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Introduction

A classical conjecture in the representation theory of finite groups, the McKay conjec-
ture, states that for any finite group G and for any prime p, the number |Irr, (G)| of
complex irreducible characters of p’~degree coincides with the number |Irr, (Ng(P))|
of complex irreducible characters of p'~degree of the normalizer Ng(P) of any Sylow
p—subgroup P of G.

Recently a reduction theorem for the McKay conjecture was proved by Isaacs, Malle
and Navarro [IMNO7, Theorem B]: The general McKay conjecture is true if a certain
stronger version holds for all finite simple groups and their covering groups. A simple
group admitting the stronger conditions of [IMNO7, Section 10] is called “good”.
This result has sparked a lot of research in an attempt to prove that all finite simple
groups are good. Malle has considered the sporadic groups, alternating groups and
exceptional covering groups of Lie type in [Mal0O8a]. For the finite simple groups
of Lie type and p not the defining characteristic there are partial results by Malle
and Spath [Mal07, Mal08b, Spa09, Spal0a, Spal0b], in particular they show that the
exceptional groups of Lie type are good for those primes.

In this work the goal is to make progress towards proving that the finite simple
groups of Lie type are good for their defining characteristic. It was shown in [Bru09a]
that most groups of Lie type that coincide with their universal cover are good for
their defining characteristic, mainly by counting characters. This covers many of the
exceptional groups of Lie type. In the last months further results by Brunat [Bru09b,
Brul0] and Brunat and Himstedt [BH09] have appeared on the arXiv, extending the
earlier results and showing among other things that those groups of Lie type for
which the center of the universal cover is of order two or three, are good for their
defining characteristic.

A major ingredient necessary to show that a simple group G is good is the construc-
tion of an automorphism-equivariant bijection for the universal covering group of G
that respects central characters. We generalize a construction of Alexandre Turull
for SL,,(¢) [Tur08, Section 4] to all types of finite reductive groups, making use of the
so called Steinberg map. This yields more structural bijections than those obtained
by Brunat and we obtain new results for groups with more complicated covering and
automorphism groups (e.g. types A, and D,), as well as recovering many of the
results of Brunat by far simpler methods.



We don’t consider Suzuki and Ree groups and related exceptional automorphisms of
the untwisted groups By(2/), F4(2/) and Gy(37), as well as certain very small cases
given in Table 13.2. With the exception of D, (2) and ?D,(2) the groups that we
don’t consider have already been treated with other methods elsewhere, see [Mal08a/,
[Bru09a] and [Cab08]. However, it is possible to generalize our method to the Suzuki
and Ree groups and the exceptional automorphisms, see Example 9.5. Combining
the earlier work on these special cases with our results, we obtain:

Theorem 1. Let G be a finite simple group of Lie—type!, Gy a simply connected
algebraic group defined over an algebraically closed field of characteristic p and F' a
Frobenius map of G, such that GE, is the universal central extension of G. Let UY
be a Sylow p-subgroup of GL, BL, = Ngr (UF) and Z := Z(GL). Then there exists
a bijection

f Ty (BE) — Irry (GE),

with the following properties for all n € Trry (BL):

e Let ny denote the unique character of Z below n, then nz = f(n)z.

e For any diagonal automorphism d stabilizing BE, we have f(n?) = f(n)®.

e Let N, denote the orbit of n under the action of the group of diagonal auto-
morphisms, then f(N7) = f(Ny)° for an arbitrary automorphism o of GL
stabilizing BE..

As a special case we recover the results of [Bru09a] and [Bru09b]: When G coincides
with GE, ie., if Z(GE) is trivial, the sets N, contain exactly one character and
the theorem then states that GI must be “good” in most cases (see the proof of
Theorem 5 and Remark 2 in [Bru09a]). In [Bru09b] the numbers |Irr, (GEL)| are
computed explicitly for most types, we obtain them in Theorem 11.8. The identity
dubbed “relative McKay” of [Bru09b, Theorem A] given there only for trivial or

prime order of H!(F,Z(G,.)), namely
|y (GL | v)| = [Trry (BL | v)| for v € Trr(Z(GL))

is an immediate consequence of Theorem 1. Suppose |Z(GE)| = 2,3 and that any
field or graph automorphism o fixes at least one character of every o—invariant set
f(NN,) (which is shown in this work only on the side of BE, see Proposition 11.13),
then we can recover many of the results of [BH09] and [Brul0].

To show that all the finite simple groups of Lie type are good in their defining
characteristic much work remains to be done. In Section 16 we provide an interesting
example in the group SLg(IF73) concerning extension properties of characters and pose
a conjecture on the action of Aut(GL) on the sets N,,.

Lexcept D, (2) or 2D, (2)



Summary of contents

In Section 1 we introduce the simply connected simple algebraic groups Gg. using
the Steinberg presentation. Instead of directly considering the groups Gg., we will
construct “universal” groups G, that contain G, as their derived subgroup in Section
2. Using Frobenius maps in Section 3 we obtain the finite groups G and GI', whose
automorphism groups we describe in Section 4. We conclude the stating of well
known results by recalling the most important results of Clifford theory in Section 5.
In the last two sections of the preparatory Chapter I we go on to explore properties
of the universal groups in Section 6 and define the dual universal group G}, in Section

7.

In Chapter I we develop a parametrization for the set Irr,y (Ngr (U)) where G = G,
or G = Gg. For a standard Frobenius map F, of G, we construct labels for the
elements of Irry (Nr, (Uf4)) in Section 8, see Theorem 8.6. We investigate the
action of automorphisms on the labels in Section 9 and give complete results in
Proposition 9.4. Next we generalize the construction of the labels to the twisted
groups in Section 10, see Theorem 10.8. We use those results for the universal
groups to describe Irry (Ngr (U")) in Section 11 relative to the labels constructed
earlier, see Proposition 11.3 and Proposition 11.4. Furthermore we obtain complete
results on the action of automorphisms on Irr, (Ngr (U")), see Proposition 11.13.
As an application we infer the cardinalities |Irr, (Ngr (U"))| (and thus |Irr, (GL)]
by Theorem 1) by combinatorial methods from the labels (Theorem 11.8). The
underlying characters of Z(GL) are determined by Proposition 12.1 in Section 12.

The final Chapter III is concerned with the parametrization of Irr, (G¥) and tying
this together with the results of Chapter II. We recall a few facts from Deligne—
Lusztig theory in Section 13 to parametrize Irr, (GE) by the semisimple conjugacy
classes of a dual group. The action of automorphisms of the dual group on the
semisimple classes is known, and compatible with the action of the corresponding
automorphisms on Irr, (GL). However the author is not aware of any general results
on the action of non—diagonal automorphisms on the p’-characters contained in a
single Lusztig-series £(GZ, [5]), which would be required to extend the bijection f
from Theorem 1 to be Aut(GE)—equivariant if Z(GL) is non—trivial. To make use of
the results of Deligne-Lusztig theory we require a suitable parametrization for the
semisimple conjugacy classes of the dual groups. It turns out that the central tool here
is the parametrization of the semisimple classes of Gg. given by the Steinberg map.
This is explained in Section 14. Putting everything together in Section 15, we obtain
a natural Aut(GY)-equivariant bijection of Irr,y (BE) with Irr, (GE') in Theorem 15.1.
This bijection is compatible with the multiplication by linear characters (Theorem
15.3), a property we use to construct the bijection f from Theorem 1 in Theorem
15.4. In Section 16 we briefly discuss remaining open problems.
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. Fundamentals and preparation

Firstly we describe the simple algebraic group Gg. of simply connected type realized
by the Steinberg presentation in Section 1. Using Gg. we construct the universal
group Gy, an algebraic group with connected center, containing Gg. as the derived
subgroup in Section 2. Then we introduce the related finite groups GE and GZ in
Section 3, whose automorphism groups we describe in Section 4. We introduce the
concept of duality of algebraic groups and investigate the universal groups in this
regard in Section 7 using an explicit description of the dual fundamental weights of
G, from Section 6. Furthermore we recall facts from Clifford theory in Section 5
that shall be needed later on.

1. Simply connected algebraic groups

The statements of this section about the Steinberg presentation can be found in
[Ste68] and [Car72], those about algebraic groups in [Hum75].

Notation 1.1. We shall keep the following fixed throughout the work. Let p be
a fixed prime number, k an algebraic closure of [F,, ® an irreducible root system,
A={o,...,a,}abasisof ® and & := N {> " a;a; | a; € Ny} the set of positive
roots. The associated Dynkin diagrams, Cartan matrices and our chosen numbering
of the simple roots A can be found in Appendix 17.

We define Gy = G (P, k) as the abstract group generated by symbols (), where
a € &, t €k, subjected to the Steinberg relations:

xa(tl)l‘a(tg) =X (tl + tg),

ha(t1>ha(t2) = ha(t1t2> for tltg 7é 0,
[xa(h)?xﬁ(tQ)] = H Lia+jp (Cijaﬁ(tQ)it{) for 7é :l:67
1,7>0

where t,t, € k, a, 5 € D,

ho(t) = na(t)na(—1), no(t) = 2a(t)x_o(—t )z (t) for t #0
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and the c;jop € {£1,£2,£3} are as defined in [Ste68, Lemma 15]. Steinberg has
shown [Ste68, Theorem 8] that this gives a presentation for a simple algebraic group
over k of simply connected type with root system ®.

The group Ty := {ha(t) | @ € @1, t € k*} is a direct product of the groups h,, (k*)
for i = 1,...,n [Ste68, Lemma 28|, hence it is a maximal torus of Gg.. To Ty
belong the Z-lattices of algebraic homomorphisms X (Ts.) := Hom(Ty., k*) and
Y (Ts) := Hom(k*, T.) of rank n. Composition of maps from X (Ty.) and Y (Ts.)
yields algebraic group homomorphisms k* — k* and those are of the form v s v*
for some k € Z. For w € X(T.) and 3 € Y (Ty.) with (wo 8)(v) = v* for all v € k*
we set (w, #) := k. This is a perfect pairing between X (Ty.) and Y (Ts.).

The root system @ can be recovered in X (Ts.). We define the root subgroups
U, = {z.(u) | u € k}

each of which is isomorphic to the algebraic group (k,+) [Car72, 5.1]. The conju-
gation action of Ty, normalizes U, by the proof of [Car72, 12.1.1] and thus yields
an automorphism of (k,+). Those are of the form u — vu for some v € k*. Hence
we can relate to every root subgroup U, a homomorphism o’ : Ty, — k* such that
To(u)t = z4(c/(t)u) for all t € Ty, and u € k. By the the proof of [Car72, 12.1.1] we
have (aj, ha,) = Cyj, where C' is the Cartan matrix of ®. We can construct an iso-
morphism of root systems, mapping « to o’ and the h, € Y(T.) can be considered
to be the roots of a root system dual to ® [Car85, 1.8]. We shall identify o/ with «
from now on.

Since Ty, is the direct product []}_, ha, (k*), a basis of the the Z-lattice Y (Ty.) is
given by the o := h,,. In X(Ts.) we obtain a basis by considering the fundamental
weights w; € X (T.), defined by w; (t) := v; for t = H?Zl he,;(vj) € Ty, hence the
fundamental weights are a dual basis of the o) with respect to the perfect pairing,
ie., <wi,0z]V> = 0;;. We can obtain the w; as Q-linear combinations of the simple

roots, with coefficients given by the rows of the inverse Cartan matrix:
n
<Z Aip O, Oé;/> = 61‘]’ for all 1,J € {1, .. ,n} <:>(aij)i,j C=FE,.
k=1

We would like to have a basis w;" of Y(Ty.) with (a;, w)) = d;;, but usually Y(Ty)
does not contain such a basis. We shall construct one for the universal groups in
Section 6.

The Z-span Z® of & C X(Ty.) is called the root lattice and A := X (Ty.)/Z®P is the
fundamental group of Gg.. Since X(Ty.) and Z® both have rank n the fundamental
group is a finite abelian group. Let | denote the exponent of A, i.e., the least common
multiple of all orders of elements in A. Straight letters such as I, r or k will always
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denote some fixed constant, that may only depend on the type and rank of the
considered root system.

Let U := [[ co+ Ua. The set U is a mazimal connected unipotent subgroup and
B,. := T,.U = Ng_ (U) a Borel subgroup of Gy, see [Hum?75, Corollary 23.1 D and
Theorem 30.4].



I. Fundamentals and preparation

2. Universal algebraic group

The center Z of Gy is a finite subgroup of Ty given by Z = NP, ker ; [DM91, 0.35].
Let r, be the minimal number of generators required to generate Z, where p is the
characteristic of k. By convention r, = 0 if Z is trivial. Let r be the maximal
r, occuring for any characteristic p and fixed root system ®. For an injective group
homomorphism p : Z — Z where Z := (k*)" is a torus of rank r we define a universal
group of type ®:

G = (Cue x 2) [ {(2.p(2) ") | 2 € Z)

This depends on the choice of p, we shall proof the existence of and fix specific p
at the end of Section 6. Since G and Z are connected algebraic groups with finite
intersection this construction yields a connected algebraic group.

Usually we have r = 1. When & is a root system of type D,, and n is even then r = 2.
We shall denote this case by Deven. The case r = 0 occurs only in a few exceptional
root systems, of course G, = Gy, in this case.

Example 2.1. If | is a p-power, we have r, = 0 since |Z| = I}, [DM91, 13.14] and Z
contains only elements of p’~order. Thus G, = G, X Z in this case. The universal
algebraic group is isomorphic to GL,1;(k) in type A, and to CSp,, (k) in type C,:
Identify Gy with SL,11(k), resp. Spy, (k) as in [Car85, Section 1.11], then identify
Z with the one—dimensional torus of scalar matrices of GL,11(k), resp. GLa,(k).
Take p as the natural identification and the assertion follows.

The universal group G, contains G via g — (g,1) and Z via z + (1, z) where
1 Gge X Z — G denotes the canonical epimorphism. For convenience we identify
elements of G, and Z with their images in G, = Gy Z. We shall write sz = (s, 2)
for s € G4 and z € Z. We denote the r canonical homomorphisms from k* to Z by

z; for i € {1,...,r}, when r = 1 we omit the index. We also write su for sz(u) or
s(pr, po) for sz (p1) zo(pe) and p, pu; € k.

