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Abstract: In this work we establish a hierarchy of mathematical mod®ishe numerical simulation of the produc-
tion process of technical textiles. The models range froghllyicomplex three-dimensional fluid-solid interactions t
one-dimensional fiber dynamics with stochastic aerodynairdg and further to efficiently handable stochastic sateg
models for fiber lay-down. They are theoretically and nucaly analyzed and coupled via asymptotic analysis, shityla
estimates and parameter identification. The model hieyascipplicable to a wide range of industrially relevant proiibn
processes and enables the optimization, control and dekigohnical textiles.
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1 Introduction

Technical textiles are nonwoven webs of fibers that find tapplication in various branches of industry, e.g. in textil
hygiene, automobile and building industry. Typical proare clothing textiles, baby diapers, oil and water filteogaind
proofing, insulating material etc. Depending on their ube, textiles have to satisfy certain properties. An impdrtan
common property for the quality assessment of the fabritsifiomogeneity of the fiber web.

A long-term objective in industry is the optimal design oé throduction process with respect to the desired product
specification. Therefore, it is necessary to model, sinawdat control the production process of technical textilfsnain
practical relevance are transversal, rotational andlatioify processes. Differing in details, they have in piiatithree
things in common: spinning, entanglement and lay-down. iltd&vidual fibers are obtained by a continuous extrusion of
a molten granular through narrow nozzles. Then, they ae¢csted and entangled by acting turbulent air flows to form a
web, while laying down on a moving conveyor belt, figure 1.

In this paper, we present a hierarchy of mathematical matielsenables the simulation and control of the production
process and even more the prediction and optimization difléearoperties, e.g. homogeneity of mass distribution and
directional arrangement. The models range from a highlyptermthree-dimensional fluid-solid problem with slender
bodies in turbulent flows to an one-dimensional fiber motiadth wtochastic aerodynamic drag force and further to an
efficiently evaluable stochastic surrogate model for therflay-down. So far, we have analyzed the models separately i
theoretical and numerical works. In this paper, we bringrthegether for the first time. Based on our previously derived
results, we couple them using asymptotic analysis, siitylastimates and parameter identification and show thedewi
range of industrially relevant applications.

The numerical simulations of the spinning and turbulentdayn regimes in the production processes are performed
on the basis of a stochastic generalized string model thdedsiced from a Cosserat rod [3] being capable of large,
geometrically nonlinear deformations. The interactioffer and turbulent flow are thereby incorporated by a stetiba
drag force. This force model has been derived on topiet aescription for the turbulent flow field in [23]. The turbutan
effects on the fiber dynamics are modeled by a correlatedrar@@aussian force and its asymptotic limit on a macroscopic
fiber scale by Gaussian white noise with a flow-dependentiaidplthat carries the information of kinetic turbulent ege
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Figure 1: Production of technical textilekeft to right: Plant, laminar lay-down regime, nonwoven material (Phbtps
Neumag, www.neumag.saurer.com).

dissipation rate and correlation lengths. Numerical gisidinder the conditions of a production process for techteixties
show good agreement to the experimental observation24¢ff a non-linear Taylor drag and [25] for a generalizeadr
model. Due to the huge amount of physical details, the sitimms of the fiber spinning and lay-down usually require an
extremely large computational effort and high memory gjerd his makes the optimization and control of the productio
process and the product properties very difficult and sonestieven impossible. Since all fibers are realizations cfdhee
stochastic process for the underlying turbulent flow field, vave come up with the idea, [12], to introduce a surrogate
stochastic process that do not describe the full dynamittsediber, but instead its two-dimensional image on the cpowve
belt. Containing parameters that characterize the pramtuprocess (turbulence influence, buckling behavior, rspim
speed, velocity of conveyor belt etc.), this simplified Bywn model of stochastic differential equations can bebcated

by help of a full dynamical simulation for a single fiber. Thérenables the fast and efficient calculation of thousarids o
fibers for the nonwoven production. In [12] the associatekkEBo-Planck equation and stationary solution are invastig

for the case of a non-moving conveyor belt. Without turbaienoise the surrogate model is an Hamiltonian system, for
small noise stochastic averaging is applied to derive ahsiic equation for the energy and related functionals ef th
stochastic process. Ergodicity of the process is provereapticit rates for the convergence to the stationary sotuéire
obtained in [14]. The assumption of a non-moving conveydiris@bandoned in [5] where the hydrodynamic (large noise)
limit is studied for a transversal production process. gsire method of multiple scales and the Chapman-Enskog metho
transient and stationary joint probability distributicare determined.

This paper is structured as follows. Starting with the mibaglof the fiber dynamics in turbulent flows in section 2,
we embed the stochastic generalized string model in thettefoCosserat rods. Thereby, we pay special attention to
the derivation of the stochastic aerodynamic drag forceselketion 3 we present the theory for the surrogate stochastic
lay-down model. In particular, we generalize the lay-dowsdel so that it shows similar regularity than the string nlode
and is, moreover, applicable to transversal, rotating acdlating production processes. Section 4 deals with thupling
of the models via an appropriate parameter identificatiosing the proposed model hierarchy, we conclude with the
simulation of technical textiles and the investigation aiguction principles for practically relevant processes.

2 Models for fiber dynamics

The description of the fiber dynamics in a flow requires in gipal a two-way coupling of fiber and flow with appropriate
interface conditions. In case of slender fibers and turlidlews, the needed high resolution and adaptive grid refiméme
make the direct numerical simulation of the coupled thriseetisional fluid-solid-problem not only extremely costlyda
complex, but also mostly impossible for practically reletvapplications. Due to the slender geometry the fiber infleen
on the flow is often negligibly small. Therefore, it makesseio derive an asymptotic one-dimensional fiber model and
to associate to the aerodynamic force a stochastic draglihsacterizes the turbulent flow effects on the fiber andlesab
an one-way coupling.

2.1 Cosserat rod theory

A fiber is a slender long body, i.e. a rod in the context of thteeensional continuum mechanics, Because of its slender
geometry, its dynamics might be reduced to an one-dimeakibgscription by averaging the underlying balance laws
over its cross-sections. This procedure is based on thengsisun that the displacement field in each cross-sectiorbean



expressed in terms of a finite number of vector- and tenslledaguantities. The most relevant case is the special Gasse
rod theory that consists of only two constitutive elemeatgurve specifying the position and an orthonormal director
triad characterizing the orientation of the cross-sestioim the following we introduce the special Cosserat roaithe
axiomatically and leave its detailed derivation, justifica and generalization to literature [3].

Kinematic and dynamic framework. A special Cosserat rod in the three-dimensional Euclideaces (identified with
R? via a fixed Cartesian basis) is defined by a curvés,, s,) x R — R? and an orthonormal director trigdly, dz, ds} :
(54, 85) x R — R3 wheres € (s,, s,) C R denotes a material cross-section (material point) of te Ttie derivatives of
the curver with respect to time and material parameterare the velocity and the tangent field,

v = O,r, T = O,r.

Due to the orthonormality of the directors there exist veetued functionse (angular velocity) ands (generalized
curvature) satisfying

Btdk =w X dk, Bsdk =K X dk
for k = 1,2, 3. The definitions ot, 7 as well asv, x imply the compatibility conditions,
Oy = 0sv, Ok = 0w + W X K.

