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Chapter 1

Introduction

When one looks at a digital image, it is impossible to avoid seeing in them
structures, which in a fraction of a second, can be identified with real objects.
To teach a computer to carry out this task, which is easy for a human, is one
of the most difficult problems of image processing and analysis. Foremost,
the only information which computer gets is the intensity values at pixels,
and the whole processing of an image is usually divided into several stages:
filtering, segmentation, classification and finally recognition.

Fig. 1.1: The image of a leather with defects

In order to explain each of these individual stages, as an example, let us
consider the real problem! concerning detection and recognition of defects
on a leather. In Fig. 1.1, one can distinguish various imperfections such as

' The problem comes from the Image Processing Department of the Institute for In-
dustrial Mathematics in Kaiserslautern
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scratches (straight lines), bites (black dots) and shingle (light stain). The
first step in the processing of such image is filtering. The aim of this technique
is not only to remove a noise and smoothening parts of leather, where it is
inhomogeneous because of its complex structure, but also to enhance details
of interest that are obscured. Shortly speaking, filtering should be performed
in such a way to simplify the problem of segmentation. Segmenting an image
consists of finding its meaningful regions or its edges. With reference to the
mentioned example, the meaningful regions should correspond to defects and
edges to their apparent contours. Once all defects are detected, we have to
classify them. It means, we have to divide the set of these defects based on
its attributes (straight, black, light, round, etc.) into three classes. Finally,
the problem of the recognition is reduced to assigning the respective name
to each of the class. Therefore, at the final result, the important influence
has all previous stages of processing and the approach chosen to solve the
problem on each of them, should simplify the problem on the next one.

In this thesis we consider theoretically and numerically the first problem of
the above described example. This refers to the problem of filtering with pre-
serving and enhancing edges. Nowadays, there are a large number of methods
originated in many mathematical theories, which have been proposed for this
problem. From stochastic and statistical modeling [14, 26, 34, 36] through
signal processing techniques, including wavelets [28, 27] and other transform
theories to approaches based on partial differential equations [62, 48, 10].
We refer to the book of Chan and Shen [22] for complete and informative
review of all mentioned approaches as well as to the paper of Mrazek et al.
[50], where authors deal with establishing relations between number of widely
used nonlinear filters in image processing.

In the further part of thesis, we focus only on techniques based on partial
differential equations (PDEs). The starting point to first mathematical jus-
tifications of this approaches, was the simple observation of Koenderink [41]
that commonly used as a filter, convolution of an image with the Gaussian
kernel at each scale is equivalent to the solution of linear diffusion problem
with this image as an initial condition. The next, an important step in devel-
opment of this theory was introduction by Perona and Malik in [52] nonlinear
diffusion model with a more accurate edge detection. In this publication au-
thors, as a first, state explicitly a maximum principle as a basic requirement
in image processing, cf. [2]. The Perona and Malik model was later axiom-
atized [2], regularized [18] and modified [3] by Lions and Morel et al. The
important contribution to diffusion filter theory is also the work of Weickert
[63], where author proposed an extension of the model presented in [18] to
the anisotropic case.



Let us now explain the main idea of the nonlinear diffusion filtering. For
that, first we have to define what do we mean by a digital image. From the
mathematical point of view, digital image is a bounded function f defined
on domain € in R?, assigning a value f(z) to each point z in this domain. In
the case of gray images this value is a real number and in the case of colour
images, it is a real valued vector with three components. The main idea
of the nonlinear diffusion filtering is based upon adaptation of the diffusion
process to the image structure. Such an approach allows us to perserve or
even enhance edges and at the same time to smooth regions of an image,
which do not contain any important information that could be used in the
next stages of processing. The main problem, when we want to define a
nonlinear filter is to know a position of objects boundary. Of course, this
information is not known in advance and the best what we can do is to
estimate the boundary location by some edge detector. This means, we have
to do preliminary step toward segmentation. In the introduction of the book
[49], Morel and Solimini write

(...) most segmentation algorithms try to minimize, by several
very different procedures, one and the same segmentation energy.
This energy measures how smooth the regions are, how faithful
the analyzed image to the original image and the obtained edges
to the image discontinuities are.

In the continuous setting this energy has been defined by Mumford and Shah
in [51], as follows

J(u, E) = %/Q(u _ P2da+ %/Q\EWuFdx LHYE) (1)

where E denotes the set of edges and H'(F) its one-dimensional Hausdorff
measure. Let us now assume that the set E; better approximates the set of
edges in image f than F,, and that the function v minimizes functional J.
Then, obviously we have

J(u, El) S J(u, EQ)

Based on this idea, our approach proposes to consider the following functional

T(u) = %/Q(u—f)zdij%/oze\Vude (1.2)

Q
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with the piecewise constant function a., defined by

a ifrxeBl j=1,..m

() =9 ifzeQ\| B

Jj=1

In the above definition o < 1 is a positive constant and B, for j = 1,...,m,
are small inhomogeneities, centred at points belonging to the set of edges F.
Following the above reasoning, we can write

J(u) < Jo(u) (1.3)

where functional J; is defined by

Jo(u) :== %/Q(u—f)zal:vjL %/Q|Vu|2da:

Let us assume that function u. is a global minimizer of functional J.. Then,
we have J.(u.) < J.(v) for any function v. Using this fact and inequality
(1.3), we obtain

Ja(ua) S JO(UO)

where function ug, taken as v, is a global minimizer of functional .J;. This
observation gives us motivation to investigate an asymptotic behavior of the
following difference

Jg(ua) — J()(UQ) (14)

as € tends to 0. The main goal of this thesis is to find an explicit formula
for a dominant term in an asymptotic expansion of expression (1.4). The
theoretical background of our approach is based on the idea of the topolog-
ical sensitivity analysis. In the classical formulation, this theory, provides a
variation of a given functional J with respect to subtraction from the do-
main 2 a small ball B.. This variation is a scalar function, independent on
e, called the topological derivative or the topological gradient and is used as
a descent direction to solve various problems, among other things topolog-
ical shape optimization [59, 1, 20], inverse problems [32], and recently also
image segmentation and restoration [45, 11]. For the first time, the defini-
tion of topological gradient has been introduced in the context of compliance
optimization for linear elasticity problems by Schumacher in [57]. The first



mathematical justification of this method has been done by Sokotowski et
al. in [58, 59]. In [35], using an adaptation of the adjoint method [19] and a
domain truncation technique, Garreau et al. presented a method to obtain
the topological asymptotic expansion. This approach was later investigated
also by Feijéo et al. in [33]. In [9, 7] Amstutz et al. modified the defini-
tion of the topological gradient and have proposed to provide a variation of
a functional with respect to a change of some material properties. Recent
results concerning an incorporation of the topological derivative into level set
method are presented in [8, 16]. In this thesis, we based on ideas presented
by Garreau et al. in [35] and by Amstutz et al. in [6, 9].

Since PDEs are written in the continuous settings, once the filter model is
defined, we have to discretize it in order to find a numerical solution. For
this purpose, several kinds of approaches can be considered. In the image
processing community the finite difference method is the most popular one.
There are many publications where the continuous model of nonlinear dif-
fusion filters [18, 63, 64], are discretized using this technique. However, as
the structure of digital image is a set of uniformly distributed pixels, the
approximation on cell-centred grid using the finite volume method, seems to
be a natural choice for image processing applications, mainly for the shake of
a more clear description of an image boundary and thereby treatment of the
boundary condition. Another advantage of this method is its easy implemen-
tation along with the possibility of discretizing the problem on a nonuniform
grid, adapted to the local structure of an image. Such an approach has prac-
tical importance in the case of solving real problems like the one described
in the beginning of this introduction. Usually, in solving such problems we
have to deal with images of large sizes, while regions containing important
information often take only a few percent of the whole image. In order to
substantially save computer storage during processing of such images one
can apply the grid coarsening technique which allows to reduce the size of
data rapidly. Among the many publications that consider the finite volume
discretization of the PDEs on uniform and nonuniform [30, 31] grids, there
are only a few which are suggested for image processing applications. The
numerical solution of the Catté et al. model [18] using the semi-implicit finite
volume approximation scheme and the proof of its convergence was proposed
by Mikula and Ramarosy in [47]. In papers [44] and [43] the coarsening strat-
egy for the computational method has been presented. The adaptivity for the
finite element method in image processing applications has been suggested
in [12] and generalized to the three dimensional case in [13]. The approach
given in [12] has been modified by Preusser and Rumpf in [54]. In this paper,
authors improve and discuss storage requirements for the method.
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The thesis is organized as follows. In Chapter 2, we give a brief overview
of the well known PDE-based methods to image filtering and explain some
its theoretical and practical difficulties. The main result of this thesis is
contained in Chapter 3. In the first section of this chapter, we formulate
mathematical problem and prove its well-posedness. Next part is devoted to
asymptotic analysis of expression (1.4). In Section 3.2 of Chapter 3, based
on results of Vogelius et al. [61], we derive an asymptotic formula for u. — ug
on the boundary of inhomogeneity, which we apply in the proof of Propo-
sition 3.1. In Section 3.3 of Chapter 3, explicit formulas of the topological
gradient for two different shapes of inhomogeneities are presented. At the
end of Chapter 3, we give some remarks and discuss problems which appear,
when we try to apply some of existing method of the topological sensitivity
analysis to our particular problem. In Chapter 4, we propose discretization of
the Catté [18] and the Weickert [63] model based on finite volume technique
using the integro-interpolation method introduced by Samarskii in [56]. Pro-
posed discretization is derived for the case of the uniform as well as for the
case of nonuniform cell-centered grid obtained by application of the adaptive
coarsening strategy. Numerical experiments are presented in Chapter 5. At
the end some conclusions are given. In Appendix A, we list the fundamental
theorems and definitions used in the thesis.



Chapter 2

An overview of diffusion filters

The aim of this chapter is to present some classical PDE-based method for
image filtering and discuss its practical and theoretical difficulties. In this
thesis, for a simplicity of the presentation, we will consider only gray images.
This means, that we will assume that the initial image f is a real function in
class L>(92), defined on an open and bounded domain Q C R?. Values f(z)
represent brightness or gray level of the image at each point x € €.

2.1 Linear diffusion filter

As we have already mentioned, the oldest and most investigated PDE in
image processing is the parabolic linear diffusion equation of the form

—(x,t) = Au(z, 1) (z,t) € R* x (0,00) (2.1)

with the initial condition u(x,0) = f(z) for any z € R% Note that we have
here x € R?. In fact, we consider that f is primarily defined only on the
domain €). Nevertheless, by symmetry and then periodicity we can extend it
to R2. This method of extension is typical in image processing.

The underlying idea to apply equation (2.1) in image processing comes from
the early work of Koenderink [41], who noticed that widely used in denoising,
convolution of the image f with the Gaussian kernel, defined by

Gol,y) = —— exp (—‘x_w) (2.2)

202

is equivalent to the solution u of problem (2.1) for ¢t = 502, that is
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at) = (G + @) = [ Gl f5)dy

The above formula gives the correspondence between the time ¢ and the scale
parameter ¢ of the Gaussian kernel G,,.

Fig. 2.1: Input image f € [0, 255], Fig. 2.2: Application of the lin-
Q =0, 2562 ear diffusion filter with parameters
7=0.5, iter =10

The linear diffusion filter has one serious disadvantage. As a matter of fact,
it smoothens an image but at the same time blurs important features such
as edges (see Fig. 2.1 and Fig. 2.2) making it difficult to identify on the next
stage of image analysis, namely segmentation. To overcome this problem one
should consider a nonlinear filter, adapted to the local image structure.

2.2 Nonlinear isotropic diffusion filter

2.2.1 The Perona and Malik model

For the first time a nonlinear diffusion filter was introduced by Perona and
Malik in [52]. They proposed to replace (2.1) by a nonlinear diffusion equa-
tion with homogeneous Neumann conditions on the boundary 992 and to
solve the following problem in order to obtain the smoothened version of the
initial image f



2.2. Nonlinear isotropic diffusion filter 9

% =V (d(|Vul)Vu) (z,t) € 2 x (0,T]
u(w,0) = f r €N (2.3)
g%zo (z,t) € Q x (0,T]

In the first equation, the diffusivity d is a positive, monotonically decreasing
function, defined in a way, such that the smoothing of image is conditional
and depends on its structure. If |Vu|? is large, then the diffusion is low
and therefore the exact location of the edges is kept. If |[Vu|? is small, then
the diffusion tends to smooth more around x. Of course, there exist several
possible choices for the diffusivity d. As an example, authors proposed to
consider the following definition

d(s) = —

=TT (2.4)

where the parameter 1 > 0 plays the role of a threshold. The plot of this
function is presented in Fig. 2.3.

Fig. 2.3: Plot of the diffusivity Fig. 2.4: Plot of the function
d(s) = 1+i/u with a threshold p = 2 b(s) =d(s) +2sd'(s)

However, the Perona and Malik model has several practical and theoretical
difficulties. If the image is noisy, then the noise would introduce very large
oscillations of the gradient Vu. Therefore, the adaptive smoothing intro-
duced by the model (2.3) would not give good results, since all these noise
edges will be kept. The second difficulty arises from the fact that we obtain
a backward diffusion equation for |Vu|* > u, which is a classical example of
the ill-posed problem. In practice, it implies that very similar images can
give divergent solutions and therefore different edges.
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Let us explain the second problem in detail. For that, let n = Vu/|Vu|
and v = Vul/|Vu| be a vector parallel and perpendicular, respectively, to
the gradient Vu and let us decompose the divergence operator in (2.3) using
directions 7 and v. We have

V- (d(|VuH)Vu) = d(|Vul|?)Au + 2d' (|Vu|*) (Vu, Viu Vu) (2.5)

where the expression (Vu, V2u V) is nothing but the second order derivative
of the function w in the gradient Vu direction.

From the other side, we have

0*u (o, V) = 1 u \? 9%u ) ou ou  J*u n u \ > 0%u
87]2 -\ g |Vul?2 |\ Oz ) 012 0x1 019 011074 Ory ) 013
and

@ — (1, VPuv) = 1 u \ > 0%u 5 ou du  O*u n u \? 0%u
o2V | Vul? |\ 0xy ) 022 Ox1 Oxy 011024 oxy ) 03

Thus, the first equation in (2.3) may be written as follows

ou d%u d*u

G = VP 5 + IVl 5 (26)

where b(s) = d(s) + 2sd'(s). Thus, we can interpret equation (2.6) as the
sum of a diffusion in the n and v directions, with functions d and b acting as
weighting coefficients.

