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Chapter 1
Introduction

The intention of forestal-structure strategy and the consequential reforestation focus on
the establishment of medium- and long-term ecologically robust forest stocks. The de-
cision on positional stability of different types of trees is among other influences depen-
dent on the modelling of data of the wind field. These observational quantities are ac-
quired in Rheinland-Pfalz at 15 stations by the Forest Research Institute Rheinland-Pfalz
(" Forschungsanstalt fiir Waldékologie und Forstwirtschaft (FAWF) in Rheinland-Pfalz”).
For the evaluation, however, one is interested in a continuously over the surface distributed
smooth representation of the wind field on the basis of the finite set of data, where smooth
means that the resulting vector functions are infinitely often differentiable and that os-
cillations of the approximant should be avoided. Therefore in this thesis we present an
approach to model the wind field by taking into account the vectorial nature of the data,
thereby taking advantage of harmonic vector fields to achieve smoothness. This means that
we operate on vectors instead of speed and direction values which have a scalar nature.
Using harmonic vector fields to model the wind field does not include a physically relevant
impact but concentrates on the creation of a smooth vector field by taking only a finite set

of data into account.

In general this can be addressed as the problem of representing vector fields on regular
surfaces, as e.g., the Earth’s topography. For that objective we first face the problem of
the exact calculation of scalar and vector outer harmonics and based on that in a second
step we develop a truncated Fourier representation and a spline interpolation for restrictions

of harmonic vector fields on regular surfaces. Therefore we extend the scalar approach as
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developed in [8, 18, 21] to the vector case.
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Therefore, as presented in Figure 1.0.1 starting with the system of homogenous harmonic
polynomials in R* we follow the steps (1)-(5) as done in the scalar theory to develop a
smooth approximation on a regular surface, denoted by .

In more detail, from the homogenous harmonic polynomials which build a basis in R? we
derive in step (1) two kind of systems, the Morse-Feshbach and the Edmonds-system of
vector spherical harmonics on a sphere (2z. We present an algorithm for the exact calcu-
lation of vector spherical harmonics which is applied for both systems. As in the scalar
case step (2) involves the development of outer harmonics for the space outside of a sphere.
In this work we use the outer harmonics which are derived from the (Edmonds-)system
of vector spherical harmonics. Based on the algorithm for the exact calculation of vector
spherical harmonics we provide numerical calculations for vector outer harmonics. The
Runge property [35] enables us in step (3) to show that the restrictions of outer harmonics
on Y inherit the closure property. The closure property in connection with Helly’s theorem
[37] guarantees in step (4) the consistency for an approximate set of data resulting in step
(5) in a smooth approximation on ¥ by the usage of a Fourier expansion in terms of vector

outer harmonics.

Our first main task focuses on the representation of an algorithm for the exact generation
of scalar outer harmonics, based on the exact generation of homogeneous harmonic poly-
nomials. For the representation of linearly independent systems of homogeneous harmonic
polynomials two algorithms exclusively using integer operations are presented. The first
algorithm [19] is based on the solution of an underdetermined system of linear equations,
whereas the second algorithm uses a recursion relation for two-dimensional homogeneous
polynomials as proposed in [20]. The exact generation of homogenous harmonic polynomi-
als contains besides the determination of linearly independent systems also their orthonor-
malization. With that preparations it easy to extend the methods to the calculation of
scalar spherical harmonics and scalar outer harmonics.

For the vector case we determine orthonormal systems of vector spherical harmonics in
terms of cartesian coordinates. Usually (see, e.g., [6]), the numerical realization of vector
spherical harmonics is based on the use of associated Legendre polynomials. However,
when differentiating the associated Legendre polynomial to obtain vector spherical har-
monics the problem of having singularities at the poles, arises. In this thesis we present
an algorithm for constructing homogenous harmonic polynomials in cartesian coordinates

with exact integer arithmetic thereby avoiding problems arising when using a local coordi-
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nate system. The results are illustrated and extended to calculate vector outer harmonics

which then serve as a basis for further considerations.

Equipped with the possibility to generate vector outer harmonics for any degree and order
we develop Fourier series expansions for vector outer harmonics. For that purpose, we use
the vector outer harmonics, introduced in [33], as basis functions for the outer space of a
sphere. The theoretical backbone is provided by the closure and completeness of restrictions
of vector outer harmonics on regular surfaces. In addition to the property of closure, the
interpolation property for a finite set of approximation points can be guaranteed by Helly’s

theorem [37]. The procedure as described in [18, 21] is then extended to the vector case.

Existence provided by closure of vector outer

harmonics on regular surfaces
v € e(X) u € h|y suchthat
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T CE b=Teuuu; N: N = . s
i uo,...,a(ﬁz) = v(xz;), u((gi) = uD,...,a(:U'i)a ; CX,i=1,...,N.

e X, =T N

Figure 1.0.2: Approximation of a continuous vector function.

Figure 1.0.2 illustrates the construction principles for the approximation of continuous
functions which are described in more detail in the following. Let ¥ be a regular surface
and denote the interior of this surface by X. The approximate function is assumed to
satisfy the Laplace equation outside an arbitrarily given sphere (i inside the inner space

Y The closure and completeness of vector outer harmonics in connection with Helly’s
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theorem shows that, corresponding to the continuous vector function v on X, there exists
a member u of a reference space h|y in an (£/2)—neighborhood, such that the values of
u are consistent with the function values of the continuous vector function v on X for the
known finite set of discrete points. Moreover, this function u of class hly may be consid-
ered to be in (g/2)—accuracy to a member vy, of a set of vector outer harmonics up to
degree a, restricted to X, hg__4|x, which can be supposed to be consistent with the known
function values as well. Thus, to any continuous vector function v on a regular surface
¥, there exists in e-accuracy a bandlimited vector function ug o € ho_ . 4|y such that this
bandlimited vector function coincides at all given points with the function values of the

original continuous vector function on the regular surface X.

The objective of our work, is to show that the approximation can be established in a
constructive way as an (orthogonal) Fourier series for vector outer harmonics. Our interest
lies in a Fourier approximation of a function w ., of class hg .|y from discretely given
vector function values on ¥. The method is a generalization of the scalar Fourier variant
(second variant of [21]) due to Freeden and Schneider. First, we introduce a reference
space and give the representation of a reproducing kernel, constituted from vector outer
harmonics. Then we introduce a new class of approximate formulae involving vector outer
harmonics.

Next, we are concerned with the approximation of continuous vector functions on regular
surfaces corresponding to scattered vector function values on the finite set of discrete
points (on the regular surface). For the case having only a discrete set of vector data we
discuss the spline interpolation problem for smooth vector functions on regular surfaces.
Taking into account the considerations developed for the Fourier representation of vector
outer harmonics we deduce that by observing restrictions of continuous vector functions
on X there is a possibility to find in e—accuracy vector outer harmonics such that the

interpolation property is assured.

The outline of this thesis is as follows.

The second chapter provides the basic notation and defines the spaces and differential op-
erators for a spherical set up. In this chapter we also introduce Legendre polynomials and
describe what we mean when we designate regular surfaces.

Chapter 3 gives an overview on spherical polynomials. First the definition of homogeneous

harmonic polynomials and their addition theorem are presented. Then scalar spherical
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harmonics and two kinds of vector spherical harmonics (the (Morse-Feshbach-) system and
the (Edmonds-)vector spherical harmonics) relating to different properties when regarding
the Laplace equation are introduced, as, e.g., in [14]. The (Edmonds-)system of vector
spherical harmonics has the property to be a set of eigenfunctions to the Beltrami opera-
tor. Thus we are able to define a set of vector functions which fulfill the Laplace equation
in the outer space of a sphere with radius R.

In Chapter 4 we first introduce scalar outer harmonics and then develop vector outer har-
monics in such a way, that the Laplace equation is fulfilled componentwise. The closure
property of the vector outer harmonics system is shown which allows to use these functions
as a basis for the approximation of continuous vector fields on regular surfaces. In Section
4.3 we present two ways for the exact calculation of homogeneous harmonic polynomials.
First by solving underdetermined systems and then via recursion relations, followed by the
calculation of scalar spherical harmonics and scalar outer harmonics and the corresponding
illustrations. Section 4.4 provides the exact generation of vector spherical harmonics and
vector outer harmonics and provides also illustrations of these functions.

In Chapter 5 we introduce first the reference space in which a reproducing kernel struc-
ture can be set up and use then this space for the Fourier representation of vector outer
harmonics (similar to the scalar case, as proposed in [10, 18, 21]). Here, we show that
we are able to present a fully discrete Fourier approximation for a vector function on a
regular surface. Section 5.3 deals with the problem to find the smoothest vector field for a
continuous function on a regular surface from given function values. The result is presented
in a spline interpolation procedure taking into account the reproducing kernel structure
of the used reference space. This chapter closes with numerical examples for the Fourier
approximation of vector functions on regular surface for discretely given wind field mea-
surements over Palatinate. Thus the last numerical example focuses without any further
physical information as, e.g., the pressure, on a smooth modelling of the wind field over

the given topography.



Chapter 2
Preliminaries

This chapter introduces some of the basic mathematical tools to build a basis on which
the following chapters rely.

In this work we operate with two different coordinate systems, therefore the reader ob-
tains an overview about the notation for the Euclidean space R* and the corresponding
cartesian coordinate system as well as the spherical coordinates and the related spherical
nomenclature. We define then the relevant scalar and vector function spaces and introduce
differential operators, in particular operators which are used to generate vector fields. A
short description of a special system of polynomials, called Legendre polynomials, is given
followed by geometrical assumptions containing information about regular surfaces.

The preliminaries are mainly due to [11, 14, 18].

Euclidean Space R?

First we give the basic notation for the Euclidean space and set up the notation for spherical
problems. The three-dimensional Euclidean space is denoted by R3. With the canonical

orthonormal basis

0 0
el=1o0|,e=11],¢=10], (2.0.1)
0 0 1

any vector x € R3 can uniquely be written as x = x1e! + 2962 + 233, Thus elements x,

y € R? can be represented by using their components with respect to the Cartesian basis,
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ie., v = (w1, 22, 73)", vy = (y1,y2,ys3)”. Basic operations for the Euclidean basis are given
by the scalar product,

T Y = T1Y1 + Tay2 + T3ys,

the norm
2] = Va2 = \Jat + x5 + a3,
the vector product

T ANy = (Tays — T3y, T3Y1 — T1Y3, T1Y2 — T2Y1),
and the tensor product

T1Y1 T1Y2 T1Y3
TRY = | Toy1 TaYe T1Y3

T3y X3Y2 T3Y3

For vectors z,y, w, z € R? it is easy to verify that
(r@y)(wez)=(y w)(z®z2)
and
(r®y)z=(y-z)z. (2.0.2)

Furthermore, let us introduce some notation needed for the representation of polynomial

functions. Let a; € Ny for ¢ = 1,2,3. We denote a = (o, an, az)?, with ay,as, a3 > 0

as the multiindex. The factorial of the multiindex is given by a! = aj!as!as! and the
o) o«

degree of the multiindex is defined by [a] = oy + ag + a3. We write 2% = 27" 25225 for

abbreviation. With the binomial theorem we obtain the following two relations

n! 1 2 3 n!
(x1 +xg + 23)" = g —af cxy caf = g —
041!042!(13! o!
[a]=n [a]=n

(- y)" = (191 + T2y + 23y3)" = Z — %Y.

[a]=n
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Spherical Nomenclature
The sphere Qr € R? with radius R > 0, R € R, is defined by
Qp = {z € R?| |z| = R}.

The unit sphere is denoted by €2, i.e., {21 = €. For the total surface of 2 we have
19| = |, dw = 47, where dw denotes the surface element.
Any x € R?\ {0} can be written as x = ré with r = |z| and £ = (£1,&,&)T € Q ,ie., xis

separated into its length r and its direction £&. We can write

rv1—1t%2cosy
r=| rv1—t?sinp |, ¢e€][0,2m), te|[-11], r=]|z, (2.0.3)
rt

where t is the polar distance and ¢ is the spherical longitude.

Function Spaces

We use the following general scheme of notation throughout this work:

capital letters F, G . scalar functions
lower-case letters f, g . vector fields
boldface lower-case letters f,g : tensor fields of second rank

LP(Q) is the class of (scalar) functions F': 2 — R that are measurable with

1/p
IFloe = ([ IFPaom)  <o0 15p<
LP(2) admits the inclusion
LP(Q) C LYQ), 1<qg<p.

For p = 2 and with respect to the inner product

(F.G)eay = [ FG)dots),

Q
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L£2(Q) is a Hilbert space. It is the space of all measurable and square-integrable scalar
functions on the sphere.

The Banach space C(€2) is given by
C(Q)={F:Q — R|F continuous on Q},

equipped with the norm
| F'lle) = sup [F(§)].
£eQ

C®) () denotes the class of k times continuously differentiable scalar functions F' : € — R.

As is well known, £2(€) is the completion of C(2) with respect to | - || z2(q), that is
£2(Q) = ¢ e, (2.0.4)

There is the following norm estimate between the C— and the £2—norm:

1/2
||F||c2(m=(/Q |F<n>|2dw<n>) < VIT|Fllew, Fec@)

Let € € € be fixed, then for every n € ) the product of £ and 7 satisfies —1 < &-n < 1.
Hence for every function G € £?*[—1,1] we can define a {-zonal function G¢ € £2(Q) by

n— Ge(n) =G(E-n). (2.0.5)

The value of G¢(n) is constant on the set

M(Et) ={neQ[&-n=t}, tel[-11],

it depends only on the polar distance ¢ between & € 2 and 1 € 2. The set of all £-zonal
functions is isomorphic to the set of functions G : [—-1,1] — R. Thus we can interpret
C[—1,1] and £P[—1,1] by norms defined as subspaces of C(£2) and LP(2), respectively.

1 1/p
1Gllerrn) = G ey = (27r / 1 |G<s>|pds) |

IGller-1a) = 1G(e)llew) = sup |G(e? - m)| = sup |G(s)].
n

s€[—1,1]
In the following we are interested in spherical vector fields. Using the canonical orthonormal

basis of R3, as given in (2.0.1), every vector field f :  — R? can be represented by

FO=Y R, ce (20
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where F; are the component functions of f given by the projections onto the basis vectors,
e, Fi(&§) = f(&)-&,i=1,2,3, £€Q.
With 12() we denote the class of all square-integrable vector fields on Q. Equipped with

the inner product

(F. Oy = / ) - gl)dw(n),  f.g € B(Q),
and the norm 2
1l = ( / \f<n>|2dw<n>)  Fer)

I(Q) is a Hilbert space. The ¢-times continuous differentiability of a vector field f is given

if the component functions F; are g-times continuously differentiable.

The space ¢ @(Q), 0 < ¢ < oo, consists of all g-times continuously differentiable vector
fields on 2. Endowed with the norm

[flle) = sup [f(E)],  f € (%),
€eQ

the space ¢() is complete. Analogously to the scalar case, [?(Q) is the completion of ¢(£2)

with respect to the (?()-norm, i.e.,
2 = gy,
For f € ¢(©2) we have the norm estimate
1f ey < V| fllew)-

Introducing the projection operators p,.. and p.,, we are able to decompose a vector field
into its normal and tangential part, respectively. In more detail, for £ € €2, we define the

projection operators by

pnorf(g) = (f(g) ’ 5)7

(2.0.7)
pmnf(f) - f<§> - pnorf(g)ﬂ
acting on continuous vector fields on the sphere. Obviously we can write
Cnor Q) = € c(9 = PnorJ >
() = {f € )| = puorf} 208,

Ctom(Q) = {f S C(Q)l f = ptanf}a
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and combine them to
c(Q) = Cror(Q) & cran (). (2.0.9)

With (2.0.7) we are also able to introduce projection operators for vector fields f € (*(Q),

leading to a decomposition of the Hilbert space 1?(Q) into two orthogonal parts

lnor(Q) = {f € P(DIf = prorf},

' , (2.0.10)
ltan<Q) = {f €l (Q)’f - ptanf}'
This yields the orthogonal decomposition of 1?(2):
F(Q) = lnon () @ lian (). (2.0.11)

Differential Operators

In Table 2.1 a number of differential operators are listed (see for more details [14]).

Table 2.1: Differential operators

Symbol Differential Operator

Ve Gradient at x

A, =V, -V, Laplace operator at x

Vi Surface gradient on the unit sphere (2 at £

Li =& NV Surface curl gradient on the unit sphere €2 at &
Ap=V;-Vi=L;- L; | Beltrami operator on the unit sphere € at §
AVAR Surface divergence on the unit sphere €2 at &
L Surface curl on the unit sphere €2 at &

For the convenience of the reader these operators will be discussed in the particular system
of polar coordinates for x = r§, & € ), where the split into a radial and angular part is

provided.

As usual, the gradient operator can be written by

V, = ( 0 9 9 >T. (2.0.12)

dxy’ Oy’ Oy
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For the purpose of expressing polynomials in terms of multiindices we introduce

vr=(om) Gn) () - wmamre

Obviously, we have

(V) — { 0, for a# ( and [a] =[], (20.13)

al, fora=0.

The Laplacian

o\’ o\’ o\’
A, = — — — 2.0.14
can also be formally written as A, = V, - V.. The operator L, = x A V,, is said to be the

curl gradient.

By setting 7 = 1 in (2.0.3) we obtain a local coordinate system on the unit sphere €.

In doing so we obtain basis vectors

(o) = (6’1‘(3;0@)

(5‘56(7(;;0, t))

)
e'(p,t) = (ax(gt%t)) (c‘h(gtgo,t)) ‘17

which build a moving orthonormal triad on the unit sphere 2. Carrying out the calculations
yields

V1 —t2cos(p) —sin(y) —t cos(p)
(g, t) = | V1—12sin(p) |, €(o,t)= cos(p) , e, t)=| —tsin(p)
t 0 V1—1t?

Notice that
e"(p,t) NeP(p,t) = €' (p, t).
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The canonical basis vectors of R3 can be expressed in terms of €”, %, €' in the following

way:

V1-— COS( )e"(p,t) — sin(p)e?(p, t) — tcos(p)e’ (¢, t),
V1 —t2sin(p)e" (¢, t) — cos(p)e?(p,t) — tsin(p)e(p, 1), (2.0.15)
53 te’”(ap,t) + V1 — 2%, t).

Using the polar coordinates in (2.0.12) and (2.0.14) we can separate the gradient and the

Laplace operator into a purely tangential and a purely radial part by

0
_ o9 . 0.1
V=eo+- Lo, (2.0.16)

where V*, the surface gradient on €2, is the angular part of V given by

1
Vv* VA Y 2.0.17
\/1 — 2 8@0 ( )

For the Laplace operator we obtain

o\> 20 1,
A_(E> oo A (2.0.18)

where A*  the Beltrami operator on the unit sphere, is the angular part of the Laplace

operator

., 0 2 0 1 [0
A= (=)o (%) . (2.0.19)

Later on, working with vector spherical harmonics, we will need the so-called surface curl
gradient:
=§NVg e (2.0.20)

Applying L* to F € C(2) we obtain
LeF (&) = EANVEF(E),

which is a tangential vector field, perpendicular to the vector field Vi F (£). Using local

coordinates we are able to write

0 1 0
L* = —e%V1 —t2— t —_— 2.0.21
VLt e e, (2.021)
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For a fixed n € Q2 the following relations hold:

Ve€-m) = n—(& 0,
Liy&-n) = A,
Ag§-m) = =2(§-m).

Applying the operators on radial basis functions as introduced by (2.0.5) leads to the
following results:
Let F € CW[—1,1], then for £&,1 € Q

ViF(&-n) = F'(&-n)n—(&-n)),
LiF(E-n) = F'(&-n)(EAn),

whereas for F' € C?[~1,1], we get

AF(E-n) ==2E-nF (& N+ 1A= (E-n)F"(E-n), &Eneq (2.0.22)

The (formal) scalar product of the operators V* and L* with a tangential vector field
fe cﬁl) (Q), f(&) = Z?Zl F;(&)e’, yields the surface divergence Vi defined by

n

3

Vi f(€) =) (VEF(©) - (2.0.23)

i=1
and the surface curl Lg- given by

3

Ly - f(§) =Y (LeFi(€)) - € (2.0.24)

i=1
Remark 2.0.1. The motivation for the definition of the operators V* and L* s the fact
that any f € cV(Q) can be decomposed by the Helmholtz Theorem (see [14]) as follows

f(&) = EFL(E) + Vil (§) + LEF5(), (2.0.25)

with functions F; : Q — R, i = 1,2, 3, satisfying
| Bt = [ Fatnydotn) =0

and
Pranf (&) = ViFa(€) + LiF5(), € € Q.
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The last part of this section introduces operators of, i = 1,2,3. Throughout the work we

will use the following notation

0, ifi=1,
0; = (2.0.26)
1, ifi=2,3.

Regarding notation (2.0.26) we will use the following abbreviation Ny, = {n € N|n > 0,}.
For FF € CM(Q) the operators o : C)(Q) — ¢(2), i = 1,2, 3, are defined by

)
o F(€) = VEF(€), (2.0.27)

Hence, oV F' is a normal field, whereas 0§2)F and 023) I are tangential fields. Furthermore,

ogF (&) is curl-free, whereas ogF (€) is divergence-free, as V{F(§) is a gradient- and L{F(§)
is a curl-field. Additionally, we see that

0tF(§)-olF(§) =0, forall i#j, i,j€1,23 £ (2.0.28)

Let now f : Q — R3 be a continuously differentiable vector field. We separate f into a

normal and a tangential component

f - fnor + ftan'

Then there exist scalar-valued functions F@ : Q — R, i = 1,2, 3 such that

Faor(€) = 0V F(g), €€,

ftan(£> = 022)F(2) (f) + Oég)F(?)) (5)’ é. c Q, (2029)

Notice that F@, i = 2.3, have to be twice continuously differentiable functions.