Combing the kinematic equations with the dynamic onesthe balance laws for linear and angular momentum, yields
the full framework of the special Cosserat rod theory

8151‘ =V, atdk = w X dk
Oy = 04V, Ok = 0w + W X K (1)
(0A)0yv = Osn + 1, Oh=0m+7xn+1

The line densitypA) is defined as Lagrangian quantity in the reference configuraind is hence time-independent. To
complete the system, the angular momentum line dehshgs to be specified in terms of the kinematic quantities by a
geometrical model, the contact force and couplen by material laws and the external loads (body force and bodple

line density)f, 1 by the considered application.

Remark 2.1 System(1) is formulated in a Lagrangian setting. Alternatively, anther parameterizationp could be
chosen. Assuming fulfills the initial value problemd.o(s,t) = u(p(s,t),t), ©(s,0) = po(s). Then, the appropriate
re-parameterization of all fields carries convective temith speed. into systen{1). Instead of imposing, a constraint
might be prescribed so that becomes the associated Lagrangian multiplier and hencedatitianal unknown of the
system. A well-known constraint is the arc-length paranmeggon of the fiber curve that yields the Eulerian setting.

For the detailed discussion of closure relations that aedulisor production processes of technical textiles we de-
compose any vector fielg of our rod theory in the director bas{sl;,dz,ds}, i.e.x = Zizl z,dk. Note that the
corresponding component triple= (1, 22, 23) in the director basis is strictly to distinguish from theginial vector field
x in the fixed Cartesian basis.

Geometric modeling. In general, the angular momentumdepends linearly on the angular speed To model this
functional dependence we need an ansatz how the three-simn@ahgeometry changes with respect to the deformations
of the Cosserat rod. A central role plays the tensor-valuethemt of inertia(oJ)(s,t) = (0J):;(s) di(s,t) @ d;(s, 1),

_____ 3 is defined in the reference configuration and is hence tirdegandent.
For a homogeneous, circular cross-section of diamgtere have(o)) = (of) diag(1, 1,2) with I = 7/64d*. Here, we
distinguish three geometric models. The easiest one nsglangular inertia effects, i.e.

h =0. ()

The resulting degenerated equatiymm + 7 x n + 1 = 0 might be inserted in the linear momentum equation to simplif
the system, see section 2.2. The standard model for elastigeCat rods

h= (o) w
involves the conservation of the cross-sectional shapésrdeformation. In contrast, three-dimensional incorsgit®lity
leads to shrinking of the cross-sections when stretchiadpttly. This can be described by

h= l(QJ) ‘W,

73

see for example [30, 31] modeling a viscous jet.



Material laws. The most important principle for the formulation of matét#vs for the contact force and couple m
is the objectivity, this means the invariance with respecifatial translation and rotation as well as to time shiftsr
this reason, it is most elegant to prescribe the constéuéws in the director basisd;, d2,ds}. We present here two
types that are relevant for our application: elastic mateand viscoelastic materials of differential type ona.dgeneral
classification we refer to [3]. Constitutive laws are oftembined with algebraic constraints restricting the dyreamiake
for example the Kirchhoff constraint = dg, thenn as Lagrangian multiplier to the constraint becomes a viriabthe
system (1). The non-extensibility can be weaken by intratypa modified Kirchhoff constraint = t3ds, 75 > 0. Then,
only the normal contact force componentsandn, are Lagrangian multipliers, whereas the tangential oneogether
with the contact couplen have to be specified by a material law.

Elastic materials are generally given by

n(s,t) = n(7(s,t), k(s,t),s), m(s,t) = m(7(s,t), k(s,t),s).

For solidified elastic fibers in the production process ohtecal textiles, the extensibility is negligible. Hencemakes
sense to replace the law farby the Kirchhoff constraint. Additionally, the linear Bewlli-Euler law for m might be
imposed. For circular cross-sections, we particularlyaobt

7 =(0,0,1), m = (EI)diag(1,1,(1+v,)" ") - & (3)

with Young’s modulusE and Poisson numbey,, see section 2.2 for an application.
Viscoelastic materials of differential type one are getheiven by

n(s,t) = n(r(s,t),k(s,t),07(s,t), Ork(s,t),s), m(s,t) = m(7(s,t),k(s,t), 0e7(s,t), Opk(s,t),s).

For higher differential type, derivatives of higher ordee &nvolved consistently. A more general class are vissbiela
materials of type rate equation wher@andm satisfy evolution equations. As an example the upper-atiiveeMaxwell
(UCM) model or its non-linear generalizations, e.g. thesBieis model, are used in spinning processes, [13, 20]. gbr hi
temperature regions close to the spinning nozzle, the fileei to behave like incompressible viscous jets. Then, they
are covered by an relation of differential type one with gatiezed Kirchhoff constraint. For circular cross-secgpmwe
particularly obtain
‘%—f’, m = 3(ul) diag(1, 1,2/3) - a%;

73 73
with dynamic viscosity. of the jet. These constitutive laws are linear in the ratethefstrain variables, x, see [30, 31]

for their derivation in an Eulerian framework.

71 =72 = 0, nz = 3(nA)

External loads. Depending on the considered production process, the etteadsf, 1 might rise from gravity and / or
electromagnetic fields in case of charged fibers. Fiber-avallfiber-fiber interactions might be incorporated by addéi
geometrical constraints and associated Lagrangian ddiot@es. For processes with turbulent lay-down regime,a-ch
lenging task is the modelling of the aerodynamic drag thatwuillediscuss in more detail in section 2.2.2. Note that we
suppress body couplds= 0, in the following.

Remark 2.2 For certain scenarios, asymptotic analysis allows the falfynstrict derivation of an one-dimensional model.
However, the leading-order terms with respect to the slemetes parameter do not result in rod models, butin string el®d
where all angular momentum effects cancel out. They haviothre

Osr
A)Oyr = 05 [ N —— f,
ea)ur =0, (¥ 57 ) +
supplemented with a material law for the scalar-valuedti@t N. For a viscous jetN = 3(uA) 8;||0sr||/||0sr||? holds
as in the above rod theory, see asymptotic derivation in 28%,for curved and [8, 9] for straight viscous fibers in an
Eulerian framework.

2.2 Stochastic generalized string model

The Cosserat rod theory allowing for large, geometricatiplmear deformations enables in principal the numerirat s
ulation of the fiber dynamics in production processes of iexi textiles for different materials (viscous, viscastie,
elastic) and external loads (gravity, electric fields, fibeil contacts including friction, fiber-fiber contact, adynamic
drag forces). But it is still quite complex in this genenalfor the resulting properties of the technical textileslty-down
regime plays an essential role. Thus, focusing on the hagdfi solidified inextensible elastic fibers in turbulent flgwe
introduce an appropriately adapted framework, a so-catiechastic generalized string model.



2.2.1 Embedding into Cosserat rod theory

Restricting to circular cross-sections of diametewe consider (1) with the easiest geometric model supprgssigu-
lar inertia (2) and the Euler-Bernoulli material law in coimdtion with the Kirchhoff-constraint (3). Then, the anaul
momentum equation formulated in the director basis reads

W . Vp
85((EI)I€1) 1 T vy (EI)I{Qlig no O, 85((EI)I€2) + 1 T vy

(EI)I{llig + ny = O, 85M = O
with torsion couple\/ = (ET)ks/(1+v,). Therefore, the contact foraeis determined except of its tangential component
N =ns, i.e.

