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A ResolutionCalculus for Presuppositions
Manfr ed Kerber1 and Michael Kohlhase2

Abstract. The semanticsof everydaylanguageand the semantics
of its naive translationinto classicalfirst-orderlanguageconsider-
ably differ. An importantdiscrepancy that is addressedin this paper
is about the implicit assumptionwhat exists. For instance,in the
caseof universalquantificationnaturallanguageusesrestrictionsand
presupposesthat theserestrictionsare non-empty, while in classi-
cal logic it is only assumedthat the whole universeis non-empty.
On the other hand,all constantsmentionedin classicallogic are
presupposedto exist, while it makesno problemsto speakabouthy-
potheticalobjectsin everydaylanguage.Theseproblemshave been
discussedin philosophicallogic and someadequatemany-valued
logicsweredevelopedto modelthesephenomenamuchbetterthan
classicalfirst-orderlogic cando.An adequatecalculus,however, has
not yet beengiven.Recentyearshave seena thoroughinvestigation
of the framework of many-valuedtruth-functionallogics. Unfortu-
nately, restrictedquantificationsarenot truth-functional,hencethey
donotfit theframework directly. Wesolve thisproblemby applying
recentmethodsfrom sortedlogics.

1 Intr oduction

Fromthe first attemptsof modellingeverydayreasoningwithin the
framework of classicallogic, it hasbeenknown that many relevant
aspectscannotbeadequatelyexpressedin classicalfirst-orderlogic.
Theattemptsto copewith thesehave leadto avarietyof logics.

In this paperwe addressoneof theseproblems,namelythat of
so-calledpresuppositions, wherenatural languageallows to draw
conclusionsthat classicallogic doesnot warrant(for instanceim-
plicit consensusthat universally quantifiedstatementsrangeover
non-emptydomains).Thesephenomenahavebeenwidely studiedin
thephilosophyof languagefrom a semanticpoint of view, but lack
an efficient mechanisation,which is a primary concernof artificial
intelligence.Oneof the morelogic-orientedwaysto copewith this
phenomenonis to usea four-valuedlogic [3]. We take this logic asa
startingpointof amechanisationby aresolutioncalculus.

Therearetwo differentkinds of presuppositions:the quantifica-
tional onespresupposethat the domainof quantificationsis non-
emptyandtheexistentialonesassumetheexistenceof constants.In
naturallanguage,the first onesaremandatory, whereasthe second
kind is defeasible(it is possibleto talk aboutnon-existing entities
in naturallanguage).Surprisinglyenough,thestandardsemanticsof
classicallogic treatsthe two kinds almost the oppositeway: con-
stantsalwaysmusthave denotations,that is, just speakingaboutan
objectmeansthatismustexist (for instance,speakingaboutadragon,
meansthat thereis one),while quantificationsareunrestrictedand

1 Schoolof ComputerScience,TheUniversityof Birmingham,Birmingham
B152TT, England,E-mail:M.Kerber@cs.bham.ac.uk

2 FachbereichInformatik, Universiẗat desSaarlandes,66041Saarbr̈ucken,
Germany, E-mail: kohlhase@cs.uni-sb.de

thereforealwaysrangeover thewhole(non-empty)universe.In clas-
sical logic thestandardway to restricta quantificationis theuseof
animplication,whichmay, however, haveanantecedentwith empty
domain.

A first attemptto overcomethisproblemis to employ three-valued
Kleenelogic,whereathird truthvalue ���������	�
����� is assumedwhich
is givento every atomicformulacontaininganon-determinedobject
likeadragon.Thisapproachhasbeendisputedsinceit doesnotallow
hypotheticalreasoningof the kind “Let us assumethat all dragons
canfly andthatTabalugais a dragon,henceTabalugacanfly.” If we
assumethat Tabalugadoesnot exist, in a representationof Kleene
logic the laststatement�
� � ���
����� ����� ����� ��� would beevaluatedto���������	������� andnot to trueatall.

In [3] Bergmannproposesa four-valuedlogic to copewith pre-
suppositions.She essentiallyarguesthat the semanticalstatusof
a formula has two independentdimensions,first a classicaltruth
value,i.e., � or � , andseconda value,which tells whetherthe for-
mula is secure(i.e. talks aboutexisting objects)or not. In the case
�
� � ���
����� ����� ����� ��� , theformulashouldbetruebut insecure.