Let us first check the parabolicity of equation (2.6) for an arbitrary function
d. From Evans [29, page 350], we have the following definition

Definition 2.1 The partial differential operator % + L, where

N 0*u al du

i,j=1 i=1
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is parabolic for given coefficients a;;, b;, ¢ (i,7 = 1,...,N) if and only if
there exist constant C' > 0, such that

N
Z ai;(z, )& > C|E)?

1,7=1

for all (z,t) € 2 x (0,T] and &£ € RY.

We observe that equation (2.6) may be written as follows

ou o 0% o 0%u o 0%
It = CLH(‘VU| )81’% + 2 CL12(‘VU| )81’11’2 —|—CL22(‘VU| )a{L‘% (27)
with
2 ou \* / 2 2
an(|[Vul?) =2 z— | d'(|Vul?) +d(|Vul?)
825‘1
ou Ou
2\ _ o 2" T 0 2
aa([Vuf) = 257 S (V)
2 ou \* / 2 2
ax(|Vul?) =2 d'(|Vul?) + d([Vul?)
8252

According to Definition 2.1, equation (2.7) is parabolic if and only if
> ai(IVulz, H)*)&¢ > 0
i=1,2
for all (z,t) € Q x (0,7] and all £ € R?.
An easy calculation shows that this condition reduces to the single inequality
b(s) >0

Let us now examine problem (2.3) with the diffusivity d defined as in (2.4).
We have

-1

) = a TSy

and
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B oy Bl —s)
b(s) = d(s) + 2sd (s) = (1 + 5)2

Therefore, we get b(|Vu|?) < 0 for |Vu|? > p. This implies that the model
(2.3) with diffusivity d defined in (2.4) fulfill our expectations: it is a back-
ward in the direction perpendicular to Vu allowing us to sharpen edges.
However a unique solution to problem (2.3) does not exist.

2.2.2 Regularization of the Perona and Malik model

One way to deal with an ill-posed problem like (2.3) is to introduce regu-
larization, which would make the problem well-posed. Then, by reducing
the amount of regularization and observing the behavior of the solution of
the regularized problem, we can obtain information about the initial one. In
the first time, the method to regularize the Perona and Malik problem was
proposed by Catté et al. in [18]. To avoid both of mentioned in the previous
subsection problems, they suggested to replace the gradient Vu in the diffu-
sivity d(|]Vu|?) by its estimate Vu, := VG, * u, where G, is the Gaussian
kernel as defined in (2.2). They have also proven that this slight change is
sufficient to ensure existence and uniqueness of the solution to the problem
(2.3). This result gives the following theorem

Theorem 2.1 Let d: Ry U{0} — Ry be smooth, decreasing with d(0) = 1,
lim, .o d(s) =0. If f € L*(Q), then there exists an unique function u(x,t) €
C([0,T); L3(2)) N L2((0,T); HY(Q)) satisfying in the distributional sense

2_7: = V- (d(|Vu, ) V) (2,) € Q2 x (0,7
u(z,0) = f z € (2.8)
g_zzo (z,t) € 00 x (0,T]

Moreover, |u|re(o,r);r2() < |flr2@) and v € C=((0,T) x Q)

Proof.
Here we give only the main idea of the proof. For the complete proof we
refer to [18].

To prove uniqueness, we use energy estimates for the difference of two so-
lutions to problem (2.8), so that the Gronwall inequality can be applied.
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Then, uniqueness follows from the fact that both solutions start with the
same initial values.

The proof of existence is based on the Schauder fixed point theorem. We
consider a variational version of the problem (2.8) with diffusivity d depend-
ing on some function w instead of w. This problem is now linear in v and
has a unique solution wu,, in space W (0,T'), defined by

W(0,T) = {w € L2((0,T); H\(Q)), C;_f € L2((0,T); H(Q))}

Next, we can prove that w — S(w) = u, is a weakly continuous mapping
from a non empty, convex and weakly compact subset Wy of W(0,T) into
itself. Owing to the Schauder fixed point theorem, there exists w € Wy, such
that w = S(w) = u,,. Thus, the function w,, solves the problem (2.8).

The regularity follows from the general theory of parabolic equations
O

Another recent approach to regularize the Perona and Malik equation has
been introduced by Amann in [4]. Instead of the above mentioned space
regularization, he proposed to consider regularization in time. Analytical
results presented in his paper based on a new sharp existence and uniqueness
theorem for quasilinear parabolic evolution equations.

Fig. 2.5: Application of the non- Fig. 2.6: Application of the nonlin-
linear isotropic diffusion filter with ear anisotropic diffusion filter with
parameters p = 20, 0 = 1, 7 = parameters p = 20, o =1, p = 1,

0.5, iter = 10 7 =10.5, iter = 10
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2.3 Nonlinear anisotropic diffusion filter

2.3.1 The Weickert model

Despite of the advantages of the isotropic diffusion filter, there is still one
imperfection: when the diffusion process is stopped near the boundary of
an object, it preserves the edges but also leaves a noise at these positions
(see Fig. 2.5). To avoid this effect, Weickert in [63] suggested to modify the
diffusion operator so that it diffuses more in direction parallel to edges and
less in the perpendicular one. In order to filter an image, he proposed to
consider the following problem

% =V (D(S,(Vu,))Vu) (3,1) € 2 x (0,7

u(z,0) = f x€Q (2.9)
(D(S,(Vu,))Vu,n) =0 (x,t) € 0Q x (0,T]

where D(S,(Vu,) is symmetric, positive semidefinite matrix, called the dif-
fusion tensor and it is constructed in the way described below.

To avoid false detections of edges due to the presence of noise, we first con-
volve u with the Gaussian kernel G, and calculate the matrix

So(Vug) := VulVu, (2.10)

This matrix possesses an orthogonal basis composed of eigenvectors vy, v
with vy || Vu, and vy L Vu,. The corresponding eigenvalues are equal to
|Vu,|? and 0, respectively, and give contrast in direction of eigenvectors.

In the next step, the local information is averaged by convolving Sy com-
ponentwise with the Gaussian kernel G,. As a result we obtain symmetric,
positive semidefinite matrix

S,(Vug) := G, % So(Vuy) = [ j; Zz } (2.11)

The matrix S, is called the structure tensor and possesses orthonormal eigen-
vectors v, v with vy parallel to

2519
S99 — S11 -+ \/(811 — 822)2 + 48%2
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The corresponding eigenvalues are given by

1
H1 = 5 |i811 + S99 + \/(811 — 822)2 + 48%2:|
and
1 2 2
2 =5 |S1 + S22 — \/(811 — 599)2 + 457,

The diffusion tensor D(S,(Vu,)) should have the same set of eigenvectors as
the structure tensor S,, and the choice of corresponding eigenvalues should
depend on the desired goal of the filter. Further, we will introduce two
possible choices of eigenvalues A\; and Ay of D(S,(Vu,))

In [63], Weickert has presented the following result
Theorem 2.2 Let us assume that:

(i) The diffusion tensor D(S,(Vu,)) belongs to C°°(S?*?)

(i) For all w € L*(Q,R?) with |w(z)| < k on Q, there exists a positive
lower bound v(k) for the eigenvalues of D(S,(w))

Then for all f € L*>(2) problem (2.9) has unique solution u(x,t) satisfying

u e C([0,T]; L*()) N L*([0, T): H'(2))
0
o€ LA(0,T); H'(%))
ot
Moreover, u € C®((0,T) x Q). This solution depends continously on f with
respect to the L*-norm, and it satisfies the extremum principle

inf f(2) < (e, t) < sup f(2)
Q

Proof.

Existence, uniqueness and regularity are straightforward anisotropic exten-
sions of the proof for the isotropic case (see proof of Theorem 2.1). The
proof of the maximum and minimum principle is based on the Stampacchia
truncation method. For the complete proof we refer to [63]

O
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Related results have been proved for semi-discrete and fully discrete version
of the model. We refer to Weickert [63] for further proofs of properties
(invariances, image simplification properties, behavior as ¢ tends to infinity).

2.3.1.1 Definition of the diffusion tensor

Let us now describe how to define the diffusion tensor D(S,(Vu,)) such that
the anisotropic filter (2.9) could be applied to particular problems.

Since the eigenvectors of the diffusion tensor should reflect the local image
structure, one sholud choose the same orthonormal basis of eigenvectors that
one gets from the structure tensor S,. Following Weickert [63], we introduce
here two possible choices of eigenvalues A; and Ay of D(S5,(Vu,))

Edge-enhancing anisotropic diffusion. If one wants to smooth an im-
age within some region and wants to preserve edges, then one should reduce
the diffusivity A; perpendicular to edges more if the contrast given by the
greatest eigenvalue p; of the structure tensor S, is large. This behavior may
be accomplished by the following choice of eigenvalues

1 if p1 <0
= -3.315
A 1—exp< 1 ) if iy >0

1251

)\2 =1

Coherence-enhancing anisotropic diffusion. If one wants to enhance
coherent structures, then one should perform smoothening, preferably along
the coherence direction ve with diffusivity Ao, which is increasing with respect
to the coherence (u; — j2)?. This may be achieved by the following choice
for the eigenvalues of the diffusion tensor

)\1 =

o) if p1 = po

Az = a+ (1 —a)exp ( — ) otherwise

(1 — p2)?

where a € (0, 1) is a small positive parameter which keeps the diffusion tensor
D(S,(Vu,)) uniformly positive definite.



Chapter 3
Topological sensitivity analysis

In this chapter, based on the idea presented by Amstutz et at. in [7, 9],
we investigate an asymptotic behavior of the cost function J., defined as in
(1.2), with respect to the change of diffusivity!. Unlike Amstutz et al. we
provide an asymptotic expansion of the form

Jo(uz) — Jo(ug) = e2g(x) + o(e?) (3.1)

where functions u. and uq are global minimizers of the functionals J, and Jy,
respectively. This means

Je(ue) = min Jo(u) and  Jo(up) = min Jo(u)
The essential contribution for this chapter is Theorem 3.4 proposed and
proved by Vogelius and Volkov in [61]. In this publication, authors pro-
vide asymptotic formulas for perturbations in the electromagnetic fields due
to the presence of small inhomogeneities. The function u., being the asymp-
totic behavior they consider is a solution of the problem

V-(iVu€>+w2(ee+ia—a>u€:0 €N
e w
ua:f z € 0f)

(3.2)

where w > 0 is a given frequency. The electric permability is defined as
follows

In the sequel, we will use the term ‘topological gradient’ or ‘topological derivative’
despite we do not change the topology of the domain €.
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p; ifrxeBl j=1..m

pel(w) := po  ifx e\ LmJ BI (3.3)

j=1
In the above definition, the numbers py and p;, for j = 1, ..., m, are constant.

The electric permittivity €. and electric conductivity o. in the first equation
of problem (3.2) are defined analogously.

3.1 Formulation of the problem

Let Q be a bounded open domain in R? with C*! boundary 9€, in particular,
) can be consider as a rectangle. Our goal is to prove that for sufficiently
small ¢ > 0, there exists a function g, independent on e, such that the
following topological asymptotic expansion holds

Jo(ue) — Jolug) = €2g(z) + o(e?)

Let us recall that the functional J. : H'(Q) — R in the above expression, is
defined by

J-(u) = %/Q(u—f)2d:)s—l—%/aa|Vu|2dx (3.4)

Q

where the image f is a given function in L*>°(2) and piecewise constant
diffusivity a. is defined as follows

a ifreBl j=1,...m

w11 1 e ()n 05

j=1
The positive constant number o < 1 is a regularization parameter and B =
x; +eB, for j = 1,...,m, are small inhomogeneities centred at the point
xz; € Q. The fixed, bounded open domain B C () describe their relative
shape.

The functions u. and ug are minimisers of functionals J. and Jy, respectively,
where Jy is defined by

Jo(u) := %/Q(u— f)?dr + %/Q\Vuﬁdm (3.6)
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Let us remark that the cost function J. is defined similarly to the Mumford-
Shah functional (1.1), introduced in the context of variational approach to
image segmentation in [51] and investigated in the book of Morel and Solimini
[49]. The first term in (3.91) ensures that the minimizer of the functional .J.
is close to the input image f and the second term imposes to smooth u only
within homogeneous regions.

Let us consider the minimization problem

Find u € H'(Q) such that J.(u) = min J.(v) (3.7)
veEH(Q)

We will show that for fixed a., the minimum of the functional J. is achieved
at u. € H*(Q), solution of the problem

us— V- (a.Vu) =f z€Q

3.8
8u€:O x € 0f) (3:8)
on

The function v, € H'(2) on the boundary 0B’ satisfies

ul —u- =0 x € OB!

out ou_ . (3.9)
= — = =90 0B?

an " om T o

forj=1,....,m.

The weak formulation associated with problem (3.8) is as follows

Find v e HY(Q)
) (3.10)
a.(u,v) = 1l(v) Yv € H'(Q)
where the bilinear form a. : H*(Q) x H'(Q2) — R is defined by
a.(u,v) = / wwdr + | o.Vu-Voudz (3.11)
Q Q

and the linear form [ : H*(Q2) — R by

[(v) ::/vadx (3.12)

To prove an equivalence of the three above mentioned problems we will make
use of following lemmas
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Lemma 3.1 Let v € L} (), where  is a domain in RN and let

loc
/ vodr =0
Q

holds for any function ¢ € C5°(Q2). Then v =0 almost everywhere.

Lemma 3.2 Let Q C R? be a bounded domain with C* boundary 0. Then
Cs°(Q) is a dense subset of H*(Q).

Lemma 3.1 is called the fundamental lemma of calculus of variations and the
proof can be found in [39, page 6]. The proof of Lemma 3.2 can be found in
[38, page 117].

Theorem 3.1 The three problems (3.7), (3.8) and (3.10) are equivalent.

