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Chapter 1

Introduction

The study of quasistationary distributions is a long standing problem in several areas of
probability theory and a complete understanding of the structure of quasistationary dis-
tributions seems to be available only in rather special situations such as Markov chains on
finite sets or more general processes with compact state space. For a regularly updated
extensive bibliography with about 380 entries concerning the topic of quasistationary dis-
tributions we refer to [77]. In this work we consider one-dimensional diffusions on the
half-line and study the problem of convergence to quasistationarity. The starting point of
our investigation is the recent contribution [84] of S. Evans and D. Steinsaltz. It might
be rather surprising that despite the key contributions [25], [65], [66], [84] and [20] the
structure of quasistationary distribution of one-dimensional killed diffusions has not been
completely clarified. Even worse, since the proof of the main result of [25] has a serious
gap! even for the case of one-dimensional diffusions with trivial internal killing the general
picture is still rather incomplete. Similar problems for other classes of stochastic processes
have also been investigated quite frequently (see e.g. the important contributions [41] and
[56] of H. Kesten and his co-authors and the work [89] of E. van Doorn, where classes of
Markov-chains on the integers and in particular birth and death chains are considered) but
often a complete understanding is still missing.

The first work concerning the Yaglom limit for special one-dimensional diffusions including
non-trivial internal killing seems to be [54]. Some results for one-dimensional diffusions
with a compact state space have been established by N. Sidorova in chapter 4 of her phd-
thesis under supervision of Prof. H. von Weizsécker (see also [80]). The case of general
one-dimensional diffusions with a non-compact state space seems to be considered for the
first time in [84]. Steinsaltz and Evans establish in [84] several results concerning the qua-
sistationary convergence of one-dimensional diffusions killed at the boundary and in the
interior of the state space. In particular they prove an interesting dichotomy. Under quite
general conditions a one-dimensional diffusion conditioned on long survival either runs off
to infinity or converges to a quasistationary distribution given by the lowest eigenfunction

1J. San Martin communicated to the author several new ideas, which might after providing some further
arguments finally lead to a rigorous new proof of the results in [25]. Moreover we should stress that the
ideas developed in [25] played an important role in further developments.
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of the generator. In this thesis we complete some of the results of Steinsaltz and Evans by
giving conditions which allow to decide whether convergence to quasistationarity or escape
to infinity occurs. Furthermore, we will be able to remove some unnecessary conditions
posed in [84]. Unfortunately there are still several natural questions, which we leave open.
These are collected at the end of each chapter.

The dichotomy of Evans and Steinsaltz is derived mainly by purely probabilistic arguments.
In contrast to this we include several basic facts from the analytic theory of Sturm-Liouville
operators. Although it is well-known since the pioneering work of Mandl [63] that the
convergence to quasistationary distributions for one-dimensional diffusions is intimately
connected to the bottom of the spectrum of the diffusion generator, only elementary rudi-
ments and in many proceeding works on the problem nothing more than definitions and
very basic results of the rich spectral theory have been used. The inclusion of some analytic
methods allows to provide a more transparent picture. The use of these techniques even
seems to be necessary since in contrast to the case of trivial internal killing methods based
on the scale function are no longer available. But we have to stress that we strongly rely
on Theorem 3.3 of [84] which seems to be difficult to prove by purely analytic methods.
Thus the study of quasistationary distributions represents an area, where probabilistic and
analytic methods cross-fertilize each other.

Let us formulate the following theorem, which follows from our general analysis presented
in chapter 1, which might be considered as the main part of this work.

Theorem 1.0.1. Let (X;)i>o be a diffusion process in (0,00) corresponding to the generator
Lr = —%% +b(x) L + k(x) with Dirichlet boundary conditions at 0, where b € L}, ([0, 00))

and 0 < k € C([0,00)). Moreover, assume that [ elo 26)ds o — 0. Then the following
assertions hold

1. Assume that oo is a natural boundary point and in case of k # 0 suppose that
lim, oo k() # A§, where A\ denotes the bottom of the spectrum of the Sturm-
Liouwville operator L*. Then X; converges to quasistationarity if and only if the
lowest eigenfunction @(N;,-) is integrable with respect to the measure p.

2. If oo is an entrance boundary point, then X, converges to quasistationarity if and
only if the lowest eigenfunction ©(A,-) is integrable with respect to p.

This theorem answers a question which was posed to me in a private communication
with David Steinsaltz. The assertion of the above theorem can be interpreted as a ’qua-
sistationary analogue’ of the classical recurrence/transience dichotomy. In the classical
case a process with a transition function p(t, -, -) is transient iff the integral fooop(t, x,y)dt
is finite, and recurrent else. In the quasistationary setting, we have convergence to qua-
sistationarity iff [ (A5, y) p(dy) is finite and escape to infinity, else. The analogy with
the recurrence/transience dichotomy does not perfectly fit and we refer the reader to [66],
where different ideas and connections to ergodic properties of h-transformed processes are
presented.

We actually prove more than Theorem 1.0.1, e.g. we show that A\ < lim, .. k(z) al-
ways implies convergence to quasistationarity. In order to prove our results we borrow



some methods and ideas from mathematical physics, especially the theory of Schrodinger
operators. Extensions and adaptions of these ideas in combination with methods already
available in the literature on quasistationary distribution of one-dimensional diffusions play
an important role in this work.

In the recent paper [20] the authors consider diffusions on the half-line including those,
whose coefficients are strongly singular, in particular they are not integrable near 0. In this
work the authors are interested in establishing results concerning existence and uniqueness
of quasistationary distributions. Under the assumption that x = 0 and that a quasista-
tionary distribution exists the uniqueness question is completely solved in [20], but the
existence question is only answered under a whole bunch of conditions, which in particular
ensure the discreteness of the spectrum of the diffusion operator. This condition simplifies
the existence problem considerably: the up to multiplicative constants uniquely determined
ground state gives rise to a quasistationary distribution as soon as it is integrable. Thus
the existence problem is reduced to the question of the integrability of the ground state.
If the bottom of the spectrum is not a L?-eigenvalue the existence question becomes even
more involved. Thus it might be surprising that a very elementary inequality turns out to
play an important role. This inequality is a direct consequence of the fundamental theorem
of calculus and will be used many times in this work.

In chapter 3 we consider similar to [20] generators of diffusions, whose coefficients are non-
regular at 0 without assuming the discreteness of the spectrum. We are able to prove the
existence of quasistationary distributions also in cases, where the spectrum is not necessar-
ily discrete. This will done via a mixture of analytic and probabilistic techniques similar
to the regular case. But the spectral theoretic considerations require more advanced tools.
Let us summarize the progress which is achieved in this work. In the regular case we are
able to complete recent results of D. Steinsaltz and S. Evans in a non-trivial way. Even
in the case kK = 0 complete proofs of our main results are still missing in the literature.
In the non-regular case the results of this work extend several of the recent results of [20].
Indeed for a large class of diffusions we will be able to show the existence of quasistationary
distribution under the assumption of the strict positivity of the spectrum of the generator
associated to the diffusion. Moreover our arguments are in large parts also applicable to
higher dimensional problems. We hope that we are able to contribute to the higher dimen-
sional case in near future. For first steps towards a better understanding of quasistationary
distributions in higher dimensions with non-compact state space we refer to the very recent
preprint [21].

In the third chapter of this work we consider a problem, which might seem quite unrelated
to the proceeding results at least at the first glance. A second look at this problem already
indicates that tools and ideas very similar to the ones used in the previous chapters might
lead to new and in part rather precise results. We consider a rather exotic superprocess,
which was constructed quite recently by Klaus Fleischmann and Carl Mueller in [42]. This
process, which is called the super Brownian motion with a single point source, is strongly
related to a certain family of selfadjoint extensions of the restriction of the Laplacian to
smooth functions whose compact support does not contain zero. In order to get a better
understanding of this process we derive results concerning the large time behavior of the
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expected mass. Moreover a form of the strong law of large numbers for this process is
established under the assumption that a certain formula for the variance holds true. Thus
it only remains to derive this formula for the second moment. Our interest in this project
comes from two sources. First the process is interesting in its own since until now the
probabilistic meaning of the process is quite unclear. In his review of [43] Peter Morters
calls this process 'probabilistically somewhat mysterious’. We hope that our study of the
large time behavior will be a first step towards a better probabilistic understanding of the
Super-Brownian motion with a single point source. This process might also be useful in
order to extend results concerning probabilistic approaches to the scattering length. In
[87] Michael Taylor investigates several analytic questions concerning Schrodinger oper-
ators with positive potentials. In particular he extends the path integral representation
for the scattering length, which originally goes back to Kac and Luttinger (see [55]), to a
large class of positive potentials. In this work M. Taylor also poses the question whether
similar results are possible for potentials with a non-trivial negative part. Since negative
potentials generate mass one should look for probabilistic representations of the scattering
length via branching or super-processes. Since the scattering length can be easily calcu-
lated for the selfadjoint extensions of the Laplacian, we hope to be able to give a path
integral representation for the scattering length in this special case and to use this as a
guideline for further extensions. On the other hand part of the interest in the study of large
time behavior of superprocesses stems from the work [86], where Steinsaltz and Evans use
some of their results on quasistationary distribution in order to investigate the large time
behavior of a superprocess modeling damage segregation in cell branching. Their analysis
is restricted to a one dimensional spatial state-space. In order to design a more realistic
biological model the inclusion of a higher dimensional spatial state-space becomes neces-
sary. Our investigation of the large time behavior of the two dimensional Super-Brownian
motion with a single point source can be seen as a first small step toward this direction.

The last chapter is rather unrelated to the previous ones. It is included only for reasons of
completeness in order to describe a topic which has also been part of my research during the
last years. Here we establish essential selfadjointness of a singular magnetic Schrodinger
operator on arbitrary complete Riemannian manifolds without boundary. This result is
new and extends a previous result of M. Shubin. Moreover, it turned out that the same
method can also be used in order to establish a new result concerning strong uniqueness
of a class of finite dimensional Dirichlet operators (see [58]).

Let us end this introduction with a few words concerning the prerequisites, which we
believe to be necessary in order to understand this work. Since this work is partly analytic
and partly probabilistic we assume that the reader has basic knowledge in both subjects.
The analytic background which we use without specific references can be found in [95],
for the probabilistic background we refer to [39] and [45]. A certain familiarity with the
most basic parts of the theory of Sturm-Liouville operators (as presented e.g. in [53], [19]
and [96]) will certainly be helpful. For other results used in this work we will usually give
precise references.
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1.1 Demographic Motivation

In this section we sketch the original motivation for the work [84] of Steinsaltz and Evans.
We borrow several arguments from [83], where a much more complete discussion is pre-
sented. From the early days of demography it was known that there is an exponential
increase in mortality through a wide range of the lifespan. As mentioned in [83] this ob-
servation dates back at least to the 1820s and is usually attributed to B. Gompertz. Much
more recently demographers found out that the exponential rate of increase in mortality
rates tends to slow down at extreme old ages. Let us be more precise and give some def-
initions used in demography. We mainly follow Appendix A in [88]. For a given group
of individuals we denote by [, the number of individuals who survive to reach the age
x. Among these there are individuals who survive for 12 months. The number of these
survivors is [, y1. The mortality rate p, (also force of mortality or hazard rate) is on a
purely formal level defined as

1dl, d

e 7 . 111
[ L - og(ls) (1.1.1)

Integration of this equation gives

Iy @
= e~ Ja " nadz (1.1.2)
Gombertz’s law of mortality states that the force of mortality increases with age exponen-
tially, i.e.

fhy = ae’™.

For a large part of the age range this seems to be a good approximation, but the following
figure 1.1 indicates that at extreme old ages this is no longer the case. Figure 1.1 is copied
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Figure 1.1: The force of mortality p by age from [88], page 82

from page 82 in [88] and displays the force of mortality u by age. In order to give a clean
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picture at the extreme ages above 95 data of Japan and 13 Western European countries
are pooled. It is visible that the exponential increase of the death rates slows down at
extreme ages. Thus for very high ages the usual Gombertz law is not valid anymore.

We should also point out again that the slow down of mortality rates at extreme ages
is a rather universal phenomenon. It is also observed in large cohorts of drosophila or med-
flies. The graphic 1.1 as well as the following graphic should only serve as an illustration
of the demographic phenomenon described above. For details concerning the data set and
other statistical details we therefore refer to the original sources.

Humans Medflies
1 = & L | [0 2=l | v LY FLE LI LI LI B
A B
il 1 ot d
@ [ i
B
F= 010 - -
s
(1]
[
o
0.05 - -
0.1 F b
| | 1 1 O_oo.l.l.l.l.l.l.
80 90 100 110 120 0 20 40 60 80 100 120 140
Age (years) Age (days)

Figure 1.2: In the left picture again the death rates for human females are displayed.
Moreover it includes the exponential curve that best fits the data at age 80, the logistic
cure that best fits the entire data set. Moreover a curve. the logarithm of which is
quadratic. is fit to the data at ages 105 and higher. The right diagram displays death rates
for a cohort of 1,203,646 medflies taken from from [90]. The dark curve is for female flies
and the bright curve for males.

There exist at least two different common types of explanations for this phenomenon. One
type of explanation is usually referred to as temporal heterogeneity. The advocates of this
type of explanation argue that the slow down of the exponential increase of the mortality
rate is caused by a slow down of the aging process itself at extremely large ages. On the
other side there is a type of explanation, which is referred to as population heterogeneity.
Population heterogeneity refers to differences in the initial population, which cause the oc-
currence of mortality plateaus. Thus according to this type of explanation an individuum
which reaches a large age has just been intrinsically healthier.

Quite recently J. Weitz and H. Fraser presented in [98] a completely different explanation
for this phenomenon. They describe a rather simple toy model, which uses a Markov pro-
cess in order to model the aging process. Such models are often referred to as Markov
mortality models. Weitz and Fraser model ’vitality’ X; at age t as a one dimensional
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Brownian motion with constant drift b towards 0. The time of death is the first hitting
time of 0. In this rather specific model the time of death has a distribution which has a
closed analytic form. Let Tj be the time of death then the probability of survival until age
t with initial vitality y € (0, 00) is

<y _(y—br)?
]P’y(To>t) = t We 2 dr.

A rather straightforward computation shows that in the model of Weitz and Fraser

P,(Ty >t+1
lim oo >t+1)

b2
=lmP,(To>t+1|To>t)=¢e 2.
i Py(Ty > 1) tomo (To>t+1[To>1) =e

Asymptotically the model of Weitz and Fraser therefore predicts constant hazard rates.
The important point in the work of Weitz and Fraser consists in giving an example where
mortality plateaus arise ex nihilo. What Weitz and Fraser did not observe is the fact
that mortality plateaus are a quite common feature of a large class of Markov mortality
models. Steinsaltz and Evans showed that mortality plateaus are a very general phe-
nomenon, which should be expected in many Markov models and is related to convergence
to quasistationary distributions. In the Weitz-Fraser model this means that conditioned
on survival the vitality converges in the large age limit to a non-trivial distribution, i.e.
the distribution P, (X; € - | Ty > t) has a non-trivial limit as ¢ — oco. Therefore the demo-
graphic phenomenon of mortality plateaus leads to the interesting mathematical question
of convergence to quasistationarity of one-dimensional diffusions on the half-line. And the
mathematical analysis indicates that in quite arbitrary Markov mortality models the oc-
currence of mortality plateaus is unavoidable. Let us finally mention that in the review
article [26] written by the biologist J.R. Carey the work of Steinsaltz and Evans is referred
to as one of the most innovative works in biodemographic modeling. Thus the problem
considered in this work seems to be not entirely of purely mathematical interest.
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Chapter 2

Quasistationary Distributions in the
Regular Case

In this chapter we aim to complete previous results of David Steinsaltz and Steve Evans
in several directions. In order to do this we have to explore some analytic consequences
of several of their assumptions. These consequences will already indicate how we have to
proceed. In the next section we summarize several known facts and apply them in section
2.2 to our situation. The probabilistic conclusion is finally drawn in section 2.3, where
the main results are presented. In the final section 2.4 a short summery of our strategy is
given and some open problems are formulated and discussed. During this chapter standard
notation will be used. For a Radon measure p on (0,00) LP((0,00), 1) denotes as usual
the space of all (equivalence classes of) functions f which satisfy [ |f ()7 pu(dy) < oo. If
 is the Lebesgue measure we also denote this space just by LP((0,00)).

2.1 Assumptions, Definitions and Previous Results

In this section we describe our setting and basic assumptions. Let us start with the
necessary analytic terminology. In general a Sturm-Liouville operator is any formal differ-
ential operator of the form 7 = 7,,y = —%p%q% + V', where p,q : (a,b) — (0,00) and
V : (a,b) — R are sufficiently well behaved functions. In this work we consider only oper-
ators where p=q=p,V =k >0 and a =0, b = co. Moreover we always assume in this
chapter that p(z) = e2Jo ¥®)s for some continuous b € L. ([0, 00)) and 0 < x € C(]0, 00).
These conditions are not at all necessary but the inclusion of even bigger classes of diffusion
generators seems to be only of purely academic interest. Concerning the assumptions on b
we could replace the condition b € L}, .([0,00)) by the condition that for some ¢ € (0, 00)
fol e~ JE ) ds p < o0 and fol el () ds g3 < 5o, which exactly means that the boundary
point 0 is regular in the sense of Feller and also in the sense of Weyl (see Definition 2.1.1

and Definition 2.1.2). The formal differential operator L* = —%p%p% + K gives rise to a

9



10 CHAPTER 2. QUASISTATIONARY DISTRIBUTIONS IN THE REGULAR CASE

closable densely defined quadratic form ¢* in L*((0, c0), p(y) dy) by

1

CE((0oe) 39 () =5 [ s+ [ sl o)y

The closure of this quadratic form will be denoted by ¢*. In the sequel p will also denote
the measure p(y)dy. To the quadratic form ¢* there corresponds a uniquely defined pos-
itive selfadjoint operator L. This selfadjoint extension of the Sturm-Liouville differential
expression is the so called Friedrichs extension. It is easy to see that the action of the
operator L" is given by

Lfp(r) = —30"(2) + b(a)¢!(2) + () (a),

The bottom of the spectrum of L* will be denoted by A§. o(L") will denote the spectrum
of the selfadjoint operator L*. The corresponding objects with k = 0 are often denoted
by ¢, L and )\ instead of ¢, L% and \J, respectively. Since L® and L are selfadjoint
operators the spectral theorem implies the existence of spectral resolutions (E¥) AE[AS,00)
and (FE))xelrs,o0), respectively. For the basic facts concerning spectral theory of selfadjoint
operators the reader should consult [95]. Furthermore, the spectral theorem for selfadjoint
operators allows to consider functions f(L") of the operator. As explained in section 8.2
of [95] for a given Borel-measurable function f : R — R the operator f(L") is defined via

DU = {ue L(0.20)0) | [ 1FOR Bl < o0 o1

fw= [ L fas

Observe that for a Borel-measurable function f : [0,00) — R and o > 0 we have
Ran(f(L*)) € D((L*)*) if [0,00) 2 XA — |A*f(N)| is bounded. This implies in partic-
ular that the range of e=**" is contained in the domain of all powers of L. Moreover, the
spectral theorem allows to clarify further the connection between the quadratic form ¢* and
the associated non-negative operator L. Let v/L* denote the unique non-negative square
root of L which is defined via the spectral theorem. Then we have D(¢"*) = D(v/L*) and
for every f € D(L") we have

¢"(f,9) = (VL [, VL7 g) 12((0.00).)- (2.1.2)
Using the ’elliptic’ Harnack inequality it is not difficult (see [63] and Lemma 2.2 in [84])
to see that
Ay = max{\ € R |there is a positive solution of (L* — X\)u = 0
with «(0) =0, «'(0) = 1}.
Equation (2.1.3) already indicates that for 0 < A < A§ solutions of (L" — A\)u = 0 might

have a probabilistic significance.
In the sequel we usually denote by ¢(A, ) the solution of the ordinary differential equation

(L" = XN)p(N, ) =0, (A, 0)=0, ¢ (\0)=1. (2.1.4)

(2.1.3)
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It might be important to note that solutions in (2.1.3) and (2.1.4) are solutions in the
sense of the theory of ordinary differential equations. Despite the fact that we write L in
(2.1.3) and (2.1.4) we do not suppose in (2.1.3) and (2.1.4) that u and (A, ) belongs to
L*((0,00), p). In the sequel we usually try to make clear whether we consider solutions in
the sense of ordinary differential equation or solutions in the sense of Hilbert space theory.
Thus we do not require that the solution also belongs to the Hilbert space L?((0,0), p)
and thus is an eigenfunction in the sense of spectral theory. Usually we denote solutions
of (2.1.4) which are also eigenfunctions in the sense of spectral theory by u,. In this case
we always assume uy to be normalized, i.e. |[uxllz2((0,00),0) = 1-

At one point we will refer to the operator Ly which is associated to the closure of the

quadratic form
1

C(0.09) 3 9= (0 = 5 [ I WPo) dy

i.e. Ly is the selfadjoint realization of the differential expression —%p% (pL) in L2((0, 00), p),
which has Neumann-boundary conditions at 0. The quadratic form ¢ is a Dirichlet form
and the canonically associated Markov-process is a solution for the martingale problem
associated to the operator L with pure killing at 0. This means that there exists a fam-
ily of measures (P;)ze(0,00) 00 the space C([0,00),R) of real valued continuous functions
on [0,00) such that for every f € L?((0,00),p) and every = € (0,00) (due to the Feller
property)
(e f)(2) = EL[F(X), T > 1),

where (X}); is the canonical process on C([0,00),R) and Ty = inf{t > 0 | X; = 0}. One
dimensional diffusions have the great advantage that several important probabilities can
be calculated quite explicitly (see chapter 5 in [75]). We just recall that P, (Tp < oo) =1

for # > 0, if and only if for some ¢ > 0 [ elo 26(5)ds gt — o0 If [ elo 2(8)ds gt < o then

foo efg 2b(s) ds ¢
P, (T(] < OO) = Ioo I .
fo €f0 2b(s) ds J¢

Several other qualitative properties can be deduced in a similar way. In the next remark
we summarize another important fact from the theory of one-dimensional diffusions.

Remark 2.1.1. The diffusion corresponding to L is recurrent (see [75] chapter 5) if and
only if for xy € (0, 00)

o T [e's) 00
/ exp (/ 2b(s) ds) dx = o0 and / exp (/ 2b(s) ds) dx = oc.
0 o o o

In analytic terms recurrence means that the associated generator is critical (see [46] and
[75]). Recall that L* is called critical iff there exists a unique (up to constant multiples)
positive solution i of L") = 0. Otherwise L" 1s called subcritical. The following fact
from the criticality theory will be used later in Lemma 2.2.2: If 0 is an eigenvalue in the
L?-sense, then the generator is necessarily critical. This follows e.q. from Theorem 3.15
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of [46] or Theorem 4.2 in [67]. The fact that the technical assumptions of Theorem 4.2 in
[67] are satisfied follows from the proof of Lemma 2.2.2 (1). In order to apply Theorem
4.2 in [67] observe assuming further that the bottom of the spectrum of L" is an eigenvalue
in the L*-sense. Then for every negative 0 # W € L*>((0,00)) with compact support in
(0,00) we get

wf (o [TWEl@Psn) < [T W@lg@P ) <
$€CE°((0,00))

2122 ((0,00),0)=1

Also the semigroup e *"

space

has a probabilistic representation: We consider the product

C([0,00)) x [0,00) = {(w, &) € C([0,00)) x [0,00)}

endowed with the natural product o-field. Let (]13’96)356(0700) denote the family of measures
which is induced by the Dirichlet form ¢°. For = € (0,00) we define the measures

P, @ e ¢ d¢.

and the stopping time

T(w,€) = inf{s >0 /0 (ws) ds > g}.

Ty = min (To, TN)

If we set

then
(€ ) =B [[(X0).70 > 1] = B [ 090 (X). T > 1) (215)

Since it will be clear from the context, which probability measure is meant we omit the
tilde. It is rather straightforward to justify the Feynman-Kac representation (2.1.5) using
standard methods which are explained in great detail in the first three chapters of [29].

Let us recall the usual Feller classification (see e.g. chapter 3 in [10]) for diffusion generators
—%d‘fQ + b(z)-L in an open interval (0, 7).

Definition 2.1.1. Let ¢ € ( r) be given and set p(t) = e Je P4 The point r is
called accessible, if fcrp fy 2)dzdy < oo, and otherwise znaccesszble If r is
an accessible boundary point, then zt is called regular iff fc fcy “Ldtp(y)dy < oo. If
1 is accessible and [T [Y p(t)~t dtp(y) dy = oo, then r is called e:cz't boundary. If r is
inaccessible then it is called entrance boundary, iff [ [Y p(t)~  dtp(y) dy < oo. If 1 is
inaccessible and [T [7 p(t)~ dtp(y) dy = oo, then r is called natural. Of course the same
classification holds for 0.
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In this chapter we will always assume that the boundary point infinity is
inaccessible. As mentioned in [84] the case of two accessible boundary points will offer
no additional novelty.

The names of the boundaries can be justified by the behavior of the associated diffu-
sion process, e.g. if the boundary point r is accessible, then P.(7, < oo) > 0 for every
r > > 0. On the other hand if r = oo is natural then for any y € (0, c0)

lim IPI(Ty > s) =0 for any s > 0.
It is easy to check that the boundary point r is regular if and only if fcr p(t)dt < oo and

[ p(t)~tdt < co. If r is an entrance boundary, then [ p(t) dt < co but [ p(t)~'dt = +oc.
If r is exit then [ p(¢)~'dt is finite but [ p(¢) dt is not finite.

A boundary point is thus regular in the sense of Feller if and only if it is regular in
the sense of Weyl. For convenience of the reader let us recall the relevant definition of
the well-known Weyl theory of selfadjoint extensions of singular Sturm-Liouville operators

Lr = —ﬁ%(p%) + k in (0, r) adapted to our special situation.

Definition 2.1.2. Let z € C. We say that boundary r is of limit point type, if there
exists ¢ € (0,7) and a solution f of (L* — z)f = 0 such that [ |f(r)?p(y)dy = oc.
If there exists ¢ € (0,00), such that for every solution of the equation (L* — z)f = 0 the
integral [T f(y)?p(y) dy is finite, then we say that r is of limit-circle type. An analogous
notation applies to the boundary point 0.

A fundamental result in the theory of Sturm-Liouville operators is the so called Weyl-
alternative, which states that exactly one of the above situations holds and that the limit-
point/limit-circle classification is independent of z € C (see [53]). Moreover if we are in
the limit point case at r then for every z € C\ R there exists exactly one solution of the
equation (L* — z) f = 0 which satisfies [ |f(s)|? p(dy) < oo. Roughly limit-circle case at a
boundary point » means that we have to specify boundary conditions at r in order to get
a selfadjoint realization, whereas in the limit-point case at r no boundary conditions at r
are necessary.

As we mentioned in the introduction we are mainly interested in the asymptotic behavior
of the diffusion process (X;);>o corresponding to the operator L* on the half line condi-
tioned on survival. Therefore let us summarize the relevant definitions. Observe that our
formulation slightly differs from the one in [84] as we use the measure p as a reference
measure instead of the Lebesgue measure.

Definition 2.1.3. We say that X, converges from the initial distribution v to the
quasistationary distribution ¢ on compacta if for any positive z, and any Borel

A C|0,z]
~ Jaely) pldy)

hmIP’VXGA XSZ— z ’
t—00 (i | Xi<2) Js () p(dy)
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X; converges from the initial distribution v to the quasistationary distribution
@ if for any Borel subset A C [0, 00)

_ Jav() pldy)
I3~ w(y) p(dy)

Finally we say that X, escapes from the initial distribution v to infinity if

lim P, (X; € A| 19> t)
t—00

lim ]P’Z,(Xt <z|T19> t) =0.
t—o0

Remark 2.1.2. In the literature there is no commonly accepted definition of quasistation-

ary distributions. The probability measure _2wpldy) Definition 2.1.3 is sometimes also
Jo~ e(y) p(dy)

called a quasi-limiting distribution. A quasistationary distribution v is often defined as a
probability measure U supported in (0,00) satisfying

Py (X, € A| 79 >t) =0(A), V Borel sets A C (0,00), t > 0.

Quasi-limiting distributions are also called Yaglom limits. It is not difficult to see that
quasi-limiting distributions are in particular quasistationary distributions. Most of the
time we use both terms interchangeable since we are mainly interested in the quasi-limiting
distribution.

Let us now describe one of the main results of Steinsaltz and Evans (Theorem 3.3 in
[84]). Observe that we have due to equation (2.1.3) that ¢(\f, -) is positive.

Theorem 2.1.1 (Theorem 3.3 in [84]). Let (X,)i>0 denote the diffusion which is associated
to the Dirichlet form q" and let L* denote the operator associated to q%. Moreover let \j =
inf o(L") and the p(X§,-) solve the ordinary differential equation L*@(X\§,-) = A§o(AS, )
with p(Ng,0) = 0 and ¢'(N\;,0) = 1. Assume that oo is a natural boundary point and that
we are in the limit-point case at co. Suppose that either

liminf k(z) > Aj or limsupk(z) < Aj.
Then either X; converges to the quasistationary distribution (A5, -), or X; escapes to
infinity. In the case liminf k(x) > A, X; converges to the quasistationary distribution

(N5, +) if and only if |7 o(N§,y) p(dy) is finite.

We would like to stress that the assertion of Theorem 2.1.1 is not at all trivial. A
priori it is neither clear that the conditional distribution converges nor that the mass can
not split with part of the mass remaining on (0,00) and part of the mass escaping to
infinity. Missing are obviously simple general conditions, which allow to decide which case
actually occurs. Steinsaltz and Evans are able to specify one case, in which X; converges to
quasistationarity. They prove that in the case \j < K =: lim;_, k() one has convergence
to quasistationarity if the condition

(GB’) 3b, & > 0Vy large enough : [b(y)| < by and k(y) < &y
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or the related condition

(GB”) 3by, by, R, 8> 0Vy large enough : byy”® > b(y) > —byy, V(y) > —boy?
and r(y) < Ry

are satisfied (Notice, that our sign convention differs from that of [84]). We would like to
point out that though these conditions are satisfied in many applications they are from a
theoretical point of view somewhat unnatural, e.g. there seems to be no natural reason,
why an upper bound on the killing rate as in (GB’) should be necessary. On the contrary
if one strengthens the killing rate x then from a heuristic point of view it should be easier
to prove convergence to quasistationarity.

Remark 2.1.3. We make use of Theorem 2.1.1 only in the case \j > lim, ., k(z) and
p((0,00)) < 00. In the other cases we use different techniques. In the next section we show
that 0o is always in the limit-point case. As emphasized in [84] in this case the heuristic
behind Theorem 2.1.1 is quite clear, but the translation of this idea into formal mathematics
s not trivial.

2.2 Analytic Results

In this section we present several results, which are mainly derived via analytic techniques.
We use standard methods from the theory of Sturm-Liouville operators but the inclusion of
these methods in the study of quasistationary distributions seems to be new. The results are
most probably not surprising for or even known to experts in the Sturm-Liouville theory but
since our results will mainly be of interest for the probability community we present rather
complete proofs. We start by establishing a connection between the Feller classification
and the Weyl classification of boundary points. This has already been investigated in [99]
for the case k = 0, but in this work the author introduces the notion of weak entrance
boundary and shows that one is in the limit-circle case if the boundary point is of weak
entrance type. In particular we show that there are no weak entrance boundaries at oo by
proving that oo is of limit-point case if and only if it is not a regular boundary point. The
proof we give is rather well-known in the Schrédinger case (see [13] and [79] for similar
ideas in a much more general context and section 13.4 in [96]). The required regularity of
the coefficients of the Sturm-Liouville expression is far from being optimal and is assumed
only for convenience.

Lemma 2.2.1. Let the Sturm-Liouville expression 7f(x) = %(r(m)f’(x))l +q(x)f(x) be
given. Assume that r is strictly positive and locally Lipschitz in (0,00) and q € L2 ([0, 00))

such that q(x) > —C|z|* + D for some constants C, D > 0 Then we are in the limit point
case at Q.

Proof. Obviously we can assume that D = 0. As usual in the theory of Sturm-Liouville
operators we define the maximal operator T" and the minimal operator 1" associated to the
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differential expression 7 via

D(T) == {f € L*((0,00),7(z)dz) | f, rf" absolutely continuous in (0, ),
Tf € L*((0,00),r(x)dz}

Tf:=1f for f € D(T)
and
D(T) := {f € D(T) | f has compact support in (0, oo)}, Tf:=Tf for f € D(T),
respectively. Let T, be the restriction of the maximal operator T' to the domain
D ={f € D(T)]| f(0)cos(y) —rf'(0)sin(y) = 0},

where v € [0,7). The reader may even set v = 0 in the sequel. Then (7),,D) is a 1-
dimensional restriction of the maximal operator. We will prove that 7', defines a symmetric
operator, i.e. (f,7T,f)r2() € R for every f € D. This proves the assertion of the Lemma,
since if we are in the limit-circle case at oo then the deficiency indices of the minimal
operator T would be (2,2) and the operator T, would be a 3-dimensional extension of T.
This is a contradiction to the symmetry of 7, since every maximal symmetric extension of
T is a 2-dimensional extension. Let ¢ € C*(R) such that 0 < ¢ <1 and

=1 if 7] < 1
€Tr) =
i 0 if |z| > 2.

Further we set ¢ (z) = (%) (k € N). Then we get
| o T faprta) o = [ el F@ (0 f @) + r(oate)) da
- /OOO or(@)?(IF (@) + q(@)| f(2)]*)r(z) da

o / " @) (@)@ @)r(a) do.

