||
I m TECHNISCHE UNIVERSITAT
m KAISERSLAUTERN

Optimal Investment for a Large Investor
in a Regime-Switching Model

Michael Busch

Pea
s

Vom Fachbereich Mathematik der Technischen Universitat Kaiserslautern
zur Verleihung des akademischen Grades Doktor der Naturwissenschaften
(Doctor rerum naturalium, Dr. rer. nat.) genehmigte Dissertation.

1. Gutachter: Prof. Dr. Ralf Korn
2. Gutachterin: Prof. Dr. Nicole Bauerle

Datum der Disputation: 1. Marz 2011

D 386






iii

Acknowledgements

First and foremost, I would like to thank my advisor Prof. Dr. Ralf
Korn for his support and guidance throughout my PhD studies. He
always found the time to help me with his good advice and construc-
tive criticism. I am also very grateful to Prof. Dr. Nicole Bauerle for
accepting to act as a referee for this thesis.

I sincerely thank Dr. Frank Seifried for the good collaboration and
the fruitful discussions. The basic idea of the model that I investigate
in this thesis was developed by him.

Further I would like to thank my colleagues and friends at the de-
partment for the pleasant working atmosphere.

My special thanks go to my family for their constant support during
my studies.

Finally I gratefully acknowledge the financial support by the Bun-
desministerium fiir Bildung und Forschung in the context of the joint
research project ’Alternative Investments: Modellierung, Statistik,
Risikomanagement und Software’ (FKZ: 03KOPAD1).






CONTENTS v
Contents

Acknowledgements iii

Abbreviations and Symbols vii

1 Introduction 1

2 Principles of Continuous-time Portfolio Optimization 5

2.1 The Merton Investment Problem . . . . . . .. ... .. ... . 0. 5

2.1.1 Mathematical Framework . . . . . . . .. ... .. o 5

2.1.2  The Optimal Investment Problem . . . . . . .. ... ... ... ... ...... 6

2.1.3 Hamilton-Jacobi-Bellman Equation and the Verification Theorem . . . . . . . .. 7

2.1.4 Solution for CRRA Investors . . . . . . . . . . ... 9

2.2 The Béauerle-Rieder Investment Problem . . . . . . . .. .. ... 000, 10

2.2.1 Mathematical Framework . . . . . . . .. ... oo 11

2.2.2  The Optimal Investment Problem . . . . . .. . ... ... ... ... ...... 12

2.2.3 Hamilton-Jacobi-Bellman Equations and the Verification Theorem . . . . . . .. 12

2.2.4  Solution for CRRA Investors . . . . . . . . . .. L 14

Continuous-time Portfolio Optimization for a Large Investor 17

3.1 Mathematical Framework . . . . . . .. .. ... 17

3.2 The Optimal Investment Problem . . . . . . . . .. ... .. ... ... .. 20

3.3 Hamilton-Jacobi-Bellman Equations and the Verification Theorem . . . . . ... .. .. 20

Solution for CRRA Investors with Power Utility 25

4.1 Constant Intensity Functions . . . . . . . . . . .. o 28

4.1.1 Solution of the Investment Problem . . . . .. ... .. ... ... .. ...... 29

4.1.2  Solution of the Merton Investment Problem . . . . . ... ... ... ... .... 34

4.2 Step Intensity Functions . . . . . . . . . .o 37

4.2.1 Portfolio-dependent Intensities . . . . . . . . . .. ... oo 38

4.2.2 Consumption-dependent Intensities . . . . . . . . . . . ... ... ... ... ... 47

4.2.3 Portfolio- and Consumption-dependent Intensities . . . . . . .. ... ... ... 61

4.3 Affine Intensity Functions . . . . . . . . . . .. 80

4.3.1 Portfolio-dependent Intensities . . . . . . . . . . . .. ... ... ... .. 82

4.3.2 Consumption-dependent Intensities . . . . . . . . . .. .. ... ... ... .. 97

4.3.3 Portfolio- and Consumption-dependent Intensities . . . . . . .. ... ... ... 118



vi CONTENTS
5 Solution for CRRA Investors with Logarithmic Utility 145
5.1 Constant Intensity Functions . . . . . . . . . .. ... 146
5.1.1 Solution of the Investment Problem . . . . . . . ... ... ... ... ...... 146

5.1.2 Solution of the Merton Investment Problem . . . . . . ... ... ... ...... 147

5.2 Step Intensity Functions . . . . . . . .. Lo 149
5.2.1 Portfolio-dependent Intensities . . . . . . . . .. ... Lo L. 149

5.2.2 Consumption-dependent Intensities . . . . . . . . . . . ... Lo, 150

5.2.3 Portfolio- and Consumption-dependent Intensities . . . . . .. .. ... ... .. 152

5.3 Affine Intensity Functions . . . . . . . . . ... 155
5.3.1 Portfolio-dependent Intensities . . . . . . . . . . ..., 155

5.3.2 Consumption-dependent Intensities . . . . . . . . . . .. ..o 157

5.3.3 Portfolio- and Consumption-dependent Intensities . . . . . ... ... ... ... 162

6 A Special Case: Two Correlated Assets 167
6.1 Step Intensity Functions . . . . . . . . . . . 167
6.2 Affine Intensity Functions . . . . . . . . . . ... . 170

7 Model Comparisons 173
7.1 Comparison of the Different Investment Problems . . . . . . .. ... ... ... ..... 174
7.1.1 Comparison with the Merton Investment Problem . . .. ... ... ... .... 174

7.1.2  Comparison of Similar Investment Problems . . . . . . . . ... ... ... .... 178

7.1.3 Comparison of Investment Problems with Identical Intensity Type . . . . .. .. 181

7.2 Parameter Sensitivity . . . . . ... L 183
7.2.1 Step Intensity Functions . . . . . . . . ... 183

7.2.2 Affine Intensity Functions . . . . . . . . .. ... L 187

7.3 Price of Misconception . . . . . . . . .. L 192
7.3.1 Step Intensity Functions . . . . . . . . . ... o o 192

7.3.2 Affine Intensity Functions . . . . . . . . ... oo o 196

8 Conclusion 199
References 201
Scientific Career 203

Wissenschaftlicher Werdegang 205



vii

Abbreviations and Symbols

Abbreviations

cf.

e.g.

i.e.

resp.
w.r.t.

lim

max, min

sup, inf

Symbols

vl

A—l
xt

X

T Ay

A\ B

almost surely
compare

for example

that is

respectively

with respect to

limit

maximum, minimum

supremum, infimum

transpose of vector v

inverse of matrix A

= max{z, 0}, the positive part of x
= max{—x, 0}, the negative part of z
= min{z, y}

= max{x,y}

absolute value of x

natural numbers

real numbers

positive real numbers without 0
negative real numbers without 0
positive real numbers including 0
negative real numbers including 0
relative complement of set B in set A
indicator function of set A

empty set



viii

Abbreviations and Symbols

exp()
In(z)
LY(P
L2(P
C(M)
CH(M)
C*(M)
CY2(M x N)

)
)

f'(=)

fi(t, ), fa(t, x)
foa(t, )

x / xg

T\, T

E(X)

E(XY)
E™¢(X)

&(X)

— ¥
natural logarithm of x

space of P-integrable processes

space of P-square integrable processes

space of continuous functions on M

space of continuously differentiable functions on M

space of twice continuously differentiable functions on M

space of functions that are continuously differentiable w.r.t. the first component
and twice continuously differentiable w.r.t. the second component on M x N
first-order derivative of f w.r.t. x

first-order partial derivative of f w.r.t. ¢, resp. =

second-order partial derivative of f w.r.t. x

left-handed convergence of x towards xg

right-handed convergence of x towards xg

expectation of the random variable X w.r.t. the probability measure P
conditional expectation of the random variable X given Y

expectation of the random variable X w.r.t. the probability measure P™¢

stochastic exponential of the process X



1 Introduction

In the classical Merton investment problem of maximizing the expected utility from terminal wealth
and intermediate consumption stock prices are independent of the investor who is optimizing his
investment strategy. This is reasonable as long as the considered investor is small and thus does not
influence the asset prices. However for an investor whose actions may affect the financial market the
framework of the classical investment problem turns out to be inappropriate. Against this background
various research was done on the field of including a relation between the investor and the financial
market on which he is acting. Subsequently we present some different models.

In [Jarrow 1992] R. Jarrow discusses market manipulating trading strategies by large traders in a
discrete time setting. In this context market manipulating strategies are defined as strategies that
generate a positive real wealth without taking any risk. The financial market of the model by Jarrow
consists of a riskless money market account and a risky stock where the relative stock price is an
exogenously given function dependent on the large investor’s actual and past holdings in the money
market account and the stock, i.e.

Pl
FEO:Gt(@gv(ﬁg—lv"‘7908’@%7901}—17""90(1))7 t€{1727""T}’ P(g]zl’ P()lzp(l]v

where P°, resp. P!, is the price of the money market account, resp. the risky asset, and ¢?, i = 0,1,
denotes the corresponding holdings. Jarrow presents examples for the existence of market manipulat-
ing strategies under very general conditions. Further he provides a sufficient condition on the stock
price process that excludes market manipulating strategies. The sufficient condition is that the stock
price depends only on the large investor’s actual holdings and is independent of his past portfolio
compositions.

R. Jarrow extents his aforementioned model in [Jarrow 1994] via including a derivative security into
the financial market. The relative stock price is now given by
1
%0 = Gt(wg,%la@f)v te {1’2""7T}7 P(g) =1, PO1 :p(1)7

where ¢ denotes the number of derivatives in the large investor’s portfolio. It turns out that the pres-
ence of the derivative security enables the existence of market manipulating strategies that would not
have been possible if there was only the money market account and the stock. Corresponding to his
results in [Jarrow 1992] Jarrow presents a sufficient condition that prevents these new market manip-
ulating strategies. Finally a theory for the valuation of options in the discussed model is introduced.
Hereby Jarrow verifies that the standard binomial option model still works, however, with random
volatilities.

A continuous-time hedging problem of an investor whose portfolio strategy and wealth affect the riskless
interest rate and the drift and volatility of the stock price process is dealt with in [Cvitani¢, Ma 1996]
by J. Cvitani¢ and J. Ma. In their paper the considered financial market consists of a riskless money
market account and 7 risky assets with dynamics

dPtO - Ptor?(Xh QO?PtO, g0t1Pt17 sy ()O?Ptﬁ)dtv P[g) = 17

n
AP = p (P, Xe, 0P, @i P, @f PR+ Y o™ (P Xo, o0 PY, @i P 0] PRYAWT™, By = pf,
m=1



2 1 Introduction

where X denotes the investor’s wealth process and ¢"P" equals the investor’s portfolio process de-

scribing the amount of money invested in the n-th asset. Given the initial stock prices and a desired
terminal wealth the investor is searching for the hedging portfolio process of an option that goes with
the smallest initial endowment. It turns out that the problem corresponds to finding a solution of a
forward-backward stochastic differential equation (FBSDE). Cvitani¢ and Ma provide conditions under
which a solution to this FBSDE can be found.

D. Cuoco and J. Cvitani¢ investigate in [Cuoco, Cvitanié¢ 1998] the continuous-time optimal investment
problem of a large investor whose portfolio proportions impact on the instantaneous expected returns
on the traded assets. The financial market consists of a riskless money market account and 7 risky
assets with dynamics

dPtO = PtOT?(gngtong%Ptl, .. 7¢?Ptﬁ)dt7 P(? = 17

7
AP = P |uf (e P, i P, ..., o} P)dt + Zgg’mdwtm » B =1,

m=1

where again " P" denotes the amount of money invested in the n-th asset. Using martingale and
duality methods they provide sufficient conditions for the existence of optimal strategies under general
assumptions on the asset prices and the large investor’s preferences. In specific examples of the investor’s
influence Cuoco and Cvitanié¢ present explicit solutions for an investor with logarithmic utility.

In [Bank, Baum 2004] P. Bank and D. Baum consider a general, abstract continuous-time model for
an illiquid financial market whose asset prices can be influenced by the trades of a large investor. The
market they discuss consists of a riskless bank account and a risky asset whose dynamics are described
by a family of continuous semimartingales that depend on the large investor’s holdings in the asset,
ie.

P, =PF te0,T],

with the family (Pf)te[o,T}, ¢ € R, and where ¢ denotes the investors holdings in the risky asset. As
opposed to [Cvitanié¢, Ma 1996] and [Cuoco, Cvitani¢ 1998] where the investor was solely influencing
the drift and volatility of the stock price, the model of Bank and Baum allows impacts on the stock price
itself. In this model setting the authors prove the absence of arbitrage and investigate the problem
of hedging attainable claims and the utility maximization problem using the It6-Wentzell formula.
It turns out that the large investor model inherits many properties of the underlying small investor
model such as the attainability of claims, the determination of superreplication prices or the utility
maximization.

In this thesis we provide a new approach to the field of large investor models. We study the optimal
investment problem of a large investor in a jump-diffusion market which is in one of two states or
regimes. The investor’s portfolio proportions as well as his consumption rate affect the intensity of
transitions between the different regimes. Hence the asset price dynamics are given by

AP = PPri-dt, Py = py,
n,m

m
AP =P |ph-dt+ ) ol dwit | Py =pf,
m=1

where I is an {0, 1}-valued state process with transition intensities ¥%!~%(7, ¢), i = 0,1, that depend
on the investor’s portfolio proportions 7 and consumption rate c¢. Thus the investor is 'large’ in the



sense that his investment decisions are interpreted by the market as signals: If, for instance, the large
investor holds 25% of his wealth in a certain asset then the market may regard this as evidence for the
corresponding asset to be priced incorrectly, and a regime shift becomes likely. More specifically, the
large investor as modeled here may be the manager of a big mutual fund, a big insurance company or a
sovereign wealth fund, or the executive of a company whose stocks are in his own portfolio. Typically,
such investors have to disclose their portfolio allocations which impacts on market prices. But even
if a large investor does not disclose his portfolio composition as it is the case of several hedge funds
then the other market participants may speculate about the investor’s strategy which finally could
influence the asset prices. Since the investor’s strategy only impacts on the regime shift intensities the
asset prices do not necessarily react instantaneously. Hence as opposed to the aforementioned models
where the investor has an immediate influence on the financial market in our model the influence is an
indirect one.

Similar regime models of asset price dynamics have been used in the literature, albeit not in the context
of large investors. In [Bauerle, Rieder 2004] N. Béauerle and U. Rieder study the optimal investment
problem with Markov-modulated stock prices and observable drift. In their model the transition in-
tensities are constants. They solve the problem of maximizing the expected utility from terminal by
stochastic control methods for different kinds of utility functions. Besides CRRA utility for which they
solve the investment problem explicitly they also consider a benchmark optimization problem. J. Sass
and U. Haussmann investigate in [Sass, Haussmann 2004] the corresponding problem in the case of
unobservable drift. They derive an explicit representation of the optimal trading strategy in terms of
the unnormalized filter of the drift process. Further in [Diesinger, Kraft, Seifried 2009] P. Diesinger,
H. Kraft and F. Seifried use a regime switching model to capture different states of liquidity.

Our model is a generalization of the two-states version of the Bauerle-Rieder model. Hence as the
Béauerle-Rieder model it is suitable for long investment periods during which market conditions could
change. The fact that the investor’s influence enters the intensities of the transitions between the two
states enables us to solve the investment problem of maximizing the expected utility from terminal
wealth and intermediate consumption explicitly. We present the optimal investment strategy for a
large investor with CRRA utility for three different kinds of strategy-dependent regime shift intensities
— constant, step and affine intensity functions. In each case we derive the large investor’s optimal
strategy in explicit form only dependent on the solution of a system of coupled ODEs of which we
show that it admits a unique global solution.

This thesis is organized as follows. In Section 2 we repeat the classical Merton investment problem of
a small investor who does not influence the market. Further the Bauerle-Rieder investment problem in
which the market states follow a Markov chain with constant transition intensities is discussed.

Section 3 introduces the aforementioned investment problem of a large investor. Besides the mathe-
matical framework and the HJB-system we present a verification theorem that is necessary to verify
the optimality of the solutions to the investment problem that we derive later on.

The explicit derivation of the optimal investment strategy for a large investor with power utility is given
in Section 4. For three kinds of intensity functions — constant, step and affine — we give the optimal
solution and verify that the corresponding ODE-system admits a unique global solution. In case of
the strategy-dependent intensity functions we distinguish three particular kinds of this dependency —
portfolio-dependency, consumption-dependency and combined portfolio- and consumption-dependency.
The corresponding results for an investor having logarithmic utility are shown in Section 5.



4 1 Introduction

In the subsequent Section 6 we consider the special case of a market consisting of only two correlated
stocks besides the money market account. We analyze the investor’s optimal strategy when only the
position in one of those two assets affects the market state whereas the position in the other asset is
irrelevant for the regime switches.

Various comparisons of the derived investment problems are presented in Section 7. Besides the com-
parisons of the particular problems with each other we also dwell on the sensitivity of the solution
concerning the parameters of the intensity functions. Finally we consider the loss the large investor
had to face if he neglected his influence on the market.

In Section 8 we conclude this thesis.



2 Principles of Continuous-time Portfolio Optimization

In this section we recapitulate the classical Merton portfolio optimization problem (Subsection 2.1)
and discuss the Béuerle-Rieder investment problem (Subsection 2.2) which is the basis of our large
investor model. For both models we describe the mathematical framework and formulate the optimal
investment problem. This is followed by the derivation of the HJB-equation, resp. HJB-system, and
the presentation of a verification theorem. Finally we provide the optimal solution of the investment
problem. Due to its repetitive character this section does not contain the relevant proofs.

2.1 The Merton Investment Problem

This section describes an investment setting which nowadays is referred to as 'the Merton Problem’
and summarizes the essence of the two fundamental papers [Merton 1969] and [Merton 1971] of Robert
C. Merton.

2.1.1 Mathematical Framework

Informal Description. The financial market of the classical Merton problem consists of a locally
riskless money market account P? and 7 risky assets P", n = 1,..., 7. The asset prices are given by a
diffusion model that is driven by an m-dimensional Brownian motion W.

Asset Price Dynamics. The mathematical model of the asset price dynamics includes the filtered
space (Q,F,§(-)) with time horizon [0, 7] that is endowed with a reference probability measure P such
that §(-) satisfies the usual conditions of right-continuity and completeness and § = §(7'). Further we
assume that (€2, §,P) carries an m-dimensional (§(-),P)-Wiener process W.

The asset price dynamics are then given by

dP® = Pdt, P°0) = p), (2.1)
dP™ = P"|(r +mu)dt + > onmdW™ |, P™(0) = pf, (2.2)
m=1

where the number 7 € [0, 00), the vector n € R and the matrix o € R™ " are given parameters and

0.0 is positive definite.

Notice that in general the financial market as given above is incomplete.

Investor’s Strategy. The investor is equipped with an initial wealth xy and specifies a portfolio
strategy 7 and a consumption rate c. Then by (2.1) and (2.2) his wealth X™¢ evolves according
to the stochastic differential equation

dX™¢ = X™¢ [(r + 7rT.77 —c)dt + ﬂ'T.O'.dW:| , XT¢0) = xo. (2.3)
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Let IT C R™ be a given closed set. We denote by
A= {(m,c): (mc) bounded, F(-)-predictable, IT x Ry -valued and satisfies
E[fy ui(t, c(t)X™(t))~dt + up(X™(T)) "] < oo}
the class of admissible strategies where uy (¢, -) is a utility function for fixed ¢ € [0, 7] and ug is a utility
function, too.

Definition 2.1 (Utility function). A wutility function is a strictly concave, strictly increasing, and
continuously differentiable function u : R*Y — R satisfying

v/ (0) £ lim v/ (z) = 00, u/(00) £ lim u/(z) = 0.
(0) 2 lim u/(a) () lim u/(z)

Remark 2.2. The fact that the utility function w is strictly increasing implies that the utility is
increasing with each additional unit of wealth. However the investor’s risk aversion is reflected by the
concavity of w, i.e. the marginal utility v’ is decreasing which means that the benefit increase of an
additional monetary unit is decreasing when the wealth x is increasing. Moreover the marginal utility
at x = 0 given by u/(0) is positive reflecting that few money is better than no money. Finally the utility
function shows a so-called saturation effect as the marginal utility at x = oo given by u'(oc0) vanishes.

Example 1. Typical utility functions are

e the power utility: u(z) = 25 ("% —1), R e RT\ {1},

e the logarithmic utility: w(x) = In(zx).

Both belong to the class of utility functions with constant relative risk aversion (CRRA). Besides the
CRRA utilities there exist the utility functions with constant absolute risk aversion (CARA) of which
the exponential utility function given by u: R — R, u(z) = —e 7, R € RY with lim,\ oo v/ (2) = o0
is a representative. In the following we focus on CRRA utilities.

2.1.2 The Optimal Investment Problem

We suppose that the investor tries to maximize utility from terminal wealth as well as from intermediate
consumption, and that his preferences are captured by a family of utility functions u; € C12([0,T] x
(0,00)) and a utility function uy € C?(0,00). We always assume that u;(t,.), t € [0,T] fix, and uy are
polynomially bounded at 0, i.e. that for some constants K, k,d > 0 we have

lui (t, )| < K(1+ 2)* for all z € (0,0) and ¢ € [0, 7] fixed,
lug(z)| < K(1+ 2)" for all z € (0,).
Given the above dynamics, the investor’s optimal investment problem is to
maximize IEUOT uy (t, c(t) X™C(t))dt 4+ ua(X™4(T))] over (m,¢c) € A (Pum)
given the initial wealth X™¢(0) = zo.

(2.4)

There exist two main approaches for solving the investment problem (Py). The first one uses dynamic
programming methods and is called the Stochastic Control Approach. The second one which
is based on the completeness of the financial market is called the Martingale Approach. In the
subsequent section we present the solution of the investment problem (Pyr) following the Stochastic
Control Approach.



2.1 The Merton Investment Problem 7

2.1.3 Hamilton-Jacobi-Bellman Equation and the Verification Theorem

For solving the investment problem (Py;) one defines the value function v: [0,7] x Rt — R by

o(t,z) 2 ( S%EAE[ S ua(s, e(s) X™¢(s))ds + ua(X™(T)) | X™4(t) = x].

Note that v(T, z) = ug(x).

In the following we present a heuristic derivation of the so-called Hamilton-Jacobi-Bellman equa-
tion (HJB) which is a PDE for the value function v.

Assuming there exists an optimal strategy (7*,c*) we proceed as follows.

i) Definition of auxiliary strategies:

For a given (t,z) € [0,7] x R" and 6 € [t,T] we consider the following strategies on the interval

[t, 7).

(' (s), ¢! (s)) & (7" (s), ¢ (s))
(m(s),c(s)) if s €[t,0],
(7*(s),c*(s)) if s e (6,T],

)

for s € [t,T] and where (7, c) is an arbitrary admissible strategy.

ii) Calculation of the expected utilities:

By assumption we get

Further

E [ S (s, () X (5))ds + ua(X ™ (T)) | X7 (1) = x] — o(t, z).

B[ s (5, 2(5) X7 (9)ds + ua (X (T)) | X7 1) — o

—EE

=E

T (s, 2(5) X7 () ds o+ up (X7 (T)) | X7 (0) = X7 (0)] | X7 (1) =

for any admissible strategy (m,c).
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iii) Taking the limit 6 \ t:
By definition of the two strategies we have
E[ 7 w1 (5,e(5)X™())ds + 0(60, X™(0)) | X™(t) = 2] < vl ). (25)
where equality holds if (7, ¢) = (7%, ¢*) is chosen.
Given that v € CY2([0,T) x (0,00)) N C([0,T] x (0,00)) It&’s formula yields
I (s, e(s)X™¢(s))ds + v(0, X™(0)) = v(t, ) + [} H(s, X™(s),7(s), c(s))ds
+ftew(s)T.aX’T’c(s)vx(s,X”’c(s)).dW(s)
where we write v; £ %, vy 2 % and vy, = 3 and

H(t,z,m,¢) 2 u(t,cx) +vi(t,z) + (r+ 7 . — c)avg(t, x) + 17r—r 0.0 Tt v,,(t, ). (2.6)

Since the local martingale term is in fact a martingale we can rewrite (2.5) as
[ H (s, X7(s). m(s). (s))ds | X™(t) = 2] <0, 27)

Finally taking the limit 6 \ ¢ yields
H(t, X™(t),m(t),c(t) <0
or equivalently
uy (t, cx) + vty z) + (r+ 7" — )zvg(t, z) + %WT.O'.O'T.T(‘SL'2UMC(75, x) <0
for any admissible strategy (7, c). As equality holds for (7, c) = (7%, ¢*) we get the HIB

0= sup {wi(t,ca) 4+ velt,z) + (r + 7 — )zt x) + 17TT 0.0 T vt z)}  (2.8)
(w,c)EHX]Ré‘

for (t,z) € [0,T) x (0,00) subject to the boundary condition
(T, x) = uz(z), = € (0,00). (2.9)

Remark 2.3. Notice that the supremum in the HJB is taken over numbers and not over processes.

Having obtained the HJB one can solve the investment problem (Py;) by solving the corresponding
HJB and afterwards verifying that the solution obtained in that way satisfies the assumptions made
in the derivation of the HJB and moreover really is the solution of the investment problem (Pyy).

Solving the HJB usually works via choosing a certain type of utility function and then using a suitable
separation ansatz for the value function v in order to transform the PDE into an ODE. Thereafter
the maximizers of the HJB denoted by (7™, c¢*) are determined and inserted back into the HJB which
thus becomes a classical ODE without the supremum to be taken. This ODE can then be solved using
methods of the ODE-theory.

The evidence that the solution of the HJB is indeed the solution of the investment problem is then
provided by the following verification theorem.
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Theorem 2.4 (Verification Theorem). Suppose that v € C2([0,T) x (0,00)) N C([0,T] x (0,00)) is a
solution to the HJB-system (2.8) subject to (2.9), and assume that [v(t,z)] < K(1+ )%, 2 € (0,9),
and v(t,z)| < K(1+ 2)*, x > }, for some constants Kk, > 0.

i) For any admissible strategy (m,c) € A and all ty € [0,T], z¢ € (0,00), we have

E| [y w1t c() X™(6))dt + un(X™(T)) | X™(to) = 0] < v(to, a0).

i1) If there exists an admissible strategy (7*,c*) such that

(7" (t,z),c*(t,x)) € argmax H(t,z,m,c) fort € [0,T), z € (0,00)
(7r,c)€H><]R8r

where H is given by (2.6) then it follows that

0(t0,20) = s> B[t o)) XN + 1 (XD | X7(10) = 0
T,c)eA

for allty € [0, T] and xo € (0,00), and (7*,c*) is an optimal strategy for the investment problem

(Pum)-

A detailed proof of a more general version of the Verification Theorem (Theorem 3.3) is given in Section
3.3.

2.1.4 Solution for cRRA Investors

In Section 4, especially Subsection 4.1, we solve the Merton investment problem for a CRRA investor
in detail. At this point we just present the results.

Theorem 2.5 (Solution of the Merton investment problem with power utilities). Given the utility
functions

uy(t,x) = ee ' Aoz "R —1), t €[0,T), z € (0,00), € €[0,00), 6 € (0,00),

ug(x) = e_‘;Tl%(f_R —1), z € (0,00),
the optimal strategy (7*,c*) of the Merton investment problem (Pyr) is given by

(T—t)

k grie
m, c(t) = S(I—R)¥
7 Lt - (67(113 (T-0_1)

1 6—(1-R)¥
* 1 R R

Tt = E(U.O'T)_l

fort € [0,T]. Further the value function reads

- R
o(t,z) = %xl—Re(l—R)\If(T—t)—(ST<1 Lek 5_(1131%)\1[ (e%(T—t) _ 1))

— 2ele e — (e — §)e0TY)
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for (t,z) € [0, T] x (0,00) where ¥ denotes the utility growth potential of the financial market given by

U eyt %%HT.(U.UT)il.T].

In case of € = 0 the optimal strategy (7*,c*) reads

™ =L(c.o )Ly, F(t)=0

==

fort €0, T] and the value function is given by

’U(t,.ﬁ) _ 6_6Tﬁ%(l‘1_R€(l_R)\P(T_t) - 1)

for (t,x) € [0,T] x (0, 00).

Theorem 2.6 (Solution of the Merton investment problem with logarithmic utilities). Given the utility
functions

uy(t,x) = ee % In(z), t € [0,T], = € (0,00), € € [0,00), 8 € (0,00),
S

up(x) = e 2T In(x), = € (0,00),

the optimal strategy (7*,c*) of the Merton investment problem (Pyr) is given by

* §
n, c (t):m

" = (0.0

T)fl
fort € [0, T]. Further the value function reads

o(t, ) = Le7% (e — (e = 8)e T D) In(z) + Se (1 — e T D) (¥ £ 1n(e) — 1) — ete™
—(e=0)e T (F(T 1) = T) — 3 (e — (¢ = )e*T™) In(ke (e — (e — §)e°T~1))

for (t,z) € [0,T] x (0, 00).
In case of € = 0 the optimal strategy (7*,c*) reads
™ =(0.0") Ly, () =0
fort € [0, T| and the value function is given by
v(t,z) = e T (In(z) + U(T - t))

for (t,x) € [0,T] x (0,00).

2.2 The Bauerle-Rieder Investment Problem

In their paper [Bauerle, Rieder 2004] N. Bauerle and U. Rieder investigate the optimal investment prob-
lem in continuous-time with Markov-modulated asset prices and interest rates. They explicitly solve
the corresponding problem of maximizing the expected utility from terminal wealth for different utility
functions. Here we recapitulate their model using a slightly different notation and add intermediate
consumption.
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2.2.1 Mathematical Framework

Informal Description. Again, the financial market consists of a locally riskless money market
account P° and 7 risky assets P?, n = 1,...,7n. But as opposed to the Merton investment problem in
which the financial market always stays in one state, in the Bauerle-Rieder investment problem at each
point of time, the market is in one of finitely many states. In each state the asset prices are given by
a diffusion model that is driven by an m-dimensional Brownian motion W with coefficients depending
on the current state of the economy.

Asset Price Dynamics. The mathematical model of the asset price dynamics as described above
is given as follows. We let (2, F,F(+)) be a filtered space with time horizon [0, 7] that is endowed with
a reference probability measure P such that §(-) satisfies the usual conditions of right-continuity and
completeness and § = §(7). Further we assume that (2, §, P) carries an m-dimensional (F(-), P)-Wiener
process W and i(i — 1) (§(-),P)-Poisson processes N%/, i, j € {0,...,i — 1}, i # j, with intensities
Y57 € (0,00), all of which are independent of each other.

The state of the market is described by the {0, ...,7 — 1}-valued process I that satisfies

i—1 -1
Ar=% > (G—ilg—pdN™, 1(0)=0. (2.10)
i=0 j=0,j#i

We denote by {74 }remw, the corresponding sequence of jump times, i.e.
e 2inf {t € [rp_1,T] : I(t) # I(7p_1)} for k € IN, where 79 = 0.
Then the asset price dynamics are given by
dP® = P%!=dt, P°0) = p}, (2.11)
dP"™ = P" (rI* + nf;)dt + i JYIijdWm on [Tr—1, k),

m=1

P™0) =pg, P"() = P"(11,—),k > 1.

(2.12)

Here for i € {0,...,7 — 1} the number 7 € [0, 00), the vector n° € R"™ and the matrix o € R"*™ are
given parameters and o’.(o%) " is positive definite.

Notice that in general the financial market as given above is incomplete.

Investor’s Strategy. The investor is equipped with an initial wealth 2y and specifies for each state
i €{0,...,i— 1} a portfolio strategy 7' and a consumption rate ¢’ which are applied when the
economy is in state i. Then by (2.11) and (2.12) his wealth X™¢ evolves according to the stochastic
differential equation

X" = X7 (1= 4 () T’ = )at + (7)™ aw | o [reo1, 7)),
X™0(0) = 29, X(7) = X™(mp—), k > 1.

(2.13)
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We write 7 = (7°,...,771), resp. ¢ = (%, ..., cg_l), for brevity. Let II C R™ be a given closed set. We

denote by
A2 {(m¢): (7',¢") bounded, F(-)-predictable, IT x Ry -valued and satisfies
E[fy ua(t, @ (£) X () dt +up(X™(T))7] < o0}

the class of admissible strategies where u;(¢,.) is a utility function for fixed ¢ € [0, 7] and ug is a utility
function, too.

2.2.2 The Optimal Investment Problem

We suppose that the investor tries to maximize utility from terminal wealth as well as from intermediate
consumption, and that his preferences are captured by a family of utility functions u; € C*2([0, 7] x
(0,00)) and a utility function uy € C?(0,00). We always assume that us(t,.), t € [0,T] fix, and up are
polynomially bounded at 0, i.e. that for some constants K, k,d > 0

lup(t,z)| < K(1+ 2)" for all z € (0,0) and ¢ € [0, 7] fixed,

2.14
lua(z)| < K(1+ 2)" for all z € (0,9). (2.14)

Given the above dynamics, the investor’s optimal investment problem is to
maximize E[ [, uy(t,¢!O (1) X™¢(t))dt + uz(X™4(T))] over (m,c) € A (PgR)

given the initial wealth X™¢(0) = x.

Again we follow the Stochastic Control Approach.

2.2.3 Hamilton-Jacobi-Bellman Equations and the Verification Theorem

Given the tuple (v°,...,v""1) of value functions

vi(to,xo) = ( Sl;p IE[ftZ uy (t, c](t)(t)X”’C(t))dt + ug(X™(T)) | L(to) =i, X™(to) = zo]
m,c)eEA

for i € {0,...,7 — 1} the motivation for the Hamilton-Jacobi-Bellman system (HJB-system) works
completely analogously to the motivation in Section 2.1.3 resulting in the HJB-system

0= sup {ul(t, cx) +vi(t,z) + (r+ 7t — )zl (t,z) + i ol (o) ma?ol (t, x)
(m,c)EMx R
- (2.15)
+ Z I [v] (t,z) — v'(t, 33)] }
§=0
for (t,x) € [0,T) x (0,00) and i € {0,...,i — 1}, subject to the boundary conditions
V(T ) = ug(z), = € (0,00) for i € {0,...,i—1}. (2.16)

Notice that here the above HJB-system consists of coupled partial differential equations.
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Remark 2.7. The only difference between the HJB-system (2.15) of the Bduerle-Rieder investment
problem and the HIB (2.8) of the Merton investment problem is the switching term Z;-;% O [vI(t, ) —

fui(t,w)] which accommodates the possibility that the market could switch into another state. Notice
that on small time intervals the probability of a regime switch from state i into state j is given by

P(I(t+dt) = j|I(t) = i) = 9"/ dt. Hence compared to the Merton HJB (2.8) one has to add the sum
over the intensity-weighted differences of the value functions.

Solving the HJB is done in analogy to the way described in Section 2.1.3 and the corresponding
verification theorem is given as follows.

Theorem 2.8 (Verification Theorem). Suppose that (¢°,...,v*~1) with v* € CH2([0,T) x (0,00)) N
C([0,T] x (0,00)), i € {0,...,i — 1}, is a solution to the HJB-system (2.15) subject to (2.16), and
assume that [vi(t, )| < K(1+ 2)%, z € (0,0) and [v'(t,z)| < K(1+2)*, = > § forie€ {0,...,i—1}
for some constants K, k,§ > 0.

i) For any admissible strategy (m,c) € A and all ty € [0,T], x¢ € (0,00), we have
E[ftf wy (t, IO @) X)) At + ug (X™(T)) | I(to) =i, X™(tg) = 0| < v*(to, z0)

forie{0,...,i—1}.

0’*,007*), o

it) If there exists an admissible strategy (7*,c*) = ((7 , 1)) such that

(7 (t, x), " (t,2)) € argmax H'(t,z, 7, c) fort €[0,T), = € (0,00)
(m,c)€llx Ry

where

X

- | 2.17
+ Zﬁw [v] (t,z) — v'(t, x)], ( )

Jj=0

Hi(t,z,m,c) 2 ui(t,cx) +vp(t,z) + (r' + 7' ' — )avl(t, @) + in T o' (o) T.mavl, (¢, 2)

then it follows that

v (to, z0) = up B [t (8, €O () X0(1))dt + ua(X™(T)) | I(to) = i, X™(to) = o
m,c)eA

fori € {0,...,i—1} and all ty € [0,T] and ¢ € (0,00), and (7*,c*) is an optimal strategy for
the investment problem (Ppr).

Again the proof is given in Section 3.3.
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2.2.4 Solution for CRRA Investors

In Section 4, especially Subsection 4.1, we solve the Bauerle-Rieder investment problem in a two state
model for a CRRA investor in detail. At this point we just present the results.

Theorem 2.9 (Solution of the Béauerle-Rieder investment problem with power utilities). Given the
utility functions

uy(t, ) = ee A (xR —1), t €[0,T), z € (0,00), € € [0,00), 6 € (0, 00),

—1), z € (0,00),
the optimal strategy (7*,c*) of the Bduerle-Rieder investment problem (Ppgr) is given by

1 o .
ed )Eef%gl(t)

- Tl 4 )
b — %(Ul.(al) ) 1'7717 cz’*(t) — (m

for t € [0, T]. Further the value function reads

v'(t ) = (o ROTTO — 1) g0 e — (e - 9)e70)

for (t,z) € [0,T] x (0,00) and i € {0,...,i — 1} where the function g' is the solution of the following
ODE-system

—R

| , ki
(gz)l(t):_q’““ﬁ@j%(l—%((ﬁfww) Pt (t)—l))

i-1 o
— Z - (e(l—R)(gf ®)—=g'(t)) _ 1)
j=0

subject to the boundary conditions ¢'(T) = 0, i € {0,...,i — 1}. Here W' denotes the utility growth
potential of the financial market in state i which is given by

\Ifi A T‘i—|— %%(ni)T‘(o_i‘(o_i)T)—l.ni‘

In case of € = 0 the optimal strategy (7, c*) reads
ﬂ_i,* _ %(oi.(ai)T)_l.ni, Ci’*(t) -0
fort € [0,T] and the value function is given by

vi(t,x) = e_éTﬁ(xl_Re(l_R)gi(t) — 1)

for (t,x) € [0,T] x (0,00) where g' now satisfies
—1

(gi)/(t) — i ﬁi,jﬁ(e(l—R)(gj(t)—gi(t)) _ 1)

=

=0

subject to the boundary conditions g'(T) =0, i € {0,...,i — 1}.
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Theorem 2.10 (Solution of the Béuerle-Rieder investment problem with logarithmic utilities). Given
the utility functions

uy(t,x) = ee ' In(z), t € [0,T], = € (0,00), € € [0,00), d € (0,00),

up(x) = e 2T In(z), = € (0,00),

the optimal strategy (7*,c*) of the Bduerle-Rieder investment problem (Ppgr) is given by
7 = (o (o)) L, () = g,(g,(g;:—éw—t)
fort € [0, T]. Further the value function reads
V' (t,x) = (In(z) + g'(t) e (e — (e = 6)e 1)

for (t,z) € [0,T] x (0,00) and i € {0,...,i — 1} where the function g' is the solution of the following
ODE-system

i—1
(9Y(1) = =¥ + =52 (1 = I (memsirn) +9'(0) = D097 (8) - g'(1)
§=0
subject to the boundary conditions g*(T) =0, i € {0,...,i —1}.

In case of € = 0 the optimal strategy (7*,c*) reads

fort € [0, T] and the value function is given by
V' (t,x) = e (In(z) + ¢ (1)

for (t,z) € [0,T] x (0,00) where g* now satisfies
i—1
(9 (1) = =W = > 9" (g (t) - ¢'(1))
=0

subject to the boundary conditions g'(T) =0, i € {0,...,i — 1}.
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3 Continuous-time Portfolio Optimization for a Large Investor

In this section we introduce the investment problem for a large investor. In analogy to the previous
section on the Merton and the Béauerle-Rieder investment problem we begin with a description of
the mathematical framework, followed by the formulation of the investment problem. Thereafter we
give the HJB-system and present a verification theorem whose proof closes this section. A detailed
derivation of the solution of the investment problem for particular utility functions is dealt with in the
following Sections 4 and 5.

3.1 Mathematical Framework

Informal Description. The financial market consists of a locally riskless money market account P°
and 7 risky assets P", n = 1,...,n. At each point of time, the market is either in the normal state i = 0
or in the alerted state i = 1. In normal and alerted times, asset prices are given by a jump-diffusion
model that is driven by an m-dimensional Brownian motion W and a p-dimensional Poisson process,
with coefficients depending on the current state of the economy. However, asset prices are also affected
by the large investor’s investment strategy m, where m, is the fraction of wealth that he invests in
asset n, as well as by his consumption rate ¢: The state of the market I jumps from ¢ to 1 — i with
intensity ¥%'~(r,c), where 9%~ is a given intensity function; conversely, the large investor can
observe regime shifts of the market. Thus the market takes the large investor’s portfolio proportions
and consumption rate as a signal. This additional dependence makes a non-standard specification of
asset price dynamics necessary. In particular, on the one hand the investment strategy influences asset
prices, while on the other hand it should be possible to use information on current and past prices in
the portfolio decision.

Asset Price Dynamics. In the following, we construct a mathematical model of the asset price
dynamics which have been described intuitively above. We let (£2,F,§(-)) be a filtered space with
time horizon [0, 7] that is endowed with a reference probability measure P such that §(-) satisfies the
usual conditions of right-continuity and completeness and § = §(7'). Further we assume that (€2, §,P)
carries an m-dimensional (F(-), P)-Wiener process W, a p-dimensional (F(+), P)-Poisson process N with
intensity A € (0,00)?, and two (F(-), P)-Poisson processes N and N0 with intensity 1, all of which
are independent of each other.

The state of the market is described by the {0, 1}-valued process I that satisfies
dI =15 _opdN*' — 1y _3dNY0, 1(0) = 0. (3.1)

We denote by {74 }remw, the corresponding sequence of jump times, i.e.

7 2inf {t € [r1,T] : 1(t) # I(ri1)} for k € IV, where o 2 0.
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Then the asset price dynamics are given by

dP® = Prl-dt, P°(0) = pg, (3.2)

P
dpP" = P | (rl- 4+ pl-)dt + Z Tl dW™ =N "y ANP| on 71, k),
m=1 p=1

P™(0) =pf, P"(m) =[1— L= 1m)) pr(n ) k> 1.

Here for i = 0,1 the number r* € [0,00), the vectors n° € R", /*'~% € (—00,1)” and the matrices
ol € R™™ and 4% € (—00,1)™*P are given parameters and o?.(c") " is positive definite. Moreover ¢!~
models additional price jumps that occur on regime shifts.

In general the financial market as described above is incomplete as it was already the case in the
Béauerle-Rieder problem.

Large Investor. Turning to the large investor, we suppose that equipped with an initial wealth xg
he specifies for each state i = 0,1 a portfolio strategy 7’ and a consumption rate ¢’ which are
applied when the economy is in state . Then by (3.2) and (3.3) his wealth X™¢ evolves according to
the stochastic differential equation

dX™¢ = X7 (rl- + (#T) T gl — YAt + (1) T o= dw — (WI*)T.WI*.dN] on [Tx—1,7k)
(3.4)
X™0) = 2o, X™(mp) = [1 — (@A OANT 2106 =) (7] X ™ (1,—), k > 1.

We write 7 £ (79, 71), resp. ¢ = (¥, ¢!'), for brevity. Our intuitive description requires that the large

investor’s portfolio choice and consumption affect the intensity of regime shifts. Let II C IR’E be a given
closed set. To avoid bankruptcy, we always choose I C {m € R" : 1, >0, n=1,...,7, > ' 7, <1}
as a subset of the unit simplex if 40 # 0, 4! # 0, /%1 £ 0 or £19 £ 0.

Define the class of pre-admissible strategies by
Ao & {(m,¢) : (7", ¢") bounded, F(-)-predictable and IT x Ry -valued for i = 0, 1}.

For each (7, ¢) € Ap we construct a probability measure P™¢ on (€2, §) equivalent to P via the Girsanov
transformation

d]P)Tl' c

& T exp {fy 11— 01w (1), ()]t} I1 91 (1), ¢ (1)) (3.5)

i=0,1 t€[0,T], ANi-1=i(£)£0

where the function 9177 : R" x R§ — R{, (m,¢) — 9%17¢(n, ¢) is deterministic and bounded on any
closed subset of R™ x Rg . In order for this construction to be well-defined, we require

Lemma 3.1. For any pair (w,c) € Ay there exists a uniquely determined probability measure P™¢ on
§ = 81 such that (3.5) is satisfied.

Proof. We recall from equation (3.5) that % = Z™¢(T), where Z™¢ is given by

zme & I exp { fy[1 = 0™ (7' (1), ¢' (1)) dt} 11 PN (), ¢ (t)). (3.6)

i=0,1 te[0,:], AN 1= (£)£0
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To prove the assertion, we have to demonstrate that Z™¢ is an (§(-), P)-martingale. Note that Z™¢ is
the stochastic exponential of }, Joer i (7 (t), ¢ (t)) — AN 7(t), where N*'~% is given by

Ni,l—i(t) s Nivl—i(t) —tfor t € [0,T].

Hence Z™¢ is a local (§(-), P)-martingale, and since

NOL(T)4+NLO(T)

sup |Z™¢(t)| < 2T max 9 (e eLY(P 3.7
s 1270 < | x| 1990 (®) (37)
it follows that Z™¢ is in fact a uniformly integrable (§(-), P)-martingale. O]

Note that since all measures P™¢, where (m,c¢) € A, are equivalent, the definition of the stochastic
integral does not depend on (7,c). As a direct consequence of this construction we have the following
result. We use the terminology of [Brémaud 1981].

Proposition 3.2. Given a pair (7,c) € Ag, for i = 0,1 the process N“'=% is a counting process
with (F(-), P™)-intensity 91~ (7%, ). Moreover W is an (F(-),P™¢)-Wiener process and N is an
(F(+), P™)-Poisson process, and

[VV, N] — [W, Ni’l_i] — [Ni,l—i,Nl—i,i] — [Ni’l_i,N] —-0.

Proof. We recall from equation (3.6) that d[g;c = Z™¢(T). As P™° is equivalent to P, quadratic covaria-
tion processes remain invariant and hence [W, N| = [W, N#17i] = [N~ N1=6i] = [N&1= N] = 0. To
show that W is an (F(-), P™¢)-Wiener process, it suffices by Lévy’s characterization of Brownian motion
to demonstrate that W is a local (§(-), P™¢)-martingale, i.e. that Z™“W is a local (§(-), P)-martingale.
However, this is an immediate consequence of the product formula

d(Z7W) = ZZAW + WAZ™° +dZ7dW = Z7°AW + WdZ™°

because [Z7¢, W] = 0. Next consider the counting processes N “1= and N. A direct computation via
the product rule shows that with N“'=% given by

Ni,lfi(t) Y Ni,lfi(t) _ fgﬁivlfi(wi(s),ci(S))dS for t € [0,T7,

we have
d(zw,cNi,lf’i) — ﬁi,l*izﬂﬁdﬁi,lf’i + Ni71_idZ7r’c.

Thus Z™¢N*1~" is a local (F(-), P)-martingale, so N®'~% is a local (F(-), P™¢)-martingale, and N®'~
has (F(-), P™¢)-intensity ¥%17%(x?,¢!). A similar but simpler argument shows that N has (F(-), P™°)-
intensity A, so N is an (F(-), P™¢)-Poisson process with intensity A by a classical result of S. Watanabe,
compare Theorem T5 in [Brémaud 1981]. O

We note from the proof of Lemma 3.1 that the compensated process N1 s in fact a square integrable
(F(-),P™¢)-martingale. Indeed, as [N*!~/] = N1~ we have

e [[Ni,l—i]T} _ E[Z;,CN%1—Z‘] <
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by virtue of the estimate (3.7).

Thus P™¢ describes the randomness in the asset market that the large investor observes if he chooses the
portfolio strategy 7 and the consumption rate c. As required in our intuitive description, heuristically
we then have

PTC(I(t 4 dt) £ 1(t) | §(t)) = 9O IO IO 1) LB (1))de.

We denote by
A= {(mc) € Ap: E”’c[fOT ul(t,cf(t)(t)X“’c(t))_dt + ug(X™(T))~] < oo}

the class of admissible strategies where w1 (¢, ) is a utility function for fixed ¢ € [0, 7] and us is a utility
function, too.

3.2 The Optimal Investment Problem

We suppose that the large investor tries to maximize utility from terminal wealth as well as from
intermediate consumption, and that his preferences are captured by a family of utility functions uq €
CL2(]0,T] x (0,00)) and a utility function uy € C2(0, 00). We always assume that u(t,-), t € [0, 7] fix,
and ug are polynomially bounded at 0, i.e. that for some constants K, k,5 > 0

lui(t,z)| < K(1+ 2)" for all z € (0,0) and ¢ € [0, 7] fixed, (3.8)
lua(z)| < K(1+ 2)" for all z € (0,9). '

Given the above dynamics, the large investor’s optimal investment and consumption problem
is to

maximize E™° [fOT uy (t, 'O () X™(t))dt + ug (X™(T))] over (m,c) € A (P)

given the initial wealth X™¢(0) = zg.

Thus the investor tries to maximize expected utility from terminal wealth and from intermediate
consumption, while he is aware of the fact that his investment strategy will affect asset prices in the
sense that his portfolio proportions and his consumption rate trigger regime shifts in the market.
This is reflected in the non-standard form of (P), where the expectation operator E™¢ depends on the
investor’s strategy (, ¢). In the following section, we show how to solve the portfolio problem (P) with
dynamic programming methods.

3.3 Hamilton-Jacobi-Bellman Equations and the Verification Theorem

A pair (v°,v!) of functions v, v! € CH2([0,T) x (0,00)) N C([0,T] x (0,00)) is said to be a solution
to the Hamilton-Jacobi-Bellman system, or more briefly the HJB-system, if it satisfies the following
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system of coupled partial differential equations:

0= sup {ul(t, cx) +vi(t,x) + (r' + 7Tyt — )zl (t, x) + i ot (o) Tl (L, x)
(w,c)EHX]RS'
D
F [0 11 = () ) — ()] (39
p=1
+ 91, ¢) [vl-i(t, [1— ()T xlz) — vit, x)} }
for (t,x) € [0,T) x (0,00) and i = 0, 1, subject to the boundary conditions

V(T ) = ua(z), x € (0,00) for i =0, 1. (3.10)

Notice that the derivation of the HJB-system works completely analogously to the one in Section 2.1.3.

The following theorem is the main result of this section.

Theorem 3.3 (Verification Theorem). Suppose that (v°,v') is a solution to the HJB-system (3.9)
subject to (3.10), and assume that |v'(t,z)| < K(1+ L)% 2z € (0,6) and [v'(t,z)| < K(1+2)*, 2 > %
for1=20,1 for some constants K,k,d > 0.

i) For any admissible strategy (m,c) € A and all ty € [0,T], z¢ € (0,00), we have

Ee [ S (8, O ()X (8))dt + ua(X™(T)) | I(to) = i, X™(to) = xo] < vi(to, z0) for i =0,1.

ii) If there exists an admissible strategy (7*,c*) = ((7%*, %), (x1*, b)) such that

(79 (t, x), ¥ (t,z)) € argmax H'(t,z, 7, c) fort € [0,T), z € (0,00)
(m,c)EMx R

where

“Vh (t,7)

Hi(t, x,T,C) £ up(t, cx) + vi(t, x) + (ri + 7TT.T]i — c)mvi(t, x) + %71' .ai.(ai)—r.wx
14
+ Z Ap [vi (t, 1- (")/.i,p)—l—.ﬂ].%') —vi(t, m)] (3.11)
p=1
+ 91, ¢) [vl—i(t, 1 — ()T xlz) — vit, a;)] :

then it follows that

v (to, o) = up B [ (8, O () X(1))dt + ua(X™(T)) | I(to) = i, X™(to) = o
m,c)eA

for i = 0,1 and all ty € [0,T] and zo € (0,00), and (7*,c*) is an optimal strategy for the
investment problem (P).
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Proof. Let an arbitrary admissible strategy (m,c¢) = ((7r0~, ), (rt, c')) be given, and suppose without

loss of generality that tg = 0 and 1(0) = 0. We denote by N the compensated Poisson process associated
to IV, i.e. .
N(t) & N(t) — Mt, t €1]0,T],

and similarly for N*1~%. Using Itd’s formula we obtain for every stopping time § with § < T
o106, XM(@)) F LD ur(s—, TG () X (5—))ds
= f<°>< fGH“H(s—,X”’C(s—),w“s*(s),cf(s*(s»ds
+ f () T DX ™ (s )0l 57 (s—, X™¢(5-)).dW (s)

+Zfo[ D (5,11 = (i) A T ()X (5-) ) = 01T (5, X)) | ANP(s)

+ Z Iy V=i [0 (5= 1= (1) T ()] X7 (5) ) = (5=, X™(5) | AN 71 (s).
i=0
We need to show that the local martingale terms in fact represent martingales. For this purpose, we
use a localization technique and set
O, £ {z € (0,00) : %<x<q} anqué[O,T—%)qu

for ¢ > % We denote by 7, the exit time of {(¢, X™(t))} from Qg and let 0, £ TATy. As X™(0,—) € Oy
and (4171 € (=00, 1)", 4' € (=00, 1)™P for i = 0, 1, there exists an r > ¢ such that X™¢(0,) € O,. It
follows that the integrands of the local martingale terms are bounded on [0, §,], and hence

B [0/ (0, X7(0,)) + Jy* w1 (5=, €17 (5) X™(s-) ) ds]
— o100, z¢) + E7¢ [fOQqHI(S*)($_7XTI',C(S_),WI(S*)(SLCI(S*)(S))dSi|_
Since v solves the HJB-system (3.9), we get
W10(0, z) > E™* [vmq) (0, XW(eq))} +E™e [ Iy (s, c(s)ﬂs—)Xﬂ:C(s—))ds} :

for any q > %

Since 6, — T as ¢ — 0o a.s., we get together with the continuity of v* for ¢ = 0,1 and the fact that
V)T, X™¢(T)) = v} (T, X™¢(T)) = uz(X™¢(T)) by (3.10) that

lim v!%)(9,, X™¢(,)) = ! D(T, X™(T)) as.

q—)
Further the continuity of uq yields
lim fo uy (s—, ) (8) X™(s—))ds = fOT uy (s—, ') (5) X™(s—))ds a.s.

q—00

The polynomial boundedness assumptions on v imply that |v?(¢, z)| < K max{z~F 2*} for i = 0,1 and
some constants K, & > 0. For vF(z) £ Ka* with k € R 1t6’s formula yields

D 1
do!Ok(xme(t)) = T EDR(XTe(t—)) | A(t)dt + B(t).AW () + Y CP(£)ANP(t) + > D'(t)dN"'"'(¢) |,
p=1 =0
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where
A@) 2 ("0 4+ (@) Tt — @) 4 Sk(k - 1)) (1) To ) (TN T A ) 1)
B(t) 2 kx! ) ().0' ), CP(t) £ [1 — (v § )T A )]k -1,
D) £ 1=y [[1 = (€17 T @) —1].

i

So o/ (MF(X™¢(t)) can be written as a stochastic exponential, i.e.

p

(t)k(ch (fO dS—i—fO W(s) +Zf()‘cp(s)de +ZfODZ Nzl z ))
= exp ([ A(s)ds) & (f; B( H [T a+cnes H [T «+Dis)).
p=1 se(0,t], s€(0,t],

ANP(S)#O AN’L 1—i(s)#0

By our assumptions on admissible strategies and the fact that £41=% € (—o0,1)" as well as ' €
(—00,1)" P for i = 0,1 the integrands A(t), B(t), CP(t), D°(t) and D'(t) are predictable and bounded;
CP(t), D°(t) and D'(t) only attain values in (—1, 00). Hence, let & > 0 such that |A(¢ )\ \B( )|, [CP(1)],

|DO(t)|, |ID*(t)| < & for t € [0,T], p=1,...,p. Then by Novikov’s condition, & ( [;B(s).dW(s)) is an
L2(P™)-martingale. Further, let

— 1 _ T e 1 .
=355 P=1D &7 =55 1=0,1,

ie. % + Zgzl &+ Z}:o €417 = 1. Thus Holder’s and Doob’s inequality yield

1

&p
E™c Sup 1 + %)épr(t)] !

t€(0,7] t€[0,T

2 D
sup o WF(X™(1))| < FTE™ | sup &(fyB(s).dW HE’”
=1 te[0,7)

[un

1

. H E7™c

1=0

< 25T &1 (J; B(s).aW (s))?] : ﬁ B [(1+ RSV D]

57,11

Sup (1 + I%)é'l 1— zNz 1— 1(t)
te[0,T)]

1

1
.HEW7C |:(1 )gzl i 1= 1(T)i|51171
i=0
Since N is an (§(-), P™¢)-Poisson process with intensity A, we get

E™° [(1 + k)pr”T)] = (RPN 0 forp=1,...p

Moreover,
ET¢ [(1 + k)éi,lfiNi,lfi(T)} —F [ZW’C(T)(I i )62 =i i L=i ()
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with Z™4(T') = dISP as given in (3.5). Thus
:|N0,1(T)+N1,O(T)

sup ‘Zﬂ’c(t)(l . R)si,l—iNi,l—i(t)‘ < 2T |: max |79i,1—i(7.1_7 C)‘

(1 i R)Ei,l—iNi,l—i(T)
te[0,7) i=0,1, (m,c)eA

where the right-hand side is in L}(P) as N%!~% is a (F(-), P)-Poisson process.

