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Abstract

In this work a 3-dimensional contact elasticity problem for a thin fiber and a rigid foun-
dation is studied. We describe the contact condition by a linear Robin-condition (by
meaning of the penalized and linearized non-penetration and friction conditions). The
dimension of the problem is reduced by an asymptotic approach. Scaling the Robin
parameters s° as s° = s, o = 0,1,2 we obtain a recurrent chain of Neumann type
boundary value problems which are considered only in the microscopic scale. The prob-
lem for the leading term u is a homogeneous Neumann problem, hence the leading term
depends only on the slow variable. This motivates the choice of a multiplicative ansatz
in the asymptotic expansion.

The theoretical results are illustrated with numerical examples performed with a com-

mercial finite-element software-tool.
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0.1 Notations

g, — small parameters

Lower case greek and latin letters denote real numbers - for instance:

oi; €R

Bold lower case greek and latin letters denote real vectors - for instance:

0= (Uij)j:l,Q,S = (011,0127013) €R?

Bold upper case greek and latin letters denote real matrices - for instance:
011 012 013

2 =(0ij)ij=1,28= | 021 022 093 | €RP?
031 032 033

e; = I' where I is the 3 x 3 identity matrix

y ail a2 a13 .
A= for a matrix A = (aij%’j:l’z’g
a1 a22 G23

& = (x1,29) for a vector & € R?

' = (0ij)j=1.2.3

i=1,2,3
a0 =5+ 5+ 55
Buieal) = 03 + 53

<1>=R
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y = — — fast or microscopic variable
€

HY(Q) = (Coo(ﬁ), [] 172) for a Lipschitz domain

ull1,2 = [[ullo,2 + [[Vullo.2

lulloz =/ [ Iuf2do
Q

. R3 x R? — R denotes the canonical scalar product in R?

BVP means boundary value problem



1 Introduction

1.1 Motivation

In this work a 3D model of a thin elastic fiber in contact with a rigid body is reduced to
a 1D model using asymptotic methods. Asymptotic-or perturbation methods are used
to reduce the complexity of a problem. These methods are widely applied in physics
when a small parameter appears in the model. The small parameter might for instance
appear as a geometric value, e.g. the thickness-or periodicity of a structure, or as a
factor causing fast variation of a physical coefficient. In this work a small parameter
appears as the relative thickness of a fiber, i.e ¢ represents the relation between the
thickness and the length of the fiber. The consequence of such a relation is that the
boundary value problem of elasticity contains two different scales, the longitudinal scale
(macroscopic variable) of order O(1) and the cross-sectional scale (microscopic variable)
of order O(e). During the solving difficulties arise due to the fact that the solution lives
on two different scales, this implies that a direct numerical computation is too expensive.

To overcome these difficulties asymptotic approaches are used to separate the scales.



1 Introduction

1.1.1 The Euler-Bernoulli equations

Under the Euler-Bernoulli hypotheses, that plane sections stay plane and normal to
the longitudinal axis of the beam, 3D beams are modeled with the Euler-Bernoulli
equations, which are one dimensional. As an example let us introduce a classical beam,
the cantilever beam. A cantilever beam is a beam that is fixed at one end and free at

the other end, see Figure 1.1 %

Fixed

end Free end \

Figure 1.1: 2D cantilever beam

For this beam, the Euler-Bernoulli equations are the following

—EA%Q;? = () in (0,1) (1.1)
EA% =0 on 1 (1.2)
uzs =0 on 0 (1.3)
and for i = 1,2
E[%?fj = fi(z) in (0,1) (1.4)
—Efzzi =0 on 1 (1.5)
E[é;u; =0 on 1 (1.6)
‘?;g =0 on 0 (1.7)
u; =0 on 0 (1.8)
(1.9)

Tmage taken form http://www.understandingcalculus.com/ with permission from the author

