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Abstract. In the ground vehicle industry it is often an important taglsimulate full vehicle
models based on the wheel forces and moments, which haveneesnred during driving over
certain roads with a prototype vehicle. The models are dbsdrby a system of differential
algebraic equations (DAE) or ordinary differential equatis (ODE). The goal of the simulation
is to derive section forces at certain components for a dilitplassessment. In contrast to
handling simulations, which are performed including maréegs complex tyre models, a driver
model, and a digital road profile, the models we use here gdal not contain the tyres or a
driver model. Instead, the measured wheel forces are useskéitation of the unconstrained
model. This can be difficult due to noise in the input datactieads to an undesired drift of
the vehicle model in the simulation.

This paper shortly describes the source of this effect byhbery of stochastic differential
equations and explains, that this problem cannot be fullyexbby a specialised numerical
treatment of the underlying equations due to missing kndgdebout the true trajectory of the
vehicle. Several ways to deal with the problem are brieflyoregg. Among these, an algo-
rithm for the calculation of the vehicles trajectory andemtation from additionally measured
accelerations is described. However, here we also havedbwiéh the drift induced by the in-
tegration procedure and thus the usage of additional measents on the velocity or position
level (angular velocities or angles (orientation) of thdniate body) is motivated.

Finally the theoretical considerations are exemplifiechgsa vehicle model, which is simple
enough for a rigorous treatment of the equations of moticth@rthe same time rich enough to
show all the effects described before.
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1 INTRODUCTION

In the ground vehicle industry, measurements on vehiclesndrover test tracks or public
roads are performed in order to derive loads for test rig anenical verification. Often 100-
200 different quantities at different spots of the vehiale measured, among which we have
wheel forces (measured at the hub), spring displacemdrass or accelerations. The data
can be used either for directly setting up rig tests for cetamponents (for example a test of
a subframe based on measured strains) or for the excitdtimalabody models of the vehicle
in order to calculate section forces.

Besides the ’internal’ excitation of the vehicle by stegriacceleration, or braking, the main
‘'external’ excitation is given by the forces at the contaatches between tyres and ground.
These are reaction forces, which in principle can be complosed on a digitised road profile,
a tyre model as a part of the vehicle model, and a driver maahd the vehicle. However,
this approach requires accurate tyre models as well as gitesdd road. An alternative way of
exciting the full vehicle model is to virtually cut off thergs and use measured wheel forces as
input. In the latter case, the interaction between the nréshraand the environment is via the
section forces only.

While simulating such an unconstrained system based orosdotrces is very important
in practice, it can be difficult due to noise in the input datdnis leads to an undesired drift
of the vehicle, which can be explained by the theory of stetibalifferential equations. To
circumvent such problems additional measurements areededgpically, measured accelera-
tions of the vehicle body exist, but these alone do not helgtelad, data on the velocity or even
displacement level are needed to deal with the drift.

In Sec[2 the drift due to noisy input data during integrat®atudied using the most basic
example of a point mass subject to a force. In Ebc. 3 sometigaens on how to circumvent
the drift are reported. Finally in Seld. 4 we use a model of gpErdemonstration vehicle to
exemplify the theoretical considerations.

2 INTEGRATION OF NOISY DATA

In this section, we study a simple differential equationlhasirate the problems inherent in
integrating noisy data. We make use of some basic results $tochastic analysis but do not
treat them in great detail, as this is not the main focus af plaper. A brief introduction to the
theory of stochastic differential equations (SDESs) witplagations can be found in]8].

As an example, we consider the one-dimensional equatioroabmfor a point mass:

dv=vdt , dv=(L—nv)dt , z(0)=0(0)=0 (1)

This ODE describes the velocityt) and positionz(¢) of an object with mass: > 0 subject
to the accelerating forcé(t), provided the object was at rest at timhe- 0. A damping term
(friction) proportional to the velocity is also includeditivdamping constani > 0.

The problem now is to reconstruct the velocity and positiasdal on measurements distorted
by unsystematic errors, which we model as independent @Gaussndom variables. If we
denote the time step between observationgbythe forces we actually observe are

f(nAt) ~ N(f(nAt), o};) (2)

with some variance?, > 0 representing the accuracy of the measurement device. Tectm
of the noise on the reconstructed velocity and position deépen the discretisation scheme we
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choose to solved]1). We use the explicit Euler scheme for xamele, as it permits us to study
error propagation in terms of a simple SDE. To derive it, wgib&vith the difference equation
for the velocity, taking the time step to be equal to the rét@bservations:

Bt = 0((n+ 1AL = 5+ (L0805 5, ) AL G = 9(0) 1= 0 (3)

m

The errors, are i.i.d. Gaussian random variables with mean zero andneegi?,. If the true
force is L2-integrable and\t sufficiently small, a solution of the difference equatiomiagxi-
mates a solution of the following I1t6-SDE on the discretedtignid given byA¢:

di =odt , dvo= (L —nd)dt+ZdW(t) , #(0)=10(0)=0 (4)