This gives for f € D(7T,) and k € N

(f, Ty f) 2 0p,r) = lim or(x)* f ()T f (z) r(x)dx

k—o0 0

~ lim { / T 2@ (@ + alfP) r(x)da (2.2.1)

r—00
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The first term on the right hand side of equation (2.2.1) is real and therefore is suffices to
prove that the second term converges to 0 as & — oo. For the second term on the right
hand side of equation (2.2.1) we have for some constant M > 0

< (/Ooogpk(x)2|f’(x)|2r(x)dm/ooo|90k( )P (@) r(2) x)

<o ([T awrr@r e [ @ a)

(2.2.2)

/0 " (@) @) F@ (@) r(z)da

For the first integral on the right hand side of the inequality (2.2.2) we get with the help
of (2.2.1)

/0 " on@)?|f (@) Pr(z) dz = / " R@T@(T, f(2)) ra)dz — / " 2 @)a(@)|f (@) r(x)da
9 / " (@) @) (@) r(x)da
< / " @ @IIT (@) () + C / " @)l (@) r(e)da

1 [ _
3 | APl @F ) + AP
<N Nl 2r@yan) | Ty fll 2 er@yae) + C R\ FI| 22 @)de)

1 [ _
3 / oi(2)?[f' (@) P (@) de + AMPE72|| fl| 2o @)y
0
This gives
/ ()21 f () r(z)de < 2| fll 2@y 1 Ty Fll 2 (r(wyan) + 2C 2K F 1172 (r(2)m)
0
+ 8M2E || f 1122 o)

and therefore for large k
| nePIr@P s < 6+ Ca? < ok
0

Using (2.2.2) this implies that as k — oo

2%k )
SMk_l(Cgk’z/k |f(x)|2r($)dx) — 0.

/O " (@) @) F@ (@) r(z)de

This finishes the proof of the assertion. [
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The above result in particular shows that the assumption (LP) (= limit point case at
infinity) in [84] can always be dropped and we are allowed to use the results established
by Steinsaltz and Evans. Steinsaltz and Evans proved that (LP) holds true if x = 0 or if
the assumption

(LP’) liminf 272 (b(2)* — ¥'(2) 4 2k(2)) > —oc0

Z—00

is satisfied. The occurrence of (LP’) is explained by the fact that Steinsaltz and Evans do

not use the space L*((0, o), p) from the very beginning but instead work with L?((0, 00), dz).
Let us recall another fundamental result from the theory of Sturm-Liouville operators with

one regular boundary point. A proof of it can be found in [47], [19] or any other textbook

on the theory of Sturm-Liouville operators.

Theorem 2.2.1. Let 7 = —%p%(p%) + k be a Sturm-Liouville expression which is reqular
at 0 and in the limit point case at infinity and let H be the selfadjont realization of T
in L*((0,00), p(x)dx) with Dirichlet boundary conditions at 0, where p(z) = e~ Jo 20()ds,
Let o(z,-) be the unique solution of the ordinary differential equation Tp(z,-) = zp(z,-)
satisfying p(z,0) = 0 and ¢'(2,0) = 1. Then there exists a measure o such that supp(c) =

o(H) an such that
U < 2((0,00). p) — LX(o(H),0), h s h() = / " h(@)p(2) ple)da

uniquely extends to a unitary mapping with the property that for every F € C(R)
UFH)U ! = Mp

in L*(R, ), where Mp denotes the maximal operator acting by multiplication with F.
Moreover the spectrum of H is simple and o(F(H)) = essran,(F).

The spectrum of a selfadjoint operator can be classified at least into two parts. Recall
that the essential spectrum o.s(A) of a selfadjoint operator A consists of all limit points
of the spectrum o(A) and all eigenvalues of A of infinite multiplicity. The discrete part
04(A) of the spectrum o(A) of A consists of all isolated eigenvalues of finite multiplicity. In
the Sturm-Liouville case every eigenvalue has finite multiplicity and therefore the essential
spectrum of Sturm-Liouville operators consists of the limit points of the spectrum. It is
well-known that the essential part of the spectrum of selfadjoint operators is invariant with
respect to relatively compact perturbations. It might be useful to recall the definition of
relative compactness. Let T : X — X be an operator acting in a Banach space X. Then
an operator V : X — X is called relatively compact with respect to T, if D(T") C D(V)
and if for some 2z € C\ o(T') the operator V(T — 2)~! is compact. We refer to section 9.2 of
[95] for further details, which will be used in the next Lemma, where several consequences
of the condition A§ # lim;_, x(t) are investigated.

Lemma 2.2.2. Let the Sturm-Liouville expression 7 f = —%p(pf’)’ in (0,00) be given and
let L be the selfadjoint realization of T in the Hilbert space L*((0,00), p(x)dx) satisfying
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Dirichlet boundary conditions at 0. For some continuous and bounded function 0 < k €
C([0,00)) let L* denote the selfadjoint realization of the Sturm-Liouville expression T + K
satisfying Dirichlet boundary conditions at 0. As usual set \g = inf(o(L)) and A\ =
inf(o(L*)). Then the following assertions are true:

(1) If limy_ £(t) = 0, then oess(L) = Oess( L")
(2) Ao >0 and [;° p(t)~" dt = oo imply p(Ry) < oo.
(3) Ao >0 and p(|0, oo)) = o0 imply lim, . 1 log p([0, 7)) > 0.

(4) If Ny < limy_oo k(t) then \§ is a simple isolated eigenvalue with a unique positive
eigenfunction.

(5) If \§ > limy_, (1) then Ao >0

Proof. Assertion (1) can be derived from the fact that the essential spectra of two selfad-
joint operators 77 and Ty coincide, if the for some z € C\ (¢(71) U o(T3)) the difference

(T1—2)7 = (T —2)"
is a compact operator. Set x,(t) = Ljn)(t)k(t). The resolvent equation gives for z € C\ R
(L' —2) ' —(L—2)' = (L™ —2) (L - L") (L —2)"" = —(L* — 2) 'k (L — 2)7 .

Observe now that the operator x, (L — z)~! is compact, i.e. the operator acting by multi-
plication with k,, is relatively compact with respect to the operator L. This can be seen
by considering the explicit form of the resolvent (see chapter 3.3 in [53], similar results can
be found in [24]). We have

o = 2 ate) = o) g (060 [ alatptay + ate) [~ ooty

where the Wronskian W (f, g) of two locally absolutely continuous functions f and g is
defined by W (f,g)(x) = f(z)pg' (x)—pf'(x)g(x) and u,v are linearly independent solutions
of (7 — z)w = 0 satisfying u(O) =0,0/(0) =1 and |7 |v(y)]* p(dy) < co. As is well known
the Wronskian W (v, u) is actually independent of x € (0,00) and is not zero due to the
linear independence of v and u. Observe that we are using the fact that we are in the limit
point case at infinity. Thus r,(L — 2)~! is an integral operator in L?(p) with kernel k(-,-)
given by

ey (yule) iy >,

which is Hilbert-Schmidt and therefore in particular compact. In order to prove the Hilbert-
Schmidt property observe that due to the mentioned properties of v and v

[ [ e ot ot = /(/ ()P p(d) om0 () P

+/ w2 pldy) | n(2)ula >|) (dr) <

tin (2) v(x)u(y) ify <,
e {1
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It remains to show that L"» converges in the norm-resolvent sense to L" since in this case
(L—2)" = (L =2 = (L—2) = (L"—2)7"
with respect to the operator norm. But this follows from the resolvent equation
(L =) = (=) = (L =) e ) ()

since

(L7 = 2)7 = (L7 = 2) 7| < (L = 2)7Hlllk = Ballooll (L7 = 2) 7]

< L k- 0

< (%2)2“”{ Fonlloo —
as n — oo. In the second inequality we used the fact that the operator norm of an operator,
which acts by multiplication with a function f, coincides with the supremum norm of the
function f.
Assertion (2) is contained in [65] and also follows from Theorem 1 of the recent work [76]
(In [76] somewhat stronger conditions on the drift are imposed, but an inspection of the
proof shows that these are not necessary).
Assertion (3) follows e.g. from the work of Notarantonio [69]. His result implies that the
bottom of the essential spectrum of the operator Ly with Neumann boundary conditions
at 0 is bounded above by limsup,_., *logp((0,7)). This is 0 if the volume growth is
subexponential. In order to prove assertion (3) it is therefore enough to show that Ay > 0
implies the strict positivity of the bottom of the spectrum of Ly. Since the difference
(Ly + 1)1 — (L + 1)~! is obviously compact, the bottom of the essential spectrum of
Ly coincides with the bottom of the essential spectrum of L. Thus if the bottom of the
spectrum of L is strictly positive, then also the bottom of the essential spectrum of Ly is
strictly positive. If \)" := inf o(Ly) = 0 then A\)Y = 0 is necessarily an isolated eigenvalue
of the operators Ly. Let us assume that A}’ = 0. The unique (up to positive multiples)
non-trivial and non-negative eigenfunction v" € L?((0,00), p(x)dx) associated to A\)Y = 0
therefore solves the boundary value problem

N N, N N dv™
Lyv™ =X v =0, v (0) >0 and p%(O) = 0.

Since this ordinary differential equation has a unique solution and since for some constant
¢ > 0 the constant function c1 is also a solution of this equation, we conclude that
vy = c1. Since due to the assumption p((0, 00)) = oo we finally arrive at the contradiction
vy & L2((0,00), p(dx)) and therefore A\ > 0.

Assertion (4): If A\j < lim;_. k(t) = K then an application of the result in (1) shows that
L" = L + K + (k — K) has the same essential spectrum as L + K. Since L is a positive
operator the bottom of the essential spectrum of L + K has to be bigger than or equal to
K. The assumption A\j < K therefore implies

AS <K< Aess(L + K) = )\ess(LH)a
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which implies the assertion of the theorem.

Assertion (5): Again the application of (1) implies that L* = L 4+ K + (k — K) and
L + K have the same essential spectrum. In particular we conclude that inf .. (L) + K =
inf oess(L + K) > Aj and therefore inf o.e5(L) > Af — K > 0. If 0 < Ay < inf ops5(L) then
Ao is an isolated eigenvalue. Because of the transience of the diffusion corresponding to
the generator L (see Remark 2.1.1) and criticality theory (see Remark 2.1.1 and [46], [75])
0 can not be an isolated eigenvalue. Thus Ay > 0. ]

In some sense it is Lemma 2.2.2, which allows us to go beyond the assertions of Theorem
2.1.1, since it allows us to separate the influence of the drift from the effect of the killing
term. Moreover it clearly shows, why the case \j < K will turn out to be easier than the
case \j > K.

Remark 2.2.1. In Lemma 2.2.2 we usually worked with the assumption that the limit
limy o K(t) exists. Since Theorem 2.1.1 does not assume such a condition it is natural to
ask, which assertions of Lemma 2.2.2 really rely on the existence of the limit limy . k().
In assertion (4) of Lemma 2.2.2 we assumed that lim; . k(t) > A§. Let us now assume
only that liminf, . k(t) > A§. By the so called decomposition principle (as in the proof of
Theorem 14.11 in [51]) it is not difficult to see that the essential spectrum of L* and the
essential spectrum of the operator L% (a > 0) do not differ, where the operator L% is the
selfadjoint extension of ™ in L*((a,00), p) satisfying Dirichlet boundary conditions at a.
Therefore we have
inf os5(L") > lim inf o(LY).

a—00

If ag > 0 and € > 0 are such that inf;>,, k(t) > \§ + € we thus conclude that

inf O'ESS(LK) > lim me(LZ)

a—0oQ0

>t (G [ ersa + [ selewpa)

peCE° (ag,0) ao ao
191122 (ag,00).0)=

>\ +e.

Summarizing we have shown that already the condition liminf, . x(t) > Ay implies the
bottom of the spectrum of L" is an isolated eigenvalue. A similar argument applies also to
assertion (5). We preferred to present Lemma 2.2.2 in the given form, since in this case
the necessary arguments are very straightforward.

Remark 2.2.2. The assertion (2) of the above lemma can be made much more precise.
Assuming that absorption is certain Ross Pinsky proves in [76] that
1 1

s S A< 5oy

8A(b) 2A(b)’ (223)

where

A(b) = sup p([; 50) / Sty dt

>0
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Related analytic inequalities, which are usually referred to as weighted Hardy inequalities,
can be found in [68]. Indeed the results of [68] can be used in order to deduce Pinsky’s
bounds in a rather straightforward way.

Remark 2.2.3. The fact that the bottom of the spectrum is an isolated eigenvalue is also of
practical interest, because in this case the associated eigenfunction can be approximated in
a quite accurate way by the ground states of reqular Sturm-Liouville operators on bounded
intervals (see the recent survey [97]). Such a result is reproved in the recent preprint [91] in
order to provide an approximation of the minimal quasistationary distribution of a diffusion
generator with discrete spectrum via a Fleming-Viot type interacting particle system.

Remark 2.2.4. Assume that Aj is an eigenvalue with associated eigenfunction uys €
L%((0,00), p), which by general theory is strictly positive and simple (this is a direct con-
sequence of standard theorems of Perron-Frobenius type, see e.g. Satz 17.6 in [96]). Then

tligg eAgtpH(tv Z, y) = CUyg ([E)U,)\S (y)a
where c is a normalizing constant, which is 1 if [uxs||r2(0,00)p) = 1. This was proved

in [82] for the transition function of Brownian motion on Riemannian manifolds but the
proof carries over without essential changes to our case. The interested reader will find the
necessary arquments later in the proof of Lemma 4.5.1.

We will also make use of the following result which is a special case of Theorem 3.1 in
84].

Lemma 2.2.3 (Theorem 3.1 in [84]). Let 0 < f € L*((0,00), p) with compact support
supp(f) C [0,00) be given and let vy denote the measure f(x)p(dz). Let L be as in
Lemma 2.2.2 and let p*(t,-,-) denote the integral of e=*t". Then for arbitrary measurable
bounded sets A, B C (0, 00)

o do @) [yt e y) pldy) pldr) [ 9(05, ) p(dy)
oo [7 f(x) [ype(tx,y) pldy) plde) [, 0(A5,y) pldy)’

on compacta to the quasistation-

i.e. Xy converges from the initial distributions W
0

ary distribution p(A§, ).

The above lemma can be proved rather directly using the spectral representation for
Sturm-Liouville operators. The reader will see the necessary arguments later in this work
in the proof of Theorem 2.2.3. Our first goal consists in extending this result to the case
of general compactly supported initial distributions . Before we prove such an extension
we will deduce some consequences of Lemma 2.2.3. This will lead to Theorem 2.2.2, which
is often referred to as a strong ratio limit theorem. Before we begin with the proof of the
strong ratio limit theorem we explain another analytic fact which has no direct relation to
spectral theory but which will turn out to be very useful.



2.2. ANALYTIC RESULTS 23

Remark 2.2.5. We will make good use of the local parabolic Harnack inequality which
quite general holds for second order parabolic differential equations. The local parabolic
Harnack inequality ([62]) states that for fized xy € (0,00),t € (0,00) and R > 0 there is a
constant C such that for every weak solution u of (0, — L*)u = 0 which is non-negative in

Q((xo,t0),4R) C (0,00) x (0, 00)

sup u<C inf |,
O((zo,t0),R/2) Q((zo,t0),R)

where

Q((Io,t(]),R) = {X € R? ‘ max(]x — $0|, \/ |t — to’) < R,t < t()}
and O((xo, to), R/2) = Q((wo,to — R%), R). As in Theorem 10 of [28] this inequality can
be applied to the transition kernel p*(t,z,y) in order to prove that for every compact K C
(0,00) and T > 0 there is a constant ¢ = ¢(K,T) > 0 such that fort > T, x1, x5, 23,24 € K

C_lpﬁ(ta X, IQ) S pn(t7 xs, 1’4) S Cpn(ta Zy, x2)‘

Moreover the local parabolic Harnack inequality shows that there exists a locally bounded
function F : (0,00) — (0,00) such that for every t > 1, y € (0,00) and |z — x| < 3 A %

pi(t,z,y) < F(o)p®(t+1,2,y)

Some very important ingredients for the following proofs go back to [5], where it played
an important role in a different context. Since we do not assume criticality of the operator
and since no Holder-continuity of the coefficients is required we can not directly copy the
proof of Theorem 2.2 in [5].

Lemma 2.2.4. For any zo € (0,00) the family of functions

5 (¢
{[0,00) KR, xR, 5 (t1,y) o LLESTY) ) oo 1}
P (s, o, To)

is relatively compact in the space C((0,00)% R) of real-valued continuous functions on
(0, 00)2%.

Proof. Let (s,)nen be a sequence with 1 <'s,, — oo and set for ¢ € [0,00), z,y € (0,00)

P(sn+t,2,y)
p,{<sn7 a’? a? )

TTL (t7 -T:, y) = Y
where a € (0,00) is fixed. The functions (¢, x,y) — r,(t,x,y) (n € N) are solutions to the
parabolic equation

(20 + L + Ly)ra(t, z,y) = 0,

where the operator Ly and Ly act as L™ on x- and y-variable, respectively. By the local
parabolic Harnack inequality (compare Remark 2.2.5) we conclude that for each compact
set K C (0,00) there exists a constant Cx such that for alln € N, t > 0 and z,y,a € K

pn(sn + ta xz, y) < OKpK(Sn + t> a, CL)
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By general spectral theory it is proved by Davies in Lemma 4.3.1 of his work [28] that
7+ p*(r, xo, To) is non-increasing. Therefore we conclude that for ¢ > 0 and z,y € K

P(sn+t,@,y)

< (.
pi(sn,a,a) — N

Theorem 6.28 in [62] shows that the set {r, | n € N} is locally uniformly equicontinu-
ous. Therefore by the theorem of Arzela-Ascoli there exists a subsequence (7, )xeny Which
converges locally uniformly. ]

In the following proof we compare the quotient of the heat kernel at different time and
different spatial points. In the probability literature one usually refers to such results as
strong ratio limit theorems. These are known for several types of stochastic processes.
Results for certain branching processes can be found in the book [6] of Athreya and Ney.
A proof of the strong ratio property for certain Markov chains on the integers was given

in the work [57] of Kesten.
Theorem 2.2.2. Let p*(t,-,-) denote the integral kernel of the selfadjoint operator e='£"

then for any x¢ € (0, 00)

li p(t+8,l‘,y) _ —AotSO()‘Gax)(p()\S7y)
m —— ¥ = € P P
s§—o0 p(s,a, a) QO(/\O’Q)QD(/\WG)

Proof. For every sequence (S,)nen C (0,00) converging to infinity we know by Lemma
2.2.4 that for some subsequence (s, )i of (s,) there exists a function ¢ such that
P (sn, +1,7,9)

P*(sny, @, a)

— P(t, 2, y),

where the convergence is locally uniform in [0, 00) x (0,00)?. Since by Lemma 7.7 in [84]
(see also the proof of Theorem 25 in [28]) for every f € L?((0,00), p) with compact support

—(t+s)L"
lim <6 — f7 f>L2(p) _ G_Agt
t—0o0 <€ y f7 f>L2(p)

one easily concludes that
U(t,x,y) = e 00, 2,y).
Lemma 2.2.3 shows that for every f,g,h € C'°(0, 00)

Jy 9W)eOsy) pldy) _ 7
foooh( Jo(N§y) p(dy)  k—oo [° f

I 9W)p* (sn,., ,y) p(dy) p(de)
I hW)p (s, 2. y) p(dy) p(dx)
)

)

Xz

(
)
)
) Fiomas) Py

(
(

fo"" flz )
<xL yj@%$1<><m>

h
@) f g ()0, 7. ) pl(dy)
J? 2) ;7 h(y)0(0. 7. ) pldy)

g\y
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This implies that for x € (0,00), g,h € C°((0, c0)

ﬁ g:iEﬁ}é“uwwmwwnm@y:Ammwwaaymww
and furthermore for every h € C2°(0, )
o fo (0, 2, y) p(dy)
w(owrv y) - ()0()‘07 fo )‘67 ) (dy)

Due to the symmetry of (0, -, ) we conclude that for some constant ¢ > 0

(0, 7,y) = co(\g, )p(AG, Y)-

Because of ¥(0,a,a) = 1 we arrive at ¢! = ¢(A\5, a)@(A\§,a). Since this is true for every
subsequence the assertion of the theorem is proved. ]

Corollary 2.2.1. Let A C (0,00) and B C (0,00) be precompact sets and let s > 0 be
given. Then

o BoKees € 4) i 40N, @) plda)

- P, (X, € B) [z 2(N5.9) p(dy)

for every initial distribution v, which is compactly supported in (0,00)

Proof. We have seen in Theorem 2.2.2 that for fixed = € (0, 00) we have

i PET8:2,9) _ e_Agsw(A?i,fv)w(Ag, v)
t—00 p(ta a, CL) QO()‘Oa (I)QD()\O, CL)

where the convergence is locally uniform on (0,00) x (0,00). For every Borel measure v
with compact support in [0, 00) we therefore get

P, (Xips € A) [ v(dx) [ pldy)p(t + s,2,9)1a(y)
P, (X, e B)  [Zuv(de) fo (dy)p~(t,z,y)1p(y)
Iy v(de) [ pldy)p™(t + 5, 2,y)1a(y)

N pi(t,a,a)

'O?WM”?WMwwawb@UA

p(t,a,a)

= /0 . v(dz) /0 - p(dy)wlfx(y)

(t,a,a)

. (/ooo v(dx) /OOO p(dy)%lB(y)) -1
y)
y)

P,(Xis €Al X, € B) =

—>6_X€ fAQO 07 ) (
fB(P)‘O? ) (
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Remark 2.2.6. Theorem 2.2.2 has an intimate relation to the parabolic Martin bound-
ary theory. In terms of this theory it says that every sequence (s,,x) C (0,00) X (0,00)
with lim,, .o, s, = —00 converges in the parabolic Martin topology to the parabolic Martin
boundary point corresponding to the minimal parabolic function hAg(t,x) = eMlp(\§, ).
The parabolic Martin theory probably allows to conclude that the parabolic function hys is
even invariant, since it corresponds to a point in the parabolic Martin boundary, whose
time coordinate is 0o, and therefore the hys-transformed process should be conservative. It
maght be worth to look at the relation to the parabolic Martin boundary in more detail.

The next result is an extension of Theorem 3.1 of [84]. Steinsaltz and Evans had to
pose an additional condition on the initial distribution v and they stated the general case
as an open problem. Their most general condition reads

(ID") If Xy has distribution v, then 3s > 0 for which the distribution of X,
has a density f € L*((0,00), p), with lig\rllAiQf Uf(A) > —oc.
0

Obviously it is not at all easy to check, whether an initial distribution v with compact
support satisfies the condition (ID’). Using some results from spectral theory and several
ideas of Steinsaltz and Evans we are able to allow arbitrary compactly supported initial
distributions. We give a rather detailed proof of this theorem and only sketch the proof of
the analogous result for the case of an exit boundary at 0 in the next section, since it is
virtually the same. Observe however that for our main results concerning the convergence
to quasistationary distributions Theorem 2.2.3 is not needed at least in this chapter. One
main ingredient in the proof is the insight that the "high-energy’ spectrum can be cut out
without changing anything. For a Radon measure v on (0 oo) and a Borel measurable
function f : (0,00) — C we use the notation (v, f) := [~ f

Theorem 2.2.3. Let v be an initial distribution which is compactly supported in (0, 00).
Let (X¢)i>o0 be the diffusion corresponding to the Dirichlet form q*. Then X; converges
from the initial distribution v on compacta to the quasistationary distribution (A, -).

Proof. For reasons of convenience let us denote during this proof the spectral resolution of
L" by (E)), instead of (E¥),. Let us first prove that for every A\; € (Af, o0)

i 2 EAG, MDe ™ 14) fASO ASU ) (dy)
=00 <V7 E([/\ga )‘1])6_“:%1[0,20 fO (,0 y)

Observe that the operator E([Af, A;))e *" has an continuous integral kernel (¢, z,y)
hM (¢, x,y) with respect to the measure p(dx), where

(2.2.4)

WM (3, y) = /[A PR ) o) (2.2.5)

This implies that for every pre-compact subset K C [ ,00) the functlon B[N\, M])e 1k
is continuous and therefore (v, E([\§, \i])e "1 "1g) = [LE 1tLKlK( yv(dx) is
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welldefined. The formula (2.2.5) follows directly from the eigenfunction expansion the-
orem of Weyl as for compactly supported function f,g € L>((0,0), p)

(02 B MDY Dizooorn = [ Lngage™ FONION) o)

[AG00)

= [ 1@ [ o) [ o) ol pldy)ota)
0 0 [)‘gv)‘l]
where we used Fubini’s theorem and the notation

) = / " o\ @) f () pldz) and G(A) = / " o a)g() plde).

Observe that the use of Fubini’s theorem in (2.2) is easily justified by the fact that the
bounded functions f, g have compact support and that (\,z) — ¢@(\, z) is continuous.
Using (2.2.5) we have that for every Borel set A C [0, 2]

(v, B(IN, Ad)e " 14) = /

[>\87>‘1]

/ (A ) v(dz) / o y) pldy) o(d))  (2.2.6)

The assertion (2.2.4) follows from the facts that for continuous functions g, h: R — R

Jos e g(N) o(dN) f[A” M€ 9N a(d) (fP\SJq] eh()\) a(dA))‘l o)
f[/\SJq] e~*(A) o(dA) f[,\g,,\l] e U(d/\) f[/\Sv\ﬂ e A a(dN) o
and that
Jnsor € e” (A) (dA)
fim —9(A)| =0. (2.2.8)
fmoo f[,\ﬂ a6 o(dX) 0

Equation (2.2.7) is obvious. In order to establish equation (2.2.8) we first show that for
0 < f & L(Nj, 00), dor) 1 C([\, 50)

ey F(N) o(dN) e F(N) a(dN)
lim sup fp\o’)‘l] and lim inf f[/\o’)\ﬂ

(2.2.9)
t—00 f[AS,Az] eMo(dN) t—o00 f[AS,Az] eMo(dN)

are independent of A\, Ay € (\j,00). As in the proof of Theorem 3.1 of [84] (page 1299-
1300) this directly follows from the estimate

—tA - et i
‘[[/\57)‘1] A aldd) _ fP\“ F(A)a(dA) < e(,\gf,\mi\m,\g)tf[Ag,/\lvxlvAQ] f()‘>0(d)\)’
[T R T I Ty 700
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where \q, 5\1, A2 > Aj. Because of

. Jixg > o (dN) )
hItIlilol [f[A: M € d)\) g()‘o)
— Jimsup f[Ag,)\l} e—tAg()\) o(d\) - fD\S,Al] €_t)‘g(/\§) o(dN)
P g e o) gy e @)
oy S 19 90 o (N
t—00 f[/\(},/\l] e~ o (dN)
< sup [g(A) = g(Ao)]
(Al

(2.2.9) together with the continuity of g implies (2.2.8). The assertion of the Theorem
follows from (2.2.4) once it is shown that

P, (X, € A) (v, BN, M])e " 14)

}E?o m - tlgglo (v, E([AG, M))e " 1po.21) (2:2.10)
Here observe that
e 1) (B0, M])e 1) + (1, B((Ar, 00))e "1 ,)
(v, E(J0, \])e " 1 4) (v, B((0, Ai])e™"14) (2.2.11)

(v, E((A\1,00))e™""1,4)

= B e )

Again we should point out that the function E((\{, 00))e "1 4 is continuous, since e 7271 4
and E([0, \1])e "1 4 are continuous. Thus (v, E((\1,00))e E"14) is welldefined. Observe
that there is a constant C),, > 0 such that

sup |E((A1,00 (z)] = sup [e™ E((A1,00))1a(z)]

xEsupp(v) z€supp(v)

<C, (/OOO\ Lre ™ B((\, OO))lA($)|ZP(d9€));

1

2

= Cl/ (/ 6_2t)\)\ dHE)\lAH%z((O,oo),p)) .
()\1,00)

Here we used the inequality which has been mentioned in the introduction: for every
f € C*(]0, 00) vanishing at 0 and = € (0,a) we have

o) §/0x|f’(x)!m_lmdt

< (2 ot ar) % (5 [ ko + [~ salrio i)

(2.2.12)

NI
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Equation (2.2.12) shows that for every € > 0
1 x
—tlim n log| (v, E((A1,00))e " 14)| > A\ —e. (2.2.13)

As o(A§,x) > 0 for every z € (0,00) there is by continuity A\; > A§ such that for every
A€ [>‘87 )‘1]

/000 oA, x)r(dx), /Ago()\,x)p(dx) > 0.

Then it is easy to see that

1 oo
— lim —log/ e_’\t/ go()\,x)l/(dx)/ e\, y)p(dx)o(dX) < Af. (2.2.14)
t—0o0 A%, A] 0 A
Equation (2.2.11), (2.2.13) and (2.2.14) clearly show
—tL"

lim o€ 1A
t—oo (v, B([0, A1])e "1 4)

and therefore (2.2.10). O

As mentioned above with exception of the recent work [20] all authors consider the case,
where 0 is at least regular and oo natural. We will show that in some sense the situation
is much more transparent, if co is an entrance boundary. This is due to the fact that the
spectrum of the operator L" is purely discrete. This important fact has been overseen by
previous authors (see e.g. section 3 in [20]) working on quasistationary distributions for
one-dimensional diffusions, though the proof is very simple. In the course of the proof we
use some ideas, which are rather standard in the literature concerning spectral theory of
differential operators. We point out that this result also appears with a different proof in
the preprint [78].

Theorem 2.2.4. Assume that 0 is regular and that oo is an entrance boundary point

and let 0 < k € C([0,00)) be an arbitrary non-negative continuous real-valued function.

As usual let L® denote the selfadjoint extension of the Sturm-Liouville expression T, =
1d

—Q—/J%(p%) + k with Dirichlet boundary conditions at 0. Then the spectrum of L" is

discrete.
Proof. Assume that 0 is a regular boundary point. Observe that the spectrum of L” is
discrete if the canonical imbedding

ts : D(¢") — L*((0,00), p)

is compact. This follows from the fact that the spectrum of L” is discrete iff the resolvent
(L* 4+ 1)~! is a compact operator and the fact that Ran((L" + 1)~') C D(¢*) such that
(L"+1)~! can be factorized as ¢, 0(L"+1)~'. Tt is enough to prove that the spectrum of L is
discrete since we have ¢, = g0 j, where j : D(¢") — D(q), f +— f is continuous. Therefore
we may assume that x = 0. In order to prove the discreteness of the spectrum of L we will
use oscillation theory. We show that for every A > 0 every solution f of (L — \)f = 0 has
only finitely many zeroes and then apply a well-known result of Hartmann! (see e.g. Satz

'We thank Prof. Dr. Hubert Kalf for directing us to the result of P. Hartmann
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1.1 in [94]). Let f be a solution of the eigenvalue equation

—%f”@) +b(2) f(x) = Af(x), 2 € (0,00), A >0
and assume that f has infinitely many zeros in (1,00), which are denoted by (zx)ken-
Between two successive zeros the function has a local extremum. Let z; > 1 be a minimum
between two successive zeros, then denote by z; > x; the first local maximum following
x1. Iterating this procedure we arrive at two sequence (zy)reny and (Zx)ren. Since f solves
the equation 7u = Au one easily sees that local maxima are positive and local minima are
negative. Observe now that a direct calculation gives for x > 1

f(@) = F(1) + (@) pla) / Co(s)Vds + / " p(s) ™ ds / CONF(B)p(t) di
! ! i (2.2.15)

= £(1) + f(@)p() / Co(s) N ds + / St (1)(t) / p(s)" L ds.

The fastest way to prove equation (2.2.15) consists in the calculation of

[ ot tas [ asoporde= [ o)t as [ o000) plere

using the fundamental theorem of calculus. Equation (2.2.15) gives

0 < fax) = Sl =27 [ Cato ) [ o) ds

t

<2 (f(30) — f) [ deo1(0) [ oty ds

ok 1
and therefore }

1 Tk t .

e ) [ ot as
This is a contradiction to our assumption that infinity is an entrance boundary. O

Remark 2.2.7. The above result concerning the spectrum can certainly also be deduced
from general necessary and sufficient conditions for the discreteness of the spectrum of
Sturm-Liouville operators obtained in [27]. Since the application of the main result in [27]
seems to be not immediate, we decided to present the above simple proof. Theorem 1 in
[76] also does not apply directly.

2.3 Convergence to Quasistationarity

In this section we consider the problem of the existence of the Yaglom limit. More precisely
we ask for conditions, which ensure that X; converges to the quasistationary distribution
©(Af,+). Recall that we always assume that 0 is regular.
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2.3.1 0 Regular and oo Natural

In this section we assume that 0 is regular (as mentioned in section 2.1 we even assume for
simplicity that b € L},.([0,00)) and if not otherwise stated that infinity is natural in the
sense of Feller. We are now ready to draw our probabilistic conclusions from the analytic

results of the last section.

The Case lim, . k(z) > A§

In this section we consider the case where the asymptotic killing rate K = lim, ., ()
is strictly bigger than A§. Theorem 2.1.1 shows that one has convergence to the quasis-
tationary distribution if and only if the lowest eigenfunction is integrable. We give a new
proof of this assertion and moreover prove that the lowest eigenfunction is actually always
integrable. Therefore K > Aj always implies convergence to the quasistationary distribu-
tion. In contrast to Steinsaltz and Evans we do not have to assume that oo is a natural
boundary. The important new ingredient is the fact that in this case the bottom of the
spectrum is an isolated eigenvalue This already implies the square-integrability and the
Aj-invariance of the corresponding eigenfunction.