Vp
1+,

n= (— - J’f’yp (ED)ky s — 65((EI)1<;2)) d; + (—

(EI)IigI% + 85((E1)n1)> ds + Nds
Usingdsdx = k x dy and the Kirchhoff constraint we obtain with some calculus
n="7T71— 85((EI)8ST) + M(T X 857-)

whereT = N — (EI)||0s7|* denotes a generalized tangential contact force. Insettiisgrelation in system (1), the
special Cosserat rod theory reduces to

or =v
8t‘r = 8sv

(0A)0rv = 0s(TT — 0s((EI)0sT)) + M (T X Oss1) + £, OsM =0
Il = 1.

Thereby,T" acts as Lagrangian multiplier to the inextensibility coastt. Note that we neglect torsiofy = 0, which can
be justified by appropriate boundary conditions, e.g. afites end. Thus, to simulate the fiber dynamics for the vagibl
r, T', we end up with the following fourth order wavelike systenpaftial differential equations together with the algebrai
constraint of inextensibility,

[|0sr]] =1, (0A) Onr = 05(TOsr — 05 ((ET)0ss1)) + £, 4

supplemented with appropriate initial and boundary caodstas well as specified external body forces. It has thetsirel
of a string model (remark 2.2), but contains additional hegéffects. Hence, we refer to this type of model as germzdli
string model.

Remark 2.3 In case of both fiber ends fixed, the directors are prescribed,is,. Insertingxs = dz - 9sdy in 9s M = 0,
the following boundary value problem has additionally tosodved for each time,

Os (1 _i (El)dz . 6Sd1) =0, dk(sa, t) = dk,a(t), dk(Sb, t) = dk,b(t), k=12
Vp

yielding the torsion coupld/. The directors{dy,d2, 7} can be expressed in terms of a triég}, , n,, 7} associated to
the curver that satisfies the geometrical torsion-free conditipn d;1; = 0 (for an explicit representation see [28]),

di = cosymy +sinyny,, d2 = —sinym, + cosym,,

thenks = 057 holds. This simplifies the boundary value problem to

as< ! <E1>asw)—o, B(sat) = balt), W(snr1) = u(0),

1+,
whose solution reads(s, t) = ¥a(t) + (s — Vo) (t)t(Sa, $)/t(Sa, Sp) With t(s4, 8) = f:a (1+v,)/(EI)ds’. Hence,

M(s,t) = M(t) = (Yo — ta)(t)/1Sa; sb),

wherey,, and, have to be computed from the directors and the torsion-fied at the boundary.



2.2.2 Stochastic drag force

Apart from gravity, the fiber motion in the turbulent lay-dowegime is essentially affected by the aerodynamics. To
determine the aerodynamic force on the fiber (i.e. the stwasthe fiber boundary in outer normal direction), a two-

way coupling of fiber and flow with appropriate interface citiods is in general necessary. However, in the asymptotic
framework of an one-dimensional generalized string moalelassociate to the force a stochastic drag that repregents t
turbulent flow effects on the fiber and allows an one-way dogplsee [23] for a detailed derivation. Then, system (4)
becomes

[Osr]| =1,
(0A) Oyprdsdt = { O5(T Osr — Os((ET) Osst)) + (0A) g + a(r, Osr, Osr, 8, ) } dsdt (5)
+ A(I‘, 815[', 851', S, t) : dws,t

with gravity g and aerodynamics, A as external forces, where

a(x,w,T,s,t) = m(7,a(x, t)-w, k(x,t),v(x,t), p(x,t),d(s)),
A(x,w,T,s,t) = L(7,4(x, t)-w, k(x,t),v(x, 1), p(x,t),d(s)) - D(7,0(x, t)—w, k(x,t),e(x,t), v(x,1)).

The aerodynamic force is deduced on basis of a stochiastiturbulence model [21]. Expressing the instantaneous
flow velocity as sum of a mean and a fluctuating part, the Relgaleraged Navier-Stokes equations (RANS) yield a
deterministic description for the mean velocity R® x Rf — R3, whereas two further transport equations for the kinetic
turbulent energy: : R® x Rf — R* and dissipation rate : R® x Rj — R* characterize the random fluctuation’s
according tok = E[u’ - u’]/2 ande = v E[Vu’ : u’] with kinematic viscosity, densityp of the air and expectatioB].].
Analogously, the aerodynamic force is split into a mean afldcduating part. Acting as additive Gaussian noise in (5),
it depends on the flow quantiti@s &, €, andv, p. Thereby, the deterministic mean forae: R? x R? x (R*)* — R?
as well as the associated splitting operdtor R? x R? x (R*)* — R3*3 are essentially determined by the chosen air
drag model which is a function of the mean relative velocigween fluid and fiberi(r, t) — 9,r, and the fiber tangent
0sr. The correlated fluctuations are asymptotically approxémdy Gaussian white noise with turbulence-dependent
amplitude, wherdwy ;, (s,t) € (RF)?) denotes a&R3-valued Wiener process (Brownian motion). The amplitidle
R? x R? x (R*)? — R3*3 represents the integral effects of the localized centemas&an velocity fluctuations on the
relevant fiber scales by containing the necessary infoonati the spatial and temporal correlations of the doubleeity
fluctuations. Consequently, the performance of the aeraaynforce mainly relies on two models, i.e. the air drag nhode
(inducingm andL) and the turbulence correlation approximation (induding

Applying the global-from-local concept of [23], appropegaglobal models are obtained by superposing local ones.
Therefore, we have analyzed, tested and validated expetathedrag models for an incompressible flow around an in-
clined infinitely long circular cylinder and correlation ehels for incompressible homogeneous isotropic turbulémce
various works [23, 24, 26]. In [24] a nonlinear Taylor dra@]& applied which is generalized in [26] to fit to all possibl
flow regimes. The double-velocity correlation tensor hasnbeonstructed such that it initially satisfies the Kolmayyor
universal equilibrium theory [11] as well as the local diztition of the kinetic energy and dissipation rate provided
by the k-¢ turbulence model. For its dynamic behavior, Taylor's hyyesis of frozen turbulence pattern [32] originally
proposed in [23] and incorporated in [24] is weaken in [26]bgscribing a temporal decay of the local correlations. The
latest modifications extend the applicability range of ttuelsastic force model crucially, see [26] for details andifegg2
for a numerical simulation under industrial conditions.

Remark 2.4 For mean flows tangentially directed to the fiber and smabbe#y fluctuations of ordet, ¢ < 1 (cf. figure 2),
existence and uniqueness of a weak solutigd}are proved in [22] for fixed inlet and stress-free fiber endp&mxding the
quantities in(5) in terms ofe, the solution in leading order(®), T(©) is the position of rest with the contact force balancing
gravity and mean aerodynamic drag force. Using the algebcainstraint yields the vertical position component up to
O(e?) andT™. This reduces one degree of freedom in the evolution equatid halves the number of unknowns. In first
order, a linear system of stochastic differential equasifor the horizontal components is found which can be emlakidde
the class of linear wave problems with additive noise. Thaieability of the general solution concepts, see [6], isttby
given by the existence of a semigroup and the Hilbert-Sdatprogerty of the noise amplitude.