Hence, E™¢ [(1 R)ETTINT )] < 0o and finally

E™ | sup o/ OF(X™¢(t)| < oo.
t€[0,T

Since [vi(t,z)| < max{o" *(z), "% ()} the family {v!(%)(9,, X™(0,))}
and we conclude that

gL is uniformly integrable

lim E™[v/%) (8, X™¢(6,))] = E™[o!D)(T, X™(T))].

q—00

It remains to show that

lim E™[ f Ty (s—, TG (5) X™¢(s—))ds] :E”’C[foT uy (s—, 57 (5) X™¢(s—))ds].

q—00

Therefore, we consider the positive and the negative part of u; separately.

Since fogq uy (s—, ') (s) X™e(s—))tds fo uy(s—, ') (s) X™(s—))tds as ¢ — oo a.s. the mono-
tone convergence theorem yields

lim E”’C[foeq up(s—,c!57)(5) X™¢(s—))Hds] = ]E’Tvc[fOT ui(s—, 57 (s) X™¢(s—)) ds].

q—00
Further, since foeq uy (s—, ') (s)X™(s—))~ds fDT uy (s—, ') (s)X™¢(s—))"ds as ¢ — oo a.s.
and E”7C[f uy(s—, 57 (8) X™¢(s—))~ds] < oo for any admissible strategy, we get by the dominated
convergence theorem that

lim E™€¢[ f uy (s—, ') (5) X™¢(s—))~ds] :]E”’C[foT uy (s—, 57 (5) X™(s—))~ds].

q—00
Thus

lim E™€[ f Tuy(s—, clls )( ) X™¢(s—))ds] :E”’C[foT ul(s—,cl(sf)(s)X“’C(s—))ds]

q—00

is shown.

Hence, we have E”’C[IOT wy (¢, IO @) X™())dt + ug(X™(T))] < v°(0,20) for any admissible strategy
(m,c) € A, and part i) is established.

Part ii) now follows from the above argument if we note that the strategy (7*,c*) attains equality in
the preceding arguments. This completes the proof. ]

Remark 3.4. The Verification Theorem ensures that in order to solve the investment problem (P) it
suffices to determine the strategy that mazximizes the right-hand side of the HJIB-system (3.9) and to
verify that the corresponding PDE-system admits a unique global solution that satisfies the aforemen-
tioned regularity conditions.
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4 Solution for CRRA Investors with Power Utility

In this section we derive the solution of the investment problem (P) for a large investor with power
utility in a market without price jumps. First the particular HJB-system is specified. Thereafter we
reduce this PDE-system to a simpler ODE-system via choosing a suitable ansatz for the value function
v’. Finally we present a detailed solution of the investment problem for three different kinds of intensity
functions.

HJB-System. Throughout this section we suppose that there are no jumps in the asset price dy-
namics, A o
v'=0and ¢+'7" =0 for i = 0, 1. (NJ)

Moreover, we let )
Im=R"
and apply the following convention to extend the natural logarithm on R

In(x) £ —oo for x € (—o0,0].

Under assumption (NJ) the HIB-system (3.9) simplifies to

0= sup {ul(t, cx) +vi(t,z) + (r+ 7t — )zv(t, )
(m,c)ER™ X RS (4.1)

+ %WT.Gi.(Gi)T.W.%‘QU;x(t, x) + 90w, )t (¢ ) — V(e ;1:)]}
for (t,z) € [0,T) x (0,00) and ¢ = 0, 1, subject to the boundary conditions

V(T ) = ua(z), x € (0,00) for i =0, 1. (4.2)

We assume that the investor’s preferences are specified by CRRA utility functions of the form

ui(t,x) = ae*‘”l 1R(:c1’R —1), t€[0,T], z € (0,00), € € [0,0),

=0T 1

4.3
ug(z) =e 17R(1‘1_R—1), x € (0,00), (4:3)

where > 0 is the utility discount factor that accommodates the chronological structure of consumption
and terminal wealth and R € (0,00) \ {1} denotes the investor’s relative risk aversion; see Section 5
for the case R = 1 of logarithmic utility. Choosing € = 1 refers to the general problem of maximizing
expected utility from terminal wealth and from intermediate consumption as well without preferring
one to the other. The pure portfolio problem where the large investor solely gains utility from terminal
wealth corresponds to € = 0.

Remark 4.1. Usually it would suffice to consider utility functions of the form

ui(t,z) = Ee_étﬁxl_R, t€[0,7], =z € (0,00), € € [0,00),

0T 1 1-R

uz(z) = e =g, x € (0,00),

since those just differ by constants from the utility functions (4.3). But the functions (4.3) have the
advantage that those converge to the logarithmic utility functions as R tends to 1 which turns out to
be quite convenient for the solution of the investment problem for an investor with logarithmic utility.
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Notice that we take the supremum over (m,c) € R™ x R in the HJB-system (4.1), i.e. we allow ¢ to
be zero even though us (¢, cz) is not defined for ¢ = 0 if & > 0 since 25 ((cz)'~F — 1) would involve
a division by 0 in case of R > 1. If ¢ = 0 then u;(¢,cx) = 0 for all ¢,z € Rg and the problem does
not emerge. Further if R < 1 in case of ¢ > 0 then there is no problem either as then 0'=% = 0. Only
if e >0 and R > 1 then u;(,cx) is indefinite for ¢ = 0. For notational convenience we maintain the
maximization over (m,c) € R" x Ry instead of discussing the two cases (m,c) € R" x RT (¢ > 0) and
(m,c) € R"x IR(J{ (e = 0) separately. This is possible since we can overcome the problem of indefiniteness
using the convention 0' =% £ oo if R > 1 which implies 125 ((cz)!™® — 1) = —oc0. So as we are looking
for the supremum in (4.1) it does not cause any trouble to take the supremum over (7,c) € R™ x Ry

instead of (m,¢) € R™ x R in case of € > 0.

Finally, letting
UL 2 () (o (0)T) Ty, i = 0,1

denote the utility growth potentials of the markets in state 0 and 1, respectively, we assume throughout
that the markets are labeled in such a way that

WO > wl

i.e. a Merton investor without market impact would prefer state 0 to state 1.

Reduced HJB-System. In order to solve the HJB-system (4.1), we conjecture
1-R — 1-R
Ot x) = 2 ) ((2efD) 7 —1), ol(t,z) = 25 ) ((zes®~PO)TF 1) (4.4)
for (t,x) € [0,T] x (0,00) with C!-functions f, g and h on [0,7].

Remark 4.2 (Motivation for the ansatz). This particular ansatz mainly consists of two parts. The
first one is the time-dependent factor f(t) and the second one are the time-dependent discount resp.
accumulation factors e9()~Hi=13h(t),

The factor function f is necessary for the ansatz to yield a separation of the variables t and x since the
model includes consumption. If the investor was not allowed to consume then one could choose f(t) = 1
and the ansatz would also work. To see the necessity of the factor function just set f(t) =1 in equation
(4.5) below. As long as € > 0 there would remain just one term with x, i.e. the ansatz would fail.

Further the special form of the discount resp. accumulation factors is due to the major requirement in
our model that the two market states are different concerning the large investor’s point of view. This
difference is accommodated by the function h. Since market state 1 is worse than state 0 one would
expect that the wealth in state 1 is discounted at a higher rate, resp. accumulated at a smaller rate than
in state 0. Aiming at h to be non-negative we therefore subtract h from g in the ansatz for the wealth
function vl. Later on it turns out that h is really non-negative (Lemma 4.3).

Inserting the ansatz (4.4) into (4.1), (4.2) and dividing the whole equation by the positive term
(xeg(t)*l{i:nh(t))l_R yields
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0= sup {ﬁae‘ét(cl_fi — x_(l—R))e—(1—R)(g(t)—1{¢:1}h(t))
(m,c)ERM xRy

+ ﬁf’(t)(l — g~ (7R = (=R)(g(t)~1 =13 (1))

| | o (4.5)
+ f(¢) <g’(t) — 1y b'(t) + 7' + i - %R?TT.O'Z.(O'Z)T.TF —c
i, C)ﬁ(e(—l)l%u—ﬁz)hm _ 1)>}
for (t,z) € [0,T) x (0,00) and ¢ = 0, 1, subject to the boundary conditions
f(T) = €T, g(T) =0, h(T) =0. (4.6)
Collecting the terms multiplying z~(1=%) we get the following ODE for the function f
f'(t) = —ee™, f(T) ="
which has the solution
ft) =te™0 (e — (e — §)e°TD), (4.7)
The remaining terms without z yield the reduced HJB-system
0= sup {g’(t) — 1y b/ (t) + r'+7' = 1Rr .o (o))
(m,c)ERM X R
+ ) L(e—(l—R)(Q(t)—l{i:nh(t))cl—R —1)—c (4.8)

e—(e—0)e=9(T—t) 1-R
(

i,1—i -ii(1-
+ 9 () g (e R)h(t)—l)}

for t € [0,T) and i = 0, 1, subject to the boundary conditions
g(T) = 0, A(T) = 0.

The following lemma shows what we already expected when setting up the ansatz for the wealth
function — the non-negativity of the function h.

Lemma 4.3 (Non-Negativity of h). If g and h are solutions of (4.8), then
h(t) > 0 for every t € [0,T].

Proof. The assertion follows from standard ODE arguments: If h(¢) = 0 for some ¢ € [0,7] then
equation (4.8) implies
0= sup {g/(t) +70 4+ 7T’ = IRr .00 (0" T
(W,C)G]RﬁX]RBL

+ Wﬁ(e—u—mgmcl% 1) C}

— sup {g'(t) — KW@t +rt 4 T - %RT(T.Ul.(Ul)T.W
(7r,c)€]Rﬁ><IROJr

e —(1-R 1-R
+ e (e TP ) —C}

=K (t)+ 90— ol
and thus A/(t) < 0 as we required ¥° > W¥!; since h(T") = 0, it follows that h(t) > 0 for all t € [0,7]. [
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Remark 4.4 (Interpretation of h). In order to understand the role of the function h we have to take
a closer look on the ansatz for the value function v'(t,z) given by

WO(t, x) = ﬁf(t)((meg(t))lfl% — 1), vl(t,x) = ﬁf(t)((xeg(t)_h(t))k}% - 1).

Hence an investor being endowed with an initial wealth of 3:8 when the market is in state 0 at time t
would at the same time need a wealth of x§ = x3e"®) if the market was in state 1 in order to achieve the
same expected utility from terminal wealth since vO(t,z9) = vl(t,mgeh(t)). Thus €™ can be interpreted
as the investor’s exchange ratio between the two market states. Since h is influenced by the investor’s
risk aversion R the notion the investor’s exchange ratio is reasonable as another investor having a
different relative risk aversion would exhibit a different exchange ratio. Further, the non-negativity of
h implies that z§ is always bigger than or equal x when requiring v°(t, 23) = vi(t,z}). This mirrors
the fact that from the investor’s point of view state 1 is the adverse market state as compared to state
0. Therefore h, resp. €, is measuring the difference between the two market states perceived by the
investor; the bigger h the bigger the perceived difference.

In the following we present the solution of the investment problem (P) for three types of intensity func-
tions. The first one representing the two-states version of the Bauerle-Rieder investment problem are
constant intensity functions which we deal with in Subsection 4.1. The second type corresponding
to an indirect dependency on the investor’s strategy are the step intensity functions. Those are
discussed in Subsection 4.2. The third, direct type are the affine intensity functions presented in
Subsection 4.3. In each subsection we dwell on different variants of the respective intensity functions
and solve the related optimal investment problem.

4.1 Constant Intensity Functions

This subsection serves to transfer the two-states version of the Bauerle-Rieder investment problem into
the aforementioned nomenclature concerning the utility functions and the ansatz for the value function
so that the optimal strategy and the related value function are comparable to the respective strategies
and value functions of the investment problems with step, resp. affine intensity functions below.

We let the intensity functions 9!~ be given as constants, i.e.

91N, e) = O (m,c) € R™ x Ry (CT)
with C* € IR(T for i =0, 1.
Inserting those constant intensity functions into the reduced HJB-system (4.8) the latter becomes

0= sup {g'(t) — 1=y W/ (1) + T ) %R?TT.O'i.(O'i)T.ﬁ
(m,c)ERM xR

+ E_(a_g%ﬁ(6*(17R)(g(t)*1{1:1}]1(15))Cl*R o 1) e (49)

+ O (VT A-RRO) _ 1)}

for t € [0,7) and i = 0, 1, subject to the boundary conditions
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In the following we present the solution of the investment problem with constant regime shift intensities
in general (Subsection 4.1.1) at first. Afterwards we dwell on the classical Merton investment problem
with shift intensities ¥%1~* = 0 which we solve explicitly (Subsection 4.1.2).

4.1.1 Solution of the Investment Problem

In order to determine the maximizer in the HJB-system (4.9) we define functions H™ : R™ — R and
H: [0,T] x Rx R — R, i=0,1, given by
H™ (m) &2ri+ 7l = LRr T o' (0" T om,
Hc’i(t, x,c) é 67(575)8%&(6_(1_}%)%61_1% — ].) — C

where we use the already mentioned convention 0'~% £ oo if R > 1. Notice that function H' is

independent of ¢t and z if ¢ = 0. Notice here that = is just a general variable independent of the
investor’s wealth.

Using those auxiliary functions the HJB-system (4.9) can be written as

0= sup {QI(t) — 1y h/(t) + H™ () + H'(t,g(t) — Li—13h(t), )
(m,c)ERMXRYE (410)
+ Ol (e T ARG _ 1)}

for t € [0,T) and i = 0, 1, subject to the boundary conditions

Writing the HJB-system in that way it is obvious that the maximization over (7, c) € R" x IR(J]r can be
separated into two unrelated maximizations; one over m € R™ and one over ¢ € IR[J{.

To find the supremum in (4.10) we present the maximizers of the functions H™* and H%(t,x,) for
arbitrary (¢,z) € [0,7] x R. This yields a family of maximizers dependent on (¢,z). The maximizers
of the HJB-system (4.10) are then obtained by replacing x by g(t) — 1g—1}h(2).

The concavity of H™* and H%(t,z,-) and the first-order conditions imply

Lemma 4.5 (Maximizers of H™* and H%'(t,z,-)). For every (t,r) € [0,T] x R the mazimizers

7% & argmax H™'(w), ¢*(t,z) £ argmax H%'(t,z,¢), i = 0,1,
TeRM CERS—

are given by the Merton strategy, i.e.
(7%, ¢ (t, x)) = (7°M | M (t, x))

where

==
®

|
]

M é %(O’i‘(ag—r)_l'nia CM(t,ZE) é (Ef(sfé)ssfé(T—t))
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Remark 4.6 (Merton consumption rate). In Lemma 4.5 we wrote that the maximizing consumption
rate is the Merton consumption rate. However, one has to be careful with this formulation. In fact a
unique Merton consumption rate — only determined by the parameters of the price dynamics r, n and
o, the tnvestor’s relative risk aversion R, the discount rate § and the weighting factor € — does not
exist — except for the case of e = 0 where M (t,2) =0 for all (t,x) € [0,T] x R — whereas the Merton
portfolio proportions ™ are unique. This comes from the fact that every consumption rate having the
Merton form depends on the underlying functions g and h that are in turn determined by the whole
model settings and not only by the parameters mentioned above. Thus the regime switching intensities
are relevant, too. Hence we can only speak of consumption rates being of the Merton type having the
form

e T

1-R
R

==

M _ d

c(tx) = (6_(6_5)66—6(T—t))
for (t,z) € [0,T] x R. If one was searching for a genuine representative of those Merton type con-
sumption rates then a reasonable choice would be the optimal consumption rate in the classical Merton

model with only one market state. This genuine model can be obtained via choosing C* =0 fori=0,1
which results in the following ODEs for h and g

L _1-R 1-R
h/(t) = — (\IJO — \Ill) + (E—(&‘—(S‘)E%) Re R g(t)%(e R h(t) — 1), (411)
=R _1-R
g/(t) :_‘IIO—'_W%(:L_%((E*(E*(S%) R e R g(t)_1)> (412)

subject to the boundary conditions h(T) = g(T') = 0. Note that the two ODEs are uncoupled since ODE
(4.12) for the function g is independent of the function h. Denoting by (9psm, hpsy) the solution of
the ODE-system (4.11), (4.12) the genuine Merton consumption rate is given by

i L _1-r 1y,

Later on in Subsection 4.1.2 we present the explicit solution of the Merton ODE-system (4.11), (4.12)
and give the Merton consumption rate in explicit form.

If not otherwise stated we use ¢"M (t) as shorthand notation for M (t, g(t) — 121y h(t)) and simply call
M(t), i = 0,1 the Merton consumption rate, i.e.

Ci,M(t) £ cM(t,g(t) — 1{i:1}h(t)), 1=0,1.

However one always should keep in mind the dependency of c"M(t) on g(t), resp. g(t) — h(t). Only if
R =1 then the dependency on g(t), resp. g(t) — h(t) vanishes.

Remark 4.7. So far the strategy (7%*,c%*) is only a candidate solution for the optimal investment
problem. To wverify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required regularity conditions stated in the Verification Theorem 3.3.

Inserting the maximizing strategy (7*, c* (¢, g(t) — Lgi—1yh(t))) into the reduced HJB-equation (4.10)
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the latter becomes a system of coupled backward ODEs

1 _1-rR 1-R
H(E) = = (8" =¥ + (mgiimmrn) e Ol m "0 - 1) (4.13)
- COﬁ(e—(l—R)h(t) _ 1) + Olﬁ(e(l_R)h(t) - 1)’
1oy 0 s R s 1ZE 1R
§0) = =9+ s (1 (i) e 700 - 1) (4.14)
_ COﬁ(e—(l—R)h(t) -1
subject to the boundary conditions
g(T) =0, h(T)=0. (4.15)

Remark 4.8. From an arithmetical point of view equation (4.14) could be further simplified, i.e. the

term
1-R

iR 1-R
W(l_%((wﬁ%) R ¢ R g(t)_l))

could be written as .
1 e L(#)Ee*%g(t)
I—Re—(e—0)e T8 = T-R\e—(c—6)e- (Tt

too. But keeping the longer version makes it quite convenient to obtain the corresponding equations

and formulas for the case of R =1 using the convention

mr@ P —1) 2 In(x), 2 >0, for R=1,

as will be seen later on.

We now prove the existence of a solution of the two ODEs (4.13) and (4.14).

Lemma 4.9. The ODE-system given by equation (4.13) and (4.14) subject to the boundary conditions
(4.15) admits a unique global solution.

Proof. The proof is structured as follows. We first show that the ODEs (4.13) and (4.14) have a unique
local solution. Subsequently we verify that the right-hand sides of the ODEs for g, h and g — h are
suitably bounded implying that the local solution indeed is a global one.

e Definition of auxiliary functions. In order to achieve the above results we define the following aux-
iliary functions

1-R

1
0: 0,T]xRx RS =R, ot,z,y) 2 (— 27— )Fe ' “tLo(e® Y1),

e—(e—8)e d(T—D) 1-R\¢
1-R 1-R
R ¢" "R ¥ — 1))7

o [0,T] xR =R, ¢'(t,x) & 8_(8_5%(1—%((5_(8_5%)

Xz': R(J]r _ R, Xz(y) A (71)1—1'02'&(e(_l)l—i(l—R)y - 1)
and

F: [0,T]xRxRf =R, F(t,z,y) 2 —(¥° — ) + o(t,z,9) + x"(v) + X' (¥),
F'o 0,T) x Rx Ry — R, Fit,x,y) & —V" + o'(t,2) + (—1)'x"(y)
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¢t = 0,1 so that h, g and g — h satisfy
R (t) = F(t, g(t), h(t)) and ¢'(t) = Lmny B (1) = F'(t, g(t) — Li=1yh(t), h(1)).

Existence of a unique local solution. The functions o and o' are obviously continuous in ¢ and
continuously differentiable in z and y. Moreover, x’ is continuously differentiable in v, too. Therefore
F and F? are continuous in ¢ and continuously differentiable in = and y which implies that they are
locally Lipschitz continuous in = and y, too. Consequently the Theorem of Picard-Lindelof ensures
the existence of a unique local solution (g, h) to the ODEs (4.13) and (4.14). By Lemma 4.3 it follows
moreover that every local solution (g, h) has the property h > 0.

Boundedness of the ODEs. We show that F (¢, x,y) is bounded from below for every (¢, z,y) € [0,T] x
R x Ry . Further we verify that FO(t, x,y) is bounded from below for every (¢, z,y) € [0, T] x R x R
whereas Fl(t,z,y) is bounded from above for every (¢,z,y) € [0,7] x Ry x R

In order to find the desired bounds we first need that the X'’s are non-negative which is obvious
since C" and (_1)1—2ﬁ(€(—1)1*2(1—1¥)y — 1) both are non-negative as y € Rg for i = 0, 1.
Moreover o(t, z,y) > 0 for every (¢, z,y) € [0, T]x RxRg whereas ¢'(¢, z) is monotonic increasing in z

given t € [0, T]. Further ¢ (¢, 0) is finite for every ¢ € [0, 7] since 0 < §Ae < :—:—(5—5% < Ve < 00

(e > 0), resp. 0'(t,0) = 0 (¢ = 0). Hence we can define

%(T) £ min {o(¢ Y1) £ L(t,0)}, T € RY.
() tg[lg’l%}{@(,o)},é() tg%&%{@(,o)}, eR

The last results yield the desired bounds on F and F?, i.e.

F(t,x,y) > —(V° — ) for every (t,2,y) € [0,T] x R x R, (%)
FO>t,z,y) > =00 + £9(T) for every (¢,x,y) € [0,T] x R x R{ and (%)
Fl(t,z,y) < =0 + 4T for every (t,z,y) € [0,T] x Ry x Ry. (3 % %)

Global solution. Inequality (*) implies that the local solution h of (4.13) satisfies
h(t) < (U0 — UH(T —t) for every t € [0,T].

This together with the non-negativity of h yields that the local solution A(t) is linearly bounded in
t. Therefore if there did not exist a global solution of the ODE-system this could only be caused by
an explosion of the local solution g of (4.14) on the interval [0, 7.

However, inequality (xx) implies
g(t) < (W0 — (TN (T —t) for every t € [0,T]. (+)
To see this we distinguish two cases; W0 — ¢9(T) > 0 and ¥° — ¢9(T) < 0.
o U —9(T) > 0. If U0 — ¢%(T) > 0 then inequality (+*) shows that ¢'(t) = FO(t,g(t),h(t)) >
—WO0 4 £%(T) if g(t) > 0. Hence, g(t) < (W0 — £(T))(T —t) for every t € [0,T].

o U0 — ¢0(T) < 0. If otherwise ¥ — ¢9(T') < 0 then g(t) < 0 for all ¢ € [0, 7] since for every ¢ with

g(t) = 0 we have ¢'(t) = FO(t,g(t), h(t)) = FO(£,0,h(t)) > =W 4+ £°(T) > 0 which together with
g(T) = 0 implies the non-positivity of g.
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Both cases combined then yield the desired result.
Further, inequality (x * %) implies
g(t) — h(t) > —(¥! — €1(T))~ (T —t) for every t € [0, 7. (+4+)
And again we distinguish two cases; W' — ¢1(T) < 0 and ¥! — £4(T) > 0.
o Ul —¢(T) <0. If ! — ¢Y(T) <0 then inequality (* * x) shows that ¢'(t) — h/(t) = F'(t,g(t) —
) )

h(t), h(t)) < —W' + EYT) if g(t) — h(t) < 0. Hence, g(t) — h(t) > (¥' — €{(T))(T 1) for every
te[0,T7.

o Ul —¢I(T) > 0. If otherwise U — ¢1(T) > 0 then g(t) — h(t) > 0 for all £ € |
with g(£)—h(t) = 0 we have ¢/(t)—h'(t) = F(t, g(t)—h(l), h(t)) = F(t,0, h(t
which together with g(7") — h(T") = 0 implies the non-negativity of g — h.

0, T since for every £
) < —¥'+eN(T) <0

Both cases combined then yield the desired result.

Consequently, inequalities (+) and (++) together with the non-negativity of h imply that every
local solution ¢ satisfies

—(U! = YD) (T — 1) < g(t) < (90 = €X(T)) (T —t) for every t € [0,T].

Therefore, g cannot explode on [0, 7] which implies that the local solution (g, k) is indeed a global
one.

This finishes the proof. O

Remark 4.10. The proof of Lemma 4.9 turns out to be the archetype of the proofs of the existence of
a unique global solution to the respective HJB-systems. The reason for this is that the respective ODEs
only differ by the x*’s whereas the o’s and o'’s are always the same. In the following proofs concerning
the existence of a unique global solution we therefore just present the respective x*’s and prove that
these are continuous in t, locally Lipschitz continuous in x and y and further non-negative. The rest
of the proofs are completely analog to the proof of Lemma 4.9.

The proof of Lemma 4.9 directly implies the following corollaries.

Corollary 4.11 (Time-dependent bounds on g and h). Let h and g be given by (4.13), (4.14) subject
to the boundary conditions (4.15). Then

—(U = EHT) (T = 1) < g(t) < (V0 = (D) (T~ 1) (e > 0),
resp. 0 < g(t) < VYT —t) (¢ =0) and
0 < h(t) < (U° = )T ~1)

fort € [0,T) where the &(T)’s are as defined in the proof of Lemma 4.9.

Corollary 4.12 (Time-independent bound on h). Let h and g be given by (4.13), (4.14) subject to
the boundary conditions (4.15). Then

0<h(t)<h
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fort € [0, T] where h is the smallest positive root of F(y) & —(V° —U) +x°(y) + x'(y) if such a root
exists; otherwise h = oo, i.e. B )
h=min{y € R} : F(y) =0},

with the convention min () £ co, where the X*’s are as defined in the proof of Lemma 4.9.

Proof. The assertion follows from a simple ODE argument since

F(t,z,y) = —(9° = U + o(t,2,y) + X () + X' (v) > F(y)

for all (t,x,y) € [0,T] x R x R where we used the notation from the proof of Lemma 4.9. O

The boundary function on h as presented in Corollary 4.11 is a decreasing linear function that coincides
with h at maturity 7" and has a slope given by h/(T). Hence it is suitable for large values of ¢ for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
that the boundary function overshoots h by far. On the contrary the bound given in Corollary 4.12 is
adequate for small values of t. Thus combining the two bounds on A yields

0 < h(t) < min{(¥° — U1 (T —t),h}
for t € [0,T7.
We are now in the position to prove the optimality of the strategy that we found above.

Theorem 4.13 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and
g be given by (4.13), (4.14) subject to the boundary conditions (4.15). Then the strategy

(517, ¢ (1)) 2 (7, (1, 9() — L=y h(1))), ¢ € [0,T], i =0,1

as given in Lemma 4.5 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R.

Proof. Since (7%*, c"*(t)) maximizes the reduced HJB-system (4.9) for each t € [0,7T], optimality of
the strategy (7%*, ¢»*) follows directly from the Verification Theorem 3.3. O

4.1.2 Solution of the Merton Investment Problem

Having generally discussed the solution of the investment problem (P) under constant intensity func-
tions we now focus on a special variant of those, i.e. we consider the Merton investment problem in
which the regime shift intensities are zero. This enables us to explicitly solve the ODE-system given
by (4.13), (4.14).

Letting C* = 0 the ODEs (4.13), (4.14) read

W) =— (00— W) ¢ (— & %e—%g(t)% e w1 _ 7 4.16
e—(e—8)e—90(T—1) 1-R

1-R

gt)=—v+ W{MH (1 — %((6_(6_5%)7@7%9@) - 1)) (4.17)
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subject to the boundary conditions
g(T) =0, h(T)=0. (4.18)

On the basis of the procedure of solving the Merton problem with the conventional ansatz we use the
following ansatz in order to solve the above ODE-system. We suppose

9(t) = L=iyh(t) = E5 n(G'(t)) — 25 In(f(1)) (4.19)

where the function G! with G*(T) = e~ 757 is to be determined and f is given by (4.7). This ansatz
implies that

1
Notice further that
) o f’ t

Utilizing (4.19), (%) and (%) we can write the functions g and h, the Merton consumption rate ¢

and the value function v’ in terms of the functions G* and f, i.e.

9(t) = tF5 In(G(®) - 5 (f(1)),
h(t) = 12 (In(G°(1)) — In(G* (1)),
¢M(1) = eme 7 (G (1),
vi(t,2) = ga TG 0) - 20

Further inserting the ansatz (4.19) into the system (4.16), (4.17) and taking () and (%) into account
yields

—R

; 2R 1-Rig)—1,,
§() = LW () = — W'+ 5y (1 - %((5_(5_5%) e )

ro_ g I (1_i((_f’(t)) 2R gk 1))

i3

< T-R Gi) — 1-R f() R f) 1-R (1)
& (GVY(t) = —LEVG(t) - (-f' ()"
& (GY(t) = —FRVGH(t) — ere 7

Thus in order to solve the Merton investment problem we just need to solve the following inhomoge-
neous ODE for G* given by

(G (1) = —1ZRUGH 1) — eme 7o
subject to the boundary conditions G*(T) = e ®T.

The variation of constants method yields that G* can be written as

Gi(t) = @ (1) (G4 + T ket as)
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where G (t) = e V(T ig the homogeneous solution of the aforementioned ODE. Calculating the

integral we get that

i 1-Rgyirp_4_ 1 1
G(t):e R \II(T t) R5T<1+5Rﬁ(€

Inserting this solution into the above formulas depending on G? yields explicit formulas for the functions
g and h, the Merton consumption rate ¢ and the value function v’ at time ¢ that are given in the
following theorem.

Theorem 4.14 (Solution of the Merton Investment Problem). Let condition (NJ) be satisfied, and let
h and g be given by (4.16), (4.17) subject to the boundary conditions (4.18). Then the optimal strategy
for the investment problem (P) with CRRA preferences and relative risk aversion R is given by

(o, (1) = ("M, M (1)), t e [0,T]

where ,
1 5—(1—R)\I/'L
R

7_‘_i,M — %(gi,(gi)—r)fl,ni, Ci’M(t) — n cRe
1+eR

(T—1)
5—(1—R)W?
R

57(11212)@ (e <T7t)_1)

for 1 =20,1. In particular g and h are given by
—(1-R) 0
g(t) =T —t) + T ln(l + g%ﬁ(e%@—t) _ 1)) B ﬁln<%(€6(T—t) S+ 1>7
5—(1—R)wY
A(t) = (80 = W)(T — ) + g (14 eF sl (7 T~ 1)

R 1 R s—(1-Rr)w! T_
—ﬁln(l—FERm(e R ( t)—1>)

so that the value functions read

Vit ) = %xl—Re(l—R)\Iﬂ'(T—t)—éT(l 1 E%ﬁ(e%w(T_t) B 1)>R
— 2eleT (e — (e — §)e0TY)
fori=0,1.

If the investor was not allowed to consume, i.e. € = 0, then the latter formulas simplify to

7_‘_i,M — %(Ui.<0i)—r)71.77i, Ci,M(t) =0

fori1=20,1 and
g(t) = WT —t),
h(t) = (B0 — WH)(T —t),
Ui(t’ ) = eféTﬁ(mlfRe(lfR)\Iﬂ(Tft) —1)
fori1=0,1.

Remark 4.15. Remember the time-dependent upper bounds on g and h given in Corollary 4.11. The
bound on h just coincides with the corresponding function h from the Merton investment problem given
e = 0. Concerning g this holds true in case of € = 0.
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4.2 Step Intensity Functions

Having dealt with constant intensity functions we now come to a simple extension of those constant
intensities, i.e. we consider piecewise constant intensity functions that exhibit at most one jump.
Formally we let the intensity functions ¥%!~% be given as step functions of the form

with A* € R, B € R", B! € R, C* € R and C]i- € R{ for i = 0,1 and j = 1,2 where C9 > CY and
C} > C3. We omit the cases Ci = C%, i = 0,1, as this implies constant intensity functions that have
already been discussed.

Such step intensity functions have the feature that the large investor’s impact on the market is an
indirect one. This is because his strategy (m,c) only determines whether the intensity is C% or C3,
but not how large, resp. small, those two intensities are since these are predefined constants. In the
following we give some explanations and interpretations of the parameters characterizing the step
intensity functions.

Remark 4.16 (Interpretation of the intensity parameters). The step intensity functions can take on
two different values, Ci and C4, where Ci is advantageous and C}% is disadvantageous for the large
investor. Be aware of the fact that the advantageous branch of 9"~ is always closed whereas the
disadvantageous branch is always open. This turns out to be necessary for the existence of an optimal
strategy. The absolute value of the difference between those two values, |Ct — CS|, mirrors the possible
extent of the large investor’s influence. Further, BL and B! determine the strength of that influence,
resp. the sensitivity of the market concerning the strategy followed by the large investor — the bigger
|BL |, resp. | BL|, the more sensitive the market. Here BL , denotes the n-th element of B. Finally
having specified the B'’s the critical barrier separating the advantageous from the disadvantageous
strategies in terms of the resulting intensities is fized via the parameters A* and C°.

So far we only described when and to which extent the market is influenced by the large investor. The
way in which the market reacts on his actions is determined by the sign of the B'’s. We first look at the
portfolio parameter BL. A positive B,ir’n corresponds to a market in which large positions in the n-th
asset yield large (i = 0), resp. small (i = 1), transition intensities. So the other market participants
disapprove the large investor’s holdings in asset n in that his position could cause the market to turn

into the adverse state (if i = 0) or hinder an early jump back to the favorable state (if i =1).

In case of B,ir’n being negative large proportions in the n-th asset cause small (i = 0), resp. large
(i = 1), transition intensities. Thus the large investor is accepted by the market, resp. the other market
participants may think of him as having superior information about the n-th stock, such as a manager
of a prosperous fund, or an executive of the company issuing the stock or even a person having insider
information.

Having discussed the role of BL we now go on describing the consumption parameter BL. If B > 0
then consuming at a high rate implies large (i = 0), resp. small (i = 1), regime shift intensities, i.e.
the other market participants may interpret the large investor’s high consumption rate as a bad signal
for the future development, e.g. as a herald of a market crisis. Another example in which a positive
value of Bt is reasonable is the large investor being the manager of a large mutual fund. In this context
consumption can be interpreted as a reduction of the number of assets under management. A possible
reason for such a reduction could be the absence of lucrative investment opportunities.
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Finally, a negative B implies that consuming at a high rate yields small (i = 0), resp. large (i = 1),
regime shift intensities. Thus the market somehow rewards the large investor if he consumes at a high
rate. This could be the case if the investor’s presence in the market is disapproved by the other market
participants. A specialty arises if e = 0, i.e. if the investor does not draw any utility from intermediate
consumption in terms of the wutility function. In this case a negative B. may force the investor to
consume just to achieve favorable transition intensities without generating any direct utility gain. In
this context consumption could be interpreted as bribe and we will see later on that there exist parameter
specifications under which the investor pays a bribe.

Inserting the step intensity functions into the reduced HJB-system (4.8) the latter further simplifies to

0= sup {g’(t) — 1y b/ (t) + r'+r’ = L1Rr o (oN)
(mc)ERMXRYE

+ 67(675%ﬁ(e—(l—R)(g(t)—l{izl}h(t))Cl—R 1) —ec (4.20)

A . i
+ (CHl s Bi v Bie<ci) T Col{aisnT Bi s piescy) g (e 07O — 1)}
for t € [0,7) and i = 0, 1, subject to the boundary conditions

g(T) = 0, h(T) = 0.

Subsequently, we present the solution of the investment problem (P) for three different variants of
the step intensity functions. First, we discuss intensities that are influenced solely by the portfolio
proportions 7, the so called portfolio-dependent intensities (Subsection 4.2.1). Second, instead of the
dependency on 7w we look at consumption-dependent intensities being functions just of the consumption
rate ¢ (Subsection 4.2.2). And finally the most general version — the portfolio- and consumption-
dependent intensities — is regarded (Subsection 4.2.3).

We do not dwell on the simplest variant of the step intensity functions — the portfolio- and consumption-
independent intensities — since those are just a special case of the constant intensity functions which
have already been discussed in the previous section, i.e. setting B:. = 0 and B’ = 0 implies 9" ~¢(7, ¢) =
Cil{AiSCi} + C%l{Ai>Ci} for i =0, 1.

In each subsection we present the optimal strategies in closed form, i.e. we give explicit formulas for
the optimal portfolio proportions and consumption rates that only depend on the solution of an ODE-
system of which we show that it admits a unique global solution. Further we provide bounds on the
solution of this ODE-system.

4.2.1 Portfolio-dependent Intensities

In this section we study the optimal investment problem when the large investor’s portfolio proportions
impact on the intensities of regime shifts whereas his consumption has no influence, i.e. we let

B. #0and B. =0 fori=0,1, (PD)
so that the intensities are now given by

" . .
9N, e) = Cllggiqqt Bi<oiy T ColaignT Bisciy-
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We denote by
grielreR": A'+xT.BL<C')

the half space of all portfolio proportions that are favorable for the investor concerning the intensities
of regime shifts. Letting

d™(n) 2 A+ 7" .BE — "

denote the ’distance’ of the strategy 7 to the separating hyperplane, we have m € F™ if and only if
d™t(r) <0.

In order to determine the maximizer in the HJB-system (4.20) we define functions H™ : Rf x R" — R

and H%": [0,T] x R x Ry — R, i = 0,1, given by

H™(y,m) &' + 7" = LRrT.0" (o) T + (Ci1 regniy + Colrggniy) Tip (e 0B — 1),

X A ) 1 —(1-R 1-R
ch(t,IlJ,C)ﬁmﬁ(e ( )$C —1)—C

where we use the already mentioned convention 0'~% £ oo if R > 1. Notice that function H' is
independent of ¢t and z if ¢ = 0.

The HJB-system (4.20) reads

0= sup {50~ Loy (O + H7(h(t)m) + B (L9 — Loy h(0.0) (421
(m,c) ERP X R

for t € [0,7) and i = 0, 1, subject to the boundary conditions

Writing the HJB-system in that way it is obvious that the maximization over (m,c) € R™ x IE{[')F can be
separated into two unrelated maximizations; one over 7 € R™ and one over ¢ € IRSF.

To find the supremum in (4.21) we present the maximizers of the functions H™(y,-) and H% (¢, x,-)
for arbitrary (t,z,y) € [0,T] x R x RJ. This yields a family of maximizers dependent on (¢, z,y). The
maximizers of the HJB-system (4.21) are then obtained by replacing x and y by g(t) — 1g;—13h(t) and
h(t).

Concerning the consumption rate the concavity of H%(t,z,-) and the first-order condition imply

Lemma 4.17 (Maximizer of H%!(t,x,-)). For every (t,x) € [0,T] x R the mazimizer

¥ (t,x) £ argmax HY(t, z,¢), i = 0,1,
CERS_

s given by the Merton consumption rate, i.e.
At x) = M(t, x).

Remark 4.18. In case of ¢ = 0 the Merton consumption rate vanishes, i.e. ¢ (t,z) = 0.
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In order to find the maximizing portfolio proportions we let H;” Ry xR?” - R,i=0,1and j=1,2,
be given by

H;-r’i(y, m2ri+al g —iRr .ol (o) T+ C]’:ﬁ(e(_l)l*i(l—my —1)

such that H™(y, 7) = H{r7i(y,77)1{7r€g.‘7r,i} + Hg’i(y, )1 (rggmiy-

Since H ;r "(y,-) is a concave paraboloid for every y € ]RE)'r and j = 1,2, the two candidate solutions for
the maximization of H™(y, ) over 7 are 7> and 71t where

A :
Fheit & arg max H™ (y, )

{meR™: Ai4rT . BL=C"}

fori=0,1and y € ]Rar. Using the Lagrange multiplier method we find that 7>t is given by

Fierit _ (Ui.(aifr)—l'(ni_B:‘T Al (gMYT pi_ i )

#(BH)T (o8 (c) 7). B

o=

Having established the candidate solutions the following lemma presents the desired maximizers.

Lemma 4.19 (Maximizer of H™(y,-)). For every y € R the mazimizer

7% (y) £ argmax H™ (y, ), i = 0,1,

TER™
18 given by
in 7[.i,M ny < hz‘,crit7
T (y) = cierit ify > pscrit
y =z )
where o
Pt & (1) (- R +1)
with
Ci,crit é 1 ((Aif(ﬂ'i’M)_T-B;*Ci)+)_2
2 5(BY)T.(o%(o))T)L.BE
and

- . . B . (A LMY\T gi _ iyt
7_‘_7,,01'11: A %(O_z‘(o_z)'r) 1'<"71 - B7Zr%(B—;:,(gi),(gi)q)—l,)B;)'

Remark 4.20. We use the following shorthand notations

Hﬂ',i

1,crit

(y) £ H{ " (y,7*™) and Hyy,(y) & Hy ' (y, 7M)

forye]Rg and i =10, 1.

Figure 4.1 shows the three typical shapes of the functions H{”(y, ), H;”(y, ) and H™(y,-) that
correspond to the different cases occurring in the following proof of Lemma 4.19.
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_,;"‘/'J e

Figure 4.1: Typical shapes of H{”(y, ), H;”(y, ) and H™(y, ) where ™ = (—o0, 0.5]

Proof of Lemma 4.19. Let y € Rg be given. A straight forward optimization yields that the two
paraboloids H{"*(y,-) and Hy"(y,) attain their maxima at 7% . Further since C{ < C§ and C} > C3

we get that . ' ]
H"'(y,m) > Hy"(y, ) for all m € R™. (%)

In order to determine the maximizing portfolio strategy we distinguish the two cases 7> € F™ and
7.‘.i,M ¢ fFW’i.

o M ¢ gmi If 74M ¢ F™ then by () the maximizer of H™(y,-) is given by the Merton strategy
(cf. leftmost couple of plots in Figure 4.1), i.e.

M e gmi o Wi’*(y) = M,

o oM ¢ FTi If otherwise 7™ ¢ F™ then (*) implies that the maximizer of H™(y,-) is either

75M in case of Hg’;\/[(y) > Hf’cirit(y) (cf. central couple of plots in Figure 4.1), or 7% in case of
H;Jf/[(y) < Hi’cirit(y) '(cf. rightmpst couple of plots in Figure 4.1). So we have to take a closer look
on the condition Hyy,(y) < H{ . (y). Therefore with
7. ’. . . 1 1 1—4 1-R 1 Az_,’_ i, M T_B;Lr_ci +3\2
HEM0) < HIGu(w) & (G = Chep(e V00— < R D ey
& (03— O (eI 1) < ghert
7 1,crit
& ¥z ()T gm (- RS 1)
s oy > hi,crit

we get

i, M : i,crit
7Ti,M ¢ TT,’Z = Wi’*( ) _ " if y < I )
Y) = ,ﬂi,crit if y > hi,crit'

Since M € F™¢ implies h»“t = 0 and 74" = 75M the last formula covers the case of 7™M ¢ F™i,
too. Hence the maximizing strategy in state ¢ is given by

. B ,]Ti,M if y < hi,crit’
(y) - gherit  gf y > piscrit
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Remark 4.21. Notice that it is necessary for the existence of the maximizing strategy that the regime
shift intensities are defined in such a way that they always attain the favorable value C} for any strategy
7 that satisfies A' + n'.B. = C'. Otherwise, the mazximizing strategy would not exist if H(y) <

T
1,crit

(y) in case of M ¢ F™ (cf. rightmost couple of plots in Figure 4.1).

Remark 4.22 (Interpretation). The mazimizing strategy coincides with the Merton strategy when
the latter belongs to the half space of favorable strategies. If this is not the case then the maximizing
strateqy is given by the Merton strategqy as long as y is not bigger than h¥*. For all y < hH"* it is
not reasonable to deviate from the Merton strategy. Remember that y is the general variable that later
on is to be replaced by h. Thus y represents the difference between the two market states as h does.
Hence only if the difference overshoots the critical barrier h>°"* then it is reasonable to switch to the
critical strategy w1,

Remark 4.23 (Discontinuity of 7%*). The mazimizing strategy ™* is in general discontinuous at the
point y = ht. Only in the trivial case of h*"* = 0 the strategqy does not jump at all.

Remark 4.24. So far the strategy (7"*, c"*) is only a candidate solution for the optimal investment
problem. To verify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required reqularity conditions stated in the Verification Theorem 3.3.

Inserting (7"*(h(t)), ¢"*(t, g(t) — 1(;=13h(t))) into the reduced HJB-equation (4.21) the latter becomes
a system of coupled backward ODEs

() =— (00 =) + (M%)%e_%g(t)%(e%w) —1)
_ Cgﬁ(ef(lfR)h(t) -1)+ C%ﬁ(e(lfl%)h(t) —-1)
~ [108 - OByttt 1) - st B ce e
+[(Ch - O (et M0 1) - LA 0) )

g(t) ==+ (1 - %((g_(g_(sf%)%f%gm - 1))
— Y Lp(em(I-RRM 1) (4.23)
— [(€8 - €8) hple 00 ) - LU e

subject to the boundary conditions
g(T) =0, h(T) = 0. (4.24)

Remark 4.25. From the proof of Lemma 4.19 we know that

i,cri i iy 1 —D)i-i(1-R 1 (A4 (8 M)T . Bi —C?)+)?
y 2 W e (O] = ) (e Y 1) g ((%(B%()T.(o')i.(oi)T)_l).Bzir 0.
Remark 4.26. The aforementioned ODEs include the ODFEs of the classical Merton problem (first

rows) and the ODEs of the Biuerle-Rieder problem with constant regime shift intensities C% (first two
rows).
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Lemma 4.27. The ODE-system given by equation (4.22) and (4.23) subject to the boundary conditions
(4.24) admits a unique global solution.

Proof. The proof is essentially the same as the proof of Lemma 4.9. Only the x*’s are different. Therefore
we just present the actual x*’s and verify that those satisfy the necessary continuity conditions and
the non-negativity condition.

e Definition of the x'’s. In the portfolio-dependent case the x*’s are given by x' : Rar —R,7=0,1,
with
. o » ) . i N
Xz(y) A (_1)1—1 (Céﬁ(e(_l)l (1-R)y 1) 4 (Ci _ Cé)ﬁ(e(_l)l (1-R)y 1) + CZyCI’lti| )
o Continuity results on the x'’s. Being the composition of continuously differentiable functions and
the [ - ]*-function x* is locally Lipschitz continuous.

e Non-negativity of the x*’s. The non-negativity of x! is obvious. Moreover the non-positivity of ¢t
implies

L1t
(C) = C8) g (e 07 — 1) > [(CF = Cf) g (e (=R — 1) 4 (Ot
since we required O < C3. Hence the non-negativity of the x° is proven as

X’ (y) > —C‘fﬁ{(e*(kmy —1) >0 for every y € Ry

The remainder of the proof is identical to the proof of Lemma 4.9. U
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Figure 4.2: g (left) and h (right) as functions of ¢
(r®=7r'=0.03,7°=0.1,7n" =002, 06°=03,6"'=06,5§ =0.035,c=1, R=3, T =1,
A =17, B2 = —5,C°=14,C% =5,C9 =10, A' =5.5, B = —4.1,C' =5, C{ =5, C3 = 1.25)

Figure 4.2 shows an example for g and h. It can be seen that in this particular example h seems to
be bounded from above, i.e. the difference of the two market states as perceived by the large investor
cannot be arbitrarily large.

The proof of Lemma 4.27 directly implies the following two corollaries.
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Corollary 4.28 (Time-dependent bounds on g and h). Let h and g be given by (4.22), (4.23) subject
to the boundary conditions (4.24). Then
(U =) (T —1) < g(t) < (¥° = X(DT) (T — 1) (¢ > 0),
T —t) (e =0) and
(U0 — (T —t)
fort € [0,T) where the &(T)’s are as defined in the proof of Lemma 4.9.

Corollary 4.29 (Time-independent bound on h). Let h and g be given by (4.22), (4.23) subject to
the boundary conditions (4.24). Then
0<h(t) <

h
fort € 0, T] where h is the smallest positive root of F(y) = —(W° — U) +\O(y) + x'(y) if such a root
exists; otherwise h = oo, i.e. - )
h=min{y € Ry : F(y) =0},

with the convention min () £ co, where the X*’s are as defined in the proof of Lemma 4.9.

Proof. The assertion follows from a simple ODE argument since

F(t,z,y) = —(¥0 = U + o(t,2,y) + X () + X' (v) > F(y)

for all (t,z,y) € [0,7] x R x R where we used the notation from the proof of Lemma 4.9. O

Figure 4.2 reveals that the boundary function on h as presented in Corollary 4.28 is suitable for large
values of t whereas for small values of ¢ the non-linear behavior of h implies that the boundary function
overshoots h by far. The converse is true for the bound given in Corollary 4.29. Thus combining the
two bounds on A yields

0 < h(t) < min{(¥° — U (T —t),h}

for t € [0, 7).

The following theorem ensures that the strategy given in Lemmas 4.17 and 4.19 is indeed the optimal
strategy for the optimal investment problem.

Theorem 4.30 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and
g be given by (4.22), (4.23) subject to the boundary conditions (4.24). Then the strategy

(7" (1), (1) & (77 (h(t)), (L, g(t) — L=y h(t))), t €[0,T], i =0,1,
as given in Lemmas 4.17 and 4.19 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R.
Proof. Since (m%*(t),c"*(t)) maximizes the HJB-system (4.21) for each t € [0,7], optimality of the
strategy (7"*, c*) follows directly from the Verification Theorem 3.3. O

Remark 4.31. Notice that the optimal consumption rate is of the Merton type but differs from the
genuine Merton consumption rate as the underlying functions g and h are different from those in the
Merton setting.
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Figure 4.3: Optimal strategy vs. Merton strategy: 7* and 7> as functions of ¢
(r®=7'=0.03,7°=0.1,7n" =002 0°=03,6"=06,6§=0.035,c=1, R=3, T =1,
A =17, B = —5,C"=14,C) =5,CY =10, A* =55, Bt = —4.1,C' =5, C{ =5, C3 = 1.25)

Figure 4.3 shows the optimal portfolio strategy and the Merton portfolio strategy in a setting where
B! is negative for i = 0,1. Hence the large investor is forced to follow a portfolio strategy that
temporarily exceeds the Merton proportion in order to generate advantageous regime shift intensities.
In the example of Figure 4.3 the deviation is about 23% in state 0 whereas in state 1 it amounts to
about 10%.

Further the strategy plotted in Figure 4.3 shows a typical feature of the optimal strategy for the large
investor: Usually there exists a point in time, ¢* € [0, 7], such that 7*(¢t) = 7% on [t!,T], i = 0, 1.
This is due to the fact that with a decreasing time to maturity a regime shift becomes more and more
improbable. Thus the only reason forcing the investor to deviate from the Merton strategy loses its
strength when the time to maturity gets smaller. Hence the investor follows the Merton strategy as

soon as the maturity is close enough.