Theorem 2.3.1. Consider the Sub-Markov semigroup e " and denote by (X;);>0 the
process which is associated to the Dirichlet form ¢". Assume that lim, .. k(z) > A§. Then
we have

Jim 5P, > 1) = usgle) [ uig(0) dplo),
where uyx € L?((0,00), p) denotes the up to positive multiples uniquely determined eigen-
function associated to the eigenvalue \y. Furthermore, X, converges to the quasistationary
distribution wys .

Proof. As we have already seen A is an isolated eigenvalue and therefore the eigenfunction
uys 18 square integrable and satisfies

e_tLHuAg = e_t’\guAS.
Notice that we really use the fact that A§ is an discrete eigenvalue in the L-sense in this
step. In general at lest without any bounds on the coefficients it is not at all clear that
e oA, ) = e, ).
Assume that uyx € L'((0,00), p). By the local parabolic Harnack inequality (see Remark
2.2.5) there exists a locally bounded function F' : (0,00) — (0, 00) such that for ¢ > 1,
y,z € (0,00) and every & with |z — 2| < § A £ =r(x)

pi(t,z,y) < F(a)p™(t+1,2,y).
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Denoting by B(z,r(z)) the ball with center x and radius r(x) this gives

Jtarian P (b @ y)uxs (2) dp() Jterton (2 ?/)UAS (2) dp(7)
fs<z,r<x>> @@ S @ o
fB(z 'r(m)) ’i(t x y)uAS (‘%) dp(j’,) e )\OU/\S (y)

fB(x (z) u)‘}i ) d/)(i) = C(x) fB(:cn”(x)) Urg (j) dp(.f‘)

The dominated convergence theorem together with (see Remark 2.2.4)

Pt x,y) <

< C(x)

lim X" (1, 7, y) = uxg(@)ux; (v)
implies that
tlim NP, (19 > t) = tlim eMNtpR(t, x,y) dp(y) = )\g(x)/ uns(y) dp(y).  (2.3.1)

In order to show the convergence to the quasistationary distribution uys let a measurable
subset U C (0,00) be given. Equation (2.3.1) together with the dominated convergence
theorem give

lim ‘P, (Xt e U, 19> t) = hm e / 1y (y)p™(t, x,y) dp(y)
0

t—o00 t—o0

(2.3.2)
= s (1) /U uxs(y) dp(y).

Using equation (2.3.2) we arrive at
P, (X, €U, 19>t limy_ oo €Y'P, (X, € U, 79 >t
hm]P’(XtGU]Ta>t)—hm (t 7o )zlmt. ¢ St o )
t—00 P, (Ta > t) lim,_,, e P, (7‘N > t)
_ Juus @) doy)
Jo~ s (y) dp(y)

It remains to prove the integrability of uys. This will be done in the following Lemma. [

Remark 2.3.1. A closer look at the above proof shows that under the assumption that the
bottom of the spectrum of L" is an eigenvalue with associated eigenfunction uys then X,
converges to the quasistationary distribution o(\5,-) if and only if fooo uxs(y) p(dy) < oco.
Let us stress that this equivalence is already contained in Theorem 3.3 of [84] but our proof
S new.

In the following Lemma we will use a variation of a very nice argument, which we
learned from the book [19] of Carmona and Lacroix, where a similar strategy was used in
order to derive properties of eigenfunctions of Schrodinger operators. That similar ideas
are also applicable in our situation is not obvious for at least two reasons. First in contrast
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to the situation in [19] we have a domain with boundary and second we do not know a
priori that eigenfunctions are bounded. We will show, how the one-dimensional character
of our problem helps us to overcome these problems. In the course of the proof we use a
well-known result form the potential theory of Markov-processes. Namely we use that for
a right continuous Markov process (2, F, (Q.)zer, (X¢)i>0) with state space (E, &) with
life time ¢, which satisfies certain conditions (which hold in our case) the following fomrula
holds (see Proposition D.15 in [29]): For every Borel set B C E and A > 0 there exists a
measure 41}, called the A-equilibrium measure, such that

[ @) hld) = Bo [T - ¥, T < o], (2:3.3)

where Tp = inf{t > 0 | X; € B} denotes the first hitting time of B and g¢*(z,y) the
A-potential. The measure u5 is a Radon measure and (for further details see appendix D
in [29] and the monograph [11]) its support is always contained in the closure of B. In
our case we consider a one-dimensional diffusion with life time 7y and B = {a}. Then for
x > a by the strong Markov property we arrive at

Ex |:e—)\Ta . e—ATo;Ta < OO} _ e—)\Ta . —)\(Ta—f—TooGTa) Ta < OO:|

e*)\Ta _ 7)\T009Ta

E, |
E.| Ty < 0|
E,[E.[e (1 — e Mo0m) T, < o0 | Fr,]]
=E,[e M1, <OO}IE [(1— e ?oofms | Fop, ] (2.3.4)
E [efATal{T <oo}EXT [1 - €7AT0”

E. |

L= e PR, [e 7 Ly, <]

=: B(a)E, [e M 17, <0y ]

These potential theretic facts will be used in the proof of the next Lemma. During the
proof we use methods, which might also be applicable to higher dimensional problems.
Therefore we do not use specific one-dimensional features at several points in the proof.

Lemma 2.3.1. Assume that \j < K := limy_ k(t). Then the square integrable non-
negative eigenfunction uys associated to the isolated eigenvalue A is integrable with respect
to the measure p.

Proof. We have already seen that A\j < K implies that \j is an isolated eigenvalue and
therefore the non-negative function uys belongs to L*((0,00), p). Thus we have for every
x € [0,00)

ei)‘gtu)\ ( ) = EI e fOt H(Xs)dsu)\g (Xs>7TO > t . (235)

For t > 0 set
Mt — e Jo (“_Ao)(XS)dsu)\g (Xt)l{T0>t}'
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Then (M;);>0 is a positive martingale, since for s < ¢
Ea: e fo(H_Ag)(XT)dTUAS (Xt)]-{T0>t} | ‘/Ts:| =e fOS(H_Ag)(XT)dT]—{To>s}

) E‘r |:€_ fot—s(/i—/\g)(X'r)druAg (Xt—s) @) 951{To>t78} O 98 ‘ f5:|

= e RN sy

t—s K
. EXS |:6_ fO (H—Ao)(Xr)d’ruAg (Xt—s>1{TO>t—g}:|

— o Jo(5=25)(Xr) dTUAg(Xs)]-{TO>s}7
where we used equation (2.3.5) in the last step. By the assumption A\ < K there exist
positive real numbers a and € such that x(z) — \j > ¢ for every x € [a,00). Let T, be the
first hitting time of the set {a}. By the optional sampling theorem we get for every T' > 0
and r > a

TaAT (. \k s
U)\g(x) — EI |:e_ 0 (N )\())(Xs)d UAS (XTG/\T>]_{TO>TG/\T}:|

T K
EZL‘ |ie f() (,{7)\0)()(5) dsu)\g (XT) 1{T0>T} 1{Ta>T}:|

+

E:B |:e fo a (/17/\5)(Xs) dsu)\g (XTa)l{TO>Ta} 1{TQST}:| (236)
T A

— ]E‘:E [6_ fO (H—)\o)(xs) dsu)\g (XT)]-{Ta>T}:|
Ta K

_|_ EJI |:€_ fO (H—Ao)(Xs)dSu)\g (XTa)l{Ta<T}:|

In contrast to [19] we do not know that u,x is bounded (in general this will indeed not be
true), since in our situation the semigroup e *£" is not necessarily ultracontractive. Thus
we can not directly refer to the optional stopping theorem. Instead of this we will use the
fact that our problem is one-dimensional, again. We prove that for each fixed z > a

T—o00

lim Ex |:6_ fOT(’f_/\g)(XS)dSU)\S (XT)]-{TG>T}:| = 0. (237)
First observe that by the choice of a we obtain
T K _
]E’Z’ |:€_ fO (H—Ao)(xs)dsu/\g (XT)l{Ta>T}:| S e ETE:C [UA(’; (XT)l{Ta>T}] .

Thus it is enough to show, that

E. [uxs (X7)1i7,57)]
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remains bounded as 7" — oo. Denote by L, the positive selfadjoint operator which is
associated to the closure of the quadratic form

C (o) 393 [ IO )
Then we get
(eftL“UAg)(iU) =E, [U,\g (Xo) 1,51 (2.3.8)

In order to convert the L2-bounds into pointwise estimates we again use the following
simple estimate

o)) = [ rove@ Vi dt\

< ([ oorar) % ([T 1o dt)é

1

—cw)(3 [ )

By equation (2.1.2) this simple inequality allows us to conclude that a < z < M and
T >ty for some to > 0

E, [u,\g(XT),Ta > T} = {(e_TL“u,\g))(xH

< con( [Tl n) @) (23.9)

= C(M)||\/ Lae Tk u/\*‘||L2 ((a,00),p)
< C(M) sup [V Lae™ " uxgll 22 ((as0).0) < 0

tE(to,00)

’t)dt’ <

-

Here we used the fact that uys is square integrable in order to be able to use the Hilbert
space spectral theory. Using (2.3.9) we arrive at

lim E, {e— Jo =2 Xe dsyy o (XY, oy | = 0. (2.3.10)

T—o0

(2.3.6) and (2.3.10) imply that

0 S U)\()(I') - Ex |:€ 0 (H A5 )(X ) UAS (XTQ):| (2 3 11)

< CLE, [e_ETa; T, < oo}

In order to show the integrability of the right-hand side we apply the basic facts (2.3.3)
and (2.3.4) from potential theory. This gives that for some compactly supported measure

g
E, [e~": T, < oo] = B(a)"! / o (2, )l (dy).
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The e-potential ¢° is defined by

g (z,y) = / e 'p(t, z,y)dt,
0
Observe

where p(t,z,y) = p°(t,z,y) denotes the integral kernel of the operator e
that due to the selfadjointness of the operator e ' the integral kernel p(t, z,y) of e7tL is
necessarily symmetric with respect to the measure p. This shows that

// p(t, 2 y) dt p(dz) = // ot 2, y) plde) dt

_/ P (T0>t)dt</ e dt < oo
0 0

Since the measure i is compactly supported the function

T = /gs(l‘,y)ui(dy)

thus belongs to L'(R,, p). This finally finishes the proof. ]

Remark 2.3.2. The above result displays a general principle, which seems to be well-known
to analysts and mathematical physicists. The decay of eigenfunctions associated to isolated
eigenvalues is dictated by the decay of the Green’s function at least in regions where the
potential K 1s negligible .

—tL0

We have observed in Remark 2.2.1 that assertion (4) of Lemma 2.2.2 remains valid if
one replaces the condition lim;_, £(t) > A§ by the condition liminf, . x(t) > A§. Thus
as in the proof of Theorem 2.3.1 one shows that X; converges to quasistationarity if and
only if the eigenfunction uyx € L*((0,00), p) corresponding to the eigenvalue A5 belongs to
L1((0,00), ).

In the proof of Lemma 2.3.1, where the integrability of u,s was shown, the condition
limy o K(t) > A5 entered only in order to find a real number a € (0, 00) such that x(t) —
Ay > ¢ for every t € [a,00) and some € > 0. Thus we arrive at the following result.

Corollary 2.3.1. Consider the Sub-Markov semigroup e 'L and let (X;)i>o denote the
process associated to the Dirichlet form ¢*. Moreover, assume that liminf, . x(x) > Af§.
Then we have

t—o0

lim eM'P, (19 > t) = uys (z )/OOO uxs (y) dp(y),

where uyx € L?((0,00), p) denotes the up to positive multiples uniquely determined eigen-
function associated to the eigenvalue \;. Moreover, X, converges to the quasistationary
distribution U

Remark 2.3.3. Observe that in the situation N < K it is essentially the killing rate that
1s responsible for the existence of the Yaglom limit. The process conditioned on survival will
in general be located with high probability in regions where the killing rate k is small. It will
turn out that in the situation \§ > K 1t is the drift which decides whether convergence to

quasistationarity or escape to infinity occur. Thus the condition \j # K allows to separate
the effects of the drift and the killing.
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The Case lim, .., x(x) < A\§: Part I

In this section we consider the case lim, o £(x) < A§ and [ p(t)~" dt = co. In the case
lim, . k(z) < Aj the situation is more subtle than in the case lim, o £(x) > A§. This is
due to the fact that in contrast to the case lim, . £(z) > Aj one usually has

lim MNIP(X, €A Ty >1) =0 (2.3.12)
for every bounded Borel set A C [0,00). This can be seen for a Brownian motion with
constant drift by a direct computation. Equation (2.3.12) remains true for every diffusion,
if the bottom of the spectrum of the diffusion generator is not an eigenvalue in the L?-sense.
Therefore we cannot expect a longtime behavior which is precisely exponential. The key
to a complete understanding of this situation is to distinguish two cases. We show that the
additional assumption fooo p(t)~ dt = oo implies actually convergence to quasistationarity.
In particular the lowest eigenfunction ¢(Af, ) is integrable.
As in [84] we set

Fi(v,-) = ]P’,,(Xt €| 1> t)

and
ar(v,r) =P, (ro >t+r|19>1) = /Ft(y, dy)Py (19 > ).

If the process X; started from the compactly supported initial distribution v escapes to
infinity, then for any sequence (,),en converging to infinity the measures Fy, (v, dy) con-
verge weakly to point measure d.,. If the process X; started from v converges to the
quasistationary disdistribution ¢ then then the limit of F} (v, dy) is concentrated on R,

and has the density %
0 0>

just a combination of Lemma 5.3 and Theorem 3.3 in [84] together with Theorem 2.2.3.

with respect to the measure p. The next Lemma is a

Lemma 2.3.2. Assume that 0o is a natural boundary point and suppose that A\ # lim, . k().
Then the limit a(v,r) = limy_, a;(v, 1) exists and is equal to

a(v,r) = F(r,Ry) /gp()\g,y)IP’y (10 > 1) p(dy) + (1 — F(r,Ry)e . (2.3.13)

FEither F(v,Ry) = 0 for every compactly supported initial distribution v or F(v,Ry) =1
for every such v.

Proof. Let v be a compactly supported initial distribution. Let (t,), C (0,00) be a se-
quence converging to infinity. On the compactification [0, c0] of (0,00) the sequence of
measures F; (v, dy) has a limit point. By Theorem 2.1.1 this limit point is either a mea-

sure on (0,00) which has the density T 900 o)
the point mass at co. Theorem 2.1.1 shows that there is only one limit point and that
the limit point is independent of the sequence (t,) and the initial distribution v. Thus

Fy(v,dy) converges weakly. If oo is natural than one has

with respect to the measure p or is

lim P, (7’3 > t) =e K
Yy—00
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where K = lim;_,, #(t). This shows that

t—o0

lim [ Fy(v,dy)Py(mo > 1) = F(r,R}) /go(/\g,y)IP’y (1o > 1) p(dy) + (1 — F(v,Ry)e” &7
]

In order to decide, whether X; converges to the quasistationary distribution, we inves-
tigate the asymptotic behavior r — P, (7’3 > 7“) for r — oc.

Lemma 2.3.3. Assume that the bottom of the spectrum X\ is strictly positive and that
p(dy) is a finite measure. Then for any compactly supported initial distribution v we have

1 .
—tligloglogﬁ”,,(m > t) =)
Proof. Due to the assumption on p we conclude that 1 belongs to L?*((0,00),p). This

allows us to use tools from the Hilbert-space theory. First as in the proof of Lemma 2.3.1
that for all f € {g € L*(Ry,p) | ¢ € L*(Ry,p)}

[f(2)] < /OI p(s)~tds (/OOO (O p(t) dt) é-

Since 1 € L*(R, p) we have e 'L"1 € D(¢[x]) C {f € L*(Ry,p) | f' € L*(R,,p)} and
therefore for f(z) =P, (15 > t) = (e7"*"1)(z)

(7> 1) \/ [ otoras(5 [T
\// e tas(5 [T+ [Pt )
g\/z [ ot asiVERe 1
\/ [ otwas( [ Nm)xe-”td||E§1||%z<p>)%

This shows that with A(v \/ 2 SR h(s) L ds

N

(2.3.14)

: 1 : 1 _ .
lim sup ;logIP,,(Ta > t) < limsup ;log <A(V) (/[H ))\e 2)\td”E)\]‘H%2(p)> >
0+

t—o0 t—o0

1 1 1
< lim sup n log A(v) + ) lim sup — log/ e M d||E§1H%z(p)
100 =00 A.o0)
< —Xo

(2.3.15)
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Now we need a matching lower bound but we want to stress that for our main application
of the assertion of this lemma the upper bound already suffices. By the local parabolic
Harnack inequality (see Remark 2.2.5) there exists a locally bounded function £ : (0, 00) —
(0,00) such that for every z with |z —z| < $ A 2

Pt m,y) < F(o)p™(t+ 1, 2,9).
For given z € (0,00) and every z € (0,00) with |z — z| < § A £ we therefore have
pi(t,y) < ( sup F(%)) prt+1,2,y). (2.3.16)
{x€(0,00)||:rfz|<%/\§}

Thus for the open ball B := B(z,3 A £) C (0,00) around z with radius 3 A £ and some

constant C' with the help of (2.3.16) we arrive at

[ e = [ [ v o) plaz)
[AG-00) BJB

< [ [yt ot pla) 23.17)
< C/p”(tJr 1, z,y) p(dy)
= C]P)Z(Ta >t + 1).

If we can show that the infimum of the support of the finite measure dy = d||E51p]|? 12(0)

equals A\ then we are done since then (2.3.17) implies that the exponential rate of P, (Ta >
t) is bigger or equal to Afj and another application of the local parabolic Harnack inequality
shows that the exponential rate of decay of P, (Ta > t) is locally uniform in z. Therefore
assume that \§j < po = infsupp(p). Then we necessarily have ||[E*(/)1 B||%2(p) = 0 for
every interval I C [Af, o). Because of

/ e d(EX1p, 1) 12((0,00).0) —/ e d(EN1p, 1) 12((0,00).0)
[10,00) A ,00)

// (t,2,9) pldy) pld2)
// (t,,9) pldy) pld)

_/[)\'4 | _)\td(EI;]'B71 )L2((Ooo) 0)

for every Borel measurable B C B we conclude infsupp(d||Ex1 l172((0,00) p)) > pp. For
every B C B and every interval I C [\§, j19) we thus have

E*(I)1; = 0.
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This implies that for every Borel subset B C B and \ € (0, 00)

0= (UE(N15)(A) = 1A\ ({U1z)(A) = 1:(}) /OOO (A y)13(y)p(dy)

This implies that for every A € I and y € B (A, y) = 0. Obviously this is impossible since
the function ¢(\, ) solves the initial value problem Lfp(A,-) = Ap(A, ) with p(A,0) =0
and ¢'(\,0) = 1 in the sense of the theory of ordinary differential equations and therefore
can not be the trivial solution. ]

Lemma 2.3.4. Assume that K := lim, .. x(x) # N§ and let v be a compactly supported
initial distributions, then there exists n, € R such that

a(v,r)=e™" (2.3.18)
If X, escapes to infinity then n, = K.
Proof. By Lemma 2.3.2 for every sequence (t,), converging to oo the limit

]Pl,<7'a >t, + T‘)
— 1
alv,r) = i )
= lim P,(19 > t, + 7|79 > t,)
n—oo

= F(v,Ry) /OOO e, y)Py (10 > 1) p(dy) + (1 — F(v,Ry)e X7

exists and defines a continuous function. Moreover we have

. Pty >t,+r+s
olvr-+) = i P
, P, (19 >ty +7r+5)P,(19 > t, +5)
= lim
n—oo  P,(19 >t, + 9) P, (19 > t,)
. Py(Ta>tn+7‘—|—S) . P,,(Ta>tn+8)
= lim lim
n—oo  P,(19 >1t,+8) nooo P,(1g>t,)
= a(v,r)a(v, s).

This gives for some 7, € R
a(v,r)y=e ™",

The last assertion follows from (2.3.13). O

The following definition is obviously motivated by the demographic phenomenon, which
is explained in the introduction and in part stimulated the results of [84] and this work.

Definition 2.3.1. The quantity n, in (2.3.18) will be called the asymptotic mortality
rate for the process (X;)i>o started from the initial distribution v.
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Theorem 2.3.2. Let infinity be a natural boundary point for the diffusion (X;)¢, which is
assocz'ated to the Dirichlet form ¢". Assume that K := lim, . x(x) < A§ and A(oco) =
fo “Ldt = co. Then X, started from an arbitrary compactly supported initial distri-
butwn v converges to the quasistationary distribution o(A;,-). Moreover the asymptotic
mortality rate 1, is independent of v and equals Aj.

Proof. It X; escapes to infinity then we know from Lemma 2.3.4 that

P, t
a(v,r) = lim (79 >t +1) =e K7
t—o00 ]P)Z,(Ta > t)

Since by assumption A\§ > K we conclude using Lemma 2.2.2 (5) the strict positivity of Ag.
The strict positivity of Ao together with the assumption fo ~Ldt = oo allows to apply
Lemma 2.2.2 (2) in order to conclude that the symmetrlzmg measure p is finite. Therefore
Lemma 2.3.3 shows that for every compactly supported measure v

.1 .
—tlirnoglogPV(Ta > t) =\
In the case of escape to infinity equation (2.3.18) implies

1
— lim —logP,(19 > n) =n, = K := lim s(z) # X}.
n—oo N T—00
Therefore the assumption F'(r, R, ) = 0 can not be true and thus by Theorem 2.1.1 we con-
clude F(v,Ry) =1 and F(r,00) = 0. Thus X, converges from every compactly supported
initial distribution v to the quasistationary distribution p(A§, ). ]

The above theorem has the following Corollary, which in a slightly more restrictive
form already appears in the work [25] of Collet, Martinez and San Martin. But since the
proof given in [25] has a serious gap it seems to be worth to point out that the assertion
is in fact correct.

Corollary 2.3.2. Let k = 0 and let (X;)i>0 be the diffusion which is associated to the
Dirichlet form q. Furthermore assume that oo is a natural boundary point for (X¢)iso. If
Ao > 0 and fo )"tdt = oo then X; converges from every compactly supported initial
distribution v to the quasistationary distribution ©(Xg, ). If \g = 0 and fo Ldt =

then X, started from v escapes to infinity.

Proof. The first part of the assertion follows directly from Theorem 2.3.2. In order to prove
the second assertion we use the fact that the assunlption concerning the boundary point

infinity implies [~ ¢(Xo, ) p(dy) = [7° (0, y) p =I5 fy p () dt p(dx) = O

Remark 2.3.4. The heuristics behind Theorem 2.3.2 are quite clear. If \j > K =
limy o (t) and if fﬂoo p(t)™t = oo, then already the drift prevents escape to infinity and
therefore we get convergence to quasistationarity.
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The Case lim; . k(t) < A§: Part II

In this section we consider the case where limy_o #(t) > A§ and [~ p(t) ™' dt < oo. Intu-
ition for this case can be gained from the analytic result of Lemma 2.2.2 (3). The assertion
lim sup,_,, 2 log p((0,7)) > 0 implies a strong drift towards infinity. Thus one should ex-
pect that the process, conditioned on survival, follows the tendency of the original process
and escapes to infinity. In the proof of this assertion we will play the same game as above.
We use information from the L?-theory and turn it into pointwise results by an elementary
inequality.

Theorem 2.3.3. Assume that oo is a natural boundary point and that fooo elo () ds gt <
00. Let (Xi)i>0 be the diffusion corresponding to the Dirichlet form ¢ and assume that
Ay > lim, o k(x). Then X, escapes from every initial distribution v, which is compactly
supported in (0,00), to infinity. The rate of escape is exponential.

Proof. Let z € (0,00) be given. We will show that
Pm(Xt§Z|Ta>t)—>0

as t — co. Observe that the condition [~ p(t)~' dt < oo implies that for each a € (0, 00)
and each = € (a,00) the probability that the diffusion corresponding to L starting from
x does not hit a is positive. For ¢ > 0. We can choose a = a. € (0,00) such that
k(t) € (K — ¢, K +¢) for every t € [a,00). Then we have for every z € (2a,c0)

Pa(ro > 1) = Bo e K000, 7y > 1] 2 B e Bo0te 7, 5 2.3.19)

> e KHIP (T, > t) > e FHIP (T, = o0)
Therefore the large time asymptotic of P,(75 > t) in ¢ is slower than e~ (K+9)t at least
if x > 2a. Another application of the local parabolic Harnack principle shows that the

inequality P, (y > t) > C.e~ K+ implies that for some constant C' > 0 and C* > 0 for
every x with [z — 2] < 1 A %

C? e tE+e) < 1 IP’Z(Ta > 1) < Pz<7'5 >t+41).
Thus we have for every zy > 0

— lim sup P, (19 > t) < (K +¢).

t—00 2>z
Furthermore, we have
IP’:C(Xt <z, 79> t)
P, (7’3 > t)

Px(Xt <z 75> t)
= e (K+9P, (T, = 00)
elK+atp, (Xt <z 719> t)

P, (Ta = 00) '

]P)x(XtSZ‘Ta>t):

(2.3.20)
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Thus it remains to show that
P (X <z, 19 >t)

K+e

vanishes faster than e~(5+9) for some ¢ > 0. Once more we use the inequality (valid for

f € D(gl])

Fa) < (/0$|f’(t)|dt>2 _ (/Ox|f'<t>|det)2
<o [Tpota (5 [T 1R+ [T sl R )
=2 [0 VT

Hence we get

]P)z(Xt <z 719> t) = (e_tLﬁl[()’Z})(:L‘)
1
< (2 Htar) Lre 110 allr2(,) =
< ( /0 p(t) ) I e [, ]“L (p) (2.3.21)

. ; ;
= (2/ p(t)_l dt) (/ )\G_Qt)\ d”E;]-[O,Z] ||%2(p))
0 (A6 +00)

The inequality (2.3.21) implies that for every [ < A§

lim e sup P, (Xt <z 19> t) =0.

t—00 z€(0,00)
[l

Remark 2.3.5. Again we want to stress that in the proof of Theorem 2.3.3 we did not
use the ezistence of the limit lim;_o k(t) =: K. What we did use is the existence of a real
number a € (0,00) such that for some ¢ > 0 and every x € [0,00) we have k(x) < A\ — €.
Therefore it is possible to replace the assumption imy o k(t) < \§ by the weaker

limsup k() < A.

t—o0

The sufficiency of such a condition is strongly suggested by Theorem 2.1.1, again.

The above proof shows more than stated in the theorem. It shows that the condition
limg—.ooki(x) < A§ and [ p(r)~' dt < oo imply that X, escapes to infinity exponentially
fast with rate A\j — K. In order to compare this with previous results we formulate the
following Corollary.

Corollary 2.3.3. Assume that k =0, [~ p(t)~'dt < oo and that \g > 0. Then for every
xg, 2 € (0, 00)
lim e sup Px(Xt <z|Ty> t) < 0.

t—o0 2€[z0,00)



44 CHAPTER 2. QUASISTATIONARY DISTRIBUTIONS IN THE REGULAR CASE

If k=0, [[7p(t)~tdt < oo and Ao =0 then

lim sup Px(Xt <z|Ty> t) = 0.

t—o00 2€[z0,00)

Proof. This follows from (2.3.21) as for x € [z, 00)

Px(Xt S Z;TO > t) < Supxe[xo,oo) P$<Xt S Z,T() > t)
P.(To > t) - Py (To = 00)

1 1
<P, (Ty = o0o) ! </ p(t)* dt> (/ e 2 dy|EA1[0,z]Hiz(p))
0 [Mo,00)

1
2

tlirg e)‘ot (/[;\ | )\6720\ dHE)\]-[O,z] H%%p)) < 00.

0,00

Assume now that A\g = 0. Using Remark 2.1.1 conclude that 0 is not an eigenvalue in the
L?-sense and therefore the for every z € (0,00) the measure d||Ex1j H%z( ,) buts no mass
on A\g = 0. This implies that

Po(Xy <z |Th>t) =

and

1
2
hm (/[;) ) )\e—Qt)\ d||E)\1[07Z]H%2(p)> S ||E<{0})1[07Z]||%2(p) = 0

t—o0

The one-dimensional inequality of Sobolev-type finishes the proof of this assertion. ]

Remark 2.3.6. The above theorem shows that in the situation of the theorem the L*-
eigenvalue \j gives the exponential convergence rate at which X; escapes to infinity. In
the situation of Corollary 2.3.3 a similar but slightly weaker result has been obtained by
Martinez and San-Martin (see Theorem 4 in [65]) by completely different methods. Our
proof seems to be simpler and more transparent.

As another consequence of Theorem 17 we note the following Corollary concerning the
non-existence of general quasistationary distributions. Until now we did not distinguish
between the Yaglom limit or a quasi-limiting distributions and the general notion of quasis-
tationary distributions. As already mentioned in Remark 2.1.2 a quasi-limiting distribution
7, which is in our case a probability measure on (0,00) is always quasistationary in the
sense that for every Borel set A C (0, 00)

Py (X, € Al 19 >1t) = D(A).

Observe that for every such quasistationary distribution o there is a A\ € R such that
]P),,(Ta > t) = e,

Corollary 2.3.4. Let infinity be a natural boundary and assume that \§j > K and fooo p(t)~tdt <
0o. Then there is no quasistationary distribution U satisfying sup,<. [ p(t,z,y)0(dy) < co
for every ¢ > 0.
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Proof. Assume that 7 is a general quasistationary distribution. It is easy to see, that
the measure 7 has to be absolutely continuous with respect to p with a positive locally
bounded density r : [0,00) — (0,00). In order to see this observe first that due to the
quasistationarity of & we have for some A € R and every measurable A C (0,00) and ¢ > 0

NA) = Bo(Xi e A) = [ o) [ pitog)pla)

_ / / " dy) / " plt, 2, ) d).

This implies that e fooo p(t,x,y) v(dx) is independent of ¢ > 0 and that 7 is absolutely
continuous with density r(y) := e [ p(t, z,y) o(dz) with respect to p(dy). In order to
prove the desired properties of r fix yo € (0,00) and observe that by the local parabolic
Harnack inequality again we have for some F(y) and all |y — yo| < 3 A % and x € (0, 00)

[e.e]

/Ooop(t,x,yo)V(dx) < F(yo) ; p(t+1,2,y) v(dz).

Thus if r(yo) is strictly positive then also is r(y) for all |y — yo| < 3 A %. For ¢ > 1 set
vi(dx) = 1y q(x)r(z)p(der) and v§(de) = L eoyr(z)p(dr). Since

_ o1
]P’l[l/md,,(Ta >1) <Pu(ra>t) <P(ra>1)=¢ M oand — lim n log P1[1/271]du(7—8 >t) =K

t—oo

we conclude that A < K < A§. Let ¢ be smaller than (Aj — K)/2 and choose ¢ such that
SUP;>./o | K — £(t)| < e. Then we have for every a,b € (0, 00)
v((a,b]) =Py (X; € (a,b] | 79 > t)
Pug (7‘3 > t)
P, (Ta > t)
< NPy (X € (a,b]) + P (X € (a,b] | 79> t) — 0

= e)‘tIP’l,f (Xt € (a,b]) + Py (Xt € (a,b] | 7o > t)

as t — oo. Here we used
]P)z/f (Xt € (CL, b]) - (1[070}7”7 e_tLﬁl(%b])Lz((O’oo)’p) < e_XStH1[0,C}T||L2((O,oo),p) ||1(a,b]||L2((0,oo),p)
and that by the proof of Theorem 2.3.3 for some constant C'

€(K+a)t SUPg>c Pr (Xt S ((l, b])
P.(T, = o0)

This proves the assertion O

P (Xt € (a,b] | 75 > t) < O o—tF—K )

It seems very reasonable to conjecture that the additional assumption
sup/p(t, z,y)v(dy) < oo for every ¢ > 0
z<c

automatically holds true. Since we are mainly interested in the quasilimiting distributions
we did not try to remove this additional assertion.
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Remark 2.3.7. Let us consider a diffusion with generator given by —%% + b(.ﬁlﬁ)%. If

P, (Ty = o0) > 0, then there are good reasons to consider the long-time asymptotics of
P.(X: €| T € (t,00)).

Thus one includes the condition that absorption happens in finite time. Conditions of this
kind can often be found in the analogous problems in the theory of branching processes.
In our setting this problem can be reduced to the above by an h-transform. The function
h(z) = P, (Ty < o0) is harmonic and by general theory (see e.g. [75], chapter 4, sections
8 and 10) the process (X;) conditioned to hit 0 is corresponds to the generator L" whose
action is given by

G20 = ~3 2w+ () - ) L

The process associated to the operator L can again be defined by Dirichlet form techniques
and the associated measures on the path space is denoted with P,. As explained above we
have

P.(- | To < 00) = By ().

The operator L can be realized as a selfadjoint operator in the Hilbert space L*((0, 00), h(z)p(dx)).
Since the spectrum is invariant under h-transforms, we conclude that the positivity of the
bottom of the spectrum of L implies the positivity of the spectrum of L. Since absorption

18 certain with respect to the measure P, we can apply our previous results in order to
conclude that for every Borel set A C (0, 00)

N

where ©" (N, ) is the unique solution of (L™ — Xo)u = 0, which satisfies ©"(X\g,0) = 0 and
(") (X0, 0) = 1.