Remark 2.5 Originally, the aerodynamic force has been modelled asetated noise due to the underlying correlated
flow field, [23]. The transition to the simplified uncorreldtmodel in(5) is only justified for observations on macroscopic
fiber scales where the effects of the correlated model on liee &ire very well approximated by the uncorrelated one
according to the? and £>-similarity estimates in [23]. These conditions are gerigrgiven in industrial production
processes of technical textiles as the investigations4h $Bow.
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Figure 2: FIDYST simulation of a turbulent lay-down regim®5 fibers are visualized in white in front of the two-
dimensional flow field where the color indicates the magmtafithe mean velocity.

2.2.3 Simulations

The presented stochastic generalized string model for biee flynamics is implemented in the software tool FIDYST
Starting with the flow computation, e.g. via commercial ®lite FLUENT or CFX, the flow data (mean velocity, kinetic
energy, dissipation rate etc.) is handed over to the rotdirthe fiber dynamics where the nonlinear stochastic sy§i@is
handled by a method of lines. Thereby, the use of a spati& filiiference method of higher order ensures the apprepriat
approximation of the algebraic constraint. The Box-Multethod generates the Gaussian deviates for the stocheagic d
force. Incorporating the force amplitude on the interpadiatiow data explicitly, a semi-implicit Euler method reakz
the time integration. Its stability and accuracy is giverdnyadaptive time step control. The resulting non-lineatesgs

of equations is solved by a Newton method. Contact forcestddibder-wall or fiber-fiber interactions are determined
iteratively.

Figure 2 shows a FIDYST simulation for the turbulent lay-ciorggime of a transversal spinning process as it arises
in industrial applications. Thousands of individual ersdléibers are spun through narrow nozzles that are densely and
equidistantly placed on a row at a spinning beam. The meanisimmogeneous in direction of the beam and can hence
be considered as two-dimensional. The turbulent fluctnat@ause the entanglement and loop forming of the fibers that
finally lay down on the conveyor belt to form a web. The comjtleand effort of the computation and parallelization
depend drastically on the number of fibers and the fiber-fibatacts. In this example, fewer fibers are taken than in
reality, moreover the fiber-fiber contacts are neglecteckirTdeposition on the conveyor belt is realized via a fibeltwa
contact with friction such that the fibers finally come to r¢%7]. In spite of these simplifications, the simulation ey
time-consuming, storage demanding and not suitable foprtbé@uction of huge nonwoven webs.

Fortunately, it turns out that this high computational gfie not obligatory. Due to the underlying two-dimensional
flow situation, all fibers are realizations of the same stetib@rocess. Therefore, it makes sense to introduce aifigadpl
surrogate stochastic process that describes the chastictenage of the fibers on the conveyor belt. Containing-typ
cal process parameters it might be calibrated by the FIDYi8ililation of a single fiber and used for the easy and fast
computation of a web of thousands of fibers.

IFIDYST: Fiber Dynamics Simulation Tool developed at Franfieh ITWM, Kaiserslautern
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Figure 3: FIDYST simulations of fiber curvesfor different production processes, transversal andigstat spinning
processes.

3 Surrogate stochastic models for fiber lay-down

3.1 Basic model

The idea of the surrogate stochastic models is to describetlyi the image of the fiber on the conveyor belt instead ef th
complex dynamic fiber lay-down process itself. Generadjzhre original approach [12], we model this image by help of a
stochastic proced¥ ., O‘s)seu&g € R? x R where¢ = n — ~ is the difference between the arclength parameterized fiber
curven and an idealized reference curyespecifying the production process under considerationvametea/ (e, 7)

is the angle between the production directignand the tangent on the fiber curvey, i.e. 7(«) = (cosa,sin«) and

71 (a) = (- sina, cos ). The process is given by the following system of stochasfieréntial equations equipped with
appropriate initial conditiong,, «vo,

dés = T(OLS) dS - d753 daS = _VB(gs) : Tl(as) dS + AdWS (6)

The first equation expresses the arclength parametenzatithe actual fiber curvg, whereas the second equation deter-
mines the characteristic properties of the lay-down pracetere, the term-VB(§) - 74 (a) ensures thaf is localized
around the origin. Hence, the actual fiber curystays close to the reference curyeA standard model for the buckling
behavior isB(&) = (£2/0} + £3/03)/2 with so-called throwing ranges;, o2 > 0. In case of isotropy3(¢) = B(||€]]),
the standard model simplifieséq = o,. The scalar-valued Wiener proce(ws)sem perturbs the deterministic. Its am-
plitude A > 0 contains all random effects of the production process,thaginfluence of the turbulent flow during the fiber
spinning and lay-down, fiber-fiber contacts. Different tyjé production processes can be described by the appmpriat
choice of a differentiable reference curygfor example rotational or oscillating spinning proces$igsire 3. However, in
the following we mainly focus ory, = —vse;, modelling a transversal process with fixed spinning positiver a moving
conveyor belt. Herey = w1 /v, > 0 is the ratio between the belt speeg;; and the typical production speed (fiber
length per time;,, i.e. v = 0 holds in case of a non-moving conveyor belt. Fluctuationthéproduction speed are
summarized with all the other random effects in the ampéitddand not explicitly incorporated in the model. The final
mass laid down is proportional to the considered fiber lengtienever the fiber has a uniform thickness. For simplicity
we restrict to this case. Otherwise (6) might be extendedhtgdalitional process describing the thickness fluctuations
The associated Fokker-Planck equation to (6) for the pritiyedensityp : R2 x Rx R{ — R{, (&, o, s) — p(&, a, s)
is given by

dy 1 A?
0+ (@) + L) - Ve~ 0u(VB(O) 7 (@) = 5-0uc )
Remark 3.1 The stochastic lay-down modgl) can be treated as dimensionless with B(e1) = 1. This corresponds to
a scaled throwing range of order one in belt directierf, = 1. Consequentlyys = o02/01 and A* = /o1 A. In case
of isotropic buckling, it simplifies t&’(1) = 1 or o7 = o} = 1 respectively, then the noise amplitudé characterizes
exclusively the relation between stochastic and detestiiniates in the behavior of the system. Droppinge will use
the dimensionless form for different investigations in fiblllowing, considering linear and quadratic isotropic ding

models, i.e B([[])) = [I€]l, B(IEI) = [1£]*/2.



Figure 4. Effect of noised on fiber trajectory of (8) for isotropic buckling(¢) = ||£||?/2. From left to right, top to
bottom A = 0; 0.1; 1; 2; 5; 10.

