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ABSTRACT

Input signals are needed for the numerical simulation ofclemultibody systems. With these input data,
the equations of motion can be integrated numerically amdesoutput quantities can be calculated from
the simulation results. In this work we consider the coroesjing inverse problem: We assume that some
reference output signals are available, typically gainecheasurement and focus on the task to derive the
input signals that produce the desired reference outputsinitable sense. If the input data is invariant,
i.e., independent of the specific system, it can be traresleand used to excite other system variants.
This problem can be formulated as optimal control problerae.digcuss solution approaches from optimal
control theory, their applicability to this special profielass and give some simulation results.

Keywords: optimal control, optimization, mbs simulation, invariaxcitation.

1 INTRODUCTION

Numerical system simulation plays an important role in glhengineering. Virtual prototyping of me-
chanical systems can accelerate the development procase@usly and reduces costs.

For the numerical simulation of mechanical multibody sys®1BS) input signals are necessary. Conve-
nient examples of such input data are wheel forces, cylidiglacements of a virtual test-rig or a digital
road profile used for driving simulation of a vehicle. Thigin data is calleéhvariant, if it is independent
of the specific system under consideration. The main berfdfitzariant input signals is the possibility to
transfer und use them as excitation for different modeiaves, which may only exist as virtual model. In
this way, time- and cost-intensive experiments can be adbid

However output quantities which are typically measuredrireaperiment, e.g., wheel forces or relative
displacements, are often not invariant but highly depenhderthe specific vehicle variant that was used
for the measurement. Therefore, they cannot be transfanédised as excitation signal for other vehicle-
model variants. Thus, the general task is to derive and ledécinvariant input signals on the basis of easily
measured (but system-dependent) quantities. Mathertigtibés leads to an optimal control problem, see
section2.2for a general formulation.

In this paper we present some approaches for dealing withpifublem. State-of-the art in industrial
applications is the so callditerative learning control (ILC)method. The iterative learning control is a
pure black-box method, only the input/output behaviourhef tonsidered system is needed. This makes
it also applicable to situations, for which it is hard or ewepossible to get an equation, which describes
the system properly, such as servo-hydraulic test-rigeeérlaboratory. It is based on an identification and
linearization of the system in the frequency domain. Spéof a detailed description and applications. But
the method lacks of precise mathematical justification, itkeere are no general statements about important
properties like accuracy, stability and convergence. Aaldally, the identified linear system often does not
give an appropriate description of the considered, in ggmam-linear, system. Of course, this can be seen
as a consequence of the minimal system knowledge requitemen



In contrast to the case of a servo-hydraulic test rig in thedatory, for virtual test rigs or more generally
speaking for numerical system simulation on a computersytséem is well-known as multibody system
model, mathematically described as differential-algiebeguation. In the investigations presented in this
work, we only consider multibody system models. Consedyevé assume, that a mathematical descrip-
tion of the considered system is available, at least in @itral sense, e.g., in terms of right-hand-side-calls.
We discuss some alternative solution approaches for tHagaroof deriving invariant input signals. These
approaches are based on optimal control theory and make thse information description of the consid-
ered system as multibody system model.

Of course, it is an important aspect how the information aradh@matical description of a multibody
system model can be revealed. This depends on the way ofirfwiéchd implementing the mbs in first
instance, varying from writing the equations of motion byéiao building the model with a commercial
MBS software tool like SIMPACK ], we consider both situations.

The remaining part of this paper is organized as follows: éctS 2 we give a mathematical description
of the optimal-control problem, we wish to solve and alsoradd the question how information of the
mathematical description of multibody system is accessilol Sect. 3, we describe and discuss to solution
methods for that problem and finally, sect. 4 summarizeslsition results for two application examples.