Remark 2.3.8. It seems to be a rather general principle that there are three possibilities.
The first possibility is the non-existence of quasistationary distributions. If there exists
a quasistationary distribution then it is either unique or there is a whole continuum of
quasistationary distributions parameterized by an real interval. This is at least true for
birth and death processes on the non-negative integers

2.3.2 The Case of an Entrance Boundary at Infinity

Observe that [ elo () ds gt — o0 if 00 is an entrance boundary. This follows e.g. from
the fact that in this situation [ e~ Jo ()4 gt < 0o and therefore

1 . 1
x:/ efgb(s)dse—fgb(s)dsdt < (/ efgzb(s)dsdt)Q(/ e_fotzb(s)dsdt)2
0 0 0
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This clearly implies fooo elo2(9)ds gt — 0. Thus we are not in the case, where absorption
of the unkilled process is certain and the reasoning used in the proof of Theorem 2.3.3
does not apply. In deed in the next theorem we prove that we always have convergence to
quasistationarity if infinity is an entrance boundary.

Theorem 2.3.4. Assume that 0 is reqular and that co is an entrance boundary point. Let
0 <k € C(]0,00)) be given and let (X;)¢>o denote the prosses associated to the Dirichlet
form q". Then the bottom of the spectrum is an isolated eigenvalue with associated non-
negatwe eigenfunction uys and Xy converges to the quasistationary distribution uys from
every compactly supported initial distribution v.

Proof. The first assertion follows from Theorem 2.2.4. Remark 2.3.1 directly implies that
X converges to the quasistationary distribution uys from every compactly supported initial
distribution if and only if [ wux:(y) p(dy). Since we are assuming that 0 is regular and
infinity is an entrance boundary we have

/Ooop(a:)dx<oo

and therefore

/O N uxs (y)p(dy) < ( /0 N p(x) dm) : ( /0 N |uxs (y) |2p(dy)> %

Since by Theorem 2.2.4 uyx is an L?-eigenfunction this shows that u g Is integrable. ]

Remark 2.3.9. The uniqueness of quasistationary distributions (assuming their exis-
tence) was successfully addressed in the recent paper [20] at least under the assumption
k = 0. In [20] the authors show that in this case the uniqueness of quasistationary dis-
tributions is equivalent to the assertion that for any a > 0 there exists y, > 0 such that
SUp,~,, Ex [eaTya} < oo, where Ty, denotes the first hitting time of y,. Thus uniqueness of
quasistationary distributions is equivalent to the fact that ‘time of implosion from infinity
into the interior’ has arbitrary large exponential moments. It is also proved in [20] that
this is equivalent to infinity being an entrance boundary. If k = 0 and if absorption is
certain our results show that the existence of a quasistationary distribution is equivalent to
the existence of exponential moments of the first hitting time of 0. Both results together
explain the macrostructure of the set of quasistationary distributions.

2.3.3 Concluding Remarks and Open Problems

It is useful to summarize the basic strategy which has been applied in the previous chapter
in order to study the large time behavior of one dimensional diffusions conditioned on
extended survival. Our main strategy can be divided into three steps. In the first step one
establishes a local version of the desired limit theorems. Via ideas of Steinsaltz and Evans
this local result allows one to prove a dichotomy as a first step. This dichotomy asserts
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that the conditioned law has a limit and the limit is either the point mass at infinity or
% on (0,00). In the next step one investigates the tail behavior of
the distribution of the killing time in order to conclude which case occurs. This strategy
is quite robust and might even apply to certain multidimensional problems.

We end this chapter with a discussion of natural questions, which are left open. Assume
that 0 regular, co natural and A\§ = lim, .. x(z). We conjecture that still X, either
converges to quasistationarity or escapes to oo. A rather simple case, where this is true is
the Brownian motion with killing x > 0. It is shown in [84] that ¢(A§,-) is A§ invariant,

. 2
i.e. for L = —%dd? + K

a 1measure

e (NG, ) = e Mlp(AS, ).

Assume that (A5, ) € L*((0, 00), dz), then due to the ultracontractivity of e *" one easily
concludes (A5, ) € L*((0,00), dz), which means that A\§ belongs to the point spectrum of
L* and therefore X; converges to the quasistationary distribution ¢(A§,-). In general we
do not know how to prove the required dichotomy. Even if one is able to prove that the
process either escapes to infinity or converges to a quasistationary distribution, it seem to
be difficult to decide, which case actually occurs. If A§ # lim,_.., we used the fact the decay
of P, (79 > t) on an exponential scale is A, if X; converges to quasistationary and strictly
smaller than \j if X escapes to infinity. This will no longer be true if A§ = lim, . ~(x).
Since we now that in many situation a whole set of quasistationary distributions exists it
would be clearly desirable to study the role of quasistationary distributions whose domain
of attraction does not contain the set of compactly supported initial distributions. We will
come to this problem again in the next chapter.



Chapter 3

Quasistationary Distributions : the
Non-regular Case

In this chapter we consider diffusions on the half-line, for which the boundary point 0 is an
exit boundary. Since we just have seen how one can handle non-trivial killing rates « in the
interior and since this does not change the general picture we assume for simplicity that
tk = 0. The spectral analysis of Chapter 2 which was necessary in order to separate the
effects of the drift and the killing is more ore less the same in the case of an exit boundary at
0. As mentioned in the introduction the only results which are available in the literature
are contained in the recent work [20]' of Cattiaux, Collet et al.. We are aiming in the
extension of some of their results. Our strategy is similar to the one used in the regular
case, but in contrast to the regular case a more detailed investigation of the Weyl spectral
representation is necessary. This will be done in the first section. Our main strategy
follows the one used in the regular case but the technical problems become more difficult.
In comparison to [20] we are able to remove several technical assumptions. The most
important point is the fact that in our results the diffusion generator has not necessarily
a purely discrete spectrum. We have already seen that existence of continuous spectral
types in general complicates the problem of existence of quasistationary distributions. The
spectral representation theorem of Weyl was the key in the proof of the convergence to
quasistationary distributions on compacta.

Since 0 is no longer a regular boundary point the situation becomes even more subtle now.
Since this time we are in the limit point case at both boundary points we generally have
to expect that the spectrum does not have multiplicity 1 and therefore a spectral matriz
is involved in the spectral representation. Therefore it is not clear whether and how the
convergence to quasistationary distributions on compacta can be proved. We avoid this
additional complication by showing that for a large class of diffusions the spectrum will still
have multiplicity one. Her we heavily rely on ideas of Fritz Gesztesy and Maxim Zinchenko
developed in [47] in the case of Schrédinger operators. At this point we emphasize that the

We want to stress that we greatly benefited from ideas developed in [20]. From [20] we learned e.g.
the importance of the Harnack inequality in the context of quasistationary distributions

49
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investigation of diffusions which have a singular behavior at 0 is interesting for applications
to biology. The reader is referred to [20] for a detailed explanation of the role of these
diffusions in certain models of population dynamics. We just mention that these diffusions
arise as scaling limits of birth-death processes.

3.1 One-dimensional Diffusions on the half-line

In this section we describe the basic setting of this work and recall very shortly some
of the basic facts from the probabilistic and analytic theory of one dimensional Sturm-
Liouville operators, though they have already been collected in greater detail in chapter
1. In contrast to chapter 1 we generally work with diffusion which are killed only at 0, i.e.
we assume that x = 0. This is mainly for reasons of convenience, since we have already
seen in chapter 1 how one can include non-trivial internal killing. Let b: (0,00) — R be a
continuous function. We consider the quadratic form ¢, which is defined as the closure of
the form

=395 [ I@F plda).

where p(dz) = p(x) dz = e~ /' 22)ds gz Tt is easy to see that g is a Dirichlet form, to which
there is an associated strong Markov process (X;)r,>+>0, which has continuous paths. The
generator of this diffusion is given by the unique selfadjoint extension of associated to the
form ¢ in L?((0,00), p). This selfadjoint realization of the formal differential expression

__ld_2_|_ ( )i
T 2 dx? xdx

will be denoted by L. We define e~* via the spectral calculus, i.e.
cg= [ P BN, torg € L(0.0).p).
o(L)

where (EL(M))xer denotes the spectral resolution of L. By Stone’s formula the spectral
resolution of L can be calculated from the resolvent (L —2)~! (z € C\ ¢(L)) via (compare
Satz 8.11 in [95] and Lemma 2.5 in [47])

(fLEL((A1, A2))g) 22((0.00) )

y ; A2+0 " I \ » . I ) ] 1 (311)
_6i%1+e—1>r(l)1+ A1 45 (f> [( — (A +ig)) — (L — (N —ig)) }g)L2((0,Oo,P)'

Let Ao denote the bottom of the spectrum of L, i.e. Ay = info(L). From the general
theory of symmetric Markov semigroups we know that e~* generates a consistent family
of strongly continuous semigroups on LP((0,00),p) (1 < p < oo and by duality also give
rise to a family of operators on L>((0, 00), p) (see [45]). Moreover there exists a continuous
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function (0,00)% 3 (¢, x,y) — p(t,z,y) € (0,00), which is symmetric in z and y, such that
for all f € L*((0,00), p)

eI f ) = / " p(t ) £ () pldy).

The general theory of Dirichlet forms (see e.g. [45]) implies that there is a p-symmetric
Hunt process (C([0,00), (0,00)), (X¢)i=0(Ft)e=0, (Pa)we(0,00)) such that for every = € (0,00)
and every f € C2°((0,00)) the process

(700 - 506 - | LX) )

>0

is a martingale up to the explosion time with quadratic variation f(f |f/(X,)|? ds. Moreover
it is easy to see that for all f € C°((0,00))

e L f(x) = Bu[f(X)), Too ATy > t],

where T, = inf{t > 0 | X; = a}. In the sequel we will assume that oo is inaccessible, in
which case P, (T = co) = 1. Under the above assumptions there exists one and only one
symmetric Markov semigroup corresponding to L and in this sense the process is unique.
The reader, who is not familiar with the theory of Dirichlet forms should assume that b
is locally Lipschitz and should think of the process (X;) as solution of the corresponding
stochastic differential equation killed when hitting 0. We consider the case, where the
boundary point 0 is in the Feller classification an exit boundary point and infinity is
inaccessible. This means, that

/10 (/j p(s) ds>p(t)1 dt < oo and /10 (/j o(s)"! ds)p(t) gt — o (312

and that . .
/1 (/1 p(s) ds) p(t) "t dt = co. (3.1.3)

The condition (3.1.2) implies that fol p(t)dt = oo and f01 p(t)~tdt < oco. Recall that an
inaccessible boundary point is called natural if

/100 ([p(s)_l dS) p(t) dt = o

and entrance if the integral is finite. As seen in Theorem 2.2.1 (see also [99]) the differential
expression 7 is in the limit point case at 0 and at infinity if 0 is exit and oo is inaccessible,
i.e. the restriction of L to C2°((0,00)) is even essentially selfadjoint and hence has a unique
selfadjoint extension.
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3.2 Spectral decomposition of L

We are interested in extending the approach used in [63], [84] and chapter 1 to the case,
where 0 is allowed to be an exit boundary. One first uses spectral theoretic tools in order to
prove a local result and then establishes the global result similar to the regular case. In the
case of a regular boundary point at 0 it is known that the spectrum is of multiplicity one
and therefore the Weyl-Titchmarsh spectral representation has a particular simple scalar
form. If 0 is an exit boundary infinity is inaccessible then in the Weyl terminology we are
in the limit point case at both endpoints and therefore a priori the spectrum might also
have multiplicity two. This means that one has to consider 2 x 2-matrix valued measures
instead of scalar measures. For more information concerning the classical spectral theory
of Sturm-Liouville operators the reader is referred to [19]. In this section we establish, that
for e > 0 at least the operator E7((0,¢))L has a scalar spectral representation, which is
more than enough for the solution of our problem. We will strongly rely on some ideas
which are due to Gesztesy and Zinchenko in the context of Schrédinger operators with
strongly singular potentials. New is the offered connection to the Feller classification.
Since Gesztesy and Zinchenko presented their results for Schrodinger operators only and
since we mainly have probabilists as readers in mind we include complete proofs of the
necessary analytic machinery in a form which is adapted to our situation. In the final
part of this section we show that for a large class of diffusions the results of Gesztesy and
Zinchenko directly apply. We need some definitions.

Definition 3.2.1. A solution ¢ of
(T¢)(z,2) = 2¢(z, 2) (3.2.1)

1s called analytic Weyl-Titchmarsh solution in Bg, if ¢ satisfies the following con-
ditions for every z € Bg:

i) for every fixzed z € Br ¢(z,-) is a non-trivial solution and for every fized x € (0, 00)
the function @(z,x) is analytic in z € Br

i) ¢(z,x) € R for every (z,z) € (—R, R) x (0,0)

i) ¢(z,x) satisfies the following L*-condition near 0

/0 (2, 2)? plde) < oo

for every b € (0,00),2 € By
For z € C and z € (0,00) we denote by ¢(z,-,zo) and 0(z, -, xo) the solutions of
(T¢)(2,2) = 2¢p(2, )
satisfying

90(2,9507330) = 0(5'30)9’(27550,550) =0, P(ﬂfo)@/(z’ﬂ?o»ﬂfo) = 9(2,%’075’30) = 1.
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For every fixed = € (0, 00) the solutions ¢(z, z,x) and (z, z, z() are analytic with respect
to z € C. Moreover we have

where W (f, g)(z) = f(z)p(z)g'(z) — p(z) f'(z)g(x) denotes the Wronskian. Later we will
use the fact that for any fixed x € (0,00) the function @(z, ) is analytic in z € Bg. For
this observe that

P(z,m) = p(z,7) == B(z, ) p(w0)p(2, T, 0) + $(2,70)0(2, T, T9),

as both sides are solutions of Tu = zu satisfying @(z, ) = @(z,z0) and p(xo)P(z,x0) =
p(xo)@(z, xg). Differentiating both sides shows the required analyticity of ¢(z,z) in z € Bg.
Moreover we introduce the Weyl-Titchmarsh solutions ¢4 (z, -, xg) (¢ € (0,00),2z € C\R)
of the equation (3.2.1). Since we are in the limit-point case at 0 and at oo the Weyl-
Titchmarsh solutions are up to constant multiples characterized by

b (z,-,20) € L*((0,20), p), ¥4 (2, -, 0) € L*((20,0), p), 2 € C\ R,
We normalize 14 (z, -, x¢) by requiring
iz, 0, x0) = 1.
This gives
Uiz, m,m0) = 0(2,,x0) + ma(z,20)p(2, 2, 20), T,70 € (0,00),2 € C\ R,
where m4(z, zg) is given by

my(z, 1) = Pl (22, 20) (x,x9 € (0,00),z € C\ R).

Vy(z,x, x0)

It is known that m(z, ) are Herglotz- and anti-Herglotz-functions, respectively (details
about Herglotz function can be found in our standard reference [95] and in the appendix
of [47]).

Lemma 3.2.1. Assume that there exists an analytic Weyl-Titchmarsh solution $(z,x) in
Bgr. Then there ezists a solution 0(z,x) of (3.2.1), which for every x € (0,00) is analytic
in z € By, real-valued for z € R, such that for every z € Br

W(é(z7 ')’ 95(27 ))

Proof. We basically follow the proof of Lemma 3.3 in [47]. Fix 2o € (0,00) and consider

1.

@(Z’ :L‘O)
(8(2,20))? + (p(x0)¢' (2, 70

5 B p(0) @' (2, 0)
o) = ( (p

(2, 20))% + (p(z0) @' (2, xo))ze('zv T, To)—

))2gp(z,x,az0).
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Since the solution ¢(z, -) is non-trivial for every z € B we have (¢(z, xo), p(z0)@' (2, o)) #
(0,0) for every every z € Bg. Thus we conclude that 6(z,-) is well defined for z € By and
due to the properties of @(z,xg), 0(z,x, ) and ¢(z,x, xy) analytic in z € Bg for every
fixed x € (0,00). Moreover we have

W(0(z,-), @(z,)(x) = W(0(z,-),3(2, ) (o)

= 0(z, 20)p(10) @ (2, 20) — p(0)0 (2, 20)B(2, 7o)
(p?'(z, xo)) + (@(zaﬁo))z —1
)? + (p(20)@'(2,0))*  (§(2,70))? + (p(w0) @' (2, 20))?

~ (@(z,x0))2 +

Introduce m4 (z) in such a way that
Uiz, x) = 0(z,2) + m(2)p(z,2), z € (0,00)
satisfies for z € B \ R
V4(z,) € L¥((a,00), p), a € (0,00),
since the differential expression is in the limit point case at infinity the solution @L(z, )) is
proportional to 1 (z, -, x¢). This gives

m+(z,x) ~( )+m+( )pSZ/(Z?:E).

0(z, x) + m(2)p(z, v)

Thus by a simple calculation we get

( _ m+(z,x)9(z, ZU) B pé’(z,:c) — W( (Zv ')7 er(Z, '7370))
" pN@(Z,iL‘) _er(Z?x)@(Z?l') W~(@D+(Z,',£L’0),g5(2,') (3.2.2)
_ 0(z,x) my(z, 1) pt'(z, ) 1

g?;(z,:z:) m,(z,:c) - m+(z,x) 95(271.) m*(%x) o m+(z,x)

Since m_ and m, are Herglotz- and Anti-Herglotz functions respectively and ¢(z, z),
0(z,z) are analytic and since @(z,z) # 0 we see that m_(z) is analytic in z € Bg. Note
that ¢(z,z) is not 0, since if there would be an zy with @(z,x0) = 0, then the function
&(z,-) would be an eigenfunction to a non-real eigenvalue of the selfadjoint realization of
7 in L*((0, ), p) with Dirichlet boundary condition at zg. A direct computation shows
that the Green’s function G(z,z,y) (z € Bg \ 0(L), z,y € (0,00)) is given by

_ ez a)i(zy) o<z <y,
(%%%w_{ékaA%@ f0<y<az (3.2:3)
This means that for every € (0,00) and f € L*((0,00), p)
(=211 = [ Gn ) (324

The following Lemma corresponds to Lemma 3.4 in [47]
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Lemma 3.2.2. Assume that there exists an analytic Weyl-Titchmarsh solution in Bg.
Then the function my satisfies the following conditions.

i) my(z) =my(Z) for z € Bg
) 8|7’h+()\ + Z€)| < C()\l,)\g,ﬁo) fO?" AE [)\1,)\2],0 <e<¢gg
ZZZ) €|§R(m+()\ + Z€)| =¢10 0(1) fO?“ AE [)\1,)\2],0 <e<g

iv) lim,|o(ie)my (A + i) = lim. o ey (A + te) exists for all X € (=R, R) and is non-
negative.

v) My (A +10) = lim. g My (A + ig) exists for a.e. X € [A1, Aa] and F(my (A +140)) > 0
for a.e. X € [\, Aa].

Moreover there exists a measure o such that

Ao+0
/ do(A) = o((Ar, Ag]) = lim lim DAS(y (A +ic))  (3.25)
(A1,A2] 010 €lo T Jy 45

Proof. Since for (\,z) € (=R, R) x (0, 00) the numbers @(\, ) and (), z) are real, we get
for (z,2) € Br x (0,00)

o(z,x) = @(Z, z), é(z,x) = é(?, ).

Let ¢,d € (0,00) with ¢ < d then

= (X[e,a, (L — Z)_IX[c,d})m((o,oo),p)

/ dHEL()‘)X[C,d] ||%2((0,oo),p)

_ / * ) / " pldy) 0z, 2)3(2, )

) ) (3.2.6)
+/ p(dx)/ p(dy) ¢z, 2)0(z,y)

s (o) x>r

Observe that we can find ¢, d in such a way that

d
/ 5(z2) pldz) #0

for all z in sufficiently small complex open neighborhood of [A;, As]. Equation (3.2.6)
already implies 1). Now remark that the function H given by

MXted 122 ((0.00).0)
A— 2

d||EL
HZ(C\O'(L)BZH/
o(L)
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is a Herglotz function which together with the basic properties of 4 (z,2) and @(z, z) directly
implies ii)-v). Due to the Herglotz property of H we have

lim lim —
510 €10 T Jy 45

Ag-+d A| B\ Yiea |I?
dx%/(L) IEL (M) X (el | 22((0.00).0) — 1 EL (O, 2] X 220000

A — (z +1ig)

Then (3.2.6) applied to A + ic with A € (A, A2) and & > 0 small enough implies that o,
defined in (3.2.5) satisfies

Ao+48

o((A1, A2]) = lim lim — AAS (Mg (A + ig))
510 10 T Jy 1

s { / A EL(N) Xleo.dol | 72((0.00)p)
o(L)

= lim lim —
610 |0 T PYER)

A=A —ic
: K/d p(dz)p(\, w)>2 + 2ie (/d p(dx)(d/dz)@(z, x)|“) + 0(52)} B + 0(6)}

co €o

do _9
= /(/\ . d||EL()\)X[co,do]"%2((0,09)7,;) {/ p(dx)gb()\7x)] )
1,12

o

and thus really defines a measure on R. O

The following theorem connects the measure o with the spectral measure

Theorem 3.2.1. Assume that there exists an analytic Weyl-Titchmarsh solution in Bg.
Let f,g € C*(0,00) and F € C(R) be given. Moreover let Ay, \a € (—R, R) with A\; < Ay.
Then we have

(f, F(L)EL((A, AQ])Q)B((O,O@),p) = (f7 MFX(M,AQ]@B(RJ), (3.2.7)

where MFX(AMQ] denotes the bounded operator, which acts by multiplication with F'x(x, x,]-

Proof. As in [47] we use Stone’s formula in order to connect o with the spectral resolution
Ep of L. Stone’s formula implies that

A0 )
(f, F(L)EL(()\l, AQ])g)L2((0yOO)7p) = limlim —F

A L—(\+ie))tg);2
310 €l0 Jy, 15 2m1 <){(f’< (A+ig)) " 9)r ((0,00),0)

— (f, (L= (X —i2))"'g) 2 ((0,00).0) | -
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Using the formula (3.2.3) for the kernel of the resolvent we get

(fsF(L)EL((A1, A2)g) 22((0,00) )
A2+4 [e's) S T
—tti [ ar0){ [ o) |0k i) [ o0+ iz gt

510 <10 2mi [y, 15

+ ><A+waﬁémpww&4A+wwm@ﬂ
{ — ie, x) /O ) p(dy)@(A —ig, y)g(y)
+ f(2) (A —ie, x) /;O p(dy)%(k—i&y)g(y)]}-

Since all integrals are on bounded sets and since the integrands are continuous we are
allowed to interchange integrations to get

(fL,F(L)EL((A1, A2])9) L2((0,00),0)
00 - T Ao+4d B
= [T ot T [ otm sttt s [ FO O+ i a)e 0 )
— (A =iz, 2)p(A — g, )]

00 Ao+0 5
+/ p(dy) g(y )hmhmi/x\ dAAF(N\) [P\ + ie, z) (A + ie,y)

510 el0 27 [y 45

—ﬂk—%wMAA—wwﬂ}
(3.2.8)

Due to the regularity properties of ¢ and 6 we have

O(\ £ ic) =0 O\, z) £ i6i9~<27 z)|.=x + O(?)
dz (3.2.9)

d
95()‘ + 26) —el0 95()‘) [L’) + Z€E¢(27 1‘)|z:)\ + 0(82)7

where O(e) is locally uniform in (A, ). Therefore we get by (3.2.9) and by ii) and iii) of
Lemma 3.2.2

PO\ +ig, 2) (A +ig, y) — A — ig)dy (A — i, y) = G\, 2) [0\, y) + i (A — ie) B(A, y)]
+ @\, 2) [0\, y) + My (A —ie)@(A, y)]
+o(1),
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where o(1) is locally uniform. Equation (3.2.10) together with (3.2.8) gives
(f?F(L>EL(()\17 AQ])Q)LQ((O,OO),p) =

00 00 Ay o
=1A pumvfaﬁzjfxmn limlim = [ A FMNGA 200, 1) S0y (A + ie)

510 elo T Sy 45
(3.2.11)

By definition of the measure o we have for every h € C(R)

Ao+0
h(\) o(dX) = lim lim — A (g (A + i2))h(A
%¥M1<>< i - [ 30 )

and therefore we arrive at

(fs F(L)EL((A1, A2])g) 2

[

In the next Theorem we apply our results to diffusion generators, for which the bound-
ary point 0 is an exit boundary.

):P)

2((0,00
_OO (dy) AN EN) SN, )3\, y).
0@ ‘A p(dy)g /¥M1< JE)B, )30\, y)

]

Theorem 3.2.2. Assume that 0 is an exit boundary. Then for every R > 0 there exists an
analytic Weyl-Titchmarsh solution pT(z,x) for L in Br. Therefore there is a measure op
on R, such that for every F € C(R), every f,g € C°((0,00)) and every A, \» € (—R, R)
with /\1 < )\2

(f? F( )EL(()‘17/\2]) ) 2((0,00),p (f ]\4F~]\4X(A1 AQ]g)LQ(RaR)

where for h € C°((0,00))

huw:Am¢meM@MWM>

Proof. We have to show that there exists an analytic Weyl-Titchmarsh function @(z,-)
(2 € Bg). For z € Br we construct a solution solution ut(z, z) of the equation (L—2)u = 0
in a certain neighborhood U of 0, which for every fixed x € U is analytic in z € B and
which for every fixed z € By satisfies lim, o ugr(z,2) = 1. Since the ordinary differential
equation (L —z)u = 0 is linear each ug(z, ) (¢ € Bgr) gives rise to a solution of (L —z)u = 0
not only in U but also in (0,00). Thus it is enough to construct ug(z,-) only in U. This
will be done by the usual iteration procedure. For 1 > ¢ > 0 we choose 6 = dg > 0 such
that for every z € Bg and z € (0,0)

/Ow p(r)~tdr /j p(s)ds < e.
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Set ufl(z,2) = 1 and recursively uf | (z,2) = 1+ z [ p(r)~ drf R(2,5)p(s)ds. By in-
duction one easily shows that the sequence (u(z,r)),en converges umformly inx € [0,0g]
and z € Bg. This implies that for every x € [0, dz] the limit uf(z, z) = lim,, o uf(z, z) is
continuous and for every fixed x is analytic in z € Bg. Moreover the limit satisfies

up(z,x) =1+ 2z /Of’f p(r)~tdr /ré ul(z,5)p(s) ds

and solves for every z € Bp the equation (L — z)u = 0 in (0,0g) with lim, o u"(z,2) = 1
(2 € Bg). Moreover uf(X\,z) € R for A € RN Bg. Now choose oz > 0 such that
ulfl(z,2) # 0 for every (z,x) € Bg x (0,0r) and set for every = € (0,0r)

" (2, 2) = uR(z, ) / Cu(ery) () dy.

Observe that ¢(\,z) € R for real A and that lim, .o $%(z,z) = 0. Furthermore ¢%(z, )
is analytic in z € Bp since for any simple closed path v in Bi due to the analyticity of
ufl(z,7) in z € By

Morera’s theorem then gives the analyticity of $¥(z,z) in 2 € Bg. The two solutions
ufl(z,-) and @f(z,-) are linear independent and the solution (z,-) is moreover integrable

since
z ma; U z
/ @ (2, t)p(t) dt‘ Sycioal (2 Y) / / “lds < 00
0 [minyeoq [uf(2,y)]

by the definition of an exit boundary. It remains to observe that (z,-) € L>((0,1), p).
Since bounded and integrable functions are square integrable we get for every z € By

/0 167z, 2)|? plda) < oo

for every a € (0,00). The remaining assertion follows directly from Theorem 3.2.1. O

Remark 3.2.1. The assertion of Theorem 3.2.2 is important for our problem since it pro-
vides the function pT(\5(, cdot) as a matural candidate for the quasistationary distribution
of the diffusion associated to the diffusion operator L. Without an assertion similar to
Theorem 3.2.2 such a natural choice is only possible in the case, where the bottom of the
spectrum is an eigenvalue in the L*-sense.

The proof of the above theorem has the following Corollary

Corollary 3.2.1. Assume that 0 is an exit boundary. Then for every A € C the ordinary
differential equation (T — N)u = 0 has a fundamental system (u},u3) of solutions with

lir% uy(7) =0 and lir% uj (z) = 1.

Moreover one has u} € L*((0,00), p) N L*((0, 00), p).
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Proposition 3.2.1. Let 7 = —%j—; + b(:z:)% be a Sturm-Liouville expression, which is in
the limit-point case at infinity. Moreover assume that 0 is and exit boundary and let L
denote the uniquely determined selfadjoint extension of T in L*((0,00), p). If Ao = inf o (L)
and R > 2)\ then the function ¢™(Xg,-) does not change sign in (0,00).

Proof. Assume that \g = inf (L) is an eigenvalue in the sense of spectral theory. Then
since e~'% is positivity improving we conclude that uy, can be chosen to be strictly positive.
Thus assume that ) is the bottom of the essential spectrum and suppose that ¢%()g, -) has
a zero in (0, 00), say @T(X\g, 7o) = 0. Let us consider the selfadjoint realization L,, of 7 in
L?((zo,0), p), which satisfies Dirichlet boundary conditions at xy. Then \g = inf o(L,,)
and pf()\g,-) solves the boundary value problem (7 — \g)@%(Ng,) = 0 in (g, 00) with
©(Xo, o) = 0 and p@g™(Ng,x9) # 0. Tt follows from Theorem 3.2.4 (see also [78]) later
in this work that the spectrum of L, is discrete and therefore )\q is an eigenvalue. Thus
&™(Xo, -) has no zero in (0, z). Using Lemma 2.2 of [84] we conclude that $(), -) does not
change sign in (zg,00). Therefore we may assume that in (0,x¢) @(\o,-) is positive and
in (zg,00) is negative. Choose 0 < f € C°((0,20)) and g € C°((zg,00)). Then we have
limp=apy, [ @7\, 2) f(2) p(dz) [ ¢2(N, 2)g(z) p(dz) < 0. Choose € > 0 and A\; < R such
that for every A € [Ao, A\1] we have

/@R(Ayx)f(m)/)(dﬁ)/@R()\,x)g(:c) p(dx) < —e < 0.

Then we get the contradiction

0< (g0 ™ )20y = / P FNGN) o (dN)

[AosA1)
+ (E((A1,00)g,e " E((1X0,00) f) 12((0,00) p) < O

for sufficiently large ¢t > 0 since

[(E((M,00)g, e ™ E((M,00) ) r2(0.00) )| < € £l £2((0.00).0) |91 22(((0.00).) -
]

In the sequel we comment on the direct applicability of the results of Gesztesy and
Zinchenko. Let for some b € C((0,00) p be given by p(x) = e 2/ ¥)ds — =B and
let 7f = —%p(p 1) be a Sturm-Liouville expression, for which 0 is an exit boundary and
infinity is inaccessible. Then we know already that the differential expression 7 is in the
limit point case at 0 and infinity. Thus 7 has a unique selfadjoint extension L. Let the
unitary mapping U : L?((0,00)) — L?((0,00),p) be given by U f(x) = eP@/2f(z). The
unitary U transforms the operator L into the operator L, which acts on f € C((0,00))
by

Lf= —%f”Jr%(b?—b’)f. =: %(—f”+Vf). (3.2.12)

Thus we end up we a differential expression of Schrodinger type, for which Gesztesy and
Zinchenko established their results. As already remarked above we are interested in drifts
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b, which are singular at 0 with a singularity, which is of Bessel type. Thus we consider
drifts b of the form a
b(x) = — + c(x), (3.2.13)
x
where x € R and ¢ € C*((0,00)) N L}

loc

b our potential V' in (3.2.12) has the form

([0,00)) with ¢ € L}, ([0, 00, z dz). For such a drift

loc

CL2 a

V(z)=— + = +c(x)2£ +c(x)? = d(z) = (

a+1/2)2—1/4
x? +

T2

W (). (3.2.14)

Using the fact that L | C2°((0,00)) is essentially selfadjoint, Example 3.10 in [47], The-
orem 3.5 in [47] and Theorem 3.6 in [47] we arrive at the analogue of the Weyl spectral
representation for the regular case (see Theorem 2.2.1)

Theorem 3.2.3. Let V' be given as in 3.2.14 and assume that a > % Let f,g €

Ce((0,00)), F' € C(R) and A1, X2 € R, Ay < Xp. Then there exists a continuous function

R x (0,00) 3 (A, z) — ¥(\, ) satisfying LY\, x) = (X, ) in the sense of the theory of

ordinary differential equations and a measure o such that
(f’ F(L)Ei(()\h AQ])g)LQ((O,oo),dx) - (f’ MFMl(Mv)\Q]g)LQ(R,U)’

where for h € C2°((0,00))

UMMZMM:Awmﬁﬁwm@

and Mg denotes again the mazimally defined operator of multiplication by the do-measurable
function G in the Hilbert space L*(R, ). The operator U extends canonically to a unitary

mapping such that L
UF(LYU ™ = Mp.

in L*(R,0). Moreover the spectrum is simple and

o(F(L)) = ess.ran,(F) and o(L) = supp(o).

Using our unitary operator U we can now transform the spectral represention of L
obtained in Theorem 3.2.3 back in order to obtain a spectral representation of L. Since L
is unitarily equivalent to L we conclude first that the spectrum of the operator L is simple.
Setting Y (z,z) = W (x) — 2z we conclude by formula (3.106) in [47] that for every compact
K CcCx[0,00) and (z,2) € K

i) < a0 (3 [Tyl dn) (32.15)
Y Jo

where v = (a4 1/2)%. This estimate implies that |i(z, )| € L((0,a)) for every a € (0, 00).
An application of Theorem 3.2.3 implies that for f, g € C°((0,00)), F € C(R), A\, A2 € R,
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A1 < Ao
(fs F(L)EL((A, )\2]>9)L2((0,m),p) = (U U F(L)EL((A, AQDUU?lg)L?((O,oo))
= (U, F(LEL (s 2)U ) 12 .0 (3.2.16)
= (ULf, MpMya 0 U™19) ooy
where?