10



1 Introduction

see [Kindmann, Frickel, 2002, p.22] and [Gross, Hauger, Schroder, Wall 2007, p.22-
23,117-118].  Where u = (u1,u9,u3) is the displacement vector with bending com-
ponents u; for ¢ = 1,2 and tension component us. The bending components of the
displacement vector describe the lateral displacement of the beam and the tension com-
ponent describes the longitudinal displacement. f = (fi, f2, f3)? is the body force. E

is the Young modulus and can be expressed in terms of the Lame constants A and u as

3 2u
E = A+p

EA is the axial stiffness and the left hand side of (1.2) is the tension force. At this

stage let us mention that the Young modulus of e material is indirectly related to its

, A= [ d(x1,2,) is the area of the cross-section w, the constant product

elasticity, the Young modulus of rubber is much smaller than the Young modulus of
diamond. I = [ x?d(x1,x;) is the area moment of inertia and the constant product ET
is the bending stiffness. The left hand sides of (1.5) and (1.6) are the bending force and
the bending moment respectively and the left hand side of (1.7) is the bending angle.
The Dirichlet boundary conditions (1.3) and (1.8) describe a fixed end and are called
geometric or kinematic boundary conditions while the Neumann boundary conditions
(1.2), (1.5) and (1.6) describe a free end and are called dynamic boundary conditions.
In this work we replace the free end by an end that is in contact with a rigid body.
We approximate a 3D contact elasticity problem by a mixed boundary value problem
with Robin-type condition at the contact area and show that a dimension reduction
leads to a replacement of the homogeneous Neumann boundary conditions (1.2) and
(1.5) by homogeneous Robin-type conditions with constant coefficients in the 1D model.
Which means that the (1.2) and (1.5) are replaced by EA% = vz and ETZ% = yu;

ox3
respectively, where v and 7, are constants. This homogeneous Robin-type conditions

with constant coefficients signify that the forces are proportional to the displacement.

Remark 1. We remark that a homogeneous Robin-type boundary condition with constant
coefficients looks as ag—;u + bu = 0. In the following we refer to the term bu as the

Robin-term and to b as the Robin-parameter.

1.2 State of the art

In the last decades the one dimensional Euler-Bernoulli equations have been mathemat-
ically justified using asymptotics with regard to the beam thickness. This dimension re-
duction for thin elastic beams has been the subject of numerous works, see for instance
[Panasenko, 2005] for isotropic homogeneous and heterogeneous beams, [Vodak, 2007]

for isotropic homogeneous curved beams and [Alvarez-Dios, 1993] for for anisotropic ho-

11



1 Introduction

mogeneous beams.

In the case of isotropic homogeneous thin elastic cylinders the classical Euler-Bernoulli
equations (1.1)-(1.3) and (1.4)-(1.8) are obtained in [Panasenko, 2005] for a cantilever
beam. In [Panasenko, 2005] we see that the dimension reduction of a 3D mixed Dirich-
let/Neumann boundary value problem that models a 3D cantilever beam leads to a
1D mixed Dirichlet/Neumann boundary value problem modeling a 1D cantilever beam.
The aim of this work is to show that the dimension reduction of a 3D mixed Dirich-
let /Neumann /Robin boundary value problem that approximates a 3D contact problem
leads to a 1D Dirichlet/Robin boundary value problem approximating a 1D contact
problem. Therefore the results of [Panasenko, 2005] for isotropic, homogeneous can-
tilever beams are extended to the case of a linearized contact of the elastic beam with a

rigid body at an end.

12



1 Introduction

1.2.1 Dimension reduction algorithm for a cantilever beam

We give a short overview of the dimension reduction algorithm for a cantilever beam
performed in [Panasenko, 2005], see Figure 1.2. For this reason we list the main steps
that are carried out in the algorithm.

1. State the 3D linear elasticity problem for a cantilever beam P.. This problem has the

form of a mixed Dirichlet/Neumann boundary value problem.

2. Assume that the solution u® is represented as a sum of 3 independent asymptotic ex-

pansions with respect to the beam thickness :

u® =u>* ,where u* =ug-+up-+uy (1.10)
where up is responsible for the longitudinal interior, up is responsible for the Dirichlet
boundary (fixed end) and uy is responsible for the homogeneous Neumann boundary
(free end).

