ul =={(c,w)| minfwlé =UB, (c,w) = Ae(TH), w(TiH)) + (1= M)(e(Ty, ), w(Ty, )A€ [0,1]]

for all eligible branchings }

l

=1 21=1) or lies above this. (v!,2!) lies beneath

The facet (u!,2!) either coincides with (u
from (vlil, zlfl) if UB changes. In general, we reduce in every branching by fixing and
excluding edges the set of free eligible edges. Then A(u!, o', 2!) € A(u!=1, /=1 2!=1). In a
finite number of steps T'LB(Zx) > UB and the triangle reduces to a line and the optimal

solution was found.

Remark
If we stop before the algorithm is finished we get a lower and upper bound for the value of the

solution.

Comment

The main disadvantage of this algorithm is that for every problem all supported trees have to
w(Th)—w(T)
(T2)—c(Th)
(feasible) upper bound tree T} and the best known (infeasible) lower bound tree 75 in general no

w such that a tree T which is optimal for ¢, + pw, for all e € E satisfies ¢(T1) < ¢(T) < ¢(T3)
and w(Ty) > w(T) > w(T3).

be computed in the Procedure 11.1, since the quotient delivers for the best known
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11.1.2 The Algorithm of Shogan [37]

In [37] Shogan introduces an algorithm for the resource-constrained spanning tree problem (see
equation (3.6)) which can be extended to a resource-constrained spanning tree problem with
flow requirements. Here we show only the case L = 1. All other branch and bound algorithms
mentioned in this thesis run only for the case L = 1 and cannot be extended to the resource-

constrained minimal spanning tree problem.

Idea

The approach of Shogan’s algorithm is a branch and bound scheme combined with the Lagrangian
relaxation. The difference to the previous algorithm is a different branching rule. We use the
following Notation: Let C,, be the objective value of the current solution. If no solution is known

let C.,, = oco. For this algorithm we need the Lagrangian relaxation of Problem 18:

Problem 19 (P ;)

m m
Chp(p) ==min Y cpzp + p(> | wpa)
k=1 k=1

sit.x € Tap

‘We know
Chp = Chp(p) — pW.

For sake of completeness we formulate the Lagrangian dual for this problem.
Problem 20 (D4p)
max Clp(p) — pW
p =0
The solution of every P/ ; results in at least one of the following possibilities:

1. A better lower bound for C% 5 can be found.
2. We can reduce the objective value of the current solution.

3. The optimal solution of Pp is found.

Let 2% (u) be the optimal solution of (P! ) and s% z(i) € R be the slack variable defined in
this manner: .
sap(p) =W — Z Wi g (W)k-
k=1
Algorithm
We can describe all branchings by a vector [A, B, u, C%5(1), 8% 5(1t)] where g is not necessary
the optimal solution of the dual problem but provides the best known lower bound for C% 5 and

store this problem on a stack.
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Algorithm 11.3 Branch- and Bound-Scheme of Shogan

Require: [0, 0,0, cj,(0), s5,(0)], € > 0
repeat

Choose a problem from the stack with largest C% 5(u)

Out:=false
while ¢ < 4n or C%z(p!) — uW does increase by 0.1 percent or OUT = false do
5: pt = max{0, u' ! — Ops* 5(ut 1)}

Solve (PH,)
if (1+¢)(Chp(u") —pW) > Cey then
delete Problem
OUT:=true
10: end if
if s%5(p') > 0 then
if ca* z(p') < Cgy, then
cu =Ty p
end if
15 (i) < e(Chp(ut) — WIW) then
delete problem
OUT:=true
end if
end if
20: if Cyg(pt) — uW > C4p(ut) — p!W then
I:=t
end if
ti=t+1
end while
25: if OUT = false then
Take e* € Jap with minimal ¢, + pwe.
if > ccqaugeryy we < W and [AU{e*}| <n —1 then
add [AU {e*}, B, ut, C45(p!), s 5(11)] to the stack
end if
30 if (P4 5 (;.) is feasible then
add [A, BU {j*}, u!, CZ,Bu{j*}(MI)’ SZ,BU{j*}('U’I)] to the stack
end if
end if
until the stack is empty

35: The current solution is optimal
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Explanations and Remarks

General: The input corresponds to a minimal spanning tree problem without constraints. If

Line

Line

Line

Line

Line

Line

C%p(p) is greater than the current solution C,, this problem can be pruned. We try
to solve the Lagrangian dual (D4p) by a subgradient approach. The subgradient for the
objective function for (Dap) on pis —s% z(1). The iteration of the subgradient method is

done in the while-loop:

5: The difficult part of the algorithm is the choice of . Proposed is the following approach:
For 6; € R sufficiently small

= max{0, 1t~ — O 5 (1)}

is closer to the optimal solution of (D4p) than u!~! i.e.,

Chp(p') = p'W > Chp(mu'™t) — p ='W
The most difficult part is the choice of #;. Proposed is 6; = 1 for all ¢.
6: The problem P’} ; can be solved by any minimal spanning tree algorithm.

7: If the value of the relaxation is greater than the objective value of the incumbent so-
lution, the sets A and B cannot lead to an optimal solution since every solution of Pap
would be greater than C%z(u') — uW and we could prune the subproblem. The e denotes
an approximation tolerance (e = 0 is possible). We can stop our subgradient method and
therefore set OUT:=false.

11: We check if % 5 () is feasible for (P 4p). This is true if and only if s% z() > 0. Then

all conditions are fulfilled. Otherwise the problem has to be considered further.

12: It holds
Chap(p) — pW = cxyp(p) — psip(pn) < Ceu.

Since z4p(p) is feasible, x 4p(1) becomes the current solution if ca 5 (1) < Cey.
15: Since z4p(p) is feasible and C% z(p) — pW is a lower bound for C% 5:
Chp(n) — bW = calyp(p) — psip(n) < Chp < calyp(p)-

If pus*p = 0, then ¢ z(p) = ca’yz(p) = - It follows that p and 2% z(p) are optimal
for (Dap) and (Pag). If ps%z(p) < ecty5(p), we could also accept 2% 5(1) as an optimal

solution.

If the problem is not fathomed, we must decide whether it is meaningful to continue

the subgradient method (e.g. start another turn of the loop). Notice that the sequence

73



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

p®, b, ...t is not necessarily monotonous. So we have to store the p! which delivers the
greatest lower bound for ¢* ;. We start the (¢ + 1)st iteration until one of the following

cases occurs:

1. t>4n

2. In the last 5 iterations, c* 5(u!) does not increase by 0.1 percent

Line 25: If the problem was not pruned yet, we have to branch further. In contrast to the
previous algorithm we partition the problem only in two branches: Let V(A) denote the
set of vertices which are connected by the edges of A. Let Jap € E with JypUB = ()
denote the set of edges with one node in V(A4) and one node in V' \ V(A). If A = () then
Jap is the set of all edges which has the node 1. Let e* € J4p be the edge that minimizes
ce + pfwe. We partition T4p into Tyuqery,B and Ty pugesy-

By construction A U {e*} is connected. The choice of e* guarantees that e* lies in the
minimal spanning tree of P/}, and of P Au{er},B since in Prim’s algorithm this edge will be
added to the tree. Therefore [AU{j*}, B, uf, % 5(ul), s%5(n!)] is added to the stack while

not one of the following cases holds:

1. >  we>W. The problem is not feasible.
ecAU{e*}

2. [AU{e*}| =n — 1 the solution is found.
For P 4 pufery we have to check:

L. Alower bound of ) p (.., can be found by solving PZ{BU{G*}.

2. We use this C:x,Bu{e*}(:“I)? yz,BU{e*}(,ul), SZ,BU{e*}(IU’I) and check whether the problem

is feasible.

3. If the problem cannot be deleted, we add [A, BU{e;}, !, (O Bu{e*}(,ul), 5% Bu{e*}(/ﬂ)]
to the stack.

11.1.3 The Algorithm of Ruzika and Henn

In this section we will give a new branch and bound scheme with a more sophisticated branching
rule. Therefore, we need some further knowledge about the properties of the convex hull. Let us

start with a tree which has minimal weight and perform T'—exchanges [e, f] such that

— C,

fi= argmin{ﬁm <ce.f¢T,ecT,T\{e}U{f}eT) (11.1)

We call these edges e and f pivot edges, and this exchange pivot operation. We can solve this
minimization problem in O(nm) since the tree 7' has n — 1 edges and m — (n — 1) edges are not
contained in T'. Therefore, at least (n — 1)(m — (n — 1)) exchanges are possible.

In the following we show that the sequence T7,...,Tk of these exchanges where 17 is a tree

with minimal weights and T a tree with minimal costs decreases the costs in each step strictly
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(e.g. ¢(Th) > c(Ty) > -+ > ¢(Tk)), each (c(Ty), w(Ty)) k € {1,..., K} lies on the frontier of the
convex hull and all extreme points of the convex hull are contained in this sequence. Moreover,
we see that if we perform such pivot operations starting from an arbitrary tree on the border of
the convex hull, the new tree is also a tree whose cost-weight-vector lies on a facet.

In Theorem 6.2 we have already seen that the set of supported trees is connected which implies
that a sequence T, ..., Ty, exists such that T; and T; 41, @ € {1,..., L—1}, differ by one exchange
and each Tj; is a supported tree. For each facet of the convex hull exist a p such that all trees
whose weight-cost vector lie on this facet are optimal for ¢, + pw, for all e € E (see Theorem
7.3). We denote this set O,,.

Theorem 11.2
If there exist two supported trees Ty and Tx with ¢(Th) = ¢(Tx) and w(Ty) = w(Tk) and their

1mage is an extreme point of the convexr hull then there exists a sequence Ti,...,Tx such that
Ty and Ty are adjacent for all k € {1,..., K — 1} and ¢(T1) = ¢(Tz) = -+ = ¢(Tk) and
Proof

We know for 77 and 75 that both trees are optimal for the costs c. + piw. and ¢, + pow, for
all e € ¥ where pq and ps corresponds to the two facets having the extreme point in common.
For all p € (p1,p9) only the trees whose images correspond to the extreme point are optimal
for ce + pw.. We know from the ranking algorithm of Katoh, Ibaraki, Mine [31] that the kth
minimal cost spanning tree can be obtained by performing edge exchanges outgoing from one of
the k& — 1th minimal cost spanning trees (for more information see Section 11.3). So if we search
for all optimal trees for ¢, + pw, we find by this idea all trees whose costs are ¢(7}) and whose
weight is w(T1). Therefore, in the search also 77 and Ty appear. Both trees are obtained by
sequences of optimal trees Ty, ..., TP = Ty and Ty, ..., T" = T where T} is the first found tree
and the trees in the sequence are pairwise adjacent. If we combine both sequences, we have the

desired result.
O

Unfortunately this result holds not for arbitrary trees on a facet of the convex hull. This can be

seen in the next example.

Example 11.1

@ (1,2) @ (2,1) @
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Obviously the trees
= {{1’ 4}’ {27 5}7 {37 6}7 {4’ 5}7 {57 6}}
and

Ty = {{17 2}7 {17 4}7 {27 3}7 {27 5}7 {37 6}}

are optimal for c. + lw. and therefore supported. We have also that ¢(Ty) = 3 = ¢(T) and
w(Th) = 3 = w(Tz) and the information that Ty and Ty are not adjacent. As you can see there
exists no tree which is adjacent to Ty with costs 3 and weights 3 and Theorem 11.2 holds not for

arbitrary trees on the convex hull.

If we perform an exchange [e, f] from T' € O,, the tree T'\ {e} U{f} is element of O, if c. + pw. =
Cf + pwy.
Let us consider such a set O,. We will show that if we start with an arbitrary T;} € O, the edge-

exchange rule (11.1) delivers a sequence T}, T, ..., TX € O, with ¢(T}}) > ¢(T7) > -+ > ¢(TF)

and c(Tf ) < c(T) for all T € O,. This T, f is therefore an extreme point and optimal for other
costs ¢ + fiw, for all e € E with c(Tf) > ¢(T) for all T € Op.

Lemma 11.3

Let Ty and Ty be in O, with c(T1) = c¢(T2). Let Ty and Ty differ only in one T-exchange. If a
tree Ty € O, exists which can be obtained by one T —exchange from Ty and c(T3) < c¢(T3), we can
also construct a tree T € O, with ¢(T') < ¢(T1) by one T—exchange from T;.

Proof
Since T1,1y,T5 € OM:

o(Th) + pw(Tr) = c(T2) + pw(Tz) = c(T3) + pw(Ts)
From the definition we have for our trees 17 and 15
c(Th) = e(Ty) > ¢(T3) and w(Ty) = w(Tz) < w(Ts).

We have 77\ {i} U{j} =T» and 75\ {g} U{h} = T5.
Since ¢(T1) = ¢(T») and T1,T> € O,

¢ + pw; = ¢ + pw; (11.2)

and ¢; = ¢j, w; = wj (11.3)
must hold. Since T3 € O, and ¢(T2) > ¢(T3) we have

cg + pwg = cp + pawy, (11.4)

and ¢4 > cp, wyg < wy, (11.5)

We have to make a case differentiation:
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1. Th \ {9} U{h} is a tree.
Denote this tree with 7y. By (11.4) we see that Ty € O, and by (11.5) that c(Ty) =
C(Tl) —Cgtcp < C(Tl).

2. Ty \ {9} U{h} is no spanning tree
Therefore
g ¢C(T1,h) = C(Ty NTo U{i}, h) and (11.6)
g €C(Ir,h) = C(Ti N Ty U{j}, h) (11.7)

Both cycles differ only in ¢ and j. We can conclude that
.],.g € C(TQ’h) :C(T?)ag) (118)

This result can be seen easily, since otherwise g € C(Ty \ {j},h) = C(T1 N Tz, h) and
g € C(T1,h) which contradicts to the assumption of this case.

Claim 1: g € C(T1,7).

A general result is that the for two cycles C,Cy which have at least one edge in common
(CiNCy #0), C1 & Cy and Cy € C the set (C1 U Cy) \ (C1 N Cy) is also a cycle. We
know C(T1,j) = C(T,i) and g,5 € C(Ta,h) = C(T1 \ {i} U{j}, h). Let us assume that
g ¢ C(T1,j). Then for C(T1,7) and C(T1\{i}U{j},h) the conditions for the general result
are satisfied and we can construct a cycle D := (C(T1 \ {i} U{j},h) UC(T1,5)) \ (C(T1 \
{i}U{j},h) NC(T1,j)) with g,h € D and j ¢ D. So D C (T1 U{h}) and T1 \ {g} U {h} is
a tree. This is a contradiction to our assumption and thus g € C(T1, j).

From the claim we can conclude that T5 := T3 \ {g} U {j} is a tree.
Claim 2: i € C(11,h)

We use again the argument of the previous claim: In this case we know that i, j € C(T1,7)
and j € C(Ty,h) = C(T1\{i}U{j}, h) also g ¢ C(T1,h) but g € C(Ts,h) and i ¢ C(T3, h).
So we can get a cycle by D = (C(Ty, )UC(T\{IHU {7}, IO\ (C(T1, ) NC(T\ i} U5}, b))
with i,h € D. Then i € C(T1,h).
So Tg :=T1 \ {i} U{h} is a tree.

By these claims our tree 77 has the following structure:

i h J

Claim 3: ¢; + pw; < ¢, + pwp (= ¢g + pawg)
Let us consider otherwise (¢; + pw; > ¢, + pawy,) the tree T := T \ {j} U {h}. (Since j,h
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are elements of the cycle C'(T, h), T is a spanning tree.) Then
oT) + pw(T) = c(Tz) + pw(Tz) — (¢j + pw;) + (cp + pwp)
< c(Ts) + pw(Ts)

which contradicts T € O,,.
Claim 4: ¢; + pw; > ¢, + pwp (= ¢g + pwg)
We consider otherwise (¢; + pw; < ¢q + pwgy) the tree T5.
c(Ts) + pw(Ts) = o(T1) + pw(Tr) — (¢q + pawg) + (¢j + paw;)
o(Th) + pw(Th)

A

This contradicts the fact that 77 € O,. So we know that
Ch + pwp, = cg + pwy = ¢ + pw; = ¢ + pw;. (11.9)

From this equation we can conclude that the trees T5 and T are contained in O,,.

Claim 5: At least ¢(T5) < ¢(T1) or ¢(Tg) < ¢(T1) hold.
We assume otherwise that ¢(75) > ¢(T1) and ¢(Tg) > ¢(T3). This means that

c(Ts) = c(Th) — c¢g + ¢; > c(T1)
with leads to

cj > ¢q (11.10)

and
c(Ts) = c(Th) — ¢i + e > c(Th)

which leads to
chp > ¢ (11.11)
We combine (11.3), (11.10) and (11.11) and get
Chp 2 Ci=Cj 2> Cq

This is a contradiction to the fact that c, is strictly greater than c; which we know from

(11.5). So Claim 5 is valid and at least one of the two trees has lower costs than 7.

In both cases a tree can be constructed by one edge exchange from 77 which is optimal for

Ce + pwe and has lower costs than 77.

The question is now which relation between the obtained trees exists.
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Lemma 11.4

In each case the obtained trees - proposed they exist - are adjacent.

Proof

We consider each of the three possible pairs separately.

1. T3 and T}
From definition we know that T3 = To\{g}U{h} = T1\{g,i}U{h,j} and Ty = T1\{g}U{h}.
Obviously
T5 =Ty \{i} U {j}.
2. T3 and T

We know that 75 := T \ {¢g} U {j} and so
Ty =15\ {i} U {n}.

3. Tg and T6
We know that T := T \ {¢} U {h} and so

T3 =Ts \ {9} U {j}-

In all three cases the obtained trees - proposed they exist - are adjacent.

Corollary 11.5

Let Ty and Tx in O, with ¢(T1) = ¢(Tk) and w(T1) = w(Tk) and their image is an extreme
point of the convex hull. If there exists a tree Tk € O,, which can be obtained by an edge-exchange
from Ty and ¢(Tx) < ¢(Tk) then there exists a tree T) € O, which can be obtained by an edge
exchange starting from Ty with ¢(T1) < ¢(T}).

Proof
According to Theorem 11.2 a sequence (obviously in O,) T1,...,Tk exists where T}, and Ty 44
differ by one edge-exchange for k € {1,..., K — 1}. Since we can construct a tree Tk € O,

with ¢(Tk) > C(TK) by an edge exchange from Tk we can also construct a tree Ti_1 € O,, with
C(TKfl) < ¢(Tk+1) by an edge exchange from Tk 1. We use this property iteratively and can
construct a tree 71 € O, with ¢(T}) < ¢(Ty).

Lemma 11.6

Let T and Ty be two adjacent trees in O, with ¢(Tz) > c¢(T1) and we can obtain a tree Tz € O,
from Ty by one edge exchange such that c(T») > c¢(T3) and c(T1) > ¢(T3). Then we can construct
a tree T € O, by an exchange outgoing from Th with ¢(T3) > ¢(T).
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Proof
This proof works very close to the proof of Lemma 11.3: We use the same denotation: 15 :=

T\ {i} U{j} and T3 :=To \ {g} U{h} =T1 \ {g,i} U {h,s}. In this case it must hold that
o(Th) < c(Tz) = c(Th) —ci+ ¢
which leads to
cj > ¢ (11.12)

and
c(Ty) > c(T3) = c(Tz) — cg + cn

which leads to
Cqg > Cp. (11.13)
Now we can proceed the same case distinction:

1. Th \ {9} U{h} is a tree.
Define Ty :=T1 \ {g} U {h} then we know that

c(Ty) = c(Th) — cg — cp < c(Th).