To determine the varianeg of the Brownian motion in the limiting case, we note that the
variance of the increments is

Var(e, At) = o3,(At)? = °At = o = oa At (5)

We have seen that if we solve the ODIE (1) with perturbed fansaxy the explicit Euler scheme,
what we actually do is construct a path of the solution of tBEH4). Its usefulness for the
purpose of simulation depends on how far it deviates fronattteal values. As the individual
errors have bounded variance, we might hope @handz share this property. Unfortunately,
this is only true for the velocity, and only if the damping stamt is positive:

The unique solution of{1) is

x(t) = Jyv(s)ds . o(t) = fy e f(s)ds (6)
For the SDE[(W), we distinguish two cases:
(1) No damping: If n = 0, the solution is

ity =a(t)+ 2 [sW(s)ds , O(t) =v(t) + ZW(t) 7)

The integrated Brownian motion has mean zero and varigr,]cmeaning that the expec-
tation and variance of the solutions are

B(#(1)) = o(t) Var(i(0) = 5 (®)
E(5(1)) = (0 Var(i() = 7

While the stochastic process is centered around the trugico| its variance grows to

infinity as time progresses. As a measure of error growth, segtlie standard deviation,
since it is proportional to the width of the confidence ingrior a Gaussian process
around its mean:

Std(d(t)) = O(t2) Std(E(t)) = O(t

Njw

) (9)

(2) Damping: Forn > 0, we obtain

i(t) = x(t) + o <W(t) — /O e”(St)dW(s)) (10)
o(t) = v(t) + — "= aw (s)
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In this case, the velocity consists of a deterministic trand an Ornstein-Uhlenbeck
(mean reversal) process with mean 0. As the latter has bdwat@nce, the reconstruc-
tion of v is merely a question of how accurate the initial measuresemet Unfortunately,
the variance of the position is once again unbounded, ajtmd@grows more slowly than
in the undampened case:

B@E®) = 2(t)  Var(i(t) = -2 <t+ L—e?™ 20 e_m)) (11)

n*m? 21 U
B) =o(t)  Var(o(t) = 5 51— e")

Here, we have used the Itd-isometry to calculate

ar te”(s_t) s) | = ten(s—t) s i _ 1—76_%
Vi (/0 dW ( )) E <(/0 AW ( )) ) 5 (12)

To evaluate the variance oft), we also need

Cov (W(t), /0 t e”(s_t)dW(s)) - (W(t) / t e"<s—t>dW(s)) _ 1_;_nt (13)

0

where we use the product rule of It6-calculus to evaluatptbduct, dropping all stochas-
tic terms as they have mean zero.

In the presence of damping, the standard deviations grokwtisiie as
Std(i(t)) = O(1) Std(i(t)) = O(t?) (14)

We have seen that even for the simple model (1), a stable ¢leolwariance) solution exists only
if we integrate but once and include a correction term in tingaéions. Integrating twice will
always lead to errors that grow progressively larger oveetiThe situation can only get worse
for a problem involving several bodies, as their relativeifpon and orientation is progressively
distorted. This leads to spurious interaction forces aaglityr acting in the wrong direction.

It should be noted that the problems caused by noise integrate of principal nature,
as there is no way to reconstruct the true forces from the uneaents. Preprocessing (e.g.
smoothing the data) or more sophisticated integrationreesecan reduce the varianeg but
this only serves to rescale the error, not bound it.

3 DRIFT CORRECTION

In this section we describe some possible solutions to tiftgpdoblem. We consider the case of
a full vehicle simulation, which is needed to derive secfmntes for certain components. The
model is unconstrained and excited by measured wheel fontesh are always noisy to some
extent. Thus, we have to be aware of a drift of the vehicle lhdy to the 'Brownian motion
effect’ described above. Another reason for observing # drithe fact, that the numerical
model is only an approximation of the real vehicle. If, foaexple, the total mass of the model
is too small, then it will lift off during simulation. Whilehe measured wheel forces (up to
measurement noise) are ’in equilibrium’ with the real véhand its motion, this fact need not
be true for the numerical model.
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First we perform the simulation while ignoring a possiblétdaind subsequently check the
motion of the model. If the observed drift is such that thetisecforces can be regarded as
sufficiently accurate we are done. This is the case if we halrdtan the translational degrees
of freedom only. If the drift of the pitch angle (rotation altahe lateral axis) and the roll angle
(rotation about the longitudinal axis) is too large, we hvassume, that the simulation results
are falsified and reject them. We consider the following apphes to deal with the drift:

1. Artificially constraining the model: For a vehicle driving over a (possibly rough) hor-
izontal road, we can assume, that the pitch and roll anglesm@all. Thus, we apply
a correction to the simulation as soon as the angles becomlarge. Sometimes this
is accomplished by attaching a rotational spring betweenvéhicle body and ground,
which always tries to keep the angles near zero. While thassisnple workaround, the
disadvantages are, that it is not clear how to choose thegparameters and that unde-
sired reaction torques are induced. The size of these ogaitirques can be taken as a
measure of validity of this approach: the larger the torgtlesmore doubtful the results.