3. For each expansion assume a multiplicative ansatz, i.e. every summand is a product of
a function depending merely on the microscopic variable and derivatives of a function

depending on the macroscopic variable only.

0 k

up =3 N (y) - w(as) (1.11)
prd ox§

up = ZekNE(y)W'w(xg) (1.12)
k=0 T3

uy = ZEkNéV(y)Ww(xs) (1.13)
k=0 T3

Here z3 is the macroscopic variable, in the case of a beam it is the longitudinal variable

143

and y = £ is the microscopic variable. Further Ny, N kD and IN év are matrix functions

with components in H'.

4. Substitute upg, up and uy separately into the 3D problem P.. This leads to a recursive
chain of auxiliary Neumann boundary value problems in the microscopic scale for N (y),
NP (y) and N¥ (y) respectively.

5. To ensure that the solutions N (y), N2 (y) and N¥(y) exist, add constant matrices

H, H k,D and H ka to each auxiliary Neumann boundary value problem and compute

13



1 Introduction

them in order to obtain the desired solvability. These constant matrices are added to

ensure that the sum of the right hand side of the Neumann problems is zero, see Section 7.

6. These constant matrices lead to a macroscopic ordinary differential equation D.(k) of
order k. Via Hy,_y, HY | and HY | D.(k) contains data from the Neumann boundary
value problems for Nj_1(y), NP | (y) and N¥ | (y).

7. Let ¢ tend to zero for D.(k), i.e. consider lim._,o D (k)

The macroscopic problem lim. o D.(k) is called the limit problem. We highlight that
the limit equation describes the effective mechanical properties of the 3D elasticity
problem P. as ¢ tends to zero. Further we recall that the limit equations obtained in
[Panasenko, 2005] for a cantilever beam are the Euler-Bernoulli equations (1.1)-(1.8). At
this stage we notice that in [Panasenko, 2005] an averaged area A = |71| [, d(zy, 220)(= 1)
and an averaged area moment of inertia [ = ﬁ [, x3d(x1,z5) are obtained. The main
mathematical tool used in the algorithm is the Fredholm-alternative. This Theorem is

used to compute the constant matrices Hy, H} and HY in step 5.

O

Homogeneous Dirichlet Homogeneous Neumann

condition (clamped end) ) ) _ condition (free end)
Dimension reduction

algorithm .

Homogeneous Dirichlet Homogeneous Neumann
condition (clamped end) condition (free end)

Figure 1.2: Dimension reduction of a 3D cantilever beam
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1 Introduction

1.3 Outline of the work

In the first part the contact between a thin fiber that is fixed at the left end and in
contact with a rigid foundation on the right end is studied. Next a thin fiber that is
fixed at both ends and in contact with a rigid fiber in its middle is considered. The
dimension reduction of the 3D problems is performed with a slightly modified version of
the procedure described in Subsubsection 1.2.1.

In this work the 3D elasticity contact problems are modeled with mixed Dirich-
let/Neumann/Robin boundary value problems. The Dirichlet boundary conditions de-
scribe a clamped end, the homogeneous Neumann boundary conditions describe a free
boundary and the Robin boundary conditions describe a contact surface. The ansatz
is a general two scale expansion u> = 3 2 skuk(f,x;},), where x3 is the longitudinal
variable, and the multiplicative separation of scales is motivated by showing that the
leading term u° of the two scale expansion depends on the macroscopic scale (longitu-

0 serves as the function w in step (3) of the

dinal variable) only. The leading term u
procedure in Subsubsection 1.2.1. Moreover no series is considered on the clamped end,
the leading term is assumed to vanish at the fixed end. Additionally to the boundary
layer corrector series responsible for the Neumann boundary condition introduced in
step (3) in Subsubsection 1.2.1 a series is introduced at the contact area to compensate
the influence of the Robin type boundary condition.