The functions F@, i = 1,2, 3, are given by

G(A™ &) Ve - f(n)dw(n), € €9,

/
FO(E) = / GA & m)LE - F(mda(n), € €9,
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where G(A*;&;n) is Green’s function with respect to the Beltrami operator A* given

explicitly (see [7]) by

. 1 11
GUliﬂﬂ:Z;mﬂ—fﬂﬁ+1;—Z;ml &me

Later we will use the adjoint operators of 0, i.e., those operators O® for which holds
(0DF, 9)i2(0) = (F,0%g) £2(c),

whenever F, g are continuously differentiable functions. With the projections given by

(2.0.7) these operators can be represented as follows:

0N g(€) = € puor f(€), E€9,
ONg(€) = —Vi - panf(€). €€ (2.0.30)
OWg(€) = — L% pranf(€), €€

These definitions lead to the following results: Let I € C®(Q), then the following relations

are valid.

1. For i # j and i,j € {1,2,3} the equation OzogF(f) = 0 holds,

2. fori e {1,2,3},
F(§), fori =1,

@%HQZ{—MF@,mmzza

Legendre Polynomials

Legendre polynomials form an orthogonal basis set in £2[—1,1]. In the following we intro-
duce the Legendre polynomials as done in [14].

A function
P,:[-1,1] = R, n € Ny, (2.0.31)
satisfying the following properties

1. P, is a polynomial of degree n,

2. [1, Pu(t)P(t)dt = 0, for n # I (orthogonality),
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is called Legendre polynomial.
Legendre polynomials can uniquely be defined as eigenfunctions of the Legendre operator
given by
d d
= (1 —-t3)=
dt( )dt’
which is a part of the Beltrami operator as given by (2.0.19).

L, tel[-1,1],

Definition 2.0.1. The Legendre polynomials P, : [—1,1] — R of degree n are uniquely
defined as the twice differentiable eigenfunctions of the Legendre operator corresponding to

the eigenvalues -n(n+1), such that
(Lt + n(n+1))P,(t) =0,

with P, satisfying the additional condition P, (1) = 1.

The Legendre polynomials form an orthogonal set with respect to the £2[—1,1] - inner

product, i.e.,

1
2
/_1 P,(x)Py(x)dx = Tl dnm, n,m € Ny,

with 9,,,,, being the Kronecker symbol.

Theorem 2.0.1. Let the Legendre polynomials be given by Definition 2.0.1 and n € Ny.

Then the following statements hold true.

1. The set {P,}nen is complete in L*[—1,1] with respect to || - ||z2j-11] and closed within
C[—1, 1] with respect to || - ||c(-1,1]»

2. P,(g3) as in (2.0.5) is the only polynomial of degree n, that is invariant with respect

to orthogonal transformations t with te3 = € (i.e., that leave the £3-axis fized).

Let F be any function of class £2[—1, 1], then the representation by its Legendre series is

given via

FMn) Py, (2.0.32)
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with the Legendre coefficients F'(n) given by
1

Fn) = (F, Py)g2i-11] = / F(z)P,(z)dz, n € Nj.

-1

The equality (2.0.32) is understood in the £?[—1, 1]-sense, i.e.,

=0.
£2[-1,1]

lim
N—oo

4

N
2n+1
F-Y" —F\(n)P,
n=0

For a more detailed description about Legendre polynomials we refer to [14].

Geometrical Assumptions

For our purposes concerning the approximation of functions given on discrete points on
a surface we need to explain which kind of surfaces are approved. This will be done as

proposed, e.g., in [8, 18, 21].

Definition 2.0.2. A surface ¥ C R® is said to be reqular, if it satisfies the following
properties (see Figure 2.0.1):

1. ¥ divides the three-dimensional space R? into the (open) bounded region ¥ (inner
space) and the (open) unbounded region X (outer space) defined by 2% = R3\ Xt

2. X is a closed and compact surface with no double points.
3. The origin is contained in L.

4. 2 has a continuously differentiable unit normal field v pointing into the outer space
Eea}t.

Georelevant regular surfaces X are, for example, spheres, ellipsoids, spheroids, the geoid,

the (regular) Earth’s surface, etc.

As usual, Q% and Q% denote the inner and the outer space of the sphere 2z around the

origin with radius R. X%, X0 (resp. X§i%, X&) denote the inner (resp. outer) space
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Figure 2.0.1: The geometrical concept. 2i denotes a sphere with radius R, ¥ is a regular

surface with X, ¥ denoting the exterior and interior space, respectively.

of the sphere X (resp. X*) around the origin with radius o;,; (resp. og,,). Given a
regular surface, there exists a positive constant R such that
R < oy = inf |z| < sup|z| = Ogup. (2.0.33)
J?EE JJEE

The set
(1) =A{x €R3|$:y+71/(y), y e X}

generates a parallel surface which is exterior to ¥ for 7 > 0 and interior for 7 < 0. From
differential geometry (see [32]) it is well known that if |7| is sufficiently small, then the
regularity of ¥ implies the regularity of 3(7) and the normal to one parallel surface is also
a normal to the other. Moreover, it is easily seen (see [18]) that

inf |z +71v(z)— (y+ov(y))| =|r— ol

T,YeED
provided that |7|, |o| are sufficiently small.

In what follows every sphere Qp C Y™ as indicated above will be called a Runge sphere.



Chapter 3

Spherical Polynomials

Our approach essentially follows [7, 8, 18, 21]. We start with the definition of homogeneous
harmonic polynomials and introduce the addition theorem. Then we introduce scalar
spherical harmonics as a restriction of the homogeneous harmonic polynomials to the sphere
Q). After that we present two types of vector spherical harmonics, the (Morse-Feshbach)-
system yq(f)m and the (Edmonds-)system ugf)m, neNy;m=1,...,2n+1;i=1,2,3.
Referring to Figure 1.0.1 this chapter deals with step (1) of the scalar and vector case.

3.1 Homogeneous and Homogeneous Harmonic Poly-

nomials

First we follow the representation of homogeneous harmonic polynomials as introduced
n [7, 14]. The set of all homogeneous polynomials of degree n (i.e., H,(A\x) = \"H,(z),
A€ RAX>0, and z € R?) is denoted by Hom,. If H, € Hom,, then there exist real

numbers Cy = Cy, 05,05 Such that

H,(zr) = H,(r1,22,23) Z Cpx® Z Corasas 15?5, (3.1.1)

ajtagt+az=n
Thus Hom,, = {H, :R>* - R| H, = Z[a]:n Coz®}.

Remark 3.1.1. The following properties are associated with the space Hom,,.

(i) The set of monomials x — x®, © € R®, [a] =n is a basis of Hom,,.
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(i1) The dimension of the space Hom,, is precisely the number of ways a triple can be
chosen so that we have [a] = n, i.e., the number of ways selecting 2 elements out of

a collection of n + 2. This means that the dimension d(Hom,) of Hom,, is equal to

(n+n+2) (n+2>'

d(Hom,) =
(Hom,,) 5 5

Let H,(V,) be the differential operator associated to H,(x) (i.e., replace z* formally by
(V.)* in the expression of H,(z)) then

olel
H = T an e = “. 1.2
(V)= D Cormes g [a]z:n Cal(V2) (3.1.2)

ajtag+az=n

If such an operator is applied to a homogeneous polynomial U,, of the same degree
Un(ZE) - Z Dﬁ ‘/Lﬂa
[B]=n

we obtain as result a real number:

(Hn(Vz)) Un(z)

_ 0 o B1 9\ B2 9 \" B3
- cha D5(8_:1:1> Ty (6_@) Lo <a—x3) T3

Clearly, we find

(Hn(Ve) Un(z) = (Un(Vs)) Hy(x),
(H,(Vy)) Hy(z) > 0.

This enables us to introduce an inner product (-, ) gom, on the space Hom,, by letting
(Hn7 ljn)Homn = (Hn(vx)) Un<x> (313)

The space Hom,, equipped with the inner product (-, ) gom, is a finite-dimensional Hilbert

space. The set of monomials

{z — (og!)_l/%CY | [a] =n}
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forms an orthonormal system in the space Hom,,. For each H,, € Hom,, we have ([7, 14])
in connection with (3.1.2)

Hoz) = 3 (Hu(V,) 4 2

In other words,

Hy(z) = ((i!)n,HQ o

Theorem 3.1.1. Hom,, equipped with the inner product (-,+)gom, 1S a finite-dimensional

(n+1)(n+2
2

Hilbert space of dimension ) with the reproducing kernel

z-y)"
KHomn(xay):< n|y) ; xay€R37

1.€.,

(1) for every fixed y, the function Kpom, (-,y) belongs to Hom,,,
(ii) for any H, € Hom, and any point x the reproducing property
Hn(aj) = (KHomn(xa ')7 Hn)Homn

1s valid.

..........

Hom,,:

(Hn,m;Hn,k)Homn - 5mk;
(Un,maUn,k)Homn - 5mk7
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where 0, is the usual Kronecker symbol. Then, for m = 1,...,d(Hom,,), we have

d(Homy)
Hn,m = Z (Hn,ma Un,k)Homn Un,ka
k=1
d(Homy)
Un,m - (Un,m7 Hn,k)Homn Hn,k‘
k=1

Therefore it follows that

d(Homy) d(Homy)

Z Hypn () Hypon( Z Upon (2)Upyon ().

Hence, in particular for the orthonormal system of monomials, we obtain the following
result.
Theorem 3.1.2. Let {Hpm}im=1,. d(Hom,) be an orthonormal system in Hom,. Then

d(Homp)

Z Hnm nm(y)a :C?yERS'

KHomn (Q?, y)

Kyom, (+,-) is the only reproducing kernel in Hom,,.

Suppose that there are given d(Hom,) points x1, ..., Zagom,) € R* and d(Hom,)-values
dy, ...datom,) € R. We are able to solve the Hom,, interpolation problem

d(Homy)

> bnHum(wi) =di, k=1,..,d(Hom,),

m=1

if and only if the matrix

matr{gﬁlv---vxd(Homn)}(Hn,lv s 7Hn,d(H0mn)) (314)
Hn,l(xl) s Hn,l(xd(Homn))
Hn,d(Homn) (Il) cee Hn,d(Homn) (Id(Homn))

is non-singular. A system of d(Hom,,) points 1, ..., Ta(rom,) is called a fundamental system

relative to Hom,, if the matrix (3.1.4) is non-singular.

In what follows we guarantee the existence of a fundamental system relative to Hom,, (see

for [31]).



3.1 Homogeneous and Homogeneous Harmonic Polynomials 25

Lemma 3.1.3. There exists a system {x1,...,Zaomy} C R® such that (3.1.4) is non-

singular.

Proof. As orthonormal system, the functions H, 1, ..., H, q(om,) are linearly independent.

Hence, there exists a point x; for which

Hn,l(Il) 7£ O
Now, there must also be a point x5 such that

Hn,l (ﬁl) Hn,l (1'2)
Hn,2(331) Hn,2($2)

for else we would have a contradiction to the linear independence of H,, 1, H, 2. In the same

70,

way the existence of a point x3 can be deduced by the requirement
Hyq1(x1) Hpa(za) Hpa(xs)
Hn,2($1) Hn,2($2) Hn,z(iU:z) 7é 0.
Hn,s(ﬂil) Hn,s(llfz) Hn,3($3)

Finally, by induction, we obtain a system of points x1, ..., Z4(#om,) such that

Hn,l(xl) v Hn,l(xd(Homn))
' ~ ' # 0,
Hn,d(Homn) (1:1) e Hn,d(Homn) <$d(Homn))
ie., {x1,..., Tarom,) } constitutes a fundamental system relative to Hom,. O

To every H, € Hom,, there exist real numbers by, ..., bg(rom,) such that

d(Homy)
H, = Y b Hyu
k=1

Under the assumption that {z, ...,.CEd(Homn)} is a fundamental system relative to Hom,,,
the linear equations

d(Homp)

Z aj Hop(xj) = by, k=1,....,d(Hom,) , (3.1.5)

j=1
are uniquely solvable in the unknowns a, ..., d4zom,). Thus we obtain

d(Homy) d(Homy,)

H, = Y 2 aj Hyp(x;) Hyp
pm

k=1
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Theorem 3.1.4. Let {H, .} m=1

that {xy }r—1.. d(Homy,) S a fundamental system relative to Hom,,. Then, each H, € Hom,,

d(Homy,) be an orthonormal system in Hom,,. Assume

-----

s uniquely representable in the form

d(Homy) d(Homy)
Im I
Hn E Am KHomn Ly T E Am———
m=1 '

By Harm,, we denote the space of all polynomials in Hom,, that are harmonic, i.e., fulfill

Laplace’s equation in three dimensions:
Harm, = {H, € Hom, | A,H,(r) = 0, 2 € R%} .

For n < 2, of course, all homogeneous polynomials are harmonic.

Any homogeneous harmonic polynomial of degree n can be represented in the form
H,(x) = Hp(x1, 29, x3) ng n—j(x1, 22), (3.1.6)

where A,,_; is a homogeneous polynomial of degree n — 7 in the variables x1, x5 given by

the recursion relation

1 0 0
An_i_ =— 24 (=) ) A,
i—2(@1, 72) GG +2) ((3561) +(8x2) ) i@, 22),
for j = 0,...,n — 2. Therefore, all polynomials A,,_; are determined if we know A,, and

A,

Theorem 3.1.5. Let A, and A,,_1 be homogeneous polynomials of degree n and n — 1 in

R2, respectively. For j =0, ...,n — 2 we set recursively

—j2(T,m2) = — ! ( )2 (—)2 ( ) (3.1.7)
Anj ; . . + An_ (e, x9). 1.
g2 J+1)(+2) 0x 0xo A

Then H, : R? — R given by

Hn(l'l, 9, ZE3) = Z C(]?);An_j<5(]1, l‘g)

is a homogeneous harmonic polynomial of degree n in R3, i.e. H, € Harm,. The num-
ber of linearly independent homogeneous harmonic polynomials is equal to the number of
coefficients of A,, and A,_1, i.e.

d(Harm,) =n+n+1=2n+1.
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Assume that n > 2. Let H,,_5 be a homogeneous polynomial of degree n — 2, i.e. H, 5 €

Hom,,_5. Then, for each homogeneous harmonic polynomial K,,, we have
(’ : |2Hn—27Kn)Homn - (Hn—Q(vw»A@"Kn(m) =0.

This means | - |*H,,_, is orthogonal to K, in the sense of the inner product (-,-)gom, -

Conversely, suppose that K,, € Hom,, is orthogonal to all elements L,, of the form
Lo(x) = |2|*Hu_o(z), Hu_o € Hom,_s.
Then it follows that
0= (| "Hu-2, Kn)trom, = (Ha2(Va)) As Ku(2) = (Ha—2, AKp)tom,

for all H,,_» € Hom,,_5. This is true only if AK,, =0, i.e. K,, is a homogeneous harmonic

polynomial.

Theorem 3.1.6. (Decomposition theorem of Hom,) Hom,, n > 2, is the orthogonal
L =2

n’

direct sum of Harm,, and Harm: , where Harm# Hom,, 5 is the space of all L,, with

L,(z) = |z|*H,_2(z), H,_o € Hom,_o. Consequently, each homogeneous polynomial H,

of degree n can be uniquely decomposed in the form
H,(x) = Ky(z)+ |2|*H,_5(z) ,

where K, is a homogeneous harmonic polynomial of degree n and H,_o is a homogeneous

polynomial of degree n — 2.

Denote by Projyg,m,, and Projy,,,,. the projection operators in Hom,, onto Harm, and

Harmrf, respectively. Then
H, = Projuum, Hn + ProjHaTm#Hn .
In other words,

Kn(l’) = PTOjHarman(x)J
|1}|2Hn,2(l') = ProjHarm#Hn(x)'

For all H,,U, € Hom,,,

(PTOjHarmanaUn)Homn = (HnaPTOjHarann)Homn .
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Moreover, we have Projyam,, Hn = Projuam,, Kn = K,. Observe that

d(Harm,) = d(Hom,) — d(Harm:;)

n

= d(Hom,) — d(Hom,,_5)
n—+ 2 n
= — = 2 1.
('37) - () -
If we apply Theorem 3.1.6 recursively to H,_o, H,_4, ..., we obtain the following result.

Theorem 3.1.7. Each homogeneous polynomial of degree n can be uniquely decomposed

in the form

[n/2]
Hy(r) =Y |2/ Ky oi(x), Kn_o € Harmy o, x€R®, (3.1.8)
i=0

5 - 3e-tu-om).

In other words, Hom,, admits the direct sum decomposition

[n/2]
Hom,(R*) = @| P Harm,, o;(R?).
i=0

where

This result gives rise to the following corollary.

Corollary 3.1.8. Forn € Nj

.....

as direct sum decomposition of Hom,,(R3) and Hom,,_1(R?), when restricted to €, i.e.,

n(R)|o = (Hom, (R%)|a) & (Homy,—1(R?)]a).

.....

We finally obtain the following.
Corollary 3.1.9. Forn € Ny

In other words, the restriction to the unit sphere 2 of any polynomial of three variables is

a sum of restrictions to €2 of homogeneous harmonic polynomials.
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Addition Theorem for Homogeneous Harmonic Polynomials

We are now interested in giving the explicit representation of the orthogonal projection
Projuurm, Hn of a given homogeneous polynomial H,. For that purpose we need some

preliminaries. By induction we are able to prove that for ¢ = 1,2,3 and |z| # 0 (see for

[26])

[n/2]

(2n)! 1 n!(2n —2s)! |,
_ —1)" —1)% SAS n
) o ;( S @i =y i
In other words, we find
, 1
(" Vu)"—
]
[n/2]
(2n)! 1 nl(2n —2s)! |, N
1) —1)® SAS i,
(=1) nl2n | |2+l SZ:(;< ) (2n)!(n — s)!s!|x| (")

1 =1,2,3. Since the differential operator A is invariant with respect to orthogonal trans-

formations it is easy to see that

1
y-V,)"—
( ) "
B (_1)n(2n)! 1 [TLZ/Q](_DS n!(2n — 2s)! IEYNE
B nl2n [gPrit | i (2n)!(n — s)!s! Y

is valid for every y € R®. Now, as we have seen in Theorem 3.1.4, each H,, € Hom, may

be represented in the form

d(Homp)
H,(x) = Z em(Tm - )", 1 €R?

m=1

where ¢,,, m =1, ..., d(Hom,,), are suitable coeflicients and 1, ..., Za(rom,,) is a fundamental

system relative to Hom,,.

Consequently, we have the following result.



3.1 Homogeneous and Homogeneous Harmonic Polynomials 30

Theorem 3.1.10. Let H, be a homogeneous polynomial of degree n. Then, for each
r € R, |z #0,

<Hn<vx>>,xi|
o)l 1 (2 120 — 28) | . .
= (=" (leZL | |2t ;0< 1)8(2n<)!(n— s)>!s!|x| A" Ha(w)

1 1 1
Thus, in connection with
1
A,— = 0, |z|#0,
|z
AKy(r) = 0, z€R3
we obtain for |z| # 0
1 1 (2n)! 1
H — = (K — = (=1)" —K, . 1.
(HAV-D iy = (KVa) = (U e Kale) (3.1.9)

Therefore, by comparison of (3.1.9) and Theorem 3.1.10, we get the following lemma.

Lemma 3.1.11. Let H, be a homogeneous polynomial of degree n. Then

[n/2]

. s nl(2n — 2s)! “rs
P i) = | 21 G el | )

Observing
Ag(z-y)" =n(n—=1)|yP(z-y)"? yeR’,

we obtain, in particular,
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(z-y)"
n!

)

ProjHarmn (

[n/2]

- gl el

n—23 ( s)!s!(2n)!

Thus, we find by using z = |z|¢, y = |y|n, (§,1) € Q2, the equation

PTOjHarmn <(x . y) )

n!
 (2n+1)2"-n A (20— 29)) L
B (2n + 1)! (| D" ;<_1) 2”(71—28)!(71—8)18!(5.77) '

Suppose that {H,m}m=1
(s ) Homn- Let {Unm}m=1,.. d(Homn)—d(Harm,) D€ an orthonormal system in Harmi. Then

d(Harm,,) 18 an orthonormal system in Harm, with respect to

.....

the union of both systems

{Hn,m}mzl ..... d(Harmy,) U {Un m}m 1,...,d(Homy,)—d(Harmy)

forms an orthonormal system in Hom,. Therefore it follows that

(z-y)"
gy (3.1.10)
d(Harmy) d(Homp)—d(Harmny)
= Z Hpn () Hpm(y) + Z Upm () Unm(y)
m=1 m=1

for any pair =,y € R3. On the one hand, in view of the definition of the projection operator

Projysrm, , we get

d(Harmny) d(Homyp)—d(Harmy)
Projuarm, Hpm (x)Hn,m(y) + Un,m<x)Un,m(y)

d(Harmny)

Z Hy () Hyo (3). (3.1.11)

On the other hand, as we have shown above,

ijHarmn(@ )" (3.1.12)

n!
[n/2]

(2n +1)2"n 0 . (2n—2s)! o
T (@t D)! | lu] ;(_1) 2n(n—23)!(n—s)!s!(5'”) '
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By comparison of (3.1.11) and (3.1.12) we obtain the addition theorem of homogeneous

harmonic polynomials in R3.

77777

system in Harm,, with respect to (*,")Hom,. Then, for v,y € R, z = |z|¢, y = |y|n, we

have
2n+1 2”71‘
}:H@Aﬂfﬁm@%ngJﬂWmW%@Wm
=1 :
where we have used the abbreviation
[n/2]
(2n — 2s)! i
P,(t) = —-1)° t"m te |—1,1].
®) ;( ) 2n(n — 2s)!(n — s)!s! [ |

Next we discuss the important question of how, for any pair of elements H, € Harm,,
K,, € Harm,,, the inner product (-, ) gom, defined by (3.1.3) is related to the (usually used)

inner product (-, -)z2(q).
Theorem 3.1.13. For H,, € Harm,,, K,, € Harm,,,

(Ho, K)oy = %—j(Hmm))Kn(x),

where p, 18 given by
Cn+1)! 1-3-...-(2n+1) (2n+ D!