The special form of the optimal portfolio strategy suggests a separation into the Merton strategy and
an additional hedging component, i.e.

7 () = 7t 4+ 7 (), i = 0,1,

where the hedging component 7% is given by

i i i _ i Az ﬂ.i,kf TB;—CZ +
™ 7H(t) - _(U '(U )T) 1,Bﬂ- ((B;)_T. Ji')(ai)T)_yBg% l{h(t)Zhi,cric}.

This hedging component represents the necessary adjustment of the Merton strategy due to the in-
vestor’s influence on the regime shift intensities.

Notice that (7% (¢))T.BL < 0. The following lemma shows that 7/ benefits the regime shift intensi-
ties.

Lemma 4.32. The optimal strategy (7"*, ct*) satisfies
190,1(7r0,*(t>760,*(t)) < ﬁo’l(ﬂo’M,CO’M(t)) and ,191,0(71_1,*(75)’01,*@)) > 191’0(7T1’M,617M(t))

for every t € [0,T].
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Proof. The assertion follows since

9o (WO’* (1), CO’*(t)) = C?l{AO+(FO,*(t))T_Bg§00} + Cgl{AO+(7rO,*(t))T.Bg>CO}
— 0 0
=C] 1{AO+(7TO,]VI)T_Bgr+(7r0,H(t))T'B_(I)rSCO} +C5 1{AO+(7TO,]\/I (£))T.BO (n0-H (£)) T .BO >0}
< C?].{AO+(7TO,M)T.B‘2§CO} + Og].{A0+(ﬂ.O,M(t))T'B?r>CO}
— ,190,1(71_0,M’ CO’M(t))

and

191’0(7T1’*<t), Cl’*(t)) = Clll{Al-i-(wlv*(t))T.B}rgCl} + C2ll{A1+(7r17*(t))T.B}r>C’1}
= OHL{an (M) T BY (e ()T <0} + O3 (AL (rM (1) T BL4 (e ()T BY>C1)
> Cilpars (rianyT precty + Cal{ar (mm) T prscny
— PLO (M LM (4

as (r"H (1)) 7. BL < 0. O

Remark 4.33. Notice that the optimal strategy is a compromise strategy. At first glance the large
investor is optimizing only the utility criterion of trading optimally in terms of generating the highest
possible expected utility from intermediate consumption and final wealth. But as compared to the Merton,
resp. the Bauerle-Rieder model the investor also faces another criterion hidden in the utility criterion:
The investor aims at investing in such a way that the regime shift intensities are as favorable as possible.
We call this hidden criterion intensity criterion.

Of course, the regime shift intensities implied by the choice of a certain strateqy determine the per-
formance of the investor’s wealth and hence the intensity criterion is already covered by the utility
criterion. But since the investor’s influence on the regime shift intensities is the key point of our model
we regard the intensity criterion as a second criterion the investor has to deal with when solving the
optimal investment problem.

Thus the large investor faces a trade-off between optimizing the utility criterion on the one hand and
optimizing the intensity criterion on the other hand. Pursuing only the utility goal would imply the Mer-
ton strategies to be optimal. However, solely aiming at favorable intensities would render any strategy
in the favorable half space T™° to be optimal.

The optimal strategy that we derived here lies — as combination of the Merton strategy and the critical
strategy which is part of F™ — somewhere in between those two extreme strategies. Thus it is in general
different from the Merton strategy but generates better regime shift intensities than those the Merton
strategy would yield, i.e. it accommodates the aforementioned trade-off so that the notion compromise
strategy s legitimate.
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4.2.2 Consumption-dependent Intensities

Instead of the portfolio proportions now the consumption rate determines the intensities of regime
shifts, i.e. we let
B! =0and B, #0 for i =0,1, (CD)

so that the intensities are given by
ﬁi’l_i(ﬂ', C) = Cil{Ai—i-BchCi} + Cél{Ai+Bgc>Ci}-
We denote by
o4 & [c e R : Al 1 Bie < C')

the half space of all consumption rates that are favorable for the investor concerning the intensities of
regime shifts. In analogy to the previous subsection we let

d'(c) 2 A"+ Bic — C"
denote the "distance’ of the strategy c to the separating hyperplane, i.e. ¢ € 7% if and only if d**(c) < 0.

In order to determine the maximizer in the HJB-system (4.20) we define functions H™* : R" — R
and H% : [0,T] x R x Rf x Rf — R, i =0, 1, given by
H™(m) &r' + 7'y’ = LRa T 0" (o") " .m,
HY (t, 2y, c) 2 8_(8_6)5%%%(6*(171%)90017}% —1)—c
+ (Cil{ceﬂfm} + Cgl{c¢§c,i})ﬁ(e(fl)lﬂ(lilay — 1)

where we use the already mentioned convention 0’ £ oo if R > 1. Notice that the dependency of
H®* on t and x vanishes if ¢ = 0.

The HJB-system (4.20) is given by

0= s {0 Ly F O+ BV ¢ H 0 - Lenh(®).h0.0) (429
(m,c)ERM xRS

for t € [0,T) and i = 0, 1, subject to the boundary conditions

As in the portfolio-dependent case taking the supremum over (7,c) € R" x IR(')F can be separated into
two unrelated maximizations; one over 7 € R™ and one over ¢ € ]Rar.

To find the supremum in (4.25) we present the maximizers of the functions H™* and H%'(t, x,y, ) for
arbitrary (t,z,y) € [0,7] x R x Ry. This yields a family of maximizers dependent on (¢, ,y). The
maximizers of the HJB-system (4.25) are then obtained by replacing x and y by g(t) — 1=, h(t) and
h(t).

Concerning the portfolio proportions the concavity of H™* and the first-order condition imply
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Lemma 4.34 (Maximizer of H™). The mazimizer

7% & argmax H™'(w), i =0, 1,
TeR?
s giwen by the Merton strategy, i.e.
,n_i,* _ ﬂ'i’M.

In order to determine the maximizing consumption rate we let H;z :[0,T] x R x R x R — R,
1=0,1and j = 1,2, given by

; _(1— _ ; _1\l—i(q_
H;’Z(ta%y,c)ésf(%&;%ﬁ(e @ R)a:cl R*l)*CjLC}ﬁ(e( 1 @ R)yfl)

such that H®'(t,z,y,c) = Hf’i(t,a:,y, ) cegery + H;’i(t,x,y,c)l{c¢gc,i}. Again HJ“ is de facto a
function solely of y and ¢ in case of € = 0.

If € > 0 then H;’i(t,w,y, -) is concave for every (t,z,y) € [0,T] x R x ]Rg and j = 1,2. Therefore the
two candidate solutions for the maximization of H%!(t,z,y, ) over ¢ in (4.25) are ¢™ and &°* where

gherit (t) L arg max qu‘(t’ T,y,c).
{CE]RJ : A'L+BéC=CZ}

If £ = 0 then Hj’i(t, x,y,-) is linearly decreasing in ¢ implying ¢ (t,z) = 0.

Note that &erit only exists if BY > 0 and A" < C%, resp. B. < 0 and A’ > O, where it is given by
—All;icl for ¢ = 0,1. Otherwise the set {c € IRSr : A+ Bic = Ci} would be empty.

Having established the candidate solutions the following lemma presents the desired maximizers.
Lemma 4.35 (Maximizer of H%!(t,z,y,-)). For every (t,z,y) € [0,T] x R x R the mazimizer

Ci’*<t,.%'7y) é argmaXHC,i<t7x7y7 C)7 Z = 07 17

cE]R(T
s given by
7,% CM(t? l’) ny < hi,crit(t7 J?),
At ry) =9 . .
cscrit (t, CL’) ’Lf y > hlacrlt(t :L'),
where —
 eri . 7,cri t,
() £ () g n (1 B 1)
with

0 if Bt <0 and A < C"°,
i crit 2 1 _ @M ta))t\I-R ) Ldﬂ»i(cM(tw))ﬂ M if B; <0 and A" > C",
C (tax) |: <(1 B};CM(t,x) ) ]. + B;L;C]M(t,x) C (t, ﬂf) or Bé > 0 a,nd A'L S C’i?
—00 if B> 0 and A' > C",
if e > 0, resp.
0 if B: <0 and A® < C°,
(i_ciy+  if BL <0 and A" > C",
B or BL >0 and A* < C°,
—00 if B >0 and A > C",

Ci,crit (t,:l)) L
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ife =0, and

cM(t,x) if BL >0 and A® > C%, or B. <0 and A® < C",

cM(t,:n)—(dC’i(C]fB%)))Jr if B> 0 and A' < O, or B. <0 and A" > C".

Ci,Crit(t’ ZL‘) L {

Remark 4.36. Notice that in contrast to the portfolio-dependent setting the critical value K" is no
longer constant. It is now a function of the Merton type consumption rate ™. Only if e = 0 then (¥t
and consequently h*"* are just constants independent of t and x. Further ¢ = 0 implies M (t,2) = 0
such that ¢ s constant, too. The mazimizing consumption rate ¢* is therefore just a function of y.

Remark 4.37. We use the following shorthand notations
HY ot 0,) & H (82,9, ¢ (¢, 7)) and Hg'y (t,0,y) £ Hy' (82,9, (1, 2))
for (t,x,y) € [0,T) x R x R§ andi=0,1.

Remark 4.38. The typical shapes of the functions H%(t, z,vy,-), Hf’i(t,x,y, -) and Hg’i(t,m,y, -) are

comparable to those of the functions H™(y,-), H{”(y, ) and Hy"(y,-) as presented in Figure 4.1, i.e.

ch’i(t,:c,y, ) and Hy'(t,z,y,-) are also strictly concave and exhibit a unique mazimum. Thus Figure
4.1 also serves as helpful illustration for the proof of Lemma 4.35.

Proof of Lemma 4.35. Let (t,z,y) € [0,7] x R x R{ be given. A straight forward optimization yields

that the two functions H{"'(¢,z,vy, ) and Hy"(t,z,v,-) attain their maxima at ¢ (¢, z). Further, since
CY < CY and C} > C3 we get that

Hf’i(t,x, y,c) > Hg’i(t, z,y,c) for all c € R{. (%)

First we consider the trivial cases B! < 0 and A® < C%, resp. B > 0 and A® > C? in which the intensity
functions are constant on the whole R™ x IRSF.

e Bi <0 and A" < C'. If B! <0 and A’ < C? then ¢ € F4 for all ¢ € Ry Therefore, H* = H{' and
consequently the maximizer of H(t,x,y,-) is given by the Merton rate, i.e.

Bi<0and A" < C' = & (t,x,y) = M(t,x).
e B.>0and A" > C". If B, > 0 and A" > C’ then ¢ ¢ F' for all ¢ € Ry. Thus, H" = HS" and the
maximizer of H*(t,z,y,-) is again given by the Merton rate, i.e.
Bi>0and A" >C" = &t x,y) =Mt x).
e B! >0 and A* < C%, resp. B. < 0 and A* > C%. In case of B. > 0 and A* < O, resp. B! < 0 and

A > (% the intensity functions exhibit a jump in R x ]R(T and we need to distinguish the cases
cM(t,x) € T and M (t,x) ¢ FO.

o M(t,x) € F'. By (x) it follows that the maximizer of H%'(t,z,,) is given by the Merton rate,
ie.
Mt x) e T = Mtz y) =Mt ).
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o Mt 2) §Z Fei. Otherwise, if ¢ (t,z) ¢ F then (x) implies that the maximizer of H% (¢, z,y, ")
is either ¢ (t,z) in case of HQM(t z,y) > Hy Cnt(t,l‘,y) or ¢Mt(¢, x) in case of H;:;J(t,x,y) <
HY Crlt(t x,y). Hence with

H263\4(t z,y) < lcrit(t z,y)
i ’L l i
& (03— CHER( 0By 1)

1)1—Rr\€
cz M T + _ CJCM = + )
[ L (1= W) IR ) o eS| M (1, 0) i e >0,
(it

B’L leZO,
& (Ch— CHplp(eD ARy 1) < cherit(y g

& yz ()T (( - RSE 1)

._\

<

.'J;

& y> hi’crit(t7x).

we get
Mt x)  if y < hbiY(t, x),

Mt,2) ¢ 50 = C"’*(t,x,y)Z{c‘
C

z,crit(t7 SC) if y > hz‘,crit (t, x)

As hPerit(t, ) = 0 if M (¢, 2) € F¥ the latter formula also covers the case ¢M (¢, z) € Fo.

Finally with 2" (¢, 2) and ¢ (¢, 2) as defined for the trivial parameter specifications the maximizing
strategy in state ¢ is given by

oty = 4 C(be) iy <Y ),
b )T, = L. i,Cri
Yy cherit (t, Qj‘) if Yy > hz’crlt(t, J?)

Thus the lemma is proven. O

Remark 4.39 (Interpretation). The mazimizing consumption rate coincides with the Merton con-
sumption rate when the latter belongs to the half space of favorable consumption rates. If this is not
the case then the maximizing consumption rate is given by the Merton consumption rate as long as y
is ot bigger than h>“"*(t,x). For all y < h*"'(t,x) it is not reasonable to deviate from the Merton
rate, i.e. the utility criterion dominates the intensity criterion as discussed in Remark 4.33. Only if y
overshoots the critical barrier h»"'(t, z) then the mazimizing consumption rate switches to the critical
rate ¢>Mit(t, ) since then the intensity criterion is more important than the utility criterion.

Remark 4.40. Even if ¢ > 0 it is possible that the mazimizing consumption rate c'*(t,z,y) is zero.
This happens if y > h*i%(t,x) in case of B > 0 and A® = C' with R < 1 because in this setting
the critical consumption rate is given by c*"*(t,x) = 0. Notice that ho'(t, ) is finite if BL > 0 and
Al = C" with R < 1 so that y > hb"(t, ) is possible.

Remark 4.41 (Discontinuity of ¢“*). The maximizing consumption rate c“* exhibits jumps at all
points (t,&,7) in which § = h*"*(t, %) and moreover cM (t,&) # ¢t (t, &).
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Remark 4.42 (Interpretation in case of ¢ = 0). Choosing ¢ = 0 represents a model in which the
investor does not draw any utility from intermediate consumption at least concerning the direct impact
of consumption on the wutility functions. In the standard model without the investor’s influence the
optimal consumption rate consequently is 0. In our model this is different. When y > h“"* in case of
Bl < 0 and A* > C* then the mazximizing consumption rate is given by ¢t = AZ Cl > 0. Thus,

the large investor consumes although this is not beneficial in terms of the utility from intermediate
consumption. The reason for this behavior is that except for the case of B. < 0 and A* > C' a

consumption rate of 0 yields the smallest (i = 0), resp. biggest (i = 1), possible intensity of a jump to
the adverse (z 0) resp. fcwomble (i = 1), market state. Only if BL <0 and A* > C* then consuming

at a rate of — (i =0), resp. bigger (i = 1), intensity than consuming at a

rate of 0. Therefore, in order to reduce (i =0), resp. augment (i = 1), the probability of a jump to the
adverse (i =0), resp. favorable (i = 1), market state, the large investor may consume.

So far the above explanations are only relevant for the general mazimizing consumption rate c*(t, x,y)
and not necessarily for the optimal consumption rate. This is because it is not clear whether the situation
h(t) > At — remember that the mazximizing strategy of the HJB-system (4.25) is obtained by choosing
y = h(t) — could really occur. But later on we will provide an example showing that the aforementioned
situation is really possible.

The following lemma provides a link between the maximizing consumption rate in case of ¢ > 0 and
e=0.

Lemma 4.43 (Limiting behavior of cherit pierit and ¢t as e tends to 0). Denote by -3¢, h5T gnd

e>0 7 ""ex>0
* crit ,crit
cz’>0, resp. cl5 S hz o and c8 o the cmtzcal consumption rate, the critical barrier and the maximizing

consumption rate in case of € > 0, resp. ¢ = 0. Then the following holds true for every (t,x,y) €
0, 7] x R x Ry .
i) hH(l) St ) = (¢, ).

ii) hm h;f&t( x) = B (¢, x) unless B > 0 and A" = C' in case of R > 1.

ii1) hn% c€>0(t,x, y) = Ci’io(t,x,y).
Proof. Let (t,z,y) € [0,T] x R x R{ be fixed and notice that lim._oc™ (t,x) = 0 for every (t,z) €
[0,7] x R.
ad i) The assertion follows directly from lim. .o cM (¢, z) = 0.

ad ii) If B < 0 and A® < C%, or B. > 0 and A® > C" then there is nothing to prove. So let B: < 0 and
A > C% or Bl >0 and A* < C? in the following and consider

tmg 511 ) = [ (0= ) T 1) ¢ %}CWW)
:;ii% (dc,i(ciégt,z))) +hm (( (dC;ZCJZI(ttg;) 1) CM
= U 4 lim g R(u ) "~ 1) M (k)
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We now show under which conditions lim._,g ﬁ((l — %’#)14% — 1) cM(t,2) = 0 which

implies lim. . CZ Cm(t,m) = C; Clgt(t x) and consequently also the assertion. To analyze the last limit
we have to distinguish the following cases.

e Bl <0 and A" = C*. Here (d*(c™(t,)))* = 0 which implies
c,i CM T +\ 1—-R _
Pl ((1 = ) T 1) ) = g (17 1) () =0
e Bl <0 and A" > C*. Consider
lim — ((1 — 7(dc’i(rcM(t’m)))+)l_R — 1) M(t,x)

-0 1-R BicM(t,z)
= i 71«2 ((BiCM(tax)—(ézi(CM(tx))V)1—R(CM(t’ )~ (=R _ 1)CM(t’ z)
_ ;_{% L ((Bé.cM(t,x)f(ézi(cM(t,m)))'*')1*R(CM(t7 )" "RI M 2y CM<t,x)>
= lim 1 (PR PR N (1)l e (1)
=0
B (ba)—(d (M (b))t . (ATODY which is strictly positive as Bg < 0 and A* > C".

since lim._,q B = B

e B! >0 and A" < C*. Consider now

tim 1 (1= EREG) T 1) Mt )

. i oM (¢t 2)—(dSi (M (t.2)))F N\ 1—R
R (e e O

since lim._,o By (t’”%;c(ﬁfé(g/’ GODT _ q if Bi>0and A® < C°.
e Bl > 0 and A" = C%. Notice that (d*(c"(t,z)))* = BicM(t,z) if B > 0 and A’ = C'. Thus
L @ et
BicM(tz)

= 0 and therefore

L(l - (dc,i(ICM(t,x)))ﬁ*)l_R _ O lf R < 1,
- BeeH(ta) —oo if R>1.
Hence lim._o 115 ((1 - %)I_R - 1>cM(t, x) =0 if R <1 whereas the limit is undefined
if R > 1.

ad 4ii) Assertions i) and ii) imply that lim. ¢ ci’;o(t, x,y) = cé’io(t, z,y) unless Bl >0and A' = C"in
case of R > 1. Nevertheless the assertion is still true even if B, > 0, A® = C* and R > 1 because in
that case lim._,o CZ’_:’;T(;t(t x) = cécrét(t r) =0 = lim._ocM(t,z), i.e. as & tends to 0 the Merton as well
as the critical consumption rate cifot(t x) converge towards 0 which is the optimal consumption rate
in case of € = 0. Hence in the limit the distinction into the cases y < hgrét(t x) and y > h;f&t(t x)

is irrelevant and therefore lim._, c£>0(t z,y) = c2y(t,z,y) holds true without any restriction. This
finishes the proof. O
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Remark 4.44. So far the strategy (7%, c"*) is only a candidate solution for the optimal investment
problem. To wverify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required regularity conditions stated in the Verification Theorem 3.3.

Inserting (m"*, ¢"*(t, g(t) — 1;=1yh(t), h(t))) into the reduced HIB-equation (4.25) the latter now be-
comes a system of coupled backward ODEs which for ¢ > 0 is given by

1 1-R 1-R

H(E) = = (07 = 0) + (i) P 790 g 7

gﬁ(e—(l—R)h(t) _ 1) + C%ﬁ(e(l_R)h(t) - 1)

“(1-R)h A0 BOM (1,g(t)—C0)*+ \ 171
- [t = ey etpte O -y [ (1 - SHEERE ) 1)

ht) _ 1)

0 0.M 0N+ (4.26)
+ +B§OCM('E;?£§) ) }CM(t,g(t))] Lin(ty=hoerit(t,g(1))}
L R)h(t 1 (A'+BLeM (Lg(t)=h(t) -C)* \ '~
+[(€ = OO -1+ [ (1 - MRS TE) T )
Al 1M (g _ 1
44 +B§36M((fg((i)_,s(3) o }CM(tg(t) - h(t))} Lin(e)>hverit (t,g(t)—h())}
5 s AP
g'(t)=—9+ (=) 5T (1 - %((5_(5_5;—6@—@) memmet) 1))
gﬁ(e—(l—R)h(t) _ 1)
A0 BOM oy+\ 1-R (4'27)
N [(Cl C9) (e . [%((1 (A%+BEo (ta(1)-C") ) _ 1)
(A%4-BOeM (t.g(t))—CO)*T | M
+ BQcM(?g(t)) }C (t,9 ] >hO0-erit(t,g(t))}
subject to the boundary conditions
g(T) =0, h(T)=0. (4.28)
If € = 0 then the ODE-system reads
W) = — (30— 0)
_ Cgﬁ(e*(lfl%)h(t) —1)+ C%ﬁ(e(lff%)h(t) —-1)
—(1— 0_c0y+ 4.29
-~ 1_ 1y
+ ((CﬁL - Cgl)ﬁ(e(l R)h(t) - 1) —'I_ %)1{h(t)2hl,crit},
gt =—-v°
— O g (e” 1M 1) (4.30)

1 0 0y+
(( ? Cg)ﬁ(e (1 R)h(t) — 1) —+ %) 1{h( )>h0 Crlt}

subject to the boundary conditions
g(T) =0, h(T)=0. (4.31)
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Remark 4.45. The aforementioned ODEs include the ODFEs of the classical Merton problem (first
rows) and the ODEs of the Biuerle-Rieder problem with constant regime shift intensities C% (first two
rows).

Remark 4.46 (Implicit barrier on h). In ODE (4.26) we utilized the condition h(t) > h*“"*(t, g(t) —
Li—1yh(t)). In state O this is an explicit condition on the function h because ROrit(t, g(t)) does mot
depend on h(t). However in state 1 this condition can be either explicit or implicit depending on
the parameters A, BL and C'. For the trivial specifications B: < 0 and A' < C*, resp. B! > 0
and AY > C', the barrier h1t(t, g(t) — h(t)) is given by 0, resp. oo, implying that the condition
h(t) > hY<rit(t, g(t) — h(t)) is explicit. But if B} < 0 and A' > C1, resp. B! > 0 and A' < C*, then
RYerit (¢ g(t)—h(t)) is by itself a function of h(t). Consequently, the condition h(t) > hbit (¢, g(t)—h(t))
s implicit. Nevertheless we keep this implicit condition for notational convenience and because later on
in the logarithmic case (R = 1) it turns out that h>"*(t, g(t) — Li=1yh(t)) is completely independent of
the functions g(t), resp. g(t) —h(t), rendering the condition h(t) > h""(t, g(t) — 11y h(t)) explicit in
both states and for all parameter specifications. So far the implicit condition h(t) > hY"t(t, g(t) — h(t))
may be better understood when written in the equivalent way as Hg’l(t,g(t) — h(t), h(t),cM(t, g(t) —

h(t))) < H{'(t,g(t) — h(t), h(t), e (t, g(t) — h(t))).

Lemma 4.47. The ODE-system given by equation (4.26) and (4.27) subject to the boundary conditions
(4.28) (¢ > 0), resp. (4.29) and (4.30) subject to the boundary conditions (4.31) (¢ = 0), admits a
unique global solution.

Before proving the lemma we first provide some helpful technical results.

Lemma 4.48. The following holds true for R > 0 and z > —1.

_ B (e
i) 1R((<11;)>_; 1) >z (R#1), resp. In(1+2)(1+2) >z (R=1).

i) _%R((l +z)—% 1)<z (R#1), resp.In(1+2)<z (R=1).

i) —5((14+2)" R —1) <z (R#1), resp. n((1+2)) <z (R=1).
Moreover, the assertions are even true in the limiting case z — —1.

Proof. We prove the above assertions for R # 1. In case of R = 1 the proof remains valid using the

convention 15 (2'"# — 1) £ In(z) for R = 1. Let z > —1 and define the following auxiliary functions

©1, P2, w3 and 1 : (—1,00) — R given by

e I
p1(z) = —= —T s p2(2) = —2p((1+2)7 " —1),
(142 F

p3(2) £ R((L+2)7F 1), 9(2)

(1>

1-R

ad i) Since ¢} (2) = 25 ((1+2)"® —1) + 1 is strictly increasing, ¢ is strictly convex. Further, 1 is
the tangent of ¢ at the point z = 0. Therefore ¢1(2) > ¢(z) and the assertion is proven.

In order to prove that the assertion is still valid in the limiting case z — —1 we have to distinguish the
cases R > 1 and R < 1.
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e R > 1. If R > 1 then the numerator of ¢; converges to a finite limit as z tends to —1, i.e.
1-R
lim, , —%((1—#2)7 r—1) = % whereas the denominator diverges, i.e. limz_,_1(1+z)7% = 00.
Hence, lim,_,_; ¢1(2) = 0 > —1 and the assertion is proven.

e R < 1. If otherwise R < 1 then we first write the assertion in an equivalent way

B (14 FHE_
NEPS = G

Y (142)" R
Now the numerator as well as the denominator of ¢, diverge as z tends to —1, i.e. lim,_, 3 % ((1 +

z)_% — 1) = o0 and lim,_, (1 + z)_% = 00. Thus we can apply 'Hopital’s rule and get

N o Cr 1 (Lo ) N _
zlgg P1(z) = zlinﬁ L (42 1) N zgnjl R+2)=0<1

which is the desired result.
ad i) Now ¢h(z) = (1 + 2)7% is strictly decreasing implying that g is strictly concave. Once again,
1 is the tangent of y9 at the point z = 0 yielding the assertion p3(z) < ().

Since lim, 1 ¢a(z) = —00 < —1 (R < 1), resp. lim,—,_1 ¢2(2) = £z < —1 (R > 1), the assertion is
still true in the limiting case.

ad 4ii) Since ¢4(z) = (1+2) ™ is strictly decreasing, s is strictly concave. Moreover, 9 is the tangent
of @3 at the point z = 0 and therefore the assertion ¢3(z) < ¢(z) is valid.

Aslim. 1 @3(2) = =125 < —1 (R < 1), resp. lim,—._1 p3(2) = —0o < —1 (R > 1), the limiting case
is proven, too. O

Now we can prove Lemma 4.47.

Proof of Lemma 4.47. The proof is essentially the same as the proof of Lemma 4.9. Only the x'’s are
different. Therefore we just present the actual x*’s and verify that those satisfy the necessary continuity
conditions and the non-negativity condition.

e Definition of the x"’s. The x'’s are given by x' : [0,7] x R x R§ — R, i = 0,1, with
X(t ) 2 (- (G (e O )
+ [(C{ — )L (e TR gy Ci,crit(t7$)] 1{y2hi,cm(t7x)})‘
o Continuity results on the x*’s. We distinguish the three cases that already appeared in Lemma 4.35.
e Bl <0 and A" < C'. If Bl <0 and A® < C* then (»"'(t,2) = 0 and h*" (¢, 2) = 0. Hence

i —if i —1)—i(1— i i —1)=i(1-
Y (k) = (—1)1 7 (Chlg (el 7R 1) 4 (O] = ) L (el 7007 Rw — 1))

T
= (-D'"Ci Ly ("D A-Ry _ 1),
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e Bi>0and A" > C'.If B >0 and A' > C" then h**(t,z) = oo for every (t,z) € [0,T] x R and
Xt x,y) = (1) i (DT 0By

e Bi<0and A" > C*, or B >0 and A* < C*. If B < 0 and A® > C% or BL > 0 and A* < C,
then we know from the proof of Lemma 4.35 that y > h>“it(¢, x) is equivalent to

0 S (Ci _ C%)ﬁ(e(_l)l_l(l_R)y _ 1) + Ci,Crit(t’ x)

implying
. "y 1 4 ) 1—i o +
Xt 2,) = (1) (O (el D 00 1) 4 [(CF ) (el D 0wy e, )] ).

In all three cases X' is continuous in t, and further, as a composition of continuously differentiable
functions in z and y and the [ - |*-function locally Lipschitz continuous in x and y.

o Non-negativity of the x*’s.

e B! <0 and A® < C% or B. >0 and A® > C*. The x"’s are trivially non-negative because y € Ry .

e Bl <0 and A" > C?, or B! >0 and A* < C". The non-negativity of x! is obvious. In order to see
that x° > 0 we need to show that (%" < 0. To prove this we distinguish the two cases ¢ > 0 and
e=0.

e £>0.If ¢ > 0 then (%it(¢, 2) is given by

. . 1-R N
Ot (¢ 7) — [ﬁ((l _ M) _ 1) 4 @M (t2))* Mt ).

B9cM (tz) BOcM (tz)

In case of BY < 0and A° > C° or BY > 0 and A° < C° the non-positivity of (*"¢(¢, x) follows
(@0 () *

from Lemma 4.48, iii), with z = — BOM (1,2)

where the lemma is applicable because

_(dC)()(CN[(t7m)))+ — _(dcyo(cjw(tvx)))+_Bgc]V1(t7x) _ 1 — _max{AO—C07—Bch(t,x)}
BYcM (t,x) - BOcM (t,2) - BYcM (t,2)

—1>-1.

However, in case of BY > 0 and A° = C? which imply (d“°(c™ (¢, z)))* = B%M (t, ) using the
convention 0'~® = oo for R > 1 we find

—%%CM(L x) fR<1,
—00 if R >1,

CO,crit (t,x) _ {

which is non-positive, too.

o ¢ =0.If e =0 then
. 0_ 0
CO’CMt(t,CC) _ (A ;%’ )+'

c

which is trivially non-positive.
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The non-positivity of ¢%it implies
. +
(O = O (e — 1) > |(CF = ) (e — 1) 4 (22, )
since we required C) < CY. Hence

Xt z,y) > —C?ﬁ(e_(l_R)y —1) >0 for every (t,z,y) € [0,7] x R x R§.

The remainder of the proof is identical to the proof of Lemma 4.9. Ol
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Figure 4.4: g (left) and h (right) as functions of ¢
(r®=7'=003,17°=0.1,n" =0.06,6° =04, 06" =0.7,§=0.035,c =1, R=15T =1,
A =17, B2 =3,C% =195, C) =10, C9 =20, A' =5.5, BL =5, C' =9, C{ =5, C3 =1.25)

Figure 4.4 shows an example for the functions g and h. It can be seen that the function A is not
necessarily monotone, i.e. the difference between the two market states as perceived by the large
investor can increase and decrease as well.

The proof of Lemma 4.47 directly implies the following corollaries.

Corollary 4.49 (Time-dependent bounds on g and h). Let h and g be given by (4.26), (4.27) subject
to the boundary conditions (4.28) (¢ > 0), resp. (4.29), (4.30) subject to the boundary conditions (4.51)
(e =0). Then

—( = EH(T) (T = 1) < g(t) < (V0 = (D) (T~ 1) (¢ > 0),
resp. 0 < g(t) < U (T —t) (¢ =0) and
0 < h(t) < (0 — W) (T — 1)

for t € [0,T] where the £(T)’s are as defined in the proof of Lemma 4.9.

Corollary 4.50 (Time-independent bound on h). Let h and g be given by (4.26), (4.27) subject to
the boundary conditions (4.28) (¢ > 0), resp. (4.29), (4.30) subject to the boundary conditions (4.51)
(e =0). Then

0<h(t)<h
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fort € [0,T) where h is the smallest positive root of

(W0 =) = O A (em R 1) 4 O (e — 1) dfe >0,
—(00 =) + Xt 2, ) + Xt 2, y) ife=0

if such a root exists; otherwise h = 00, i.e.
h=min{y € Ry : F(y) =0},
with the convention min () £ co, where the x*’s are as defined in the proof of Lemma 4.47.

Remark 4.51. Notice that in case of € = 0 the function F(y) is indeed a function solely in y although
the x*’s formally depend on t and x, too. However setting ¢ = 0 implies that (“°* and consequently
bt gre independent of t and x. This yields that the x'’s are independent of t and x, too.

Proof of Corollary 4.50. The assertion follows from a simple ODE argument since
F(t,z,y) = —(° =) + o(t,z,y) + X (t,2,9) + X' (t, 2, 9) > F(y)

for all (¢t,z,y) € [0,T] x R x R§ where we used the notation from the proof of Lemma 4.9. If ¢ = 0
then this is obviously true. In case of ¢ > 0 this is satisfied, too, since the proof of Lemma 4.47 showed

that x°(t,2,y) > —C) 25 ("= — 1) and x'(t,2,y) > Cg 25 (v — 1), O

The boundary function on h as presented in Corollary 4.49 is suitable for large values of ¢t for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
that the boundary function overshoots h by far. The converse is true for the bound given in Corollary
4.50. Thus combining the two bounds on h yields

0 < h(t) < min{(¥° — U (T —t),h}

for t € [0, 7).

The following theorem ensures that the strategy given in Lemmas 4.35 and 4.34 is indeed the optimal
strategy for the optimal investment problem.

Theorem 4.52 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (4.26), (4.27) subject to the boundary conditions (4.28) (€ > 0), resp. (4.29), (4.30) subject
to the boundary conditions (4.31) (¢ =0). Then the strategy

(ﬂ_i,*’ Ci’*(t)) A (ﬂ'i’*,ci’*(t,g(t) _ 1{i:1}h(t)7 h(t))% te [O, T], 1=20,1,

as given in Lemmas 4.34 and 4.35 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R.

Proof. Since (7%*,¢“*(t)) maximizes the reduced HJB-system (4.25) for each t € [0, 7], optimality of
the strategy (7%*, ¢»*) follows directly from the Verification Theorem 3.3. O
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L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4.5: Optimal strategy vs. Merton strategy: c¢** and ¢ as functions of ¢
(r® =71 =0.03,7°=0.1,n' =006, 6° =04, 6" =0.7,§ =0.035,e =1, R=1.5 T =1,
A =17, B2 =3, C°=195,CY =10, CY =20, A =5.5, Bt =5,C* =9, C{ =5, C3 =1.25)

Remark 4.53. If not otherwise stated c»(t), resp. h*"*(t), is utilized as shorthand notation for
it g(t) — 1{i:1}h(t)), resp. hHt(t, g(t) — 1{i:1}h(t)), i.e.

T (E) £ Pt g(t) — 1_13h(t)) and
thrit(t) 2 hi,crit<t7g(t) _ 1{i=1}h(t)>'

Figure 4.5 shows the optimal strategy and the Merton strategy in a setting where B! is positive for
i = 0,1. Hence the large investor is forced to consume at a rate that is temporarily smaller than the
Merton consumption rate in order to generate advantageous regime shift intensities. In both states the
maximal deviation amounts to about 9%.

Since the Merton consumption rate is growing in time it is possible that the Merton rate is lying in
the half space of favorable consumption rates first. Hence for small times ¢ there is no need to deviate
from the Merton rate. But as the latter is growing there exists a point at which it enters the half
space of adverse strategies. From that point on it may be advantageous to deviate from the Merton
consumption rate. Finally when the time to maturity gets smaller the probability of a regime shift
becomes smaller and smaller and the investor turns back to the Merton rate as it was the case in the
portfolio-dependent setting.

A particular example in which the investor is willing, resp. forced to consume although he does not
draw any utility from this consumption in terms of the utility function is given in Figure 4.6. This
consumption can be interpreted as the payment of a bribe. Notice that the large investor follows an
extreme strategy. Until a certain point of time he pays a bribe at the maximal rate given by cherit —
— Algicz and then he cancels those payments completely. One would imagine that a continuous reduction
of the bribe payment would be more reasonable. The reason for this extreme strategy switching is given
by the special form of the intensity function. Being a step function it already includes this extreme
character which is passed on to the optimal consumption rate, too. The optimal rate is either the
Merton rate or the critical rate but nothing in between. In case of € > 0 the time-dependency of the
Merton consumption rate somehow tempers this extreme behavior. But for € = 0 the Merton rate is
no longer time-dependent and thus the extreme switching occurs straightly.
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Figure 4.6: Optimal strategy vs. Merton strategy: ¢** and ¢ as functions of ¢
(r®=+'=0.03,7°=01,7" =0.02,6° =04, ¢ =0.7, § =0.035,e =0, R=1.5, T = 0.1,
A% =11.75, B = =20, C° = 11.5, CY = 2.5, C9 =25, A' =54, B! = —15, C* =5.3, Cf =20, C3 = 2.5)

As in the section on portfolio-dependent intensities the large investor’s optimal consumption rate can
be decomposed into the Merton consumption rate and an additional adjustment part which again
accommodates the investor’s influence on the market, i.e.

() = M) + A1), i =0,1

where the adjustment part ¢ is given by

i Al Bich M (¢) i)t
¢ ’A(t) _ _(A'+B B}':(t) ) l{h(t)Zhivcrit(t)}-

Notice that Bic™4(t) < 0. Moreover ¢*4(t) < 0 if BL > 0 and ¢*4(t) > 0 if B. < 0. Thus a positive
B forces the large investor to consume at a lower rate than the Merton one, whereas a negative B
yields a higher consumption rate than the Merton one. As a consequence ¢ benefits the regime shift
intensities which is shown in the following lemma.

Lemma 4.54. The optimal strategy (7>*, ct*) satisfies
7.90’1(71'0’*,60’*(15)) < ﬁO’I(WO’M,CO’M(t)) and 191,0(71_1,*701,*(25)) > ﬂl’O(WI’M,CI’M(t))

for every t € [0,T].

Proof. The assertion follows since

9O (1%, P (1)) = CYL a0 pocn(ny<coy + CY 104 oo (1)>c0)
= OV 404 5oc0.0 (1)1 5004 (1)< 0} + O3 {401 5000 (1)1 BO0.A (1) >0}

< C?l{AO+BSCO,]\J(t)SCO} + Cg].{AOJngCO,M(t)>CO}
— 190,1 (7_‘_0,M7 CO’M(t))
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and
IO (xh*, (1) = Cllgai picy<cry + Calpaiipicis>cty
= Cll1{A1+B}c17M(t)+BL1.clvA(t)§Cl} + 0211{A1+Bgc1’M(t)+B&clvA(t)>C’1}
> 0111{A1+B§c17M(t)§Cl} + C211{A1+3361,M(t)>01}
_ 191,0(71,1,M’ Cl’M(t))
as BlcA(t) < 0. O

Remark 4.55. As in the last section the optimal consumption rate is a compromise rate composed of
the Merton consumption rate and the critical consumption rate and thus generating better regime shift
intensities than those the Merton rate would yield.

4.2.3 Portfolio- and Consumption-dependent Intensities

Having discussed the optimal investment problem where the regime shifts are influenced either by the
benchmark investor’s portfolio proportions or by his consumption rate, we now consider the case where
both — portfolio proportions and consumption rate — affect the shift intensities, i.e. we let

Bl #0and B! #0 fori=0,]1, (PCD)
so that the intensities are given by

i,1—1 — . . . . ( . ) ) .
v (m,¢) = Cll{A“rfrT.B;rJngcSC’} + 021{A’+7rT.B;+Bgc>C’}'

We denote by
gret & {(77,0) ER"xR{ : A"+ 7".BL + Ble < C’Z}
the half space of all strategies that are favorable for the investor concerning the intensities of regime

shifts. Letting
d™(m,c) £ A"+ 7' Bl + Bic— C'

denote the ’distance’ of the strategy (m,c) to the separating hyperplane, we have (7, c) € F™¢% if and
only if d™%(r,c) < 0.

Further we let H™%¢, H;.T’C’i :[0,T] x R x Ra“ x R™ x ]R(J]r — R, 7=0,1and j = 1,2, be given by
Hﬂ’c’i(ta T,y,mc) = 5_(5_5%&(6_(1_&%1_}% —1)—c+ rt 4+ 7rT.77i — %RWT.ai.(ai)T.w

) ) C\l—igq_
+ (CiLmegmeny + Coliimagameiy) op (e 07 — 1),

H;.r’c’i(t, Ty, T, c) = %ﬁ(ef(lfR)xclfR —1)—c+ rt 7rT.77i - %RWT.Ui.(Ui)T.F

1L (D TR )

such that H™%(t,z,y,7,¢c) = H{r’c’i(t,x,y,W,c)l{(mc)egﬁ,c,i} + Hg’c’i(t,x,y,ﬂ,c)l{(mc)gégw,c,i}. Notice

that the functions H™* and H;T“ are independent of ¢t and x in case of ¢ = 0.
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Using those auxiliary functions the HJB-system (4.20) is given by

0= sup {gl(t) — LB/ (t) + H™9'(, g(t) — 1ymqyh(2), h(t),w,c)} (4.32)
(me)ERM xR

for t € [0,7) and i = 0, 1, subject to the boundary conditions

To find the supremum in (4.32) we present the maximizers of H™%(¢,x,y, -, ) for arbitrary (t,z,y) €
[0,7] x R x Ry. This yields a family of maximizers dependent on (¢,z,y). The maximizers of the
HJB-system (4.32) are then obtained by replacing z and y by g(t) — 11y h(t) and h(t).

If € > 0 then H;r’c’i(t, z,vy,-, ) is concave for every (¢,z,y) € [0,T] x Rx Ry and j = 1,2. Therefore the

two candidate solutions for the maximization of H™!(t,z,y,-,-) over (m,c) € R" x Ry are (7% M)

and ( ,Crit 61 crlt) where

(Fherit(g, ), &g, ) & arg max H™% (t, x,y, 7, c).
{(W,C)EREXRK : Ai+7rT.B;'r+B};c:Ci}

The Lagrange multiplier method yields
Ft (1, 2) = S(o" (o)) (o + A2 2) B ),
et @) = Mt (1- Xi’crit(t,x)32>_ll?'
for i = 0,1 and (¢,z) € [0,T] x R where the Lagrange multiplier \>“'i*(¢, x) is implicitly given via
AT, N (¢ 1)) = —(AY 4 (M) T Bl + BieM (¢, 1) — CY) (4.33)

with A7 2 [0, 7] x R x (—o00, g7) — R (B > 0), resp. A7 : [0, 7] x R x (g7,00) — R (B} < 0)
given by
AT (L, 2, ) A %(B;_)T(O'Z.(O'Z)T)_l.B;Lr)\ + BZ((l — Bz)\)_ﬁ — 1)CM(t, z).

If ¢ = 0 then the function H*'(t,x,y,-,-) is concave in 7 and linearly decreasing in ¢ implying
M(t, ) = 0. In order to determine 71" and & in case of € = 0 we use the constraint A'+7'.B%L +
. T Rt 7
Bic = (" to substitute ¢ = _% and calculate 71t as
. . i T P i
7?_z,cmt _ max TG (t, Ty, A B%B7r C )

{we]Rn A””TBZ C1>0}

This yields the candidate

—1,Ccri j j — ! B;-
7_‘_1,0 it _ %(O_z'(o_z)'r) 1'(771+ Bé)

"L crit

But unfortunately the corresponding ¢ given by

gorit _ _ASEONTBL-Cl A TBE-C (B (o' (e) ) B,
B - B B2
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may be negative whereas ¢t > 0 is needed. It turns out that in order to get the optimal ¢ one

just has to truncate &t at 0, i.e.

B¢ (BE)?

B0 (0" (e))LBL (A4 (xM)T BL-C!
(Bi)? (BT .(c".(c))T)~L.BL

Fherit _ (_Ai+(7ri’M)T.B}'T—Ci %(B;’r)f(ai.(ai)T)—l.B;)Jr

Bi+1)
with corresponding

7i_i,crit _

(")) (1 + By (1= (i i +1) )

o=

for i =0, 1.

Before stating the optimal strategy we first present some properties of the function A™%* that we used
to determine the Lagrange multipliers.

Lemma 4.56 (Properties of A™%%). The function A™" given by

AT 0, T] x R x (=00, 4:) = R (BL > 0), resp. A7 1 [0,T] x R x (4;,00) = R (B. < 0)

with
ATt 2, \) & %(BfT)T(Ji.(Ji)T)_I.Bfr)\ + Bi((l — Bi)\)_% — 1>CM(75, 2)

has the following properties for every given (t,z) € [0,T] x R.

i) A™% is continuously differentiable int, z and \.

ii) If € > 0 then A™%i(t,z,-) is increasing and strictly conver (B. > 0), resp. strictly concave
(B. <0). If e =0 then A™"(t, z,-) is linearly increasing.

iii) AUt 2, \) < 0 for A <0, A™%(t,2,0) = 0 and A™%(t,z,\) > 0 for A > 0.
w) If € > 0 then limy_,_oo A™%(t,2,\) = —oo0 and lim, 1 A™%(t,z,\) = co (B. > 0), resp.
BE .
lim)\ﬂﬁ ATt 2, \) = —00 and limy_,oo A™%(t, 2,\) = 0o (B <0).

If otherwise ¢ = 0 then limy_, oo AT (t,2,\) = —00 and limy_,o, AT (¢, 2, \) = oco.

Proof. Let (t,z) € [0,7] x R be given.

ad i) Note that ¢™ (¢, z) is continuously differentiable in ¢ and z which implies that A™ is continuously
differentiable in ¢ and z, too. Further A™% is obviously continuously differentiable in \.

ad ii) Consider the derivative of A™%% with respect to A which is given by

. 4 , o . . . _14R
AFE(E 2, 0) 2 A2, 0) = BB (0" (o)) B + H(B)A (1~ BT M (1, 2).
If £ > 0 then ¢M(t,2) > 0 and it is easy to see that Az\r’c’i(t, z,+) is non-negative and strictly increasing

(B > 0), resp. strictly decreasing (B% < 0), in . However, if ¢ = 0 then ¢ (¢,2) = 0 and Az\r’c’i(t, Z,-)
is a positive constant. This implies ii).
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ad iii) Trivially A™%(t, z,0) = 0 for any (¢, z) € [0,T] x R which together with ii) implies iii).

ad iv) The limiting behavior of A™!(t, z,-) is clear when taking into account that A%(t,z,-) has a
pole at —=; in case of € > 0. O
Lemma 4.56 directly implies

Corollary 4.57. For each fized (t,z) € [0,T] x R the function A™%(t,2,-) is bijective.

Hence, there exists exactly one A satisfying equation (4.33) and thus Mot (0 is well-defined. More-
over, &t(¢ 1) is well-defined as 1 — A (¢, 2) BL > 0.

Having established the candidate solutions the following lemma presents the desired maximizers.
Lemma 4.58 (Maximizer of H™%(t,x,y,-,-)). For every (t,z,y) € [0,T] x R x R{ the mazimizer

(Wi’*(ta .’L’, y)? CL*(tv xa y)) é arg max qui(ta CC, y? T, 0)7 'L - 07 17
(m,c)ERP X R

s given by
i - iM Mt,l' ify<hi’crit t,ilf,
(ﬂ— ’ (t’$’ y)’ c” (t’x’y)) - ( i,crit ( i)c)rit ; icrit( )
(w0t ), Nt x)) if y = hETR(E, ),
where
R () 2 (<) (- RYESHED 1),
2 1
with
_ %%(B%)T(o'i,(gi)—r)_l ‘()\i crit(t x))Q 1 Feso
[ (1= Wt ) BY) R — 1) — (1= X, 2) BY) % + 1) M (¢, ) ’
¢hemt(t, @) £ N .
( ) _l%(B‘z,r)T(o_zh(vo_z)T)—l.B; [<1_ ( (Ai4(n ZM)T Bi_Ci)+ Bi—|—1>+)2
2 (BL)? #(BL)T.(0.(c))T)"L.BL € ife=0
+2< (A1+(ﬂ.zM)T Bz z) B7’+1>_:| )
L % )T (ot Jz)T) 1.Bi ¢
and where \b(t, ) is uniquely determined by
ATC (2, AV (¢ ) = — (A + (7ri’M)T.Bfr + BécM(t, z) — CHT. (4.34)

Moreover
(o .(o%) ") (' 4+ Xberit (¢, x) if e >0,

B;)
(o)) (0 + B (1= (£ e Bi+1))) ie=o

Tri,crit (t, .1') —

o= ==

z) (1= Xowrit (¢ o) Bi) 7 if e >0,

L(BZ) (U’ (@)N)~" BZ (Ai4(mM)T Bi_Ciyt .
R J—
(%(B:;)T.(cri.(gz) T -1.Bi B; + 1) ife =0.

Ci,crit (t, :E) —
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Remark 4.59. If ¢ = 0 then ("' and consequently h"“"* are just constants independent of t and .
Further ¢ = 0 implies that 7> and ¢ are constants, too. The mazimizing strategy (7%, c"*) is
therefore just a function of y.

Remark 4.60. We use the following shorthand notations
Hﬂ',c,‘i (t,x,y) A chz(t Ty, Zcrit(t,x),ci’crit(t,x)) and H;r’]fj(t,ﬂj,y) A HTK‘C’L(t Ty, T lM’CM(t,SU))

1,crit

for (t,x,y) € [0,T] x R x R andi=0,1.

Proof of Lemma 4.58. Let (t,z,y) € [0,T] x R x R be given. A straight forward optimization yields
that the two functions H;" CZ(t,a;, y,-,-) and Hy CZ(t,gﬁ,y, -,-) attain their maxima at (7™, cM (¢, z)).
Further since CY < C§ and C{ > CJ we get that

HTO (2, y, m,¢) > Hy“'(t, 2, y,m,¢) for all (1,¢) € R* x RF. (%)

For notational convenience we identify the tuple (7, ¢) with ¢ and use the following shorthand notations
throughout this proof.

M(t,ﬂ?) N ( i, M M(t CE)) §i’crit(t,$) L (Wi’crit(t,.’];), Cz’,crit(t’ $))’ §i’*(t,l‘,y) L (Wi’*(t, l‘,y), Ci’*(t,l‘,y))
for (t,x,y) € [0,T] x R x R, i =0, 1.

We distinguish the cases ¢*M (¢, 2) € F~¢¢ and ¢*M (¢, z) ¢ Fmet.

o WMt z) € Fmet, If ¢WM(t 2) € F™ then by () the maximizer of H™%(t,z,y,-,-) is given by
¢WM(t, ), ie. 4 ' ' 4
M(tz) €T = Mt a,y) =Y ().
o ¢“M(t,z) ¢ I If otherwise <M (¢, z) ¢ F™% then () implies that the maximizer of H™%(t,z,y, -, )
is either ¢ (t,x) in case of Hyy/(t,x,y) > chcrft(t ,y) or ¢"(t,x) in case of Hyy/'(t,x,y) <

chcrft(t x,y). Hence with

Hg’]f/’;(t x,y) <Hf“(t x,y)

crit
& (Ch—Ch)tp(emD) =Ry _q)
- %%<B;>T.<ai.<ai>T>*.B:'rqj’j“(t,x>>2
+ | e (L =N (n2)B) T F 1) if e >0,
-(a- Nberit (¢ 3) BT R )] t,2)
<

1B (@) )" !.By
2 (B:)?

(- (;?55’?(“5’;); G- Bi+1) )2 if e =0,

+2(£’?B*§¢<f)?o> B ) |

& (Ch— O a1 1) < (it )
" i,crit T

& y> (1)l ln((l . R)CC?%{) n 1)

s oy > hi’crit(t,l‘)
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we get
i, M : i,crit
A . A Mt x if y < h»™(t, x),
CZ’M(t,LI}) ¢ FTiCsl = g”*(t,x,y) _ §' ( ) ' Y o ( )
gz,crlt (t, I’) if Y Z h’L,Crlt (t, .CI?)
Notice that ¢#M(t,x) € F™4 implies \v(¢,x) = 0. Therefore h*(t,2) = 0 and ¢>i’(¢,7) =
¢WM(t, x) if WM (t, ) € F™ which yields that the latter formula also covers the case ¢ (t, ) € F7™o!
and thus ' o
gi’*(t 2y) = gZ’M(t, x) if y < hBT(E ),
sy gi,crit (t, l’) if y > hi,Crit (t, .%')

Thus the lemma is proven. O

Remark 4.61. If ¢ = 0 and B > 0 then the critical strategy is given by

derit derity _ (1, i ixTy=1 (i  pi (A+EWMT.BI—CHF
(7T , C ) - (R(U (U) ) (77 B7r %(B}T)T.(Ui.(ai)T)_l.B}r>’0)’

i.e. the consumption vanishes completely if BL > 0.

Remark 4.62 (Interpretation). The mazimizing strategy coincides with the Merton strategy when the
latter belongs to the half space of favorable strategies. If this is not the case then the maximizing strategy
is given by the Merton strategy as long as y is not bigger than h>"*(t,x). For all y < hb"it(t,x) it
s not reasonable to deviate from the Merton strategy, i.e. the utility criterion dominates the intensity
criterion as discussed in Remark 4.33. Only if y overshoots the critical barrier h»"(t, ) then the
mazimizing strategy switches to the critical strategy (m>"i*(t,x), cbt(t, z)) since then the intensity
criterion is more important than the utility criterion.

Remark 4.63 (Discontinuity of (7%*, ¢"*)). The mazimizing strategy (7", c"*) exhibits jumps at all
points (t,2,9) in which § = h*"*(t, %) and moreover (m*M (1), cM(t,2)) # (7»"it(t, &), (i, ).

Remark 4.64 (Interpretation in case of ¢ = 0). As already in the consumption-dependent case the
mazximizing consumption rate may be strictly positive even if € = 0. This happens if y > h*"t and
(Ai+(7ri’]\4)T.B;‘.rfci)+

moreover - p - -
=(BL)T.(0.(c)T)~1.BL

consumption rate is then given by ¢ which is strictly positive. The reason for this behavior is the
same as in the consumption-dependent setting. Consuming at the rate of ¢ further improves the
regime shift intensities.