By definition Z C Z(G,) and Z N Gs. = Z(Gy.), thus the universal group has
connected center Z(G,) = Z. A maximal torus in G, is given by T, := T2 (not
a direct product!). We set B, := T,U = Ng, (U).

Example 2.2. Consider type D,, and p odd. By Proposition 6.3 we obtain
Z(Gy) = {1, ha,_,(—1)hq,(—1),a,b}

where

a:{%HFUE§%A4W n even,
oy (=), (1) TI Pey ((—1)7)  nodd,
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) {han<—1> [T e ((—1)7) n even,
oy () ha, (=) TI5 hey ((—1)) 7 0dd,

for a primitive 4-th root of unity i € k*.

If n is odd we define p(a)

p(b) = (1,~1) and p(ab)
then

= i, p(b) = —1i. If n is even we set p(a) = (—1,1),
(—1,—1). Recall our convention to omit the map(s) z,

, {1, -1,4, -1} n odd or
( sc)_ {(1’1)’(_1’1)7(17_1)7(_17—1)} n even.
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3. Finite groups

Let g := p”* for some k € N. We define the standard Frobenius map F,: Gy = Gy to
be the map induced by z,(u) — x,(u?) for all « € ®, this defines a homomorphism
of algebraic groups [Ste68, Chapter 10]. We can extend Fj, to G X Z by z — 27 on
Z. Since Fj acts on Z(Gg.) by z — 27 as well, this also defines a standard Frobenius
map Fj, on the factor group G,. The set of fix points of F,, denoted by Gl resp.
Gl is a finite group [Car85, 1.17].

By “twisting” the standard Frobenius map, we can obtain further finite groups.
For this construction we assume that all the simple roots of A are of the same
length, which means we won’t consider the Suzuki and Ree groups, those are treated
in [IMNO7] and [Bru09a]. To the root system ® belongs a Dynkin diagram. A
symmetry 7 of that diagram can be be used to realize an automorphism I' of G,
a graph automorphism [Ste68, Theorem 29]. By the same Theorem we can choose
I' such that T'(zq,(u)) = T7(,)(u), i.e., it acts on the root subgroups U,, belonging
to simple roots in the same way 7 does on the nodes of the corresponding Dynkin
diagram. Whenever we speak of a graph automorphism of Gg. we shall mean one
with that property.

Example 3.1. In type A,, n > 2, the only graph automorphism is induced by
T @i — Qp_ir1. In type D,, we have one graph automorphism induced by o, 1 — a,
for all n > 3 and another one by a; — a4 — ag — a7 if n =4.

Let I' be a graph automorphism of Gg. with associated symmetry of the Dynkin
diagram 7. For o € A and u € k* we have I'(ha(u)) = h(o)(u) by the definitions
of I' and h,, so I stabilizes Tg.. Thus we can define an action of I" on X (Ty.) and
Y(Ts) by I'(x) := xoland I'(y) :=T o~ for x € X(T) and v € Y (Ty.), of course
(Cl),7) = ().

In Section 1 we identified the root system ® with a subset of X (Tg.). Now we have
an action of ' on A C ® C X (T,.) defined above and one of 7 on A. For t € T,
and o € A we have

D (o) =T (P(O)aa(w)T (1))

so I'(t) acts on U, by conjugation as does t on I'"*(U,) = U,-1(,), thus I' acts on
A C X(Ts.) as the inverse of 7. When 7 acts on the root system by 7(a;) = a; we
shall also write 7(i) = j, I['(j) = 1.

It is always possible to find an extension of a graph automorphisms of Gg. to Gy,
see Table 6.9. For example in type A, such an extension is given by z — 27! on
Z and the corresponding Frobenius map would be z — 277 on Z. We call such an
extension a graph automorphism of G, and fix specific extensions in Table 6.9.

10



3. Finite groups

Definition 3.2. A Frobenius map of G = Gy or G = Gy is a homomorphism
F : G — G of algebraic groups, such that F' = F, oI, where Fj, is a standard
Frobenius map und I" is a graph automorphism of G.

The groups G where F involves a non-trivial graph automorphism are called twisted
groups of Lie type.

Proposition 3.3. A universal group G, in the sense of the previous section, is
a connected algebraic group with connected center, |Gy, Gy = Gge and for every
Frobenius morphism F of Gg. there exists one of Gy that restricts to F.

Proof. The universal group G, = G¢ Z is algebraic since Gg. and Z are algebraic
groups with finite intersection Z. A normal subgroup of finite index of G, would
yield one of Gy, or Z by intersecting, so G, must be connected. Since Z(Gg.) can be
considered a subset of Z by construction, we have Z(G,) = Z which is a connected
torus of rank r. Furthermore we have [Gge, Gsc] = Gse by [DM91, 0.37] and since Z is
central [Gg.Z, G Z] C Gq, 50 [Gy, Gy] = Gg. The extension property is discussed
above. O

Proposition 3.4. A Sylow p-subgroup of GE, and GI is given by UF.

Proof. From the Steinberg relations it follows that U¥ is a p-group. It is a Sylow
p-subgroup of GE and GI by [Car72, Theorem 9.4.10] in the untwisted case and by
[Car72, Lemma 14.1.2 and Proposition 14.1.3] in the twisted case. O

11



I. Fundamentals and preparation

4. Automorphisms

Let = F,oT or F = F, be a Frobenius map and ¢ = p*. The automorphism group
of the finite group GL is generated by the following automorphisms [Ste68, Theorem
10.30]:

e The diagonal automorphisms: those are given by conjugation with elements of
GF.

e The field automorphisms: those are induced by the Frobenius maps F) with
i | k. They are generated by F),, and (F,)* = F,.

e The graph automorphisms. Those only occur if the algebraic group Gy, admits
such an automorphism. If a non—trivial graph automorphism was used in the
definition of F' then this coincides with a field automorphism since then Fj(g) =
I~1(g) for all g € GE.

e In types By and Fy with p = 2 and Gy with p = 3 there exist exceptional
automorphisms of the finite group GZ.. Those arise from the symmetry of the
Coxeter diagram of those types [Car72, 12.3 and 12.4]. We won’t consider
them, since these groups and automorphisms are already treated in [Bru09a].
Our methods should apply to them as well though, see Example 9.5.

We only consider diagonal automorphisms that stabilize B, i.e., those that are

sc?
obtained by conjugating with elements of TZ since those already contain repre-

sentatives of all classes of diagonal automorphisms modulo conjugation in GZ (see
[Ste68] before Theorem 30).

For o € (F,,T') we can also define actions on the lattices X (Ts.) and Y (Ty.) by
o(f) :=cof for B €Y (Ty) and o(w) :=w oo for w € X(Ty).

We can act from the left since (I', o) is an abelian group. Remember the fundamental
weights w; € X (Ty) with (w;, af) = 4.
Lemma 4.1. We have
F(w,) = wF(i)
for a graph automorphism I' and a fundamental weight w; € X(Tg.), i =1,...,n.

Proof. Recall that I'(i) = j if and only if I'(o;) = «; and 7(j) = 4, where 7 is the
symmetrie of A we used in defining I'. Since I'(zq,(u)) = 7@, (v), we also have
['(ha,(t)) = hr(a,)(t) by the definition of h,, = . Consider

(T(wi), ) = (wi, T())) = <wi,a¥(j)> =1l<=j=17"),

thus F(L%) = w.,-—l(i) = wp(i). ]

12



4. Automorphisms

There are extensions of all those automorphism to Aut(GI): We extended field and
graph automorphisms in the previous section and the diagonal automorphisms are
restrictions of inner automorphisms of G,. For the graph automorphisms the choice
of the extension can be ambiguous as the following example demonstrates.

Example 4.2. Let G, be the universal group of type D4 and I' the graph automor-
phism of order 3 of Gg. that maps x,, (u) to x,,(u). Then

Gy — Gy, s(z1,20) = T(s)(25 ", 251 21) and s(zy1, 22) = T(s) (22, 25 27 1)

for s € Gy and z; € k* both define extensions of I' to G, and together with
extensions of I'"! this yields four distinct outer automorphisms of Gy,.

13
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5. Clifford theory

In this section we state well known results of Clifford theory and describe our conven-
tions for discussing the involved objects. Clifford theory describes the characters of
a finite group G relative to those of a normal subgroup H (and vice versa). We say a
character x € Irr(G) lies above n € Irr(H) if 7 is a constituent of the restriction x|y
of x to H. We also say 7 is a character below or under x. The set of all irreducible
characters of G above some fixed 1 € Irr(H) is denoted by Irr(G| 7).

Since H is a normal subgroup there is an action of G on H and Irr(H) by conjugation.
Conjugation in G fixes x € Irr(G) and so it must permute the constituents of the
restriction of x to H. In fact the set of all irreducible characters of H below y is
given by {n?| g € G}, [Isa94, Theorem 6.2]. The fix—point group of the action of G
on that set is called the inertia group Ig(n) :={g € G| n? = n}.

Notation 5.1. In the special situation that G = GI (or G = B'), H = GE (resp.
H = BF), n € Irr(H) and x € Irr(G| n), we usually denote the set Irr(G| n) by
M, = M, and the set {n?| g € G} by N,, = N,.

Theorem 5.2. For fivzed n € Irr(H) the sets Irr(1g(n)| n) and Irr(G | n) are in bijec-
tion. A bijection is given by induction of characters. If v = x for € Trr(Ig(n)| n)
and x € Irr(G| n), then v is the unique irreducible character of Ig(n) below x that
lies above ).

Proof. [Isa94, Theorem 6.11]. O

If there is a character ¢ of the inertia group that restricts to n, we say n extends to
Ig(n) and ¢ is an extension of 7.

Theorem 5.3. If ¢ € Irr(Ig(n)) is an extension of n € Irr(H) then
Irr(Ia(n)| n) = {p] B € Ir(Ia(n)/H)} -

Proof. [Isa94, Corollary 6.17]. O
The situation is particularly favourable if G/H is cyclic. In this case it is also easy
to describe Trr(Ig(n)/H).

Theorem 5.4. If G/H s cyclic, all irreducible characters of H extend to their

respective inertia groups.

Proof. [Isa94, Corollary 11.22]. H

14
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6. Dual fundamental weights

In this section we fix the map p : Z — Z used in the construction of the univer-
sal group in Section 2 and define the dual fundamental weights wjv € Y(T,) with
<Oéi,w;-/> = 52]

Notation 6.1. For a natural number n € N we denote by n, the p-part of n, i.e.,
the largest p-—power that divides n. By n, we denote the p-prime part of n, i.e.,
ny = n/n,. For an arbitrary fixed element p € k* let v € k denote an |-th root
of p of order I|{u)|, where | is the the exponent of X (Ts.)/Z® as in Section 1. The
number of |-th roots of unity in k is l,y. If u generates I let ¢ be the primitive |,,—th
root of unity such that v? = (v.

Let (a;j)i;; = C~' € Q™" be the inverse Cartan matrix of ®. For every j € {1,...,n}
we define

Bj k= Too, Bi(n) := [ oy (1) € T
k=1

This is well defined: | is the exponent of A = X (Ty.)/Z®, thus (lw;)Z® C Z®, i.e.
la;; € Z since A ={ay,...,a,} is a basis of Z®.

Lemma 6.2. The action of 5;(i) on the root subgroup U,, is trivial if i # j, other-
wise

Proof. From Section 1 we know how Ty. acts on the U,:
haj (t)l‘ai (u)haj (t)_1 = T, (tCiju)’

where (Cj;) is the Cartan matrix. Acting with 8;(v) = [[j_; ha, (0'*7) on zq,(u)
yields
o (Ulzzzl Cikakj”) = Ty (’Uwiju)a

since (ay;) is the j-th column of the inverse Cartan matrix. O
Of course f; € Hom(k*, Ty.) = Y (Ts.) and by the above lemma we have

(i, Bj) = 6y

Here (-,-) : X(Ts) X Y(Ts) — Z is the perfect pairing between X (Ty.) and Y (Ty)
(see Section 1).

Proposition 6.3. Let ¢ be as in Notation 6.1. The [5;(¢) generate Z = Z(Gq.).
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I. Fundamentals and preparation

Proof. Given any z € Z there exist v; € k* with 2z = [] hq, (v;) since Z <T,.. The
torus Ty is a direct product of images of the A, and since |Z| = [, [DM91, Lemma
13.14] the v; must all be I,~th roots of unity. We write z = [] ha,(¢%). Therefore
z = p(() for B =3 bjay € Y(Ty). For 2 € Z we must have a;(z) = 1 for all i, so
(i0B)(¢) = 1. Then we have (a;, ) = 0mod , it follows ) b;(a;, o) = 0mod iy,
thus Cb = O0mod l,.

A generating system of the kernel of C' mod [ is given by the columns of (I,C~1)
which are well defined since IC~! is an integer matrix and [, is invertible modulo
ly. Thus (bj); = Ly > p_, di(aji);modl, for some dy € Z, but then z = S(¢) =
> et (di /L, mod 1) B (). [

Notation 6.4. By T;. we denote the torus of the simply connected group of dual
type, i.e., the group obtained by the same relations as Gg. but replacing the root sys-
tem ® by a dual one ®*, for example the one generated by {ay, ..., )} C Y (Ts)®zR
considered as an abstract root system. By w}, 8 and Z* we denote the objects cor-
responding to w;, B; and Z in that group.

Note that T}, is not contained in the dual group of Gy but in the dual group G}, of
the universal group G,. This will be explained in more detail in Section 7.

Lemma 6.5. We have w; o 3; = w} o 7.

