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Summary

In this work two main approaches for the evaluation of credit derivatives are an-
alyzed: the copula based approach and the Markov Chain based approach. This
work gives the opportunity to use the advantages and avoid disadvantages of both
approaches. For example, modeling of contagion effects, i.e. modeling dependen-
cies between counterparty defaults, is complicated under the copula approach. One

remedy is to use Markov Chain, where it can be done directly.
The work consists of five chapters.

The first chapter of this work extends the model for the pricing of CDS contracts
presented in the paper by Kraft and Steffensen (2007). In the widely used models for
CDS pricing it is assumed that only borrower can default. In our model we assume
that each of the counterparties involved in the contract may default. Calculated
contract prices are compared with those calculated under usual assumptions. All

results are summarized in the form of numerical examples and plots.

In the second chapter the copula and its main properties are described. The methods
of constructing copulas as well as most common copulas families and its properties

are introduced.

In the third chapter the method of constructing a copula for the existing Markov
Chain is introduced. The cases with two and three counterparties are considered.
Necessary relations between the transition intensities are derived to directly find
some copula functions. The formulae for default dependencies like Spearman’s rho
and Kendall’s tau for defined copulas are derived. Several numerical examples are

presented in which the copulas are built for given Markov Chains.



Summary II

The fourth chapter deals with the approximation of copulas if for a given Markov

Chain a copula cannot be provided explicitly.

The fifth chapter concludes this thesis.
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Motivation

There are currently several approaches to price credit derivatives like CDO. One
may start from a specification of dependent default intensities. A typical example
is Duffie and Garleanu (2001) or Kraft and Steffensen (2006). An alternative route
is the structural approach, corresponding to a multivariate hitting time model, as
illustrated by Hull et al. (2005). The previous approaches involve a calibration to
marginal default distributions. On the other hand, the copula approach directly
specifies the dependence structure, though in a somehow ad-hoc way. While the
Gaussian copula model, introduced to the credit field by Li (2000) has become an
industry standard, its theoretical foundations, such as credit spread dynamics may
be questioned. For this purpose, copulas such as Clayton, Student t, double t, or
Marshall-Olkin copulas have been proposed.

The factor approach is quite standard in credit risk modelling (see for instance
Crouhy et al. (2000), Merino and Nyfeler (2002), Pykhtin and Dev (2002), Gordy
(2003) and Frey and McNeil (2003)). In the case of homogeneous portfolios, it is
often coupled with large sample approximation techniques. In such a framework,
Gordy and Jones (2003) analyse the risks within CDO tranches. In order to deal
with numerical issues, Gregory and Laurent (2003) and Laurent and Gregory (2005)
have described a semi-analytical approach, based on factor models, for the pricing of
basket credit derivatives and CDOs. This topic is also discussed by Andersen et al.
(2003) and Hull and White (2004) among others. We will further rely on this factor
approach, which also provides an easy to deal framework for model comparisons.
Other contributions dedicated to comparing various copulas in the credit field are
Das and Deng (2004) or the book by Cherubini et al. (2004).



Chapter 1

Pricing of Credit Default Swaps in

a Markov Chain Framework

1.1 Introduction

In recent years, the market for credit derivatives has seen one of the largest growths
of all the markets. Credit derivative give companies the possibility to trade and
manage credit risk in the similar way as market risk. The purpose of handling these
financial products is to manage and trade credit risk, i.e. the risk that a borrower
may not be able to pay back a loan in time. Credit derivatives are being actively
used not only for hedging purposes, but also as a way to improve the return on
the capital. A bank might use credit derivatives to manage its portfolio of risk.
Moreover with a credit derivative a bank can sell credit exposure and still keep a

good relationship with an important client.

One of the most actively traded credit derivatives is a credit default swap (CDS). A
CDS provides an insurance against the default (called a credit event) of a particular
company (called the reference entity). The two mostly used approaches to model
default events are the copula and intensity-based approaches. In this chapter we
apply an intensity-based approach, where we model the defaults events by using
Markov chains, for more details see Kraft and Steffensen (2007). Furthermore,

this chapter explicitly models counterparty risk, i.e. in our model, each firm has
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a unique firm-specific counterparty structure that arises from its relation to other
firms in the economy. By counterparty risk we mean the risk that the default of
a firm’s counterparty might affect its own default probability. As it was noted in
Jarrow and Yu (2001), this approach has many benefits and describes the reality
more precisely. Additionally, our model also captures contagion effects, i.e effects
that the default probability of one firm is strongly affected by the default of another
firm. For example, this effect can be observed, if a bank A holds a significant amount
of firm’s B debt, then default probability of the bank A can increase significantly
after the default of the firm B.

In order to understand how a CDS works, let us consider an investor A who has
bought a bond with maturity 7-years from a company C'. In order to protect himself
from a default event on the bond, the investor A might want to buy a T-years CDS
from a counterparty B on the specific bond that he has bought from the company
C. Entering a CDS contract, the investor A has to pay a certain amount of money
(called premium or fee payment) to the counterparty B at every predefined payment
date until the maturity or until the credit event happens. The size of the payment
to be paid to counterparty B by investor A is equals to the so-called CDS rate at
the date when the CDS contract has been bought. Our main goal is to price a CDS

contract, i.e. to determine the fair CDS rate.

1.2 The Model

As it was pointed out by Kraft and Steffensen (2007), Markov chains can be an
important tool to model credit risk. A Markov chain is a stochastic process which
is characterized by a finite number of states and transitions between this states. A
transition from one state into another is associated with a credit event. In our case,
such a credit event is a default of one of the firms in the market. In general case,
not only the default events but also up- or downgrading in rating classes as well as
bankruptcy events can be modeled with the help of Markov chains. Some states of
the Markov chain may be absorbing states, i.e. once the process reaches one of these

states it can not leave it any more.

The advantage of this approach is that in a Markov chain model the contagion effects
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can be easily modeled. If one of the firms defaults the default intensities of other
firms will change to some new intensities. A more detailed description can be found
in Kraft and Steffensen (2007), as well as in Jarrow and Yu (2001).

We are going to analyse a CDS contract using the framework settled up in Kraft and
Steffensen (2007). For simplicity, we consider the case where the protection seller
B promises to make a payment of one unit of money to the protection buyer A if a
certain reference entity C' defaults during the lifetime of the CDS contract. Usually
such types of CDS contracts are called digital CDS contracts.

In our model we allow for the counterparty risk, i.e. in our case we allow that the

counterparty B or the investor A fail to fulfil their contractual obligations.

In the model used by Kraft and Steffensen (2007), in the following the standard
model, the protection buyer A continues to make his fee payments until his own
default. The protection payment is made only if the protection seller B has not
defaulted up to the default time of the reference entity C'. Moreover, if investor A
defaults before C' defaults, protection seller B needs to fulfill his obligations as long
as B is not in default and, independently of whether B is in default or not, investor
A continues to make his fee payments until its own default, a default of reference

entity C, or maturity whichever occurs first.

We improve the standard model. In our model, if counterparty B is defaulted before
the company C or before the maturity time 7', the contract will be immediately
terminated. In this case, if the present value of the contract at the default time
of the counterparty B is positive for counterparty B, then the counterparty B will
receive some positive payment from the protection buyer A. Similar will occur, when
the investor A defaults before the reference entity C' defaults or before the maturity
time 7. In this case the contract will be immediately terminated and additionally,
if the present value of the contract is positive for the protection buyer A, then the
investor A will receive some positive payment from the counterparty B. Later in

the paper, we will derive precise formulas for these payments.

To calculate CDS spreads, we need to evaluate the present value of the premium
payments made by investor A to counterparty B, the so-called fee leg (also called

premium leg) and the present value of the protection payment from the counterparty
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B to the protection buyer A, the so-called protection leg (also called credit leg).
Furthermore, in our model we need to evaluate the present value of the correction
payments, which the investor A will pay, if the counterparty B defaults and which
the counterparty B will pay, if the protection buyer A defaults. To do this we need
the Corollary 3.1 from the paper by Kraft and Steffenson (2007):

Corollary 1.2.1 (Pricing via Transition Probabilities) If the intensities and

payments are constant, then

e The price of the continuous coupon payment at time t equals

Z & /t P(t,s)¢?"(t, s)ds.

keJ

e The price of the payments upon transition at time t equals

ZZa”kA”k/t P(t,s)q"(t, s)ds.

velJ k#v

o The price of the final payment at time t equals

P(t,T)Y d'q*(t,T).

keJ

There are two different types of CDS contracts that differ by the time when the
protection payment is made. In the first case the counterparty B pays the protection
payment to the investor A at the default time of the reference entity C' and in the
second case at the maturity of the CDS contract 7', if the reference entity C' has

defaulted before the maturity time 7. Both cases will be considered in this paper.

1.2.1 Protection Payment at Maturity

In this section we will derive the expression for the fee leg, the protection leg,
and the correction payments for the case then CDS contract is settled at maturity.
This mean that the protection payment is made by the protection seller B to the

protection buyer A at maturity of the CDS contract T" in a case of default event of
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A in default
B not in default
C not in default

0
A not in default
B not in default
C not in default

A not in default
B in default
C not in default

A not in default
B not in default
C in default

A not in default
B in default
C in default

Figure 1.1: Markov chain describing the CDS contract settled at maturity

the reference entity C' before the maturity time 7. The corresponding Markov chain

model is shown in the Figure [Tl

In this case, the protection buyer A continuously makes fee payments to the pro-
tection seller B at payment dates until the reference entity C' defaults or until the
maturity 7. On the other hand, the protection seller B makes only the protection
payment to the investor A at the maturity 7', if the reference entity C' defaults be-
fore the end of the CDS contract. The investor A stops making premium payments
if the counterparty B defaults or the investor A itself defaults. In both these cases
the contract is terminated. State 0 is the initial state at the beginning of the CDS
contract where all companies are not in default. State 1 describes the situation when
investor A defaults. State 2 describes the case when counterparty B defaults. State
3 describes the default of the reference entity C'. Since the protection payment is
made at maturity, the counterparty B can also default before the maturity of the
contract, but after the reference entity C' has defaulted. In the Figure [LI], this
case is described by state 4. The As in Figure [T are the default intensities for the

corresponding transitions between states.
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Let y(t) denote the fair CDS spread and assume that all intensities M* are constant.
The default intensities of A, B, and C' given that no entity has already defaulted
are denoted by A = X0 | \B = X2 and \Y = \°. The default intensity of B given
that C' defaulted is denoted by A\BI¢ = \34,

According to Kraft and Steffensen (2007), in the case of protection payments is
made at maturity of the contract, the protection payment needs to be modeled as a
contingent final payment. The fee leg can be modeled as a state-dependent coupon
payment. By Corollary 3.1 of Kraft and Steffensen (2006), the value of the fee leg
is given by .
VOB =ylt) 3 [ P(ts)d k. s)ds
keI !
with P(t, s) — the price of zero-coupon bond, ¢°*(¢, s) — is transition probability from
state 0 to state k. Furthermore, JA = {0,3} — the set of states where investor A
pays fee payments. The value of the protection leg is given by
Bypotection(t) = 4 (t, T)P(t,T).

As we have said in the description of our model, if investor A defaults before the
reference entity C' the contract will be terminated and A will receive the follow-
ing option: maxz{PV*(14),0}, with 74 — the default time of B. The PVA(t) =
Bgmtectwn (t) — y(to)B}]ee(t) is the present value of the CDS contract for the investor
A and % is the time of the beginning of the CDS contract. Following the Corollary
3.1 by Kraft and Steffenson (2006), this option is the payment upon transition. The

value of this option is given by
R T
By (1) = )\01/ max{PV*(s),0} P(t,s)q"(t, s)ds.
t

On the other hand, if the counterparty B defaults before the reference entity C'
the contact will be also terminated and the counterpaty B receives an option
max{PV"(rp),0}, with 75 — the default time of B. The PV"(t) = y(to)BY,.(t) —
BO .

protection

to is time of the beginning of the CDS contract. And again, following the Corollary

(t) is the present value of the CDS contract for the protection seller B and

3.1 by Kraft and Steffenson (2007), this option is the payment upon transition. The
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value of this option is given by

T
By, () = A / maz{PVE(s), 0} P(t, $)¢(t, 5)ds.
t

As it was mentioned in Kraft and Steffensen (2007), the transition probabilities can

be calculated in the following way

qu — Z )\p(o,k)gp(o,k)(t,T)
p(0,k)eP(0,k)

with A0 = 1. p(0,k) = (0,p1, ..., pm, k) is the path from state 0 to state k, and

NPOK) — \Op1Apip2  \PmE  The function ¢ is defined as follows

FT) = ¢7(t,T)=e T,
j k
ik o g] (ta T) - g (ta T)
9 (t’ T) - )\k* — \J* ’

where \™* =" A\ with J — set of all states.

1€J i#En
The transition probabilities in our cases are defined as:

qoo(t,T) _ 6—()\01+)\02+>\03)(T—t)’
N0 (T—t) ef)\l*(Tft)

/\1* _ )\0*
—()\01+)\02+>\03)(T—t)

qu(t, T) = )\01g01 _ )\016

al—e
)\01 + )02 + )03 ’
“\O(T—t) _ - A\Z(T—1)
(& e
(]OZ(t, T) _ /\02902 — /\02 )\2* — )\0*
o 1 . 67()\01+)\02+A03)(T7t)

/\01 + /\02 + /\03 ’
03 03 03 03 e NI _ =T
q (t>T) = ATg7=A \3* _ )\0x

6_()\01+)\02+>\03)(T_t) o e_)\34(T_t)

A\34 — )\01 _ )02 _ )03

— )\03

The value of a fair CDS spread for each time ¢ can be found numerically by solving

the following equation

y(t>B](‘)ee (t) + B%opt (t) - Bgmtection (t) - Bglopt (t> = 0.
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In the all earlier models for the CDS rate evaluation the equation for the fair CDS
spread has looked like
y(t)Bp.(t) — B,

protection(t) =0.

The terms B%opt(t) and Bgom (t) in our case are results of the options for the investor
A and counterparty B after their defaults. In all earlier works the existence of these
payments for investor and counterparty in the equation of the fair CDS rate was not

considered!

For the constant risk-free interest rate our equation for the fair CDS spread can be
numerically solved. Consider the numerical example of a CDS contract with 5 years
to maturity. Assume that there is constant risk-free interest rate » = 0.05 in the
market and starting date of the CDS contract is t5 = 0. We compare three settings

using three different scenarios:

(1) without counterparty risk and contagion effect,

(ii) with counterparty risk, but without contagion effect,
(iii) with counterparty risk and contagion effect.

In scenario (i), all intensities are set to be zero except A = 0.05. It means that
there are no counterparty risk and no contagion effect, because neither investor A
nor counterparty B can default. In the case of scenario (i), M = 0.01, A” = 0.01
and A\ = 0.05, as well as AZI¢ = \B_ In this case there is counterparty risk, because
the probabilities of A’s and B’s defaults are positive. But, there is no contagion
effect because after the default of reference entity C' the default probability of the
counterparty B stays the same as before the default of C. In case (iii), we set
M = 0.01, AP = 0.01, \¢ = 0.05, and \PI® = AP 4+ 0.01 = 0.02. In this case
there is counterparty risk, because the probability of defaults of the investor and
the counterparty are positive. Additionally, there is a contagion effect because
default probability of the counterparty B given that the reference entity C' has
already defaulted is higher as before the default of C'. The numerical results can be
summarized in the Figure where the values of fair CDS rates are given in basis

points.

The blue curve corresponds to the case where no counterparty risk and no contagion

effects are present. The red curve corresponds to the case where counterparty risk



Chapter 1 Pricing of Credit Default Swaps in a Markov Chain Framework 11
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Figure 1.2: CDS rates depending on time. Scenario (i) — blue curve; (ii) — red

curve;(iii) — green curve

exists. The green curve corresponds to the case where both counterparty risk and
contagion effect are modeled. The value of CDS contracts at time ¢ = 0 for A\-values

from the example and for the case A = 0 are given in the following table:

) | G | )
389.4 | 379.3 | 370.2
389.4 | 379.4 | 370.3

Y

Yna=o

From this table we can see that if A4 is zero, which means that A is default-free, the
results are almost the same. Comparing the curves in the Figure 2] we can see that
in the case without counterparty risk and contagion effect the value of CDS contract

is the largest one. Furthermore, the effects of counterparty risk and contagion effect



Chapter 1 Pricing of Credit Default Swaps in a Markov Chain Framework 12

have together an impact of around 5%.

In Kraft and Steffensen (2007) it was assumed that if counterparty B defaults the
investor A continues to make his fee payments. In the equation for the fair CDS
spread the payments B%Opt (t) and Bgom (t) were not involved. We have compared
our results with the results obtained in Kraft and Steffensen (2006) for two different
cases. In the first case, we assume that the probability that the investor A defaults is
zero. In the second case, we assume that both default probabilities of the protection
buyer A and the protection seller B are positive. In the first case, we get that CDS
rates are almost the same for both compared models for the different parameter
sets. It means that implementing such a complicated structure for the price of CDS
contracts brings almost the same result as a standard model, described in Kraft and
Steffensen (2007). So, in the case where the default probability of the investor A
is zero, the standard model proposed by Kraft and Steffensen (2007) can safely be

used.

On the other hand, if the investor A can default, the results differ from the standard
model described in Kraft and Steffensen (2007). Let us consider the case where
both, the protection buyer A and the protection buyer B, can default, in a more
detail.

In the following table we compare fair CDS rate for our model and the model by
Kraft and Steffenssen for the different given parameter sets at the time moment
t = 0. In both models we used risk-free interest rate r = 0.05 and maturity 7" =5
years.

M OLAB | NG [ NBIC )y y&5 | color

0.01 | 0.01 | 0.05 | 0.01 | 379.3 | 378.6 | apricot
0.01 | 0.01 | 0.05 | 0.02 | 370.3 | 369.5 | blue
0.05 | 0.01 | 0.05 | 0.01 | 378.9 | 375.6 red
0.05 ] 0.01 | 0.05 | 0.02 | 369.9 | 366.3 | cyan
0.01 | 0.05 | 0.05 | 0.01 | 341.0 | 340.0 | black
0.01 | 0.05 | 0.05 | 0.06 | 334.3 | 331.8 | pink
0.1 |10.01]0.05|0.01 | 377.5 | 371.9 | green
0.01| 0.1 |0.05 | 0.1 |297.0]296.0 | brawn

0 1 O Ot = W N
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Y-y )

Figure 1.3: Difference between two models

From the table above we can see that for the more extreme cases with high prob-
abilities of almost 5 — 10% that the investor A defaults the difference between two
models becomes more significant. If the probability of default of the counterparty B
becomes bigger, the difference between the two models does not increase much. The
existence of contagion effects makes the difference between the two models bigger.
The Figure summarizes the difference between CDS rates in our model y and
CDS rates in Kraft-Steffensen model %9 for the parameter sets given in the table.

The colors of the corresponding curves are also given in the table.

1.2.2 Protection Payment at Default

In this section, we consider the case where the contact is settled upon default. It
means that the protection seller B pays the protection payment immediately after

the reference entity C' defaults. The corresponding Markov chain model is shown in
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0
A not in default
B not in default
A C not in default

ABC

AC

3 4
A in default A not in default A not in default A not in default
B not in default B in default B not in default B in default
C in default

C not in default C not in default C in default

Figure 1.4: Markov chain describing the CDS contract settled at default

the Figure [L4

Same as before, the protection buyer A continuously makes fee payments to the
protection seller B at payment dates until the reference entity C defaults, or until
the maturity 7. On the other hand, the protection seller B makes only a protection
payment to the investor A at the time of default of the reference entity C. The
investor A stops making premium payments, if the counterparty B defaults or the
investor A itself defaults. In both these cases the contract is terminated. State 0 is
the initial state at the beginning of the CDS contract where all companies are not in
default. State 1 describes the situation when investor A defaults. State 2 describes
the case when counterparty B defaults. State 3 describes the event of default of the
reference entity C. In our case the protection payment is made at default time of
the reference entity C'. On the contrary to the Figure [T the transition from state
3 to the state, where the counterparty B defaults after the reference entity C' (state
4 in the Figure [[]), is irrelevant for us in this case. In order to consider also the
case that both parties, the protection seller B and the reference entity C, default
simultaneously, we introduce an additional state 4, where we have the both market
participants defaulted. In the previously described model (Figure [[T]) the case that
both the protection seller B and the reference entity C' default was also included.
The As in the Figure [[L4] are the default intensities for the corresponding transitions

between states.