Of course, this approach does not help at all, if the asswmphorizontal road" is not
guaranteed, i.e. if we need to simulate curvy, hilly, or evfroad driving. However we
will not go into more details.

2. Additional acceleration sensors:We use sensors to measure the accelerations at differ-
ent spots of the vehicle body. This is rather cheap and ceenerThese accelerations are
used to estimate the motion of the body prior to the simutathgain we only need to es-
timate the orientation (rotational degrees of freedomk &pproach is described in more
detail in Sec[3311 below. As we will see, it does not fully sothe drift problem (since
two integration steps are needed here too) such that we balek about additionally
measuring quantities at the velocity or even position level

3. Additional measurements on the velocity or position levels Since both approaches
above are not fully satisfying, we have to introduce addaiomeasurements of either
(angular) velocities or angles. If the angles of the vehimey can be measured, we
can guide it during the simulation to prevent the drift. Iflyoangular velocities can be
measured, we still have to perform one integration to geatigdes such that we have to
expect small drifts. SeE_3.2 gives some details of thatcgbr.

3.1 Calculating the rigid body motion from measured acceleations

It is relatively cheap and convenient to measure acceteratat various spots of the vehicle.
Here, we investigate how to calculate the body motion of ackefrom measured accelerations.
We assume, that there are+ 1 sensors at different positions on the body. We introduce the
following notation:

rco,x; . Positions of a reference poi6tand of the sensorisof
the body given in a fixed reference (global frame).
S : The transformation from local to global frame.
This is the body’s orientation in the global frame.

w,w; . Theangular velocity in the global and local frame.
ri,i=1,...,m+1 : The positions of the sensors in the local frame.
a;i,i=1,...,m+1 : The measured accelerations at positign
a;,i=1,...,m+1 : The accelerations at positian in the local frame.
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A=la; — amy1| .- |lam —amy1] : Matrix of the local relative accelerations.
R=1[ri —7rms1|---|"m —Tmy1] : Matrix of the local relative coordinates.

With these notations we have
ri=xc+S -riyi=1,....m+1. (15)

This relation is true only if the body is rigid. Otherwise, weuld have to add the deformations.
Differentiation and transformation into the local frameesg

a;=8" 5 =8" Gc+S8T-S-ri=1,...,m+1 (16)

By calculating the relative accelerations we eliminate tifa@slational motion and gei; —
amir = ST- S (ri = rms1),t = 1,...,m. Usually, the sensors are performing a correction
with respect to gravity. Since the orientation of the sessluring measurement is unknown,
the result of the correction is

a; =a; +ges — ST -ges,i=1,...,m, @an

whereg denotes the gravitational constant anddenotes the direction of gravity (global
coordinate). For the relative acceleratians- a,,, this correction term cancels and we get
A = ST .S . R. The matricesk resp. A contain the relative positions resp. accelerations
of the firstm sensors with respect to the last one. Since the unknowrfdramstion matrixs
contains only three degrees of freedom (to be described$tamce by Euler or Cardan angles),
this matrix equation is an overdetermined set of equatidns (s large enough) for the three
parameters. The number of equations depends on the numBensdrs. By multiplication
with the pseudo inverse (Moore-Penrose invergefrom the right we get

ST.S=A-R*. (18)

This operation partly removes the redundant acceleratidhe remaining equation still con-
tains the inherent consistency condition induced by thetFat the body is non-deformable.

Calculation of the transformation matrix and the angles
By differentiating the identityl; = S - S we get

' 0  —w3 wppe
ST . S = (I}l = wl73 0 —wu s (19)
—Wi2 w1 0

wherew; denotes the vector of the local angular velocity @ands the corresponding skew
symmetric matrix. Another differentiation leads to

ST.S=o—a-of =i +a - @
and together witH (18) we get
o+ =8"-S=A-R" = M.

Sincew, is skew symmetric and the produgt &, is symmetric, we have a decomposition of the
left-hand side of this equation into a symmetric and a skawmsgtric part. Thus, if we define

M_=1(AR" — (AR")T) |, M, =3(AR" + (AR™)T),

6
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we have .
a=M_ | & & =DM,. (20)

The first of these relations is a simple set of three uncouetpdations for the local angular
velocities and the second one is the consistency conditientioned above. The transition
from A and R* to M_ can be interpreted as a projection onto the rigid body motue to
possible measurement errors and the deviation from the oiggly motion, we have to take into
account large uncertainties ivi_.

In principle, we can usé{20) to calculatgby a simple integration. Of course, during inte-
gration we have to deal with the accumulation of random sreading to a drift.