Proof. By the definition of the 3; we have w;(8;(v)) = v'%s, where the a;; are the
entries of the inverse Cartan matrix. Now the Cartan matrix of the dual root system
®* is by definition just the transpose of the Cartan matrix of ®. Since the inverse of
the transposed Cartan matrix is just the transposed inverse Cartan matrix, we have

Bi(v) = vl a

wi (

Using this we can define a natural bijection ¢ between Hom(Z* k*) and Z. The
w; are a basis of X(T%) so their restrictions to Z* are a generating system for
Hom(Z*,k*). We set

8(wyp) = ] ey (i (55(0)))-
J
The map 4 is injective since Ty is a direct product of the images of the h,; and the
B3 (C) generate Z* by Proposition 6.3. Using Lemma 6.5 and the fact that H?:l he,; 0

w; is the identiy map on Ty (remember that Ty is a direct product of the images of
the ho, and (w;, ha,) = d;;) we obtain

8(w;) = [ ] o, (@i (B5(©))) = [ Py (w5 (B:(€))) = BiC) € 2.

Thus 0 is surjective since the §;(() generate Z, therefore § is a natural group isomor-
phism of X (Z*) with Z. Summing up the above:
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6. Dual fundamental weights

Proposition 6.6. There is a natural isomorphism ¢ : Hom(Z*,k*) — Z which maps

w; |z« to Bi(C).

Notation 6.7. For some index set Z we call e = [eM), ... e™] € I a multi index
of length r and use the following conventions. If X = {z; | ¢ € Z} is some set with
elements indexed by Z, then z. denotes [z.q),...,2.m] € X". We also apply this

convention recursively: if f is defined on X then f(z.) = [f(z.m), ..., f(Tc»)]-

If YV is a set for which 7 makes sense for i € Z then y¢ denotes [ye(l), e ,ye(r)]. We
allow for r = 0, i.e., empty multi indices e = [| if X or {y* | i € Z, y € Y} contain
some kind of “trivial” element which is then denoted by z, resp. yl.

Ify = [y, ...,y] € Y then y° denotes [yle(l), . ,yﬁm}. When discussing such a
y we mean the components if no other interpretation is possible, for example, if
y = [4,9] € Z? then we say “y is a square” or “y2) — 13 is greater then 50” but we
shall also say “the Z—ideal generated by y is Z”.

Note that when r = 1 this always reduces to the usual meaning and that is the one
we shall be most concerned with. In this work multi indices will always have r = r
components, where r is the rank of the central torus Z of the universal group, as
defined in Section 2. As such r = 0 occurs only for a few exceptional groups and
r > 2 will only occur in the single case Deyen-

We now use the isomorphism ¢ from Proposition 6.6 to fix a specific p : Z7 — Z from
the definition of the universal group in Section 2.

Proposition 6.8. There exists a multi index k = [kW] € {1,...,n}" such that Z* is
a direct product of the groups (3}, (C)), where r is as defined in Section 2.

Proof. In all cases except type A, this is clear from Proposition 6.3 since |Z*| is a
prime power [Car85, Section 1.11]. For type A, observe ord(51(¢)) =1, = |2Z*. O

To be able to do concrete computations and fix appropriate extensions of graph
automorphisms to G, we shall now choose k for all types. For a list of the inverse
Cartan matrices see the Appendix 17.

17



I. Fundamentals and preparation

Table 6.9: Choice of k and extensions of graph automorphisms

Type | k I'(k) Extension of I" to Z
A, n+1l n 1 2 271

B, 2 n

C, 9 1

Doygt 4 n n—1 2 27t

D, 2 (3, 4] [4,1] (21,20) = (251, 25 21)
Do, 2 [n,n—1] [n—1,n] (z1,22) = (22,21)

Eg 3 1 6 zr 271

E. 9 9

ES, F4, GQ 1 H

A word of warning: §;({) generates the center of the simply connected group of the
dual type. Of course this only makes a difference for types B,, and C,, but here k
differs depending on which type we decide to look at.

If Z* is trivial for all p, r = 0, k is the empty multi index and we have Z = 1. Of course
only three cases can occur: k = [| (trivial center, G, = Gy.), k = [kV)] (common
case) and k = [k k)] (case Deven). We can now fix an embedding p : Z(Gy.) — Z.
For all i € {1,...,n} we set

p(B:(C)) == (57" (B(ON(BQ))) " = wi (B¢

If k € Z? this means p(5;(¢)) = (w; (B (€)) w; (Bjz))) by the multi index convention
6.7 (and ¢ € {1, —1}). This yields an injective embedding of Z(Gy.) into Z since it is
the composition of the natural isomorphism §~! from Proposition 6.6 with evaluation
at generators of Z*.

Definition 6.10. We define the dual fundamental weights w; : k* — T by

w) (1) = By(w)vhi,

where v is any |1-th root of L.

To see that this is well defined, observe that with the fixed identification p, Lemma
6.5 and our convention to omit the map(s) z we have

r

Bi(¢) = C7<wk”8i> = Hzl(gf<wk<1),5i)).

=1

Had we chosen another I-th root (v of u the value of the dual fundamental weights
would remain unchanged:

/Bi(CV)(C]/)<Wk7Bi> — ﬁi(V)C<"Jk=5i>_<wkvﬁi)V<"kaﬁi> — @i(y),/(wkﬁi)_
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6. Dual fundamental weights

Proposition 6.11. We have

Lo, ()W) = 20, (17 0)

forallu € k, p € k* and i,j € {1,...,n}. In particular if we identify the simple
root a; € X (Ts.) with its unique extension to X(T,) that acts trivial on Z we have

<Oél', QJJV> = 6”

Proof. We defined w,’ (1) as 5;(v) times some central element, so this is just Lemma
6.2. [
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I. Fundamentals and preparation

7. Dual universal group

In the last section we fixed p : Z — Z for G,,. We shall now fix a slightly different p* :
Z* — Z* for G}, where G is the universal group obtained by the same construction
as G, in Section 2 for a root system of dual type, see Notation 6.4. We then show
that G, and G are in fact dual groups.

In Table 6.9 we fixed k € Z" such that 3} (() generates Z* and we defined p by

p(B:(€)) == wi(Bi(¢)) "
For G} we define
P (Be(C) =¢

unless in case Deyen, here we define

p* (B (€)== (¢, 1) and p™ (B (€)) := (1,€).

Since (3 (¢) generates Z* and |Z*| = Iy (resp. |Z*| = I2, in case Deyen) this defines a
monomorphism p* : Z* — Z*.

To any connected reductive algebraic group G with a maximal torus T we can
associate a root datum (X(T),®,Y(T),®"), where ® C X(T) := Hom(T, k") is
the set of roots of G with respect to T and ®" C Y(T) := Hom(k*,T) the set of
coroots. The structure of G is determined up to isomorphism by the root datum,
see [Hum75, 32.1].

Definition 7.1. Let G and G* be connected reductive algebraic groups with mazimal
tori T and T*. We say G s in duality with G* if there exists a isomorphism ¢ :
Y (T) — X(T*) that maps ¥ onto ®*. If § is compatible with the action of Frobenius
endomorphisms F and F* of G and G* respectively, then we say G is in duality
with G

We call § from Definition 7.1 a duality isomorphism. We shall now describe Y (T,)
and X (T%) and show that a duality isomorphism exists.

Definition 7.2. Any g € G, can be written (non—uniquely) as g = sz with s € Gg.
and z € Z. We define a determinant map

det : G, — k*, g — det(sz) := 2/,
unless in case Deyen. Here define two distinct determinant maps by

det'(s(z1, 25)) == 2} and det'® (s(z1,2)) := 2.
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7. Dual universal group

The map det is well defined, since |, is the exponent of Z(Gy.) = Gse N 2. As
usual det™ denotes the corresponding map in the group G?. Note that in the case of
type A, where G, is isomorphic to GL,11(k) the just defined determinant is in fact
the usual determinant map. The restriction of det to T, is a prominent member of
X(T,): it generates the kernel of the restriction map X (T,) — X (Ts.).

Definition 7.3. We define fundamental weights of G by
O - TE = KX sz @F(s2) 1= wi(s)z @A)
<w:76:(1>> <w:’6:(2)>

and @} (s(z1, 22)) == wi(s)z 2o in case Deyen-

The decomposition of t = sz is determined up to central elements of Z, by the choice
of p* we have

2 = (SBQ)C2) o wi (s50(Q))¢ 4007 90
and w?(B(¢)) = (@B thus @f : T* — k* is well defined.
Lemma 7.4. Fori=1,...,n we have

(det,w;) = (W], z").

For the case Deyen consider the above equality to be a pair of equations over the two
components of det and z*.

Proof. By the definitions of det and w} we have

(detowy) (1) = det(z(w(Bi(1)) = w(Bi(1)) = wi(Bi(k))
for all € k*, i.e.
(det, w,") = (wi, £i)
and by the definition of the &;
(Wi, 2%) = (Wi, By)-
Thus the assertion follows by Lemma 6.5. O

Proposition 7.5. a) A Z-basis of Y (T,) is given by the canonical embedding(s)
z : k* — Z from Section 2 and the w; : k* — T, fori=1,...,n defined in
Definition 6.10.

b) A Z-basis of X(T%) is given by the map(s) det™ : TY — k* and the &} : T} —
k* foriv=1,...,n from Definition 7.2 and Definition 7.3.
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I. Fundamentals and preparation

c) The groups G, and G} are dual in the sense of Definition 7.1 and a duality
isomorphism ¢ : Y (T,) = X(T%) is given by w) — &F fori =1,...,n and
z — det.

Proof. The root system d of G, is determined by the action of T, = Ty.Z on
the minimal unipotent subgroups of G,. Since Z is central we obtain a canonical
bijection & +— a of ® with the root system ® in X (T), where a(tz) = a(t). We
shall identify o with &. Of course Z = NI, ker a;. For a fixed y € Y (T,) we define

=y - Z(ai, Y- (1)

By Proposition 6.11 we have (a;,w)) = d5, thus oy 0 2 = 0 for i = 1,...,n. Hence

z € Y(Z). A basis of Y(Z) is given by z. Therefore we can express y as a Z-linear
combination of the proposed basis. This proves a).

For fixed z € X (T}) define

Thus (2%, ;") = 0 for j = 1,...,n which means that z* is in the kernel of the
restriction map X (T,) — X (Ty). Since that kernel is generated by det™ we have b).

It is clear by a) and b) that J is an isomorphism. To see that § is a duality isomor-
phism we need to check that §(®¥) = ®*. By construction

<04i,04]v> =Cy = (a;aa;‘kv>v

SO

n
Vo v
a; = E Cijw; +coz
i=1

and

n
* Lk / *
a; = E Cijw; + ¢y det
i=1

for some cq, ¢, € Z. Applying (det, -) and (-, z*) to these equations and using Lemma
7.4 we obtain ¢y = ¢. Therefore §(a)) = o and §(dY) = ®*. O
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7. Dual universal group

A root system of dual type is always the root system itself, except when it is of type
B, or C,. So if we are not in these types Gy = [Gy, G| = [GE, G| and the groups
G, and G, are isomorphic but not “equal” since we have chosen different embeddings
p and p*. Next we consider the case of the finite groups G. Note that the types
B, and C, afford no graph automorphism, so whenever a graph automorphism is

involved in F' we can assume G, = G;.

Proposition 7.6. For a Frobenius map F' of G, there exists a Frobenius map F* of
G? such that G and G are in duality by the duality isomorphism § defined in
Proposition 7.5.

Proof. We need to construct F* such that 6(F(x)) = F*(6(x)) for all x € Y(T,).
If F'is a standard Frobenius map F; we can choose F* = F7 to be the standard
Frobenius of G} for the same ¢. If F' involves a non-trivial graph automorphism,
ie, ' = F, oI, then Gy is contained in G, and G}. If we can find a graph
automorphism I'* of G}, such that

0(I'(x)) = " (0(x)) for all x € Y(Ty), (2)

then F* := F; o I'" has the desired property. We simply define I'* on X(T}) by
the equality (2), it then extends to an automorphism of G by the first theorem of
[Hum?75, 32.1]. O

Usually there is a canonical way to extend a graph automorphism of Gg. to Gy, the
only case which needs more attention is Deye,. The graph automorphism of order
two must act by permutation of the two components of the central tori of Z and Z*.
However the graph automorphism of order 3 in type D4 has multiple extensions from
G, to G, as seen in Example 4.2. We call I'* from the proof of Proposition 7.6 the
dual graph automorphism. If T' is non—trivial we have af = «; and thus §(«)) = .
Since
Oép—l(i) = 5(04;—\/71(1)) = (5(F(Ozv)) = F*((S(av)) = Qar=(j)

3 (3

we see that that the restriction of I'* to Gy is ™.

The duality isomorphism induces a natural isomorphism of T with Irr(TE) which
we will now describe explicitly.

Definition 7.7. Let w be the smallest positive integer such that F* is a standard
Frobenius (i.e. the order of the graph automorphism involved in F') and p a (¢ —1)-
th root of unity in k*. We define

Npojp: T = T, t = tF(OF(t)... FU7 ()
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I. Fundamentals and preparation

For our duality isomorphism § : X(T,) — Y(T?) there exists a unique “dual”
duality isomorphism ¢ : Y(T,) — X (T%), see [Car85, Proposition 4.3.1] with similar
properties as those of § stated in Definition 7.1. We have [DM91, Proposition 13.7]:

Proposition 7.8. There is a canonical isomorphism of Irr(TE) with T*F" which is
given by

d:Trr(TE) = T 0 Npenp (5V(é)(,u)> :

where we identify 6 with an element of X (TE) and let 0 be any extension of 0 €
X(TE) to X(T,).
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Il. The p’—characters of the
normalizer

In this chapter we investigate the p’—characters of the normalizer of the fixed Sy-
low p-subgroup U” of GE, and G. We proceed in several steps: First we consider
the normalizer BY in the universal group where F' is a standard Frobenius map
in Section 8. Here we can construct labels parametrizing the characters of degree
prime to p (Theorem 8.6). We then determine the action of automorphisms on our
parametrization in Section 9 (Proposition 9.4). Next we generalize our construction
to the twisted cases in Section 10 (Theorem 10.8). Finally we investigate the relation-
ship between the labels of Irr, (BX) and the p’—characters of the normalizer BE, in
the simply connected group using Clifford theory in Section 11. Section 11 provides
the two main results needed later on the action of linear characters (Proposition 11.3
and Proposition 11.4) and then goes on to further explore properties of Irr, (BE)
for which we do not have direct proofs of equivalent statements in Irr, (GL) (see
Theorem 11.8 and Proposition 11.13).