3.1.1 Analysis of special case of a stationary conveyor belt

In this section we restrict to the special case of a non-nge@mveyor belfv = 0,y = 0). Then the stochastic system (6)
and the associated Fokker-Planck equation (7) simplify to

d¢, = () ds, da, = —VB(E,) - 7 (as) ds + AdW,. (8)
AQ
Osp+ T(0) - Vep — 0 (VB(E) - ‘rl(oz)p) = 78,mp, 9

respectively. The stationary solution of (9) is indepenaémx and has particularly the form

ps(§) = cexp(=B(§)), ¢>0 (10)

wherec is the normalization constant to define the probability meag on R? x [0, 27| having densityps w.r.t. the
Lebesgue measure For the standard buckling modBlmentioned above, the stationary distributignis Gaussian with
variance matrixliag(o?, o3) which motivates our used terminology of throwing ranges.igatropic bucklingB(||¢||) =
|l€]|%/2, the influence of the noise amplitudeon the pathwise behavior of (8) is illustrated in figure 4. He following,
we deal with the approach to equilibrium of the stochastizpss, i.e. with the convergence to the stationary solytion

Remark 3.2 A formal argument for the existence of a global equilibriura, convergence to the stationary solutipg
(10), comes from the following consideration, cf. [7]. Define tbkative entropy

P\ o P
H (p_s) = ~/]R2~/0 pln (p_s) da d€. (12)

Then, its temporal change

2 27 2
Ln(2) £ L[ (o (2)) mes
ds Ds 2 Jr2 Jo Ds

can be computed by inserting the Fokker-Planck equai®n Integration by parts together with assumed periodic and
decaying boundary conditions inand¢ and the fact that - Veps — 0. (VB - 71)ps = 0 yields the result above. From
the weak monotonicity it might be formally concluded fhabnverges to a local equilibrium determined &y7/ ds = 0.



For arbitrary A # 0, this stationarity relation holds if and only if the argumes independent ofy, hencep(¢, o, s) =
p(&, s)ps(€). Plugging this expression fgrinto the evolution equatiof®) gives

Osp =0, Oe,p=0, Oe,p =0

because of the linear independence{dfcos a, sin a}. Due to the normalization condition for the probability déres
this meang = 1. Therefore, we have a global equilibriupi¢, «, s) = ps(€).

The arguments described in remark 3.2 have been rigorawstifi¢d for similar equations in [34]. The application oé#e
methods in the context of the present paper is still an opehl@m. In the following we choose a different route for a
convergence proof and consider the stochastic systemrjtiyi

An ergodic result. To prove an ergodic theorem or convergence of the distohutinction to a stationary solution, a
diffusion process¢ ., O‘s)sekg solving (8) and having as invariant measure is constructed. Let the law of thisgs®be

denoted byP,, and the expectation i, [-]. Then, this diffusion can be shown to be ergodic with ratecsivergence

S

Hé /Os f(&,aq)dt — Ep[f]‘ £2(P,) < 61(l + 51%(;72 + CgA))Hf — Eﬂ[f]||ﬁ2(u)v s>0, (12)

with constants; > 0, i = 1,2, 3 and for arbitrary functiong € £2(u), see theorem 3.3 for a rigorous statement and [14]
for details. The convergence in (12) implies mean ergogddafithe associated semigro(p,)s>o, i.e.

1 ° 1 1 C9
HE/O Tofdi— E“[f]ng(#) = Cl(; * W(Z +C3A))Hf— E.[f]llz2(uy, s> 0.

The generator of this semigroup is

2
L=14 +L2, with L = A?Bw, Lg:T(Oé)'V§—VB(£)'TL(a)(Q)a.

Note that the interplay of the operatdrsandls is crucial for our proof of ergodicity, sinde; would not cause an ergodic
behavior by itself. The idea is to project onto the orthodaoeanplement of the kernel ¢f.;, D(L;)). On this subspace,
(L1, D(Ly)) has a bounded inverse. On the kernelbf, D(L;)) in turn, L. can be associated with a non-degenerated,
self-adjoint operatofM, D(M)) with

1 1
M=-A,—=-VB.V
27¢ 7 9 ¢

in £2(y) where~ is the marginal measure of on R?. Assuming that the Dirichlet forni€, D(£)) corresponding to
(M, D(M)) fulfills a Poincaé inequality, ergodicity can be finally shown. Crucial for tftege of convergence are Kato
perturbation techniques and a ground state transform heaitétailed proof we refer to [14].

Theorem 3.3 (Ergodic theorem)Let B € C3(R?), VB € £2(v). Assume that there exi8t< a < oo and a compact
subsetC c R? such that

(e, D, 0, B(£))? + (05,0¢, B(€))? < a(9e, B(£))” + (95, B(€))” forall i,j,k € {1,2}, € € R*\ K.
Furthermore, assume that the Dirichlet fori, D(&)) fulfills a Poincag inequality, i.e. there exist < ¢ < oo such that
E(f = Eslfl.f = EBslf]) Z e (f = Eslf]. f = Bs[f]) 2, Torall feD(E).
Then

|5 [ fewanar-z,i1)

L2(Py)
1 2 1 /Bi(a)ct/? + Ba(a)c /2 1
< a7 5+ i + (14 25) )1 = Bulfllcoun

holds for some constants< 3;(a) < oo, i = 1,2 independent of, as well asf € £2(u), A > 0, ands > 0.
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Remark 3.4 The assumptions in theorem 3.3 allow potentials of the B(&) = || £||", » = 2,4 orn > 6, since in these
cases a Poincdrinequality holds. More generally, a Poincainequality is satisfied, i3 grows as fast as or faster than
|| &]| for large ¢ € R2.

Remark 3.5 Since the adjoint td. w.r.t. the scalar product inC?(u) is given byL* = L; — Ly, we have also er-
godicity with the same rate of convergence for the adjoilicpss and semigroup. Now, strongly mixing(df)s>o,
i.e limsoo | T%f — Eulf]llz2() = 0, would imply£'-convergence of the solutignof the associated Fokker-Planck
equation(9) with normalized non-negative initial distributigr{0) = p, and Lebesgue measukebecause

= IT5po — Ulzrgy < 1T5po — 1l 220

p(s) ’
s) — =22 -1
Ip(s) = psllercn = |25 1],
Since the generatdiL, D(L)) is hypoelliptic in the sense oféfmander, it is not too hard to show théf',)s>¢ is strong
Feller, [14]. Showing that(T;),>o is additionally irreducible, strongly mixing then folloieom Doob’s theorem, see
e.g. [6]. But we would like to stress that this consideratitmes not result in an explicit rate of convergence.

Remark 3.6 Itis worth mentioning that the stochastic process assediab the generata¥! is obtained from the original
procesg8) in the large noise limit, see section 3.1.2.

Numerical result. To solve the Fokker-Planck equation (9) numerically, a seagrangian method can be applied, see
[18]. This time-splitting method consists of two fractidsteps. The first step handles the advection part in a Lagaang
set-up using the modified method of characteristics [10j witjusted numerical advection to ensure conservation eéma
The second step uses Eulerian coordinates for the disatietizof the reaction-diffusion term.

The numerical simulations then allow the investigatiorhaf tate of convergence to the equilibrigmw.r.t. an appro-
priately chosen functional. We focus here on the relativeopy H of (11) which is preferable to other functionals because
of its monotonic behavior i, cf. remark 3.2. Considering the inverse decay rtatg; ., fOS H(p(s)/ps) ds, figure 5
shows its magnitude for various valuesfor linear and quadratic isotropic buckling,(¢) = ||€|| andB(¢) = | €]|%/2,

S large. Note that the choice of the initial data affects treults quantitatively, but not qualitatively. Hence, a goaté of
convergence is found for a finite value 4ffrom the numerical simulations. This observation is condidby the analytical
estimate in theorem 3.3 according to which the speed of eganee is dominated by the factars—'/2(co A= + c3A)
with constants;, : = 1, 2, 3, cf. (12). To this point, figure 4 illustrates representfibbers of same length and initial data
(&y, o) that are laid down under quadratic isotropic buckling aritiluence of differentl. Obviously, the convergence
to the stationary standard normal distribution takes lofgevery small and largel than for moderate oned, ~ 1.