L= - — . 3.1.13
H 47r27n A7 A7 ( )

Proof. By virtue of the fundamental theorem of potential theory (see, for example, [27])

1 { 1 0 0 1 }dw(y)

Kao(z) = Ko(y) — Ka(y)
for all z € R? with |z| < 1, where 9/dv denotes the derivative in the direction of the outer

4 Jo Lz =yl v, v, |z — 9|

normal to 2. Therefore we find
(V) = - [ L) )
41 Jo |z — y| O,
0
v,

- Ka(y) (Hn(Va2))

} dw(y). (3.1.14)

|z =yl
For x # y we get from (3.1.9)

1 _ m (2m)! Hin (2 — y)

UV D=y = OV g o =yt
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Because H,, is homogeneous, this is equivalent to

1 B (2m)! H,,(y — x)
ol min e g

(Hm(Ve))

Inserting (3.1.15) into (3.1.14) gives
(VD) = o [ {2028 k)

(m!)2m 4x |z — y[?>m+1 Oy,

— K, (y) 9 M} dw(y).

(9_Vy ]1’ _ y’2m+1

It is easy to see that for m # n
(Hn(V2)) Kn(2) |z=0 = 0,
while for m =n
(Hn (V) Kn(2) |o=0 = (Hn(Va))Kn() = (Hp, Kn) Hom, -

Therefore we obtain

1 Hn(y) 0 B 0 Hny) |
ey Kol — ot (T ot

Ar Jo
0 for m+#n
(?;—ﬁ) (Hpy Ko Hom, for m=n—
Since the normal derivatives of K,, and H,, are equal to
L 1) lomr = nEA©) o H (1) o = mH(6)
87" n\T r=1 — T\y ; 87’ m\T" r=1 = Mily )
respectively, it follows that
1 Hu(y) 0 0 Hu(y)
— —K. - K — d
e { e n(y) — Ku(y) For Ty w(y)

- = / {(nH,(©)Ka(€) + (m + 1) Hu(O) K (6)} dw(€)

n+m+1
- ntmil /Q Hon(€) K n(€) duo(€).
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(3.1.15)

(3.1.16)

(3.1.17)

(3.1.18)

Thus, by combination of (3.1.16) and (3.1.18), we finally obtain the desired result stated

in Theorem 3.1.13.

O
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Thus, to any orthonormal system {H, m}m=1.. 2n+1 in Harm, with respect to (-,-)mom,

there corresponds the £2(€)-orthonormal system {\/tn Hpm tm=1,. 2n+1, and vice versa.

Finally, we are led to the following reformulation of the addition theorem.

Theorem 3.1.14. Let {Hym}m=1...2n+1 be an orthonormal system in Harm, with respect

to (*,*)Hom,, - Then, for x,y € R®, we have

2n—+1 B 2n+ 1

D Vi () i Hom(y) = = —lal"y" Pal€ ).

where x = |z|&, y = |y|n; (&,n) € Q? and p,, is defined by (3.1.13)

3.2 Scalar Spherical Harmonics

Spherical harmonics are the analogues of trigonometric functions on spheres (see, e.g.,
[7, 14, 31]). One possibility to define them is as restrictions of homogeneous harmonic
polynomials to the unit sphere. Other possibilities are, e.g., given by the use of the Bel-
trami operator or with the help of Legendre polynomials (see Definition 2.0.1). Every
spherical harmonic, which is invariant under orthogonal transformations can be repre-
sented by a Legendre polynomial. This relationship is reflected by the addition theorem
for scalar spherical harmonics, which will also be given in this section.

We provide first the definition of spherical harmonics and the development of their prop-

erties in R3.

Definition 3.2.1. Let H, : R> — R be a homogeneous harmonic polynomial in three

variables of degree n with n € Ny. We call its restriction to the unit sphere

a spherical harmonic of degree n. The space of all spherical harmonics of degree n is
denoted by Harm, (). Additionally the space of all spherical harmonics of degree less or

equal to n will be denoted Harmy... .

We now state some useful and important facts about spherical harmonics ( see for more
details, e.g., [7, 14, 31]):
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1. Spherical harmonics of different degrees are orthogonal with respect to the £2-scalar
product, i.e., for every Y,, € Harm,, and every Y,, € Harm,, we have

(VYoo = [ YamVouliddol) =0, n#m. e

2. Harm,(Q) is of dimension dim(Harm,,) = 2n + 1.

3. From the last property we can deduce that
Harmgy, () = @ Harm,,(§2), (3.2.1)

hence,

.....

m=0

Applying the Laplace operator to H,, € Harm,(R?) and observing that H,(x) = r"Y,(§)
with Y,, € Harm,(Q) and z = r{ € R3 r = |z|, £ € Q, we get another possibility to

introduce spherical harmonics, namely as eigenfunctions of the Beltrami operator.

Lemma 3.2.1. Any spherical harmonic Y,, n € Ny, is an infinitely often differentiable
eigenfunction of the Beltrami operator corresponding to the eigenvalue —n(n + 1). More
explicitly,

(A7 = (A M)Yal&) =0, £€Q, Y, € Harm,,

where the “spherical symbol’ {(A*)N(n)}nen, of the Beltrami operator A* is given by
(A*)Mn) = —n(n+1), n € Ny.

Remark 3.2.1. WithY,, ,, we denote a member of an orthonormal system {Y, 1, ..., Ynont1}

in Harm,, with respect to (-,-)z2q)-

In the following we list the completeness and closure properties for spherical harmonics
in C(Q) and L£%*(2). They enable us to expand scalar functions F' € £2(Q) (observe that

C(Q) C L)) into a Fourier series of spherical harmonics.

The system {Y,,,;n} neng:  isclosed in (C(2), ||-||c(e))- That means that for each F' € C(€2)
m=1 2n+1

,,,,,

and any € > 0 there exists a linear combination

Ne 2n+1

SN dumYom: (3.2.2)

n=0 m=1
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such that

N: 2n+1

F - Z Z dn,mYn,m

n=0 m=1

<e. (3.2.3)
c(Q)

Further, the system {Y;,;n} neno: is closed in the space C(€2) with respect to [ - || z2(q),

1,....2n+1
that is for any given € > 0 and any given F' € C(2), there exists a linear combination

Ne 2n+1

Z Z dn,mYn,ma

n=0 m=1
such that

N: 2n+1

F - Z Z dn,mYn,m

n=0 m=1

<e. (3.2.4)
£2(@)

From (2.0.4) we know that C(f2) is dense in £?(Q2), so we deduce that for each F' € L%*(Q)
there exists a G € C(2) lying arbitrarily close to F' in the £2—topology. In connection

with 3.2.4 we thus can formulate:

Corollary 3.2.2. The system {Y,m} neng: s closed in the space L*(Q) with respect to

m=1,...,2n+1

- llz20)-

,,,,,

then

a 2n+1
F=> ) F'n,m)Ynm = it F =Y,
0 1 £2Q) armo,....a

where

Thus, any element F' of class £2(£2) allows a representation by its Fourier series

oo 2n+1

F=>"Y F'n,mYm,

n=0 m=1

where

F*n,m) = / F(0) Y (1) deo()
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are the so-called Fourier- (or orthogonal) coefficients of F'.
Most of the results of this section are summarized in the fundamental theorem of spherical

harmonic expansion.

Theorem 3.2.4. The following seven statements are equivalent.

1. {Ynm} neng: is closed in L2(Q) (closure property).

m=1,..., 2n+1

2. The orthogonal expansion of any F € L2(Q) converges in norm to F, i.e.,

a 2n+1
lim — Z Z (F7 Yn,m)£2(Q)YTL,m =0.
4o n=0 m=1 L£2()

3. Parseval’s identity holds true, i.e., for any F € L%()) we have

oo 2n+1

1P 1220y = (F, P2y = D > N(F Yom) 2o

n=0 m=1

4. Extended Parseval’s identity holds true, i.e., for any F,G € L*(Q)) we have

oo 2n+1

(F.G)eaey = D D> (F, Vo) e2(G, Yom) 2

n=0 m=1

5. There is no strictly larger orthonormal system containing the orthonormal system

{Yn’m} neNg;

m=1,..., 2n+1

6. The system {Ynm} netig: fulfills the completeness property. That is, F € L*(Q)
=1,...,2n+1

and (F, Y, m)20) = “0 fér alln € Ng and m=1,...,2n+ 1, implies F = 0.

7. Any element F € L*(Q) is uniquely determined by its orthogonal coefficients. That
means if (F, Yy m)c2) = (G, Yom) 2 for alln € Ng andm =1,...,2n41, implies
F=G.

The addition theorem, introduced next, builds the bridge between zonal, i.e., radial basis

functions and spherical harmonics.



3.2 Scalar Spherical Harmonics 38

Theorem 3.2.5. Let {Y,m},n € No;m = 1,...,2n + 1, be a system of orthonormal
spherical harmonics of degree n, and let P, be the Legendre polynomial of degree n. Then,

forall &, n el

2n+1
2n+1
m=1

This immediately leads to

2n+1 2n+1

2n+1
> Yam(©Yam(€) = D (Yam(©) = = — (3.2.6)
m=1 m=1

Another important theorem that sets radial basis functions and spherical harmonics into

relation is the following formula of Funk-Hecke.

Theorem 3.2.6. Let G € LY[—1,1] and let P, be the Legendre polynomial. Then for all
(&,n) € Q2 and n € Ny,

| G- OR-ut6) = &Pl )
where G™(n) is the Legendre coefficient of G, i.e.,
GA(“) = (G7 Pn)[iz[—l,l]-

Moreover, if Y, is a spherical harmonic of degree n, then
| Gtenvimidatn = 6 (©),

That means that the spherical harmonics Y,, are the eigenfunctions of the above integral
operator corresponding to the eigenvalue G™(n). Thus, the last theorem establishes a
connection between spherical harmonics and radial basis functions and founds the basis
for the introduction of spherical singular integrals and spherical wavelets (see [14], [17] and

[22], for example).
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3.3 Vector Spherical Harmonics

We will give now an overview on two types of vector spherical harmonics: the (Morse-

Feshbach-)vector spherical harmonics yﬁf)m and the (Edmonds-)vector spherical harmonics

ug,)m, n € No; m=1,...,2n+1; i = 1,2,3. Both types are derived from the scalar
spherical harmonics by using different classes of differential operators which are applied on
Y,, € Harm,(2). More information can be found in [14, 30].

(Morse-Feshbach-)Vector Spherical Harmonics g,

In order to construct vector spherical harmonics yﬁf)m, n &€ No;m=1,....2n+1; i =
1,2, 3, which on the one hand separate into normal and tangential parts and on the other
hand lead to an orthonormal basis of [2(Q2) we use the operators o), i = 1,2, 3, as given

by (2.0.27).

Definition 3.3.1. Let Y, be of class Harm,(Q2), i € 1,2,3 and n € Ny,. Then we call the
vector field

Y€)= oY, (6), €eq,

(Morse-Feshbach- Jvector spherical harmonic of degree n and type i.

Further, we denote the space of all vector spherical harmonics of degree n and type ¢ by
harms)(Q) and let

harmy :harmél)

3
harm, () = @ harm®(Q), n > 1.
i=1

Regarding Remark 2.0.1 and the definitions for the operators O, i = 1,2,3, given by
(2.0.30), we can orthogonally split the space c(*)(€2) as follllows:

3

Q) =P (@),

i=1

where

Q) ={f € Q) |O0Wf =0, i#k}.
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Then,

Q) = 3@
)

an(@) = 3@

Y

(c0)
+ C3) (Q).

)
)
In canonical way we extend these definitions to CE?))(Q), 0; < p < oo and I*():

Q) = {fe@0Wf=0, ik}

and

lg))(ﬂ) = {f¢€ C(00)<Q) | OWF =0, i k}’ll'\\ﬂm)

for i = 1,2, 3. Obviously,

f; ”'Hﬂ(g)
l(21) (Q) = spcm{yfl,)m} m:q’gN(’)QZ;L+1
and
Q) =i (Q).
i=1
The next theorem introduces the 12(9)—0rthonormal system of vector spherical harmonics,

derived from the £2(2)-orthonormal system of scalar spherical harmonics.

Theorem 3.3.1. Let {Y,,;n} neny:  be an L2(Q)-orthonormal system of scalar spherical
m=1 2n+1

,,,,,

harmonuics. Then the system
Yo = (1) 7200V,
n € Ny, m=1,....2n+1; i = 1,2,3, forms an [*(Q)-orthonormal system of vector
spherical harmonics when the normalization factor is chosen to be
1, if  i=1,
nn+1), if i=23.

M(f) — “O(i)O(i)Yn,m”£2(Q) -

We also mention that the system of vector spherical harmonics is closed and complete.

Definition 3.3.2. A vector field h, : R® — R3,n € Ny, is called a homogeneous harmonic
vector polynomial of degree n if h,, - €' is a homogeneous harmonic polynomial of degree

n € Ny, for every1=1,2,3.
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We set
Harm, (R*)e' = {H,&'|H,, € Harm,,(R*)},

and use this abbreviation to define the space of all homogeneous harmonic vector polyno-

mials of degree n by

3

@ Harm,, (R?)e".

=1

In [14] it is shown that each type, 1 or 2, of vector spherical harmonics of degree n can be
expressed as linear combinations of homogeneous harmonic vector polynomials of degree

n — 1 and n + 1, restricted to the unit sphere, i.e.,

3 3
harm® @Harmn,l(Q)ej @ @Harmn+1(9)€j, i=1,2. (3.3.1)

j=1 j=1

We find that, for type 3 vector spherical harmonics the relation

3
harm® c @ Harm,, ()&’ (3.3.2)

j=1
holds true. Combining (3.3.1) and (3.3.2) we get

n+1 3

harm, C EB @Harmn(ﬁ)ei.

m=n—1 i=1

In analogy to the scalar case we know from [14] that

oo
m=0

is dense in ¢(Q2) with respect to || - ||« and in 1*(Q) with respect to (.,.);z2(q), so that we

3
Harm,,e*
=1

7

can state the following theorem:

Theorem 3.3.2. Let {yﬁf;)m}i:l,z,s; nevg,: be an I(Q)-orthonormal system of vector spherical
m=1,..., 2n+1
harmonics defined as in Theorem 3.3.1, then the following statements are valid:

(i) The system {y@n}izl,zg;nmoi; of wector spherical harmonics is closed in c(§2) with

respect to || - ||c) -
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(i) The system {yff)m}:lzs nevg,: s complete in () with respect to || - ||i2(q)-
m=1,..., 2n+1
From part (i) of this theorem we can deduce that any continuous vector field can be
approximated arbitrarily close by finite linear combinations of vector spherical harmon-
ics. Hence, by part (ii) we can represent any f € [?(2) by its Fourier series in terms of

i :
{yg,)m}izlz,s;neNoi;, i.e., we have
m=1,...,.2n+1

3 N 2n+1

=338 9%yl

i=1 n=0; m=1

=0, forall fe€l*(Q)

lim
N—oo

12)(Q)

with Fourier coefficients
i) i i
FO" 0, 1) = (£, ey = /Q F(&) -y (©)dw(€).

We may, of course, write

where each f@ is given by

oo 2n+1

=3 S 0 )y
n=0; m=1
The representation in terms of vector spherical harmonics enable us to model both the
normal and the tangential part of any vector field f € [?(Q2). Thus, the Hilbert space
I2(Q) can be split into three orthogonal subspaces that admit the following interpretation:
the first subspace l%l)(Q) consists only of square-integrable normal fields, the second one
contains only (surface-) curl-free tangential fields and the third one consists of (surface-)

divergence-free tangential parts. Therefore, we can write:

We conclude this section with the vectorial analogon of the addition theorem. The first

step to obtain the required theorem is to extend the definitions of the ol —operators to
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vector fields. This can be done by referring to a sufficiently smooth vector field f : Q — R3

on a sphere, admitting the representation

where €” are unit coordinate vectors. We define og) f(€) to be

3

o f(€) = (0" F,(€)) ® ", i=1,23

v=1

Theorem 3.3.3. Let {y'r(i)yn}izl,Q,B;neNoi; be an 1?(Q)-orthonormal basis . Then

2n+1 2’)’L + 1
> vin© @y ) == —p{(En), e
m=1

with the (i, j)-Legendre-tensor-field of degree n, i,7 = 1,2,3, defined by
pUI(En)  Ax Q- RPQOR?,

pUD () = ()2 (u) 2ol oD P m),  Eme . (3.3.3)

Detailed representations of the Legendre-tensor-fields can be found, e.g., in [12] and [14].
There exists an upper bound for the values p'*/ (&,n) for £, n € Q, given by

Lemma 3.3.4. Leti, j, 1l € {1,2,3}. Then, for all £,n € ,
[Pl (€ me'] < 1.
For the Legendre tensors we find (see [12], [14],[33])

p(Em) = PuE-nEemn,

(1.2) _ 1 e s

P, (&n) n(n+1)Pn(§ mE® (& —(§-mn),
(13) _ 1 7

P, (&,n) n(n+1)Pn(£ mE@nAE,
PEV(E ) = ——— P - (€ MO @,

n(n+ 1)
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p? (& n) =
p3(e,n) =

pPle,n) =

pPA(e,n) =

p®3(e,n) =

1 .
E(Pn(é “N)ian(€),
ﬁ(lﬂf(ﬁ )= (E-NE @NAE
Po(&- 1) (=Jtan(n) = €@ A E),
1 ,
\/ﬁpn<£ MEAT D,
1

—— (P MEAN® (&)
P& m)([Jtan(§) —EAN @),
(Pn(f 1) jtan(§),

S

where the identity tensor i is defined by

3
i= E e'® e,
i=1

and the surface identity tensor is given by

itcm(g):i_g@gv 6697

and the surface rotation tensor is given by

jtan(g)

3

25/\i=Z(§Aei)®ei, £eq.

=1
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The formulation of the vectorial addition theorem with Legendre-tensor-fields is a natural

extension to the scalar case.

Introducing Legendre vectors pn

P (En) =
PP n) =

PP (&) =

OxQ—Ri=1,23neN, by

EP(€ - n)

m(n —(&-mE) P& n),

m(§ AP (& n).

we can formulate the following theorem:
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,,,,,

m=1,..., 2n+1

pa 2n+1
D (&) Yaum(m) = (D) 2= =p0 (),
m=1

As we stated before the scalar spherical functions fulfill the Laplace equation: A,r"Y,,(§) =

0, with x = r&, £ € Q, r = |z|. Easy calculations yield the following relations

10 ,0 1 . . B

(
(n(n — 1)r" 2 4 2nr" 2 + r”_QAg)Yn(
(

The last equation indicates that the scalar spherical harmonics are eigenfunctions of the
Beltrami differential operator to the eigenvalues —n(n+1). The vector spherical harmonics
fori =1,2, i.e., {yﬁfv)m}i:l,z;neNoi; do not share this property. They are not eigenfunctions

m=1,...,2n+1
of the scalar Beltrami operator. This is stated in the next theorem.

Theorem 3.3.6. Let Y,, € Harm, be a spherical harmonic of degree n. Then we have

A*oVY, = (—n(n+1)—2)0VY, + 207, (3.3.4)
A0PY, = 2n(n+1)oVY, —n(n +1)0?Y,, (3:3.5)
A PY, = —n(n+1)o®Y,, (3.3.6)

where the (scalar) Beltrami operator A* for a function f € ¢®(Q) of the form

1s defined by
3
ALf(©) =D eNF(), £eq.
=1

The proof of Theorem 3.3.6 can be found in [14]. We deduce that the vector spherical

harmonics {yg}rn}i:l,z&nel\!oi; do not fulfill the Laplace equation.
m=1,..., 2n+1
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(Edmonds-)Vector Spherical Harmonics uﬁf)m

Now we are interested in the construction of vector fields which fulfill the Laplace equation.
Therefore, we introduce another set of vector spherical harmonics which are constructed
by operators /ﬁ(f), i =1,2,3, as proposed in quantum mechanics [5].

Suppose that H, € Harm,(R"). Considering the vector field VH,, we realize that it is
a homogeneous harmonic vector polynomial of degree n — 1. Furthermore, it is not hard
to observe that z — x A V,H,(x) for x € R3, represents a homogeneous harmonic vector
polynomial of degree n. The function z — zH,(x), x € R3, is, in general, not harmonic.
Therefore, we go over to the function z — ((2n + 1)z — |2|*V,) H,(z), which turns out to
be a homogeneous harmonic vector polynomial of degree n+ 1. This perspective motivates

the following definition.

Definition 3.3.3. Forn € Ny and x € R?, F sufficiently smooth, we define the operators
ED i =1,2,3, by

EVE(z) = (2n+ 1)z — |2]*V,)F (), (3.3.7)
EDF(z) = V.F(z), (3.3.8)
EYF(z) = oAV F(x). (3.3.9)

The definition of the operators kS leads to the following lemma.

Lemma 3.3.7. Let H,, € Harm,(R3), n € Ny. Then kT(f)Hn is a homogeneous harmonic

vector polynomial of degree deg™ (n), where we use the abbreviation

ntl, i=1,
degP(n) =4 n—1, i=2,
n, 1= 3.

If deg®(n) < 0 then k$"H, = 0.

Applying the operators kS’ on H, € H arm,,(R3), with H,(z) = r"Y,(£) yields

by (2)
b (2)
h{Y(z)

EDrY,€) = (n+1)r oMY, (E) — oY (¢),
DY) = oMY, (€) — oY (9),
Drvae) = oY),

=k
=k
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where {hg)}izl,zg; neN,, represents a set of vector fields. Therefore, the restrictions of
z — hY (x) = k,(f)r”Yn(é’), x =r& r = |z|, to the unit sphere 2 can be written as linear
combinations of vector spherical harmonics 0"Y;,.

In the sequel we identify kS )Yn with

EDY0(€) = hD(2)| ooy = K Hy (7)1,

n

with H,(x) = r"Y,(§), x = r&, or, in more detail,

EVY,(E) = (n+1)oVY,(6) — oY, (¢), (3.3.10)
KDY, (6) = noWY,(€) + 0PY,(¢), (3.3.11)
EOYL(E) = oY, (9). (3.3.12)

Let G € Harm,, then the adjoint operators satisfying
(kG e = (G KD e, 1=1,2,3,

where the adjoint operators K,(f) to kﬁf) are given by

KPf = (n+ )0V f -0,
KPf = n0Wf+0%f,
KPf = O%f,

with f € harm,.

The scale factor for the vector spherical harmonics is defined in the next lemma.