In Section 2 we emphasize and justify that the procedure described in Subsubsection
1.2.1 can only be executed when the recursive chain of auxiliary boundary value prob-
lems consists of Neumann boundary value problems. Thus another main aspect of this
work is the scaling of the Robin-parameter. The Robin-parameters s; = s;e* are scaled
in such a way that a chain of Neumann type boundary value problems in the micro-
scopic scale is obtained, in order to apply the algorithm described in [Panasenko, 2005].
This algorithm is based on the application of the Fredholm-alternative on the Neumann
problems of the recursive chain. Therefore the scalings a = —1,0, 1,2, are discussed. In
Section 3 we conclude that a contact of two beams must be modeled at an end. There-
fore we cut the beam at the contact area to generate two artificial ends. Finally one
dimensional Robin-type limiting problems are obtained as ¢ tends to zero, see Figure
1.3. In the case of a hanging rod in contact with a rigid foundation at the lower end the
complete ODE system is asymptotically derived. In the case of a beam in contact with
a rigid beam in a part of the lateral boundary only the equilibrium-and force equation

are constructed. The theoretical results for a thin fiber in contact with a rigid body at
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1 Introduction

an end is illustrated numerically with a commercial finite-element software. We remark

that the in this work we derive the limit problems by a formal asymptotic procedure,

O

- Homogeneous Robin condition
Homogeneous Dirichlet (contact end)

condition (clamped end)

the convergence of the solutions is not discussed in this Diploma-thesis.

Dimension reduction
algorithm g = ()

Homogeneous Robin condition

Homogeneous Dirichlet
g (contact end)

condition (clamped end)

Figure 1.3: Dimension reduction of a 3D contact problem

16



2 3D contact problem for an elastic

rod

In this subsection we consider a thin elastic rod that is fixed at one end and in contact
with a rigid body on its other end, see Figure 2.1. We apply a slightly modified algorithm
from [Panasenko, 2005] to construct the 1D limit problem as ¢ tends to zero.

Figure 2.1: 3D rod in contact with a rigid foundation

17



2 3D contact problem for an elastic rod

2.1 Statement of the problem

We consider a 3D contact elasticity problem for a thin rod occupying the domain {2°
with a rigid foundation F at the contact surface S, see Figure 2.1. The thin rod is
clamped at its left end I'* and the contact surface is located at its right end. On the

lateral boundary of the fiber no traction is considered.

Assumptions 1. (Geometrical) Let O(xy, z2, x3) be a local coordinate system, in which
the coordinate axes are identical with the principal axes of the body. W.L.O.G. the origin
can be considered to be at an end of the fiber. The fiber ocuppies the set

O = {(z1,22,23) € R : (21, 22) € ew, x5 € (0,1)} where the cross-section w C R? is a
symmetric domain with a smooth boundary. The lateral boundary of the fiber is denoted
by S5 = {(z1, 29, 23) € O (B, 2) € Qw, a3 € (0,1)}, the right end is given by S& =
{(21,20,25) € Qs = 1} and the left end is set as I = {(x1, 32, 23) € Oy = 0}.
The diameter of the cross-section is given by the small parameter 0 < ¢ << 1. The small
parameter € describes the relation between the thickness and the length of the fiber. The
Robin-parameters s; are scaled as s;c®. We indicate that the choice of the coordinate

system and the symmetry of w implies that the product of inertia zixjd(xy, o) for

i # j vanishes, since f z;d(zy,22) =0 and

f z;x;d(z1, T2) f zj (fw:p,-dxi)dxj.

Assumptions 2. (Physical) We assume the fiber to be elastic, homogeneous and isotropic.
Further in this work only infinitesimal displacements are considered. Additionally we as-
sume the rigid body displacement matrix and the extended rigid body displacement matrix
to be the identity matriz I. This assumption is natural since only the first three columns
influence the equilibrium equation and the tension and bending forces and the fourth
column is responsible for torsion, see Remark 7.2 in Section 7 and

[Panasenko, 2005, p.57,64 and 66,71-72 ]. Moreover we assume the Euler Bernoulli
hypothesis for the thin fibers, i.e. we assume that the cross-section remains orthogonal

to the middle line of the fiber.