2. Ty \ {9} U{h} is no tree.
Analogously to Lemma 11.3 we construct trees 15 := 71 \ {9} U{j} and T4 := 11\ {i} U {h}
(The proof that both subgraphs are trees and elements of O, works analogously to the

proof in Lemma 11.3). Let us assume that both trees have costs greater or equal than T;:
c(Ts) = c(Th) — cg + ¢; > c(T1)
which leads to
cj > ¢q (11.14)

and
C(Tﬁ) = C(Tl) —C +cp > C(Tl).

This is valid if and only if
cp > ¢ (11.15)
Now we sum up the inequalities (11.14), (11.15) and get
ch+cj > cqgtc (11.16)
From the assumption that ¢(73) is less than ¢(77) we know that

c(Ts) = c(Th) — (cg + i) + (¢ + en) < c(Th)

80



SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

which is equivalent to
cj+cp < cg+c (11.17)
which contradicts (11.16). At least one of the trees T5, T must have costs less than ¢(71).

We can notice again that the tree T3 is also adjacent to Ty, respectively T5 and Tg.

Lemma 11.7

Let T1, Tk € O, be given with ¢(T1) > c¢(Tx) and let ¢(Tx) < c(T') for all T € O,. Then, there
exists a sequence (Th,...,Tx) in O, with T}, and Ty being adjacent and satisfying c(Ty) >
(Tgy1) forall ke {1,..., K —1}.

Proof

It is clear that there exists a sequence (11, ...,Tx) in O, with T}, and T} being adjacent since
all trees in O, are connected. If ¢(T}) < ¢(Tj41) for all k € {1,..., K — 1}, there remains
nothing to show. Therefore, we assume that there is at least one index £ < K — 1 such that
c(Ty) > c(Ti11) or ¢(Tx) = c(Tg41). We call these cases ’conflicts’. We denote the number of
these indices by K* and we suppose that £* is the maximum among them. We refer to £* as the

largest index of conflict.

e Let us consider first the case ¢(Tg+) < ¢(Tg++1). Due to Lemma 11.6 we can construct a
tree T' € O, adjacent to Ty and Ty+4o with ¢(T") < ¢(Tj+). For this tree, it holds that
c(T) < c(Tg42), c(T) = c(Tgr42), or ¢(T') > c(T=+2).

— Suppose ¢(T") > c(Tg+42).
Then we substitute the subsequence (7}, T;.* + 1, Tj+12) by (T}, T, Ty 1) and it holds
that ¢(T}) < ¢(T) < e(Te+2).

— Suppose ¢(T) = c(Tg+42) or ¢(T) < c(Ty++2).
Then we substitute the subsequence (T}, T+ 1, Ti+42) by (T3, T, Ti+42). For the new

sequence we decreased the largest index of conflict £* by one.

e Let us now consider the case ¢(Tg+) = ¢(T+41). Due to Lemma 11.3 we can construct a
tree T' € O, adjacent to Ty and T« 1o with ¢(T) < ¢(Tj+). A similar analysis as above

either resolves the ’conflict’ or decreases the largest index of conflict by one.

The proof relies on the fact that a conflict is pushed towards the end of the sequence and,
eventually, the application of Lemma 11.3 or Lemma 11.6 resolves this conflict and we proceed

with the treatment of the next conflict.
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Lemma 11.8
Let (T}, ... ,TLl) be a sequence in O, with Tl1 and Tll+1 being adjacent and satisfying c(Tll) >
(T} ) for alll € {1,...,L —1}. Suppose there does not ewist a tree T}, € O, with T} and
TLIJr1 being adjacent and satisfying c(TLl) > c(TLlJrl) i.e., we suppose that TL1 is the last element
of the decreasing sequence.
Let (T} = Tf,...,TI%) be a sequence in O, with T,? and T,?Jrl being adjacent and satisfying
o(T2) > e(TE,,) for all i € {1,...,K —1}. Suppose that there does not exist a tree Ti ;€ O,
with T3 and TIZ(Jrl being adjacent and satisfying c(T%) > c(TIQ(H), i.e., we suppose that T is
the last element of the decreasing sequence.
Then

o(Tg) = e(T).

Proof
Note that both sequences start with the same element since T} = T2. It is sufficient to find a

contradiction only for the case ¢(T%) > ¢(T}). We show this by induction over K.

e Basis: K =2

We proof this by a second induction over L.

— Basis: L =2
Assume ¢(T%) > ¢(T)). Due to Lemma 11.6 there exists an adjacent tree T' of T with
c(T) < ¢(T%) which is a contradiction to the assumption that the sequence stops in

TIQ(. So equality must hold.
— Induction hypothesis: Let the claim be valid for an arbitrary L — 1.

— Induction step: According to Lemma 11.6 we can construct a tree T' € O,, from T)
which is adjacent to Ty and T3 with costs ¢(T) < ¢(T3). Assume that ¢(T) < ¢(T3).
Since T and T% are adjacent, this contradicts the assumption that 7% is the last tree
in the sequence. Therefore, ¢(T) = ¢(T%). Then we consider the sequence T4, ..., T}
having L — 1 elements and the sequence (7 22, T) consisting of two trees. We apply the
induction hypothesis and conclude that ¢(T}) = ¢(T) = ¢(T%).

e Induction hypothesis: Let the claim be valid for an arbitrary K — 1.

e Induction step: To be able to apply the induction hypothesis, we start our considerations
in the tree 7. Note that 7% and T} are adjacent. Thus, there exists a tree T3 € O, with
c(T3) < ¢(T2) due to Lemma 11.3 and Lemma 11.6. We apply this argument iteratively
and construct a sequence (T3, ..., T%) with ¢(T5) = ¢(T}). Now, we consider the sequences
(T3,T5,...,T%) and (T4, ..., T%). Since the latter sequence has K — 1 elements and since
c(T3) = ¢(T}), we apply the induction hypothesis and ¢(T%) = c(T5) = c(T}).
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The lemma says that if such a sequence (T}, ... 7Tj{) exists, then a sequence of pivots according
to (11.1) starting at T} yields a tree whose costs are equal to ¢(T}). It should be emphasized
that this is independent of the choice of (11.1). We have shown that starting with an arbitrary
tree in O, the pivot sequence leads to a tree 7" € O, with ¢(T") > ¢(T) for all T" € O, i.e., T
is an extreme point and therefore also element of another O;. We combine this fact to the next

theorem.

Theorem 11.9
Starting in an arbitrary supported tree T, pivoting according to (11.1) leads to a sequence of

adjacent trees (with decreasing costs) on the nondominated frontier which contains all breakpoints.

Proof
This follows from the fact that the set of supported trees is connected, the Lemma 11.7 and

Lemma 11.8 and the considerations above.

Corollary 11.10

Let Oqg the set of all trees which have minimal weight. If we start with an arbitrary T € Ox
with ¢(Ty) < ¢(T) for all T € O and perform edge-exchanges as described in 11.1 we get a
sequence such that Ty, ..., Tk are (Tf) with C(Tj() <c(T) for allT € O, and c(Tx) < e(T) for
allT €T.

Proof
This follows directly from Theorem 11.12.

O

To apply these results to a branch and bound procedure we mention that the properties also hold
for the frontier of the more restrictive problem {(w(T"),¢(T))|Z7ap} where T € Typ if and only if
ACT and BNT =0 (as defined in the previous sections).

Since Tap C 7 we can state the following property:

Property 11.11
If T is a supported tree and T € Typ, then T is also a supported tree for the problem

min{(¢(T),w(T))|T € Tap}.

We also need the performing of edge exchanges by solving

We — W

fi= argmin{cf%cef\we >wy féTecT,T\{e}U{f} €T} (11.18)

From the considerations for the edge-exchange rule (11.1) we can conclude the following theorem

whose proof works analogously to the proof of Theorem 11.12.
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Theorem 11.12
Starting in an arbitrary supported tree T, pivoting according to (11.18) leads to a sequence of
adjacent trees (with increasing costs) on the nondominated frontier which contains all extreme

points.

The branch and bound scheme works in the following manner: If we start with an arbitrary
feasible supported tree T for a problem P4p, we can pivot as mentioned in (11.1) until a weight
infeasible tree is found. All intermediate trees are pairwise adjacent and located on the nondom-
inated frontier. In each pivot the currently best upper bound for the subproblem is improved
since we require ¢y — ¢ < 0. Alternatively, a weight infeasible solution is found and we have
determined a feasible tree T" and an infeasible tree 77 where 7" = T'\ {e} U{f}. From the tree T
we search for an alternative pivot under the condition that {f} is not contained in the new tree
(i.e. we search in the subproblem P4 pgs}) (we call this Case 1). From T”, the infeasible tree,
we perform pivots described as in (11.18) under the condition that {f} is in the tree until we

have found a feasible solution T (Case 2). This 7" is therefore a supported tree for Paqsp-

c(T)

Figure 11.3: Partition into several subproblems

A subproblem Psp need not be considered further if by (11.1) no pivot can be found i.e., the
current tree is a minimal costs tree for P4p. The weight of the current tree is equal W or a pivot

leads to an infeasible tree such that the all trees on the frontier connecting these trees have costs
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larger than a current upper bound, i.e

STl )+ L
Wi — We Wi — We

UB > w(T).

In detail our algorithm looks in this form:

(11.19)

Algorithm 11.4 Branch- and Bound-Scheme of Ruzika and Henn: Main

Call Initialization (Procedure 11.5)
while stack is not empty do
Take an element [A, B, Tic,z] from the stack
if ic < UB then
5: if x = Case 1 then
Call Casel (Procedure 11.6)
else
Call Case 2 (Procedure 11.7)
end if
10:  end if
end while

OPT is the optimal solution
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Algorithm 11.5 Branch- and Bound-Scheme of Ruzika and Henn: Initialization

Solve lex min{(¢(T"), w(T))|T" € T}. Call this tree T
if w(T') <W then
OPT = T is an optimal solution
else
Solve lex min{(w(T"),c(T))|T" € T}. Call this tree T,
if w(T,,) =W then
T, is an optimal solution
else if w(T,) > W then

the problem is infeasible

o

10: stopp = false
repeat
Find a tree T” outgoing from T by (11.1) where 77 =T\ {e} U{[f}
if w(T") > W then
stopp = true
15: else
UB :=¢(T")
T:=T
end if
until stopp = true
20: if w(T) =W then
T is an optimal solution
else
ic:= %W —c(T) + %w(T)
add [0,{f},T, ic, Case 1] to the stack
25: add [{f},0,T", ic, Case 2| to the stack
end if
end if
end if
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Procedure 11.6 Branch- and Bound-Scheme of Ruzika and Henn: Case 1

Require: Problem [A, B, T,ic, Case 1]
stop = false
repeat
if ¢(T) < UB then
UB:=¢(T),OPT =T
5. end if
Find a tree 7" outgoing from T by 11.1 where T/ =T\ {e} U{f} and 7" € Typ
if no pivot can be found then
stop = true case b)
else if w(T’) > W then
10: stopp = true case a)
else
T:=T
end if
until stop = true
15: if w(T') = W then
if ¢(T') < UB then
UB =c(T), OPT =T
end if
else if stop = true case a) and UB > [—ﬁw —c(T) + ﬁw(Tﬂ(:: ic) then
20:  push [A,BU{f},T, ic, Case 1] to the stack
push [AU{f}, B,T", ic, Case 2| to the stack
end if
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Procedure 11.7 Branch- and Bound-Scheme of Ruzika and Henn: Case 2

Require: Problem [A, B, T, ic, Case 2]
stop = false
repeat
Find a tree T” outgoing from 7" by 11.18 where 77" =T\ {e} U{f} and T" € Tap
if no pivot can be found then
5: stop = true case b)
else if w(7T’) < W then
stop = true case a)
else
T:=T
10:  end if
until stop = true
if w(T) =W then
if ¢(T') < UB then
UB =c(T), OPT =T
15:  end if
else if stop = true case a) and UB > [—%W —c(T) + %w(Tﬂ(:: ic) then
push [A, BU{f},T, ic, Case 1] to the stack
push [AU{f}, B,T", ic, Case 2| to the stack
end if
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11.1.4 The Algorithm of Yamada, Watanabe and Kataoka [39]

In the publication of Yamada, Watanabe and Kataoka [39] one can find a branch and bound
algorithm for the weight-constrained maximum spanning tree problem which can easily be trans-

formed to the weight-constrained minimal spanning tree problem.

We start with an arbitrary feasible tree T = {ey,, ..., ek, , } and construct a branch and bound
algorithm like in the algorithm of Aggarwal, Aneja and Nair: The i-th subproblem is to find an

optimal solution that includes eq,...,e;_1 and does not include e;.

Procedure 11.8 Branch- and bound-scheme of Yamada, Watanabe and Kataoka
Require: Two sets A, B

if Psp is infeasible or a lower bound on this problem is larger than the incumbent then
prune

else if P4p is solved and the solution is smaller than the incumbent then
update the incumbent

5:  Update the upper bound if necessary

else
Find a feasible tree T 5 and partition from this tree
(Update the incumbent if necessary)

end if

We partition from a tree Tz = AU {egt+1,...en—1} with BN {ext1,...,en—1} = 0 in Py, p,
where A; ;== AU{egt1,...,6i—1} and B; := BU{e;}.

In order to find a feasible tree in Line 7 the local search method given in the Section 12.3 is
proposed. This is the main difference to the algorithm of Aggarwal, Aneja and Nair.

Yamada, Watanabe and Kataoka mention also a shooting method to reduce the time complexity
of the algorithm: In a standard branch and bound scheme we set at the beginning the objective
value of the incumbent solution to infinity. In a shooting method we will take some value C'. We
need that C' > OPT to determine a solution. In the case that C' < OPT the algorithm fails.

Procedure 11.9 Branch- and bound-scheme of Yamada, Watanabe and Kataoka: Shooting

Method
Start with an interval [C, C]

repeat
C:=aC+(1-a)C
Run Algorithm 11.8 for C
5: Cc:=C

until an optimal solution is found
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11.2 The Algorithm of Hong, Chung and Park [27]

Matrix tree theorem

The main ingredient for this algorithm is the Matrix Tree Theorem which was first stated in a
special case by Kirchhoff in 1847. Since then many generalizations and different versions have
been formulated. For this algorithm we need only a simple version. Hong, Chung and Park do
not prove the theorem and refer to the paper of Chaiken and Kleitman [7]. We give a slightly
modified proof in this thesis.

First, we have to define a cost matrix ¢ € R" x R" with ¢;; = ¢j; = ¢ if an edge in E ex-
ists with the end-nodes ¢ and j. Also we define a cost matrix w € R" x R" with w;; = wj; = we

if an edge in E exists with the end-nodes ¢ and j. This is analogous to Problem 5.

Definition 11.1
Let K = (kij) € Mat(n,n,R) be a matriz defined as

> ka, ifj=i
1<I<n, i#l
kij = —cij, ifi#£jande={i,j} € E
0 otherwise.

This leads (in case of a complete graph) to

z C1; —C12 e —C1] e —Cln
1=1,i#1
n
—C21 Z Coi ... —C9] e —Con
1=1,i#2
K = "
—CI1 —C9] e z Cil ... —Clp,
i=1,i7#l
n
—Cn1 —Cp2 e —Cnl ce Z Cin
i=1i#n

We notice that this matrix is symmetric. So we can formulate the important result for this

section.

Theorem 11.13 Matriz Tree Theorem

Let K[n,n] denote a matriz obtained from K by deleting the n-th row and column. Then

det K[n,n] = Z Hce.

TeT ecT

Proof

As mentioned in Chapter 3 we can interpret each undirected spanning tree as directed spanning
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tree by orienting all edges to a root n. So

D Mlee=2 11 =

TeT ecT TET, (i,j)eT

and it is sufficient to prove

det K[n,n] = Z H Cij-

TeTy (i,5)eT

We consider the matrix K ({z,}) b

> iz, ifj=i
(Li)erE
klzgtij = —Cij%5, ifi #jand (i,j) € FE

0 otherwise.

Obviously, this matrix is not symmetric.

Z C1;%; —C12%9 —ClnZn
(1,9)eE
—C921%1 z CoiZy o —ConZn
K({zg}) = @ier
—Cpl1z1 —Cp222 Z Cni%i
(ni)eE

K is a special case of this matrix K ({z,}) with z; =1 for all 1 < ¢ < n. If we prove the theorem

for this matrix, then the theorem is valid. The claim is now:

det K (2,)[n,n] = Z H Cij % (11.20)

TeTy (i,5)€T

Claim 1: Both sides of the inequality (11.20) are polynomials of degree n — 1 in the z,.
left hand side: By definition it holds

det K Zq n, n Z k{zq}l o(l) - k{zq}nfl,o(nfl)
ceX
where ¥ is the set of all permutations on {1,...,n — 1}. All these products have n — 1 factors.
In each of this factors there is either a single z, or a sum of different z,. Consider without loss

of generality a term with a sum in the first element:

( Z c1525) k{2 2.02) - - - K20 n—1,0t0-1) = Z (c152ik{24}2,002) - - - B 2g I n—1,0(n—1))

(1,j)eE (Lj)eE
The summands now have only degree one in the first factor. Repeating this step for other factors
yields to terms with only n — 1 elements with only one z, for each element. And each term has
a degree of n — 1.

right hand side: In a spanning tree only n — 1 edges occur. So the degree of one spanning tree
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in the z, isn — 1.

Claim 2: Every term of each side of (11.20) is of degree zero in some z, for ¢ # n.

left hand side: Since the left hand side is a polynomial of degree n — 1 each term is of degree zero
in at least one z,. Assume that there exists a term of degree zero only in z,. We can evaluate

the sum of all such terms by setting z, = 0. Then the matrix K (z,) is of the form

Yo cuzi —Claz —Cln—12n—1 0
(14)eE
—C2121 >z ... —Clp—12n—1 0
(24)€E
—Cn121 —Cp222 Z Cn—1,i%4 Z CniZg
(n—14)€E (ni)eFE

In the sums on the diagonal there is no z,. Since we have zero row sums and the determinant of
K is zero, det K (z,)[n,n] has to be zero. This is contradiction to the assumption.
right hand side: By the orientation of the tree at least one edge (i,n) and one factor ¢;,z, have

to exist. Since each term has a degree of n — 1 the claim holds.

We prove the claim for terms independent of z; for [ # n. This follows by induction over
the number of vertices in a graph.

Start Consider a graph with 2 vertices.

C1222  —C1222
K —
—C2121  C21%2
Since c1229 is the only possible tree

det K (2,)[2,2] = c1a29 = Z H Cij %
T€eTs (i,j)€T
holds.
Assumption: Let the claim hold for a graph with n — 1 vertices.
Step: Consider the terms on the right hand side and left hand side with degree zero on z;: On
the right hand side there are no edges (7,() in the tree. (Only an edge (I,7).) So [ is a leaf for a
tree T'. The set of all trees with leaf [ is the set of all trees in the n — 1 remaining vertices (denote

this set 77,,) where each of this trees can be combined with only one edge (l,4). Therefore

Z H Cijzj = Z clizi( Z H Cz‘ij).