Lemma 3.3.8. For an orthonormal system of spherical harmonics {Y,m} nevy;  the
m= 2n+
following equations hold true:
KOEDY, (&) = 6, ;v 0Ym(8), 4,5 =1,2,3, (3.3.13)
where the constants vy are defined by

v = | Kk Yl 2200

ie.,

vV = (n+1)(2n + 1), (3.3.14)
v =n2n+ 1), (3.3.15)
v =n(n+1). (3.3.16)
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In other words, we are led to the following set of vector spherical harmonics (note that we

base our considerations on the same approach as introduced by [5]):

Definition 3.3.4. Any vector field

ul) = kWY, i=1,2,3, ne No,, Y. € Harm,(Q),

is called an (Edmonds-)vector spherical harmonic of degree n and type 1.

Lemma 3.3.9. Let {Y,m} nenge  be an L2(Q)-orthonormal system of scalar spherical
m=1 2n+1

,,,,,

harmonics. Then the vector fields given by

ul® = (Vﬁi))_lﬂkﬁi)Ynm

n,m

ne€Ny;m=1,....2n+1; 1 =1,2,3, form an [*(Q)-orthonormal set of vector spherical
harmonics with the normalization coefficients as defined in (3.3.14)-(3.5.16).

By inverting (3.3.10)-(3.3.12) we obtain the following equations for £ €
1

(1) _ (1) )
oY, m(€) = T 1(kn1 Yom (&) + kDY m(€)), (3.3.17)
0D, (&) = 2n1+ 1(—nk;1>yn,m(§) + (n+ kDY, . (6), (3.3.18)
oY, (&) = kPY,,.(6). (3.3.19)

This provides a relation between the system {y,(i)m}izl,z,smeNOi; and {Ug??n}izl,Q,S;neNoi; of
m=1,...,.2n+1 m=1,...,.2n+1
vector spherical harmonics. More explicitly, these systems are connected in the following

way
o n+1 y n @)
un,m 2n + 1yn7m 277/ + 1yn,m7
) _ n_W ntl o 3390
U’n,m m + 1yn,m + m + 1yn,m7 ( v )
ul®) =y
Conversely,
) n+1 1) n %)
Ynm o+ 1 T\ g g e
@ _ _ /" o ntl o
yd, = ul?),
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An immediate consequence of the construction of the new system of vector spherical har-
monics is the following corollary (see [14]).

Theorem 3.3.10. Let the system of vector spherical harmonics {t, m } i=1,23meng,; be defined
m=1,...,2n+1

as in Lemma 3.3.9. Then the following statements are valid

(i) The above system of vector spherical harmonics is closed in c(€2) with respect to ||-||¢q)-

(11) The above system of vector spherical harmonics is complete in 1*(Q2) with respect to

- Iz (-

From part (i) of Theorem 3.3.10 we can deduce that any continuous harmonic vector field
can be approximated arbitrarily close by finite linear combinations of vector spherical

harmonics {Ug)yn}i:l,Q,?);neNoi;. Hence, by part (ii) we can represent any function f € *(Q)

m=1,..., 2n+1

lim
N—o00

12)(Q)

for all f € [?(Q) with Fourier coefficients

FO" (nym) = (f,uD,)i2) = /Qf(f) Uy (€) dw (€).

We may, of course, write

3

=1

i—1
where each f® is given by

oo 2n+1

FO=3" > 1 (nomyuld,.

n=0; m=1

.....

m=1,..., 2n+1
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set of vector spherical harmonics which is closed in c() with respect to ||-||.q) and complete
in 1*(Q) with respect to (-,-)iz). Furthermore, for all § € Q,

) (&) = —(n+1)(n+2)ul) (),
Aw@ (&) = —n(n—1)ul?, (&),
Al (&) = —n(n+ul)(€).
In other words,
Aful (€)= —n(n+ D)y, (©),
Aful)y (&) = —n(n+ Duy,,(©).
wl (&) = —n(n+1)ulf),(©).

On the one hand, each member of the (Edmonds-)system {ugf)m} i=1,23men, ; 18, by definition,

not decomposable into normal and tangential parts, but on thglzlfﬁglzl+}11and it is a set of

eigenfunctions of the Beltrami operator. This property will enable us in Chapter 4 to

introduce a set of vector outer harmonics which fulfill the Laplace equation outside a

sphere Qg.

Further, we can show that for any f € [*(2) Parseval’s identity holds true, thus we have
0o 2n+1

f fl2(Q) ZZ Z ’ nm 12(9

i=1 n=0; m=1
Analogously to the function spaces for scalar and vector spherical harmonics we define for
the system {us’)yn}i:I,ZS;neNOi; the function spaces

harm,, zspan{uff,)m neNo,:
m=1,...,.2n+1

for i = 1,2,3, which fulfill

harmgy’ = harm, |,
harm,,’ ® harm,” = harm, & harm, , n &N,
harm,” = harm, , n &N
Thus, we have
(1)
harmo = harm, |,
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The new set of vector spherical harmonics is characterized by the property that the Laplace
equation is fulfilled. Thus, as shown by the next lemma, homogeneous harmonic vector

polynomials can be composed by vector spherical harmonics of different degrees.

Lemma 3.3.12. Let for k = 1,2,3, n € Ny,, e*H,, be a homogeneous harmonic vector

polynomial. Then

e"Hylo = Uizl—)1 + uﬁl +ul),

with
u;l_)l - kfll_)lyn—b
2 2
U1(1+)1 = k1(1+)1 Yo,

u® = kO,

Proof. As the homogeneous harmonic vector polynomial e¥H,, is an element of I2(Q2), we
get with Theorem 3.3.10

3 oo 2p+1
k i i
o =2 > afiufl
i=1 p=0; g=1

where {Uz(yl;z]}izl,Z,S;peNoi; is an orthonormal system of vector spherical harmonics. Further-
q=1,...,.2p+1
more, because of Lemma 3.3.7 the following equations hold true.

3

unl,zn = ch',lr)ngjyg-i-la Y,Z+1€Harmn+1, (3.3.21)
j=1
3

u?, = Y &0V, Y, € Harm, oy, (3.3.22)
j=1
3

ul, = > 0V, Y€ Harm,. (3.3.23)
j=1

The system {U%)rm}izl,Q,S;neNoi; builds an orthonormal basis in 2(£2), thus we finally get
m=1,...,2n+1

0, n—1 ,
a(l) _ 7£p
n_1:p7
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(2) 07 n + 1 7é p7
I )
Ck,p,q’ n“l’l :p7
a}()gg _ 0, n#p,
; 3
C]E;};»q) n = p’
with constants C,gl; s ER.
This yields the desired result. O

In a similar way as for the vector spherical harmonics {y,(f)m} i=1,2,3menN,,; an addition theorem
m=1,...,2n+1
can be formulated. For that reason we first define the Legendre tensors based on the vector

ﬁelds {us,)m} i=1,2,3;n€Np,; -

m=1,...,2n+1

Definition 3.3.5. The (i, j)-Legendre tensor field P Ox Q- RI®R3, 4,5 =1,2,3,

of degree n is given by

P (& n) = (W) T VPWID)TRRD) e (kY)y Pa(€ - ), Em e, (3.3.24)
where

3
(e f (&) =D _(F(©) @&, i=1,23,

=1
for any sufficiently smooth vector field f : Q — R3 of the form

FO) = F(&e"

Next we introduce the addition theorem for vector spherical harmonics {uff?m}i:l,z,gmewoi;.
m=1,...,.2n+1

_2n—|—1
T 4r

()

holds for i,k =1,2,3.
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Proof. Observing the definitions of the Legendre tensors, given in (3.3.3) for {yn m} i=1,2,3ineN,

—1,..2n+1

and the addition Theorem 3.3.13 we get the desired result. 0

The Legendre tensors pi™"*’ (given by (3.3.24)) have the same upper bound as the Legendre
tensors of {yg)m}i:l,z,smewoi; (given in Lemma 3.3.4).
The connection between the Legendre tensors f),(f] ) and the Legendre tensors pq(f’j ) (see

(3.3.3)) is given by the following lemma [33].

Lemma 3.3.14. Let the tensor fields pi? : QO x Q@ —» R3@R3, i,j = 1,2,3, be defined by
(3.8.24). Then we have

pyY = (n+1)%(ey")pY = (n+ Dyt (o + pit ) + (') P2,

f)le 2 _ n(n + 1)01 1, 21351 S (n+ 1)01 1.2, 2p7(1 2) n01 1.2, 2p7(1 1) C2 1.2, QP; )7
pg 3) _ (n+ 1)01 13, 3p£Ll 3) 02 1.3, 3p1(1 )’
137(12 1) n(n + 1)01 2,1, 1p7(1 S (n+ 1)02 2.1, 1p£l 1) ncl 2,2, 11)7(1 2) 02 2,2, 1p£l ),

137(122) _ nz( 1,2) p7(1 )—l—nclzcm(pg 2)+p(21))+( 22)2p,(122),
(2,3) 12 3,3..(1,3) 2,2 33 (2,3)

P, = nc,) ¢ P, +¢, 6Py,
pf’l) _ (n—i—l)cllc?’lp,(f’l) 0336211)7(1 )7
137(132) _ n033012p(31)+633612p( )
p,? = ()P,

where the constants ¢t are given by

()

ok = fn_
n (k)
Un

We introduce Legendre vectors p“ﬁf) which are based on the system {ugli,)m}izl,Q,S;neNoi; and
m=1,...,2n+1

which allow us to constitute the addition theorem in an alternative way.

Definition 3.3.6. The i-Legendre vector field for the system {ug,)m}i:m,smeNoi; of degree n,

m=1,...,2n+1

P Ox QRS i=1,2,3, is given by

) = W) PED PE ), Ene
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The connection between the Legendre vectors for {yg)rn}izl,Q,s;neNoi; and the Legendre vec-
m=1,..., 2n+1

tors for {ug,%}izl,z,s;newoi; is given by the following lemma.

m=1,...,2n+1

Lemma 3.3.15. Let the Legendre vectors ﬁg) O xQ—R3 i =1,2,3, be defined as in
Definition 3.5.6. Then we have

A& mn) = (n+Dey'pl) —'p?,

P& n) = neypl) —2p,

&) = 3,

where the constants cg’k), 1, k=1,2,3, are given by Cf;k =4/ -

m=1,..., 2n+1
reads as follows.

Theorem 3.3.16. Let {Y,,,} newy:  be an L*(Q)-orthonormal basis of Harm, and
m=1 2n+1

.....

ulh, = W) V2D, n €Ny ;m=1,... 2n+1;i=1,2,3. Then

72n+1

5(0) 0
1 Pn &mn), &neq,

holds fori=1,2,3.
Observing relations (see [24]):

Ve -u? (2)=0, VyAu® (z)=0,

) n,

T - uﬁlgln(x) =0, V,-u 3271(1') =0,

) n,

we see that u$32n(a:) is a poloidal field whereby u'ih, (x) is a toroidal field.



Chapter 4

Scalar and Vector Outer Harmonics

In this chapter, first, we extend the theory of spherical harmonics from the unit sphere
to a sphere with radius R € R, R > 0. Second, we introduce scalar outer harmonics (see
[18], [33]) and vector outer harmonics (see [14], [33]). Further, we investigate the closure
property of vector outer harmonics with respect to a regular surface . Then two algorithms
for the exact generation for homogeneous harmonic polynomials are presented followed by
orthonormalization procedures. From that the calculation of scalar spherical harmonics
and scalar outer harmonics are derived. We close this chapter with the exact calculation of
vector spherical harmonics and vector outer harmonics which builds the fundamentals for
the numerical realization of the approximation methods described in Chapter 5. Referring
to Figure 1.0.1 we deal in this chapter with step (2) and (3).

4.1 Extension to the Sphere (lp

Up to now, we have only considered a sphere ) around the origin with radius R = 1. As
mentioned before Q0 is a sphere of radius R € R, R > 0, where we define the inner space
by Q= {z € R||z| < R} and the outer space by Q% = {x € R||z| > R}.

By virtue of the isomorphism 2 3 ¢ — R € Qp, functions given on €2 can be understood
to operate on Qp, and vice versa. We define the Hilbert space (L£L*(Qr), (-, *)c2(an)) by

using the scalar product

(F,G) 2y = /Q F(RE)G(RE)dw(€).
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With the relationship £ < R, every function F' : 2 — R can be viewed as a function
on Qg by defining F : Qp — R with F(RE) = F(£), where as before Qp defines a sphere
with radius R € R, R > 0. In order to transfer the differential operators to spheres with
arbitrary radius, we abbreviate the new operators by giving them a superscript R and
define (see, e.g., [18])
1 1 .
Vit = v, L= AP = —
R R~ F R?
Thus we get an orthonormal basis in £2(Q2r). Consequently, every function F' € £2(Qg)

can be written as a Fourier series

co 2n+1

F=Y Y FMnmYS,

n=0 m=1

(in L£%(Q2r)-sense) with Fourier coefficients

F"(n,m) = (F,Y.5) 205

> T nm

and

1 T
YR =—Y..l=], Qx. 4.1.1
o) = Yo () wE 0 (@11

Analogously, we are able to define the system {yg)y;fLR}i:l,Q,ii;neNoi; of vector spherical har-

monics for {yy(i)»m}izl,Qﬁ;neNoi; for an arbitrary sphere )z by
m=1,...,2n+1

: 1
i) = o () w e om (112)

As the system {yn m}z 12.3neng,; constitutes an l2 (Q)—orthonormal basis for ¢ = 1,2, 3, the

m=1,...,2n+1
The projection operators given in (2.0.7) can be analogously extended to pZ = and pZ  for
the sphere Qg, and, in addition, the function spaces ¢(2g) and l(Qi)(Q r) can be introduced
in an analogous way to (2.0.8) - (2.0.11).
Every vector field £ e l%i)(Q r) can be expanded in terms of vector spherical harmonics
for Qr as follows:

co 2n+1

PO =303 FOmyy R, i =1,2,3, (4.1.3)

n=0; m=1
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with the Fourier coefficients

f(i)/\R(TL, m) — (f(i)ays)r;@R)P(QR)’ 1= 1, 27 3.

Note that (4.1.3) is understood in || - ||;2(q,)-sense.

In the same way (as defined in (4.1.2)) we can transfer the system {ug’)m}izl,ZS;nENoi; to the
m=1,..., 2n+1
system US’)th(I')izl,z,B;neNoi; of vector spherical harmonics for an arbitrary sphere Qg by
m=1,..., 2n+1

. 1 .
U (%) = 7 Ui (‘i) . T EQR (4.1.4)
' ' T

These preparations will help us now to introduce the theory for scalar and vector outer

harmonics.

4.2 Outer Harmonics

4.2.1 Scalar Outer Harmonics

As point of departure for our formulation of the Runge approximation property on regular
surfaces we introduce now scalar outer harmonics as done in [18], [33] which enable us to
practice approximation theory on and outside a sphere.

As usual, Qr denotes a sphere around the origin with radius R > 0, and Q%" its outer

space. The system {HE } .en,; , of scalar outer harmonics HY, = of degree n and order
’ m= 2n+1 ;

m defined by
Hy\(r) = — Yom , xeR\{0}, (4.2.1)

J]
satisfies the following properties:

o HI s of class CCR?\ {0},

e A is harmonic in R®\ {0}, i.e.,

AxH,fjm(a:) =0 zecR*\ {0},

° Hﬁm is regular at infinity, i.e.,

[ Hoyn ()] = O(|2] ™), || — oo,
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and
Vo HE ()| = O(|z]7%),  |z] — oo,

R _ VR
® Hn,m‘QR =Y

n,m?

[ ] (HR HR 6n,l5m73.

n,m’ l’s)£2(QR) =
We denote by Harm,,(25") the space of all scalar outer harmonics of degree n, i.e.,

Harm,(QF") = span,,—y__on i1 (Hom Q5

and Harm,, _,(2%%), 0 < p < g, denotes the space
— q —
Harm,, . ,(Q%Y) = @ Harm,, (Q57).
n=p

From the addition theorem of scalar spherical harmonics we can deduce the addition the-

orem of scalar outer harmonics as follows.

Theorem 4.2.1. Let {HE } .eny:  be a system of scalar outer harmonics of degree n.
’ m= 2n—+1

Then, for any pair (z,y) € QEt x Q% the addition theorem reads as follows:
2n+1

on+1( R \"" Ty
HE (z)HE = P, .

=] [yl

An important property of scalar outer harmonics (see [8, 18]) is that

n,m

LQ(E):span nevg;  (HE )|ZH'”L2(2)’
n+

O(E) = Span  neNy; (Hﬁm”ZH'HC(Z)’

m=1,...,2n+1
where ¥ is a regular surface (e.g., the real Earth’s surface) and g is a so called Runge

sphere inside 3, i.e., R < 0 = infyex|z|.

4.2.2 Vector Outer Harmonics

In this section we extend the theory of scalar outer harmonics to the vectorial case (as, e.g.,

in [14, 33]). We use the system of vector spherical harmonics {ugf?m}izl,z,s;newoi; in order
m=1,2,...,2n+1
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to generate the set of vector outer harmonics {hg?;nR}izl,z,&neNoi; in such a way, that the
m=1,2,..., 2n+1
Laplace equation is fulfilled componentwise. These functions when restricted to a regular

surface can then be used to approximate continuous vector fields on regular surfaces which
is the matter of Chapter 5.

Remark 4.2.1. The vector outer harmonics are derived formally by applying the Laplace
operator on a harmonic function f given by

3 oo 2n+1

F@) =3 fin ), ©),

i=1 n=0; m=1

where the Fourier coefficients depending on r are given by

£ () = / £(r€) - ul), (€)dw(€).

Using the fact that f fulfills the Laplace equation componentwise and that the vector fields

Wl are eigenfunctions of the (scalar) Beltrami operator, we derive (see [33]) the differ-

ential equations

0% 20 1
(55 + 25— sl D+ D) 806) = o,

72

2 20 1
(55 + 25— anln4 D) 58560 = o

0?2 20 1
(5 +25 — Zaln=1) 5200) = o

n € No,;m=1,...,2n+ 1. The solutions of these differential equations are given by
C
(DA _ 1 n+1
fn,m (T) - yn+2 + Dyr )

n,m

FANE) = %+D27‘"’1,
r

f'r(z???n/\(r) = yn+l +D3rn7

where C;, D; € R, i =1,2,3, are arbitrarily chosen constants. Since we are only interested
in the outer space of Qg we choose D; =0 for i =1,2,3, in order to fulfill the property of

reqularity at infinity of the harmonic solutions.
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The freedom in choosing the constants implies many possibilities to introduce vector outer
harmonics. We will work with vector outer harmonics as presented in [33].

The vector outer harmonics h,(f,)ﬁR of degree n and kind 7 are defined for x € QTR” and
neNy; m=1,...,2n+ 1, by

R n+2
e = () (). (4.22)
R\" x
MRz = | — il e 4.2.3
arw = (o) () (423
R n+1 x
We can give a common representation by setting
] 4, 1=1,
Z 1, =23,

ie,l;=i4+3(1-0;) withneNy; m=1,....2n+1;i=1,2,3,

. 1 R n—2+1; . T
OB () = = (—) ul® (—) : (4.2.5)
’ R\ |z| AN

The following properties are satisfied [33]:

o W s of class () (Q53),

° Azhg,);nR(:U) = 0 for x € QF* ie., every component function th?,’nR ek k=1,2,3

satisfies the Laplace equation,

h(l)vR

1
L4 n,m QR:E

7(11')

1My

° (hg,)f, hl(ig)’R)ﬂ(QR) = 0§j0n10ms,

h(i)’R(x)| =O(|lz|™), |z| — 00, =€ Q¥

°
s
3

Similar to the scalar outer harmonics we define the space for vector outer harmonics by

harm!? (Qet) = span{hﬁf’)r;ﬂ m=1,...,2n+ 1}
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and
harmo(Q5) = harmy! (),

3
harma (@) = @D harm) @),

where Q%" again denotes the outer space of a sphere Q2z. The representation for bandlim-

ited spaces harmp (Qe‘“) 0; < p < ¢, is naturally given by
harm Qm @ harm( Qm

whereas we have

harm(QEY) = Spani=1aziney, P R (4.2.6)
and
, Il ez
harm™(Q5Y) = span  ew,; h;gz)rnR‘ O (4.2.7)

m=1,2,..., 2n+1

Using the Legendre tensors given by (3.3.24) we are able to deduce the addition theorem

for vector outer harmonics from the addition theorem for vector spherical harmonics uﬁf)m

Theorem 4.2.2. Let {hnm (0. R i=12.3meng,:, be a system of vector outer harmonics of degree

n and kind i as defined by (4.2.5). Then for any pair (z,y) € QF' x QF the addition

theorem for vector outer harmonics reads as follows:

2n+1 n—2+1; n—2+41;
, 4 1 R ‘(R T2n+1_.
E pl).R hU).R _ 5 (6.7)
n,m (3}') ® n,m <y> RQ |£L’| AT Pn (fa 7))7

m=1 |y’

where l; =i+3(1—0;),i=1,2,3, and l; = j+3(1—0;), j = 1,2,3 and the f)gf’j) are given
by (3.3.24).

4.2.3 Closure of Vector Outer Harmonics

Finally we want to discuss the closure properties of vector outer harmonics on regular
surfaces. Thus we will show that linear independence is one important property of vector

outer harmonics.
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Lemma 4.2.3. Let ¥ be a regular surface and {hg%R}i:Lz,g;neNoi; be a system of vector
,,,,, 2n+1

{hg,),’nR|g}i:1,z,3;neNOi; is linearly independent.

m=1,...,2n+1
The proof can be found in [33] based on results in [§].
The following lemma (see, e.g., [33]) is an auxiliary tool to prove the theorem of complete-
ness for vector outer harmonics. It follows from the corresponding results of scalar outer
harmonics.

Lemma 4.2.4. Let {Hﬁm}neNO;m:Lm,gnH be a system of scalar outer harmonics as defined
by (4.2.1). Then

B
spam:1,12,3;7;ewol;{Hfmgﬂg}'l l2e) (%),
m=1,..., n+ ’
|-
SPami=1,2,3neny; {H}?meﬂg}'l e _ c(X)
m=1,...,2n+1 ’

In the following theorem a completeness result for the vector outer harmonics is given (see

(33]).