2 MATHEMATICAL PROBLEM FORMULATION AND SETUP
2.1 The Equations of Motion of a Multibody System

A multiobody system generally consists of a finite numberigidrand elastic bodies with masses and
moments of inertia that are linked together by joints anddeelements(springs, dampers, driven actuators
etc.), which are assumed to be massless. Further, we asthanthe system is excited by a well-defined
input signal, e.g., the displacement of some bodies of tlseery or some forces acting on bodies of the
system. The equations of motion describing such a MBS foraetarsd order system of ordinary differential
equations(ODE):

M(q)q = f(tv q,4q, u)a (1)

or, equivalently, as a first order-system

q="v
. ()
M(q)o = f(t,q,v,u).
For notational convenience we will often use the short-Harnah
= f(t,x,u), Q)

with = := (¢, v) denotes the state vector.

If, however, the system contains kinematically closed $opconstraints, the corresponding equations of
motion are given by differential-algebraic equation(DA#h algebraic equations and variables represent-
ing the constraints and constraint-forces.

g=v
M(q)v = f(ta q7U7u) - G(q)T/\ (4)
0=yg(q),

with G(q) = g—g. The numerical simulation of the equatiori3,((2), (3), (4) has to be performed with a
suitable chosen integration scheme, e.g., RADAUS5 or SODESRSs implemented in SIMPACK), seg||
[14] for an overview and further information.

The output quantities of the considered system are defined gigen function of the positions and/or
velocitiesq and possibly the input:

y(t) = gour (q(t), 4(1), u(t))- (5)



Now, we assume, that there are some (desired) referencetsigpals, gained by experiment and measure-
ment, are available as function of time or a sampled timaaigespectively.

2.2 The Optimal Control Problem

We assume, that the MBS including the input interface dpsori defines the input representingnvariant
input quantities. Then, the problem of deriving (invarjainput signals as described in the introduction
leads to the following optimal control problem (OCP):

Find a state variable(t) := (q(t),v(t)) € W°°([0;T]) and (bounded) input signal(t) € L>°([0;T]),
such that the cost functional

T
2
Iz, u] = lly = yres72 =/t [[gout (2(8), u(t)) = yres (B)]|dt (6)
0
is minimized, subject to the ODE/DAEL), (2), (3), (4) respectively and given some (consistent) initial
conditions
.T(to) = Xp. (7)

For algorithmic reasons, it is sometimes useful to congliteaugmented cost functional:

T 2
S, u] :/ [gout (2(8), u(t)) = yres (O] + 7 - [lul|dt, (8)

to

wherer||u||? is a penalty term with typically taking values from0~* to 10~8.

2.3 Access of the Equations of Motions

As already mentioned the way of accessing the mathemaseatiption of a MBS, i.e., the equations of mo-
tion, is an importantissue. Full information of the consatksystem is provided, if the equations of motion
can be derived and written symbolically by hand. Naturafiis is the most elaborate and time-consuming
approach and realistic only for small systems, but it alltavsstablish exact formulas for derivatives of the
right-hand-side%. The next advanced possibility is to implement the equatafrmotion numerically by
hand meaning, that values for kinematic and dynamic ques{isuch as displacements forces,..) are evalu-
ated numerically by predefined functions in each call of thetrhand-side. However, the most interesting
case is building the MBS with a (commercial) MBS softwarel tdn this work we study this situation on
the example of the MBS software tool SIMPACK. The latter pdes a CodeExport functionality, which
allows to generate, e.g., FORTRAN subroutines. After samelved modifications, these subroutines al-
low to call the right-hand-side of the equations of motiore UWged this feature for the example presented
in sect.4.2

3 APPROACHES FROM OPTIMAL CONTROL THEORY

In this section, we describe shortly the main ideas of twatsmh methods for the optimal control problem
(OCP) as stated in secR.2 The first one is a so calleiddirect method and alirect method based on
discretization of the optimal control problem. We also ddasthe indirect method for the special case
of a linear system equation and propose a combination ofridaect approach and a direct optimization
strategy.