The next step is to calculate the transformation magriikom the local angular velocities;.
To this end, we write5 using quaternions in the form

G+a—G -4 2en—qau) 2@+ ags)
S=5) = 2est+anu) G-6E+E-4d 2eu—ae) |, (1)
2(q2qs — 143) 20pu+ae)  ¢-6-4¢+da

whereq = (g1, g2, 43, a)* @and||q||* = ¢ + ¢3 + ¢ + ¢; = 1. Using [I9) we arrive at the linear
system of equations

[0 | —w1 —wpa —wis)
1 wi,1 0 Wiz —wi2 0 —wy
q:§‘Ql'q , = = ~— - (22)
wip | —wz 0 wi 1 wp | —w
wi3 wipg —wy 0

for the quaterniong. Since(; is skew symmetric, the normalisatiolg||> = 1 is preserved
during integration. In contrast to other representatidnhe transformation matrix (Euler or
Cardan angles){22) does not contain singularities antdeamegrated over the desired period.

Calculation of the body position
Once the angles resp. the transformation matriX are known, we can calculate the body
positionz. Combining [IB) and(17), we get

iC:S-di—S-ri:S-(ai—geg)Jrgeg—S-n,i:1,...,m+1.

To minimise errors due to the measurement or the defornghile calculate the mean accel-

eration
1 m+1

u%c:m - (S (a; — ges) + ges — S - 1y). (23)
Integrating twice leads to the positian:.. Of course, we will again have a drift during the
integration ofz~. The remaining positions; follow from ([I3).

Summary
The process of calculating the position and orientatiornefliody from the measured acceler-
ations can be summarised as follows:

1. Calculate the matrix/_ = (AR — (AR')").
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. Calculate the local angular velocity by integrationopf= M_.

. Calculate the quaterniogdy integration ofj = 5 - O, - ¢.

2

3

4. Calculate the transformation matsxfrom (21).

5. Calculater according to[[213) and. by a twofold integration.
6

. Calculate the remaining positionsby (13).

Besides drift problems during the integration, this altfori completely solves the task of cal-
culating the rigid body motion of the car body from measureckterations.

Remarks

 After the transformation matri¥ has been calculated a convenient parametrisation e.g.
Euler or Cardan angles can be derived.

« The calculation of the local angular velocitiesby integration ofo, = M_ is the most
critical step since the right hand sidé_ is disturbed by measurement errors and the fact
that the car body is not really rigid. Thus we have to expectifaid ;. If the real
vehicle motion during measuring is such that we can assurmatthe angular velocities
as well as the angles have mean zero and no drift, we can appghaass filter tay,
prior to solvingg = 1 - €, - ¢ and again apply a high pass filter to the resulting angles
However, the final results will depend on the filter paransefeut-off frequency) and the
best choice of parameters is subjective.

» With this approach (just like the "big spring constraint’@ still cannot objectively dis-
tinguish undesired angular drift from angular movement thay come from a curvy or
hilly road.

» A direct measurement of the angular velocities would behmuore reliable. The same
remarks apply to the calculation of the position by a twofakégration oft. Again we
can apply high pass filtering, but the parameter choice igestie.

» Nevertheless, the algorithm establishes the relationdxst the vehicle body motion and
accelerations in a rigorous way and at least enables theatgin of the motion in case
no additional measurements are available.

3.2 Measurement of angular velocities or angles

We have already argued that for the purpose of calculaticoseforces, errors in the position
of the vehicle are negligible, while its orientation witlspect to gravity must be known with
sufficient accuracy. An obvious way to improve the qualityaad§imulation is thus to include
measured angles. Typically, these are determined by atiaheavigation system (INS) on
board the vehicle. Since an INS uses gyroscopes for megsamigular velocities, any angles
reported are derived via integration.

As in Sec[2, we model the noise on the angular velocities awarBan motion with vari-
ances? > (0. The angular velocities in the local reference frame artaosa by

Wi — Wi + 0o dW](t) (24)
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with independent Brownian motiori$’;. Now, the quaternion representatignl(21) yields the
following SDE:

dj = $gdt + 37 Bigdwy(t) , §(0) = ¢ st[|¢? =1 (25)

As we are interested in the cumulative effect of measuremeise over time, we do not in-
clude an error for the initial value. The matricB8s correspond to the imaginary units of the
quaternions expressed as a subspad®of:

0 -1 0 0 00 —1 0 0 0 0 —1
1 0 0 0 00 0 -1 0 0 1 0

By = 0 0 0 1 By = 10 0 0 Bs = 0 -1 0 0 (26)
0 0 —1 0 01 0 0 1 0 0 0

The matrices); andB; do not commute under multiplication, so there is no simpdset! form
solution for [2Zb). To obtain a qualitative understandingtaf error dynamics, we consider the
simpler problem

dg = $B;gdWj(t) , ¢(0) =¢? s.tll¢|| =1 (27)
with no actual rotation and a single perturbed measurenidéatunique solution is
_ o 170 \2 )
i=cx (SBW() —5 (5Bi) t)a (28)

%t
= exp (%) <cos <ng(t)) I, + sin <%Wj(t)) Bj) q©
Here, we use the fact th&t; andI, commute, as well as the properties
B? = —I, exp(AB;) = cos(A)I + sin(\) B, (29)