While the presuppositionthatall mentionedobjectsexist is ade-
quateunlesstheoppositeis explicitly said,thequantificationalpre-
suppositionsof everyday languagesdiffer from thosein classical
logic.For instance,aneverydaysentencelike“All childrenof Johnare
sleeping”presupposethatJohnreallyhaschildren.Thereforetherep-
resentationin classicalfirst-orderlogic ��� ��� ���
� �
��� � �"! � � � �$#%
�����
&'%'� ��� is not adequate,sincethis sentenceis true even when
Johnhasnochildrenatall.

To overcomethis problemBergmannproposesa restrictedquan-
tification of the syntacticform ��� ��� ���
� �
�)(+*�, ! � � �'- %
�����
&'%'� ��� ,
wherethe semanticsof the quantifieris definedsuchthat for a true
andsecureuniversallyquantifiedstatementtherestrictionexpression
is assumedto benon-empty.

Ourmechanisationisbasedontheworkof Carnielli [2], Hähnle[5],
BaazandFerm̈uller [1], whohavedevelopedmethodsfor theopera-
tionalisationof many-valuedfirst-orderlogics.However all of these
approacheshave in commonthat they are truth-functional, that is,
composedformulaeobtaintheir truth valuesfrom their components
and(for quantifiers)from all instancesof thescope.Thereforea di-
rectutilisationof thesemethodsis impossiblefor Bergmann’s logic,
sincethequantifiersrangeonly overa restricteddomain.

2 Logic

Themainfeatureof Bergmann’slogicfor presuppositions[3] isatwo-
dimensionalsetof truth values,wheretheclassicaltwo arereplaced
by four truth-valueswhich arerepresentedby pairs,wherethe first
componentconsistsof the valuestrue andfalse,andthe secondof
thevaluessecureandinsecure.In thefollowing wedenotethesetruth
valuesby ��. , � . , �'/ , and � / .
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In this paper, we further formaliseBergmann’s logic andin par-
ticular presenta resolutioncalculusfor this logic. Startingfrom an
approachlikethatin [6] wherewehavepresentedamechanisationof
three-valuedKleenelogic, themainproblemof this work is to give
a propertreatmentof restrictedquantificationandtheir presupposi-
tions. The rangeof the quantifiersis restrictedand assumedto be
non-empty.

In thefollowing wepresentthelogicsystem132 , whichisavariant
of Bergmann’s ideasfrom [3]. The treatmentof the restrictionpart
of a quantificationis very similar to the sort techniquesdeveloped
in [8].

Definition 2.1(Signature) A signature Σ: 4 ��5 �768�719� consistsof
the following disjoint sets: 5 is a countablyinfinite setof variable
symbols, 6 is a setof functionsymbols, and 1 is a setof predicate
symbolsthatcontainsaspecialpredicate: , calledsecuritypredicate.
Thesets6 and 1 aresubdividedinto thesets6<; of functionsymbols
of arity = and1 ; of predicatesymbolsof arity = . Notethatindividual
constantsarejustnullary functions.

Definition 2.2(Termsand Formulae) Wedefinethesetof termsto
be the setof variablestogetherwith compoundterms > �@? 1 �BABABAB� ? ;
�
for terms ? 1 �BABABAC� ? ; and >EDF6 ; . The setof formulaeconsistsof
atoms( G �@? 1 �BABACA�� ? ; � , where GHDI1 ) and of compoundformulaeJLKNM

,
JLONM

,
J # M

, P J , !
J

, T
J

, �Q�SR J
, and T��SR J

, whereJ
,
M

, and U areformulae.
The intendedmeaningof the restrictedquantification�Q� R J

is
that

J
holdsfor thesetof all � for which U holds,andthatfurthermore

thissetis nonempty. Themeaningof !
J

is that
J

is secure,andthat
of T

J
is that

J
holds,but maybeinsecure.

Notethattheconceptof restrictedquantificationisageneralisation
of sortedlogics,wherevariablesarerestrictedby so-calledsorts,i.e.
unarypredicates:For any unarypredicateGIDV1 therestrictedquan-
tification �Q�SW * J

is equivalentto thesortedquantification�Q�SW J
asit canbefoundin sortedlogics.

Foranintuitivetreatmentof presuppositionsfor terms(correspond-
ing toquestionswhetherPegasusexists,whetherit isahorse,orabout
thenatureandexistenceof it’ sleft fronthoof)weuseasetof so-called
termdeclarations.