Proof.
(3.8) = (3.10)
Suppose u € H'() is a solution of problem (3.8). Let us multiply the first

equation in (3.8) by an arbitrary test function ¢ € C§°(2) and then apply
the Gauss theorem. We have

/ugod:)s—l— a€Vu-V<pdx:/fcpdx Vo € C5°(R2) (3.13)
Q 0 Q

From Lemma 3.2 we know that C§°(2) is dense in H'((2), which means that
for any v € H'(Q) there exists a sequence ¢, € C5°(£2) such that lim ¢, = v

in H'(Q). This implies

/uvdx+ ozaVu-Vvd:B:/fvdx Yo e HY(Q) (3.14)
Q Q Q

(3.10) = (3.8)

Suppose now u € H'(Q) is a solution of problem (3.10). By taking v €
Cse(Q2) € HY(Q) and applying integration by parts formula we obtain

ou
/Q[U—f—v'(aevu)]vdx—l—/mag%vds:o (3.15)

Using Lemma 3.1 and assuming v € C§°(12) is an arbitrary function, we
obtain the desired result.
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(3.10) = (3.7)

Let us write the functional (3.91) with the help of bilinear (3.11) and linear
(3.12) form as follow

Je(u) = 1a (u,u) /f2 dz

and suppose u € H'() is solution of problem (3.10). We have to show that
u € H'(Q) is a minimizer of the functional J., which means

Jo(u) < J.(v) Yv e HY(Q)

Therefore, let v € H'(2) be an arbitrary function. We have

() — J.(u) = %ae(v,v) ) - %aa(u,u) +iw)
1

= §a€(v,v) —ac(u,v) — iag(u,u) + a.(u,u)

1 1

[a:(u, u) — 2a.(u,v) + a.(v,v)] = iaa(u —v,u—v) >0

(3.7) = (3.10)

Suppose u € H'() is a solution of problem (3.7). Then for an arbitrary
7€ R and v € HY(Q) we have

Jo(u) < Jo(u+ 1)

Let us introduce a function j : R — R defined by j(7) = J.(u + 7v). Since j
has a minimum at 7 = 0, then j'(0) = 0. We have

2

j’(O)—diF Sud 1o, u+T0) — l(u+ V) + /fzd:c]
-

(u,u) — l(u) + Tas(u,v) — 7l(u) + /f%lx}
= [ac(u, v) = l(u) + Ta-(v, v)]| _, = a=(u, U)—l( ) =

d
dr
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Theorem 3.2 The problem (3.10) has a unique solution u. € HY(Q) which
depends continuously on the data.

Proof.
The proof is a simple application of the Lax-Milgram theorem. Using the
Cauchy-Schwarz inequality we obtain

|lac(u,v)| < lao(u,v)| = (u, v) gy < ||ullgr @ llvlla @) (3.16)

Since 0 < o« < 1 we have

a:(u,u) > aag(u,u) =« ||u||%{1(9) (3.17)

Using the Holder inequality and the Sobolev imbedding theorem we obtain

\/vadvﬂ < fllzzllvlize) < IIfllzz@ vl e @ (3.18)

It is not difficult to prove that the bilinear form a. is symmetric. From
inequalities (3.16) and (3.17), it follows that a. is continuous and elliptic.
Continuity of the linear form [ follows from inequality (3.18)

O

Corollary 3.1 The function u. € H'(Q) is the unique solution of problem
(3.7) and problem (3.8).

Proof.
This corollary is an immediate consequence of Theorem 3.1 and Theorem 3.2

O

Remark 3.1 In particular, for € = 0, to prove Theorem 3.2 is enough to
apply the Riesz reprezentation theorem.

Proof.
Note that the bilinear form a. is nothing but the H'(Q) scalar product and
the linear form [ is the scalar product in L?(€2). Using that L>(Q) C L*(Q) C
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H'Y(Q)" we can extend problem (3.10) by including f € H'(Q)’, then the
corresponding weak formulation is given by

{ Find u e HY(Q) (3.19)

<U,’U>H1(Q) = <f7U>H1(Q)’ Yv € Hl(Q)

The unique solution u € H'(Q2) of problem (3.19) follows immediately from
the Riesz representation theorem

O

Theoretically, without lost of generality, we will further consider the case of
a single inhomogeneity B. = B, centred in the origin 0 € B.

3.2 Asymptotic analysis

The purpose of this section is to prove that asymptotic expansion (3.4) holds
and to derive an explicit formula for its dominant term g.
3.2.1 Preliminaries

Let us first introduce two basic definitions, commonly used in the asymptotic
analysis

Definition 3.1 We write
filz) =O0(fo(x)) as z—a
if and only if there exist a number 6 > 0 and constant C' > 0, such that

|i(@)] < Clfa(z)| - for |z —al <6

Definition 3.2 We write

fi(x) =o(fa(z)) as x—a

if and only iof
| fi(=)]
1
= | ()]
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In the first step, we derive energy estimates for difference u. — ug. We have
the following lemmas

Lemma 3.3 For sufficiently small € > 0, the following estimation holds
[te = uol| (o) = O(€)

Proof.
Since the diffusivity a. is positive, uniformly bounded and

if r € B,

«

1

_a€: 1 B
—>1 ifzeQ)\B.
a

we have

1
/|V(u€—u0)\2dx§—/ae\V(ue—uo)Pd:c
Q & Ja

/(u\E —up)? dr < l/(u6 — up)? dx
Q @ Ja

From the two above inequalities and definition of the bilinear form a. we
obtain

|ue — u0||§{1(9) < — a.(ue — ug, ue — up) (3.20)

Q=

From (3.10) and properties of a bilinear form it follows that

as(ue — Ug, Ug — uO) = l(ue - UO) - CLE(U(], Ue — uO)

= aO(“Oa Ue — UO) - CL€<U(), Ue — uO) (3 21)

=(1—-a) | Vug-V(u.—up)dx

Be

Therefore, combining (3.20) and (3.21), we obtain

1
e = ol < (1= )l | V- Ve = )

Application of the Cauchy-Schwarz inequality to the above integral yields
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Jue — uOH?fl(Q) < CHVUOHB(BE)HV(% - u0>HL2(BE)
< Ol Vuoll 2l V (ue — uo)ll 2
< O\ Vuoll 2. llue — uoll a1 @)

Dividing both sides of inequality (3.22) by ||ue — uol|#1(q), we get

|ue — uo g ) < Cl| Vol r2s.)

Finally, since Vug is uniformly bounded on B, we obtain

|ue — uol 1) < Ce

O
Lemma 3.4 For sufficiently small € > 0, the following estimation holds
[ue — uollL2(s.) = O(€) (3.22)
Proof.
To prove this lemma, it is enough to note that
e = uoll 2By < |Jue — ol 20
and then to apply the Sobolev embedding theorem and Lemma 3.3
O

3.2.2 Integral representation formula

In order to derive the integral representation of functions u. and wug, we need
to know the fundamental solution of the equation u — Au = 0. From [53,
page 490] we have

Definition 3.3 The function T : R*\ {y} — R defined by

1
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where Ko denote modified Bessel function of the second kind, it is called the
fundamental solution or the free space Green function of the equation

u—Au=0

In [60, page 499] one can find the sum formula for the function Ky, given by

1Z2 (izz)z

Ko(2) = — (m (g) H) Bl2) + s + (1%) e (320

where

(iz2)3

(31)?

e B (142) 7 (1)

is the modified Bessel function of the first kind and v denote the Euler-
Mascheroni constant.

+.. (3.2

From expansions (3.24) and (3.25) we deduce the following asymptotic

Ko(z) = —Inz+In2—~+0(2*Inz) forz—0 (3.26)

Therefore, the fundamental solution I'(+, y), defined in (3.23), has the same
singular behavior as the fundamental solution

B(r,y) = —5=n(lz — ) (3.27)

of the Laplace equation Au = 0.
From (3.23), (3.26) and (3.27), for |z — y| — 0, we obtain

D(z,y) = @(z,y) + 2 =5+ O(lz — y[*In|z —y|) (3.28)

In order to see how to derive the integral representation formula for a solution
of the Poisson equation, we refer to Evans [29, page 23]. For the case of
solution ug of equation ug — Aug = f, we may proceed analogously, making
use of the estimation (3.28). This representation, for any y € €, is given by

wi) = [ [l 5 o) - D) 520 dste)

(3.29)
—l—/QF(x,y) f(z)dx
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In a similar manner, we can derive an integral representation of the function
e, solution of the problem (3.8) for any y € Q\ B.. We have

w) = [ oG ) - T G| st

+
ou;

# [ | -renGEw)] e e

+ /Q\BE [(x,y) f(x)dx

Subtracting (3.29) from (3.30), we get

or out

{ug(az)a—n(x,y) —T'(x,y) 8; (:c)] ds(z)
n /6 Q[ue(x)—uo(x)]g—i(x,y) ds(z) — / Iz y) f(z) da

€

us(y) — uo(y) =
/‘f’BE (3.31)

Let us now introduce the Green function G(-,y) for the Neumann problem

UO—AUOI_]C x €

3.32
%:0 x € 0f) ( )
on

This function is the unique solution of the problem

G(z,y) — AG(x,y) = 0y(x) x€Q
oG
on
and can be expressed as a sum of the fundamental solution I'(+,y) and the

so called corrector function A(-,y), which is chosen in such a way that for
x € 002 and y € €, the following is true

($7y>:0 1’689

oG

a—n(x, y) =0 (3.33)

Thus, we can write

G(z,y) =T(z,y) + h(z,y) (3.34)
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where the function A(-,y) satisfies the following boundary value problem

oh or

%(x>y):_(9_n(zvy) T € 00

Using the Green formula, we can show that function h(-,y) satisfies

0= /a . [ua(z)%(z,y) - h(a;,y)a;g (a;)} ds(x)
Ooh
[ ) = ol (@ ds(o) — [ b fa) do

€

(3.35)

Summing (3.31) and (3.35) both sides and using (3.34) and (3.33), we get

[ua(i)g—i(:ﬁ, y) — Gz, y)agg (g:)} ds(z)

us(y) — uo(y) =
/835 (3.36)

— | Glzy) f(z)de

Be

for any y € Q\ B..

3.2.3 Estimation of the Green function

We will need the following estimation

Lemma 3.5 For sufficiently small ¢ > 0 and y € Bo. \ B. the following
estimation holds

IGC 9l 2.y = Olellnel)

Proof.
From the Minkowski inequality, equation (3.34) and estimation (3.28), we
obtain

1G9 lzes = 1T y) + hC ey <19 9) |2, + Ce
+ ClEC, )l 2. + 1R )l L2s.)
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where ¢(z,y) := —|z — y|*In|z — y| for sufficiently small |z — y| < 1.

First, let us find an upper bound of the norm

1
(. )l z2(B.) = ﬂ\// In®|z — y| dx

where B. and Bj. are open balls of radius € and 2¢, respectively, centred in
the origin 0 € B.. The point y € Bs. \ B: is fixed.

Let © = (x1,22) and y = (y1,y2). Applying a change of variables

rr=rcost 0<r<e =Rcosfl e<R<2e¢
{ ' {yl (3.37)

To=rsinf 0<6<2rw yp=Rsinfg 0<[3<27w

we obtain

v —y| = \/(xl —y1)? + (wo — 10)? = \/7’2 + R? — 2rRcos(6 — [3)

We have

2m €
/ In®|lz —y| do = / / rIn® \/r2 4+ R2 — 2rRcos(0 — [3) drdf
B: o Jo

Since

0<R—r§\/7’2+R2—27’Rcos(9—ﬁ)§R+r<35

and In®(+) is a strictly decreasing function on the interval [0, 1], for ¢ < 37!,
we obtain

2w €
/ ln2|:):—y|dx§/ / rin*(R —r) drdf
B. o Jo

We have

c “ 7 3 1
/ rIn*(R —r) dr < lim rin®(e —7r) dr = —e* — =e?lne + =?In’¢
; e J, - 2 2
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Therefore, for 0 < € < e73, we have

7 3 1
152 — 552 Ine + 552 In?e < Cn’e

Finally, we obtain

82, y) 12y < 0\/ [ wtle = ylde < Celine

In the similar manner as above, one can show that

1€C, y) | 22(B.y < CE®|Ine]
Since function I'(-,y) is in C>°() for x # y, we have ||A(, y)|[r25.) = O(e)
O

In the proofs of the two next lemmas we follow Vogelius et al. [61].

Lemma 3.6 For sufficiently small ¢ > 0 and y € By. \ B., we have the
following estimation

oG -
w) =) = (1= ) [ @) 5 ) ds(e) + O]
Proof.

Applying the condition (3.9), the divergence theorem and the Green formula,
we obtain

8u;_!l§' S(T) =« X %ZIT ST
| cenGe@ase =a | oG

0B¢

= oz/B V- [G(z,y)Vu.(z)] dz

€

= a/B G(z,y) Auc(z)dxr +a | VG(x,y) - Vu.(x)dz

— | Gy ju(a) - f@)] do - a / AG(z,y) u(z) do

+ oz/aBE us(fb’)g—i(% y) ds(x)
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Since y € By. \ B., we have G(z,y) — AG(x,y) = 0, for any z € B.. Com-

bining this fact with the above equality, we obtain

out B
/835G(:E’y) on (z) ds(z) = (1 - a)/ G(z,y) us(x) dx

g

—/ G(z,y) f(x) d:E—I—a/aB ua(x)g—i(:c,y) ds(x)

Substituting (3.38) into (3.36), we get

W) = wy) = (1-a) [ w3 .y ds(o)

0B:

—(1—a)/ ue(z) Gz, y) da

To complete the proof, what remains to be checked is

/ uc(7)G(z,y) drv < Ce?[Ing]

€

From the Minkowski inequality and Lemma 3.4 we obtain

|uellz2B.y < [ue — uol|r2(m.) + |uol| 228,y < Ce

The Holder inequality and Lemma 3.5 yields

/ ue(2)G(x,y) dr < ||uel|L2s.) [IGC )l |2, < Ce¥|nel

€

(3.38)

(3.39)

(3.40)

Lemma 3.7 For sufficiently small ¢ > 0 and y € Bs. \ B., we have the

following estimation

/6 ) ()52 (2, ) ds(z) = / ) u-() 5 (2, ) ds() + O(|in)
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Proof.
From (3.34) and next (3.28), we have

| w@Fendso = [ @ wadso s [ o3 dso

or 0P o€

el < °= =
/8B5 us(x) an(x,y) ds(z) < /8B5 us(x) B (x,y) ds(z)+C /835 ua(:)s)an (x,y) ds(x)
where function £(-, y) is defined by &(z,y) := —|z—y|* In|x —y| for sufficiently

small |z —y| < 1.