8. Parametrizing Irrp/(qu)

As explained in Chapter I the Borel subgroup B is the normalizer of U in GE and
U’ is a Sylow p—subgroup of G and BY'. We want to parametrize the characters
of B of degree prime to p. Those must lie above linear characters of U”', since all
other characters of UF have degrees divisible by p. Using these characters and Clifford
theory we obtain labels for Trr, (BX). In this section we shall only be concerned with
the case where F' = F, i.e., when F'is a standard Frobenius map, we will generalize
this construction in Section 10.

First we are looking for a set of elements ¢; € T that generate To¢ and act in

“diagonal fashion” on the root subgroups U,,. Fori = 1,...,n we define ¢; := w;(u),
where (1) = F;*. By the definition of I, the w, the 8; and p: Z — Z we have

Fy(ti) = Bi(v")w(Bi(v?)) = tiBi(Quwi(B:(C)) = ti.
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II. The p'—characters of the normalizer

Proposition 8.1. Assume F = F,. Together with ty := lg,. (r = O) to:=p € TE
(r=1) orty := [tow, to] = [(1, u) (u,1)] (r=2) thet; fori=1,...,n generate
TE. We have

To, (W) = x4, (1P50) fori,j € {1,...,n}.

The t; all have order ¢ — 1 (unless tg = 1, of course).

Proof. The statement about the action of the ¢; is Proposition 6.11. The formula
shows that the (¢ — 1)" products []}, t{z, 0 < f; < q—1, act differently on the
To,(u), so they are all distinct. None of them are central except the trivial element.
Multiplying with the (¢ — 1) (resp. (q — 1)?) central elements in (f;) we obtain

(g — 1) (resp. (¢ — 1)"*?) elements of TF. Now t; = F,(t;)) =t!sot? ' =1. [

Assumption 8.2. For all that follows we require

U, Ur) = (H U5>
where 8 runs over &\ A.

This is shown to be true using the commutator formula from Section 1, except when
G is one of the groups in Table 13.2, see [How73, Lemma 7]. We shall only consider
groups for which Assumption 8.2 holds. Using Assumption 8.2 and the commutator
formula from Section 1 we see that UF"/ [UF, UF] = @, UL | since F = F sta-

bilizes all the root subgroups. A character of UT is hnear if and only if it factors
through

7= (11,...,7) : U/ [UF,UF] — (Fg, +)",
where
Uy [UF,UF] —F, = (Hxa].(uj)) = ;.
j=1

Lemma 8.3. For any non—trivial (complex) character ¢ of (F,,+), the whole char-
acter group of (Fy,+) is given by the characters u — ¢(tu) fort € Fx.

Proof. Suppose ¢(au) = ¢(bu) for some a,b € FY and all u € F,. Multiplying
with elements of F* is an automorphism of (Fy, +) therefore ¢(ab™u) = ¢(u) for all
u € F,. It follows ab™'u —u = (ab™! — 1)u € ker ¢ for all u € F,. So either a = b or
we obtain a contradiction to the fact that ¢ is non—trivial. So the (¢ — 1) non-trivial
characters of (F,, +) are in fact given by u — ¢(tu). ]
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8. Parametrizing Irr, (BL1)

Now fix any such non-trivial character ¢ of (IF,,+). We shall later refine that choice
of ¢ when we consider the action of field automorphisms, but for now any shall
suffice.

Set
¢i=¢oT
and for any S C{1,...,n}
¢s =[]
i€s
Proposition 8.4. The ¢g, where S ranges over all subsets of {1,...,n}, form a com-

plete set of representatives for the orbits of the action of BE on the linear characters
of U, (The empty product corresponds to the trivial character).

Proof. The action of B on UF'/ [UF, U*] is given by the action of T% = BY/U"
on UF/ [UF, UF]. The ¢; from Proposition 8.1 are a system of generators for T%.
By Proposition 8.1 and Lemma 8.3 we know that ¢; acts transitively on the characters
with kernel ker7; and trivial on those with kernel ker 7; for 7 # j. Every character

with kernel [U*, U] is uniquely a product of characters with kernel ker7; for i =
1,...,n. [

By the construction it is clear that the inertia group of ¢g5 in BZ is given by
Is == Igr(ps) = (t; | i € SYUF

where

S¢:={0,1,...,n}\S.

Lemma 8.5. The characters of Is above ¢g are linear, in particular, every character
¢s extends to Ig.

Proof. The characters of Ig above ¢g must lie above the trivial character of ker(¢g).
But Ig/ ker(¢g) is abelian: the ¢; involved in Ig act non—trivial only on the kernel of

Ps- O

Now any character y € Irry (BL) lies above a linear character of U% (since U” is a
p-group), so above some ¢g by Proposition 8.4 and by Clifford theory there must be
a unique character ¢ of Is above ¢g that induces to x. We shall use this to associate
labels to the characters Irr, (BL). Define a map f : Irry (BY) — C" by

o Juew) ifie s
o ifi € 8.
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II. The p'—characters of the normalizer

Now all the ¢; are (¢ — 1)-th roots of unity (by Proposition 8.1) and so must be their
images. We once and for all fix an embedding of F into the complex numbers (e.g.

i es%il) and define f : Irr,y (BY) — [Fy by the composition of this identification
and f

Theorem 8.6. The map f is a bijection of Irr,y (BE) with the set of labels Fox (IF,)"
(or (Fy)? x (Fg)"™ in case Deyen, or {1} x (Fg)™ if r =1).

Proof. The map f is clearly injective. We have f(x)o # 0 for all x € Irr,, (BE) since
to € Z(B,) is always contained in the inertia group Ig. For a given label (ay, ..., a,),
we first determine the set S = {i | a; = 0}. The a; with i € S¢ then determine
a linear character ¢ of I above ¢g which we can induce to BZ, where it must be

irreducible by Clifford theory and of degree prime to p by construction. m
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9. Automorphisms and labels

9. Automorphisms and labels

We described the automorphisms of GZ and their extensions to G in Section 4
and Section 7. In this section we describe the action of automorphisms on Irr,, (BL)
by computing their action on the labels constructed in the previous section. The
diagonal automorphisms of GZ are inner automorphisms of G so those act trivial
on Irr,y (BL) and the labels. This leaves us with field and graph automorphisms. We
still assume F' = Fy, i.e., the untwisted case.

Proposition 9.1. Let I' be a graph automorphism of G, and I'* the dual automor-
phism of G (see Section 7). The automorphisms act on X(T,) and Y (T,) (resp.
X(T%) and Y(TE)) as described in Section 4. We have

and
P(w) = wroag +diz

for some d; € Z". In case Deyen take the sum over the two components of d; det™ resp.
di Z.

Proof. Recall from Section 7 that if there exists a non—trivial graph automorphism
then G, = G, both contain Gy, I'* =T'"! on {1,...,n} and the restriction of ;"
to Ty is w;. We have I'™*(w;) = wr+(;) = wp-1(;) by Lemma 4.1. Since the kernel of the
restriction map from X (T%) to X(T%) is generated by det” and stabilized by T', the
first equation follows. The second is obtained by applying the duality isomorphism
0 from Proposition 7.5. ]

By Proposition 9.1 and the definition of the ¢; in Section 8 we have:
Corollary 9.2.
U(t;) = T(w; (1) = wr-1 (1) z(p) = tf‘—l(i)tgi'

Example 9.3. In type A, the action of the graph automorphism on the t; from
Section 8 is given by

[(ty) = t;" and
F(ti) = taltn+1_i for i = 1, .o, n.

In type D,, with n = 2m + 1 it is given by

L(to) =5,
[(t) =ty't; fori=1,....,n—2and

29



II. The p'—characters of the normalizer

F(tn) == tn—l-

In type D,, with n = 2m it is given by

F(to(l)) = to(Z)y
L(t;) =t fori=1,...,n—2 and
L(t,) =tn_1.

Proposition 9.4. Let (ay, ..., a,) be the label of x € Irry(BE) and (aj, ..., al) the
label of X% where o is an automorphism of GE that stabilizes BE and x° is defined

by x7(g) == x(o(g))-

o [fo = F), is a field automorphism, we have

(ag,...,a,) = (ab,dl,... ab).

»'n

e [fo =T is a graph automorphism, we have

(ag,...,a,) = (T'z(aop), aglap_1(1), . ,ag”ap_l(n)),
with the d; from Proposition 9.1 and I'z denoting the action of I' on (F;)r
induced by z=! as described explicitly in Table 6.9.

Proof. Recall the definitions of ¢g and ¢; from Section 8. Here S := {i | a; = 0},
X lies above ¢g and all ¢% have inertia group Is = {t; | i € S} in BE. There is a
unique linear character ¢ of Ig lying above ¢g that induces to y. The values of ¢ on
the t; with 7 € S¢ correspond to the a; # 0 and a; = 0 for all j € S.

Since the automorphism o stabilizes U¥ it also acts on the characters of UY. For
the field automorphism we have o(z,(u)) = z,(u?), so the kernel of ¢7 is equal to
ker(¢;). Therefore ¢¢ must be conjugate to ¢; in BY. Then x° lies above ¢g as
well. The unique character of Ig above ¢g that induces to xy? must be 7. By the
construction of the a; and using o(t;) = ¢! we obtain the stated action of o on the
label.

The action of T' on the set {¢;} is given by ¢; — ¢r(;), therefore ¢§ = ¢r(s). Then
X" lies above ¢r(sy and the unique character of Irg) that induces to x* is ¢', which
is indeed a character of Ir(g): For i € I'(S) we have

Yr(t) = @b(thl(i)tSi)

by Corollary 9.2 and tr-1(; € Is. Therefore a;, = apq(i)agi. The statement about
ay is immediate from the definition of ty = z(p). The zero positions of the label
(ag, ... ,a,) must be I'(S). O

» '
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9. Automorphisms and labels

Since the exceptional automorphisms of By(27), Fy(2/) and G5(37) are treated else-
where, we don’t consider them here. However our method generalizes to these as
well, without proof:

Example 9.5. The exceptional automorphism ~ in type By with F' = Fys acts on
the labels of characters of BE as well. Since F' = F,; the center of GE, is trivial and
we may consider GE as the universal group (so we don’t have to define an action of
v on Z). The action of v and v~ on the labels is given by

(1,a1,az) = (1,a9,a})

and
(17 ay, a’2) = (1a \/(1_2, al)v

which is well defined, since the entries of the labels are elements of Fy. Note 4% = F.
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II. The p'—characters of the normalizer

10. Parametrizing Irr,(BY)

We now consider the case when I’ = I'oFj, and I is a non-trivial graph—automorphism.
Let w be the order of I'. We have possible orders w = 2 (types A, D,,, Eg) and w = 3
(type Dy). The graph automorphism commutes with F,, therefore F* = (F)" = Fuw
and GI' < G,"". This enables us to use the previous results for the untwisted case.

We assume the results and notation from Section 8 for Fyw, so pu is a fixed generator
of F.
q

The action of I' divides A into orbits. Let W™, A; = {1,...,n} be the corresponding
partition of the index set. For a I'-orbit A, we set Uy = (U, | i € A). The U, take
the role of the U,, in the untwisted case. By the commutator relations of Section

r <H xai(uai)> = Hxai<ur_1(a¢))@
=1 =1

for some © € [U, U]. Therefore (using Assumption 8.2 and thus excluding the groups
from Table 13.2)
UF/ [UF’ UF} = EB;ZIUAN

where Uy :=U% / [UF, U7].

Lemma 10.1. Each of the Uy is isomorphic to (F,a,+). For every orbit A; fix
a; € A;, then such an isomorphism is given by

|A]-1
H fl?pfj(aai)(UJ) = Ug.
Jj=0
Proof. Since the elements of U, are F—invariant we have uf = uy,.. ., u‘qA|72 = U|A|-1,
|A| . .
qu‘_l = wug. Thus ul = uy and the other u; are just conjugates of ug. O

We set
t; == Npwyp(wy (1) fori=1,...,m,

where wy € X(T,) is defined as in Section 6 and Npw/r : TE" — TE is defined
by Npuw/p(t) := tF(t)... F*~(t) as in Section 7. Note that this coincides with the
definition of the ¢; in the untwisted case if I' is trivial.

Proposition 10.2. For fivedi € {1,...,m} the action of t; on Ua, with j # i is triv-
w1

q
ial and the action on Uy, is given by multiplication with pd™ =1 € {p, pott, pa*+a+1}
(a generator of F;Ai‘). Together with ty := Npw/p(z(p)) the t; fori = 1,....m

generate TE (in case Deyen we set ty := Npw/p(z1(1))).
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10. Parametrizing Irr, (BL)

Proof. We have I'(w;") = wl\f_l(ai) +d; z by Proposition 9.1. Thus the statement about
the trivial action on Uy, with j # i is obvious. When determining the action on Uy,
we can ignore the d; z part since it is central. Thus ¢; acts on Uy, in the same way
as [1“) wy. an (B ") does. We consider the isomorphism of Lemma 10.1 to describe
the action. AH err(ai)(NqT) act trivially on U,, except for those with I'™"(a;) = a;.
We save the reader and ourselves the general formula and point out that for all types
and orbits either I'(a;) = a; or I'"(a;) # a; for r = 1,...,w — 1. The statement about
the generation of T follows as in the untwisted case in Proposition 8.1 by counting
the number of distinct actions of products of the ¢; and finally multiplying by the
number of central elements, all generated by t,. O

The t; act as desired, but they have small defects compared to those in the untwisted
case: their orders are not necessarily all the same and the first power acting trivial
on all Uy need not be the trivial element, it can in fact be central. Using the fact
that ¢, generates Z', we obtain relations between the t; and ¢, which shall carry over
to our parametrization.

Remark 10.3. Since t?lAil*l acts trivial on all the Uy by its definition, it must be a
central element of BE'. Then there exist r; € Z such that ty = tf‘AiLl.