According to the Corollary 3.1 by Kraft and Steffensen (2007), the protection pay-
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ments in this case needs to be modeled as payments upon transmission. The same

as before the fee leg can be modeled as a state-dependent coupon payment.

Again, let y(t) denote the fair CDS spread and assume that all intensities A% are
constant. The default intensities of A, B, and C are denoted by A\ = \01, \F =

A2 and A¢ = \%. The simultancous default intensity of B and C' is denoted by
ABC — \04

Then according to Kraft and Steffensen (2007), the value of the fee leg can be

calculated as
VB0 =) Y [ Pl s
kegp ot

with P(t,s) — the value of zero-coupon bond, ¢°* (¢, s) — transition probability from
state 0 to state k. Furthermore, J2 = {0,3} — the set of states where the investor
A pays fee payments. The value of the protection leg is given by

T
Bgrotectwn( ) = /\03/ P(t> S)qoo(t, S)dS.
t

As we have said in the description of our model, if investor A defaults before the
reference entity C' the contract will be terminated and A will receive the following
option: max{PV*(14),0}, with 74 — the default time of investor A. The PVA(t) =
B, piection(t) — y(to) By, (t) is the present value of the CDS contract for the investor
A and tj is the time of the beginning of the CDS contract. Following the Corollary
3.1 by Kraft and Steffenson (2007), this option is the payment upon transition. The

value of this option is given by
R T
Bgopt(t) = )\01/ max{PVA(s),O}P(t, 5)q™(t, s)ds.
t

On the other hand, if the counterparty B defaults before the reference entity C'
the contact will be also terminated and the counterparty B receives the option
maz{ PV (75),0}, with 75 — the default time of B. The PV(t) = y(to) By, (t) —

Bgmtectwn

to is time of the beginning of the CDS contract. And again, following the Corollary

(t) is the present value of the CDS contract for the protection seller B and

3.1 by Kraft and Steffenson (2007), this option is the payment upon transition. The
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value of this option is given by
T
B%opt(t) = )\02/ maz{PV?5(s),0}P(t,s)q™(t,s)ds
t
T
+ )\04/ maz{PV?5(s),0}P(t,s)q™(t,s)ds
t

= Aoz/t maz{PV?5(s),0}P(t, s)q™(t, s)ds.

The second term in above equation vanishes, because if protection seller and refer-
ence entity default simultaneously, the present value of the CDS contract cannot be
positive for B. After the default of C', investor A needs not to pay fee payments
anymore, but the counterparty B should pay the protection payment at this mo-
ment, so the value of the CDS contract for the protection seller can be only negative

in this moment.

According to the Corollary 3.1 in Kraft and Steffensen (2007), the correction pay-
ments in the default of the investor A or the counterparty B are defined as payments

upon transition; their value equal to
~ T
B%Opt(t) = )\02/ mazx{PVP(s),0}P(t,s)q"(t, s)ds
t

with PVP(t) = y(t) By, (t) — BY

protection

(t) and
B, (1) = A /t maz{PVA(s), 0} P(t, )¢ (¢, 5)ds

Wlth PVA(t) = Bgrotection(t) - y(t)ngee(t)

As previously, the CDS rate is given as a solution of the following equation:
y(t>B})ee (t) + B%opt (t) - Bgmtection (t) - Bglopt (t> = 0.

In the all earlier models for the CDS rate evaluation the equation for the fair CDS
spread has looked like

Y(OBL() = B pacson(t) = 0.

protection

The terms B%Opt(t) and Bgom () in our case are results of the options for the investor

A and counterparty B after their defaults. In all earlier works the existence of these
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payments for investor and counterparty in the equation of the fair CDS rate was not

considered!

Therefore, following Kraft and Steffensen (2007), we can find the transition proba-
bilities
¢ = Z APOK) pOR)(T)
p(0,k)eP(0,k)
with AP0 = 1. p(0,k) = (0,p1, ..., pm, k) is the path from state 0 to state k, and

NPOK) — \Op1 PPz \PmF The function ¢ is defined as follows

FHT) = ¢(tT)=e T,
j k
ik - gj (ta T) -3 (ta T)
9 (t’ T) o N \j* ’

where A" =3, 7, A" with J — set of all states.

The transition probabilities in our cases are defined as:

Ot T) = e~ WA XX (T—t)

01 01 01 016_/\0*(T_t) — e N0
¢ (t,T) = Ag = NERY
)\01 1 . 67(A01+A02+)\03+A04)(T7t)
NOL £ \02 4 \03 | \04
02 02 02 02 e NIt _ AT
q (t’T) = A g = A )\2*_A0*
1— e—(>\01+>\02+)\03+>\04)(T—t)

AOL 1 \02 - )\03 | \04 7
A0 (T—t) _ €—>\3*(T—t)

)\3* _ )\0*

ei(/\01+/\02+)\03+/\04)(T7t)

— )\02

@3, T) = M\03g% = \03&

)\03 1—
AOL - \02 1= )\03 1 )\04 7
“\O(T—t) - A(T—1)
e e
q04(t, T) _ )\04904 _ )\ ST

1 . e*(A01+A02+A03+A04)(T7t)

)01 + 02 + 03 + \04

— )\04

We apply our previous numerical example to this case where the CDS contract is

settled upon default. In the same way as before, in scenario (i) A = 0.05 and
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other intensities are set to be zero. It means that there are no counterparty risk
and no contagion effect, because investor A and counterparty B are default-free. In
case scenario (i) the A = 0.01, AP = 0.01, A\ = 0.05, and AP = A\B. In this
case there are counterparty risk, because the probabilities of A’s and B’s defaults
are positive. But, there is no contagion effect because default intensity of reference
entity C' with the counterparty B is the same as default intensity of B. In case (iii)
we set A = 0.01, AP = 0.01, \Y = 0.05, and \P¢ = A8 4+ 0.01 = 0.02. In this
case there are again the counterparty risk, because the probability of defaults of
the investor and counterparty are positive. Additionally, there is a contagion effect
because default probability of the counterparty B with the reference entity C' is
higher as the probabiity of default of counterparty B alone. The numerical results
are summarized in the Figure where the values of fair CDS rates are given in

basis points.

The blue curve corresponds to the case where no counterparty risk and no contagion
effects are present. The red curve corresponds to the case where counterparty risk
is involved. The green curve corresponds to the case where both counterparty risk
and contagion effect are present. The values at time ¢ = 0 of the CDS contracts are

given in the following table:

o | @) | i)
444.7 | 456.0 | 455.7
A44.7 | 444.0 | 443.6

Y

Yna=o

Comparing the curves in the Figure we can see that in the case without coun-
terparty risk and contagion effect the value of the fair CDS rate is the smallest
one. Furthermore, we can see that if the investor A is default-free, the impact of the
counterparty risk and the contagion effect is not as significant as in the previous case
studied in the previous section. In general situation, where the probability of default
of the investor A is positive, the impact of the counterparty risk is considerable; at

the same time the impact of the contagion effect is almost negligible.

In the same way as before, in the following table we compare our results with
results obtained in Kraft and Steffensen (2007) for different parameter sets. For all

parameter sets we set maturity to 7' = 5 and risk-free interest rate to r = 0.05.
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50C

480

y(t) 460k

440

420

Figure 1.5: CDS rates depending on time. Scenario (i) — blue curve; (ii) — red curve;

(iii) — green curve

M OLAB | NG | N\BIe Y yis color
110.011]0.01]0.05| 0.01 | 456.0 | 443.6 | apricot
210.0110.01]0.05]0.05|454.9 | 442.2 | blue
310.05]0.01]0.05| 0.01 | 501.2 | 442.2 red
410.05]0.01|0.05] 0.05 | 500.9 | 439.2 | cyan
51002 0.1 |0.05] 0.05 | 465.0 | 438.9 | black
61002 01 |0.05| 0.1 |564.1|437.3| pink
71 0.1 10.01]0.05|0.01 | 554.5 | 439.9 | green
81003 | 0.1 |0.05] 0.1 |476.6 | 437.0 | brawn

From the table we can see that there is a big difference between two models. For the

more extreme cases with the high probabilities of almost 5 —10% that the investor A
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120 1

yit-yS

Figure 1.6: Difference between two models

defaults the difference between the two models becomes more than 100 basis points.
In general, for all parameter sets the difference is more than 10 basis points. The
Figure summarizes the difference between CDS rates in our model y and CDS
rates in Kraft-Steffensen model y®* for the parameter sets given in the table. The

colors of the corresponding curves are also given in the table.

Comparing cases 1 and 2 we again can see that the impact of the contagion effect
on the CDS rates is only around 1 basis point even, if the probability of default of
the counterparty B with the reference entity C' is high, (A?¢ = 0.05). This means

that influence of the contagion effects in this model is not very essential.
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1.3 Conclusions

Our analysis confirms the fact that counterparty risk and contagion effects cannot be
ignored for the calculation of fair CDS spreads. The same results were also obtained
among others in Kraft and Steffensen (2007), and Yu (2005).

If the contact is settled at maturity and both A and AP are relatively small (near
1—4%), the standard model can be used, because the difference between two models
in this situation is negligible. The standard model can also be used if the probability

of default of the investor A is low.

On the other hand, if the contract is settled at default, the difference between the
two models becomes huge (in some cases more than 100 basis points). In this case,

our model should be used to get correct fair spread.



Chapter 2

The Copula and its Properties

2.1 Mathematical and Statistical definition of
Copulas

The copula concept is based on a separate statistical treatment of dependence and
marginal behavior. The mathematical idea goes back to Sklar (1959), Sklar (1973)
and Hoeffding (1940).

For a short introduction about the copula the reader should to refer to Genest
and McKay (1986b), for an extensive review on that topic the reader should refer
to Nelsen (1998), Joe (1997) and Schweizer (1991) or for their application in risk
management to Rogge and Schonbucher (2003) or Embrechts, Lindskog and Mc Neil
(2003). The first part of this section will be devoted to some notions in statistics;
the interpretation of copula in the mathematical sense and then in term of random
variable; and finally we will conclude this section with some important properties of

copula functions.

Let us now first refresh some important statistical concepts. We will start by the no-
tion of distribution and joint distribution function since they are at the cornerstone

of the copula theory.

Definition 2.1.1 A distribution function is a function F with domain R such
that

22
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1. F is nondecreasing 2. F(—o0) =0, F(+o00) = 1.

Definition 2.1.2 A joint (bivariate) distribution function is a function H

with domain R? such that
1. H 1is 2-increasing

2. H(zx,—o00) = H(—o00,y) =0, H(+00,+00) = 1.

In the last definition, the first condition simply stipulates that for every x; < x5 and
y1 < Yo, H(x1,y1) < H(xg,y2). While the second condition states that H should be
bounded.

Definition 2.1.3 Let S, and Sy be nonempty subsets of R and let H be a function
such that DomH = Sy X Sy. Let B = [x1,x2] X [y1,y2] be a rectangle all of whose

vertices are in DomH . Then the H—wvolume of B is given by
Vi(B) = H(x2,y2) — H(x2,y1) — H(21,92) + H(z1,11).
Note that Vi (B) is also the H—mass 0f the rectangle B = [x1, 2] X [y1, yo].

Let us now move to the main topic of this section which is the definition of the

notion of copula (in the bivariate case for the tractability of notation).
Definition 2.1.4 A 2—copula is a function C : [0,1]*> — [0, 1] satisfying:

(i) Boundary conditions

C(0,29) = C(z1,0) =0 forall  xy,29€[0,1] =1
and
C(x1,1) =14 and  C(l,x9) =x9  forall  xy,z5 €[0,1].
(i) Monotonicity conditions
C(r1,y1) + C(w2,y2) — C(21,y2) — C(22,51) > 0

for all x1,x9,y1,y2 € [0, 1] satisfying v1 < y1 and x5 < ys.
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The last condition implies the continuity of C'. While once again, the first part
of the definition states that the 2-copula is a bounded function; the latter ensures
the volume engendered by the rectangle [x1, 25| X [y1,y2] (or the 2-copula) is never
negative. The copula can then be interpreted as a joint distribution. For the more
pragmatic inclined; since the 2-copula can be seen as a volume in I, the form of the
copula is the shape of a skewed continuous surface on the unit square which vertices

belong to the unit cube.

Copulas are of interest because they link joint distributions to the one-dimensional
marginal distributions. Sklar proved relation between copula and joint and margin

distribution functions.

Theorem 2.1 (Sklar) Let X;, X5 be a random variables with distribution func-
tions Fy and Fy, respectively, and joint distribution function 5. Then there exists

a copula C such that for all x,y € R
F12(xay) :C(Fl(x)7F2(y)) (21)

If Fy and Fy are continuous, then C' is unique; otherwise, C is uniquely determined
on RanFy x RanF,. Conversely, if C' is a copula, Fy and Fy are distribution func-
tions, then function Fio defined by (211) is a joint distribution function with margins
Fy and Fs.

This Theorem first appeared in Sklar (1959). The name ”copula” was chosen to
emphasize the manner in which a copula ”couples” a joint distribution function to
its univariate margins. Copulas thus capture all of the information concerning the
dependance structure of random variables irrespective of their distributions and so

provide a natural framework for many investigations.

One example is to set F7 and F; to be exponential margins and H to be the Gaussian
link function with a given covariance matrix, R and call this bivariate distribution
Z. As explained in Schénbucher (2003) in order to construct this copula one has
to sample a vector of observation X from a multivariate Gaussian distribution with
covariance matrix R. Then transform this vector X into a vector U by setting
u; = ®(x;); and finally compute the vector Y where y; = In(u;). Then we have that
y; follows the distribution Z.
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By the Theorem 1] if the random variables X; and X, are continuous with joint
distribution function Fis, then the copula is unique determined by (ZII). If, how-
ever, the random variables are not continuous, the copula C' is not unique; in this
case, the values of the copula are uniquely determined at points (z1,x32), where zy
is in range of Fj, k = 1,2, and a copula C' for which the expression above holds can
be obtained by interpolating the values at these points in any manner consistent
with the defining properties of a copula. Interpolation which is linear in each place
("bilinear interpolation”) works, and we adopt the convention that bilinear interpo-
lation is always used to fill in values at other points. With this convention we can

refer to the copula of X; and Xo.

Now we can define m—dimensional copula function:

Definition 2.1.5 For m > 3 an m—copula is a function C' : [0,1]™ — [0, 1]
satisfying:

(i) Boundary conditions
(a) C(x1,...; 21,0, Zi41, ooy T) = 0 for all i and for all x4, ..., z,, € [0,1];
(b) The function
(ZL‘l, vy i1y Ty 1, ,l’m) — C(l’l, ey Ti—1, 1,1’i+1, ,l’m)
is an (m — 1)—copula for all i.
(i) Monotonicity conditions

> sgn(V)C(V) =0

for all rectangles R of the form R = [~ [z, vil, ©;i < ui.
Here, the sum is over all vertices V = (e1, ..., &) of the rectangle, where e; = x;
or y;, and

—1, if the number of x;’s among the coordinates V s odd,

sgn(V) = {

1, otherwise
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Again, these conditions imply the continuity of C.

Theorem 2.2 (Sklar) Let Xy, ..., X, be a random variables with distribution func-
tions Fi, ..., F,, respectively, and joint distribution function F'. Then there exists an

m—copula C such that
F(21, s 0m) = C(FL(21), - Fon(1m)). (2.2)

If Fy, ..., F,, are all continuous, C' 1is unique. Otherwise C' is uniquely determined
on RanF; x RanFy X ... X Rank,,.

The Sklar’s Theorems imply that for continuous multivariate distribution functions
the univariate marginals and the dependence structure (encoded into the copula)

can be separated in a unique way.

By the Theorem [2.2if the random variables are all continuous, the m—copula in ([2.2])
is uniquely determined; otherwise it is uniquely determined at points (x1, ..., Z,),
where xp is in the range of Fy, k = 1,...,m, and as before can be obtained at
other points by interpolation. Here m—linear interpolation works, and we adopt the

convention that it is always used. For discuss of this issues see Sklar (1956), Sklar
(1973), Schweizer and Sklar (1974) and Schweizer and Sklar (1983).

Definition 2.1.6 Let F' be a distribution function. Then a quasi-tnverse of F is

any function FY with domain I such that

(i) if t is in RanF, then FY(t) is any number x in R such that F(z) =t i.e.,
for allt € RanF
F(FEV@) =t

(i1) if t is not in RanF, then

FOV() = inf{z|F(x) > t} = sup{x|F(z) < t}.

If F' is strictly increasing, then it has but a single quasi-inverse, which is of course

the ordinary inverse, for which we use a customary notation F~!.
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Corollary 2.1.1 Let F, C, Fi,..., F,, be as in previous theorem, and let Fl(fl),

e ESY be quasi-inverses of Fi, ..., F,, respectively. Then for any u € I™

Clur, . ttm) = F (Ff*”(ul), F(’l)(un)) .

n

Note that for any n-dimensional copula each k-dimensional margin of the copula is
a k-dimensional copula itself (1 < k < n). The set of copulas is convex in the sense
that every convex linear combination of copulas is a copula itself (Nelsen (1999),
Ex. 2.3, p. 12).

Corollary 2.1.2 Let X1, X5, .., X,, are continuous independent random variables

for n > 2 with joint distribution function
F(x1, 29, .. 20) = Fi(21) X Fy(w2) X oo X Fy(25).
Then the copula for these independent variables is called the product copula

I(u) = ugug...up,.

After introducing the product copula one might naturally think about the existence
of some lower and upper bounds around the product copula according to the de-
pendence structure between the two random variables X and Y . These bounds are
referred as the Fréchét-Hoeffding bonds for joint distribution functions of random

variables.

Theorem 2.3 (Fréchét-Hoeffding) Let X and Y be random variables with re-
spectively marginal distribution functions F' and G; and with joint distribution H.
Then for all, x and y in R

max(F(x) + G(y) — 1,0) > H(z,y) > min(F(z),G(y))
and

1. Y is a.s an increasing function of X dif H(x,y) = min(F(x),G(y))

2.'Y is a.s an decreasing function of X iif H(z,y) = mazx {(F(z) + G(y) — 1,0}
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Corollary 2.1.3 If u and v are uniform random variable, for all v and v in I

W(u,v) =maz(u+v—1,0) < C(u,v) < min(u,v) = M(u,v)

Proof: Lets take (u,v) an arbitrary point from DomC'. Since C(u,v) < C(1,v) =v
and C'(u,v) < C(u, 1) = u follows that C(u,v) < min(u,v). Furthermore Vi ([u, 1] x
[v,1]) > 0 implies C(u,v) > u+v—1, which when combined with C'(u,v) > 0 yields
C(u,v) > mazx(u+v—1,0). O

More general, let M(u) = min{uy,...,u,} and W(u) = mazx{u; + ug + ... + u, —
n+ 1,0}. The function M (u) is copula function for all n > 2, whereas W (u) is a
copula only for n = 2, but not for n > 2. The functions W and M are known as

Fréchét-Hoeffding bounds since for any vector u = (uy, ..., uy,)
W(u) < C(u) < M(u).

Note that both bounds are (pointwise) sharp. If we now look at the shape of the
surface defined by the copula, we can say that this shape is bounded by the two
Fréchét-Hoeffding bounds which are functions in the unit cube. To conclude the first
part of this section, we introduce the second most interesting property of the copula
(after the Sklar Theorem): their invariance to strictly increasing transformations

and predictable behavior for more general strictly monotone transformations.