Thus, we have to find estimations of the two last integrals of the above
expressions.

Since the function G(-,y) satisfies G(z,y) — A,G(z,y) = 0 for € B, and
y € Bay \ Be, we have

G(z,y) = Ayh(z,y) + AT (2, y) (3.41)

Using the divergence theorem and equality (3.41), we obtain

oh

s %(%y) ds(z) = /6 Ayh(z,y)de = a G(z,y)dx — /5 AT (x,y) de
(3.42)

Since function ®(-,y) satisfies A, ®(x,y) = 0 for v € B. and y € Ba. \ B.
and function —A,I'(-,y) is bounded from above by 0, using Lemma 3.5, we
obtain

oh
%(x,y) ds(x) < / G(x,y)dx < Ce||G(-,y)|l 2.y < 052|1n5| (3.43)
dB-

€

Using this fact, we can write

oh oh ,
/a ) ) ds(e) = /a | [(e) oyl . 9) ds() + O
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and next

Oh Oh
| @Gt st = [ ) - w5 ) dste)

0B:

Oh

(3.44)
-/ | [0(e) ~ woy)] 5. 9) () + O(emc)

Using the divergence theorem to the first integral on the right hand side of
the above equation, we get

| o) = w32 o) dste) = [ ol = walo) S o

€

+ Viue(z) — uo(z)] - Vh(z,y) dz

Be

Next, application of (3.41) and the Holder inequality yields

oh
/ [ue () — Uo(w)]g—(x,y) ds(z) < [lue —uollze(s.y IGC Y22
0B n

+ V(e = wo)llzs.y IVA(G9)lle2s.)

(3.45)

Using Lemma 3.4, Lemma 3.3 and Lemma 3.5, we obtain

/ [us(x) — uo(z)]g—Z(x,y) ds(r) < Ce’|lne| + Ce* < Ce?|lng|  (3.46)
OB.

In order to bound the second integral on the right hand side of equation
(3.44), we use estimation (3.43). Thus we have

| tuolo) — wnly)lg ) dsta)
0B¢

o (3.47)
< Jluo(-) = wo@)ll=@n.) 15-C9)llon,) < C*lne]

In order to estimate integral
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or
€ a 9 d 4
| @G e dsta) (3.48)
we need to find an estimate of the following expression

%(x,y)ds(x):/ Ay&(z,y)dx (3.49)

9B. 871

and then to proceed analogously as in estimation of the integral (3.44).

Applying changing of variables as in (3.37) and calculate laplacian of the
function £(-,y) in polar coordinates, we obtain

AE(r,0) = —4 — 2In[r* + R* — 2rRcos(6 — 3)]

Using that

—4 —2In[r* + R* — 2rRcos(f — B3)] < —4 — 2In(R — 1)
we get

£ a 1
/ rA&(r, ) dr < lim r[—4—2In(e —r)] dr = —552—521115
0 a—e~ Jo
Thus, for sufficiently small ¢, we have
23

[ @ v)ds(z) = O nz) (3.50)

From Lemma 3.6 and Lemma 3.10, we get

0P

ue(y) —uoly) = (1 - a)/ ue(2) 5 (2, y) ds(z) +O0(e%nel)  (3.51)

0B

3.2.4 Asymptotic expansion of u. —uy on the boundary
of the inhomogeneity

Based on estimates of H!'-norm and L?-norm of expression u. — ug, and
boundary integral formulation (3.51), we are now able to obtain an asymp-
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totic formula for u. — uy on the boundary of the inhomogeneity B..

Let us first introduce the definition of the single and double layer potentials
[42, page 67]

Definition 3.4 Given an integrable function ¢, the integrals

u(y) = / @) ds(o). y R\ 0B

and
o) = [ pla)G ) dsta), ye R\ 0B

are called, single layer and double layer potentials, respectively, with density
®.

For the investigation of the boundary value problems we need properties
of these potentials for points on the boundary of inhomogeneity B. where
the integrals become singular. These properties are given in the following
theorem

Theorem 3.3 Let OB be of class C? and let ¢ € C(OB). Then the sin-
gle layer potential u with density ¢ is continuous throughout RY. On the
boundary, it holds

uly) = /a @a,y)dsla). € 0B

and
u:l:
80_71@) N /aB SD(fl?)g—i)(:L’,y) ds(x) T %SO(?/) y € 0B
where
ou* ‘
5, W) = lm[Vuly + pn(y)) - n(y)]

is to be understood in a sense of uniform convergence on 0B and where
the integrals exist as improper integrals. The double layer potential v with
density ¢ can be continously extended from Bt to BY and from B~ to B~
with limiting values
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0P

)= [ @ mndse) £ 3e) yeoB (352

where

vH(y) = limo(y = pnly))
and where the integrals exist as improper integrals. Furthermore

ov ov

lim | = (y +pn(y)) — 5y —pn(y))| =0 y€IB

uniformly on OB

Proof.
The proof of these so-called jump relations for the single and double layer
potentials is very elaborate and lengthy. One can find the scratch of this
proof in Colton and Kress [25, page 40]. Refer to Colton [24] if interested in
details.

O
The immediate consequence of Theorem 3.3 is the following corollary

Corollary 3.2 For the double layer potential with constant density there
holds

-2 y € B~

2/ 0 sty = —1  yeoB (3.53)
aB On 0 y € BT

Proof.
One can find the proof in [42, page 68]

O

Let us introduce the auxiliary, vector valued function ¢ : R? — R2, which is
a solution of the problem
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((Ap=0 r€R?*\Bandr€B
ot =~ x € 0B
1dp*™  0¢p~ (3.54)
aon on " TEOB

\ lim ¢(z) =0

The existence and uniqueness of its solution, and bounds of the function ¢
as r — 00, given by

¢(x) = O(|z|™") and Vo(z) = O(|2|?) (3.55)

are established in [21]. Following authors, we will derive the integral repre-
sentation of the function ¢ for § € 0B. We have the following lemma

Lemma 3.8 Fory € 0B, the function ¢ has the following integral represen-
tation

S0+ = (1-a) [ @@ nas@) +a [ nd@q)ds

Proof.
Let « € R? and let By be a disk of radius R, such that B C Br and x € Bg.
Applying the Green formula for the domain By \ B, we obtain

o) = [ Sh@eaase) - [ 52 @ s
OB 00 o8 00 (3.56)
- [, o) + [ om T )
From (3.55), we have
o) = [ oGl aas@) - [ 52 @G pdsa)

Using the boundary condition

18¢+

aon

(&) -5 (&) =-n(@) for &ecoB
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we obtain

6@) = [ 0@ 5)ds() +o / n @, §)ds(@)
0B 0B

o[ 2 @agas@)

oB On

(3.57)

From the Green formula applied to functions ¢ and ®(-,g) for the domain
B, we obtain

S @G = [ o@giE @) 65)

9B 071

Substitution (3.58) into (3.57) yields

o) = (1-0) [ o@F@0is@) +a [ no@pis)

oB

According to Definition 3.4, we know that ¢ is a double layer potential with
density (1 — a)¢. Using Theorem 3.3 for § € B we obtain

o) = (1=0) | o) F @ 0)ds() + 50 -)oli) +a [ n(@p)is(a)

oB

Therefore, for y € OB, we have

oo

31+ 000) = (1=a) [ o3

(Z,7)ds(z )+oz/(93n<1>(:i,ﬂ)ds(i)

which gives the desired result
OJ

From the boundary integral formula (3.51), we know that the function u. —uy
is a double layer potential with density (1 — a)u.. Thus, using Theorem 3.3
and Corollary 3.2 for y € 0B., we obtain
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L1+ ) () — o) .
3.59
(1= a) [ fuelo) = wa)) 5 02 9) ) + One)

Given the approximation of the Green function G(-,y) by the fundamental
solution ®(-, y), which is defined for all z € R?\ {y}, we can directly apply the
result of Vogelius et al. presented in [61]. Authors, starting with expression
(3.59) prove the following theorem

Theorem 3.4 For sufficiently small € > 0 and § € 0B, we have
- . 1 -
ue(eg) — uo(eg) = e (1 = a) ¢(y) - Vuo(0) + O(&?|lnel)

Proof.
Here we present the main idea of the proof. For the complete proof, refer to
[61]. We have

51+ 0)) = ()] = (1 =) [ fue) = wo(o)) G ) s
0P )
+(1—a) /aBE [uo(2) — uo(y)] 7 —(2,y) ds(z) + O("|Ine])
(3.60)
We introduce a change of variables & = /e, § = y/e and note that
5 1 z—y 11 5—g§ 100, _ _
oY ey T e con Y
Furthermore, we have
|uo(e7) — uo(ey) — eVuo(0) - (& — g)| = O(e?)
Hence
(1 ) ~ woei)] = (1) [ fuc(ed) — waleq)] 5, 5.9) ds(@)
. 0D, _ 5
+e(1 — a)Vue(0) - /aB(at — y)a—n(:ﬁ,y) ds(Z) + O(e*|Inel)

(3.61)
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Next, we note that

| E=nGeands@) = [ ila—i)- Vidlapds(@

(3.62)
- /8B n®(7, ) ds(7)

Substituting (3.62) into (3.61), we can write

50+ )fuclep) — wo(e)] = (1= ) [ fuu(e7) = uolei)] 5, 5 7) (@)
+ (1 — a)Vug(0) /8B n®(Z,7) ds(z) + O(e*|lnel)
(3.63)
From Lemma 3.8, we have
S0+ = (-0 [ 0@ T @ ads@) +a [ nala s
(3.64)

Next, we multiply equation (3.64) by expression e1(1 — a)Vuy(0) and sub-
stract the result from both sides of the equation (3 63). We obtain

oo

8n( 7)ds(%) + O(*|Ilne])  (3.65)

30+ @) =-a) [ 0@
where

U(3) 1= ue(ef) — wolef) — e (1 - ) Vuo(0) - 6(7)

The Fredholm theory implies that the bounded linear operator

= (c+ K)y

given by
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e +(1-a) [ v@F @D @) (300

[\DIH

(c+ K)(¥)(Y) =

maps C°(9B) onto C°(9B), and therefore has a bounded inverse. Due to the
existence of bounded inverse for ¢ + K, it now follows that

[ue(e-) = uole-) — 1(1 — a)Vug(0) - () llcon) = ¥ llcoon)
= ll(c+K)"O(e zllnfl)llco om) < O(e?|Inel)

(3.67)

which gives the desired result

3.2.5 Topological asymptotic expansion

In order to prove that the topological asymptotic expansion (3.4) holds, we
will need the following lemmas.

Lemma 3.9 For sufficiently small € > 0, have the following estimation

|Vuol? dy = 2| B||Vu(0)|* 4 o(?)
B

Proof.
To prove this lemma, it is enough to use the Taylor expansion and a change
of variables. One can find the complete proof in [6]

O

Lemma 3.10 For sufficiently small ¢ > 0 and § = y/e, we have the follow-
ing estimation

/an“ —u0) 5 ds(y)

= V)| 20-a) [ 06 as)| ual0)” + ol
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Proof.
We have

/aB (ue — uo)% ds(y) = /BB (ue — up)Vug(0) - nds(y)

(3.68)
- /8B (ue — up) [Vug - n — Vug(0) - n] ds(y)
In [9] we can find an estimate
/83 (ue — up) [Vug - n — Vue(0) - n] ds(y) = o(e?) (3.69)

To the first integral on the right hand side of equation (3.68) we apply a
change of variables § = y/e and obtain

/8 (= w)V(0) - nels(y)

(3.70)
— e [ le) — wo(e)] Vuo(0) - nls)
oB
Applying Theorem 3.4, we get
/ (ue — ug)Vug(0) - nds(y)
oB: X (3.71)
= 29u0) |20 -a) [ 0@ 0l ds)| (0
oB

Substitution (3.69) and (3.71) into (3.68) yields to the desired result

U

Lemma 3.11 For sufficiently small € > 0, we have the following estimation

/ (10 — F)(tte — u0) dy = 0(c?)

€

Proof.
In the proof we follow [6]. We have

/ (w0 — £) (e — o) dy < |Juto — fllu=( / e — gl dy

€ €
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From the Holder inequality, for all p,q € [1,00] satisfying i +% =1, we
obtain
| [ (uo — f)(ue — ug) dy| < Ce¥P||u. — uo||La(B.)
Be
We choose p = 3/2 and ¢ = 3. It follows from the Sobolev imbedding theorem
that H'(Q) C L(€2). Hence

| [ (w0 — f)(ue — ug) dy| < CeP||ue — uo||ma)
Be

From Lemma 3.3, we have ||u, — ug||g1() < Ce. Thus

| (uo — f)(ue — ug) dy| < C™/3
B.

Definition 3.5 Let the vector function ¢ be a unique solution of the problem
(3.54) and n a normal vector outward to the boundary OB. The matriz M,
defined by

M= BT+ <0=a) [ n(@) o) ds(i) (3.72)

1s called the polarization tensor.

The properties of the polarization tensor are investigated by Ammari et. al
in [5] or in [21]. In these publications it is proven that M is a symmetric
matrix. Moreover, M is positive definite for 1 > « and it is negative definite
for 1 < . In [15] and [40] explicit form of the polarization tensor has been
derived for cases where B is a ball or an ellipsoid.

Proposition 3.1 For sufficiently small € > 0, the following asymptotic ex-
pansion holds

ac (e, uo) — ao(ue, ug) = €*(a — 1)Vuo(0) M Vue(0)” + o(e?)
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Proof.
From the definition of bilinear form (3.11) and the Green formula, we obtain

e (ue, ug) — ag(ue, up) = (a0 — 1)/ Vu, - Vug dy

€

=(a—1) | V(ue—1ug) Vuody+ (a—1) [ |Vue|*dy
Be Be

8u0

~a=1) [ () Gdsto) + (@ =1) [ [Vuldy

—<a—1>/ (e — o) (o — f) dy

To the above equation, we apply Lemma 3.9, Lemma 3.10 and Lemma 3.11.
We have

ac(ue, o) — ag(ue, ug) = (o — 1) | B||Vuo(0)?

o= 1) Tunl0) [ 20— ) [ 0@ ol ds()| a0 +ofe?)
(3.73)

Using Definition 3.5 we can write

ae(ue, ug) — ao(ue, ug) = e%(a — 1)Vu(0) M Vue(0)" 4 o(£?)