18



2 3D contact problem for an elastic rod

Remark 2. (Motivation of the Robin-type boundary condition) The contact constraints
in the weak formulation of the contact problem can be first penalized, then regqularized
and linearized. The resulting penalized contact condition in the weak formulation leads to
its possible simplification in form of the Robin-type condition, see [Kikuchi, Oden, 1988,
p.98-103].

— Div 3¢ = f(x3) in 0°
Yv =S5 on S; (2.1)

rvr=0 on SY%

u® =0 on ['®

and componentwise, for i = 1,2, 3

—divet = fi(zs3) in F

o; -V = su; on S¢ (2.2)
o;-v=_0 on Sy
u; =0 on I'®

Where u is the displacement vector with bending components u;, i=1,2, and tension

s 0 0
component ug, S = [ 0 s5 0 | is the Robin-parameter matrix, v = (n1,ng, n3) is
0 0 s§

, ous e .
the outward unit normal, e(u®);; = % (827 + —g?) for 7,7 = 1,2,3 are the components
i J

.E,:

of the strain tensor and X° = (0%;); =123 is the stress tensor with components o7
2ue (u®);; + Adiv (u®) §;; with the Lame constants A and u. f(z3) is the body force and
is assumed to have only a tension component, i.e. f(z3) = (0,0, f3(x3))T.

The solution of (2.2) is sought as a solution in the weak sense. Therefore we seek for

functions uf € V¢ = {p € H'(Q°) : p|% = 0} satisfying (2.3).

3

0
g /afj—gpdx—/ siufgods:/ fipdr NpeV® (2.3)
= e 8xj Se, Qs

The existence and uniqueness of a solution of (2.3) are shown in

19



2 3D contact problem for an elastic rod

[Oleinik, Shamaev, Yosifian, 1992, p.317].

Remark 3. (Weak formulation) (2.3) follows from (2.2) by multiplication by a test

function p € V& and partial integration, indeed
/ diveoiedr = — Z/ (995] o;pdx

. 0
= — Z (/ags oing)pds — /6 Jija—xjgpdx)

Remark 4. (On traces) The functions u € H'(QF) are understood as traces, i.e. u|q: =
T(u) for the trace operator T, see [Dobrowolski, 2006, p.109].

20



2 3D contact problem for an elastic rod

X
‘1"=(;?190)
'1"=(0,773)
X,
‘;=(_nlqOJ
(a)
Sv=) _ o) n=lo,n),
Xy
o E\’=(U,-3”3)f=l 2
05
= &
U1z
05
X,

(b)

Figure 2.2: a) 2D rod with an outward unit normal , b) 2D draw with traction directions
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2 3D contact problem for an elastic rod

2.2 Asymptotics

In this section asymptotics with respect to the fiber thickness € are implemented for the

dimension reduction. We perform a change of variables and substitute the displacement

by a two scale asymptotic expansion with respect to the fiber thickness.

).

iy, =2 fori=1,2, and x3 +— (y3 = =,

Ansatz 1. (Two scale expansion)

u® (71, T, 3) = U™ (Y1, Y2, Y3, T3) (2.4)
with
uoo(y17y27y3ax3 Ze y,.f[}g
and
u' =0 fori<0 (2.5)
Substituting (2.4) into (2.1) reads:
- Divy>® = f in Q
Yv = S*u™ on S¢ (2.6)
X v =0 on Sy
u>* =0 on I
where
{(1/1792&3,373) €R™: (y1,2) €Ew,ys3 € (—00,0),23 € (071)}
= {1, y3,23) € Q2 (y1,12) € Ow, 3 € (—00,0), 23 € (0,1)}
= {(y1, 92, y3,73) € Q:y3 = 0,23 = 1}
= {(y1.y2,y3,23) € Q2 y3 = —00, 23 = 0}
(2.7)

22



2 3D contact problem for an elastic rod

Theorem 1. (The limit problem) The third component of the leading term of the solution
of (2.6) solves (2.8) for a« =0 and (2.9) for a« =1 as e tends to zero.