Note that the norm af grows at an exponential rate, although the exact solutivaya satisfies
ll¢(t)|| = 1. This is a property of the Itd integral, which is replicatéd/e solve the SDE using
the explicit Euler scheme. As we are only interested in thidesm) the result is still useful if
we normaliseg before calculating the rotation matrix. A more satisfyirgusion would be
to use an integration scheme that tre&f3 (27) as an SDE irettse ©f Stratonovich, as the
corresponding solution omits the growth term. However,ubal situation in practice is that
neither the ODE nor the solver permit the analysis of erroppgation in terms of a simple
SDE. The recommended approach in this case is a Monte-Qadyg. s

After we normalise the solution of the quaternion equatitsposition on the unit sphere is
still perturbed by the measurement noise. To see what trasgia terms of the rotation matrix
S, we first consider the case that= 1 andq”) is equal to the first unit vector. Equatidn21)

now yields the following result fof(¢) := Wy (¢):

cos(0(t)) 1 0 0

q(t) = Sin(g“)) = S= [0 cos(20(t)) —sin(26(
0 0 sin(20(t)) cos(20(t

) (30)

t
)

This is a rotation around the-axis, where the angle behaves like a Brownian motion, so its

standard deviation i@(t%), which we might expect for a single integration step. Analag

9
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Figure 2: Reconstruction error for angles

calculations for other values gfand: show that distorting (only); ; always results in a spu-
rious rotation around the-axis, whilew, » affects they-axis, andw; 5 the z-axis. We cannot
provide an exact solution in the case of three noise termsanezero excitation, but the best
we may expect are errors growing at the same rate. Thusding@an INS in the process does
not solve the problem of noisy data in general. However,tséiorulations can be stabilised
using angular velocities measurements that are suffigianturate.

In practice, the accuracy of an INS is affected by other facbesides random noise. For
short-term stability, manufacturers often express stahdaviation as being linear in operation
time (a more detailed analysis may distinguish bias inktaloif O(¢) and angle random walk
of O(t%)). The magnitude of these effects can range from below 0.p@thour for high-
performance INS used in aeronautics to over 10° per hourhiercheapest unit$ [12]. To
choose the right measuring equipment for a task, one hasow #re length of the individual
measurements, as well as the sensitivity of the vehicle htodkeviations from the true angle.
Even an error of 10° per hour can be acceptable for simulatfgninute drive.

As a final example, we consider a 10 minute segment of INS @atrded at a frequency
of 1000 Hz At = 0.001s) on board a moving vehicle. Angular velocities were recartsed
by smoothing with a low-pass filter and taking central déferes. For the purpose of demon-
stration, these will be treated as the 'true’ values. Thdemwgere reconstructed by solving the
quaternion equatioi{21) with added noise using the DORRI&heme[4]. For the errors, we
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used independent Gaussian random variables with mean zéstandard deviatiom,; = 0.1
radians per second. Taking (5) as a simple approximationgxpect that the angles behave
similar to Brownian motion with standard deviation= %aM\/At = 0.18%. As the plots
in Figures[(l) and{2) show, the errors are indeed of comp@arabgnitude.

3.3 Stabilising the force-based simulation

In the preceding two sections we have presented how to usecsddl measurements in order
to approximately derive the true trajectory of a certaierefce point of the vehicle body. Now,
the vehicle motion in the force-based simulation can beilstal by additionally prescribing
the measured motion at the reference point. However, thereed motion induces reaction
forces given by the corresponding Lagrange multipliersarirnideal situation, where we have
nearly no noise in the measured data and a "perfect" modedetheaction forces should be
zero.

There is a certain similarity to the Gear-Gupta-Leimkuktabilisation for the index reduced
formulations of multibody equations (seé [6]). The ideamafax reduction is to use constraints
on the velocity or acceleration level in order to reduce tidek of the DAE. But this leads
to the well known drift effect of the integration of the puredex 2 or index 1 formulations.
This drift can be corrected either by projecting onto thevknaonstraints on position level
or by using constraints both on the position as well as on éhecity or acceleration level. To
compensate the additional constraints in the latter casay, Gupta, and Leimkuhler introduced
corresponding Lagrange multiplieysin the kinematic equation = v — G*(z)n. In contrast
to our case, no additional forces are introduced by thatcasmbr.

Since we are transferring data measured on a real vehiclaumarical model, the reaction
forces observed at the point of the prescribed motion aremigtdue to the noise in the wheel
forces but also due to the fact, that the numerical model lig @m approximation of the real
vehicle. While for the real vehicle the measured prescrifmedion is 'in equilibrium’ with
the measured wheel forces (up to measurement noise), isnog be true for the numerical
model. If, for example, the weight of the vehicle model is smoall, then the vertical reaction
force will show an offset which is needed to prevent the Vehicodel from lifting off during
simulation.