Proposition 3.2 For sufficiently small € > 0, the following asymptotic ex-
pansion holds

(a—1)
2

Jg(”g) — Jo(U(]) = 82 VUQ(O) MVU(](O)T + 0(82)

Proof.
Let us write the functional J, at u. with the help of bilinear a. and linear [
form as follows

@@gz%uwwg—m@+%éfwy (3.74)
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Similarly, we can write the functional Jy at ug

Jo(ug) = %ao(uo, ug) — l(ug) + % /Q f*dy (3.75)

Subtracting (3.75) from (3.74), we get

ng—%w@:%%w@%yJ@g—%%mmwyuwﬂ

Since u. € H'(2) is a unique solution of problem (3.10), we have a.(u.,v) =
I(v) for all v € H*(Q), thus for v = u. we obtain

g (U, ue) = U(ue) (3.76)

Using the same argument as above we show that

CLQ(UQ, U()) = l(’lLQ) (377)

Using (3.76) and (3.77), we can write

1 1
(uo) + (up) = —55(% — Up)

L@g-%@@:?@g—m@—ﬁz

Since we want to avoid to calculate u.(y) — ug(y) for all y € Q, we can write

1 1 1
Je(u:) — Jo(up) = —§l(ua —ug) + §a0(u0>u5 — up) — an(uo,ua — up)

where ug is once again the unique solution of the problem

{ Find v e HY(Q) (3.78)

ap(u,v) =1(v)  Yve HY(Q)

Thus particularly for v = u. — ug, we have

CL(](U(], Us — U(]) = l(ue — U(])

Using this fact, we obtain
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1
Je(us) - Jo(uo) = —5%(“07% - Uo)

1
= —§a0(u0,u5) + §a0(uo,u0)

1 (3.79)
= —an(ug, up) + §l(u0)
= —%ao(ua, ug) + §a5(u€, ug)
From Proposition 3.1 we get
Jo(ue) — Jofun) = 2= 00(0) M Vo (0)T + 0(e2)
U

Corollary 3.3 The topological gradient g is a function independent of €,
which formula is given by

(@ —1)

g(x) = Vo (x) M Vug(z)" (3.80)

The symmetric and positive define matriz M is defined as in (3.72)

Proof.
This corollary is a consequence of Proposition 3.1 and Proposition 3.2

3.3 Explicit formula of the topological gradi-
ent

In order to obtain an explicit formula of the topological gradient (3.80), we
have to solve problem (3.54) and next to calculate the polarization tensor

M= Bl +~(1-a) / ()" 9(3) ds (3.81)
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Using the standard approach of introducing elliptic coordinates and applying
the Fourier method, Briihl et al. in [15] derived an explicit formula of the
function ¢ for the case when B is a fixed ellipse, whose semi-major and
semi-minor axis have length a and b, respectively, and lie on the axis of the
coordinate system. This formula is as follows

ala+b)

M=|p|| (@atad) a(a+b) (3.82)

(b+ aa)

It is not difficult to check, by setting a = b, that for the case when B is a
ball, the matrix M has the following form

200
M=|g | I+t (3.83)
" ira

Using formulas (3.83) and (3.82) we are able to derive the formula of the
topological gradient (3.80) depending on shape of the domain B

Case of B is a disk. Substituting (3.83) into (3.80) yields

9(x) = (@~ 1)~ | B[ Vuo|? (3.84)

Case of B is an ellipse. Using formula (3.82) we want to derive formula
of topological gradient (3.80) for the case of an arbitrary ellipse. For this, we
fix that a < b and denote

ml:a(a—l—b) and m2:a(a—|—b)
(a+ ab) (b+ aa)
Since
-1 2 bZ
my — My = a(a )(a ) >0 thus m; > my

(a+ ab)(b+ aa)

Next, we assume that By is an ellipse obtained by rotation of B by angle
0 € [0, 7], then we can find an orthogonal transformation
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Ry = [ cos —sinf }

sin 0 cos (3.85)

such that By = Ry B. The polarization tensor coresponding to the rotated
ellipse By is given by

My = Ry MR}

Therefore, the topological gradient for an arbitrary ellipse By has the form

(a—1)

g(z,0) = Vug My Vul (3.86)

We have the following proposition

Proposition 3.3 The topological gradient g(x,0) is minimal at the fized
point x if and only if [cos 0, sin @] is the eigenvector associated with the great-
est eigenvalue of the matriz Vul Vug

Proof.
Let us fix point z € 2 and calculate the derivative of the topological gradient
g with respect to #. We have

0
29(@.0) = (a = 1)(my —my) B
8’&0 0u0 . 8u0 0u0 .
. (%COSH ~ o sm@) (ECOSH + 02y sm@)
... 0Og : : .
The derivative 8—9(55, 0) is equal to 0 if and only if
0 0 0 0
0 = arctan (8—22 8—2?) =:0;, or 6= —arctan (% a—zz) =: 0,

Let us now consider the two cases. First, let 8 = #;. We have

! % and sinf; = ! %
|VUO| 81’1 e |VUO| 81’2

cos b =

Therefore
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82
o (,60) = (o = )(mz = m)| B[Vl > 0 for my > my

Next, let § = 6;. We have

COS@zIL% and sinegz—L%
‘VUQ‘ 81’2 ‘VUO‘ 81’1
Therefore
9%g 5
W(zﬁg) = (a—1)(my — my)|B||Vue|” <0 for my > my

We conclude that g(x,#) is minimal for § = 6; and

g(z,01) = (o — 1)my | B[ Viue|?

To complete the proof, it is enough to observe that

T ‘VUOP 0 T
Vuy Vug = Ry, [ 0 0 Ry,
From the above decomposition, we conclude that Vug/|Vug| is the eigenvec-
tor associated with the greatest eigenvalue |Vug|? of the matrix Vud Vug

O

3.4 Remarks

As we have already mentioned, there are several approaches to derive the
formula for the topological gradient and there is no uniquely justified method,
which would be correct for any given cost function. In this section, we would
like to give some remarks and discuss problems that arise, when we apply
some of the existing methods to our particular problem, posed in Section
3.2 of the current chapter. At the end of this section, we introduce some
criterion, which can be applied to edge detection. We decided to include it to
the thesis, however there is no rigorous mathematical proof of its correctness.
Some advantages of this criterion over magnitude of the smoothened image
gradient |Vu,|? are confirmed based on numerical experiments, which we
present in Chapter 5.
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3.4.1 The generalized adjoint method

In this subsection, we would like to present a rough idea of the generalized
adjoint method, introduced by Céa in [19] and further adapted to the topo-
logical sensitivity analysis by Garreau et al. in [35]. One can find a diverse
modification of this method in Amstutz [6, 7).

Let vy € H*(2) be the unique solution of the adjoint problem

{ Find v, € H(Q) (3.87)

ao(w,vy) = —L(w) Yw € H(Q)

where L : H*(€2) — R is a continuous linear form.

Hypothesis 3.1 For sufficiently small € > 0, there exists a real number 6.J
and continuous linear form L : HY(Q) — R, such that

Jo(ue) — Jo(ug) = L(ue — ug) +€*6J + o(e?) (3.88)

Hypothesis 3.2 For sufficiently small € > 0, there exists a real number da,
such that
a (e, vg) — ao(ue, vo) = €2 6a + o(e?)

We have the following proposition

Proposition 3.4 Let u. be the unique solution of problem (3.10), the cost
function J., as defined in (3.91) and vy satisfies (3.87). Then, for sufficiently

small € > 0, we have the following asymptotic expansion

Jo(us) — Jolug) = €*(da + 6.J) + o(e?)

Proof.
The proof is based on idea presented in [35]. From Hypothesis 3.1, we have

Jo(us) — Jo(ug) = Lue — ug) + €20J 4 o(£?)

and we may write this expansion as follows

Je(u:) — Jo(uo) = L(us — up) + ao(ue: — uo, vo) — ao(u: — ug, vo)
+e20J + o(e?)
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Next, by using properties of a bilinear form, vy being the solution to problem
(3.87) for all w € H'(Q2) and g satisfying equation ag(ug,v) = I(v) for all
v € H'(Q), we obtain

Jo(ue) — Jo(ug) = l(vg) — ao(ue, vo) +&*6J + o(e?)

Since we have assumed that the function w,. satisfies a.(u.,v) = [(v) for all
v € HY(Q), thus in particular for v = vg. Thus, we have

Jo(ue) — Jo(ug) = ae(ue, vo) — ag(ue, vo) + €% 8J + o(e?)

Finally, applying Hypothesis 3.2, we obtain

Jo(ue) — Jo(ug) = €%(da + 8J) + o(e?) (3.89)

O

Therefore, if Hypothesis 3.1 and Hypothesis 3.2 would be true, we would have
to find da and §.J, in order to know the formula of the topological gradient

qg.
However, in Proposition 3.2 we have shown that

o(a—1)

Ja(ua) — JQ(U()) =£ 5

Vuo(0) M Vug(0)" + o(e?) (3.90)

Comparing the right hand sides of equations (3.88) and (3.90) we conclude
that

(67

6] = QVUO(O) M Vug(0)T

and

L(u: —ug) =0

It means, that the solution vy of the adjoint problem (3.87) is identically
equal to 0. This implying that Hypothesis 3.2 is true only for the trivial case
e=0.
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3.4.2 The domain truncation method

Here, we briefly explain the idea of domain truncation method introduced
by Garreau et al. in [35], further investigated by Feijéo et al. in [33]. We
mention that in this subsection, we will use the same notations J., a., u., [
used in the previous parts of work, but the different problem is considered.

Let us define the cost function as follows

1
Je(u) == —/ (u— f)?dx + = / |Vul? dx (3.91)
Q\B. 2 Jo\B.
The minimum of J. satisfies function u., solution of the problem

u. —Au, = f x€Q\ B.

ou,

an =0 x € 0B, (3'92)
Ou.

o 0 x € 0f)

In order to apply the generalized adjoint method, we need a fixed functional
space. Such a functional space, independent of €, can be constructed by using
the domain truncation technique.

Let R > 0 be large enough such that the open ball B C €2 includes inho-
mogeneity B.. Let us consider problems defined on the truncated domains

Bgr \ B. and Q\ Bg. We have

ze—Az.=f x€Bgr\B.

2. =1 x € 0Bg (3.93)
(gj;:o z € 0B.
and
(2p—Azgp=f z€Q)\ By
%i; =AY x € 0Bpg (3.94)
\ %:O x € 0D

where A. denotes the Steklov-Poincaré operator
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A, : HY*(0Bg) — HY?(0Bg)

which maps Dirichlet data to Neumann data on the boundary 0By and is
defined by

9z

on 055

Aaw =

We have the following proposition

Proposition 3.5 Let ¢ > 0. If ¢ is the trace of u. on OBg then the re-
striction to Bg \ B. of the solution u. to problem (3.92) is the solution z. of
problem (3.93) and the restriction to Q\ B of the solution u. is the solution
zr of problem (3.94).

Proof.
The proof is standard, see [35]
O
From the above proposition we conclude that the function u. satisfies
( u. —Au. = f 1€ Q\ Bg
ou,
Ju
=0 o0
\ on ve

The bilinear form associated with the above problem is defined by

a:(u,v) == / uvdr + Vu-Vodr — / Auvds (3.96)
O\Bg O\Bp 0Br

and the linear form by

l(v) := /Q\B fvdx (3.97)

In order to prove that the topological asymptotic expansion

Jo(ue) — Jo(ug) = €%(da + 8J) + o(e?)
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holds, we would have to show that for ¢ > 0, there exists a positive number
da € R, such that
az(ue, vo) — ao(ue, vo) = £20a + o(e?)

Since the domain integration does not depend on ¢ from definition (3.96) we
obtain

a.(ue, vg) — ag(ue, vg) = —/ (Ae — Ag)ucvg ds

dBr

For ¢ = u.|sp,, we have

ae(ug, Vo) — ao(ue, Vo) = _/

OBRr

8u€ _ % d
on on voas

Thus, in order to find an explicit expression for da, first we would have to
solve problem (3.93), then calculate the normal derivative of its solution and
last find the dominant term in the expression

_/ Ou. _% d
apr \On  On v as

The natural way to deal with such a problem, defined on a ring domain, is to
change the coordinate system to polar and then to apply the Fourier method.
Such approach has been presented by Feijéo in [33] for the Poisson problem.
In our case, since problem (3.92) is inhomogeneous, a better idea would be to
use the method of Green function. However, since we would have to calculate
expression u.(y)—ug(y) for y € 0Bg, where the radius R is fixed, we could not
use asymptotic (3.26) in approximation of the fundamental solution I'(-,y)
by ®(-,y), as it was possible in (3.28).

3.4.3 Formula of the ‘topological gradient’ derived us-
ing the ‘generalized adjoint method’

Here, we propose the criterion which can be used to edge detection. Its
formula is given by

Vu, Vv, (3.98)

The functions u, and v, are defined by
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Uy := Gy *u

and

v, = Gy x (—(Vig, Vi, Vi)

and G, and G, denote Gaussian kernels with the standard deviation equal
o and p, respectively, and are defined as in (2.2).

In the definition of function v, the expression

ou, ) 2 9%u, Ouy Ou, O0%uy N <0u0 ) 2 92y,

2
012 ) 022 “0n) Ozs 0101y | \ Oz, ) 02

(Vitg, ViusViug) = (
is nothing but the second order derivative of the function u, in the direction
of Vu, and is commonly used in image analysis as a second order operator
for edge detection. For details we refer for instance to [46].
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Chapter 4

Finite volume discretization

In this chapter, we propose the finite volume discretization for the Catté
et al. (2.8) and the Weickert (2.9) models. Discretization is based on the
integro-interpolation method introduced by Samarskii in [56]. The numer-
ical schemes have been derived for the case of uniform (see Fig. 4.2) and
nonuniform (see Fig. 4.3) grids for the computational domain © C R% An
essential part of our discretization approach is the local adaptive coarsening
strategy, which allows significant reduction of the number of grid cells.

xo 2
e pixel
| | P pixel
h h ° . °
h €1 h 1
Fig. 4.1: Uniform grid on the Fig. 4.2: Uniform grid on the
space domain for the finite differ- space domain for the finite volume

ence method method
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4.1 Grid coarsening technique

In this section, we describe how to construct an adaptive grid, used in discrete
scale steps to solve problems (2.8) and (2.9) numerically.