ULf(N) = /000 dz (X, x)e B@/2f(z) = /000 p(dz) (N, 2)eP@2f (). (3.2.17)

Notice that the function £(),-) := (), )eB0)/2 solves the ordinary differential equation
L(¥(\, 2)eB@/2) = Xp(X, 2)eP@/2 and that (3.2.15) gives bounds on the generalized eigen-
functions £(A, ) in a neighborhood of 0. Thus we arrive at an expansion into generalized
eigenfunction as in the regular case with the advantage that there is no restriction of the
type |A1], |[A2] < R but with the drawback that we have to assume that (3.2.13) hold. We
hope that in a future work Theorem 3.2.2 will allow to remove hypotheses concerning the
drift further, since this result only uses assumptions which are formulated in terms of the
Feller classification.

In the rest of this chapter we only consider diffusions whose drift b has the form (3.2.13),
since later we even have to restrict our class of diffusion further by adding another con-
dition. Thus we can use Theorem 3.2.2 as well as Theorem 3.2.3. Finally let us end this
section with a result concerning the case, where 0 is an exit boundary and oo is an entrance
boundary. In Theorem 2.2.4 we included a simple proof of the fact that the spectrum of
L is discrete, if 0 is regular and oo is entrance. After having worked out the proof of
this theorem and the next theorem we found out that in the preprint [78] I. Shigekawa
establishes a similar result using quite different techniques.

Theorem 3.2.4. Assume that 0 is an exit boundary and oo is entrance. Then the spectrum
of L is purely discrete and the eigenfunctions belong to L*((0,00), p).

Proof. Since we already know from Theorem 2.2.4 that for every a € (0, 00) the spectrum
of L, is discrete, where L, denotes the operator associated to the closure of the quadratic

form g,
1

C2((0.09) 3 F = aul) =5 [ 0ol

it is enough to prove that the spectrum of the operator L® is discrete, where the operator
L® is associated to closure of the quadratic form

0((0,00)) 3 f = ¢*(f) = / | FORo(d).

2In contrast to the following chapters Z does not denote complex conjugation of a complex number z
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Without loss of generality assume that 1 € (0,a). The associated diffusion has a regular
boundary at a and an exit boundary at 0. In order to simplify the notation we prove the
result for the converse situation, i.e. we assume that 0 is regular and a is exit. Again, the
main tool is the result of Hartmann (see e.g. Satz 1.1 in [94]), which says that the essential
spectrum is empty if for every A € R every solution of the equation (7 — A)u = 0 has only
finitely many zeros in (0,a). It is enough to prove this for A > 0 since the assertion for
A < 0 then follows from Korollary 14.20 b) in [94]. Thus assume that A > 0 and that v is
a non-trivial solution of the equation (7 — A\)u = 0 and assume that v has infinitely many
zeros in (0,a). Observe that no xy with v(zg) = 0 is a local extremum since v is assumed
to be a nontrivial solution. Between two successive zeros there is necessarily an extremum.
As A > 0 and v satisfies 7o = Av local maxima of v are necessarily positive and local
minima negative. Thus we can choose a sequence (z,), converging to a and (Z,)nen such
that z,, is a maximum with v(z,) > 0 between two successive zeros and a sequence (Z,,)nen
such that Z,, is the first zero of v which is bigger than z,, and that v is non-increasing in
(p, Tp). This gives

0 < v(zs) = / p(s)~ ds / p(B)2X0(8) dt < 2\o(z) / p(s)"ds / o(s) dt

and therefore

L < / p(s)™ ds/ p(t) dt. (3.2.18)
2\ o o
Since a is assumed to be an exit boundary we have [[* p(s)™" [} p(t) dt < oo, (3.2.18) can
not be true. Thus every solution of the eigenvalue equation (7 — A)u = 0 has only a finite
number of zeros in (0,a). Summarizing we have shown that the spectrum of L is purely
discrete.

It remains to prove the integrability of the eigenfunction u,, corresponding to the lowest
eigenvalue g of L. First observe that lim, .o uy,(x) = 0. This follows from the fact that
by definition of L there exists a sequence (¢ )nen C C2°((0,00)) which converges to uy,
with respect to the norm

D(g) > f <||f||i2<(o,oo),p) - |f'<x>|2p<dx>) }

The elementary inequality

sup [p(x)] < C, ( / ) |go'<a:>|2p<das>)é

z€([0,a])

implies that for a € (0,00) ||¢n—¢m|c(0,a)) — 0asn, m — oo and therefore lim, . uy, () =
0. We have seen in the proof of Theorem 3.2.2, that there exists a solution v}, of the equa-
tion (L — Ao)u = 0 with the property that lim, .qv),(z) = 1 and a solution 0, with
lim, 0y, (7) = 0 and vy, € L'((0,a), p) (a € (0,00)) such that (vy,, 0y,) forms a basis of
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the space of solutions of (L — A\g)u = 0. Due to the basis property of (vy,,7y,) we have
Uy, = avy, + by, for some scalars a,b. But because of

0= liII(lJ Uy, (z) = lirr[lj(amo (z) + b0y (7)) = a

we get uy, = biy,. Thus we conclude that uy, € L'((0,a),p). Since oo is entrance we
moreover have [ p(dy) < oo and therefore

Ung € Ll((l,oo),p) - L2((1,OO>,p>.

Here we used that uy, is an L?-eigenvalue. All in all we have shown that uy, € L'((0,00), p).
UJ

In the following Corollary we formulate a direct consequence of the above proof.

Corollary 3.2.2. Assume that 0 is an exit boundary and that the boundary point infinity
1s 1naccessible. Let L be the unique selfadjoint realization of the Sturm-Liouville expression
7 defined by Tf = —ii(p%). For any f € D(V'L) we have

2p dx

| ()| = 0.
Observe that this Corollary allows us to use methods as in the regular case. If f €
D(V/L) then we have for every z > ¢ > 0

|[f (@) = lim|f(z) — f(e)| <lim [ [f'(s)|ds

e—0 e—0

<t/ (2 ) p(t)_ldtf(% A |f’(8)l2p(ds)>1
(2 o dt);(% / xlf’(s)\zp(dS)f,

where we used the fact that [ p(t)~"dt < co since 0 is exit.

Remark 3.2.2. In [20] the authors proved that the spectrum is discrete under the assump-
tions b € C*((0,00)) and

C=— inf (b(y)>—V(y)) <oo and lim (b(y)* — ¥ (y)) = oo.

y€(0,00) Y—00

applying some facts from the theory of Schrodinger operators to the Schrodinger operator
—%% + b2;b/, which is unitarily equivalent to L. Similarly we also used ideas from the
theory of Schrodinger operators, but translated them in a suitable form. In order to get
a complete characterization of the existence of quasistationary distributions our result is

more useful.
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3.3 Existence of Quasistationary Distributions

As in the regular case we are interested in the existence of quasistationary distributions. As
explained we will assume that 0 is an exit boundary and thus have to work with diffusions
with two singular boundary points. As in chapter 1 we prove existence of quasistationary
distributions by proving the existence of the Yaglom limit. At several points the technical
problems become much more involved and we are not able to solve the problem in complete
generality. Still our results are new and extend the only existing work [20] on this problem
in some respect and together with the uniqueness result in [20] a better understanding of
the problem is obtained.

We assume for the rest of this chapter that the condition

(H) 3z € (0,00)Vt > 0: e 1,1 € L*((0,00), p)
and lim._ge "1, = e 1y, in L*((0,00), p)

is satisfied.

Assuming certain absorption at 0 condition (H) will allow to establish the existence of
quasistationary distributions under the assumption of strict positivity of the bottom of the
spectrum. In the following Proposition we will find a class of diffusions which satisfies (H).
We make use of the same methods as in Proposition 2.2 of [20].

Proposition 3.3.1. Assume that b € C'(0,00) and that for some ¢ > 0 infyso(]b(s)* —
b'(s)) >c. If

/OISMd5<oo

then
eitL]-[O,e] € L2(<07 OO), p)

Moreover for any sequence (an)nen C (0, ,€) with lim,_a, = 0 we have

lim eftLl[ama] = eftLl[()’a]

in L*((0,00), p).

Proof. First observe that it is enough to prove e "1 4 € L?((0,00), p) for 1 > ¢ > 0. By
the Girsanov theorem (see also proposition 2.2 in [20]) we have

e M1 (w) = EPV [1[o,e]<xt>e%Q<I>%Q<Xt>% Re-eads 4 o,

. (3.3.1)

< e‘gteéw)/ P (t,2,y)e” 290 dy
0
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where EPM denotes the expectation with respect to the Brownian motion, Q(z) = 2 f !
and p” (¢, z,y) denotes the heat kernel for the Laplacian on (0, co) with Dlrlchlet boundary
conditions at 0, i.e.

x— 2 T 2 z 2 © 2
P (tz,y) = . (e(%y) - 6(;3)) = ! 672%67%7 = —\/5 672%67%7 sinh(%)

V2t Vrt

Using sinh (%) < ysinh (%) < Ye? (fory € (0,1) and = € (0,00)) we therefore get by 3.3.1

2~2

e () < e33R Y2 ’% t/ ye 29W) (3.3.2)

The estimate 3.3.2 implies e **1jy . € LQ((O, 00), p). O

As explained in Remark 4.6 in [20] Proposition 3.3.1 is applicable to drifts of the form
b(s) = 2 4 g(x), where g € C'([0,00)) and 0 < @ < 2. In order to get a more complete
picture it is desirable to include regular perturbations of arbitrary Bessel processes, for
which 0 is an exit boundary. A step in this direction is the following proposition. The
general idea used in the proof is similar to the idea used in Proposition 3.3.1

Proposition 3.3.2. Assume that v > 1 that b(s) = —=24L 4 ¢(s) where ¢ € C*([0,00))

is such that inf,~o[2(c*(z) — d(z)) — M} > —00. Moreover assume that P, (Ty <
oo) = 1. Then
eitL]-[O,z] € Lz((()? 00)7 p)

for every z € (0,00). Moreover we have

lli,)%e tL]—[s g = e_tL]-[O,z]

in L*((0,00), p).

Proof. Obviously we can without loss of generality assume 0 < z < 1, since we already
know that for every 2’ € [1, 00)

e_tLl[ml] € LQ((O, 00), p)-

Denote by I, the modified Bessel function of the first kind, i.e. (see [12] page 638)
33/2 zx+2k
Z KT (v+k+1)

where I" denotes the I'-function. Let R” denote the Bessel process, i.e. the minimal diffusion

associated to the generator _ld wild g, > 1 the process R” has the transition

2 dz? 2z dz’
function (see [12] page 73 formula 44)

y 1 _, _a? xry
e = o) e, (2
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with respect to the measure m”(dx) = 22?**1dx. Let P* denote the measure associated
to R*. From the h-transform property (compare [12] page 75 formula 43) we get that the
transition function p~" (¢, x,y) for the process R~ with respect to the measure m”(dx) =
202" *ldx is given by

. 1 L1 _, _2ta? Y\ _q,
p (@ y) = 5w (L y)h(y) = 2 o (ay) e L == )y
h(z) 2t t
(3.3.3)
_ i e~ m2;y2[ LY\ 30
T A\t )Y
where h(x) = %x_Q”. Set C(x fl s)ds. Let p denote the symmetrizing measure
of the Sturm-Liouville expression TB = —%dd—z — =24 For f e L*(0,00),p) de-
fine the operators B, by Byf(x) = e C@/2(P(e“/2f))(x). Since [;7|f _C/Q( )2 pldz) =
I~ 1f (2)]? p(d) < oo the expression Pt( C/Qf) is well-defined and we have P,f € L*((0, 00), p).

We see by a simple calculation that the generator L of P, acts on smooth functions with
compact support via
~ 1

Lf(z)=71pf(z)+ 5(02(x) _ Cl(aj)) B (—QV—Z;l)c(z)

/().

Since L | C2°((0, 00) is essentially selfadjoint if this is true for the operator L we conclude
that it is enough to check the action of L on C2°((0,00) . Applying the Feynman-Kac
formula and the assumptions of the proposition and (3.3.3) we get for some constants K,

Fi(z) == e "1 (x) = e“@PP (e, d)(x) = 02t (= C@/21 1) ()
= C@2R-Y [ ShlEEe (XS)%%M%*C@)/H[O,E] (Xy),To >t
< “ORKE Y [104(X0), Ty > t]

WK, / () () dy

2
x)/QK / +y I, (%) y—3uy2u+1 dy

SGCEI)K—Q 2t/ 67%*2[,} @ yiguymﬂrldy.
21 ; /

Using

ry —  (wy/2t) 2 s (w/2t) R v
L) = < 'L (z/t
(t) LD+ k1) 7 Zk'F(u+k+1) (z/t)

we get for some constant K} > 0

Fy(z) < Kle 1C(x);—te_z27ly(m/t). (3.3.4)
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C(z) . —2v+1

Near 0 the density p(z) = o2 )i =S e(s) ds
density p behaves as e~¢(@)g=2v+1

behaves as e™~'*x and near oo the
. Using the asymptotics (see page 638 in [12])

1 v o
I,(z) ~ T+ (g) for small z and I,(z) ~ hes for large =
we obtain
> > 1 v ac2
| IR@E o) < [ 1KIACO T T w0 plde) < .
0 0

]

Remark 3.3.1. Despite our permanent effort we have not been able to give necessary and
sufficient conditions, which ensure e”*1y ) € L*((0,00),p). Such a result would clarify
the status of our hypotheses. In the above results we have seen, that this holds in many
interesting cases, in particular it is always satisfied under the assumptions of [20]. In a
subsequent joint work with Leif Doring we try to extend the above proposition further by
making use of Khas'minskii’s Lemma. It is an interesting task to search for more general
and if possible even optimal assumptions which imply the validity of (H).

The following result is a local version of the Yaglom limit and is the first important
step in the analysis of the full problem. Recall that we always assume the validity of (H)
and notice that in the right side of the assertion does not depend on R. This is so since
for different R, R’ the solutions @7 (\§, ) and @™ (), -) are linearly dependent by Corollary
3.2.1 and therefore the quotient in the assertion does not change, if one replaces in the
assertion @(AE,-) by @ (g, ). Moreover as observed in (3.2.16) and (3.2.17) ¢7(\, )
can replaced by (Ao, -)eB)/2,

Theorem 3.3.1. Assume that 0 is an exit boundary and A C B are compact subsets of
[0,00). Let v be an initial distribution, which is compactly supported in (0, 00).

_ fA @R()‘Oa x)p(da:)
J5 " (X0, z)p(dz)

Proof. Let us fix R > 10|)\g| and denote the for A € R with [\ < R @%(),-) just by @(A, ).
The proof relies on the above spectral theoretic results. First observe that it is easy to see
that for z > 0 and a subsets A, B CC (0, z] with A C B we have

This can be done exactly as in the proof of the corresponding result for a diffusion with a
regular boundary. An additional problem occurs if A C [0, z] due to the fact that 1, does
not necessarily belong to L*((0,00), p). Here condition (H) will be used. Let for a subset
A C[0,z] and € > 0 A. denote the set {x € A | |z| > ¢}. Then by condition (H) we have

t—o0
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for every t > 0 lim._ge 1,4 = e 1, in L2((0,00), p). This allows to decompose =21 4
as
P.(X; € A) = e 1,4(z) = E([Xo, M])e F1(x) + E((A\1, 00))e 1 4()

for almost every = € (0, 00) and due to continuity for every x € (0,00). Observe moreover
that for A\; € (0, 00) the continuous integral kernel h* (¢, x, y) of the operator E((0, \))e X
is given by

B (8 ) = / e\ 1) BN, y) o (dN)
[Xo,A1]

If v is an initial distribution with compact support in (0, c0), then due to continuity of the
functions 71 4, E([Xo, AM1])e 14 and E((A1, 00))e 14 the expressions

(e™ 14, v), (E([Mo, M])e 14, v) and (E((A,00))e 14, v)
are welldefined and we get
(71 4,v) = (BE([ho, M])e 14, 1) + (B((\, 00))e F1 4, ).

and using Fubini’s theorem we arrive at
E(o e “La(o) = [ B ()L p(d)
0

. (3.3.5)
= [ e [ eaytdn) [ ) pldotan)
[Ao,A1] 0 A

The use of Fubini’s theorem may be easily justified by using properties of the generalized
eigenfunctions @(\, ). Now observe that

i B0 MDe L v) [, 600, 7) p(da)
t—o0 (E([Ao, A1])e 1.2, v) foz (o, ) p(dz)

(3.3.6)

Using the integrability properties of ¢(z, -) established in Corollary 3.2.1 and the proof of
Theorem 3.2.2 this follows exactly as in the regular case (see Theorem 2.2.3 chapter 2).
Thus it remains to show that

—tL
lim P,(X, € A | X, < 2) = lim (E([Aos M])e 14, v)

t—c0 (E([Ao, M])e L1 ., v) (3.3.7)

This will be proved using ideas, which are similar to the case of a regular boundary at 0.
In order to do so observe that

P,(X, € A) _ (E([Xo, M])e 14, v) + (E((A,00))e 14, v)
<E([/\0,/\1])6_tL1A,V> <E([/\0,)\1])6_tL1A,V>
— 14+ <E((/\17 OO))eitle‘b V>

(E([ro, M])e1a,v)
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Using e~ 1,4 € L?((0,0), p) and the elementary inequality

0= (2 o) | (2] |g’<x>|2p<dac>>é

valid for g € D(v/L) gives

(E((M,00))e L) < 0(% [ aors (dx)>;

0
1
2
= ( / e 2N E (dA)65L1A||%2<<0,oo),p>) :
[)\1,00)

where g; = E((\1,0))e"*F1 4 and € > 0 is small enough. Therefore t — (E((A,00))e 14, 1)
decays exponentially with an exponential rate which is strictly bigger than the exponential
rate of decay of (E([\o, \1])e 514, v) O

Remark 3.3.2. Let 7f = —%p(pf’)’ be a Sturm-Liouville operator for which is 0 is the
exit point case and infinity is inaccessible and let L be the unique selfadjoint realization of
7. Ezactly as in the regular case it is possible to deduce the strong ratio limit property iof
the transition function p(t,-,-) corresponding to e **, i.e. for s >0, 2o € (0,00)

li p(t + S,'I,y) __—Xos 95()‘07'1:)95(>\07y>
im —— 2 —¢ ~ - :
t—oo p(t,x0, o) P(Ao, 20)P (Ao, o)

(3.3.8)

where is the non-trivial function @(Xg,-) is an element of the one-dimensional space of
solutions of T¢(z,-) = zp(t,-) satisfying lim, o @(z,2) = 0. Observe that the hypothesis
(H) is not necessary in order to deduce the strong ratio limit property.

Having established Mandl’s local version of the convergence to quasistationarity we
are now able to prove with the methods of Steinsaltz and Evans the dichotomy In the
following we use a beautiful argument, which under the assumption, that 0 is regular,
is due to Steinsaltz and Evans. Due to Theorem 3.3.1 their reasoning works without
substantial changes. In order to make this work self contained we present a full proof.

Lemma 3.3.1. Let 0 be an exit boundary and let co be natural. Suppose the initial distri-
bution v is compactly supported and \g > 0. Then either

e X, converges to the quasistationary distribution (Ao, -); or
e X, escapes to infinity.

Proof. Let
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then
tlim f(z,t) =00, V2 >0 <= X, escapes to infinity,

lim lim f(z,t) =0 <= X converges to the gsd ¢(Ag, ).

2—00 t—00

Hence, to prove the dichotomy it has to be ensured that no other limits of f than zero and
infinity are possible. First note that for fixed 0 < a < 2

Pu(Xn+1 > Z) = Pu(Xn—H > CL) - Pz/(a < Xn+1 < Z)
> P (Xpi1 > alX, > 2)P (X, > 2) —Py(a < Xy < 2)
> P(Vte[0,1]: Xy > a)P, (X, >2)—P,(a < X1 < 2),

where we used the strong Markov property. Due to naturality of oo, P, (Vt € [0,1] : X; > a)
converges to 1 as z tends to infinity. Further, using convergence to the quasistationary
distribution ¢(\g, -) on compacta we get

P,(a < Xpp1 < 2) noo [Z@(Xo, x) p(dz) - [ @(No, x) d
P,(Xni1 < 2) Jo (X0, 2) pldx) = [ @(Xo, ) p(d)

For each ¢ > 0 we can find n/,29,a such that P,(Vt € [0,1] : X; > a) > 1 — € and

BrlasXnn1=2) ¢ for n > n',z > zg. Further, since \y > 0, Lemma ... can be used to find

PV(Xn+1§Z)
some n’ such that P”(X—”SZ))

for a,n, z large enoilizogg(n+ =
P, (Xni1 > 2)

P, (Xni1 < 2)

- P.(Vt € [0,1] : X; > a)P,(X,, > 2) B P,(a < Xp1 < 2)

o PV(XnJrl < Z) IEDV<Xn+1 < Z)

P, (X, > 2) P, (X, <2) P,(a < X1 < 2)
P,(X, < 2)P,(Xpi1 < 2)  Pu(Xpi1 < 2)

>q>1/(1 —¢) for n > n” and € small enough. Altogether,

fEn+1) =

v

P.(Vt € [0,1] : X; > a)

> q(1l-e)f(zn)

Since € is arbitrary small taking limits on both sides yields
e limsup,_.., f(n,z) =00, Vz>0;or
o lim, . limsup, . f(n,2z) =0.

We still have to extend the above to real times ¢ > 0. First note that

lim lim sup

B0 t—o0 Py(Xt < Z)
)

1 P,(X; > 2) P, (X, < 2)
= 1m 11m su
oo t—><>op ]P)V(Xn < Z) IEJJ1/()(15 < Z)
P,(3t € [n,n+1): X, > 2) P, (X, < 2)

. . [ y v
< liml _—
= e s P,(X, < 2) i) Po(Xy < 2)
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Further,
P, (3t € n,n+1): X; > 2)
= P,(3te [nn+1) >zX >2)+P,(Ftenn+l): Xy >z X, <2)
< P (X, >2)+P(Ftenn+1): Xy > 2| X, < 2)P(X, < 2)
< PuX,Z2)+P(Ftenn+1): X;> 21X, <2)

The second summand tends to zero due to convergence to the quasistationary distribution
©(Ao, -) on compacta. Indeed,

= JPo(3t € [0,1) : X; > 2)@(No, x) p(da)
fO )\0, de’)

Without loss of generality we may assume [~ (Ao, z) p(dz) < oo since otherwise X,
escapes to infinity. Hence, due to dominated convergence the limit in z can be taken in
the inside which tends to zero since oo is inaccessible. In total from the above follows

lim, o limy—, o P”gzzg = 0. Finally, the second case is similar. For any a > z

li{n inf f(z,1)

> 1 fIED(X >a))—Pla< X,,Ftenn+1): X; <2z)
im in
T oo PX,<a)+P(a< X, Enn+1): X; <2)
fla,n) 1 =P, (3t € n,n+1): X; < zla < X,)
> liminf
n—oo 1+ f(a,n)P,(3t € n,n+1):X; < zla<X,)
= liminfP,(3t € n,n+1): X; <zla< X,) ' —1,

n—oo

P,(Ftenn+1): Xy >z2X, <2)

where the last equality is true since lim, ., f(a,n) = oco. Hence, the right-hand side
diverges as a tends to infinity since co is natural. Finally, we proved that for all z > 0,
limy o f(2,t) = 0. O

Lemma 3.3.1 gives us an important dichotomy. Either we have escape to infinity or
convergence to quasistationarity. Let us first comment on the case where absorption at 0
is not certain.

Theorem 3.3.2. Assume that 0 is an exit boundary and that fl ~Ldt < co. Then we
have for every a € (0,00) and every compact subset K C [0, 00)

limsup e*’ sup P, (Xt eK|Ty > t) < 00

t—o0 z€la,00)

Proof. As we did quite often we use the elementary fact that for fixed a € (0, 00) and for

every f € Do
s 1) < (2 o0t ae) (5 [Tt )

<(2f o0 dt)é@ / oolf(t)|2p(dt)>%,

=
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where we use our assumption and that 0 is assumed to be an exit boundary. By the
spectral calculus we conclude that e=*r'g € D(q) for every g € L*((0,00), p) and therefore
fort>e >0, f:=e"1x € L*((0,00), p) (by hypothesis (H)) and C' = [~ p(t)~" dt < oo

sup P € ) = swp [ 10 () < O [ e o Patan) )

z€(0,00) z€(0,00)

([ r<e<“>LefL1K>'<x>|2p<dx>)5 (33.9)

2
— C(/ e 2(E=2)A d||E/\f||%2((0,oo),p)) :
[A0,00)

This inequality therefore gives us

1

2
lim sup e*'P, (X, € K) < Climsup </ AeProte =2t d||EAf]|%z((07m)7p)> :
[)‘0700)

t—o00 t—o00

The right hand side is finite and is even equal to 0 if Ay does not belong to the point
spectrum of L and in particular in the case A\g = 0. Therefore we get for any € > 0

limsup e sup IP’I(Xt e K|Ty> t) < 00.

t—o00 x€(e,00)
[

In the sequel we consider only diffusions which are absorbed in 0 with probability one.
We are interested in finding sufficient conditions ensuring the existence of quasistation-
ary distributions. In the following Theorem we show in particular that the behavior of
P,(X; € - | Ty > t) does not depend on the initial distribution v. Moreover we prove that
convergence to quasistationarity is implied by the strict positivity of the generator of the
diffusion.

Theorem 3.3.3. Assume that 0 is an exit boundary and infinity is natural and that P, (Ty <
o0) = 1. If \g > 0 then X; converges to the quasistationary distribution (Ao, -).

Proof. By Lemma 3.3.1 we know that X; converges either to the quasistationary distribu-
tion or escapes to infinity. This means that the family of measures

Fiv,) =P, (X, €| Ty > t)

converges weakly either to the measure @(Ag,-) dp or to do. In the second case we have
for every distribution v which is compactly supported in (0, c0)

oo

lim P, (Ty > t+s|Ty>s) = lim P, (To > )P (X; € dy | Ty > s)

§—00 §—00 0

= lim P, (Ty > t) =1,

Yy—oo
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where we used the assumption that oo is a natural boundary point. If X; converges to the
quasistationary distribution, then we have for some o > 0

P, (T() > 14 S)
lim =e
t=oo P, (T > t)

—Qas

t—o00

Thus in order to prove the assertion of the theorem it is enough to show that
1
— thrn n log P, (T > t) > 0.

As in the regular case it remains to investigate the exponential asymptotic behavior of
P,(Tp > t) but in contrast to the regular case the function 1 is not in L*((0,0), p) and
therefore we have to use a slightly different route. We will apply a well-known martingale
technique. The bottom of the spectrum of the operator L — \g/2 is Ag/2. Therefore the
operator L — \g/2 is subcritical or equivalently the Greens function

9(x,y) =/ e/ 2p(s, z,y) ds
0

exists. Thus by Proposition 5.1.3 in [75] there exist two linearly independent positive so-
lutions wy, us of the equation (L — Ag/2)u = 0. Thus by Corollary 3.2.1 there exists a
positive solution @ of (L — \¢/2)u = 0 with lim,_,o4 u(x) = 1. Consider the stochastic pro-
cess (Y;)is0 = (e2/2N 00y (X, 71))i>0. Then by the It6 formula (Yir,, )0 is a martingale
with respect to P,. Therefore we conclude that for x € (0, M)

E, [w(Xinmynry, )20 0)] = u(z).
Sending M to oo and then ¢ to co we conclude by double application of Fatou’s Lemma
E. [6A0/2T°} < u(z). (3.3.10)
Observe that we used the assumption P, (7 < oo) = 1 in this step in order to conclude
that lim;_, t A Ty = Ty P,-almost surely. The integrability of e%OTO implies the desired

1 A
Vi € (0,00) : — lim —logPu(Ty > t) > ?O > 0,

as the exponential Markov inequality in combination with (3.3.10) gives

1 1 _ ot AoTo
tlgcr)loglogIP’z(To > t) < tll)rgoglog[e 2 Ex[e 2 ] < ——.
Another approach to the exponential decay of the tails of Ty is to use assumption (H)
and similar arguments as in the regular case. The ideas used above do not make use of



3.3. EXISTENCE OF QUASISTATIONARY DISTRIBUTIONS 5

hypothesis (H).
Now we can apply the parabolic Harnack principle in order to conclude that for every
compact K C (0, 00)
— lim 1log sup P, (Tp > t) > &,
t—o0 zeK 2
which finishes the proof. ]

In our final theorem we consider the case, where infinity is an entrance boundary. In
the proof we make again use of the following fact: Assume that )y is an eigenvalue in the
spectral theoretic sense then

)\Otp<t7 xz, y) = U, ('%)u)\o (y)’

lim e

t—o00
where u), denotes the unique nonnegative normalized eigenfunction associated to A\g and
the convergence is locally uniform in (0, c0).

Theorem 3.3.4. Assume that 0 is an exit boundary and that oo is entrance. Then there
is only one quasistationary distribution and X, converges from every initial distribution
v, which is compactly supported in (0,00) to the quasistationary distribution vy,(x)p(dzx),
where vy, s the unique (up to multiples) positive L*-eigenfunction to the eigenvalue \g.

Proof. The proof® of the next theorem does not differ from the corresponding result in the
regular case. We have seen in Theorem (3.2.4) that the spectrum of L is purely discrete
and the lowest eigenfunction is integrable with respect to p. Moreover by [82] (see also
Remark 2.2.4)

Jim eXp(t,2,9) =, (@)ur, (1), (33.11)
where uy, is the unique positive eigenfunction, normalized to |[ux,||r2((0,00),0) = 1, corre-

sponding to the lowest eigenvalue \y. Assume that the initial distribution v is compactly

supported in (0, 00). Using again the parabolic Harnack principle we get for some locally
1

bounded function © : (0,00 — (0,00), every z € (0,00) with |z — 2| < d(z) = 3 A § and
every y € (0, 00)
p(t,z,y) < O(x)e'p(t +1,2,y)

and therefore

f\z—x\<6(x) p(t, Zs y)u,\o(z) p(dZ)

f\z—x\<6(gc) Uy <Z> p(dZ)
_ O(x) o~ o(t+1)
f|Z,z|<5(x) U) (z)p(dz)

Therefore dominated convergence directly implies

— lim et f()Oo V(dil,‘) fA p(dy) p<t7 Z, y) _ fA U)\O(l')p(d:v)
t=o0 et [ u(dx) [(7 p(dy) p(t,x,y) [y s (z) p(da)’

The remaining assertions are already contained in chapter 7 of [20]. O]

p(t, z,y) = O(x)

(3.3.12)

Uxg (y)

lim P, (X, € A| Ty > t)
t—o0

3A similar strategy is already used in [20] in the case of a purely discrete spectrum
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The following Corollary gives a short summary of our results. The reader should have
in mind that we still work under the assumption (H).

Corollary 3.3.1. Assume that 0 is an exit boundary point and that infinity is inaccessible.

a) If infinity is an entrance boundary point then we have n = A\g > 0 and X, converges
to the quasistationary distribution uy,(x), where uy, is the unique (up to constant
multiples) positive L?-eigenfunction corresponding ton the bottom of the spectrum Xg.
In this case there is exactly one quasistationary distribution.

b) If infinity is natural and absorption is certain and Ao > 0 then n = \g and X,
converges to the quasistationary distribution (Ao, +), where ¢(Xg, ) is the unique (up
to positive multiples) positive solution of (T — Xo)u = 0 with lim,_o (Ao, z) =0

b) If infinity is natural and if P,(Ty < oo) # 1 then X, escapes to infinity exponentially
fast, where the exponential rate is given by .