Definition 2.1.7 If C; and Cy are copulas, Cy is smaller than Cy (written Cy <
Cs) if
Ci(u) < Ca(u),

for all u in [0, 1]™.

Theorem 2.4 Let X,Y be continuous random variable with copula Cxy, o and (3
be strictly increasing functions on RanG x RanF', then Cyx)sv) = Cxy. So that

Cxy 1s invariant under strictly increasing transformation of X and Y .

Proof: Let X and Y have distributions function /" and G and let o(X') and 5(Y") have
distribution function L and M. If we now set o as (a monotonic) increasing function,
we have the following expressions for the transformation of marginal distribution of
X,

L(z)=P{a(X) <z} =P{X <o '(z)} = Fla ().
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When looking at the transformation of the copula, we have

Ca(x).p0n) (LX), M(Y)) = P{a(X) <z,5(Y) <y}
= P{X <o (2),Y <57 (y)}

= Cxy(a™'(2), 7' (y))
= Cxy(L(X), M(Y)). O

When monotone transformations (but not increasing) are applied to copulas, the
previous results do not hold anymore but nonetheless we can still make the following

statement about the copula behavior.

Theorem 2.5 Let X,Y be continuous random variables with copula Cxy. « and

B be strictly monotone functions on RanG x Ranlk’,

1. If «v s strictly increasing and 3 1is strictly decreasing then
Ca(x).p0r) (U, 0) = u = Cxy(u, 1 =)
2. If B is strictly increasing and o is strictly decreasing then
Cax)80) (1, v) = 0 = Cxy (1 —u,v)
3. If o and B are both strictly decreasing then
Cox)povy(u,v) =u+v—-1-Cxy(l —u,1—-v)

Proof: Let X,Y follow the distributions F' and G while (X)) and (X)) follows the

distribution L and M, with a and 8 monotone function so that,

Cox),pvy (L(X), M(Y)) = P{a(X) < z; 8(Y) < y}.

So, when « is a strictly decreasing function and [ is a strictly increasing function.
Using the property of probability function P(A“ N B) = P(B) — P(AN B) we get:

Coxypyy = Pla(X) < 8(Y) <y}
= P{B(Y) <y} —P{X <a l(z);8(Y) <y}
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= Cg(y)(M(Y)) - CX,B(Y)(F(Q_l("L‘)% M(y))
= Cﬁ(y)(M(Y)) - CX,ﬁ(Y)(l - L(l’), M(y))
= v—Cxpgw (1 —u,v)

= v—Cxy(l—u,v).

When « and § are both strictly decreasing functions, using the property of proba-
bility function P(A° N BY) =1 - P(AUB) =1— P(A) — P(B) — P(AN B), we
get:

Caypery = Pla(X) <z 5(Y) <y}
= P{X <a ()Y =87 (y)}
= 1= F(a'(2)) =GB (y) — Cxy(a ' (2), 67 (y))
= 1-(1-u)—(1—v)—Cxy(l—u,1—-0)
= 1+u+v—Cxy(l—u,1—u). O

2.1.1 Survival Copulas

In many applications, the random variables of interest are present the lifetimes of
individuals or objects in some population. The probability of an individual living
or surviving beyond time z is given by survival function (or survivor function, or
reliability function) F(z) = P(X > z) = 1— F(x), where F denotes the distribution
function of X. When dealing with lifetimes, the natural range of random variable is
often [0, 00); however, we will use the term ”survival function” for P(X > x) even

if there range is R.

For a pair (X,Y) of random variables with joint distribution function H, the joint
survival function is given by H(z,y) = P(X > z,Y > y). The margins of H are
the functions H(z, —occ0) and H(—o0,y), which are the univariate survival functions
F and G, respectively. A natural question is the following: Is there a relationship
between univariate and joint distribution functions, as embodied in Sklar’s Theorem
211 To answer this question, suppose that the copula of X and Y is C. Then we

have

H(z,y) = P(X>z,Y >y)=P(X>z)—P(X >zY <y)
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= 1-PX<2)- (PY<y)-P(X<2Y <y)
= 1-F(x)-Gy) + H(z,y)
= F’(:}c)—l—@(y)—l—l—C’(l—F(z),l—é’(y)),
so that if we define a function C' from I? into I by
Cluv) =u+v—14+C(1—u,1—0v),
then we have
H(z,y) = C(F(z),G(y)).

C is a copula (by Ex. 2.6.1 and Th.2.4.4 part 3, Joe(1997)). We refer to C as
the survival copula of X and Y. Secondly, notice that the C "couples” the joint
distribution function to its univariate margins in a manner completely analogous to

the way in which a copula connects the joint distribution function to its margins.

Remark 2.6 In the same way, one can get a survival Copula for three random
variables X, Y and Z with corresponding marginal distribution functions F'(x),
G(y) and R(z). A function C' from I® into I is defined by

Clu,v,w) = u+v+w—24+C1—-ul—v,1)+C(1,1-v,1—w)
+ Cl—u,,1—w)—-C(l—-u,1—v,1—w). (2.3)

Proof:

H(z,y,2) = P(X>ux,Y >y, Z>2)
= PX>uz2,Y>y —PX>zY>yZ<z)
= PX>z2)—PX>uz,Y<y —(PX>z7Z<z2)
—P(X >zY <y, Z<2)
S - P(X<a)— (P <y)— P(X <2,Y <y))
—(P(Z<z)-PX <2 Z<2z)
—(P(Y <y, Z<z)—P(X<uz,Y <y Z<2)
)+ <> <>—2+0(1—‘<>,1—é<y>)
(1-F(z),1-G(y),1)+C (1 - F(x),1,1 — R(z))
(1,1—G 1—R())—C’(l—F(x),l—G’(y),l—R(z)).D

= (ZL'

+
+
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2.2 Dependence Concept

We concluded the last section by the copula invariance property to strictly increasing
functions. It is worthwhile to be noted that this property is not shared by the
well know (multivariate) elliptical distribution such as the Gaussian and Student
ones. Furthermore as noted by Embrechts, Lindskog and Mc Neil (2003) because
“(. . . ) most random variables are not jointly elliptically distributed and using
linear correlation as a measure of dependence in such situation might prove very

masleading”

Let us recall that for Normally distributed random variable, the independence be-
tween random variables is equivalent to a Pearson correlation coefficient equal to
zero. But this equivalence does not hold if the random variables fail to verify the
normality assumption. This citation and remark provides us with the scope of this
second part of this section, namely, documenting dependence measures between
random variables. For an overview of that topic the reader should refer to Kruksal
(1958) or for specific applications to copula to Schweizer and Wolf (1981). Follow-
ing the properties of copulas, the more interesting measures will be the ones which
can be solely defined in term of copula. Let us first introduce the notion of linear

correlation since it will be used in the next sections.

Definition 2.2.1 Let X and Y follow, respectively, the distribution F' and G and
jointly follow the distribution function H; then linear correlation coefficient p, for
X andY is defined as

1 o0 o0
PY) = s s / ) / H(w.9) = Fl)Gly)] dody

or if we use the fact that u = F(x) and v = G(y),

1 1 1 B B
p(X’Y):\/Var(X)\/Var(Y)/o /0 [C(u,v) —uv)| dF~ " (u)dG™(v).

We clearly see from the last equation that the (linear) correlation coefficient is

function of the inverse of the marginal distribution. Since usually these marginal

distributions are not invariant under monotone transformations other measure of
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dependence are more appropriate when studying the dependence relationship in
copulas. This is also a reason why the Pearson correlation coefficient is only able to

catch linear relationship between variables.

Let us now introduce the notion of concordance since this will be used in the defi-
nition of other measure of association (which are scale invariant) between random

variables.

Definition 2.2.2 Let (Z;9)" and (z,y)" be two observations from a vector (X,Y)T
of continuous random variables. (z;7)" and (z,y)T are concordant if (x — 7)(y —

9) > 0. (z;9)7 and (z,y)" are discordant if (x — 7)(y — 3) < 0.

We can now define a the general notion of a concordance function ). The following
theorem can be found in Nelsen (1999) p. 127.

Theorem 2.7 Let (X, V)" and (X,Y)T be independent vectors of continuous ran-
dom wvariables with joint distribution function H and H, respectively, with common
margins F and G. Let C, C denote the copulas of (X,Y)T and (X,Y)" , respec-
tively, so that H(x,y) = C (F(z),G(y)) and H(x,y) = C (F(z),G(y)). Let Q denote
the difference between the probability of concordance and discordance of (X,Y)T and
(X, V)7 respectively,

Q(H, H)=P{(X -X)(Y -Y)>0}-P{(X - X)(Y -Y) <0}

then
Q(H,ﬁ):él/ / ﬁ(x,y)dH(:p,y)—l

orif F(xz) =wu and G(y) = v,
Q(C,C) = 4/0 /0 C(u,v)dC(u,v) — 1.

Proof: 1f we denote P, the probability of concordance, then 1 — P, is the probability
of discordance and () = 2P, — 1. So that,

QIC.C) = 2P{(X -X)(Y -Y)} -1
— 2F [P{(X—X)(?—Y)|X:a:~,?:g} 1
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— 2F [Qﬁ(as, y) — F(z) — Gy) + 1] 1=4E[H(z,y)] - 1.

Where we have used in the third line,

>y} = H(v,y)—F(z) —Gy) +1

~h

P{X >z,

since X and Y are independent with F(x), G(y) uniform random variables and the

definition in term of copula holds by the Sklar theorem. [
Corollary 2.2.1 Let C, C, and Q be as given in Theorem 277 Then
1. Q is symmetric in its arguments: Q(C,C) = Q(C,C)
2. Q is nondecreasing in each arqgument: if C' < C", then Q(C,C) < Q(C", ()

)

Qb

3. Copulas can be replaced by survival copulas in Q, i.e. Q(C,C) = Q(C’,

According to Scarsini (1984), a set of desirable properties for a concordance measure

would include those following.

Definition 2.2.3 A numeric measure k of association between two continuous ran-
dom wvariable X and Y, whose copula is C, is a measure of concordance if it

satisfies the following properties:

~

.k 1s defined for every pairs XY

2. -1<k<land k_xx =—1

3. KXy = Ky,x

4. If X and Y are independent kxy = 0

5. K_xy = Kx—y = —Kxy

6. If Cy and Cy are copulas such that V(Cy) < V(Csy) then ke, < Koy

7. If {(X,,Yn)} is a sequence of continuous random variables with copulas C,,

and if {C,} converge point-wise to C, then lim k¢, = ko
n—+o0o
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A consequence from the last Definition, the Corollary E.T.1] and Theorem 2.3 is

stated in the following theorem

Theorem 2.8 Let k be a measure of concordance for continuous random variable
X andY

1. If Y is almost surely an increasing function of X then kxy = Ky = 1
2. If Y is almost surely a decreasing function of X then kxy = kw = —1

3. If a and B are almost surely strictly monotone functions, respectively, on

RanX and RanY, then kox)pa(v) = Kx,y

The most direct measure of association following the Theorem 2.1l is the Kendall’s
7 which is the difference between the probability of concordance and discordance as

previously defined.

Definition 2.2.4 Let X and Y follow jointly a bivariate distribution H. The
Kendall’s 7 for X and Y is then defined as

T(X,Y) = 4/2 /Z H(z,y)dH(z,y) — 1

or if we use the fact that F(x) =u and G(y) =

XY—4// (u,v)dC(u,v) — 1.

Note that the integral above is the expected value of the random variable C(U, V),
where U, V ~ U(0,1) with joint distribution function C, ie. 7(X,Y) =
4E(C(U,V)) —

To evaluate the Kendall’s 7 one can also use the following theorem, a proof of which
can be found in Nelsen (1999, p.131).

Theorem 2.9 Let C' be a Copula such that the product (0C'/0u) (0C/0v) is inte-
grable on [0,1]°. Then

9,
- — — . 24
//01 (u,v)dC(u,v) //OIQauCuv UC(u,v)dudv (2.4)
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We now move to another measure of association between random variable, the Spear-

man’s ps.

Definition 2.2.5 Let (X,Y)7, (X, V)7 and (X',Y")T be independent copies, the

Spearman’s p, for a random vector (X,Y)T is then defined as

po(X,Y) =3 (P{(X XY —Y') >0} - P{X - X)(Y —Y) < 0})

—12 [ / F ()G ()G (y)
or if we use F(z) =u and G(y) =

(X, V) = 12 /0 1 /0 (O, v) — woldude,

Using Theorem 2.7 and the first part of Corollary Z2.1] we obtain the following

result.

Theorem 2.10 Let (X,Y)T be a vector of continuous random variables with copula

C. Then Spearman’s rho for (X,Y)T is given by

1, 11
ps(X,Y) = 12/ / wodC(u,v) — 3 = 12/ / C(u,v)dudv — 3. (2.5)
o Jo o Jo

Hence, if X ~ F and Y ~ G, we let U = F(X) and V = G(Y'), then

ps(X,Y) = 12/1/1uvd0(u,v)—3:12E(UV)—3

EWUV)—-1/4 Cov(U,V)
112\ Var(U)/Var(V
= p(F(X),GY)).

Following the last two definitions about the Spearman’s ps and Kendall’s 7 we have

the following theorem.

Theorem 2.11 [f X andY are continuous random variables whose copula is Cx y,
then Spearman’s p as in definition and Kendall’s T as defined in Definition
satisfy the measure of concordance definition and Theorem [2.8 for a measure

of concordance.
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Proof: For the definition if the measure of concordance: the first condition is satisfied
by the definition of a probability; the second, by the Fréchét-Hoeffding bounds; the
third, by the exchangeability of copula (i.e. C(u,v) = C(v,u)); the fourth, by
definition of the product copula; the fifth by the exchangeability and the Fréchét-
Hoeffding bounds. For the sixth and seventh the reader should refer to Nelsen
(1998), pg 137. O

For the Theorem 2.8 If we take two random variables X,Y and fix X =Y so that
their copula will be the upper Fréchét-Hoeffding bound and 7(X,Y) = 4 fol rdr —1.
We can use the same argument for the condition 2 and setting X = —Y . The third

condition holds by the copula invariance to strictly increasing function property.

Another interesting measure of association is the one related to the tail dependence.
Broadly speaking with this measure we try so see how random extreme events from
different marginal distribution happen together. Such measure has an implicit inter-
pretation in finance: the probability that two firms default together, the probability

two stocks crash together, etc. ..

Definition 2.2.6 Let (X,Y)T be a wvector of continuous random wvariables with
marginals, respectively, F' and G. The coefficient of upper and lower de-

pendence (if they do exist) are respectively defined as
h/n% P{Y > G Y (u)|X > F ' (u)} = \v,
11{% P{Y <G 'u)|X < F'(u)} = ).

The random variables are then said to have upper tail dependence if A\ € (0, 1] and
lower tail dependence if A\;, € (0,1]. If Ay =0 or A\, = 0, X and Y are said to be

asymptotically independent in the upper tail or in the lower tail correspondingly.

By using the Bayes Theorem (and the property of probability function P(A°NB%) =
1-P(AUB)=1—-P(A) — P(B) — P(AN B)), the previous expressions can be

redefined in term of copula.
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Corollary 2.2.2 Let uw € I and C be a 2-copula, then coefficients of upper and

lower dependance can be, respectively re-expressed as

. C(u,u) —2u+1
lim
u 1 1—u

:)\Ua

lim 70(% u)

= AL
u\0 U L

Consider a pair of U(0, 1) random variables (U, V) with copula C. First note that
P{V <o|U =u} = 0C(u,v)/0u and P{V >v|U =u} = 1 — 9C(u,v)/0u, and

similarly when conditioning on V. Then

o = lim C(u,u) —2u+1 — lm dC(u,u) — 2
u 1 1—wu u du
= 2—lim (QC(S )]s=t=u + 2(J(s )] s=t= ) (2.6)
w1 Os ) s u ot ) s U
= ii/rr%(P{V>'U\U:u}+P{U>u\V:v}).

Furthermore, if C' is an exchangeable copula, i.e. C(u,v) = C(v,u), then expression

for Ay simplifies to
AU:2£%P{V>U|UZU}.

An alternative formula for A; can be defined in a similar way:

A o= dim S gy 2000
uNO U uNO  du
= lim (QC(S ) |smt=u + 2C(s )| s=t= > (2.7)
uNO \ s T g e
= ii{‘r%)(P{V<v|U:u}—|—P{U<u|V:v}).

Furthermore if C' is an exchangeable copula, then expression for A; simplifies to
AL = QIi/HiP{V <v|U =u}.

Since the coefficient of upper and lower dependence belong to the unit interval I and
can be expressed in term of copula, they agree with the notion of numeric measure

of association as described by Scarsini (1984).
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Remark 2.12 Hence it follows that

—2u+1 1—u,1— )
o = lim C(u,u) — 2u + ~ im Cl—u,1—mu) ~ lim C(u,u)
u M 1—wu u M 1—wu uN\O U

Y

so the coefficient of upper tail dependence of C'is the coefficient of lower tail depen-
dence of C.. Similarly the coefficient of lower tail dependence of C' is the coefficient

of upper tail dependence of C.

Quite interestingly as noted by Schénbucher (2003) if random variables have tail
dependence it means that there should be some singularities in the volume defined
by the shape of their joint distribution. Namely for the lower dependence case,
as u — 0, the joint distribution probability mass or the volume described by the

rectangle [0, u] x [0,u] tend to zero at speed A;, (and not u?).

2.3 Methods of constructing copulas

2.3.1 The Inversion Method

If the joint distribution function with continuous margins is given, we can easily find

a copula by inverting the margin distribution functions:
C(s,t) = H(FTV(s),GTV(t)) for s, t €[0,1]. (2.8)

Of course, this can be done equally as well using survival functions (recall that C is

a copula):
C(s,t) = H (FUV(s),GV(1)), for s, t €[0,1].

where F(=1) denotes a quasi-inverse of F', defined analogously to F(-1 in Definition
L6 or equivalently FCV (1) = FCY(1 —¢).
If H admits a density h and we denote by f and g the densities of marginals F' and
G, it follows from ([2.8)), that C' has a density ¢ given by

b (FCO(s), GE(0)
fFED(s)) g (GEV(D))

Thus, to compute the copula of a given joint probability distribution function, we

c(s,t) = for s, t € [0, 1]. (2.9)

proceed as follows:
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(a) Compute the joint distribution function H and the marginal distribution func-
tions F' and G.

(b) Find the inverse marginal distribution functions F= and GV,

(c) Use (2.8)) to compute the copula C' or use ([29) to obtain the copula density c.

2.4 Copulas families

While having defined the properties of copulas and the notion of measure of associ-
ation in the last two sections, this section will be devoted to an overview of some of

copula functions in term of their form and properties.

2.4.1 Elliptical Copulas

The first two copula functions presented in this sub-section come from the class
of elliptical distributions. Broadly speaking when an elliptical copula (or a joint
elliptical distribution) is seen from above, the contour lines of this distribution have
elliptical shapes. These copulas have the radial symmetry property and their main
advantage is the ease of sampling from them while, on the other hand, they do not

have a simple closed form.

Definition 2.4.1 Let ® denotes the standard univariate normal distribution func-
tion and let Pr the standard normal multivariate distribution with covariance matriz

R. The Gaussian copula is then defined as

C<1>R (ula U2,y ey Un; R) = (I)R((I)il(ul)a (I)il(u2>7 ) (I)il(un»

To sample from this copula, let suppose we have derived the correlation matrix p
from the covariance matrix R. We then compute, A, the Cholesky decomposition
of p, then sample a vector X of n independent random variables from a standard
Gaussian distribution. We set Y = AX and transform the components of the vector

Y into uniform random variables by setting u; = ®(yi). So U ~ Cg,,.
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Definition 2.4.2 Let t, denotes the standard univariate Student distribution func-
tion with v degrees of freedom and let t, r be the multivariate Student distribution

with covariance matriz R and v degrees of freedom. The Student copula is then

defined as

Cop (W, sy ooy uns R) =ty (8 (wr), 8, (u2), ooty (1)) -

It is also easy to sample from this copula by using the definition of a Student random
variable as the ratio of a standard Gaussian random variable and the square root
of Chi Square random variable divided by its degree of freedom. Suppose we have
derived the correlation matrix p from the covariance matrix R. We then compute, A,
the Cholesky decomposition of p; then sample a vector X of n independent random
variables from a standard Gaussian distribution and set Y = AX. We then sample
a vector Z of n independent Chi square distributed random variables with v degrees
of freedom. We set W = Y+/v/Z and denote u; = t, g(wi). So U ~ Cipn

In order to compute the measure of dependence for these elliptical copulas we rely

on the following theorem.