2

P PNQ J
=9.e$)
L ]
(xf,xg) hQ
hp 1

Fig. 4.3: Notations used for nonuniform grid

Let €2,,, with m € N, be a uniform grid composed of square cells P € €,,,
each with a side length hp = 2™ 'h and oriented along axes z; and z. We
assume that the grid points are located at the centres of cells, as presented in
Fig. 4.2. We start the coarsening procedure with the fine grid €2;, with grid
spacing h, which is equivalent to the pixel size!. In the whole procedure, the
most important is to define the correct criterion, defining where and how to
merge cells. Since the goal of the nonlinear diffusion filtering is to pereserve
boundaries of objects, we would like to have a fine grid at these positions.
Therefore, the same criterion as in the case of edges detection can be used.
In the grid coarsening procedure one can distinguish the following two steps:

Step 1. We consider union of grids €2; and €. We merge four cells, each
with a side length h into one cell Q) € )y with a side length 2h if and only
if for all cells P € )y, such that P € @), the criterion to edge detection at
the point (2], 2f) is less than the fixed value of a threshold p. The value of
the function u at the central point (2%, z5) of the new cell Q is equal to the
arithmetic average of values of u at the central points of cells that have been

'In many articles from the computer vision literature is assumed that h = 1, which
means that the pixel size is chosen as the unit of reference.
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merged. As a result, we obtain a nonuniform grid composed of cells of two
different sizes, h and 2h. In general, we will denote by €2,,.; a nonuniform
grid composed of cells P, each with a side length hp € {2™~1h,2™h, ..., 2'h}.

Step 2. In order to simplify the implementation process, we impose the
so-called balance criterion. This implies coarsening the grid in such a way
that each neighboring cell ) of the cell P will have a side length equal to hp
or two times greater or smaller than hp. For this, we consider the union of
two grids, €23 and £2;,5. We merge four cells in ;5 into one cell Q) € Qg if
and only if for all P € €2y,,, such that P € @) and hp = 2h, each neighbor of
cell P has a side length equal to 2h. We repeat this procedure until either [ is
equal to the required level of coarsening or 2'h is equal to the size of image.

O Q4o Dys

Fig. 4.4: Stages of the grid coarsening technique

The two steps described above are illustrated in Fig. 4.4. It is observed
that it is not necessary to start with the fine grid €2; at each iteration of the
diffusion process. To save computation time, in each discrete time step, we
may start the coarsening procedure with the grid obtained in the previous
iteration and perform Step 1 only for the cells having a side length equal to
h and then move to Step 2.

4.2 Discretization of the Catté et al. model

In this section we will derive the finite volume discretization of the Catté et
al. model (2.8) using the integro-interpolation method for the case of uniform
and nonuniform grid for the computational domain Q C R2.

Integration of the first equation in (2.8) over any finite volume P € €, or
P € Q,,., and application of the divergence theorem, yields the following
integral equation
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ou 0

—dx:/ quaz—uds 4.1
ot . (IVuol") - (4.1)

where n denotes the unit normal vector to the boundary dP, outward to P.

4.2.1 Time discretization

Let 7 € R be a constant time step and t; := k7, for £ € N. Furthermore, let
us denote u*(z) := u(z, t;). Writing equation (4.1) at time ¢;, and discretizing
the time partial derivative using the backward Euler method, we obtain the
following equation

k
l/(ul‘C — " da :/ d(|VurE=t )al ds (4.2)
P op on

T

for k € Nand P € ), or P € €,,,.;. In order to simplify notations, we will
further write d*~! instead of d(|Vur=1|?) := d(|VG, x uF~1(z)|).

Using the fact that the sides of cell P are oriented along axes z1 and x5, we
can write equation (4.2) in the form

1 k k
- / (uf — w1 do = / d’f—lai dzy — / d’f—lai d,
T Jp OPE 8251 opPw 8251

ou* ouk
k—19U" _ k—19U"
+ /aPN d 01'2 dl’l /aps d 81’2 d!L’l

where the upper indexes at 0P denote respectively east, west, north and
south side of the cell P.

(4.3)

4.2.2 Space discretization on an uniform grid

Let €, be a uniform grid of the domain Q C R? composed of square cells P,
each with a side length h, as presented in Fig. 4.2. We will derive a space
discretization for one of the integrals on the right hand side of expression
(4.3), for instance

k
/ 19 (4.4)
OPE 81’1
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We discretize the remaining integrals in a similar way. For this, we denote
the flux function by

ou-

Wy = d*!
! 81’1

Let us rewrite the above equation in the form

ot _ W,
83:1 N dk—1

and then integrate this expression over the interval [z’ 2 + h]

P P
o th gyk RN
—dx; = —— dx,
xX xr

f 81’1 {’ dk-1

Assumption that the flux function W is constant on the interval [#1", 2 + h]
yields

xf—i—h 1
w(zt 4 h,xy) — u(zh zy) = Wi(al + %,:Bg)/ = dx,
oy

Thereofore, the value of function W, at point (1’ 42, 2,), where x, € [2 —

2
h P B i o
5,T5 + 5], is given by

zP+h -1
1 1
Wi(z) + %, 20) = [/P = dx1] [u" (21 + hy o) — u" (2], 22)] (4.5)

1

Using the midpoint rule, we can approximate the integral (4.4) as follows

k
/ d’f—laid:c2 = Wi dzy ~ h Wi(z) + %, 27) (4.6)
oPE Oy oPE
Substituting (4.5) into (4.6) for zy = x1’ we obtain
el 7 k-1 P\ [ k(P Py _ k(P P
d dry ~ hd* Mz, 23) [uP(z] + h,2)) — u (a7, 25)]
opPE O

where
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Jk_l(:cl,mf) =

mf+h 1 -1
——d 4.7
/:vf 1oy, 20y (4.7

The function d*~! at point (xF + %, z}’) may be approximated in one of the
following two ways

-1
)~ h
dt= (2] + 5, af)

d" Nl + 82
(4.8)
_ ) - e )
2h
] h h -
el +40D)* | saer gy + sl )
(4.9)

24 (), 2f) dF T (2] + b))
~ hdbY ol 4 by al) + hdE (2 2l

Approximation (4.8) is simply the arithmetic average of diffusivity values in
the two neighboring cells and approximation (4.9) is the well known harmonic
averaging. In the case of oscillatory diffusivity values, there is a suggestion
in the book of Samarskii [56] to use approximation (4.9). In this book one
can also find the numerical analysis of derived scheme.

4.2.3 Space discretization on a nonuniform grid

Let Q,,4; be a nonuniform grid of the domain © C R? composed of square
cells P, each with a side length hp, as presented in Fig. 4.3. For every
cell P € Q,,1;, we consider the set of neighbors A/(P) consisting of all cells
Q@ € Q,,4; for which the common interface of P and (), denoted by P N @,
has nonzero length |P N Q| = min(hp, hg).

Let us consider discretization of the first integral on the right hand side
of expression (4.3). The conservation law says that the flux through the

interface P is equal to the sum of the fluxes through interfaces Q" and
OR™ (see Fig. 4.5). Therefore, we have

ouF ouF ouF
A1 dry = / d1=—d / d1=—d 4.10
APE 81’1 2 aQw 81’1 T2t ORW 81’1 2 ( )
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» Q
o Y
Q
(z1,25) (z7,25)
[ ]
(«f 23 R
@] [ ]
(2123

Fig. 4.5: Part of the adaptive grid

We will demonstrate how to derive a space discretization for the integral over
0Q" in the above expression. For that, we denote the flux function by

ouk
Wy =d" 11—
! 825‘1

Let us rewrite the above equation in the form

0uk . Wl
0:)31 N dk—1
and then, integrate this expression over the interval [z, 2]
Souw ptw
—dxy = ——dx
P 01'1 ! P dk 1 !

Assumption that the flux function Wj is constant on the interval [F, 2]

yields

Q
uk(x?,@) — uk(xf,xg) = Wl(xf + %P,xg)/ — dx;

Thereofore, the value of function W; at point (z! + he 1y), where x4 €

2
h ..
(2, 23 + 2E], is given by
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2 -
Wi(zy + h—;,xz) = [/P g dx1] [Uk(l'?,l’g) — uk(zf,xg)] (4.11)

1

Using the midpoint rule, we approximate the integral over 9Q" in expression
(4.10) as follows

0
/ dk_l—u dIQ = W1 dLUQ ~ hQ W1 (l’f + h—;,LUQQ) (412)
oQw 8:61 aQwW

Substituting (4.31) into (4.33) for zo = &, we obtain

k -
/ dk_lai dLU2 ~ dk_l(xlv 'T2Q) h’Q [uk(lev x2Q) - uk(.il}f, x2Q>:|
QW 8xl

where

(2, 29) = [ / K ;Q) dx1] _ (4.13)

k—1
T d (x17x2

The function d*~* at the point (b 4 1 x?) may be approximated in one of

27
the following two ways

2 db=Y(xf + & 2d

—1
Jk_l(xf + % x?) ~ [ he + hq
’ )

(4.14)
_ d (e af) + dV (2 a)
hp—l-hQ
- h h -
d*! xP+@,xQ ~ [ r + 9 }
OB | D) T 2l D)
(4.15)

_2d (] af) & e 1)
hp d=1(a?, 2F) + hg d*(af, 25)

Since point (zf ,x?), marked by o in Fig. 4.5, is not a grid point, values

of functions «* and d*~' at this point have to be interpolated. We use the
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simplest constant interpolation, it means, we assume that values of u* and

dF1 at the point (2, 29) are equal to values of these functions at the point

(21, 23).

In [30], Ewing et al. proposed a finite difference method on rectangular
cell-centered grids with local refinement in order to derive discretization of
the second-order elliptic equation. They have proven that the discretization
for the case of a constant interpolation of irregular points provides simple
symmetric scheme with error estimates in the discrete H!'-norm of order
h'/2. In the case of a nonsymmetric and a more accurate symmetric scheme,
the convergence rate is O(h%/?).

4.3 Discretization of the Weickert model

In this section we will derive the finite volume discretization of the Weickert
model (2.9) using the integro-interpolation method for the case of uniform
and nonuniform grid of the computational domain  C R2.

Integration of the first equation in (2.9) over the finite volume P C €, or
P € Q,,.; and application of the divergence theorem yields the following
balance equation

—dx:/ (D(S,(Vuy))Vu,n) ds (4.16)
oP

where n denotes the unit normal vector to the boundary 0P, outward to P
and the diffusion tensor D(S,(Vu,)) is defined as in Section 2.3 of Chapter
2.

4.3.1 Time discretization

Let 7 € R be a constant time step and ¢, := k7, for £ € N. Furthermore,
let us denote u*(z) = wu(z,t;). Writing equation (4.16) at time t; and
discretizing the time partial derivative by the Euler explicit scheme, we obtain
the following equation

! /P (uF — uFY) dg = /8 DSVt ) Vabmy s (41)

T

for all P € Q,, or P € Q,,.;. Further, we denote entries of the diffusion
tensor D(S,(Vuk=1)) by dfi", where i,j = 1,2.
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Using the fact that the sides of cell P are oriented along axes z1 and x5, we
can write equation (4.17) in the form

;/P(uk—uk_l) dx =
ouk ouk ouk ouk
/MDE(dlfll@l dllea )d@—/aPW(dlﬁlal dllea )dI2

L Ou” ou L Ou” L Ou”
sy +dhyt— ) d —/ Ayt — + dby d
+/6PN ( 2 B, 02 8@) Ty s ( 2 gp, 2 gy ) 71

(4.18)

The upper indexes at P denote the east, west, north and south side of the
cell P, respectively.

4.3.2 Space discretization on an uniform grid

Let ©; be a uniform grid of the domain Q C R? composed of square cells
P € )y, each with a side length h, as it is presented in Fig. 4.2. We will
derive a space discretization for one of the integrals on the right hand side
of expression (4.18), for example

ou ou®
/(w <dk 1% dlf?la_@) dzs (4.19)

We discretize the integrals in a similar way. For this, the flux function is
denoted by

1 0u k ouk
Wy = di o1, d]leﬁ_arg

Let us rewrite the above equation in the form

8uk dlfz_ ! 8uk W2

—+ =
Oxy — diy' Oy dyy!

and then integrate this expression over the interval (2 2! + h]

af+h k k—1 o k 2P +h
dr, = —d 4.20
/xf <a$1 + dllcl—l 01’2) Z1 " d]fl—l xy ( )

1
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Assumption that the flux function Wy is constant on the interval [#1", 2 + ]
yields

R 74 af+h
2
/P —dk_l d$1 = WQ((L’{) + %, $2)/ dk——ld‘rl (421)
" 1 251 11

We approximate the left hand side of equation (4.20) as follows

af+h ouF dk—l ouk
/ ( + 12 ) dx, ~ uk(:)sf + h,zy) — uk(:):f,:)sg)

k—1
rooNon dion (4.22)
1

k—1
dll

(EP
dF=1(P L b ot p h o
+dyy (2 + 27$2) (zy + 27372)

d
01'2 1

1

By substituting (4.21) and (4.22) into equation (4.20), an approximate value

of the function W, at point (zf + %, x,) is given by

P h ~
Wg(xl + §,I2) ~ i1
r d

:L‘f-i—h 1 -1
/ da:1] [uk(xf + h,zo) — uk(zf,zg)]

(4.23)
k—1(,P | h ot p o
+diy (21 + 3,22) (21 + 3, 22)

81'2

where x5 € [z) — & 2’ + 2], We further approximate the last term in (4.23)

by the arithmetic mean as follows

dk—l P, R 8_uk P, R
12 (zy + 2’x2)8x2(x1 + 5, 2)
(4.24)
o M*mpx)@f(P )+ di (2f +h )@K(P+h )
~ g %2 1572 B Ty, L2 12 I y L2 O%s Ty y L2

Application of the midpoint rule to integral (4.19) yields

p—1 Ou p_10u" P h P
- dll 0—1151 + d12 8—1’2 dre = - Wodze ~ th(SL’l + 5, Ty ) (425)

By substituting (4.23) into (4.25), we obtain for zo = z¥
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k k ~
/ (dk—lau i ) iy~ d7 (o) b 4 B ma) — b (ol )]
OPE

11 % 12 8—1’2
_I_E dk—l(xPx)a_uk(P )+dk_1(P—|—h )—k(P—I—h )
9 |12 1,22 B Ty, T2 12 7 y L2 o x , L2
(4.26)
where

- :L‘{D-i-h 1 -1
ANz, 2l = / ——dx;
! ’ £ diy(zn,a8)
The partial derivatives on the right hand side of expression (4.26) at points

(F, 2 and (2f + h, 2l’) may be approximated using the central difference

ou 1
1
5—; (2F + h,2b) ~ ﬁ[uk(g:f +hyat + h) — uF @ + b, ab — h)]
2

The function d¥! at the point (2 + b 21’) may be approximated in a similar
way as the function d*~1 in (4.8) or in (4.9).