0*ul . .
B 5= fa(x3) x3 € (0,1) (equilibrium equation)
3
oul 0 s
Ea—ng —s3u3 =0 x3 = 1 (force boundary condition) (2.8)
3
ud =0 x3 = 0 (displacement boundary condition)
for a =20 and
0?ul
-E 5 2 = fi(x3) z3 € (0,1) (equilibrium equation)
L3
oul "
Ea—ng =0 x3 = 1 (force boundary condition) (2.9)
T3
uy =0 x3 = 0 (displacement boundary condition)

for a=1.
Where solutions of (2.8) and (2.9) are understood as functions

uy € Vo ={ve H'Y((0,1)) : v(0) = 0} satisfying

B s By 0 ~ Ss(Ve(1) = d Vo € Vi 2.10
©.1) O3 O3 x3 — szuz(1)v(1) ©1) f3(z3)vdes v eV ( )

B e 5 3 = x3)vde Vo € Vr
/(0,1) 8.’1}'3 8x3 3 (0’1) f3( 3) 3 g

for a =1.

Where E is the Young modulus, which can be expressed in terms of the Lame constants

as E=FE(\ p) = ,ugj\\ii“.

Theorem 1 is proven at the end of this section. The idea of the proof is based on the
application of the Fredholm alternative for Neumann boundary value problems, which
we also call their solvability condition. The limiting equations (2.8) and (2.9) follow

from the solvability condition for u2.

23



2 3D contact problem for an elastic rod

2.2.1 Sketch

To illustrate the procedure, we sketch the main steps of the proof.

1. We show that

u’ = u’(z3)

2. Choose the main ansatz

& uo 0Fu?
uoo(y17y2ay37x3 ZE Nk k 1‘3 + ZE =k y17y2ay3) a (.’173)
L3 k=0 T3
00 0 ak—s(a-{-l)uo
k s
+ € Z O —s(a+1) y1ay2,y3)7amk,s(aﬂ) (23) (211)
k=0 s=1 3

where the first and second sums correspond to ug and wy in the procedure mentioned
in Subsubsection 1.2.1 and the third sum corresponds to the additional series mentioned

in Subsection 1.3 responsible for the the Robin boundary condition.

3. Show that with (2.11) (2.6) implies

Zak hj - 88;‘ = f3(w3) z3 € (0,1) (2.12)
3

8k o0 s ak s(a+1),,0
k—1 3 ®13 . _ —
kzg ( + Z hi; k s(o+1) =0 73 =1
=0

where h}, Sh} and “®h} are constant vectors that follow from the solvability condition

of boundary value problems for

_ 0Fuf _ oFud

Uk(yaxs) = Nk(y)m(fvs) + Ek(y1, Y2, y3) Ok (23)
3 3
0

ok— s(at1),,

+ Z s@k,s(aﬂ)(yl, Y2, ys)m(%)
s=1 ax?)

These constant solvability corrector vectors correspond to rows of the constant solvabil-

ity corrector matrices mentioned in Subsubsection 1.2.1
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2 3D contact problem for an elastic rod

4. Show that for ¢ — 0 (2.12) yields

3 82 0
hy 55 = = f3(x3) z3 € (0,1) (2.13)
3
_ oul . ol—s a+1) 0
=13 ©13 _ —
h} - 8x3+; h pREC =0 z3 =1

5. Finally show that Eh% = nzFes, leh‘? = 33N§’7(
—E63

at1) "®h? = 0 for s > 2 and h3 =

25



2 3D contact problem for an elastic rod

2.3 The algorithm

In this section the steps from the sketch of the previous subsection are carried out.