TE€T,21=0 (i,j)€T (1i)eE T'€T"y (i,j)ET
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In K(z,)[n,n] all the terms with degree zero in z; can be evaluated by setting z; = 0. This sets

every term in the [-th row except the diagonal term equal to zero.

det K (z) [, 1] =0

Y CL% ... —Cii-1%-1 0 —C14121+1 .- —Cln—1%n—1
(10)eE
—C2121 cee o —C2 11211 0 —C214+121+1 - -- —C2n—1%n—1
=det
—Cnz —ClLl-1%1-1 > iz —CLI+1R14+1 —Cln—1%n—1
(lp)eE
—Cp121 cee —Cp—10-121-1 0 —Cp— 1412041 -~ Yo 1%
(n—1,)€eFE

(Developing by the I-th row)

> CLzi .. —C11-1”1—-1 —CLI+1”14+1 - —Cl;n—1%n—1
(10)eE
—C2121 —C2)1-1%1—-1 —C214+1”14+1 - —C2n—12n—1
:(—1)”1 E c1iz; det e e
(lp)eE
—Cn121 -er TCp-11-1”1-1 —Cp—-1,04+17141 - -- Z Cn—1,i%i
(n—1,)€FE
> CLzi .. —C1,1-1”1-1 —CLI+1”1+1 .- —Cl;n—1%n—1
(10)eFE
—C2121 —C21-1%1—-1 —C2+1%1+1 .- —C2n—12n—1
= E cr; z; det
(ly)eE
—Cp121 cee TCn—11-121-1 —Cp—1l+1”1+1 - - > Cn—1,i%i
(n—1,4)eE

(This determinant represents a graph with n — 1 vertices and by the assumption:)

= > aim( Yy, I ew=)

(1i)eE T'€T"y (i,)ET

- Y s

TGTn,ZLZO (’lJ)ET
This computation can be done for all terms in K(z,)[n,n] with degree zero in some z;.
det K ( (z¢)[,n] ZdetK 2q) [0, ]|z = O_Z Z H Cijzj = Z H CijZ;.
=1 T€Tn,2=0 (i,5)€T TeTn (i,j)eT
So (11.20) is valid and from the first part of the proof the theorem follows.

0

The proof of the matrix tree theorem implies that it is also valid for directed trees. If we only
set ¢;; = 1 if the edge (7,7) is in E, the determinant will deliver the total number of possible

spanning trees in the graph.
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Definition 11.2
Let K* = (k;) € Mat(n,n,R) a matriz defined as

S oat, ifj=i
(lp)eE
T _
Mi=\=a%,  ifi#jand(i,j)€E
0 otherwise.

Theorem 11.14

Let K* [n,n] denote a matriz obtained from K by deleting the n-th row and column. Then

deth [n,n] Zapxp

where ay is the number of trees with costs a.

Proof

If we substitute the ¢, in the matrix tree theorem by x%. We get

dethnn ZHmCE— ZmeeT —Zapxp

TeT eeT TeT

Definition 11.3
Let K™Y = (k:ij) € Mat(n,n,R) be a matriz defined by

S ay, i =

(Li)eFE
| o e .
ij —xCiiyWis | ifi#j and (i,5) € E

0 otherwise.

Theorem 11.15

Let K®[n,n] denote a matriz obtained from K by deleting the n-th row and column. Then

det K:’:y [n, n] Z apgxPy?

where apq s the number of trees with costs p and weights q.

Proof

Analogously to the proof of the previous theorem.

Example 11.2

Let us consider the following problem where W = 13 with costs and weights:
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Q——0

(4,7)

®

The corresponding matriz to this graph is:

228 + 2ty + 2y —2yb —atyT —ply8
—2yb 22y 4 ahy! 0 —zty!
—atyT 0 whyT + 223 2P
—gly8 gyl 2P 2y 4 atyl 4 a2y

If we delete the fourth row and colummn:

x2y6 +x4y7 +Ilyg _x2y6 —x4y7
det K*¥[4,4] = det —a2y8 22y8 + 2yt 0
_x4y7 0 m4y7 +m2y3

=(2%y5 + 2ty" + 2'®) (2% + 2ty ) 2ty + 2y?) — (—2%y®) (=20 2ty + 2PyP)—
(—z*y") (=) (2%’ + 2'yh)

:x8y19 +x10y14 +x20y20 +x12y15 +x9y16 +x6y15 +x8y10 +$8y16 +x10y11 +x7y12

—aByt0 — g By1o 10,20 12,15
—oTyl2 g By10 4 g8y16 | 59,16 4 10,11 4 10,14

Since W = 13 our optimal solution is a tree with costs 8 and total weight 10.

Pseudo-polynomial Algorithm

This result enables us to find the value of an optimal solution. The main question now is how to
compute the determinant efficiently and how to construct the corresponding tree. There are algo-
rithms with running time O((n® +p?)p?log p) where p is the highest degree of the polynomial. A
good approach was developed by Mahajan and Vinay with time complexity O(n*r(C, D)) where
7(C, D) is the time to multiply polynomials where C' and D are upper bounds on the degrees
of x and y respectively. This algorithm has the advantage that it can be modified such that
degrees exceeding a limit on the degrees of x and y can be ignored. In our problem all degrees of
y greater than W are not interesting. If we find an upper bound C' on OPT, also larger degrees
on z can be ignored. For instance we can set C' = (n — 1) maxecp c.. Let det(K™, C, W, c,w)

denote this polynomial. If det(K™*Y, C, W, c,w)=0 there is no feasible spanning tree.
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The next goal is to construct a algorithm to compute the optimal tree 7. Hong, Chanc and
Park give only the remark that this can be done by a recursion approach. We pick this remark
up and show a possibility to construct an optimal solution: We fix an edge e = (i,7) € E and
compute the determinant to see whether there is a tree with costs OPT — ¢, and weight at
most W — we. If this is true go on with the recursion. Unfortunately, we cannot consider a
reduced graph obtained from G by contracting e € E which was already mentioned in Chapter

9 concerning the exclusion tests. Therefore we need the following algorithm:

Algorithm 11.10 Constructing an optimal solution
Compute det(K™, (n — 1) max ¢;;, W, ¢,w) and find OPT and the corresponding weight W.
while |T| <n—1do
Choose e = (i,7) € E such that T contains no cycle.
E :=FE\{e}
5. Set ¢;j = ¢j; = wi; = wj; = 0 and actualize K™Y,
if det(K*Y,OPT — ce, W — we,c,w) = 0 then

kim]y =0
k‘]mzy := 0. (Update also the diagonal)

else

10: T:=TU{e}

OPT := OPT — ¢,
W:=W — w,

end if

end while

15: T is optimal

Theorem 11.16
The algorithm finds an optimal solution in O(mnr(C,D)).

Proof

In the algorithm we set the costs and weights of an edge equal to zero such that z“iy™vii = 1. So
on the right hand side of the theorem all the degrees of terms corresponding to a tree containing
e reducing by ¢, in z and w, in y. All the other terms remain unchanged. For the edge e € E

we have to study two cases:

1. There exists an optimal solution which contains e and the edges already identified. In this
case a term on the right hand side of the theorem exists which has a degree of OPT — ¢,
and W — w, and the determinant is not zero. So we can add e to T, update OPT and W
and go to the next edge.

2. There exists no optimal solution which contains e and the edges already identified: For all
these trees the costs and weights are by setting the edge costs and weights of e to 0 strictly

greater than OPT — ¢, or W — w,. So the determinant is zero. Thus, we can exclude the
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edge e and set the entry of the matrix equal to zero which might improve the computation

time of the determinant in the next iterations.

The algorithm stops if a tree is found which is optimal. The time complexity follows by the fact
that the computation of the determinant has a time complexity of O(n*r(C, D)) and at least

m — 1 edges have to considered.

O

The paper claims that the number of iterations is O(nm) and therefore an optimal tree can be

found in O(mn’7(C,W)).

Outlook

The algorithm can also be used for an approximation scheme which is explained in Section 12.4.

11.3 Ranking Algorithm

In literature there are several ranking algorithms to find the K best minimal spanning trees.
For example Hamacher and Querente [25] give two approaches for finding the K best solutions
to combinatorial optimization problems and, in detail, an algorithm to find the K best bases of
a matroid. From the observations of Chapter 4 this algorithm can be used to find the best K
spanning trees. This algorithm works similar to the algorithm of Katoh, Ibaraki and Mine [31]
who find the K-th minimum spanning trees for a graph G. To this algorithm it is also referred
n [26]. We use here this algorithm to find an optimal solution for the WCMST.

Finding K minimal spanning trees

In Chapter 2 we have seen that a spanning tree has minimal costs if and only if no T-exchange
has negative costs. Recall that the costs of a T-exchange are cle, f] = ¢f — c.. Katoh, Ibaraki

and Mine use this property to obtain a sequence of minimal spanning trees in a graph:

Lemma 11.17 [31]

Let T be a spanning tree for the given sets A C E and B C E the condition A C T and BNT =0
holds. A minimum spanning tree T" which is different from T and satisfy A C T" and BNT' =0
is given by T\ {e}U{f} where [e, f] is a minimum T-exchange with e € T\ A and f € E\(TUB).

Proof

For the required property of T”, edges in A cannot be replaced by edges in B. So only the edges
in T\ A and E\ (T'U B) have to be considered. To obtain a minimum tree which is different
from 7" the minimum T-exchange with e € T\ A and f € E \ (T'U B) has to be found.
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The idea of the algorithm is to start with a minimal spanning tree Ty and find a minimal Tj-
exchange [e, f]. The obtained tree 77 has minimal costs in 7 \ {7p}. Compute now a minimal
T-exchange and a minimal Tp-exchange in the set of all Ty-exchanges without the exchange e, f]
and take the minimum of both. The obtained tree T3 is a minimal spanning tree in 7 \ {7y, 71 }.
Now compute a minimum 75-exchange and minimum exchanges for Ty and 77 without the real-

ized exchanges. In this way we compute the KA minimum spanning trees. More formal:

Definition 11.4
Assume that the first j minimum spanning trees are generated. Then a partition for the remaining

trees is defined as
P = {Tik>j—1,A; C Ty, BC (E\T})} fori=0,1,...,5—1
Fori=0,1,2,...,7 — 1 let the set of minimum exchanges denotes
Q{fl =A{(le, f],r)| for each f € E\ (T; U B;),e € T; \ 4;
gives the minimum T;-exchange e, f] with r=c/e, f]}.
The sets A; and B; are initialized as follows:
Ag:=0 and By :=0

Let ¢* be the index of the Qg_l with the minimal exchange under all ¢ and [e*, f*] be this
exchange. So Tj := T \ {e*} U {f*}. We define

Aj = Ay U {f*},Bj := Byx.
From Qf*_ ! we have to exclude the minimal exchanges with the edge f* for the next iterations:
B;x := B;x U {f*}

Lemma 11.18 /31/
Let je{1,2,...,K —1}.

1. For any i = 0,1,...,5 — 1, T; is a minimum spanning tree satisfying A; C T; and B; C
(E\T;) and no other Ti(k =0,1,2,...,i—1,i+1,...,j — 1) satisfies this constraint.

2. Any spanning tree T satisfies A; C T and B; C (E\T) for exactly one i with 0 <i < j—1.
Proof

This lemma follows from the definition of 7T; and the construction of A; and B;.
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The lemma implies that for known 77,75, ...,Tj_1 the tree T} is given as a minimum spanning
tree in Ug;ol Pij ~!. By both lemmas a minimum spanning tree in Pij ~!is given by T} \ {‘e’ U A 1,
where ([¢/, f],7’) is a label in Qg_l with smallest r. Therefore, ([e*, f*],7*) is a label in Uf:_& Qg_l

with smallest ¢(T;) +r = c(T;) — ce + ¢f, Tj is given by T = Tj+ \ e* U f*.
In the algorithm the Pij 1 are represented in a tuple
P/t =(T'[¢, f'], Ai, Bi, i)

where ([¢/, f'],7’) is the label in Qg_l with smallest 7, and 7" := ¢(T;) + .

Procedure 11.11 Enumeration of Katoh, Ibaraki, Mine: Procedure GENK(G=(V,E),K)
Compute QY
Find minimum weight exchange ([¢/, f'],7’) in QY
P = (e(To) + 7, ¢, ], 0,0,0)
7:=1
5: while j < K do
GEN(P/7', Q) Yi=0,1,2,...,5 1)
Jj=7+1
end while

Procedure 11.12 Enumeration of Katoh, Ibaraki, Mine: (GEN(JDZfl, Qflﬂ =0,1,2,...,5—1)
Find Pijfl = (c*, [e*, f*], As*, Bix,1*) with the smallest costs ¢ among all Pijf1 = (c(Ty) +
r' e, f1], Ay, Biyi) for i =1,2,...,5 — 1
if ¢* = oo then
STOP (G has only j — 1 trees)
end if
5 QL= QI {([er, 1] ¢t — en)}
compute Q; with Az«qp) and Bj
Q) =Q  fori#i*,j
if Q. =0 then
P! = (0,0,0,0,i*)
10: else
Pf = (e + 1" [€", "], Aix U f*, By, j) here ([¢”, f"],r") is a label in Q? with minimal r
end if
Pij = Pij_1 for i #£ i, j
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In [31] a procedure can be found which computes the set Qg In total this procedure has the
complexity O(Km + min(n?, mloglogn)).
Extension to our Problem

Can this algorithm be modified to solve our problem? Surely, a simple approach is to run the

procedure GEN for the costs ¢ until a tree is generated with w(7T') < W. In particular:

Algorithm 11.13 Exact ranking
Compute QY
Find minimum cost exchange ([¢/, f'],7’) in QY
P(? = (C(Tl) + T/’ [6/7 f,]7 (bv @’ 0)
7j=0

5: repeat
j=j+1
GEN(P'Q) i=0,1,2,...,5 - 1)
until w(7;) <W

T} is the optimal solution.

Remark
Since this is an enumeration the validity of the algorithm is clear. In the worst case all spanning
trees have to be computed. Because of the structure of the algorithm it is not possible to compute

all trees starting by an arbitrary tree.

c(T)

Figure 11.4: Searching for minimal cost spanning trees
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Let all points describe a spanning tree. Then the algorithm starts with an optimal solution and
finds all trees on the parallel line to the w-axes. If all trees are found, the algorithm moves to
the next parallel line (see Figure 11.4).

The idea to compute all spanning trees under the costs ¢, + pu*w, for all e € E until the first

feasible tree was found is not a possibility to solve the problem.

Example 11.3
Let the following graph be given:

(0,0)

(5,5) (7,4) (8,0)

(0,0) (0,0)
O O O

We consider the three trees with lowest costs: Ty, T, T3 with ¢(Th) = 5,w(Th) = 5,¢(Tz) =

7,w(Th) = 4,¢(T3) = 8,w(T3) = 0 and let W = 4. Obviously p* = 2 and Ty is the optimal

solution for the WCMST. If we start with T which is optimal for c+ %w, the algorithm computes

T3 as the next tree under this cost function. T3 is feasible but not the optimal solution.

So this modification will not lead to the optimal tree if we take the first feasible spanning tree

which was found by the algorithm. Therefore we have to modify the algorithm:

Algorithm 11.14 Search via Lagrangian Dual
T :=Tyn
Compute p* and for each edge the costs c. + p*we

Compute a minimal spanning tree T}~ for the costs c. + p*w, Ve € E
Tp := T~
5: Compute QY
Find minimum exchange for the costs c. + p*w, ([¢/, f'],7') in QY
P 1= (e(Ty) + p*w(Ty) + ', [¢', £1,0,0,0)
7j:=1
repeat
10  GEN(P/', Q17 Yi=0,1,2,...,j — 1) (for the costs ¢, + p*w,)
if w(T;) < W and ¢(7T};) < ¢(T*) then
T :=T;
end if
j=g+1
15: until —p*W + ¢(T;) + p*w(T;) > UB

T* is optimal
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Theorem 11.19

The algorithm finds an optimal solution.

Proof

If we try to find a minimum spanning tree for the cost function c. 4 p*w, for all e € E we search on
parallels to the facet of the convex hull corresponding to p*. The extension of this segment can be
described as the linear function f: R — R with  — —p*z + (¢(Tj») + p*w(T)+)). This function
passes through (¢(7,+), (w(T,+)). The algorithm searches now for all trees lying on this function
ie., o(T) = —p*w(T)+(c(Tyr )+ p*w(Ty+)) (which has the same costs under c.+p*w, foralle € E
like T),+. See Figure 11.5) If all spanning trees on this function are evaluated, the algorithm finds
the next tree 7" with smallest € > 0 such that ¢(T") + p*w(T") = e(T,» ) + pw*w(T,~ ) + €. We search
now on the function fc : R — R with & — —p* a4 (c(T)x )+ w(Tyx )+ = —pra+c(T) +prw(T).
This is the function which has the smallest possible distance to f.

We know that the optimal solution has costs and weights such that (¢(7*),w(T™*),) is contained
in the triangle (c¢(T+), w(Tyx), (UB,w(Typ)) and (UB,W). So, if the function f, lies outside
the triangle we can stop. We test whether f.(W) > UB. If this is true the function does not

intersect with the triangle and we can stop. The optimal solution is the current solution 7.

O

Figure 11.5: Search via Lagrangian Dual

11.4 CNOP-Software

In [32] Mehlhorn and Ziegelmann present their approach to solve constrained network optimiza-
tion problems. They developed a software package which is able to solve the WCMST. They do
not give an explicit insight in their algorithm. Only the main idea is published. This is
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1. Compute with the Lagrangian relaxation the closest segment of the convex hull as in the

algorithm of Xue.

2. Start with the lower bound solution and use a ranking algorithm to close the gap to the

optimal solution.

For the ranking they refer for instance to the algorithm of Katoh, Ibariki and Mine.
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12 Approximations

Approximation algorithms are an approach to handle optimization problems predominantly NP-
hard problems. Since it is unlikely that there can ever be found efficient exact algorithms, one
settles for non-optimal solutions, but requires them to be found in polynomial time. In this
chapter we analyze the existing approximation algorithms for the weight-constrained minimal
spanning tree problem and use the method of decomposition to obtain a further approximation

scheme. For the sake of completeness we firstly recall the definition of an approximation.
Definition 12.1 Approximation

1. A tree T is called an a-approximation if and only if T is feasible and c¢(T) < aOPT.

2. A tree T is called an («, 3)-approximation if and only if ¢(T) < aOPT and w(T') < fW.

In the literature we can find four approximation ideas to our problem. We use a similar charac-
terization of these approximation schemes like in the previous chapter. We present first the idea
of Goemans and Ravi [18] which uses the Lagrangian relaxation to construct an approximation.
This idea was refined by the approximation of Hassin and Levin [23]. Then we focus on an
algorithm of Yamada, Watanabe and Kataoka [39] which uses like the branch and bound scheme
of Ruzika and Henn the neighborhood-structure of adjacent trees. The last algorithm from the
literature is the idee of Hong, Chung and Park [27] to use their Algorithm 11.10 for an approxi-
mation. The last section is the application of the idea of approximation through decomposition

to our weight-constrained minimal spanning tree problem.

12.1 Approximation of Goemans and Ravi [18]

The main ingredient for the approximation scheme of Goemans and Ravi [18] is again the La-
grangian relaxation and the Lagrangian dual:
C*(MST; p) := min (¢(T) + pw(T))
st.yeT
and
C*(D1) := max C*(MST;u) — uW < OPT
st.u>0

Let p* be the optimal Lagrangian multiplier. Without loss of generality we consider for the

following a graph where w. < W for all e € F.
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Theorem 12.1
Let O+ be the set of all optimal trees with respect to the costs c.+ p*we for all e € E. Then there
exists a T € Oy with ¢(T) < C*(D1) < OPT and w(T) < W 4 Wmax where Wimax 1= MaXecF We.

Proof
Let T' € O, then

o(T) = o(T) + (Ww(T) — w'W) = p*(w(T) = W) = C*(D1) = p*(w(T) = W)

The costs ¢(T") have at least the value C*(D1) if and only if w(T") > W.