Definition 2.3(Term Declarations) Let
J

be a formula, then we
call

JYX
(the formula

J
indexed with the intendedtruth value Z[D\

t . � f . � t / � f /3] ), a labelledformula. Theset ^3: of termdecla-
rationsis asetof labelledformulae.

We now will definethe four-valued,two-dimensionalsemantics
for 132 by decoratingthe truth valueof a formula with a “security
value”. Thusthe setof truth valuescontains� . and � . for secure
truthandfalsityand �)/_� � / for theinsecureones.

Definition 2.4(Σ-Algebra) Let Σ bea signature,thena pair ��` �bac�
is calledaΣ-algebrawith carrier set ` , if f theinterpretationfunction
a maps6 and 1 to functionsandpredicatesof theappropriatearity
over ` . Theonly restrictionweposeis that a � :d�fe \

t .g� f . ] .
Wecall elementsh8D ` secure, if a � :i� � h'�j4 t . , elseinsecure,

andwe subdivide ` into subsets̀ . of secureand ` / of insecure
elements.Ourdefinitionof semanticsentailsthat ` 4 ` .lk ` / and` .Vm ` /n4Fo .

Note that our treatmentof undefinedelementsdiffers from the
Kleeneapproachtakenin [6], whereall undefinedelementsareiden-
tified, sinceherewe want to be able to reasonaboutpropertiesof
undefinedobjectsinsteadof only statingundefinedness.

Definition 2.5(Σ-assignment) Let ��` �bac� be a Σ-algebra,thenwe
call a total mapping p : 5rq # ` a Σ-assignment. We denotethe
Σ-assignmentthat coincideswith p away from � andmaps � to h
with pj�
s h't��)u .
Definition 2.6 Let p beaΣ-assignmentinto aΣ-algebra��` �baj� then
wedefinethevaluefunctionawv fromformulaeto ` inductively to be

1. a v � >�� : 4xa � >�� , if > is a functionor apredicate.
2. a v � ��� : 4Ep � ��� , if � is avariable.
3. a v � > �@? 1 �BABA�AC� ? ; �7� : 4xa � >�� � awv �@? 1 �y�CABABAB�zawv �@? ; �7� , if > is a

functionor predicate.

Notethatthisdefinitionappliesto 1 and 6 alike,thuswehavegiven
thesemanticsof all atomicformulae.

Definition 2.7 Thevalueof a formuladominatedby a connective is
obtainedfrom thevalue(s)of thesubformula(e)in a truth-functional
way. Thereforeit sufficestodefinethetruthtablesfor theconnectives:
K

t . f . t / f /
t . t . f . t / f /
f . f . f . f / f /
t / t / f / t / f /
f / f / f / f / f /

O
t . f . t / f /

t . t . t . t / t /
f . t . f . t / f /
t / t / t / t / t /
f / t / f / t / f /

P
t . f .
f . t .
t / f /
f / f /

# t . f . t / f /
t . t . f . t / f /
f . t . t . t / t /
t / t / f / t / f /
f / t / t / t / t /

T

t . t .
f . f .
t / t .
f / f .

!

t . t .
f . t .
t / f .
f / f .

For formula U andeachvariable � (we call thepair � � �{U|� a restric-
tion) let

`d}v � U~�7�S��4 \ h�D `��� a v , � ���{*B� UxD \ t . � t / ]�]
` .v � U~�7�S��4 \ h�D ` �� a v , � ���{*B� Un4 t . ]

Wecallarestriction� � �"U_� empty, if ` }v � U3�7��� is.With thiswecande-
finethesemanticsof theuniversalquantifierbyrequiringa v � ��� R J �
to be� t . , if a v , � �
�"*B� J 4 t . for all h�D ` }v � U~�7�S� and ` .v � U3���S���4�o� f . , if thereis an h�D ` }v � U~�7�S� with a v , � �
�"*B� J 4 f .� t / , if a v , � �
�{*B� J 4 \

t . � t /|] for all h�D ` }v � U~�7�S� ,
but a v , � �
�"*B� J 4 t / for someh�D ` }v � U~�7�S� .� f / , if thereis an h�D ` }v � U3�7��� with a v , � �
�"*B� J 4 f /

Note that with this definition, the conditionthat p � �S��D ` }v � U3���S�
is conserved.Wecall thisconditionwell-sortednessof assignments.
Consequently, all assignmentsin the constructionof the semantics
of a sentencearewell-sorted,if we startfrom theemptyassignment
(which we canalwaysdo,sincelike in classicallogic thevalueof a
formulaonly dependson thosefor it’ s freevariables).Thuswe will
restrictourselvesto well-sortedassignments.