If the stabilised simulation is used, one has to check sulesdty the magnitude of the
artificial reaction forces in order to decide, if the apptoa valid (small reaction forces) or
not. Of course, in the latter case, it is in general not eafindoout the reason for the mismatch.

4 A SIMPLE EXAMPLE

We want to illustrate the considerations above using théclelmodel shown in Figd3. It
is taken from Ref.[[9]. Although it is simple enough such ttite equations of motion can
be written down explicitly, it is useful for demonstratifgetdrift effects explained before. The
model contains three bodies (the chassis and two wheelsglbas two spring damper systems
between the wheels and the chassis and two additional speumger systems representing the
tyres. The connection between the springs and the chasgs isvolute joints. The chassis
moves in vertical direction; (positivez oriented downward) and rotates about the ang(é
denotes the moment of inertia of the chassis). The degrefeseafom of the wheels arg, 2,
resp. Thus, the entire system has six degrees of freedonelyaine coordinates of the three
bodies:zy, 23, z3, § and the coordinate§, (; of the contact points to the ground. Details of the
model can be found in AppA.
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Figure 3: A simple vehicle model.

4.1 Excitation modes of the model

The system may be excited by prescribing either
1. the vertical forcegi, f; at the contact points,
2. the road profile given by, (3, or
3. the vertical forceg;, f> and the pitch anglg.

In the first case, the equations of motion may be written irfone
M-i2=A(zx) z+F, (31)

where the vector of unknownsis given byz = (21, 29, 23, 3, 1, 29, 23, B, ¢, (»)T and the mass
matrix M as well as the system matrik(z) and the right hand sidg is given in App[A.

In the second case, the forcés f> at the contact points are reaction forces which are un-
known and have to be calculated. The dynamic equations avejiven by

M-z=Az) - 2+F, (32)
where the vector of unknowns is given by= (z1, 22, 23, 3, 21, 22, 23, B)T, and the mass matrix
M as well as the system matrik(z) and the right hand sidg is given in App[A.

After solving these equations fat we get the contact forces by

fi = k(@ — ) +di(z5 — Cl) (33)
fo = ka(To — (o) + da(T6 — (o).
In the third case, we stabilise the force-based simulatginguthe measured pitch angle.

Here the vector of unknowns is = (21, 29, 23, 21, 22, 23, (1, (2)* and the equations of motion
are

~ . ~

M-z=A-i+F. (34)

12
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The mass matrix\/, the system matrixd, and the right sideé”’ are given in the appendix.
The prescription of the anglé induces an enforced momekfat the chassis center. Once the
equations of motion have been solvad;an be calculated by

A =15 —cosB(bfs — af),

wherefs, f, are the chassis spring forces definedid (35).

We now use the model to illustrate what may happen if wheee®measured at a prototype
vehicle on a certain track are used for exciting a numericadeh(MBS) of the vehicle. Here,
we have to replace the measurement by a first simulation ahttdel based on a predefined
road profile(;, (. The following steps are performed:

1. We simulate the model based on a prescribed road profike cdtresponding equations
of motion are given by[(32). As a result, we get the verticateliforces by[(33). We

denote these forces tﬁo), féo). This step is calledirtual measurement

2. We simulate the model using{31), whefie= f{” and f, = f\”. This step is called
simulation based on undisturbed forcesIn the absence of noise and calculation errors,
we should get the same vehicle motion as in the virtual measent.

3. We pretend aneasurement errorby adding a synthetic noise, ¢, to the forceg“l(o), 2(0).
The noise is stationary with zero mean and variariceThen we simulate the model us-
ing (31), wheref, = fl(o) +eandf, = féo) + &,. This step is callegimulation based
on noisy forces

4. We pretend anodeling error by slightly changing the stiffness and damping parameters
ks, ds, k4, d4 Of the chassis springs as well as the moment of inértibthe chassis. Then
we simulate the modified model usirig131) with the unpertdrtmecesfl(o), fz(o). This
step is calledsimulation of a perturbed model. Again we compare the corresponding
vehicle motion with the motion from the virtual measurement

5. We assume, that we have measured the pitch ahgled simulate the perturbed model
with the noisy forces under prescription Gfusing [34). This step is callestabilised
simulation of a perturbed model.

4.2 Simulation results

The road profile and the wheel forces

In Fig.[4, the road profile used for the virtual measuremedttae resulting wheel forces are
shown. The profile starts at level zero and ranges approglynbetween—2[m| and+2[m],
simulating some small hill grades. The resulting vertichbel forces are shown below. They
are rather similar for both wheels. Their amplitudes (appnately between-10[kN] and
+16[kN]) are due to the road roughness, which can be seen in the pletaiff the profile.

Noisy forces and perturbed models

As a model for the measurement error of the forces we have@aadsian white noise signals
€1, 2 With standard deviatioar = 0.002 - f,,.., Wheref,,.... is the maximum absolute force.
Thus we get ~ 32[N].
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road profile detail
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Figure 4: The basic road profitg, (> at the top and the resulting wheel forces at the bottom.