From the proof of Theorem 7.4 it follows that for y = p* + € or p = p* — € for sufficiently small
e > 0 the optimal tree with respect to c. + pw, for all e € E is an element of Oy+. A tree
T< € Oy has to exist with w(T<) < W, because otherwise:

C*(D1) =c(T<) + p*(w(T<) = W)
<c(T<) + (W + ) (w(T<) = W)
=C*(MST, ;" +¢€)— (u*+e)W

which is a contradiction to the optimality of C*(D1). (Remark: The tree T< is feasible for the
weight-constrained minimal spanning tree problem, but not necessarily optimal.) On the other
hand a tree 7> with w(7T>) > W in O, exists. It remains to show that a tree in O~ with a
weight between W and W + wy,q, exists. We need again the property that O« is adjacent i.e.,
a sequence between to optimal trees T and T” with T' = Ty, Ty, T>, ..., T, = T" exist, such that
T; and T;4; differ only in one edge-exchange. In this case we set T = T< and 7" = T>. Since
w(T>) > W and w(T<) < W there exists a pair T; and Tjy; in O+ such that w(7T;) < W and
w(Tj+1) > W, and T; and T;; differ only in one exchange. We have

w(Tiy1) = w(Ti) + wir1 — wi < W(T;) + Winae < W + Winas
Since all edges with weight greater than W have been pruned

w(Ti—i—l) < W+ Wiae < 2W.

Algorithm 12.1 Approximation of Goemans and Ravi
Ensure: Tree T with ¢(T) < OPT and w(T) < 2W

Discard all edges e with w, > W

Compute p* by solving the Lagrangian dual
Among all optimal trees for ¢ + p*w find a tree T satisfying w(7T') < W + wpax
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Sketch of an implementation

In the algorithm we have to find x*. As mentioned in Theorem 7.4 at least m? possible values
have to be considered. For every breakpoint we compute a minimal spanning tree with respect
to ¢+ pw. This can be found easily for every fixed p. For all optimal trees for ¢+ pw we can find
trees Tinin and Thax with smallest and largest weights. Therefore, we use a lexicographic ordering
of the edges. From the proof follows that p < p* if w(Tinin) > W and p > p* if w(Thax) < W
and p is a possible value. So we found upper and lower bounds for p* by computing this for the
breakpoints.

(In an easy approach we have a time complexity O(m?mlogm), since we have to compute the
m(m — 1) breakpoints and for each breakpoint we have to compute a minimum spanning tree
which has the time complexity O(mlogm). We can improve this result by a binary search over
the possible values for p and get a time complexity of O(m?logm?mlogm) = O(m3logm?).)
Goemans and Ravi claim without explanations, that a faster MST algorithm and the use of

parallel sorting lead to O(mlog®n + nlog®n).

Procedure 12.2 Approximation of Goemans and Ravi: Lagrangian Relaxation

Order the edges in a lexicographical order {j1,...,7m}-
Start with k:=1

o= 0
7 := 1000
5. while K <m —1 do
l:=k+1
com = Sk
pute pu =

if € (p, 1) then
Compute Tax and Ty, under the costs ¢ 4+ pw
10: if w(Timin) > W then
pi=H
end if
if w(Thax) < W then
fi=p
15: end if
end if
k:=k+1
end while

Choose p* € (i, i)

The goal is to find a tree satisfying the theorem. From line 9 we know T, and Ty, which are
optimal for p* and w(Tiin) < W < w(Thax). We start with T and swap an edge f in the
tree with a minimal cost edge not in Ti,.x but in a cycle closed by f. (The paper states without

proof that the time complexity can be reduced to O(nlogn).) In this publication Goemans and
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Ravi do not mention how the trees T; and T;41 can be found. One possibility is to perform edge

exchanges as described in Section 11.1.3.

Graphical interpretation

The graphical interpretation of the approach is very easy. From further considerations we know
that the trees on the convex hull are adjacent. So we move along the facet of the convex hull
which is next to the optimal solution until the two closest trees T; and 7,1 next to the weight

constraint are found.

c(T)

Tiv1
T

Figure 12.1: Finding adjacent trees

A polynomial-time approximation scheme

In the algorithm we discard all edges with weight greater than W. This guarantees the (1,2)-
approximation. To reduce this, it is possible to prune all edges with weight greater then eW.
This leads to a final tree with weights less than (1 4 €)WW. By this procedure we might discard
some edges that could be in the optimal solution. In an optimal solution at least % of these edges
can be contained in an optimal solution. There are only O(no(%)) choices for those subsets. For
each of these combinations we fix these edges and start our algorithm with the value W minus
the length of all chosen edges and get a tree with weights at most (1 4 €)W. We take the best of

all these trees.

Application to the WCMST

In general, the algorithm above does not yield a feasible solution to our problem. The idea to

use this algorithm is to change the roles of costs and weights and to run the algorithm for all
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possible integral costs C' and find a tree with, approximately, minimum length. In detail (not

mentioned in the paper):

Problem 21

Algorithm 12.3 Approximation of Goemans and Ravi: MAIN
Solve Problem 21 with the algorithm and denote C' as the costs of this solution.

C:=(n—1)maxeep Ce
._ CiC
C==5 o
Solve Problem 21 for C' with the algorithm, let (W (C),C) the given approximation
5: repeat

if W(C) <W then

C:.=C
else
C.=C
10:  end if

until C — C < ¢
C is the desired result

Theorem 12.2

The algorithm finds a 2(1 + €)-approzimation in O(log(n — 1) maxee g cem®logm) time.

Proof

The binary search has a time complexity of O(log(n—1) max.cp c.) and in each step the algorithm
of the previous paragraph has to run. So the claimed time complexity is valid. In each iteration
we get a solution which has costs at least 2 times the optimal costs corresponding to the W (C').
So, at the end of the algorithm we have a tree which has a weight at least (1+¢€) times the weight
of the optimal solution and has costs which is 2 times the optimal costs corresponding to this

weight.
O

If we know a better upper bound than (n — 1) max.cg c., the algorithm can be started with this
bound. By the suggested time complexity at the end of the paragraph about the implementation

we can find the approximation in O(log(n — 1) maxccp c,(mlog? n 4+ nlog3n)).
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Graphical interpretation

In each step we find for C' two trees T; and T; 41 (see Figure 12.1) and know that ¢(T;41) < 2C
and check whether w(7;41) < W. If this is true, we will search between C and C, otherwise in C
and C. The important step in this algorithm is the discarding of edges which have costs greater

than 2C' in each run to solve Problem 21. So, we may change the frontier of the convex hull.

c(T)

Titq

1

Q aQ

J

Figure 12.2: Graphical interpretation of Algorithm 12.3

The idea of Goemans and Ravi allow us now to make a new statement of the approximation

quality of supported trees:

Theorem 12.3
Let us consider a graph where c. < (n—1)mingep cs for alle € E. Then at least for one (feasible)
supported tree T € T it holds that ¢(T) < 2(1 +¢)OPT.

Proof

This follows from the fact that by running the Algorithm 12.3 no edge will be discarded by calling
Algorithm 12.1 and the convex hull remains unchanged. The algorithm delivers a tree T which
is feasible and ¢(T") < 2(1+¢)OPT. Also T is optimal for ¢, + p*w, for all e € E and, therefore,

a supported tree in the bicriterial problem.
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12.2 Approximation of Hassin and Levin [23]

The algorithm of Hassin and Levin published in [23] is an improvement of the algorithm of
Goemans and Ravi since it has a lower time complexity by using matroid intersection. The
corresponding paper is the most difficult one on the weight-constrained minimal spanning tree
problem. The algorithm and underlying theory have the same structure and ideas like the al-
gorithm of Goemans and Ravi but the advantage is to consider, as announced in Chapter 4,
the weight-constrained matroid optimization problem instead of the weight-constrained minimal
spanning tree problem.

A first remark to improve the algorithm of Goemans and Ravi is to use a geometric-mean binary
search instead of the suggested binary-mean search which reduces the number of iterations to

log, logy . % with upper and lower bounds UB and LB on OPT.

Preliminaries
For a given e < i we compute a 2(1 + €)-approximation by using the algorithm of Goemans
and Ravi. We can now remove the set {e € E : ¢, > C} from E where C are the costs of the

approximated solution.

Partition

For given € > 0 and C' we partition F in the following way
Ey:={e€ E:c.<eC}

and for 1 <i < T := [15¢] we set

€

Ei:={e€E:(e+ (i—1)*)C < ce < (e +ie*)C}.

We have to enumerate all possible vectors with I + 1 non-negative entries (ng,n1,...,ns) such
that

ini:n—l (12.1)

! 1
> ni< 5 (12.2)

Interpretation: The n; denotes the number of edges chosen from the set F;. Note that such a
vector exists, since an optimal solution may have at most % edges with costs at least eOPT.
Suppose we omit (12.2) and consider vectors with more than % elements in F; for 1 > ¢ > I,
then we have total costs which are greater than (eC' %) = (C which is greater than the given upper
bound and useless.

Theorem 12.4

1

There are O(I<) vectors that satisfy (12.1) and (12.2).
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Proof
Consider a set for each F;, ¢ > 1 and a set for ¢ = 0 that collects % — Zi[:1 n; items, since in
ni,...,ny only % items can appear. Therefore, % items have to be placed in the I + 1 sets. The

1

number of possibilities is at most (I + 1)% =0(I%).
O

Now we define two matroids. Like in Example 4.1 a partition matroid and the already known
graphic matroid from Section 4.3:

The graphic matroid where a set E' C F is called independent if and only if (V, E’) does not
contain a cycle and the partition matroid over E such that a set £/ C E is independent in this
matroid if and only if |E' N E;| < n; for all i = 0,...,1. The goal is now to search for a subset
of F which is a basis of both matroids.

We have seen that for a given matroid with an element cost function, the greedy algorithm finds

a minimum cost basis on M.

Definition 12.2
A polynomial time algorithm that checks for a given S C F whether S € F is called a polynomial

time independence oracle.

For an algorithm with polynomial time independence oracle, the problem of finding a minimum
cost base is polynomial solvable. For a pair of matroids M = (E,F) and M’ = (E,F’) with
common polynomial time independence oracle and cost function, there exists a polynomial time
algorithm computing a minimal cost common base of M and M’. For our two matroids we
can compute a minimal cost base for M and M’. Both of the independence tests and the rank
computations in these matroids need O(n). So we find a minimum cost basis in the intersection
in O(mn?) time.

Let 8" denote the set of incidence vectors of common bases of both matroids with cardinality
n — 1. By definition of &’ it follows that every S € &’ corresponds to a T' € 7. Since the
optimal solution of our weight-constrained minimal spanning tree problem is contained in S, we

can formulate:

Problem 22

OPT = min Z Ce
ecS

s.t. Zwe <Ww

ecsS
Seds

where 8’ is the set of common bases of both matroids.

And the corresponding relaxation:
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Problem 23

C*(8'; 1) := min Z(ce + pwe)
ecS

st.Ses

As stated above this is easy to solve by concerning the cost function ¢, + pw, for all e € E for

two matroids. This can be done in O(mn?). A lower bound on OPT is given by

C*(D3) := maxC*(S; ) — pW
st.u >0

Let again p* denote the maximum. This can analogously be done by computing the breakpoints

mentioned in the previous algorithm. This leads to O(m3n?).

Theorem 12.5

Let (no,n1,...,ny) be the number of edges from Ey, E1, ..., Er in an optimal solution. Let O+
denote the set of minimum cost common bases in the matroid intersection with respect to ce+ p*we
for all e € E, if the partition matroid is defined with no,ni,...,ny. Let T,T" € Ox. In this case
there exist a series of trees T = Ty, Ty, ..., T) = T with

1. Tj € Oy forall j €{0,...,1}

2. Let BV :=Tj\Tj41 and BV = T; ;1\ T;. Then |E9 NE;| = |E7' N E;| <1 for every i and j.

Proof by induction over T\ T”|

Basis:

For |T'\ T| = 1 we have |[EY| = 1 and the claim holds.
Induction hypothesis:

Assume the claim holds for [T\ T'| = p — 1.

Induction step:

Consider a cost function

00, ife¢ TUT
Ce + pWrwe+€, ifeeT\T

o~

Ce + prwe —€, ifeeT'\T

Ce + X we, ifeeTNT’

Since obviously T” is a better solution with respect to ¢’ than T, the tree T is not the optimal
solution with respect to the costs ¢’. A matroid intersection algorithm finds a negative cycle in
an auxiliary bipartite directed graph B(T) = (V, V', E).Where B(T) is defined as: for all e € T
exists a v € V and for all ¢/ € E\ T exists a v € V'. Construct for every e; € T and e} € E\T an

arc (e;, ;) with costs Coyyel, = c,, — c., under the condition that (T'\ {e;}) U {e}}) is independent
J
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in the graphic matroid (which guarantees the tree structure). And construct an arc (e}, e;) with
COStS Ct e, = 0 under the condition that (7"\ {e;}) U {e}} is independent in the partition matroid

(which guarantees that the costs are less than the upper bound.)

CEkl 768kn
—_—

For e ¢ TUT' ¢, = oo, therefore a negative cycle does not contain e. From this B(T) we
construct a graph B by identifying the elements from (E \ T) N E; (which are nodes in V') to a
single vertex v; for all i € {0,...,I} (Parallel edges can be removed).

It can be shown that a common base T” with smaller costs than T with respect to ¢ exists
such that 7" is obtained from T by swapping edges along a negative cycle L in B where the

number of arcs among all negative cycles is minimized by L. Let the nodes along the cycle L

correspond to edges (e1, €], e2,¢€h,...¢€;,¢€),e1) such that e, € E;, for k =1,...,l. Assume that
there exists a k # 1 with 5, = i1. Then there are two cycles L' = (e1,€},e2,€5,...,e5-1,€,_1,€1)
and L" = (eg, €}, €xt1,---,€,€),e,) such that the costs of L are the sum of the costs of L’

and L”. Either L' or L” has negative costs, this contradicts the minimality of L. This leads
toTy :==T" € Op». We know T C TUT’" and T” # T. Therefore we can conclude that
|T" C T'| < |T'\ T'| = p. By the induction assumption the claim holds.

Theorem 12.6
Let ng, . ..,ny be the number of edges from Ey, E1, ..., Er in an optimal solution for WCMST. Let
O, denote the set of minimum cost common bases in the intersection of the two matroids with
respect to c. + p*we for all e € E, in case that the partition matroid is defined with ng,n1,...,n;.
Then there exists T' € Oy« such that

c(T) < C*(D3) + Z (max c. — min c.)

eckE; eckE;
{iln;>0} ‘ ‘

and

w(T) < W.

Proof
Let y = p* — € where € > 0. There exists a 7> € O,~ which is also optimal with respect to
ce + pw, for all e € E for sufficiently small ¢’. Since p* is the optimal value the following holds

o(T5) + (n* = €)(w(T>) = W) < o(T5) + p*(w(T> = W) = C*(D3).
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It holds that w(T>) > W and ¢(T>) < C*(D3). Similarly, there exists for u = p* + €' a tree
T< € Oy with w(T<) < W and ¢(T<) > C. With the theorem above there exists a series
T< =Tp,..., 7} =T> in O. Since ¢(T>) < C*(D3) and ¢(T<) > C*(D3) we can find an index j
with ¢(T;) < C*(D3) and ¢(T}j4+1) > C*(D3) and w(Tj41) < W. It holds

c(Tj41) < e(Ty) + Z (max ¢, — min ¢).

eckE; eckE;
{i|n;>0} ‘ ‘
O
Remark
E max X Ce — mgl ce) <4(1+€)eOPT < 5¢0PT
ec
{z|m>0}
Proof
g (max ¢, — min ¢,) = max ¢, — min ¢, + g (max ¢, — min ¢,)
. eck; ecFE; eckEy eckEy . . ecFE; ecFE;
{i|n;>0} {i|n;>0,i>1}
< eC — min ¢, + g (max ¢, — min c.)
eckEy eckE; eckE;

{ilni>0,i>1}

<eC+ E (max ¢, — min c¢,)
. . eEEi GEEi
{i|n;>0,i>1}

2(1+¢€)OPT + Z (max ¢, — min)

eck; eck;
{i|n;>0,i>1} ! !

In the summation there are at most % elements. Each of them is not greater than €2C <

2(1+€)e2OPT. Together this gives the result. The second inequality follows from the assumption
that € < i

O
Procedure 12.4 Approximation of Hassin, Levin: Procedure
Require: 7% and T<
repeat
construct B by identifying the set {e; € T": (T'\ {e;}) U{e]} is independent in the graphic
matroid }

Find a negative cycle with a minimum number of edges.
Identify the next tree T
5. until w(T) < W

The construction of B (contains O(n) vertices and O(%2) edges) can be done in O("- ) by identi-
fying for each e; the set {e} € T": (T'\ {e;}) U {e}} is independent in the graphic matroid}. The
second step can be done in O("- ) by the Bellman-Ford algorithm. The number of trees in the
series is O(n). Therefore, we have O(n) steps and get a complexity of O(?).
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Algorithm 12.5 Approximation of Hassin, Levin: MAIN
Compute C with OPT < C < 2(1 + €)OPT by Goemans and Ravi (Algorithm 12.3)

Enumerate all possible vectors (ng,ni,...,ny)

Compute for each of them p*
Find for this p* a tree with satisfies the condition of the theorem
5: Take the next vector (ng,ni,...ns) and compute for them Procedure 12.4

Over all these trees pick the tree with minimal ¢(T)

For the correct (ng,ni,...,ny) we have a minimal cost base of OPT and this leads by the
algorithm to a feasible tree with costs at most (1 + 5¢)OPT. The computing of C takes
O((m+nlogn)log? nloglog; . n). The enumeration takes, by the consideration above, O((%)7).
The solution of the Lagrangian relaxation can be done in O(m?n? + ) and the finding of the
spanning tree in O(?). The total complexity is O(e%i(m " )). This leads in total to the next

theorem.

Theorem 12.7
A (1 + €)-approzimation can be found in O((Oe%)o(%)(anz)).

Improve Complexity

For solving of the Lagrangian relaxation we can make the following improvement: For every
> 0and i > 0 an edge e € FE; that participates in the minimum cost base of two matroids
belongs to a minimum cost (respect to ¢, + pwe for all e € E) spanning forest F;(p) of (V. E;).
We define a set of potential breakpoints as {u|Je, e’ € E, ce + pwe = ¢ + pwe }. In a first step
we compute all breakpoints. Then we apply a binary search over this set and find an interval
(u1, o) containing p* and such that no F;(u) has a breakpoint in this interval besides p*. Then
we compute F;(z) for every i with n; > 0 for some i € (u1,u2). Remove from the matroids all

the edges not lying in | J F;(2). In this set there are O(%) elements. The total complexity

i|n; >0
is O(men leog") In general our complexity reduces to O((O )O(%)( ).

12.3 Neighborhood-Search of Yamada, Watanabe and Kataoka [39]

In the publication of Yamada, Watanabe and Kataoka [39] also a heuristic for the weight-
constrained maximum spanning tree problem is described which can easily be transformed to
the weight-constrained minimal spanning tree problem. The goal is to find a feasible solution
obtained from the Lagrangian dual. Furthermore, they only claim without proof that this al-
gorithm is a 2-approximation. Therefore we present the algorithm in this chapter and not in
Section 6.3.
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Definition 12.3 Neighborhood
A spanning tree T is called a neighbor of T if T and T' are adjacent. We call N(T') := {T'|T’
is a feasible neighbor of T'} the neighborhood.

Let T} is represented by an extreme point on the border of the convex hull which is feasible and

has smallest costs. We start from this 7j; and search in the neighborhood for a better solution.