), R :
Theorem 4.2.5. Let {h,(f,)m }iz123m=0,1,..; be a system of vector outer harmonics as defined
m=1,...,2n+1

by (4.2.5). Then the following statements hold true:

H'”lZ(z)

Span i1 2merg ;s {hin |5} = B2(%), (4.2.8)
m=1,...,2n+1
Spani:1,2,3;neNOi;{th’n |§;} = C(E) (429)

Proof. Let 5’“Hfjm be a homogeneous harmonic vector polynomial for any fixed value of
k=1,2,3;n€ Ny, m=0,...2n+ 1. Then this homogeneous harmonic vector polynomial
can be written as a linear combination of vector spherical harmonics, given by Lemma
3.3.12. Let us first represent e* H restricted to the unit sphere Qp with radius R = 1,

n,m

FHP (@) =, (—) ), (ﬂ) T (ﬂ) e Om Rl

|z]

ie.,

By suspending the restriction on the unit sphere thus allowing R > 1 we get the following
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representation:
akH,fm(x)
R n+1
G e
|z |z |z |z
2(n+1)+1 2n+1
2 (2), ,
= Z a’n lm n lm + Z aiz—i)-lm n+1 m(x) + Z an:):?nhg:mR(x>
m=1 m=1
Therefore,
SPATL k=123 netio {e"HY |5}
m=0,...2n
(n—1)+1 2(n+1)+1 2(n)+1
- @ {h’n lm’E} D @ {hn+1 m’E} D @ {h’
Lemma 4.2.4 completes the proof. O

Thus the system {hgf );nR}z 123meng,: Of vector outer harmonics is orthogonal when restricted
to a sphere ()i linearly 1ndependent and complete when restricted to a regular surface X.
From functional analysis (see e.g. [3]) we know that in a Hilbert space such as [*(X) the

properties of completeness and closure are equivalent. This leads to the following corollary.

Corollary 4.2.6. Under the assumption of Theorem 4.2.5 the following statement is valid.

The system of vector outer harmonics {hnm \g} =123m=0,1..; 18 closed in 2(%), i.e., for
+

.....

N 2n+1

b =33 S a0

i=1 n=0; m=1

[

such that
|f = hmlles) <€
(4)

where anmy are appropriate coefficients.

4.3 Exact Computation of Homogeneous Harmonic

Polynomials

Two algorithms exclusively using on integer operations are explained for establishing lin-

early independent systems of homogeneous harmonic polynomials. The first algorithm is
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based on the solution of an underdetermined system of linear equations, whereas the second

algorithm uses a recursion relation for two-dimensional homogeneous polynomials.

4.3.1 Exact Computation Via Underdetermined Linear Systems

Our purpose now is to explain how a maximal linearly independent and orthonormal system
of homogeneous harmonic polynomials of degree n can be generated exactly (our consid-
erations literally follow [19]). The concept is based on the observation that any linearly

independent system {H,, ;};—1,.2,+1 of homogeneous harmonic polynomials of degree n
H,1(x) = Z Cla™
[a]=n
Do Do (4.3.1)
[a]=n

can be determined by ezact computation of the coefficients C?, i.e., entirely by integer
operations for j = 1,...,2n + 1. (Note that we briefly write C? instead of C™ when
confusion is not likely to arise). In other words, we want to show that the coefficients

CI,j=1,....2n+1,in (4.3.1) can be expressed as integers.

Generation of Linearly Independent Systems

Let H, be a homogeneous polynomial of the form H, = ¥ -,Cox®, x € R3, n > 2.

Assuming that H, is harmonic, i.e., A H,(z) =0, x € R, we obtain
AcHy(x) = Ay Y Coz® =) Coaly(z*) = 0. (4.3.2)
[a]=n [a]=n
Thus it follows that

E Colo(an — D) 225225 + an(an — 1252 22§

ajtaztaz=n

+ as(as — 1)zg* 22 25?) = 0. (4.3.3)

We discuss the terms

—2
ar(og — Dt 25?23, ag + as + a3z =n,
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gy — 1)z 252228, oy + ag + as = n, (4.3.4)

2
asz(ag — D a3?x$? ™" a1 +as+az=n

in more detail. Every term in (4.3.4) with index o = (v, g, 3)? satisfying [a] = oy +
as + a3 = n is a homogeneous polynomial of degree n — 2. Hence, the left hand side of
(4.3.3) is a homogeneous polynomial of degree n — 2. Therefore AH,, can be represented

in the form

AH,(x)= Y Dga. (4.3.5)
[B]=n—2
The coefficients Dg are given by
Dﬁ = Z Camﬁa, (436)
[a]=n
where mg, is given by
O51(041 - 1)7 ﬁ —a = (_27 07 O)T
-1 — = (0,—-2,0)
Mpa = 042<052 )7 ﬁ « ( ’ ’ )T (437>
Oég(Oég - 1)7 6 -« - (07 07 _2)
0, otherwise.

H,, is assumed to be harmonic, i.e., A H,(z) = 0 for all z € R3. But this means that all

numbers Dg are equal to 0. Therefore it follows that
> Campa =0 (4.3.8)
[a]=n

for all 3 with [8] = n — 2. Now, (4.3.8) is a linear system of (}) equations in the ("1?)

unknowns C,, [a] = n.

n+2
2

m=(1 i x_ )} (Z) (4.3.9)

The matrix m = (mg,) has (g) rows and ( ) columns; m can be partitioned as follows:

where 1 = (Ig5) is a (}) by (%) matrix and r = (rgs) is a (}) by ("+?) — () matrix.

For the set of multiindices of degree n we introduce a binary relation (lexicographical order)

between elements

/ 1" " "

O‘l - (O/laa/ba;))T? a, = (@17a2>a3)T (4'3'10)
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designated by 7 > " and defined as follows:
a > o (4.3.11)

if and only if one of the following relations is satisfied

a) > ay (4.3.12)

or
o) = ay, >y (4.3.13)

or
) =), Gy =y, (g > Q. (4.3.14)
The binary relation ” > " implies an ordering for the multiindices «, [@] = n, according

to the mapping
(n,0,0) —1}1

n—110

—~ —_
S
0o
0o
o

— ~—r ~— S~— ~—
W~

(0,0,n) — ("3?)

In the same way, the set of multiindices 3, [5] = n—2, may be ordered by increasing integers
i,1 <i < (). Hence, in canonical manner, each pair (8, a) with [5] = n — 2, [a] = n,
corresponds uniquely to a pair (i,7),1 < ¢ < (g),l <j < (”;2) In this notation the
matrix

m = (mg,), [] = n—2, [o] = n, (4.3.15)

can be rewritten in the ordered form

m = (my), 1 <i< <”) 1<j< <n+2>. (4.3.16)
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Analogously
L= ls, [ =n—2, [1] =n—2 (4.3.17)

(Z) 1<j< (Z) (4.3.18)

lij:() for ’i>j, i:2,...,<n),
ZU%O for Z:j, 221,,(2)

becomes

IN

(From (4.3.7) it can be deduced that
(4.3.19)

But this shows that 1 is non-singular, hence, the matrix m is of maximal rank: (72‘)

Therefore we are able to find (";2) — (g), i.e., 2n 4+ 1 linearly independent solution vectors

(AL ) ..., (A1) [a] = n, of the homogeneous linear system (4.3.8). According to
n+2
2

standard arguments of linear algebra the ( ) by 2n+ 1 matrix a consisting of the vectors

(A3); - (AT
a=((AL), .., (A2 } ("1?) (4.3.20)

[

~
2n+1

may be partitioned in the following form

a= ( _‘: ) , (4.3.21)

where i is the (2n + 1) by (2n + 1) unit matrix, and u is a ("}?) by (2n+ 1) by (2n+1)
matrix. Then the linear system m a = 0 can be written as follows 1 u = r. Since 1 is a
(2n+ 1) by (2n + 1) upper triangular matrix, the unknown matrix u can be computed by
(2n + 1)-times backward substitution.

The elements of the matrix m = (mg,) are all integers. Therefore, any solution of the
linear system (4.3.8) is a column vector of rational components. Hence, there exists a

matrix

c = ((CL), ..., (C*1)), [a] = n, (4.3.22)

the elements of which are all integers (observe that if (C,), [a] = mn, is a solution of
(4.3.8), then k (C,), [a] =n, k integer, is a solution, too).

In other words, the solution process can be performed strictly in the modulus of integers.

Exact computation (without rounding errors) is possible in integer mode by use of integer
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operations (addition, subtraction, multiplication of integers). When the matrix ¢ has been
calculated, the homogeneous harmonic polynomials H, ; given by (4.3.1) form a (maximal)

linearly independent system, i.e., a basis in Harm,,.

Finally, it should be emphasized that exact computation, i.e., addition, subtraction, mul-
tiplication in integer mode must be performed strictly in the available range of the integer
constants. Helpful is an arithmetic for arbitrarily long integers whose implementation on
a computer system operates with lists so that there is no restriction on the size of the
integers worked with (this is a standard feature of computer algebra packages). Let us

demonstrate the technique of calculating the matrix c for two examples:

We choose the degree n = 3. Then an elementary calculation yields

<" ; 2) = 10, <Z> =3, (4.3.23)
(" ;L 2) - <Z) =7 (4.3.24)

Every homogeneous harmonic polynomial H3 € Homs may be represented in the form:

hence,

Hi(x) = Csoo 23 + Cowg aize  + Chor 27 a3
+ Cia0 7123 + Cinn wiwors + Cioe 71 23
+ Coso a:% + Coo1 l‘%xg + Cohi2 9 :L‘% (4.3.25)
+ Coos x%

(.CC = (xla z2, x3)T)'
Hj has to fulfill the differential equation A Hs(x) =0, x € R3, i.e.,
6 Cgogl‘l + 2 02101‘2 + 2 0201I‘3 (4326)

+2 Clgoxl + 6 C()g(]ZL’Q + 2 C(]leg
+2 010233'1 -+ 2 0012.1'2 + 6 000333'3 =0.

Since A, Hj(x) = 0 identically for all z € R® we get () = 3 equations for the coefficients

6C300 + 2Ci20 + 2Ci02 =0,
2050 + 6Ch30 + 2Cp12 =0,
2051 4+ 2Ch1 + 6CH3 = 0.
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Using the introduced order for the coefficients C,, [a] = 3, the equation m ¢ = 0 reads in

matrix notation

Cs00

Caio 0

Coo1 0
6 00 :2020000 Cl20 0
020:000¢6020 Cin = 0 1, (4.3.27)
002:00002¢06 Cloz 0

Co3o 0

Co1 0

Corz 0

Coo3 0

where we have marked the partitioning of the matrix m and the vector (C,) by dashed
lines. If we choose
0120 - —1,0111 = ... = 0003 = 0 (4328)

the linear system is uniquely solved by the vector

1

(g,o,o : —1,0,0,0,0,0,0)". (4.3.29)

Multiplying this vector by 3 all components become integers
(CY)=(1,0,0: —3,0,0,0,0,0,0)". (4.3.30)

In the same way we generate a set of 7 linearly independent solutions of the above system

the components of which are all integers, viz.

(C* = (0,0,0:0,-1,0,0,0,0,0)7,
(C? = (1,0,0:0,0,-3,0,0,0,0)7,
(¢t = (0,3,0:0,0,0,—1,0,0,0)7,
(C?y = (0,0,1:0,0,0,0, 100)T,
(C® = (0,1,0:0,0,0,0,0,—1,0)7,
(C™y = (0,0,3:0,0,0,0,0,0,—1)".
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Thus a linearly independent system {Hj;};—1,. 7 of homogeneous harmonic polynomials

of degree 3 is found by the following functions:

Hsi(z) = 1-2%—3 223,
Hss(x) = —1-a2129003,

H3z(r) = 1-2%—3- x5,
H3u(v) = 3-2iwy—1-a3,
H3s(z) = 1-zjz3—1-23,
H3g(r) = 1-23w5— 12973,
H3;(z) = 3-zjzs3—1-23.

Generation of Orthonormal Systems

The linearly independent systems of homogeneous harmonic polynomials as developed here
turn out to be of particular significance when outer harmonics have to be orthonormalized
with respect to a (geoscientifically relevant) regular surface 3, i.e., when a linearly indepen-
dent and not an £%(€)-orthonormal system is required for the orthonormalization process
on Y. Nevertheless it is worth mentioning that, corresponding to the linearly independent
system {Hpnm 1 on 1 of homogeneous harmonic polynomials of degree n, an orthogo-
nal system, in {H  }m=1,. 2041 With respect to both the topology of Hom,, and L£2(Q)
can be constructed only by integer operations (according to the well-known Gram-Schmidt

process). To this end the functions H; ,  are computed recursively. We start from
Hy =H,; . (4.3.31)

Then we set
Hy o =ay,Hyy + Hyyr (4.3.32)

The coefficient a3, has to be chosen such that Hy , is orthogonal to Hy , :
(Hp o Hy ) iom, =0 . (4.3.33)

It turns out that (H, o H: )
n n,2y 44y 1) Homy,
ay, = — (T . (4.3.34)

*
n,1» Hn,l)HOmn
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It should be noted that numerator and denominator may be determined exactly. Now, let

The requirements
(H:L?)?H* )Homn 07
(Hn?nH )Homn =0
lead to
(Hn 3 H:L 1)Hom
Ay, = — el (4.3.36)
o (Hn,h Hn,l)HO’mn
(Hn 3 H:L 2)Hom
A, = — g 2 oM (4.3.37)
2 (Hn 29 Hn,Q)HO’mn

Again, the coefficients can be deduced by integer operations. Analogously we get, in

general,
Hyp=ap Hyy+ o+ ag e Hyp oy + Hop, k=220 +1, (4.3.38)
Hiy=H, , (4.3.39)
where the coeflicients (H, . H )
az . n,ky tn s)Homny (4340)

o (HT*L s? H;,S)Homn .
are computable exactly by integer operations, i.e., ay, is known exactly as a fraction of
integers.

According to this well-known orthogonalization scheme, each function H} ; is a linear
combination of the functions H,, 1, ..., Hj 2,41 . The coefficients of this linear combination
can be obtained exactly as rational numbers, too. Thus there exists a vector (BZ') such
that

=Y Bra®, m=1..,2n+1. (4.3.41)

[a]=n

The vectors (B2'), m = 1,...,2n + 1, form a matrix b whose elements consist of fractions
of integers (provided that all numbers in the course of computation have been calculated

in such a way that numerator and denominator are known as integers).
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Lemma 4.3.1. There exists a sequence of homogeneous harmonic polynomials { H}; | }m=1,...2n11
of degree n with
(H;m’ ;;,z)Homn =0, m#1,
ViZ.
HT*L,I = Hn
Hyw = ag Hyy+ .o +ape Hyp o+ Hyp, k=2,..2n+1,

where all coefficients aj. , are computable by integer operations.

n,m’ * n,m

Remark 4.3.1. Provided that the expression \/(H* H . Viom, has been stored as the
radicant of an integer a Hom,,-orthonormal system of homogeneous harmonic polynomials
of degree n can be calculated exactly, i.e., by integer operations. The exactness is of basic

importance. In fact, the method is constructed so as to avoid computational errors.

Lemma 4.3.2. The system

*  \— * * * -1 *
\/(Hn IR H )Hom Hn 1o \/(Hn,Qn—&—l? Hn,2n+1)Homan,2n+1

s an orthonormal system of homogeneous harmonic polynomials of degree n with respect

to (v, ) Hom,,, while

\/Mn Hn 1) Hr*z 1 ﬁomnHZ,h cee \/IU’TL(H;,QnJrlﬂ H;,2,+1>I}£mnH;,2n+1
is an orthonormal system of homogeneous harmonic polynomials of degree n with respect to
(s*)c2)- The values (H ., H

nm’ *tnm

YHom, can be determined entirely by integer operations.

We only deal with the degree n = 3 (for a table of higher degrees see [9]). According
to our orthonormalization process due to Gram-Schmidt we are able to deduce from the
maximal system of linearly independent homogeneous harmonic polynomials { Hs ,, } =1, 7

an orthogonal system {H. ;jm}m:17.”77. The resulting functions are listed below:

* o 3 2
Hy (x) = a7 — 3123,

*

H3’2 T) = X1X2x3,

* _ .3 2 2
His(z) = 2y + zx5 — 4o,
H* 3 3

3,4

2 2

2 3 2
= 1% + x5 — 4xa3,

()
()
()
(x) = 3aizmy— 25— ),
()
()
()

2 2 3
= 3xizs + 3w573 — 275,
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That means, all components BJ # 0 are decomposed into an integer times a product of

the prime numbers 2, 3. An easy calculation gives

Thus, the integers are decomposed into

numbers < 3.

Consequently, the orthonormal system

= 24 = 1-23.3%,
1 = 1-20.39
= 40 = 5-23.3°
= 24 = 1-2%.3%, (4.3.42)
= 4 = 1-22.3%
= 40 = 5-.23.3°
= 60 = 5-22.3.

a (positive) integer times a product of prime

N

H*

-1 *
)Hom3 Hn,m

(4.3.43)

n,m

(with respect to (-, )Homs). corresponding to {Hy; | }m=1,. 7 may be listed as follows:

Vs 3 H

=(1-2"-3% 23]

Vi Hy o)k
=(1-2°.3°

H;J(x)

H§,2(37)

Vi, Hy )b, Hi o)

=(1-2°-3% afaday +1.2°.3°

—1.929.3!

xpasxs)/V1-23 - 31,

- wwwy) [V 20 30,

1.2.0
T L1 ToTg

~x?x§x§)/\/1 - 2331

—1-22-3% w7a%23) / V5 - 2330,
VU 4 H )i, Hi (1)
=(1-2°-3" - afagry —1-2°.3°
V5 Hy )b, Hi ()
=(1-2°-3% 22adwy —1-2°.3"

Vs g Hi o), Hio(w)

calwiay) V12230,
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=(1-2°-3% afmgay +1-20-3% 203235 - 2% . 3% . 2¥00a3) /V1 - 22 30,

V U 5 )i H ()
=(1-2°-3" - 2?abwl + 12030 20230)

—1-2'-3% afa%23)/V5 - 22 3L,

Therefore we obtain the system

1
H371 ([L’) = \/ﬁ(xlg — 3171[[‘22), (4344)
Hg,g((E) = T1X973, (4345)
1
Hg’g(ﬂf) = \/—470(Q313 -+ .TILEQQ — 4(1]15632), (4346)
1
Hyalx) = —= 4(333123:2 —x5°), (4.3.47)
1
H375(ZE) = —4(1’121‘3 - [E22l'3), (4348)
H3 G(ZL’) = L(Z‘lg’ﬁg + 51323 - 4.%‘21’2) (4 3 49)
, \/@ 3/ v
1
H37(z) = —=3x%x3 + 3203 — 2235°) (4.3.50)
’ V60

of homogeneous harmonic polynomials of degree 3 (see Figure 4.3.1).
Finally, the orthonormal system of homogeneous harmonic polynomials of degree n (with

respect to (-,-)2()) is given as follows

with 10 1-3-5-7
Ha A AT ( )

4.3.2 Generation of Linearly Independent Systems Via Recur-

sion Relations

Our considerations have shown how a basis of Harm, can be computed entirely by in-
teger operations from 2n + 1 systems of linear equations. The basis functions obtained
can be orthonormalized exactly by means of the well-known Gram-Schmidt orthonormal-

ization process. As result there are 2n + 1 homogeneous harmonic polynomials available
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(orthonormalized in the sense of (-,)gom,). But the disadvantage in that approach is
that the linear systems of equations result in basis functions which are all involved in the
computational work of the orthonormalization. This is the reason why [20] proposed an
algorithm such that, for every degree n > 2, a basis of Harm,, is computable exactly which
divides itself in a natural way into four subsets such that the sets are mutually orthogonal

and the intersection between any pair of subsets is empty.

The starting point for this approach is the fact that any homogeneous harmonic polynomial
H, in the three variables z, %2, x5 can be represented in the form (3.1.6), where A,_; :
R? - R, j=0,...,n, are homogeneous polynomials of degree n — j in the variables z, 2,
where, for j =0,...,n—2, A,,_;_» is determined recursively from A,_; according to (3.1.7).
In what follows we especially denote by M(n) the set of all multiindices o € N2 with

[a] = oy + ay = n:

M(n) ={(n-j.j), j=0,....n} (4.3.53)
Obviously, M(n) consists of n + 1 elements. Hence, corresponding to the set M(n), there
exists an ordered system A, 1,..., A, 1 of n+ 1 monomials (xq, x) — 2725, 0q + g =

n, (x1,x9)" € R?. It is clear that the set of all linear combinations of 4, ;,7 =1,...,n+ 1,
spans the space of all homogeneous polynomials of degree n in R2. For brevity, we use A,

to denote the system of the n + 1 monomials {A, ;}j=1. n+1-

Lemma 4.3.3. The union B,, of the sets B and B given by
BY = {E 2 A, a0) | 1= 1n} (4.3.54)
j=1

Bﬁbn) = {ZZ x%An,J’,l<5L‘1,x2) ’ = 1, N+ 1} (4355)

J=0

with

1 0 5 0
- ——((5 =)+ (
forms a basis of the linear space Harm.,,, where Y2 means that every second summand will
be omitted in the sum .

An—j—z,l($1,$2) = —( )Q)An—j,l($1>$2)

Proof. All members of the subsystems B, B{" are linearly independent, since the func-
tion A, ; are linearly independent. Both systems together possess n +n +1 = 2n + 1

elements, i.e., they form a basis of Harm,,. O
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Obviously,
[5]
22 .T3 n—j,l $1,$2 ZI? lAn 234_1[([51,1’2) (4356)
and
n L3
= 232 ngn_jJ(xl,xg) = Zl’%jAn_ng(l‘l,l'Q), (4.3.57)
=0 =0

where we have used the notation [-] and |-| for rounding real numbers |[t] = max{n €
Zln < t}, [t] = min{n € Z|n > t},t € R.

Next we verify the following theorem.

Theorem 4.3.4. Let ng:)’ k =n —1 and n, respectively, be defined as in Lemma 4.3.3
Then BS"™ L B (in the sense of (-, ) Hom, )-

Proof. Since each H e g s homogeneous, it can be represented in the form

(51

Hgfl_l)(l'l,l‘%l‘?)) = Z{L‘éj_lAn_Qj_i_l(fL‘l,l'g) (4358)
j—l
25—1
Z‘T - Z Ca1,5%1 $§2
(81,82)TeNg,

B1+Ba=n—2j+1

[5]
o1 . (3
§ : E , Ca17a2,asx1 Lo Tg™.