Bl +1 < 0 which is only possible in case of B. < 0. The maximizing

So far the above explanations are relevant for the general mazimizing strategy (m°*(t, z,y), c"*(t, z,y))
and not necessarily for the optimal strategy. This is because it is not clear whether the situation h(t) >
herit — remember that the maximizing strategy of the HJB-system (4.32) is obtained by choosing y =
h(t) — could really occur. But later on we will provide an example showing that the aforementioned
situation is really possible.

Lemma 4.65 (Bounds on \»"t). The function Aot : [0, T] x R — R with \ot(¢, ) implicitly given
by (4.34) satisfies

" U B B a0 ) s,
/\z7cr1t(t .’13) c ﬁ(B_n) ._((;{.(To ) ) ..B]CI |
' {LV_(A’+(W“ )T .Bi+BicM (t,2)-C*)T 0} if Bi <0
Be 7B (ot (e) )" 1BE 7 ¢

for all (t,x) € [0,T] x R. Thus, \o'(t, z) is especially non-positive.
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Proof. Let (t,z) € [0,T] x R be given. We first verify the upper bound on A““** and then prove the
lower one.

e Upper bound. Lemma 4.56, iii), directly implies that \>t(¢, z) < 0, since AT (¢, x, \bHit (¢, 2)) =
—(d™ei (M M (¢, x)))T <0 by construction.

e Lower bound. Notice first that
ATt N) < (BT (0".(a") ) "L BIA & ATH()) (*)

for all (t,2,A) € [0,T] x R x (=00, 0] (B. > 0), resp. (t,2,A) € [0,T] x R x (47,0] (BE < 0). Further

dﬂ,c,i i,]\/f, M , + . . . .Cd .
- ﬁ( (B;)g(ai.@ i)ﬁ){)E?B; is the solution of AT (\) = —(d™ei(x%M | M (¢, z)))*.
If B > 0 then A™%'(t,z,-) exhibits its pole at é > 0 so that () implies that \“"it(¢, 2)
_(dmei (M M (1)) )

(BT (0% (o) 1) ~1.BL”

However, if B. < 0 then A™%%(¢, z, -) has its pole at % < 0. Consequently, (*) yields that A>crit (¢, ) >

v

1y, __(@drei(@t MM (b))t
Be #(BL)T.(0.(0")T)"L.BL"
Thus the lemma is proven. O
8 At x,) o
2 s AT

Ay, |
e An,i(‘)

L L L L
-1 -0.5 0 05 1 -1 -0.5 0 05 1

Figure 4.7: A™%¥(t, x,-) vs. A™(-) with B! = 2 (left) and B! = —2 (right) as functions of A

(Examplary —(d™* (x> M (t,x)))" = —2 is chosen)

In Figure 4.7 we draw the typical shapes of A™%(¢,z,-) and A™(-) to illustrate the arguments of the
last proof.

We are now in the position to provide the link between the maximizing strategy in case of € > 0 and
e=0.

Lemma 4.66 (Limiting behavior of (r®¢Hit cberit) " pierit and (78* ct*) as ¢ tends to 0). Denote by
i,crit  g,crit hi,crit d % 9% i,crit  g,crit hi,crit d 1% % th itical strat
(250 > €250 )5 hesy and (1200, c22), resp. (Mg comy ), hioy and (m.2q,c.Zq), the critical strategy,
the critical barrier and the optimal strategy in case of € > 0, resp. € = 0. Then the following holds true

for every (t,z,y) € [0,T] x R x R
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i) lim (25 (1 2), 255 (1 2)) = (w55 (¢ @), 22’ (¢, @)).
ii) lim hoSab (¢, ) = WS (t, z).
E—

)k )k

Z”) ;il)%(ﬂ-z:>0(tv Zz, y)7 C;>O(ta €z, y)) = (W;’io(ty €z, y)7 Cg:()(ta Zz, y)) :

Proof. Let (t,x,y) € [0,T] x R x R be given. Notice that for every (t,z,A) € [0,7] x R x (—o0, ﬁ)
(B > 0), resp. (t,x,\) € [0,T] x R x (é,oo) (BL < 0)
lim AT (¢, @, A) = g%(%(B;)T(o—’.(o—z)T)’l.B;)\ + Bg((1 —BiIA) R - 1>CM(t, a:))
= %(By) (o".(c") 1)1 BLA
= AZG )

since lim. o ¢™ (¢, ) = 0. This convergence together with the results from Lemma 4.65 yield that

o (dw,c,i(ﬂ.i,]\/l,o)).;_ ) :
lim )\i’cm(t z) = TBHT (o7.(c)) )~ LBL if B >0,
e—0 e>0 \» — 1 v — (dw,c,z(ﬂ_z,]tf’O))Jr £ BZ ~0
Bl © R(BOT(o(e)T) LBL e <0,

=5 <1 - (%(B(:;d; fkiiji’ﬁﬁg)>)jl-33; B+ 1>+)' (*)

Keeping this convergence result in mind we can now prove the assertions of the lemma.

ad i) The convergence of the critical portfolio strategy is a direct consequence of (x), i.e.

tim w255 (1, 2) = lim (0" (0) )7 (0 + NG (¢ @) BL )

e—0

= 4o @ (04 B (1 (g e B+ 1))

=m0 (¢ ).

To prove the limiting behavior of the critical consumption rate first note that

AL (4,2, NSt @)) = —(d™i (M M (L, )+

is equivalent to

j crit =L (@ (@M M ()t = L (BT (0 .(0%) T) L BIALS, (1)
Mt x) (1= NS (¢, 2)BE) "R = e 20 2% 4 Mt x)

as long as € > 0. Hence

. - 1
?L% N (t,x) = éllir(l) Mt,z)(1 - LSO, z)B.)

— llm (_(dﬂ"c’i(ﬂ-i‘MacAl(t?m))yF_%(gfr)-r(o-i'(o-i)-r)71'B7’L:A'A?;r()it(t7x) + CM(t, x))

= lim

¢ (s LB (¢t (6)T)-1.Bi . i eri )
s —(dmei(mt M M (o))t F(BR) (0 (e) ) TL.BE T AP t(t, z) + lim CM(t,m)
e— .

Bl B g e>0
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@i Moyt BT (0D ) LB (1 (dmei (M 0))+ i *
= B B (1 (%(B;)T(ai.(af)T)lefB “) )

#(BH) (o' (o))" By
(BE)?

' {_ %(B(zd; C;gi(:f)g))) LB} B, - (1 B (%(B(%d):c.‘(ig?ﬁﬁg)))i.B:; B+ 1)+>}

L(BY)T (o%.(c")T)L.BL
(BL)?

(e 1) o (1)

£ (BT .(ot.(c))T) LB ( (@i (M )+ ; )—

— R - b

o (BL)? %(B%)T.(o-iv(ai)T)_lvB;-r BC +1
i,crit

= Ce=0 -

ad ii) In order to verify the limiting behavior of A’ ;%t we have to consider ngt, ie.
lim (20" () = lim (~34(BD) (0".(o") ). B] <A;§5t< 7))
+ [ e (0= NS () BY) 7 )—(1—A;;‘;;t(t )BT +1)cM (¢, )
(o))
o+ lim ([ (1= X3 (1) BY) —1) <1—A2§%t< B R +1]e¥ (1, 2))
- PG (- () )
—I—iin%(l e (1= At x)Bg) )Mt x))
~ Tim (1= AL (8,2) BY) "M (t,2) ) + lim M (¢, 2)

L EBYT (o)) LB (™ (9 M 0))F i 2
=72 (B2 (“(i(Bi)T <ai<ai>T>*1.B;Bc+1) )

+ hm( (1= ALt )BZ) —1)cM(t, l‘)) — glir(l) St x)

1 ABYT (@) LB (e (M 10))+ i )2
=—3" B? (1 (%(B;)Txai.(ai)T)—l.B;BC+1) >

5B .(o"(o) ). B (dm e (M 0))F i N
3 (1(Bi)T @ )T m Bt 1)
o+l (5 (1 = NS 0 ) B~ = 1) (1, )
BT (o)) LB,
5 (Bi)2
(@@t pi )7 (@ i@ MONt g g
- (oo Bc“) ) +2zairme i Bt 1) |
+lin(1]<1—((1 At (¢ )BT R —1) (t,x))

= i i (L (1 AR, B) R 1) ().
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We now show that lim._o (ﬁ((l — AL, 2)Bi)" " — 1)cM(t,x)) = 0 which then implies that

lime o 250" (¢, ) = (254" and consequently lim. g hgrét(t x) = hot.

To prove the aforementioned limit we consider

hm(l—(u — N ) B TR - 1)cM(t,x)>

= lim (e (6, 2) (1= ALY (4,2) BE) R (1= NSO (t 2)BY) ) — lim L (2, )
= lim (eS8 (1) (1 - X3¢, 2) BY)

= 2 im0 (8 @) lim (1= XX (8, 2) B)

1LpiT (5i (o\T)—1 Bi i -
_ L BB TR ( @reio)s p
(%(B:;W.(aimai)U—LB:;B “)

( BL< _(1<B(:;d):c.’<igi<ﬂ;\jig)>):.B;Bé+1)+>Bi>
L
R

Bi)T.(0%.(c")T)~1.BL (e (M 0))+ i - (dmei (i M 0))+ i *
( B+ 1) (@i e Bt )

:u\H

N———

= TR (BL)? Bi)T.(0i.(0%)T)~L.BL

ad iii) Assertion iii) follows directly from i) and ii).

Thus the lemma is proven. O

Remark 4.67. So far the strategy (7**, c**) is only a candidate solution for the optimal investment
problem. To wverify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required regularity conditions stated in the Verification Theorem 3.3.

Inserting (7"*(t, g(t) — L=y h(t), h(t)), ¢"*(t, g(t) — Li=yh(t), h(t))) into the HIB-equation (4.32) the
latter now becomes a system of backward ODEs which for € > 0 is given by

1 1-R

_1-R 1-R
W(t) == (20 = ) + (i tmme) Fem 7 Oilig(e "0 —1)

9L (¢~ (=R _ 1) 4 ¢l L (c0-PRO) _ 1)
= (€ = E9) (e 7RO — 1) = L (BY)T(0°(6%) 1) B 1, (1))?
+ [ (= A0, (1) B~ — 1)
— (1= 20 g(6)B) T +1]eM (1, (1))
+ [ = RO — 1)~ (BT (e (o)) TLBEAN (L, (1) — h(1)))?
+ | e (L= At g(t) — h()B) T F —1

(1= AYT () — h(0)BY)E +1]eM (1 0(0) — h(e)]

(4.35)
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(1) =~V 4 s (1= 2 (i) © e 790 - 1))
9L (e~(1-RA) _ 1)
= () = ) g (en 7O — 1) — LE(BNT (0" (")) LB (1 g(1)? (4.36)
[ (1= X0, g(0)BY) 7 1)
— (1= X0 g (1) B) T+ 1) M (2, g(0)]

subject to the boundary conditions

N
g(T) =0, h(T) = 0. (4.37)

W(t) = — (10 - w)
_ Cgﬁ(e*(lff?)h(t) -1)+ C%ﬁ(e(lfl%) ® —1)

1B o9 (50 1 0
- [(C?_CS)L(G_(I_R)}Z(”—1)_%}%( 2) ((Bé 2) )P

(1~ (e s B+ 1)+> +2(

(A4 (xOM)T.BY —CO)F 1o 11T (4.38)
T BT (@@ B D H) ”
i

iBlTU o 1B1
+[(C11—02 1jR( (1—R)h(t) _ 1) - 5 )((Bg)))

' [(1 - ( (1?;;(;(5)(0%)011); B + )+> + 2( (1?1+>(W1(3—11)(Ta]19>1 Bl 1)7”+’

D=

J(t)=—-1v°
_ Cgl%(e_(l_R)h(t) —-1)
_ [(C? B Cg)l%(e—(l—R)h(t) 1) - %%(BS)T(cE;gc)rS)T)*l-BQ (4.39)

. (A (x%M)T B0 —C0)+ O + (AO4(70M)T BO_CO)+ 9 +
[(1 ( E(BY)T .(c0.(0 ) ) ! BOB ) ) + 2(%(32) T.(00.(¢9)T)~1 BOB T 1) H
subject to the boundary conditions

Remark 4.68. From the proof of Lemma 4.58 we know that for (t,z,y) € [0,T] x R x Rd
%,cri 7 7 1—1 7 % % [\ %,cri
yz R e) @ (O = C)pge) TR 1) - %%(B ) (0" (0) ) BL N 1, ))?
+ [ﬁ(( )\z crlt(t HZ Bl R 1) AZ Crlt ))Bé)fﬁ + 1:|C (t,l') >0
ife >0 and
By) (o".(o") ") .By

7,cri i i —1(1- i
y > Bt e (O] - Cf) g eV T ARy ) 12 (O

1
(- (;f(‘;;i(ﬂj)zo) S Bt )+>2 + 2(;?‘3*5?5)?36?); Bi+1) =0

ife=0.
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Remark 4.69. The aforementioned ODEs include the ODFEs of the classical Merton problem (first
rows) and the ODEs of the Biuerle-Rieder problem with constant regime shift intensities C% (first two
rows).

Remark 4.70. Notice that the ODFEs above resemble the ODEs from the portfolio-dependent model
with € = 0, namely the ODEs (4.22) and (4.23). The hidden difference lies in (v, Whereas ¢ is
given by

icrit l%(B;)T(Ui.(Ui)T)_l.B; B (Ai—i-(ﬂi’]M)T,B,ir—Ci)Jr i +\ 2 (Al-i-(ﬂ'l ]\I)T Bz z’)+ i _
‘PcD = 73 G (- erer e Birt) ) 2 ({iT oreh s Betl) |

in case of portfolio- and consumption-dependent intensities it is given by

i

+(x )T B —Ci) )2
BT (o"(s) 1)~ 1. B}

i,crit

&5 <

1A
2 %(
in case of portfolio-dependent intensities.

Therefore if ¢ = 0 and either B. > 0, or 1('?;_)( i(lzi)zaii = 1i)Bl Bi4+1>0 and B! < 0 then ijgg = glég“

and both models coincide in that the mazimizing strategies and the ODFEs for the functions g and h are
the same.

Lemma 4.71. The ODE-system given by equation (4.35) and (4.36) subject to the boundary conditions
(4.37) (e > 0), resp. (4.38) and (4.39) subject to the boundary conditions (4.40) (¢ = 0), admits a
unique global solution.

Before we can prove the lemma we need the following result on \“crit,

Lemma 4.72. The function A\vt : [0,T] x R — Ry where \o(¢t,z) is implicitly given by the
condition A™%(t, 2, Nbit (¢ ) = —(d™% (7t M M (t,2)))T is continuous in t and x and moreover
locally Lipschitz continuous in x.

Proof. In order to prove the assertion let
ATt 2, A) & AT a, N) + (d7 (7 M (¢ @)

for (t,z,\) € [0,T] x R x (—o0 ,BZ)(B’>O) resp. (t,z,)\) € [0,T] x R x (£;,00) (B <0).

B’L7

e Continuity in t and x. As A™%*(t,x, \) is continuous in ¢,  and A which has been seen in Lemma
4.56 and as d™%" and [ - |* are continuous functions, too, A% (¢, z, ) is also continuous in ¢, z and
A. Further \>“Mt(¢, z) is the unique root of A™% (¢, x, \).

The continuity of A>“"i*(¢, ) in (¢, z) is a consequence of the Theorem of the Maximum (Theorem 3.6
in [Stokey, Lucas, Prescott 1989]). Using the terminology of [Stokey, Lucas, Prescott 1989] we define
correspondences I', G : [0,7] x R — P(R) and functions ¢ : [0,7] x R x (—o0, Bl) — R (BL > 0),

resp. ¢ : [0, 7] x R x (B“ ) — R (B! <0),%:[0,T] xR — R, with P(R) the power set of R, given
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by
(dwcz i, M M(tr)))+ . i
N (A
i - dTrCZ 71-7‘ tx . i
BV {0 1 BE<0,
otz ) & — (ATt x, \))?%, Y(t,z) £ max ¢(t,z,N),
AT (t,x)

G(t,x) ={NeT(t,x) : ¢(t,z,\) =(t,z)}.

Notice that the correspondence I' is compact-valued and continuous. Moreover, ¢ is continuous.
The Theorem of the Maximum then implies that G is upper hemi-continuous. By construction,
Abetit(¢ 1) is the unique maximizer of ¢(,z, ). Therefore G is single-valued which implies that it is
even continuous as given in [Stokey, Lucas, Prescott 1989]. As \»t = @, the continuity of A" i
proven.

e Local Lipschitz continuity in t and . Subsequently we verify that A\oi*(¢ x) is locally Lipschitz
continuous in t and x. Note that for any (£,2) € [0,T] x R satisfying d™%* (7% M (f,2)) > 0 the
continuity of d™%* implies that there exists an open neighborhood of (%, #) denoted by N (t, %) C
[0,T] x R such that any (t,z) € N(i,&) satisfies d™%* (7™ M (t 2)) > 0. Thus, A™%(t,z,\) =
A”’C*i(t,x,)\Z—i—dW’“( oM Mt x)) on N(£,2) x (—o0, ﬁ) (B’ > 0), resp. N(t,#) x (B“ ) (B <
0). Hence, A™%!(t,x, \) is even continuously differentiable on N (#,#) x (—oo, ﬁ) (BL > 0), resp.
N(t, &) x (é, o) (B < 0) and we can consider the derivative of A™%% with respect to A, i.e.

R o . S . ) o _1+R R
AT (L, 2, X0 (E, 7)) = %(BfT)T(UZ.(UZ)T)_l.BZr + %(32)2(1 - Bz)\l’mt(t,i)) M g) >0
where I_Xz\r’c’i(t, T, ) = %j_\”’c’i(t, x, ). The implicit function theorem then implies that there exists

another open neighborhood N (%, i) C N(t,2) of (f,2) such that A\>*'!* is continuously differentiable
z

on N(#,2). In conclusion, for any (,4) € [0,T] x R satisfying d™%(x*M ¢M (£, #)) > 0 there exists

)\z ,crit

an open neighborhood N (£, &) of (£,4) on which is continuously dlfferentlable

Analogously, we derive that for any (t,2) € [0,T] x R satisfying ™ (7"M M (t, %)) < 0 there exists
an open neighborhood N (%, %) of (£,4) on which A\»“i* is continuously dlfferentlable too.

Consider now an arbitrary (£,#) € [0,T] x R. If (£, ) satisfies d™*(7%M M (£,#)) > 0 then the
above results imply that there exists an open neighborhood N (f,#) of (f,4) such that \»<'it is
continuously differentiable on N (£, 2). Consequently, A" is locally Lipschitz continuous on the set
{(t,z) € [0,T] x R : d™(x"M cM(t,z)) > 0}. Analogously, we find that A>"i® is locally Lipschitz
continuous on the set {(t,z) € [0,T] x R : d™* (7™ M(t,z)) < 0}.

However, if ({,2) satisfies ™! (7%M cM(#,#)) = 0 then consider an arbitrary open neighborhood
N(t, &) of (£,2) and define N> (t,2) = {(t,z) € N(t,2) : d™%(x™M M (t,2)) > 0}. For all (t,z) €
N>(i,#) the derivative A5™(¢,2) exists and is finite. The same holds true for every (t,z) €
N<(t,2) 2 {(t,z) € N({,&) : d~"(7"M M(t,x)) < 0}. To see this, note that

An,c,i(t’ x, )\i,crit(t’ CC)) =0
for all (¢,z) € [0,7] x R. Hence

0= %]\W’C’i(t, z, Xi,crit (t, l‘)) _ Ag,c,i(t’ , )\z‘,crit (t, 1‘)) + A;r,c,i(t’ z, )\z‘,crit (t, x)))\gcrit (t, 1‘) (*)
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where

L . .
Bi(1—ABL) RcM(t, x) if dmest (M M

ADO (@, \) = , r
T ( X ) B2<(1 — )\Bé)_% _ 1>Ci\/[(t,:v) if dﬂ,c,’b(ﬂ.LM?CM

[
+
2y

AT (2, A) = (BT (0'.(0") )T BL + (B (1 - BIA) ™ 7 Mt a).

Since AT (t,2,\) > 0 we can transform (x) into

)\i,crit(t $) _ _/:\;r’c’%(t,m,/\ivcrit(t,x))
v A Ko (ta Aberit (1))
_1
Bi(1-Xierit(t,0)BL) T e (1,2) , Ty
_ c c T — lf dT(',C,’L(,ﬂ.Z7 ,C (t7x)) > 07
L(BL)T (0%.(0) T)~L.Bi+ L (B)2 (1-Bixiberit(t,a)) T cM (1)
1

Bi (1= berit (¢ 2)BE) T eM (¢ 2)—BicM (tx . oo
— C< () C) z (b2)=Beey ( 1+R if ™ot (rtM Mt z)) < 0.

(BT (01.(0)T)~L.Bi+ % (B)2 (1-Bixierit(t.z)) 7 cM(t0)

Since in both cases the numerator is locally bounded and the denominator is strictly positive and
bounded away from 0, \*"(¢, z) is locally bounded in either case. Hence we can define

)\;,crit,>(£ )é up{|>\zcrlt ’$)| . (t,l’) €N>(£,i‘)},
)\zcrlt<(£ )é up{|)\zcr1t ,.%')| . (t,ZU) 6N<(£,i’)}

which are both finite. Thus the Lipschitz constant is given by

L(E,&) £ Xp02 (8, 2) V AL (E 7).

=

The last results together with the continuity of A%t imply that At is locally Lipschitz continuous
on [0,7] x R.

This finishes the proof. O

We now come to the proof of Lemma 4.71.

Proof of Lemma 4.71. The proof is essentially the same as the proof of Lemma 4.9. Only the x*’s are
different. Therefore we just present the actual x*’s and verify that those satisfy the necessary continuity
conditions and the non-negativity condition.

e Definition of the x'’s. The x'’s are given by x' : [0,7] x R x R§ — R, i = 0,1, with
. . . 72' . . 77: . . +
¥ (k) 2 (<) (Chlg(eD" 7R — 1) 4 | (€] - ) (VORI ) et ) ).

o Continuity results on the x*’s. The x*’s are continuous in ¢, and further, as compositions of contin-
uously differentiable and locally Lipschitz continuous functions in z and y and the [ - |*-function
locally Lipschitz continuous in x and y.
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e Non-negativity of the x*’s. It is easy to see that x' > 0. The non-negativity of x° follows from the
non-positivity of (%", To see this we distinguish the two cases € > 0 and € = 0.

e ¢>0.If e >0 then
CO’CHt(t,CC) _ _%% B?r)T(O'O.(O'O)T)_l BO()\O,crit( SU))2
+ [1%(( — A0ty 2y BOYT TR 1) —(1- Aderit (4 ) BOY" R 4 1} M(t, x)

whereof the first summand is obviously non-positive. Further the second summand is non-positive,
too, since

(=20 () BY) TR 1) = (1 A0 () BY) T~ 1) <0

. 1

which follows from Lemma 4.48, iii), with z = (1 — \oerit (g x)Bg) R —1. The lemma is applicable
. _1

because (1 — A%<t (¢, 2)BY) " > 0.

o ¢ =0.If e =0 then

0.cri 1 E(BYT(0°.(0")T)"L.BY (A4 (x*M) T BY-CO)F po o 47" 2
¢t ) = =3 5 e [(1 (%(B,% o0y BT De T 1))

( 0+( OM)TBO ) 0
+ <1<B9r> oo Tps B “) ]

which is trivially non-positive.
The non-positivity of ¢“'* implies that
: +
(C) = C8) g (em 7R — 1) = [(CD - C8) Thp(em =MW — 1) + Ottt )|
and hence

Xt z,y) > —C?ﬁ(e_(l_my —1) >0 for every (t,z,y) € [0,7] x R x R{.
The remainder of the proof is the same as the proof of Lemma 4.9. O

Examples for the functions g and h are given in Figure 4.8.
The proof of Lemma 4.71 directly implies the following corollaries.

Corollary 4.73 (Time-dependent bounds on g and h). Let h and g be given by (4.35), (4.36) subject

to the boundary conditions (4.37) (¢ > 0), resp. (4.38), (4.39) subject to the boundary conditions (4.40)
(e =0). Then

fort € [0,T) where the &(T)’s are as defined in the proof of Lemma 4.9.
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Figure 4.8: g (left) and h (right) as functions of ¢
(r® =7'=0.03,7°=0.1,n" =006, 6° =04, 6" =0.7,§ =0.035, e =1, R=0.5, T = 5,
A% =275 BY =5, BY = —15, C° =27.5, C? = 10, C9 = 50,

Al =10, B =5, B} = 10, C* = 4.8, C{ = 50, C3 = 0.125)

Corollary 4.74 (Time-independent bound on h). Let h and g be given by (4.35), (4.36) subject to
the boundary conditions (4.37) (€ > 0), resp. (4.38), (4.39) subject to the boundary conditions (4.40)
(e=0). Then

0<h(t)<h

fort € [0,T) where h is the smallest positive root of

a0 ) — OY (e (R — 1)+ O A (eRY — 1) dfe >0,
=0 =) + Xt 2, y) + X (t, 2, y) ife=0

if such a root exists; otherwise h = 00, i.e.
h=min{y € R} : F(y) =0},
with the convention min () £ oo, where the x'’s are as defined in the proof of Lemma 4.71.

Remark 4.75. Notice that in case of € = 0 the function F(y) is indeed a function solely in y although
the x*’s formally depend on t and x, too. However setting ¢ = 0 implies that (“°* and consequently
hbt gre independent of t and x. This yields that the x'’s are independent of t and x, too.

Proof of Corollary 4.7/. The assertion follows from a simple ODE argument since
F(t,a,y) =~ =0 + ot z,y) + X°(t,2,9) + x'(t,2,9) > F(y)

for all (¢,z,y) € [0,T] x R x RJ where we used the notation from the proof of Lemma 4.9. If ¢ = 0
then this is obviously true. In case of € > 0 this is satisfied, too, since the proof of Lemma 4.71 showed

that x°(t,z,y) > —C)25(e” =Y — 1) and X' (t, 2,y) > C3 25 (0 — 1), O

The boundary function on h as presented in Corollary 4.73 is suitable for large values of ¢ for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
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that the boundary function overshoots h by far. The converse is true for the bound given in Corollary
4.74. Thus combining the two bounds on h yields

0 < h(t) < min{(¥° — OH(T —t),h}
for t € [0,T7.
The following theorem ensures that the strategy given in Lemma 4.58 is indeed the optimal strategy
for the optimal investment problem.

Theorem 4.76 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (4.35), (4.36) subject to the boundary conditions (4.37) (€ > 0), resp. (4.38), (4.39) subject
to the boundary conditions (4.40) (¢ =0). Then the strategy

(75 (t), & (t)) 2 (7% (t, g(t) — L=y h(t), h(t)), ¢ (t, g(t) — L1y h(t), h(t))), t € [0,T], i = 0,1,

as given in Lemma 4.58 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R.

Proof. Since (7%*(t), c"*(t)) maximizes the reduced HJB-system (4.20) for each ¢ € [0, 7], optimality
of the strategy (7"*, c¢**) follows directly from the Verification Theorem 3.3. O

Remark 4.77. If not otherwise stated we use the following shorthand notations

,n_z,cnt(t) é zcrlt(t g( )7 1{i:1}h(t)), Ci,crit(t) é zcrlt(t g( ) o 1{i:1}h(7§)),
hz,crlt (t) L hl’crlt(t,g( ) o 1{i:1}h(t)), )\l,CI‘lt (t) é )\Z’Crlt(t,g( ) o 1{1:1}h(t))

Figure 4.9 shows the optimal strategy and the Merton strategy in a setting where BZ is positive and B’
is negative for ¢ = 0, 1. Hence the large investor is forced to invest less than the Merton fractions and
to consume at a rate that is greater than or equal the Merton consumption rate in order to generate
advantageous regime shift intensities. As in the previous variants of the step intensity functions the
investor turns back to the Merton strategy as soon as the time to maturity is suitably small. In the
particular example of Figure 4.9 those times are t ~ 3.6 (i = 0), resp. t ® 4.4 (i = 1).

As already in the consumption-dependent setting it is possible that the large investor consumes al-
though € = 0. Figure 4.10 provides an example for this situation.

The large investor’s optimal portfolio strategy consists of the classical Merton strategy and an addi-
tional hedging component. Further the investor’s optimal consumption rate can be decomposed into
the Merton consumption rate and an adjustment part. The hedging component and the adjustment
part result from the investor’s influence on the market. So we can write

R (8) = M (1) and ¢ (1) = M () + (L), i = 0,1,

where we have

7TZ7H(t) ﬁ)\l Crlt(t) (O’i.(O'i)T)_l.Bi 1{h(t)2hi,crit(t)} if e >0,
Y1, i 1 (Al (rM) T CH* pi . T
E(U '(U ) ) ! B7r Bl ( (i(Bi)T.(a-i.(a-z) T-1.Bi B+ 1) )1{h(t)2hlvcm(t)} if e =0,
et 1) M) gy e if £ >0,
) g( B;) ® (b2 )

(BT (0" (al)T) L.BL ( (Al (xM)T Bi i)+
%

(B:)? (BT (01.(01) ) T.Bi BZ + 1) 1{h(t)2hi’“it(t)} if e =0.
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01t

Figure 4.9: Optimal strategy vs. Merton strategy: 7%, ¢* and 7>, ¢*M as functions of ¢
(r®=r'=0.03,7°=0.1,7' =0.06,0° =04, ' =07, =0.035,e =1, R=0.5, T = 5,
A% =275 BY =5, BY = —15, C° = 27.5, C? = 10, C9 = 50,
A' =10, B} =5, Bl = —10, C* = 4.8, C{ = 50, C3 = 0.125)
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Figure 4.10: Optimal strategy vs. Merton strategy: 7**, ¢** and 7™, ¢vM as functions of ¢
(r® =7r'=0.03,7°=0.1, ' =0.06, 0° =0.3, " =0.7, § = 0.035,¢ =0, R=0.75, T = 1,
A% =225 BY =05, B =-100, C° =19.5, C? = 5, C9 = 30,
A'=11,BL =0.7, Bt = —75,C* =9, C{ = 25, C3 = 5)
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Notice that (7 (t))T.BL < 0. Moreover BichA(t) < 0. If € > 0 this is true since A>*i*(¢) < 0. In case
of € = 0 this can be easily verified.

The following lemma shows that (7%, ¢»4) benefits the regime shift intensities.

Lemma 4.78. The optimal strategy (7"*, c*) satisfies
190’1(7r0’*(t),c0’*(t)) < 190,1(7_(_0,M’CO,M(t)) and 191’0(711’*(t),c1’*(t)) > ﬁl’o(ﬁl’M,cl’M(t))

for every t € [0,T].

Proof. The assertion follows since

O (7 (1), (1)) = O {404 (r0.x (1)) B0+ BOCO* (1) <0} F O3 L{ A0 (r0.5 (1)) T.BO+ BOO ()50}
= CT {404 (0 ()T B +(x0H (1)) T BO+ BIOM (1) BOOA (1) <C0)
+ CSl{AOJr(WO’M(t))T~39r+(7T0’H(t))T-B9r+3900’M(t)+BQCO’A(t)>CO}
< C:?].{AOJF(T(-O,A{(t))T.B2+BQCO,]VI(t)SCO} + Cg1{A0+(ﬂ.0,]w(t))T.B‘(r)r+BgCO,I\/I(t)>CO}
— ﬁO,l(WO,M’ CO’M(t))

and

191’0(71'1’*(15), Cl’*(t)) = Cll1{A1+(7r17*(t))7.B}r—i-Bgcl’*(t)gCl} + 0211{A1+(7r17*(t))7.B}r+Bgc1!*(t)>Cl}
- 0111{A1+(771’M(t))T-B}r‘*‘(Wl’H(t))T-B}r‘*‘Bgcl‘M(t)‘f'Bécl’A(t)Scl}
- 0211{A1+(7T1’M(t))T-B}r‘f‘(Trl’H(t))T-B}r‘f‘Bécl’M(t)'f'Bicl’A(t)>01}

> Cll1{A1+(7rlvM(t))T.B}T+BéclvM(t)§CI} + Cél1{A1+(7T1,]\/I(t))T'BTlr+Bécl,M(t)>Cl}
_ 191,1(7_[_1,M’ Cl’M(t))

as (7" (¢))T.BL <0 and Bich4(t) <0. m

Remark 4.79. As in the last section the optimal strategy is a compromise strategy composed of the
Merton strategy and the critical strategy and thus generating better regime shift intensities than those
the Merton strategy would yield.

4.3 Affine Intensity Functions

Having considered constant and piecewise constant intensity functions the next step is to discuss
affine intensity functions. However since intensities have to be non-negative we cannot use pure affine
functions. To overcome this problem of negativity we look at a class of continuous functions consisting
of an affine and a constant part. For notational convenience we call those functions ’affine’. Thus in
this subsection we let the intensity functions ¥!~% be given as functions of the form

917, ¢) = max{Al + 7 .B\ + Bie,C}, (r,¢) € R* x Ry (AI)

with A € R, BL € R?, BY € R, B! <0 and C? > 0 for i = 0, 1. Positive values for B! are not allowed
since this could cause an infinite consumption rate to be optimal in state 1 as will be seen later on.
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Via step intensity functions the investor has only an indirect influence on the market whereas with
those floored affine intensity functions the investor can directly determine the level of the regime shift
intensities. The only restriction is that the intensities are not allowed to be smaller than a predefined,
non-manipulable constant. As in the case of the step intensity functions we first give some explanations
and possible interpretations of the parameters characterizing the ’affine’ intensity functions.

Remark 4.80 (Interpretation of the intensity parameters). The affine intensity functions can take
on every value that is larger than or equal C*. Thus, this minimal intensity can be regarded as being
advantageous if i = 0, resp. disadvantageous if i = 1, for the large investor. Further, since 917" is
unbounded from above the possible extent of the large investor’s influence is infinite. Again, B and
B! determine the strength of the influence, resp. the sensitivity of the market — the bigger \B,ir’n\, resp.
|BL|, the more sensitive the market. Finally, having specified the minimal intensity and the B'’s the
critical barrier separating the strategies that generate intensities bigger than C* from those that cause
the minimal intensity is fized via the parameter A’

As in the step intensity section the signs of Bfmw resp. B, determine the way in which the market
reacts on the large investor’s presence. Thus, a positive B?rm, resp. a negative B}m, corresponds to a
market in which large positions in the n-th asset yield large (i = 0), resp. small (i = 1), transition
intensities. So the other market participants disapprove the large investor’s holdings in asset n in that
his position could cause the market to turn into the adverse state (if i = 0) or hinder an early jump

back to the favorable state (if i =1).

In case of B?r’n being negative, resp. B}ryn being positive, large proportions in the n-th asset cause small
(i =0), resp. large (i = 1), transition intensities. Thus the large investor is accepted by the market,
resp. the other market participants may think of him as having superior information about the n-th
stock, such as a manager of a prosperous fund, or an executive of the company issuing the stock or
even a person having insider information.

Having discussed the role of BL we now go on describing the consumption parameter B.. If B > 0,
resp. BL < 0, then consuming at a high rate implies large (i = 0), resp. small (i = 1), regime shift
intensities, i.e. the other market participants may interpret the large investor’s high consumption rate
as a bad signal for the future development, e.g. as a herald of a market crisis. Another example in
which a positive value of B, resp. a negative value of Bl, is reasonable is the large investor being the
manager of a large mutual fund. In this context consumption can be interpreted as a reduction of the
number of assets under management. A possible reason for such a reduction could be the absence of

lucrative investment opportunities.

Finally, a negative BY implies that consuming at a high rate yields small regime shift intensities. Thus
the market somehow rewards the large investor’s if he consumes at a high rate. This could be the case if
the investor’s presence in the market is disapproved by the other market participants. A specialty arises
if e =0, i.e. if the investor does not draw any utility from intermediate consumption in terms of the
utility function. In this case a negative BY may force the investor to consume just to achieve favorable
transition intensities without generating any direct utility gain. In this context consumption could be
interpreted as bribe and we will see later on that there exist parameter specifications under which the
investor pays a bribe.
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Under the affine intensity functions the HJB-system (4.8) reads

0= sup {g'(t) — 1y b/ (1) + gt — %RWT.ai.(ai)T.w
(me)ERM xR

+ sy (e (TR e )R 1) ¢ (4.41)

+ max{A" + 7" .B. + Ble, Ci}ﬁ(e(—l)l_i(l—b’»)h(ﬂ _ 1)}

for t € [0,T) and i = 0, 1, subject to the boundary conditions

Subsequently, we present the solution of the investment problem (P) for three different variants of
the affine intensity functions. First, we discuss intensities that are influenced solely by the portfolio
proportions 7, the so called portfolio-dependent intensities (Subsection 4.3.1). Second, instead of the
dependency on 7 we look at consumption-dependent intensities being functions just of the consumption
rate ¢ (Subsection 4.3.2). And finally the most general version of portfolio- and consumption-dependent
intensities is regarded (Subsection 4.3.3).

Again the simplest variant — the portfolio- and consumption-independent intensities — will not be
discussed as it is a special form of the constant intensity functions where choosing B: = 0 and B’ = 0
yields 9517 (7, ¢) = max{A?, C*} for i = 0, 1.

In each subsection we present the optimal strategies in closed form, i.e. we give explicit formulas for
the optimal portfolio proportions and consumption rates that only depend on the solution of an ODE-
system of which we show that it admits a unique global solution. Further we provide bounds on the
solution of this ODE-system.

4.3.1 Portfolio-dependent Intensities

We now analyze the optimal investment problem when the intensities of regime shifts only depend on
the investor’s portfolio proportions 7, i.e. we let

B. #0and B. =0 fori=0,1, (PD)
so that the intensities are given by
917 (1, ¢) = max{A" + n" .BL,C"}.
We denote by
gm0 & {77 eR": A+ 7".B0 > CO}, gl & {w eER™: A'+7'.BL > 01}

the half spaces of strategies that impact on the intensities of regime shifts. Thus

d™(m) 2 Al 47T Bl — 1
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denotes the ’distance’ of the strategy 7 to the separating hyperplane and we have 7 € J™° if and only
if d™9(1) > 0, resp. 7w € ™! if and only if d™!(7) > 0.

At first sight it seems inconsistent that ™! includes the separating hyper plane whereas 7™ does not.
But this is actually in accordance with the setting in the section on step intensity functions. There the
half space of favorable strategies included the separating hyper plane which turned out to be necessary
for the existence of the solution to the optimal investment problem. Now, the analogon to the favorable
half space of the previous section is in state 0 given by the subspace of all strategies that yield the
smallest possible regime shift intensities. This subspace is just the complement of J™Y. On the contrary,
in state 1 the complement of J™! contains all the unfavorable strategies since here small regime shift
intensities are disadvantageous. This justifies the above definition of 7™ and J™!.

In order to determine the maximizer in the HJB-system (4.41) we define functions H™" : ]R(J)r xR" — R
and H% : [0,7] x R x Rf — R, i =0, 1, given by

H™ (y,m) 2+ 7"y — %RTFT.Ui.(O'i)T.W + max{A* + 7" B¢, Ci}ﬁ(e(_l)ki(l_my -1,
Hc,i(t’ :E,C) A - ed L(e—(l—R)mcl—R o 1) —c

where we use the already mentioned convention 0'~% £ oo if R > 1. Hence the HJB-system (4.41)
reads

0= sup {gl(t) — 1y b/ (1) + H™ (h(t),m) + H(t, g(t) — Lii—1yh(t), C)} (4.42)
(m,c)ERMXRY

for t € [0,T) and ¢ = 0, 1, subject to the boundary conditions

Writing the HJB-system in that way it is obvious that the maximization over (m,c) € R™ x Rar can be
separated into two unrelated maximizations; one over 7 € R™ and one over ¢ € R .

To find the supremum in (4.42) we present the maximizers of the functions H™(y,-) and H%(¢,x,-)
for arbitrary (t,z,y) € [0,T] x R x RJ. This yields a family of maximizers dependent on (t,z,y). The
maximizers of the HJB-system (4.42) are then obtained by replacing x and y by g(t) — 1g,—1yh(¢) and
h(t).

Concerning the consumption rate the concavity of H%(t,z,-) and the first-order condition imply

Lemma 4.81 (Maximizer of H%!(t,x,-)). For every (t,x) € [0,T] x R the mazimizer

¥ (t,x) £ argmax HY(t,z,¢), i = 0,1,
cG]Ra'

s giwen by the Merton consumption rate, i.e.
At x) = Mt x).

Remark 4.82. In case of ¢ = 0 the Merton consumption rate vanishes, i.e. ¢ (t,z) = 0.
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In order to find the maximizing portfolio proportions we let Hl”, HP'  RE xR* - R, i = 0,1 be
given by

Hzr’i(y,w) E2rital g —LiRr o' (o) T+ Ciﬁ(e(_l)lii(l_my - 1),

Hm(ya e o+ WT.ni — %R?TT.Ui.(Ui)T.W + (Ai + wT,Bjr)ﬁ(e(—l)“i(l—R)y —1)

a
such that H™(y, m) = H"(y, 7)1 pggmiy + Ha ' (y, 7)1 (regniy-

Since H' ’i(ya -) and Hg ’i(y, -} are concave paraboloids for every y € Ry, the three candidate solutions

for the maximization of H™(y,-) over 7 are
M = arg max H (y, ),
TER™
T (y) £ arg max H ' (y, m),
TER™
Fherit & arg max H“’i(y, )
{WGRﬁ : Ai+7rT.Bjr:Ci}

where
~ Q% i Ty — i i —1)l-i(1—
7 (y) = 3(0".(0) ) (0 + Bhptg (el TR 1),
~derit _ 1/ i iNT\=1 (i i _ Al+(@-M)T.Bi—C¢
T = R(U (U) ) '(77 BTI' %(B%)T.(Ui.(gi)T)fl.B;ir)

foryE]Ra’,i:O,l.
Remark 4.83. We use the following shorthand notations

Hip(y) & H (g 7M) and HTL(y) & HT (9,7 (y)
foryE]R(T and i =0,1.

Before we present the maximizer of H™(y, -) we first provide some useful results on the relation between
oM and 7%* and the related function values H;'y, and Hg <.

*

Lemma 4.84. For every y € Rg the Merton strategy ™M, the candidate solution 7* and their

function values HZFJ’\Z and HZ{;L are related as follows.
i) 7OM gm0 = HT(y) < HIR(y) = 7% (y) ¢ IO
i) M egml = HEL(y) < HIL(y) = 7(y) e TN
Proof. ad i) In order to prove the assertion we note that the following three equivalences hold true.
Firstly, 70M ¢ 770 is by definition equivalent to
d™0 (%M < 0. (%)
Secondly, some transformations yield that H;' ]’\(}(y) < Hg, 0 (y) is equivalent to

d™O(7OM) < ~LL(BYT (6%(c%) ") L. BL s (e RV — 1), (%)
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And thirdly, 7%*(y) ¢ ™ is equivalent to
d™O(7OM) < —L(BYT.(6%.(c%) ). Bl g (e RV — 1), (s )
As y > 0 the right-hand side of (*x*) is non-negative. Hence (xx) follows directly from (x) which yields

the first implication. The second implication follows from the fact that the right-hand side of (sx) is
smaller than the right-hand side of (x * x).

ad ii) The proof of assertion ii) works completely analogously since firstly, 71™ € J™! is by definition

equivalent to
dﬂ',l(ﬂ,l,M) > O,

secondly, H,' 1\14(9) < H'L(y) is equivalent to

d™H(rt M) > —LL(BYHYT (o' () )T B 5 (e PY — 1),

and thirdly, #1*(y) € 7! is equivalent to
d™ (7t My > —L(BYT (ot (o)) )L BL 5 (e RV — 1),

O
Those technical results turn out to be quite helpful in the proof of the following lemma on the maximizer
of H™(y,-).
Lemma 4.85 (Maximizer of H™(y,-)). For everyy € Ry the mazimizer

7% (y) £ argmax H™ (y, ), i =0, 1,

TeR™
is given by
% (y) = (0% ). (n° + Bgﬁ(e—(l—R)(yAho’““) ~1)),
1% ﬂ-LM ny < hl,crit’
m (y): ~1,% ; 1,crit
T (y) ify = hoo,
where
0,cri 1 A0y (70, M T.B‘(l)ric() +
ROt 2 — (-1 ~ R e 1),
Ti Al (plM T.B}F—Cl -
hlyc t ﬁ ﬁ ln((]- — R)2%E(BI§T(01)(G—1)T)*1)B}|. + ].)
and

qOscrit & %(UO‘(GO)T)—I' (770 _'_Bgﬁ(e—(l—]{)ho,crit - 1)>

0 (,0\Ty=1 (0 0_(A%4(@%M)T.BY —CO)*
(U '(U ) ) : (77 _Bﬂ' %(BQT)T.(UO.(JO)T)*LB2>

The Figures 4.11 and 4.12 show the three, resp. four typical shapes of the functions Hlﬂ’i(ya ), Hg’i(y, )
and H™(y,-) that correspond to the different cases occurring in the following proof of Lemma 4.85.
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Figure 4.12: Typical shapes of Hf’l(y, ), Ha''(y, ) and H™!(y, -) where ™! = [0.5, c0)

Proof of Lemma 4.85. The proof is structured as follows. First we deduce the maximizing strategy in
state 0 and then continue with state 1. Let y € Rar be given.

o Mazimizing strategy in state 0. We first consider the case 7% ¢ J™9 and then %M ¢ J™0,

o 10M ¢ gm0 If the Merton strategy 7% is not part of the influencing half space J™° then Lemma

4.84, i), implies that 7%*(y) ¢ J™0, either. Consequently H™%(y,-) exhibits only one maximum
which is attained at the Merton strategy (cf. leftmost couple of plots in Figure 4.11), i.e.

7_‘_O,M ¢ jﬂ',o = TFO’*(y) — 7_‘_O,M.

70M ¢ gm0 If the Merton strategy 7% lies within J™° then H™%(y,-) has again just one maxi-
mum that is either the maximum of H;r’o(y, -) (cf. central couple of plots in Figure 4.11) or it is
attained at the critical strategy 7% (cf. rightmost couple of plots in Figure 4.11). Notice that
the maximizer of Hy"(y,) is given by #0*(y). As long as 7%*(y) is lying in I it is even the
maximizer of H™%(y,-). But as soon as #%*(y) quits J™° the maximizer of H™(y, ) is given by
the critical strategy, i.e.

70x(y) if 70 (y) € IO,

o0,M 7,0 0,%
el = ' = :
7T 7T (y) {7.[.0,01“11: if ﬁ.O,*(y) ¢ Jw,O.

Combining the two cases we find

n0OM if 7
0% (y) = 70 (y)  if 7OM € 970 and 70*(y) € IO,
7r0,crit if 7TO,M c j7r,0 and ﬁo,*(y) ¢ Jﬁ,o.

0,M ¢ j7r,0’
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Hence, we need to analyze the condition 7%*(y) € J™° in more detail.

) €T e FO(OM) > —L(BY)T (0. (0°) ) B (e~ — 1)
—(1— 40 (r 0,M
& gl 1) < et T

(*) 1 —(1—-R (d”’O(WO’M/))
e e G VRS %(BO)T.(UO.(UO)T)—I.BQ
. (dW’O(WO’NI))+ )

< v < —rr (-~ = B gt o oty + 1

o y < hO,crlt
where equivalence (x) holds true since —ﬁ%(e_(l_R)y — 1) is non-negative as y > 0. Notice that by
construction

7_‘_0,]\4 ¢ JTF,O o hO,Crit =0.
Thus the maximizing strategy in state 0 is given by
7TO’M if 7T0’M ¢ :]7r,07
7_‘_0,>i<(y) —_ 7~T0’*(y) if 7.‘.O,M c jﬂ',O and y < hO,crit,

7.‘.O,crit if 7T0’M c JTr,O and y > hO,crit

which can equivalently be written as

" (y) =

==

(JO'(UO)T)—l' ( Bgl lR( —(1—R)(yAhOcrity 1)> ‘

o Mazximizing strategy in state 1. In state 1 we first consider the case 71 € ™! and then 7'M ¢ J™1,

o M ¢ g™l If the Merton strategy 75 is lylng in J™! then by Lemma 4.84, ii), also 71*(y) € J™1.
Hence H™!(y,-) has a unique maximum at #'*(y) (cf. first couple of plots in Figure 4.12), i.e

7_[_l,M c j7r,1 - 7r1’*(y) — ﬁl’*(y).

o 7bM ¢ gl However, if 7t ¢ J™! then H™!(y,-) may possess two local maxima, namely the
maxima of Hl”’l(y, ) and HJ'(y,-) which are attained at 75 resp. #1*(y). As long as 7'*(y)
does not lie within J™!, H™!(y, -) exhibits only one maximum that is achieved at 71" (cf. second
couple of plots in Figure 4.12). As soon as 71*(y) enters ™!, H™!(y,-) exhibits the two local
maxima mentioned above that have to be compared in order to find the global maximum (cf.
third and fourth couple of plots in Figure 4.12). Hence we have

e~ 1% ™, * s m,1 m,1
gt gy 2 {AY R 07 o (7)€ 37 and B () > HEL )
ab*(y) if #L*(y) € 7™ and H'(y) < Ha(y).

Combining the two cases we can write the maximizing strategy in the following way.

abMif LM ¢ gl and g7 or [#1*(y) € 9! and H;L (y) > Hot
¥ (y) = Yy l,M(y a,~\Y)|
7l (y) if 7M€ I or [71'1’M ¢ J”’l and [71*(y) € I™! and Hfj\}[(y) < H;’i(y)]}
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We now consider the two conditions in more detail. Firstly

M ¢ 91 and [ﬁ'l’*(y) ¢ I or [ﬁl’*(y) € 9™ and Hf}é(y) > Hg’i(y)]}
& Mgt and (7 (y) ¢ I or HYy(y) > HDL(y)]

L. 4. i1
42;1, i) oM ¢ L and H;j]’\}[(y) > H(Z’i(y)
L. 4.84, i7) 7,1
= Hl,M(y) > H;?i(y)
Secondly

oM g gml op [7T1’M ¢ 771 and [frl’*(y) e 9™ and Hl”]\}[(y) < Hgi(y)ﬂ

& oM e g™l or [71*(y) € 7! and Hlﬂ]\}[(y) < HZ{i(y)]
L. 484, ii ™
P i) abM o gml o Hl,}\}l(y) < H;r:i(y)

L. 4.84, i) 1
& Hiyly) <HDL(y)

Hence we get

7717*(3/) — Trl’M lf HIT:—]’\}<y) > H;:”}/(y)a
w(y) i Hy(y) < Hos(y).

Thus, we need to take a closer look on the condition H; A}(y) < Hg, L (y). Some straight forward
calculations show

H ) < HIAy) (M) > =55 (BT (o (o)) LB (e )
B dml (1 M
N ﬁ(e(l Ry _ ]_) > =2 %(B}T)T,(Ul(.(tfl)%)_l-B}r
() - T
= ﬁ(e(l Ry 1) > 2%(357.(0(1,(01))%)*1.3},
1 _ (dm (M)~
- y > == 111((1 R)2 %(B}F)T.(O'L(Ul)T)_l'B}r + 1)
- y > hl,crit

where equivalence (%) holds true since ﬁ%(e(l_my — 1) is non-negative as y > 0. Notice that by

construction
ﬂ_LM c :]7771 = h17cr1t =0.

Therefore the maximizing strategy in state 1 is given by

Lo B 7T1’M 1fy < hl,crit7
Q (y ) a21,% : 1,crit
T (y) ify > Ao

Thus the lemma is proven. O
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Remark 4.86 (Interpretation). Whenever the Merton strategy in state 0 is not part of the influencing
half space then the mazimizing strategy coincides with the Merton strategy. However, if the Merton
strateqy lies within the influencing half space then the mazimizing strateqy deviates from the Merton
strateqy.

In state 1 things are different. Here the maximizing strategy coincides with the Merton strategy if the
Merton strategy is not lying within the influencing half space and y < hY"*, i.e. the utility criterion
dominates the intensity criterion as discussed in Remark 4.33 as long as y < h“"t. Once y > h1mit
the situation changes and the intensity criterion is more important than the utility criterion, i.e. the
mazximizing strateqy deviates from the Merton strategy.

Remark 4.87 (Continuity of 7%* vs. discontinuity of 71*). The special form of the mazximizing strategy
in state 0 implies that %% is a continuous function in y.

However in state 1 the mazimizing strateqy may exhibit a discontinuity at y = hbrit where 7% jumps

from wM to 71 (KLY Only in case of K" = 0 this discontinuity vanishes and ©* is continuous.

Remark 4.88. So far the strategy (7%, c"*) is only a candidate solution for the optimal investment
problem. To wverify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required regularity conditions stated in the Verification Theorem 3.3.

Having established the maximizers of the HJB-system in general form inserting (7%*(h(t), c*(t, g(t) —
Lyi=13h(t))) the reduced HJB-equation (4.42) now becomes a system of coupled backward ODEs

L _1-R
W) = = (B0 = W)+ () e 7 90 B (M) _ 1)
- COﬁ(ef(lfR)h(t) - 1) + Clﬁ(e(lfR)h(t) - 1)
_( ( MNT Bg ) _1 (67(17R)(h(t)/\h07““) —1)

11/R0 0 (. 0\T 0 1 —(1—R)(h(t)ARO-erit) 2 (4.43)
— 3BT (00 ) B e e -1
+ (Al ( 1,MN\T B71r C )1_1R (e(lfR)(h(t)\/hl’Cm) _ 1)
_ 1,crit
+ %%(B}T)T (0_1 (O_I)T) Bl( =0k (6(1 R)(h(t)vhlerity 1)27
s 5 R LR
g(t)=—0"+ m@ ~ 25 (=) T e 7 00 - 1))
— OV L _(e—(=R)h(t) _ 1
o (e ) 0,crit (444)
o (AO + ( OM) CO) 1 ( —(1=R)(h(t)ARYc1t) 1)
_ (11— 0,cri
- %é(BS)TwO.(aO) I I Ca A Vi
subject to the boundary conditions
9(T) = 0, A(T) =0 (4.45)

Remark 4.89. From the proof of Lemma 4.85 we know that

y > pLscrit PN dﬂ—’l(ﬂ'l’M)l%(e(l_R)y 7 1) + %%(B;)T.(ol.(al)T)_l B71r a IR) (6(1—R)y 7 1)2 > 0.
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Remark 4.90. The aforementioned ODEs include the ODFEs of the classical Merton problem (first
rows) and the ODEs of the Bdiuerle-Rieder problem with constant regime shift intensities C* (first two
rows).