Algorithm 12.6 Yamada, Watanabe, Kataoka: Local Search
Start with T":= T}

while There exists 77 € N(T') such that ¢(7") < ¢(T") do
T:=T

end while

It is easy to see that the algorithm does in general not find the optimal solution since we have
seen in Example 6.1 that the set of efficient solutions is not necessarily connected and no edge
exchange can lead to the optimal solution. The remaining question is whether this fact can

destroy the claimed 2-approximation.

12.4 Fully Polynomial Bicriteria Approximation [27]

In the exact algorithm using the Theorem 11.13 we have the time complexity of O(mn°7(UB, W))
which is for large values of UB and W not very useful. Hong, Chung and Park [27] published an

approximation scheme by scaling the costs and weights to improve 7(UB, W).

Scaling costs and weights

Lemma 12.8
Let T* be an optimal solution of the WCMST with each ¢, scaled to é, = |co(n—1)/(eC)| where
C eN.

1. ¢(T*) < OPT + ¢C

2. If &(T*) > | 221 |, then we have OPT > C.

€

3. If &(T*) < |2=L], then we have OPT < (1+¢€)C.

Proof
1. The definition ( 0
~ G —
e =1 eC J
implies that
ce(n—1)
¢ eC
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This can be formulated to

Ce > Ce

n—1
And we can conclude that

0<ce—¢

We know further from the definition of ¢, that

N n—1
Ce<067+1.

This leads to

Ce — Ce

eC - eC
n—1 n-—1
In total we have

e eC
0<ce—Ce—— < .
n—1 n—1

Since every T' € 7 has n — 1 edges we have

eC

n—1

0 < o(T) — &T) <eC

and c
. L€
i (T")—— + eC
co(T™) < ¢( )n —1 +e
By definition of the optimal solution we get

eC

o(T*) < T —

+eC

For T* inequality (12.3) leads to

(1S < o) = oPT

n—1

This gives
¢(T*) < OPT + «C
. Let )

s n—

o) > M),
Since ¢(T*) > &(T*) and ¢(1*) € N we get

n—1

If we insert 7™ in (12.3), we get

We combine these two results to

and the claim
C < c(T*)=0PT
holds.
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3. Let

If we insert 7 in (12.3), we get

With the assumption

Theorem 12.9
If there exist some upper and lower bounds U and L, respectively, with % < p for some constant

p > 1, then a (1,1 + €)-approzimation can be computed in O(mn’7(|2=2|, B)).

Proof

We consider again a scaled problem with costs

~ n—1
Ce = | Ce "7 |
Notice that we can apply the previous lemma. Let as above T* be the optimal tree to the scaled
costs.
. n—1 n—1 OPT(n—1) U(n—1) p(n—1)
T = < = < < .
()= Yl < | e = T < | PR < Ay

ecT™ ecT™
This has the complexity O(|2=1])! From the previous chapter we know that &T) can be
found in O(n?r([2=], B)) by computing det([@J,B,é,w). So we can determine 7* in
O(mnr([2=],W)).
By the lemma we know that ¢(T') < OPT +¢L < (14 €)OPT.
U

The advantage of considering the scaled problem is the polynomial time complexity. Remaining

question is how to find appropriate bounds and reduce the time complexity further.

We can reduce the time complexity if we scale the weights to w, = Lweg—ﬁ}J. In the follow-
ing we compute determinants for the scaled weights only up to W= L%J in the degree of
Y.
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Lemma 12.10

1. Every feasible solution for the original solution is also feasible for the scaled problem (i.e.
(T € Tlo(T) < W) € (T € Thi(T) < 251}

2. If w(T) < | %51 then we have w(T) < (1+ 8§)W.
Proof

1. Let T € T with w(T) < W.

W) = Yo = Sl ) = V) e < U W = 157

ecT ecT ecT

2. This follows from Lemma 12.8 if we replace ¢, ¢,C and € by w,w, W and J.

O

The w-scales problem has a larger feasible solution set than the original problem and a (1,14 0)-
approximation for this problem is a (1+¢, 1+ 6)-approximation for the WCMST. So we can state
the Algorithm 12.7.

Algorithm 12.7 Approximation of Hong, Chung, Park: Bicriteria FPTAS
Require: G = (V, E),c,w,W,¢,6
Ensure: A spanning tree T with ¢(T) < (1 + €)OPT and w(T) < (1 + &)W
e = |we %t |
i o= [251]
while ¥ > 2 do

10: end if

end while

. LCETLIJ 2(n—=1) | 13

Find optimal E(T*) by computing det(K*Y | =], W,¢,w)
Construct 7* with the Algorithm 11.10

Remark and explanations
The usage of the geometric search guarantees that % < 2 can be found in O(log log(g—g)) where Uy
and L are initial bounds. If the determinant in line 6 is 0, there exists no tree with ¢(7") < L%J

and from the lemma it follows that OPT > C. Therefore we replace the lower bound by C.
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Complexity of the algorithm
The given algorithm finds a (1 + ¢,1 + J)-approximate solution of the constrained minimum
spanning tree problem in O(log log(g—g)n‘lT(L"*lJ, 1251 ) + mn7([2=2], | %52 ])). This results

€ €

is obtained from the fact, that the binary search has a complexity O(log log([L]—g)) and in each
iteration one determinant has to be computed which has the complexity O(nir(|2L],[21]))
and the Algorithm 11.10 needs O(mn®7(|2=1], [251])). As one can see, the time complexity
depends on good initial bounds [L]—g Some easy upper bounds are Uy := (n — 1) maxc, and

Ly := 1. An other approach is the following one:

Algorithm 12.8 Approximation of Hong, Chung, Park: Starting solution

Sort the edges in nondecreasing order

Let C; < U5 < -+ < () be the distinct edge costs. Define G; as the subgraph with costs of
at most C;.

Find the minimum index 7 such that G; has a spanning tree with weights in w of at most w.
Lo :=C;

5 Uy := (n—1)C;.

By using a binary search on the C}’s we can found the i in O(n?logm) by computing in each
step a spanning tree in O(n?). This procedure leads to a ratio g—g =n — 1. In our algorithm the

computational effort of the binary search reduces to O(loglogn).

12.5 Approximation through Decomposition

We show in this section a further approximation approach by using the packing algorithm for
spanning trees of Gabow and Manu [16] to obtain a set of (directed-in-)trees and constructing from
this set an approximation based on the idea of multicriteria approximation through decomposition
of Burch, Krumke, Marathe, Phillips and Sundberg [6]. This approximation is more of theoretical

interest.

LP - Relaxation

For this algorithm we need directed-in-trees rooted at node n which correspond according to
Lemma 3.2 to undirected minimal spanning trees. Firstly, we need the LP - Relaxation for our

problem outgoing from our formulation Problem 5.
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Problem 24 (LP)

Cpp=min Y cijyy (12.5)
(i,j)eﬁ
1 ifi=k
st Y yb— > yh=0-1 ifi=nVieV\VkeV\{1} (12.6)
jEV_) jeV_} I
(i) E (Gi)eE 0 else
yl <y ¥(i.5) € E vk € V\{n} (12.7)
Yl > 0v(i,j) € E Yk € V\{n} (12.8)
> wy=1VieV\{n} (12.9)
jeV_}
(i) E
> wigyig <W (12.10)
(i,j)eﬁ
yij <1V(i.j) € E (12.11)
Yij +y5i <1V(0,j) € E (12.12)
Yij >0 V(l,]) cFk (12.13)
yij € [0,11(i,j) € E (12.14)

We denote this solution TLp with ;.

Remark
Since for X := {x € Z™|(3.2) — (3.5)} it holds that conv(X) = {z € R™|(3.2) — (3.5)} we
conclude from a fundamental result of integer programming that Crp = C*(D1) where C*(D1)

is the objective value of the Lagrangian dual.

Edmonds Decomposition

From this g;; we construct now a so called Edmonds decomposition of 7,: A set of trees
— —

T1,..., Tk € T, with factors ai,...,ax > 0 such that Zle o = 1: First we delete all
edges from the graph with g;; = 0. Here we have to distinguish between ¢;; and ;; which might

be both positive. Before starting we have to introduce some technical definitions.
Definition 12.4
1. Two sets A and B are called intersecting if ANB #0,A\ B#0 and B\ A # (.

2. A family F of subsets of V' is called laminar if for every pair A, B € F either AN B = (),
A C B or BC A holds.
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¢(T)

TLP\\

Figure 12.3: LP - relaxation

Definition 12.5
Let G = (V, E’)) and for each e = (i, j) exist a capacity ri; with 0 < r;; < 1.
1. For a set D C 'V we denote pa(D) :=}_._; ieE,icD jev\p Tij-
2. We define for a graph g(G) := min{pa(D)|0 # D C V' \ {1}}.
— — —
3. For a tree T we define r(T') := min{r;;| (i,7) € T }.

4. Let G- ﬂ? denote the graph with capacity ri; — Bi; for (i,7) € T and ri; for all edges not
—
m T.

— —
5. For a tree T the capacity of T is defined as

—

—aT),a >0}

Ql

a(?) = {max a|s.t. a < r(?),g(?) —a=¢(

Let us start with r;; := g;; for all (¢, ) € E. For understandability of these definitions we give

an example.
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Example 12.1

Let in this example n = 7.

: Tij @
@ 0.3 @ 0.3 @

0.8 0.2 0.6

~ 1 be 0.6
® © @
For the set D = {1,2,3} we have pg(D) = 0.8+ 0.2+ 0.6 + 0.1 + 0.7 = 2.4. Let us consider the

following tree T.

@ O ©,

0.1

In this tree we have r(?) — 0.1 and G — 01T leads to the following graph.

@ 0.3 @ 0.2 @

0.7

@ 0.9 @ 0.6 @
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By equation (12.9) we have for every set D C V' \ {n} with |D| = 1 that pg(D) = 1. For every
set D C V' \ {n} with |D| > 1 that pg(D) > 1 since a unit of flow has to be send from ¢ to n for
each i € D. So ¢g(G) = 1.

Next we define to construct our decomposition a so called uncrossing step. Let F a laminar
family of sets each of them not containing the vertex n. This F contains at most 2n — 3 elements
(the sets

{1},{2}, ... {n—1},{1,2},{1,2,3},...,{1,2,...,n—1}).
Let U Cc V\ {n} and pg(U) = ¢g(G).

Procedure 12.9 Gabow, Manu: Uncross
Require: U C V' \ {n} with pg(U) = g(G)
X :=argmin{|B||B € FU{V \{n}},U C B}
Y] := maximal subsets of X in F intersecting with U
Z=UU{Y|Y €Y}
F:=FuUuZz

Lemma 12.11 [16/
The obtained F U Z is laminar.

Proof
Let A € F before the uncrossing step. We have to show that either ANZ =0, AC Z or Z C A.

Therefore we consider a case distinction for the relation of A and U.
1. case: ANU = 0: Then we have
ANZ =ANUU|J{YY e YT} = AnD) U {YY e YT}NA) =({Y|Y € YI}NA)

Since all Y are elements of F we know that either ANY =0 or ACY. Thecase Y C A
cannot occur. Otherwise, this contradicts A N U. Now, if one Y exists with A C Y then
A C Z. Otherwise AN Z = 0.

2. case: ANU # 0 and A\U =0. Then ACU and A C Z.

3. case: ANU # 0 and U\ A = then U C A. Then for all Y € YT it must either hold
that A intersects with Y or A C Y or Y C A. The first case cannot occur since A and
Y are elements of F and therefore non intersecting. The last case cannot occur since Y is

maximal. If the second case holds for at least one Y, we have A C Z.

4. case: Let A and U be intersecting. Then A is equal to a Y or A is a subset of a Y and so
AcCZ.

So FU Z is laminar.
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If Z was already element of F, the uncrossing procedure does not change F. Next we have to

make a statement concerning pg(D).

Lemma 12.12
For A,B C V\ {n} we have

pa(A) +pa(B) = pa(AUB) + pg(AN B) +da(A, B) (12.15)
where dg(A, B) is the total capacity of all edges having one end in A\ B and the other in B\ A.
Proof

1. Let AN B =10. Then pg(A) + pg(B) is the sum of all capacities of edges (i,7) with i € A
and j € V'\ A and the capacities of edges having one node in B and the other in V'\ B. This
is equal to the capacities of edges having one node in AU B and the other in V' \ (AU B)
and the capacities of edges between A and B. And thus the claim holds.

2. Let A C B. Then pg(AN B) = pa(A) and pg(AU B) = pg(B) and dg(A,B) = dg(A \
B,B\ A) =dg(0,B\ A) = 0. And the claim holds.

3. Let A and B be intersecting. Then the capacity of A and B is the sum of the capacities of
the union of both sets. In this union the capacities of edges between A\ B and B\ A are
not contained, so we need dg (A, B). Additionally, in this set no capacities between A and
AN B are included such that the term pg(A N B) is necessary.

O

Now we need a lemma which becomes relevant in the proof of the validity of the decomposition

algorithm.

Lemma 12.13 [16/
Let Y and Y’ be two sets in YT in the uncrossing procedure for U. Then

pc(Z) = pc(Y NU) = g(G) and dg(Y,U) = da(Y \U,Y'\ U) =0.

Proof
Let us consider (12.15) for Y UU and U, we get since pe(U) = g(Q)

pc(YUU) +g(G) = pa(Y UU) +pa(U) = pc(Y UUNU) +pe(Y UUUU) +dg(UUY,U)

This leads to
pc(YUU)+pa(U) =pc(Y NU) +pa(YUU) +da(Y,U)

Finally, we have

9(G) = pc(U) = pc(Y NU) +da(Y,U).
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Since ¢(G) is minimal ¢(G) = pe(U) = pa(Y NU) and dg(Y,U) = 0. Analogously, pg(Y UU) =
g(G) and the same properties for Y’ hold. We consider Y UU and Y UU

29(G) = pa(Y UU) +pa(Y'UU)
=pa(YUUUY' UU)+pe(YUU)N (Y UU))+de(YUUY UU).

The last term is equal to dg(Y \ U, Y’ \ U) since all edges from U to U are not considered. This

leads to

29(G) =pa(Y UY'UU) +pc(UU (Y NY")+da(Y \UY"\U).
By the minimality property of g(G) we have dg(Y \ U,Y'\ U) = 0. Since pg(Y UU) = g(G) we
can repeat the same considerations for Y UU and any element of Y I. By repeating this procedure

we get

pa(Z) = pa(U U {Y|Y € YT}) = ¢(G).

With this result we can state the decomposition algorithm.

Algorithm 12.10 Gabow, Manu: Decomposition-algorithm (Greedy - approach)
F = ({0} Ipo(0) = 9(0))
k:=0
while ¢(G) > 0 do
k=k+1
5: ?k := spanning tree of G with p=(X) =1 for every X € F

=

ay, := capacity of T

G:=G— Oék?k

— —
if Ozk(Tk) = ’I“(Tk) then
U := minimal set in U C V' \ {n} with pg(U) = ¢(G) and pz(U) > 1

10:  end if

uncross F U U

9(G) = g(G) — ay

end while

Lemma 12.14 [16]

It is always possible to construct a ?k i the algorithm.

Proof

For any X € FU{V} let Gx denote the subgraph induced by the set of vertices X. We start
with a spanning tree T in Gy . For every maximal set X of F the tree T has an unique edge
directed to a node b € X. Now we proceed recursively for each X \ b.

For every set S in Gx there exists with b ¢ S exists an edge (i,j) with i € X \ S and 5 € S. This
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is clear for X =V since g(G) > 0. For X # V we know that pg(S) > g(G) = pa(X) therefore,

such an (7, j) has to exist.
U

The validity of the Algorithm 12.10 which constructs the Edmonds decomposition can be seen

in the next theorem.

Theorem 12.15 [16]

The algorithm finds a decomposition with at most m distinct trees.

Proof

If o = r(?k) then G — ak?k deletes one edge from G. This occurs at most (m — (n — 1) + 1)-
times. Since after deleting m — (n — 1) edges only one possible tree can be chosen which vanishes
in the last step. We know that F contains at most 2n — 3 elements and by initialization n
elements. So F can be enlarged only (n — 2)-times. Therefore, the number of iterations is at
most (m —n+2)+ (n—2) =m. We have to show that in each run with oy < r(?k) the uncross
operation enlarges F i.e., Z ¢ F where Z is found by Procedure 12.9.

Claim: p=(Z) > pz(U) where Z is the result of the uncrossing procedure and U was found in
the decomposition algorithm.

We know by definition of U that p=(U) > 1 and p=(X) = 1 for all X € F. So if the claim holds
Z could not be in F, since otherwise this contradicts the minimality property of U.

We consider a set Y € Y'I. From Lemma 12.13 we know that pe(Y' NU) = g(G). Since p=(U) > 1
pz(Y NU) =1, otherwise the minimality of U would be violated.

We have also for YV, Y’ € YI

d=(Y,U) = d=(Y \U,Y'\U) = 0.

This follows by the fact that this relation holds for dg in Lemma 12.13 and every edge of T is
element of G.

To prove the claim it is sufficient to show that an edge (7, j) leaving U corresponds to an unique
edge leaving Z. If (i,7) leaves both sets, the correspondence is clear. Consider an edge (i,7)
with ¢ € U and j € V\U but i ¢ Z. By construction of Z, (i,j) enters Y \ U. Since
dz(Y\U,Y'\U) =dz(Y,U) = Oglis edge can only enters Y N U. Since p(Y NU) =1 this
edge is unique. Some edge (I,v) € T must exist with [ € Y and v ¢ Y. Since dp(Y,U) = 1 the
edge (I,v) has anode in V\Y and in Y \ U. From dp(Y,U) = dp(Y —U,Y' = U) = 0 we know
that (I,v) has a node in V'\ Z. Since (I,v) has a node in Z we can let (i, ) correspond to (I,v).

This corresponding is unique. So the claim holds and the theorem is valid.

Corollary 12.16 [16]

. . . 3 2
The decomposition algorithm runs in O(n°log(%=)).
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Proof

A tree T can be found by the recursion of 12.14 in O(m). Suppose Oék(?k) = r(?k) the capacity
can be found in O(nm log("%)). Since there are at most m < n? iterations, the time complexity
holds for these iterations. For the case aj, < r(?k) the capacity can be found in O(n?mlog %2)
Also the computing of U can be done in O(n?) by enumeration (test each X € F). There are at
most n iterations with oy < r(?k) So this is O(n3m log("%)) and the claim holds.

O

We make now a statement for the computation of the capacity. An alternative definition of the
—
capacity is that it is the largest value ov < r(7T") such that for each set U € V' \ {n},

Po_o1y(U) 2 9(G) — a. (12.16)

The left side is obviously equal to pg(U) — apz(U). If p=(U) > 1 then the inequality holds if

and only if

_pcU) —yg(G)

oy = > .

pz(U)—-1 —
If p=(U) = 1, inequality (12.16) holds for every a.. So we can formulate a procedure for computing

the capacity.

Procedure 12.11 Gabow, Manu: Capacity
o= r(?)
while g(G — a?) < g(G) —a do
U = argmingcy\(n) P, 7(U)
o= ay

5. end while

« is the required capacity

Lemma 12.17 [16/

The procedure is valid.

Proof

We know that p,  =(U) > g(G) — a for a < ay. In each iteration the value ay changes to a
smaller ag7. So the sequence of the values « is strictly decreasing during the procedure.

Claim: For all sets X C V \ {n} with p=(X) > pz(U) where U is found in an iteration we have
ax > az.

Let « be given and U be computed. From the definition of U we have

pc(X) — apz(X) = pa(U) — apz(U).

Since ay < a and p(X) > pz(U)
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We can reformulate this inequality to

pa(X) — 9(X)

8]
U="pr(x)—1

= ax.