Theorem 2.13 Let X be a vector of random wvariables which follows an elliptical

distribution and have covariance matriz R, then

2
(X, X;) = %arcsm(sz%

™

6 R;;
p(X;, X;) = —arcsin (7]) :

Proof: Kruksal (1958) pg 827.

Once again, let us remark that this measure, for the elliptical distributions, rely on
the linear coefficient and so fails to take into account non linear relationship between

random variables.

Let us now move to the tail dependence for this class of elliptical copulas. As previ-
ously stated since these copulas do not have a simple closed form, the computation

of the tail dependence is not as straightforward as the Archimedean copulas (which



Chapter 2 The Copula and its Properties 42

will be covered in the next section). The derivation which follows rely on the results
from Embrechts, Lindskog and McNeil (2003).

If we use the definition of the coefficient of tail dependance as defined in the previous
subsection and apply to it the L’'Hopital rule and remark that P{V < v|U = u} =
0C (u,v)/0u (and P{V > v|U =u} =1 — 0C(u,v)/0u). We then have that,

:| I
v=Uu

[P{V <w|U =u} — P{U <u|V =wvu}].

L 0C (u,v)
Av = — limy {—2 T

0C (u,v)

ov

U=v

AL = —}Lig%

Since the copulas are exchangeable (i.e C'(u,v) = C(v,u)), we have:

A = —2 li/rri [P{V <w|U = u}].

If we now define x = F~!(u) and y = F~!(v) where z,y € R with F and G the

marginal distribution of X and Y . We can now rewrite the previous limit as

= —2 1 -1 > L) =
A\ 2 lim [P{F7'(V) = 2|F'(U) = z}]
= —2 lim P{X >z|Y =x}.
r——+00

o [f ' = &, the standard Gaussian distribution, and by using the fact that for
bivariate standard Gaussian distribution Y| X = x ~ N(pz;1 — p?). We can

rewrite the previous expression as

o7 _ e
Au = QZETooll CD(@)]

a0

When p < 1 the Gaussian copula has no upper tail dependence. By the radial

symmetry this argument also holds for the lower tail dependence coefficient.

o If ' =1,, the Student distribution with v degrees of freedom and by using the
fact (see Demarta and McNeil (2004) or Galiani (2001) for a formal proof) that
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—1/2
X

P{X>z|X =2} =1—1,4, {(”f—ff) \/%} . When computing two times

the limits of this last expression we find the coefficient of upper dependence:

((v+1)(1 —r))l/z] |
Vi—r

AU=2—%W1{

This last expression shows that the tail dependence parameter is function of
the degree of freedom and the linear correlation. Let us remark that even with
a correlation coefficient equal to zero there is still some tail dependence. While
when the degrees of freedom tends to the infinity, the behavior of tail depen-
dence in the Student distribution tend to the behavior of the tail dependence

in the Gaussian distribution (i.e. is equal to zero when p < 1).

2.4.2 Marshall Olkin Copula

The next class of copulas presented in this section was first introduced by Marshall
and Olkin(1967a,b) and is particularly relevant when modeling the joint distribution
of objects lifetime when these lifetime are related to each others. By example the
lifetime of light bulbs (from a same brand) or the lifetime of some bonds from
companies in a same business sector, etc. To be more precise, the Marshall-Olkin of
copula aim to build multivariate distribution of marginally distributed exponential
random variables. The dependence between these exponential random variables, by
example in the bivariate case, is created by taking into account that at any time ¢

during the object lifetime, either one object will die or the two together.

In this framework it is understood that the lifetime of an object follows a stopped
Poisson(\) process (i.e. this object will die at the time of the first jump in the
Poisson process). In the bivariate case (we have objects 1 and 2, with lifetime X
and Y'), at each time ¢ (before the death of a component) 3 types of events (and
their complement) can happen: either only component 1 die (let denote the time
when this event happens Ej) or only component 2 die (F) or component 1 and
2 both die together (Ej2). Let us remark that with this definition the lifetime of

component 1, X is min(F1, E12) and the lifetime of component 2 is min(Es, E1s).
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To model these three events, three independent Poisson processes with parameter
A1, A2 and Ajp are used. The survival probability, F' for the object 1 at time z (in

the bivariate case) is

Fi(z) = P{E; > 2} P{E13 > 1} = exp[—(\1 + Ai2)z] = exp[—\jz],

with A} = A1 + A\i2. In the bivariate example, the survival function H is defined as

H(x,y) = P{FE; > xz}P{FEy > y}P{Ey > max(r,y)}
= exp|[—Ax — Ny — Aamaz(z,y)]

In order now to express the joint survival distribution H, in term of its survival
copula, C, we need to work on the last equation. By first noticing that maz(x,y) =

x4+ y — min(x,y), we can rewrite the last equation,

H(z,y) = exp[—(A + M2)z — (A2 + Ai2)y + Aiamin(z, y)]
= Fi(2)Fa(y)min{exp(Aaz), exp(Mi2y)}

and by setting F(z) = u, Fy(y) =v, a; = Al;‘f/\l, ay = Al;\f/\Q. So that

«aq

exp(Agxr) = u ™, exp(Ai2y) = v~

a2

Now substituting in the definition of H, the survival copula, C, for X and Y is
Clu,v) = uv - min(u” ", v™?) = min (vu™**, uv™"?)
This last computation provides us the form of the Marshall-Olkin copula

vul_o‘l, u*? > v,

wvlTo? %2 < pot,

(2.10)

1,02

CMO (u,v) = min{ou' =, wv' 2} = {

With aj,ay € (0;1). The Fréchét-Hoeffding bounds in this case are defined as
follows:

Cor0=Coa, =Cn, Ci1 =M.
While we have the following representation for the Spearman’s p and Kendall’s 7
(for a formal proof see Nelsen (1999))

CMO . 30(10[2 ) CMO . 109
pS al,a0) T 2 2 ) T ap,a2) T :
a1+ 200 — g a1+ e — Qg
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The coefficient of upper dependence can easily be computed by once again using its

definition in term of copula and applying to it the LHopital rule,

MO
3% _ i Coran(wsu) { g, @ > Qg
e iy —oo2l 0

M — (2.11)

o, o1 < .

The coefficient of upper dependence is

MO
Ay = min{ag, oo}

While it was easy to sample from elliptical copulas, for this last copula this becomes
more tedious. It is mainly due to the large number of random variable needed
to sample: 2" — 1 uniform random variables in order to later build n dependent
exponential random variables. Once the uniform random variables are sampled, one
should find an ordering and group them together into subsets. By example if n = 3
then ¢ = 7, one could set the three first random variables be the intensities of the
lifetime of the three object; then set the three following be the intensities of the event
at which two objects will die together and the last random variable the intensity
for the time at which all the three objects will die together. After these subsets are
defined one need to use them to compute the n different (correlated) intensities, Af |
of the n objects lifetime. The marginal distribution can now readily be computed by
using the intensities, A;. The n variate from the Marshall-Olkin copula , (v, ..., %),
are then found by applying the same transformations on the intensities and find
the parameters «;’s as described in the bivariate case above. The n-Marshall-Olkin

copula will now have n parameters.

2.4.3 Archimedean Copulas

The class of elliptical copulas is appealing for their ease of sampling while on the
other hand we have seen that the measure of dependence computations are quite
involved and this class of copulas has restricted properties. It is then natural to try
to find other class of copulas which could have some desired properties in term of
the measure of dependence and which could easily be computed. The goal of this

section is to present such kind of copula. For an overview on this specific topic one
should refer to Genest and McKay (1986b).
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We have seen previously that the product copula was easily computed since this
copula is the product of uniform random variables. If we take the log transformation

of this copula, we have

log (Cn) = log(u) + log(v).

If we are now interested to build a copula not for independent uniform random
variables but uniform variables that might be related (either through a linear or
non linear relationship) we could apply a simple parametric transformation to the
product copula in such a way that the parameters in this transformation would
produce the desired dependence structure between these uniform random variables.

In that case we would have

P(Cu(u, v)) = (u) + ¢(v).

If we now solve the previous equation for C(u,v) we have constructed the following

Archimedean copula
O(u,v) = 7Y (o(u) + ¢(v)),

where ¢ is called the generator of this Archimedean Copula and ¢l~1 is its pseudo-

mnwverse.

Let us now more formally introduce the notion of pseudo-inverse of the previously
defined generator function by imposing some condition on it so that the Archimedean

copula follows the definition of copula.

Definition 2.4.3 Let ¢ be a continuous, strictly decreasing function from I to
[0; +00] such that (1) = 0. The pseudo inverse of ¢ is a function, =Y, with
Domy!~! = [0; +00] and Rany!™" = I given by

() = { w02 u2plu), (2.12)

0, p(u)>u>+oo.

Let us remark that if ¢(0) = 400 then ¢! = 7! and in the case ¢ is called a

strict generator.

Theorem 2.14 Let ¢ be a continuous strictly decreasing function from [0;1] to
[0; +00] such that (1) = 0 and let I~ be the pseudo-inverse of ¢. Let C' be the
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function from [0;1]* to [0;1] given by

O(u,v) = ™Y (o(u) + ¢(v)). (2.13)

Then C' is a copula if and only if ¢ is convex.

Proof: Nelsen (1999) p.91. O

There are as many families of Archimedean copulas as there are function ¢ which

verifies the previous definition.

Example 2.4.1 Let o(t) = (—Int)?, where > 1. Clearly p(t) is continuous and
(1) =0. ¢'(t) = =4(—Int)"", so ¢ is a strictly decreasing function from [0,1] to
[0,00]. ¢"(t) > 0 on [0, 1], so ¢ is convex. Moreover ¢(0) = oo, so ¢ is a strict
generator. From (213) we get

Colw, v) = ¢ ((w) + 9 (v) = exp { = [(~nw)’ + (= o)}

Furthermore Cy = 11 and limy_,o, Cy = M (recall that I1(u,v) = wv and M(u,v) =
min(u,v)). This copula family is called Gumbel family.

Example 2.4.2 Let ¢(t) = (7 —1) /0, where 6 € [~1,00)\{0}. This gives the
Clayton family

Cy(u, v) = max ([u—9 +o? =] ,0) . (2.14)
For 6 > 0 the copulas are strict and the copula expression simplifies to

~1/6

Co(u,v) = [u? + v —1] (2.15)

The Clayton family has lower tail dependence for @ > 0, and Cy, = W, limg_,o Cy = 11
and limg_,o, Co = M

Example 2.4.3 Let o(t) = —In =L, where 0 € R\{0}. This gives the Frank

e—0_17

Co(u,v) = —% In (1 + (=)™ 1)> . (2.16)

e ¥ —1

famaly
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The Frank copulas are strict Archimedean copulas. Furthermore limy_, . Cyp = W,
limg_,oCy = Il and limy_,o. Cy = M. Members of the Frank family are the only

Archimedean copulas which satisfy the equation C'(u,v) = C(u,v) for so-called radial
symmetry, see Frank (1979) for details.

Example 2.4.4 Let o(t) = 1—t fort in [0,1]. Then o!=U(t) =1—t fort in [0, 1],
and 0 fort > 1; i.e., ol7U(t) = maz(1 —t,0). Since C(u,v) = mazr(u+v—1,0) =:
W (u,v), we see that the bivariate Fréchét-Hoeffding lower bound W is Archimedean.

Recall that Kendall’s tau for a copula C' can be expressed as a double integral of
C. This double integral is in most cases not straightforward to evaluate. However
for an Archimedean copula, Kendall’s tau can be expressed as an (one-dimensional)
integral of the generator and its derivative, as shown in the following theorem from
Genest and MacKay (1986a).

Theorem 2.15 Let X and Y be random variables with an Archimedean copula C

generated by . Kendall’s tau of X and Y 1is given by

(C) =1+ 4/01 j,((?) dt. (2.17)

For Proof see Embrechts at al. (2003).
For Archimedean copulas, tail dependence can be expressed in terms of the genera-

tors.

Theorem 2.16 Let ¢ be a strict generator such that ¢! belongs to the class of

Laplace transforms of strictly positive random variables. If (¢=1) (0) is finite, then

Clu,v) = ¢~ (p(u) + ¢(v))
does not have upper tail dependence. If C has upper tail dependence, then
(1) (0) = —oco and the coefficient of upper tail dependence is given by

Mo=2-2lm | (¢7) 29/ (¢7) (5)]
The coefficient of lower tail dependence is equal to
AL =21im [(¢—1)r 25)/ ()’ (5)} .

The proof of this theorem can be found in Joe (1997), p. 103.



Chapter 3

From Markov Chain to Copula

3.1 Introduction

In this chapter we will assume that default times of some counterparties are described
by Markov Chain. We will introduce the procedure of finding the marginal and
joint distribution functions of these default times. Then we will derive the method
of finding the inverse functions of the marginal distribution functions. As soon as
joint distribution function and inverse marginal distribution functions are defined
one can easily find the copula function by the procedure described in the section
23T We will close this chapter with different examples and graphical illustrations

for the cases of two and three firms.

3.2 Marginal and Joint Distributions Functions of
Default Times

Using the procedure described by Leung and Kwok (2006) the marginal and joint

distribution functions of default times can be easily found.

49
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3.2.1 Marginal Distribution

Remember that we use the framework defined by Kraft and Steffenson (2007). Once
the conditional transition density matrix Q(¢, s|Y") has been defined, it can be used
to derive the marginal distribution of 7;,7 = 1,2,..., N. The marginal distribution

function of the default time 7; of obligor 7 is defined by
Fi(t;) = P (1i < ), 1=1,2,...,N.

Let py (y) be the probability measure which gives the law of Y. To obtain Fj(t;),
we sum over all states 7 with default of the ith obligor of all transition probabilities
moving from state 0 (none of the obligors defaults) to state j, and subsequently

integrate over the distribution of py (y). This gives

Fit;) = / S a0, )y ().

JE€J;

where J; consist of the states in which obligor ¢ has defaulted.

3.2.2 Joint Distribution

The joint distribution of the default times is defined as
F(tl,tz, ...,tN) = P (T1 S tl, oy TN S tN) .

To express F (t1,ty, ..., ty) in terms of ¢”¥ (¢4, ,41), we consider the decomposition
of the event {m; < ty,...,7xy < tx} into the union of the following mutually exclusive
sub-events. Without loss of generality, we assume t; < t < ... < ty. The first
sub-event is the default of all obligors within [0,¢;], whose probability is given by
¢"71Y(0,t,), with state J in which all obligors have defaulted. The second sub-
event corresponds to the default of all obligors within (0, ¢], while obligor 1 but
not all obligors have defaulted by ¢;. Similarly, in the third sub-event, all obligors
have defaulted by t3. However, obligor 1 must default within (0, ¢;], obligor 2 must
default within (0, 3] while not all obligors have defaulted by ;. In the last sub-
event, obligor k must default within (0, ], K = 1,2, ..., N — 1, while not all obligors

have defaulted by ty_1. In addition to the above requirements, we also require that
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once an obligor has defaulted, it remains in the default state forever. Assuming

t1 <ty < .. <ty, the joint distribution function can be expressed as

F(ty,ty, . ty) = /[qo‘]'y(o,tl)—i- > g0, 0)g M (1, 1)

J1€J1

> Q0,1 (b ) W (t, t) + o+
J1€J1,j2€J2

Y 0,0 (b ) - Pty ) [ dpy (),

J1€J1,..., INEJIN
where J;, i = 1,..., N — 1 is the set of states, in which first ¢ obligors has defaulted
within (0,¢;] but not all of the obligors have defaulted by .

Proof: We will use the method of mathematical induction. Let N = 2 and t; < 5,
then

F(ti,ty) = P(n <t1,7 <t2) = E [1{n <t} {ra<ts}]

[Lin<) B [Lnze) Fu]] = E [Ln<en) B [Un<n) + Ln<n<o Fu]
|:1{7'1<t1} {]-{T2<t1} +FE [1{t1<rg<t2}|}—tJ H

[Ln<oylinzey] + B [Lnzn) B [Lin<nze) | Fu ]

[1{T1<t1 T2<t1}} + LK [1{Tl<t1}} E [1{t1<72§t2}|]:t1}

P <t;,m<t;))+P(r <t1) P(t1 <1 <ty)

I
Djbjtij@jw

= /[qu(oatl)+ Zqully(O’tl)qle\y(tl’tQ) dpy (y).

j1€J1

Now assume that for N — 1 the formula is true. Assume that t; < t, < ... < iy

and check the formula for N obligors:

F(ty,to,....ty) = Prin <ty,m <ty ..7n < ty]
E [Lin <ty U<ty Ly <in]

E [Nm<tyYmwr<in 1B [Lrw<int [ Fin o]

E [Yn<oy-Limy<on b B [Lrvzin 1) + Lo <rw<int Fin 1] ]
E [Lin<tyLry<ty 1}]

+E [1n <ty Yoy a<in 1} B [Tty <rn<tn 1 Fen 1]

= E[l{ngtl ..... TNSthl}]
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+E [1{T1§t1}"']'{TNflfthl}} K [1{tN*1<TN§tN}|‘FtN’1]
= P(ry <ty,.,7v < tnq)

+P(m <ty,..,tn-1 <tn_1) P(tny_1 <7y < tn),

where the last summand coincide with the last summand of our initial formula.

Now we can easily show that

P(r <ty,

v <itnoq) = / [QOJ‘y(O,tl) + Z g0, 1) (t, 1)

J1€J1

+> Q0 4) Pty ) g (t, 5) + -+
J1€J1,j2€ 2

+ Z g0, 00) Wty t) - - N (gt ) [ dpy ().

J1€J1, s iN—1€IN-1

Using the same procedure as before

P(r <ty,

TN S thl) = E |:1{7'1§t1}"‘1{7'N§tN—1}:|
E |:1{7'1§t1}"‘1{7'N—2§tN72}E [1{7'N—1§tN—1}1{TN§tN71}‘FtN—2j|j|
E|:1{7'1§t1}"'1{7'N72§tN72}

XE [(Liry_y<ty ) + 1{tN_2<rN_19N_1})1{msm_1}|fm72}}

E [LinztyLrnos<tn-ot Honoa<en-ob B [Trwziy 13 Fen ] |

+E [T <oy Loy oazin-ot B [Ley_a<rvoa<tw} o gtw 1} Fen_a] ]
K [1{n§t1}'--1{TN,2§thz}1{TN,1§thz}

XE [(1ry<tn o} + 1{tN_2<TN§tN_1})|EN,2H

+E Lz Lry astn )

XE [Tty pery 1<ty 1} (Liry<tn o1 + 1{tN,2<TNgtN,1})|EN,2H

E [Nn<tiyLiry a<tn ot L a<tn o1 B [Liv<in o3 [ Fon )]

+E [Ln<nyLirwasin ot L a<in 23 B [Liow a<rvzon 131 Fin ) ]

+E [Ln <oy a<in o} B [Lew a<ry<in 1} Hewa<mvstn 1} Fin ) ]
+E [ir<tip- Loy a<tn o1 B [Tty s<rn 1<tn 1} rn<tn o3 Fin s ]

E [Ln <y <t} o<t o} Lo <tn 2}]
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+E [1im <ty Yoy o<t ot Lirna<tn o} B [Litn s<rn<tn 1} Fin o) ]
+E [Ln<nt Ly ain 21 E L a<rvr<tn 1} Lew a<rvsen 13 Fin ) ]
+E [Ln<oyLiry asin ot Hwzin o1 E [Low o<y i<in 1} Fins) ]

= E[lfnny-Yowazin ot Lo i< o How<in o))

Jr/ [ > ¢ (0, 81) g2 (t1, 1) -

J1€J1,iN—1€IN 1
x g2ty tNA)] dpy (y).