3.1 An Indirect Method

In this section, we restrict ourselves to the case, thatt@nsof motion are given as an ODE and we
assume, that there are no constraints on the comtrol



From the theory of functional analysis and the calculus of@mns one can derivelp, 4]), that a necessary
condition for(z, u) being a minimizer of (OCP) is, that they fulfill the followiregjuations:

&= f(t, z,u), x(to) = o,
. T
Y - . 9gi _

Oszfu+2'7'Zuia
=1

whereg; denotes thé—th component of the vect@,.:(x(t)) — yres(t)). p € R are so called adjoint
variables. Recall, thatis a penalty factor. These equations form a system of difteakalgebraic equations
with two-point boundary conditions, which have to be solf@d «x, p, v). Thus, they provide the possibility
to calculate thexactsolution of the optimal control problem - of course only irseaf existence. However,
those types of equations are numerically hard to solve. #addilly and most important, the right-hand-
side of eq. 9) requires with each call the derivatives of the right-haidk of the MBS%.g—ﬁ. In case

of evaluating those derivatives numerically, e.g. by fidiiféerences, this is a very costly, time-consuming
and unstable task. Therefore, it is not advisable to usafipsoach for general nonlinear systems, possibly
only available in a commercial MBS tool.

The situation, however, looks quite different, if we onlynsaer linear, time-invariant systems, i.e., the
right-hand-side of the MBS and the output quantities takefdinm

f,x,u)=A-x+ B-u,
Jout(z(t)) =C - x

with constant matriced, B, C' of proper dimensions. Now, with a suitable transformatiwae,can reduce
the problem of solving eq. 9] to solving firstly the following algebraic equation of Ractype for the
matrix K:

(10)

0=-KA—-ATK+KBR 'BTK - Cc*qQcC, (11)

and secondly solving the following ODE backwards in time:
g=—(A=BR'BTK) g— CTQues(t)  g(T) =0, (12)
and finally, the optimal state is gained by solving
i=—(A-—BR'B"K)x+BR 'BTg(t)  x(ty) = 0. (13)
Then, the optimal control input is given by
u(t) = R'BT (g(t) — Kz(t)). (14)

The last two differential equation§?), (13) are ordinary, linear, inhomogeneous differential ecquregiwith
constant matrices, which can be solved with a moderate ricaheffort. See 16| for more details on that
Riccati-type approach for linear systems.

If the system is linear, but time-invariant, the situaticgtggmore involved: Eq. 1(1) has to be replaced
by a matrix differential equation of Riccati-type (sek]), their solution can bring up some numerical
difficulties. If the equations of motion or given in its mostrgeral form as DAE, necessary conditions
corresponding to9) can also be derived, at least if the DAE is of index not highan two, seel3].

To summarize, the indirect approach described above statessary conditions on the exact solution of the
optimal control problem. It is a suitable solution stratégilinear time-invariant systems. For general non-
linear systems, it seems not useful because of the costlyresteble numerical calculations that are needed.
However, even in that case the method can bring some bersgfitcially, if the system is of moderate size
and complexity and whence, the equations of motion can heetdkand implemented by hand (or by a tool
that generates symbolical equations of motion). Thenymétion about the derivatives of the right-hand
sides are available and proble8) ¢ould be solved numerically. But in most situations the MB8f large
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Figure 1. Optimization procedure

size and/or complexity and is only implemented in a comnaésnftware tool. Nevertheless, the indirect
approach can be applied to a linearization of the non-lisgsiem. Sometimes an input calculated in this
way may be satisfactory, e.g., if the system has only weaklinearities. But often this is not the case,
then, that input can serve as a starting point for an itezaiptimization strategy as discussed in the next
section.

3.2 A Direct Approach: Discretization of the OCP

The direct approach we discuss in this section is based osceetization of the OCP 1p)]). To this end,
we approximate the input by the function

N
Uapp(t; €1,y en) =D ;- Bi(t) (15)
i=1
on a time-grid
Ty = {tl, ..,t]\/[} C [O;T]. (16)

The functionsB; are any suitable Ansatz-functions, e.g., B-splines. I ad$B-splines of ordet (con-
stant on each subinterval) ad(linear on each subinterval), which is sufficient in mostiaitons, the
corresponding coefficients can be interpreted as function values:

C; = uapp(ti; ) ~ u(ti). (17)

After a discretization of the cost-functional (or alterimaly by a problem reformulation, se8]|)
N
Jz,u] = Jappros == Z hj - (g7 +ru?), (18)
j=1
whereg; = gout(z(tj), u(t;)) — yres(t;) andu; = wapprox(t;;..), ONe has reduced the continuously

defined optimal-control problem to a discrete optimizapooblem (DOCP):