This implies that the sequence of the p?(U) is strictly decreasing. Otherwise, the claim leads to
—
a contradiction to the fact that the values for a are strictly decreasing. Since p(U) < |T| at

most n — 1 iterations are needed.
O

Gabow and Manu state that the capacity a of T can be computed in O(n?m log %2) For the proof
of this statement the authors refer to a global minimum cut algorithm of Hao and Orlin which

finds U in O(nmlog %2)) Since n — 1 iterations are needed the time complexity is O(n?m log %2)

Approximation

The decomposition delivers a set {?1, ey ?K} C 7, with coefficients o, ..., ax with D"} oy =
1. We use our Lemma 3.2 and skip the orientation of our edges and get a set {T7,..., Tk} C 7.
We know further that if an edge (i,5) € ?k the edge (4,7) is not element of this tree. Otherwise
T is not spanning. If we define Z. := 7;; + g;; for all e € E where e = {7,j}, we know from the

construction of the oy, that
Z o = Z o+ Z ak < Yji + Yji = Te.
kle={i.7}€Ts k|(i,j)E€Tn k|(i,j)E€Tx

It holds also that ¢(Trp) = Y .cpCeFe and w(Tpp) = 3 ,cpweie. We apply now the more

general result of Burch, Krumke, Marathe, Phillips and Sunberg [6] to our decomposition.

Theorem 12.18

For our decomposition {T1,..., Tk} CT with )y .cq ar < Te and 25:1 ar =1 we have
1.
K
Z OékC(Tk) < C(TLP)
k=1
2.
K ~
> apw(Ty) < w(Tip)
k=1
Proof
1.
K K
SUTCAND SD ST ol SROTID St 38
k=1 k=1 e€Ty ecE kleeTy ecl
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K K
Zakw(Tk) = Zak Z We = Z Z opwe < Zweie = w(TLp)
k=1

k=1 ecTy e€E klecTy, eck

Theorem 12.19 [6/
For the decomposition {T4, ..., Tk} C T and corresponding 'coefficients’ ay > 0 and Z?:l ap =1
with Y05 ape(Ty) < o(Trp) and 31 apw(Ty) < w(TrLp) where T is the solution of the linear
program we can find a solution T such that

w) _oT)

wit) <1
w Topr=tto

Proof
We can interpret the oy as probabilities for the ’events’ Tj. Consider the choice of a T' from the

« distribution

w(T) o(T) Ew(T)] | E[(T)]
st e T o(Trp)
w(TLp) e(T)
< W + 76( ~LP)
=1+4+7.

By a basic principle of the probalistic method we know that there exists a realization which is
less or equal than the expectation. (Provided that the expectation exists.) So there is a tree T'

with e )
W =

Since OPT > ¢(T) the claim holds.

Corollary 12.20
A solution given by the previous theorem is either a (1 + %, 1)-approximation or a (1,1 4 7)-

approrimation.

Proof

e The theorem leads to

7Y 14420 1w(T 1
c()g T w :_+1__M§1+_
OPT Y Y v W gl

The last inequality follows from the fact that v > 0,w(7) > 0 and W > 0.
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e On the other hand the theorem leads to

w(T) (1)
b SR PN el A
W St =5 <

The last inequality follows from the fact that v > 0,¢(T) > 0 and OPT > 0.

1+~

e Suppose we have found a tree T that satisfies the theorem with % = 1+a and 5(;:% =1+b

where a and b are strictly positive.

- — <<
W +7;PT 1+’)’

By the definition above this is
I+a+y(1+0b) <147,

which is equivalent to
a—+vb < 0.

This contradicts the assumption that a,b,~ are greater than zero. Therefore, in one com-

ponent we have an 1-approximation.

Remark
We do not know which of these two approximations our 7" satisfies. We only know that one tree in
the decomposition satisfies the approximation. A feasible tree with lowest costs in {71,...,Tk}

is not necessarily a %—approximation.
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13 Numerical Results

The main goal in this chapter is to compare the existing branch and bound schemes of Aggarwal,
Aneja and Nair (Algorithm 11.2) and Shogan (Algorithm 11.3) with the new algorithm of Ruzika
and Henn (Algorithm 11.4). Additionally, we make some statements on the exact algorithm of
Hong, Chung and Park (Algorithm 11.10) and on the quality of the approximation algorithm of
Goemans and Ravi (Algorithm 12.3) with € = 1. We combine this algorithm with the idea of
finding the adjacent trees on the border of the convex hull by performing pivot operations. We
forgo to implement the approximation of Hassin and Levin (Algorithm 12.5) since this was only
an improvement of Algorithm 12.3, the decomposition-algorithm described in Section 12.5 since

this idea is more relevant from a theoretical point of view and the exact ranking Algorithm 11.14.

13.1 Implementation

We realize our tests with C++ using the Boost Graph Library (BGL) [36]. For computing a
minimal spanning tree for a parametric cost function we use the algorithm of Kruskal which
was already implemented in the BGL. Since in the algorithm of Hong, Chung and Park we need
to calculate a determinant of a matrix with polynomial entries (which can be interpreted as
elements of the ring Z[z, y]) the software SINGULAR, a computer algebra system for polynomial
computations with special emphasis on the needs of commutative algebra, algebraic geometry,
and singularity theory developed at the University of Kaiserslautern Department of Mathematics
and Center for Computer Algebra by Greuel, Pfister and Schonemann [20] is used. All tests are
carried out on a 2x 86_64 AMD Opteron workstation.

13.2 Test Structure

Four parameters effect the result of an optimal solution: the number of nodes n in the graph,
the number of edges m, the distribution of costs and weights and the choice of the constraint W.
For n we choose 10, 50, 100, 150, 200, 250, 300, 350 and 400 nodes. For the number of edges in the
graph we considered a complete graph with m = n(n — 1)/2, a graph with m = n(n — 1)/4 and

a graph with m = n(n — 1)/8. For the costs and weights we use four different distributions:
e uniform: We choose uniformly distributed costs and weights in {1,...,100}.

e outliers: We choose costs and weights with probability 0.9 in {101,...,200} and with
probability 0.1 in {1,...,100}.
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e weak correlation: In the third option the costs are uniformly distributed in {1,...,100}
and we = max{1, X — 0.5¢.} where X is uniformly distributed in {1,...,100}. This leads

to a correlation of circa -0.4.

e high correlation: Our costs are again uniformly distributed in {1,...,100} and w, = —ce +
110 + 8 where £ is uniformly in {—10,...,10}. This leads to a correlation of circa -0.9.

Also we choose the same distributions with data in {1,...,1000}. In detail:
e uniform: We choose uniformly distributed costs and weights in {1,...,1000}.

e outliers: Our costs and weights lie with probability 0.9 in {1001, ...,2000} and with prob-
ability 0.1 in {1,...,1000}.

e weak correlation: The costs are uniformly distributed in {1,...,1000} and w, = max{1, X —
0.5¢.} where X is uniformly distributed in {1,...,1000}.

e high correlation: The costs are again uniformly distributed in {1,...,1000} and w. =
—ce + 1020 + [ where [ is uniformly in {—20,...,20}.

To obtain our constraint we compute first the weight of the lexicographical weight minimum Wy
and the weight of the lexicographical cost minimum Wj. For our constraint we choose a low limit
(W1 4+ Wa)/4, a medium limit (W + W3)/2 and a high limit 3(W; + Wa)/4. Together this leads
to 9 X 3 x4 x 2 x 3 = 648 different problem settings. Since the results for instances with data
distributed in {1,...,100} are not very meaningful we do not run our algorithms for settings with
more than 150 nodes, and consider only 468 settings. For each setting we generate 40 different

graphs.

13.3 Results

We have to mention that a time difference need not only be caused in the advantage of the
underlying algorithmic ideas but also in a lack of implementation.

The algorithm of Shogan (Algorithm 11.3) runs for one ’easy’ setting with n = 20 and m = 190
uniformly distributed costs and weights in {1,...,100} more than 15 minutes and we ignore
the algorithm for larger settings. The Algorithm 11.10 implemented with SINGULAR does not
deliver comparable results since it runs for an instance with n = 10 and m = 45 and uniformly
distributed costs and weights in {1,...,100} more than 20 minutes and further computations are
not useful. So we focus our considerations on the algorithm of Ruzika and Henn, the algorithm
of Aggarwal, Aneja and Nair and the approximation scheme of Goemans and Ravi. For larger
problems we omit running an algorithm for a problem setting if the algorithm in the next smaller
setting has instances with more than 10 minutes run time. In total we have more than 523 hours
of simulation.

A first result which can be seen in all settings is that our own algorithm has a significant smaller
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run time than the algorithm of Aggarwal, Aneja and Nair (the time advantage is not less than
one order of magnitude and for complex settings the advantage exceeds two orders of magnitude).
The main reason for this advantage is the fact that in each branching of Algorithm 11.2 a large
number of minimal spanning trees has to been established. More precisely, the algorithm has
to spend a lot of time in sorting all edges in each computation of a minimal spanning tree. In
contrast the algorithm of Ruzika and Henn updates in each iteration already existing trees. The
run time of the algorithm of Shogan where a much larger number of spanning trees has to been
computed and the approximation of Goemans and Ravi where we compute also a large number of
spanning trees flesh out this observation. A second factor for the time advantage is the number
of branchings in the Algorithm of Ruzika and Henn which is in the most cases smaller than the
number of branchings of the Algorithm of Aggarwal, Aneja and Nair. Remember, Aggarwal,
Aneja and Nair branch from an extreme point, Ruzika and Henn from a supported tree which
is next to the weight constraint. The Algorithm of Goemans and Ravi delivers in our test an
excellent approximation quality of circa 1.01. An open question is whether this quality can also
be guaranteed by instances with a breather distribution of costs and weights. The large run time
on this approximation is caused in the large number of running the algorithm again for different
C', which does not change the approximation value in the most cases (see Theorem 12.3).
Further problems with data in {1,...,1000} are more complicated than problems with data in
{1,...,100}: In a setting with data distributed in {1,...,100} the initial triangle and the whole
convex hull is smaller than for a problem in the corresponding setting with data distributed in
{1,...,1000}. The polyhedra is dispersed. Here our duality gap is larger and our algorithms has
to spend more time in the computation. We investigate for graphs with more than 150 vertices
only our problem settings where costs and weights are distributed in {1,...,1000}. Theses graphs
are as announced in the previous section more significant.

By classifying the complexity of our different distributions we see that the distribution with out-
liers has the largest run time. The second complicated setting is the setting with highly correlated
data. The problems with weakly correlated costs and weights have the lowest run time since a
large set of edges with costs and respectively weights equal to 1 making the problem easier. We
notice that this relation is reflected in the run time of every algorithm, we consider here. The
Figure 13.1 visualizes this behavior in the settings with data in {1,...,1000} for the medium
weight constraint and the algorithm of Ruzika and Henn.

We number our settings for this figure in the following way:

Vertices Edges Vertices Edges Vertices Edges
1 50 307 || 7 150 2794 || 13 250 6219
2 50 612 || 8 150 5588 || 14 250 12438
3 50 1225 || 9 150 11175 || 15 250 24875
4 100 1238 || 10 200 4975 || 16 300 11213
5 100 2475 || 11 200 9950 || 17 300 22425
6 100 4950 || 12 200 19900 || 18 300 44850
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Figure 13.1: Average run time of the Algorithm of Ruzika and Henn for medium constraint in

the different settings

It is not very useful to visualize our results in diagrams since we have a great dispersion be-
tween the different results for the algorithms and settings. Therefore, we present our results only

in 24 tables. In the following we use these abbreviations:

tr : The average time of the Algorithm of Ruzika and Henn in seconds.

B, : The average number of branchings of the Algorithm of Ruzika and Henn.

ta : The average time of the Algorithm of Aggarwal, Aneja and Nair in seconds.

B. : The average number of branchings of the Algorithm of Aggarwal, Aneja and Nair.

ta/tr : The quotient of the average time of the Algorithm of Aggarwal, Aneja and Nair and the

average time of the Algorithm of Ruzika and Henn.
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B./B; : The quotient of the average number of branchings of the Algorithm of Aggarwal, Aneja

and Nair and the average number of branchings of the Algorithm of Ruzika and Henn.
tg : The average time of the Approximation of Goemans and Ravi in seconds.
« : The average approximation quality.

tg/ty : The quotient of the average time of the Algorithm of Goemans and Ravi and the average
time of the Algorithm of Ruzika and Henn.

Uniformly Distributed Costs and Weights

A very interesting result is that we observe in our algorithm for small n a smaller run time for
a complete graph than for a graph with the same number of nodes but only n(n — 1)/4 edges.
This is clear since a complete graph has a closer distribution of the images in the ¢ — w-space.
The probability that the facets of our convex hull have a slope of -1 is much greater and we have
more trees with weight equal W. This property of a complete graph can also be seen in the
number of branchings in the algorithm of Aggarwal, Aneja and Nair. This advantage deflagrates
in the run time since we have to sort more edges by the computing of minimal spanning trees.
In the Algorithm of Ruzika and Henn and in the Algorithm of Goemans and Ravi we start with
the weight minimal solution and pivot along the frontier of the convex hull until we reach the
weight-constrained. In the low-weight limit case this occurs sooner than in the high-weight limit

case and we have to spend more time for finding a solution.

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, tu/t, Ba/B, tg a  ty/t,
10 22 | 0.00 16.3 0.00 11.8 0.72 | 0.00 1.0287 -
10 45 | 0.00 29.9 0.01 19.6 51.0 0.66 | 0.00 1.0414 -
50 307 | 0.01 148.2 1.31 293.0 95.6 1.98 | 0.02 1.0146 1.31
50 612 | 0.03 124.3 1.35 163.6 42.9 1.32 | 0.08 1.0153 2.50
50 1225 | 0.04 56.5 2.23 146.0  55.8 2.59 | 0.21 1.0151 5.24
100 1238 | 0.11 154.5 | 13.43 590.8 121.5 3.82 | 0.37 1.0087 3.33
100 2475 | 0.16 59.4 | 16.85 348.6 106.5 587 | 1.39 1.0089  8.79
100 4950 | 0.30 30.1 | 24.52 215.1  80.9 7.16 | 3.20 1.0075 10.54
150 2794 | 0.44 142.5 | 61.59 768.8 140.8 540 | 2.51 1.0060 5.73
150 5588 | 0.61 39.0 | 95.80 429.6 156.5 11.02 | 6.68 1.0048 10.90
150 11175 | 1.39 10.1 | 179.79 4054 129.0  40.34 | 15.48 1.0030 11.11

Table 13.1: Low-weight limit for uniformly distributed costs and weights in {1,...,100}
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Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, tq/t, Ba/B, tg a  ty/t,
10 22 | 0.00 14.2 0.01 12.7 - 0.90 | 0.00 1.0380 -
10 45 | 0.00 23.3 0.01 19.5 - 0.84 | 0.00 1.0214 -
50 307 | 0.01 78.1 0.97 195.3 120.8 2.50 | 0.02 1.0092 2.88
50 612 | 0.02 52.5 1.05 1074 634 2.056 | 0.10 1.0130 5.97
50 1225 | 0.03 22.0 1.87 850 65.0 387 0.25 1.0131 8.69
100 1238 | 0.08 72.1 | 13.48 399.3 177.9 5.54 | 047 1.0059 6.16
100 2475 | 0.16 34.7 | 15.82 205.1 96.4 5.92 | 1.67 1.0068 10.18
100 4950 | 0.33 6.8 | 30.72 139.3 93.6 20.63 | 3.69 1.0040 11.24
150 2794 | 0.30 29.1 | 44.49 339.0 150.6  11.67 | 3.10 1.0037 10.50
150 5588 | 0.67 9.7 | 121.66 378.6 182.5  39.03 | 7.94 1.0038 11.92
150 11175 | 1.67 5.3 | 222.59 245.6 133.5  46.05 | 17.92 1.0027 10.75

Table 13.2: Medium-weight limit for uniformly distributed costs and weights in {1,...,100}

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, tu/t, Ba/B, tg a  ty/t,
10 22 | 0.00 9.7 0.00 7.8 - 0.81 | 0.00 1.0182 -
10 45 | 0.00 14.5 0.01 11.5 27.0 0.79 | 0.00 1.0197 -
50 307 | 0.01 49.3 047  80.5 55.7 1.63 | 0.03 1.0080  3.15
50 612 | 0.02 52.5 0.79 81.1  53.6 1.54 | 0.11 1.0090 7.36
50 1225 | 0.03 13.9 1.17 495 389 3.56 | 0.27 1.0056 9.01
100 1238 | 0.05 21.2 6.67 179.4 125.3 8.48 | 0.53 1.0040 9.86
100 2475 | 0.17 10.1 | 13.30 116.3 80.6  11.51 | 1.81 1.0039 10.98
100 4950 | 0.37 3.6 | 30.09 89.5 825 2522 | 397 1.0029 10.89
150 2794 | 0.31 11.4 | 49.20 267.1 1572  23.53 | 3.41 1.0027 10.90
150 5588 | 0.74 5.9 | 119.00 269.3 160.5 45.64 | 855 1.0021 11.53
150 11175 | 1.83 2.2 | 25243 248.1 1379 112.75 | 19.09 1.0010 10.43

Table 13.3: High-weight limit for uniformly distributed costs and weights in {1,...,100}
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Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, to/tr Ba/Br tg a  ty/t,
10 22 0.00 17.1 0.00 10.6 - 0.62 0.00 1.0273 -
10 45 0.00 37.4 0.01 19.8 - 0.53 0.00 1.0314 -
50 307 0.03 287.2 1.18 265.6 34.47 0.92 0.03 1.0157 0.88
50 612 0.11 337.0 2.63 343.9 23.33 1.02 0.10 1.0194 0.86
50 1225 0.23 308.0 3.34 221.3 14.81 0.72 0.30 1.0164 1.30

100 1238 0.81 865.5 17.19 891.6 21.28 1.03 0.56 1.0089 0.69
100 2475 1.55 680.4 30.54 766.2 19.74 1.13 1.78 1.0089 1.14
100 4950 1.48 320.5 56.91 634.3 38.50 1.98 4.54 1.0083 3.07
150 2794 2.92 1047.5 87.70 1562.6 30.05 1.49 3.42 1.0061 1.17
150 5588 5.43 787.7 188.23 1458.4 34.65 1.85 8.91 1.0060 1.64
150 11175 4.40 378.4 - - - - 23.96 1.0052 5.44
200 4975 4.28 794.6 286.66 2202.4 67.06 2.77 10.89 1.0349 2.55
200 9950 6.95 527.3 757.75  2334.4 109.08 4.43 29.11 1.0045 4.19
200 19900 9.10 211.8 | 1701.22 2767.6 186.98 13.07 | 71.924 1.0041 7.91
250 6219 7.83 763.4 - - - - | 27.055 1.0023 3.46
250 12438 | 10.45 419.7 - - - -1 69.605 1.0034 6.66
250 24875 | 17.04 184.3 - - - -1 165.02 1.0038 9.69
300 11213 | 14.62 184.3 - - - - 56.99 1.0028 3.90
300 22425 | 15.97 187.4 - - - - | 144.30 1.0034 9.04
300 44850 | 25.01 123.9 - - - - | 326.88 1.0027 13.07
350 15269 | 16.86 528.2 - - - -1 106.19 1.0023 6.30
350 30538 | 20.94 178.3 - - - -1 259.32 1.0021 12.38
350 61075 | 46.19 74.6 - - - - - - -
400 19950 | 29.30 649.1 - - - - - - -
400 39900 | 35.36 147.9 - - - - - - -
400 79800 | 73.07 45.7 - - - - - - -