With the specificationof the behaviours of the connectives and
quantifierswe have completedthe definition of the semanticsof
formulae.We say that a labelledformula

J�X
is satisfiedby p , if f

a v � J �_4�Z andvalid, if f it issatisfiedbyall well-sortedassignments.

Remark 2.8 Now we can further study the relation of restricted
quantificationtosortedlogics.Thoseusuallydefinethecarrier ` Wx�` for any sort(unarypredicateGIDN1 ) as̀ W : 4 \ h8D ` �� a � Gl� � h'�4 t ] andusethat to definesortedquantificationas awv � ���SW J � to
betrue,if f a v , � �
�"*B� � J � is truefor all h�D ` W . Notethatsortedlogics
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usuallyassumethatthe ` R arenon-empty3 andthereforeleadto the
samepresuppositionsas 132 on thesortedfragment.

We exploit this similarity in this paperby generalisingsort tech-
niquesfor themechanisationof 132 .

Definition 2.9(Σ-Model) Let
J

be a formula, then we call a Σ-
algebra� : 4 ��` �baj� aΣ-modelfor

J
(written ���4 J

), if f a v � J �34
t . for all Σ-assignmentsp . With this notionwe candefinetheno-
tionsof validity, (un)-satisfiability, andentailmentin theusualway.
For aset ^3: of termdeclarations,wesaythat � is a ^3: -Model, if f
all labelledformulaein ^3: arevalid (cf. 2.7).

In thefollowing wewill only consider̂3: -models.Fromapurely
theoreticalpoint of view, term declarationsdo not yield more ex-
pressivity, sincethey canbe axiomatised(any intendedtruth value
canbe characterisedby combinationsof the connectives ! and � ).
However, from a practicalpoint of view, the termdeclarationspro-
videaconvenientmeansof specifyingthebeliefaboutexistenceand
sortalityin theworld.Furthermore,thetermdeclarationscanbeused
for optimisationsof thecalculusby sortedunificationasin [7].

Remark 2.10 The“tertium nondatur”principleof classicallogic is
no longervalid, sinceformulaecanbe insecure,in which casethey
areneithertruenorfalse.Wedohoweverhavea“quintumnondatur”
principle,that is, formulaeareeithertrueor false,but independently
they canbesecureor not,whichallows usto derive thevalidity (i.e.
that it is trueandsecurein all models)of a formulaby refutingthat
it is falseor insecureor both. We will usethis observation in our
resolutioncalculusbelow.

3 ResolutionCalculus ( �<��� )

In this sectionwe presenta resolutioncalculus�f132 that is a gen-
eralisationof theresolutioncalculusfor partial functions[6], which
in turn is a joint generalisationof Weidenbach’s logicswith dynamic
sorts[8] with ideasfrom [1, 5]. Therearetwo variantsof thesorted
calculus,wehavegeneralisedbothfor ourpurposes,but in thispaper
weonly presentthefirst (simpler)versiondueto thelackof space.

Definition 3.1 Wewill call a labelledatom � X a literal andasetof
literals

\ � X 1
1 �BABABAC�{� X��� ] aclause.WesaythataΣ-model� satisfiesa

clause� , if f it satisfiesoneof its literals � X D�� , thatis, a v � � X �j4
Z . � satisfiesa setof clausesiff it satisfieseachclause.In order
to conserve space,we employ the“,” astheoperatorfor thedisjoint
unionof sets,sothat �$�7� X means� k \ � X ] and � X is notamember
of � . Furthermorewe adoptHähnle’s notion of multi-labelsin the
form ��� J X�� to mean��� J X � J � .

Now we are in the positionto give a setof transformationsthat
take a setof labelledformulaeto a refutationallyequivalent setof
clauses.

Definition 3.2(Transformations to ClauseNormal Form)

��� � J�KVM � t  

��� J t   ��� M t  
�$� � J¡K8M � f  

�$� J f   � M f  

3 Thelogicsof CohnandWeidenbach[4, 8] doawaywith thisrestrictionthat
hasalwaysbeenconsideredasa technicalanomalythathasalleviatedthe
needof specialtreatmentsin thetransformationto clausenormalform and
for instantiationsin theresolutioncalculus:A unifierthatcontainsvariables
of sortsthatareemptydoesnot leadto acorrectrefutation.