3.4 Concluding Remarks and Open Problems

In this chapter we established a characterization for the existence of quasistationary dis-
tributions for class of one-dimensional diffusions on the halfline, for which 0 is accessible
and oo is inaccessible. We have not been able to work without further conditions, though
we have been able to extend results of the recent paper [20] significantly. Our assumptions
allowed us to give sufficient conditions for the existence of quasistationary distributions
for diffusions, whose drift behaves like the drift of a Bessel diffusion at 0 and satisfies a
mild condition at infinity. Under these conditions let us assume that absorption is certain.
Then we know by the above results that there is a unique quasistationary distribution
if and only if the bottom of the spectrum is strictly positive and infinity is an entrance
boundary. Thus if the bottom of the spectrum is strictly positive and if infinity is natural
then there are quasistationary distribution, which are not associated to the bottom of the
spectrum. One quasistationary distribution pg is given by the Yaglom limit. Let u be an-
other quasistationary distribution. Then g is absolutely continuous with respect to p with
a continuous non-negative density f and there is @ > 0 such that P,(7p > t) = e *". In
the case of birth and death processes on Ny it is known that 0 < a < Ag. The quasistation-
ary distribution given by the Yaglom limit o is thus minimal under the quasistationary
distributions in the sense that that the expected absorption E, [Tj] is minimal. More-
over we see that quasistationary distributions u different from pgy somehow correspond to
positive values below Ag. This is rather interesting, since these values have no meaning
in the L2-theory of the diffusion operator and until now little seems to be known about
these quasistationary distributions in the case of diffusions. As we have shown above the
minimal quasistationary distribution occurs naturally as the Yaglom limit

lim P, (X, €[ Ty > 1), (3.4.1)
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where v is compactly supported in (0,00). This means that the compactly supported
initial distributions belong to the domain of attraction of the minimal quasistationary
distributions. Moreover it is known that every initial distribution belongs o the domain of
attraction of the minimal quasistationary distributions, if there is a unique quasistationary
distribution, i.e. if infinity is an entrance boundary. It is thus natural to expect that
other quasistationary distributions might occur as limits (3.4.1), if one starts with initial
distributions whose tails decay not too rapidly. A further analysis of the whole set of
quasistationary distribution constitutes an interesting project for further research.
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Chapter 4

Large time behavior of the
two-dimensional Super-Brownian
motion with a single point source

In this chapter we study the multi-dimensional super-Brownian motion with a single point
source as introduced by Fleischmann and Mueller in [42]. More precisely we mainly inves-
tigate the large time behavior of the two-dimensional super-Brownian motion with a single
point source and finite variance. This was mentioned as an open problem by Fleischmann,
Mueller and Vogt in [43]. Heuristically, the class of processes that is studied in this chapter
are super-Brownian motions with additional birth at the origin. Formally these processes
are defined via the log-Laplace equation

B [oxp (~(Xe))| e~ [t utan)),
where v is the unique positive solution of the non-linear equation
ow(t,x) = —Aqu(t,z) —v(t,2)™ v(0,-) = (-),

where « € R, g € (0,1] (d =2), 5 € (0,1) (d = 3) and ¢ belongs to a suitable class of
testfunctions. Here the operator —A, (« € R) is not a fractional power of the Laplacian,
but is an element of the 1-parameter family of selfadjoint extensions of —A | C>(R%\ {0})
with d = 2,3. Heuristically, the operators —A, represent the Laplacian perturbed by a
certain dg-potential and are sometimes called Hamiltonians with point interaction in the
analytic literature. The superprocess associated to —A, is rather interesting, since a first
thought could indicate that in dimensions greater than 1 such a process does not exist just
because in higher dimensions single points are polar. This might be the reason, why these
operators have not been considered from a probabilistic point of view (apart from [42])
despite of the enormous analytic literature about this subject. The situation is different
in one dimension, where a rather good understanding of the super-Brownian motion with
a single point source has been obtained. We only mention that, after the derivation of
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the large time behavior of the expected total mass in [34] by Englénder and Fleischmann,
Englinder and Turaev proved in [36] a (weak) law of large numbers for this process. As in
one dimension single points are non-polar for the Brownian motion a probabilistic approach
via a Feynman-Kac formula is rather straightforward. In higher dimensions the semigroups
corresponding to the selfadjoint extensions —A, (o € R) are positivity preserving, but
they are not transition functions of a Markov process with state space R? (d = 2, 3). Using
purely analytic techniques Fleischmann and Mueller constructed in a quite non-trivial way
a superprocess associated to —A, and thus in principle opened the way for a probabilistic
investigation of these operators. Unfortunately the probabilistic meaning and almost all
qualitative aspects concerning the process seem to be unclear at the moment. In [43]
Fleischmann, Mueller and Vogt started to study the large scale behavior of this process in
three dimensions. Their results concerning the large time scaling of the expectation are still
incomplete. Moreover, the scaling behavior in the two dimensional case is mentioned as an
open problem and it seems to be a common belief that in two dimensions the derivation
of the large time behavior of the expectation is even more difficult (see e.g. [32] p. 500).
In this work we complement the results of [43] concerning the scaling behavior of the
expectation in the three dimensional case. Furthermore, we prove that the process in two
dimensions exhibits a behavior, which is quite different from the three dimensional case.
More precisely we prove that in two dimensions the large time behavior of the expected
mass is always precisely exponential, whereas in the three dimensional case the exact
scaling of the expectation depends on the parameter a. If o < 0, the expectation has
precise exponential long time asymptotics. If a > 0, the long time behavior of E,[(X}, ¢)]
(¢ € C.(R?)) is comparable to the one of the usual super Brownian motion, i.e. it is given
by %2, If a = 0, we find that E,[(X;, ¢)] behaves like t71/2 as t — oo.

On the one hand we hope that our results will help to reveal the probabilistic mechanism
underlying the process and to understand the scope of probabilistic representations of
rather exotic operators such as the above mentioned Hamiltonians with point interaction.
Further research in this direction will be necessary and our results are only a small step. On
the other hand we want to demonstrate at a concrete example that our main tool, which
is a Fourier type analysis, has a broader scope than usually thought in the probabilistic
literature.

This chapter is organized in the following way. In section 2 we recall and provide some
analytic facts concerning the operator —A,. In particular we describe the spectrum and
show how the operator can be diagonalized. In section 3 we recall the precise definition of
the Super-Brownian motion with a single point source. The main results of this work can
be found in section 4, where we give the precise long time behavior of the expectation and
also establish the law of large numbers in the case of dimension two under the assumption
that a formula for the second moment, known to hold true for more reqular superprocesses,
15 also valid in our case. More details concerning the heuristics for the law of large numbers
can be found in [37] and [44]. Our main result is Theorem 4.3.3 where we prove that there
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is a random variable N, depending only on « and the initial measure y such that

lim (f, X¢) — Na
=0 By [(f, X)]  fo Yalz) pldz)’

where f € C.(R%\ {0}), 9, is a certain explicitly known function and the limit denotes
almost sure convergence.

We stress that in many previous results only convergence in probability or even weaker
kinds of convergence have been established (see [36], [37] and [32]). Almost sure conver-
gence results are given in [93], [44] and [35] for certain branching diffusions, in [92] for
super-Brownian motion and [22] for a quite large class of superprocesses. Assuming that
a certain formula for the second moment holds also true in our case we prove the strong
law of large numbers. As it is quite common to most of the above mentioned results con-
cerning the large time behavior of super-processes our method is a combination of analytic
facts with some probabilistic (mainly martingale) arguments. An exception is the work
[35] where Englander, Harris and Kyprianou use a more probabilistic approach which is
still not extended to superprocesses. Therefore this technique which is often called spine
technique is not applicable to our setting.

4.1 Analytic Results

In this section we present some known analytic results concerning the formal operator
—%A — 0y. These operators are often referred to as Hamiltonians with point interaction
in the mathematical physics literature. We present only the most basic facts. For addi-
tional details we refer to the comprehensive work [4]. First, we have to clarify how we
rigorously define the formal operator —A — ¢§§. This will be done via the theory of selfad-
joint extensions of symmetric operators. Though this topic is well-known in the analytic
community we present some basic results for the convenience of the reader. In order to
use all spectral theoretic results it will sometimes be necessary to use the complex Hilbert
space L?(R?) = L?(R¢,C). The operators —A — §3 are rigorously defined as a selfadjoint
extension —A,, of the symmetric operator —A | C>°(R?\ {0}). Since in dimensions d > 4
the operator —A | C>*(R?\ {0}) is essentially selfadjoint, point interactions do not exist.
If the dimension is strictly smaller than four, this is no longer true and there are self-
adjoint extensions which differ from the Friedrichs extension. These extensions will play
an important role in this work. The operator —A, should not be confused with fractal
powers of the ordinary Laplacian, which occur as generators of certain symmetric Levy
processes. Since each operator —A,, is selfadjoint we can associate to —A, a projection
valued spectral measure E%(d\), where the subscript « is sometimes omitted. At several
points we will make use of the Sobolev embedding theorem (see chapter 4 in [17]). As
in [4] we denote by H*(U) = H*?*(U) the standard Sobolev space consisting of all L*(U)
functions whose weak derivatives up to second order also belong to L*(U). One version of
the Sobolev embedding theorem states that for d = 2,3 and for every open set U C R?
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with a smooth boundary there exists a constant C' > 0 such that for every f € H**(U)

d
sup |f(@)| < Cllfllz2ew) = C(HfHL?(U) HIV 2oy + Y ||3z‘3jf||L2(U)>~

ij=1
In case of U = R? the above inequality implies that form some C' > 0 and every f € H 22(U)
sup |f(@)] < C(I 2@y + 1A lz2@))-

The last inequality can be read as the fact that for every A € C\ [0,00) the operator
(=A — X)7! maps L?(R?Y) continuously to the space Cy(R?) of all bounded continuous
functions on RY.

4.1.1 Point Interactions in Three Dimensions

We start with an explanation of the 3-dimensional problem. Consider the operator H =
—A | C=(R?\ {0}). H is a densely defined, symmetric and non-negative operator in the
Hilbert space L?(R?), which has self-adjoint extensions given by the Krein-theory. Since the
deficiency indices are (1, 1) there exists a one-parameter, parameterized by a € (—o0, 00|,
family of selfadjoint extension. The selfadjoint extension corresponding to o = oo is the
Friedrichs extension. The domain D(—A,) (a € R) consists of all elements ¢ of the form

U(z) = op(x) + (o — ik /A7) " pp(0)Gr(z) = € R\ {0}, (4.1.1)

where o, belongs to the Sobolev space H*?(R?®) and Gy(z) = (4n|x|)~te*lel (Ik > 0)
denotes the free Greens function. Observe that, due to the Sobolev-embedding, ¢ is
continuous and therefore ¢ (0) is well-defined. The decomposition in (4.1.1) is unique and

with such a v one has
(=Ay — )Y = (=A — K. (4.1.2)

The spectral analysis of the operator H* := —A, in R? is rather straightforward (see
Theorem 1.1.4. in [4]). Tts essential spectrum coincides with the absolutely continuous
spectrum and is given by [0,00). The point spectrum o,(H®) is empty if o > 0 and
o,(H*) = {=87n%a?} if a < 0. If @ = 0, the operator H® exhibits a resonance at zero.
If @ < 0, the unique (up to constant multiples) eigenfunction associated to the discrete
eigenvalue \, = —8m2a? is given by

Vo(z) = Lehalxl.

47 ||
Thus the eigenfunction corresponding to the bottom of the spectrum belongs to L?(R?)
and is exponentially decreasing at infinity and therefore it is in particular integrable. The
strongly continuous semigroup (e *#"),.q in L*(R3) consists of integral operators e *H"
(t > 0), whose integral kernels p*(¢, z, y) are given by (see formula array (3.4) in [1])

—4rau

2t 1 LN <|z|1y\)2 B Srat e e (”Hﬁf'y')Q_ (4.1.3)
|yl (47t)> zly] Jo (47rt)

p*(t, @, y) = p(t, o, y) +
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This explicit expression for the heat kernel has been derived in [1]. There is another fact
concerning the operator which will be used extensively. It can be diagonalized in a way
which is quite similar to the diagonalization of the Laplacian via Fourier transform. Set

k ika L 414
valkx) =™+ T T (4.14)
and let y
Fur: Hae — Hae, ]—"af(k):/ oalk, ) f () —2 (4.1.5)
R3 (2m)2

where H,. = E([0,00))L*(R?) denotes the absolutely continuous subspace of L?(R?) (see
e.g. equation (3) in [72] and section 1.1.4 in [4]). It is known that F, defines unitary
operators, which diagonalize the absolutely continuous part of the operator —A, in the
sense that F,(—A,)F, ! acts as multiplication with | - |?>. We stress that F, acts as an
ordinary Lebesgue integral only for functions, which are not too singular and decay at
infinity. For a general L?-function f € H,., Ff is given as the L*limit of the sequence
(f|$|<n f(z)p(k,x) d:v)neN. Notice that we often omit the subscript o in the quantities
introduced above. This should not cause any confusion since in our results a € R is
usually fixed.

The fact that in the case o = 0 the generalized eigenfunction ¢, (-, z) (z € R?\ {0}) has
a 'pole of first order’ will be responsible for the fact that the large time behavior of P!
differs from the large time behavior of Pf (6 > 0). In the spectral theoretic literature one
says that 0 is a resonance if a = 0.

4.1.2 Point Interactions in Two Dimensions

Let us finally describe the situation in two dimensions. We stress that our parameterization
of the family of selfadjoint extensions is the same as in [1] and thus differs from the one
used in [4] (see the footnote on page 225 of [1]). Our « and their parameter, which will be
denoted by @&, are related by a = 4ra — 2¥(1) — 2In2, where ¥ denotes the Digamma-
function. The non-negative operator —A | C®(R? \ {0}) has deficiency indices (1,1).
Thus there is a one-parameter family of selfadjoint extension (—A,)aer of the symmetric
operator —A | C>®(R?\ {0}). The construction of all selfadjoint extensions is analogous
to the three-dimensional case. Essentially one has to replace the free three-dimensional
Greens function by the free two-dimensional Greens function, i.e. as formulated in [4] as
Theorem 5.3 the domain D(—A,,) of the selfadjoint operator —A,, is given by

D(—=A,) = {¢ | ¢ = ¢y + 27[2m@ — V(1) + In(k/2i)] ¢4 (0) Gy,

4.1.6
where ¢ € D(—A), G(x) = (i/4)H(()1)(k|x|)} ( )

and

(—Ap — k)7 = (=A = k)7 2 [2ma — (1) — In(k/20)] T (Gi(), - )22y Gi() (4.1.7)
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The spectrum of the operator o(—A,,) consists of an absolutely continuous part o,.(—A,) =
[0,00) and the point spectrum o,(—A,) = {—e*} = {A\,} (recall that our parameteri-
zation of the selfadjoint extensions differs from [4]). As remarked on page 100 in [4] this
bound state is determined by the pole structure of (4.1.7). (=A, —k*) 7 (z,y) (x # y) has
a meromorphic continuation to the entire logarithmic Riemann surface such that in the cut
plane {k € C\ {0} | —7 < argk < 7w} —A, there is only the pole at A\,. The multiplicity
of the eigenvalue is one and the unique positive unnormalized eigenfunction ), is given .

1[}04(1’) = Gz’e—a/2 (:E),

where G)\(z — y) denotes the integral kernel of (—A? — A)™! (3X > 0). Observe that the
lowest eigenfunction 1, (x) inherits the properties of the two-dimensional Greens function.
It decays exponentially as * — oo and has a logarithmic singularity at 0. Set 1, :=
||1ﬁa||221(R2)@La. Thus in contrast to the three-dimensional case the point spectrum is non-
empty for every @ € R and there is never a resonance. As —A, is selfadjoint we may
consider the operators e H~%a) = P, again. These are integral operators and the kernel
of P is given by (see equation (3.12) and equation (3.15) in [1])

1 (z—y)?
ot = e @
Pt 2y y) = e
" oo u,—ou o u—1,—r(|z|+]y|)? /4t ~
n VArt Lemztw?/ dut e / g€ : K0<|x||y|(r+1)>
NEITEL o MW h T e 2t
— Le_(szF
 Ant
1 [ eou [0 e e (] |y]
— [ i — 1) Ko =2 ) dzd
+27r0 F(u)/l(z )T ve z 0(2252 zdu

=:p(t,z,y) + p*(t,2,y)
(4.1.8)

Here I' denotes the Gamma function and Ky is defined by
Ro(2) = ¢(22/m)2 Ko(2),

where Ky > 0 is the Macdonald function (modified Bessel function of the third kind) of
order zero. Observe that in Lemma 2.6 of [42] it is shown that for every T' > 0 there exists
a constant C' = C'(a, T) such that for ¢t € (0,T] and x,y € R?\ {0}

1 22 |y

e e 4, (4.1.9)
Vel

Furthermore we use expansions in generalized eigenfunctions again. In two dimensions the
generalized eigenfunctions or scattering wave functions ¢, (k, z) (see formula (2.36) in [3])
read

po(t 2, y) < p(t,z,y) + Ct2

Oalk,z) = ¥ 4 %r(zm — W(1) + In(|k|/20)) " H (|k]|), (4.1.10)
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where Hél) denotes the Hankel function of first kind and of order zero. Their asymptotic
behavior is

2 N
Hél)(s) ~i—In(s) as s — 0 and H(()l)(s) ~ \/—6‘“”37)6“ as s — 00. (4.1.11)
T TS
Observe that A(a, k) := 2 (2ra—U(1) 4—ln(|/£|/2i))71 is bounded as a function of k. Using
the generalized eigenfunctions we arrive, as in the three-dimensional case, at a generalized
Fourier transform F,, which diagonalizes the absolutely continuous part of the operator
—A,. In the sequel we will often omit the subscript a.

Remark 4.1.1. In the previous chapters we have already seen that expansions in gener-
alized eigenfunctions are an extremely useful tool. In one dimension this is much better
known due to the Weyl theory of Sturm-Liouville operators part of which is formulated in
Theorem 2.2.1 above. But we want to stress that in higher dimensions there exist several
useful results concerning expansions in generalized eigenfunctions as well and the existence
of etgenfunction expansions is not restricted to the class of exactly solvable problems such
as Hamiltonians with point interactions. These analytic results are useful in probabilistic
problems, too. For example the results of [56] can be used in order to recover some of
the interesting results of Collet et Al (see [26]) concerning the asymptotic behavior of a
Brownian motion on exterior domains.

In order to clarify whether the local behavior, i.e. the mass in bounded regions, and the
global behavior, i.e. the mass in unbounded regions have the same large time asymptotics
it is important to consider the large time behavior of P® on L*(R?). Roughly the large
time behavior of the mass in bounded regions is given by the L*-behavior of P®. The
large time behavior of the mass in unbounded regions is more closely connected to the
L>-behavior of Pf*. The investigation of the large time behavior of sup,cg2(P*1)(x) is the
content of Lemma 2.1 in [9]. Observe first that the authors of [9] seem to have missed that
the parameters in [4] and [1] differ. This becomes clear e.g. in formula (17) of [9]. Moreover
the assertion of the following lemma is not correct. We explain the hidden mistake made
by Blanchard and Ben Amor in Remark (4.1.2). In a first approach to several of our results
we used the results stated in the work of Blanchard and Ben-Amor and only recently found
out that several of these results are not correct.

Lemma 4.1.1 (Lemma 2.1 in [9]). In two dimensions the integral kernels p*(t, x,y) induce
bounded positivity preserving operators P® on L>®(R?), whose norm is given by

[P lloc.00 < 14 v(te™)

where the v-function is defined (see [38] p. 219) by

o0 t’l"
v(t) = /0 —F(T Y dr
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Remark 4.1.2. In this remark we comment on Lemma 4.1.1. The mistake Blanchard and
Ben Amor did is not easy to detect for two reasons. The first reason is the following: On
might expect that exponential asymptotic behavior of || Pf||lec.co is similar to the one of the
semigroup in L%. And indeed this expectancy is actually met by the asymptotic behavior of
the v-function. Indeed in [38] (p. 210) one finds Ramanujan’s formula

v(z) = ¢ _/0 T o] (4.1.12)

which directly implies that
1
lim glog v(t) = 1.

t—o00
Assuming that Lemma 4.1.1 is correct the exponential growth rate limy_ .o 1108 || P00
of the norms || P?||s.c0 S given by

1 1
—Aa(00) 1 = lim —log|| P|ecc = lim —log s Pl(x) =
IS

1
= tlim n logv(te™) = e = —\,.

Thus the assertion of Lemma 4.1.1 beautiful fits in the general picture and it is tempting
to believe the truth of this propostion.

The second reason, why the mistake in Lemma 4.1.1 is difficult to detect, is the fact that the
calculation in [9] is indeed correct. What is not correct is their declaration of the Whittaker
function W_%p. The authors use the formula W_;O(z) = /2% for which they refer to
[64] but in this reference a different formula for W_%jo(z) is given.

Let us finally point out that also Lemma 2.2 in [9] contains a serious mistake. In this
Lemma Ben Amor and Blanchard claimed to have shown, that the operators Pf (t >
0) are ultracontractive in two dimensions. If P® = e '=2<) js ultracontractive then all
eigenfunctions have to be bounded, but the eigenfunction 1, of —A, is unbounded. Thus
several basic properties such as the p-independence (p € (1,00)) of the generator of the
two-dimensional semigroup (Pf)i>o considered in LP(R?) are still open.

Remark 4.1.3. The situation in three dimensions the situation is the following. A di-
rect calculation shows that the operator Pf does not map bounded functions to bounded
functions. Furthermore, it is shown in [2] that in three dimensions the operators —A, are
generators of strongly continuous semigroups in LP(R?) iff p € (3/2,3). In two dimensions
e~tRa s strongly continuous in LP(R?) for every p € (1,00). The integral kernels p*(t, -, -)
probably do not induce bounded operators on L*(R?\ {0}). However using the bound in
(4.1.9) a direct calculation shows that for every x € R*\ {0}, t >0, « € R and f € L=(R)
the expression

s = [ s

is well-defined and even continuous in x € R*\ {0}.
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In the next proposition we state some basic mapping properties of the generalized
Fourier transform.

Proposition 4.1.1. Let d = 2 and assume that the element g € Hac belongs to (), ¢y, (D((—As)™)N
LY(R?)), where D((—Aa)") denotes the domain of the n-th power of the operator —A,.
Then

19(K)| < cn k|7 for |k| large enough .

Moreover, if additionally g € LP(R?) for every p € (1,00) then
. VAR
lim [k|"g(k) = 0

for every v > 0.

Proof. The general principle is the same as in the case of the classical Fourier transform.
The Fourier transform maps smooth functions to decaying ones. In our case smoothness
means roughly that g belongs to the domain of high powers of —A,. First observe that
for k € R?\ {0} and n € Ny the assumption —A”%g € L*(R?) implies that

/x@ [o(k, 2)(—Dag(x))| dz < (ASI !so(k,x)de)é( 5 |(—Aag(x))|2d$)é < .

Moreover observe that for some constants C,Cy, C3 > 0
[ leteaPdr < el [ HP oy < Co
lz]<1 || <[k]
where we made use of the explicit form of the generalized eigenfunctions, again. This gives

sup /| etk D) Bagl]dr < o0

|k|>1

Since we also assume that —A,g € L'(R?) we conclude using (4.1.10) that

sup / ok, 2)(—Ao)"g(x)| da < oo
k[>1J|z|>1

and finally that

sup [ |e(k,2)(—AL)"g(z)| dx < oo. (4.1.13)
k|>1 JR2

In particular for every fixed £ € R?\ {0} the function ¢(k,-)(—A4)"g(+) is absolutely
integrable. Since F diagonalizes the operator —A, we have

2 / ol 2)g(r)dr = / (ko) (—Aa)"g(z) de

RQ
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Together with (4.1.13) we arrive at (|k| > 1)

[ ety de < b2 sup [ otn)(-80)"g(o)] da

R2 lk|>1 JR2

The last assertion is a direct consequence of the dominated convergence theorem and the
special form of the generalized eigenfunctions given in (4.1.10). [

Usually we apply Proposition 4.1.1 to functions of the following rather special type.
If f € C*(R*\ {0}) then by the very definition of the operator —A, we have f €
Mnen, P((—Aa)") and since 1, is an eigenfunction we also have 1, € D((—AL)").
Because of

n€eNg

B0, 00))f = = (s ) ooy Ve € L1(R2)
we therefore see that also E([0,00))f € (),cn, P((—Aa)"). Due to the decay proper-
ties of 1, we also get E([0,00))f € L'(R?) and using the fact that —A,E([0,00))f =
E([0,00))(=Asf) = E(]0,00))(—=Af). Since —Af has the same basic properties as f we
can iterate this and finally conclude that E([0, 00))f satisfies the conditions of Proposition
4.1.1.

The assertion of the following lemma seems to be folklore but we have not been able
to find a suitable reference for it. Therefore and since most of our readers will have a
probabilistic background we decided to present an abstract proof though a verification of
the assertion might also be possible by a direct (but probably tedious) calculation. But
the abstract argument has the obvious advantage of being applicable to situations, where
bounds for the heat kernel and the generalized eigenfunctions are available.

Lemma 4.1.2. Let d = 2,3 and o € R fized. For every k,xz € R\ {0} we have
Ptagp(k’, )(.CE) = e_tIkIQ(:O(ka ZL’)

Proof. For t > 0 the expression P? f(z) are well-defined for z € R%\ {0} and f € L*(R%) +
L>(R%) due to Remark 4.1.3. Moreover it is easy to see from the properties of the heat
kernel, the bounds in Lemma 2.6 [42] (see (4.1.9) for the two-dimensional bound) that

(k,x) = (Ble(k,-))(2)

is continuous in R?\ {0} x R4\ {0}. Let v» € C>(R?\ {0}) be given. Decompose 1 as
Y = (¥, Ya)a + E([0,00))¢) = ¥y +1)5. Assume we have shown that (¢, ¢(k,-))r2rey = 0
then the following arguments imply the assertion of the theorem. Due to our assumption
on v the expression (v, P*¢(k, ) 2@2\foy) is well-defined and due to the symmetry of the
integral kernel of P we have

(¢7 Ptago(ka '))Lz(Rd) = (Pta¢> @(lﬁ ')>L2(Rd) = (Pt%vbly gp(k), '))L2(Rd) + (Ptad]% Qo(ka '))L2(Rd)
= (P o) oy = | Prbalaliolho) do

= e_t”f‘z(@bz» Pk, ) L2ray = e_t‘kP(wa p(k, ) 2@y,
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where the penultimate equality holds for Lebesgue almost every k& € R? Since this is
true for every ¢ € C®(R?\ {0}), we first conclude that the assertion of the Lemma
holds for Lebesgue almost every (k,r) € R? x R? and due to the continuity for every
(k,z) € (R? x R%) \ {(0,0)}. Thus it remains to prove that (o, @(k, )2 0y = 0 for
every k € R\ {0}. Heuristically this is obvious since ¢(k,-) is an ’eigenfunction’ to the
‘eigenvalue’ |k|? # \,. Since (k) does not belong to L?(R?) the required ’orthogonality’
does not follow directly from the spectral theorem. In order to prove this ’orthogonality’
first observe that due to the decay properties of the ground state 1, the expression

(Va, (K, *)) 2(Rey 1= y Yalx)p(k, z) dx

is welldefined for every k € R4\ {0}. Fix ko € R%\ {0} and consider the balls B, := B (ko)

with center kg and radius 1 for n € N such that = € (0, |ko|/2). Denote by |B,| the
Lebesgue measure of the set B,,. Notice that for g € H,,. the L*(R%)-function

T dk (k,x)g(k)

By

again belongs to the absolutely continuous spectral subspace and therefore is orthogonal
to the ground state t,. For every g € H,. such that g € C(R?\ {0}) we thus have

0 dm/;a(x)/ dk p(k, 2)g(k) — Rdwa(x)so(ko,x)dx@(ko),

B |Bn| R4
where we used that 1a(") subsep, (k) P(F, ") € LY(RY),

fim ey [ Gl 2)a(k) = Pk 2)alko) (4.1.14)
n— oo n B

for every z € R?\ {0} and dominated convergence. Equation (4.1.14) follows from Since
there exists an g € H,. such that g € C(R?\ {0}) and §(ko) # 0 we arrive at

g Yo () p(ko, z) dx = 0.

]

Remark 4.1.4. Let F : R* — [0,00] given by F(z) = |z|™! and let (B;)>0 denote a
standard three-dimensional Brownian motion. It is a well known textbook example that
the process (F(By))i>0 = ((F,0B,))t>0 s a local martingale but not a martingale. This is
obviously connected to the fact, that F is an invariant density for the semigroups PY, which
can be shown by an explicit calculation. Since we will not use this fact, we omit the proof.
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4.2 Super-Brownian Motion with a Single Point Source

The construction of super-Brownian motions with a single point source was carried out in
dimension 2 and 3 in the work [42] of Fleischmann and Mueller. As we already mentioned
in the introduction it is a priori not at all clear, that the selfadjoint extensions —A,
correspond in any way to a well defined Markov process. Define

Pr = {gp ‘RN{0} = R|0< o< C,|-|7“ V2 for some Cp > 0 and / dz |p(z)|’ < oo}
Rd

and let M(R?\ {0}) denote the set of all Radon measures in R?\ {0} such that {u, ¢) < co
for all continuous ¢ € ®” with 0 < ¢ < C'|-|~@D/2, Fleischmann and Mueller constructed
a measure-valued process (X;);>o associated to the operator —A, in the following sense.

Theorem 4.2.1 (Theorem 4.4 in [42]). Ifd =2,1let0 < <1, andifd=3let 0 < f < 1
and assume furthermore that
1 d+1
1—-p8(d-1)/(d+1) d—1

Then for each o € R, there is a (unique in law) non-degenerate M(R?\ {0})-valued time-
homogeneous Markov process X = (X,P,,u € M(R?\ {0}) with log-Laplace transition

functional
—log E(e~"") = (v(t,+), Xo), t >0,

where v solves .
o(t.2) = Brp(e) = [ ds P27 )0
0
and ¢ € P~.

A characterization of the process in terms of a martingale problem seems to be still
missing in the literature. Observe that in contrast to d = 2 the case § = 1 is excluded
in three dimensions. This seems to be a technical artefact of the proof in [42], which
occurs due to the additional singularity at zero. Due to this singularity the solution of the
log-Laplace equation was constructed in a highly non-trivial way via Picard iteration in
weighted LP-spaces. For d = 2 and (8 = 1 recall the important formula

E[(p, Xi)] = (P2¢, Xo)- (4.2.1)

Moreover we assume the validity of the following formula

E {0, Xi)(, X)] = (Pfo, Xo)(P@, Xo) + </0 P (P o PX3) ds,X0>. (4.2.2)

We hope to be able to derive equation (4.2.2) from the log-Laplace equation in a subsequent
work. In this thesis we show that (4.2.2) implies some kind of strong law of large numbers.
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Note again that in two dimensions we always take 3 = 1. Equation (4.2.1) remains also
true if d = 3 and 5 € (0,1). In the sequel we will derive some additional basic properties
of this superprocess. After having established existence and uniqueness of a stochastic
process one is usually interested in its large time behavior. First steps towards a better
understanding of the large scale behavior have been carried out in [43]. Assuming that
d = 3 and that for some sequence (Ag)gen the limit o* := limy_ k3 Ao € [—00, 00| exists
the authors of [43] proved in Theorem 3 that for a large class of starting measures u

i k4, X )| = (.05 (oo, (123)

k—o0

where (Xf )i>0 denotes the superprocess from Theorem 4.2.1 corresponding to the param-
eter # and

| 2

ly 2
2% e T ST 7471'(171, _ (u+tlyl) .
i if R
BT oy~ Tl Jo 3 @
0 (z,y) = o
0 if o« =400
+o0 if @« = —o0.

Their techniques show in particular that for « = 0 and a large class of initial distributions
I

yl

lim k2R, (X, 1)] = 2(u, | - \1>/ Ty (4.2.4)
hoo ws |y[(4mt)

The results of [43] are derived using the explicit scaling behavior of the three-dimensional
heat kernel p®(t,z,y) (see Lemma 1 in [43]). Since the two dimensional heat kernel is
analytically more subtle this technique does not apply directly. Thus we are forced to use
different techniques in order to understand the large time behavior of the two dimensional
superprocess. Observe that in the results of [43] concerning the three-dimensional super-
process together with time and space also the parameter o varies. We believe that it
is also interesting to derive results on the large time behavior of the expected mass in
bounded regions for fixed values of a. In three dimensions it will turn out that the long
time behavior of the expected mass in bounded regions differ. In particular we show that
for @ = 0 the limit on the left hand side of (4.2.4) will be 0 if the constant function 1 is
replaced by f € C=(R?\ {0}).

4.3 Law of Large Numbers

Several authors obtained versions of the law of large numbers for superprocesses. The first
such law of large numbers for branching diffusions seems to be the pioneering work [93] of
Watanabe (see also the recent work [92], where Watanabe’s ideas are presented in detail for
super-Brownian motion). More recently Englander and coauthors established weak laws of
large number for classes of superprocesses (see [36], [37] and [33]). Their methods can not



92 CHAPTER 4. SUPER-BROWNIAN MOTION WITH A SINGLE POINT SOURCE

be used in our case, since they strongly rely on analytic and probabilistic results which are
not known to hold for the superprocess with a single point source. Quite recently Chen et
Al. proved in [22] the strong law of large numbers for a large class of superprocesses, where
the underlying spatial motion is a symmetric Hunt process satisfying certain assumptions.
The results of [37], [32] and [22] are applicable to different situations and it is not clear at
the moment, how to establish results which contain all previous ones. Our setting differs
from the above mentioned works again and none of the existing results is applicable in
our case. Therefore we use a different route but we want to point out that we greatly
benefit from all of the above mentioned works. Our approach to the law of large numbers
is motivated by a similar result of Steinsaltz and Evans in [86] concerning superprocesses
whose spatial motion is a one-dimensional diffusion on the half-line. In order to establish
results concerning the large time behavior of the super-diffusion Steinsaltz and Evans make
use of their results concerning quasistationary distributions of one-dimensional diffusions on
the half-line, where expansions in generalized eigenfunctions play a central role. Later we
found out that Watanabe already used Fourier-analytic methods in the branching process
context. In this work we will demonstrate that such a Fourier-analytic method is not
restricted to the case of super-Brownian motions. In our setting the technical details are
more involved than in the case of a classical Super-Brownian motion and some care is
needed in order to handle several singularities at zero. Let us finally stress that the case of
a one-dimensional super-Brownian motion with a single point source can be treated in a
very similar way and is technically more elementary since all appearing objects are smooth.

4.3.1 Scaling of the Expectation

The analytic situation already indicates that the large time behavior of the two-dimensional
superprocess should be similar to the large-time behavior of the three-dimensional super-
process with o < 0. In both cases the point spectrum is not empty and one should expect
precise exponential decay. We start with a simple Lemma, which is well known for sym-
metric differential operators having regular lower order terms (see e.g. [82]). Since our
operator has a highly singular potential we provide the proof for convenience of the reader.
Let us remark that it might be possible (though probably quite tedious) to derive the
following assertion by a direct calculation.

Lemma 4.3.1. Let p®(t,z,y) denote the kernel of the semigroup Pf. Then for every
z,y € R*\ {0}
lim eX'p(t, z,y) = Ya(2)ta(y) (4.3.1)

in two dimensions for every a € R and in three dimensions for every a < 0.