Notice that if we would derive, in the same manner as above, an approxima-
tion of the integral over OPW, appearing on the right hand side of equation
(4.18), and next the result subtract from (4.26), the term

_ ouk
diy (a7, w2) =— (2], x2)

81’2

would cancel out. The derived space discretization of the operator V- (DVu)
is equivalent to what Samarskii proposed in [56, page 288] and provide an
approximation of O(h?).

4.3.3 Space discretization on a nonuniform grid

Let ,,1; be a nonuniform grid of domain 2 C R? composed of square cells P,
each with a side length hp, as presented in Fig. 4.3. For every cell P € Q,,.,
we consider the set of neighbors N'(P) consisting of all cells Q € Q,,,, for
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Fig. 4.6: Part of the adaptive grid

which the common interface of P and ), denoted by P N (), has nonzero
length |P N Q| = min(hp, hq).

Let us consider the discretization of the first integral on the right hand side
of expression (4.18). The conservation law says that the flux through the
interface OPF is equal to the sum of the fluxes through interfaces Q" and
OR"™ (see Fig. 4.6). Therefore, we have

ouk ouk ouk ouk
dk—l_ dk—l_ d :/ dk—l_ dk—l_ d
/6PE ( g +dyp 0z, ) T2 oow \'11 Bz, + dyy Bz, ) 412

ou® ou”
k—19U" k—10U"
+ /aRW (dll 8(1:‘1 +d12 axz) de

(4.27)

We will show the derivation of a space discretization for the integral over
0Q"Y . For this, we denote the flux function by

C a0
1

dxy "7 Oy

Let us rewrite the above equation in the form

_,0u

8uk dlfz_ ! 8uk W2

k—1 = k1
Ory  dy; Oz dy,
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and then, integrate this expression over the interval [z1 ZE?]
Q Q
o fouF dRyt ouP W
o 0rq dll 0xs P dll

Assumption that the flux function W, is constant on the interval [z %]

yields

T,

Q
"El 1
. —dlfl_l dl’1 = W2($f + h7p, 1’2) /P E dl’l (429)
1 xf

We approximate the left hand side of equation (4.28) as follows

A ouk | dit ouk
/P (8:51 = axz) o o il 22} = u'le 22
“ H (4.30)

Q

+d'f2_1(:cf + %P,:cg) 8—Uk(:cf + h2_P,$2) /xl %dxl
8252 =P dll_

By substituting (4.29) and (4.30) into equation (4.28), an approximate value
of the function Wy at point (z! + h2—P, T9) is given by

Q —1
Z‘l 1
/P dk-1 d1'1] [uk(x?, ) = uk(xf’ 7))
xq 11

(4.31)

Y Y TN L
+ di, (Il + 5 7$2) (Il + 5 7$2)

where z, € 25,28 + “2]. The last term in (4.31) is approximated by the
weighted mean as follows

k=1 .P | h % P, h
d12 (xl + 2>$2)a (1'1 + 2,1’2)
4
h _ ou®
~ ) GGl @)
h _ ou”
™ ﬁ diy (27, w2) a—xz(x?, Tg)
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The integral over Q" in expression (4.27) may be approximated using the
midpoint rule as follows

ouk ouk
) +dk-1—) dre = Wy da
/aQw( M Om R Onn) T Jage (4.33)

~ hQ Wg(l‘f + h_2P’I2Q)

By substituting (4.31) into (4.33), we obtain for 2, = %

k—lauk k—lauk Th—1 Q k(Q Q k(..P _Q
o di; 0—1'1 +di, 0—3:2 dxy = dyy (x1, 25 )holu™ (27, v5) — u” (), 25)]

hp

_ ouk hp _ ouk
d]f2 l(xlpv sz xlpv 2Q) + d]f2 l(xQ g 2,3
hp + hQ

h o o
o | ) o It o) S 008

The partial derivatives on the right hand side of the above expression may
be approximated by using the midpoint rule as follows

u* P _Q Loy k Q

— (21, 25) = —[u"(z), 25 + hq) —u" (27,75 — hg)]
81’2 hP

ouk 1

—— (2, 28) = —[uF(af, 2§ + ho) — v (2,2 — hq)]
85(72 hp

The function d** is defined by

[ ——
———— A,
o A @, 2?)

1

cilfl_l(xl,xQ) = [

At the point (zF + %P, x?), it could be approximated similar to the function
d"' in (4.14) or in (4.15).

The points, marked by o in Fig. 4.6, are not grid points and values of the
function u* at these points have to be interpolated. We consider a constant

interpolation in the cell P, which means that values of u* at points (z1 x2Q)

and (¢F, z8) are equal to u*(xF, z1'). The value of u* at the point (2, 2 +
hg) is equal to the arithmetic mean of values u* in two neighboring cells.
The value of u* at the point (z%, 2% + hg) is equal to the arithmetic mean

of values u”* in four neighboring cells.
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4.4 Discretization of the first and the second
order derivatives

In this section, we present how to approximate the magnitude of gradient

Vg
Oy \ 2 oy \ 2
Vu,|* = - i 4.34
and the second order derivative of the function u, in the gradient Vu, di-
rection

(Vitg, ViU, Vi)
B <8u0>2 d%u, Ouy Ouy O%u, N (0%)2 *u, (4.35)

2
Ory ) Ox2 + Ox1 Oxy O110x5 ory ) Ox3

on an uniform as well as a nonuniform grid.

4.4.1 Discretization on an uniform grid

To approximate values of expressions (4.34) and (4.35) for an uniform grid we
use standard second order approximation. The first derivative of the function
u, is approximated using the central difference scheme

Oty

81’1

1
(ol §) & o[+, 25) — ol — h )

The second derivative is approximated by

s, p 1

ool + ) - Gl ~ .08

P ~ 1 {%

8252 ('Ilpu x2p) ~
1

~
~

= =

[uo(z] + h,x5) — 2u,(z),25) + ug(zy — h,a5)]

The mixed derivative of the function u, is approximated by

82u0 1 8Uo— auo
ot (ol af) g |Gl 1) - S af 1)
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4.4.2 Discretization on a nonuniform grid

Since it is difficult to write discretization for the general case of a nonuniform
grid, we will demonstrate how to approximate values of expressions (4.34)
and (4.35) for the configuration of cells presented in Fig. 4.7

S
® - - —— -4 - ——-—=- -°
€35 v%s)
Q P
° L -0
(@? aF)
°
° - - - —-—-—-- o
(x4 ,z?)

Fig. 4.7: Part of the adaptive grid

In order to compute expression (4.34) and (4.35), we have to know values of
the first and the second order derivatives of the function u, at point (z!, 1),
the center of the cell P. The first derivative is approximated by the arithmetic
mean of the derivatives at points (21 — 22, 20') and (24" + 22, 21) as follows

auo— 1 auo’ a,u’O'
e af) e | G ad + ) + S0 )

The second derivative is approximated by the central difference of derivatives
at these points

82U0— 1 8u0 auo
el ad) o | Sl i af) - Sl — )
1

B 81’1

The derivative at point (21 — 22, zF’) may be approximated as follows
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8u0( P_hp ZL’P) ~ 1 UU(JI{D,JI?) — ua(lev'IéQ) ua(vaxg) - ug(x{%,xg)
Oxy 1 27702 (hp + hg) 2(hp + hg)

Since (2, 29) and («F, %) are not the grid points, the values of the function
u at these points have to be interpolated. For that, we use simple constant
interpolation, it means, we assume that these values are equal to value of
function u at the point (z¥, z1).

The value of the mixed derivative at point (z!, ) is approximated by the

arithmetic mean of the mixed derivative values at all corners of the cell P.
We demonstrate how to approximate the value of the mixed derivative in the
upper left corner of the cell P

0%u,

0110T2

2 ou ou
(fcf—%P’forhTP) ~ hp + hs a—xj(xig - %Saxéq) - 8:5? (z1 — thvxé))

In a similar manner, we approximate the first and the second order partial
derivatives of a function u, with respect to the variable x,.



Chapter 5

Numerical experiments

In this chapter, we perform experiments which aims to compare the criterion
Vu,Vv, that was introduced in Section 3.4 of Chapter 3, with the commonly
used magnitude of the smoothed image gradient |Vu,|? in application to edge
detection. In the second part, we present results of nonadaptive and adaptive
diffusion filtering using semi-implicit finite volume schemes derived in Section
4.2 of Chapter 4.

Experiments presented in this chapter have been performed with some real
and artificial images'. In all examples, we work with gray pictures with
intensity between 0 and 255. For implementation, we used Matlab ver. 5.3.

5.1 Edge detection

Let us recall definitions of function u, and function v,. We have

Uy = Gy *u

and
v, = G, % (—(Vug, Vu,Vu,))

where G, and G, denote Gaussian kernel with the standard deviation equal
to o and to p, respectively.

In order to roughly illustrate the difference between criterion |Vu,|? and
Vu,Vv,, we model one dimensional edge with a smooth function u(z) =
1 + tanh(10z). The plot of this function is presented in Fig. 5.1.

!The test images presented in Fig. 5.12 and Fig. 5.16 are taken from the Institute of
Computer Science, University of Innsbruck.
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Fig. 5.1: Simple edge model

For simplicity, we neglect smoothing by a convolution with the Gaussian
kernel. Therefore, we can now easily derive explicit formulas for both criteria.
Its plots are presented in Fig. 5.2 and in Fig. 5.3. As we expected, in
the both cases the maxima of criterion indicate the center of our model
edge. However, in the case of real images, the problem of edge detection is
more complicated because of many local maxima. In order to approximate
a position of the edge points, we have to apply the threshold operator. This
implies that we have to determine some value for p, such that for all points
x, at which the criterion is greater than u, will lead to the set of edge points.
Of course, when choosing the value for u, we should remember that the lower
a threshold, implies that more lines will be detected, and the results become
increasingly susceptible to noise, and also to picking out irrelevant features
from the image. Conversely, a high threshold may ignore subtle or segmented
lines.

Fig. 5.2: Plot of (u')? Fig. 5.3: Plot of u/v’

In the next part of this chapter, we present results of the three experiments
in order to compare the criteria Vu, Vv, and |Vu,|? in application to edge
detection for the case of real images.
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In the first experiment, we would like to compare behavior of the both criteria
with respect to the presence of noise in an image. In Fig. 5.5, we see the true
image f perturbed by the additive noise with the normal distribution of mean
0 and standard deviation 255/2. In order to better illustrate the problem of
edge detection, we restrict ourself to the cross-sections of considered images
passing through its centers, although all calculations have been performed
for the two dimensional case.

Fig. 5.4: True image f Fig. 5.5: Noisy image u

300
500

200

100

° -200

o 50 100 150 200 250 0 50 100 150 200 250

Fig. 5.6: Cross-section of f Fig. 5.7: Cross-section of u

To calculate the criteria |Vu,|* and Vu, Vo, for a noisy image u, we applied
a smoothing by convolution with the Gaussian kernel with parameters o =
p = 1. Plots in Fig. 5.8 and in Fig. 5.9 present cross-sections of the both
criteria and histograms are shown in Fig. 5.10 and in Fig. 5.11. The first
thing that should be noticed is that the criterion Vu,Vwv, is less sensitive to
large oscillations of image values that were introduced by noise. Due to this,
it is easier to choose the right threshold value without picking up irrelevant
edges.
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Fig. 5.8: Cross-section of |Vu,|? Fig. 5.9: Cross-section of Vu,Vv,
with o =1 witho=p=1

g gl

“§4DDU’ ;:-37

oo 2

2 2

Vallue ofacme‘nson ’ x102‘5 * R & E V;ue ofoacmerlion : ’ ‘ x;o’s
. . . ) . .
Fig. 5.10: Histogram of |Vu,| Fig. 5.11: Histogram of Vu,Vu,

The aim of the next experiment is to demonstrate the advantage of the
criterion Vu,Vuv, over |Vu,|? in the case when boundary of objects in an
image are blurred and not clearly defined. During the test, we consider the
image presented in Fig. 5.12.

Fig. 5.13: Cross-section of u

Fig. 5.12: Input image u
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In Fig. 5.14 we see the edge maps obtained by thresholding of criterion |Vu,|?
for three selected values of the threshold ;. The same parameters have been
used to obtain edge maps for criterion Vu,Vv, . The results are presented
in Fig. 5.15. As we can see in Fig. 5.14, it is difficult or even impossible to
choose a value of the threshold p, in way such that the boundaries of objects
in the image u would be detected with required precision. In Fig. 5.14 ¢, one
can see that the edge of the smaller circle is too thick and the edge of the
bigger circle is not detected at all. Alternatively, the image presented in Fig.
5.15¢, carried out with the same threshold value p = 15 but for criterion
Vu,Vv, , gives more or less expected results.

Fig. 5.14: Edge map of |Vu,|*> with ¢ = 0.1 and the threshold a) u = 5, b)
pw=10,¢) p=15

Fig. 5.15: Edge map of Vu,Vuv, with ¢ = p = 0.1 and the threshold a)
pw=>5Db) u=10,¢c) p=15
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In the third experiment, we would like to demonstrate results of edge detec-
tion with respect to choice of various threshold values. During the test, we
calculate criteria |[Vu,|* and Vu,Vv, with parameters o = p = 0.1 for the
image u presented in Fig. 5.16.