��� � J¡K�M � t ¢

��� J t ¢ � M t   ��� J t ¢ � M t ¢ ��� J t   � M t ¢

��� � P J � t  

��� J f  
��� � P J � f  

�$� J t  
��� � P J � t ¢

���
��� � P J � f ¢

��� J t ¢ , f ¢

��� � ���SR J s �SR	u£� t  

��� J s � R u t   ����s > ��¤ 1 �BACABAB� ¤ � �7t��)u£U t  

��� � ���SR J s �SR	u£� f  

��� J s > ��¤ 1 �CABABA�� ¤ � �¥u f   ��� � s > ��¤ 1 ��ABACAB� ¤ � �7t
�)u£U|� t   t ¢

��� � ����R J s �SR�u@� f ¢

��� J s > ��¤ 1 �BABABAB� ¤ � �¥u f ¢ ��� � s > ��¤ 1 �BABABAC� ¤ � �7t
�)u£U_� t   t ¢

��� � ! J � t  

��� J t   f  
�$� � ! J � f  

��� J t ¢ f ¢
��� � ! J � t ¢

�
�$� � ! J � f ¢

�

��� � T J � t  

��� J t   t ¢
��� � T J � f  

��� J f   f ¢
��� � T J � t ¢

�
��� � T J � f ¢

�

where
\ �SR¦� ¤ 1 �BACABAB� ¤ � ] 4 Free� J � and > is anew functionsymbol

of arity § . HereFree� J � denotesthesetof freevariablesof
J

.
Thetransformationscanbedirectlyderivedfrom thesemanticsof

theconnectivesandquantifiers.Dueto spacerestrictionswehavenot
presentedall of themabove.Notethatthetransformationsfor theuni-
versalquantifierhave to associatetherestriction U with thevariable
� , that is, in the resolutionsetting,we assumevariablesto bepairs,
consistingof a symbolanda restriction.FurthermoreSkolemfunc-
tionshave to conserve securityandinsecurity. In particularSkolem
constantsarealwayssecure.

Note that this set of transformationsis confluent,thereforeany
total reductionof asetΦ of labelledsentencesresultsin auniqueset
of clauses.Wewill denotethissetwith CNF � Φ � .
Assumption3.3 The clausenormal form transformationsas pre-
sentedabove arenot complete,that is, they do not transformevery
givenlabelledformulainto clauseform,sincetherulesfor quantified
formulaeinsistthattheboundvariableoccursin thescope.In factthe
handlingof degeneratequantificationsposessomeproblemsin the
presenceof possiblyemptyrestrictions,asquantificationoverempty
setsarevacuouslytrue.In thissituationwehavethreepossibilities,ei-
thertoforbiddegeneratequantifications,oremptyrestrictions,ortreat
degeneratequantificationsin theclausenormalformtransformations.
For thispaperwechosethefirst, sincedegeneratequantificationsdo
notmakemuchsenseanddonotappearin everydaylanguage.See[7]
for theotherpossibilities.Thuswewill assumethatin all formulaein
thispapertheboundvariablesof quantificationsoccurin thescopes.

As usualthereductionto clausenormalform conservessatisfiability.

Theorem3.4 Let Φ be a setof labelledsentences,thenthe clause
normalformCNF � Φ � is satisfiable, iff Φ is.

Logic Programming,TheoremProving and Search 377 M. Kerber and M. Kohlhase



Proof sketch: The assertioncritically dependson the fact that the
notionof satisfiabilityemployed theretakestherestrictionsinto ac-
count: A clauseis valid in a Σ-model � , if f for one literal � X
a v � �j��4¨Z for all well-sortedassignmentsp into � . With this
notion, the assertioncanbe reducedto the standardargumentation
aboutSkolemisationanda tediouscalculationwith the truth tables
from 2.7.

Now weproceedtogiveasimpleresolutioncalculus,whichutilises
standard(unsorted)unification.In [7], we have further improved a
similar calculusby usinga sortedunificationalgorithm,whichdele-
gatespartsof thesearchinto theunificationalgorithm.For unsorted
substitutionsanaiveresolutionruleis unsound.Thereforewehaveto
adda residual(therestrictionconstraint)thatensuresthesoundness
(with respectto therestrictionson thevariables)of theunifier.