From a practical point of view, this gives a hint that the msxparameters should be adapted in such a waytisat
in an intermediate range of values in order to obtain thefigtossible decay to equilibrium and hence a fiber web which
is as uniform as possible. However, production processsnain-moving conveyor belty(= 0) are of minor industrial
relevance. Hence, we proceed with the investigation of tlggral lay-down model with moving belt (6).

3.1.2 Investigation of noise influence

The small noise limit. In the following we study the lay-down behavior for small smil = /e A and small belt velocity
v = ev on respectively long length scales= s/e, 0 < e < 1, restricting to isotropic buckling3(§) = B(||€]|) with
non-dimensionalizing conditioB’(1) = 1 (cf. remark 3.1). Stochastic averaging leads hereby to acestisystem for the
associated limit energy processeas:> 0 for which the characteristic drift and variance coefficgecsin be determined.

The stochastic averaging approach is motivated from thetiatthe system corresponding to a deterministic lay-down
process with non-moving beltf = 0, v = 0, is Hamiltonian. In polar coordinatés= r(cos ¢, sin ¢) and angled = a«— ¢,
it particularly reads

dry =cosfsds, dfs = (B'(rs) - l) sin Bsds, d¢s = sin f, ds, (13)

Ts Ts

with (r, ) € R{ x [0, 27). Due to symmetry, the restriction o< [0, 7] is sufficient. As illustrated in figure 6, the system
moves on closed orbits in the, 3)-plane with fixpoint(r, 3) = (1, 7/2). The periodic orbits are given by the level sets
E(r,3) = e € R{ of the Hamiltonian

E(r,) = B(r) — Inr — Insin (14)

with 7 € [rmin(€), "max(€)], 0 < rmin(€) < 1 < rax(e) for fixed energye. The corresponding Hamiltonian coordinates
are(r, z) with z = In tan(/3/2). The period of motiorz depends generally on the ener§y;(e) = d/de(fE(T <o drdz)
[12].
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Figure 5: Rates of convergendens_., . fOS H(p(s)/ps)ds
for varying noiseA, considering linear (-:) and quadratic ()
isotropicB.

Figure 6: Orbits of the deterministie, 5)-system
in (13) for different energy values

Extending (13) to the full lay-down model with small noide= /e A and small belt velocity = ev on large length

scaless = s/¢, we obtain a stochastic Hamiltonian system that has theviiilg form for the scaledr<, 3¢, ¢§)S€RO+-
processe < 1,

1
drg = (—cosﬁg -+ v cos ¢§) ds
€

aps = (1 (B'(ri) - é) in Bt +usm¢8) ds + AWV,
€ T

€
S

dgs = (l—smﬁs _v—5m¢5) ds

€ €
€ Tg T

or alternatively for the scaled process, z¢, ¢’§)seR§ associated to the Hamiltonian coordinates

€ 1 a € € €
dr = (—ng(rs,zs) + vcos ¢S) ds
0 v sin ¢F AZ% cos B(25)
azt = ( L E@e, s _ AR
%s (87’ (rs,25) + (r; sin B(z5)  2sin® B(z¢) °
dgs = <lsmﬂ(zs) —vSIWS) ds.

€ €
€ Tg Tg

smacn M

Following the approach of [12] for the case= 0, we introduce the energy process
G5 = G(r5, 55) = exp(—=E(r5, 55)) = r§ exp(—B(r)) sin 3,
which is a preferable alternative o of (14) since it is restricted to the intervill 1]. Applying Ito-calculus, we obtain

2 1
dG< = (—A?GZ —vG ((B'(rg) - —E) cos ¢S — lﬁ cot (3% sinqi,))ds + AGS cot g5 dWs.
T r

S S

Using the stochastic averaging theorem formally, see €%). 4nd [1, 2] for an application to stochastic Hamiltonian
systems, we determine the limit procéssfor G<, ¢ — 0, as

dG? = a(G?%) ds + o(GY) AW, (15)

with drift and variance

2
olg) = ~ga =g { (B0) = ) coso— Leorpsing)a), o%(a) = 4%* ot o)

12



Note that(f)(g) = OSG(Q) f(rs, Bs, ¢s)ds/Sc(g) with period of motionS¢, where(rg, 35, ¢s) results from the unper-

turbed motion (13) with energy. Due to the Riemann-Lebesgue lemma we have
—vg < B'(r) — E cos ¢ — E cot (Bsin ¢>(g) =0
T T

such that the drift reduces tdg) = —A%g/2. Consequently, the belt velocitydoes not influence the averaged equations
(15), and the limit energy process coincides with the onaiobt forv = 0in [12]. The associated Fokker-Planck equation
is

0up -+ 0,(a(9)p) = 5 0yy (0 (0)p), (16)

complemented with initial data and normalization Con(lﬁtﬁ)lp(g,s)dg = 1. Equipped with appropriate boundary
conditions, (16) can be rewritten in the usual form of a Stluiouville problem. For a numerical investigation of thelt
process and the distribution of process functionals we tefgl2].

The large noise or hydrodynamic limit. Here, we present the large noise limit that is related to §erddynamic
limit in kinetic theory. The results are taken from [5]. Hetlee lay-down model (6) is considered with large scaling
e = A=? < 1. Then, the associated Fokker-Planck equation (7) for tmmalized probability density, equipped with
initial datap(&, a, 0) = po (€, ), reads

Osp + (T(a) +ve1) - Vep — Do (T () - VB(&)p) = %(%oép. a7)

To analyzep and derive a stationary solution in leading order, we ap@apman-Enskog type method with the following
ansatz

p(E.,550) = 5= P& s€) + epV(E a5 P) + (6 i P) + O(E), (19

where?P is a solution of the leading order problei,p = 0. We anticipate that after a transient in the fast séate es

the slowly-varying densitf? becomes independentaf as shown by the method of multiple scales. This certaimpigs
an initial layer such that an additional term might be adaegccount for the effect of initial conditions (£, ), [5]. The
higher order termg(™), m = 1,2, ... are assumed to depend oonly through their dependence &) and we have

0P =FO) 4 ¢pW (19)

whereF (™) are functionals of° to be determined so that™ are bounded angir-periodic ina. Inserting (18) and (19)
in (17) yields a hierarchy of problems. To ensure tRatontains all the contributions from the homogeneous egnaiin
the hierarchy, we have to impose the additional constrg(iﬁ;q)(m) da = 0. In O(¢), we then find

%&mp(l) = FO 4 (1(a) +vey) - VeP — do(T1(a) - VB(E)P), / pM da = 0.

—T

The problem has a normalized solution whiclisperiodic in«, provided the average over one period of the right-hand
side of the linear equation vanishes. Hence,

0=F© 4 v0g, P, (20)

yielding F(9), This solvability condition implies that the transport@iwith the belt speed in e; -direction occurs on the
original scales. Finally, we get

p = —27(a) - (V¢ + VB(£)) P.