Doing the same procedure with first summand, we obtain our formula. 0]

3.3 Calculating Transitions Probabilities

From now on we will consider the constant intensities A\. Then according to Kraft

and Steffenson (2007) the transition probabilities can be found in a following way

¢, T) = Z AP(OK) P (OK)(ET)
p(0,k)eP(0,k)
with A0 = 1. p(0,k) = (0,p1, ..., pm, k) is the path from state 0 to state k, and

NPOR) — \OpiAPip2  \PmE  The function ¢ is defined as follows

T = ¢’ (t,T) =T,
j k
7k o g] (ta T) - g (ta T)
g (t’ T) - /\k;* — \J* ’

gil---imj (t’ T) _ g'll'lmk (t’ T)
)\k* _ )\j* ’
where \™* =37, o A" with J — set of all states. Moreover, we assume A # A7

for all our applications.

gil...imjkk(t’ T)

3.4 Case of Two Firms

In the previous sections we have described how can be found the distribution func-

tions of default times. Now we can use the inversion method described in the section
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A not in default
B not in default

A B
A ’ \ A
A in default A not in default
B not in default B in default
B* A*
A \ A
A in default
B in default

Figure 3.1: Markov chain describing two firms case

23T to find corresponding copula for any given Markov Chain. To do this we need
to construct the corresponding distribution functions of default times, then to find
inverse functions of marginal distribution functions and then substitute them into
joint distribution function. So let us consider all this steps in details . Assume that
we have Markov process, which describes the case of two firms described by the Fig-
ure Bl Let defaults times of firms A and B be 74 and 75 accordingly. We can find
joint and marginal distribution function of these default times: F4(t) = P |14 < t],
Fg(t)=Plrg <t]and Fap(t,s) = Pra <t, 75 < s|.

Assume that transition intensities A = \0', AB = \02 XA = 22 \B* = \I3 gre

constant and are given. The transition probabilities according to the section are
defined as:

qoo(t,T) _ e—(>\01+)\02)(T—t) :e—ko*(T—t)7

01 01 01 01 e
q (t7T) = A 9 = A )\1*_)\0*

e~ NB(T—t) _ o= (N +X?)(T—1)
NOT  \02 — )13 ’

02 02 02 02 R
¢ (t,T) = X7 =A N2 _ \O*

— )\01
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e AP (T=t) _ o~ +A2)(T—t)

— )\02
)01 + 202 _ )23 ’

q03 (t, T) — )\01 )\139013 (t, T) 4 )\02)\23g023 (t, T),
(T —t) _ €—>\3*(T—t)

)\3* _ )\1*

ql?’(t,T) _ )\13913 _ /\136
131 _ 67A13(T7t)
= A 213 )

“NP(T—t) _ =2 (T—1)

/\3* _ /\2*

q23(t,T) _ )\23923 _ /\236
1 — e—)\23(T—t)
223

The marginal distribution functions according to the section B.2.1] are:

— )\23

Fat) = ¢%(0,t) +¢"(0,t) =1 —¢"(0,t) — ¢™(0,)

—>\0*t A02 _)\O*t —>\23t
= 1—6 +W<€ — € ), (31)
FB(S) - q03(0a S) + q02(0a S) =1- qOI(Oa S) - q00(07 t)
* AOl *
= 1= s (), (32)

where A% = X1+ \°2 Tn the previous equations we have use that ¢ (0, ¢)+¢° (0, ¢)+
q**(0,t) + ¢*(0,t) = 1. The joint distribution function in case ¢t < s according to
the section B.2.2] is:

FA,B(t’ 3) = q03(0’ t) + q01(07 t)ql?’(t’ 3)
= 1- QOO(O’ t) - q01(07 t) - q02(0a t) + qOI(Oa t)qlg(ta S) -

)\02
- 1 B ei)‘o*t B ei)‘23t 1 B ei)‘o*t
o A0% — )23

)\01 13 13 0
— )\13e’A s [1 _ A=A *)ti|
0% —

Y

and

Fag(t,s) = ¢%(0,s)+¢"(0,s)¢*(s, 1)
= 1- q00(07 S) - q01(0’ S) - q02(0’ S) + q02(0’ S)qu(S, t)

1 —)\O*S )\01 —>\13S 1 _>\0*S
SN = A

)\02 23 23 0
s oAt [1 _ oB=x )s]
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for case t > s.

3.4.1 Computation of Inverse Marginal Distributions

According to the section 2.3.1] we need to find inverse functions of marginal dis-
tribution functions of default time for each firm involved in our model. Consider
marginal distribution function Fy4(¢). It means, given u € [0, 1] we have to solve
equation u = Fy4(t) to find t = Fy'(u). Substituting o(t) = ¢ = ¢ in the
equation (3] we obtain

Fa(t) = Fa(o(t)) = Fa(o)=1—-P(o)=u (3.3)

with
A 222 s A7
P(o) = (1 —a)o+ ac>, where a = UYL (3.4)

Similarly, to compute F5'(s) we have to solve equation

1 —v=0Q(T) (3.5)

with

x13 A0
Q(r) & (L= f) 7+ 3™, where § £ 5

and 7(s) =7 = e "%,

Remark 3.1 The distribution functions F4(t) and Fp(s) are strictly increasing
functions of ¢ and s correspondingly, after substitution the new functions Fs(o(t)) =
Fa(t) and Fip(7(s)) = Fp(s) are decreasing functions of their arguments. This means
that the inverse functions Fy*(u) and F'(v) will be also decreasing functions of

their arguments.

We can easily solve equations (B3) and (B1) if we let
A3 = mA% and \'* = n\”* for some m, n=0,1,2,3,--- (3.6)

In this case equations (B.3) and ([B.0) we be (degenerate) polynomial equations of

degrees m and n.

Note that we do not assume m = n. In particular, it is possible to solve explicitly
if m, n€{0,1,2,3,4}.
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Another case which can be solved explicitly is obtained by choosing n = g, m = ? for

P, q, k, 1 =1,2,3,--- For instance, choosing n = 0.5 leads to quadratic equation.

As soon as we've found inverse functions F;'(u) and F5'(v), the quasi inverse
functions of the marginal distribution functions can be found as
In <F;1(u)> In <F§1(v)>

FA_l(u) - /\0* )\0*

and Fg'(v) = —

As we've seen the marginal distribution functions after the substitution are poly-
nomial equations of some natural degree. Also if in the equation ([B.8) n, m are
rational we can reduce it to some polynomial equation of natural degree. So, to
find the inverse function we just need to solve some polynomial equation of natural

degree. So, assume that A\** = nA\% and consider equation [3.3]). We get

l—u=(1-a)o+ ac”.

We should remark, that o < 0 for all n > 1 and @ > 0 for all n < 1. In the
following we will find the inverse functions for different values of n. Remember that

a polynomial equation of power n can have up to n solutions o;(u).

Remark 3.2 Remember that o = e """ with ¢ from zero to oco. So, we are inter-
ested at the one of the solutions, which satisfies o(0) =1 and o(1) = 0. As soon as
we have found this solution of the polynomial equation o(u) £ Fy'(u), the inverse
function F;' can be easily found as

i - o) (Fr')

)\0* /\0*

In the following we will refer to this solution as the right solution.

Let us consider different solutions of the polynomial equations of the form of (3.3)

dependent on the value of n.

Case 1: n =2: \3 =2\

In this case we get quadratic equation

l—u=(1-a)o+ac’ (3.7)



Chapter 3 From Markov Chain to Copula 58

This equation have two solutions

—1+a+V1+2a+ a? —dua
200 '

o12(u) =
Consider our solutions for v = 0 and u = 1:

—1l+a—-v1i+2a+a? —14+a—-(1+a) -1

0'1(0> =

2a 2a o
—1+a—-V1+2a+a2—4a —14+a—-(1—-a) —-1+a
2cv 2c o
—l+a+Vi+2a+a®> —-14+a+(1+a)
02(0) = = =1
2a 2a
(1) = —1—1—04—1—\/1—1—2&—1—042—4&:—1+Cz+(1—a):0
2c 2c
The right solution will be
—1+a+V1+2a+ 02— 4dua
o(u) = o9(u) = . (3.8)

2a

We should remark, that in this case it was easy to find the right solution. In the
following we will only write out all the possible solutions. Only after the specification

of the parameters one can find the right solution.

Case 2: n = 3: \» =3)\%

In this case the equation (3.3 will be incomplete cubic equation (for details see

http://eqworld.ipmnet.ru/ru/solutions/ae/ae-tocl.htm )

l—u=(l-a)o+ac®
or equivalently
o’ +po+q=0 (3.9)

with p = 1?70‘ and ¢ = —1=%.

«

The roots of the incomplete cubic equation ([B.9]) are given by

o1(u) = A(u) + B(u)
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and
raalu) = —3 (Alw) + B(w) £ %2 (A(u) — B(w),
where
Alu) = (—g+ D(u)) P B = (—%— D(u)>/
and

D(u) = <;¥p)3+ (g)Q =1

with A(u) and B(u) being any of the values of the respective cubic roots such that
A(u)B(u) = —1;—(10‘. Using the this property, we can write the roots as

11—«
or(u) = Au) — W
and /i /i
a(1t) — _1 :F2 32A(u) . 1 j:2 31 3%4(—250[7

If we substitute A(u) in the previous equations we get

213(1 — a)
oy(u) = — 1/3
<27oz2 — 27a%u + /108(1 — a)3a3 + (27a2 — 27a2u)2)

1/3
(27&2 — 270%u + /108(1 — a)3a3 + (2702 — 27a2u)2)
3213 ’

oa(u) = (1L+1v3)(1-0a) (3.10)

173
22/3 (27a2 — 92702u + /108(1 — a)3a® + (2702 — 27a2u)2)

_|_

1/3
(1—iV3) (27a2 — 92702u + /108(1 — a)3a® + (2702 — 27a2u)2)
621/3 ’

(1- V31— o)
173
22/3 (27a2 — 92702u + /108(1 — a)3a® + (2702 — 27a2u)2)

Ug(U) =

1/3
(1+iv3) <27a2 — 2702u + /108(1 — a)3a® + (2702 — 27a2u)2)
6213 '

The right solution according to the remark can be easily found after specifying

the parameter a.
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Case 3: n = 4: \3 =4\

In this the equation ([B.3]) will be incomplete quartic equation (see
http://eqworld.ipmnet.ru/en/solutions/ae/ae0108.pdf)

1—u=(1-a)+ac (3.11)

or equivalently
ot +qo+r=0 (3.12)

WithT:—“T_landqzl_—o‘

a

Decartes—Euler solution of the incomplete quartic equation are given by

o) = 3 (vl + Vel + V).
0s(u) = %<\/Zl(u)—\/ZQ(U)—«/Zg(u)>, (3.13)
o) = 5 (~Va@E) + vl - V)

(—V2100) = Vaalw) + V(W)

N — DN

oy(u) =

where z;(u), 29(u), z3(u) are roots of the cubic equation
2 —drz— ¢ =0, (3.14)

which is called the cubic resolvent of equation (3.12]). The signs of the roots in (B.13)

are chosen so that

Va@Va)yam = ———2.

«v

The roots of ([B:I4]) can be found by same procedure as in case 2.

Again, given the parameter a one can find the right solution (see remark B.2)) of the

equation (B.I2) and so the inverse function of the marginal distribution function.

Case 4: n=1: A% = 1)\>
In this case we get quadratic equation

1—u=(1-a)o+ao? (3.15)
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or equivalently
(1—a)?o? - (2(1 —a)(l—u)+ oz2) o+ (1 —u)?>=0.

This equation have two solutions

—2(1—a)(1 —u) +a?F /41 — a)(1 — u) + a2
2(1 — a)? '

0'172(’&) =

Same as in case 1 the right solution is:

—2(1—a)(1—u)+a*+ /41 —a)(1 —u) + 042'

olu) = 2(1 — a)?

There are also possible to find the solutions of the equation (B3] by substituting
o2 = 7. In this case equation ([FIH) will be reduced to the equation (37).

ey — 1. )23 _ 10+
Case 5: n = 3: A\* =3\
This case will be done same as case 2. In this case we get cubic equation:
l—u= (1—oz)a—|—oza% (3.16)

or equivalently

(1-—u—(1-a))’=a’

Opposed to case 2 we have here complete cubic equation. The roots of complete
cubic equation
ao® +bo* +co+d=0 (3.17)

are:

b
Uk:yk_g_a k:172a37

where the gy, are roots of the incomplete cubic equation ([B.9) with coefficients

1 (b 2+ c 2 (b\’ e L d
P=73\4 « 177 \a 3a2  a
For details see http://eqworld.ipmnet.ru/ru/solutions/ae/ae-tocl.htm . The solu-

tions y, can be found in the same way as in case 2.
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One can also solve the equation (BI6) by substituting o'/ = 7. The we get exactly
equation (3.9) with p = % and ¢ = —1=%.

1—a l—o
Again, given the parameter a one can define the right solution and so the inverse
distribution function (see remark B.2]).
v 1. 123 _ 1y0%
Case 6: n = ;: \* = ;A
This case will be done same as case 3. In this case we get quatic equation:
1—u= (1—oz)a—|—oza% (3.18)

or equivalently

1—u:(1—a)74+a7,

N

with 7 = o1,

—
S

We got equation ([B.I2) with ¢ = %= and r = —

«

—
Q

e — 2. )23 _ 2)0%
Case 7: n=%: A\* =2
This case will be done same as case 3. In this case we get quatic equation:
1—u=(l-a)o+ac? (3.19)

or equivalently

l—u=(1-a)*+ar

We got equation (BI7) witha=a,b=1—a,c=0and d=u— 1.

3.4.2 Numerical Examples

In the following we will consider some numerical examples, where we can easily
calculate copula for our model. The problem for copula calculation is that each
marginal distribution function is the sum of exponential functions with different
arguments. So, in general, it is not easy to find inverse function of marginal distri-

bution function.
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The easiest case is the case, where our firms are independent. For our model its
means that there no contagion effects. This case will be our first example. The
next examples will introduce the cases, where the intensities are dependent in such
a way, that inverse functions for distribution functions can be analytically found

(see previous section).

Example 3.4.1 (Case 1: Without Contagion Effect) For the case, where the
contagion effect is absent, the T4 and T are independent. It is mean that \'? = \°2
and A3 = XY In this case

Fa(t) =1— ¢ o

and
Fg(s) =1 — e o2,

The joint distribution for such intensities is
Fup(t,s) = (1 —e?)(1 — ) = Fu(t)Fp(s).
This means that our copula in this case is only a product copula, i.e.
C(u,v) = uv.

In the Figure[3.2 we can see the copula and the contour plot of it.

The Kendall’s T 1s equal to 0, while the Spearmans’s p is also equal to zero. The

upper and lower tail dependance measures are also zero.

To simplify our mathematical calculations let us at the begin rewrite the marginal

and joint distribution functions in terms of a = )\01\7323, = /\Of‘iim, m £ i—zi and
_
We get
Fa(ot) =Fu(0) = 1—(1—a)o—ac™, (3.20)
Fp(r(s)) = Fp(r) = 1—(1—8)7— 7", (3.21)

with o(t) = 0 = e ", 7(s) = 7 = ¢ *""*. For the joint distribution function we

have two functions: F}j p(t,s) for t < s (or equivalently o(t) > 7(s)) and F3 z(t, s)
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Figure 3.2: Copula for the case of two independent firms

1+ <Z>n + a) ~ao™ (3.22)

for t > s (or equivalently o(t) < 7(s)):
Fip(o(t).7(s) = Fiplo.7) = 1=p7" 40 .
Fiplo(t),7(s) = Fiplor) = 1=p7"+7(1+a(2)" +8) —ao” (3.2
(3.24)

To define the dependance coefficients we can use function

ﬁj73($,y), forx>y7
for x <y

H(x, =
( y) Fﬁ,B(l‘)y))

0 —H(z, y)dzdy,

Tk (A, B) = 1—4//{071]2 %H(x,y)ay
12 [ [ 1) = Fa@) PoldFa@)dFo ()

with z,y € [0,1].
Then according to the section we can define:
3}
ps(X,Y) =

Remember that H(x,y) consist of two parts its means that
1 r 1 y o
[ mewisay= [ [ Fpaadyde [ [ EL sy
[0,1]2 o Jo ’ 0o Jo ’
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Such decomposition holds also for the derivatives of H(z,y), i.e

0 -
k(A B) = 1-4 [/ / or FABxy oy Fj,B(x7y>dydx

(7
+/0 /0 oy 8 FAB(x y)dxdy}

pxy) = 12 [ [ B (o) - B Falo)] dbato)ainto
+12// Fh5(@.y) = Fa(e) P(y)| dPa(2)dFu(y).

Substituting equations ([B.20), (3:2])) in the previous equation we get

2a(m —1)(n+1)+a?(m—1)*(n+1)
(n+1)(m+1)
_(m +1)(B2+p(n—-1))(n—1)+2(n+1))
(n+1)(m+1)
1

(I+m)2+m)(1+n)(2+n)(l+m+n)

X ((1 +m)(2+m)(1+m+n)(48(—1+n) +28*(—1+n)*+ (1 +n)(2+n))
+202 (=1 +m)*(1 +n)(B2+2m —n) (=1 +n) + (2+n)(1 +m +n))
—2a(—1+ m)< —2(1+n)(2+n)(1+m+n)

+6%(1 +m) (=1 +n)*(m - 2(1 +n))

+28(=1+n) (2n(1 +n) + m*(2+n) + m(2 + n(2 +n))) ))

TK(A,B) = 1-

I

ps(X> Y) -

For detailed calculations see appendix B. Now we will proceed with numerical ex-

amples.

Case 2: With contagion effect \'? = \?3 = 2(\0! + \0%)

In this case the default intensity of each firm increases in two times after the default
of another firm. For our model it means that there is a contagion effect, because

the probability of default growth after the default of counterparty.

For this case the margin distribution functions of defaults times 74 and 75 according
to the section B.2.1] are
(e—t()\01+)\02) . 1)((_/\01 + (e—t(A°1+>\°2) . 1))\02)

Falt) = NOL 1 )02
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and 01 02 01 02
(10 — (A (e O — 1) - A%)

Fp(t) = NOL 1 )02
respectively. The joint distribution function for ¢ < s according to the section B.2.2

is
6_3t()\01+)\02)(et(>\01+>\02) o 1)

)\01 + )\02
% (_/\016(31&—23)()\014—)\02) L \02 A2 (A ¢ /\02)€2t(>\01+>\°2))

Fap(t,s) =

and the joint distribution function for the case t > s according to the section
is
672t(/\01+/\02)(et()\01+)\02) —1)
NOT 4 )02
% <_)\02 L0120 A2) (O ¢ )\02)6(21‘,75)0\0%,\02))'

FA’B(t, S) =

The marginal and joint distribution functions in terms of «, 8, 7 and ¢ are described
by equations ([B.20)-([B3.23). In our case n = m = 2,

—)\02 —)\o1
P and B: 2\0%

o =

The inverse marginal distribution functions can be found according to the equation

[B3). So we get the inverse function for distribution function of the firm’s A default

time as
Fgl(u) _ —14+a++V1+2a+a?—4dua
2a
AOL 2202 \/()\01)2 + 4uNOT A2 4 4y (N02)2
= 207 (3.25)
and inverse function for distribution function of the firm’s B default time as
. —1 1+2 24
Fil(y) — +B8+\/1+28+8 v
28
ONOL 4 702 _ \/41}(/\01)2 £ AuNTN02 1 (\02)2
= ) (3.26)
901

~

As soon as we've found inverse functions F7y(u) and Fy'(v), the inverse functions
of the marginal distribution functions can be found as
In (ﬁ;(u))

FA_l(u>:_ 2\0*

and Fp'(v) = —
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Now we can find copula just by using the procedure described in section 23T}

A

Cu,v) = Fap (F3'(w), F5'(0)) = Fas (F3' (), F5'(0).