Definition 3.5(Restriction Constraints)
Let ©N4Is ? 1 t�� 1R 1

ub��ABACAB��s ? � t�� � R � u beasubstitution,thenwedefinethe
restrictionconstraint for © to betheclause

�|ª � ©~� : 4 \ � s ? 1 t�� 1 u@U 1 � f   f ¢ �BACABAB� � s ? � t�� � u£U � � f   f ¢ ]
Theselabelledformulaeareresiduatedin the �f132 rulesandhave

to be refuted in order to guaranteethat ` }v � U3� ? � holds (cf. defi-
nition 2.7) for every instance? instantiatedfor a variable � with
restriction U .

Definition 3.6(ResolutionInfer enceRules( �f132 ))

� X �{� « � �"¬
Res© � ���y��© � ¬��y�7�_ª � © �

� X �"« X �y�
Fac© � � X �y�7© � ���y���|ª � ©~�

whereZF�4�­ and © is themostgeneralunifierof � and « . Herewe
have assumedZ and ­ to be singletruth values,naturallythe rules
canbeeasilyextendedto setsof truthvalues.

Remark 3.7 Notethatclausescontaining
J t   f   t ¢ f ¢ aretautolog-

ical and can thereforebe deletedin the generationof the clause
normalform aswell asin thedeductionprocess.Thecalculuscanbe
extendedby the usualsubsumptionrule, allowing to deleteclauses
thataresubsumed(super-sets).

Definition 3.8 Let
J

beasentenceandΦ betheclausenormalform
of theset

\
\ J f   , t ¢ , f ¢ ]
] thenwesaythat
J

canbeprovenin �f132
( ® J ), if f thereis aderivationof theemptyclausē from Φ with the
inferencerulesabove.

Theorem3.9(Soundness) �f132 is sound.

Proof sketch: Thesoundnessof theresolutionandfactoringrulesis
establishedin the usualway taking into accountthat the restriction
constraintsmake the substitutions“well-sorted” andthuscompati-
ble with the semantics:The restrictionconstraintsadd two literals� s ? t��'u@U|� �   � � s ? t��)u£U|� � ¢ per componentof the substitution,which

only canberefutedif indeed� s ? t
�)u£U_� �   or � s ? t��'u@U|� �)¢ arevalid.

Definition 3.10 Let � : 4 \ � X 1
1 ��ABABAC�"� X��� ] beaclause,thenthecon-

ditional instantiation ©¦° � ��� of © to � is definedby

©¦° � ��� : 4 \ © � � X 1
1 �y�BACABAB�7© � � X �� � ] k �_ª � © �� Free(²±¦- �

Thefollowing resultfrom[8] is independentof thenumberof truth
values.

Lemma 3.11 Conditionalinstantiationis sound:for anyclause� ,
substitution© andΣ-model� wehavethat �³�4´©w° � ��� , whenever
�³�4�� .

Definition 3.12 Let
J

beasentenceandCNF � J � betheclausenor-
malformof

J
, thenwedefinetheHerbrandsetof clausesCNF µ � J �

for
J

as
\ ©¦° � ��� �� �¶D CNF � J �y�·© ground� Dom � ©~�34 Free� ��� ]

Definition 3.13 Wewill call two literals � X and � � complementary,
if Z��4¸­ .

Definition 3.14(Herbrand Model) Let Φ bea setof clauses,then
theHerbrandbase¹ � Φ � of Φ is definedto bethesetof all ground
atomscontainingonly function symbolsthat appearin the clauses
of Φ. If thereis no individual constantin Φ, we adda new constantº . A valuation » is a function ¹ � Φ � q # \

t . � f . � t / � f / ] . Note
that theseliteralsarenot complementarysince » is a function.The
Σ-Herbrand model ¹ for Φ and » is the set ¹ : 4 \ � X �� Z¼4
» � �c�y�7�LDN¹ � Φ � ] .

WesaythataΣ-Herbrandmodel¹ satisfiesaclausesetΦ if f for all
groundsubstitutions© andclauses�ID Φ wehave ©w° � ����m$¹¨�4�o .
A clauseset is called Σ-Herbrand-unsatisfiableif f there is no Σ-
Herbrand-modelfor Φ.

Theorem3.15(Herbrand Theorem) Let
J

bea formula,thenthe
clausenormal form CNF � J � has a Σ-model iff CNF µ � J � has a
Σ-Herbrand-model.