Proof. Proving the assertion in three dimensions is very similar to proving it in two di-
mensions. Therefore we restrict ourselves to the latter case. The strategy is to derive first
an L2?-version of the assertion and then use a Sobolev estimate to convert this into the
pointwise result. Using the spectral theorem and the nature of the spectrum of —A, it is
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easy to see that for every f € L?(R?)

lim e*! P f = hm etol / e NdE\f
o(—Aa)

o o (4.3.2)
= lim e“t<e_”aE({)\a})f +/[ ]e_)‘t dEAf> =E({\})f
o0 0,00

in the L?-norm. Due to the simplicity of the eigenvalue A\, we have

E({Aa)f = (Yo fre@2)Ya-

This already proves that for every f € L?(R?)

t—o00

L2 — lim G_A(Xt /2 pa(t7 " y)f(y) dy = ¢a( )(¢aa .}C)LQ(]R2
R
In order to use the Sobolev inequality we also need
lim ([le*" P2 f = E({Aa})flr2ee) + [(=20) (X' P f = E({QAa}))l122) =0,

which can be seen to hold true for all f € D((—A,)*) and k € N using equation (4.3.2)
and the fact that P, F({\.}) and —A, commute. To convince ourselves that these
results apply to the heat kernel of —A, as well we notice that for z,y € R?\ {0}

(- y),p*(t, x,-) € L*(R?) and

Pt + s, 2,y) :/ p*(t,x, 2)p*(s, z,y) dz.
R2

The first assertion can be easily proved by an abstract principle using spectral theory
and elliptic regularity but also follows from the bound derived in Lemma 2.6 of [42] the
second assertion is just the semigroup property. If we define p;Y(z) = p*(t+ 1, z, y) for all
y € R?\ {0} and ¢ > 0, the latter fact implies on the one hand Pfpy"¥ = p;*Y. And on the
other hand it implies that pi¥ € D((—A4)¥) for every k € N since by the spectral calculus
Ran(Pf) C D((—Aa)*). Hence

lim [[(=Aa)* (e P = B({Aa})pg ")l r2me) = 0

t—o0

for all k£ € Ny. Now we are ready to derive the pointwise assertion. In order to do so, recall
from section 4.1 that every element 1) in the domain of —A, can be written as

V(@) = (x) + 27[2mé — (1) + log(k/24)] " ¢ (0) G (),

where £ € C with Sk > 0 and ¢, € H?*(R?). From this section we also know that
(—A, — k)(z) = (—A — k*)¢p(x) holds true for every z € R?\ {0}. Therefore the
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Sobolev-embedding theorem implies that for every xy € R? \ {0} and r < |xo|/2 there is a
constant C, ,, > 0 such that

sup  [¢(z)] < Crao (I(=Aa) || 22y + [|€] L2(r2))

x€Br(x0)

for all » € D(—A,). Since this implies that for every compact set K C R?\ {0} and some
constant Cx > 0

sup| )\at oy _ ({)\a})p ‘ — sup| Aat ay(x) — e’A‘“wa(y)%(l’ﬂ

rzeK
< CK(H(_ (D = E({ADP )| 222y
+ e py” — E({a)po” ll122)) — 0

as t — oo, we conclude

A (t, 2, y) = a(@)valy)

for every y € R? locally uniformly in # € R?. Due to the symmetry of p®(¢,-,-) this holds
also locally uniformly in (z,y). O

lim e

t—o00

Remark 4.3.1. An alternative route to the assertion of Lemma 4.3.1 is via an eigen-
value expansion of the heat kernel. It is rather easy to see, that the operator Pf acts
on E((—00,0))L*(R?) & E([0,00))L*(R?) as the direct sum of the operator with integral
kernel e o (x)o(y) and an operator with integral kernel p%(t,z,y), where for fized
z,y, € R?\ {0}

Pt = [ R Do) di

Using this formula one easily derives Lemma 4.3.1 using the fact that pS(t,x,y) decays
locally uniformly in z,y € R*\ {0} ast — oo.

In the proof of the following Corollary we use an argument, which is often used in the
theory of quasistationary distributions (see the previous chapters and e.g. Lemma 5.3 in

20]).

Corollary 4.3.1. Let d = 2,3 and let g € L*(R?) be given. If d = 3, we assume addi-
tionally that o« < 0. Then

lim ette "2 g(z) = 1), (z) g Va(y)g(y) dy

t—o00

locally uniformly in x € R4\ {0} and in particular

t—o0

1ma{@mm%f%mwwzwmmwm»
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Proof. The proof of the Corollary for d = 3 is completely analogous to the proof for d = 2,
therefore it will be given only for the latter case. Due to the fact that

Bul(1,%0) = [ ulanprie)

the second assertion is a direct consequence of the first one. Thus it remains to prove the
first assertion. From Corollary 2.5 of [42] it is known that the kernels p* (¢, x, y) satisfy the
free heat equation d;p®(t, x,y) = Ayp®(t, z,y) in R*\ {0}. Therefore, we are allowed to use
the parabolic Harnack inequality in order to conclude that for a locally bounded function
0:R*\ {0} — (0,00)

Pt z,y) < 0(x) p(t, 2,9).

This gives
o Jo. @ Pt y)%( %) [y P (1 2 y)wa( )dz
Pt a,y) = S
fBg(w) ¢a Z fBE(;v) @Z)a Z
ety ) (4.3.3)
fBg(z)w (2) dz
Using (4.3.3), dominated convergence and Lemma 4.3.1 we arrive at
Jim [t )gly) dy = vala) [ valo)oto)dy
i R R
O

Corollary 4.3.1 in particular shows that in two dimensions the exponential asymptotic
large time behavior of the expected mass in bounded regions equals the expected total
mass for every a € R . This is no longer true in three dimensions. The fact that we
have precise exponential large time behavior is analytically expressed by the fact that the
bottom of the spectrum is a discrete eigenvalue if d = 2 or if d = 3 and a < 0. In the case
d = 3 and a > 0 we cannot expect such a behavior because of o(—A,) = 0ac(—A4), i.e.
the spectrum is purely absolutely continuous. In order to investigate the expected mass in
bounded regions in three dimonsion we prove the following simple Lemma.

Lemma 4.3.2. For d = 3 and v € C.(R®\ {0}) the generalized Fourier transform of 1
s continuous everywhere if a # 0 and continuous everywhere except at k = 0 if a = 0.
Specifically,

Fo(k) : _
ifa =10
_ )
Folk) {&%)U@#&

where o : R — C and F, : R* — C are continuous and Fy(0) = —— [o4 v@) g

271')2 ‘:1}|
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Proof. Due to (4.1.4) and (4.1.5), the generalized Fourier transform is given by

cilkll=|
(2 /w ok, x dx—/w de+4 a_lw/ ———dx. (4.3.4)
D e — v

I (k) Iz(k)

Since by assumption ¢ € C.(R3\ {0}) the theorem of dominated convergence justifies that
15 as well as I; are continuous everywhere. For o = 0 this implies that

(2m)2 F(k) = k| (k[ L (k) + ila(k)) = k|7 f(k),

where f is continuous everywhere. And for a # 0 this implies that F (k) is continuous
everywhere. [

Now we are prepared for the case a > 0. It will turn out that for & = 0 the expectation
neither scales like in the o > 0 case nor like in the a@ < 0 case. The mathematical reason
being a significant change of behavior of the generalized eigenfunctions in the variable k
due to the existence of a resonance at zero. The time evolution of some solutions to the
Schrodinger equation would show spreading that is delayed compared to the o > 0 case
due to this changed behavior. The probabilistic counterpart of this effect is proved in the
following Theorem, which shows that for a = 0 the expected mass in bounded regions
(which refers to the expression E,[(p, X,)] for p € C>(R? \ {0}))decays slower than in
the case a > 0. In analogy to the Schrodinger case one could therefore call the modified
scaling of the expectation a resonance effect. The formulation of this result and also it proof
will probably remind the reader of what we have done in the chapters on quasistationary
distributions.

Theorem 4.3.1. Let d = 3, v € C.(R3\ {0}) and let u be a measure with compact support
in R3\ {0} then expectation E,[(Xy, )] shows the following large time behavior

i 28, [0 0] = T [ S0y [ gt o

and

lim (7B, [(X,,v)] = /R p(0,2)0(x) do / o(0,7) p(dr)  ifa >0,

(477)% R3

Proof. The crucial step is to rewrite the expectation value such that it admits to be cal-
culated analytically. This can be done by using the formula for the heat kernel given in
Remark 4.3.1 for the case that there is no eigenvalue, that is

Ptz y) = (271)3 /Rg —U ok, 1)k, y) dk.
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Hence we find that

3
2

(2m) 3B, [(X,, )] = (Xo, PP4S) = / / SRl dk u(de).

Using this, the explicit form of the generalized eigenfunctions ¢ and Lemma 4.3.2 we can
calculate how the expectation value scales in the large time limit. In the notation of the
previous lemma we have for a = 0,

, k)7 N e
(2m)2 Py (x) Z/ (€Zk'$+ e""“”“)e k%t qk;
t K| ||

27 1 [e'e)
= / / / Fo(k)elklieleos0) ) o=t 1 d(cos 0) dgb
-1
||/ // Fo(k)e~ izl =% giny 0 dk df do,
s

where we have used Lemma 4.3.2 and equation (4.1.4) in the first equality and spherical
coordinates in the second. Due to the factor e‘|k|2t, the integral is dominated by those
k € R?® which have modulus close to zero if ¢ > 1. Therefore we can approximate the
integral by replacing Fy(k) by Fy(0) for all k&, which will be exact in the limit of ¢ tending
to 0o. Thus we are left with

[es) 1
3 pa ~ — k|t —i|k||z| cos 0
0
@m)tPru(e) = 20F0) [ ke ( K d<cose>) ok
0 —1
—47rF0(0)‘Z—’ / oIkt —ilklls] g

~ 7F(0) (2/ et L (=itklal _ gilkllely gp, 4 g L oIkt il dk)
0

il | Jo
%__“TFO(O)/ 2(ekllel | o=ilklel) oIkt gp
|| 0
—im3/? ||
~ Fy(0)t~ Y%,
o] PO

Using the particular form of the generalized Fourier transform of 1 given in (4.3.4), this
implies

: /2
tll)rgotl/ZE“[(Xt,l/zﬂ =5 |:1c| dx/|x| Y p(dr).

In the case of a > 0, the explicit form of the generalized eigenfunctions gives

(271' 2Pa2/} /w 'Lk:r f|k|2t dk—l——/w 1 2|k|\x| 7|k|2t dk.
Ao — Z|k:\
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Since 1&(/{) is continuous everywhere for @ # 0 we can approximate the integral for the
same reason as above by

@/3(0)/ kPt g-ik g L (0 )/€—|k|2t€—i|kl|z e

|z| 47a

3 00 00
~ 0) (H/ 6_k2t€—ikxi dk + m/o |k’2€_|k|2t€—i|k||z| dk?) )
=17~

Now, the Fourier transform of a Gaussian functions is well known. And in order to calculate
the second integral, note that for ¢ > 1 the integrand is strongly peaked around k = \/%,
’2 €—|I<:|2t

(2m)2 PRy ()

Q

which is the maximum of |k . Therefore,

~ " 1 itpllzL 00 e
(271')%Ptaw(x) ~ ¢(0) ( 3/24-3/2, _l I n ﬂe Iklﬁ/ |k|26 k| tdk:)
alr 0

—ilk| Lz
~ (0) <7r3/26_gflt2 + " \/—E) =32,

alz] 4

which implies that

M\w

tlirg) t3/2Eu [<Xtv =

0 (1 g ) e

In the following remark we summarizearize our results and give some heuristic explana-
tions. Since the rigorous probabilistic meaning of the process is not yet clear, the following
heuristic explanations have a preliminary character.

]

Remark 4.3.2. The difference between the long time behavior of E, [(p, X1)] (¢ € C.(R?))
established in Theorem 4.3.1 and the result of [43] concerning the long time behavior of
E.[(1,X;)] (see (4.2.4)) seems to be due to the transience of the three-dimensional Brow-
nian motion. Because of the transient behavior one should expect that the mass of the
three-dimensional superprocess X; has some tendency to escape to infinity as t — oo. If
the point source does not produce enough new mass at 0, i.e. if a > 0, then the portion
of mass which moves out to infinity is bigger than the portion of newly created mass at 0.
Therefore the behavior of the expected total mass differs from the behavior of expected mass
in bounded regions. In the case o = 0 the point source seems to produce almost enough
mass at 0 in order to compensate the transience of the underlying spatial motion. If the
production of new mass at 0 is high enough, i.e. if a < 0 then effect of the transience
of the underlying spatial motion is negligible and the large time behavior of the expected
mass in bounded and that in unbounded regions coincides. Due to recurrence the picture
is different in two dimensions, i.e. E,[(p,X¢)] (¢ € C.(R?)) and E,[(1,X;)] exhibit the
same behavior.
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4.3.2 Pathwise Large Time Behavior

We are now prepared to present the weak law of large numbers for the two-dimensional
super-Brownian motion with single point source, i.e. we show that for f € C.(R*\ {0})
the random variable e**(f, X;) converges in L*(P,) and therefore also in probability. This
result will later be used in the derivation of the strong law of large numbers. Recall that
we only consider the two-dimensional case with § = 1 in this section. Let us point out
that due to the spectral gap, which exists in the two dimensional version of our problem,
one might expect to be able to use arguments similar to the recent work [22] of Chen
et Al, in order to prove the law of large numbers. That is the case in so far, that we
also decompose the function f into an eigenfunction part and the orthogonal part. But
as already mentioned above, the semigroup e *(~2«) is not ultracontractive in dimensions
greater than one. So the arguments of Chen et Al. are not directly applicable, which is
why we take a different route and use expansions in generalized eigenfunctions.

Theorem 4.3.2. Let d = 2 and o € R be given, let (X;)i>0 denote the super-Brownian
motion with a single point source associated to —A, and assume that (4.2.2) holds true.
Then for every measure p € M(R?\ {0}), having compact support in R*\ {0} there exists
a non-negative, non-degenerate random variable Ny such that E,[N,] = [po Va(z) p(dz)

and such that for f € C*(R*\ {0})

lim e*'(X,, f) = N, - g f(@)o(x) da

t—o0

as well as
<Xt7 f) _ Na

lim
=0 By [(Xe, )] Jre Ya(®) plda)
in L*(P,). The random variable N, is defined as

No = lim e (Yo, Xt)

where the limit holds almost surely and in L*(P,).

Remark 4.3.3. Our results and in particular the law of large numbers allows to uncover
some probabilistic features of the process. First, we conclude that also on a pathwise level
the mass in every bounded region grows precisely exponential in time, where the exponential
rate coincides with the bottom of the L?-spectrum. Second, one sees by inspecting the explicit
form of the eigenfunction 1, that most of the mass will be concentrated in a neighborhood
of zero. This agrees with the heuristic interpretation of 0 as a single point source.

Proof. Let f in C°(R?\ {0}) be given. Recall from section 4.1 that the spectrum of
—A, is of the form o(—A,) = {A\a} U [0,00) and that [0, 00) belongs to the absolutely
continuous part of the spectrum. The eigenvalue A, is simple with a (modulo multiples)
unique positive eigenfunction 1,. As an element of L?(R?) the function f can therefore be
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decomposed as f = (f,%a)%a + g, where g € L*(R?) belongs to the absolutely continuous
subspace E([0,00))L*(R?) of L*((R?). Thus

eAat<f> Xt> = e)\at(fa wa)<wo¢> Xt> + eAat<ga Xt)

Observe first that the process (M&);>0 = (e*! {14, X;))i>0 is a non-negative martingale as
according to the Markov property for Fy = o(X,;r < s) and t > s

E.[M7 | F] = Ex, [(Ya, Xi—s)] = e (e 9%, X))

4.3.5
= (g, X) = M. (435
Moreover, we have by formula (4.2.2) again
t
E, (2 (X0,10a)) ] = €2t (Pab, Xo)? + €2A“t</ P((Pfba)?) CZS,X0>
0
¢
= (Yo, Xo)* + e”ﬂt< / e MR PR (W7) ds, Xo>
0 (4.3.6)

= (o, Xo)* + </t oS PO (y)?) ds,X0>
0

< (Yo, Xo)? + </OO eros PO (yh?) ds,X0>.
0

We will show that sup,qE[(M?)?] = supoE[(e** (X}, ¥a))?] < oo. In order to do
so, observe that 1, € L*(R?) since the divergence at 0 is only logarithmic and that
[T e?esPdds = (—Aq — 2Xa) "', These facts together with (4.1.6) and the Sobolev em-
bedding give for every compact set K C R?\ {0}

sup (/ o5 P ds wi) (z) = sup(—A, — 20,) % (z) < Ck < o0. (4.3.7)
zeK 0 zeK

Observe that we used the fact that the resolvent is the Laplace transform of the semigroup.
Equation (4.3.5) together with the inequalities (4.3.6) and (4.3.7) imply that (M;):>o is
an L2-bounded martingale. By standard martingale convergence results there exists a
non-negative random variable N, such that

lim M = N, P,-as. and in L*(P,). (4.3.8)

t—o0

Moreover, the random variable N, is non-degenerate as due to the strict positivity of 1,
E.[No] = lim B, [(Ya, Xi)] = | Yal2) p(dz) >0
—00 R2

for every non-trivial measure p with compact support in R? \ {0}. In order to get the
assertion of the theorem it remains to show that

lim e*(g, X;) = 0

t—o0
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in L*(P,). Heuristically, this is quite obvious since g belongs to the subspace E([0, c0))L?*(R?)
and therefore e'®* g converges to zero at least in L?(R?). Since g belongs to the absolutely
continuous spectral subspace, we can expand ¢ in generalized eigenfunctions as

ola) = File) = [ i) 5

Therefore we get

(9.5 = [ (G, X0 5 -

The use of Fubini’s theorem in this step is easily justified, since Lemma 2.6 from [42] and
Proposition 4.1.1 imply

B, M@Gso(k, -)IthHQ(k)!dk} - /R2(Pﬁ\gp(k,~)|,X0>|g(k;)|dk < 0. (4.3.9)

In order to prove (4.3.9) observe that due to the asymptotic bahavior of the Hankel func-
tions (4.1.11) the absolute value |g0(l<; x)| of the generalized eigenfunction ¢(k,z) can be

dominated by a function @¢(k, z) := Ik\l | +C5 where (', C; > 0 are appropriate constants.

Therefore we get with Lemma 2.6 from [42] (see (4.1.9)) for another constant Cj

(PPl (k. - \/W plt z,y)ly| 7 dy + C;
2 1
+ C < —e*‘ﬂ /4t *ly‘ /4t dy 4310
’ VALIRVAE R2 |?/| ( )

el /4t

oI/t g )
TV |:c R? \/|7

The inequality (4.3.10) and Proposition 4.1.1 show the validity of (4.3.9). Thus by equation
(4.3.9) we have [o,(|¢(k, )|, X:)g(k)dk < oo almost surely and Fubini’s theorem applies.
Let us consider the second moment of the process ({¢(k,-), X¢))i>0, that is

E,[[(e(k, ), X! = ’<Pta90(k7'>7X0>|2+/0 (PP ok, )], Xo) ds

t
= e (p(k, ), Xo)” + / eI Pl (k,)IP], Xo) ds
0

= ¢ 2P 1 (k) + L(k, 1)
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Cype™' B, [/ G(R)I1 (e Xt>|2dk}
et [ B Xk (431D
= Gy | Jg(k)|e 1L (k) dk

2/\t/ |g(k)| L2 (k,t)d

where by Proposition 4.1.1 Cy = [, [§(k)| dk < co. The first term on the right of (4.3.11)
converges obviously to zero. and due to Proposition 4.1.1 and the form of the generalized
eigenfunctions we even get

Jensen’s inequality and Fubini’s theorem give

(2E, [|*Hg, X)|"] = ' E [ G (0, X} dk

lim e*et [ |g(k)|e 2 1 (k) dk = 0.

t—o0 R2

Concerning the second term observe that

t
oPhat 2 |G(k)| Lo (k, t) dk = et /2 m(k)‘/ 3*2(tfs)|k|2<Pngo(k, .)’2},Xo> ds dk
i R 0

t
< ratelt /]R Iﬁ(k)|</0 ePa=e)s palo(k, )2 ds,X0> dk

In order to handle that term, divide the function |p(k, -)|? in two parts, by letting |p(k, -)|? =
hi(k,-) + ha(k,-). Here we have defined hy(k,-) = [@(k,-)[*15,,, () and hy(k,-) =
(k) P(1 = 1p,,,,0)(-). Then sup, ycge\ (o) 1h2(k, )] < C < oo and we get for x €
supp(Xp) and k € R?\ {0}

t 00
(/ e Py (k, - ds) (z) < O/ P79 sup  Pfl(z)ds < oo (4.3.12)
0 0

z€supp(p)

by Corollary 4.3.1. So it remains to consider

t
/ eGa2)s Py (1) ds ().
0
Observe that, due to the particular form of the generalized eigenfunctions, we have

hak, ) = lo(k, ) PLp, 0 () = €™ + Ala, K)HS (k|2 215, ,, 0 (2)
< 2+ 2| A, k) PLHS ([K||2]) P15, 0 0) (@) = 2+ ha(k, ),
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where A(a, k) = ”(27r0z U(1 )—l—ln(|k|/2i))_1 By the argument applied above, it therefore

remains to consider A (k,-). Although A, (k,-) is not bounded, it belongs to L2(R?). And
this together with formula (4.1.7), which expresses the —A,, resolvent in terms of the —A
resolvent, implies that for z € K = supp(p) C R?\ {0}

/0 * e PR (k, ) ds (z) < /0 PP b (. ) ds ()
= (=2 + Qo= )k, ) (@)
+ 2n(2mG — W(1 )+ln<l/22)] 1(?
< Ok bk, )| r2cr2)
+ 272G — W(1) + In(1/20)] " (Gy, ha (K, ) p2 @) G ()
= Ckllha(k, |2 e2)

47 1 1) ~ 1 (1)
+ -H;'(l hi(k —-H; (1

a 1n(e—a 8) (4 0 ( ’SL’D, 1( 71:))L2(R2) 4 0 ( ’SL’D,
(4.3.13)

( ) ))Lz(Rz)Gl(x>

where the representation of the resolvent as Laplace transform of the semigroup and the
Sobolev embedding was used as explained in the very beginning of section 2 and where &

was expressed in terms of o with the help of [ = iy/e — A,. Since the first term of the right
hand side can be estimated by

5 > 0 3
Cillsth My = Cc( [ fiathapae) = S5 ([ japtan)” )
By, -1(0) 1kl \J B, (0)

and since the second term has at most a logarithmic singularity in & due to hy, we can
conclude with the help of Proposition 2 that

/ yg(k)y</ e polhy (k, )] ds,X0> dk < 0.
R2 0

This finishes the proof that e*! (g, X;) converges to zero as t tends to oo, thereby imply-
ing the assertion of the Theorem. Notice that the L?-convergence of e*e! (g, X;) is even
exponentially fast with an exponential rate, which is at least A\, + ¢ for every € > 0. O

Remark 4.3.4. As an immediate consequence of the proof of Theorem 4.5.2 and the Borel-
Cantelli Lemma, we get the following assertion: Let u be an initial measure with compact
support in R2\{0}. Let (t,)nen be a sequence, such that for somee >0 >  etnPate) < oo,
Then for every f € C*(R?\ {0}) there exists a set Qy of full P,-measure such that for
every w €

n—oo

lim et (f, X, (w)) = Ny(w) . f(x)o(x) dx
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Remark 4.3.4 makes it rather plausible that even the strong law of large numbers holds.
Indeed Chen et Al. found an interesting highly non-trivial method, which allows to get rid
of the assumptions on the sequence (t,,),, in Remark 4.3.4 for a large class of superprocesses.
In their approach Perkin’s time-dependent Itd formula (see [73]) for superprocesses plays
an important role. Since to our best knowledge such an [t6 formula is not known to hold
for our process we proceed differently. The proof of the strong law will be given in the
remaining part of this work. Choose a subset D = {d,, | n € N} C C°(R?\ {0}) such that
for every compact set K C E there is ng € N with 0 < d,, < 1land d,, | K = 1. Let
{U,. | k € N} be a countable basis of open sets in R? \ {0}, which is closed under finite
intersections. Assume that for every U, there exists sequence (JZ)ZGN C D such that for

ZGNCZZ <ch+1 and Jl /" 1y, asl /" oo. Then

p(-,-) = ZQ‘” min(l, (dn, ) — (dy, >D

defines a metric for the vague topology (see the proof of Satz 31.5 and in particular equation
(31.4) in [8]). Thus a sequence of measures (uy)reny on R? \ {0} converges vaguely to the
measure [ iff for every n € N limy . oo(d,, ) = (dn, f1). Tt is well known (see Satz
31.2 in [8]) that a set H of measures is vaguely relatively compact iff for every n € N
SUpP,,ep¢(dn, p1) < 0o. For this and further facts concerning the vague topology we refer to
section 31 of [8]. In the following we restrict ourselves to rational times. Of course the
set of rationals can be replaced by any other countable dense subset of [0,00). Such a
restriction is necessary in our setting since we do not know, whether the process has a
‘good” modification, which is e.g. right continuous with left limits. Though it is desirable
from a aesthetical point of view to remove such a restriction we believe that our result is
still interesting and clarifies the large time behavior to some extend.
Assume that we show that there exists a set §2; of full P,-measure such that for w € €
and for every n € N

sup e*(d,, X, (w)) < oco. (4.3.15)

Q3t>0

Then the set {e*'X;(w) | Q 3 ¢ > 0} is precompact in the vague topology and therefore
has limit points. If we can show that there exists only one limit point u(w), then e**! X, (w)
converges to u(w) in the vague topology. By Remark 4.3.4 there exists a set of full measure
Q) such that for every w € Oy, n € N and every sequence (tg)rey with Y oo | ef(Rate) < o0
for some € > 0

lim e*™(d,, X, (w)) = Na(w)/ dy ()10 () dz

k—o0 R2
Using our assumptions concerning D this shows that for w € Qy = €21 N 2y the only limit
point p(w) of {e*** Xy (w) | ¢ > 0} is the measure given by u(w)(f) = No(w) [po dn(@)ta () d.
Thus it remains to prove (4.3.15). This will be done in the following Lemma 4.3.4. In the
proof of this Lemma we use the following simple Lemma
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Lemma 4.3.3 (Lemma 3.4 in [93]). If Y is a non-negative random variable such that
P(Y > y) < My=2, then for every n > 0

E[Y] <n+Mn~

The proof of this Lemma consits only in writing the expectation as the integral fooo P(Y >
y)dy = [JPY > y)dy + fnoo P(Y > y)dy. Now we prove and state the Lemma which
establishes the validity of (4.3.15).

Lemma 4.3.4. Assume that (4.2.2) holds true and let j1 be a measure with compact support
in R?*\ {0}. Then there exists a set of full P,-measure Qy such that for every n € N and
w e

sup e (d,,, X;(w)) < 00
Q>t>0

holds.

Proof. We show that there exists a set € of full measure and a sequence (g, )nen of non-
negative functions such that for every n € N and w € O, d, < ¢, and
SUPgss>0 € (gn, Xi(w)) < oco. Similar to Lemma 3.1 in [93] we choose a non-negative
function h,, € C=°(R?\ {0}) such that for some & > 0 one has € + d,, < h,, in some neigh-
borhood of the support of d,,. Then we have P*h, > 0 and P*h,, — h,, uniformly on the
support of h, as t — 0. This uniform convergence holds true as for z € supp(h,) there
exists by Lemma 2.6 in [42] (see the inequality (4.1.9)) a constant C' such that for ¢ € (0, 1)

| P ha (@) = ho(2)| < [P ho () — etAhn(x)’ + |2 hn(z) — hy(2)|
= Phy(z) — e ho(z) + e hn(z) — hy ()]
1 2 -1 2
<Ot t——e P/ hy, e WI*/4t g e h,(x) — hy(z
S L RN o+ [ ha(@) = ()

— 0

uniformly on compact subsets of R?\{0} as ¢ — 0. This finally shows, that g, :== P*h,, > d,
for r sufficiently small.

Consider now e*»!(g,,, X;) and the decomposition g,, = (gn, Vo) 2%a+G,. We already know
that e*?(1,, X;) converges almost surely and in L?(P,) to the random variable N,. Thus
it remains to show that there exists a set 2" of full P,-measure such that for every w € Q"
Sup, g € (G, Xy(w)) < 0o. First observe that by Lemma 4.1.2 (/¥ (p(k, ), X;))i=0 de-
fines a martingale and that Doob’s inequality applied the martingale (ef/*” (p(k, ), Xe))eso
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gives for |k| # 0 and a constant Q > ¢ > 0 which has to be determined later
Pu(  sup | (p(k, ), Xi)| > ¢)

te[en,c(n+1)]NQ

_ Pu( sup |et)\a7t|k|26t\k\2<90(k, Y, X)) > 5)

t€len,c(n+1)|NQ

62cn/\a72cn|k|2 DIkl )
EM[|66(H+ JIH <§0(k7)7Xc(n+1)>| }

<
chnAa—an\k\z

= (et

c(n+1)
o { [ o poyg, ) )
0

62077)\@ —2cn|k|?

22
emdat2elkf? o peltl) 2 (4.3.16)
+ = </ e~ 2le(n+1)=s)[k| Pp(k, )| ds,u>
0

62cn/\a—2cn|k|2 )
+ ecn()\a+a)+2c|k|26—0()\a—a)e—c(n+1)()\a —e)

c¢(n+1) )
. </ —2[c(n+1) s)|k| Pa|¢( )|2 ds”u>
0

620n/\a72cn|k|2

ecn()\a+s)+2c|k|2 c(n+1)
e e ([ O Rtk ).
0

In the proof of Theorem 4.3.2 via (4.3.12), (4.3.13) and (4.3.14) we have seen that for some
constant C' (which depends on the support of u)

c(n+1) oo 1
([ e aptot P asa) < {70 0peoli ) Pasu) < 0+ ).
O 0

Observe moreover that the expression |{(p(k,-), u)|?> can also be estimated by K (1 + |k|™1)
for some constant K since the singularity of the Hankel function at 0 is logarithmic and
SUD, esupp(u).|k>1 P(K; ¥) < oo. Therefore (4.3.16) shows that there is a constant C' such
that

1 ecn(Aa-i-e) )
P,(  sup e (p(k, ), Xi)| > €) < (C’(l + ’k|>)—626k : (4.3.17)

te[en,c(n+1)]NQ g2

Inequality (4.3.17) implies by Lemma 4.3.3 (see Lemma 3.4 in [93]) with 5 = e"(Aate)/2

Aat
en( g €) 62C|k|2'

1
E, sup ek, ), Xt)q (1 + C’(l + ))
te[en,c(n+1)]NQ |k|
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Choose the constant ¢ > 0 such that 2¢ < r, then using 0 <t € Q

(2761 X0) = (B([0.00) Pohu, Xe) = (P Xi) = [ e (b)), X0)
with H; := E([0,00))h; we get

Aat

2rE,[  sup (G, Xy)|] = E, [ sup e

te[en,c(n+1)]NQ te[en,c(n+1)]NQ

<m,[ [ MU s ), X0]d]

€len,e(n+1)]NQ

/RQ e B (k) (o (k, ), X dkH

-/ ﬂwwln&[ sup (ol ), X0 b
R2 €len,e(n+1)]NQ
< / L4 (14 ) ) e By () 2 - o052
- Jre |k'|
1 aTE
:/ 14+ C(1+ o) Je 20 By (k)| dk - e g
R2 !k!
(4.3.18)
Hence by (4.3.18) and Proposition 2
E, [Z sup (G, X)) | < o0. (4.3.19)
neNy te[en,c(n+1)]NQ

The inequality (4.3.19) immediately implies that there exists a set ' of full measure such
that for every w € Q'

lim e (G, X,(w)) =0

Q3t—o0

and therefore supgs,>q e (d;, Xy(w)) < co. Setting Q1 := (), Q" finishes the proof of
the assertion. ]

By the discussion above we finally proved the strong law of large numbers for the
two-dimensional super-Brownian motion with a single point source.

Theorem 4.3.3. Let d =2 and o € R and assume that (4.2.2) holds true. Then the super-
Brownian motion with single point source started from an initial measure p with compact
support in R? \ {0} satisfies the strong law of large numbers, i.e. there exists a set Qi of
full measure such that for every w €

e KW)  Na@) ()
e B, [(1X)] [ (@) a(de) J (o) do

with respect to the vague topology on M(R?\ {0}).
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4.4 Concluding Remarks and Open Problems

We already mentioned an open problem connected with the Super-Brownian motion with
a single point source. In three dimension the possible range of (3 is restricted to 3 € (0, 1)
(see also Remark 2 in [21]). This seems to be a purely technical problem. Still it would
be interesting to extend the construction to the case § = 1 since in this case our methods
probably allow to study the large time behavior of the three-dimensional Super-Brownian
motion with a single point source. Already our investigation of the large time behavior of
the expected mass in bounded regions indicates that there is a interesting change in the
behavior at @ = 0. It would be an very interesting problem to investigate the dependence on
« of the pathwise behavior of the three-dimensional process. Several other basic properties
of the considered Super-process seem also to be unknown at the moment. These range
from regularity properties of the pathes to properties of the support such as the compact
support property.

In the introduction we also referred to possible extensions of path integral formulas for
the scattering length. Extensions of the results of Taylor to Schrodinger operators with
potentials having non-trivial negative part are desirable.