Or equivalently, we will get the copula function by substituting inverse functions

[B279) and (B26) in the equations [22) and [B23). For the case Fy'(u) > Fzt(v)

we get:
AL 4 2002 — /N2 I A2 (N0 - A0
C(u,v) = u-+ v ST
2
(2)\01 102 \/()\02)2 F AuNT(\02 +)\01)>
X (3.27)

()\01 + IN02 \/()\01>2 + 4u)\02()\01 + )\02)>

Doing the same procedure with the joint distribution function ([3.23)) for the case

t > s we will find the second part of copula-function for the case Fy'(u) < Fgt(v):

20\ 1 \02 \/()\02)2 —1—41))\01()\01 _|_)\OQ)
IN02

2
()\01 + 2002 — /(N2 1 4uA0Z (M02 4 Aoz))

Clu,v) = v+

X

(3.28)

5
<2)\01 02— /(N02)2 4 NOT(\OT ¢ )\02)>
For illustration of our result consider the following numerical examples:

Example 3.4.2 Let \°' = \°2 = 0.01 and A\* = \'® = 0.04. In this case according
to the equations (3.27) and (3.28) the copula function is

(1420 — VTT80) (3— VTT80)°

Cu,v) = v+ 5
2(3—v1+8v)

foru>wv , and

(1+2u— VI+38u) (3 VI+80v)
2(3—v1+8u)’
for w < wv. The Figure show this copula and the contour plot of it. The copula

in this case is symmetric about u = v, because the A\’ = \02.

C(u,v) = u-+

%, while the Spearmans’s p is equal to Z—g. The

upper and lower tail dependance measures are corresponding Ay = % and A\, = 0.

The Kendall’s T in this case is equal to
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Figure 3.3: Copula for the case \°! = \? = 0.01, \*® = \!¥ = 0.04

Example 3.4.3 Let A" = 1/1500, A% = 1/100 and \® = A3 = 32/1500 Again
according to the equations (3.27) and (3.28) the copula function for this case is

(20 + 15 — /225 + 640) (31 — /T + 960u)’
2 (17 — /225 + 64v)°

for /14 960v < 154/225 + 64u — 224, and

(30u+ 1 — /T +960u) (V225 + 640 — 17)°

2 (vI+960u — 31)”

Clu,v) = v+

C(u,v) = u+

for /14 960v > 154/225 + 64u — 224.

The Figure[3.4 show this copula and the contour plot of it.

The Kendall’s T in this case is equal to %, while the Spearmans’s p is equal to

1223/1536. The upper and lower tail dependence measures are correspondingly \y =

258 —
Se and Ap, = 0.

Case 3: \B = AB =np(\' +22) neN

Now we can extend previous case and assume, that A\'* = A\ = n(A\ + \°%) n € N.

Following the same procedure as in the previous case, we can easily find the copula
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Figure 3.4: Copula for the case \' =1/100, \"> = 1/1500, A\?* = \!3 = 8/375

function for this case. So accordingly to the section B2.T], the marginal distribution

function are:
)\01€—nt(>\01+>\02)(e—(n—1)t(>\01+/\02) _ 1)

(i = DO )

Fa(t) =1 — e ")

and 01 02 01 02
A02= b +A%2) (o= (n=1HA X))

(= D+ 3)

Fa(t) = 1 — et _

According to the section 3.2.2] the joint distribution function for ¢t < s is:

eim()\m +)\O2)

Fap(t,s) = (= )0 - %)
% <€n(t—s)(>\01+)\02)/\01 _ (@n=1)i=ns)(A202) yo1 | \02
+em(,\01+)\02)(n )0 A2) 4 e(nfl)t()\01+/\02)()\01 (% )\02))>
and
et (A1 +A%2)
Fup(t,s) =

(n = DO+ A7)
% (en(t—s)()\01+>\02)/\01 _ m)s(OTA2) y02 | 302
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+€nt(A01+A02)(n ) A% e(ntfs)(/\01+)\02)()\02 (% 4 )\02))>
for t > s.

Again we can rewrite marginal and joint distribution functions in terms of «, 5, 7
and o. In our case m = n, this means that

)\02 /\01

Oé:m and ﬁzm

According to the equations ([B.20) and (3.2]]) the marginal distribution functions are

(n—no+o—1DA 4+ (n—14 0" — no)\?

Fa(o(t)) = FA(U) = (n — 1)(A\01 + \02)

= 1-(1-a)o—ac"

and

m—nT+7—1DA2 4+ (n—14+71" —n7)\"

Fp(7(s)) = FB(T) = (n — 1)(A\01 + \02)

= 1-01-08)r—pr".

The joint distribution function for o(¢) < 7(s) according to the equation (322 is

Fiplo(t),m(s)) = Fiplo.7)
(c—1n+1—0c—71"+0" Yy — (n — 1 —no + o)\
OO 02 (n — 1)

= 1—57"+0<—1+ﬁ<g>n+a>—aa"

and according to the equation (B:23))

F3plo(t),7(s) = F}5(0,7)
m—1—-nt+7) A\ -~ 1 +n(r—1)—7+0o"(717" = 1))\
(0T 2) (1)

= 1—57”+T<—1+@(%>n+ﬁ>—aa”

for o(t) > 7(s).

The inverse marginal distribution functions can be found according to the section

B4l Then we have to choose the solutions in such way, that time variables ¢ and s
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are positive. This implies that the solution of this equations o(u) and 7(v) are from
0 to 1.

Unfortunately, it is impossible to write down a general solutions of n-th power

equation. So let us consider two numerical examples for odd and even n.

Example 3.4.4 n = 2k + 1 In this example we will consider the case, where k = 1.
This implies n = 3. According to the section[3.4.1] the inverse marginal distribution
functions can be found by solving the equations (3.3) for FA(U) and FB(T), They
both are cubic equations. Fach of this equations has three solutions, they are defined
by equations (310). We have to choose one of them, such that time variables t and

s are from 0 to oo, or equivalently o and T from O to 1.

To choose the right solution we need to specify other parameters. So let \°t = 0.001
and \°2 = 0.002. The right solutions are:

o(u) = Fy'(u) = %;Tw
and s
T(v) = Fg'(v) = W’U)U
with
A(u) = 12(27 — 27u — /=39 — 1458u — 729u2)3
and

B(v) = 2V/3(27 — 270 — v/—300 — 14580 — 72002)3,
and u,v € [0;1].

So, now we have to substitute the inverse functions of marginal distribution function

into the joint distribution function to get the copula function. So we get

512 A(u) (2034 + 60A2(u) + A*(u))(84 + B2(v))?

Cluv) =1+ 350+ o 1296(48 + A2(u))2B3(v)

foro(u) < 7(v) , and

1372 B(v) (7056 + 132B2(v) + B(v))(48 + A2(u))?
3B%(0) | 1296 648(84 + B2(0))2 A%(u)

Cu,v) =1+

for o(u) > 7(v) with A(u) and B(v) defined above.
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Figure 3.5: Copula for the case \°' = 0.001, A\°? = 0.002, \?* = \'3 = 0.009

The Figure show this copula and contour plot of it graphically.

23

The Kendall’s T in this case is equal to %,

. ’ : 57
while the Spearmans’s p is equal to =5.

Example 3.4.5 n =2k

To not involve very complicated calculations we take k = 2 and consequently n = 4.
According to the section [3.4.1] the inverse marginal distribution functions can be
found by solving the equations (3.3) for FA(U) and FB(T). They both are quatic
equations. Fach of these equations has four solutions, they are defined by equations
(313). We have to choose one of them, such that time variables t and s are from 0

to 0o, or equivalently o and T from 0 to 1.
To specify the right solutions let \°* = 0.001 and \°? = 0.002.

The solutions we need are:

Fil(w) =o(u) =~ [ V2/A(u) -2 —%A(u) + M

A(u)

N

and

Fy'(0) =(0) = 5 | VB - \/ ~B(0) + ——

B(v)
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with
A - A2 (121 — VRIT + 41472u — 414720 + 138124u3)3
(121 — VBIT + 414720 — 41472u? + 1382443) *
and
Bl 127120 (50 — 2v/193 + 1296u — 129607 + 4:132u3)%
(50 — 2/193 + 1296u — 129642 + 43203)

Then the copula for this case will be

0~

Clu,v) = 1+ Wi
1 ( 44v/2 s , )
—242 + 18 A(u) — 2A(u) — 18V2A2 (u) + A% (u)

_l_

144A(u) VA
. 1 (% ) — \/B(v))

(/35 - a0 - vaw)

for o(u) < 7(v) , and

2 — B(v) - v/B(v)
Clu,v) = 1+ \/m 5
1 ) 3
+ 35500 ( 100 + 18B(v — B(v) —18B3(v) + B (U)>
(/52— )

- ¢B<v>)4

v) defined above.

i
for o(u) > 7(v) with A(u) and B

The Figure[34 show this copula and contour plot of it.
32 while the Spearmans’s p is equal to

The Kendall’s T in this case is equal to 3

1064/1215.
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Figure 3.6: Copula for the case \°' = (0.001, A\°? = 0.002, \?* = \!3 = 0.012

Case 4: A3 =n(A% + \92), A2 =m(\! + X)) n.meN

Now we can generalize case 3. Let’s take A\'3 = n(A%! 4+ \%2) and A% = m(\! 4 \%2)
with n,m € N.

Then the margin distribution functions according to the chapter B.2.1] are:

AT mt N 4X02) (= (m1HA X))

(m — 1)(AOL + \02)

Fa(t) = 1—e Q%) _

and
A02g =t HAP) (o= (n—1HA+X0%) _ 1)

(n— (A + \%2)

Fp(t) = 1—e 7%

The joint distribution function according to the [3.2.2 for t < s is:
/\Ol(efns(,\01+)\02) . e*(n(sft)+t)(/\01+)\02))
(n = 1)(A 4 \%2)

202 =mt(A1+A9%) Lt ) (g -
(m —1)(A% 4 A02) (m — 1)\ 1+ \®2)

FA7B(t, 8) = 1 +

_'_

and
202 —mt(A +2%) (_1 n e(mfl)s(/\01+)\02))

(m — 1)(AOT + \02)

Fap(t,s) = 1—esXH%) _
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<€—s(>\01+)\02) B e—ns(AOI—f—)\OQ)) )01

(= D)

fort>s.

We can rewrite marginal and joint distribution functions in terms of «, 8, 7 and o

using equations ([B.20)-(B.23). In our case
)\02 _)\01

(x:m and ﬁ:m.

Then the marginal distribution functions are

(m—mz+x— 1A+ (m —1+ 2™ — maz)\*
(m— D0 1 3%)

Fa(o(t) = Falo)=
= 1-(1-a)g—ac™

and
(n—ny+y— DA+ (n—1+y" —ny)A"
(n = 1)(A +A%)

Fp(r(s)) = Fp(r)=
- (-f)r-pr
with o(t) = 0 = e, 7(s) =7 = e "5,
The joint distribution function for o(t) < 7(s) is
Ffll,B(O-(t)a T(S>> = Fj&,B(Ja T)
yn(l _ xl—n))\Ol N )\Ome
T3] 1) G D00+ 0
)\02
—x (1
(14 o)

= 1—57”+T<—1+a<g>m+ﬂ>—aam

T

= —1+

and

FEX,B(U(t)) T(S)) = Fz,B(ga T)
:L,m(]_ o ylfm))\OQ N /\Olyn
O 2= 1) (n= DO+ A7)
o )
Y (n— (A +A%2)

= 1—57”+0<—1+ﬁ(g>n+a> —ao™
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for o(t) > 7(s).
The inverse marginal distribution functions can be found according to the section
B4l Then we have to choose the solutions in such way, that time variables ¢ and s

are positive. This implies that the solution of this equations o(u) and 7(v) are from
0 to 1.

Consider a numerical example:

Example 3.4.6 Let n =2, m =4, \>* =0.001, and \°> = 0.0015.

Following all previous steps: Find inverse functions of marginal distribution func-
tions, substituting them into the joint distribution function, we get the copula func-

tion. The inverse functions of marginal distribution functions according to the equa-

tions [3R) for Fz(0) and equations (3I3) for Fa(t) are:

Byl u) = o(u) = —1\/ “A(u) + 2 1 2/ Aw),

2 A(u) 2
with 2001
Aw = B+ 2
and »
(972 ~ /044781 = 4(60 - 60w’
B(u) = GO :
and 1
') =7(v) = 7 (7= Vo +400).

The copula function for this case is:

1 3
Clv) = A —20 Z— A(wA(u) (216 —64(w)
12
— A(w)A(u)*
+ \/ T~ AwAw

12

VA(u)

12 »
+ \/ N o Aw)A(w)? (29 200 — 7TVO 1 401})

+ A(u) <294 — 36 — A(u) + 120v — 42v/9 + 401})
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12
+ A(u) ( 29 — 49 \/7 — A(u) + <—20 — 20\/ T — A(u)) v
+ V94400 + 7 —A(u)\/9+40'z}>>

vV A(U)

for o(u) < 7(v) , and
1 117 12 !
Cu,v) = = 9—1-4011)48 6 (\/W_A(U)_ A(u))

3 ([ 12 Lo [ e
—l—;( W—A(U)_m> U+§<\/7M—A(U)_ A(“)) v

39 12 !
- ( ol Alu) — \/A(u)> V9 + 40v

7 12 ! 1 4
- ( —- Alu) — \/A(u)> oV +400 + o (-7 +VO T 401})

for o(u) > 7(v) with A(u) defined above. The Figure [3.7 show this copula and

contour plot of it.

The Kendall’s T in this case is equal to 232/375, while the Spearmans’s p is equal
to 10364/13125. The upper and lower tail dependance measures are correspondingly
Av =0 and A\ = 0.6666667.

Case 5: A3 = L(\0L 4 \02) \28 — L(\0L 4 \02) 1y € N

In the same way as in the previous cases one can also find the copula function for
the rational relations like A'* = L(A% 4 \02) A28 = L (X014 \02) ' € N,

The marginal distribution functions according to the chapter B21] are:

(m—1)t(\01 4+ 202
t(>\01+)\02) )\01 — 777)\01 -+ )\02 — m)\02e m

(m = DO +2%)

FA(t) =14+e

and
) ()\01 +)\02)

—t(>\01 +>\02) /\O1 — TL)\O2 + )\02 )\02
(n = DN+ 3%)

FB(t):1+e
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Figure 3.7: Copula for the case A" = 0.001, \%? = 0.0015, \** = 0.005 and \!3 =
0.01

The joint distribution function according to the B.2.2 for ¢ < s is:

e n)\Ol e (s+(—1+n)t)(A01 4102) n)\(n
Fap(t = 1— B Y
o (Lm0 3] (Lm0 )
_ %420

€ m/\02 £()\01 4 )02 WL)\O2
. —t(AV14A02) -1
(Lm0 ) ¢ o)

and

o—5(ACHA?) <_1 + e—(’H")SQOIHOQ)) 0!
ST UET)

o~ s(A1+22) <_1 + e—(**m)sﬁjm“oz)) m\02
(—1 4 m) (A0 4 \02)

<_€—s(>\01+>\02) + e*M> (1 _ 67(3‘”“21“02)> 02

(—1+ n)(AT + \%2)

Fap(t,s) = 1—esXH%) _

_|_

for t > s.

Same as before to find the copula for this case we need to find a inverse functions of
marginal distribution functions to use the procedure of finding the copula function

described in the chapter 22311 Following the same procedure as before, we can using
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the substitution
—mIn(o)

~ ot 02

and
—nln(7)

5T N 02
Then the marginal distribution functions will be

m(—o +o™) A\
(=1 4+ m) (A 4 \02)
= 1-0d"1l—-a)—ao

Fa(o(t)) = Fa(o)=1—0™+

and
Fo(r(s) = Fy(r)=1— 74 TN
7(s)) = T)=1-—7
B B (—1—|—7’L)(/\01—|—/\02)
= 1-7"(1-p)—p7
. o m\02 _ nAV1
with o = ey and f = G-

The joint distribution function for o < 7 will be

m(—1+n)

—(=1+4+m) <1—0m+n<—1+am+7—0f7>>)\01
(=1 4+m)(—1+n)(A0 + \92)
(=14+n)(—=1+m—mo +o™)\»?
11 m) (L1 )W+ A®)

Faplo(t),7(s)) = Faplo,7) =

_|_

and

n(—7+77)\0
1+ )0 + A7)

m (T” — T%) )02 ntm (=7 +7") (—a + T%> )02
(—1+m)(AT+2%2)  (—1+n)(\ 4 A

FA,B(U(t)aT(S)):FA,B(U,T) = 1—-—7"4+

for o > 7.

Same as before to find inverse functions we again have to solve the following equa-

tions:

Fa(o)=u and  Fy(r)=w. (3.29)
Remember, that in this case 0 = e*% and 7 = e~ A?r*s.

Consider a numerical example:
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Example 3.4.7 Let n = 2, m = 3, \% = 1/100, and \°* = 1/200. So we get
A3 = 3/400 and \* = 1/200 So, in this case the marginal distribution function
Fu(0) and Fg(1) are cubic and quadratic equations and have consequently three or

two solutions correspondingly.

To find inverse functions of marginal distribution functions we can use equations
(310) and (37). Substituting them into the joint distribution function, we get the
copula function.

The needed solutions of equations for inverse functions are:
1 N A(u)
V3A(u) V9

Fr'(w) = o(u) =

and
Falv) =7(v) =2 =1+ 3v
with A(u) = (9 — 9u + V/3v28 — 5du + 21u2)/*.

The copula function for this case is:

1 Alu) | (3%~ 313 42(u))°
3V3A(u) 323 27A3(u)
Ao (A =3 PAWNT (3P 3P A W)
81 A?(u) A3(u)

3 1/3 3/2 2/3 _ 9l/3 2u3
4 <9(A(u)—3/A(u)) L (37— )))

Clu,v) = 2—u+

31 2() ()

1_3\/5(2—\/1-1—31})

—32/3+31/3A2(u) 3/2
(=5)

for o(u) < 7(v) , and
Clu,v) = 3% (33 — A%(u))
(=5 +4vT+3u+ (2 vT+30)"")
6A(u) (2 — vI+av)”’
30 (=32 + 3542 (u) + 24(u) (2 - VT+30)"")
6A(u) (2—vT+30)*"

X

+
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Figure 3.8: Copula for the case A% = 1/100, A% = 1/200, A**> = 1/200 and \'? =
3/400

for o(u) > 7(v).
The Figure show this copula and contour plot of it.

The Kendall’s T in this case is equal to —1/108, while the Spearmans’s p is equal to

—13/594. The upper and lower tail dependence measures are corresponding A, = 0

and Ay = 0.

Case 6: \'3 = p(\% 4+ \92), A28 = ¢g(\°' + \%%), p, ¢ € Q (rational numbers)

Now we can generate all the previous cases and find the copula function for the

rational numbers p and ¢, where p = = and ¢ = % with &, [, n, m € N.

The marginal distribution functions according to the chapter B21] are:

_ 4(201_ 102 _ kt(A014002)
(—e HA A0 4 o ; >)\02

Fa(t) =1— 1O

K(A0T 4 )\02)
)\01 + )\02 _ .

and

47201 02 ~ ne(\014202)
O O e B\

F t _ 1 o —t(>\01+>\02) o (
B(1) € (m — n)(AO1 + A02)
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The joint distribution function according to the 3.2.2 for t < s is:

_ ns(2014202) 0! - (n(s=t)+mt)(A014+202) 0L
Fag(t,s) = 1— +
a5 () (m —n)(A+X02) © (m — n) (A0 + \2)
01 02
. o kt(A—l*F)\ )l)\02 " —t(>\01+>\02) 1 + l)\OQ
e _
(k —1)(A01 4 \02) (—k 4+ 1)(AO1 4 X\02)
and
<_e—s()\01+)\02) + 677”3“0;“02)) MmOl
F t _ 1 B 7S(A01+)\02) N
w,8(t,s) e (m — n)(A\0T + \2)
(_e—s()\01+)\02) 4 67M> (1 B ew> 02
N (m — )AL + \02)
<_673(A01+A02) + 6—7]“@011“02)) )02
k()\01+)\02)
)\01 + )\02 - =
for t > s.