Minimize the discretized cost functional

Japprox [, u] (19)
with respect to the (finite dimensional) optimization vat@a
C:: (cla"acN)' (20)

Such an optimization problem can be solved by any suitabhative algorithm such as Gauss-Newton-
methods or SQP-methods5[]. Take aware, that for each set of values for the optimiratrariable
(¢1,..,cn), which in turn define uniquely the corresponding approxedanputip,,roz(Z; ..) on the com-
plete time intervalty; T'], the equations of motion have to be solved. Then, the coorelipg value of
the (approximated) cost can be evaluated and the iterdfieeihm can proceed to the next step. Fig.
highlights this process schematically.

There are many extension to this basic principle, e.g., andrdroduce an additional state-grid (multiple-
shooting) or optimize over a moving time horizon. S8Ef¢r an introductive overview.



3.3 Comparison

Both methods have their benefits and drawbacks. The firsteicidapproach provides a procedure to cal-
culate the exact optimal solutigi, u), whereas the second method only derives an approximation. O
the other hand, the first method requires time-consumingianterical unstable calculations only to setup
the equations, which in addition have to be solved numdyicahis can be overcome with a acceptable
effort only for linear (time-invariant) systems of moderatze and stiffness-properties. The second method
requires an iterative optimization algorithm and in eaep sinly the equations of motion of the MBS have
to be solved. Therefore, it is not so costly (apart from gagsiequired sensitivities for the optimization
method) and can be applied to general non-linear systerhewitoo much effort. As already mentioned,
a synthesis of both, in which the first method provides ais@goint for the second method by solving the
problem of the linearized system, can be of advantage.

3.4 Implementation and Sensitivities

The indirect approach has been applied successfully tolimethr and nonlinear systems of moderate size
and complexity, which could be implemented by hand, sucthaggimple) tire-substitute model in sect.
4.1 To solve eq. 9) numerically by a suitable boundary-value-problem sqlités strongly recommended
to provide the derivatives of the right-hand side @f&nalytically.

To apply the direct approach described above, we have usedptimal control software package of M.
Gerdts L1).

Since a numerical optimization algorithm usually requihesgradient of the objective function with respect
to the optimization variables, i.e., in our ca§éM the task arises to calculate the sensmvrtgés

in each iteration step of the optimization procedure Arofised solution of this problem is the S|mul—
taneous integration of the original system equations aad\ttadditional sensitivity-ODE/DAE-systems,
which are gained by differentiating the original ODE/DAEtwiespect to the parameter recall, that/vV
denotes the number of the discretization variables. Howéavehe special class of optimal control prob-
lems, we consider here, the number of variabjebhat are necessary to approximate the input funatigh
adequately is typically very large - also in comparison tmber of state variables = (¢, v). In that case
the calculation of the sensitivities can be achieved mdieieftly by use of the adjoint method, s&& 7].
This approach addresses directly the calculation of geitisis of derived functions that have integral-form
as our cost functionabj, (8). To this end, the integration oihly oneadditional, so-called adjoint system is
required - independently of the number of sensitivity-paggers. This adjoint system reads as follows for

our problem formulation:
T
: dg;
p=< ) Zgr<g>, (21)

with adjoint variablegp. (21) is linear inp and has to be solved backwards in time with special end-
conditions. Note, that this is exactly the same equatiomd8)j but here, it isdecoupledrom the state
x = (q,v). See 8] for a detailed derivation of that approach.

We have used the adjoint method to calculate required setisst in combination with OC-DAEL.