When comparing simulation results with the virtual measwst, we only show the vertical
chassis motions and the pitch anglg. The latter is the most sensitive variable. The differences
in z; andz, are smaller in most cases. The virtual measurement is catparthe simulation
with undisturbed forces, to the simulation with noisy facand to the simulation with the
perturbed model. Fi§l5 shows the results for the verticassts motion (left) as well as for the

displacement [m]

chassis displacement z,

50

pitch angle 3
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Figure 5: Vertical chassis motion3 and pitch angles during different simulations.

pitch angle (right). There is nearly no drift #3 with the exception of the noisy force excitation,
where a relatively small drift can be observed. For the patogle, even for the simulation with
undisturbed forces we observe a drift beyads|. As can be expected, the drift-off occurs
much earlier (al0[s] approximately) in case of noisy forces or a perturbed model.

In Fig.[@ and Fig[d7 the results for different noise samples @different perturbed models

resp. are shown.

While the behaviour of the different noisy force resultsiistfy similar with respect to the
"drift-off" time, the specific trajectories differ a lot. This in accordance with what can be
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Figure 6: Vertical displacement (left) and pitch angl€right) of the chassis during force-based excitation for
several samples of the noise.
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Figure 7: Vertical displacement (left) and pitch angl€right) of the chassis during force-based excitation for
several perturbed models. The perturbation is a randorarfaetween 0.9 and 1.1 (at most 10%) on the stiffness
and damping parameters of the chassis springs and on themhofiieertia of the chassis.

observed for multiple paths of the simple point mass examg@®c[2. In case of the perturbed
model we observe nearly no drift in the vertical chassisldgment and different types of
drifts for the pitch angle, depending on the specific way,gbgurbed model parameters are
affecting the physical behaviour.

Prescription of pitch angle
Next we study the effect of prescription of the pitch angléstabilisation). When simulating
the original model with the prescription gfand undisturbed forces, we get a small enforced
moment (not shown) due to small numerical integration srrém that case its magnitude ap-
proximately is7T0[N'm]. If we do the same for the perturbed model and the noisy foreesave
to expect a larger moment. In FIg. 8, the results from theilsdad simulation of the perturbed
model excited by the noisy forces are shown. The plot shoegtiiorced moment (right) and
compares it to the inertia terin 5 (left). The enforced moment approximately ranges between
(—800[N'm],800[N'm]), which is considerably larger than in the case without madel force
error. However, if we compare the magnitude of the enforcedhent with the magnitude of
the inertia ternY - 3, which approximately i85[k Nm|, we find that it is relatively small.

The magnitude of the moment can be regarded as a measureoasisiency between the
applied forces, the model, and the enforced motioMhus, it should be as small as possible.
Of course, in practice it is not known, whether the enforcesmant is mainly due to erroneous
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Figure 8: The inertia ternij (left) and the moment enforced by the prescription of thetpéingle (right).

forces, model errors or an erroneous prescribed motion.

Remark

For the calculations above the equations of motion giveherappendix have been implemented
in MATLAB and solved with different integration schemes éd&: a Runge-Kutta method by
Dormand and Prince, se€ [4], odel13: a variable order Adgassforth-Moulton method, see
[10], odel5s: a variable order solver based on numericgdrdifitiation formulas (NDFs), see
[11]) and different error tolerance®(,.; € {107%, 1078}, tol,s € {107¢,1071°}). It turned out
that the presence of the observed drift is essentially iadéent of the solver and the accuracy
of the integration.

5 Conclusions

Starting with some basic observations from the theory aftsstic differential equations, we
have argued that the drift effect, observed when simulatingonstrained models based on
forces or accelerations, cannot be eliminated by suitaliegration schemes. It is a conse-
guence of noise in the excitation data.

The presence of the drift effect even in case of excitatiaih whdisturbed forces is due to
small numerical integration errors. Although the magretud these errors are under control
by setting error tolerances, they may accumulate as hasdesenibed in Se€l 2. This can be
compared to the well known drift-off, which is observed if BA are integrated using the for-
mulation of constraints based on velocity or acceleratemels (hidden constraints). However,
in those cases, we can apply stabilisation techniques @agimgarte stabilisation, se€ [2]),
since we know the constraints at the position level as wedle 8], [3], or [5] for details on
ODE and DAE solving.

As we do not know the true trajectory in our situation, suathteques do not help. The
only way around that problem is to stabilise the simulati8aq[3.B) making use of data on
the position level. Since a pure translational drift woutnt affect the section forces within
the vehicle, we could even do without controlling the tratishal degrees of freedom and
concentrate on the orientation.