Same as before to find the copula for this case we need to find a inverse functions of
marginal distribution functions to use the procedure of finding the copula function
described in the chapter 22311 Following the same procedure as before, we can using

the substitution

—!1In(0)

and
—mIn(7)

(/\01 + A02) :

Then the marginal distribution functions will be

l (O,k _ O.l) )\02
(k —1)(A0T + X\02)
= 1—0l—|—al(0k—01)

Fu(o(t)) = Falo) = 1—0'+

and

7 _ {_.m m (7™ — 77) AU
Fp(7(s)) = Fp(r) = 1 + (m — n)(A01 4 \02)

= 1—-7"+pm(" —7")
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. - >\02 o )\01
with @ = giermy and § = sty

The joint distribution function for o < 7 will be
m(l—al_ﬁ>7”)\01 n 1% A02 ol (INO1 — ke (AOL 4 \02))

Faplo(t),7(s) = Faplor) = 1+ i Y A

and

m (Tm _ Tn) )\01 { <_7_m + TkT"L) )\02
(m— )0+ 22) T (k= (N £ A02)
mr— (xk — TkTm> (7 — 77) \02

(m — n) (A + A\2)

FA:B(U(t)>T(3)):FA,B(U,T) = 1-7"+4+

_|_

for ¢ > 7. Again the marginal distribution functions are polynomial. To find

inverse functions we have to solve the next equations:

Fy(o)=u  and  Fp(1)=w. (3.30)

Consider a numerical example:

Example 3.4.8 Letn =1, m =2, k =3, [ = 4, A% = 1/100, and \** = 1/300.
So we get \'* =1/150 and A\** = 1/100.

So now we follow all previous steps: Find inverse functions of marginal distribution
functions, substituting them into the joint distribution function, we get the copula
function. For our parameters we have two polynomial equations of degree four and

two. To solve them we can use results of section[3.41]

The needed solutions of equations for inverse functions are:
Fit(u) = a(u) = (1 —u)"?,

and
Fol(o) = y(v) = % (3- viTs0).

The copula function for this case is (should be recalculated):

Clu,v) — i (40 =3 (-1 + (L w*?) (-3 + VI T 50))
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Figure 3.9: Copula for the case A" = 1/100, and A\ = 1/300, A\'* = 1/150 and
A2 = 1/100

for o(u) < 7(v) , and

3-Vitse 1
Clu,v) = —1+v+ \/§+ U+§u(2— 6—2\/1+81))

for o(u) > 7(v) with A(u) defined above. The Figure [3.9 show this copula and

contour plot of it.

The Kendall’s T in this case is equal to —7/24, while the Spearmans’s p is equal to
—87/154. The upper and lower tail dependence measures are corresponding Ay = 0
and A, = 0.

Case 7: General Case

In the general case, it is not always possible to find inverse functions of marginal
distribution function analytically. Numerical solutions are feasible for the given

parameter set.

The marginal distribution function are sum of exponential functions with different

arguments. So, it may be reasonable in the general case consider some approximation
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of the exponent functions, for example Taylor expansion. We will try to find an

approximation of the copula in a general case in the chapter Fl

The other way to find a copula function for a given Markov Chain is an approxi-
mation of transition intensities by the rational numbers. As soon as we found some

rational numbers p and ¢ such that equations
AP =p (A" + A7) and A = ¢ (A\°" + A\*) for some p, ¢ € Q \{1}

hold, we can use the method described above to find copula function for a given
Markov Chain.

3.5 Case of Three Firms

Assume that we have Markov process, which describes the case of three firms as in
the Figure Assume that defaults times of firms A, B and C are 74, 73 and
Tc accordingly. We can find joint and marginal distributions of this defaults times
according to the sections and B2k Fa(t) = P(ra <), Fg(t) = P(t < t),
Fo(t)=P(rc <t)and Fapo(t,s,z) = P(ta <t, 75 < s,7¢c < 2).

Assume that after default of some firm the default intensities of others firms will be

changed it means
N = ayp + a2l rp<ny + a3l ro<iy + a1l p<iro<iys

AP = ag + an 1<y +aoslro<iy + a2alir, <t o<ty
A = ago + az 1<ty +azelirp<y + anald <t rp<iy-

Here a;o is original default intensity of firm 7; a;; is the default intensity increment
of firm ¢ after default of firm j, ¢« = 1,2,3, 5 = 1,2, 3; a4 is increment of default

intensity of firm ¢ after default of two others firms.

For the case described by the figure B.I0 it means that for example A\ = ay,
)\14 = @19 + Q12, )\35 = ai9 + a13 — default of A after C, )\57 = asp + a31 + aso + a3zq4 —
default of C' after A and B, and so on.
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0 A notin default
B not in default
C not in default

A01 ?\02
Y 4

2\03

Y

1 Ain default 2 Anotin default
B not in default B in default

A not in default
B not in default

C not in default C not in default C in default
14 15 35 A36
A y A A v
4 Ain default 5 A indefault A not in default
B in default 4 B not in default - B in default
C not in default |A C in default A C in default
257
v
A4 7  Ain default 267
> B in default -
C in default

Figure 3.10: Markov chain describing three firms case

Same as for the case of two firms we can use the inversion method described in
the section 2.31] to find a copula for this case. According to the section B.2.1] the

marginal distribution functions are defined as

Fat) = ¢"10,t) 4+ ¢™(0,t) +¢*(0,t) + ¢°"(0, 1)
0 (

q q
Fp(s) = ¢™(0,5)+¢"(0,s

q
FC(Z) - qOB(O,Z

+
L)
o
ot
—~
\.O)Q
[\
~~ Y~ —

2(0,1) — ¢™(0,) — ¢™(0,8) — ¢*(0, 1),
+¢%(0,5) + ¢"(0, )
0,1) = ¢*(0,5) = ¢*(0, s),
+¢%(0,2) 4+ ¢"7(0, 2)
0,1) = ¢*(0,5) = ¢"*(0, s),

+ ¢*0,8) + ¢™(0,t) + ¢"(0,t) + ¢""(0, ) = 1.
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The joint distribution function according to the chapter B.2.2 is:
Fapolt,s,z) =q"(0,t) + ¢"(0,t)¢"" (¢, s) + ¢"*(0,)q* (¢, s)+

q”(0,6)¢°"(t, ) + "' (0, t)g™ (¢, )g* (s, z) + ¢°*(0, £)g™ (¢, s)¢"" (s, 2),

fort < s <z,
Fapolt,s,z) =q"(0,t) +¢"(0,t)q"" (¢, 2) + ¢°*(0,)q*" (¢, 2)+

q%(0,8)¢”"(t, 2) + ¢°1(0,8)q" (¢, 2)¢"" (2, 8) + ¢**(0,£)g™ (¢, 2)¢*" (2, s),

fort <z <s,
Fapol(t,s, z) = q07(0, s) 4+ q"(0, s)q27(s, t) + ¢"(0, s)q47(3, t)+

¢ (0, 8)q% (s, 1) + ¢**(0, 5)g** (s, t)q"" (¢, z) + ¢°*(0, 5)¢™ (s, t)q" (¢, 2),

for s <t <z,
Fapo(t s z) = ¢""(0,5) + ¢°*(0, 8)¢*" (s, 2) + ¢"(0, 5)q*" (s, 2)+

q"(0,5)¢% (s, 2) + ¢*%(0, 5)¢* (s, 2)¢" (2, 1) + ¢*°(0, 8)q% (s, 2)¢°" (2, 1),

for s < z <'t,
Fapol(t,s, z) = q07(0, 2) +¢%(0, z)q37(z, t) + ¢ (0, z)q57(z, t)+
¢*°(0,2)¢° (2, 1) + ¢™(0,2)q® (2, £)¢°" (t. ) + ™ (0, 2)¢” (2, £)¢*" (¢, s),
for z <t < s and

Fapo(t s z) = ¢"7(0,2) +¢%(0,2)¢* (2, 5) + ¢*(0, 2)¢°" (2, 5)+

q"(0,2)¢% (2, 5) + q"(0, 2)¢* (2, 5)¢°" (s, ) + ¢°(0, 2)¢** (2, 5)¢% (s, 1),
for z < s <t.

The transition probabilities according to Kraft and Steffensen (2007) are defined as

Ty =T ief0,1,.., 7},
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1.e.

qoo(t, T) _ e_()\01+)\02+>\03)(T_t)7
efAO*(Tft) _ efAl*(Tft)
L, T) = Mlg0t = )\ SRR
e_(>‘14+>‘15)(T_t) _ e—()\01+)\02+>\03)(T—t)

)01 + )02 + N\03 _ \14 _ )15 ’
o A\H(T—t) _ =X (T—1)
(L, T) = A2 = \» R
—(>\24+>\26)(T—t) o 6_()\01+)\02+>\03)(T_t)

)\01 + )\02 + )\03 _ )\24 _ )\26 ’
03 03 03 03 eIt — =N (T
Py = g =t e

6_(>\35+>\36)(T_t) o 6_()\01+)\02+>\03)(T_t)

)01 + 202 + 203 — )36 _ )35 ’

01

)\02 €

03

and so on. For simplification we use next notation: A\ =37 AY.

After substitution of expressions for transition probabilities into distribution func-

tions we get
1 _ 0 =A% 2 A%t 3 A3t 6 —\67¢
FA(t) — 1 CAe +CA6 +CA€ +CA€ 5
1 0 =20 1 At 3 A3t 5 —\Tt
Fp(s) =1—Chge + Cge + Cge + Cpe ,
Fo(z) =1 = Coe™ " 4 Cle™" + C2e™" 4 Cle™™

with CY, C%, CR, C%, Cf, CL, C3%, C%, C%4, C%, C%, Cf are constants dependent

on transition intensities. The values of this constants are presented in Appendix.

3.5.1 Case 1: Independence.

In this case as before independence means that the transition intensities stay the
same after defaults of other firms. In the notations of a;; it means that a;o # 0,

i=1,...,4 and a;; = 0 for j # 0. In this case the distribution functions will be
Fa(t)y=1—e",

Fp(s) =1—e ™",
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Fo(z)=1—e?"%
The joint distribution in this case is defined as
Fapcl(t, s, z) = <1 — e_’\mt) <1 — e_’\028> (1 — e_)‘032>
for Yu,v,r € [0, 1] and this mean that the copula in this case will be

Capcl(u,v,r) = uor.

3.5.2 Case 2: Part Dependence

In this case we assume change of transition intensities after default of first firm. But
we suppose that after default of second firm the intensity will stay the same, i.e.
ap #0,t=1,...,3 and a;; = a for ¢« > 1 and j # 4, and a;; = —a for i > 1 and

j = 4. Then the marginal distribution functions according to the section B.2.1] are:

ae— "t — (/\02 + /\03)67(a+/\01)t

FA(t):]'_ CL—A02—)\03 )
—X0*s _ yo1 03Y ,—(a+A2)s

ae A+ A%)e
FB(S):l_ a4 — \OI _ )03 )
X0y A0 1 )02 —(a+A93)z

Fo(s) =1 — ae (A" +A%)e

a4 — \01 _ )02
The same as before to find a copula function for this case,we will use the inversion
method described in the section 2231k As the first step we have to find the inverse

functions of marginal distribution function. To do this we will use the same approach

as for the case of two firms: we will use substitution

~ In(o)
t = - 2O

_ In(7)
s = o (3.31)
.o _In(0)

P !
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Then we get new distribution functions:

01
. ac — (A2 4 )\03)0“j(§*
Falo(t) = Falo) = 1= =222 20
()\01+)\03) a2
- aT — T A0*
Fo(r(s) = Fp(r) = 1- =222
a+293
. B af — (/\01 —I—/\OZ)H NE

Fo(0(2)) = Folt) = 1

a — \01 _— )02

To find inverse functions for marginal distribution functions we have to consider
some more additional cases. As in the case of two firms we will use the fact that the
distribution function can be introduced as a polynomial equation for same defined

parameters. So, assuming that
a+ 2 = kA
a+ A% = I\
a+ /\03 _ m/\O*’
and solving this equation with respect to the parameter a, we get

—a — 2ak + al + am

)\01:
k+l+m—-1
AOQ__—a+ak—2al+am
B k+l+m—-1 "
)\03__—a+ak—|—al—2am
B k+1+m—1

After this procedure the marginal distribution functions will be:

Fa(o(t)) = Fu(o)=1- (m+l+k3—1)§(;_(21—)1—l+m—2k:)a |
Fp(r(s)) = FB(T)zl—(m+l+’“—1);(l—_(21)+k+m—2z)77
R (m+1+k—1)0—(2+k+m—2m)om

3(m—1)

Now to find the inverse functions of marginal distribution function we have to solve

polynomial equations of degree k, [ and m correspondingly for Fy(o) = u, Fp(T) =v
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and Fo(0) = r for different parameters k, m, and [. To do this we can use section
B4l Then from o, 7, 8 we can find the values of outgoing parameters ¢, s and z.

Substituting them in the joint distribution function introduced at the section [3.5 we

will get copula.

For example for the case of k =m =1 = % we get the copula:

s (00 (5£0) + () = 2(0) + () - )

+t2(u) (t(u) — 1) (—522(7“) + 2 (u)(2%(r) — 6) + t(u)(9 + 22(7“))>

C(u,v,r)

for u <w, u <r, and
1

953(v)

—552(v) (2(w) + 22(r)) + $(v) (9 + 622(r) — £2(u) (28(r) — 6)))

C(u,v,r) = (—1534(1)) + t*(u)2*(r) — s°(v) ((u) + 2°(r) — 6)

for u > v and v > r, and
1
923(r)

+5%(v) (t2(u)(23(7“) — 1) + 2%(r) (5 —62(r) + 23(7“))))

for r > uw and r > v with

5 — 1+ 24u 5— 1+ 24v
t(u) = — 4 s(v) = — 1 and

5 —+/1+ 34r
o) =

Clu,v,r) =

<22(7")(z(7") —1) x (92(r) — 62°(r) + *(u)(2*(r) + 2(r) — 5))

And graphically we can see the copulas Cap(u,v), Cac(u,r) and Cpe(v,r) for the
cases r = 1, v = 1, u = 1, correspondingly and a = 0.01 on the Figure B1Il Of
course this case can be considered for more complicated \’s and relations between

them. The same approaches as for the case of two firms can be used.

3.5.3 Case 3: Full dependence

According to the section [3.5] the marginal distribution functions for the case of three

firms are:

Fa(t)=1-Che ™"+ Che™ 4+ Che ™ 4+ Che ™,
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T

Figure 3.11: Copula describing three firms part dependance case

rzl;k:m:l:%andazo.(]l

Fp(s)=1—Che M+ Che ™™ + Che ™" + Che ™,

Fo(z) =1—=Co ™ 4 CLe ™ 4 C2e ™ 4 Cle

with all constants defined in Appendix.
To find the copula function we need to find inverse functions of marginal distribution

functions. To simplify this procedure we again will find some relations between A\,

i=1,..,6.
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So consider transition probabilities A* which satisfy:

/\0* . )\O*

Al* = k’ i—g* = l’ )\3* = m’

AO* O )\O*

N\ =n, 15* =D, \ 6+ =q (332)

with k,1,m,n,p,q € Q\{1}.

Let us fix some a;; in the expressions of AY and solve this equations. We should
remember, that we have 12 unknown a;;. Given equations (3.32) we need to fix a
half of them. We get:

(a10 + ago + azo)(qg —m)

ayy = — + ag + ags — aiz,
mq
~ (awo +ag +az)(p—k)
g = — kp + azp + az1 — Az,
B (@10 + az + aso)(n —1)
azy = — n + @ + a1z — asi,
_Qyp T+ ag + azo
13 = — G20 — G190 — A2,
m
_ajo t+ag + aso
a1 = I — G20 — G30 — A31,

a1 + Az + a3z
azzx = I — a10 — Q12 — A3p-

It is also possible to fix other six a;; and then solve equation (3.32) for the rest
of a;;. In this case we will get the similar equations for the marginal distribution

functions.

We can use the same substitution as before in the marginal distribution functions:

In(o)

t = - )\0* ?
In(7

s = — A(O*), (3.33)
In(0)

As result the sum of exponential functions with different parameters will be trans-

formed into the polynomial functions. So, we get new distribution functions:
Fa(o(t)) = Fao)=1-Clo+Chot + Chom + ot
Fp(r(s)) = Fg(r)=1-C%r + Chrt + Chrm + Cor,
Fo(0(z)) = Fo(0) =1—Cl0TCLOF + C201 + CLon.
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New distribution functions are polynomial functions. Now choosing different values
of ajp, aso, aso, a1, ass, asz;, and k, I, m, n, p, ¢ € Q\{1} we can easily find
a inverse functions of the distribution functions according to the section B.4.1] and

then find a copula function.

Consider an numerical example:

Example 3.5.1 Let aip = 001, agn = 002, asp = 0015, 12 = 0002, 93 = 0005,

az; = 0.003, £ = %, l=%im=1% n=1>~=p=yq. Then we the parameters of

37 37 2 =
transition probabilities will be equal:
11 4
a = —_—— a [ —
14 500’ 24 125
9 1
a3y = ——— a3 = —
34 250" 13 10
2710000 22507
The distribution functions for this parameters after substitution (3.33) will be:
- oc—1)45+ 7020 =7
) — Lz 0+ Tlan =)
. (1 —1)(270 + 7(477 — 197))
Fy(r) = —
5(7) 270 ’
- 135 — 2270 + 940* — 63
Fe(0) =
135

with o, T, 6 € [0,1]

To find inverse functions we have to solve the following equations: Fa(o) = u,
Fg(t) = v and Fo(0) = r. Again, for solving these equation we can use section
[543 As inverse function of the marginal distribution function we have to choose

one of the solutions, which results in positive time, i.e. o, T and 6 are from 0 to 1.

The suitable solutions are

5 -1, 3 1 A
Fa (w)=olw) = 3 2V21Aw)  2/(21)2
FB_I(U) =7(v) = Ill (244 — (;3(21) + B(’U)) ;

.1 A7 14498 D(r)
3 1292D(r)  3¥/4’
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where

1/3
Alw) = <189 +5670u — 2v/105v/85 + 5103u + 76545u2> ,

1/3
B(v) = (—1521413 — 80518050 + 423v/15V/956080 + 91284780 + 2415541502) ,

D(r) = (~322916+ 36457 — 27v/5v/~27690 — 645832r + 36457 v
with inverse functions of the marginal distribution functions are
Py () = e,
Fé_l)(v) — N,
Fé_l)(r) — oA

Substituting the inverse functions of marginal distribution functions in the joint

distribution function we get the copula for this case:

_m <(T(U) —1) (—19773(0) + 477’4(1}) + 16402(u)0(7“)

—446°(r) 4+ 7°(v) (270 + 250°(u) + 786°(r))
+r(v) (—220%(r) (5 + 20(r)) + 02 () (1646(r) — 353))))

C(u,v,r) =

for o(u) < 0(r) < 7(v),

Clu,v,1) = —ﬁ%)« (r) = 1) (6507 ()(O(r) + 1) + 40 ()0(r)(30(r) — 58)

+260°(r) (135 — 920(r) + 20°(r))
+73(0) (250 (u)(8(r) + 1) + 20(r)(820(r) — 107)) ) )

for T(v) < o(u) <0(r),

Clu,v,r) = —m (o) — 1)(~1470% () + 420*(u) + 246°(r)
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+20 (u)0?(1)(120(r) — 43) + o2 (u)(86*(r) + 135)
+72(v) (5502 (u) + 60(r) + o/(u) (60(r) — 67))))

fory(v) <0(r) < o(u),

_ﬁ() ((r(w) = 1) (=1977%(v) + 477 (v)

+80(u) (1302 (u) + 26% (1)) + 7%(v) (270 + 2502 (u) + 786%(r))
+7(v) (—35302(w) + 10405 (u) — 1106%(r) + 160(u)6’2(r)))>

C(u,v,r) =

for 6(r) < o(u) < 7(v), and

B
13502 (u)

+(397(v)02(r) — 973 (v)) (0 + 1)

860 (u)02(r) + o2 (u)(862(r) + 135) + r2(v) (5502 (u) — 67)))

Cu,v,r) = <(0(u) —1) (—14703(u) + 4207 (u)

for 0(r) < 7(v) < o(u).