Proposition 1. (Dependence on the macroscopic scale of the leading term)
u’ = u®(x3) (2.14)

Remark 5. (Change of operators by the chain rule) Applied on w'(yyi,ys,ys, x3) the

differential operators in equation (2.1) change by the chain rule as follows:

0? 0 0 0?
Ase2(a 4+ L) 4ol 2L
e ( y+8y§)+€ 8y38x3+8x§

0 0
V — 871 (Vg + ega—y?)) + e3—

0 0
. —1 S s -
div — € (ley + 8y3> + B2,

The appearance of the terms ¥, k = —2, —1, 0 motivates the introduction of differential
operators that have ¥, k = —2, —1,0 as coefficient. Before introducing these operators

we set

)~ 1 8uj 8ul .o
é(u)i; = 5 <3yi + ayj) fori,j=1,2

o(a)ij = —2pe (@);; — Adivy, 4, (@) 0 for i,j =1,2

26



2 3D contact problem for an elastic rod

Definition 1. (Differential operators for different orders of ¢)

2
_ C O*u* ouk o .. . O?uk
L 1(uk) = — ;leg o-(u)iei — ILL63AgU§ — uTyg — ()\ + ,u) <V~a + 63672/3 leg(’uk) + eBay;)
0 Ouk o 0 0 Ouf
0f,ky _ IR T YU e, Y Yk 773
L°(u”) (A+p)es 915 divy u (A+u)Vy D 2 32/3 8x3u 2(A + pes Jys 0x3
62 k 82uk
1/, ky _ . 3
ouk
—1/, 0k <~k 3
Gi; (u®) =a(a"); + /\@5@'
ouk
G?j(uk) = széw
Ouk ouk
—1 k 3 1
Cis (W) = y; +uay3
ouk
0 7
—1/, 0k : duf
Gag (uF) = Ndivg(@®) + (A + 2pu) 5> 3
Y3
Ouk
0 3
Gs(uf) = (A +2p) 32 923
With definition 1 and equation (2.5) we have:
= 2L u®); + e 'L (u™); + "L (u™); (2.15)
oo
_ ng 2 ) —{—LO( )Z +L1(uk_2)i)
k=0
and
(X -v); =0;(u>) v
3
= 5_1ZGJI “)n, +EOZG
k=1
[e's) 3
k—1 —1/,.k 0/, k—1
=> ¢ (Z (G5 (uh) + (G (u"1))) ng)
k=0 j=1
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2 3D contact problem for an elastic rod

With this notation (2.6) takes the form:

Zsk %( i+ LO(u 1) 4+ LM (uf72);) = fi(ws) in Q
3 00

ng ' (2_:1 (G (u") + (G (u1) nj) = kaz_ofk_luffl on S¢ (2.16)
3

ng ! (Z:l z}l(uk)) + (G?j(uk_l))) nj) =0 on Sy

Zekuf =0 on I’

We notice that L™ (u*); = — div, (G (uF)) for i = 1,2, 3.
Definition 2.
B=03a)=a+1 (2.17)

(2.16) induces the following chain of boundary value problems in divergence form in the
microscopic scale y. We point out that on the lateral boundary the outward unit normal

v takes the form v = (ny, ng, 0) and at the right end v takes the form v = (0,0, n3), see

Figure 2.2.
BVP (u") (2.18)
— divy(Gi_jl(uk)) = —Lo(ukfl)i — Ll(ukﬂ)i in w x (—00,0)
2 2
Z(G;I(Uk))n] = - Z(G?j(uk))nj on Ow x (—00,0)
j=1 j=1
Gl (u))ng = —(Gs(u*))ns + Siuf_ﬁ on w x {0}

Remark 6. (Scaling of the Robin-parameter) At this stage we point out that for o« = —1
i.e.0 = 0 we get a Robin-type condition on y3 = 0 and for a« > 0 we get a Neumann
condition. For our purpose, linking the lower dimensional right hand side of the boundary
value problem with its solvability only Neumann boundary value problems are useful, see

Remark 10 in Section 7. Hence in the following we consider only o = 0, 1.

Further we notice that in the microscale y there is no left end since the rod is of infinite

length (see Figure 2.3) on the left hand side, hence there is no Dirichlet condition, since
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2 3D contact problem for an elastic rod

there is no clamped end.

Cn
LS
=

Figure 2.3: 3D rod in the microscopic scale

Further we notice that in the microscale y there is no left end since the rod is of infinite

length (see Figure 2.3) on the left hand side, hence there is no Dirichlet condition, since
there is no clamped end.