We illustrate our notation in the following individual examples:

Example 10.4. Type A,. Here I'(o;) = apy1, w = 2, A; = {a;, a1} for
i€ {l,...,[n/2]}. We have F(2) = 279 for z € Z and ty = p'~% Let n = 2m or
n=2m+1, we have |A;] =2and t" " =1 forie{l,...,m}. If n =2m+ 1 then
|Apmi1] =1 and th =1,

Example 10.5. Type D,, with I" of order w = 2. Here I'(a,—1) = an, Ai = {a}
fori € {1,...,n—2} and A, = {ap_1,an}. If n =2m — 1, then F(2) = z7¢
for 2 € Z and tq = pu'™, tg_ll =1, t7" =5t for i e {1,. n—2} If n = 2m,
then F((21,22)) = (24, 27) for (z1,22) € Z and tq = (u, p9), tz L =1,t"" =1 for
ie{l,...,n—2}.

In type Dy with T of order w = 3, we have GI" = GE x Z¥' since I acts non—trivial
on all non-trivial elements of Z(GZ) (see Example 2.2). For this particular case, it
suffices to consider Gy as the “universal” group G, (so our notion of the universal
group now depends on the graph—automorphism involved in the Frobenius map for
D,). This saves us a lot of unnecessary technicalities later on.

Definition 10.6. When considering type Dy (that is Dy and F = F,oI' where I'
is of order 3) we define the t; differently than before. Using notation and definitions
from Section 6, we set

to =1, tr := Npsp(Bi(v) = Bir(W) Bs () Ba(¥)", ta := Npsyp(Ba(v)) = Bo(v) F477

33



II. The p'—characters of the normalizer

This is well defined and all assertions of Proposition 10.2 remain true, since we
changed the t; only by a central element and GE N ZF = 1.

Example 10.7. Type D, with I' of order w = 3.

3
(1) = ag, [Nag) = aq, A1 = {a1,a3,a4}, A3 = {az}. We have t{ 1 =1 and
=1

Theorem 10.8. There exists a map f from Irry (BY) to F x (Fgw)™ that defines
a bijection between Irr, (BE) and all the tuples (ag, .. ., an) that fullfill the relations

a?lAiLl =ag fori=1,...,m and r; € Z as defined in Remark 10.3. We call those
tuples the labels of Irry (BE).

Proof. We can construct f completely analogously as in Section 8. We replace the
maps 7; and ¢; by maps 74, and ¢4, and S by an analogously defined subset of
{1,...,m}. Everything holds as in the untwisted case, except for the statement
about the orders of the t;. But since v is a linear character of Is the relations on the
t; carry over to the character values of 1) on the ¢; and thus the labels. O

It is clear that this is a complete generalization of the results of Section 8: If we
simply consider a trivial graph automorphism and A; = {i}, then the labels from
Theorem 10.8 and Theorem 8.6 coincide.
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11. Parametrizing Irr, (BEL)

11. Parametrizing Irr,(BZ)

We recall Notation 5.1. We have BL < B and p t |BE : BL| so by Clifford theory
(Section 5) there is a partition Irr, (B ) = U, M, in one-to-one correspondence with
a partition Irr, (BE) = U, N, such that

M, :=TIrr(BL | n) C I,y (BY)

and
N, ={n?| g€ B} CIrry(BL),

for suitable n € Irr(BL) and x € Irr(BY | ).

In this section we have two main goals: Firstly to expose the relationship between
the labels of characters in M, and secondly to describe the related sets NNV, and the
action of automorphisms on those. As an application we compute the cardinalities
[Irr,y (BE)| (Theorem 11.8).

Notation 11.1. For € Irr(B%) and x € Irr(BY | n) from corresponding sets we
shall also write M, = M, and N, = N,. For fixed x € Irr,y(BX) recall the definitions
of S, ¢s and Ig = Igr (gbg) from Sectlon 8 and Section 10. The set {¢% | g € BE} is
the disjoint union of the orbits [¢%]gr = {¢%’ | s € BL} of the action of Bf, on that
set. We denote the set of all those orbits by

Us = { [¢%]B§;

ger}.

Proposition 11.2. For x € Irry(BL) above ¢ there exists a unique n € N, that
lies above ¢s and we have
Ing () = IsB.

Proof. Recall ¢ € Irr(Ig| ¢g) the linear character from the construction of the labels,
which by Clifford theory is the unique constituent of the restriction of x to /g above
¢s. Consider the restriction . := 9| of ¥ to I, := Ig N BL. The character 9
must be the unique character of I, which is below x and above ¢g, suppose .. is
another one. Then ¢/, must be the restriction of some 19 for fixed g € BZ since all
characters of I below x are given by {1/1“”3‘ r € BY }, those are all linear characters
by Lemma 8.5, thus ¢ is an extension of ¢g. Therefore 19 is an extension of ¢g as
well. But then ¢9 = 9 by the uniqueness of ). Now we consider Clifford theory from
U” to BL. The inertia group of ¢g in BE, must be I, = Ipr(¢s) N BL and there is

a bijection given by induction between Irr(ISC] ¢s) and Irr(BE | ¢s). Restriction of
x to BE must have a constituent n € Irr(BL ‘ ¢s) that has wsc as a constituent in
its restriction to I, since 1. is an constltuent of the restriction of x to I,.. We have

@/}SESC = 7. Now suppose there exists a second character n’ of ch which is below x
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II. The p'—characters of the normalizer

and above ¢g. Then there exists ¢, € Irr(Iy.| ¢g) with wé?fc =" and ¢, is below
x and above ¢g as well. Thus ¢, = 1. and n = 1’ by the uniqueness of ..

For the equality Igr(n) = IsBE assume g € Igr(n). Then 9 = n and thus ¢% €
[ps]pr, so ¢f = ¢ for some s € BL. Now gs~' € Ig, so g € IsBL. Conversely
assume g = ts with ¢ € Ig and s € BY.. Then ¢% = ¢ and ¢ € [ps]gr. But nis
the unique character of N, above [¢s|gr, thus ts € Igr(n). O

The following diagram illustrates the relationships between the various characters
and groups for g € B and s € BL:

BF

u

UF

Here v is the unique character of Ig above ¢g that induces to y as defined in Section
8 and 1. is the restriction of ¢ as in the proof of Proposition 11.2 above. The values
of ¢ on t; for ¢+ € S¢ define the values of the —th position in the label of x, whereas
S is the set of zero positions in the label.
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11. Parametrizing Irr, (BEL)

Proposition 11.3. For y € Irr, (GL) we have
M, = {XX( \eln(Bf/BE)}.

Let A € (BT | 1gr) = Irr(BE/BL) be a linear character of BE. Then the label of
X;\ 1s just the label of x multiplied componentwise by the label of .

Proof. Unless in type Deven the factor group BY'/BE is cyclic and the assertion about
M, then follows by Clifford theory (Theorem 5.4+Theorem 5.3+Theorem 5.2). In
case Deyven we need to prove that all n € Irrp/(Bi) extend to their respective inertia
groups, in which case the assertion follows again by Theorem 5.3 and Theorem 5.2.
For n € N, from Proposition 11.2 we have

BE < Is| = x(1) = ¢[BE : Ig (n)ln(1) = e|BY : Iy (n)||BL : BL N L]

for some e € N since ¢g extends to Is and Is N BL by Lemma 8.5. By Proposition
11.2 we have Igr(n) = IsBL and by a homomorphism theorem

|IsBL/B| = |Is/Is N B|.

thus |BE @ Ig| = |BY : IsBE||BE : Is N BE] (see the above diagram). Therefore

C

e =1 and 1 extends to IsBL.

The character \ lies above the trivial character ¢p of UF. Therefore its inertia group
in B is BY itself and the label is defined by the values of A on all ti,i=1,...,m
(and m is the number of distinct orbits of the graph automorphism involved in F' on
{1,...,n} as in the Section 10).

Both y and Ay must lie above the the same ¢g of U since UF C BE = ker A. If ¢
is the unique character of Ig above ¢g that induces to y, then ¢ (5\| Is) must be the

one that induces to Y. For ¢ € 5° that is the assertion of the proposition. But the
other entries of x’s and Ax’s label are zero by definition. O

The label of a linear character A of B with BE C ker A has a very specific form.
Observe that the determinant map defined in Definition 7.2 composed with the em-
bedding z : k* — Z provides an isomorphism of B, /B with Z (in case Deyen con-
sider det : s(z1,25) — (detW (21, z), det® (21, 25))). Recall our convention to omit
z (and z71')! The restriction of det to B provides an isomorphism of Bf'/BE =
(B./Bg)f = ZF by [DM91, Corollary 3.13] since By, is connected (Borel subgroups
are the maximal connected solvable subgroups [Hum?75, 21.3]). Note that by the
same argument GI'/GI >~ ZF ~ BI' /BI.
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II. The p'—characters of the normalizer

We can generate BY /B by det™(y) since to generates Z¥. When in case Deyen
untwisted BY/BF is generated by [det ™' (ty1)), det ™! (t@ )] in conformance with the
multi index convention 6.7, otherwise Z% is cyclic. So A is already determined by
A= Mdet™Y(t)) € (FX) " with our usual identification of the complex (g—1)-th roots
of unity with F. To determine the label of A we evaluate A on the t; fori =1,...,m
(by the construction of the labels) and then express those values in terms of A. To
do so we consider the relations between the det(t;) € ZF. A generator of Z* is given

by to, so we can write
det(t;) = [ ] 5,

where e; € Z" are multi indices as explained in our multi index convention 6.7 to
cover the case Deyen and the product is over the multi index components of ¢;. We
have

~

At:) = A(det ™Y (det(t;)))

Adet (Tt = T Mdet(t))= = T A=

W}}en not in untwisted type Deyen simply omit all the products to obtain the label
of A
(A8 ).

Otherwise with a := A(det ™ (t,w)) and b := A(det ™ (ty»)) the label is

(1), (@) (1) e, (2)
(a®,b%,a® b, et bt ).

)

Proposition 11.4. We have e;9) = (w, ), Ba,) fori € {1,...,m}, j € {1,...,r} and
ep = |, resp. epy = [2,0] and eyey = [0,2] in case Deyen. Here the a; are the fized
representatives of the orbits of the graph automorphism involved in F on {1,...,n}
as in Section 10, we fized k in Table 6.9 and | is the exponent of X (Ts.)/ZP, as
usual.

Proof. By the definitions of the t; = Npuw,r(w) (1)) = Npw/p(B:(v)v“P) (see Defi-
nition 6.10 and Proposition 10.2) and det(sz) = z' (Definition 7.2):

det(t;) = det (Npw/p (wy (1))
= Npoyr (v
= Npuyp (1) %

— téwhﬁai > .

Example 11.5. In case Dqyen with a and b as above, the label of \is

— n—2 n

(a®, b, ab, (ab)?, ..., (ab)" 2, b%a%, b2 a2).
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11. Parametrizing Irr, (BEL)

This completes our description of the M, . For the characters of the IV, we cannot give
such a nice description; we can only describe them relative to the sets M,. However
it is possible to determine the number of characters in IV, the corresponding central
character of Z(GE) and the stabilizers in the group of automorphisms of BE.

Proposition 11.6. Let n € Irry(BL). The set N, contains |ZF|/|M,| distinct
characters. By Proposition 11.3 this number can be read off the label (ay, ..., a,)

of some x € M,. In fact it depends only on the zero positions in the label, that is,
the set S defined in Section 8 for x.

Proof. By Clifford theory

[Nyl = By« Inr ()] = [By /By = Inr(n)/Bi| = |27]/1M,],

where |Igr(n)/BE| = |M,| follows from Theorem 5.3 and Theorem 5.2 since we
showed in the proof of Proposition 11.3 that 7 extends to Igr(n). By Proposition
11.2 we have Igr(n) = IsBL, which only depends on S. O

We can read off the e; of the k-th row(s) of the inverse Cartan matrices by Proposition
11.4 (see Table 6.9 for the k’'s and Appendix 17 for the inverse Cartan matrices),
thus we can explicitly state the action on the labels and compute |Irr, (BEL)| using
Proposition 11.6.

Example 11.7. We consider type C, and ¢ = 1mod2. Let (aop,...,a,) be the
label of some y € Irr, (BE). The labels of linear characters of B are of the form
(A%, X%, ..., 02 \) for X € F) by Proposition 11.4. Then [M,| = ¢ —1 and |N,| =1
if and only if a,, # 0. There are ¢"'(q — 1)(¢ — 1) such labels, partitionened into
q"'(q — 1) distinct sets M,, each lying above a unique character of BZ.

If a, = 0 then |M,| = % and | N, | = 2. There are ¢"~*(¢—1) such labels, partitioned
into 2¢"~* distinct sets M, each lying above two distinct characters of BE.

Thus we obtain a total of ¢" 4+ ¢" ! distinct sets M, and |Irry (BL)| = ¢" + 3¢" 1.

Theorem 11.8. The cardinality |Irr, (BE)| for various types is given in Table 11.11.