As we have seen in Sec.B.1, we can in principle calculate tieatation from measured
accelerations, but during that twofold integration pr@oss again have the same drift problem.
Using suitable measurement equipment we can get the angitaities such that we have to
perform only one integration leading to a much smaller diifis now a matter of the quality
of the measurement equipment to keep the errors sufficisntdll. Some of the measurement
devices internally perform that integration step and d@elthe orientation angles directly. For
more details see Sdc. B.2 and the references therein.
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Finally in Sec[#, a simple example has been used to illesthat considerations.
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APPENDIX

A The equations of motion of the vehicle model

In the following, the equations of motion of the system arevidel. See Fid.]3 for the meaning
of the different quantities. We start with the spring forgagen by Hook’s law and a viscous
damping term and the force equilibrium (Newton/Euler eunes).

fi = ki(zi—G)+di-(5i—¢)i=1,2

fs = ks (z—2z—b-sinB)+ds- (55— 2 —b-Fcosf) (35)
i = ky-(z3—2+a-sinf)+dy- (43— 22+ a-[cosf)
my-Z=mi-g+fs—fi , me-ZH=me-g+ fu—fo (36)

mg-Zz3=mg-g—fas—fo , I-B=cosB-(b-fs—a- fi).
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Force excitation '
Introducingz = (z1, 29, 23, 3, 21, %o, 23, 3, (1, (2) T, combining the formulad(35|L(B6), and re-
arranging terms results in the following first order systdrdifferential equations:

Mz = A(ZE)I‘+F, M:diagl,l,1,1,m1,m2,m3,],d1,d2),

F = (0,0,0,0,m19 — fi1,mag — f2,m3g,0,—f1,—f2)",

0 1, 0
A = [An Ay 0 |,
Azp Asp  Asg .
—ks 0 ks —bkg%
A . 0 —]%'4 ]{Z4 ak4% .
- ks ky —ks — ky (bks — ak,)®aes ' (37)
—bkscoswy akycoszy (bks— aky)cosxy (—b*ks — a’ky)cos m%
—ds 0 ds —bds cos x4
Ay = 0 —dy dy ady coS T4
ds dy —ds — dy (bds — ady) cos x4 ’

—bdzcosty adjcoszy (bds —ady)cosxy (—b*dz — a’dy)cos®zy

[k 0 00 (dy 0 0 0 [~k 0
As = (0 ks O 0) Aaz = (0 dy 0 0) Aas = ( 0 —k:Q)'
Eq. (37) describes the system excited by the forGeg, at the contact points to the ground.
The system matrixi(z) depends on the pitch angle onlt(z) = A(x4) = A(B)). For small

angless we havecos f ~ 1 and% ~ 1, such that the vehicle can be described by a linear
systemM - & = A(0) -z + F.

Excitation by a road profile

If the system is excited by a given road profjle(s , then the forceg;, f, at the contact points
are reaction forces which are unknown prior to simulationthlat case the dynamic equations
are given by

Mi = A(z)-z+F, M = diag(1,1,1,1,mq, mz, ms, 1),

F = (0,0,0,0,m19 + k11 + d1§1, Mag + kaCa + d262, msg,0)7,

kv 0 0 0 d 0 00 (38)
- (0o L\ , |lokmoo|l s , |0 d oo
0 0 0O 0 0 0O

where the vector of unknownsis given byz = (21, 2», 23, 3, 21, %2, 23, 3) 7 -

A.1 Force excitation with prescribed pitch angle

If we prescribe the pitch anglé during force excitatiory, f> , we get an enforced moment
A at the center of mass of body 3. Singas no longer an unknown, we introduce the new
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variable vector: = (zy, 2o, 23, 21, 2o, 23, (1, (2) 7. Skipping thes-rows of matrixA(z) in (1)
and putting the5-columns into the new force vectér leads to

A . ~

Mz = Afi‘+p, M:diaq1,1,l,ml,mg,mg,dl,dg),
0
0
0
P mlg—fl—kgbsinﬁ—dgbﬁcosﬁ
mog — fo + kyasin 3 + dyaf cos 3 ’
msg + (ksb — ksa) sin 8 + (dsb — dya) 3 cos 3
—h
— /2 (39)
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
A . —k?g 0 k’g —d3 0 dg 0 0
0 —]{?4 k’4 0 —d4 d4 0 0
ks kg —k3—ky d3 dy —d3—dy O 0
K 0 0 dq 0 0 -k 0
0 ko 0 0 ds 0 0 —ko

The system matri¥l does no longer depend on the unknown stateghus, the vehicle excited
by the contact forces and guided by the prescriptiofl &f represented by a linear model.

B Model parameters

The following parameters are used:

geometry inertia stiffnegsV/m| damping[Ns/m)|
a=1[m] my = 15[kg] ky=2-10° dy =2 -10?
b=1[m] my = 15[kg] ky =2-10° dy =2 - 102
ms = 750kg] ks =1-10° ds=1-10*
I =500[kgm?]  ky=1-10° dy=1-10*

For the perturbed model, the stiffness and damping of thesthaprings as well as the moment
of inertia of the chassis have been changed according to

k?g — k’g . 105, k?4 — k?4 . 095, dg — d3 . 095, d4 — d4 . 105, I — 1-0.95.
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