The following lemma shows that the above ODE-system exhibits a unique global solution.

Lemma 4.91. The ODE-system given by equation (4.43) and (4.44) subject to the boundary conditions
(4.45) admits a unique global solution.

Proof. The proof is essentially the same as the proof of Lemma 4.9. Only the x*’s are different. Therefore
we just present the actual x"’s and verify that those satisfy the necessary continuity conditions and
the non-negativity condition.

e Definition of the x*’s. In the case of portfolio-dependent intensities the x*’s are given by x* : IR(T — R,
i =0,1, with

Xo(y) s COL(e—(l—R)y —1)— dw,O(ﬂ_O,M)%(e—(l—R)(y/\hO’Crit) —1)

1-R R
_ _(1_ 0,crit
_ %%(BS)T.(UO.(UO)T) 1'B2(1_1R)2 (6 (I-=R)(yAh ) _ 1)2’
_ T _ 1,cri
X (y) 2 C g (e0=PY — 1) o g™ (7 M) g (IR )
_ _ 1,crit
+ 3BT 0 1)) B g (RO 12

o Continuity results on the x'’s. Being compositions of continuously differentiable functions, the
max{-, -}- and the min{-, - }-function the x*’s are locally Lipschitz continuous.

e Non-negativity of the x'’s. In order to verify that x° > 0 we distinguish the two cases that already
appeared in the proof of Lemma 4.85; 7%M ¢ 770 and 7OM ¢ gm0,

o 70M ¢ gm0 1f 7OM ¢ gm0 then ROt = O implying x(y) = —Coﬁ(e*(kmy — 1) which is
non-negative for every y € Rar.

o 70OM ¢ gm0 If 70M ¢ gm0 then A%t is strictly positive and there are again two cases to be
distinguished; y < h0it and y > pOcrit,

o y < A%t In the proof of Lemma 4.85 we have seen that y < h%"t is equivalent to

0 < — a0 M) (e — 1) — LB T (0°.(0°)T) L BY e (e — 12

which obviously yields

0 < — d™O(xM) (e - 1) — LE(BYT(0%(0") ) LB s (7Y —1)2,

and thus x°(y) > 0 for every y € Ry .

o y > RVt If otherwise y > h%Mt then

(11— 7,0 7TO’M +32
Oy) = ~CO Lo (e=(=R _ 1) 4 1 (@G

7B T(0°.(e")T)~L.BY

which is positive for every y € ]Rar, too.
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In order to prove that x' > 0 we now distinguish the two cases 7™ € J™1 and M ¢ g™,

o LM cgml If LM ¢ g™l then A"t = 0 implying

1,M

Since 71M € ™1 also implies d™!(71*) > 0 the non-negativity of x! is proven.

o bM ¢ gml If gLM ¢ g™l then ALt i strictly positive and there are again two cases to be
dlstmgulshed, y < hberit and y > pherit,

o y < bt If 4 < L then

Xl(y) — Clﬁ(e(l_R)y _ 1) dw,l( ) R( (1-R)pberit 1)
BB (0" (o)) Bl e 1
—-R a1 (r 10 1,M A (p 1 M) —)2
— O (e ”‘”’*2<(><K<§>1%%+2%w$réu¢¥}ym
C 7R( (1 R)y _ 1)

which is non-negative as y > 0.

o y > WYt If otherwise y > AVt then

K () = C gl = 1) 4 () g (e — 1)

+ %% B;)T.(al.(al)T)—l_B}r(l_lR)2 (e(l—R)y . 1)2

which is non-negative since we know from the proof of Lemma 4.85 that

y > hl,crit PN dﬂ-’l(ﬂ'l’M>ﬁ(e(1_R)y - 1) + %%(B;)T.(Ul.(al)T)_l.B; (e(l—R)y - 1)2 > 0.

(-R)?
The remainder of the proof is the same as the proof of Lemma 4.9. 0

A particular example for the functions g and h is given in Figure 4.13.

We can even provide some bounds on the solution (g, h) as the proof of Lemma 4.91, resp. Lemma 4.9,
directly implies the following corollaries.

Corollary 4.92 (Time-dependent bounds on g and h). Let h and g be given by (4.43), (4.44) subject
to the boundary conditions (4.45). Then

—Uﬂ—ﬁWTﬂTT—ﬂﬁg(

fort € [0,T] where the &(T)’s are as defined in the proof of Lemma 4.9.



92 4 Solution for CRRA Investors with Power Utility
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Figure 4.13: g (left) and h (right) as functions of ¢
(r* =71 =0.03, 7° =0.09, n* =0.01, 6" =0.3,0' =0.5,6 =0.035, e =1, R=25,T =2,
A =9 BY =5 C" =10, A* =55, B = =3, C' =5.4)

Corollary 4.93 (Time-independent bound on h). Let h and g be given by (4.43), (4.44) subject to
the boundary conditions (4.45). Then )
0<h(t)<h

fort €10, T] where h is the smallest positive root of F(y) 2 —(W0 — ¥ +\O(y) + x'(y) if such a root
exists; otherwise h = oo, i.e.

h=min{y € R} : F(y) =0},

with the convention min () £ oo, where the x'’s are as defined in the proof of Lemma 4.91.

Proof. The assertion follows from a simple ODE argument since

Ft,z,y) = =(9° =0 + ot,z,y) + X°(y) + x'(y) > F(y)
for all (¢t,z,y) € [0,7] x R x R where we used the notation from the proof of Lemma 4.9. O

The boundary function on h as presented in Corollary 4.92 is suitable for large values of ¢t for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
that the boundary function overshoots h by far. The converse is true for the bound given in Corollary
4.93. Thus combining the two bounds on h yields

0 < h(t) < min{(¥° — UH(T —t),h}
for t € [0, 7).

The following theorem ensures that the strategy given in Lemmas 4.81 and 4.85 is indeed the optimal
strategy for the optimal investment problem.
Theorem 4.94 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and
g be given by (4.43), (4.44) subject to the boundary conditions (4.45). Then the strategy

(7 (), ¢ (8)) = (w7 (h(1)), (L, g(t) = L=y (1)), ¢ € 0,T), i =0,1,

as given in Lemmas 4.81 and 4.85 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R.
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Proof. Since (m%*(t),c"*(t)) maximizes the HJB-system (4.42) for each t € [0,7], optimality of the
strategy (7"*, c*) follows directly from the Verification Theorem 3.3. O

0.4 0.016

0.395 - 0.015

0.014 |

0.013 |-

0.385 -

0.012 |
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0 0.5 1 15 2 0 0.5 1 15 2

Figure 4.14: Optimal strategy vs. Merton strategy: 7#** and 7™ as functions of ¢
(r® =7r' =0.03,7° =0.09, n =0.01,0° =0.3,0' =0.5,6§ =0.035, e =1, R=2.5T =2,

A"=9 BY =5 C°=10, A' =55 B: = -3, C' =5.4)

Figure 4.14 shows the optimal strategy and the Merton strategy in a setting where BY is positive and
B}r is negative. Hence the large investor is forced to follow a strategy with portfolio proportions that
are smaller than the Merton ones in order to generate advantageous regime shift intensities. In state 0
the deviation is about 6% whereas in state 1 it amounts to about 31%.
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Figure 4.15: Optimal strategy vs. Merton strategy: 7°* and 7™ as functions of ¢
(r® =7 =0.03, n° = 0.09, n* =0.01,6°=0.3,0' =05, =0.035, e =1, R=1.5, T = 0.1,
A’ =68, B =5 C° =10, A' =547, B = -3, C' =5.4)

0,%

The special cases of 7%* reaching the critical strategy and 7'* jumping to the Merton strategy are

shown in Figure 4.15.

Remark 4.95. As one can see in Figures 4.14 and 4.15 the deviation of the optimal strategy from
the Merton strateqy usually shrinks continuously as t is growing; in t = T it vanishes completely.
This typical behavior is due to the fact that the chance, resp. the threat, of a possible jump to the
favorable, resp. adverse, market state decreases as the time to maturity T —t becomes smaller since the
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related probability decreases. Thus a relocation among the utility criterion and the intensity criterion
as discussed in Remark 4.33 in favor of the wutility criterion takes place. The utility aspect becomes
more and more important and thus the optimal strategy approaches the Merton strategy. So far this is
just a qualitative point of view.

What is concretely meant by ’small’ time to maturities and the aforementioned decreasing chance, resp.
threat, i.e. the quantitative aspect of this behavior of the optimal strateqy, highly depends on factors such
as the level of the regime shift intensities, i.e. the intensities at the Merton strategies, the sensitivity
of the market represented by BL, the difference between the two market states measured by W0 — Wl
the investor’s risk aversion R and finally of course the time to maturity T' —t. Moreover most of the
aforementioned aspects depend on each other, e.g. the risk aversion enters the utility growth potential,
the Merton strategy and thus the regime shift intensities at the Merton strategies. Hence the effects of
the above factors on the optimal solution are far from being trivial.

As in the section on step intensity functions the special structure of the large investor’s optimal
portfolio strategy suggests a decomposition into the classical Merton strategy and an additional hedging
component. This hedging component is due to the investor’s influence on the market. So the optimal
strategy can be written as

By, i=0,1

ﬂ_i,*(t) — ﬂ,i,M + ﬂ_i,

where the hedging component 7% is given by
OH (1) & (UO.<O'O>T)_1.B

b (1) & (01.(01)T)_1.B

—(1— 0,crit
L (e~ (=RROARL _ )

L_(e(=R0) _ 1)

0
™1
17
T1-R

T =

]. {h(t)zhl,crit} .

Notice that (7"
achieves an intensity gain when using the optimal strategy n** instead of the Merton strategy w

H(1))T.BY < 0 whereas (75 (t)) ".BL > 0. The following lemma shows that the investor
i\M

Lemma 4.96. The optimal strategy (7"*, c"*) satisfies
Q90,1(7_[_ ’*(t),co’*(t)) < ﬂo’l(WO’M,CO’M(t)) and 191,0(71_1

for every t € [0,T].

’*(t),cl’*(t)) > ﬁl’o(ﬁl’M,cl’M(t))

Proof. The assertion follows since

9O (70 (2), ¥ () = max{A® + (x*(¢)) . BO ,C%

(
(

= max{A° + (zOM)T B + (z%H(1))".BY, C°}
< max{A® + (M) T B0 ,C%%

_ ﬁO,l(WO,M’ CO’M(t)

and
POl (1), ¢V (£)) = max{ AL + (1 (1)) T. Bl Cl}

= max{A' + (z1")" B! + (zVH(t))".BL, ct}
> maX{Al ( LMyT B1 ,C1Y

= GO 1)

as (m%H (t))T.BY <0, resp. (7"H(t))T.BL > 0.
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Remark 4.97. Notice that the optimal strategy is a compromise strategy. The large investor faces
the trade-off between trading optimally in terms of generating the highest possible expected utility from
intermediate consumption and final wealth on the one hand and investing in such a way that the regime
shift intensities are as favorable as possible on the other hand. Pursuing only the utility goal would imply
the Merton strategies to be optimal. However, solely aiming at favorable intensities — small ones in state
0 and large ones in state 1 — would, in state 0, render any strategy not lying in the influencing half
space I™" to be optimal, whereas in state 1 an optimal strategy would not exist since 910 is unbounded
from above.

The optimal strategy that we derived here is a compromise strategy in that it is in general different
from the Merton strategy but generates better regime shift intensities than those the Merton strategy
would yield, i.e. it accommodates the aforementioned trade-off.

0,crit

We have seen before that the optimal portfolio strategy in state 0 may be truncated at w . In

the following we present a sufficient condition under which this truncation does not take place, i.e.
7b*(t) = #*(t) for all ¢t € [0, T] where 7%*(t) £ 74*(h(t)).
Proposition 4.98. Let M € I and suppose that A + (79°)".BY > C°, where

0,0 &

==

0/ 0\T\=1 (.0 A0+ (x0M)T. BY -3¢0 0—p! 0
@ (0”.(c7) ). (77 - (%%(Bg)(:.(UO?(UO)T)fl.Bg * A°+(7r‘;1fM)$-B79—C°> B”) '

Then 7*(t) = 7#*(t) for all t € [0,T).

Proof. If M ¢ J™1 then h1" = 0 implying 71*(¢) = #1*(¢) for all t € [0, 7). In state 0 the condition
70M ¢ gm0 i5 necessary since otherwise 70* = 7M. Hence

pOcrit _ —ﬁln(—(l ~R) AO4(n0-M)T BO_O n 1).

7#(BYT.(0%.(0%)T)~1.8Y
The assertion of the proposition is equivalent to the condition
h(t) < RO for all ¢ € [0, T7.

To prove this, we assume without loss of generality that A%t < oo and use a simple ODE argument.
We let F' as given in the proofs of the Lemmas 4.9 and 4.91. As F(T,¢(T),h(T)) = F(T1,0,0) < 0,
it suffices to show that F(t,z, h%"t) > 0 for every (t,x) € [0,T] x R. Indeed, in this case it follows
from the intermediate value theorem that for each t € [0, 7] there exists some h(t) € [0, h%'1] with
F(t,z,h(t)) = 0. Thus 0 < h(t) < tlg%gx% h(t) < hOerit for every t € [0, 7).

To demonstrate under which conditions F (¢, z, h*t) > 0 we write F(t,z, h%%) = A + B with
AL Q(t, z, hO,Crit) + Xl(h(),crit), B4 7(\1,0 - ‘1;1) + XO(hO,crit)

where we use the notation from the proofs of Lemmas 4.9 and 4.91.
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The non-negativity of o and x' implies that A > 0. On the other hand,
_(1_ 0,crit
B=—(00 - o) - OOl (em (R )
A° 4 (7OMYT B — 00) L (e (=R ) (4.46)

1L(BYT.(0°(¢")T)L.BY (e (=TROT )2

(1= R)2
cru T
= —[4%+ & (n° + S k(e O 1)BY)  (0%.(0%)T) B
\1}07\1,1 1 —(1—R hO,crit
+ 1 e—(l—R)hOvCrlt 1) 7R(e ( ) *1)

=l

‘H

— —(AO + (ﬁ_O,O)T.Bg - CO) . (e_(l_R)hO,crit B 1)

—R
where
w0yl 0
cri +C
700 & L(50 (50)T)-1 0 lL(e,(l,R)hO,Cm g 1 (e (1-RynO.crit _ ) o
A A e E | P
_ 1,0 /.0\T\=1 (. 0 1 AV (x%MHT BO_O wo_yl o 0
= 7@(7)) (’7 - (5 T(B0) T (00.(0%) 1) L.BY | AVH(OM) T BI—CO ~ L(BO)T (o0.(c0)T)" 1BO)B)
_ 1(.0/ 0\T\=1 (, 0 1 A% (xOM)T . BY_3C0 TO_ gl 0
= R0 (" - (& TE) T )BT T e ) B7)
— 0,0
Since A% + (7%°)T.B% > C°, we have B > 0 and the proof is complete. O

Observe that for an arbitrary parameter specification, the assumption of Proposition 4.98 is satisfied
if AV is sufficiently large. This can be seen when writing

A0 4 (n0°)T BY = 3(A° + (x®M)T.BY +3C%) — £(BT.(0.(0) )" BY o i

In a one-dimensional setting, we have a simple explicit criterion.

Corollary 4.99. Let n = 1 and 7™M € J™¢ for i = 0,1. Then the assumption of Proposition 4.98 is
fulfilled if

P Lo Y N if "M BY > 0, (4.47)
" | —2x%MBO 4 00 \/ LR (0 — vyt if n%MBY <0,

Proof. Recall that AY + 7%°BY > C° if and only if B > 0 in equation (4.46). When substituting

—ﬁ(e_(l_mho’mrit —1)= (A" + WO’MBO CO)R( ))2 we find that B > 0 if and only if

(A% 4 270M BOA® — (C0)? — 2L B (0 — wl) > 0.

Hence, with
C £ (A% + 270V BYAC — (C0)? — 24 B (0 — wl)*
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we get that A° + 70°BY > C0 if ¢ > 0. Regarding C as a quadratic polynomial in A%, it is readily
seen that C > 0 if

=

A > g OMpBo | \/(WO,MBg)Q +(C9)2 421 ((fg))j (r0 — W)+,

In particular, we have C' > 0 provided that

A° > @M BO 4 |7 OMpBO| L 0 \/2 LB (0 _ gLy

which yields the assertion. O

Remark 4.100 (Interpretation). Suppose that r° < W'. Then condition (4.47) in Corollary 4.99
simply means that the no-participation strategy 7° = 0 (70 = 27%M ) satisfies

AY 4 79BY > 0

if T%MBY >0 (r"MBY <0).

4.3.2 Consumption-dependent Intensities

We now come to transition intensities solely dependent on the investor’s consumption rate, i.e. we let
B =0and B #0 fori=0,1 (CD)
so that the intensities are given by

917 (1, ¢) = max{A’ + Ble,C'}.

We denote by
J0L{ceRf : A+ Ble>C%, 39 & {ceR] : A"+ Ble>C'}
the half spaces of consumption rates that impact on the intensities of regime shifts. Thus
d“(c) £ A"+ Bic — "

denotes the ’distance’ of the consumption rate ¢ to the separating hyperplane and we have ¢ € 30 if
and only if d“°(c) > 0, resp. ¢ € J! if and only if d*!(c) > 0.

In order to determine the maximizer in the HJB-system (4.41) we define functions H™ : R" — R
and H% : [0,T] x R x R§ x RY — R, i = 0,1, given by
H™(m) 24l — %RWT.Ui.(Ui)T.W,

c, € —(1-R)x _1— i i i C1\1l—i(1
H7(t7x7y7c)é5_(€_§)%ﬁ(e (=R 1=R 1) — ¢+ max{A’ + Ble,C'} g (7 0-Ry 1)

where we use the already mentioned convention 0'~% £ oo if R > 1. Notice that function H' is
independent of ¢t and x in case of € = 0.
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The HJB-system (4.41) reads

0= swp {90~ oy W)+ BT+ H (1)~ Lo h), (0,0} (449
(W,C)ERﬁXRa'

for t € [0,7) and ¢ = 0, 1, subject to the boundary conditions
g(T) =0, h(T) =0,

Writing the HJB-system in that way it is obvious that taking the supremum over (r,c) € R" x Ry
can be separated into two unrelated maximizations; one over 7 € R™ and one over ¢ € IR(J)r .

To find the supremum in (4.48) we present the maximizers of the functions H™* and H%(t,z,y, ) for
arbitrary (t,z,y) € [0,7] x R x Rd. This yields a family of maximizers dependent on (¢, z,y). The
maximizers of the HJB-system (4.48) are then obtained by replacing x and y by g(t) — 1g,—1yh(¢) and
h(t).

Concerning the portfolio proportions the concavity of H™ and the first-order condition imply

Lemma 4.101 (Maximizer of H™'). The maximizer

. , .
" = argmax H™' (), i =0, 1,

TER?

s given by the Merton strategy, i.e.

%

T M

=M,
In order to determine the maximizing consumption rate we let H; UHST: [0,T] x R x Ry xRy — R,
1=20,1, given by

ch’i(t, T,y,c) = W{%ﬁ(e_(l_mzckl% —1)—c+ Ciﬁ(e(_l)l_i(l_my - 1),

H (2., 0) & i (e % 1) — e (A" 4 Ble) g (700 )
such that H%(t,z,y,c) = ch’i(t,a:, Y, €)1 oggeiy + HS' (¢, 2y, ) yeegeiy-

If £ > 0 then ch’i(t, z,y,-) and HS'(t, z,y, -) are concave for every (t,z,y) € [0,T] x R x Ry . Therefore
the three candidate solutions for the maximization in (4.48) are

Mt x) = argmafo’i(t,% Y, c),

cERY
ik .y cy
5 (t,2,9) £ argmax 2 (1,2,,0),
CERS_
6z,cr1t é arg max Hcﬂ (t7 x; yJ C)

{ceR{ : Ai4+Bic=Ci}

where
2] % — e 1 BO 1 -(1-R)y 1 7% if hcrit
O (t,x,y) = (o) e B (1= Bogle - 1)) r ity <kt
o0 ify Z hcrit’
1% L _1-R _ _1
& (t,m,y) = (M%)Re " o(1— Bclﬁ(e(l Ry _ 1)) "
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for (t,z,y) € [0,T] x R x Ry, i =0, 1, with

perit & 00 if BY >0,
- n((L-R)gs +1) if BY <0
1-R BY c ’
so that y < h* guarantees 1 — Bgﬁ%(e*u*R)y —1) > 0. Moreoyer &t only exists if B2 > 0 and
A < C% resp. BL < 0 and A" > C*, where it is given by —All;-cl, i = 0,1, since otherwise the set
{ce R : A"+ Bic=C'} is empty.

If ¢ = 0 then H'(t,z,y, ) and Hg" (¢, 2,y,-) are now linear functions in ¢ implying

0 ify < Aot
oo if y > hcrit’

O (tya,y) = {

etz y) =0

for ¢ =0, 1. Further as H. lc "(t,z,y,) is even decreasing in ¢ the Merton consumption rate vanishes, i.e.
M
M (t,z) = 0.

Remark 4.102. We use the following shorthand notations
Hiy(tayy) & HY'(tx,y, M (4 x) and HE! (8 2,y) & Hy' (4 2,y, 87 (L 2, y))
for (t,x,y) € [0,T] x R x Rar and 1 =0,1.
Before we present the maximizing consumption rate we introduce the auxiliary function A%* which is

the consumption-dependent analogon to the function A™* some sections before.

Lemma 4.103 (Properties of A%"). The function A given by

A 10, T] x R x (=00, &5) — R (BL > 0), resp. A% : [0,T] x R x (£, 00) = R (B, < 0)

with )
AS(E, 2, 0) 2 Bg((1 — B\ R - 1) M(t, 2)

has the following properties for every given (t,z) € [0,T] x R.

i) A% is continuously differentiable in t, z and \.

ii) Ife > 0 then A% (t, 2,-) is increasing and strictly convex (BL > 0), resp. strictly concave (B: < 0).
If otherwise ¢ = 0 then A% (t,z,-) = 0.

iii) AU (t,z,\) <0 for A <0, A%(t,2,0) =0 and A% (t,z,\) >0 for A > 0.

i) If € > 0 then limy_,_o A% (t,2,\) = —Bic™(t,2) and lim)\H? A% (t, 2, \) = oo (B > 0), resp.
limy, 1 A% (t,2,A) = —00 and limy oo A (t,2,\) = —BicM(t,2) (BL < 0).
B
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Proof. Let (t,z) € [0,T] x R be given.

ad i) Since ¢ (t, z) is continuously differentiable in ¢ and z it follows that A%’ is continuously differ-
entiable in ¢ and z, too. Further A%* is obviously continuously differentiable in A. Thus assertion i) is
proven.

ad i) The derivative of A%* with respect to \ is given by
. . ) . _14+R
A (2, 0N) & ZA% (¢, 2, ) = 5(BY)?*(1— BIX) ™ 7 Mt 2).
If £ > 0 then ¢™(t,2) > 0 and it is easy to see that Ai’i(t, z,-) is non-negative and strictly increasing
(B > 0), resp. strictly decreasing (B% < 0), in . If ¢ = 0 then ¢M(¢,2) = 0 and A%(t, z,-) = 0 holds
trivially. This implies assertion ii).

ad iii) A% (t,z,0) = 0 holds trivially for any (¢, z) € [0,T] x R which together with assertion ii) yields
assertion iii).
ad iv) The limiting behavior of A%(t, z,-) is clear when taking into account that A%‘(¢, z,-) has a pole

at%incaseof5>0. O

Lemma 4.103 directly implies

Corollary 4.104. For each fized (t,z) € [0,T] x R and € > 0 the function
ASH(t, 2,) : (—o0, B%g) — (=BicM(t,2),00) (B. > 0), resp.

NS (t, 2, ) : (Big,oo) — (=00, —BicM(t,2)) (B! < 0)

is bijective.

*

Further we present the following results on the relation between M and &* and the related function

values H lc X/f and Hg'. that turn out to be quite helpful.

Lemma 4.105. For every (t,z,y) € [0,T] x R x Ry the Merton consumption rate c™, the candidate
solution ¢** and their function values H;y, and Hg . are related as follows.

i) Mt,2) ¢ 90 = Hyy(ta,y) <Hol(tay) = O ta,y) ¢ o0

i) M(t,x) e g™t = HOL(tay) < HeL(tz,y) = &5t x,y) e 3o

Proof. ad i) If k™ < oo and y > hi then ¢**(¢,2,y) = oo and therefore Hg;g(t,x,y) = 00, too.
Further h"'* < co implies BY < 0. Hence obviously ¢** (¢, z,y) ¢ %Y and there is nothing to prove.

If otherwise y < h®! then the following three equivalences hold true. Firstly, ¢M(t,z) ¢ J%0 is by
definition equivalent to
dO(M(t,z)) <0. (%)

Secondly, some transformations yield that ch’](\)/[(t, x,y) < ngg (t,z,y) is equivalent to
o 2 (1= BY (e - Rv_ 1))~ R 1)
a0V (1)) < (T

I_R(e*(lfR)y—l)

+ BS) Mt x). (%)
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And thirdly, é%*(t, z,y) ¢ %0 is equivalent to

M (t,2)) < ~BY((1 — BY (e Y — 1))~k — 1)eM (1, ). (% %)

The right-hand side of (x%) is non-negative. This follows from the fact that y > 0 and from Lemma

4.48, ii), with z = —Bl+15 R(e_(l_R)y — 1). The lemma is applicable since y < h® is equivalent to

—BY 15 (e e~(I=R)y _ 1) > —1. Hence (xx) follows directly from (x) which yields the first implication.
In order to prove the second implication we have to show that the right-hand side of (xx) is smaller
than the right-hand side of (* * %) which is equivalent to

_% (1-BY 1 1 (67(17R)y_1))—%—1 —(1—
V= < 1 ((1 BOL_(e-(-Ru_1)) & )"'Bgﬁ(e U=y —1) )Mt ). (4.49)
c1— R

This is trivially satisfied if ¢ = 0, since then ¢ (t,2) = 0. If ¢ > 0 then the latter inequality follows

from Lemma 4.48, i), again substituting z = —BJ 115 13(6_(1_R)y —1).

ad ii) The proof of assertion ii) works completely analogously since firstly, ¢ (¢, z) € %! is by definition
equivalent to
dt (M (t,x)) >0,

secondly, H; M(t z,y) < HoL(t,z,y) is equivalent to

. — 2 (1=Bl Ly (0~ Pv_1) R
(Mt ) > (el Ly B1)eM (t,2),

and thirdly, é*(¢,z,y) € J¢! is equivalent to

d“Y(cM(t,x)) > —BL((1 — B}

L (Y 1) w - 1) eM ().

We are now able to give the maximizing consumption rate.

Lemma 4.106 (Maximizer of H%!(t,z,y,-)). For every (t,z,y) € [0,T] x R x Ry let

A (t,x,y) £ argmax H (t, z,y,¢), i =0, 1.
CG]RO+

If € > 0 then the mazimizer ch* s given by
* L —(1— 0,crit _ 1
< (t,z,y) = (5(56)6%)]%6 (1 — Bgl 1R(€ (1=R)(yAh (t,x)) _ 1)) R
M) if Hily(ta,y) > HEL(Eo,),

1,%
c(tm,y) = C c
{ (tawvy) ZleJb( 9 7 ) S Ha,flv( 7 7y)7

with
RO (¢, 2) & — A= In((1 — R (¢, z) + 1),
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where
0 if B) <0 and A” < C°,
)\O,Crit(t .T,') _ i(l N (1 B (A0+Bch(t,:E)—C’O)+)7R> if BS >0 and A° < C’Ov
)= B BYeM (t,) or B <0 and A° > C°,
. if BY >0 and A > C°

is the unique solution of

ASO(t, 2, N (¢ 1)) = —(AY + BOM (¢, 2) — C0)F (4.50)
if it exists. Otherwise, A"t (t, x) = —co. Moreover
erit(f ) & cM(t, ) if BY >0 and A’ > C°, or BY <0 and A° < ",
c ,T) = M () ,
M(t,x) — (A%+Be A;((f’ )=o) if B >0 and AY < C° or B <0 and A° > C°.

If e = 0 then the mazimizer c»* is given by

607*(75 . y) _ 0 | ny < h07cr?t’
»e cO,crlt z'fy > hO,crlt7

c*(t,@,y) =0

where
h(),crit L 71% ln((l _ R))\O,crit + 1)

=

with
0 if B <0 and AY < C° or BY >0 and A° < C°,
At — & 2 if BY <0 and A° > C°,
-0 if BS >0 and AY > CO,
and

0,crit &
C = B (AO_CO)+

0 if BY >0 and A® > C°, or BY <0 and A° < C°,
50 if B >0 and A° < C° or BY <0 and A° > C°.

Remark 4.107. In case of € = 0 the mazimizing consumption rate c¢* is just a function of y, i.e. the
dependency on t and x vanishes.

Remark 4.108. The typical shapes of the functions H*' (t, .y, ), Hf’i(t,ac,y, -) and Hg’i(t,x, y,-) are
comparable to those of the functions H™(y,-), Hlm(y, -) and Hf[’i(y, -) as presented in Figures 4.11,
4.12, i.e. ch’i(t, x,y,-) and Hg’i(t, x,y,) are also strictly concave and exhibit a unique mazximum. Thus
Figures 4.11, 4.12 also serve as helpful illustrations for the proof of Lemma 4.106.

Proof of Lemma 4.106. The proof is structured as follows. First we deduce the maximizing consump-
tion rate in case of ¢ > 0 and then continue with the case e = 0. Let (t,z,y) € [0,7] x R x R¢ be
given.
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o Mazximizing consumption rate in state 0 (¢ > 0). Let € > 0. We first consider the trivial cases B? < 0
and A° < C° resp. BY > 0 and A° > C°, and then go on with the non-trivial cases BY < 0 and
A% > 9 resp. BY > 0 and A° < C°.

e BY <0 and A’ < CV. In case of BY < 0 and A% < O the intensity function ¥*! is constant on
the whole R" x R and H? = ch,o on [0,7T] x R x Ry x Ry. Thus HO(¢,z,y,-) exhibits only
one maximum that lies at the Merton consumption rate, i.e.

BY<0and A°<C® = Ot z,y) =Mt ).

e BY >0 and A° > C°. If BY > 0 and A° > C° then 9! is linear on R™ x Ry and H? = HS
on [0,7] x R x Ry x Ry. Again HO(t,x,y,-) has only one maximum that now is attained at
~0 * .

& (t,x,y), ie.

BY>0and A°>C" = Ot ax,y) = " x,y).

e BY <0 and A’ > C°, resp. BY > 0 and A° < C°. Now H®" is piecewise given by HZC’O, resp. HS,
and we distinguish the two cases ¢M (¢, z) ¢ %0, resp. M (t,x) € 30,

o Mt x) ¢ 390, If M(t,z) ¢ 10 then by Lemma 4.105, i), also é%*(¢,z,y) ¢ J¢0. This implies
that H*(t, z,y, -) exhibits only one maximum, namely at ¢ (¢, z), i.e.

Mt x) g 30 = Otz y) = Mt ).

o M(t,x) € 30, If M(t,2) € 10 then HO(t,z,vy, ) possesses again just one maximum that is
cither the maximum of HSC (¢, z,y, ) or it is attained at the critical consumption rate %<7t (¢, z:).
The maximizer of H(t, 2, y, -) is given by &%* (¢, z,y). As long as é%* (¢, z,y) is in the influencing
half space it is even the maximizer of H0(t,z,v,-). But as soon as é%*(t,z,y) quits J%° then
the critical consumption rate is given by the maximizer of H%(¢, z,y,-), i.e.

Ot wyy)  if &t x,y) € IO,

M c,0 *
t,x ‘ s = c”’ tax’ i 71—
C ( ) S ( y) {CO’Crlt (t, ﬂj) lf C o (t7 €, y) o

Combining the two cases we get

cM(t, x) if cM(t,x) ¢ 10,
At y) = Otz y) if Mt x) € 990 and &* (¢, x, y) € IO,
Attt ) if M(t,z) € 990 and O (¢, z,y) ¢ IP.

We now have to analyze the conditions under which é%*(¢, z,y) € %% in more detail.
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0% (t, z, ) € J¢0
& dco( (t,2)) > BY%M (t,2) (1 — (1 — B (e”(=RY — 1)) %) and y < A1
@ (d° 0( (t, )t > BSCM(t,$)(1 (1-— Bgl lR( —(1-Rjy _ 1))_%) and y <
& - (e Ry 1) < ﬁ(@ N <dc;éccyl((tt,i>))>+> e 1) and y < K
& y<-— Rln(—(l—R)B%)((l—%#)))ﬁ)_R—g—i—l) and y < Aot
& y<(-am(-0-R)&((1- —<dc;§ﬁ({t§)})+)_R — 1)+ 1) AR
& y<-gh(-0-R)H((1- —(dcgéﬁ({,;jf)”*)% —1)+1)

s y< ho’mt(t,x)

where equivalence () holds true since the right-hand side of the left inequality is positive. This is

true since 0 < (1_3((3&(67(1—1%)1;_1))—% <1 (B2 >0),resp. (1—Bl15(e *(1*R)y—1))_% >1

. -R
(BY < 0), as y > 0. Further, the expression (1 - %) is well-defined as we discuss

the parameter specifications B? < 0 and A° > C° resp. B? > 0 and A° < C°, for which 1 —

c, . - —R
%% > 0. Finally h°™* can be neglected due to the fact that (1— MM%%;\L(E;I;) CO)+) >

0. Notice further that

Mit,z) ¢3°0 & WOt z) = 0.

Hence
Mt x) if M (t,x) ¢ 70,
OF(t,x,y) = A*(t,x,y) if M(t,z) € 990 and y < KOt (¢, x),
Attt x) if M(t,z) € J90 and y > hOCTit(t, 1),

or equivalently

(1 _ YL (e~ (- RARO T (12)) 1))7%.

1
() = (5_(6_5)5%)}%6 cT-R

Thus

BS < 0and A° > C°, resp. BS >0 and A° < C°

e % (1 o BO 1 ( (1*R)(y/\h0’crit(t,x)) B 1))_%

= CO,*U:’ €z, y) = (E_(E_(g)efé(Tft)) e cl1—-R

With h%<"(¢, 2) as defined in the lemma the above formula is also valid in the aforementioned trivial

parameter cases.
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o Mazimizing consumption rate in state 1 (¢ > 0). Again we begin with the trivial case A < C' and
then continue with the non-trivial case A' > C1.

o Al < C'. In this case the intensity function ¥1¥ is constant on the whole R™ x R since B} < 0.
Further H%! = ch’l on [0,7] x R x Ry x Ry. Thus H'(t,x,y,-) exhibits its unique maximum
at the Merton rate, i.e.

Al <t = Mt y) = Mt ).
e Al > C'. Here we first consider ¢ (t,z) € J%! and then ¢M (¢, z) ¢ %1

o M(t,x) € 3oL If M(t,x) € I%' then by Lemma 4.105, ii), also &“*(t,z,y) € J>'. Hence
HY(t,z,y,-) exhibits its unique maximum at é“*(, z,y), i.e.

M, x)yegt = Mt a,y) =Vt y).

o M(t,x) ¢ I If M(t,x) ¢ I then H'(t, z,y, -) may possess two local maxima; the maximum
of ch’l(t,m,y, -) and the one of Hg’l(t,x,y,-), given by c¢M(t,z), resp. ¢“*(t,x,y). As long as
é*(t,x,y) does not lie in the influencing half space then H%!(¢,x,y,-) has only one maximum,
namely at ¢M (¢, z). But as soon as ¢"* (¢, 2, y) enters the influencing half space then H%! (¢, z,y, -)
exhibits the two local maxima mentioned above which have to be compared in order to find the
global maximum, i.e.

if &% (¢, 2, y) ¢ 990 or [EV* (¢, 2, y) € IO
and Hl‘f’]@(t,x,y) > nglw(tyxay)]a

if 61’*(t, x,y) € gel

and H{y (t,2,y) < HoL(t 2, y).

cM(t,x) ¢ gel = cl’*(t,a:,y) =

Combining the two cases we arrive at

if M(t,2) ¢ 9" and [V (¢, 2,y) ¢ I

or [El’*(t,:):,y) € 7% and Hﬁ}b(t,x,y) > Hg:lw(t,x,y)]],
if M(t,z) €%t or [cM(t, ) ¢ Jo1

and [¢"*(t,z,y) € 3% and Hpy,(t,z,y) < HOL(t, 2, y)]].

cM(t, x)
At a,y) =
e (t, 2, y)

To simplify this we have a look at the two conditions. Firstly

M(t,z) ¢ I and [61’*(15,3:,34) ¢ got
or [6V*(t, @,y) € 99" and Hpy,(t,x,y) > HL(t 2,y)]]
& M) ¢ 99 and [ (e, y) € 99 or HEL(4,2,y) > HEL(E 2,)

L. 4.1 1
<:0>5, i) CM(t, z) ¢ gl and ch’]b(t’x,y) > Hcfle(t, z,y)

L. 4.105, i) 1
= ch,M(t"I’y) > Hg:,lv(t,l’,y)
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Secondly
M(t,x) € 1% or [cM(t,x) ¢ ot
and [¢V* (¢, z,) € I°! and Hi’]\z(t,x,y) < HC1 (t,z,y)]]
& M(t,x) € 191 or [eV*(t, z,y) € I¢! and HiM(t,m,y) < HCl (t,z,y)]
B Mg 2) € 99T or HPY(ta,y) < HEL(t 2, y)
L4 Hl(’:’]\l/[(t,x,y) HC1 (t,z,y)

Hence we get

Ly = [N B0)EH D (b > HEX b 2,y),
c(t,x,y) =4 . !
Ity i H () < HEA Gy,

Some simple transformations show

Hiy(ta,y) < HoL(t o, y)

1-R

& (~ (1= Bl — 1) — 1) + Blkp(e Y - 1))eM(ta)
1

< do'(M(t, w))f(e(l_R)y -1)

€ (—5 (- Bl P 1) 7T —1) + Bl (e 1)) (1)
—(dM (M (t,2))) " (e —1)

iR
where equivalence (x) is satisfied because the left-hand side of the inequality is non-positive.
Unfortunately, we cannot derive an explicit condition on y; not even in the logarithmic case
R = 1. Therefore, we stick to the condition Hlf}\l/[(t,x, y) < Hg;lw(t, x,y). However Hlf’]\l/[(t,x,y) <
nglw(t, r,y) is trivially satisfied if ¢M (¢, z) € I i.e.

M 1

M, x)yeget = HﬁM(t,x,y) HCl (t,z,y).
Hence we get

M e 76,1 1

cV(t,x if H(t,x,y) > Ho(t, x,y),
Al > Cl Cl’*(t,$,y) — o ( ) ' lél\14( y) (Z71 ( y)

c¥(tyx,y) it Hyy(te,y) < Hon(t,x,y).

Notice that the trivial parameter specification A' < C! in which ¢"*(t,z,y) = ™ (t,z) is covered,
too, since then

Hfﬂb(twy)<H“(txy)

_1=R B
=1 —17((1—3011 R( (1*3)9_1)) R —1)CM(t,x)§(A1—Cl)ﬁ(e(l R)y—l)

where the left-hand side is now positive. Hence, if A! < C! then chj\l/[(t z,y) < HEL(t, z,y) is not
valid as (A — C1) 15 (e (I=R)y _ 1) <0, except for y = 0.

We now proceed with the case € = 0 in which the Merton consumption rate vanishes, i.e. ¢ (t,z) =0
for all (¢,z) € [0,7] x R.
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e Mazimizing consumption rate in state 0 (¢ = 0). Let now € = 0. Again we first look at the trivial
parameter specifications B < 0 and A% < O, resp. B? > 0 and A° > C°.

e BY <0 and A° < C°. If B? < 0 and A° < C° then none of the admissible consumption rates
c € Ry lie in 390, i.e. H0 = ch,o on [0,7] x R x Ry x R{ and thus the Merton rate maximizes
HO(t, 2, y,), ie.

BY<0and A<’ = Ot z,y)=0.

e BY>0and A° > CO. 1f BY > 0 and A° > C° then the intensity function ¥*! is linear on R x Ry
and H? = H? on [0,7] x R x R§ x Ry Consequently the maximizer is given by ¢**(t,z,y) = 0
since &%*(¢,z,y) = 0 for all (t,z,y) € [0,T] x R x R if BY > 0, i.e.

BS >0and A" >C° = CO’*(t,l‘»y) =0.

e BY <0 and A° > C°, resp. B > 0 and A° < C°. As cM(t,z) = 0 we distinguish the cases 0 ¢ J*°
and 0 € J°V.

e 0¢ 70, If 0 ¢ J%0 then by Lemma 4.105, i), also é%*(¢,z,y) ¢ J%0. Thus H*%(t,z,y, -) exhibits
its unique maximum at ¢ (t,z) = 0, i.e.

0¢7° = %ty =0.

o 0€7J99. If 0 € 390 then "*(t,z,y) = **(¢,,y) as long as (¢, z,y) € IV and ¥ (¢, z,y) =
it as soon as V¥ (¢, x,y) ¢ 190 ie.

A (tyx,y) i %t a,y) € 190,

070 = Ot x,y) = .
( y) cO,crlt if 50’*(t, x, y) ¢ jc,O_

Combining the two cases we get

0 if 0 ¢ 30
At x,y) = (¢, @, y)  if 0 € I90 and & (¢, z,y) € IO,
cOerit if 0 € J¢0 and &*(t, z,y) ¢ I°°.

Therefore, we have to analyze the conditions under which &%*(¢, z,y) € J%° in more detail. Since

0 ify< hoit,
oo if Y > hcr1t7

ﬁﬁwxw)é{
it follows that .
O*t,x,y) €10 o A°—C%>0and y < .

Hence with A%t and %"t we get

if y < hO,crlt,

0
0 0 0 0 0 0 0,% _
B, <0and A" > C", resp. B, >0 and A" < C° = " (t,z,y) = {CO,Crit ify > poerit

The formula above also covers the trivial parameter specifications.



108 4 Solution for CRRA Investors with Power Utility

e Mazimizing consumption rate in state 1 (¢ = 0). The maximizing consumption rate in state 1 is
given by cb*(t,z,y) = 0. If A1 < C* then ¥ is constant on the whole R™ x R and H®! = ch’l on
0,7] x R x R x Ry implying cb*(¢,z,y) = M (t,x) = 0. Further if AL > C* then 0 € J%! which
in analogy to the case of € > 0 yields that c¢“*(t,z,y) = é“*(¢,z,y) = 0.

Thus the lemma is proven. ]

Remark 4.109 (Interpretation). Whenever the Merton consumption rate in state 0 is not part of the
influencing half space then the mazximizing consumption rate coincides with the Merton rate. Howewver,
if the Merton consumption lies within the influencing half space then the mazimizing consumption rate
may deviate from the Merton rate.

In state 1 things are different. If ¢ > 0 then the maximizing consumption rate coincides with the Merton
consumption rate if the Merton rate is not lying within the influencing half space and either ¢-* ¢ I
or éb* € 3o but ch’j\b(t,x,y) > nglw(t,a:,y). Otherwise the maximizing consumption rate deviates
from the Merton rate. In case of € = 0 the maximizing consumption rate equals the Merton rate.

Remark 4.110 (Continuity of ¢%* vs. discontinuity of ¢!"* (¢ > 0)). The special form of the mazximizing
strateqy in state 0 together with the continuity of A\ imply that c** is a continuous function in t, x
and y.

However in state 1 the mazimizing strategy exhibits a discontinuity at all (£,2,7) satisfying Hf}\b(tA, z,79) =
nglw(f,i“, §) and M (t,3) # Y (t,2,9) where b jumps from M (L, 3) to é-*(t,2,7).

Remark 4.111 (Discontinuity of ¢®* vs. continuity of ¢%* (¢ = 0)). If ¢ = 0 then ®* may be
discontinuous in y. Namely if BY < 0 and A° > C° then »* ezhibits a jump at y = h%* where it
jumps from 0 to ¢%erit

*

In state 1 the maximizing strategy cV* is obviously continuous in y if € = 0.

Remark 4.112 (Negativity of Bl). We do not allow B} to take on positive values for the following
reason. If BL was positive then similarly to state 0 the maximizer of Hg’l(t, x,y, ) would be 0o as soon
asy > ﬁ In((1— R)% +1). In state 0 this does not cause any problem as before the mazimizer c®*

crit 0,crit

becomes oo it hits the critical value c®* and does not overshoot it. This is reasonable as from ¢
onwards the intensity of a jump to state 1 will not get any smaller so that there is no reason for the
investor to further deviate from the Merton rate. But in state 1 things are different. If BL > 0 then
the intensity for a jump to the better state 0 could get infinitely large as 910 would be unbounded from
above and there would not be any potential barrier for the maximizer ¢%*. Hence whenever the market
was in state 1 and y was large enough then it would be optimal for the investor to consume at an
infinitely large rate for an infinitesimal short time thus guaranteeing the jump back to state 0. But this

strategy would not be admissible. Therefore, B! > 0 has to be prohibited.

Remark 4.113 (Interpretation in case of ¢ = 0). Choosing ¢ = 0 represents a model in which the
investor does not draw any utility from intermediate consumption at least concerning the direct impact
of consumption on the utility functions. In the standard model without the investor’s influence the
optimal consumption rate consequently is 0. In our model this is different. In the special case of BY < 0
and A° > C° it is possible that the mazimizing consumption rate is strictly positive. This happens if
y > hoerit — —ﬁ% ln((l — R)ﬁ + 1). Thus, the large investor consumes although this is not beneficial
in terms of the utility from intermediate consumption. The reason for this behavior is that except for
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the case of B? < 0 and A° > C° a consumption rate of 0 yields the smallest possible intensity of a
A0 C’O

jump to the adverse market state. Only if BY < 0 and A° > C° then consuming at a rate of —
yields a smaller intensity than consuming at a rate of 0. Therefore, in order to reduce the probabzlzty
of a jump to the adverse market state, the large investor may consume.

So far the above explanations are relevant for the general mazimizing strategy c**(t,x,y) and not
necessarily for the optimal strategy. This is because it is not clear whether the situation h(t) > Rt
— remember that the mazimizing strategqy of the HJB-system (4.48) is obtained by choosing y = h(t) —
could really occur. But later on we will provide an example showing that the aforementioned situation
1s really possible.

The following lemma provides a link between the maximizing consumption rate in case of ¢ > 0 and
e=0.

Lemma 4. 114 (Limiting behav1or of (Oerit pOerit and ¢i* as e tends to 0). Denote by 25, b2 and

e>0 7 >0
* it 0,crit . . .
cé’>0, resp. . CBI Sy and ¢ty the cmtzcal consumption rate, the critical barrier and the mazimizing

consumption rate in case of € > 0, resp. ¢ = 0. Then the following holds true for every (t,x,y) €
0, 7] x R x Ry .

0,crit 0,crit
So (t2)
M

1) lim c =c .
)6*)0 e>0 e=0

ii) hm hg;gt( t,r) = ho Cm.

ZZZ) ;1_{% C?;O (t7 l’, y) = Clgio (t7 1’, y) .

Proof. Let (t,x,y) € [0,T] x R x Ry be fixed and notice that

lim M (t, ) = 0 for every (t,z) € [0,T] x R. (%)

e—0

ad i) The assertion is a direct consequence of ().

ad ii) Again (x) implies lim._o A\25" (¢, 2) = A2 which yields the assertion.

ad iii) The assertions i) and ii) together with () yield lim._,q cgio(t,a:,y) = cgio(t,x,y). Moreover

since lim._,o éigo(t, z,y)=0= Eiio(t, x,y) we also get lim._,o cgo(t, x,y) = ciio(t, z,y). O

Remark 4.115. So far the strategy (7"*, c**) is only a candidate solution for the optimal investment
problem. To wverify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required regularity conditions stated in the Verification Theorem 3.3.

Having established the maximizers of the HJB-system in general form inserting (7%*,c"* (¢, g(t) —
Lgi—13h(t), h(t))) the reduced HJB-equation (4.48) now becomes a system of coupled backward ODEs
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which for € > 0 is given by

1-R

W) =— (B0 — W) 4+ (—— 8 YR 7ol B (SFh0O _ 1)

e—(e—8)e—90(T—1)
- COﬁ(ef(lfR)h(t) - 1) + Clﬁ(e(lfR)h(t) o 1)
_ [( A%+ BOM (£, g(t)) — C0) Lp (- (- BBMARCTH (19 (1) _ 1)
R

_(1_ 0,crit _1-R
+<%((1_Bgﬁ(e A=R)(OARTH Bg(0)) _ 1))~ 7" _ 1)

_ Bgﬁ(67(17R)(h(t)/\h0,crit(tyg(t))) B 1)>CM(t,g(t))] (4.51)

(A4 Bl (1 g(t) = h(D) — C") (MO —1)
_ _1-R
+ (72 (1 = Bl pdg(el =m0 — 1)~ 1)
+

— Blg (=M — 1)) eM (kg () — h()]

=R _1-R
JUWZ—WQ+;@:$SW$<L—f%ﬂzggfﬁﬁﬁ)Re ng—ln
_ COﬁ(e—(l—R)h(t) -1
— (A7 BYM (1, g(1)) — C°) (e - RHOME TG _y) (4.52)

1—
(1 0,crit _1-R
+ (%((1 _ Bgﬁ(e (I=R)(h()ART " (t,9(1))) _ 1)’ — 1)

B Bgﬁ(6_(1—R)(h(t)/\h0’““(t,g(t))) — 1))CM(t,g(t))]

subject to the boundary conditions
g(T)=0, h(T)=0. (4.53)

If € = 0 then the ODE-system reads

() =— (90 — o)
_ COﬁ(ef(lfR)h(t) 1)+ Clﬁ(e(lfR)h(t) —1)

_ (AO _ CO)ﬁ(ef(lfR)(h(t)/\ho’cm) —1)
1

+ (Al _ Cl)+m(€(1_R)h(t) _ 1)’

(4.54)

g'(t)=—9"
— Coﬁ(e—(l—R)h(t) —1) (4.55)
—(1— 0,cri
. (AO _ CO)ﬁ(e (1—=R)(h(t)ARO-crity 1)
subject to the boundary conditions
g(T) =0, h(T)=0. (4.56)
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Remark 4.116. From the proof of Lemma 4.106 we know that for (t,z,y) € [0,T] x R x R

Hpy(t2,y) < HOL (¢, 2, y)
o (_%«1 ~ Bl (R ) TR 1) + Bl L (=R _ 1)>CM(t’x)

< dM(M(t,x)) g (et —1).
Remark 4.117. The aforementioned ODFEs include the ODEs of the classical Merton problem (first
rows) and the ODEs of the Bdiuerle-Rieder problem with constant regime shift intensities C* (first two
rows).

The following lemma shows that the above ODE-system exhibits a unique global solution.

Lemma 4.118. The ODE-system given by equation (4.51) and (4.52) subject to the boundary condi-
tions (4.53) (e > 0), resp. (4.54) and (4.55) subject to the boundary conditions (4.56) (¢ =0), admits
a unique global solution.

Proof of Lemma 4.118. The proof is essentially the same as the proof of Lemma 4.9. Only the x*’s are
different. Therefore we just present the actual x*’s and verify that those satisfy the necessary continuity
conditions and the non-negativity condition. However in the consumption-dependent case we have to
distinguish the cases € > 0 and € = 0. So we first give the x*’s and their properties for ¢ > 0 and then
for e = 0.

e Definition of the x'’s (¢ > 0). In case of ¢ > 0 the x*’s are given by x' : [0,7] x R x Rj — R,
1=0,1, with

XO(L x,y) £ _ Coﬁ(e_(l_R)y —1)— [dc,O(cM(t7 z)) 1—1R (6—(1—R)(y/\h0’cr“(t,z)) —1)
1

—(1— 0,crit z
n (%((1 — BY L (em (- RwAnerit ) _

_ BY L (e~ (=R Ak (k) 1))0

=
—
\’H
8
—

X't z,y) 2 C g (e R — 1) + {dc’l(CM(t,x))ﬁ(e(l_R)y —1)

1-R

+ (e (1 = Blkg(et = — )7 — 1) = Blp( = — 1)V t,0)]

o Continuity results on the x*’s (¢ > 0). The x’s are continuous in ¢ and further, as compositions of
continuously differentiable functions in 2 and y, the [ - |- and the min{-, - }-function locally Lipschitz
continuous in z and y.

e Non-negativity of the x'’s (¢ > 0). Obviously, x!(¢,z,y) > 0 for every (t,z,y) € [0,T] x R x R{.
To see that x(t,z,y) > 0 for every (t,z,y) € [0,T] x R x R{ we distinguish the three cases that
already appeared in the proof of Lemma 4.106.

e BY <0 and AY < V. If B? < 0 and A < C° then KOt (¢, ) = 0 for every (t,x) € [0,7] x R and
hence \°(t,z,y) = —C’Oﬁ(e_(l_R)y — 1) which is non-negative as y > 0.