Proof. We define a map f on the set of labels by multiplying a position ¢ > 1
in the label A := (ag,...,a,) by some power of ag # 0, say f ((ag,...,am)) :=
(ag,...,afa;, ...ay) for some k € N. Then f is injective since ag # 0 for all labels by
definition, and an inverse of f if given by (ay,...,a.,) — (af,...,a:/af, ... al)). For
the label L of some linear character an easy computation shows f(AL) = f(A)f(L)
where the product of labels is componentwise, which corresponds to the multiplica-

tion of the actual characters by Proposition 11.3. So counting the orbits of the group
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II. The p'—characters of the normalizer

of linear characters on the set of labels and computing their lengths is equivalent to
doing so in the image of f. By applying several suitable maps of this form we can
bring the labels of linear characters into a “reduced” form where all the exponents
e; = (Ba;,wk) (Proposition 11.4) are reduced modulo ey = |. The “reduced” labels
of linear characters are given in Table 11.11. Using similar computations as in the
above example, we enumerate the number and sizes of orbits M, C Irr,(BL) and
then apply Proposition 11.6. By the same argument, further transformations on la-
bels can be applied: For example permutation of the entries and taking powers prime
to g—1 (resp. ¢+ 1) of individual entries. We do this explicitly below for the harder
cases. O

Example 11.9. Consider type Dy, and ¢ = 1 mod 4. When counting orbit lengths,
it is useful to define injective maps on the set of labels that make counting easier,
as described in the proof of Theorem 11.8. Permuting the entries a; with ¢ > 1 and
multiplying them by fixed powers of ay # 0 defines such a map. With these two
operations the label of the linear character given in Example 11.5 can be brought
into a form

(a®,b?, (ab),...,(ab),a,b,1,...,1).
We call an entry of a label an z—position if it is multiplied by =, where z € {1, a,b, (ab)}.
The number of ab- and 1-positions is equal to m — 1. The size of M, is equal to

e (g — 1)% if either both the a— and the b—position are not equal to zero, or one
of them and an ab—position are not equal to zero. This yields

T = qTL—Q(q _ 1)2 + 2(qm—1 _ 1)qm—1<q _ 1)
distinct M,

m—1

e (¢ —1)?/4 if all ab—, a— and b— positions are zero. There are y := 4q such

M

-
e (q—1)?/2 otherwise. There are

(q—1)2¢" —x(q— 1) —ylqg—1)*/4

=2¢" — 2z —y/2 =2¢"" 2 +4¢™ — 6¢™!
TEE q" —2x—y/2=2¢""+4¢" — 6q

such M, .

We obtain ¢" 4+ ¢"2 + 2¢™ distinct M, and a total of ¢" + 3¢" % 4+ 6¢™ + 4¢™ !
characters in Irr, (BL).

Example 11.10. Type A,. Let m := ged(n + 1,q — 1), then there is a bijection
on the set of labels that leaves orbit lengths invariant, such that the labels of linear
characters are of the form

()\m )\1 mod m )\2 mod m )\n mod m)
R R e, .

P
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11. Parametrizing Irr, (BEL)

The size of M, is % where d is the smallest positive divisor of m such that all
Me—positions with ged(d, k) # d are equal to zero. Let ¢ be the Euler ¢—function.
For fixed d < m there is a total of

P(d) = "= p(m/d)

\4-positions and

n+1
N(d):="1 S om -
leN:d|l|m
Ae—positions such that ged(d, k) = d. Thus there is a total of
> dlg V=P 4 g5t
dlm, d<m

distinct sets M, and we have

‘II‘I'p Z d2 ) N(d)— ()_‘_mgqn;rll 1‘

dlm, d<m

A similar formula could be computed for the twisted case A,,.
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Table 11.11
Type label & reduced label of A q= distinct M, [Irr, (BE)
An ()\("+1>, MAZ AN any see Example 11.10
2A, (AED X X2 ATn/20)
B (A2, 0, 02,07 1mod 2 q" + ¢qln/2l q" + 3qln/2]
A2, 01,01, Omod 2 q" q"
Cp (A2,02,...,02))) 1mod 2 q" + gt q" +3¢n 1
(A,1,...,1,) Omod 2 q" q"
Doda (A4, 02,...,22(n=2) (1)) 1mod 4 q" +qn2 +2q|.n;2J q" +3q"2 —|—12q\.n;2J
A5 A21,..0,07 0N 3mod4 q" g2 q" +3¢"2
Omod 2 q” qr
2Doaq (A4 A2,...,02(n=2) ) 1mod 4 q" +q2 q" +3¢q"2
(A4 021,...,0) 3mod 4 q" + qn 2+2q[ ol q"+3q"*2+12qVT_2J
0Omod 2 q" q"
Deven see Example 11.5 1mod2 q"+q" 2 +2q 2 2 q" +3¢" 2+ Gq% + 4qn772
0Omod 2 q" q"
2Deven (AZ,22,...,22(n=2) ) 1mod 2 q" 4+ g2 q" + 3¢" 2
(A2, 1,...,1,) Omod 2 q" q"
°Dy (1,1,1) q' qt
Ee (A3, 2%, 03,05 06 24 \2) 1mod 3 6 1+ 2¢ q% + 8¢
(A3, 0, 1,02,1,)02))) 0,2mod3 ¢° q°
2Eg (A3, 2%, 03,25, 19) 2mod 3 6+ 2q q% + 8¢
(A3, 0 1,02)1) 0,1mod3 ¢° q°
Er (AZ, 2407, 08,012 09,06 33)  1mod 2 @ +q q" +3q
(A2, 1,01, 1,0, 1,0) 0mod 2 q’ q’
Es (1,1,1,1,1,1,1,1,1) ¢ ¢
Fa (1,1,1,1,1) a q*
Gz (1,1,1) q? q?

These numbers were also computed by Olivier Brunat in [Bru09b] using different

methods.

Note that the A here do not necessarily lie in the same field; they are

contained in [Fyw where w is the order of the graph automorphism involved in F' and

have order o(ty) € {1,q —

1,q+1}.

In addition to field and graph automorphisms, we have an action of BY on BE by
conjugation. This action corresponds to the diagonal automorphisms of GE. So, by
definition, the N, are exactly the orbits of the group of diagonal automorphism on
Irr,y (BE), which we shall describe in more detail now. For fixed xy € Irr, (BL) let
n € Ny be as in Proposition 11.2. Then we can parametrize N, by the elements of
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11. Parametrizing Irr, (BEL)

since Ig = Igr(¢s) = (t;, UF | i € S¢) and det provides a homomorphism of BY
onto Z¥ with kernel BE | as explained earlier in this section and Igr(n) =1 sBE by

Proposition 11.2. We set
Ny := ZF /{det(t;) | i € S°) = 2/ det(Is).

A character 1Y is then parametrized by det(gls) € Ng. The conjugation action
of some g € BY on N, corresponds to multiplication by det(g) in Mg. Next we
investigate the other automorphisms. Suppose some automorphism « of BE stabilizes
N,. To obtain more information on the action of v on NV, we take a closer look on
the action of v on the [¢%]gr of Us (see Notation 11.1). We have a one-to-one
relationship between NV, and ?/Cls, which is compatible with the action of ~.

In Section 8 we arbitrarily chose some non-trivial character ¢ of (Fy,+) for our
construction of the ¢g. We shall refine that choice now.

Lemma 11.12. There are p— 1 non—trivial characters in Irr(F,, +) that are fized by
field automorphisms.

Proof. A character of (F,,+) is determined by its values on an [F,~basis of (F,, +) =

(Z/ pZ)l. An F,-basis is given by powers of x. Any character that is non-trivial on
1 =1 and trivial on the remaining elements of this basis has the desired property.
O

So without loss of generality we can assume that the ¢g are fixed by the field auto-
morphism.

Proposition 11.13. Let x € Irry(BL) lie above ¢g, and v be a field or graph
automorphism stabilizing M,,.

1. Then N, and Us are vy—invariant.

2. The action of BY on N, is equivalent to the action of BE on N defined above
and equivalent to the canonical action on Us, in particular [Ng| = |N,| = [Us|.

3. The character n € N, corresponding to 1 in Ng, which is the one above [bs]gr
from Proposition 11.2, is always fixed by . In particular the action of on
n? € Ny, [¢%lgr € Us and det(gls) € Ns is given by the action of v~ on the
conjugating element g.

Proof. We apply Clifford theory two times: from U¥ to BE and from BE to BE.
Since y lies above ¢g, the characters of N, must also lie above BX—conjugates of
¢s. Since N, only contains distinct Bf-conjugates, every one of those must lie
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II. The p'—characters of the normalizer

above a different BZ-orbit [¢% ]BF € Ug by Proposition 11.2. Those orbits are also
parametrized by NS, by the discussion preceding Lemma 11.12. By definition the
action of BY on N is equivalent to the action on N, via conjugation.

Now suppose v leaves M, invariant. Restriction of characters and application of
commute. Therefore v may act on Ug and N,, but must leave them invariant as
well. The fixed character exists because we have just chosen ¢g in such a way that
it is always fixed by field automorphisms. Graph automorphisms that stabilize M,
fix S by Proposition 9.4 and thus have to fix ¢g := [[,cq ¢: as well since they only
permute the groups Uy, /[U*, U¥]. Therefore [gbg]ch is stabilized by field and graph
automorphisms, as is the unique character n € N, above [@s]gp.

For any automorphism v that fixes ¢g we have:

1

()" () = es(t () = (63 (w) = 0§ ().
And thus the last assertion follows. O

Remark 11.14. To determine if an automorphism v of BE, fizes n € N, we check
two conditions:

1. Does v leave M, C Irr, (BY) invariant? We have given an explicit description
of M, in this section and the action of v on Irr,y (BE) is described by Proposition

9.4.

2. If so, which elements of Ng are fized by v¢ The answer here depends only on
the type of ®, the Frobenius map F' and S, but not on the particular set M,,.
The corresponding characters of N, are then fized by 7.

Example 11.15. We consider type Ay and F' = Fy2, that is G = GL3(7?). Let x
be the character with label (1%, 0,0) where p generates F2,. By Proposition 11.4 we
have
My ={(Xp0,00| AeF;} ={ (10,0 xeF)}.

Field and graph automorphisms stabilize M, since by Proposition 9.4

['(X%0,0) = (A72,0,0) € M,
and

a(X?,0,0) = (A\*,0,0) € M,.

The set of zero positions is S = {1,2} and there are three characters in N, corre-
sponding to the three elements of

Ns =Fp /(i = det(to)) = {175, 7i"}.

The graph automorphism acts as -~! on Ng since det(t;) = p and det(T'(¢;)) =
det(toty) = p~t. Since ! = ' = 1* we have one I'-stable character and two
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11. Parametrizing Irr, (BEL)

that are interchanged by I' in N,. The action of the field automorphism o is given
by -“ on Ng. But 7" = uu® = 7, so the field automorphism acts trivially on
Ns. Taking diagonal automorphisms corresponds to multiplication in Ns: the trivial
automorphism corresponding to 1 fixes everything, conjugation by ¢; is multiplication
by 7t in Mg and permutes the three elements of N cyclically. The character of N,
parametrized by 1 is fixed by (o, T'), 7z is fixed by (o, ;') and 1* is fixed by (o, #2T).

Next consider the character x with label (1,0,0). The field automorphism o still
leaves M, invariant but p=' = p*" ¢ {u'™3* | k € N}, so " does not. The zero set
S is the same as before, so we do not have to repeat the computations for Ns. The
three characters of N, are only fixed by (o).

It is clear from the above example that the situation is somewhat complicated for
type A,. For types B,,, C,, and E; we have |N,| < 2 so in those cases a set IV, that
is stabilized by some automorphism v of GE is fixed pointwise by 7 (Proposition
11.13). The complete situation for type C,:

Proposition 11.16. Assume type C, and p # 2.

o There are (q — 1)?¢"~* p'~characters of BE divided into (¢ — 1)q™ sets M, of
size (g — 1), to each of which belongs a single character of BE. A full set of
labels representative for the M, is given by

{(ao,...,an_1,1)| CLZ'EIF,]}.

The field automorphism o" stabilizes M, and thus the corresponding character
of BE if and only if ar, ... an—1 € Fyi.

o Furthermore there are (q—1)q™~1 other p'—characters of B'. Those are divided
into 2¢"1 sets M, of size (q —1)/2, to each of which belong two characters of
BE. A full set of labels representative for those M, is given by

{(1,(1,1, s 7an—170)7 (;uaafla s 7an—170)| a; € IE?q} .

The non—trivial diagonal automorphism, induced by conjugation with t,, per-
mutes the two characters in each set N,. The field automorphism o* stabilizes
a set M, if and only ay,...,an_1 € Fyi. If M, is stabilized by o* then the two
characters of Ny are fized by o.

If p=2 the (¢ —1)q" p'~characters of B are divided into q" sets M, of size (¢ — 1),
to each of which belongs a single character of BE. A full set of labels representative
for the M, is given by (1,a1,...,a,). A set M, is stabilized by o' if and only if
ai, ..., a1 € .
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II. The p'—characters of the normalizer

12. Corresponding characters of Z(G.)

For a given ) € Irry (BE) we need to determine the unique character nz of Z(GL) < BE,
which lies below 7. Since the characters of N, are all conjugate in BZ, they all lie

above the same 7z and we may consider the restriction of some x € M, to Z(GE)

instead.

Proposition 12.1. Let (by,...,by,) be the label for some x € Trry (BE). Since Z =
Z(GE) and ZF = Z(GL) are central, there exist unique characters xz € Irr(Z) and
xzr € Irt(ZY) underlying x. Those are uniquely determined by by (the usual multi
index convention 6.7 for case Deyen applies). With our fired identification of F) with
complex roots of unity:

xzr(to) = by and

\o(to) = BiET/ 81251

Proof. By the construction of the label y is obtained by induction from some linear
character ¢ of Is. Since Z(GE) < Z¥ < Ig we must have ¢ |zr= xzr.

But ty generates Z. The value of ¢ on t; is given by by of the label of y. Therefore
we only need to determine a power of ¢, that generates Z(GL). The character yyz is
then determined by the same power of by, since v is linear.

The center of G is generated by tl)ZFV ged(1 2710 (the multi index convention 6.7
applies for case Deyen) and | is defined as usual as the exponent of the fundamental
group. O

T . |ZF|/ ged(|ZF])) . . .
Note that multiplication by linear characters leaves by invariant, as it

should be: (A)Z"1/&d(2"L) — 1 by Proposition 11.4. The relation

(C0r v a) e (B ) /B gV 1201

partitions the set of labels into ged(|Z%|,1) equivalence classes. Each contains the
characters lying above a common character of Z(GE). In case Deyen there are 4
classes if gcd(q — 1,2) = 2 and one otherwise.
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We recall some facts of Deligne-Luzstig theory to describe the set of p’—characters
in the universal groups G% in Section 13. To make use of these results we require a
good parametrization of the semisimple conjugacy classes in the dual group, which
we obtain by considering the Steinberg map in Section 14 (see Proposition 14.2
and Proposition 14.4). Using these results we construct an equivariant bijection
between Irr, (BL) and Irr,y (GE) (Section 15, Theorem 15.1). Finally we show that
the compability of this bijection with the multiplication of linear characters (Theorem
15.3) allows us to construct a bijection of Trr, (BL) with Irr, (GEL) in Theorem 15.4.
In Section 16 we point out what remains to be done and provide some interesting
examples.