Table 13.4: Low-weight limit for uniformly distributed costs and weights in {1,...,1000}
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Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, to/tr Ba/Br tg a  ty/t,
10 22 0.00 15.8 0.00 12.0 - 0.76 0.03 1.0324 -
10 45 0.00 36.1 0.02 26.7 - 0.74 0.00 1.0417 -
50 307 0.02 189.9 1.00 212.6 42.72 1.12 0.04 1.0135 1.63
50 612 0.05 175.1 1.66 186.5 32.22 1.06 0.12 1.0110 2.36
50 1225 0.20 260.8 4.01 252.6 20.07 0.97 0.35 1.0134 1.76

100 1238 0.43 463.1 15.55 692.9 36.44 1.50 0.72 1.0089 1.68
100 2475 1.46 567.5 30.99 651.0 21.17 1.15 2.17 1.0067 1.48
100 4950 1.72 278.5 94.05 961.7 54.77 3.45 5.33 1.0071 3.10
150 2794 1.92 700.6 120.73 1715.6 62.92 2.45 4.19 1.0056 2.19
150 5588 4.15 460.1 274.62 1430.0 66.20 3.11 10.66  1.0047 2.57
150 11175 3.80 200.2 - - - - 27.30 1.0049 7.20
200 4975 7.38 927.1 409.65 2581.4 55.48 2.78 13.30 1.0052 1.80
200 9950 3.53 183.0 | 2041.31 4714.2 578.89 25.77 34.40 1.0043 9.76
200 19900 | 15.15 215.8 - - - - 77.96 1.0039 5.14
250 6219 4.81 392.5 - - - - 32.25 1.0036 6.71
250 12438 7.83 183.2 - - - - 81.28 1.0033 10.39
250 24875 | 13.81 66.5 - - - -1 186.98 1.0031 13.55
300 11213 | 12.19 574.1 - - - - 67.13 1.0024 5.51
300 22425 | 12.57 110.0 - - - -1 165.06 1.0028 13.13
300 44850 | 25.43 23.0 - - - -1 366.77 1.0020 14.42
350 15269 | 10.15 110.3 - - - - | 143.18 1.0020 12.31
350 30538 | 21.81 100.9 - - - -1 297.11 1.0022 13.62
350 61075 | 50.45 30.6 - - - - - - -
400 19950 | 19.90 251.2 - - - - - - -
400 39900 | 37.46 39.3 - - - - - - -
400 79800 | 83.68 31.0 - - - - - - -

Table 13.5: Medium-weight limit for uniformly distributed costs and weights in {1,...,1000}
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Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, to/tr Ba/By tg a  ty/t,
10 22 0.00 11.8 0.00 7.4 - 0.62 0.00 1.0165 -
10 45 0.00 13.0 0.01 16.0 - 1.23 0.00 1.0376 -
50 307 | 0.02 165.8 0.78 169.2 40.47 1.02 0.05 1.0065 2.35
50 612 0.05 159.4 1.18 138.9 22.14 0.87 0.14 1.0071 2.55
50 1225 0.11 128.8 2.99 150.9 28.25 1.17 0.38 1.0089 3.60

100 1238 0.22 59.4 15.57 550.1 70.54 9.26 0.81 1.0089 3.65
100 2475 0.45 159.7 30.72 504.4 68.38 3.16 2.39 1.0039 5.31
100 4950 0.69 106.2 75.91 473.4 110.13 4.46 5.74 1.0046 8.33
150 2794 2.31 493.9 100.60 1196.9 43.54 2.42 4.65 1.0033 2.01
150 5588 5.90 328.7 211.81 899.7 35.92 2.74 11.63 1.0041 1.97
150 11175 2.10 33.0 - - - - 29.26 1.0034 13.92
200 4975 3.44 401.0 607.85 2616.6 176.92 6.53 14.59 1.0024 4.25
200 9950 3.22 81.4 | 3566.86 5270.6 1107.81 64.79 37.26 1.0024 11.57
200 19900 6.14 21.9 - - - - 80.45 1.0025 13.11
250 6219 4.91 284.7 - - - - 35.17 1.0021 7.16
250 12438 6.53 71.0 - - - - 87.45 1.0021 13.39
250 24875 | 14.02 18.1 - - - -1 198.48 1.0023 14.15
300 11213 5.71 101.8 - - - - 73.21 1.0020 12.83
300 22425 | 12.70 51.6 - - - - | 177.38 1.0022 13.97
300 44850 | 27.36 9.4 - - - - | 388.38 1.0020 14.19
350 15269 | 10.15 110.3 - - - -1 135.22 1.0015 13.32
350 30538 | 22.56 41.7 - - - - | 318.83 1.0015 14.13
350 61075 | 55.83 16.7 - - - - - - -
400 19950 | 17.53 72.2 - - - - - - -
400 39900 | 41.11 34.6 - - - - - - -
400 79800 | 89.98 9.0 - - - - - - -

Table 13.6: High-weight limit for uniformly distributed costs and weights in {1,...,1000}
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Uniformly Distributed Costs and Weights with Outliers

This distribution is the most time expensive one in relation to our other distributions. We
guess that our algorithm runs slower in this setting since we have a disadvantageous adjacency-
structure, where it was not possible to exchange edges with small costs and weights by edges
with small costs and weights. Also the outliers may make the frontier of the convex hull more
complicated which enlarges the run time. Additionally, in the cases with higher weight limit we
have a lower number of branchings since we can choose more edges with cheap costs, the outliers,

which does not effect the feasibility than in the low-limit case.

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, ta/tr Ba/By tg a  ty/ty
10 22 1 0.00 16.8 0.00 9.6 - 0.57 | 0.00 1.0160 -
10 45 | 0.00 25.6 0.00 16.6 - 0.65 | 0.00 1.0289 -
50 307 | 0.02 211.9 0.98  209.7 43.70 0.99 | 0.02 1.0090 0.86
50 612 | 0.13 476.0 229 2775  17.12 0.58 | 0.40 1.0122 3.00
50 1225 | 0.37 597.3 8.31 592.6 22.34 0.99 | 0.15 1.0115 0.40
100 1238 | 0.63 901.9 | 24.44 1210.2  38.55 1.34 | 0.28 1.0063 0.44
100 2475 | 1.72 972.6 | 35.60 859.0  20.68 0.88 | 0.91 1.0073 0.53
100 4950 | 4.22 1154.1 | 125.26 1575.4  29.69 1.37 | 241 1.0074 0.57
150 2794 | 1.49 692.4 | 150.13 2588.1 100.88 3.74 | 1.70 1.0059 1.14
150 5588 | 3.39 790.0 | 419.80 3410.2 123.83 4.32 | 4.69 1.0053 1.38
150 11175 | 8.66 781.6 - - - -1 1232 1.0049 1.42

Table 13.7: Low-weight limit for costs and weights with outliers in {1,...,200}

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, to/tr Ba/By tg a  ty/ty
10 22 1 0.00 12.1 0.00 8.5 - 0.70 | 0.00 1.0101 -
10 45 | 0.00 27.1 0.00 17.7 - 0.65 | 0.00 1.0218 -
50 307 | 0.02 197.3 0.86 1745  46.61 0.88 | 0.02 1.0090 1.04
50 612 | 0.13 517.1 2.65 331.7 20.31 0.64 | 0.08 1.0115 0.59
50 1225 | 0.32 579.8 6.48  442.8  20.56 0.76 | 0.20 1.0144 0.64
100 1238 | 0.46 667.9 | 19.70 907.5  43.27 1.36 | 0.37 1.0055 0.82

100 2475 | 2.26 1271.7 | 52.04 1369.6  23.02 1.08 | 1.25 1.0072 0.55
100 4950 | 3.84 1003.3 | 131.34 1633.6  34.21 1.63 | 3.07 1.0106 0.80

150 2794 | 1.13 578.6 | 130.14 2056.0 114.99 3.55 | 236 1.0052  2.09
150 5588 | 3.29 756.2 | 439.65 3332.1 133.75 4411 6.24 1.0063 1.89
150 11175 | 4.34 373.3 - - - - 11594 1.0085 3.68

Table 13.8: Medium-weight limit for costs and weights with outliers in {1,...,200}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, tq/t, B./B, tg a  ty/ty
10 22 | 0.00 7.2 0.00 9.3 - 0.74 0.00 1.0044 -
10 45 | 0.00 14.3 0.01 114 - 0.80 0.00 1.0108 -
50 307 | 0.01 111.8 0.47 100.3 36.71 0.90 0.03 1.0040 2.22
50 612 | 0.04 163.1 1.25 151.5 28.75 0.93 0.09 1.0088 2.05
50 1225 | 0.24 328.7 3.97 264.4 16.33 0.80 0.24 1.0196 0.99

100 1238 | 0.22 227.5 8.22 331.4 37.03 1.46 0.43 1.0038 1.95
100 2475 | 1.55 572.1 36.30 823.3 23.42 1.44 1.52 1.0092 0.98
100 4950 | 4.16 341.6 43.60 454.0 10.49 1.33 3.81 1.0090 0.92
150 2794 | 1.21 423.8 74.85 1190.8 62.08 2.81 2.84 1.0047 2.36
150 5588 | 4.70 562.1 | 156.22 1182.1 33.24 2.10 7.60 1.0072 1.62
150 11175 | 2.13 110.1 - - - -1 19.58 1.0055 9.20

Table 13.9: High-weight limit for costs and weights with outliers in {1,...,200}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, tqo/t, Ba/By tg a  ty/t,
10 22 0.00 16.9 0.03 7.8 - 0.46 | 0.00 1.0119 -
10 45 0.00 48.0 0.10 16.1  40.00 0.34 | 0.00 1.0199 3.00
50 307 0.07 521.9 1.12  233.1 15.58 0.45 | 0.03 1.0094 0.42
50 612 0.48 1514.0 8.03 955.3 16.81 0.63 | 0.07 1.0124 0.15
50 1225 1.75 2788.3 | 26.27 1790.7 15.02 0.64 | 0.19 1.0139 0.11

100 1238 2.93 3150.8 | 84.76 3530.8 28.95 1.12 | 0.42 1.0089 0.14
100 2475 12.01 4747.1 | 210.05 4682.1 17.49 0.99 | 1.16 1.0089 0.10
100 4950 96.11  45146.7 - - - -1 3.22 1.0092 0.03
150 2794 19.81 5023.5 - - - -] 216 1.0053 0.11
150 5588 | 164.59  36453.9 - - - -] 6.34 1.00564 0.04
150 11175 | 1060.87 179253.9 - - - - 115.60 1.0098 0.01
200 4975 55.79 7565.0 - - - -] 6.58 1.0041 0.12
200 9950 | 708.38  92323.9 - - - -1 19.16 1.0045 0.03
200 19900 | 796.72  53079.8 - - - - 14891 1.0102 0.06
Table 13.10: Low-weight limit for costs and weights with outliers in {1,...,2000}
Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, tq/t, B./B, tg a  ty/t,

10 22 0.00 12.7 0.00 6.8 - 0.54 | 0.01 1.0038 -

10 45 0.00 30.8 0.01 14.7 18.00 0.48 | 0.00 1.0118 0.50

50 307 0.04 326.5 1.38  281.1 32.65 0.86 | 0.04 1.0092 0.91

50 612 0.29  1185.7 | 10.42 1288.1 35.40 1.09 | 0.10 1.0179 0.32

50 1225 1.82 35349 | 51.85 3353.1 28.46 0.95| 0.24 1.0169 0.13
100 1238 1.74  2330.6 | 125.02 5058.9 71.98 2.17 | 0.57 1.0089 0.33
100 2475 8.09 52929 | 275.06 6085.3 33.99 1.15 | 1.51 1.0124 0.19
100 4950 | 53.91 20968.3 - - - -| 4.05 1.0177 0.08
150 2794 | 14.70  6181.9 - - - -1 3.01 1.0072 0.20
150 5588 | 39.95  7590.4 - - - - | 813 1.0089 0.20
150 11175 | 46.27  2602.1 - - - -1 19.58 1.0088 0.42
200 4975 | 4194  7793.0 - - - - | 869 1.0058 0.21
200 9950 | 205.26 19259.8 - - - -1 23.68 1.0095 0.12
200 19900 | 114.40  3140.7 - - - -1 60.95 1.0068 0.53

Table 13.11: Medium-weight limit for costs and weights with outliers in {1,...,2000}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn

Aggarwal, Aneja, Nair

Goemans, Ravi

n m t, B, ta B, tqo/t, Ba/By tg a  tg/ty
10 22 0.00 9.1 0.00 5.7 - 0.62 0.00 1.0043 -
10 45 0.00 22.3 0.01 11.8 - 0.53 0.00 1.0077 1.00
50 307 0.02 143.1 0.59 132.6 32.94 0.93 0.05 1.0025 2.50
50 612 0.19 659.0 7.81 952.5 40.79 1.45 0.11 1.0173 0.59
50 1225 0.71 59.4 19.90 1332.7 27.89 22.44 0.29 1.0089 0.41

100 1238 0.92 998.0 29.19 1332.6 31.66 1.34 0.68 1.0089 0.74
100 2475 4.73  2.048.8 | 173.91 38284 36.78 1.87 1.82 1.0039 0.38
100 4950 4.47 896.8 - - - - 5.06 1.0148 1.13
150 2794 5.14 1837.2 - - - - 3.70 1.0094 0.72
150 95588 8.41 1095.3 - - - - 110.17 1.0053 1.21
150 11175 | 23.07 1377.3 - - - - 12331 1.0069 1.01
200 4975 | 35.42 3891.0 - - - -1 10.54 1.0106 0.30
200 9950 | 46.95 2045.9 - - - -129.96 1.0066 0.64
200 19900 | 86.99 1739.0 - - - - | 71.10 1.0069  0.82

Table 13.12: High-weight limit for costs and weights with outliers in {1,...,2000}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Weakly Negatively Correlated Costs and Weights

As announced in the beginning this problems are relatively easily to solve since we have a large

set of edges with a weight equal to 1. This effects also the sequence of decreasing number of

branchings by increasing the number of edges for a fixed number of vertices. Furthermore this

instances underlines that our own algorithm has a much smaller run time than the algorithm of

Aggarwal, Aneja and Nair.

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, ta/tr Ba/Br tg a  tg/t,
10 22 | 0.00 21.0 | 0.01 19.0 - 0.91 | 0.00 1.0230 -
10 45 | 0.00 43.7 | 0.02 311 - 0.71 | 0.00 1.0406 -
50 307 | 0.02 225.0 | 1.85 433.0 86.80 1.92 | 0.02 1.0130 1.04
50 612 | 0.04 143.1 | 1.67 206.0 41.11 1.44 | 0.07 1.0144 1.80
50 1225 | 0.06 106.6 | 2.48 157.9  40.71 1.48 | 0.15 1.0128 2.44
100 1238 | 0.10 143.0 | 14.81 691.9 156.35 4.84 1 0.34 1.0066  3.58
100 2475 | 0.17 65.5 | 14.24 254.3  84.37 3.89 | 0.99 1.0069 5.89
100 4950 | 0.23 29.5 | 32.62 253.3 142.61 8.60 | 2.08 1.0083 9.10
150 2794 | 0.22 51.2 - - - - | 1.81 1.0255 8.23
150 5588 | 0.41 16.5 - - - -14.02 1.0062 9.89
150 11175 | 0.88 13.1 - - - - | 854 1.0042 9.73

Table 13.13: Low-weight limit for weakly negatively correlated costs and weights in {1,...,100}

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, ta/tr Ba/By tg a  tg/ty
10 22 | 0.00 16.5 | 0.01 15.6 - 0.94 | 0.00 1.0333 -
10 45 | 0.00 29.5 | 0.02 251 - 0.85 | 0.00 1.0261 -
50 307 | 0.02 225.0 | 1.85 433.0 86.80 1.92 | 0.02 1.0130 1.04
50 612 | 0.02 7741 1.21 1229 5245 1.59 | 0.09 1.0131  3.89
50 1225 | 0.02 205 | 1.64 688 7274 3.36 | 0.18 1.0126  8.16
100 1238 | 0.13 127.8 | 11.63 371.2  86.98 291 | 043 1.0073 3.24
100 2475 | 0.13 23.6 | 19.46 241.9 153.19  10.25 | 1.25 1.0065  9.87
100 4950 | 0.25 8.2 137.09 209.5 150.32  25.71 | 2.53 1.0043 10.25
150 2794 | 0.24 34.0 - - - -] 234 1.0046  9.69
150 5588 | 0.51 9.4 - - - -] 520 1.0033 10.28
150 11175 | 1.10 5.3 - - - - 110.65 1.0037  9.68

Table 13.14: Medium-weight limit

...

.,100}

for weakly negatively
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, to/tr Ba/Br tg a  ty/t,
10 22 | 0.00 12.2 | 0.01 10.2 - 0.83 | 0.00 1.0230 -
10 45 | 0.00 171 0.01 146 - 0.85 | 0.00 1.0273 -
50 307 | 0.42 70.5 | 0.01  34.7 0.01 0.49 | 0.03 1.0064 0.07
50 612 | 0.01 23.8 | 0.78 729 58.55 3.06 | 0.10 1.0079 7.64
50 1225 | 0.02 95| 1.29 514 57.11 541 | 0.20 1.0044 8.99
100 1238 | 0.05 249 | 7.01 171.5 132.83 6.90 | 0.49 1.0046 9.33
100 2475 | 0.14 9.6 | 13.80 117.9 102.59 12.34 | 1.39 1.0027 10.30
100 4950 | 0.28 3.5 130.10 926 108.18 26.46 | 2.78 1.0024 10.00
150 2794 | 0.25 12.5 - - -] 2.61 1.0030 10.29
150 5588 | 0.58 4.8 - - -] 572 1.0021 9.93
150 11175 | 1.24 2.7 - - - -] 11.63 1.0013  9.35

Table 13.15: High-weight limit for weakly negatively correlated costs and weights in {1,...,100}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, tu/t, Ba/B, tg a  ty/t,
10 22 | 0.00 22.2 0.01 16.8 - 0.76 0.00 1.0236 -
10 45 | 0.00 52.0 0.00 52.0  1.00 1.00 0.00 1.0455  3.00

50 307 | 0.05 458.9 2.34 4424 43.61 0.96 0.03 1.0154 0.60
50 612 | 0.13 423.6 3.19 3455 24.68 0.82 0.09 1.0172 0.73
50 1225 | 0.29 394.7 4.37  258.1 14.86 0.65 0.21 1.0464 0.72
100 1238 | 1.04 1099.1 | 24.04 1007.6 23.21 0.92 0.54 1.0190 0.52
100 2475 | 1.61 706.8 | 31.33  737.8 19.50 1.04 1.27 1.0372  0.79
100 4950 | 4.80 679.2 | 60.03 688.3 12.50 1.01 2.92 1.0087 0.61
150 2794 | 3.23 1122.5 | 145.28 2471.0 45.03 2.20 2.79 1.0207 0.86

150 5588 | 4.83 779.1 - - - - 6.03 1.0062 1.25
150 11175 | 4.38 370.5 - - - - | 1291 1.0063  2.95
200 4975 | 7.09 1117.7 - - - - 7.56 1.0054  1.07
200 9950 | 5.09 467.7 - - - - | 17.27 1.0043  3.39
200 19900 | 8.33 248.3 - - - - | 3831 1.0037 4.60
250 6219 | 10.52 889.3 - - - -1 19.64 1.0033 1.87
250 12438 | 11.48 502.4 - - - - | 44.71 1.0032  3.89
250 24875 | 9.93 140.0 - - - -1 97.62 1.0035 9.83
300 11213 | 12.23 783.2 - - - - 39.23 1.0025 3.21
300 22425 | 17.85 450.0 - - - -] 93.80 1.0024 5.26
300 44850 | 15.93 78.3 - - - -1 19473 1.0022 12.22
350 15269 | 16.94 683.0 - - - -] 70.95 1.0023 @ 4.19
350 30538 | 18.65 2454 - - - -1 162.84 1.0023 8.73
350 61075 | 28.27 110.0 - - - -1 335.85 1.0026 11.88
400 19950 | 15.48 350.0 - - - - 1123.87 1.0017  8.00
400 39900 | 23.16 148.1 - - - - 266.28 1.0020 11.50
400 79800 | 44.26 89.3 - - - - | 554.45 1.0024 12.53