Proof: Let �½4 ��` �baj� bea Σ-modelfor Φ : 4 CNF � J � . Theset

¹ : 4 \ � X �� �¾D8¹ � Φ �y�"Zn4¡a v � �j� ]
is a Σ-Herbrandmodel for Ψ : 4 CNF µ � J � if p is an arbitraryΣ-
assignment,sinceobviously awv is a valuation.To show that indeed
¹ is a Σ-Herbrandmodel for Ψ, we assumethe opposite,that is,
there is a clause �¿D Ψ, such that ¹Àm��H4Áo . Since �¿D Ψ
thereis a substitution©¡4´s ?�Â t�� Â R�Ã u anda clause¬¨D Φ, suchthat
��4Ä©¦° � ¬��_4�© � ¬�� k �|ª � © � .

Without lossof generalitywe canassumethat a � U Â � � awv �@? Â �7�9D\ ��.c�7�)/ ] , sinceotherwisea v � s ?7Â t�� Â u£U Â �fD \ � .c� � / ] , andtherefore� s ?�Â t
� Â u£U Â �·ÅÆDN¹ for Ç�D \ � .c� � / ] , whichcontradictstheassump-
tion. ThusthemappingÈ : 4Fpj�
s awv �@?7Â �7t�� Â u is a Σ-assignment.

Note that since � is a model of Φ, we have that � � 4É¬
and thereforethereis a literal � X DF¬ , suchthat Z¶4ÊawË � �j�i4
a v � © � �c�7� , hence© � �j�gD8¹ , whichcontradictstheassumption.

For theconversedirectionlet ¹ beaΣ-Herbrandmodelfor Ψ and` the Herbrandbasefor ¹ . Furthermorelet a � > � � and a � G � � be
partialfunctions,suchthat

a � > � � �@? 1 �BABABA�� ? � � : 4E> � �@? 1 ��ABABAB� ? � � if f > � �@? 1 �BABACAB� ? � �cD `
a � G � � �@? 1 �BABA�AB� ? � � : 4�Z if f � G � �@? 1 �BACABA�� ? � �7� X DN¹

We proceedby convincing ourselvesthat �Ì�4 Φ. Let �ÍD Φ and
p : 4Is ? Â t
� Â R Ã u be an arbitrarywell-sortedΣ-assignment.Since ` is
a setof groundterms p is alsoa groundsubstitutionandmoreover� s ? Â t
� Â u£U Â � �   DN¹ or � s ? Â t
� Â u@U Â � �)¢ DN¹ by constructionof a and
thefactthat p is well-sorted.
¹ is aΣ-Herbrandmodelfor Ψ andthus p ° � ���)mi¹Í4 � p � ��� k

�|ª � p3�7�'md¹Î�4Fo . Because¹ cannotcontaincomplementaryliterals
we must alreadyhave a literal p � � X �ÏD´p � ���fmx¹ . Now let »
be the valuationassociatedwith ¹ . Since p � � X �nDÐ¹ we have
Zx4I» � p � �j�7�g4¸a v � �j� , which implies �Ñ�4 v � X . We have taken
� and p arbitrary, sowegettheassertion.
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Corollary 3.16 A setΦ of groundunit clausesis unsatisfiableiff it
containstwocomplementaryliterals.

Theorem3.17(Ground Completeness)Let Φ be an unsatisfiable
set of ground clauses,then there exists a �f132 derivation of the
emptyclausefromΦ.

Theorem3.18(Completeness) �f132 is complete.

Proof sketch: For theproof of this assertionwe combinethecom-
pletenessresultfrom thegroundcasewith alifting argument.It turns
out thatthelifting propertycanbeestablishedby methodsfrom [8],
sincethey areindependentof thenumberof truthvalues.

4 Example

At first we want to give anexamplefor quantificationalpresupposi-
tionsandthenshortlydiscussexistentialpresuppositions.

Let us assumethe following information. There is a company
TheCompany which wantsto fire people,but they have a social
touchanddon’t fire any personswhichhavechildren.Weareworried
whetherJohnwill be fired, but then we hearthat his children are
sleeping.Implicitly wecanconcludefrom this informationthatJohn
haschildrenandhencewill notbefired.