J=1 (a,aga3)Tend
aytag=n—2j5+1
az=2j—1

Analogously we obtain

ﬁ
NIE]
[

Hnnlz, (21, 29, x3) = Z Coy o s 1 T3 T3 (4.3.59)

1=0 (v,72,73)TeNg,
v1+v2=n—24,

Y3=21
Thus it follows that
51 L3]
H(nfl) H(”)) _ a,.y 3
CARR N ) DEED DENNED DR\ AR IERD
j=1 i=0 aENg 'yENg
altag=n—2j+1 ~y1+y2=n—2i
a3:2j—1 73:21‘

This completes the proof of Theorem 4.3.4. O
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Theorem 4.3.4 shows that we already have obtained a basis of Harm,, which is partially
orthogonal. Thus we know that we have two subsystems which are orthogonal to each other.
This can be improved by the following: The reason for the orthogonality of the subsystems
is that one subsystem contains only polynomials with multiindices o = (v, a, a3)” € N3,
where a3 is odd, whereas in the other subsystems are only polynomials with multiinidices
a = (a1, ay,a3)T € N3, where a3 is even. This idea can be applied in the same way to the

second component of the multiindices.

In more detail we let

B, = |J BY (4.3.61)

k=n—1n
- U BY, (4.3.62)

k=n—1,n

i=0,1

where

By = {HyeBP|as even}, (4.3.63)
Bl = {HyeBPlasodd}. (4.3.64)

Let us denote by My(n), M;i(n) the sets of all multiindices given by
Mo(n) = {(n—j,j)[Jeven, 0 <j<nj},
Mi(n) = {(n—3.4)|jodd, 0<j<n). (43.65)

By virtue of this splitting of M(n), the set A, defined above is separated into two subsys-

tems A, o, Ay, 1, namely
Ak = {(x1,29) — 27'23%, a1+ ag =n, (a1,a2) € Mg(n)} (4.3.66)
for k =0,1.

Remark 4.3.2. As subscripts for the sets M we use binary numbers. The binary digits
reflect the odd/even pattern of the multiindices if we read ’even’ for 0 and ’odd’ for 1. We
see that My(n) and My(n — 1) have the same patterns in the second component, but the

patterns differ in the first component.

As required by Theorem 3.1.5, the Laplace operator (9/dz;)? + (0/0x5)? in R? has to be

applied repeatedly to a basis function A,_;; or A,; in order to generate the functions
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Ay —j—2;. Applying the Laplacian in R? changes the multiindices, but does not change the
odd/even pattern. Thus, a homogeneous harmonic polynomial generated by the elements

of A,_1x, k=0,1, can be represented as a sum of the kind

Z CU=DaMgs2a8s o = (21, 19, 23)7, (4.3.67)

[a]=n, agodd
(&1,(!2>€M(k) (n—1)

while a homogeneous harmonic polynomial generated by the elements of A, , k = 0,1, can

be represented by a sum of the kind

Z CWarMas22%3 o = (21, 29, 23)7. (4.3.68)
[a]=n,ageven
(al,ag)GMk(n)
Therefore we obtain
Theorem 4.3.5. Let Bq(f,;l), k = 0,1, be the set of homogeneous harmonic polynomi-
als generated from the elements of A,_1x. Moreover, let BT(:?,?;, k = 0,1, be the sets of

homogeneous harmonic polynomials generated from A, . Then
n—1 n—1 n n
B, =By BTV UB uBY

is a basis of Harm,,, where

Bl uBY = BrY, BIUnBITY =0 (4.3.60)
BhuBy = B, B NBY =0 (4.3.70)

and
), 159
(in the sense of () tm,) for (i,K) # (1) n—1< i,j <m; 0 <kl <1,

Generation of Orthonormal Systems

Applied to the functions of each subsystem BS,)k;i =n—1,n; k=0,1; the Gram-Schmidt
orthonormalization process can be performed exactly (over a finite subset of Q) except for
the final (square root) division of each polynomial by its norm. This yields an orthonormal
basis of homogeneous harmonic polynomials in (Harm,, (+,)gom, ). To this orthonormal
basis there corresponds an orthonormal basis in (Harm,, (-,-)z2q)) by multiplying each

basis element with the factor |/i,.
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In order to get an estimate of the amount of work saved if we orthonormalize the subsets
rather than the whole set of basis functions, we have to know the number of functions in
each subset BS,L; i=n—1,n; k=0,1,ie., the number of elements in M) (n — 1) and

My(n) for k =0,1. Let us define
v(n) = #M(n).

Then we easily see that for even n

nt2 g,
Lﬂm:{ C Rt

3

N3

while for odd n

ntl if k=0,
V’“(n):{ M1 g
2 0 :

Let us denote by Wy (n) the amount of computational work to perform the Gram-Schmidt
orthonormalization process for a subset of N homogeneous harmonic polynomials. In the
i-th step are computed: i - scalar products (S), (i-1)- divisions (D); (rational/rational),
(i-1)- multiplications (M); (rational x polynomial) and (i-1)- additions (A); (polynomial +

polynomial). The square root is not really performed. Thus Wy (n) is equal to

WE

Wy(n) = i-S+(—1)(D+ M+ A)

1

(N(N +1)S + (N = 1)N(D + M + A))

.
I

N | —

~
~

NZ(S+D+M+A):%N2~U,

DO | =

where

U=S+D+M+ A

For the orthonormalization of a set of 2n+ 1 basis functions of Harm,,, i.e. for all functions

of a basis of Harm,,,we get
~ 1
Wa”(n) = W2n+1 (TL) ~ W2n+1(n) = 5(277/ + 1)2 -U.

The computational work for the individual orthonormalization of the four subsets is

1 n
Wsubsets(”) - Z Z va(n) (j)
k=0 j=n—1
1 n

~~ ~Subset5(n) = %UZ Z vi ().
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The amount of computational work which we save if we orthonormalize individually the
basis subsets can be expressed by the ratio

- Wa
R(n) = ———— u(n) )
Wsubsets(n)
We see that
R(n) < 4
and
lim R(n) = 4.

Even for very small n the limit 4 is nearly reached.

This means that the amount of computational work is reduced drastically when the el-
ements of the basis have to be orthonormalized, because the orthonormalization process
can be performed separately for the four individual subsets (whose numbers of elements
on average is (2n + 1)/4).

We start with the sets of multiindices

Mo(4) = {(4,0),(2,2),(0,4)},
Mi(4) = {(31),(1,3)},

Mo(5) = {(5,0),(3,2),(1,4)},
Mi(5) = {(4,1),(2,3),(0,5)}.

From each of these sets the corresponding homogeneous harmonic polynomials are derived.

The polynomials read as follows:

. 4,.0,.1 2,..0,.3 1,.0,.0,.5
Mo(4) : 1xjrgrs — 2070903 + 2237573,
2,.2,.1 1,.0,.2,.3 1,.2,.0,.3 1,..0,0,5

3 3
0,4,.1 0,2,3 ; 1,0,0,.5

lxjzyay — 20 x50y + zrjxgws,
Mi(4): 1xdxdzl — 1xjxlad,

1,.3,.1 1,.1,.3
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Mo(5) 0 1292925 — 10232922 + Srialzs,

3,.2,.0 12,2 3,.0 .2 1,.0,.4
lajxsey — 3vywses — lajryes + lojayas,

1,40 1,2 2 1,04
lzixsey — 6vy0525 + 1loryas,
My(5) 0 lzfadzd — 6xizia? + 1% )23,

2,.3,.0 0,.3,.2 2,.1,.2 0,.1,.4
lafrsxs — lojxsaes — 3xiwsxs + lojxsas.

81

An illustration of members of the system of homogeneous harmonic polynomials for degree

D is given in Figure 4.3.2.

For the (-, -)oms-orthonormalized set of polynomials we find the following 11 monomials:

. / 5 4..0,.1 2,03 1 1.0.0.5
My(4) : @(Lpl%x?’ — 2xix5x; + 5x1x2x3),

1 2,.2,.1 1,.0,.0,.3 1,2.0,.3 1,.0,.0,.5
1,..4,0,.1
—§m1x2x3)7

1 04,1 _3.0.2.3 , 1.0.0.5 , 1 401
—\/@(1931:1:23:3 — TVTHT3 + FTITHT3 + GTITHT3

1,203 _ 3.1,21
TIT1ToTs — 5T THT3),
.1 31,1 11,3
M;(4) : —12(1 crirsxy — lrjrsay),

1 1,31 11,13 1,311
75(13515”2353 — T1TyT3 — T TT3),

Mo(5) : \/119—20(135%896(3 — 10232923 + bx1ad23),
ﬁ(lx?m%mg — 3zizdal + tatadad
Phatadid + Lot — Lrfell),
T (Lejagal — Jeqaded + geqades
—i—%x‘i’xgxg + ixi’x%x% — %x?x%x%),
Mi(©): Fhp(latriad 6ol + 1atalad),
U Lt — Ll 1 Ll
\/ﬁ (1x?x§xg — 5x9x§x§ + %x%x%x%
+2z1adal + Latwiad — safadal) .

An illustration of members of the (-, -)gom,-orthonormalized system of homogeneous har-

monic polynomials for degree 5 is given in Figure 4.3.3.
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4.3.3 Generation of Scalar Spherical Harmonics and Scalar Outer

Harmonics

One more step is needed to produce a (-, ) z2()-orthonormalized set of polynomials from the
above given polynomials. By multiplying the (-, -)pgom,-orthonormalized system with the
normalizing factor \/fi,,, where fi,, is defined by (3.1.13) we obtain a (-, ) z2(g)-orthonormalized
set of polynomials. Therefore, let {H,, 1 }m=1.. 2n+1 be a set of (-, -)gom,-orthonormalized
polynomials in Harm,. Then, with z = |z|§, £ € Q and p,, defined by (3.1.13) the system
{Yom =1, 2nt1 With

Yy (&) = \/Hin Hun (%) . reqQ, (4.3.71)

is a set of (-,-)z2(q)-orthonormalized polynomials in Harm,.

In our above example, for the case of n = 5, we obtain u, = %. An illustration of
members of the (-, -)z2(q)-orthonormalized system of homogeneous harmonic polynomials

for degree 5 is given in Figure 4.3.4.

Let us now provide further numerical examples for the generation of the extension of spher-
ical harmonics to arbitrary spheres and finally to scalar outer harmonics.

The extension to an arbitrary sphere with radius R can be computed (due to (4.1.1)) by
multiplying each member of the (-,-)z2(q)-orthonormalized system of homogeneous har-

monic polynomials, given by (4.3.71), with }%, i.e., for R > 0,
YA (0) =~V (Z), zeQn (4.3.72)
o R " \z
An example is given in Figure 4.3.5 for the extension from a sphere with R = 1 to a
sphere with Ry = 1.3 (only a part of the spherical harmonics is extended for a better
visualization).

We proceed in a similar way to obtain scalar outer harmonics (4.2.1). Therefore we use the

result of the extended set of (-, -)z2(q)-orthonormalized polynomials, given by (4.3.72) and

n+1
multiply with the factor (%) , x € R3\ {0}, to obtain the set of scalar outer harmonics
{Hﬁm} _nGNO; ; i.e.,

HE (2) = <§)n+l YE (), «eR\{0}.
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HS,S
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-0.15
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Figure 4.3.1: Illustration of the (-, )mom;—orthonormalized system of homogeneous har-

monic polynomials on the unit sphere.

Figure 4.3.6 provides some examples of scalar outer harmonics on a regular surface for

degree 5 and order m = 5,6, 11.
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0.2
4 0.15
\\ 0.1
’ 005
-0
' -0.05
-0.1
4

Figure 4.3.2: Members of the system of homogeneous harmonic polynomials for degree 5

and order m =1,... 11.
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Figure 4.3.3: Members of the (-, -)om, —orthonormalized system of homogeneous harmonic
polynomials for degree 5 and order m =1,...,11.
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Figure 4.3.4: Members of the (-, -) z2(q)—orthonormalized system of homogeneous harmonic

polynomials for degree 5 and order m =1,.. ., 11.
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b « " i

Figure 4.3.5: Illustration where scalar spherical harmonics have been extended for a part

of the sphere (for better illustration) from R; = 1 to Ry = 1.3 for degree 5 and order
m =6,9,11 (from top to bottom).
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H5,11

Figure 4.3.6: Illustration of scalar outer harmonics where a part of the sphere has been
replaced by a regular surface (for better illustration) for degree 5 and order m = 5,6, 11

(from top to bottom).
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4.4 Exact Generation of Vector Spherical Harmonics

and Vector Outer Harmonics

In what follows we present a way for determining [?(€2)—orthonormal systems of vector
spherical harmonics in terms of cartesian coordinates, avoiding problems arising from sin-
gularities of a spherical coordinate system.

Let Hy,,, m=1,...,2n + 1, be a Hom,,—orthonormal system of homogeneous harmonic

polynomials of degree n, represented by

r)=Y Cra® (4.4.1)
al=n

with known real members C7* (as defined in (3.1.1)).

Then we know that Y, ,,,(§) = \/ltnHnm(§), & € Q, py, given by (3.1.13) constitutes an
L%(Q)-orthogonal system of spherical harmonics. Therefore, via the well-known procedure,
by letting

yi = (W 200Y, im=1,....2n+1, i €1,2,3,

an [%(Q)-orthonormal system of vector spherical harmonics of kind i is found.

More explicitly,

(€)= Vi W () llei=1 = v b, (6),
Yom(©) = Via(n(n+ 1)) 02 (@) pm = Vi (n(n + 1)) 7202 (€),
Yom(©) = Via(n(n+ 1) 0P (@) a1 = Vi(n(n + 1) 7720, (6),

where
hg)n(x) = Hn,m(x)ma
hg??n(x) = x2VmHn7m(x) —nH, ., (z)z,
hg’ln(x) = AV, H,n.(z),

with . = 7€, r = |z|, £ € Q, and V* = lim,_,(rV, — x%). Our purpose is to determine
the vector spherical harmonics with exact integer arithmetic. We base our considerations

on the representation

3
W (x) =Y e | Y Dk (4.4.2)
la]=l;
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where we have used the abbreviations l; =l = n + 1,l3 = n. Using the already known
identities (3.3.17)-(3.3.19),

1) _ Hn 1 e k(?) H B 4.4
Yn, m(f) ,u< ) 2 + 1( + ) n,m(T€)|r71» (4.4.3)

@) b L) Dk H _ 4.4.4
Yn m(g) Mg) om + 1( nk’n + (n + )kn ) n,m(T§)|T—17 ( 4. )
uD6) = [k Hy (1) (4.45)

n

we find by observing the definition of the k,(f)—operators (see Definition 3.3.3)

Oc1+1 5
/”Ln m a1 o
yﬁf%(é) R VANE) ZC 1 22“3 ,
i guegreget

€ TIES2ES (€2 + €F + €3) — mEprTggeeg
2,6 = JFm S om | angresr e (G + 6 + ) —nepetie |

Hr fag=n QN ESES T ER + €5 + €) — negregt
046 €a2+1 az—1 —0525 50{2 1 a3+1

:un m a1 —1 o ca a Q2
yO.&) = & §e ZC s 15253“ s “62531

« €a1+1 as—1 —Oé é-al 1 a2+1£3

Hence, the coefficients Dyfn occuring in Equation (4.4.2) are found. We organize their
computation by a matrix-matrix multiplication:
B ST o
(z) Baym
Hn ™ fa)=n
fori,k=1,2,3; m=1,...,2n+ 1; [f] = n+ 1 in the cases i = 1,2 respectively [F] = n if
i = 3. The matrices m** = (Mé];) have ("}?) rows and () columns in the cases i = 1,2

2
and they have (72‘) rows and columns if ¢ = 3. It is easy to develop that

Ml,l o 17 lfﬁ—OZ: (17070)T7
Pasm 0, otherwise,

M1,2 o 17 lfﬁ—O[: (07170)T7
Porm 0, otherwise,
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0, otherwise,

1, if 3—a=(0,0,1)T,
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(0 —n, iff—a=(1,0,0)7,

Mgé)cl;m Qa, lfﬁ—Oé S {(_17270)T7(_1707 2>T}7
{ 0, otherwise,
((ay—n, iff—a=(0,1,0)7,

M[?oim = a2, lfﬁ—Oé € {(27_]—70)Ta(07_1a2)T}7
. 0, otherwise,
(3 —n, ifB—a= (0,0,1)T,

M3 = as, iff—a={(20-17(0,2,-1)7},
. 0, otherwise,
( Qg, lfﬁ_a: (Oala_l)T7

My, = § —as, iff—a=(0,-1,1)7,
[ 0, otherwise,
(o, iff—a=(-1,0,1)7,

M2, = < —as, if f—a=(1,0,-1)7,
[ 0, otherwise,
([ oy, ff—a=(1,-1,0)T,

M3, = { —ai, iff—a=(-1,1,007,
[ 0, otherwise.

As a starting point for our example, we consider for n = 3 the (-, -)goms-orthonormal

system given by (4.3.44)-(4.3.50) of homogeneous harmonic polynomials of degree 3 (see

Figure 4.3.1). Then we obtain with /g, =

105

(&° = 3667,

(51 +66° — 4687 )€,

Mgy — B 1
y3,1(§) - A7 \/ﬂ
B = Rt
105 1
ya(€) = Vi
#1O = o

\/_

(3676 — &%)E,
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yéls)(f) = 1o \}—(61 & — &°6)E,
o =\ E (et 6 — e
105 1
sAE) = 4f —h 3% + 36 - 260
and
105 1 —36%(67 = 36°) +3(&° - &°)
y§21) (5) = 287r \/— —35152(512 - 3522) — 66182 )
—366(&4° — 387)
105 —361%66 + &8s
Un€) = 435 | 30&G+EE |
—3616985° + 616,
N E ( =36%(1 = 58%) + 367 + & — 4657
2
Ys3(&) = = 0 —361&(1 — B&s%) 4 2618 ;
TV 61— 56 - sk
o 105 1 ( —36& (387 — &%) + 666
2
ys1(€) = \som—= | —3&* (367 — &) +367 -38° |,
' 28
TV g’ - e?)
—36&(6° — &7) + 266
yg(é) = @% ( —3663(&6% — &°) — 266 ) ,
—35(&° — &) + &7 - &°
o ( —361&(1 — 5E3) + 2616 )
2
Ysg(§) = — | 3&°(1-58) + &% +367 — 487 |,
\/_ —36263(1 — 5£3) — 86283
N ( —381£3(3 — 5&5%) + 66163 )
2
Ys7(§) = — | —3&&(3 — 557 + 668 ;
\/7 —36%(3 — 5&%) + 3(1 — 3&)
and

3(6% - &%)
. 105 1
ysi(§) = —— =N | —6&& ;
281 /24 ( 0 )

92
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§283
105
yégz)(ﬁ) = 28—7r£/\ && |
NS
362162 462
0 - VB L[ e
3,3 - 28_77'\/@ 162 )
—881&3
68182
; 105 1
(3) _ LYJ 2 2
y3,4(€) - 987 \/ﬂg/\ g(fl 62 ) )
26183
3) 105 1
e — — &N _
193,5(5) 587 \/L_Lf 35253 , )
&7 — &
2616
(3) _ ﬁ 1 2 2 2
Ys6(§) = 287 /40 AL &7+ 38" — 483 ;
—88283
6
20 = VZ Len | se
3,7 = 287 V60 283
veo 3(1 - 3&7)
The set of vector spherical harmonics yé?n, 1= 1,2,3; m = 1,...,2n 4+ 1 is illustrated

in Figures 4.4.1- 4.4.2. Further, some examples of the vector spherical harmonics y%)’m,
1t = 1,2,3 are shown in Figures 4.4.3- 4.4.5. The vector spherical harmonics of type 1
represent a radial field while the vector spherical harmonics of type 2 and 3 are tangential

fields. These properties can also be seen in Figures 4.4.3- 4.4.5.

To derive the system of vector spherical harmonics {U7(~Z7)m}i:1,2,3;nel\10i; we proceed in the
m=1,...,.2n+1

same manner. The system of (Edmonds-)vector harmonics

u® = (D) 120y, (4.4.6)

,m n

n € No; m=1,...,2n+1; i = 1,2,3, forms an [*(Q2)—orthonormal system of vector
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spherical harmonics of kind i. Therefore we can write

uin(€) = Vin((n+ 1)@+ 1) (@) im = Vi ((n+ 1)(20 + 1)) 72 b (6),
uP(€) = Vim(n(2n+ 1)) 0E (@)= = Vim(n(2n + 1)) h2) (),
®)

U (€)= Vim(n(n 4 1)) hE) (@) jpi=1 = Vim(n(n + 1)) 72 0$), (€),
where
Wi (@) = (2n+ D)z — [2’V,) Hy(2),
b, (z) = ViHum(),
h), () = @A VuHypm(@),

with z = r, r = |z], £ € Q, and V* = lim,_,(rV, — z.2). In the same way as before our
purpose is to determine the vector spherical harmonics with exact integer arithmetic. We
start again with the representation

3

hﬁf)m(x) = Zak Z Dt x|, (4.4.7)

k=1 la]=l;
where we have used the abbreviations [; = n+ 1, [y = n — 1, I3 = n. For the vector

harmonics we derive

o

win(©) = [Tk Hum (), (4.4.8)
[

un (&) = [ Han (Tl (4.4.9)
Hn

uin(€) = [ Han (Ol (4.4.10)

we find by observing the definition of the k(i)—operators (see Definition 3.3.3)
7 (2n + 1)ETEEs" — anf™ 1§§2€a3 (G +&8&+8)
(&) = [ DL G| Cra DGR — TG+ G+ 6D |
" lel=n (2n +1)&7 §§2§a3+1 - a3§11§§2§a3 1(51 +&+&)
ar & ey 2§
W26 = (SN om | asgreiee |
" fal=n 3SRy e

a §?1€a2+1 az—1 04251 gag 1 a3+1

Hn m [ g o o g ¢~o
un(©) =\ D O | e 15225 = aggs 1“622531
Hn

— aj+1 042 1 a;—1 Oq-i-].
[of=n oy — 5
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The determination of the coefficients Dlﬁ]jn follows immediately. We organize their compu-

tation again by a matrix-matrix multiplication:

ik Mo m 3 si,k
Digin = 4/ 0 > CiMi,,
n Ja]=n

fori,k=1,2,3;m=1,...,2n+1,

n+1, for 1=1,
Bl=<n—-1, for i=2,

n, for i=3.