Fig. 5.17: Cross-section of u

Fig. 5.16: Input image u

In Fig. 5.18 and 5.19 we present cross-sections of the both criteria.
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Fig. 5.18: Cross-section of |Vu,|? Fig. 5.19: Cross-section of Vu,Vv,

We observe that the values of criterion |Vu,|?* in the position of potential
edges are much greater than values of criterion Vu,Vv, at these positions.
Furthermore, points for which the criterion is greater than 0 are more close
to the center of edges. We should also notice the criterion Vu,Vv, is less
sensitive to the choice of the threshold value. In Fig. 5.21, we can observe
that for three different values of u, the edge maps are nearly the same and
the threshold from the interval [0, 8 - 10°] gives relatively good and more or
less similar results. Though, it should be noted that in the case of criterion

|Vu,|? , areasonable value of a threshold can be chosen only from the interval
(103, 2-10%].
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Fig. 5.20: Edge map of |Vu,|? with 0 = 0.1 and the threshold a) p = 10, b)
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Fig. 5.21: Edge map of Vu,Vv, with ¢ = p = 0.1 and the threshold a)
p=10,b) p= 1000, ¢) p = 2000
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5.2 Nonlinear isotropic diffusion filtering

In this section, we present results of isotropic diffusion filtering obtained by
the application of the two semi-implicit finite volume schemes introduced in
Section 4.2 of Chapter 4 for discretization of the Catté et al. model (2.8). In
every discrete time step, each of these schemes result in a linear system of
equations with a symmetric and strictly diagonally dominant matrix, which
guarantees existence of a unique solution. The number of unknowns in such
a system correspond to the number of cells in a grid. In the case of the
adaptive filtering, in each discrete time step, a grid is adapted to the local
image structure and a number of unknowns in the linear system is rapidly
reduced. In the case of nonadaptive grid, the number of cells is the same
in each iteration and is equal to the number of pixels in an image. In all
examples, we work with the diffusivity d defined by

B 1
C14s/p

d(s) :

We consider two cases for each experiment: s =|Vu,|? and s = Vu,Vu,,.
The regularizing convolution with the Gaussian kernel is implemented via
the implicit finite volume scheme for linear diffusion.

Fig. 5.22: Input image f € [0,255], Q = [0, 256)?

In Fig. 5.23, we present results of the nonadaptive isotropic diffusion filtering
applied to the image presented in Fig. 5.22, using |Vu,|? with the threshold
p =20, and Vu,Vv, with the threshold ;1 = 50 as an edge detector.
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During the experiment, we have used the following parameters o = p = 1,
7 =1 and iter = 20. In both cases, the diffusion coefficient on the interface

of two neighboring cells is approximated by arithmetic averaging.

Fig. 5.23: Result of the isotropic diffusion filtering with the edge detector

a) |[Vus|* , b) Vu,Vu,
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Fig. 5.24: Edge map obtained by thresholding of a) [Vu,|* , b) Vu,Vu,

In Fig. 5.24, we present edge maps obtained by thresholding of the criteria
|Vu,|* and Vu,Vv, after the 20th iteration of the diffusion process. We
observe that the position of edges in Fig. 5.24b is more accurate and close
to the center of the real edges. Owing to this, the boundaries obtained in the
result of filtering are more sharp, as presented in Fig. 5.23 b. Moreover, there
is less noise preserved at position of edges compare to the result presented in
Fig. 5.23a. Similar imperfection could be observed in Fig. 2.5, in Chapter

2.
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In Fig. 5.25, we see the results of adaptive isotropic diffusion filtering using
semi-implicit finite volume scheme with the diffusion coefficient discretized
using arithmetic averaging. We have done two experiments. In the first, we
used |Vu,|? as the edge detector with threshold p = 30 and in the second,
Vu,Vv, with threshold ;1 = 100. For both experiments, we used parameters
oc=p=1,7=1and iter = 10.

Fig. 5.25: Result of the adaptive isotropic diffusion filtering with arithmetic
averaging of the diffusivity and the edge detector a) |Vu,|* , b) Vu,Vu,

Fig. 5.26: Adaptive grid corresponding to the results presented in Fig. 5.25
with a) 6037 cells, b) 6094 cells

In Fig. 5.26, we present adaptive grids corresponding to the results presented
in Fig. 5.25. Note that the input image used in filtering has size 256 x 256.
This means, that by the application of adaptive coarsening strategy, we were
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able to reduce the number of grid cells and unknowns in the linear system,
from 65536 to around 6000.

The results carried out with the same parameters as in the previous experi-
ment, but for the case of the harmonic averaging of the diffusion coefficient
on interface of two cells are presented in Fig. 5.27
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Fig. 5.27: Result of the adaptive isotropic diffusion filtering with harmonic
averaging of the diffusivity and the edge detector a) |Vu,|* , b) Vu,Vo,
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Fig. 5.28: Adaptive grid corresponding to the result presented in Fig. 5.27
with a) 10300 cells, b) 10156 cells

In Fig. 5.28, we present adaptive grids corresponding to the results presented
in Fig. 5.27. In Tab. 5.1, we see the number of cells for each iteration of the
adaptive isotropic diffusion filtering with respect to kind of averaging and
used edge detector.
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Iteration 0 1 2 3 4 ) 6 7
B 65536 | 25987 | 14851 | 10186 | 8086 | 7276 | 6778 | 6433
A 65536 | 19288 | 12790 | 10024 | 8668 | 7951 | 7444 | 6925
C 65536 | 25987 | 17521 | 14620 | 13237 | 12214 | 11632 | 11284
D 65536 | 19288 | 14515 | 12961 | 12148 | 11614 | 11194 | 10780

Iteration 8 9 10
B 6250 | 6124 | 6037
A 6517 | 6298 | 6094

C 10969 | 10714 | 10300
D 10576 | 10396 | 10156

Tab. 5.1: Number of cells for each iteration of the adaptive isotropic diffusion
filtering. A: |Vu,|* and arithmetic averaging, B: Vu,Vv, and arithmetic
averaging, C: |Vu,|? and harmonic averaging, D: Vu,Vv, and harmonic
averaging
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Conclusions

In this thesis, the problem of nonlinear diffusion filtering of images with pre-
serving and enhancing edges was theoretically and numerically investigated.
We considered the topological asymptotic expansion of the functional J., de-
fined in (3.91), with respect to change the diffusivity function «., defined in
(3.5). We have proven that the asymptotic expansion

Js(us) - ']O(UO) = 52g(3:) =+ 0(82)

holds, and have derived the explicit form of its dominant term ¢ for two
different shapes of the inhomogeneity B. = ¢B. In the case B is a disk of
radius a, the explicit formula of the topological gradient g is given by

«
g(x) = (o — 1)1 s wa? |Vu0\2

In the case when B is an arbitrary ellipse with semi-axes a and b, where
a < b, the topological gradient g is the matrix defined in (3.86). It has been
showen that ¢ is minimal if and only if the eigenvector corresponding to the
greatest eigenvalue of this matrix is normal to the edge. Then, the value of
g can be calculated using the following formula

ala+b)

o mab |Vugl?

g(x) = (a—1)
Recalling the solution of equation ug— f = Awug can be regarded as an implicit
time discretization of the diffusion process with a single time step of size 1,
we can generalize the definition of g and instead of |Vu|? take |Vu,|?, where
Uy = Gy * u.
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Moreover, we have proposed new (to knowledge of the author) formula for a
criterion that can be used to edge detection. This formula is given by

Vu,Vu,

where

vy = Gy (—(Vig, VueVug))

We remark that if we would replace |Vu,|? in (2.8) by Vu,Vu,, it would not
change the well-posedness of this problem (see detailed proof of Theorem 2.1
in Catté et al. [18]). The advantages of this criterion in application to edge
detection are confirmed based on numerical experiments in Chapter 5.

Furthermore, we have proposed the finite volume discretization for the Catté
et al. (2.8) and the Weickert (2.9) models. The proposed discretization is
based on the integro-interpolation method introduced by Samarskii in [56].
The numerical schemes have been derived for the case of uniform and nonuni-
form cell-centered grids of the computational domain Q C R?. In order to
generate a nonuniform grid we applied the adaptive coarsening technique. In
Chapter 5, numerical results of application derived schemes for a nonlinear
isotopic diffusion filtering are presented.



Appendix A

Definitions and fundamental
theorems

Theorem A.1 (Gauss-Green theorem) Let u € C*(Q). Then
ou

o Oz

dx:/ un'ds (i=1,...,N),
o0

where n' is the outward unit normal of 0.

Theorem A.2 (Integration by parts formula) Let u,v € C1(Q2). Then

du / v / ; .
vdr=— [ u dx + uvn'ds (i =1,...,N),
q 0x; o Oz o0 ( )

where n® is the outward unit normal of OS).

Theorem A.3 (Green’s formulas) Let u,v € C*(Q). Then

(i) 5
/ Audxr = au ds
Q a0 On

(ii)
v
/Vu~Vvdx:—/uAvdm+ —uds
Q

Q a0 on
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(iif)
0_1) ds — v@ ds

uAv — vAudxr = U
/Q a0 On a0 On

Theorem A.4 (Holder inequality) Assume 1 < p,q < oo and % + % = 1.
Then, if u € LP(Q) and v € L1(Q2), we have

/Q|uv| dr < ||ul|ze@|[v]| Lo

Theorem A.5 (Minkowski inequality) Assume 1 < p < oo and u,v €
LP(Q2). Then
[u+vllrr) < [lullre@) + [0l Lr()

Theorem A.6 (Poincaré inequality) Let Q C RY be a bounded open domain
and u € Wol’p(Q) with 1 <p < N. Then

. N
lu|lpe < C||Vullpr with q € {17 N——pp]

for some constant C' depending only on p, N, q and ().

Definition A.1 (Continuous embedding) Let V', W be Banach spaces. We
say V is continuously embedded in W and write

V—W
if V.C W and there exist a constant C' such that for allu €V

[ullw < Cllully

Theorem A.7 (Sobolev embedding theorem) Let @ C RY be a bounded
open domain with C* boundary and let 1 < p < co. We have
(i) If 1<p<N then WP(Q)— LI(Q),

> -+

SA
2|~

1
q
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(ii) If p=N then WWYW(Q)— LI(Q), 1<g<oo
(iii) If p> N then WIP(Q) — C(Q)

Definition A.2 Let 'V be a Banach space with norm ||-||y. A bilinear form
a:V xV—-R
15 called continuous if there exists o > 0 with
|a(u, v)| < aflullv]|v]ly  Vu,veV (A.1)
a 18 called coercive if there exists a constant 3 > 0 with

a(u,v) > Blullz YueV (A.2)

Theorem A.8 (Lax-Milgram theorem) Let V' be a Hilbert space and let a :
V xV — R be a continious, coercive bilinear form, i.e. (A.1) and (A.2)
hold. Then for any bounded linear functional l on V' the variational equation

a(u,v) = Il(v)

has unique solution w € V' for allv eV

Theorem A.9 (Riesz representation theorem) Let V' be a Hilbert space and
let 1 € V'. Then there exist a unique v € V' such that l(v) = (u,v)y for all
velV.

Definition A.3 (Well-posedness) When a minimization problem or a PDE
admits a unique solution that depends continuously on the data, we say that
the minimization problem or the PDE is well-posed in the sense of Hadamard.
If existence, uniqueness, or continuity fails, we say that the minimization
problem or the PDE s ill-posed.
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Appendix A. Definitions and fundamental theorems




List of notations

R Real numbers
R, Positive real numbers, R, = {r e R | = > 0}

N Natural numbers, N = {1,2,3,...}

RY N-dimensional Euclidean space

SN¥XN' Space of N-dimensional real symmetric matrices

Q Domain in RV

Q Closure of the domain €2

0f) Boundary of the domain €2

Vu Gradient of u in the classical sense Vu = (53—;, vy %)
V -u  Divergence operator V - u = Zf\il g;

V2?u  Hessian matrix of u in the classical sense (VZu); ; = 8325%
Au Laplacian operator Au = ZlNzl g—i%

a’ Vector transposed to a vector a = (ay, ...,ay) € RY

AT Matrix transposed to a matrix A

at Vector perpendicular to a vector a

Iy Modified Bessel function of the first kind
K, Modified Bessel function of the second kind

P Fundamental solution of the Laplace equation Au = 0 defined by
®(z,y) = —pIn(lz —y|) forz, yc R? and z # y
r Fundamental solution of the equation © — Au = 0 defined by

[(z,y) == 5= Ko(|lz —y|) for z, y e R* and = # y

G, Gaussian kernel defined by G, (z,y) := 5+ exp(— ‘E;Zy‘) for z, y €
R2

f*g Convolution of f and g

Inx Natural logarthm of x

|| Absolute value of z

|lul[y  Norm of u in space V/
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List of notations

0(92)
oo (©)

Lr(Q)

L=(€)

LilDOC (Q)

Whe(Q)

C([0,T); L*())

L2([0, T}; H())

Space of real valued functions, p continiously differen-
tiable with compact support

Space of real valued functions, infinitely continiously dif-
ferentiable with compact support

Space of Lebesgue measurable functions u such that

1/p
[ull e (@) = (/Iulpda:> <oo forl<p<oo
Q

Space of Lebesgue measurable functions u such that

|| w]| Loo () = ess supglu| < oo

{u:Q—=R|ue LP(U) foreach U CC Q}

With 1 < p < co. Sobolev space of functions u € LP(2)
such that for each multiindex o with |a| < k, derivative
D exist in the weak sense and belongs to LP(2). In
WkP(Q) we define the norm

1/p

fullwroey = | 3 [ 102 da
Q

|| <k

In particular, we write H*(Q2) = W12(Q). Thus

1/2
||| 1) == (/ u2dx+/Du~Duda:)
Q Q

Space of continuous functions u : [0,7] — L*(Q) with
the norm

ulleqom;L2@) = r[r(}%g]{Hu(t)HLz(m

Space of functions u measurable on [0,7] for the
Lebesgue measure dt with the range in H'(€), such that

T 1/2
[ll 20,7710y == (/O [w() 510 dt) < o0
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Uniform grid composed of square cells P € €, with a
side length hp = 2" h

Nonuniform grid composed of square cells P € Q,,.,;
with a side length hp € {2m 'h,2m*1h, ... 2K} for
m, l € Nand m <1

Set of neighbours of the cell P

Side length of the cell P

Length of interface between cells P and @, |P N Q| =
min(hp, hg)

Center of the cell P

Threshold

Standard deviations

Time discretization step

Number of iterations
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