112 4 Solution for CRRA Investors with Power Utility

e BY >0 and A’ > C°. If B > 0 and A° > C° then h®“it(¢, 2) = oo for every (¢,z) € [0,T] x R
and hence

fw%w=—0—w<“f” 1) = a0 (t,2)) (e - 1)
_ (LR( (e —(1-R)y _ 1))—% —_ 1) 321 1R( —(1-R)y _ 1)>CM(t7$)'

Further, BY > 0 and A > C° implies that é%*(¢,z,y) € J%° which by Lemma 4.105, i), yields
that ch’]%(t,x,y) > Hfbjg(t,x, y). But this is equivalent to
0<—d(M(t,z))in(e R 1)
1—-R

1
(2~ BY ey 1) 1) = B (e 1)) eM (1,2,

so that x°(¢,z,y) > 0.

e BY <0 and A° > O, resp. B? > 0 and A° < C°. We distinguish the cases ¢M(t,2) ¢ 10 and
M(t, ) € 30,

o M(t,x) ¢ 7190 If M(t,x) ¢ I%° then hO“(t,z) = 0 and therefore we get x°(t,z,y) =
—Coﬁ(e_(l_my —1)>0asy>0.

o M(t,x) € 390 1If M (t,x) € I¢0 then hO (¢, z) is strictly positive and we have to distinguish
the cases y < hO"it (¢, x) and y > KOt (¢, z).

o y < hOit (¢ x). If y < hOt(¢, 2) then
Xt 2,) = = OO (0 )—%%W@@k%w“*”—U

(LR( (1—BOle(e (=R 1))~ 7" —1) — B0l (e (- Rl 1))0M(t,x).

From the proof of Lemma 4.106 we know that y < hOerit (¢ 2) is equivalent to &% (t, z,y) € J°
which by Lemma 4.105, i), implies that HlM(t,x,y) > Ha7~(t,x,y). Hence it follows that

X(t,z,y) > 0.
o y > hOit(¢ x). If y > hOit(¢, 1) then
—(1— c 0,crit T
Xtz y) = — COL(Q =Ry _ 1y — g=0(cM (¢, x))%( —(1-RA*(ta) )
(11— 0,crit
— (T2 (1 = BY (e -t _q)) =5t )

~BY 1 (e —(1=R)ROerit (¢ z) 1)>CM(t’x)

R

cI-R
_ Co%{(e—u—R)y —1) - (dc,O(cM(t7x)))—l—ﬁ(e—(l—R)hO’Crit(t,w) —1)
_ i((l _ BO 1 (6—(1—R)h0*““(t,x) _ 1))—% N 1)

1-R cl-R
(11— 0,crit T
= BY Ly 1)) M (1, )
—(1— _(1_ 0,crit T _1-R
— OO (e (R ) — (%((1 — BO L (em (RNt (ta) _ 1)) —F" _q)

—BO%(Q (1-R)ROerit(t o) 1)(1 _BO

_(1_ 0,crit T _ 1
0L (e (TR D) 1)) ) M (1, ),
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since d“%(cM(t,x)) > 0 as cM(t,r) € %0, and \O<rit(¢, 2) = ﬁ(e_(l—R)hO’““(t@) — 1) is
the unique solution of equation (4.50). Moreover part i) of Lemma 4.48 yields with z =
B0 (e~ 0= (00) 1) gt

0<-— (i(u — BOL (e (RIS (b)) =T F q)

(1 0,crit T (1 0,crit T _1
_BO L (e (SRR )y (q YL (o~ (RO () ) R)7

thus implying x°(¢, z,y) > 0. Here Lemma 4.48, i), is applicable since
_Bgﬁ(ei(liR)hO,crit(tyx) - 1) _ _Bg)\o,crit(t, fL')
o (AO—l-Bch(t,m)—CO)"" —R
- (1 o (1 o BOcM (t,2) ) )

> —1

0 0,.M —_ 0N+ .
because (1 — 4 +BC§ M(t’m) D7) > 0 as we discuss the case B < 0 and A° > CP, resp.
B9cM (t,x) ¢

BY >0 and A° < C°.

Subsequently we let € = 0.

e Definition of the x'’s (¢ =0). If e = 0 then the x'’s are given by x' : R — R, i = 0,1, with

XO(y) L Coﬁ(e—(l—R)y —1)— (AO _ Co)ﬁ%(e_(l—m(y/\ho’”“) _ ),

X () 2 C (0B — 1) 4 (AL - OVt (0B - 1),

o Continuity results on the x'’s (¢ = 0). Being compositions of continuously differentiable functions,
the [ - ]*- and the min{-, -}-function the x*’s are locally Lipschitz continuous.

e Non-negativity of the x*’s (¢ = 0). The non-negativity of x! is obvious. To verify the non-negativity
of X" note that A%<t = 0 if A% < C0.

The remainder of the proof is the same as the proof of Lemma 4.9. OJ

Figure 4.16 provides an example for the functions g and h.
The proof of Lemma 4.118 directly implies the following corollaries.

Corollary 4.119 (Time-dependent bounds on g and h). Let h and g be given by (4.51), (4.52) subject
to the boundary conditions (4.53) (¢ > 0), resp. (4.54), (4.55) subject to the boundary conditions (4.56)
(e =0). Then

—(U = EH(T) (T~ 1) < g(t) < (0 = (D)) (T~ 1) (¢ > 0),
<UNT —t) (=0) and
0 < h(t) < (W0 —W)(T —t)

fort € [0,T] where the £ (T)’s are as defined in the proof of Lemma 4.9.
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Figure 4.16: g (left) and h (right) as functions of ¢
(r® =71 =0.03, n° = 0.09, n* =0.01, 6" =0.2, 0! =06, =0.035, e =1, R=0.75, T = 2.5,
AY =9, B =10,C° =15, A' =13, Bl = -5, C*' = 7.5)

Corollary 4.120 (Time-independent bound on h). Let h and g be given by (4.51), (4.52) subject to
the boundary conditions (4.53) (¢ > 0), resp. (4.54), (4.55) subject to the boundary conditions (4.56)
(e=0). Then

0<h(t)<h

for t € [0, T] where h is the smallest positive root of

a0 =) = OO A (en R 1) O (eU R — 1) ife >0,
—(W0 — ) +X(y) + X (v) ife=0

if such a root exists; otherwise h = 00, i.e.
h=min{y € R} : F(y) =0},

with the convention min () £ co, where the x*’s are as defined in the proof of Lemma 4.118.

Proof. The assertion follows from a simple ODE argument since
F(t,a,y) = —(¥" =0 + ot z,y) + X°(t,2,9) + x' (t,2,9) > F(y)

for all (¢,z,y) € [0,7] x R x R{ where we used the notation from the proof of Lemma 4.9. If ¢ = 0
then this is obviously true. In case of € > 0 this is satisfied, too, since the proof of Lemma 4.118 showed
that x°(¢,z,y) > —Coﬁ(e*(lfmy —1) and x!(t,z,y) > Clﬁ(e(kmy —1). O

The boundary function on h as presented in Corollary 4.119 is suitable for large values of ¢ for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
that the boundary function overshoots h by far. The converse is true for the bound given in Corollary
4.120. Thus combining the two bounds on h yields

0 < h(t) < min{(¥° — ¥)(T —¢t),h}

for t € [0,T].
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Since the above ODE-system is solvable we can now verify that the strategy given above is indeed the
optimal strategy that solves the investment problem.

Theorem 4.121 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and
g be given by (4.51), (4.52) subject to the boundary conditions (4.53) (¢ > 0), resp. (4.54), (4.55)
subject to the boundary conditions (4.56) (¢ =0). Then the strategy

(Wiv*’ Ci’*(t)) 2 (wiv*,ci’*(t,g(t) — 1{i:1}h(t)a h(ﬂ))? te [Oa T]v 1=0,1,

as given in Lemmas 4.101 and 4.106 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R.

Proof. Since (7%*, ¢“*(t)) maximizes the reduced HJB-system (4.48) for each t € [0, 7], optimality of
the strategy (7%*, ¢v*) follows directly from the Verification Theorem 3.3. O

Remark 4.122. If not otherwise stated we use the following shorthand notations

forte0,T],i=0,1.
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Figure 4.17: Optimal strategy vs. Merton strategy: ¢** and ¢*™ as functions of ¢
(r® =71 =0.03, n° = 0.09, n* =0.01, ¢6° = 0.2, 0! =0.6,5 =0.035, e =1, R=0.75, T = 2.5,
A’ =9, B =10, C° =15, A' =13, Bl = -5, C*' = 7.5)

Figure 4.17 shows the optimal strategy and the Merton strategy in a setting where BY is positive and
B! is negative. Hence the large investor is forced to consume at a rate that is temporarily smaller than
the Merton consumption rate in order to generate advantageous regime shift intensities. In state 0 the
maximal deviation amounts to about 6% whereas in state 1 it is at most 3.5%.

As in the portfolio-dependent case the optimal consumption rate converges continuously to the Merton
consumption rate as the time to maturity decreases. The reason for this behavior is the same as in



116 4 Solution for CRRA Investors with Power Utility

the portfolio-dependent setting. Further due to the time dependency of the Merton consumption rate
there is no need for the investor to deviate from the Merton rate until ¢ ~ 1.8 in state 0. From this time
on the Merton rate enters the half space of influencing consumption rates which makes it necessary to
deviate from the Merton rate.
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Figure 4.18: Optimal strategy vs. Merton strategy: ¢** and ¢ as functions of ¢
(r® =7'=0.03,7°=0.1, 5" =0.01,06°=0.2,6"' =06, =0.035, =0, R=0.25 T =1,
A® =20, B = —45,C° =15, A' =0, Bt =0, C' =0)

Figure 4.18 displays the case where the large investor is forced to consume although he draws no utility
from intermediate consumption. In the example corresponding to Figure 4.18 the market will stay in
state 1 as soon as it enters it. So in order to avoid a regime shift into state 1 the large investor consumes
at a rate of about 11% until ¢t ~ 0.9. Afterwards he stops comsuming until t = 7.

Again the optimal consumption rate shows an extreme behavior if ¢ = 0. Until ¢ =~ 0.9 the investor
consumes at the critical rate and then immediately stops consuming. One would expect the strat-
egy in the case of ¢ = 0 to be similarly continuous as in the case of ¢ > 0. The reason for the
extreme behavior can be found in the HJB-system (4.48). There the only term including c is given
by —c + max{A’ + Blc, Ci}ﬁ(e(*l)l_l(kmh(” — 1) where —c is the usual consumption impact and
max{A® + Blc, Ci}ﬁ(e(*l)l_l(lfmh(t) — 1) goes back to the consumption-dependency of the regime
shift intensity. Those two components are of the same magnitude, i.e. they are both linear in c. Usu-
ally — without the investor’s influence — the maximizing consumption rate is 0 as the linear function
H'(t,g(t) — 11y h(t), h(t),-) is usually decreasing. Due to the investor’s impact on the market the
slope of H*'(t, g(t) — 1;—1yh(t), h(t), ) becomes positive when h(t) is large enough. When this occurs
the optimal consumption rate immediately jumps to the critical rate %", Thus the extreme behavior
is due to the affine form of the investor’s influence.

As in the section on step intensity functions the special structure of the large investor’s optimal
consumption rate suggests a decomposition into the Merton consumption rate and an additional ad-
justment component. This adjustment component results from the investor’s influence on the market.
So the optimal consumption rate can be written as

ci’*(t) = ci’M(t) + ci’A(t) for i =0,1
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where we have

cri _1 .
gy = [ (1 B (e om0 )T )0y i
- 0_ 10\+ )
_%1%@)2%@“} ife =0,
_1 )
A () = ((1 — Bl (eA-BRO _ 1)) R _ 1) CLM(t)1{Hi,hlf(t)§H;:1~(t)} if £ >0,
0 ife =0.

Note that >4 (¢) < 0 if BY > 0 and ¢*4(t) > 0 if BY < 0, whereas ¢4(t) > 0if B} > 0 and ¢4 () <0
if Bl < 0. Thus, a positive value of BY, resp. a negative value of B, corresponds to a market in
which the large investor is forced to consume less than the Merton consumption in order to reduce
the probability of a jump to the adverse market state, resp. enlarge the probability of a jump to the
favorable market state. A possible interpretation for this market behavior could be that the other
market participants consider the large investor’s consumption as a negative signal. In case of B? being
negative the large investor now has to consume at a higher rate than the Merton one to avoid the
adverse market state. So the other market participants somehow disapprove his presence in the market
and reward high consumption rates. Thus ¢*? benefits the regime shift intensities which is shown in

the following lemma.

Lemma 4.123. The optimal strategy (7**, %) satisfies
190,1(7_‘_0,*7 CO’*(t)) < ﬁO,l(WO,M’ CO’M(t)) and 191,0(71_1,*’01,*(15)) > 191’0(7T1’M, CI,M(t))

for every t € [0,T].

Proof. The assertion follows since

IO (0% D (1)) = max{A® + B2 (t), CY}
= max{A® + BYM(t) + B4 (1), 0}
max{A° + BYM (1), C°}

_ 190,1(7_[_0,M’ CO’M (t))

IN

and
191’0(7T1’*, cl’*(t)) = maux{A1 + Bclcl’*(t), Cl}
= max{A! + Ble"M(t) + Bl (1), O}
> max{A" + Blc"M(t), 1y
_ ﬁl,O(ﬂl,M’ Cl,M(t))
as BYc%A(t) <0, resp. BlcA(t) > 0. ]

Remark 4.124. As in the last section the optimal consumption rate that we derived here is a com-
promise rate in that it is in general different from the Merton rate but generates better regime shift
intensities than those the Merton rate would yield, i.e. it accommodates the aforementioned trade-off.
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We have seen before that in case of € = 0 the optimal consumption rate in state 0 may jump from 0 to

. 0_0

Oscrit — —(AB# which is strictly positive if B < 0 and A > C°. For
all other settings of the parameters BY, A and C? the optimal consumption rate is just 0. Subsequently
we will present a sufficient condition under which this jump in case of BY < 0 and A% > C° does not

occur, i.e. c>*(t) =0 for all t € [0,T.

the critical consumption rate ¢

Proposition 4.125. Let ¢ = 0 and B? < 0 and A° > C°. Further suppose that —(¥° — ¥l) — g—g >0
or equivalently AY + BYc%° > CY, where

CD,O A (\IIO—‘;[Il)—i—C—O,

Then *(t) = 0 for all t € [0, 7).

Proof. Let ¢ = 0. Since BY < 0 and A% > C° we get h%rit = —ﬁ ln((l — R)% + 1). The assertion
of the proposition is equivalent to the condition
h(t) < A0t for all ¢ € [0, T).

To prove this, we use a simple ODE argument. We let F' as given in the proofs of the Lemmas 4.9
and 4.118. As F(T,g(T),h(T)) = F(T,0,0) < 0, it suffices to show that F(t,z, h"t) > 0 for every
(t,r) € [0,7] x R. Indeed, in this case it follows from the intermediate value theorem that for each
t € [0,T] there exists some h(t) € [0, h0] with F(t,z, h(t)) = 0. Thus 0 < h(t) < n%ax] h(t) < pOcrit
te[0,T
for every t € [0, T].
To demonstrate under which conditions F (¢, z, h%t) > 0 we write F(t,z, h%') = A + B with
AL Xl(hO,crit) B A —(\IIO _ \Ifl) +X0(h0,crit)

where we use the notation from the proofs of Lemmas 4.9 and 4.118.

The non-negativity of x!' implies that A > 0. On the other hand,

B — _(\I/O _ \Ill) _ Coﬁ(ef(lfpb)ho,crit . 1) . (AO . Co)ﬁ(ei(liR)hO,crit . 1)
= (W0 —wl) - 4
Since — (W0 — Wl — g—; > 0, we have B > 0 and the proof is complete. O

Remark 4.126. Notice that c*° is not necessarily non-negative. Thus c*° cannot be interpreted as a
consumption rate.

Observe that the assumption of Proposition 4.125 is satisfied if A%, resp. |BY| is sufficiently large.

4.3.3 Portfolio- and Consumption-dependent Intensities

Having discussed the optimal investment problem where the regime shifts are influenced either by the
benchmark investor’s portfolio proportions or by his consumption rate, we now consider the case where
both affect the shift intensities, i.e.

BL #0and B.#0 fori = 0,1, (PCD)
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so that the intensities are given by

99171 (1, ) = max{A’ + WT,Bfr + Ble,C'}.

We denote by

gre0 & {(w, ¢) ER" xRy : A+ 7' .BY + Bl > CO} ,
gmel & {(w, ) ER" xRy : A' +7".BL+ Ble> C’l}
the half spaces of strategies that impact on the intensities of regime shifts. Moreover,
™% (m,c) 2 A+ " .BL + Bic— '

denotes the ’distance’ of the strategy (,c) to the separating hyperplane and we have (7, c) € J7¢0 if
and only if d™*%(r, ¢) > 0, resp. (m,c) € 7! if and only if ™! (7, ¢c) > 0.

In order to determine the maximizer in the HJB-system (4.41) we define the function H™%% : [0,T] x

R x Ry x R™ x R{ — R given by

H™% (t, x,y, 7, c) = —E_(a_é)ggfé(Tft) ﬁ(eiﬂ*R)xcl*R —1)—cHr+ Tl — %RWT.Ui.(Ui)T.W

+max{A" + 7" .B. + Blc, Ci}ﬁ(@(—l)lﬂ'(l—R)y —1).

Hence the HJB-system (4.41) reads

0= sup {QI(t) — 1 b/ (t) + H™'(t, g(t) — Lii—1yh(t), h(t), , C)} (4.57)
(me)ERMXRY

for t € [0,T) and i = 0, 1, subject to the boundary conditions

To find the supremum in (4.57) we present the maximizer of H™%(t,x,y,,-) for arbitrary (t,z,y) €
[0,7] x R x Ry. This yields a family of maximizers dependent on (¢,z,y). The maximizers of the
HJB-system (4.57) are then obtained by replacing = and y by g(t) — 1—11h(t) and h(t).

Let therefore Hlﬂ’c’i, HI" [0,7] x R x R x R™ x Ry — R given by

Hlﬂ’c’i(t, Ty, T, c) 2 —6_(8_6‘)55_5@_0 ﬁ(e_(l_R)xcl_R —D—c+ri+ay— %RWT.Ui.(Ui)T.ﬂ

+ Ciﬁ(e(—l)“i(l—R)y ~1),
HTS (t, x,y, 7, c) & —E_(a_aiff(;(pt) ﬁ(e*(kR)‘”ckR —1)—cHr+ Tl — %R?TT.O'i.(O'i)T.W

+ (A" + 7" Bl + Bie) g (el V' TSRy )

such that Hﬂ,c,i(ta €y, , C) = Hlmqi(ta LY, T, C)l{(mc)géjﬂvcvi} + H;r’c’i(t7 LY, T, C)l{(w,c)éi]“vc*i}'
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If £ > 0 then Hf’c’i(t,x,y, .,y and Hy“'(t,x,y,-,-) are concave for every (t,z,y) € [0,T] x R x R .
Therefore the three candidate solutions for the maximization in (4.57) are

(w M M(t ) = argmax  H(t,2,y,7,¢),
(m,e)ERP X R

(7 (1,9, @ (6, 0,) = axgmax H*(t,a,y,m,¢),
(m,c)ER™ xR
(ﬂ_z,crlt (t w) ~i,crit (t, x)) S arg max Hﬂ"c’i(t, x,yY,T, C)
{(m,0)eR" xR : Ai4nT.Bi+Bic=C'}

where
() = k(0 (0) )T (0 + Bl (DT TRy ),
1 1R C(1_ -1 :
(1) = A Fmemmrn) e E (L= By pmp(en T 1) iy < B,
sy 4y o ifythrit,
1,% _ ed % -1y 1- B! e(1-R)y _q ~%
¢ (L, %?J)—(m) e m cTor(e ) *,
ﬁ'l’cm(t,a:) _ %(O_i‘(o_i)‘r)_ ( ; S\icrit(t,x)B;)7
%e*% (1 — S\i’crit(t, x)Bé)fﬁ

6i,crit (t, 1’) —

—

ed )
e—(e—0)e=6(T—1)

for (t,x,y) € [0,T] x R x Ry, i = 0,1, with

ot & {oo if BY >0,

—sIn((1- R)Bi8 +1) ifBY<0

and \o<M (¢, 2) implicitly given via

AW’C’i(t, x, S\i,crit(t7x)) _ _(Az + (ﬂ.i,M)T.BZ'T + BicM(t,x) B CZ)
If e = 0 then Hf’c’i(t, x,y,-,-) and Hg’c’i(t, x,y,-,-) are concave in 7 and linear in ¢ for every (¢, x,y) €
[0,7] x R x R{ implying

(0" (o) )L (i + BL g (eCD ARy 1))

0 ify < Aot
oo if y > hcrit’

™
=)
*
—~
N
N—
Il
—— ==

Y (y) =0,

~qerit _ 16 (T H(xMTBE-CT  pi +

T = R(U.(U) ) (77 +B7rBz (1 (%( Bi)T. (O.i‘(a.i)T)fl_B;'ch_i_]‘) ))’
1 1\ T 7 2\ T\—1 7 -

sicrit _ (Br) (0".(0") )77 By i (rtM)T . BE (" i

et = e ( B (e 1B e T )

for (t,xz,y) € [0,T] x R x ]Ra“, i = 0,1. Further Hf’c’i(t,x,y,-,-) is even decreasing in ¢ yielding
M
c(t,z) = 0.
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Remark 4.127. We use the following shorthand notations

H (8 ) & HEO (2, y, 7 M Mt x),
HES (b x,y) & HPO Nt ,y, 705 (t a,y), 87 (t, 2, y)

for (t,2z,y) € [0,T) x R x R§ andi=0,1.

Before we present the maximizer of H™%(t,z,y, -, -) we first need to provide the following helpful

results on the relation between (%M, cM) and (7*,&*) and the related function values HZF AC/ and

T,CyL
HES

Lemma 4.128. For every (t,z,y) € [0,T] x R X Ry the Merton strategy (M M) the candidate

%

solution (7%*,¢%*) and their function values H;'y;" and Hg <" are related as follows.

i) (7OM M (t,z)) ¢ 70 = HTO(t, x,y) < HyS'(tz,y) = (70%(t,2,y), &% (t, x,y)) ¢ T,

i) (eM Mt x)) € Tl = HEGN(tx,y) < HaS'(ta,y) = (7Y 2, y), e (t, 2, y)) € 701

Proof. ad i) If h"* < oo and y > hit then é%*(t,z,y) = 0o whereas every component of 7%*(¢, z,y)
is ﬁmte and therefore HaS (t z,y) = 00, too. Further h* < oo implies BY < 0. Hence obviously
(70*(t, 2, ), (¢, z,y)) ¢ 70 and there is nothing to prove.

If otherwise y < h°"* then the following three equivalences hold true. Firstly, (7% cM(t, z)) ¢ J™¢0

is by definition equivalent to
dm0(x0M Mt x)) < 0. (%)

Secondly, some transformations yield that H 55" (t, 2,y) < Ha:<°(t, z,y) is equivalent to

d“W#Mmemx&e%w%Tw%o>>Am1R<“*w—w

BO 1 (—(I—R)y 1))*1_TR71 (**)
+ ( (e R ) —i—Bg)cM(t,x).
And thirdly, (7% (¢, z,5), %" (t,z,y)) ¢ 770 is equivalent to
a0 (xOM Mt 2) < = (B (00 (6 T) T BY g (e Y — 1)

(k% %)

—Bﬂu—m1R<“*m—mr%—mmwm

The right-hand side of (x%) is non-negative. This follows from the fact that y > 0 and from Lemma

4.48, ii), with z = —Bgl ! R(e_(l_R)y — 1). The lemma is applicable since y < h® is equivalent to
—Bl1-(e e~(I=R)y _ 1) > —1. Hence (xx) follows directly from (x) which yields the first implication.

In order to prove the second implication we have to show that the right-hand side of (%) is smaller
than the right-hand side of (* % %) which is equivalent to
BN (0% (0%) ) LBy g (e — 1)
— 2 (=B g (e~ =Ry - D)y TE -1

1-R 1—-R
1R(e (1-R)y _ 1)

0<—

+ c1-R

1

)+BQ(1—BO L (e (I_R)yl))_ll%)cM(t,x).

P
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This is trivially satisfied if ¢ = 0, since then ¢™(t,x) = 0. If ¢ > 0 then the latter inequality follows

from Lemma 4.48, i), again substituting z = —Bgl L (em(U-Ry —1).

ad i) The proof of assertion ii) works completely analogously since firstly, (7'M cM (¢, 2)) € I™%1 is

by definition equivalent to
dﬂ',c,l( 1,M M(t .T)) > 0’

secondly, H] 7 l(t z,y) < HySH(t, 2, y) is equivalent to

et @M Mt ) > = 55 (Br) (0t (o) ) LBy g (e Y — 1)

1
2
_1-R
(et %)

171R(6(17R>y_1)

and thirdly, (71*(y),é"*(y)) € ™! is equivalent to

dmeH (atM Mt 2)) > — £(Br) (0t () T) LB (Y — 1)
—Bg(u—Bgl (et RY V1)) ® —1)cM(t,z).

O
We now present the maximizing strategy.
Lemma 4.129 (Maximizer of H™%(t,x,y,-,-)). For every (t,z,y) € [0,T] x R x Rd let
(m*(t,x,y), " (t,x,y)) & argmax H™'(t,z,y,m,c), i =0,1.
(m,c)ERM X R
If € > 0 then the mazimizer (7%*,c"*) is given by
% (t2,y) = (0 (0") ) (0" + By ptg(em OO0 1)),
E3 L _1-R (11— hO,crit _1
O*(t, 2, y) 6—(6—5)8;5_5(T_t))R6 & “"’(1 —BS%(G (1-R)(yA (tx)) _ 1)) R
, ol ol
i i @M Mt 2) if Hi 3y (towyy) > HaS (L, @, y),
(7T ( ,x,y),c ( a$ay)) - ~1.% ~1 % . TT,C, 1 m,c,1
(7'(' ’ (t7$7y)’ c” (t,a:,y)) Zf H[,M (t7$7y) S Ha»"’ (t7$7y)’
with
WO (t, x) £ — Az In((1 — R)AY(t,2) + 1)
where A (¢, ) is implicitly given via
A’“C’O(t7 x, )\O’Crit(t, x)) = —(AY + (7r0’M)T.B?r + BScM(t, x) — C’O)+. (4.58)

Moreover

ri — (11— 0,crit
7T0’C t(t, IL‘) A %(UO.(GO)T) 1‘(770_‘_32&(6 (1-R)A (t,x) 1))’

. cri _1
CO,Crlt(t’ .’E) A CM(t,CE>(1 _ Bgﬁ(e—(l—R)hO, Yta) 1)) R
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If ¢ = 0 then the mazimizer (7*, c"*) is given by

. (1 0,crit
70 (t,2,y) = %(0%(0") )7 (1 + BY g (en (TR ),
0 ny < hO,crlt
0,* — ’
C (t7 xa y) - {CO’Crit ny 2 h07crit’
1,M 0 . h17crit
(b2, y), () = 4 ) PR
(71_1,*(757 z, y)’ 0) if y > hl,crlt’
where
i AO 4 (x0-M)T O
poeit 2 (1 - R)gy (1 - (%(Bg)g e 1) )+1),
crit A Al4 (=0 M)T BL_C1)—
hl t ﬁ ﬁ ]n((l — R)2%((B%§T.(Ul).(01)T)71-?B% + 1)
and

T = (1)),

ori i(Bg)T.(UO.(JO)T)71.32 A0 (70, M T.Bgfco +
et = & (BD)? (%f(BQ(T.(aO).(aO)T)*l.)Bg B + 1)

* 0

Remark 4.130. In case of ¢ = 0 the mazimizing strategy (7"*,c"*) is just a function of y, i.e. the
dependency on t and x vanishes.

Proof of Lemma 4.129. We first verify the maximizing strategies in case of ¢ > 0 and then continue
with the case ¢ = 0. Let (¢,2,y) € [0,7] x R x Ry . For notational convenience we identify the tuple
(m,¢) with ¢ and use the following shorthand notations throughout this proof.

M(t, ZE) 'y ( i, M M(t l‘)) gi,crit(t7$) A (ﬂ_i,crit(t’ I),Ci’crit(t,a?)),
St w,y) 2 (7t w,y), & (@, y), St w,y) & (7t 3,y), (T, y)
for (t,x,y) € [0,T] x R x R, i =0, 1.

e Mazimizing strategy in state 0 (¢ > 0). Let ¢ > 0. We distinguish the cases <% (¢,z) ¢ 7m0 and
govM(t,x) e Jme0,

o UMt z) ¢ IO If the Merton strategy ¢»M(¢,x) does not lie in the influencing half space
gm0 then Lemma 4.128, i), implies that ¢**(¢,2,y) is not lying in ™0 either. Consequently,
H™<O(t, 2,7y, -,-) exhibits only one maximum which is attained at the Merton strategy, i.e.

OM ) ¢ 7790 = Ot a,y) = OM (e ).

o OM(t z) € 7m0, If the Merton strategy is part of J™%0 then H™%9(¢,x,y, -, ) has again just one
maximum that is either the maximum of Hy“"(¢,z,y,-,-) or it is attained at the critical strategy
Oerit(¢ ). The maximum of Ha (¢, z,y, - -,+) is given by ¢¥*(t,z,y). As long as {%* (¢, z,y) is in
the influencing half space it is even the maximizer of H™¢0(¢,x,y,-,-). But as soon as {%*(¢, z, %)
quits I then the critical strategy is given by the maximizer of H™%(¢, z,y,-,-), i.e.

~0,% s ~0,% ,c,0

v *(t, x, if (e, y) € I
(t,x) € ™0 = O*(t,x,y) = N ( v) ) <oty

GUerit(t ) if SO (¢, x,y) ¢ IO,



124 4 Solution for CRRA Investors with Power Utility

Combining the two cases we get

Mt g)  if M (¢ ) ¢ T,
COV*(L z, y) = fo’*(t, x, y) if gO’M(t7 .%') c jﬂ,c,[) and 50,* (t, x, y) c jfr,c,O’
§O7crit(t, x) if gO,M(t7 x) € 970 and O+ (t,z,y) ¢ qgm,e,0

We now have to analyze the condition ¢%* (¢, x,%) € 7740 in more detail.

50,*(15’ x,y) c jw,c,O PN dw,c,O(g(],M(t’ .T))
> —5(BY) (0% (0°) ) By g (e — 1)
— BOM(t,2) (1 — B0 (e — 1))"% — 1) and y < h"*

cl1—-R
& (@m0 OM (t,2)))*
> —5(B)T.(0° (") ) LB g (e 1)
— BYOM(1)((1 = BOZ (e — 1)) % — 1) and y < he™

—(d™O(OM(t,2)) T < ATty g (e” Y — 1)) and y < Ao
ﬁ(e*(kR)y -1) > )\O’C“t(t,a:) and y < Rt

y < ho’crit(t, x) and y < perit

y < ROCHt (¢ ) A perit

y < hO,crit(tjx)

t 00O

where equivalence (x) holds true since the right-hand side of the left inequality is positive. This is
true since 0 < (1 — Bgﬁ(e_(l_R)y = 1))_% <1 (B?>0),resp. (1 - Bl+1s 1R( ~(1-R)y _ 1))_% >1
(BY < 0), as y > 0. The last equivalence follows from the fact that in case of BY < 0 we have that
ROt (¢ 2) < heit since A0t (¢, 1) > BLQ' Notice that

M(t, .%') ¢ jﬂ',C,O PN hO,crit(t7 x) —-0.

Hence
OMt x) if OM(t, ) ¢ IO
OF(tx,y) = L Ot m,y)  if QM (¢ x) € T700 and y < KO (¢t z),
GOerit(t o) if OM (¢, ) € I™¢0 and y > RO (¢, 1),

or equivalently

(t X y) ﬁ( o0 (UO)T)fl'(no+Bg%{(ef(lfR)(y/\hO,crit(t’z)) B 1))’
“(t,2,y) (W)%e*%m — BY L (e (- B)unnOer (b)) _ 1))—%.

We now go on with the determination of the maximizing strategy in state 1.
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o Magzimizing strategy in state 1 (¢ > 0). Here we first consider ¢'M (¢, z) € I"4! and then ¢M (¢, x) ¢
JTI',C,].'

o MMt ) € J7eL If the Merton strategy <M (¢, z) lies within ™! then Lemma 4.128, ii), im-
plies that ¢U*(t,z,y) lies in J™%! too. Hence H™%!(t,z,v,-, ) exhibits its unique maximum at
gl’*(ta Ly y) = 517*(ta Z, y)a ie

Mt,z)egmel = M(tay) =t ,y).

o MMt x) ¢ gmel If MM (¢ x) is not in I then H™%Y (¢, x,y, -, -) may possess two local maxima;
the maximum of Hzr’c’l(t, .y, -) and the maximum of Hy (¢, z,y, -, ), given by <M (¢, z), resp.
¥ (t, 2, y). As long as {M*(¢,x,%) does not lie in the influencing half space then H™%!(t, 2, v, -, -)
has only one maximum, namely at ¢'*(¢, z,y) = ¢"M (¢, 2). But as soon as ¢“*(t,z,y) enters the
influencing half space then H™%!(¢, z,y, -, -) exhibits the two local maxima mentioned above which
have to be compared in order to find the global one, i.e.

if V% (t, 2, y) & I79 or [¢M*(t, x,y) € IO
and Hzr]\fll(t z,y) > HDO (2, y)],

if (¢, x,y) € IO

and Hﬁ(jjl(t,x,y) < HDSM(t, 2, y).

Mt, x)
Mt z) g 9700 = M (ta,y) =

glv*(t’ x? y)

Combining the two cases we get

if MM (t,x) ¢ 7741 and [V (¢, 2,y) ¢ 971

r [ (t, z,y) € I™4 and Hf]\j (t,x,y) > HIS (¢, 2,y)]],
if gl’M(t,x) e J™o1 or [gl’M(t,ac) ¢ grel
and [¢M* (¢, z,y) € ™! and Hfﬁl(t,m,y) < HDSM(t,2,)]).

chM(t, z)
1,%
(S (twruy)

We have a look at the two conditions. Firstly
l’M(t CE) ¢ jﬂ',c,l
and [g (t,z,y) & I™ or [¢M*(t, x,y) € 7! and Hfﬂzl(t z,y) > HDO (2, y)]]

& t,x) ¢ 771 and [¢V*(t, x,y) ¢ T or HZ&I(t,x,y) Hgﬁ’l(t,x,y)]

M
L. 4.{1:2)8, i) §1,M(t7x> ¢ g™l and le]@ (t,z,y) > Hgﬁ’l(t,x,y)

FAE HTE G w,y) > HDO (b2, y)
Secondly
LM (4 3) € gmel
[gl’M(t ) ¢ 771 and [¢M* (¢, 2,y) € I7! and HJ3p (t @, y) < HDS (t2,y)]]
& Mt z) e 7m0 or [¢V*(t, 2, y) € 774! and Hf]\'fll(t z,y) < HDO (. y)]
FAZRD S AM gy e 7ol or HEG Nt ) < HES (t 2, y)
Lo i) H”l(t z,y) < HFSL(E 2,y)
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Hence we get

] ’ ’1 5 ,1
L5t 2 y) = PM(tx) i Hp (6w, y) > HoS (L, y),
gl’*(ta x, y) lf Hl,fj}\?l(tj x, /y) S H;rf,’l(t’ T y)

Some simple transformations show
H (b, y) < HESH(t w,y)
N ( (1 - Bl L (1R - 1))—% ) + Bl (0B ))CM(t’ z)
— LA (BT (0" (")) Bl s (e — 12
<d”( Mt,2) 15 (1R)y 1)

1—Bg1 (e = 1) TR~ 1) 4 Bl — 1)) M (2, )
1< T () ) LB e (1R — 12
(d”l( M(t,2) " g — 1)

where equivalence (k) is satisfied because the left-hand side of the inequality is non-positive. Unfortu-
nately, we cannot derive an exphc1t condition on y; not even in the logarithmic case R = 1. Therefore,

we stick to the condition Hl M Yt 2, y) < HES' (¢, 2, y) which is trivially satisfied if 1M (¢, 2) € Ime1,
ie.

/"\
/—\

wh—l »—‘

§1’M(t,az) egmel = H;jj’\?l(t,:n,y) < Hgf’l(t@,y).

We now proceed with the case of € = 0 which works quite analogously to the one of € > 0. As a special
feature the Merton consumption rate vanishes, i.e. ¢™(¢,z) = 0 for all (¢,z) € [0,T] x R.

e Mazimizing strategy in state 0 (¢ = 0). The arguments are the same as in the case of € > 0. But now

Ot z,y) € ™0 o dmO(OM(t x)) > —%(Bg)T.(JO.(UO)T)_l.Bgﬁ(e_(l_my —1) and y < A&t

dﬂ’C’O(CO’M(t,w))
T(BY) T (00.(o0) ")~ L. BT

(dﬂ-,c,O(gO,]\/I (t,x)))+
T(BYT(0%-(0%)T)~1.BY

1 _ (dﬁ’c’o(go’M(tvaﬁ)))Jr crit
y<—pin(-0 -8 LB (00 ) 1B T 1) andy < b
y < (—ﬁ ln(—(l R)

(d™ 0 (O Mzt crit
T(B9) T (s0.(00) )15 + 1)) N
L . (deCO(go ]M(t w))) 0
T Yy<- ln(( R)Bﬂ(l ( (B0 T (o7 .(o%)T) 150 D¢ H) )H)
= y<h0,cr1t

> —ﬁ(e_(l_R)y —1) and y < At

> —ﬁ(e_(l_R)y —1) and y < At

4
=
=
=

Finally, the maximizing strategy in state 0 is given by

_ 0,crit
"4 (ta,y) = H0%(0") ) (1) 4 Byl (en TR )
0 ify < ROt
0,x )
*(t, . .
C ( X y) { O,crit 4 y > hO,crlt'
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e Mazimizing strategy in state 1 (¢ = 0). The analysis of state 1 is again similar to the one in case
of € > 0. But here we have the advantage that the condition Hzrj’\?l(t,m,y) < Hé:f’l(t,:c, y) can be
transformed into an explicit condition on y, i.e.

H (twy) < HpSMta,y) < dPON M () > =5 5(Br) T(0 (o) 1) T Brtg (e Y — 1)
dTr,c,l 1,M T
= _2%(B,%)T-(;i.(al()tT))—)l.Bl <1 R(e(l v —1)
dwcl 1,M , -
© 2t < oaled T =)
(™ot (B M (t)))~
@ vz ealn(( - B2 gy +1)
PEN y Z hl,CI‘it
After all, the maximizing strategy in state 1 is given by
(T (8 2 ), () = (xbM 0) ify < hlycr%t’
(7% (t, 2, y),0) if y > hLerit,
Thus the lemma is proven. O

Remark 4.131 (Interpretation). Whenever the Merton strategy in state 0 is not part of the influencing
half space then the mazimizing strategy coincides with the Merton strategy. However, if the Merton
strateqy lies within the influencing half space then the mazimizing strateqy deviates from the Merton
strateqy.

In state 1 things are different. Here the mazimizing strategy coincides with the Merton strategy if
the Merton strategy is nmot lying within the influencing half space and either (71* é*) ¢ J™&L or
(7wl ebx) e Jmel but Hﬁfl’l(t,x,y) > HDS (2, y). Otherwise the mazimizing strategy deviates from
the Merton strategy.

Remark 4.132 (Continuity of (7%*, ¢%*) vs. discontinuity of (71*, ¢1*) (¢ > 0)). The special form of
the mazimizing strategy together with the continuity of A" (Lemma 4.72) imply that (7%, c%*) is
continuous in t, x and y.

But in state 1 the mazimizing strategy exhibits a discontinuity at all (t,%,7) satisfying Hlﬂ]’\?l(f ,
Hﬂ“(t #,9) and (7VM M (t, 7)) # (74 (E, 2, 9), % (£,2,9)) where ¢V jumps from (mbM M
tO ( (t7 x’ y)?él’*(t7 x’ y))'

Remark 4.133 (Continuity of 7%* vs. discontinuity of ¢>* (¢ = 0)). If e = 0 then ©°* is obviously
continuous in y whereas c%* may jump from 0 to Ot qt y = ROt

Remark 4.134 (Discontinuity of 7* vs. continuity of ¢"* (¢ = 0)). If ¢ = 0 then 7% may jump at
y = hbmt from 7 M to 7L (RLTY) whereas ¢ is trivially continuous in y.

Remark 4.135 (Negativity of Bl). As in the consumption-dependent case we do not allow B} to
take on positive values. The reason for this is the same as in the consumption-dependent setting. Once
Y> 1R ln(( R)B% + 1) the mazimizing consumption rate would be co. Hence whenever the market
was in state 1 and g; was large enough then it would be optimal for the investor to consume at an
infinitely large rate for an infinitesimal short time thus guaranteeing the jump back to state 0. But this
strategy would not be admissible. Therefore, Bl > 0 has to be prohibited.
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Remark 4.136 (Interpretation in case of ¢ = 0). Even in the portfolio- and consumption dependent
setting the large investor may consume although € = 0. In case of B0 < 0 and y > hO“ the optimal

AO 0 M BO CO + . . .
B‘(*)‘)( (00)(00) = 1)30 BY +1 < 0 which implies that

consumption may be strictly positive, namely if <

0 crit > 0.

So far the above explanations are relevant for the general mazimizing strategqy (7°*(t,x,y), %* (t, z,y))
and not necessarily for the optimal strategy. This is because it is not clear whether the situation h(t) >
ROt remember that the maximizing strategy of the HJB-system (4.57) is obtained by choosing
y = h(t) — could really occur. But later on we will provide an example showing that the aforementioned
situation is really possible.

The following lemma provides a link between the maximizing consumption rate in case of ¢ > 0 and
e=0.

Lemma 4.137 (Limiting behav1or of (mherit gherity pierit and (7%, ¢h* ) as € tends to 0). Denote by

i,crit  g,crit %,crit z, 4,crit  g,crit %,crit z* .
(7r£>07 €>O) he e>0 and( 5>0’ 5>0) resp. ( Te=0 » Ce= O) h =0 and( Me— 07 e= 0) the critical stmtegy,

the critical barrier and the maximizing strateqy in case of € > 0, resp. € = 0. Then the following holds
true for every (t,z,y) € [0,7] x R x Ry .

S 0,cri 0,cri 0,crit _0,cri
i) lim (r 255 (), 25 (1, 0) = (5" ).

i1) hm homt( t,x) = hoCrlt and lim Hfﬂzloo(t,x,y) = ler]&ls o(y), resp. lim Hgitx)(t,x,y) =

e—0 e—0

1
H:;ri’ezo(y) °

iii) lim (20 (), clo(t, 2, y)) = (mg(t 2, y), 2t 2.9)).

Proof. Let (t,x,y) € [0,T] x R x R{ be given and notice that for every (¢,z, ) € [0,T] x R x (—00, 3y)
(BY > 0), xesp. (t,2,3) € [0,7] x R x (3, 00) (BY < 0)

lim AT (¢, 2, ) = hm(F(BQ)T(JO.(UO)T)’l.Bg)\ + ij((1 — BOA)TE - 1>cM(t,af))

= H(B)T (00" T) 1B
A 7rc()( )

since lim. o ¢™ (¢, ) = 0. This convergence together with the results from Lemma 4.65 yield that

B (d"’C’O(WO‘M,O))+ . (d-:r,c,[)( 0,M 0))+ 0
0,crit o %(Bg)T.(UO.(UO)T)—l,Bg if %(BQ)T.(UO (e T)~1. Qch +1> 07
hm A6>0 ( ,x) = 1 . (dﬂ'CO( 0M0))+ 0
@ if 1 Bo - By +1 < 07
#(BYT.(00.(c0)T)"1.BY €

dTrcOﬂ.OMO —+ +
Bg( (% EANEaE 13232“) )

Now we can prove the assertions of the lemma.
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ad i) Concerning the critical portfolio strategy we get

0,crit . 0 0\ T\—1 0,crit 0
llH(1)7T€>0 (t,z) = ilir(l) (") ") ( + AL (t ,x)BW)
dﬂ,c,O 71.0,M70 + +
= %(UO-(GO)T) (77 + BwBo (1 - (%(B(Q_)T.(O.(O.(UO)T)))—I.B?\_ Bg =+ 1) ))
__Ocrit
= Te=0 -

To prove the limiting behavior of the critical consumption rate note that

1 __(Am,c,0 7T0’M C]M T _ 1 oNT 0'0. O'O T 1 0y 0,crit .
CM( )(1 o Ag;gt( ’ )BO)—ﬁ _ (d ( M (tz))t R(gg) (0°.(ce%) ")~ ".B 250 (t,x) +CM(7§7$)

by definition as long as € > 0. Hence

. . _1
lim 255" (¢, 2) = lim ™ (¢, 2) (1 = A255" (1, 2) BY) 7™

iy (S ) ) )T LB (ta) M t,a))

e—0

L (ame00M gt (BT (09.(0%)T) 1B R L

==& - @)? (1 - (%(Bgﬁ.(oo.(a())T)*l.Bg Be+ 1) )

 L(BYT (60.(0°) ). BY (d™ 50 (20 M 0))+ 0 * (d™e0(70M o))+ 0

=5 L ((%(BQW.(aO.(oO)Trl.BgBC 1) - (%(Bgr.(ao.(oor)*.Bch +1))
LB T(0%.(%)T)"LBY [ (qme0(x0.M )+ -

== B0y (%(B(% <o(0.(o°>T)>)fl.Bng“)
0,crit

- ~e=0

ad 1) The limiting behavior of hg;gt is obvious since

lim h2EE (¢, @) = lim — 25 In((1 — RIAZSH (¢, 2) + 1)

e—0 R 5>0
d47-¢:0 WO,AI’O + +
TR ln( ( _(i(BE%)T(rf(O.(aOW)))—I.B?rBgH) )“)
dch O’M,O —+ cri
1“( R1s ARE e “) AR
_ h(),crlt

Further

1 . B
limy B () = lim (= Be (6 0) = g ity + 0 4+ O g Y - 1))

=+ O (e )

1
- Hlﬂ-]\fla O(y)
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and

1 .
lim Hgi E>0(t,w, y) = ;1_{%<_%QCM( )(1 - Bc1 - R( ell=Hy — 1)) - ﬁg_(g—(s)ag—&(cut) +u!

e—0
LRBYT (0" (o)) Bl (Y — 12

m(1- R)2
(A ()T B g (R - 1))

= 0! = L4 (BN (0" (0") )L Bl e (e — 1)?

(AT + (M) T B g (=Y - 1)

,61
= H:]:i7€:0(y)'

ad iii) The limiting behavior of the maximizing strategy is a consequence of i) and ii). In state 0 this

is obvious. For state 1 notice further that H 5L _ (y) > HI%L_((y) is equivalent to y < hLF". This

a,~,e=0

finishes the proof. O

Remark 4.138. So far the strategy (7"*,c"*) is only a candidate solution for the optimal investment
problem. To verify the optimality we need to show that the related HJB-system has a global solution
that satisfies the required reqularity conditions stated in the Verification Theorem 3.3.

Having established the strategy that maximizes the HJB-system in general form inserting (7%* (¢, g(t) —
L1y h(t), h(t)), ¢"*(t, g(t) — L;=1yh(t), h(t))) the reduced HJB-equation (4.57) now becomes a system
of coupled backward ODEs which for € > 0 is given by

B(t) = — (00 = W) 4 () Fe 90 B (O 1)

e—(e—06)e—0(T—1) 1-

- COﬁ(e—(l—R)h(t) - 1) + Clﬁ(e(l_R)h(t) o 1)

_ [(AO +(7OM)T BO 4 BOM (¢, (1)) — CO)ﬁ(e—(l—R)(h(t)/\hOvcm(t,g(t))) ~1)

_ (11— 0,cri
+ %% BS)T.(JO.(UO)T) 1_32(1 1 o (e (1—R)(h(t)ARYCMit (2 ,g(2))) 1)2
+ (%(( — BY L (em (RO o) _ 1)) =15 _ 1)
—(1— 0,cri (459)
— BY L (e~ - RO (tg(1) ))CM( g(t ))}
(A (@M TBL 4 BLeM (t g(t) - h(1) - C1) g (e 1)
%(BTIF)T.(O_I‘(O_I)T)—l.B}r(171R)2 (6(1 R)h(t) 1)2

1
2
(i((l — Bl (eU-BR) 1)~ - 1)

~ B (MO 1) M g(t) A1)
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€ £ =t _1-R
g/(t):—\IIO—Fa_(g_(S)%(l_%((W) B e "R g(t)—l))
_ COLR(e—(l—R)h(t) 1)

_ [(AO - (7OMYT BO 4 BOM (¢, g(t)) — Co)ﬁ(6—(1—R)(h(t)/\hov"it(t,g(t))) 1)

5 RB) T (007 ) BY g (e (TN ) 2 o
n (%(( ~ B0 (e —(1=R) (h(t)ARO1t (£ g(t))) _ 1))—% —1)
_ 0,crit
— BY L (e O RBOMS T kg(1) _ 1))cM(t,g(t))]
subject to the boundary conditions
g(T)=0, h(T)=0. (4.61)
If € = 0 then the ODE-system reads
B (t) =— (U0 — oh)
o C(]ﬁ(ef(lfl%)h(t) o ) + Clﬁ( (1-R)h(t) _ 1)
_ ( ( MAN\T B?r 00)1 1R( —(1—=R) (h(t)ARDcrit) 1)
~ R(BY (0 (o) ) B e (e 1mROONET 2 402
+ (Al + (ﬂ_l,M T B71r Cl)ﬁ(e(l—R)(h(t)Vhl’Cm) o 1)
_ 1,cri
+ %%(B}F)T(O'l (O_I)T) B71r =R (6(1 R)(h(t)vhlscrity 1)2’
g'(t)=—9"
— Coﬁ(e—(l—R)h(t) —-1)
_ (AO + (7 O,M)'I'_BSr _ CO)ﬁ(e—(l—R)(h(t)/\hovcrit) —1) (4.63)
%F(BO) ( 0'(00)1')—1_32 (1—1R)2 (e—(l—R)(h(t)/\hovcrit) B 1)2
subject to the boundary conditions
g(T) =0, h(T)=0. (4.64)

Remark 4.139. The aforementioned ODEs include the ODEs of the classical Merton problem (first
rows) and the ODEs of the Bdiuerle-Rieder problem with constant regime shift intensities C* (first two
rows).

Remark 4.140. Notice that the ODEs above resemble the ODFEs from the portfolio-dependent model
with € = 0, namely the ODEs (4.43) and (4.44). The hidden difference lies in h%<"*. Whereas h%<"it s
given by

0,crit 1 1 (AO4- (70 M)T BO _CO)+ 0 +
e =~ a0 - R)gr (1= (HmfFaren B +1) ) +1)

in case of portfolio- and consumption-dependent intensities it is given by

0,cri A0 (70 M T_BQF_CU -
P = — g n(-(1- R) IS COET e v s 1)
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in case of portfolio-dependent intensities.

. A0 (O M)T B0 _C0)+ 0,crit 0,crit L
Therefore if e = 0 and %((Bg)(T.(JO).(JO)T)*l.)BQ\, Bl +1 >0 then hpop = hpp - and both models coincide

in that the the optimal strategies and the underlying ODFEs for the functions g and h are the same.
0 0,M\T RO _ A0
Notice that A HE>") 1By —C)* BY +1 >0 is trivially satisfied if BY > 0.

#(BNT(0°.(e")T)~1.BY

Lemma 4.141. The ODE-system given by equation (4.59) and (4.60) subject to the boundary condi-
tions (4.61) (€ >0), resp. (4.62) and (4.63) subject to the boundary conditions (4.64) (¢ =0), admits
a unique global solution.

Proof. As in the consumption-dependent case we have to distinguish the cases € > 0 and € = 0.

e Definition of the x'’s (¢ > 0). Let € > 0. Then the x*’s are given by ' : [0,7] x R x Rg, i = 0,1,
with

XO(t% y) 4 _ COL(B—(I—R)y o 1) N dﬂ',C,O(ﬂ_U,M’ CM(t,:E)) 1 (e_(l_R)(y/\hO,crit(t7m)) _ 1)

1-R 1-R
_ (11— 0,crit T
N %%(BSF)T.(O’O.(O'O)T) 1.32(171}%)2 (e (1-R)(yAR (t,x)) 1)2
(1 0,crit (¢ _1-R
~ (5 (1~ B g4 _ )5t )

Yt z,y) 2 C o (e(=RW 1) 4 |gmed (71M Mg g)) L (el _ 1)

I-R .
+ %% B}r)T’(Ul‘(Ul)T)_l.Bi(171R)2 (e(l—R)y . 1)2
T +
(R (= BUg(e Y - 1) T E < 1) = Bl (0 - 1)) M (1)

o Continuity results on the x'’s (¢ > 0). The x*’s are continuous in ¢ and further, as compositions of
continuously differentiable and locally Lipschitz continuous functions in x and y, the [ - ]*- and the
min{-, - }-function locally Lipschitz continuous in = and y.

e Non-negativity of the x*’s (¢ > 0). The non-negativity of x! is obvious. In order to see that x > 0 we
distinguish the two cases that already appeared in the proof of Lemma 4.129; (7%M M (¢, x)) ¢ 770
and (70M M(t,z)) € IO,

o (MM Mt z)) ¢ 70, If (OM Mt z)) ¢ IO then hOMt(t 2) = 0 implying \°(¢, z,y) =
—Coﬁ(e*(kmy — 1) which is non-negative as y > 0.

o (7OM Mt ) € Im¢0. If otherwise (7%M, cM(t,2)) € I™¢0 then A% (¢, x) is strictly positive
and there are again two cases to be distinguished; y < R%"*(¢, 2) and y > hOit(¢, z).

oy < Wit x). We know from the proof of Lemma 4.129 that y < h%(t 2) is equiv-
alent to (7U*(t,x,vy), % (t,z,y)) € IJ%Y which, further, by Lemma 4.128, i), implies that
Hl”’c’o(t,:n, y) > HI“%(t, z,y). Some simple calculations show that HZj\?O(t,x,y) > HP (2, y)
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is equivalent to

O(a0M Mt 2)) g (e — 1)

_ %}% Bg)T,(UO_(JO) )—1'32(171}2)2 (e-(=Py _1)2
-(1- _1-R L
(%(( — Bl (en R 1) R — 1) — BY s (e (R

- 1))CM(7§,:C)

which implies x°(¢, z, %) > 0.
o y > A0t x). If otherwise y > h¥Mt(¢, ) then

Xt z,y) = = COftgp(e” 7Y — 1)

T _d7r,c,0( 0,M M(t x))l R( _(1 R)hOCrlt(t$) _1)
—(1— 0,cri LE
%1( 2) (o (0'0) ) 32(1 IR) (e (1=R)hOeri(t, )_1)2
_ 0,crit T _1-R
— (2 (1~ BY (e O e _ 1)~ )

(11— 0,crit z
- BY 7R( (1—=R)h"rit(t2) 1)>CM(t7m)
- s (11— 0,cri
(e =Ry _ 1) — (qme0(70M M (¢, )" Lx (e (1= R)RO-<rit (¢ )

1
(11— 0,crit LE
L(BY)T (0% (0") )L BY g (e (I )

: 1
_ 0,crit T _1-R
<%((1 - Bgl lR( (1 s () - 1)) S 1)

- 1)>cM(t,x)

— (11— 0,cri T
1)+%%(BS)T.(O'O.(O'O)T) 1pgo_1 (6 (1=R)RO-crit(t x)

_1)

BSL( —(1=R)R*<" (t,x)

2
7r(1,R)2 _ 1)
(% ( —3811R< ) _ )=
—(1— 0,crit T _ 0,crit o
BSLR@ (1-R)A (tz) _ 1)(1 _Bgl R( _(1-R)h ()

— 1)) eM (L, 2),
since A0t (¢, ) = ﬁ(e*(kmho “*(tr) — 1) is the unique solution of equation (4.58). Further
Lemma 4.48, 1), yields with 2 = —BY 15 (e~ (1= (b)) 1) that

(11— 0,crit T _1-R
0< — (i (1 — BYlp(e -0 )= _y)

_(1— O,crit (¢ o _ 1
— (1= B gy (e (T 1)),

where the lemma is applicable since

_Bgﬁ(ef(lfR)hO’crit(t’x) . 1) _ —BgAO’CritOf,x) > —1.