13. Deligne—Luzstig theory

Deligne-Lusztig theory provides a powerful tool to describe the irreducible characters
of the groups GF.

Proposition 13.1. Irr(GL) can be partitioned into sets E(GY|[s]) where [s] runs
over the F—stable, semisimple conjugacy classes of the dual group G*. If (G, F)
is not contained in Table 13.2, then every such set E(GY|[s]) contains exactly one
character of degree prime to p.

Table 13.2

Type Frobenius map

D, ['oF, g =2 and I' of order 2
Bn7 Cna Dn7 627 F4 Fq q= 2

GQ Fq q= 3

Proof. That Irr(GZX') can be partitioned in this way is well known and due to Luzstig,
see [DM91, Proposition 14.41]. Since our group has connected center, the rational
series and the geometric series coincide. The statement about the semisimple charac-
ters is due to the “Jordan decomposition” of characters: There is a bijection between
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III. The p'—characters of GI' and GE

a set £(GY,[s]) and the unipotent irreducible characters of the centralizer of s in
the dual group, see [DM91, Theorem 13.23]. This bijection modifies the degree only
by a number prime to p, see [DM91, Remark 13.24]. We are done when all possible
centralizers have exactly one unipotent character of degree prime to p, i.e., the trivial
character is the only unipotent character of degree prime to p. This is true for all
possible centralizers, except for those occuring in the groups listed in Table 13.2, see
[Mal07, Theorem 6.8]. O

From now on we shall only consider pairs (G, F') that are not contained in Table
13.2. The known results on the groups of Table 13.2 are summarized in [Bru09al,
most of them are shown to be “good” in [Mal08a]. We denote the unique semisimple
character of GE determined by a conjugacy class [s] of G by x|y

Proposition 13.3. The linear characters Irr( G| 1lg..) of Gy with kernel Gy are
given by the set { x;)| z € Z(GF")}. For semisimple s € G and z € Z(GF") we
have

X[s]X[z] = X[sz]-

Proof. [DM91, Proposition 13.30]. O

Next we want to determine the underlying central characters. To do that, we need to
describe the sets £(GZ, [s]) in more detail. To every semisimple conjugacy class [s]
of G belongs a geometric conjugacy class of GE' (see [DM91, Definition 13.2]): a
class of pairs (T, #) where T is an F-stable torus of G, and 8 € Irr(TF), see [DM91,
Proposition 13.13]. The characters of £(GZ,[s]) are the irreducible constituents of

the Deligne-Luzstig characters R,fg(@) The relation between s and 6 is given by
Proposition 7.8, i.e.

s = Nponppe (67(0) (1))
The center ZF = Z(GT) is contained in every maximal torus of GI', so ZF C T.

Proposition 13.4. With the notation as above
O(ty) = det™(s),
1 case Deyen

0(tow) = det™(s) fori=1,2.

Proof. We have

(det*,8V (9))

p = 1% = O(z(1))
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13. Deligne—Luzstig theory

by duality. We are done in the untwisted case since then Np«m,p, = id and ¢ty = z(p).

A

Define t := 6V(0)(n) and again by duality
det™ (F*(t)) = pldet”eF" 000 —  0.Fez) — (2 (5(11))),
and thus
det? (s) = et (tF*(£) ... F™ Y (t)) = 6Ny (a(1))) = (to).
O

Lemma 13.5. Let s € G}. Then 0|zry is the same for all pairs (T,0) in the
geometric conjugacy class determined by s, and we have

Xlz@ary = X(1) - Oz for all x € E(GE [s]).
Proof. This is [Mal07, Lemma 2.2]. O

By Proposition 13.4 and Lemma 13.5, the unique underlying character of Z¥ for x(y
must be 6| zr, which is determined by (o) = det™(s).

We need information on the action of automorphisms of GZ resp. G on the X(s]»
here we follow [Bru09a, Proposition 1].

Proposition 13.6. Let o either be a power of the graph automorphism T or the
standard Frobenius map F, of Gy. As discussed in Section 7 we define o* on GI.
Then we have

0(E(GY,s)) = E(Gy, 0" (s))
and therefore
X[ = Xlo*(s))-

Proof. For o = F), this is [Bru09a, Proposition 1], for o = I follow the proof given in
[Bru09a] word by word and observe that all the assertions remain valid. Note that
in [Bru09a] the action is from the left via o(x[5)(9) := X[sj(0 " (g)), whereas here the
action is defined by x{;(9) := x(s)(0(9))- O
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14. Steinberg map

The irreducible k—representations of G, can be parametrized by their heighest weight:
Given an irreducible kG¢. module V there exists a mazimal vector v= € V and a
dominant weight A € X(Ts) such that Bg..(vT)x C (vT)y, t.ot = A(t)vT for all
t € Tse and V = (Ggv ™). For an introduction to this theory see [Hum?75, Chapter
XI] or [MT11].

Recall the fundamental weights w; € X (Tg.) from Section 1. Let m; be the trace
function of an irreducible representation of heighest weight w;. We call

T Gee =2 K", g (m(9),...,m(9))

the Steinberg map. By [Ste65, Corollary 6.6.] this map seperates the semisimple
conjugacy classes of the simply connected group Gg.. We will use this result to
obtain labels for the semisimple conjugacy classes of GX that are compatible with
the labels of the characters of Irr, (BY).

Lemma 14.1. Let z € Z(Gy.) be a central element of Gy and s € Gy semisimple.
a) mi(zs) = w;(2)mi(s)
b) mi(L'(s)) = 7@ (s)
¢) mi(Fy(s)) = mi(s)?

Proof. Let R : G — V be a representation that affords m; and vt as above. We have

z € Ty, therefore z.v™ = w;(2).0". Let g1.v™, ..., gn.v" be a basis of V. Since z is
central z.(g;.v") = w;(2)g;.v™. Assertion a) follows.

By definition I" stabilizes B, so v is a maximal vector of RoI" as well. By Lemma

4.1 we have
L(t).v" = wi(D(E)). 0" = wre (t).07,

thus Rol" is of heighest weight wp(;). This proves b).

For c¢) without loss of generality assume s € Ty.. We can diagonalize R(T.) simul-
taneously and thus tr(R(F,(s))) = tr(R(s?)) = tr(R(s)?) = tr(R(s))?. O

We define

7 Gy — (k)" x k" by 7(sz) := (det(sz), m1(s)w1(2), ..., mu(8)Wn(2))
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14. Steinberg map

for s € Gy, and z € Z, where det is as defined in 7.2 and W; is an extension of w; to
X(T.). By convention 7y = det, i.e. we start indexing the components of 7 at zero.
In case Deyen we understand this to mean 7yu) = det® for i = 1,2.

Proposition 14.2. The semisimple conjugacy classes of Gy are seperated by 7 and
the conjugacy classes mapping to (qu)r x [F," are precisely the (¢ — 1)"q" different
F,—stable conjugacy classes of G,.

Proof. Let w(sz) = 7(s'2’). Since det(sz) = det(z) = det(z’) we have
212 € kerdet NZ = Z(Gy.),

so §'2712 € Gg. From m(s)wi(z') = mi(s)wi(z) for all i € {1,...,n} we have

mi(s") = mi(s)i(2'271) = m(sz71s’) by Lemma 14.1. Since 7 seperates classes on G,

we have [s] = [s2712] in G, and since z is central [sz] = [s'2] in G,.

By Lemma 14.1 we have m;(F,(s)) = m(s)?, and since the action of F, on Z is
given by taking ¢-th powers as well, we have 7;(F,(sz)) = 7;(s2)?. Since F, maps
semisimple classes to semisimple classes, [sz] is F,—stable if and only if 7;(sz) € F,
for all i € {0,...,n}. O

Now Gy, has connected center and [Gy, G, = Gy is simply connected, so the Fj—
stable semisimple conjugacy classes are precisely the semisimple conjugacy classes of
Gl [Car85, Corollary 3.7.2 and Proposition 3.7.3]. For sz € Gl we call (boy ..., bp) =
7(sz) the label of [sz].

From now on we are considering the case of the semisimple conjugacy classes of G
as defined in Section 7.

Lemma 14.3. Let I' be a graph automorphism of Gy, (bo,...,b,) the label of some
Fy-stable conjugacy class [sz] of G} and (b, ..., b)) the label of [I*(sz)]. Then

o by =T'z(by) where I'z is the action of I on (F;)r induced by z7' and

o b = bpf1(i)b8i with the d; from Proposition 9.1 fori=1,...,n.

Proof. By the duality of det” and z (Proposition 7.5 and Proposition 7.6) we have
(det*,z") = (det,z) = | and (det” oI'*,z") = (det, "0 z).

Write z = z(v) for some v € (k*)", then by = v{9°t"2") = p{det:z) apq pf) = pldet’ o lz") —
vldetl’ez) — T2 (py). The second statement is immediate from Lemma 14.1 and Propo-
sition 9.1:

7([*(s2)); = m(T*(s))wr (T (2)) = WF*(i)(S)(D;*(i)(Z) det*(2)% = ﬁ(sz)p*(i)bgi.
Recall T* =T"'on {1,...,n}. O
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III. The p'—characters of GI' and GE

Next consider a Frobenius map F' = [ ol that involves a non-trivial graph auto-
morphism. To find the full set of semisimple classes of G} that are stabilized by F™*

*F*y * . ..
it suffices to consider the set of semisimple classes of G, ¢ D GTIF that is stabilized
by F™*.

We recall notation from Section 10: Let Ay, ..., A,, be the orbits of T on {1,...,n}
and a; € A; the fixed representatives of each orbit.

Proposition 14.4. Let sz € GzF;w with 7(sz) = (bo,...,bn). Then [sz] is an F*—
stable conjugacy class of G}, if and only if

o by =1'z(by)? where I'z is the action of I' on (F;)r induced by z !,

o b = b%_l(i)bgdi with the d; € Z from Proposition 9.1 and

o b = bglA”*lfori € {1,...,n}, for certain r; € Z.

Proof. The first two statements follow from Lemma 14.3 and Lemma 14.1 ¢). Now

il

applying the second statement |A;| times we see that a relation of the form bgLA =
ba,by holds for some r; € Z. O

If some F*-stable class [sz] has Fj,-label (b, ...,b,) we call (by,bs,,...,bs,) the
label of [sz]. If T is trivial both definitions coincide. In case Deyen and I' non—trivial
of order 2 we call (bya), b1, ..., b,_1) the label.

Proposition 14.5. Let (bg, ..., b,) be the label of some F*—stable conjugacy class
of Gi. Then the r; from Proposition 14.4 and the r; from Remark 10.53 coincide. If
|A;| = w then r; =0, otherwise the r; are equal to the d; from Proposition 9.1.

Proof. When |A;| = w = o(T") then t*" ' = 1 since t; = Npw/p(wy (1)) and p is of
order ¢ — 1. The b; are in Fgw so b?w_l = 1, as well. Thus we are only interested

in the orbits of I" on {1,...,n} of length smaller than w. The following cases can
occur:

Type 4 | Ay

A2m71 1 m 1

D, 1<n—2 1
Ee i=2,4 1

For w = 2 in types Ag,—1, Doyy1 and Eg and ¢ from the above table we have

ti = wy, ()T (wy; (1)? = wy, (1) ()™ (1)
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by Proposition 9.1. Thus

=l (0 2 ()™ = wl () ()t = a0 =t
by Equation (1) and the definition of to := Npw/p(z(p)) = z(p)' % By Proposition
14.4 we have b7 = b;b, ™. But b1™' =1, so b? = b;b3' in this case.

Next we consider w = 2 in type Da,. Equation (1) still holds by the multi index
convention 6.7 and d; = [0,0] for i < n — 2 by Example 9.3. Thus

When w = 3, ¢+ = 2 in type Dy, review Definition 10.6 and the comments before it.
By convention G, = Gy, in this case, so by = 1, tg = 1, bl = by and t3 = t,. O

14.1. Other parametrizations of semisimple classes

In type A,, and C,, the label of a semisimple conjugacy class could have been obtained
as the coefficients of the characteristic polynomial of the class in the natural matrix
representation. In those cases our label and the coefficients of the characteristic
polynomial are closely related or even equal [Jan03, Part II, Chapter 2, 2.16 and
2.17]. Unfortunately no faithful matrix representation of dimension n or 2n of Gy,
exists for type B,, and D,,.

There is a parametrization of the semisimple conjugacy classes of SOF = (G./Z*)F
by their characteristic polynomials and certain parameters ¢, 1~ as described by
[Wal63], but no obvious or natural relationship between our parametrization and that
one is known to us. In fact one could construct a bijection of classes of G obtained
by some rather tedious counting arguments (using the tools of [CE04, Chapter 16])
with our labels; but it is not clear (to the author) how this bijection can be made
into respecting central characters or automorphisms.
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15. Statement of results

Let f : Irr, (BE) — Trry (GE) be defined as follows: First map ¢ € Irry (BE) to
the label (aq,...,a,) obtained in sections 10 and 8. Now map to the semisimple
conjugacy class [sz] of G with @(s2) = (ag, ..., an), which exists by Proposition
14.2 and Proposition 14.4. In the twisted case we see that the entries of the labels
fulfill the same relations on both sides (Proposition 14.5). By Proposition 13.1 [sz]
defines a unique semisimple character x € Irr, (GF), set f) = x.

Theorem 15.1. The map f defined above is a bijection of Irryy (BE) with Trr,y (GF)
and we have f(x?) = f(x)? for field and graph automorphisms v of GE and x €
Irr, (BL).