Table 13.16: Low-weight limit for weakly negatively correlated costs and weights in {1,...,1000}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, to/t. Ba/By tg a  tg/t,
10 22 | 0.00 19.2 0.01 18.5 - 0.97 0.00 1.0367 -
10 45 | 0.00 27.2 0.01 21.7  50.00 0.80 0.00 1.0310 1.00

50 307 | 0.03 269.6 1.29 2335 39.34 0.87 0.04 1.0124 1.33
50 612 | 0.12 371.1 2.82 2934 23.78 0.79 0.12 1.0137 1.01
50 1225 | 0.42 459.1 4.54 2622 10.87 0.57 0.27 1.0149 0.64
100 1238 | 0.61 642.3 | 17.57  706.5 28.83 1.10 0.69 1.0087 1.13
100 2475 | 0.74 374.6 | 22.89 520.2 31.11 1.39 1.63 1.0076  2.21
100 4950 | 1.09 260.2 | 39.04 4243 35.89 1.63 3.63 1.0061  3.33
150 2794 | 1.76 719.5 | 156.99 2168.1 §89.22 3.01 3.51 1.0052  2.00

150 5588 | 1.48 253.4 - - - - 7.45 1.0068  5.02
150 11175 | 2.60 181.9 - - - - | 15.77 1.0058  6.07
200 4975 | 3.29 082.6 - - - - 9.56 1.0043  2.90
200 9950 | 3.62 254.3 - - - - | 21.63 1.0047  5.97
200 19900 | 5.24 111.5 - - - - | 47.06 1.0037  8.99
250 6219 | 10.78 713.3 - - - - | 24.50 1.0035 @ 2.27
250 12438 | 5.55 153.8 - - - - | 54.81 1.0043  9.88
250 24875 | 9.78 59.0 - - - -1 120.12 1.0031 12.28
300 11213 | 14.22 598.8 - - - - | 4848 1.0028  3.41
300 22425 | 9.95 125.8 - - - - | 114.62 1.0020 11.52
300 44850 | 18.25 42.4 - - - -1 232.02 1.0023 12.71
350 15269 | 9.48 229.9 - - - -] 88.93 1.0025  9.38
350 30538 | 17.91 139.7 - - - -1 199.29 1.0026 11.12
350 61075 | 31.13 34.4 - - - -1 401.93 1.0021 12.91
400 19950 | 15.01 2224 - - - - | 153.34 1.0025 10.22
400 39900 | 24.65 53.4 - - - -1 326.68 1.0020 13.25
400 79800 | 50.68 26.7 - - - -1 662.17 1.0016 13.07

Table 13.17: Medium-weight limit for weakly negatively correlated costs and weights in
{1,...,1000}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, tu/t, Ba/B, tg a  ty/t,
10 22 | 0.00 11.8 0.00 9.9 - 0.84 0.00 1.0204  2.00
10 45 | 0.00 23.5 0.01 18.0 - 0.76 0.00 1.0323

50 307 | 0.03 185.0 0.85 153.5 33.00 0.83 0.05 1.0093  1.87
50 612 | 0.05 125.4 1.25 1314 25.99 1.05 0.13 1.0065 2.74
50 1225 | 0.09 108.5 2.16 1155 23.78 1.06 0.29 1.0117 3.21
100 1238 | 0.40 401.6 | 11.50  466.9 28.95 1.16 0.77 1.0060 1.94
100 2475 | 0.74 264.1 | 17.27  381.7 23.44 1.45 1.82 1.0048  2.47
100 4950 | 0.65 1145 | 27.87 2773 42.60 2.42 4.03 1.0056 6.16
150 2794 | 1.83 384.1 | 121.77 14614 66.42 3.80 3.93 1.0031 2.14

150 5588 | 1.24 182.1 - - - - 8.29 1.0034  6.67
150 11175 | 1.58 46.6 - - - -] 1724 1.0038 10.92
200 4975 | 2.45 318.8 - - - - | 10.70 1.0029  4.38
200 9950 | 2.85 156.1 - - - -1 2396 1.0033 841
200 19900 | 4.52 37.7 - - - - | H1.72 1.0031 11.43
250 6219 | 3.50 233.0 - - - - | 2748 1.0024  7.86
250 12438 | 4.95 66.1 - - - - | 60.53 1.0020 12.23
250 24875 | 10.22 22.5 - - - - | 131.38 1.0025 12.28
300 11213 | 5.59 183.5 - - - -| 5413 1.0014  9.69
300 22425 | 12.19 574.1 - - - -] 6713 1.0024 11.52
300 44850 | 19.72 13.6 - - - - | 253.77 1.0010 12.87
350 15269 | 8.38 91.2 - - - -] 99.34 1.0018 11.85
350 30538 | 17.27 45.2 - - - -1 220.25 1.0016 12.76
350 61075 | 34.66 14.3 - - - - | 441.11 1.0014 12.73
400 19950 | 12.74 60.5 - - - -1 169.97 1.0013 13.34
400 39900 | 27.22 27.3 - - - - | 358.87 1.0012 13.18
400 79800 | 56.20 10.7 - - - - | 71787 1.0012 12.77

Table 13.18: High-weight limit for weakly negatively correlated costs and weights in {1,...,1000}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Highly Negatively Correlated Costs and Weights

In contrast to uniformly distributed data our lexicographical cost minimum has a much larger
weight under highly negatively correlated costs and weights which causes the larger run time for

these problems.

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, tu/tr Ba/B. tg a  ty/t,
10 22 1 0.00 65.6 0.02 37.0 - 0.56 | 0.00 1.0536 -
10 45 | 0.00 220.0 0.07 93.8 35.5 0.43 | 0.00 1.0398 0.25
50 307 | 0.02 253.4 4.65 634.4 204.5 2.50 | 0.04 1.0082 1.74
50 612 | 0.03 161.0 5.75  352.1 185.6 2.19 | 0.13 1.0090 4.22
50 1225 | 1.76 3517.8 | 146.78 7455.3  83.5 2.12 | 0.34 1.0085 0.19
100 1238 | 0.16 3273 | 90.15 1205.3 565.2 3.68 | 0.77 1.0038 4.84
100 2475 | 1.25 1956.2 | 197.44  958.5 157.7 0.48 | 2.10 1.0042 1.68
100 4950 | 0.43 85.5 - - - - | 4.43 1.0033 10.36
150 2794 | 8.47 10238.4 - - - - | 4.10 1.0025 0.48
150 5588 | 0.85 92.2 - - - -] 9.85 1.0028 11.62
150 11175 | 1.67 108.8 - - - -120.23 1.0029 12.15

Table 13.19: Low-weight limit for highly negatively correlated costs and weights in {1,...,100}

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, to/tr Ba/Br tg a  ty/t,
10 22| 0.00 88.8 0.03 48.3 - 0.54 | 0.00 1.0561 -
10 45 | 0.00 180.3 0.05 70.1 30.4 0.39 | 0.00 1.0540 0.71
50 307 | 0.02 188.9 4.23 6283 2285 3.33 | 0.06 1.0113 3.16
50 612 | 0.04 177.8 7.62 5739 181.5 3.23 | 0.18 1.0134 4.39
50 1225 | 0.15 219.7 | 39.38 1362.4 271.0 6.20 | 0.47 1.0221 3.25
100 1238 | 0.16 247.5 | 183.82 2434.0 1136.5 9.84 | 1.08 1.0194 6.68
100 2475 | 0.30 80.6 | 248.99 1517.5 834.83 18.84 | 291 1.0042 9.76
100 4950 | 0.56 65.7 - - - -| 5.98 1.0051 10.72
150 2794 | 0.82 488.3 - - - -| 5.84 1.0049 7.13
150 5588 | 1.10 58.6 - - - -1 13.64 1.0026 12.40
150 11175 | 2.10 63.0 - - - -126.26 1.0037 12.50

Table 13.20: Medium-weight limit for highly negatively correlated costs and weights in
{1,...,100}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, to/tr Ba/Br tg a  ty/t,
10 22 | 0.01 68.8 0.02 38.2 - 0.55 | 0.00 1.0667  0.50
10 45 | 0.02 133.5 0.05 65.6 33.7 0.49 | 0.01 1.0858  0.67
50 307 | 0.02 181.4 2.69 4176 1155 2.30 | 0.07 1.0151  3.06
50 612 | 0.04 102.1 2.06  160.2 52.0 1.57 | 0.22 1.0145 5.65
50 1225 | 0.13 176.8 8.86  369.7 66.1 2.09 | 0.57 1.1074 4.28
100 1238 | 0.14 115.5 | 31.91 818.6  227.1 7.09 | 1.32 1.0096 9.36
100 2475 | 0.41 188.4 | 191.49 4041.9 171.36 213 | 3.74 1.0105 9.12
100 4950 | 1.39 653.8 - - - -| 844 1.0105 6.06
150 2794 | 0.64 169.1 - - - -| 6.91 1.0064 10.78
150 5588 | 5.40 2.393.2 - - - -1 1832 1.0053  3.39
150 11175 | 3.09 73.8 - - - - | 38.64 1.0062 12.49

Table 13.21: High-weight limit for highly negatively correlated costs and weights in {1,...,100}
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SEBASTIAN T. HENN: WEIGHT-CONSTRAINED MINIMUM SPANNING TREE PROBLEM

Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, ta/tr Ba/By tg a  tg/t,
10 22 0.00 184.3 0.04 76.6 - 0.42 0.00 1.0538 -
10 45 0.01 809.4 0.21  280.6  20.48 0.35 0.00 1.0452 0.13
50 307 0.38 2981.4 | 29.71 4733.3  78.55 1.59 0.06 1.0074  0.17
50 612 1.52 4772.0 | 90.64 6771.9  59.52 1.42 0.19 1.0063  0.12
50 1225 0.69 1568.3 | 97.01 3656.4 140.80 2.33 0.51 1.0077  0.73
100 1238 1.12 1897.7 | 191.50 4041.9 171.36 2.13 | 1.077 1.0041  0.96
100 2475 3.44 2385.4 - - - - 3.08 1.0037  0.90
100 4950 3.00 1757.0 - - - - 7.02 1.0032 2.34
150 2794 4.32 2245.1 - - - - 5.86 1.0024 1.36
150 5588 7.19 3021.0 - - - -] 15.36 1.0027 2.14
150 11175 54.40  16514.5 - - - -] 34.26 1.0019 0.63
200 4975 3.67 1273.9 - - - - | 1847 1.0017  5.03
200 9950 39.32  10067.6 - - - - | 43.98 1.0017 1.12
200 19900 41.62 5256.7 - - - - | 100.80 1.0020  2.42
250 6219 14.86 3035.7 - - - - | 46.73 1.0013 3.14
250 12438 | 665.82 103813.4 - - - - | 114.27 1.0012  0.17
250 24875 23.95 604.8 - - - - | 240.13 1.0015 10.03
300 11213 67.81  10322.3 - - - -] 91.12 1.0011 1.34
300 22425 | 1622.20 159124.3 - - - - 122471 1.0013 0.14
300 44850 45.02 827.0 - - - -1 460.06 1.0012 10.22
350 15269 | 549.94  64875.0 - - - - 1 168.90 1.0007 0.31

Table 13.22: Low-weight limit for highly negatively correlated costs and weights in {1,...,1000}
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Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi
n m t, B, ta B, ta/tr Ba/By tg a  tg/t,
10 22 | 0.00 306.1 0.07 146.1 - 0.48 | 0.000 1.0619  0.33
10 45 | 0.01 1014.1 0.25  340.8  32.65 0.34 | 0.002 1.0558 0.19
50 307 | 0.42 3535.7 | 32.85 5405.3  T77.57 1.53 | 0.084 1.0111  0.20
50 612 | 0.69 2515.7 | 64.50 5631.2  93.45 2.24 | 0.269 1.0147  0.39
50 1225 | 0.42 1148.2 | 201.52 6965.5 475.00 6.07 | 0.697 1.0136 1.64
100 1238 | 0.87 1425.5 | 434.21 9403.9 501.25 6.60 | 1.538 1.0173  1.78
100 2475 | 1.26 1114.1 - - - - 4.18 1.0055  3.31
100 4950 | 2.21 919.3 - - - - 9.44 1.0048  4.27
150 2794 | 2.09 1341.8 - - - - 8.19 1.0041  3.92
150 5588 | 3.42 879.6 - - - -] 2048 1.0043  5.99
150 11175 | 6.27 773.2 - - - - | 46.17 1.0049  7.36
200 4975 | 5.53 1646.6 - - - -] 25.32 1.0020  4.58
200 9950 | 6.88 668.3 - - - -] 59.35 1.0026  8.62
200 19900 | 13.73 598.6 - - - - | 136.68 1.0022  9.96
250 6219 | 6.89 797.6 - - - -] 62.99 1.0021  9.15
250 12438 | 15.59 854.6 - - - - | 154.22  1.0020  9.89
250 24875 | 26.62 588.2 - - - - | 318,55 1.0022 11.97
300 11213 | 10.82 635.6 - - - - | 122.17 1.0020 11.29
300 22425 | 26.39 654.7 - - - -1 302,52 1.0013 11.46
300 44850 | 46.46 548.6 - - - -1 596.44 1.0015 12.84
350 15269 | 21.09 861.1 - - - -1 227.71 1.0014 10.80

Table 13.23: Medium-weight limit for highly negatively correlated costs and weights in
{1,...,1000}
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Ruzika, Henn Aggarwal, Aneja, Nair Goemans, Ravi

n m t, B, ta B, tu/t. Ba/By tg a  tg/t,

10 22 0.00 246.4 0.06 122.4 - 0.50 0.00 1.0857  0.20

10 45 0.01 771.7 0.25 329.1  39.52 0.43 0.00 1.1203 0.28

50 307 0.63  4444.7 | 29.55  4474.5 46.66 1.01 0.10 1.0201  0.16

50 612 1.30  3407.5 | 120.54 10224.9 92.60 3.00 0.33 1.0160 0.25

50 1225 1.18  1822.0 | 40.56  1584.8 34.38 0.87 0.83 1.0189  0.70
100 1238 1.64  2251.7 | 152.24  3670.7 93.07 1.63 1.88 1.0101 1.15
100 2475 2.79  1702.2 - - - - 4.94 1.0064 1.77
100 4950 2.15 854.5 - - - -| 11.13 1.0072  5.18
150 2794 2.93  1450.9 - - - - 9.73 1.0064 3.32
150 5588 6.76  2478.0 - - - - | 23.93 1.0057 3.54
150 11175 | 56.94 14497.9 - - - - | 57.32 1.0066 1.01
200 4975 4.27 925.1 - - - - 2995 1.0043 7.01
200 9950 | 35.99  5941.8 - - - -| 70.79 1.0053  1.97
200 19900 | 142.32 21245.2 - - - - | 17858 1.0050  1.25
250 6219 | 18.73  3258.5 - - - - | 73.71 1.0043  3.94
250 12438 | 205.21 26416.4 - - - - | 185.43 1.0033  0.90
250 24875 | 64.14  2549.8 - - - - | 422.55 1.0043  6.59
300 11213 | 54.86 7182.4 - - - - | 143.82  1.0027  2.62
300 22425 | 386.37 36494.7 - - - -1 397.18 1.0035 1.03
300 44850 | 57.17 392.3 - - - - | 788.43 1.0024 13.79
350 15269 | 198.71 20474.2 - - - -1266.93 1.0029 1.34

Table 13.24: High-weight limit for highly negatively correlated costs and weights in {1,...,1000}
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14 Conclusion

This chapter summarizes the results of this diploma thesis and gives an outlook of possible further

research topics.

14.1 Summary of the Main Results

In this diploma thesis we have discussed the NP-hard problem of finding a minimal cost spanning
tree under the restriction that the weight of this tree does not exceed a given value. We have
approached this problem from a spanning tree problem without restrictions (Chapter 2) and from
a multicriterial optimization problem (Chapter 6). Also we have noticed that the Lagrangian
relaxation is a very usual method to handle this problem (Chapter 7) and stated some in- and
exclusion tests (Chapter 9). In the Chapters 11 and 12 we gave an overview over all solution and
approximation approaches to our problem which can be found in literature and carried out a few
refinements. Also we applied two more general methods (ranking and approximation through
decomposition) to our problem. Main part of this thesis was the designing of an alternative
solving algorithm using the tree structure of supported trees. Our detailed numerical results has
shown that this algorithm was the best way to solve a weight-constrained minimal spanning tree
problem. The Algorithm of Aggarwal, Aneja and Nair needed much more time to find the exact
tree and the algorithms of Shogan and Hong, Chung and Park were not applicable ways to solve

the weight-constrained minimal spanning tree problem.

14.2 Further Research

The weight-constrained minimal spanning tree problem and the work of this thesis offer a lot of

possible topics.

In- and Exclusion for Supported Trees

Based on the chapter concerning in- and exclusion tests and the section 11.1.3 where we made
some statements for the adjacency structure of the supported trees the question occurs whether
for two supported trees T, Tk with an edge e € T1NTk a sequence of adjacent trees 11,75, ..., Tk

like in Theorem 11.12 exists such that e is contained in each tree of this sequence.
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Alternative Problem Settings

It is possible to evaluate the behavior of the algorithm tested in Chapter 13 with other problem
settings, like uniform distributed data in {1,...,10000} or other distributions. Another field of
interest is which effect a faster minimal spanning tree algorithm (see Section 2.4) implemented

in the algorithm of Aggarwal, Aneja and Nair will have.

Directed Case

In Chapter 3.5 we have introduced the weight-constrained minimal arborescence problem

where B is the set of all arborescence. For this problem can be investigated which results from our
undirected graph problem can be transformed to this directed case. In principle our Algorithm

11.4 can easily be modified to solve this kind of problem.

Special Cases

A further idea is to go one with the treatment of special relations between costs and weights
(already started in Chapter 10) and the considering of a special graph structure (for instance

grid graphs or bipartite graphs).

Multidimensional

A next field of work is the dealing with two- or more dimensional constraints the resource-

constrained minimal spanning tree problem (Problem 2).

min E Ce

ecT

s.t. Zwlegl/VlforlglgL
ecT

TeT

This problem was stated in the article of Shogan [37] and Algorithm 11.3 can be used to solve
this problem. Can other ideas of our WCMST be applied to this problem? Unfortunately, we
may lose some nice properties we have in the one-dimensional case like the adjacency property

of the convex hull.
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Combination with other Restrictions

It is also possible to combine a weight constraint with several other constraints for instance flow

requirements, degree constraints or hop constraints (see for more possibilities [11]).

Matroid

In Chapter 4 we have seen the connection between a spanning tree in a graph and basis of a
matroid. Since the set of extreme points in a bicriterial matroid optimization problem can be
obtained by a sequence of elementary basis operations we complete our outlook with the idea of

applying our results from Section 11.1.3 to the theory of matroids.
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Appendix

Part of this Diploma Thesis is a compact disk which contains the C++ - Files of the implemen-
tation, the SINGULAR source code for Algorithm 11.10, a random generator, all testfiles and

MicrosoftExcel sheets with the test results.
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