If BY > 0 this is trivially true since \%<"*(¢, 2) < 0. If otherwise B? < 0 then A\%*it(¢ x)
implying the desired result.

BO

c

Thus after all x°(¢,z,y) > 0.

We now come to the case € = 0.
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e Definition of the x'’s (¢ =0). Let € = 0. Then the x*’s are given by x*: R — R, i = 0,1, with

T,C —(1— 0,crit
y) 2 -C' L 1(e” (I=R)y _ 1) — g™ ’O(WO’M,O)ﬁ(e (I=R)(yAR®ertt) _ )
( 70r) ( (0.0) ) BO 1 ( 7(17R)(y/\h0,crit) - 1)2’

11
T 2R *(I=R)?
Xl(y) é _1 ( ) dﬂ',C,l(ﬂ.l,M O)ﬁ(e(l_R)(yvhl,cnt) - 1)
— 1,crit
+55(Br) (0 (o))" B}T(1 (e (I=R)(yvhbet) _ 12,
e Continuity results on the x'’s (¢ = 0). The functions y%’s are as compositions of continuously

differentiable functions, the min{-,-}- and the max{-, - }-function locally Lipschitz continuous.

e Non-negativity of x° (¢ = 0). In order to prove the non-negativity of x° > 0 we distinguish the cases
(7OM 0) ¢ 370 and (70M0) € J™e0,

o (7OM 0) ¢ 770, If (nOM 0) ¢ 770 then A%t = 0 implying x°(y) = —C’Oﬁ(e_(l_R)y -1)>0
as y > 0.

o (79M 0) € 770, If otherwise (7% 0) € ™Y then there are again two cases to be distinguished;
y < hO,crit and y > h(],crit_
o y < A0 If 5 < ROt then (70%(t,2,y),0) € ™40 which by Lemma 4.128, i), implies that
Hfﬁo(t z,y) > HES (). As Hz,rj"ff’o(t,x,y) > HS(t, 2, y) is equivalent to

0 < —d™eO(x0M 0y Lo(em Ry — 1) - 1L(BHT (506" T) 1. BY (e"(=Rly _1)2

1
(1-R)?

it follows that x°(y) > 0 as y > 0.

oy > hO,crit. If y > hO,crit then

Xo(y)z—coﬁg(e )_dﬂ',c,O(TFO,M7O)ﬁ(e_(l_R)hO,crit_1)
~HREDT o )T B (e (R 2

= CO1 1R(e —1) - (dﬂ,c,O(W[),M?O))+ﬁ(e,(1,]{)h0,crit _1)
= LB (0" (00 T) B g (e 12

where

dﬂ',c,O O’]W,O + )
(B(7Or)T~(0%T~(0'O)T)))_1.BQF if BY >0,

1
R
dﬂ',c,O O,IVI’O + + .
B%?(l_(%(B(w«a—(;(crow)))fl.BgBg+1) ) #Bl<o0.

_ 0,cri
71«2( (1-R)h® t_1):

Thus, if BY > 0 then

(11— dﬂ',c,O FO’M,O +32
X(4) = ~C g (0= 1) 4 U 2 0
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If otherwise BY < 0 then

2 e ™50 (70 M ())+ +
XO(y):_COﬁ(e (1 R)y—l)—(d , ,O(WO,M’O))—FL(I_ ( (d ( 0)) B8_|_1) )

B? #(BYT.(a°(69) 1)~ 1.BY

_ m,¢,0 (70, M + +\ 2
_ %%(BQ)T.(UO.(O‘O)T) 1'32@<1 _ (%( (d ( ,0)) Bg—i—l) )

BO)T(o0.(c%) 1)~ 1.8

- L(BY)T (o0 (69 T)~1. B0 470 (0.0 )+ +
= — OO tp(e 0 — 1) - OB (1 (i o o B+ 1))

dmc,0 7T.O,]\J’O + dmes0 ﬂ'O’AJ,O + +
’ ( canr et B+ (1 (zar e am 5 1) >>

R

|

1 T (60.(59)T)—1. o

(@M oyt o\ (@m0 OM 0Nt po 4T
((1 (%(Bgﬁ(oo.(aO)T)—l.BchH) ) +2(%(32)1(00.(00)”_1.32Bc+1) ‘

Thus after all x\%(y) > 0 as y > 0.

e Non-negativity of x* (¢ = 0). Here we have to distinguish the cases (71 0) € 7" and (%M, 0) ¢
jﬂ',c,l'

o (mM 0) € 7oL If (nM [ 0) € I then A1t = 0 and x!(y) > 0 holds trivially since (71, 0) €
gmel is equivalent to d™%!(7HM 0) > 0.

o (7bM 0) ¢ JmeL If (wBM0) ¢ J™%1 then h1it is strictly positive and we need to distinguish the
cases y < hbt and y > pberit,

o y < M T 4 < AL then yl(y) = Clﬁ(e(l_my —1) > 0 as y > 0 by the definition of
hl,crit'

o y > ALt The proof of Lemma 4.129 showed that y > ALt implies Hf}\fl’l(t, x,y) < Hg,f’l(t, x,y)
which is equivalent to

0 < d™eH (M 0) g (0 — 1) 1+ LE(BI)T (0. (01) ) LBl g (e - 1)2

and thus x!(y) >0 as y > 0.

Figure 4.19 shows an example for the functions g and h.

Corollary 4.142 (Time-dependent bounds on g and h). Let h and g be given by (4.59), (4.60) subject

to the boundary conditions (4.61) (¢ > 0), resp. (4.62), (4.63) subject to the boundary conditions (4.64)
(e =0). Then

—(W = YD) (T = 1) < g(t) < (¥ = (1) (T — 1) (¢ > 0),
T —t) (e =0) and
(W0 —wH)(T - 1)

fort € [0,T] where the £ (T)’s are as defined in the proof of Lemma 4.9.
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Figure 4.19: g (left) and h (right) as functions of ¢
(r® =7 =0.035, n° = 0.09, n' =0.01,6°=0.2,0' =05, =004, e =1, R=1.5,T = 0.5,
A’ =4, B2 = —1.5, B =10, C" =10, A* =13.5, B = 0.75, B} = =5, C* =8)

Corollary 4.143 (Time-independent bound on h). Let h and g be given by (4.59), (4.60) subject to
the boundary conditions (4.61) (¢ > 0), resp. (4.62), (4.63) subject to the boundary conditions (4.64)
(e=0). Then

0<h(t)<h

for t € [0, T] where h is the smallest positive root of

a0 =) = OO (e R 1) O A (eU R — 1) ife >0,
—(W0 — ) +X(y) + X (v) ife=0

if such a root exists; otherwise h = 00, i.e.
h=min{y € R} : F(y) =0},

with the convention min () £ co, where the X*’s are as defined in the proof of Lemma 4.141.

Proof. The assertion follows from a simple ODE argument since
F(t,a,y) = —(¥" =0 + ot z,y) + X°(t,2,9) + x' (t,2,9) > F(y)

for all (¢,z,y) € [0,7] x R x R{ where we used the notation from the proof of Lemma 4.9. If ¢ = 0
then this is obviously true. In case of € > 0 this is satisfied, too, since the proof of Lemma 4.141 showed
that x°(¢,z,y) > —Coﬁ(e*(lfmy —1) and x!(t,z,y) > Clﬁ(e(kmy —1). O

The boundary function on h as presented in Corollary 4.142 is suitable for large values of ¢ for which
the deviation from h is not too large whereas for small values of ¢ the non-linear behavior of h implies
that the boundary function overshoots h by far. The converse is true for the bound given in Corollary
4.143. Thus combining the two bounds on h yields

0 < h(t) < min{(¥° — ¥)(T —¢t),h}

for t € [0,T].
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Since the above ODE-system is solvable we can now verify that the strategy given above is indeed the
optimal strategy that solves the investment problem.

Theorem 4.144 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and

g be given by (4.59), (4.60) subject to the boundary conditions (4.61) (¢ > 0), resp. (4.62), (4.63)
subject to the boundary conditions (4.64) (¢ =0). Then the strategy

(75 (t), & (t)) 2 (7% (t, g(t) — L=y h(t), h(t)), ¢ (t, g(t) — L1y h(t), h(t))), t € [0,T], i = 0,1,

as given in Lemma 4.129 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R.

Proof. Since (7%*(t), ¢**(t)) maximizes the reduced HJB-system (4.57) for each t € [0, T], optimality
of the strategy (7%*, c"*) follows directly from the Verification Theorem 3.3. O

Remark 4.145. If not otherwise stated we use the following shorthand notations

HIG (1) & H'(t,g(t) — Lu—nyh(t), h(t), 7MY (1)),
ng’ﬁ’Z t) £ H;“c’i(t,g(t) - 1{1_1}h(t), h(t), 7" (t), 6“*(15))

Figure 4.20 shows the optimal strategy and the Merton strategy in a setting where BQF is negative,
resp. Bl is positive, and BY is positive, resp. B! is negative. Hence the large investor is forced to invest
more than the Merton fractions and to consume at a rate that is smaller than or equal the Merton
consumption rate in order to generate advantageous regime shift intensities.

Once again the deviation from the Merton strategy decreases continuously towards 0 as the time to
maturity gets smaller.

A particular example in which the large investor consumes although ¢ = 0 is given in Figure 4.21. Notice
that the optimal portfolio strategy in state 0 converges continuously towards the Merton strategy as
the time to maturity decreases whereas the optimal consumption rate shows the already discussed
extreme behavior.
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Figure 4.20: Optimal strategy vs. Merton strategy: 7°*, ¢* and 7™, ¢*M as functions of ¢
(r® =r*=0.035,7° =0.09, n* =0.01,6° =0.2,0' =0.5,§ =0.04,e =1, R=1.5,T = 0.5,

A% =4, BY = -15, B =10, C° =10, A' =13.5, B: =0.75, B! = -5, C' = 8)
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Figure 4.21: Optimal strategy vs. Merton strategy: 7**, ¢** and M, ¢»M as functions of ¢

(r® =r' =0.035,7° = 0.09, n* =0.01, 6* =0.2, 0 =0.5, § =0.04, e =0, R=2.5, T = 0.75,

A =175, B?

—0.5, BY = —500, C° = 10, A*

—1, B =0.25, B}

0, C' =2)
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The large investor’s optimal portfolio strategy consists of the classical Merton strategy and an addi-
tional hedging component. Further the investor’s optimal consumption rate can be decomposed into
the Merton consumption rate and an adjustment part. The hedging component and the adjustment
part result from the investor’s influence on the market. So we can write

(w(), () = (M + 7 (1), M (1) + HA(2)) for i = 0,1
where
7r0, 1 ) 00 T —1.Bgﬁ(e—(l—R)(h(t)/\hOvcrit(t)) —1),

( (1 — BYtn (e - RIROAR @) 1))*% — 1>CO’M(t) if e >0,
% BO)T O (O.O)T) 1 B() ( (Ao—i-(ﬂ'O’M)T.BO )
1

(BO)2 i(Bg)r)T.(O-O.(G.O)T) .30 BO + 1) 1{h(t)2h0,crit} if e =0,
1 Bl ( (1=R)h(t) _ 1)1
1 _B1 (e(l_R)h(t) - 1)1{h(t)2h1,crit} 1f E = 07

1

— Bl ( (1—R)h(t) — 1))_§ — 1)CI’M(t)1{HI}»?1(t)SHgﬂﬁ'1(t)} lf g > O,
if e =0.

g m<nzetay e >0,

o . :U\*—‘ :U\’-‘

ﬁ
Note that (7% (¢))T.B% <0, resp. (7" ())T.BL > 0. Moreover B%c"4(t) <0, resp. Blcl4(t) > 0.
i, H i,A)

The following lemma shows that (7%, ¢ benefits the regime shift intensities.

Lemma 4.146. The optimal strategy (7%, c"*) satisfies
ﬁo’l(ﬂo’*(t),co’*(t)) < ﬁo’l(WO’M,CO’M(t)) and 191,0(71_1,*(75)’01,*(15)) > ﬁl’O(WI’M,CI’M(t))

for every t € [0,T].

Proof. The assertion follows since

9O (70 (1), % (1)) = max{A° + (7% (t))T B0 + BY%* (1), C™Y
) ".BY + (x%" (1)) ".BY + BIOM(t) + BR"A(t), €%}

= max{A® 4 (7*M(
< max{A° + (7%M 1)) ".B® + BYOM (1), €%}
_ ﬁO,l(WO,M’ CO’M<t))

and
IO (7 (1), V(1)) = max{A' + (#V*(¢))".BL +31 L (1), ct }
=max{A' + (#"M(t))".BL + («"7(¢))T. B} + Bl (t) + Bl (1), C"}
> ma,x{Al (e M) T B1 + Bl M (), cl}
_ 191,0( Cl,M(t )

as (rOH ())T.B2 <0, resp. (72 (t))T.BL >0, and B%4(t) <0, resp. Bl (t) >0 O
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Remark 4.147. As in the last section the optimal strategy that we derived here is a compromise
strategy in that it is in general different from the Merton strategy bul gemerates better regime shift
intensities than those the Merton strategy would yield, i.e. it accommodates the aforementioned trade-

off.

We have seen before that in case of € = 0 the optimal portfolio strategy in state 0 may be truncated at
7%t and that further the optimal consumption rate may jump from 0 to the critical consumption rate
. In the following we present a sufficient condition under which this truncation and the jump do not
take place, i.e. (7% (t), ¢"*(t)) = (7"*(t),0) for all t € [0, T] where 7*(t) £ 7*(t, g(t)— 11y h(t), h(t)).

CO,crit

Proposition 4.148. Let ¢ = 0 and (7™ ,0) € 3™, Further suppose that A° + (7%°)".B% 4+ B0 >
C°, where

B2)? POl 0

1 (B, B

+ %(B,,OT)T.(O’O.(O'O)T)_LBQ. A0y (0, M) T B0 _ 0 o - L
\ZTBY T w0E0 Tty Bt

0,0 A 0 0\ T\—1 0
70 2 Lo (0% ) [ 10+

Do A CO 15BN (s (")) 1. BY (BY)? go_g!
Bl ' 2 (BY)? +(BY)T.(%.(c%)T)~1.BY (A OMT B0 oy *
£BDT.(0.(s0)T)~1.83 ¢

B ( A0+(7r0’M)T.B2—CO Bg n 1>+

#(BYT(6%(6%) )71 BY

Then (7*(t), ¢ (t)) = (7%*(t),0) for all t € [0,T].

Proof. Let ¢ = 0. If (7™ ,0) € J™! then h'"* = 0 implying (71" (t), cb*(t)) = (71*(¢),0) for all
t € [0,T]. In state 0 the condition (7%M,0) € ™Y is necessary since otherwise (7%*,0) = (7%M 0).
Hence

poert = — (1 - Ry (1 - (oS B +1) ) +1).

The assertion of the proposition is equivalent to the condition
h(t) < A0t for all ¢ € [0, 7).

To prove this, we assume without loss of generality that A% < 0o and use a simple ODE argument.
We let F' as given in the proofs of the Lemmas 4.9 and 4.141. As F(T,¢(T),h(T)) = F(T,0,0) < 0,
it suffices to show that F(t,z, h%"t) > 0 for every (t,x) € [0,T] x R. Indeed, in this case it follows
from the intermediate value theorem that for each ¢ € [0,T] there exists some h(t) € [0, %] with
F(t,z,h(t)) = 0. Thus 0 < h(t) < mox h(t) < hOit for every t € [0,T].

)

To demonstrate under which conditions F(t,z, h%t) > 0 we write F(t,x, h%*) = A + B with
A L Xl(hO,crit) B L —(\IJO _ \111) +X0(h0,crit)

where we use the notation from the proofs of Lemmas 4.9 and 4.141.
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The non-negativity of x!' implies that A > 0. On the other hand,
B= (00— 0y — 0O L (e I-RRTT _q)
(1 0,crit
o (AO + (WO’M)T.BO o Cﬂ)ﬁ(e (1-R)h - 1)
1 (BO)T.(O' (UO)T) BO 1 (e—(l—R)hO’C“t . 1)2

T T (1—R)?
_(1_ 0,crit
={A°+<°M>TB£:+%%< DT (0% (0") ) BY g (em TR
1 RhOCrlt
+ 11R(e (1 R)h()crlt 1):|ﬁ _1)

M _ +
_ [AO + (TrO’M)T.Bg + % 1 (BO)T.(O_O‘(O_O)T)—l.B?rﬁ(l _ (iAO-i-(ﬂ'O M)T RO _co BS n 1) )

R\"m (BT .(00.(¢0)T)~1.BY
\1,07‘1/1 1 —(1—-R hO,crit
+ 1_1R(€—(1—R)h,0vcrit_1)] ﬁ%(e ( ) - 1)
-

0, 1 0, 1( 1 1 \110\111 0 0/ 0\T\—1 R0
A0+ (143 (B + it e ) B2) (0200 LS

1 1 go_y! (BT .(6%(c)T)"L.BY A0y (#0M)T B 0 0
2 (39 g (e (I=RROE 1y § (B2)? ( F(BY)T.(o”. (o—om 1B°B “) Be
. ﬁ(ei(lipb)ho,crit . 1)

—(AO + (fro’O)T.Bg + BS&O’O _ Co)ﬁ(e*u*mho’cm B 1)

where

~00 A 1,0/ 0NT\=1(, 0 1 1 1 yo_yl 0
™ = R(O’ (O’) ) <77 + 2 <Bg + %(BO)T.(O.O.(UO)T)—I.B_IOT 1_1R(e_(1_R)hO,crit_1)> B7r>

1,0, 0NTy=1],0, 1] 1 BY POyl 0
= 5o .(o +35 | 5+ B
R( ( ) ) n 2 Bg %(BO)T (Jo (O.O)T) 1Bo - A0 (x0.M)T 5O _ 0 BO+1 + m
£BNHT (0.(¢0)T)=1. B3 ¢
= 7'(070
and
Poa 1 1 wo_wl _ %(BS)T-(UO-(GO)T)‘1~BS< A0+ (n0M)T BY 0 BO—|—1)+
BY ' 2\ BY jR(e%l*R)hO’C“Ll) (B2)? #(BY)T.(0%.(c0)T)~1.BY ¢
_ 1 vy
- 0 +
BY 2 1_( A0 (0. M)T BO_ 0 BO+1>
BT (0.(c0)T)~1. B9 ¢
%(BQ)T~(UO-(UO)T)’1-BQ( A4 (n0MHT B BO + 1)
(B2)? +(BY)T.(%.(c0)T ) IBO
= e,

Since A° + (WO’O)T.BS + B2c%° > 00 we have B > 0 and the proof is complete.
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Remark 4.149. Notice that c*° is not necessarily non-negative. Thus ¢*° cannot be interpreted as a
consumption rate.
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5 Solution for CRRA Investors with Logarithmic Utility

In this section we present the solution of the investment problem (P) for a large investor with logarith-
mic utility. As in the last section on power utility functions we assume that condition (NJ) is satisfied
and that II = R™. For logarithmic preferences, the results from the preceding section remain valid
mutatis mutandis. More specifically, the utility functions now have the form

uy(t, z) = ee % In(x), ug(x) = e °7 In(x)

for € € [0,00) and (t,z) € [0,7] x (0,00). Further the ansatz comparable to the one from the section
on power utilities is given by

W(t,2) = f(t)(In(z) + g(t)), v'(t,x) = f(t)(In(z) + g(t) — h(t))
for (t,x) € [0,T] x (0,00) with f(T) = e™°T, g(T) = h(T) = 0. Using the convention that
ﬁ(x(lfm —1)&£In(z), 2>0, zln((1-Rz+1)£zfor R=1

the results from the last section can be transferred. It turns out that the function f is again given
by (4.7) and thus is independent of the investor’s relative risk aversion R. Moreover the reduced
HJB-system is now given by

0= sup {g'(t) — 1y b/ (t) + ri4 oty — %wT.ai.(ai)T.W
(mc)€R™ xRS (5.1)

s (10(0) — (9(1) — Lampph(9) — e+ 99 (m,e) (=) () |

for t € [0,T) and ¢ = 0, 1, subject to the boundary conditions

implying that Lemma 4.3 still holds true.

The logarithmic setting with risk aversion R = 1 has two nice features as will be seen in the following.
On the one hand the Merton consumption rate turns out to be independent of the functions g and h
which implies that it is the same in both market states, i.e.

EELI) p— E—

e—(e—0)e=0(T—t)?

On the other hand the ODEs for g and h decouple from each other as the ODEs for h are independent
of the function g.

In the following subsections we give the optimal strategies and the corresponding ODEs for the pre-
viously discussed types of intensity functions without proving optimality, resp. existence of global
solutions. Using the above conventions the corresponding proofs from the previous section on power
utility functions remain valid for the logarithmic utility function, too. Only in case of the Merton
investment problem we derive the solution of the corresponding ODE-system in an explicit way since
the derivation is not comparable to the one in the setting with power utilities.
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5.1 Constant Intensity Functions
5.1.1 Solution of the Investment Problem

The log-utility versions of the functions H™ and H%', i = 0,1, are given by H™ : R"™ — R and
H: [0,T] x Rx Ry — R, i=0,1, with

H™(m) &7 4Tt — %TFT.O'i.(O'i)T.TI',
Hc’i(t,x, c) £ WQNMUH(C) —x)—c
The special form of H% yields that the maximizing consumption rate is going to be independent of .
Lemma 5.1 (Maximizers of H™ and H%!(t,z,-)). For every (t,x) € [0,T] x R the mazimizers

7% & argmax H™'(w), ¢*(t) £ argmax H'(t,x,¢), i =0, 1,
TER? ce]}{a'

are given by the Merton strategy, i.e.

where ' o ‘
ﬂ_z,M A (O'z.(O'z)T)il.T]z, CM(t) L ed
The corresponding system of backward ODEs is given by
0 1 ed
W(t) =— (97— ') + mh(t) (5.2)
+(C?+ CHh(®),
0 ) é
g/(t) =—Vy + m(l — ln(m) + g(t)>
+ COh(t)

subject to the boundary conditions

In the case without consumption, i.e. ¢ = 0, h and g can even be determined explicitly, i.e.

ey  { Eren(l = @I it €0+ O >0,
(U0 — whY(T —t) if C°+Ct =0,
0 0_ gyl .
oty = | Torer (T =)+ Sy (1 — e (CHEOI0) i €04 0> 0,
’ £CO0 4 O

Remark 5.2 (Asymptotic behavior). In case of ¢ = 0 and C° + C' > 0 the functions h and g show

the following asymptotic behavior. For t — —oo the function h is converging towards hs¥t £ gﬁ;gi

whereas g is tending to —oo with an asymptotic slope of —W.
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Theorem 5.3 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.2), (5.3) subject to the boundary conditions (5.4). Then the strategy

(Wi’*(t),ci’*(t)) 2 (W'v*,ci’*(t)), te[0,7], i =0,1,

as given in Lemma 5.1 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R = 1.

5.1.2 Solution of the Merton Investment Problem

In the Merton setting the ODEs (5.2), (5.3) read

B (t)=— (00 — ol 4 E_(E_(g‘%h(t), (5.5)
g/(t) = — \IIO + E—(E—(S%(l — ln(a_(a_g%) + g(t)) (56)

subject to the boundary conditions
g(T)=0, h(T)=0. (5.7)

On the basis of the procedure of solving the Merton problem with the conventional ansatz we use the
following ansatz in order to solve the above ODE-system, i.e.

g(t) = Lmyh(t) = G (5.8)

where the function G* with G*(T) = 0 is to be determined and f is given by (4.7).

Remark 5.4. Note that the function G* from ansatz (5.8) is not comparable with the function G* from
ansatz (4.19) in the power utility case.

Notice that

e—(e—d)e0T-0 — T (1)

s ') (%)

Utilizing (5.8) and (%) we can write the functions g, h and the value function v in terms of the functions
G' and f, i.e.

GOt
g(t) = f(i))a
_ G'()-G (1)
h(t) - f(t) 9

f(t)In(z) + G(t).

<
<.
—
\.PI-
8
~—
I

Further inserting the ansatz (5.8) into the system (5.5), (5.6) and taking (x) into account yields

g(t) = gyl (t) = =0 + 5_(5_5)8% (1 - 1@@%) +9(t) — 1{i:1}h(t)>
(GYDOfO=G'OFO) _ i _ IO (1 _n(_L® G'(t)
= GOk =T -m- ) + )

o EYO) _FOGEO _ g 10 (1 (- 40y 4 G )

HOENIONIO! f®) f®)

o (@Y= 50) 101 - (- 4)).
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Integrating the whole equation we get

Git) = 2e™ (1 — e 2TD) (L Lin(e) — 1) — (e — 8)e T (Y(T —t) = T) — ete™

— %e*&(s — (e — 5)676(T7t)) ln(%e*&(s — (e — 5)676(T7t))).

Inserting this into the above formulas depending on G* yields explicit formulas for the functions g, h
and the value function v* that are given in the following theorem.

Theorem 5.5 (Solution of the Merton Investment Problem). Let condition (NJ) be satisfied, and let
h and g be given by (5.5), (5.6) subject to the boundary conditions (5.7). Then the optimal strategy for
the investment problem (P) with CRRA preferences and relative risk aversion R =1 is given by

(8, (1) = ("M, M (L)), t e [0,T]

where

M = (ol (o)) s M) = ey

for1=20,1. In particular g and h are given by
e(1—e=3(T=0) (22 in(2) —1)+(8(=—0)e~5(T—1) _ew0)(T'—¢)

e—(e—8)e=d(T—1)

176_6<T_t))7(T7t) (\IJO . \Ijl)

e—(e—8)e=9(T—1)

g(t) =0T —t) + “In(i(e — (e — 6)eT0)),

1
h(t) = (B0 — WH)(T —t) + 5.
so that the value functions read

vi(t,x) = %e’at(a — (e = 8)e T In(z) + %e*&(l — e"S(T*t))(%i +In(e) — 1) — te %
—(e=8)e (YT —1) = T) — Le (e — (e — 0)e 2T D) In(Lte (e — (e — §)e0T1))

fori=0,1.

If the investor was not allowed to consume, i.e. € =0, then the latter formulas simplify to

7rz',M _ (Ui.(Ui)T)_l.ni, Ci,M(t) =0

fori=0,1 and
g(t) = VT ),
h(t) = (90 = U') (T — ),
vi(t,z) = e T (In(z) + UH(T —t))
fori=0,1.

Remark 5.6 (Asymptotic behavior). In case of € > 0 the functions h and g show the following

asymptotic behavior. For t — —oo the function h is converging towards h*'** = LOE‘I’I

tending to gs*at & ‘I’TO +1In(6) — 1.

whereas g is
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5.2 Step Intensity Functions
5.2.1 Portfolio-dependent Intensities

The log-utility versions of the functions H™* and H*, i = 0, 1, are given by H™" : Rg x R™ — R and
H: [0,T] x Rx R — R, i=0,1, with

H™ (y,m) 2+ 7" — %WT.O'i.(O'i)T.W + (_1)1_7;(0%:1{7763‘#,1'} + C’;l{ﬁégm})y,

Hc’i(t,x, C) £ ‘%(E—(S%(IH(C) — ZL’) — C.
Lemma 5.7 (Maximizer of H%'(t,z,-)). For every (t,z) € [0,T] x R the mazimizer

¥ (t) £ argmax H (t, x,¢), i = 0,1,
ceRg

1s giwen by the Merton consumption rate, i.e.

Lemma 5.8 (Maximizer of H™(y,-)). For everyy € Ry the mazimizer

Wi,*(y) L arg maxH“’i(y,W), i — 07 17
TER?
s given by
% . TFi,M ny < hi,crit’
™ (y) - Wi,crit ify > hi,crit
where
serit A 0 1\1—¢ cherit
S
with
gherit & 1 (AT B O
2 (Bi)T.(ot.(c?)T)~1.BL
and

ierit & i _iNT\=1 (i i (A (nM)T Bl —C)*
™ = (U '(U ) ) -(77 - B7r (B%)T.(O-i.(o.i)T)—l_B%>

Inserting the maximizing portfolio proportions and consumption rates into the reduced HJB-equation
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(5.1) the latter now becomes a system of backward ODEs

W(t)=— (W0 — o)+ Wh(t)
+(C3 +Cz) ()
[ h(t) — 1 ((Af)+<7r°vM>T.B£1700)+)2}+ (5.9)
2 (BY)T.(oY.(c) ")~ 1.BY
1 ((A1+(7r1’]M)T.B71r—Cl)+)2 +
{ 2 (BOT.(eN(eD))T.BL } ’

gt)=— 10+ 57(575;—%(1 — 1n(5,(€,5§%) + g(t))
o (5.10)
(O~ C)h(r) — B C
2

(BY)T-(e%.(c%) 1)~ 1.BY

subject to the boundary conditions
g(T)=0, h(T)=0. (5.11)

Theorem 5.9 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.9), (5.10) subject to the boundary conditions (5.11). Then the strategy

(77 (8), ¢ (1) £ (7 (h(1)), (1)), ¢ € [0,T], i =0,1,

as giwen in Lemmas 5.7 and 5.8 is optimal for the investment problem (P) with CRRA preferences and
relative risk aversion R = 1.

5.2.2 Consumption-dependent Intensities

The log-utility versions of the functions H™ and H%', i = 0,1, are given by H™ : R"™ — R and
H [0, T] x Rx R x R§ — R, i =0,1, with
H™(m) &t p ol — 27rTa (o) "7,

HY(t,z,y,c) £ W(ln(c) —z)—c+ (*1)1_i(C{1{ce?c»i} + C%l{c¢gc,i})y.

In case of ¢ = 0 the function H is de facto a function solely of 3 and c.

Lemma 5.10 (Maximizer of H™"). The mazimizer

A 4 .
" = argmax H™'(m), i =0, 1,
TeR?

s given by the Merton strategy, i.e.
,n_i,* _ 7Ti’M.

Lemma 5.11 (Maximizer of H%'(t,z,y,-)). For every (t,z,y) € [0,T] x R x R{ the mazimizer

" (t,y) & argmax H'(t,x,y,c), i = 0,1,
celRaL
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s given by .
i*(t ) CM(t) ny < hl’cnt(t)7
A (ty) =49 . . o
Yy Cl,CI‘lt(t) ’Lfy Z hz,crlt (t),
where -
hi,crit(t) A (_1)1—i %:ic(‘tl)
2 1
with
0 if B <0 and A' < O,
ierit ) A ~ (Af+Bsz<t>—ci)+> <Ai+Bz‘cM(t>—ci>+] My U Be<0and A"=C",
¢eri(e) 2 4 (1 s )T mew O pi s ad A < O
—00 if BL >0 and A" > C",
if € >0, resp.
0 if Bt <0 and A® < C°,
Ci’crit(t) é (Az_cz)+ Zf BZ;< 0 (J/nd AZZ CZ,
Be or B, >0 and A' < C",
—00 if BL >0 and A" > C",
ife =0, and
bt () & M (t) if BE >0 and A* > C*, or B. <0 and A* < C",
N cM(t) — (AUFB;cgi(t)fclﬁ if B. >0 and A* < C*, or B. <0 and A* > C".

Remark 5.12. Notice that in contrast to the portfolio-dependent setting the critical value h>°"* is no
longer constant. It is now a function of the Merton type consumption rate ™. Only if e = 0 then (¥t
and consequently h* are just constants independent of t. Further € = 0 implies ™ (t) = 0 such that

¢ s constant, too. The maximizing consumption rate c“* is therefore just a function of y.

Inserting the maximizing portfolio proportions and consumption rates into the reduced HJB-equation

(5.1) the latter now becomes a system of backward ODEs which for ¢ > 0 is given by
W(t)=— (00 -0+ %(E_(S%h(t)
+(C3 + Co)h(t)
- [ - chHnw

04 BOM (1) —C0)+ 04 BOM (1) _ 0+
+ <1n<1 - (A +B§((])CAI(2) ¢ ) ) + (A +B§?CI\/[(2) ¢ ) )CM(t>:| 1{h(t)2h0,crit(t)}

+[(ct = chnee)

1 1.M () _coly+ 1 1M () _oly+
n(l = —Frem BIM (1 ¢ {h(t)2hLerit (1)}
+ (in(1 - ULEBROCHTY | (B €Y )]

gt =—9"+ E_(E_(;;% (1 - hl(ﬁia(m) + 9(@)
+ C9n(t)
~ [~ - chnw

(A94+BOcM (1)—C0)+ (A°+BOcM (1H)—CO)*+\ M
+ <1H<1 - Bch(t) ) + Bch(t) )C (t>:| l{h(t)zhoﬁcrit(t)}

(5.12)

(5.13)
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subject to the boundary conditions
g(T)=0, h(T)=0. (5.14)

+ (CY + CH(t)

- <—(C? — C)h(t) + %) Lin(ty>hoeriv) (5.15)
+ (e = AhHn®) + LN L ngyspr ey
g'(t) =—v°
+ Ch(t) (5.16)
— (=0 = DR + EH N ey
subject to the boundary conditions
g(T) =0, h(T)=0. (5.17)

Remark 5.13. Note that the barrier h»'(t) is now independent of g(t) — Lgi—1}h(t). Therefore the
condition h(t) > h»(t) is explicit for i = 0,1. Remember that for R # 1 the condition h(t) >
RVt (¢ 2) was partly implicit.

Theorem 5.14 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.12), (5.13) subject to the boundary conditions (5.14) (€ > 0), resp. (5.15), (5.16) subject
to the boundary conditions (5.17) (¢ = 0). Then the strategy

(7 (1), (1) 2 (78, (t, h(t))), t € [0,T), i =0,1,

as given in Lemmas 5.10 and 5.11 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R = 1.

5.2.3 Portfolio- and Consumption-dependent Intensities
The log-utility version of the function H™%* i = 0, 1, is given by H™%" [0, T] xR x IE{O+ x R™ x Rg — R,
1=0,1, with

H™% (t, x,y, 7, c) & M%(ln(c) —z)—c+ri4alyl— %WT.ai.(ai)T.w

+ (=)' (O mopegmeit + Col{(moyggmeil)y-

If ¢ = 0 then H™%" solely depends on y, 7 and c.
Lemma 5.15 (Maximizer of H™%!(¢,z,y,-,-)). For every (t,x,y) € [0,T] x R x R the mazimizer

(6 (). (19) 2 argmax H™H(ta,y.m,c), = 0,1
(m,c)ERP X R
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s given by
. . 7TZ7M CM t ny < hi’crit(t),
(7T ’ (t7 y)? c’ (t7 y)) = ( Cl”l ( 'L)c)rit - i,crit
(Tee(t), e (t)) if y > WY,
with
. . " i,crit
hz,crlt(t) A (_1)1 chfc(é%
with

(—5(By) (o'.(0") ) LB (AT (1))?
17)\1,cr1t (t)Bé

Ci,crit (t) A

Bi)T (o.(c%) T)~1.BL Al (n-MYT BE Ot 2
- %( = (f(;g)% : [(1 B (EBi)g-(ai-)(ai)T)*li)?% Be+ 1) )

g S _. ife=0
(A"—i—(TrZ’A/I)T.B;LT—C'”)"L i
+ 2( (BT ..o LE Be T 1) }
and where \v(t) is uniquely determined by
AT, X (1)) = — (A" + (25M) T BL + BlcM (1) — €.
Moreover
— (0®.(c") )7L (n + Aberit (1) BL) ife >0,
™ =\ (i (VT (Al (xM)T Bi_Ciyt o\ T
@) (o + B (1= (Gt e B+ 1) ) #e=0,
icrit(t) CM<t> ( — A Crit(t)Bé)il if&“ > 0,
c”’ =

(BZ )T (O'Z (o‘Z)T) 1-B7ir (Ai+( zJ\/I) Bz C«z)Jr i -
L (o artarrra B+ 1)

Here the log-utility version of the function A™? given by

AT 0,7 % (~00, ) — R (Bi>0), resp. AT - [0,7] x (5, 00) — R (B <0)

with
AT N) 2 (BT (08.(6") ") "LBEA + B§<(1 — BN - 1) M(t).

+ [ (1= Nt @) BY) — ke 1] @) if e >0,

Remark 5.16. Ife = 0 then (v and consequently h"°"* are just constants independent of t. Further
e = 0 implies that 7 and "' are constants, too. The mazimizing strategy (7%, c%*) is therefore

just a function of y.

Inserting the maximizing portfolio proportions and consumption rates into the reduced HJB-equation
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(5.1) the latter now becomes a system of backward ODEs which for ¢ > 0 is given by

W(t)=— (W0 — ')+ E_(a_(s;%h(t)

+ (CY + CHA(t)
- [—(C? — CO(t) = $(BY)T.(a%.(c) 1) "L BN (1))

+ (_ 111(1 o )\O,crit(t)Bg) o (1 o )\O’Crit(t)Bg)_l + 1>CM(t)} + (518)

+ [(011 — C3)h(t) — 5(BY) (" (o1 1) LB (A (1))
+ (— In(1— ALt BL) — (1 — ALt Bl) ! 4 1>cM(t)} +,

§(t) =0+ s (1~ (i) + 9(0)

+ CYh(t)

— [-(Cf — ) — H(BE) (0000 ) B 1) 19
+ (— In(1 — A%t (1) B) — (1 — A0erit() B0y ! 4 1>cM(t)} '

subject to the boundary conditions
g(T) =0, h(T) = 0. (5.20)

If ¢ = 0 then the ODE-system reads

W (t)=— (00 — o
+(C3 + Ca)h(t)
OTUO.JOT—I. 0]
— [(CF - CO)n(r) - J B b
0 M\T R0 _ 0+ 04 (70, M\T B -1 5.21
(- (et BO“) ) + 2 (Y Bl + 1) ] 21

+ [(011 — CHn(t) - %(B ) (et (e 1.BL

(B)?
(A1+( 1M) Bl Cl)+ 1 (A1+(7'rl M) ) 1 +
' |:<1_<(31)T (o1, (01)T) 1B1B ) ) +2<( )T( 1(01)T) 1B1B > H )
g'(t)=— v
+ C9n(t)
o0 (0 T)—1.Bo i
= [0 — Ryt — § R e ) (5:22)

[0 (e ) ) ot )|

subject to the boundary conditions
g(T) =0, h(T)=0. (5.23)
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Theorem 5.17 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.18), (5.19) subject to the boundary conditions (5.20) (¢ > 0), resp. (5.21), (5.22) subject
to the boundary conditions (5.23) (€ = 0). Then the strategy

(¥ (1), ¢ (1)) & (m*(t, h(t)), ¥ (¢, h(t))), t €[0,T], i = 0,1,

as given in Lemma 5.15 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R = 1.

5.3 Affine Intensity Functions
5.3.1 Portfolio-dependent Intensities

The log-utility versions of the functions H™", Hf’i, HY" and H%, i = 0,1, are given by H™, Hzr’i7 HI
Ry x R"™ — R and H : [0, 7] ><]R><]R+—>Rf0ri:0 1 with

H“(y, ™Aty — ol (o) w4+ (=) max{A" + =" .BL C'}y,
Fily,m) 2 T yro(ffﬂ § (i,

Hm( o) &l 4 ala = grl o (UZ)TW + (=)' (A + 7By,

H (¢, x,c)ém(ln — ) —

Further the candidate solution for the portfolio proportions reads
T (y) £ (o' (o)) (0" + (-1)' " Bry).
Lemma 5.18 (Maximizer of H%'(t,z,-)). For every (t,x) € [0,T] x R the mazimizer

" (t) £ argmax H'(t, z,¢), i = 0,1,
CGRJ

s given by the Merton consumption rate, i.e.
(L) = M(e).
Lemma 5.19 (Maximizer of H™(y,-)). For everyy € R{ the mazimizer

7*(y) £ argmax H™ (y,m), i = 0,1,

TER™
s given by
7T0,*(y) = (UO-(UO)T)*l'(TZO - Bg(y A h(],crit))’
LM 1 1,crit
’ < hHet,
ﬂ-l’*(t) = 7~T1 ny 1.cri
T ,*(y) ny Z h ,cmt7
where
p0.crit & (AO4 (70 M)T BO_ 0+
T (BY)T.(6Y.(6)T)-1.BY
Lerit & o (A'H(x5M)T . BL-01)-
plcrit & 2( BT (o1.(o1)1)~1.BL
and

cri - 04 (70, M\T B0 _(0)+
w0t £ (00.(0%) ) N (n — B o e AT )
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The reduced HJB-equation (5.1) now becomes a system of backward ODEs

W) = (00— W) s )
+(C% + CHh(t) (5.24)
+ (A% + (@M B = CO)(h(t) A R*) = 5(BY)T.(0%.(0°) 1) T BY (R() A RO
+ (AL (T Bi = CY(A(t) VRN + 5(BR) T (ot (o) T) LB (h(t) V R,

§(t) =0+ s (1 - (i) + 9(0)
+ COn(t) (5.25)
(A4 (@M TBY — CO)(h(e) A ROH) — 1B T (0% (%)) BYUR(E) A RO

subject to the boundary conditions
g(T) =0, h(T)=0. (5.26)

Theorem 5.20 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and
g be given by (5.24), (5.25) subject to the boundary conditions (5.26). Then the strategy

(7 (1), ¢ (1) £ (7 (h(D), (1)), ¢ € [0,T], i =0,1,

as given in Lemmas 5.18 and 5.19 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R = 1.

For simplicity, we focus on the case when 74M € 7% and A° + (7%°) 7. B2 > CY in the following. Then
equation (5.24) is a backward Riccati ODE,

R (t) = ag + a1 (£)h(t) + ash(t)?, t € [0,T]
with boundary condition h(7) = 0, where
ap £ —(V0 — o,
ar(t) 2 A"+ (xM) T B + Al 4 (r M) T B+ —
a2 =5((B)(0°.(c")") 7 BE — (BY)T (o (e") ) 1. BE).
In the case without utility from intermediate consumption, i.e. ¢ = 0, h can even be determined
explicitly since aq gets constant, i.e.

= A%+ (xM)T.BY 4 Al 4 (x"M)T B

T

Moreover, since 7 € 3™ which is equivalent to A%+ (70M)T.BY > CO resp. Al + (z1M)T.BL > C1,
we get that ap > 0. Hence

o 1+1 —Ole(T t) .

g( 11D,QIDT”—1> if ag Z0and D > 0,
) = £ (s — s if ap #£ 0 and D = 0,

a(e e - 1) if ap =0

for t € [0,T], where D & /1 — 42032,
a1
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Remark 5.21 (Asymptotic behavior). Fort — —oo the function h is converging towards

pstat _ {;&;(D —1)  foras#0,

_ag _
o for as = 0.

Remark 5.22. It is not possible that D < 0 since in that case h would exhibit periodic poles which
would contradict the boundedness of h that has been proved in the section on power utility functions.

5.3.2 Consumption-dependent Intensities

The log-utility versions of the functions H™, H", HlCZ and Hg’i, i=0,1, are given by H™* : R — R
and H%' H' Hg" : [0,T] x R x R§ x Rj — R for i = 0,1 with

() 2 71 x T — 3T o) T,
H'(t,z,y,c) & W( n(c) — x) — c+ (=1)" " max{A’ + Blc,C'}y,
H' (t,2,y,c) & W(IH(C) z) —c+ (1)1 7'Cly,
HE (t2,9,¢) & — s (Infe) — ) — e+ (~1)'7/(41 + Bioy,

Notice that the functions H®*, ch’l and HS' are independent of ¢t and x if ¢ = 0.

Moreover the candidate solution for the consumption rate reads

&d (
CO’*(t, y) _ {E(Eg)e—a(T_t)
0

& (t,y) = 8_(5_5;%(1 — Biy)

for (t,y) € [0,T] x Ry with

1+ Bgy)_l if 3y < herit,
if y > hcrit7
-1

hcrit AL o0 if B((:) > 07
if BY <0.

1
- BY
Lemma 5.23 (Maximizer of H™). The mazimizer
7% & argmax H™'(m), i = 0,1,
meR™
is given by the Merton strategy, i.e.
ﬂ_i,* _ ﬂ_i,M_
Lemma 5.24 (Maximizer of H%'(¢,z,vy,")). For every (t,z,y) € [0,T] x R x R let
" (t,y) & argmax H(t,z,y,c), i =0, 1.
CGRS—

If € > 0 then the maximizer ¢* is given by
0, 0 0,cri -1
c” (tv y) = 5_(5_5)€S—S(T—t) (1 + Bc (y A h © t(t»)

by = {0 T (ay) > Hitayy)
PN ) i H () < HEL (),
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with ' .
hO,crlt(t) A _)\O,crlt(t)’
and where
0 if BY <0 and A° < C°,
¢ 10 0 0
AOwerit (1) — %<1 _ (1 _ (A0+Bgc1¥]fu(t)700)+)71) if B, >0 and A” < C",
Be Bee(t) or BY <0 and A° > C°,
—00 if BY >0 and A° > C°
is the unique solution of .
NSO, X0t (1)) = (A + BOM (1) — C0)F (5.27)
if it exists. Otherwise, \>"*(t) = —oco. Moreover
it (1) 2 cM(t) if B >0 and A° > C°, or BY <0 and A° < CY,
c’ =
cM(t) — (AOJFBSCZIO@)*CO)JF if B >0 and A° < C° or B <0 and A° > C°.

If e = 0 then the mazimizer ¢“* is given by

; 0,crit
Ot =
cO,crlt ny Z h(),cmt7

A (ty) =0
where
hO,crit A _)\O,crit
with
0 if B <0 and AY < C° or BY >0 and A® < CY,
APt = 25 if BY <0 and A° > CO,
—oo if B >0 and A° > C°,
and
oerit o )0 if BY >0 and A® > C°, or BY <0 and A° < C°,
c’ =
AT i BY > 0 and A° < C°, or BY < 0 and A° > CV.

Here the log-utility version of the function A% given by

A" [0,T) x (—o00, A7) — R (B> 0), resp. A" : [0,T] x (g;,00) — R (B} < 0)

with . ‘ '

A%, \) 2 Bg((1 ~ B\ - 1)cM(t).
Remark 5.25. In case of ¢ > 0 the optimal consumption rate in state 1, c"*, is independent of
x although it depends on the comparison of ch’]%/[(tja:,y) and Hg:lw(t,x,y) which both depend on x.

Howewver the special structure of ch’l, resp. Hg’l, in case of R =1 is the reason for this — at first sight
— paradozical relation; namely

Hy(tx,y) < HOL(toy) < (In(1— Bly) + Bly)c™(t) < —(d' (M (1) "y
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which is obviously independent of x.

If e = 0 then the mazimizer ¢ is solely a function of v.

The reduced HJB-equation (5.1) now becomes a system of backward ODEs which for € > 0 is given by

W(t) =— (B0 — ) + &(E_(;%h(t)
+(C° + CY)h(t)
+ (A% + BcM () — CO)(h(t) A hOTit(1)) (5.28)
- (— In(1 4+ BO(h(t) A hO1t(£))) + BO(h(t) A ho’“it(t))>cM(t)
+ (A4 BLeM (@)~ €Yh(e) + (~ (1 - BIA(®) — BLh(n) )M ()] )
gt)=-1"+ M%(l — () + g(t))
+ Ch(t) 2%
+ (A° + BOCM (¢) — COY(h(t) A RO<Hit (1)) (5.29)
- (— In(1 + BO(h(t) A B2(1))) + BO(h(t) A ho’crit(t))>cM(t)
subject to the boundary conditions
g(T) =0, h(T) = 0. (5.30)

If ¢ = 0 then the ODE-system reads

W(t) =— (W —ul)
+ (CY + CHA(t) (5.31)
+ (A% = C%)(n(t) A RO 4 (AT = CHFh(),

gt)=-v’
+ COh(t) (5.32)
+ (A% — CO)(n(t) A ROty

subject to the boundary conditions
g(T) =0, h(T)=0. (5.33)

Theorem 5.26 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.28), (5.29) subject to the boundary conditions (5.30) (€ > 0), resp. (5.81), (5.32) subject
to the boundary conditions (5.33) (e =0). Then the strategy

(T (1), ¢ (1)) & (7*, (¢, h(t))), t € [0,T], i = 0,1,

as given in Lemmas 5.23 and 5.24 is optimal for the investment problem (P) with CRRA preferences
and relative risk aversion R = 1.
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Before going on with the portfolio- and consumption-dependent intensity functions we consider the
special parameter setting in which the investor is forced to consume although ¢ = 0, i.e. B < 0 and
AY > CO. In the case with logarithmic utilities we can present a stronger version of Proposition 4.125 in
which we gave a sufficient condition that guaranteed that the optimal consumption rate will not jump.
Remember that in the proof of Proposition 4.125 it was necessary to show that F (¢, z, h%it) > 0 for all
(t,z) € [0,T]xR. We wrote F(t,x, h%) = A+ B with A = x!(h%"%) and B = — (W0 — W) 4 O(hOit)
and subsequently only discussed B as A was trivially non-negative. Hence the resulting estimate was
not a sharp one. Taking advantage of the simpler structure of the x*’s in the logarithmic setting we
now include A into our considerations. With

A+ B= —(\IJO _ \Ill) + (CO + Cl)hO,crit + (AO . CO)hO,crit + (Al _ Cl)—i-hO,crit

0 1y 1
:_(\IIO_\I,I)_A-i-(A Bg) +C

the stronger version of Proposition 4.125 reads

Proposition 5.27. Let ¢ = 0 and B? < 0 and A° > C°. Further suppose that —(¥° — Wl) —
0 1 1 1
A+ ;,g )40 > 0 or equivalently A° + B%c>° > C°, where

c

0,0 & (\IIO N \Ill) + CO+(A1_01)++C’1.

Cc B

Then %*(t) = 0 for all t € [0, 7).

With this stronger result we are in the position to solve ODE (5.31) explicitly in case of BY < 0 and
AY > CY. First we determine the time > at which h reaches the barrier A%t = —ﬁ — from a

backward perspective. For this purpose we solve the ODE (5.31) where we omit h%t resp. set it to
o0, i.e. we consider

(R (t) = = (10 = ¥ + (A% + (A" = )T + CHRD(1)

subject to the boundary condition A" (T') = 0 which has the solution

~ 0_ gl (40 1+
h(t) = A0+(A\Ii_Cl’Ii)++Cl (1 — e (AHATCTRONT t))-

Notice that A” 4 (A" — C)* + C > 0 since we assumed A% > CY > 0. Thus h() is decreasing in t.
Equating A (t) = — 3o then yields

0,crit __ 1 1 AYAl—CchHt 4ot
" =T+ gorar—cnyrser ln<BT? Oy +1).

0 1_1\+ 1 . 0 1__1\+ 1
Since BigA +(A‘1,0_C\I,1) +C < 0 it follows that t*<tit < 7. Notice further that B%)A +(A\I,0_C:I}2 4 1is
possibly non-positive which implies that potentially %" = —co, i.e. h would never hit A%, This is
0 1 1 1
particularly the case if A? + B%¢%° > 0 which is equivalent to %A +(fip 0_—6:1/ 2++C +1<0.

If t91 — _o0 then the solution of ODE (5.31) is given by A1), i.e. h = A1), In case of t9'1 > —o0 we
have to consider the behavior of h from t%'* onwards — remember the backward perspective. On this
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interval h satisfies the following ODE which is obtained by replacing the term h(t) A R%Hit by RO<rit in
ODE (5.31), i.e. the ODE reads

(R)Y(t) = = (B0 = W) — 452 4 (C0 4 (A = )T + CHAP) )
for t € (—o0, "] subject to the boundary condition A(2)(0crit) = pOerit — _BLQ which has the
solution
0_~0
B(Q) (t) . _Le—(CO—F(Al—Cl)++01)(t0’crit—t) i WO_WL"% (1 _ e_(CO+(A1_Cl)++cl)(t0,crit_t))
- BY COF(AT—CT) 11 .