To determine the remaining terf(!) in the reduced Fokker-Planck equation (19), we proceed with the full problem
in O(e?)

% Daap® = FV —27(q) - (Ve + VB(E)F© + (1() +ver) - Vept) — da (T4 () - VB(€)pY),

/ p(2) da = 0.
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The solvability condition, i.e. the average of the rightiti@ide over one period i vanishes, gives'(!) analogously,
0=FY — V¢ (Ve + VB(E))P. (21)
Inserting the conditions (20) and (21) f6¥?) and F(!) in (19) yields the reduced Fokker-Planck equation
OsP = V¢ - (eVe+eVB(E) —ver) P

with stationary solution

1
Pu€) = coxp (~B(E) ~ 1161 ).
¢ > 0 normalization constant. The associated stochastic diftel equation is

dé = (—eVB(€) + vey) ds + V2e AW,

The stationary distributios depends on the noise, a@s= ¢~'/2. This contrasts with the case of a non-moving belt,
v = 0, in which the stationary distribution is the same for detieistic (A = 0) and stochastic4 > 0) dynamics, cf. (10).

In the hydrodynamic limie — 0, Pg is only independent of if v ~ €. Then, we deal with lay-down processes of large
noiseA and small velocity, whereA ~ v=1/2,

Remark 3.7 In this asymptotic regime the fiber lay-down with isotropieckling B(¢) = ||£]|?/2 is described by the
Ornstein-Uhlenbeck process

/3

1 2 1
d¢ = (—ﬁg + Uel) ds+~2dW.,  0,P=Ve- (—

yE (Ve+€) — vel) P.

Its stationary density distribution is standard Gaussieentered in(A%v, 0).

3.2 Improved smooth model

The basic model (6) gives a continuous fiber curve. To ineréasregularity to a continuously differentiabjewe extend
the considered stochastic processgg o, ”s)seﬂq € R? x R x R by introducing the curvature of . Then, the process
is modelled by the following system of stochastic diffefah¢quations equipped with appropriate initial condiggp, «,
F;/O!

1
d¢, = 1(as)ds — dv,, dag = Keds, dkg = —E(ns + 71 (ay) - VB(E,)) ds + K dW,. (22)
The first two equations yield a differentiable, arclengthapaeterized fiber curvg = € — ~ with curvaturex. The third
equation states a relaxation of the curvature to the bugldiehavior of the basic model with typical relaxation length
R > 0 which is perturbed by a Wiener process with amplitéde> 0.

White noise limit. The improved smooth model (22) has an asymptotic limit tobthgic one (6), using an appropriate
scaling. The result is well-known in literature [27], it iset white noise limit of the Ornstein-Uhlenbeck process. In
particular, we have the scaling

K K

R=¢R, K==, k=~
€ €

for (22), yielding the basic model with coefficiedt = RK ase — 0. This can be concluded from the following
consideration.

The smooth model accordingly scaled with standard referenovey, = —vse; reads

1 1
d§; = (7(a5) tver)ds, dag=-rids, drj=——5(
€ R

Hereby, the equations for angle and curvature describe@psmf Ornstein-Uhlenbeck type, and the scaling is theewhit
noise scaling of the Ornstein-Uhlenbeck process [4, 27hsiiering the associated Fokker-Planck equation

K
kS + E‘rl(oz;) -VB(£))ds + — dWs.
€

3 € 1 € 1 i € 1 1 € K2 €
Osp° + (T(a) + vey) - Vep© + - (Ko@ap — ]_—z(T (o) - VB(&))0kp ) =3 (E(Q)H(fﬁp )+ TB'WP ) , (23)
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with decaying boundary conditions iy we use a Hilbert expansion for the probability dengity= p(®) + ep(!) + O(€?),
in order to derive the limit equation as— 0. In leading order we have

1 K?
1 oy B o) _
Raﬁ(mp )+ 5 OkwP 0.

This equation implies thai(”) is Gaussian in the-variable. More precisely, defining the integrated prolighilensity
p° = [ p° dr and particularly® = [, p(© dr, we can write

P =€, )

N A
VakiR U\ K?R)’
Proceeding with the problem (23) @(¢),

1 1 K?
Kaap(()) - E(TL(Q) : VB(g))aﬁp(O) = EBN(Kp(l)) + Tamﬁp(l)a

there is no explicit expression fpf'). But multiplying the equation witfi—x) and integrating ovex gives

K2R . 1 . 1
0ui ~ (7(@)- VB = [ otV .
R

2 R

Considering now the integrated Fokker-Planck equatioh (23
e o1 .
0sp° + (T(a) +veq) - Vep© + Eaa/ kpSdr =0,
R

the integral can be expressed in termgbby help of the previous results

2

/ kp©dk :/ k(P + epM)dr + O(e?) = —e <7’L(o¢) -VB(&)p° + KR (?aﬁ()) + O(e).
R R

Hence, in the limit — 0 we recover the Fokker-Planck equation (7) associated toabie lay-down model withl = RK,

0 0 1 0 K2R2 0
0.7 + (7(a) + vex) - Vei” = 0u(r*(a) - VB(OF®) = =5 Oaa”

Influence of parameters. Studying the smooth model numerically, we focus on the imibgeof two parameters, the
relaxation lengthR? and the noise amplitudBK = A. Therefore, we restrict to isotropic quadratic bucklingl aron-
moving conveyor belt in the simulation. Figure 7 visualittes effects of small and large and A on the fiber trajectory.
As in the basic model, the noise amplitudedetermines the curling behavior and the size of formed IntpshigherA

is, the finer is the entanglement. The relaxation lerfgjin contrast is a measure for the steadiness of the fiber ciove.
small relaxation lengttR the curve is qualitatively similar to those obtained frora trasic model (see figure 4), whereas
for largerR, it becomes more steady. For further numerical investigatand the derivation of the hydrodynamic limit for
the smooth model analogously to section 3.1.2, we refer3p [1

4 Modelling and simulation of technical textiles

An efficient numerical handling of the complete productioogess of technical textiles requires the coupling of tbelsis-

tic generalized string model for the fiber dynamics with asgate stochastic model for the fiber lay-down, see secfons
and 3, respectively. Hereby, we restrict to a FIDYST simatabf a single representative fiber and adjust then the pa-
rameters of the simple surrogate lay-down model so thatebelting fiber path coincides qualitatively and quantitlti

well with the one given by the complex string model. The sgosat run of the surrogate model allows the cheap and fast
simulation of thousands of fibers, yielding the desired fiseb.
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Figure 7: Effect of relaxation lengtR and noiseR K on trajectories of smooth model (22) for= 0 andB(¢) = ||£]|?/2
(cf. figure 4).Top to bottomR = 10~%; 1. Left to right RK = 1; 5.