4 Application Examples

In this section we give two examples, where the solution @g@giies for the OCP presented in the previous
section have been applied. The first one is taken from aufeenotdustry and in the second one, the
considered MBS is an established planar truck-maotigl [

4.1 Application example from automotive industry: Invariant Excitation for a SUV

In this application a SUV-model is considered. The overadllgs to derive a virtual road profile as invariant
input signal. To this end, the advanced tire-model is regaldxy very simple one: a linear two-mass-spring-
damper system in all three translational degrees of freeadrith are considered independently of each
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Then, transferred into our general problem setup, the dufpantity is the

displacement of the highest mass representing the dispmaeof the hub,

whereas the the input quantity is the displacement of aalintoad point,

cf. fig. 2. In literature, such a model is often referred to aarter vehi-

cle. As reference output a sampled time-series for the ispkacement is

available for all three directions gained from measurersantilation dur-

ing an experiment on an off-road test-drive. Be careful ithéhis example

not the complete SUV-MBS-model is the considered dynamétesy, but

the tyre-substitute model consisting of a linear massagpdamper system.
Figure 2. 2-MSD Obviously, the equations of motion are given as a time-iavedinear sys-

tem of dimension four. Therefore, the indirect method dised in sect3.1

is a good choice and has been applied for this example.33gows some simulation results, exemplarily

for one tire substitute for the vertical direction. The lgitigram contains a section of the simulated and the

desired reference output, whereas the right one showsdifigirence, the absolute error is of ordér—2,

this corresponds to a relative error of ordér*. The cost functional has been augmented with a penalty

factor of 10~#, with a smaller penalty factor, the absolute error can beedesed further, which in turn

requires a higher numerical effort.

4.2 A Truck Model

In this example, a planar truck model is considered. The nbds nine degrees of freedom and has
been used in its unconstrained version, sk#. [The truck is modelled with air springs, i.e., besides the
geometrical non-linearities, it includes non-linear ®icharacteristics. Thus, the equations of motion are
given by a non-linear system of ODEs. For comparative reaaad to setup a more realistic situation, the
model has been built up in the MBS tool SIMPACK. Similar to firevious example, the displacement of
a virtual road point at rear and front wheel is defined as igjaintity, cf. fig. 4 The vertical displacement
of the chassis body, the loading area and the cabin are classaurtput.

7 n For the reference signal, we have taken a signal that has been
%&m P, (}CW generategl by exciting the truck mocjel by a highly unevericart '
road profile. For the solution of this task, we have advanoced i

loading area (body 5) cabin (body 4) . oy
the following way: Within the software tool, we have genetht
pf} {Jf & a linearization of the system around its static equilibripaint,
[chassis ooty 2 . Fow ] i.e., the matricest, B, C, cf. sect.3.1 Then, using the indirect

Riccati-type method from sect. we have calculated an injgut s
nal as starting point for an iterative optimization procedbased

on the direct discretization procedure from se8t2 In order

to perform the latter, with SIMPACK’s CodeExport functidna
ity, FORTRAN routines have been generated, which provide us
with right-hand-side calls of the full non-linear systenhey have
been included and serve as interface to the Optimal Contrit! S

rear wheel (body 1)
M1
front wheel (body 3)

L,

inertial frame (body 0)

Figure 4. Truck MBS, [1L0]
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Figure 5. Simulation Results for the truck example

ware OC-DAEL, 11]. Recognize, that in this example the input quantityrepresenting the virtual road
profile, enters the model at two different time points, nanel timet at the front wheel and at timee— ¢d

at the rear wheel, wherngl is constant delay - assuming, that the truck is moving withstant speed in
x-direction. This leads to an optimal control problem wittlal/s and requires some slight but advanced
mathematical modifications in both approaches. Howeverg#éneral principle remains the same.

Fig. 5 shows the results. The absolute error is of ortler?, i.e., the relative one of orddi—2. As
mentioned the results could be improved by some involvednskbons and modifications of this approach
such as an additional state grid or moving time horizon. \iecarrently working on these topics.

5 SUMMARY

In this work, the problem of deriving (invariant) input saja for a MBS is formulated as an optimal control
problem. Based on this formulation solution strategiemfaptimal control theory can be applied. Indirect
approaches and a direct discretization method are distLiEke first are a suitable choice for linear systems
of moderate size and complexity, whereas the latter is egiplie to general full non-linear MBS, which can
be modeled in a commercial MBS software tool. For that cdseirtdirect method can provide a starting
point for the iterative optimization process, if it is apgglito a linearization of the MBS.
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