The matrices m** = (M ;’5’;) have ("}?) rows and (1) columns in the cases i = 1 and they

have (g) rows and (g) columns for ¢ = 2,3. We get the following representation:

.

2n+1) —ay, iff—a=(1,0,0)7,
Mgy, = —a, if 3—ac{(-1,2,0)7,(~1,0,2)T},
L 0, otherwise,
(((2n+1)—ay, iff—a=(0,1,0)7,
M2, = —a, if 3—ac{(2,-1,0)7,(0,-1,2)T},
L 0, otherwise,
(((2n+1) —as, if f—a=(0,0,1)7,
Mo, = —as, if 6—ae{(2,0,-17(0,2,-1)7},
0, otherwise,

ay, iff—a=(-1,0,0)7,
0, otherwise,

s, iff—a=(0,-1,0)7T,
0, otherwise,

if 3—a=1(0,0,-1)7,
0, otherwise,

as, iff—a=(0,1,-1)T,
—ay, ifB—a=(0,-1,1)7,

0, otherwise,

il\?
w
Il
—N — N ——— —— -
Q
<



4.4 Exact Generation of Vector Spherical Harmonics and Vector Outer Harmonics 96

([ ay, iff—a=(-1,01)7,
M2, = —ag, iff—a=(1,0,-1)7T,
0, otherwise,

([ oy, ff—a=(1,-1,0)T,
M3 = —ay, iff—a=(-1,1,0)7,

Bazm

0, otherwise.

We derive the vector harmonics from the scalar harmonics as given by Equation (4.3.44)-
(4.3.50) and obtain

105 1

Eﬁ T66(6° — 38°) + 661

766(617 — 387)

o T61%6583 — 6563
un) = 4o | eEle-as |,
76687 — 616
2 2 2 2 2
N o5 1 [ TET5G7) =367 - &+ 4G )

( 76767 - 36°) = 3(&7 - &) )

U3,3(§) = ——— | T&&(1 - 5532> — 2616
VIO 7e6(1 = 567) + 868y

766367 — &°) — 666 )

w6 = o= | 7826 - &) - 36® + 36,
766367 + &°)
105 1 75153(512 - 522) — 261&3
T€83(617 — &7) + 26263 :
T6(6° — &) — &2+ &P
7616 (1 — 583) — 26,6
u(€) = o= | &2 -5) - & - 387 + 487 |,
T6263(1 — 583) + 862¢3
761&3(3 — 5&°) — 66,163 )

uz2(6) = \|———=| 7&&(3 —587) — 668
i /60 76%(3 — 5&7) — 3(1 — 3&%)
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and
36,2 _ £,2
u(2 & = @L 6252 @)
3,1 2877‘\/% 0 162 )
§2&3
@ [100
u3’2(§) = 0% SISHE
&6
3E2 4 €2 — 4852
o = B g
3,3 = So_ 162 )
’ 287 /40
—881&3
6£1&2
@y — 100 1 2 _ .2
u3,4(5) 287T \/ﬂ 3(51 52 ) 9
2
ufle) = 22— ji
3,5 - 287T \/Z_l ) 2 3 ) )
&7 =&
26180
9 105 1
Ug,é(ﬁ) = 287 /40 67+ 367 — 487 |,
—88283
6
u)(©) L 6§§
3,7 = So_ 263
’ 287 /60
3(1 —3¢3)
The vector spherical harmonics U:(f)m fori=1,2,m=1...,2n+ 1, are illustrated in Fig-

ures 4.4.6- 4.4.7. Figures 4.4.8- 4.4.9 show vector spherical harmonics u§315 for i = 1,2.
The functions of type 3 are omitted because they are equivalent to y%?m as shown in Fig-
ure 4.4.5. Each field ugf)m, 1 = 1,2, is a composition of vector spherical harmonics yq(f)m
Therefore the fields u,(f)m of type ¢« = 1 and ¢ = 2 have radial and tangential contributions.
Thus, we do not have any more the separation like in the case of yﬁf)m, 1 =1,2,3 into a
radial and tangential part. But still u@n is a tangential field. In Figures 4.4.10-4.4.13

these properties are illustrated.

With the generated set of vector spherical harmonics we can proceed to extend them to
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arbitrary spheres and finally obtain vector outer harmonics.

The extension from a sphere with R; = 1 to a sphere with Ry = 1.3 is shown for ug’%, ug;

and uf—f’é in Figure 4.4.14 .
To get the vector outer harmonics we see with (4.2.5) that we have to distinguish the
n—2+1;
factors for the different types ¢ = 1,2,3, where the factor is given by (%) with
) 1 R n—2+1; .
Wi =g () (). (4.4.11)

|z] ]

neNy,;m=1,...,2n+1;7=1,23.
Figures 4.4.15 and 4.4.16 show examples for h%’R, 1=1,3 and héz)lfz , 1 =1, 3, respectively.
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i
i
i

Figure 4.4.1: Vector spherical harmonics yélgn forte=1,2,3, m

=1,2,3,4. The columns

represent the type ¢ = 1,2, 3 and the rows the order m = 1,2, 3,4. The colorbar represents

the absolute value of the vectors.
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Figure 4.4.2: Vector spherical harmonics y(i) forv =1,2,3, m = 5,6,7. The columns

3,m

represent the type ¢ = 1,2,3 and the rows the order m = 5,6,7. The colorbar represents

the absolute value of the vectors.
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Figure 4.4.3: Vector spherical harmonic ?J%?m on the unit sphere 2. At the right a close-up

view around the pole area is provided.

Figure 4.4.4: Vector spherical harmonic 9%315 on the unit sphere €2. At the right a close-up

view around the pole area is provided.
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Figure 4.4.5: Vector spherical harmonic y%?m on the unit sphere €2. At the right a close-up

view around the pole area is provided.
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Figure 4.4.6: Vector spherical harmonics ug‘zn fort=1,2,3, m = 1,2,3,4. The columns
represent the type ¢ = 1,2, 3 and the rows the order m = 1,2, 3,4. The colorbar represents

the absolute value of the vectors.
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Figure 4.4.7: Vector spherical harmonics u:(;zn forv =1,2,3, m = 5,6,7. The columns
represent the type ¢ = 1,2,3 and the rows the order m = 5,6,7. The colorbar represents

the absolute value of the vectors.



4.4 Exact Generation of Vector Spherical Harmonics and Vector Outer Harmonics 105

Figure 4.4.8: Vector spherical harmonic ul),. on the unit sphere €. At the right a close-up
g p 10,15

view around the pole area is provided.

Figure 4.4.9: Vector spherical harmonic u?.. on the unit sphere €. At the right a close-up
g 10,15

view around the pole area is provided.
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Figure 4.4.10: Zoomed section on the polar region of the unit sphere 2 with calculated
values of ug? The arrow inside the smallest circle (pole) illustrates the non singularity of

the calculated vector spherical harmonic.

Figure 4.4.11: Zoomed section on the polar region of the unit sphere 2 with calculated
values of u%),g,. The absolute value of the vectors is colored and ranges between 0 and
0.8202. Because it is of type one the direction of the vector field is neither pure tangential

nor normal.
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Figure 4.4.12: Zoomed part of a vector spherical harmonic u%)g) on the unit sphere 2. The
absolute value of the vectors is colored and ranges between (0 and 0.8064. Because it is of

type two the direction of the vector field is neither pure tangential nor normal.
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Figure 4.4.13: Zoomed section on the polar region of the unit sphere 2 with calculated
values of u%%. The absolute value of the vectors is colored and ranges between 0 and 0.751.

Because it is of type three the direction of the vector field is pure tangential.
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Figure 4.4.14: Tllustration of the partly extension of vector spherical harmonics ué?()s’R, ugg’R

and u%’R (from top to bottom) from a sphere Ry = 1 to a sphere with Ry = 1.3.
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Figure 4.4.15: Mlustration of vector outer harmonics hé%’R, i = 1,3, by replacing a part of

the unit sphere by a regular surface (from top to bottom).
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Figure 4.4.16: Illustration of vector outer harmonics héZ)HR , 1 =1,3, by replacing a part of

the unit sphere by a regular surface (from top to bottom).



Chapter 5

Approximation of Vector Functions

on Regular Surfaces

In this chapter, first, a Fourier representation of vector outer harmonics will be used for the
approximation of continuous vector fields on regular surfaces (e.g., geoscientifically relevant
surfaces like ellipsoid, geoid, real Earth’s surface). This concept is characterized by the fact
that an integral over a sphere, inside the regular surface, will be expressed by approximate
formulae involving data points on a regular surface ¥ (i.e., not on the sphere Qz). In
other words our approach to approximate continuous vector fields on regular surfaces in
terms of vector outer harmonics leads to a new class of approximate integration formulae,
where the nodal points are not taken on the reference area of integration. This, of course,
requires the solution of a linear system in terms of vector outer harmonics relating the
integral over a sphere Qp, with Q" C Y™ and dist(Qg, ) > 0, i.e., the so called Runge
sphere, to a (cubature) formula on a regular surface . Second, the Fourier approach leads
us to a minimum interpolation procedure of vector fields on a regular surface 3 based on
a finite set of discretely given vector data on Y. Essential tool is the reproducing kernel
structure in the reference space h. The consideration closely parallels the interpolation
method proposed by [13]. Referring to Figure 1.0.1 we deal in this chapter with step (4)
and (5).

We begin our considerations with preparatory material such as the reference space h for
vector fields harmonic in the outer space of the Runge sphere (2z. Similar approaches for
scalar fields can be found, e.g., in [18], [21], and [29].
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5.1 Reproducing Kernel Structure of the Reference

Space h

In what follows we introduce the reference space h in which the approximation of vector
fields on regular surfaces will be done (see, e.g., approach [13]).
Let f be a field of class [(€). Suppose that X is a regular surface satisfying (2.0.33). Then

it can easily be seen that the sum

h = {U\U—ZZ ohi ()

is a separable Hilbert space with respect to the inner space (-,-), corresponding to the

S fer?()} (5.1.1)

norm
9 1/2

dw(z) (5.1.2)

> (fla)-€)

=1

lolle = Iflle@n = /
Qr

- ( RERE dw(az))m.

Theorem 5.1.1. The space h defined by (5.1.1) with the norm (5.1.2) is a Hilbert space.
The kernel k(-,-) given by

k(z,y) :Z Zh;) ) @ h (), xy € Se (5.1.3)

is a reproducing kernel for h in the sense that

(i) for fized x € ¥5¥% each vector field k(-,x)e", i = 1,2,3, given by

oo 2n+1

5 |zfﬁ} Z Z Z hg)m i hg,)ﬁzR

i=1 n=0; m=1

g

is an element of h.
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(i1) for every v € h and every x € X% the reproducing property

inf’

1s valid, so that
v(z)e' = (k(-,2)e',v),, i=1,23. (5.1.4)
Remark 5.1.1. By application of the Cauchy-Schwarz inequality, we obtain

i i i\1/2
o(@)e'] < (& Kl 2)e') " o]

This means that

5 1/2
lv(z)] < (Zel : k(a:,x)ai> lv]|n
i=1
for every x € Efﬁf} and all v € h. Thus, we are able to deduce that there exists a positive

constant A (dependent on X, but independent of v) such that

sup_[v(z)| < Alfv]ls.
xexert

Consider the linear space spanned by the vector fields hﬁ)ﬁﬁ, n€Ny;m=1,...,2n+1;

i=1,2,3,

a; 2n+1

3
hO ..... a — {U | v = Z Z Z (f7 hq(zi,)ﬁzR%Q(QR) hgli,)qinR7 f € ZQ(QR)}

i=1 n=0; m=1

with a; being defined in connection with Lemma 3.3.12 by

a—1, ifi=1,
ai=Ra+1, ifi=2, (5.1.5)
a, ifi =3

for a > 1.

Of course, hg._.. . possesses the dimension

-----

M =3(a+1)? a>1.



5.1 Reproducing Kernel Structure of the Reference Space h 114

.....

('7 ) ..... ar glven by

a; 2n+1

3
(Ulvv?}ho ..... a = Z Z Z (f1> h7(1i7)r,nR)12(QR) (f27 hg,%R)ZZ(QR)’ fl? f2 S lz(QR)7

i=1 n=0; m=1

and the reproducing kernel

Kno.o(@:0) =D D> D M@ @ hiii(y), v,y € S5 (5.1.6)
The tensor kernels (5.1.6) are related to the (Morse-Feshbach)-vector spherical harmonics
yff)m, neNy,, m=1,...,2n+1,7=1,2,3, in the following way:

Corollary 5.1.2. Let yff}n, ne€ Ny, m=1,...2n+1, 7= 1,23, a > 1, be vector

spherical harmonics as given by Theorem 3.3.1 then

where
R = (|x]r%\yr>m (Griiet)
= (o) (s
R = <|wﬁy1>m’
o _ (uﬁy,)W (\/(271—1—1)2(n—|—12;7;—;21))2—_\2(2714—3)271(71—1))'

Proof. We calculate the kernel for each pair of ¢, ¢ = 1,2, 3, using the representation of

outer harmonics in terms of (Edmonds-)vector spherical harmonics (see (4.2.5)) and by
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substituting these vectors by the (Morse-Feshbach)-vector spherical harmonics as given by

(3.3.20). We set x = |z|¢ and y = |y|n, &, n €  obtaining the following expressions:

a1 2n+1
) =303 b (@) @ B ()
e n=0 m=1
a 2n+1 n+1
- (1) (1)
;T; (lelyl) [271 7Y (€) @ Yo (1)~
n(n—1
=D (A00) @y ) + 20 (E) @ uiBh) +
n—1
(2) (2)
5y 1 Ynam (&) @ Yo () |

a2 2n+1
Z Z hn2 ) ® h(2) ) (y)
o n=1 m=1
a 2n+1
n+1
(1) (1) (1)t
nzomzl <|Jf|!y|> om + 37 Ynm (&) @ Yy (1)
n+1)(n+2
VI o J)r(g ) (5. (6) ® 520 () + ¥ (€) ® gl (m) +
n+ 2
(2) (2)

®) a3 2n+1 a 2n+1 n41
(3) (3) } : E : (3) (3)
kho ,,,,, Z Z hn h (|x||y|) yn,m(g) ® yn,m(ﬁ)‘

n=1 m=1 n=1 m=1

Building the sum with the above presented kernels and splitting the sum for the type i = 2

inton=0andn=1,...,a, a > 1, we obtain:

3
7 1 2
YK () =k (@) kP (@) + kD ()

,,,,,,,,,,,,,,,,,,,,

= i (506 © 0 () + VAW (©) @ () + un(€) © () +

293,(6) © 45 (n) ) +
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>3 () [(%) L) © I )+

(%) JEH(E) © U2 (n) -+ UEE) © yTh )+
) (2n +3)
4

<\/(2n+ 2+ 1)(n+2) —/

I (1000 00 ) |-

Denote by hy , the orthogonal compliment of hg__, in h. The linear space with inner

..........

product (-,-),.  defined by

.....

co  2n+1

(v1,02)ng Z SN b e (o 5 znys i fo € (),

7777 =1 n=a;+1 m=1

and reproducing kernel

.....

=1 n=a;+1 m=1

Hence, h is the orthogonal direct sum of hg

.....

..........