The derivative of h(?) is consequently given by

(E(2))/(t) _ (\IIO o \Ifl + A0+(A1,B%~1)++Cl)6_(CO+(A1_C1)++01)(t0,crit_t).

c

\I]l + AO+(A1_01)++01

This is negative since we assumed that %" > —oo which is equivalent to W0 — 70 >

0. Thus 2® is also decreasing in t, i.e. except for t = t>"1 the function h(?) will never hit pO-ctit again.

Combining the two cases t%1t = —oo and %1t > —oo the explicit solution of ODE (5.31) in case of
BY < 0 and A° > € is given by

R #) if t e (—oo, tocrit
nity = 400 AL E (o0, R,
h(l)(t) ift e (tO,Crlt’ T]
for t € [0, 7.
By integration the solution for the function g turns out to be
(t) = GO (t) + gV 0ty if ¢ € (—oo, t0erit]
9 N g(l) (t) ifte (tO,crit7 T]
for t € [0,7] where

- 1 0_ gl (A0 11+ 1 -
i) é( By/CR— C‘Ii)++cl>(T—t)+A0(AO+(A‘}’_C‘}’)++CI)2 (1—6 (A0 (AL—CV)* £ M) (T t>),

’”(2) A 0 -C° 0 e \I,l—i_AB_OC0 0,crit
g (t) = (\I’ +4 Bo -C COF(AT= Cl)++o1>(t’ — 1)

wo_piqa=c? _
0 1 1 B _(CO+(A1_Cl)++cl)(t0,cr1t_t)
+C 25 + 1—e
CO+(AT-CT)T+CT | BY T CO4(AT- CTF 101 .

Remark 5.28 (Asymptotic behavior). Given ¢ = 0 in case of B® < 0 and A° > C° the functions h
and g show the following asymptotic behavior. For t — —oo the function h is converging towards h%
where

) r0,crit
s [T 10T = o,
stat &
h N wO—wls A BOCO 0,crit
; ,cri o
CUTATCT) et ift > —00.
Furthermore g exhibits the asymptotic slope
wo—y! ; it
~V0 4+ A orronyrren if 0 = —o,
lim ¢'(t) = 0_gp1, A
Yoyl A=C
t——00 AO?cO B . i
—gY — B0 +CY CUF(AT=CT)* 107 if t0rit > oo,
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Finally the corresponding optimal consumption rate in state 0 is given by

CO,*(t) _ 0,crit ift e (_00.7750,crit]7
0 if ¢ € (t%crit 7

for t € [0, 7).

5.3.3 Portfolio- and Consumption-dependent Intensities

The log-utility versions of the functions H™%?, Hl”“ and HI", i = 0,1, are given by H™, Hl”’c’i, HI
[0,7] x R x R x R® x Rf — R for i = 0,1 with

N 5 S - T
H’T“(t,a:,y,w,c)5W(IH(C)—@—0+W+W 't —inlo (o)

+ (=)' max{A" + 7 ".BL + Ble, C'}y,

I (b, 2,9,m,0) & S (In(e) — o) — e+ 7 — b0 (0) T om + (—1)1ICy,
HTS (t,x,y, 7, ¢) 2 E_(6_6)5%(1n(0) —z)—cHri4aly— %WT ol (o))

+ (=1)'"(A 4+ "B + Ble)y.
Notice that the functions H™%*, H;' ! and HI*“" are independent of ¢ and z in case of ¢ = 0.

Further the candidate solution reads

= (0".(c)") (' + (1) Bly),
-1 1 Ti
e 5675(T t)( +Bgy) if y < hemit,
o0 if y > hmrit7
1 \—1
e s (L - Bey)

for (t,y) € [0,T] x R§, i =0, 1.
Lemma 5.29 (Maximizer of H™%!(t,z,y,-,-)). For every (t,xz,y) € [0,T] x R x Ry let
(m*(t,y), " (t,y)) & argmax H™%(t, xz,y,mc), i =0,1.
(m,c) ERPX RS
If € > 0 then the mazimizer (7, %) is given by
1% (t,y) = (0°.(0%) 1)1 (1° = BR(y AR (B))),
(1) = s (1 By A RO 1)),
mM@@Aﬂmmz{(MIM“) g () > i (62,
(71 (t,y), e () if Hap (twyy) < Ha (¢ 2, y)

where ' .
hO,crlt (t) L _)\O,crlt (t),
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and where \>(t) is implicitly given via

AW’C’O(t, )\O,crit(t)) — —(AO + (WO’M)T'BEr + BSCM(t) _ CO)+.

Moreover

WO’Crit(t) A (UO.(UO)T)fl_( 0 BOhO,crit< ))7

CO,Crit(t) 2 1 +Boh0 crlt( )) 1‘

e—(e— 5) *5(T t)(

If ¢ = 0 then the mazimizer (7*, ct*) is given by

% (t,y) = (0—0.(0—0)T)_1‘(n0 ~ By A hO,crit))’
Oy =40y
Y CO,Crit ’Lf y > hO,Crit
(7T17M70) ify < hl,crit7
(77(17*(t,y)’()) ny > hl,crit’

where
. AO BO CO —+
p0.crit & ((Bg-;—gr(go 200) e 320 A hCI‘lt
hl,crit A 2(A1+ ﬂ.l A{)T'B-rlr Cl)—
TS BH(er (o)) L.BL
hooa ) if B >0
@S\ <o
and

w0t = (0" (o) )L (1 + By (1 (i B+ 1) )

et = BT )TV LBe (e e B+ 1)

(B?)? (BR)"-(%.(c%) " ) LB

Remark 5.30. As in the consumption-dependent case (7'*,c'*) depends only on t and y if € > 0
since

HIG (82, y) < HES Mt 2,y)
& (ln(l—Béy)+Béy)cM<t>—%(Bi)T«ol.(al) )TLBryE < — (™M (r M M () Ty

is independent of x.

If e = 0 then the mazimizer (7%, c%*) is solely a function of y.

Inserting the maximizing strategies the reduced HJB-equation (5.1) now becomes a system of backward
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ODEs which for € > 0 is given by

W(t)=— (00— + Wh(t)

(C”+ Chh(t)

(A% + (7MY T.BY + BYcM(t) — CO)(h(t) A hO(1))

— 3B (076" )L BY(h(t) A RO (1))
( n(1+ BO(h(t) A ho’cm(t))) + BY(h(t) A ho’crit(t))>cM(t)
+

+ +

(5.34)

T.BL + BlcM(t) — CMh(t)

+ %(B}r) .(01.(0—1)T)_1.B}r(h(t))2 + (=1 - BIA) - Bia®) M)

gt)=—1"+ M%(l — () + g(t))
+ COh(t)
+ (A% + («"M)T.BY + BcM () — C)(h(t) A RO (1)) (5.35)
5B (a".(a”) )T B(A(t) A RO (t))?
_ (_ In(1 + BO(h(t) A homt(t))) + BY(h(t) A h0=crit(t)))cM(t)

subject to the boundary conditions
g(T) =0, h(T)=0. (5.36)

+ Coh(t) (5.38)
(A4 (@OM)TBY — CO)(h(t) A ROH) — 1B T (0% (")) T BYUR(E) A RO
subject to the boundary conditions
g(T) =0, h(T)=0. (5.39)

Theorem 5.31 (Solution of the Investment Problem). Let condition (NJ) be satisfied, and let h and g
be given by (5.34), (5.85) subject to the boundary conditions (5.36) (€ > 0), resp. (5.87), (5.38) subject
to the boundary conditions (5.39) (¢ = 0). Then the strategy

(6 (0), (1)) 2 (' (1, (D)), & (8, (), £ € 0,T], i = 0,1,

as giwen in Lemma 5.29 is optimal for the investment problem (P) with CRRA preferences and relative
risk aversion R = 1.
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If £ = 0 then focusing on the case (7 ,0) € 7™%" and A° + (7%°)".BY + BYc%° > C° equation (5.37)
becomes a backward Riccati ODE,

R (t) = ag + arh(t) + ash(t)?, t € [0,T]
with boundary condition h(7T) = 0, where
ap & (00 — ol
ap 2 A° 4 (7O9M)T . BY 4 Al 4 (#8M)T . BL
a2 3 ((B) ("0 ) LB — (B (o)) B

so that h can even be determined explicitly.

Moreover, since 7 € J™ which is equivalent to A%+ (7%M)T.BY > C, resp. A4 (x"M)T.BL > C1,
we get that oy > 0. Hence

oy 1+ };gefalD(Tft) .
305 \ D10 D bt 1) if ag #0and D >0,
h(t) = : B
®) =3 & (cims — - if ap # 0 and D = 0,
a0 (gmea(T=H — 1) if ap =0

for t € [0, T], where D & /1 — 42092
«

1

Remark 5.32 (Asymptotic behavior). Fort — —oo the function h is converging towards

e}
al

pstat _ %(D —1)  foras#0,
for as = 0.

Remark 5.33. It is not possible that D < 0 since in that case h would exhibit periodic poles which
would contradict the boundedness of h that has been proved in the section on power utility functions.

Remark 5.34. Notice that this explicit solution coincides with the explicit solution that has been found
in the portfolio-dependent setting in case of 7™M € I™ and A® + (7%°)T.BY > C° (where 7%° is given
as in the portfolio-dependent setting) when e = 0.
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6 A Special Case: Two Correlated Assets

In this section we take a closer look on a special variant of our model: We analyze the optimal investment
strategy of a large investor acting in a market with only two risky assets besides the riskless money
market account. Those two assets shall be driven by two correlated Wiener processes and, moreover,
only the investor’s holdings in one of those two assets shall impact on the regime shift intensities. This
can be interpreted as two assets from the same market segment but only the large investor’s actions
concerning one of these stocks are monitored by the other market participants whereas in the other
stock he can act as if he was a small investor.

Asset Price Dynamics. The asset price dynamics are
dP? = P%!=dt, PY0) = p},
dp! = pt [(7“[* +plo)dt + a{*dwl} ., PY0) = pl,
dp? = p? [(rf i )dt 4 oy dW 41— <pf>20£—dwz] . P0) =7,

where U;. #0,7=1,2,and p’ € (—1,1) is the correlation coefficient between the two Wiener processes

in state ¢ = 0, 1. Thus the volatility matrix is given by
([ 0
plal, 1— (p')20}
implying
L1 P -
i i\Ty=1 _ [ 1=(p")? (61)? 1=(p*)? ojo}
(c'.(c")' ) = ! 1 il

TP A T R

Focusing on the portfolio-dependent variants of the aforementioned models with step, resp. affine
intensity functions we analyze the impact of the existence of a second, correlated asset on the optimal
portfolio strategy.

6.1 Step Intensity Functions

Since only the investor’s portfolio proportions in the first asset shall impact on the regime shift inten-

sities we let BL £ (B |, 0)" so that the intensity function is given by

ﬁi’l_i<7T,C) = Cil{Ai+7rlB;,1§Ci} + C;l{Ai+ﬁlB;71>Ci}, (7T, C) S R2 X Ra_
Lemma 6.1 (Maximizer of H™(y,-)). For everyy € R the mazimizer

7* (y) £ argmax H™ (y,m), i =0, 1,
TeR?

s given by

TFZ',M ny < hz’,orit7
Wi,crit ny > hi,crit7
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where .
., it & 1—i 1 Cz,crl
prerit & (L)l ln((l ~ R) e + 1)
with R _
cherit & 1 (A4 B —CY)F)?
= T2 I_I__1 _(gi 2
le(pi)2 (g«i)g( 77,1)
and
_ 7( I R ) it _ M (Ai+7-ri,1\/f.B:‘r’1ici)+
1=(p")? (01)?  1=(p")* 0fos )’ 1 1 B 4 ’
1 1 mo___pt M perit _ M | joi (A+apt B, —CH)T
(1—(132')2 (05)?  1-(p)? aiog)’ Ty =My AP ol BL, :
Further the ODEs for the functions g and h are given by
1 1-R 1-R
0 1 5 ~LEey R ZEn(t
W)=~ (¥ —W)+(W)Re w00 (e MY 1)

- Cgﬁ(e—(l—R)h(t) —1)+ C%ﬁ(e(l—R)h(t) —-1)
(1 A7 MBO | —c0)+)27+
- [(C? o C'g)ﬁ(e (1-R)h(t) _ 1) . %((1 11 1,1 (Bg)l)z ] (6.1)

ET (02 (00

_ (A'4rpMBL  —Cchy)21+
+ |:(Cll o C%)ﬁ(e(l R)h(t) 1) o % ’ 11 1,1 } ’

i 1 1 1 )2
R 17(p1)2 (o‘%)2 (B‘/r,l)

1-R

gt)=-u+ M%(l - %((6_(5_5%)76*%9(“ - 1))

— Ot (e” RN 1) (6.2)
CTiA0 0N 1 —(—R)h(t) 1y 1 (AN BY  —C0) )2
|:(Cl CQ) 1-R (e 1) 2 % 1,(;0>2 @(Bg,l)Q ]

subject to the boundary condition h(7T") = ¢g(T") = 0 where

Dependency of 7%, g and h on p'. Concerning the impact of the correlation coefficient on the
optimal strategy we observe that the optimal portfolio proportion in the second asset may deviate
from the Merton proportion if p’ # 0, i.e. the large investor may deviate from the Merton strategy
even in the second asset although the portfolio proportions in this asset do not affect the regime shift
intensities. Hence this deviation is solely due to compensational reasons. Whereas the investor faces
the trade-off between the utility criterion and the intensity criterion in the first asset, he can neglect
the intensity criterion concerning his proportions in the second asset.

Thus the large investor can use his shares in the second, correlated asset in order to rearrange the
relation of the utility criterion and the intensity criterion in a favorable manner. Roughly speaking, by
B?r,? = 0 the investor obtains a degree of freedom that he uses to further optimize his portfolio.
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However the existence of a second, correlated asset does not influence the critical portfolio strategy
ﬁ’cm in the first asset at least in the non-trivial case of 7% ¢ F7  Given that the optimal strategy
1,crit jerit A C?

jumps it always jumps to the critical strategy 7y which is given by 7™ = — 5= in the non-trivial
7,1

i i 1,crit ,M . sos i i .
case of M ¢ F™ resp. m =m  in the trivial case 7M ¢ FTi where no jump occurs.

Unfortunately this is the only observable, unambiguous influence of the correlation coefficient. The size
of the deviation of the optimal strategy from the Merton strategy in the second asset depends on p
in a non-monotonic way. This is due to the fact that the Merton proportions by themselves depend on
the correlation coefficient p’ in a non-monotonic way. Thus the optimal strategy and the functions g
and h do not monotonically depend on p.

Exemplary we take a look at ¢!, Varying p’ causes two effects. Firstly the denominator of the fraction
in ¢4t is growing in |p’| with limit co. Thus, if the numerator did not change a bigger |p’| would imply

a bigger (%' — remember the factor —% — and thus a smaller h>“'*, But secondly the numerator also

depends on p’ via the Merton proportion Wi’M. Varying the correlation coefficient changes the position
of the Merton strategy relative to the separating hyperplane between the half spaces of favorable and
adverse strategies. However, whereas the influence of p’ on the denominator is clear, independent of
the parameter setting, its impact on the numerator is ambiguous.

05 — 0.5

04 ] 035

0.35

03 F

L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0 01 0.2 03 0.4 05

L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 03 0.4 0.5

Figure 6.1: 7T;-)’* and W?’M as functions of ¢ for p = 0.25 (left) and p = 0.75 (right)

(r° =r! =0.03, ° = (0.1,0.07) ", n' = (0.02,0.05)7, 6 = 0.3, 09 = 0.2, o} = 0.6, 03 = 0.4,
§=0035,e=1, R=3T=0.5,

A =16.5, B = (=5,0)", C° =14, CY =5, CY =10, A =5.1, Bt = (-4,0)", C' =5, C} =5, C3 = 1.25)
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Figure 6.1 shows the optimal strategy for the first asset (upper plots) and the second asset (lower
plots) in state 0 for a correlation coefficient given by p = 0.25 (left plots) and p = 0.75 (right plots).
In case of p = 0.75 the deviation of the optimal strategy from the Merton strategy in the second asset
amounts to the significant size of about 93%.
6.2 Affine Intensity Functions
Again let B = (B;'nl? 0)" so that the intensity function is given by

91 (1, ¢) = max{A® + 7r1B7ir’1, "}, (m,c) e R* x Ry
Lemma 6.2 (Maximizer of H™(y,)). For every y € Ry the mazimizer

7% (y) £ argmax H™ (y,m), i = 0, 1,

TeR2
s given by
oM , 1 1 1 p0 1 (,—(1—R)(yAhOerit
0,*( ) — ™ot R1-(")2 (00)2 Bﬂ',l — (e (1-R)y ) — 1)
s Yy) = 7TO’M 1 pO 1 0 1 (67(17R)(y/\h0*””) _ 1) y
2 RI=(p")2 o063 Om 1 T-R
([ LM
iM ny < hl,crlt7
e
T (y) = 2lM 11 1 1
™+ “(p1)2 (o1 2B11 - (e(liR)y_l ;
R1—(p')? (o})2 7 m 11 . > plierit
oM 1 p! 1 1 L(e(l_R)y —1) ify > )
L\ ™2 R1-—(p)2 olol PrlT-R
where
0,M
hO,Crit A | 1 _(1 o R) (AO+7F1 B7Or,1_co)jL 1
= "1r" I T gy ;
R1-(0)7 ()2 71
1 1,M 1 1\—
lerit & 1 (Al4my Bw,l_C )
R ln((l - R>2L;#(Bl 7t
R1-(o1)7 (o2 1
and
SiM L( T Y ) JOrit __OM (A%4ndMBO | Oyt
1 R\1-(p")? (0})?  1-(p")* aio} )’ 1 1 BY | ’
. X . M
wiM = b (s - o ) it _ 00 | oof (A%m M By OO
2 R\T=(0"2 (00)2 ~ 1-(p")2 5ic} ) 2 2 P53 BY, :

The ODEs for the functions g and h are given by
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B(t)=— (00— ¥l + (#)%e*%g(f)%(e%h(t) —1)

e—(e—0)e—9(T—t)

o COﬁ(e—(l—R)h(t) o 1) + Clﬁ(e(l_R)h(t) o 1)

_ (AO + W?’MBg,l _ CO)ﬁ(e—(l—R)(h(t)/\ho’cr“) —1)

—(1— ,cri (63)
B %% 17(1)0)2 (U%)2 (32,1)2 (1713)2 (e A=R)ROARD) 1)2
+ (A1 + Wi’MBflr,l _ Cl)ﬁ(e(kR)(h(t)vhl»crit) —1)
_ 1,crit
+ %% 1_(1101)2 (01)2 (B}r,l)Qﬁ(e(l R)(h(e)vh ) — 1)27
s 5 2B _1-R
g(t)=—0"+ m@ ~ 25 (=) T e 7 0 - 1))

— VL _(e—(=R)h(t) _ 1

=R ) (6.4)

_ (AO + W?7M39r,1 . CO)ﬁ(e—(l—R)(h(t)/\ho’cr“) o 1)

—(1— 0,cri
- %%ﬁ@(Bg 1)2(1713)2 (e (A=R)REOARD) _ 1)2

subject to the boundary condition h(T") = g(T') = 0.

Dependency of 9%, g and h on p’. As already in the previous section on step intensity functions
the optimal portfolio proportion in the second asset deviates from the Merton proportion although
the strategy in the second asset does not affect the regime shift intensities. Again the large investor
can compensate parts of the deviation from the Merton strategy in the first asset with an adequate
deviation from the Merton strategy in the second asset. In contrast to the step intensity case the size
of the deviation is influenced by the existence of a second, correlated asset to a greater extend than
in the step intensity case. Whereas the critical strategy F?’Crlt remains unaffected as in the last section
the candidate solution 7%* now changes directly when adding a second, correlated asset.

Again the impact of the correlation coefficient on the optimal strategy and the functions g and h is
not monotonic since the Merton strategy depends in a non-monotonic way on p’.

Figure 6.2 shows the optimal strategy for the first asset (upper plots) and the second asset (lower
plots) in state 0 for a correlation coefficient given by p = 0.25 (left plots) and p = 0.75 (right plots).
Notice that for p = 0.75 the relative deviations from the Merton strategy are higher (+20% in stock 1,
-11% in stock 2) than in case of p = 0.25 (+8% in stock 1, -2% in stock 2). This suggests that the large
investor makes use of a higher correlation in that he can increase the deviation from Merton proportion
in the first stock yielding better regime shift intensities while compensating this larger deviation with
a suitable position in the second asset.
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Figure 6.2: W?’* and W?’M as functions of ¢ for p = 0.25 (left) and p = 0.75 (right)
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7 Model Comparisons

In this section we discuss comparisons of the aforementioned variants of the investment problems with
each other, with the classical Merton investment problem and the Bauerle-Rieder investment problem.

When comparing two investment problems, resp. models A and B we denote by ' (t), resp. z%(t),
the wealth that is required in state ¢ at time t to generate the maximal expected utility from terminal
wealth and intermediate consumption given by v4 (¢, 2% ), resp. v§(t, z%), in model A, resp. model B.
In order to compare investment problem A with investment problem B we determine the wealth that
would be necessary in model B to obtain the same maximal expected utility from terminal wealth and
intermediate consumption as in model A equipped with z, (t) at time ¢. Thus we are searching % (t)
such that vf (¢, %) = v} (t, 2%) given x' (t). Therefore we consider

At 2 (1) = vis(t, 25(2))
1

& ERAO(EAO oM O)TE-1) = g () ((ah(em e 0) T 1)

PN wZA t)egA(t)*l{z':uhA(t) — wiB(t)egB(t)*l{i:uhB(t)
o TaAM=r®) _ 1 ga®)-1pmnha()— (98O —1i=1 e ()
) (1)
Notice that fa = fp since the function f # 0 is independent of the choice of the intensity function and
thus independent of the models that we are discussing here.

The wealth ratio defined by

wa(t) A 1 _ ga®)=1i=11ha(t)—(g8(H)—1i=1y ha (1))
attains values in (—oo, 1] and satisfies wg’B(T) = 0. It measures the profitability, resp. unprofitability
of model B relative to model A when starting at time ¢ € [0,7] in state i. As ¢ converges towards T’
the wealth ratio converges towards 0. This is because the difference between two models vanishes when
the time to maturity converges towards 0.

If wa(t) > 0 then it would suffice to begin with an initial wealth of 2% (t) = (1 —wg’B(t)):Ef%(t) <z (t)
at time ¢ in model B in order to achieve the same utility results as in model A, i.e. model B would be
more profitable than model A. If otherwise wa (t) < 0 then the converse is true; the investor needed
an initial wealth of z}5(¢) = (1 — wa(t))fo(t) > 2, (t) at time ¢ in model B in order to achieve the
same utility results as in model A, i.e. model B would be less profitable than model A.

Hence, if the investor could choose between investment problem A and investment problem B then
the wealth ratio wz s (t) measures the price as percentage of the initial wealth in investment problem
A the investor would have to pay, resp. would receive, for choosing investment problem B. Those
comparisons seem to be quite theoretical and without any practical use as usually the investor is not
in the position to choose the market model in which he acts. However we will see later on that such
comparisons are well suited for analyzing interesting properties of the particular model such as the
parameter sensitivity.

At first glance, the concept of the wealth ratio can only be used to compare the investment problems
that we considered in Section 4 (Subsection 7.1), e.g. portfolio-dependent models and consumption-
dependent models. Further we can utilize the concept of the wealth ratio to analyze the impact of
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parameter changes within a particular model (Subsection 7.2). But moreover the wealth ratio is even
suitable to determine the loss a large investor would have to face if he neglected his influence on the
market (Subsection 7.3).

7.1 Comparison of the Different Investment Problems

At first we compare the investment problem for a large investor with the Merton investment problem
(Subsection 7.1.1). Thereafter in Subsection 7.1.2 comparisons of similar models with different types
of intensity functions are made, e.g. we compare the portfolio-dependent, step intensity model with
the portfolio-dependent, affine intensity model. Finally we take a look at the difference between mod-
els having the same type of intensity function (Subsection 7.1.3), e.g. the portfolio-dependent, affine
intensity model and the consumption-dependent, affine intensity model. The comparisons with the
Béuerle-Rieder investment problem are discussed in Subsection 7.3.

7.1.1 Comparison with the Merton Investment Problem

When comparing the investment problem for a large investor with the Merton investment problem one
first has to determine which particular Merton investment problem to choose. It is reasonable to use
the same model parameters as in the large investor problem that should be compared with except for
the market parameters r, 7 and o. Every choice of those three parameters implies a particular utility
growth potential Wy;. Given the large investor problem with market parameters ¢, * and o' and
corresponding utility growth potentials U?, where W? > W! we can differentiate three possible cases;
Uy < UL W < Wy < U0 and Wy > WO,

In case of Wy < W' it is clear that the large investor should prefer the large investor problem to
the Merton investment problem. If ¥y < W! then the market of the Merton investment problem is
less profitable than both market states of the large investor problem. However if Uy = W! then the
Merton market attains the same profitability as the market in the adverse state 1 — in terms of the
utility growth potential. But the large investor model involves the possibility that the market setting
could improve. Thus it is to be preferred to the Merton model (cf. Figure 7.1). On the contrary, given
Uy > WY the large investor would choose the Merton problem instead of the large investor problem
for the analog reason (cf. Figure 7.4).

However, when U! < Wy < WY then it is a priori not clear whichever model is preferable. Examples
for this case are given in Figures 7.2 and 7.3. In the example of Figure 7.2 Wy is closer to W' than
to WY, whereas in Figure 7.3 the opposite holds true. Notice that although Wy < WO in Figure 7.3
the Merton investment problem turns out to be favorable when compared with the large investor
investment problem. This could be explained by the fact that the market setting in the Merton model
does not change, i.e. there is no risk concerning the market parameters, whereas in the large investor
model the market situation could worsen — a risk the investor has to face. Apparently in the example
of Figure 7.3 the large investor would rather accept a lesser profitable market — in terms of the utility
growth potential — than choosing a market that could be better but although worse than the Merton
market, i.e. the related risk is too high.

But even if the parameters ¢, ' and o*, resp. rv, nv and oy, and thus the utility growth potentials
Ui, resp. Uy did not vary one could set up two different regime shift intensities so that the Merton
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investment problem is not preferable to the large investor problem in the first setting (cf. Figure 7.5),
whereas the converse is true in the second setting (cf. Figure 7.6).

Notice moreover that the wealth ratio shown in the left picture of Figure 7.5 is neither non-negative
nor non-positive, i.e. it changes the sign while ¢ is growing. Thus the large investor’s rating of the two
investment problems may change during time.

One main reason for the uncertainty of the large investor’s preferences solely based on the utility
growth potentials and for the time-dependency of the model rating is the fact that the profitability
of the market in the large investor problem is described not only by the two utility growth potentials
U0 and ¥! but also by the regime switching intensities that link the two market states. Since those
intensities are moreover dependent of the optimal strategy the comparison with a chosen Merton
investment problem becomes quite complex.
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Figure 7.1: Wealth ratios wl(e/LPDsteps (left), wl{/LPDsteps (right) as function of ¢ in case of Wy < W!
(r®=rt=ry=0.03,7° =0.1, ' =0.02, p = 0.02, 0° = 0.3, 6> = 0.6, onr = 0.6,
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Figure 7.6: Wealth ratios w; PDyiepe (1€£0), wy PDyiepe (Fight) as function of ¢ in case of Ul < Wy < 9O

(ro ES rl =rm = 0.03, 770 =0.1, 171 =0.02, v = 0.06, O'O =0.3, 0’1 = 0.6, om = 0.25,
ie. 0% =0.052, U' = 0.0302, ¥y = 0.04152 and § = 0.035, e =1, R =2.5, T = 2,
A"=17, B2 =5 C"=14,C)=1,C9 =2, A' =55 By = -7,C' =5,C{ =10, C3 = 9)

7.1.2 Comparison of Similar Investment Problems

In the following we compare the models with step intensity functions with the ones with affine intensity
functions for the same kind of the investor’s influence, i.e. we consider the wealth ratios wf,Damne PDateps’

wéDamnechsteps and w%’CDafﬁne,PCDsteps' In order to make the models comparable we have to adjust the
particular intensity functions in a suitable way (cf. Figure 7.7). Let therefore

i,1—1 Rt ) ) ) ) i ) ) ) .
ﬁsteps (7T, C) = C’1,stepsl{A’ +nT.B: +B? c<Clonst + CQ,stepsl{Al +n T .Bt +Bé,stepsc>C’;teps}’

steps 7,steps c,steps~”—"'steps steps 7,steps
i,1—1 _ i T pi i i
ﬁafﬁne(ﬂ-’ C) - maX{Aafﬁne +7 'Bﬂ,aﬂine + Bc,ai‘ﬁneCV Cafﬁne}‘
Setting
0 _ A0 0 _ o 0 _ o 0 _ 0 0 _ 0
Asteps =A Bﬂ',steps - B7r Bc,steps - Bc Csteps =C C'1,steps =C
0 _ A0 0 _ 0 0 _ 0 0 _ 0 1 _ 1
Aaﬁ"ine =A BTr,afﬁne - B7r Bc,aﬁ"ine - Bc Caﬁ"ine =C Cl,steps - Cl
1 _ 1 1 _ 1 1 _ 1 1 _ 1 0 _ 0
Asteps =-A Bw,steps - _BTI' Bc,steps - _Bc Csteps =-C C2,steps - 02
1 _ gl 1 _ nl 1 _ nl 1 _ 1 1 _ 1
Aafﬁne A Bﬁ,aﬂine B7r Bc,afﬁne - Bc Cafﬁne =C C2,steps =C

(m,¢) = C¥l 40427 B0t BOc<c0} + O3 140 42T BO4 RO COY
ﬁg%n (m,¢) = max{A° + 7 ".B% + B, C°},

(m,¢)

(m,c)
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Figure 7.7: Comparable intensity functions ﬁé;legsi and 19;%;2

Figure 7.7 illustrates that it is a priori not clear which kind of intensity function is favorable for the
large investor. This depends highly on the position of the Merton strategy relative to two neuralgic

'points’ — the one at which 192&-1;2 exhibits its kink and the one at which ﬁé’tlegs and the affine branch of

19;1%;2 coincide. The time- and intensity-dependency of the Merton consumption rate even worsen this
problem concerning the comparability.
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Figure 7.8: Wealth ratio w%Dafﬁncustteps in state 0 (left) and state 1 (right) as function of ¢
(r®=r'=0.03,7°=0.1,7"' =002, 0°=03,0" =06, =0.035,e=1, R=3,T =1,
A°=17,B2 = -5 C°=5,C9 =10, A' =55, B =4, C' =1.25, C{ =5)

The Figures 7.8, 7.9 and 7.10 show the wealth ratios of interest in different settings with comparable
intensities. Neither the step intensity functions nor the affine intensity functions are generally favorable
for the large investor. In the example of Figure 7.8 the step intensity functions are preferable whereas
in the example of Figure 7.9 the converse is true. Notice further that w%CDaﬁinmPCDsteps as shown in
left picture of Figure 7.10 is positive until about ¢ ~ 0.85. Thereafter it is negative. This reflects
the aforementioned problem concerning the comparability of the two models with step, resp. affine
intensities.
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Figure 7.9: Wealth ratio wiCDaﬂane,CDsteps in state 0 (left) and state 1 (right) as function of ¢
(r®=7'=003,7°=0.1,n" =001, 0°=02,06'=0.7,§ =0.035,c =0, R=0.5, T' = 2,
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Figure 7.10: Wealth ratio w%’CDafﬁne,PCDsteps in state 0 (left) and state 1 (right) as function of ¢
(r®=7'=003,7°=0.1,n" =006, 6° =04, 06" =0.7,§=0.035,e =1, R=15T =1,
A°=10,B2 = -5, B2 =3,C"=10,09 =20, A' =6, B =7, Bl = -5, C' = 1.25, C{ =5)
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7.1.3 Comparison of Investment Problems with Identical Intensity Type

In this subsection we dwell on comparisons of investment problem having the same type of inten-
sity function but different dependencies on the large investor, i.e. we compare the solely portfolio-
dependent, the solely consumption-dependent and the combined portfolio- and consumption-dependent
models with each other. The dependency on the investor’s strategy is characterized by the parameters
A, Bi B! C% For a given quadruple (A%, BL, B:,C*) we compare the portfolio-dependent variant
with (A%, BL,0,C"), the consumption-dependent variant with (A% 0, B:,C?) and the portfolio- and
consumption-dependent variant with (A%, B:, BZ, C?) of the investment problem with step, resp. affine
intensity functions.

In the example of Figure 7.11 the addition of the consumption-dependency to the portfolio-dependency
is not profitable for the large investor. However this effect shrinks when the time to maturity decreases.
Figure 7.12 shows an example in which the inclusion of the portfolio-dependency to the consumption-
dependency would be favorable for the investor. Note here the non-monotonic behavior of the wealth
ratios. The addition of the portfolio-dependency is most profitable near ¢t ~ 1. Finally an example
in which the consumption-dependent model is worse than the portfolio-dependent model is given in
Figure 7.13. Again as in Figure 7.11 for smaller times ¢ the consumption-dependent model is worse
than for larger ¢.
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Figure 7.11: Wealth ratio w%Dsteps,PCDsteps in state 0 (left) and state 1 (right) as function of ¢
(r®=r'=003,7°=0.1,7"' =002, 0°=03,0" =06, =0035,e=1, R=1,T =1,
A°=17,B2= -5 BY=5,C"=14,C0=5,09 =10, A' =55 B = -7, B =75 C' =5, C! =5, C3 = 1.25)
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Figure 7.12: Wealth ratio weDaﬂinC PCD, .. 11 state O (left) and state 1 (right) as function of ¢
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Figure 7.13: Wealth ratio w%,Dafﬁne D,y 11 state O (left) and state 1 (right) as function of ¢
(r® =7r' =0.03,7° =0.09, n =0.01,0° =0.3,0' =0.5,6§ =0.035,e =1, R=15T =2,
A°=6.8, B2 =5, B =20, C° =10, A' =547, Br = -3, B} = —5, C' =5.4)
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7.2 Parameter Sensitivity

We now investigate how changes of the parameters of the intensity function ¥»'~* impact on the
optimal strategy and the value function. At first glance one would think of ceteris paribus analyses,
i.e. varying one parameter while keeping the others fix. However depending on the particular version
of the intensity functions it turns out to be quite suitable to vary several parameters at once. The
reason for this is that solely changing the parameter A, B:, B! or C* may impact on the position of
the Merton strategy relative to the separating hyperplane between F% and R™ x Rg \ F% in the model
with step intensity functions, resp. J* and R™ x IR(J{ \ 7% in the model with affine intensity functions,
measured by d™%?. But regarding the Merton strategy as a reference strategy it may be preferable to
analyze also those variations of the intensity functions that keep the position of the Merton strategy
fix. We call those variations Merton invariant intensity variations.

As we have already seen in Remark 4.6 the Merton type consumption rate is time-dependent except
for the case of ¢ = 0 and depends moreover on the regime shift intensities unless R = 1. Within our
setting of intensity functions with constant parameters the aforementioned Merton invariant intensity
variations thus only work either in the models with solely portfolio-dependent intensities denoted by
(PD) or in the models with consumption-dependent intensities in case of ¢ = 0 denoted by (CD.—) and
(PCDc—p). In the following we discuss two typical Merton invariant intensity variations — the intensity
shift and the rotation around the Merton strategy.

In order to change the constant A* in a Merton invariant way we have to vary C* by the same amount.
We call such a simultaneous change of the pair (A%, C*) an intensity shift. Notice that this kind of
variation is only suitable for the affine intensity functions since in case of the step intensity functions
it would not cause any difference if we took the pair (A* + C,C? + C) instead of the pair (A%, C?)
where C' € [~C? 00) is a constant. To achieve the corresponding intensity shift in the setting with step
intensity functions one has to vary C% and C% by the same amount.

Further when analyzing the sensitivity of the optimal strategy on the parameter B we have to change
the parameter A’ in such a way that the position of the Merton strategy does not change. Denote by
(A%, B) the pair of the reference parameters. When changing B! into B’ we would have to choose
Al = AT 4 (72M)T (B — BY) such that A’ + (7™)T.B. = A’ 4 (#%M)T.Bi. We call this variation
of the pair (A%, BL) a rotation around the Merton strategy. Concerning changes of B! in the models
(CD.—p) and (PCD.—q) the parameter A’ does not need to be adjusted since ¢»(t) = 0. Thus a
rotation around the Merton strategy consists just of a variation of the parameter B

7.2.1 Step Intensity Functions

We first consider some ceteris paribus intensity variations and then go on with the Merton invariant
intensity vartations.

Ceteris paribus intensity variations. Figure 7.14 shows the wealth ratios for the comparisons
of the model (PD;) with the models (PDy), k = 1,...,5, where AY = 16.5, A} = 16.75, A} = 17,
AY =17.25 and A2 = 17.5. In this particular setting an increasing A means that the Merton strategy
moves deeper in the complementary half space R\ 0. Thus the bigger A” the more the large investor
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has to deviate from the Merton strategy in order to achieve favorable regime shift intensities. Therefore
big values of A are disadvantageous for the large investor.
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Figure 7.14: Wealth ratio w%Dl pp, for different values of AY as function of ¢
(r®=r'=003,7°=0.1,7' =002, 06°=0.3,0' =06, =0.035,e =1, R=25, T =5,
A? =165, B2 =—-5,C°=14,CY =5,C =10, A' =55, B = —7,C' =5, C{ =5, C3 = 1.25)

Figure 7.15 shows the wealth ratios for the comparisons of the model (CD;) with the models (CDy),
k=1,...,5, where 01171 =5, 6'1172 = 10, 6’1173 = 15, 01174 = 20 and 01175 = 25. The augmentation of
the intensity parameter C{ comes along with an increase of the possible extent of the large investor’s
influence, i.e. the chances for a jump from the adverse market state to the favorable one grow. Hence
the large investor benefits from a bigger C1.

Merton invariant intensity variations. Figure 7.16 shows the consequences of an intensity shift
in state 0. The wealth ratios are decreasing as the intensity level is increasing, i.e. the large investor
benefits from small intensity levels which is the intuitive result.

The impact of a rotation around the Merton strategy is shown in Figure 7.17. It displays the wealth
ratios for the comparisons of the model (PD;) with the models (PDy,), k = 1,...,5, where (AY, B?r’l) =
(17,-5.5), (A3, BY,) = (16.91,-5.25), (A3,BY3) = (16.82,—5), (49,BY,) = (16.72,—-4.75) and
(A3, BY 5) = (16.63, —4). Notice that here B, does not stand for the k-th component of BY. In
this context we denote by B%k the value of BY in the k-th setting.

Figure 7.18 shows the particular wealth ratios for the models with (A, BY ;) = (17,12.5), (43, BY ,) =
(15.44,13.75), (A3, BY 3) = (13.88,15), (A}, BY ;) = (12.31,16.25) and (A3, BY 5) = (10.75,15).

The Figures 7.17 and 7.18 suggest that for every time ¢ the wealth ratio w%DhPDk (t) is decreasing as
|BY| is decreasing as long as the sign of BY does not change, i.e. the investor appears to benefit from
a sensitive market. At first glance this seems counterintuitive — one would expect that the investor
profits from a lesser sensitive market. However the large investor can use the sensitivity of the market
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Figure 7.15: Wealth ratio w%Dl cp, for different values of C} as function of ¢
(r®=r'=0.03,7°=0.1, 7" =0.06, 0° =04, 0 =07, =0.035,e =1, R=1.5, T = 1,
A’ =17,B=3,C"° =195 C} =10, C8 =20, A' =55, B} =5,C' =9, Cl, =5, C3 = 1.25)
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Figure 7.16: Wealth ratio wIODCD1 pcp, for different values of CY and CY as function of ¢
(r® =71 =003, 7°=0.1,n" =0.06,6° =04, 6" =0.7,§ =0.035,e =1, R=15T =1,
A =17,B2=-5 Bl =3,C°=195C7, =5, C9, =175, A' =55, BL =7, B, =5,C' =9, C] =5, C3 =2.5)
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to influence the regime shift intensities in a favorable way. From this point of view a large sensitivity
goes along with the fact that in order to achieve the same regime shift intensity the investor does not
need to deviate as far from the Merton strategy as he had to if the sensitivity was smaller.

0
-0.001 | P
-0.002 - T e
-0.003 =" el -
-0.004 |- o 0 7
e —— B%=-30.0
-0.005 | Pl BJ=-275 -
e 0
—omomn BO=-25,
-0.006 - P =250
5 B2=-22.5
0007 | " .
g — B2=-20.0
-0.008 L w w w .
0 0.5 1 15 2

Figure 7.19: Wealth ratio w%Dl cp, for different values of BY as function of ¢
(r®=7'=003,17°=0.1,n" =002, 06° =04, 6" =0.7,§ =0.035,c =0, R=1.5T = 2,
A% =11.75, B, = =30, C° = 11.5, CY = 2.5, C§ = 25, A' =5.4, B} = —15, C' =5.3, C{ =20, C3 = 2.5)

Figure 7.19 suggests that a larger sensitivity of the market concerning the large investor’s consumption
is favorable for the large investor as it was the case in the portfolio-dependent model. The figure displays
the wealth ratios for the comparisons of the model (CD.—g 1) with the models (CD.~o%), k =1,...,5,
where BY, = —30, B), = —27.5, BY3 = —25, B), = —22.5 and Bl = —20.

7.2.2 Affine Intensity Functions

As in the case of step intensity functions we first consider some ceteris paribus intensity variations and
then go on with the Merton invariant intensity variations.

Ceteris paribus intensity variations. Figure 7.20 shows that increasing values of A’ imply that
the intensities 9%~ increase and moreover that the half spaces of strategies that impact on the regime
shift intensities J° are getting larger. Hence bigger values of A° are disadvantageous than smaller ones,
whereas the opposite is true for A'.

Figure 7.21 shows the wealth ratios for the comparisons of the model (CD;) with the models (CDy),
k=1,...,5 where Al =10, A} =11.25, Al =12.5, A] = 13.75 and A} = 15. As we have already seen
in Figure 7.20 the large investor benefits from bigger values of A'.

Figure 7.22 shows the wealth ratios for the comparisons of the model (PCD;) with the models (PCDy,),
k=1,...,5 where C{ =25, C3 =3.75, Ci =5, C} = 6.25 and C} = 7.5. The large investor profits
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Figure 7.21: Wealth ratio wOCD1 cp, for different values of Al as function of ¢
(r® =r'=0.03, n° =0.09, n =0.01,0° =0.2, 0! =0.6,§ =0.035,e =1, R=0.75, T = 2.5,
A° =9 BY=10,C° =15 A} =10, B! = -5, C' =17.5)
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Figure 7.22: Wealth ratio w(P),CD pcp, for different values of C! as function of t
1 k
(r® =71 =0.03,7° =0.09, n =0.01,0° =0.3,0' =0.5,6 =0.035,e =1, R=25,T =2,
A’ =5, B2 =5 BY =10, C° =10, A' =5.5, Bt = -3, B} = -5, C{ =2.5)

from the growing minimal regime shift intensity in market state 1.

Merton invariant intensity variations. Figure 7.23 shows the consequences of an intensity shift
in state 0. It displays the wealth ratios for the comparisons of the model (PD;) with the models
(PDg), k = 1,...,5, where (A%, CY) = (5,10), (A9,C9) = (7.5,12.5), (A3, CY) = (10,15), (A9,CY) =
(12.5,17.5) and (A2, C?) = (15,20). The wealth ratios are decreasing as the intensity level is increasing,
i.e. the large investor benefits from small intensity levels which is the intuitive result.

The rotation around the Merton strategy is dealt with in Figures 7.24 to 7.26. As already in the step
intensity case the Figures 7.24 and 7.25 suggest that bigger absolute values of the parameter B! are
advantageous given the sign of B. does not change. The same holds true for the consumption parameter
Bt (cf. Figure 7.26).
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Figure 7.25: Wealth ratio wy, pp, for different values of (A', BL) as function of ¢
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Figure 7.26: Wealth ratio w%Dl cp, for different values of BY as function of t
(r®=7'=0.03,17°=0.1, 75" =001, 0° =0.2, 6" = 0.6, § = 0.035, ¢ = 0, R = 0.25, T = 0.5,
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7.3 Price of Misconception

In order to determine the loss the large investor would have to face if he neglected his influence on the
market we first have to discuss what it means that the investor ignores his influence. One would think
that the investor would follow the Merton strategy instead of the optimal strategy. But whereas the
Merton portfolio proportions are unique — independent of the model — the consumption rate of Merton
type depends on the particular model, resp. on the regime shift intensities; except for a logarithmic
investor with R = 1, as we have already seen in Remark 4.6. Hence it is reasonable to assume that
the investor follows a strategy of the Merton type. However it remains to decide which particular
type among the different Merton types should be used. An expedient choice would be the Merton
type consumption rate resulting from the Béuerle-Rieder model with regime shift intensities given by
Vigr 't = 01 (M M (1)) 5 =0, 1.

However, as long as BY # 0 and ¢ # 0 the inclusion of the Merton type consumption rate causes some
difficulties. First of all we have only discussed the Béuerle-Rieder model with constant regime shift
intensities. Only if B! = 0 or & = 0 then 9>~ (7%M M (1)) is time-independent. Further the inclusion
of the Merton consumption rate would cause a kind of circular argument since we needed the Merton
consumption rate which is an output of the Bauerle-Rieder model in order to determine the regime
shift intensities which are an input of the Biuerle-Rieder model. Again, only if B? = 0 or € = 0 then
9B (M B M(#)) is consumption-independent; except for the trivial case e = 0 in which ¢*M (¢) = 0.
For the last two reasons we concentrate on the implications of the large investor’s misconception in the
portfolio-dependent model (PD) and in the models with dependency on consumption in case of € = 0
(CD:=o) and (PCD.—q). Thus the particular regime shift intensities in the relevant Bauerle-Rieder
model are given by 19%’;1 = Pbl=i(7tM ),

Having specified the suitable regime shift intensities for the Biuerle-Rieder model we obtain the optimal
strategy (mhn, char) = (M i), In order to determine the expected utility from terminal wealth
and intermediate consumption a large investor would achieve when he neglected his influence on the
market we have to solve the HJB-system over the set of admissible strategies that are given just by
(ThR» cpgr (£))- It turns out that the value function of the Béuerle-Rieder model with intensities given
by 95174 (7%M 0) equals the expected utility from terminal wealth and intermediate consumption of
the large investor in the models (PD), (CD.—g) or (PCD.—o) when following the Merton type strategy
(T5Re Cpr)- The relevant wealth ratios for the analysis of the investor’s misconception in the particular
models are given by wpg pp, Whg cp,._, and WiR pep,_, -

In the following we illustrate the implications of the large investor’s misconception in the case of step
intensity functions (Subsection 7.3.1) and affine intensity functions (Subsection 7.3.2) with several
examples.

7.3.1 Step Intensity Functions

Figures 7.27 to 7.32 show the wealth ratios, resp. the prices of the investor’s misconception in the
model with step intensity functions. We present the wealth ratios for the three model variants men-
tioned above, i.e. (PD), (CD.—g) and (PCD.—g); each with two different investment horizons. In the
discussed examples the loss due to the misconception attains rather significant values of percentage or-
der. Moreover the loss gets bigger when the investment horizon T" becomes larger. Hence the investor’s
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influence on the market should not be neglected when setting up his investment strategy.

0.015

0.015

0.01

0.005 0.005

Figure 7.27: Wealth ratio why ppy in state 0 (left) and state 1 (right) as function of ¢
(r®=r'=003,7°=0.1,7n"' =002, 0°=0.3,06" =06, =0.035,e =1, R=25, T =5,
A°=17, B2 = -5 C°=14,00 =5,C9 =10, A' =5.5, Bt = -7, C' =5, C{ =5, C3 = 1.25)

Figure 7.28: Wealth ratio why ppy in state 0 (left) and state 1 (right) as function of ¢
(r®=r'=0.03,7°=0.1,1" =002 06°=03, 0" =0.6,6 =0.035 =1, R=25,T = 15,
A =17, B2 = -5 C"=14,00 =5,09 =10, A' =5.5, Bt = -7, C' =5, C{ =5, C3 = 1.25)
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Figure 7.29: Wealth ratio wjy cp._, in state 0 (left) and state 1 (right) as function of ¢
(r®=7'=003,7°=0.1,n" =001, =02,6"=0.7,§ =0.035,c =0, R=0.5, T = 2,
AY =16, BY = —20, C° =15, CY =10, C9 =20, A' =5, B = —10, C* =3, C1 =5, C3 = 2.5)

Figure 7.30: Wealth ratio wip ¢p__, in state 0 (left) and state 1 (right) as function of ¢
(r®=7r'=0.03,17°=0.1, 5" =0.01,0° =02, ¢ =0.7, § = 0.035, ¢ = 0, R = 0.5, T = 20,
A® =16, B = —20, C° =15, C? = 10, C§ =20, A' =5, B! = —10, C* =3, C{ =5, C3 = 2.5)
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Figure 7.31: Wealth ratio w%BR,PCDE:o in state 0 (left) and state 1 (right) as function of ¢
(r® =71 =0.03,17°=0.1, 5" =0.06, c° =0.3, ¢ =0.7, § = 0.035, e =0, R= 1.5, T = 1.5,
AY =225 BY=—-5 BY=10,C°=19.5C) =5,C9 =30, A' =11, Bt = -7, Bl =5,C' =9, C{ =25, C3 =5)

Figure 7.32: Wealth ratio w%R’PCD;O in state 0 (left) and state 1 (right) as function of ¢
(r® =7r'=0.03,7°=0.1, ' =0.06, 0° =0.3, " =0.7, § = 0.035, ¢ =0, R= 1.5, T = 10,
A =225 B2 = -5 BY2=10,C° =195 CY=5,C9 =30, A' =11, B = -7, B} =5, C' =9, C{ =25, C3 =5)
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7.3.2 Affine Intensity Functions

Examples for the price of the investor’s misconception in the affine intensity setting are given in the
Figures 7.33 to 7.38. The wealth ratios for the three model variants mentioned above, i.e. (PD), (CD.—o)
and (PCD.—g) — each with two different investment horizons — are presented. As in the step intensity
case the loss due to the misconception attains rather significant values of percentage order that increase
with growing investment horizon 71" which again implies that the investor’s influence on the market
should not be neglected.
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Figure 7.33: Wealth ratio wiBRﬂpD in state 0 (le

ft) and state 1 (right) as function of ¢

(r®=7'=003,7°=0.1,n" =001,0°=03,06"'=0.7,§ =0.035,c =0, R=0.5, T = 1,

A= -7 B2 =20, C°=130, A' =1
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Figure 7.34: Wealth ratio whp ppy in state 0 (left) and state 1 (right) as function of ¢
(r° =r'=0.03 1" =01,n" =0.01,0° =03, 0" =0.7, =0.035, e =0, R=0.5, T = 10,

A =7, BY=20,C°=30,A'=1

0.1, B = —10, C* = 10)



7.3 Price of Misconception 197

0.006

0.005

0.004

0.003

0.002

0.001

0.016

0.014

0.012

0.006

0.004

0.002

0.0012

0.001

0.0008

0.0006

0.0004

0.0002

05 1 15 2 0 0.5 1 15 2

Figure 7.35: Wealth ratio wjy cp._, in state 0 (left) and state 1 (right) as function of ¢
(r® =71 =0.03,7°=0.1,75"' =0.01,06°=0.2,6"' =0.7,§ =0.035,e =0, R=0.25, T = 2,
AY =20, BY = —90, C° =15, A' =0, B} =0, C' =0.125)
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Figure 7.36: Wealth ratio wjy cp._, in state 0 (left) and state 1 (right) as function of ¢
(r®=r'=0.03,7°=0.1,7' =0.01,0°=0.2, 0" =0.7, § = 0.035, e = 0, R = 0.25, T = 20,
A® =20, B = —90, C° =15, A' =0, B! =0, C' =0.125)
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Figure 7.37: Wealth ratio w%R,PCDE:o in state 0 (left) and state 1 (right) as function of ¢
(r® =7 =0.035, n° = 0.09, n' =0.01,6°=0.2,0' =05, =004, e =0, R=1.5,T = 2,
A =100, B2 = =50, B? = —1000, C° =10, A' =8, B: =25, B} =0, C* =3)

Figure 7.38: Wealth ratio wsg pop__. in state 0 (left) and state 1 (right) as function of ¢
s e=0
(r® =7 =0.035, 7" =0.09, n* =0.01,0°=0.2,0' =0.5,§ =0.04, e =0, R= 1.5, T = 25,
A° =100, BY = —50, B? = —1000, C° =10, A' =8, B =25, B =0, C' = 8)
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8 Conclusion

In this thesis we set up a continuous-time investment problem for a large investor whose investment
strategy influences the financial market. In order to include this influence in the model we described
the financial market as a regime model where the transition intensities are functions of the investor’s
strategy. After formulating the mathematical framework and the optimal investment problem of max-
imizing the expected utility from terminal wealth as well as from intermediate consumption we proved
a general verification theorem that covers jumps in the stock prices and a general class of intensity
functions. Thereafter we focused on a model with continuous asset prices and investigated three dif-
ferent kinds of intensity functions — constant, step and affine — that enabled us to solve the investment
problem explicitly for an investor with CRRA utility. We derived the solution following the stochastic
control approach for three variants of the aforementioned strategy-dependency — portfolio-dependency,
consumption-dependency and combined portfolio- and consumption-dependency. It turned out that
whereas the optimal portfolio strategy in the Merton problem and the Béauerle-Rieder problem was
constant, in our model with portfolio-dependency it becomes a time-dependent function thus accom-
modating the impact on the market state. As in the Merton and the Béuerle-Rieder problem the
optimal consumption rate is a time-dependent function but deviates from the Merton-type optimal
consumption rate in the cases with consumption-dependent intensities.

The sections on the solutions for investors with power and logarithmic utility were followed by a short
discussion of the special case of two correlated stocks. This showed that in case of correlated assets
deviations from the Merton strategy are possible although no direct intensity impact is given. Hence
deviations may occur for compensational reasons, too. Thereafter we investigated the differences of the
presented models. We found out that the investor’s preferences concerning the particular models vary
over time and may even change sign, i.e. during the investment period it is possible that the firstly
preferred model becomes disadvantageous after some time. The subsection on the parameter sensitivity
revealed that the large investor seems to benefit from a sensitive market which at first glance is quite
counterintuitive but turns out to be the logical consequence. In a sensitive market the large investor
does not have to deviate far from the Merton strategy in order to influence the market in his favor.
Finally we addressed the question what would be the loss the investor had to face if he neglected his
market impact. Here it turned out that — depending of course on the particular parameter setting —
the loss may be remarkably high.
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