There are several other open problems connected with this superprocess. A very interesting
problem consists in the construction of a branching particle system which approximates
the above super-Brownian motion with a single point source. This would shed light on the
probabilistic meaning of the process. We should also point out, that some rather interesting
ideas without proofs concerning the probabilistic meaning of the operator —A, can also
be found in [31]. Though Eberle’s explanations sound very reasonable it is not completely
clear, whether they are completely correct. For example in equation (4.4) in [31] seems to
say that the kernels p*(t, -, -) induce a semigroup on the bounded functions on R?, which is
not the case. A rigorous elaboration of Eberle’s ideas is deferred to a subsequent project.
A related problem consists in the investigation of approximations of the Super-Brownian
motion with a single point source by Super-diffusions with regular coefficients. It is known
that the operator —A, can be approximated in strong way by sequence of Schrodinger
operators —A + V,,, where the potentials V,, are bounded functions. Indeed on can choose
bounded potentials V, such that for every t > 0 e H=2+Va) _ ¢=U=8a) a5 n — oo with
respect to the operator norm. It would be interesting to know, whether also the laws of
associated Super-diffusions converge in some sense. One should observe, that such results
will probably require a very careful investigation, since the convergence of e H=2+V2) to
e~H(=%e) depends in a subtle way on the form of the potentials V/,.

Let us finally mention that the results of Tkebe [52] and subsequent generalizations of
his work can probably be used in order to derive strong laws of large numbers for quite
general superprocesses including cases, where different methods fail to apply. With the
exception of the recent papers [33] and [92] most authors focused on the case, where the
bottom of the spectrum is an L?-eigenvalue. As in our investigation of the convergence to
quasistationarity such a spectral theoretic assumption simplifies the problem considerably.
In [33] J. Englédnder proves without such an assumption a weak law of large numbers for a
certain class of superdiffusions. The inclusion of general results concerning expansions in
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eigenfunction will most probably allow to include cases, where the bottom of the spectrum
belongs to the continuous spectrum, and may even allow to prove strong laws of large

numbers.
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Chapter 5

Essential Selfadjointness of Singular
Magnetic Schrodinger Operators on
Riemannian Manifolds

In this part of the thesis we present a result, which is completely unrelated to the main
topic of the work. We just included it, in order to give a flavour of the type of problems the
author of this thesis was also working on during the last years. For another topic (which
is actually closer to the main theme of this thesis) we refer to [7], where in a joint work
with A. Bassi and D. Diirr the asymptotic large time behavior of a stochastic Schrodinger
equation has been investigated.

The analysis of Schrodinger operators has been in the focus of many mathematical physi-
cists for almost a century. In the last decade there has been a lot of interest in properties
of Schrodinger operators on Riemannian manifolds (see e.g. [13], [16], [61], [30] and [70]).
In these works the authors extend several results which are known in the euclidean case to
larger classes of manifolds. One of the most fundamental questions concerning Schrodinger
operators is the question of essential selfadjointness. In the euclidean case very general and
in some respect optimal results ensuring essential selfadjointness of magnetic Schrodinger
operators have been derived in the work [60] of Leinfelder and Simader. In contrast to the
euclidean case existing results concerning essential selfadjointness are still incomplete. In
particular the analogue of the result of Leinfelder and Simader is still missing. The most
general result seems to go back to M. Shubin (see [79]), where he proves essential self-
adjointness of semi-bounded magnetic Schrodinger operators under the assumption that
the magnetic potential is continuously differentiable. This type of result has later been
generalized in [13] to operators of Schrodinger type acting in sections of vector bundles.
In this work we prove an extension of the famous result of Leinfelder and Simader on the
essential selfadjointess of magnetic Schrodinger operators in R™. In the euclidean case the
result of Leinfelder and Simader asserts that essential selfadjointness holds e.g. as long as
the potential satisfies a certain lower bound and the coefficients satisfy certain minimal lo-
cal regularity requirements much weaker than continuous differentiability. Due to the local

111
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character of the regularity requirements on the coefficients it is tempting to believe that the
result carries over without essential changes to general complete Riemannian manifolds.
Thus in particular the differentiability of the vector potential, as supposed by Shubin in
[79], should not be necessary. A careful look at the original work of Leinfelder and Simader
demonstrates that a sequence of cut-off functions with uniformly bounded derivatives of
first and second order plays an important role in their approach. For arbitrary complete
Riemannian manifolds it seems to be unknown whether such a sequence of cut-off functions
exists. This technical problem might explain why the analogue of the result of Leinfelder
and Simader for Riemannian manifolds has not been established, yet. In order to avoid this
problem we combine ideas of Leinfelder and Simader with an old idea of Chernoff. This
will allow us to give a rather transparent proof of a general result of Povzner-Wienholtz-
Simader-type under more or less minimal local requirements. Our result demonstrates in
contrast to the main result of [79] that essential selfadjointness on manifolds holds under
conditions which parallels those of the euclidean case. Moreover, our proof is even more
elementary than Shubin’s since we can avoid the use a non-trivial result due to Karcher
concerning the existence of smooth cut-off functions with uniformly bounded gradients.
Given the work of Leinfelder and Simader our result is not at all surprising, it is much
more surprising that only weaker results can be found in the literature. Let us finally
remark that Shubin’s result was used in [16] in order to derive continuity properties of
functions of the magnetic Schrodinger operator on manifolds of bounded geometry. Our
result can now be used in order to improve this result. But we should point out that
the well-known probabilistic approach via the Feynman-Kac-1to formula was used by the
present author in [59] in order to derive quite sharp results which extend the results of the
papers [14] and [15] from the euclidean setting to the case of manifolds with lower bounded
Ricci curvature. In deed once the necessary results concerning essential selfadjointness are
established, such an extension to more general manifolds is rather straightforward.

5.1 The Main Result

Let (M, g) be a complete Riemannian manifold of dimension n. The metric g induces in a
canonical way a measure p which in local coordinates is given by du(z) = \/gdx: ... dx,.
Denote by TM = (T, M),enr and T*M = (T M ),en the tangent and cotangent bundle,
respectively. We will work with complex valued sections of T'M and T*M and therefore
have to complexify the inner product spaces T, M and T M in the usual way. The scalar
product in 7, M and T} M will be denoted by (-, -) with induced norm |-|. The Riemannian
measure 4 induces the Lebesgue spaces LP(M), LP(TM) and LP(T*M) consisting of p-th
power integrable functions, vectorfields and 1-forms, respectively. By grad and d we will
denote the Riemannian gradient and the exterior derivative, respeectively. We will also use
the weak adjoint d* of the exterior derivative d. Moreover, we have to introduce the Sobolev
space Hg(A), where A C M is an arbitrary open subset. As usual H}(A) is defined as the
closure of Cg°(A) with respect to the norm || - [[z2(a) + [grad - [[z2(a). Every Riemannian
manifold admits a unique torsion free connection, called the Levi-Civita connection. The
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Levi-Civita connection is denoted by V. Moreover we need the Ricci curvature, which we
denote by Ric. Recall that Ric is by definition a smooth section in 7%(M) @ T*(M) such
that for every z € M the bilinear form Ric, on the vector space T, M is symmetric.

We consider the class M (M) of admissible magnetic potentials given by

M(M)={Aec L, (T*M)|d*Ac L} (M)}

loc

Note that in this chapter M is used differently to chapter 3. Assume that for A € M(M)
and V € L} (M) the quadratic form

loc
qA,VITCE(M) : C2(M) x C2(M) — C
(p,0) /<d90—iA90,d¢—iAw>du+/ Ve dp
M M

is semibounded. Then it is closable since it is the form of a semibounded symmetric
operator H(A, V), which on C°(M) is defined by

H(A V)Y = —Av — 2i(A, dip) + (id* A+ |A]> + V).

The closure of the form ¢[A,V] | C°(M) will be denoted by ¢[A, V] and the uniquely
associated selfadjoint operator by H(A,V'). The operator H(A, V) is given by

D(H(A,V)) = {u e D(¢[A,V]) | Jv € L*(M)Vw € D(q[A,V]) : q[A, V](u,w) = (v,w0)r2(n) }
= {u e D(g[A,V]) | Fv € L*(M)Vw € CZ(M) : q[A, V](u,w) = (v,w)r2(ar) }

HAV)u=w.

Thus H(A,V) is the Friedrichs extension of H(A,V) and H(A,V) | C®(M) = H(A,V).
We will also need magnetic Schrédinger operators, which are defined on open subsets of
M and satisfy Dirichlet boundary conditions. Let A C M be an open subset and assume
that the quadratic form g, [A, V]

qA[A, V] : C;’O(A) X CSO(A) - C
(o, ) — / (do —iAp, dip — i AY) du+/ Vi du
M M

is closable with a closure which is denoted by ga[A, V] then the uniquely associated self-
adjoint operator Hy(A, V) is called the magnetic Schrodinger operator in A satisfying
Dirichlet conditions. If A = B(o,r) with o € M fixed we also write H,(A,V) instead of
HB(o,r) (Av V)'

Recall that the Kato class K(M) (compare section E.3 and Definition 2.1 in [29]) on M
consists of all function ¢ : M — R such that

i | t [ vl dute) ds =, (5.11)

=0 ze s
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where p(t,z,y) denotes the heat kernel associated to the Laplacian on the Riemannina
manifold M. We define the local Kato-class KCj,.(M) to consist of all functions ¢ : M — R
such that for all compact K C M 1xq € K(M). As is shown on page 57 in [29] Kato-
class potentials are infinitesimally —A-form bounded. This allows us to define several
quadratic forms using the KLMN-theorem. Moreover Kato-class potentials preserve several
important mapping properties of the free heat semigroup.

Theorem 5.1.1. Let (M, g) be an arbitrary complete Riemannian manifold and let A €
M(M) and V € L2 (M) be given. Assume that V_ € Kioo(M) and that for some C € R

loc

Vo € Cx(M / (d = iA)pl2 dp + /M VIeP du > Cllolan

Then H(A,V) | C*(M) is essentially selfadjoint.

Theorem 5.1.1 might be called a result of Povzner-Wienholtz-Simader type, since it

asserts that a semibounded Schrodinger operator is already essentially selfadjoint. The
above result is in some respect optimal. Observe e.g. that the formal differential operator
H(A,V) maps every smooth function with compact support to an element of L*(M, p)
if and only if |A]*> € L} (M, u), d&*A € L} (M,pn) and V € L} (M, u). Thus the local
requirements on A and V. are minimal.
We want to stress that the same type of condition occurs in a quite different situation.
Consider the diffusion opoerator D := —A + gradlnF' -V =: —A + b -V in the case
M = R". Under some weak conditions on the non-negative function F' this operator D is
symmetric in L*(R", F/(x)dx). In [31] it is shown that the condition |b]? € LZ (R", F(x)dz)
is necessary in order to have essential selfadjointess of D [ C°(R™). In [58] we proved that
under some additional assumptions on F' this is also sufficient. This indicates that the
L} ~condition in Theorem 5.1.1 does not only occur because of the multiplicative term
|A|> but more importantly because of the first order term (A, dy). This will also become
clear during the proof of Theorem 5.1.1.

5.2 Proof of Theorem 5.1.1

We will need the fact that a magnetic potential A € M(M) can be suitably approximated
by smooth compactly supported 1-forms. For an open subset A C M and two smooth
compactly supported 1-forms « and 3 define

- Bt Fa—d o)
5 (/Am 3 u) +</A| —— M)

Let (A,)nen be an exhaustion of M by bounded open subsets with smooth boundary then
we set
1
10, 8) = 3 5 A, (0,).

n=1



5.2. PROOF OF THEOREM 5.1.1 115

It is easy to see that [ de@nes a metric on the space I'com,(T*M) of smooth compactly
supported 1-forms. Let M(M) be the completion of I'.ppmy,(T*M) with respect to the
metric [.

Lemma 5.2.1. M(M) = M(M)

Proof. Because of the local character of the convergence this is a rather direct consequence
of the Friedrichs mollification. [

The following Lemma is a geometric version of the well known Gagliardo-Nirenberg
inequality
Ve € CE(R™ : lgrad @l2ugzn < Call@llocll Al 2gar) (5.2.1)
used in [60] as a fundamental tool. A closer look at the proof given in [60] shows that
Leinfelder and Simader first establish the inequality

> / ‘3ijg0|2dx) 2 (5.2.2)
]Rn

1,j=1

Vo € CEX(R) s lerad e < Callole
which involves the Hessian of ¢ and then use the elementary equation
Z ||3¢j30||%2(w) = ||A90||%2(Rn)~
ij=1
in order to derive the inequality (5.2.1). Our proof of the analogue of equation (5.2.2) is a

coordinate free version of the one given in [60]. In the proof we use the Einstein summation
convention and sum over repeated indices.

Lemma 5.2.2. Let Vdiy denote the Hessian of a smooth function . For all bounded
v € D(—A) with compact support one has

1. |lgrade|l; < CllellslIVdel|

2. |lgradelli < Collello(lAgll2 + [lell2),

where C' depends only on the dimension of M and C, depends only on the lower bound of
the Ricci curvature on the support of ¢.

Proof. 1t is enough to prove the assertions for real valued functions. For ¢ € C*(M;R)
we have

/M |grad p|* du = /M (grad ¢, grad p) (grad ¢, grad ) du
= /M (grad p, (grad ¢, grad p)grad @) du
= - /M (grad ¢, grad ¢)(div grad )¢ dp
— /M (grad |grad ¢|?, grad @) dp

= —/ |grads0|2(A90)s0du—/ (grad |grady|?, grad ) du.
M M
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Using the definition of the Hessian Vdy (see Definition 7.106 [50]) we have
0,(grad ¢, grad ¢) = 2(Vy,grad ¢, grad ) = 2(Vdyp) (0, grad ¢)

and therefore we conclude that
‘/ (grad |grad ¢|?, grad @) du‘ = 2'/ (" 0|grad |0, grad ) du’
M M

< 2ol /M Vgl grad o du

1 1
szusouoo( /M \Vd90|2du> ( /M ygradgpm) |

/M grad ol* dit < (vt + 2)llollollerad ol 2| Vi o

Hence we see that

By the Bochner-Weitzenbock formula (see e.g. formula (1.1) in [85]) we have for smooth
functions with compact support f € C°(M)

%A]grad fI? — (grad Af, grad f) = |Vdf|* + Ric(grad f, grad f).

Using
/ Algrad f|*du =0
M

we get after integrating by parts

/|Vdf|2d,u:/ |Af|2du—/ Ric(grad f, grad f) dpu.
M M M

The desired result is now proved for smooth functions ¢ € C°(M). The extension to
o€ H*(M)N L (M) is straightforward. O

comp

Remark 5.2.1. Observe that without lower bound on the Ricci curvature one cannot es-
timate the L*-norm of the gradiant of smooth test function u by the L*-norms of the
Laplacian of w and the function u itself. This is another difference to the euclidean case
(5.2.1), which is another point, which makes the general case more complicated.

The following theorem constitutes the core of the hyperbolic approach. The finite
speed of propagation property of solutions of many wave equation can effectively used in a
localization of the problem. This fact was noticed by Chernoff in [26]. The next Theorem
is in some sense an abstract version of his argument and was already applied in this form
e.g. in [58].
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Theorem 5.2.1. Let (N,9,v)be a o-finite measure space on a locally compact space N
and let (S, D(S)) be a symmetric densely defined operator in L*(N,v) which is semibounded
from below. Let S denote the Friedrichs extension of S. Assume that the set of functions in
D(S) with compact support is dense in L*(N,v) and that for every v € D(S) with compact
support the solution u(t) = cos(tv/S)v to the abstract wave equation

d*u

a2
has compact support, then the restriction of S to the class of functions in D(S) with compact
support is essentially selfadjoint.

(t) = —=Su(t), u(0) =v (5.2.3)

Let us briefly comment on the proof of Theorem 5.2.1. Without loss of generality
let us assume that S > [ in the form sense. It is clear that for fixed T" > 0 the set
Ur = {cos(tVS)f | f € D(S)eomp, 0 < t < T} C D(S) is dense in L*(N,v). Let us
denote by S the restriction of S to Ur. (S,Ur) is a densely defined symmetric operator
in L>(N,v) . Let ¢ € D(S*) with S*1) = 0 be given. For any u(t) = cos(tv/S)f € Ur
the function g(t) = (u(t),¥)r2va) = (cos(tV'S)f,¥) 2w, is twice differentiable with
g(O) = (f’,lvz))LQ(Ny)a %(0) = 0 and

d*g B
a2

Thus we get for some a,b € R g(t) = a-t+b. Since a = %(O) =0 and b = g(0) =

(f,%)12(v) this shows that (cos(t\/g)f, V) = (f,0) (v for every 0 <t < T
and f € D(S) with compact support. Since these functions are dense in L*(N,v) we get
cos(t\/§ )b =1 for every 0 < t < T. Observe that by the spectral theorem

1ol = /[ Leos(t R d B v

(S cos(tV/S) f, 1) 12wy = —(cos(tV'S) £, S"Y) 2.y = 0.

where (E) ), denotes the spectral resolution of S. If ¢ is not the zero element, then the non-
negative measure ||E(-)||3. (V) 18 non-trivial with total mass 19113 (v and must therefore

be concentrated on the set {’f;’g | k € N} which is not independent of ¢ > 1. Thus ¢ = 0.
The assertion of Theorem 2 follows from the basic criterion for essential selfadjointness.
This criterion asserts (see chapter 10.1 in [95]) that a symmetric operator A in a Hilbert
space ‘H is essentially selfadjoint, if the deficiency indices v4(A) := dimKer(A* — i) and
7-(A) = dimKer(A* + i) satisfy (74+(A),7-(A)) = (0,0). Recall further that 3(A,z) :=
dimRan(A — z) = dimKer(A* — %) is locally constant in z on the domain of regularity
['(A) C C of A, where

I'(A):={z € C|3k(z) > OVz € D(A) : [|[(A — 2)z| > k(z)||x||}

Since S > I by assumption we conclude that 0 € I'(S) and therefore 0 = dimKer(S*) =
12(5) = 7.(9).

The next Lemma is known (see [26] for related results). We give a complete proof for
convenience of the reader.
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Lemma 5.2.3. Let A € I'(T*M) a bounded smooth 1-form and let V- € C*(M) be a
bounded smooth potential. Let H(A,V') denote the Friedrichs extension of H(A,V'). Then
for all open sets Q; (i =1,2) and u; € L*(M, ) with supp(u;) C Qs (i =1,2) we have

(cos(ty/H (A, V))ur,u2) 2y =0

whenever 0 < t < dist(21,) = R

Proof. We will use the standard approach via energy estimates. First remark that every
solution to the hyperbolic problem (2.2) with the above assumptions on A and V' is in fact
smooth (see [40]). Let u € C°°(M) be such a solution. For fixed » > 0 and 0 € M consider
the local energy

e(t) = /B P ) Ay ) )

Then we calculate the derivative of e

%(t) = /BM@ %(Iu(t, DI+ us(t,9)]? + |(d — iA)u(t, y)|?) du(y)
_ /aBr_xo) u(t,y)[? + Jue(t, y) [ + [(d — iA)u(t, y)|* 5" (y)
- /B Y R(uttr) + R(Tug) — R((d — iA)u, (d — iA)uy) du
_ /;)BM@) lu(t, ) + et )2 + |(d — iA)u(t, )2 45 (y)
- /Br—t(o) () + R(@H (A, V)u) = R((d — iA)u, (d - id)u,) dp
_ /MM(O) u(t, )2 + Ju(t, y)? + |(d — iA)u(t, y)|* 5" (y)

= 2%/ wity + urH (A, V)u — ((d — iA)u, (d — iA)u) dp
B,.,t(o)
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where $"~! denotes the (n — 1)-dimensional Hausdorff measure. Integration by parts gives

d
Go=2 [ memade [ (- i) a5 )
t Br—(0) dBr_¢(0)

N / u(t, y) > + |us (8, )] + [(d — iA)u(t, y)]* do™ (y)
aBr—t(O)
= 2/ Jutie] + [Vl dp+ 2/ |((grad — iA u, v)pasuy| dH™ ()
Br—t(0) 0Byr—+(0)
- / u(t, y) + |t y) [+ [(d — iA)u(t, y)[> dH" (y)
9B, (o)
<o pmlsmvdes [ Jd= iAo + fu) dst )
Br—t 0) 6Br—t(0)
-, o [UEDE + ) +1(d = it 5™ ()
Br_t(o
= 2/ |uue| + |uVul| dp,
By—4(0)

where v denotes the outward normal vectorfield. In the second inequality we used the
Cauchy-Schwarz inequality together with the elementary inequality 2ab < a? + b?. Since
V' is assumed to be bounded we get for some ¢ > 0

de
() < C/ Jul® + Jug|* dpa
B,«_t(o)

< c/ [ul® + |ug)® + |(d — i A)ul* du < ce(t),
Br_t(0)

which by Gronwall’s Lemma implies e = 0. Without loss of generality we assume usy to be
smooth. If y € M is an arbitrary point in support of u; then we have us(x) = 0 for every
x € M with |x —y| < R and therefore cos(t\/H (A, V))us(x) =0 for |z —y| < R—t. This
proves the assertion. O

Now let for some constant ¢ € R the potentials V,,,V € L2 (M) satisfy V,,,V > c.
Exactly as in Lemma 5 of [60] one shows that A, — A in L2 (T*M) and V,, — V in
L2 (M) imply that the operators H(A,,V,) converge to H(A,V) in the strong resolvent
sense. An application of Theorem 3 together with the just mentioned approximation
result allows to conclude that for every A € L (T*M) and every W € L (M) which is

loc loc
semibounded from below

(cos(tr/H(A,W))u,v) 2y =0 (5.2.4)

if u,v € L*(M,p) with ¢ < dist(supp(u),supp(v)). In the next Lemma we remove the
restriction that the potential is semibounded from below. In the next Lemma we will see
that not semiboundedness of the potential but semiboundedness of the operator matters.
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Lemma 5.2.4. Let H(A,V) be as in Theorem 1. For every uw € L*(M) with compact
support in B,(0) we have

Vo € {w € L*(M) | w | Br4+(0) = 0a.e.} : (cos(tv/H(A, V))u,v) 2 = 0

Proof. Consider the sequence (¢,,D(q,)) of closed non-negative quadratic forms given by
qn = q[A, V. —V_An] with D(g,) = D(q[A, V. —V_An]) = D(q[A, V,]). By monotone form
convergence one concludes that the sequence of operators H(A,V,) = H(A,V, —V_An)
converges to the operator H which is associated to the regular part ¢" of the quadratic
form ¢ (see [81]) where ¢ is given by

q(p) = infg[A, V, =V Anf(p), D(g) = D(q[A, Vi]).

Recall that the regular part ¢" of a quadratic form ¢ is by definition the largest closable
quadratic form which is smaller than ¢q. Thus it is enough to show that in our case ¢ is
actually closable and that the closure of ¢ coincides with the closure of ¢ [ C°(M). For
every u € D(q[A, V,]) there is a sequence (¢, )nen C C°(M) such that ¢, — oo as n — oo

with respect to the norm \/q[A, Vi) + 1 - H%Q(M). By assumption we have

vneN: [ |d-idgPdn+ [ VileaPdu— [ Ve duzo.
M M M

Thus
vneN:/ |(d—iA)<pn|2du+/ V+|90n|2du2/ V_|onl? dp
M M M

and therefore

limsup/ V_|en? du < 0.
neN M
This implies that ¢[A, V](¢n — u) + ||¢on — UH%Q(M) — 0 as n — oo. The form domain

————q[AV : : L
D(q) is therefore contained in C°(M )q[ | Thus q is closable and its closure ¢ coincides

with the closure of (q[A,V],C°(M)). Hence we get H(A,V,) — H(A,V) in the strong
resolvent sense and we conclude that (2.3) holds with H (A, W) replaced by H(A,V). O

This gives us directly the following assertion

Corollary 5.2.1. Let A and V as in Theorem 1 be given, then the subspace Doy con-
sisting of all compactly supported functions in the domain D(H(A,V)) of H(A,V) forms
an operator core for H(A,V)

Remark 5.2.2. The above approach to the localization of the problem is also applicable to
operators of Schrodinger type acting on more general vector bundles. We will apply this
approach to the setting considered in [13] in a subsequent project.
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For the proof of Theorem 1 it is essential to show that bounded compactly supported
functions form an operator core, This will be achieved in the Lemma 3 below. For r >
0 let H.(A,V) denote the operator H(A, V) in the ball B,(0) with Dirichlet boundary
condition, i.e. H,(A,V) is generated by the closure of ¢.[A, V] of the quadratic form
q[A, V] | C(B,(0)). The domain D(q,[A, V]) of the form ¢.[A, V] is of course contained
in D(q[A, V]). Observe that for u € D(H(A,V')) with support contained in B,(0) we also
have u € D(H,(A,V)) and H,.(A,V)u = H(A,V)u. On the other hand if u € D(H,.(A,V))
with supp(u) C B,(0) we also have u € D(H(A,V)) with H(A,V)u = H,(A,V)u. We
further set for some fixed T" > 0

C = {pe sV 10 < t < T, u € D(H(A,V)) withsupp(u) C B for some
R>0,p€C(Bri2(0), 0< o<1, ¢ Br=1}

Lemma 5.2.5. Let A € L} (T*M) be a locally square integrable 1-form and let V €
L2 (M) be a potential such that the negative part belongs to the local Kato class Kipe(M).

loc

Then the set C C D(H(A,V)) N L, (M) forms an operator core for H(A, V')

comp

Proof. We already know that the class of functions in D(H (A, V')) with compact support
form an operator core. Thus it is enough to prove that every u € D(H(A,V)) having
compact support in the ball Bg(o) of radius R with center o can be approximated by
bounded compactly supported functions with respect to the graph norm. Let ¢ € C°(M)
be a smooth function with 0 < ¢ < 1, p(z) = 1 for d(x,0) < R+ 1 and ¢(x) = 0
for d(z,0) > R + 2. By the diamagnetic inequality we have for every f € L?*(Bpys)
the domination property |e~tHr+s(AV) f| < e=tHres(OV)| f| By the Feynman-Kac Formula
and the condition V' € Kj,.(M) one concludes that the semigroup e *##+3(V) consists of
integral operators with integral kernels p(t, z,y) satisfying sup, ,ep, ., P(t,7,y) < c(t) <
co. In order to see this just recall that for f € L*(M, u)

e—tHR+3(0»V)f(;p) [ —Jo V(X )dsf( t),t < TBR+5(O):|

where the expectation is with respect to Brownian motion on M killed by exiting Br3(0).
Now we can use the assumption V_ € K;,.(M) and the results in [29] (in particular Theorem
2.21 and Corollary 3.6 in [29]) in order to conclude that e *7#+3(0V) has a bounded integral
kernel given by

p(ta l’,y) = Eg,y |: fo ) ds 1< TBrys(o ):|

where Ega denotes expectation with respect to the unnormalized Brownian bridge measure
and Tp,, ) = inf{t > 0| d(o, X¢) > R+ 3} the first exit time from the ball Bgy3(0).
This property give exactly as in the euclidean case e #r+3OV)y ¢ L2 (M). For 1, =
e Hre3(AV)y — oy, € L°(M) we get

loc

2—. P =
L7 —limdy = pu=u
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and

2

(/M\H(A, V) (¢ —u)Pdu>5 _ (/M\H(A, V) (4, _w)‘zdu>

= ([ IeHralA V)t = 0) = 2itdau — 0, do) = (u ~ Mgl dn)

(S

2

< lleHrsald V) = sy +2( [ lidatun = u). )P
B

+ H(Ut - U)ASOHLQ(BR%(O))
< |Hr3(A, V) (ue — W L2(Briso)) + cll(d — iA) (ur — u)|| 22(By500))
+ [[(wr — ) A@| 12 (B (o))

Rr+3(0)

By the spectral theorem we conclude

2

([ 1AV 0P ) =0

This finishes the proof. N

The Gagliardo-Nirenberg inequality allows us to deduce some regularity properties of
functions f belonging to C. First observe that exactly as in Lemma 8 of [60] one deduces

Lemma 5.2.6. Let Q0 C M be a bounded open set and let ¢ > 0. There exists a constant
d > 0 such that for all w € H*(M) N L>®(M) with supp(u) CC Q and all vector potentials
A € M(M) satisfying the conditions of Theorem 5.1.1 and ||d*Al| 2y + 1| AP | L2(0)u < €
the inequality

[Au|2ar) < [1H(A, V)ull2ar) + dfful|

holds true.
This gives

Lemma 5.2.7. Let A € M(M) and V € L2 (M) with V_ € Kjo.(M) be as in Theorem
5.1.1. Then we have
Cc H*(M)NnLe (M).

comp

In particular gradf € L*(M) for every f € C

Proof. The proof is a modification of Lemma 9 in [60]. Assume that supp(f) is con-
tained in the ball B(o, R). In the proof of the proceeding Lemma we have seen that
Py = pe tHrs(AV) £ — o f, converges with respect to the graph norm to f, where ¢ €
C>®(B(o, R+2)) with ¢ | B(o, R) = 1. Let (A,,)nen be a sequence of smooth 1-forms such
that
/ |A, — Al d,u+/ \d*A,, — d*A|* dp — 0
B(0,R+3)

B(o,R+3)
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as n — oo and e tHBe.r+nAn V) otHports(AY) a5 — 0o with respect to the strong
operator convergence (This assertion directly follows from the Feynman-Kac-Ito represen-
tation of the semigroup etfse.r+3(AV)) " Set y, = e HBeErts(AnVa)y  The assumption
V_ € Kioe(M) implies that there exists a C' > 0 such that for all u € C°(B(o, R+ 3)) and
every n € N

I(d = iAWl T2(p0,m15) + 112501 < CUI(d = iAn)wIT2(500,r13)

+H@UHL2 B(o,R+3) — [V w”L2 0R+3)

In order to prove equation (5.2.5) just recall that the potential xp(o,ris) V- € K(M) is
—A-form bounded with infinitesimal bound 0, i.e. for every £ > 0 there is d(e) > 0 such
that for all ¢ € HZ(B(o, R+ 3))

(5.2.5)

IV V_ollz2(B(o,r+3)) < ellgrad @l|r2(Bo,rr3)) + d(€)llllL2(B(0,r+3)-

By the quadratic form version of the diamagnetic inequality (see chapter 2.3 of [71]) this
gives for every n € N and every ¢ € H}(B(o, R + 3))

H\/ <P||L2 B(0,R+3)) <ell(d—iA )%0||L2 B(0,R+3)) +d(€)\|80||L2(B(o,R+3)-

This implies that equation (5.2.5) holds. In particular, there is a constant C such that for
alln e N

[(d — iA, )Un||L2 B(o,R+3) T ||Un||L2 B(o.R+3) = C(H( d—iA )UnHL2 B(o,r+3) T ||un||L2 B(o,R+3)

+ / V|, |? du) .
B(o,R+3)

This gives

[(d —iA )un||L2 B(0,R+3) +||Un||L2 B(o,R+3) = C(HB 0,R+3) (An,V)Un,Un)L 2(B(0,R+3)
< O\ Hpo,r+3)(An, V)t || L2(50,543) |l £2(B(0,R+3),
which implies
||un||L2 B(o,R+3) < C||HR+3<AmV)Un||L2 B(o,R+3)

and
|(d — i An)unl|L2(B(o,r+3) < CllHR13(An, V)| L2(B(0,r+3)-

Now set v,, = pu,, with ¢ as in the definition of the set C. Then v,, € D(Hpg43(A,V))NL>®
and therefore by the product rule

Hri3(An, Vv, = @Hpi3(An, V)u, — 2{du,, — iApuy, dp) — u,Ap.
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General results concerning elliptic regularity (see [40] or [48]) imply v, € H?*(M) and by
Lemma 5.2.6 we then conclude that for some constants ¢, ¢q, ¢, c3,a,b > 0

1AV | L2(B(o,r+3)) < 2l HR13(An, V)nll|L2(Bo,r+3)) + cllvnllLo(B(o,r13))
< cl||HR+3(An7 V)Un||L2(B(o,R+3)) + C2|| (d - iAn)“nHLr(B(O,R-‘rS))
+ csllunll Lo (Bo,r+3)

< 2a + bl 5OV || oo (30, 43))
where the diamagnetic inequality |e #7r+3(AnV)qy| < e7Hr+3(0.V)|y| was used in the last
step. Observe that as used already above because of the assumption V_ € Kj,.(M) the
operator e~tr+3(0V) is yltracontractive. Therefore we have e *#r+3(0V)y ¢ L>°(B(o, R +
3)). The unit ball in the Hilbert space L?(B(o0, R+3)) is weakly compact and therefore there
exists a weakly convergence subsequence of (Av,)nen. Since v, — pu in L?(B(o, R + 3))
we conclude that pu € H*(M). O

Now we can easily complete the proof of Theorem 5.1.1

Proof. We have already shown that the set D(H (A, V))N L%, (M) build an operator core

comp

for H(A,V). Thus it remains to show that every function f € D(H(A,V)) N L (M)

comp

can be approximated by smooth functions ¢, € C°(M) with respect to the operator
norm. By Lemma 5.2.6 we conclude that Af € L*(M) and consequently by Lemma 5.2.2
grad f € LY(TM). Let (f,)nen be the sequence obtained from f by Friedrichs mollification.
Since the support of f is a compact subset of M the Friedrichs mollifiers can be constructed
in the standard way in local coordinates. Then we have f,, € C>°(U) for any n € N and
some bounded open set U C M, f, — fin L>*°(M) and

Tim [lgrad(f — fo)llzaran uwnd - T [JA(fy = f)lz2an) = 0

Therefore we get

IH(A, V) f = H(A V) full2ony < A = fo)llzean + 20CA, (f = fa))llz2an
+ G A+ AP+ V)(f = fu)ll 2
<A = fu)llzzan + 211 Al sy llgrad(f — fu)llLacroy
+ |(id* A+ AP + V) 2@n | f = falle — 0

as n — oo. (]
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