4.1 Parameter identification

The performance of the mentioned model reduction depersgsgally on the parameter estimation. See for example [19]
for the estimation of parametric diffusion models given bgchastic differential equations. Here, we apply a helarist
method to identify the parameters. It turns out to be verglstand efficient in a wide range of applications. In case of
a fixed spinning position over a moving conveyor-belt (tkamsal spinning process), the reference cuyye= —vse; is
prescribed by the speed ratio= vy.;:/v:n. FOr rotational spinning processes with angle spegg, cycloids form out
v, = —vseq +r(cos(ws + ¢), sin(ws + ¢)). Herebyw = w,,, /v;, as well aw are given process parameters, whereas the
typical radius- and phase shift have to be identified, e.g. by the best parametric fit to the besen. For completeness,
v, = —vsey + rsin(ws + ¢)ez is the reference curve of a spinning process with osciltetimormal to the conveyor belt.
In the following, we assume thatis known and¢ = n —~ is centered in the origin. Moreover, motivated by the dyreahi
simulations, we focus on the standard buckling beha®i@) = (¢7/0? + £2/a2) /2.

Considering a sample d¥ equidistantly chosen fiber points with associated anglecangature valued = (Dq, ...,
Dn) € (R? x R x R)N, Dy = (&, a4,ki) = (&,,,as,,ks,) @ands;y1 — s; = As fixed, we define a functional of
characteristic process properties as

. Zf\; 51'2,1 \/ZfL 51'2,2 Zi\[;k(awk - Ofi)Q Zi\[;k(ﬁwk — K;)?
F(D) = \/ N N T klAs(N k) T kIAs(N k) 24)

with k = 1,2, ..., kyaw aNdk,q. < N. To estimate the parametdPs= (01, 09, RK, K) of the surrogate model (22) for a
certain production process, we evaluate a FIDYST simuladind set up a respective data samplg ., where angle and

curvature values are approximated by help of finite diffeesnfrom the discretg,, i = 1, ..., N. The best approximation
of the desired quantitfF (D y;qys:) = F are obtained by the surrogate mode),,,. for the parameterB*,

P* = argminpe(Rg)él||.7'-(Dsur(P)) —F||3.
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Figure 8: Comparison of fiber curves associated to the satedgy-down modeldé€ft: basic,middle: improved smooth)
and the FIDYST simulatiorright) for transversal and rotating spinning processes (cf. &@r

To solve this minimization problem, we use a relaxated ghasiton method with unit JacobiaR’+1) = PU) 4 (F —
F(D,y (PY)),w > 0 and initial gues®(?) = F. The convincing performance of this approach results fioerfact that
the functionalF is a very good estimator for the process paramd®ert is even perfect foe; andos in the casey = 0,
for RK in the white noise limit RK = A see section 3.2) and for the noise amplitddén general.

Remark 4.1 To identify the paramete® = (o1, 09, A) for the basic surrogate modéb) we apply the same strategy as
above, but consider a reduced functional containing ongy/fttst three components & in (24). The curvatures is not
defined in(6).

We apply the parameter identification to transversal aratimial spinning processes. Figure 8 shows fiber trajexgori
associated to the basic and improved lay-down model, régplgin comparison to the underlying FIDYST realization
Qualitatively, both lay-down models yield a reasonabléritistion of the fiber mass. But the behavior of the curvature
is certainly better approximated by the improved smooth dmecome to a more quantitative validation of the surrogate
models, we consider the variance of the increments of amglearvature, more precisely

! D -t
ﬁ El(astn — as)?], Lw(h) = NG

Those maxima enter the function&l (24) in a discretized versiorh(= k/A\s), presupposing ergodicity of the processes.
Figure 9 illustrates the run df,, I, for FIDYST and the smooth improved model as well ad'gffor the basic one.
According to the identification strategy the basic modeggithe same maximum as the FIDYST data. Moreover, it shows
the correct decaying behavior. The increase for sedinnot be achieved due to the lack of differentiability. Thproved
smooth model overcomes this drawback and gives even moteothect decaying behavior i, yielding a coinciding
entanglement structure.

Fa(h) = E[(“SHI - ’15)2]-

4.2 Virtual technical textiles

The calibrated surrogate models for fiber lay-down enal#estmulation of technical textiles by superposing thousand
of spinning positions. The effects of fiber-fiber interantocare thereby contained in the stochastics of the lay-down.
The homogeneity and load capacity of the resulting fiber webtlae most important textile properties for the quality
assessment of industrial nonwoven fabrics. They are @aligietermined by the distribution of fiber mass and diietal
arrangement in the web which can be studied numerically aatetCarlo simulations and validated with experimental
data.
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Figure 9: Comparison df,, andT’,; for the data in figure 8.

Figure 10 illustrates technical textiles for a transvesgahning processy, = —wvse;, computed with a calibrated
smooth lay-down model. The homogeneity of the fiber web isieztsby moderate noise K’ = A and small speed ratio
v according to the investigations in section 3.1.2, pressjpgran appropriate relation, e@< o, between the distancé
of neighboring spinning positions ard. The fiber throwing range; plays a minor role in the mass distribution. This is
not the case for rotational and oscillating spinning preessHere, the reference curve

v, = —vser + (r1 cos(ws + @), ro sin(ws + ¢))

with r; = r5 orr; = 0 respectively — in particular the interplay betweeandw — determines crucially the fiber web. For
given noise, speed ratio and buckling, already slight ckang the angle speed ratiomight cause the transition from an
homogeneous web to one with a characteristic determirgatiern of undesired strips and holes, see figure 11.

To improve the quality of the industrial fabrics we might §pa technical optimization on the proposed model hierar-
chy. Changing parameters of the plant or conditions of thepection process (e.g. turbulent behavior of the flow aatimg
the fibers, dynamics of the spinning positions, inflow velpof the fibers), we firstly evaluatefae turbulence simulation
for the fluid flow to compute then the dynamics of a single fibé&hwhe stochastic generalized string model. From the
result we identify the input parameters for the stochasifedown model which we use for the simulation of a fiber web.
The parameters and properties of the produced materiaidiete finally the new quality. Apart from these optimization
and control aspects, the model hierarchy allows furtheentioe numerical investigation of production principles evhi
might result in innovative, efficient and cheap design of peaducts, for an industrial application we refer to [16].
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Figure 10: Nonwovens of a transversal spinning process< o2 = R = 1, v = 0.1) for different noise Left: RK = 1.
Right: RK = 10.

Figure 11: Lay-down principles for rotationabf, »; = ro = 2) and oscillating spinning processédsoftom r»; = 0,
ro = 2) with the same parameters as in figure 10 and fixed n@ise= 1. Left: w = 0.05. Right: w = 0.5.

5 Conclusion and outlook

In this work we have established a hierarchy of mathematicalels for the simulation of the complete production preces
of technical textiles. The models of different complexityanging from highly complex three-dimensional fluid-solid
interactions to one-dimensional fiber dynamics with stetibalrag and further to simpler, efficiently handable ststic
fiber lay-down models — are coupled via asymptotic analysisilarity estimates, parameter identification and vaéda
with experimental data. Applicable to a wide range of padly relevant processes, the model hierarchy has alreaely b
used successfully for optimization, control and desigreohnical textiles in projects with industry.

A long-term objective is the handling of the complete engiivgg for technical textiles including production process
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micro-structure and product simulation. This requiresstkgansion of our model chain to the product by integratingmi
structure simulation and design. Our final, industriallytiveted goal is the optimal design of the production provetis
respect to the desired product specification. But by theh af imteresting mathematical challenges have to be tackled
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