Thiscanbeencodedin 132 by thefollowing statements:4

A ���)Ò �	�
Ó���%'��� � ��Ô��BÕ	& � ��� ���S�3#ÖP & � Ó��
� � � �S�
B ��� Ò � T ¤ Ò ��� ���
����¤ �7�S�7�3# & � Ó���� � � �S�
C ��� �
� ���
�'(×*�, ! � � �'- %��
���
&'%)� �S�
T P �	��Ó���%'��� � ��Ô��CÕ	& � ��� �y! � � � �

with thetermdeclarations� : ��� � ��Ô��CÕ	& � ��� �7� �   and � : � ! � � � �7� �   .
In orderto prove thetheoremT, thefollowing generalisedclauseset
hasto berefuted:

A � ��� Ò �	�
Ó���%'��� � ��Ô��BÕ	& � ��� �7�S�|#ÖP & � Ó��
� � � �S�7� �  
B � ���)Ò � T ¤ Ò ��� ���
����¤ �7�S�7�3# & � Ó���� � � �S�7� �� 
C � ��� �
� ���
�'(×*�, ! � � �	- %��
���
&'%)� �S�7� �  
T � P �	��Ó���%'��� � ��Ô��CÕ	& � ��� �y! � � � �7� � ¢ , �   , � ¢

By therulesfor formingaclausenormalform wegettheclauses:

A1 ���	��Ó���%'��� � ��Ô��BÕ�& � ��� �7� Ò �7� �   � �@& � Ó��
� � � � Ò �7� �  
A2 : � º 1 � �� 
B1 � �
� ���
����¤ Ò �7� Ò �7� �   � �@& � Ó��
� � � �S�7� �  
B2 : � º 2 � �  
B3 : � º 3 � �  
C1 �¥%������
&	%'� � �
� �����Q(×*�, ! � � �	- �7� �  
C2 � �
� ���
��� º 4 �y! � � � �7� �  
C3 : � º 4 � �  
T ���	��Ó���%'��� � ��Ô��BÕ�& � ��� �y! � � � �7� � ¢ ����	��Ó���%'��� � ��Ô��BÕ�& � ��� �y! � � � �7� �   ����	��Ó���%'��� � ��Ô��BÕ�& � ��� �y! � � � �7� � ¢

By resolutionwegetfrom Res(B1,C2):

R1 �@& � Ó��
� � � ! � � � �7� �   � � : � º 4 �7� �   � � : � º 4 �7� � ¢
Two-timesresolvingwith C3resultsin:

R2 �@& � Ó��
� � � ! � � � �7� �  
which in turncanberesolvedwith A1:

4 There is a typo in the treatment of formula B in
the proceedings, which is corrected here.

R3 ���	��Ó���%'��� � ��Ô��BÕ	& � ��� �{! � � � �7� �   �� : � ! � � � �7� �   � � : � ! � � � �7� � ¢
The last two literals canbe resolved away usingthe term decla-

ration � : � ! � � � �7� �   . T canberesolved threetimeswith theresult-

ing unit ���	��Ó���%'��� � ��Ô��BÕ�& � ��� �y! � � � �7� �   , wherebyfinally theempty
clauseis derived.

Pleasenotethatin adirectfirst-ordertranslationof theabove text,
theessentialinformationin C2thatJohnhasachildcannotbederived
andhenceno proofcanbefound.

Thesecondform of presuppositionsconcernthefactthatall con-
stantsof classicallogic exist just becauseof mentioningthem.For
instance,classicallogic is not a goodtool for a disputeof a theist
andan atheistaboutthe existenceof God,sinceif the atheistonly
mentionsGod,hewouldadmittheexistenceof God.In 132 , however,
thestatusof statementsaboutconstantscanbe insecureandin par-
ticular no existenceis assumed,unlessotherwisespecifiedby term
declarations.

5 Conclusion

We have developeda four-valuedlogic for the formalisationof ev-
erydayreasoningwith presuppositions.This systemgeneralisesthe
systemproposedbyBergmannin [3]. Furthermorewehavepresented
asoundandcompleteresolutioncalculusfor oursystem,whichuses
thesortmechanismto captureBergmann’s restrictedquantifications.

Our calculuscanbe seenas an extensionof classicallogic that
combinesmethodsfrom many-valuedlogics(cf. [1, 5]) for a correct
treatmentof the secureand insecureinformation and order-sorted
logics (see[8]) for an adequatetreatmentof restricteddomains.In
contrastto thepartialfunctioncalculi in [6, 7] 132 doesnot identify
theinsecureobjects.However, just like in theselogics,mostdefined-
nesspreconditionscanbe taken careof in the unification,making
inferencingquiteefficient.

Even though the researchon presuppositionsin linguistics has
nowadaysturnedtodynamicandmorepragmaticallydrivenanalyses,
and away from the multi-valued treatment,this is not a counter-
argumentto our system.In contrastto classicallogic 132 makes it
possibleto specify(andreasonwith) presuppositions,so that once
thelinguisticanalysesareusedfor reasoning,somesystemlikeour’s
will beindispensable.
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