with inner product

(v1,v2)n = (V1,V2)ny. . + (1)17112)%L

,,,,,
,,,,,

and the reproducing kernel

k(z,y) = kp,__.(7,y) + khl- a(l‘, Y). (5.1.7)

~~~~~

AAAAA

For the representation of the kernel k;. (x,y) considerations as proposed in [2] can be

-----

taken into account.
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5.2 Fourier Representation of Vector Functions on

Regular Surfaces

In this chapter we are interested in Fourier representations of vector functions on regular
surfaces. Our work is based on the scalar case in [18, 21]. We already mentioned that the
set of all finite linear combinations of vector outer harmonics restricted to a regular surface
% is uniformly dense in the space ¢)(X). What follows is that the refernce space hls is

also a uniformly dense subset of ¢(©(X).

Suppose that from a continuous function v on a regular surface ¥ a discrete set of function
values v(xy) = vy, ...,v(zy) = vy, v; € R3 i =1,..., N, are available on the set of points
{z1,...,2n} C X. We are interested in the approximation of a continuous vector function
on a regular surface ¥ corresponding to the scattered vector function values on the finite
set of discrete points on .

The closure and completeness of vector outer harmonics in connection with Helly’s theo-
rem [37] shows that, corresponding to the continuous vector function v on ¥, there exists
a member u of class hly in an (¢/2)—neighborhood, such that the values of u are con-
sistent with the function values of the continuous vector function v on ¥ for the known
finite set of discrete points, i.e., u(x;) = v; = v(x;), i = 1,..., N. Moreover, this function
u of class h|y may be considered to be in (¢/2)—accuracy to a member vy, of class
ho.. als which can be supposed to be consistent with the known function values as well,
ie., up. a(x;) =v; =v(x;),i=1,...,N. Thus, to any continuous vector function v on a
regular surface 3, there exists in e-accuracy a bandlimited vector function ug__, € ho, ol
such that this bandlimited vector function coincides at all given points with the function
values of the original continuous vector function on the regular surface .

Our interest, first, lies in a Fourier approximation of a function ug__, of class hg 4|y from
discretely given vector function values on Y. The method presented here is a generalization

of the scalar Fourier variant (second variant of the paper [21]) due to Freeden and Schneider.

We start with the discussion of a new class of approximate formulae involving vector outer
harmonics. For that purpose consider a vector function v, ., of class hy__, and a vector

function u of class h. Our purpose is to develop a rule of the form

N
(Uo,...,m u)h = Z a - UO,...,a(:Ck)y (521)
k=1
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where the weights a; € R3, k =1,..., N are vectors with 3N > M, M = 3(a+1)?, a>1
and x1,...,xy are knots on the regular surface .

Let us define an admissible system for a set of vector outer harmonics. (Note that
(vo,...a, u)n can be written as an integral over {0, hence, we are interested in integration

rules of Qi corresponding to knots on the regular surface ¥).

Definition 5.2.1. A system {z1,...,xn} C X of N points with 3N > M,
M =3(a+1)% a>1, is called an admissible system of order a on 3 with respect to hg,. _a,
if the rank of the (M,3N)-matriz

1),R 1),R
R @)T o (WS (ew))T
1),R 1),R
(Rt @) o (W5 ()T
2),R 2),R
B @)™ (W aw)”
h= : : (5.2.2)
2),R 2),R
(B2 @) o (WD ()T
3),R 3),R
B @)™ ()T
j3),R T 5Bk T
( asz,2a3+1 ('rl)) e ( a3,2a3+1($N>>
15 equal to M, where th,)m, n € Ny;m=1,....2n+1; 1 = 1,2,3, are the vector outer

harmonics.

Definition (5.2.1) leads us to the following integration formula.

Lemma 5.2.1. Let {zy,..., 2y} C X, 3N > M, M = 3(a+1)%, a > 1, be an admissible
system of order a on X with respect to hy . .. Furthermore, suppose that vy o € ho, . .4
and u € h. Then,

aj 2p+1 N
ot =33 Y g )2 " voalr)
J=1p=0; ¢=1 k=
holds for all weights al??, ... akP": p=10;,...,a;; ¢q=1,...,2p+1; j = 1,2,3, satisfying
the linear equations
N
Z TP D (Ry k) = 0136up0mg (5.2.3)

k=
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form=0;...,a;; m=1,...2n+1;i=1,2,3.

Proof. Using Fourier expansion of vy, and u together with the Parseval identity we are
able to deduce that

a; 2n+1

(vo.,..., Z (n,m)u (i)A(n, m),

zanlml

where
(UO,...,a)(i)/\(ny m) = (UO,...,m hg,);nR)ha
uD(n,m) = (u, hﬁf}f)h.
Therefore,
a; 2n+1 3 a; 2p+l
(vo,..as®W)p = Z Z Z 0sornra YN (n,m Z Z Z uV q)0i0npOmg
i=1 n=0; m=1 Jj=1p=0; ¢=1
a; 2n+1 3 aj 2p+1 N
=D ) SpuTREINE 3 3 oL LRI ELN
=1 n=0; m=1 =1 p=0; ¢=1 k=
a; 2p+1 N
S 9 9) S S LIPAEN
J=1p=0; ¢=1 k=

A simple idea to reduce the total amount of weights is performed in the next corollary.

Corollary 5.2.2. Under the assumption of Lemma 5.2.1, the formula

N
o,...,as U)h = Z a * Uo,...,a(l’k)
k=1

holds for all weights ay, ..., ayx satisfying the linear equations

N
Zak-hi)’R(xk) =uD(n,m), n=0;...,a; m=1,...,2n+1.

Proof. We let a, = Z] 12;; 0, ZZPH ul) (p, q)a‘z’p’q, k =1,...,N, and apply Lemma
5.2.1. 0]
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Corollary 5.2.2 immediately leads to the following consequence.

Corollary 5.2.3. If a;,...,ay € R3 are weights satisfying the linear equations

N
> ap - hih (@) = (uo,..a) P (n,m), (5.2.4)

k=1

neNy,;m=1,....2n+1;7=1,23, then

( 0,. ,a7u0 h_zak’ UO

where we have used the canonical abbreviation

aj 2p+1

3 ) RIS

j=1p=0; ¢=1

Setting u = hL{%’R we find:

Corollary 5.2.4. If a;,...,ay € R3 are weights satisfying the linear equations
> - W () = (W™D (n,m) = (B9)R, B = 6ji0pnOgm, (5.2.5)
k=1

formeNy;m=1,....2n+1;i=1,2,3, then

(vo.....as hﬁ,{g’R)h = (vo,..a) G (p,q)

N
= Z ay - vo,...a(Tk).
k=1

Summarizing the results we are able to present a fully discrete Fourier approximation for
a vector function vy, € ho__4|x in the following way:

Theorem 5.2.5. Suppose that {xy,...,zxy} C 3, 3N > M, M =3(a+ 1) a > 1, is an
admissible system of order a on X with respect to hy . .. Furthermore, assume that from

a vector function vy, . € ho,. o there are known the vector values vy, o(Tx) = v € R3,
k=1,...,N. Then
N
a

3 n+1
..... =3 3 a whf@), ey, (5.2.6)

a; 2
i=1 n=0; m=1 k=1
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provided that the weights ay, ..., ay € R3 satisfy the linear equations
N
> ak - hi (k) = 0o (5.27)
k=1

fori,j=1,23;p=0,,...,a;;,¢q=1,....2p+1;n=0;,...,a;;, m=1,....2n+ 1.

Proof. The Fourier expansion of vy ., reads as follows

a; 2n+1
Z (n,m)hE(z), =€

=1 n=0; m=1

|
M w

This can be rewritten in the form

a; 2n+1 3 aj 2p+1

Z Z Z Z Z Z 5135pn5qm 0,...,a )(j)/\(p7 Q)hg,)th@)-

i=1 n=0; m=1 j=1 p=0; ¢q=1

Observing the linear equations (5.2.7) we find by resubstitution of the Fourier expansion

3 a; 2n+1 3 a; 2p+1 N

Voral@) = DD DD DD A b (@) (vo,..0) (0, )R (@)

i=1 n=0; m=1 j=1 p=0; q=1 k=1
3 a; 2n+1 N

= D3O A v alwe) b (@),

i=1 n=0; m=1 k=1

This is the desired result. O

The problem of representing a vector function vy, € hg,. .| from known vector val-
ues Vo o(zr) = vk, k = 1,..., N, is the solution of the linear system (5.2.5), (5.2.7),
respectively. Obviously

N
Z a - hni,)r’nR('Tk> = 6ij5pn5qm7 (528)
k=1

ne€Ng;m=1,...,2n+1;i=1,2,3, is equivalent to

3 a; 2n+1 N a; 2n+1
S (z ak-h,z;,;fm)) W) = 503 Gl Or)

i=1 n=0; m=1

i), R
= hOMR(x), (5.2.9)

D,
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xr € X, and

N

> ag - Wi (@) = (uo,..a) P (n,m), (5.2.10)

forneNp;m=1,...,2n+1;1=1,2,3, is equivalent to

a; 2n+1

N
(Z ay, - hgj;;?(xk)> hOE(z) = up. o(x), €3 (5.2.11)

k=1

i=1 n=0; m=1

Using the tensor notation the left hand side of (5.2.9) and (5.2.11) can be written as follows:

k=1

In other words, the coefficients ay,...,ay € R? corresponding to (5.2.8) can be obtained
by solving

N

> kny (@ wp)ar = b)Y (x,), s=1,... N. (5.2.12)

k=1
Analogously, the coefficients ay, ..., ay € R? corresponding to (5.2.10) are solutions of the
linear equations

N

Zkho """ Nxsyxp)ag = wo,o(zs), s=1,...,N. (5.2.13)
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Note that
1),R 1),R
(R @) (RS (aw))T
B an (@) (g ()T
B ) B o) )b ) [P
’ v B @)™ (W (aw)T
: (2),R (2),R
Ry R (o) B ) WO () (h@é%l(xl))T (h@é%l(m))T
0,1 a1,2a1+1 1,1 asz,2a3+1 (h]_y]_’ («rl))T (h]_y]_’ (xN))T
3),R 3),R
(R @) o (WS L (aa)T
kho ,,,,, (1’1,1‘1) kho ..... a('rlva)
= : : (5.2.14)
kho a(l’]\/,lj) kho G(JZN,IN)

..........

and the last 3N x 3N block matrix is of rank M (since {z1,...,zx} C X is an admissible
«)- Therefore, in case of 3N = M, the linear
systems (5.2.12), (5.2.13) are uniquely solvable.

system of order a on X with respect to hg

-----

5.3 Spline Representation of Vector Functions on Reg-

ular Surfaces

The interpolation problem for discussion can be formulated as follows. For an unknown
v € h, given the data points (z;,v(x;)) € ¥ x R3, i =1,..., N, find the smoothest vector

field in the set Iy of all interpolants in h, namely
In={weh|w()=f(x), l=1,...,N}.

By the smoothest field, we mean the one for which the norm is minimized in h. In doing
so we essentially follow the paper [13].

To deal with this problem, we discuss some preliminary results.

Lemma 5.3.1. Let Xy be a system of N points x1,...,xn on the surface ¥ such that
Tp # Ty for n # m. Then the vector fields k(-,x;)e', [ =1,...,N,i=1,2,3, are linearly

independent.
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Proof. From the viewpoint of the theory of boundary value problems, k(-,-) is Green’s
matrix of the inner Dirichlet problem in vector potential theory for the sphere centered
at the origin with radius R. Hence, if x,, # x,, for n # m, then the linear independence
of k(-,z;)e*, l = 1,...,N; i = 1,2, 3, follows from the well-known arguments, e.g., to be
found in [28]. O

From Lemma 5.3.1, another result follows immediately.

Lemma 5.3.2. The 3N x 3N block matriz

k(xl,xl) k(ml,xN)
: : (5.3.1)
k(a:N,xl) k(l‘N,iL'N)
18 nonsingular, positive definite, and symmetric.
Proof. The matrix is a Gram matrix of linearly independent elements. O

In fact, the matrix (5.3.1) can be partitioned as it stands by conventional methods, such as
the usual square-root method (Cholesky decomposition) or QR-decomposition, for which
powerful computer routines are readily available (see [4] for example). On the other hand,
the matrix (5.3.1) can be interpreted as a block positive-definite matrix. In this case, the
block variant of the usual square-root method (see [1] ) is known, too.

In the sequel, we use the following notation.

Let Xy be a nodal system on ¥, i.e., a system of distinct points z1,...,xy on X (z, # x,,
for n # m). Then Sy = Sy(x1,...,xy) denotes the space of all vector fields s € h of the

form

N
S(Z’) = Z k(ﬂf,l’[)&[, VIS Efrf;? (532)

=1
where aj,...,ay € R3 are arbitrary coefficients. The kernel k can be decomposed as given

by (5.1.7).
From Theorem 5.1.1 we now obtain the following result.

Lemma 5.3.3. Let s be a vector field of class Sy of the form (5.3.2). Then, for each
vEh,
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Proof. 1t is easy to see that

N 3 N
Z (ar - €") (k(-, 2)e", v)h = Zv(xl)al.
I=1 i=1 =1
Noting the identity (5.1.4), we derive the desired result. O

Lemma 5.3.4. There exists a unique element s € Sy N Iy, which we denote in brief by

SN -

Proof. Any s € h of the form (5.3.2) involves a total of N coefficients ay,...,ay € R3.

Hence, s € Iy leads to N linear equations in these coefficients:

N
s(xy) = Zk(:ck,:cl)al, k=1,...,N.
=1
This system is uniquely solvable provided that Xy is a nodal system as described above. [

From Lemma 5.3.3, we obtain by straightforward calculations the following result.

Lemma 5.3.5. Ifv € Iy, then
vl = llsnlli + llsn = vll5-
Summarizing the above results, we finally obtain the following theorem.
Theorem 5.3.6. Let Xy be a nodal system on . Then the interpolation problem
lswlln = inf flv]l

15 well posed in the sense that its solution exists, is unique, and depends continuously on

the data f(xy1),..., f(zn). The uniquely determined solution sy is given in the explicit
form
N
sv(@) =Y k(z,m)a, x €I (5.3.3)
=1
where the coefficients ay, ..., ay € R3 satisfy the linear equations

N
f(&lk) = Zk(mk,xl)al, k= 1, R ,N. (534)
=1
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For every nodal system Xy of N points z1,...,zy on X and for every vector field v € h,

there exists a unique element sy., € Sy(z1,...,zy) satisfying the conditions
U(xl):SN;fu(xl), l:1,7N

Let Oy denote the X y—width on ¥, i.e., the maximal distance for any point of the surface
> to the system Xy:

TEL yeEXN

Oy = max (min |x—y|) :

Theorem 5.3.7. Suppose that v is of class h. Let Xy be a nodal system on 3. Then there

exists a positive constant B (dependent on X, but independent of v) such that

sup [v(z) = snw(@)| < BON||v][n.
xE

Proof. For any given x € X, there exists a point 2; € Xy with |z — 2] < On. Now

v(x;) = Snw(xy), and thus it is clear that
snw(2) = v(@) = (snw () = snw (@) = (v(z) = v(@)).

Observing the reproducing property (5.1.4) and applying the Cauchy-Schwarz inequality,
we find that

[v(x) = v(@)| < (B, 20))|[v]|n,

12 (5.3.5)
|snw(@) = snw(a)| < (B2, 20)) " [sniwllns
where
3
Bz, x;) = Zéz (k(z,2) — k(z,2;) — k(z,2) + k(x, 27)) €.
i=1
Now s, is the smoothest h interpolant, that is to say
[snwlln < f[vlln- (5.3.6)

Consequently, from (5.3.5) and (5.3.6), the triangle inequality gives

|sn () — v(2)] < 2(8(z, 20)) 2 0]|5-
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From considerations given in [10] and [13], it follows that there exists a constant B (de-

pendent on ¥, but independent of v) such that
1
8,2 < 1Bl —
Therefore we may deduce that
|sniw(2) — v(@)| < BON|v]a,

and this is the desired result. O

Summarizing our results, we therefore obtain the following theorem.

Theorem 5.3.8. Suppose that v is a vector field of class h, and Xy is a nodal system
of N points x1,...,xny on Y. Let sy, denote the uniquely determined solution of the

minimization problem

[sniolln = inf flwlla,

where
Iy ={weh|wx)=uvx), l=1,...,N}.

Then there exists a positive constant D (dependent on the geometry of 3, but not on the

field v) such that

sup [sw(2) — v(2)] < DO][v]|a-

xe

Theorem 5.3.8 gives rise to the following conclusions. Let f be an element of the class hls
of all restrictions v|y of elements v € h to the surface ¥, and let {Xy} be a sequence of
nodal systems X such that © — 0 as N — oo. Then, for given f € h|y the solution of

the boundary value problem
v € hlgm, vz=f
can be arbitrarily well approximated in the sense that, for every € > 0, there exists an

integer N = N(¢) and a linear combination

3

Snw(z) = Z Z alk(x, ;)"

=1 i=1
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uniquely given by
N

3
ZZafk(x,xl)si = f(z), 1=1,...,N,

I=1 i=1
such that
sup [sy(2) —v(x)| <e.
€Y
Thus we have developed a constructive method for solving the boundary value problem,

provided that the boundary values f are elements of the class hls.

5.4 Theoretical Conclusions Concerning Spline Inter-

polation in A

In many problems (for example, the wind field determination on the topography), we are
faced with the situation in which only a discrete set of vector data (x;, f(x;)),l =1,..., N,
is available. To deal with this problem by applying our constructive method given in
Section 5.3, we must assume that the values f are of class h|s. From a theoretical point of
view, however, it is of interest to discuss the situation in which the values f are assumed to
be in ¢(X), but not necessarily in h|y. To consider this case, we should recall (see Theorem
4.2.5) that the vector outer harmonics restricted to ¥ form a dense subset in ¢(3) (in the
sense of uniform topology on ¥). Hence hls, considered as a subset of ¢(X) containing
the space of vector outer harmonics restricted to X is dense in ¢(X), too. Therefore, an
extended version of Helly’s theorem, due to [37], enables us to conclude that, for any
positive number € > 0, for any prescribed set X of M points #4,...,%y on X, and for
any element f € ¢(X), there exists an element g of the space h|y in the e—neighbourhood
of f such that f(%;) = g(3),l=1,..., M.

Combining these results, we therefore obtain the following theorem (see [10, 13]).
Theorem 5.4.1. Let Xy be a nodal set of M points &, ..., %y on X. Suppose that Xy
15 a sequence of nodal systems Xy on X such that XM C Xy for all N and ©n — 0 as

N — oo. Then any f € ¢(X) can be arbitrarily well approzimated in the sense that, for

every € > 0, there ezists an integer N = N(g) and a linear combination

N
sny(z) = Zk(m,xl)bl, T €3, (5.4.1)
I=1
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such that

and

sup fsn(z) — f(z)| < e

As in scalar potential theory [10], we are unable to find a suitable method for determining
explicitly the linear combination (5.4.1) which realizes Theorem 5.4.1. In other words, the
theoretical problem of approximating a continuous vector field f from discretely given data
points on the surface ¥ can be answered only in a nonconstructive way. Nevertheless, our
theoretical result (Theorem 5.4.1) shows us that the kernel matrix (5.1.3) can be used to

construct basis systems with continuous restrictions on 3, i.e.,

o(2) = spangexk(-, v)e’ls,

in the sense of the c—topology on X, provided that X is the union of a system of nodal

systems Xy on X with O — 0 as N — oo.
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5.5 Numerical Aspects of Vector Field Approxima-

tions

We provide some numerical examples for the approximation of vector fields on regular sur-
faces by using the techniques developed in Section 5.2. The described approach to model
vector fields on regular surfaces considers the calculation of coefficients by solving the linear
equation system (5.2.7). The calculated coefficients are then used to approximate a vector
function on ¥ by using function values given on the regular surface ¥ (see (5.2.6)).

The topography data is taken from the GLOBE Project of NOAA’s (National Oceanic and
Atmospheric Administration) National Geophysical Data Center.

Let us now face the topography of the area of Rheinland-Pfalz (Palatinate), where the
Forest Research Institute Rheinland-Pfalz (” Forschungsanstalt fiir Wald6kologie und Forst-
wirtschaft (FAWF) in Rheinland-Pfalz”) records quantities in fields of temperature, hu-
midness, precipitation and wind velocity. In a cooperation between the FAWF and the Ge-
omathematics Group Kaiserslautern models [15] based on scalar interpolation are already
developed for temperature, humidness and precipitation. These observational quantities
are acquired in Rheinland-Pfalz at 15 stations (see left illustration in Figure 5.5.1). Nu-
merical results are already obtained by spherical spline interpolation (as given in Figure
5.5.1, right hand side) of the absolute value (norm) and the direction of the wind field
in [16]. We are interested in the meso-scale wind propagation. The meso-scale specifies,
as e.g., described in [36], the dimension of spatially-horizontal phenomena regarding their
resolution. The spatial resolution ranges between 2 and 2000 kilometers. Thus, an approx-
imation with low degrees is sufficient. In the following we will exemplarily show how the
approximation of wind field data can be performed by the use of spline interpolation with
vector outer harmonics. The wind measurements are taken at points of Rheinland-Pfalz
at different heights but always having a fixed distance of 10 meters to the topography.
Figure 5.5.2 shows the values for 22.01.2002 (at 4.p.m.). This set of values will be used in
the following to demonstrate exemplarily the interpolation technique for continuous vector
functions on a regular surface. In this case the topography of Rheinland-Pfalz serves as
the regular surface. Regarding [34] the wind field is dominated by horizontal vector com-
ponents, instead of three dimensional currents. The wind measurements consist out of a
an angle which gives the direction and the absolute value, therefore, our calculations are

also based on horizontal vector values.
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First we want to validate the interpolation behavior by taking a field with constant di-
rections and values into account and observe the interpolation result. We choose 9 input
vectors fi,..., fo at the corresponding data points x1, ..., zg (see Figure 5.5.3) and set in
the first case all to the same direction (200°) and absolute values (f; =1 for i =1,...,9).
For the second example we take the direction from the wind measurements and let the
values still be fix. And in the last case we take the measured wind speed and let the
direction fix (200°).

The points x1,...,x9 are from the area 5.9° — 8.9° East and 49° — 51° North. For the
evaluation we use a grid of dimension 49 x 72.

We use (5.2.7), respectively (5.2.12), to retrieve the coefficients a;, k = 1,...,9. The linear
equation systems can be uniquely solved because SN = M, with M = 27. Therefore we

solve the linear system
hv, =d, heRMN A =3N,

where h is a matrix as given in (5.2.2), v, is a vector of dimension 3N representing the
coefficients a;, k=1,...,9, i.e.,
a

as

ag

and d is a vector of dimension M with entries equal to 1 and 0.

We solve this linear equation system by standard routines provided by Matlab. In Figure
5.5.4 the result of the interpolation with degree n = 2 for the first case (direction and
values are fix) is given. We obtain an exact interpolation with vector values equal to 1 and
the direction being 200° at all points of the evaluation area. In Figure 5.5.5 and Figure
5.5.6 the results for the interpolation with degree n = 2 for the second case (direction from
measurements and fix values) and the third case (fix direction and measured values) can
be seen. We see that the strength of the interpolation procedure lies in the interpolation
of the direction. For the absolute values the deviation in case the values are fix is high.
Now let us take into account the wind measurements of the 9 data points z1,...,z9 (see
Figure 5.5.3). Same calculations as above yield the interpolation result given in Figure

5.5.7. We observe that we obtain an interpolation with some irregularities in the northern
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river deltas (which can be seen in the bottom figure).

The next step considers all 15 measurement stations. What follows is that for degree n = 2
the dimension of the matrix h changes from (27 x 27) to (27 x 45), because 3N = 45 and
M = 27. That means that we are confronted with an under-determined linear equation

system:
hv, =d, heR3N M <3N.

An under-determined set of equations usually has infinitely many solutions. Therefore we
can replace the problem with a least-norm problem, i.e., looking for the solution with the

smallest norm (see [23]).

Theorem 5.5.1. If h € RM™*3N has rank M, then the solution of the least-norm problem
of finding an v, that satisfies
hv, =d

and

17all3 < [lvall3

for all v, that satisfy hv, = d is unique and given by
v, = h' (hh")7d. (5.5.1)
Proof. We first show that hh” is positive definite. We have
v'hh’v, = (h’v,)" (h7v,) = |hTv,||2 > 0

for all v,. Moreover if rankh = M, then ||h”v,|s = 0 only if v, = 0. This means that hh”

is positive definite, hence non singular. Next, we verify that v, satisfies hv, = d:
hi, = (hh')(hh™)'d = d.

Finally, we have to show that any other solution of the equations has a norm greater than

||Dall2. Suppose v, satisfies hv, = d. We have

[vallz = 152 + (va = Ta)ll3 = [1Tall3 + [lva — Dallz + 203 (va — a).
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Now, observe that

173(“& - 7Ja) = (hT<hhT>71d)T(Ua - z~Ja)
= d"(hh")"'h(v, — 7,)
= 0

because hv, = hv, = d. We therefore have
[vall3 = [[va = Tall3 + [|Tall3 > [[all2
with equality only if v, = v,. In conclusion, if hv, = d and v, # v, then
[vall3 > [[2all3-
This proofs that v, is the unique solution of the least-norm problem.

This result means that we can solve the least-norm problem by solving

(hh™)b =d

133

(5.5.2)

and then calculating 9, = h”b. The equations (5.5.1) are a set of M linear equations in

M variables, and are called the normal equations associated with the least-norm problem.

The normal equations (5.5.2) can be solved by standard procedures using the Cholesky

factorization of h'h or the QR factorization of h”.

In Figure 5.5.2 the set of 15 input points is given. The least-norm solution to that problem

is given in Figure 5.5.8. We observe that we gain a smooth vector field approximation.
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Figure 5.5.1: Left: Observational network of FAWF for wind measurements. Right: Scalar
spline interpolation of wind field over Palatinate on 22.01.2002 (4pm). The values range

between 1 and 5.7 m/s wind speed.

Figure 5.5.2: Input points from FAWF for the date 22.01.2002 at 4pm. Left: absolute
value of the input points denoting the speed in m/s. Right: vectors on the topography of
Rheinland-Pfalz (5.9° — 8.9° East and 49° — 51° North).
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Figure 5.5.3: Set of 9 vector input points from the wind field measurements over Palatinate.

Left: vectors versus their absolute value. Right: vectors versus the topography.
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Figure 5.5.4: Interpolation (degree 2) of a vector field over the topography of Palatinate
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to bottom: Whole area with vectors plotted versus their absolute value. Boundaries are
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Figure 5.5.8: Approximation (degree 2) with 15 vector input points (marked in red) from
the wind field measurements over Palatinate. From top to bottom: Vectors versus their
absolute value. Boundaries are removed for better resolution of the absolute vector values.

Vectors plotted versus the topography.



Chapter 6
Summary and Outlook

In this thesis we achieved two main goals. First (Section 4.3), we presented algorithms
for the exact construction of scalar and vector spherical harmonics and their extension to
scalar and vector outer harmonics. The basis for that is given by the exact calculation
of homogeneous harmonic polynomials. One advantage of the exact generation of vector
outer harmonics in terms of cartesian coordinates is that it avoids problems arising from
singularities of a spherical coordinate system.

In a second step, we developed, based on vector outer harmonics, an approximate integra-
tion formulae, where the nodal points are not taken on the reference area of integration.
The underlying concept extends the existing developments for scalar problems (as described
in [18, 21]) by the representation for vector fields. We developed a Fourier variant for vec-
tor functions, where only values on a regular surface, e.g., the Earth topography, are given.
The Fourier representation consists of coefficients which can be determined by solving a
set of linear equations involving vector outer harmonics. At this point the generation (as
presented in Section 4.3) of vector outer harmonics plays an important role.

Further, with tensor kernels composed from vector outer harmonics a spline interpolation

procedure for continuous vector functions on regular surfaces is developed.

The methods developed in this thesis are a first step towards the approximation and
interpolation of continuous vector functions on regular surfaces. Further investigation
could be, e.g., done to develop the explicit representation for tensor kernels of vector outer

harmonics. In the case of a more dense data situation concepts for multiscale approximation
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and wavelet theory can be continued straightforward from the developed settings of Chapter
5, hence, the exact computation of the vector basis functions (Section 4.4) can then be
used to explicitly derive scaling functions.

To handle the numerical efforts when handling huge amounts of discretely given data one
could extend the methods presented in [25]. There a domain decomposition method based
on the Schwarz alternating algorithm for large symmetric positive definite matrices is
presented. This algorithm enables the solution of extremely large equation systems from,
e.g., spline interpolation problems. The procedure comprises first the split of the large
linear equation systems into several smaller subsystems and then solves them alternating

in an iterative algorithm.
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