Proof. The map f is a bijection as a composition of bijections as shown in all the
steps used to define f . The action of field automorphisms is the action of the corre-
sponding field automorphism on the label (Proposition 9.4 and Lemma 14.1). The
compability of the bijection with graph automorphisms in the untwisted case is given
by Proposition 9.4 and Lemma 14.3. ]

Proposition 15.2. The map f respects central characters: We have ZF C BY and
ZFEC GE. If v e rr(ZY) is the unique central character below x € Trry (BLE), then

it is also the one below f(x).

Proof. Proposition 12.1 and the combination of Proposition 13.4 and Lemma 13.5.
O

Theorem 15.3. The map f respects multiplication by linear characters, i.e., the
restriction of f to Irr(BY | 1gr) defines a bijection with Irr(GE | 1gr) and f(Ax) =
FNF(x) for all x € Irryy (BE) and X € Irr(BY| 1gr).

Proof. For this proof recall once more that we usually omit the map(s) z : (k*)" —
Z(G,), that we have fixed an identification of F) with the (¢ — 1)-th roots of unity
in C and appeal to the multi index convention 6.7 to deal with the case Dgyen. The
label of a character A € Irr, (BE | 1gr) has the form
(det™(2), @] (2),...,w0; (2))

by Proposition 11.4, Lemma 6.5 and the definition of the @; in Definition 7.3. But
this is just the label of the central element z € G*F". The central elements of G:F”
parametrize exactly the linear characters Irr, (GF ‘ lgr) by Proposition 13.3. It is
also clear that the label of every central element of z € Z(G*") defines a character
of Irr(BY | 1r) with such a label by setting A(det ™' (fo)) := 2. The multiplication
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15. Statement of results

of x (resp. f (x)) by A (resp. f (A)) is given by componentwise multiplication of the
corresponding labels on both sides (Proposition 11.3 for BZ and Proposition 13.3
and the definition of 7 for GI). O

Theorem 15.4. There exists a bijection f : Trry(BE) — Trry (GEL) such that f
commutes with diagonal automorphisms, f preserves central characters and f(N, )7 =
F(NY) for all o € Aut(GL) that stabilize BL.

Proof. Let G = G (or G = BY) and H = GE (resp. H = BL). Consider the map

:=zodet (in case Deyen that is d := (z; 0 det'V, z, odet(2))). In both cases G/H is
isomorphic to Z¥ (see the discussion after Proposition 11.3). Fix x € Irr,(G) and
recall Notation 5.1: The set of characters of H below x is called IV, and the set of
characters of G' above any n € N, is called M,.

Let f : Trry (BF) — Trry (GE) be the bijection constructed above. Suppose that G/H
is cyclic. We have
M, = {x | A e Irr(G| 1x)}

by Theorem 5.3. By Theorem 15.3 we know that f that is compatible with multi-
plication by linear characters arising from Irr(G/H), therefore |M,| = [Mjp [ and
|M,| = |Ig(n) : H| by Theorem 5.2. Since G/H is cyclic this number uniquely de-
termines I;(n). The action of G on N, = N, is equivalent to the action on the left
cosets of I(n), therefore we can find a bijective mapping of N, onto N F(x) Tespecting
the conjugation action of G, that is, diagonal automorphisms of H. Every character
in Irr,y (BL) lies in some N, for x € Irr,y(BX) thus we can define a bijective mapping

f: Irrp/(Bf;) — Irrp/(Gi)

in this way. By construction it is compatible with the action of diagonal automor-
phisms and the other properties follow directly from those of f.

We are left with the case when G/H is not cylic, e.g., type Deyen. We can again
apply Theorem 5.3 since all n € Irr,y (H) extend to their respective inertia groups by
Proposition 11.3 on the side of B and by [CE04, Theorem 15.11] for GE'. Unfortu-
nately the number |/(n) : H| does not determine I(n) uniquely in this case. Since
kerd = H and H acts trivial on IV, the action of d(G) on the cosets of d([/) is also
equivalent to the action of G on N,. Since d(I) always contains d(t,1)) = (p?,1)
and d(tye) = (1,4%) it is of index at most 4 in d(G). If it is of index 4 or 1 the
action of G on N, is uniquely determined. So it remains to consider the case where
d(I) is of index 2 in d(G). There are three possible non-equivalent actions: one of
d(t,—1) = (p, 1), d(t,) = (1, ) and d(t1) = (u, ) acts trivially, i.e., is contained in
d(I) and the other two have the same non-trivial action. For fixed k, k" € {1,2},
k #+ k' consider the group H* := kerdet™. We have H <« H* <G and G/H* and
H*/H are cyclic. We define M7 := {xA | A € Irr(G/H*)} and N} C Irryy (H*) as the
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III. The p'—characters of GI' and GE

set of characters of H* below x, let I := I5(n*) be the inertia group of n* € N} in

G. We proceed as in the cyclic case: d* := det*) provides an isomorphism of G/H*
with F and |d*(1*)| = |[M}|. There are only two possible cases

L if [M}] = ¢ — 1 then |Irr(H™* | n)| 1 and

2. if | M| = 52 then | Ire(H* | n)| = 2(g — 1).

In the first case we must have |H* : Ig«(n)| = 2 and there is an element hy € H*
that doesn’t stabilize 7, otherwise we set h; := 1. We repeat the construction
interchanging the roles of k£ and &’. We can now distinguish the different actions of

G on d(I):
1. hy non-trivial, s trivial: d(hn)d(I) = d(t,_1)d(I) = d(t:)d(I) and d(t,) € d(I),
2. hg non—trivial, hy trivial: d(hg)d(I) = d(t,)d(I) = d(t1)d(I) and d(t,_1) € d(I),
3. hy and hy non—trivial: d(t,)d(I) = d(t,—1)d(I) and d(t;) € d(I).

Thus the action is decided by the three numbers |M, | and [M;]| for k = 1,2 and the
proposed bijection exists. O

We have described the action of all automorphisms within sets N, C Irry(BL)
in Section 11 and computed the stabilizers in the group of automorphisms of all
characters in Irr, (BE). Unfortunately we know very little about the action of the
(non-diagonal) automorphisms on N, C Irr,y(GL), so we cannot refine the somewhat
arbitrary choice of the bijection on the sets N, at this point. Also see Conjecture
16.1 in the next section.

Example 15.5. If Z(GL) is trivial, the maps f and f conincide. If the group of
automorphisms of GZ is cyclic (i.e. the order of T' is prime to the order of F}, and

Gy is not of type Dy4) then our results about f show that GE is “good” (see the
proof of [Bru09a, Theorem 5]).
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16. Outlook

16. Outlook

There are two main problems that need to be solved to show that GZ is good in the
sense of [IMNO7] with our method.

e The description of the action of non—diagonal automorphisms within the sets
N, C Irry (GEL).

e The bijection also needs to preserve extension properties in the group of auto-
morphisms.

Both problems are beyond the scope of this work. For the first problem our descrip-
tion of the action of automorphisms on N, C Irr,y (BL) in Section 11 gives some hints.
In particular we show (Proposition 11.13) that for any graph or field automorphism
that stabilizes N, there always exists at least one character of N, that is fixed by it.
Therefore the action of field and graph automorphisms on the sets IV, can be solely
described by their action on the conjugating elements of GE', that is to say:

Conjecture 16.1. Let N, denote the orbit of n € Irry (GE) under the action of the
group of diagonal automorphisms D and A := Stabougr)(Ny,)/D. Then the action
of A on N,, is equivalent to the conjugation action of A on D/Ip(n).

Note that the action of A on D/Ip(n) is well defined regardless of truth or falsity of
the conjecture. If D is cylic then Ip(n) < A. In type Deyen an automorphism that
acts non-trivially on D can only be contained in A = Stabggr)(Vy) if it stabilizes
Ip(n), thus Ip(n) < A here as well.

For the extension problem we can make a few interesting observations, that show,
that the extension properties pose a non—trivial problem.

Proposition 16.2. (“The common case”) Let x € Irry (GE). Suppose M, ., and thus
Ny, are stabilized by a field automorphism o and that the reduced label (a, ..., ay,)
of X has a non—zero \'—position (see the Proof of Theorem 11.8 for the definition of
“reduced label” and Example 11.9 for a definition of A —position). Then M, contains
a character that 1s stabilized by o.

Proof. Since the A'-position ¢ is non-zero, we find another label (ay, ..., al,) in M,

with a} = 1 by multiplying with a; ' in this position. Now o stabilizes M, and fixes
a; = 1 by Proposition 9.4. All other labels in M, have a different value at the i-th

position, since i is a A-position and thus all possible values are taken. O

We call this “the common case”, since there exists a A\!-position in the reduced labels
for every type, and so at least (¢ — 1) of every ¢ characters are in such a set. In this
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III. The p'—characters of GI' and GE

case NV, only contains a single character by Proposition 11.6. However, a set M,
that is stabilized by a field automorphism, needs not always contain an invariant
character.

Example 16.3. Consider G, of type By with Frobenius map F = Fy and y €
Irr, (GE) with label (p,0,0) where p is a generator of Fy. Then M, contains the
characters with labels

(/’L7 07 0)7 (M3707 O)? (ILL57O7 0) 7(/’1/77 07 0)7

none of which are fixed by Fj, but M, is stabilized by F3.

There are even examples of x € Irr, (G ‘ lz(cr)) above the trivial character of
the center and field automorphisms o, such that M, does not contain a o-invariant
character even though the whole set M, is stabilized by o.

Example 16.4. Consider G, of type Ag with Frobenius map F' = Fys and field auto-
morphism ¢ = F;. Let x be the character of Irr,, (GE) with label (1,0, 0, 1,0, 0,0, 0, 0)
where (4 is a primitive 9-th root of unity. Then M, (of size (7° — 1)/3) is stabilized
by o, but not a single character is fixed. The set Ny-1(,) C Irr, (BL) contains three
characters each of which is fixed by o (see Section 11).
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IV. Appendix

17. List of Cartan matrices and their inverses

We use the same numbering as [Hum?78|, the Cartan matrices C' can be found in
[Hum?78, Section 11.4], their inverses are given in Table 1 of [Hum78, Section 13.2]
as the coefficients of fundamental weights. Note that Carter [Car72] and Humphreys
[Hum78| use transposed notation. We have chosen to align with Humphreys.

17.1. Type A,

Dynkin diagram

O O O O O

1 2 n—1 n
Cartan matrix

2 -1 0 . ) 0

-1 2 -1 0 0

0O -1 2 -10 0

) -1 2 =1 0

0 O 0 0 -1 2 -1

0O 0 0 O 0o -1 2
i—th row of the inverse

1
n+1(1(n—i+1) 2n—i+1) . . iln—i+1)| iln—d) . . i-2 i)
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17.2. Type B,

Dynkin diagram

O O O O—0
1 2 n—1 n
Cartan matrix
2 -1 0 0
-1 2 -1 0 0
0o -1 2 -1 0 0
) -1 2 -1 0
O 0 0 O -1 2 =2
O 0O 0 O 0o -1 2
i—th row of the inverse
(12 i| i i) i<n-1
L1 2 n) i=n
17.3. Type C,
Dynkin diagram
O O O O—=—0
1 2 n—1 n
Cartan matrix
2 -1 0 0
-1 2 -1 0 0
0o -1 2 -1 0 0
) -1 2 -1 0
O 0 0 o0 -1 2 -1
O 0O 0 O 0o -2 2
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i—th row of the inverse

(12 . i i. .

N[ =
.
~

17.4. Type D,

Dynkin diagram

n—1
O O O
1 2 n—2 n
Cartan matrix
2 =1 0 . . . 0
-1 2 -1 0 . . . 0
o -1 2 -1 0 . . . 0

. -1 2 -1 -1
0 0 0 0 0o -1 2 0
0 0 0 0 0 -1 0 2
i—th row of the inverse
1 2 i| i i i %) i<n—2
n— n n—2 _
3 3 sy ) i=n—d
n— n—2 n s
33 R h) i=n
17.5. Type E;
Dynkin diagram
2
O O O O O
1 3 4 5 6
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Cartan matrix and inverse

2 0O -1 0 0 0 4 3 5 6 4 2
0 2 0O -1 0 0 36 6 9 6 3
-1 0 2 =1 0 0 1 5 6 10 12 8 4
O -1 -1 2 -1 0] 316 9 12 18 12 ©6
0 0 o -1 2 -1 4 6 8 12 10 5
0 0 0 0o -1 2 2 3 4 6 5 4
17.6. Type E;
Dynkin diagram
2
O O O O O O
1 3 4 5 6 7
Cartan matrix and inverse
2 0O -1 0 0 0 0 4 4 6 8 6 4
0 2 0O -1 0 0 0 4 7 8 12 9 6
-1 0 2 -1 0 0 0 1 6 8 12 16 12 &
o -1 -1 2 -1 0 0|, 3 8 12 16 24 18 12
0 0 o -1 2 -1 0 6 9 12 18 15 10
0 0 0 o -1 2 -1 4 6 &8 12 10 8
0 0 0 0 0O -1 2 2 3 4 6 5 4
17.7. Type Eg
Dynkin diagram
2
O O O O O O O
1 3 4 5 6 7 8
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17. List of Cartan matrices and their inverses

Cartan matrix and inverse

2 0O -1 0 0 0 0 0 4 5 7 10 &8 6 4 2
o 2 0 -1 0 0 0 o0 5 8 10 15 12 9 6 3
-1 0 2 -1 0 0 0 0 7 10 14 20 16 12 8 4
O -1 -1 2 -1 0 0 0 10 15 20 30 24 18 12 6
0 0 0o -1 2 -1 0 0 |’ 8 12 16 24 20 15 10 5
o o0 o o0 -1 2 -1 0 6 9 12 18 15 12 &8 4
o o o o o -1 2 -1 4 6 8 12 10 8 6 3
0 0 0 0 0 0 -1 2 2 3 4 6 5 4 3 2
17.8. Type F,
Dynkin diagram
1 2 3 4
Cartan matrix and inverse
2 -1 0 0 2 3 4 2
-1 2 =2 0 3 6 8 4
o -1 2 -1}’ 2 4 6 3
0 0O -1 2 1 2 3 2
17.9. Type G,

Dynkin diagram

C==0

1 2

Cartan matrix and inverse

(%) (62
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