Graphically we can see the copulas Cap(u,v), Cac(u,r) and Cgc(v,r) for the cases

r=1,v=1and u=1 correspondingly, and a = 0.01 on the Figure[312.

3.6 Conclusions

In this chapter we have shown that it is possible to find a copula function for a given
Markov Chain. We have considered two cases with two and three firms. One can

also extend this approach for the case with more than three firms.
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T T FFT]
o o a8 Y
...... 72 o i a8 4 Y

Figure 3.12: Copula describing three firms full dependance case: a;y = 0.01, ayg =
002, asp = 0015, a1y = 0002, 23 = 0005, asy = 0003, k = %, [ = 3, M = 3,



Chapter 4

Approximation of Copula

4.1 Introduction

As we said in chapter [ it is not always possible to find quasi-inverse functions of
marginal distribution function in general case. In this section we will build the

approximation of the marginal distribution function.

The marginal distribution function are sum of exponential functions with different
arguments. So may be reasonable in the general case consider some approximation
of the exponent functions, for example Taylor expansion. The problem is to estimate
how good is this approximation. If we assume that the maximal value of the time
will be 10 years and the coefficients A’s are k * 0.001 with £ < 10 then we can use
the fact that

(az)?

a]?%l -~ 7
e + axr + 5

In this case we will get an error of the rate (ax)?® = 0.001. Figure 1] show how it

looks graphically.

So in the following sections we will try to find an approximation of a copula function
for a Markov Chain.

To see how good is our approximation we will summarize this section with numerical

example.
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2 4 6 8 10

Figure 4.1: Comparison of Taylor expansion of second degree and exponential func-
tion, a = 0.05

4.2 Numerical Example: Case of Two Firms

According to the section B4 ( under the assumptions of the chapter B]) the marginal

and joint distribution functions in general case are:

Fa(t) = 1—4¢"(0,t) —¢"(0,)

—(NOT 1 \02y 23 01 _ y02,—(A23-N011)\02);
e A A \Vee

= 1- 23 _ \0L _ )02 ’ (4.1)
Fg(t) = 1-¢"(0,t) = ¢"(0,1)
o~ (\LHA02) <)\13 02 /\0167()\137/\01+/\02)t>
- 1- (4.2)
I3 _ \0L _ \02 ’
Fap(t,s) = 1=¢"(0,t) = ¢(0,t) — ¢*(0,1) + ¢"(0,£)g"*(t, 5)
()\23 _ )\01) e~ (ANt 402,27t A
= 1- 23 _ \0L _ )\02 (4.3)
A8 —(A02401 )¢
01€ € A3 (s—t)
- A NOT A2 3 e , for t < s,
A3 )02 —(AOL4 02y )01 -3
Faplts) = 11 e ¢ (4.4)

A3 — )\01 _ )02
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223 _ e_(>\02+)\01)t
NOL £ )02 — )\23
To find copula for this joint and marginal distributions, we can use the procedure

described in the section 2.3k

o )\02 e —A\23(s—t)

, for t > s.

C(u,v) = Fap(Fy ) (u), PV (0)),

where Fffl)(u), Fgl)('u)) are quasi-inverse functions of Fy4(t), Fp(s). So, we need
to find inverse functions of marginal distribution functions or equivalently to solve

following equations

Fyu(t) = wu, (4.5)
Fg(s) = w. (4.6)

Using the approximation of the exponential function we will build some approxi-

mation of quasi-inverse functions and so we will get a approximation of a copula
function. So, substituting e ~ 1+ ax + @ in the marginal distribution functions

we get:

o~ (AT HA2) (/\23 )01 _ )\0267()\237)\01+/\02)t>

FA(t) = 1- \23 — )01 _ )02
~ (=AM (=1 (AT 4 A2)) + AN
= Fal(t),
o~ (\OL4292)¢ (»3 02 _ )\016—()\13—)\01+>\02)t>
FB(t) = 1- A3 — \01 _ )02
~ (AP (1 A+ A7) + A
= Fp(t).

The approximated distribution functions are quadratic equations, so we can easily
solve equations (3] - (6] and accordingly find quasi-inverse functions of the ap-
proximated distribution functions. Each of this equations has two solutions. We
have to choose one of them, such that solutions have values in interval [0;1] . The
solutions of equation (L.H]) are

)01 _ \/(/\01)2 — 4u(N01)2 — 4y \OT 02 4 4qy \02)\23

tl - 2 (_()\01)2 — )01 )02 + )\02)\23) ?
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—\01 4 \/()\01)2 — 4u(A\01)2 — 4y \OT\02 4u)\02)\23

2 2 (—(A01)2 — \OT )02 4 \02)23)

The solutions of equation (6] are

—)\02 _ \/()\021)2 4(N02)2 — 4y \OT 02 4 4p\02)\13

51 = 0212 _ \01 )02 1 )01 \13 ’
2 (—(A02)2 — \O1)\02 1 \01\13)

—\92 4 \/ (A021)2 — 47 (\02)2 — 49 \OL \02 +4,U)\02)\13
52 = 2 (—(A02)2 — \0L\0Z 4 )\0L)13)

The quasi-inverse functions of marginal distribution functions are

Py = 22 VO — duQ? — 4N § 4R
’ 2 (— (A2 — NOIXOZ § \Z)Z) NG
—N\02 ¢ \/ (A020)2 — 45 (N02)2 = 4uA0TN0Z 1 4y \02 )13

( ()\02) _)\01)\02_|_)\01)\13>

FSY ) (4.8)

Now substituting them into expression for the joint distribution function we get a

corresponding approximation of a copula function

Clu,v) = Fap(F{ (), Fy Y (v)
1= g (0,5 W) = ¢ (0.5 w) = ¢ (0,55 V(w)
) (P ), By 0), v <,
1 —¢™ O,f?’gl) u)) — q*? <O,F’é_1)(u)) — q% (O,Fg”(@)
)) ¢ (ﬁg”(u),ﬁf’@)) L u> .

\

Now we can estimate how gut is our approximation. Consider the case, where
AT+ N0 = g and A\1¥ = A2 = 2(\0 4 \%2) = 2q.

In this case, the approximations of distributions functions will be:
Fu(t) = at(1+at) = Fz(t).

The quasi-inverse functions of corresponding distribution functions are:

—1+4++1+4u

2a
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—14++1+4v

~(—1
Fy ) = o

The approximation of the copula function will be: For the case u < v:

2
L Q20T 61+\/1+4u—2\/1+4v>

é’l(U,v) = ! <2 + 21-VItdu) _ 3o1-Vi+du

and for the case u > v:

Co(u,v) =
1 Q20T el+\/1+4v72\/1+4u> _

<2 1 20-VIFI) g 1-VIHd

N | —

From section B.4] we have exact expression for this copula function: For the case

u < v

AOl(AOl + 2uA02 _ \/()\01)2 +4U)\01A02 +4U(A02)2)

Ci(u,v) = 1+

2()\02)2
AOL 42002\ /(A01)2 4 4y \OLNO2 - 4y (\02)2
- 902
(A0 4 2uX02 — | /(AO1)2 - 4y \OTNO2 4 4y (\02)2)
)01

(2A01 1 \02 \/()\02)2 4 4uA0L(\02 - \01))2
(AOL 4 2002 — \ /(NOT)2 - 4y \OT A0 4y, (\02)2)?
2
(=3 + VIF80) (1+2u — T F 8u + 22 IEL)
2(—3 4 /1 + 8u)? ’
and for the case u > v:

2)\01 _'_)\02 _ \/()\02)2 _|_4,U)\01<)\01 + ()\02)

Co(u,v) = 1

2)\01
21})\01 + )\02 _ \/()\02)2 + 4,0)\01<)\01 + )\02)
2701
(21))\01 + )\02 _ \/()\02)2 + 4,0)\01<)\01 + )\02))
202

()\01 £ 2002 _ \/()\01)2 4 \OI)\02 4u()\02)2)2
(2201 )02 — \/()\02)2 + 4uA0L(\OL 4 )02))2
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) 20(—3+/TT80)12 | 2
(=34 /1 + 8u) (1+2v—m+w>
2(=3+ V1+80)? |

Now we can estimate the difference between two copulas as quadratic error:

¢ - /01/01|C’(u,v)—0(u,v)|dudv

1 v 1 u

= //\Cl(u,v)—él(u,v)\dudv—l—// |Cy(u, v) — Cy(u, v)|dvdu
o Jo o Jo

= 0.0956078.

With the same procedure one can get an approximation of the copula with Taylor

Expansion of the exponential function to the third degree, i.e. e** ~ 14 ax+ @ +

(az)?
6

4.3 Conclusions

One can see, that in general case, when direct calculation are not possible, it still
possible to find some approximation of the copula function for each Markov Chain.
Obviously, the quality of the approximation is dependent of the degree of Taylor ap-
proximation function: higher degree will result in more precise estimation, but will
lead to more complicated mathematical equations. One can also use the other ap-
proximation of the exponential function to get an approximation of copula function
in general case. In the case of more than two firms one can use the same procedure.

It will involve much more complicated mathematical statements, but still possible.



Chapter 5

Conclusions and Further

Investigations

The first chapter of this work was devoted to the some interesting aspects of credit
derivatives pricing: default of each contract counterparty. It was shown that it is
an important point, because in some cases the influence of such assumption lead to

the significant price differences.

The main result of this work was connection of two main approaches of credit deriva-
tives pricing. We have found a way to connect Markov Chain Model with the Copula
based approach. We have also shown that in general case it is not easy to find cop-
ula function for given Markov Chain. For this case also possible way to find an

approximation of copula function was introduced.

In this work we were concentrated only on the Markov Chain framework of Kraft
and Steffensen (2007). It is also possible to consider some other Markov Chain

models or some general intensity-based models.
The possible way from Copula to Markov Chain can be also investigated.

It is also possible some further investigations on the copula approximation and
moreover one can try to see the impact of different connected Models on the price

of credit derivative.
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Appendix A

Coefficients of the Marginal

Distribution Functions

The coefficients of the marginal distribution functions are:

)\02 )\03 )\02 )\26 1 1
()\0* ) +

0 __
Ca=-1+ A\O% _ \2# + \O% _ )\3x + \Gx _ \2+ o \2+ A\0% _ )\6x

)\03/\36 1 1
N6+ _ )3+ ()\0* 3 \0r _ )\6*>?

/\02(/\67 o )\24)

02 — .
A (AO* _ )\2*)()\2* _ A67)7

/\03(/\67 o )\35)
(/\0* _ )\3*)()\3* _ /\67);

c3 =

/\02/\26 )\03)\36
06 o 2% _)\67 A3* —)\67 .
AT 0% _ \67 ’

)\01 )\03 )\01)\15 1 1
A\O% _ \1x + \O% _ )\3x - AB* — \lx <)\0* —Ax N0 — )\5*>+
)\03/\35 1 1 '
\B* — \3* (/\o* —A3E \0 /\5*)7

Cp=-1+

105



Appendix A Coefficients of the Marginal Distribution Functions 106

/\01 )\15
1 _ .
CB o )\0* _ )\1* <1 + )\5* _ )\1*)’

/\03 )\13
3 .
CB o )\0* _ )\3* <1 + )\5* _ A3*)’

5 1 )\01/\15 /\03)\35
CB = )\0* _ )\5* </\5* _ )\1* + )\5* _ A3*)7
0 )\01 )\02 )\01)\14 1 1
Ce=-1+ N0 — N T N0 o T </\0* b \0x _ /\4*>+

)\02/\24 1 1
/\4* _ )\2* </\0* _ )\2* B )\0* _ A4*)’

)\Ol )\14
1 .
CC = \0x — \1* <1 + A4 _)\1*>’

202 224
2 .
CC - N0 — )\2% <1 + A4 _)\2*>’

1 )\01)\14 )\02)\24
4 __ .
CB - )\O* _ )\4* <)\4* _ )\1* + )\4* _ )\2*>’



Appendix B

Calculation of Kendall’s tau and

Spearman’s rho

To obtain Kendall’s tau and Spearman’s rho a little manipulation is needed. Let

he M3 A
Aot + Ao’ Aot + Aoz’
A, Ao
o = N\ ﬁ - N |\
Ao1 + A2 o1 + Aoz
r=0c=e"", y=c=ec"""

by the equations ([B.J)-(B.3) we get:
Fyz) = 1—(1—a)z —az™,
Fply) = 1-Q0=0)y—py",

and
i ple(t).y(s) = 1=py"+a(-1+8(2) +a) —az”
2 (at), y(s)) = 1—5y”+y(—1+a(§) +5)_wm
Our task is now to calculate
ﬂAB)—1_gf/fﬁﬁ (2, 9) 2 B2 (5 y)dyda
) = ; O&CA,B 7yayA,B yy)ay
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/ / FAB T,y ggﬁj?B(x,y)dxdy,
pey) = 12 [ [ [Futen) - B@Ea)] dEsia
w12 [ [ [# o) — a@) Enly)] dfs(dFnty)

Our aim is to calculate all derivatives of transformed joint and marginal distribution

functions. So, we get F}LB(x,y), Fij(x,y), FA(x), FB(y):

0 -

—F — -1 - m—1

O A(l') o maox ,

0 »

—F — — 1= n—1

ay B(Y) 8 nay™
a all — m—1 y "
%FA,B(%Q) = a—1-maz™ —(n—-1)8 <§> :
8 ~ y n—1
_Fl - _ n—1 7
dy w57, y) npy" +np (3) :
iﬁﬂ (z,y) = —mazr™ ! + ma T m
or AB Y - Y s
0 » - 2\ ™
a_nyLB(xay> = B—-1-nfy" " —(m—1a (5) .

Firstly we proceed with Kendall’s tau. Using previous results we obtain

8
/ / axFAB a FAB('CL. y)dydl’

= /0 /O a—1—maz™t —(n—1)8 <%>n> (—nﬁy”‘l +nf <%)nl) dydzx

_/1 fx((2 —2a+ B(n—1))x + 2ama™) (x”—x)dx

B 222

1 30 2 pn  2a+p—-1) 2am
_56( 1+7_a+m+1_7_ n+1 +m—|—n)’

0 -
/ / FAB Y anyll,B(xay)dxdy

(o)) o 2
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_ /1 oy (2= 26 +a(m — D)y +26ny") 4" — )

0 2y?
1 3a 203 am 2(a+p—1) 26n
—§“<*+"§‘5+‘:T‘7?‘ m 1 m+n)

Adding both equations we obtain Kendall’s tau is

2a(m —1)(n+1) +a?(m —1)*(n+1)
(n+1)(m+1)

_I_(m +1D)(B2+Pn—1)(n—1)+2(n+1))

(n+1)(m+1) '

T(A,B) = 1-—

Now we consider Spearman’s rho. It contains also two parts.
1 T
puX.¥) = 12 [ [ B o) = Fao) aly)] dFialu)dFa(o)
0o Jo

w12 [ [ (o) o] dEa)iEnty)

Let us calculate each of these parts and then add them. Firstly, consider each of

these parts before the integration and simplify them:

(£ 0(0) = Ex@)Fa(0)) 5 Fa(o) 5 o)

- _xiy (=14 a)xr — amz™) ((—=1+ B)y — Bny")

X <(—1 +8) 1+ (-1+a)r—az™)y+p(xr —ar+ax™)y" — fz (%)n)

and
(Fhal00) = Ea@)Fa0)) 5 Fa(o) 5 Fat)
= _x_ly (=1 + a@)r —ama™) ((—=1 4+ B)y — Bny")
X (—a (g)my +(-1+a)z(l+(=1+B8)y—By") +az™ (y — By + By")> ~

Now we can proceed with integration of the simplified parts

fﬂxgﬁwwﬁmmm»%mwégwww
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[ & =1+ 0o = amam) (<14 By = )
X ((—1 +8) 1+ (-1+a)r—az™)y+ B (xr —ar+ az™)y" — Sz <%>n> dydx
1 1 - ,
= —/O S0t (14 a)xr — ama™) ((—1 +6)(-1+5(-1+n) —n)z
+H(—1+a) (=14 B8)*(1 +n)z® — a(—1 + B)* (1 + n)2>™™
BB+ 1) — 2)a™ — 2(~1 + a) (1 + B)B(1 + )a*"
+2a(—1+ B)B(1 +n)z"T™ " + (=1 + a)B*(1 +n)z' ™"
—af?(1 —i—n):cm“")dx
1 (—1+0b)?
T2 ((1—|—m)(2—|—m)(3—|—m)
X (14 m)(24m)(B3+m)+2a(—1+m)(1+m)(6+m)+3a* (2 —3m+m?))
+—4b(8 —5b+ a4+ (=10 4+ 3a)b)) — 2(—1 + a)b(—8 + (5 + 3a)b)m
(24+m)(1+n)
+12(—1 + a)b(—4 + 3b) N 24(—=1+ a)*(=1+0b)b

2+n 3+mn
602b*>m  12ab(—2(1 +m) + b(2 + m))
S m+n I+m+n
24(—1+ a)a(—=1+b)b(1+m) 24a*(—1+b)bm  12(—1+ a)ab?
a 24+m+n 1+2m+n 14+m+2n >

/1/y F};B (z,y) _FA )FB(y)) %FA(x)%FB(y)dxdy
// —1+a)r —amz™) (=14 By — pny")

(—04 (;) y+(-l+a) (1+(—1+5)y—ﬂy”)+awm(y—ﬁy+ﬁy")) dydzx

—— [ s (1 A= B (215 @)1+ a1 +m) = m)y?
+H=1+ @) (=1 +B8)(1+m)y’ — a(a(=1+m) — 2m)y" ™
—2(—1+a)a(—1+ B)(1 +m)y*™ + a*(—1 + B)(1 + m)y'*+?m

_(_1+OZ)26(1—|—m)y2+n—|—2(—1—f-Oé)Ozﬁ(l-‘rm)lerern—OzQB(l—f—m)meJrn)dy
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-3 im)<1 2(_1 4 ) + %(—1+a)(—1—|—b)(—1+a(—1+m)—m)
: a(=1+ B)(a(~1 + m) — 2m)
P m) - o
2(=14a)a(=1+b*A+m) (=1+a)b(=1+a(=1+m)—m)n
3+m a 2+n
(=1 +a)*(=1+b)b(1+m)
a 3+n
(=14 a)* (=1 +b)b(1 +m)n  a*b*(1 +m)n
3+n 2(m+n)
ab(a(—1+m) —2m)n N 2(=1+a)a(=14+b)b(1 +m)
I+m+n 24+m+n
2(—1+a)a(—=1+b)b(1 +m)n  a*(—1+b)b(1 +m)
* 2+m+n ~ 1+2m+n
@ (=1 +D)b(1 +m)n N (=14 a)**(1 +m)n
1+2m+n 24 2n
_2(—1+a)ab2(1+m)n)
1+m+2n

Finally, to obtain Spearman’s rho we just need to add both parts. So, we get:

1
(I4+m)2+m)(1+n)(2+n)(l+m+n)

X ((1 +m)(2+m)(1+m+n) (48(=1 +n) + 26%(—1 +n)* + (1+n)(2 + n))
+2a% (=1 +m)* (1 +n)(B2+2m —n)(=1 +n) + (2+n)(1 +m +n))
—2a(—1+ m)< —2(1+n)(2+n)(1+m+n)

FA2(1+ m)(~1 +n)*(m — 2(1 + n))

+28(=1 4 n) (2n(1 + 1) + m2(2 + n) + m(2 + n(2 + n))) ))

ps(X,Y) =
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