Proof. (of Proposition 5)

By (2.5) and (2.18) we obtain a homogeneous Neumann problem for the leading order

ul:

BVP(u)

— divy(Gi_jl(uO)) =0 in w X (—00,0)
2

Z(G;jl(uo))nj =0 on dw x (—00,0)

j=1

(G5! (u))nz = 0 on w x {0}

From the fact that homogeneous Neumann problems admit only constant solutions,
see [Evans, 1998, p.346], we deduce:
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2 3D contact problem for an elastic rod

u’ = u®(23) (2.19)

]

The fact that the leading term of the expansion depends only on the macroscopic scale
motivates a multiplicative separation of scales in the asymptotic expansion. Therefore we
choose an ansatz like in [Panasenko, 2005, p.23] and add the boundary layer correctors

k—

oo [e%e] sﬁuo
Pud(x3) + O(PH) = 3202 P 0 5@ s5(y1, o, yg)%ﬂgﬁ(agg) at the contact area.

Ansatz 2. (Main ansatz)

Oku®
+ 25 Er(y1, Y2, ¥3) 55

u™ (Y1, Y2, Y3, T3) ZEka
o Oz’

= (73)

s >0 9k—584,0
+Z€kz Or—s(y1,92,93) — =5 T (z3) (2.20)
k=0

Where supp(Eg, *Oy_sg) C w X Bs(0) is compact and
Ny,°Og=1I,Np,°Or,=0 fork<0,E,=0 fork <0 (2.21)
and
u’ e Vg ={ve H'((0,1))":v(0) =0} (2.22)

We notice that no boundary layer corrector is introduced for the Dirichlet boundary,

instead the leading term is chosen from an appropriate Sobolev space.

Definition 3.

> k0
v =Y NG —— (2.23)
Pt Oxs
26 Er(y1, y2,y3) 9k (73) (2.24)
T3
oo oo . 8k Sﬁu
Z&?kz Ok—s5(Y1, Y2, Y3) o 5 (@3) (2.25)
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2 3D contact problem for an elastic rod

Then the series (2.20) writes as:

Proposition 2. (Equation of infinite order for the leading term) (2.16) implies:

o~ k2 O’

> & Phy - ook fi(xs) 3 € (0,1) (2.26)
k=0 3

> = O SNy, OF 0

ngJ(Hh}ﬂ‘ak* Qhﬁ'Tg@ =0 3 =1

part x5 ey Oz

where hi, =h} and “®h; are constant vectors that follow from the solvability condition

of boundary value problems for u*.

To be able to separate appropriately the problems we split the operators in Definition
1.
Definition 4. (Differential operators in g and z3)

2
L7 (b)) = =) divyo(a*)ie; — pesAguf

~ o .. oul
LO(u®) = — (A + u)ega—% divyu® — (A 4+ 1)V, Oxi

G?j(uk) =Gjj uk)
~ ouk
—1y,k\ _ 3

Substituting (2.20) into (2.18) and with the linearity of the operators in Definitions 1,

6 we obtain the chains of boundary value problems stated below.
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2 3D contact problem for an elastic rod

BVP(v") (2.27)
— divy(éi_jl(vk)) = —LO(v* ) — LY (v*72), inw
2
D (G @)y = = (G (0" )ny on Jw
j=1 j=1
and
BVP(z") (2.28)
- divy(Gi_jl(zk)) = —LO(ZF 1), — LY(2F %), inw x (—00,0)
2 2
D (GG E)ng = =3 (G (=D on 9w x (~00,0)
j=1 j=1
= (2F)ng = —GY%(2F M ns — Gt (vF)ng — G (v )ng on w x {0}
and
BVP (*w") (2:29)
— divy(G;jl(swk)) = —LOCw* 1), — L (Pw”2); inw x (—00,0)
2 2
(G Cwh))ng = =3 (G Cw ) on dw x (—00,0)
j=1 j=1
Gl (Cwh)ng = —G% (5w Mng + szuf_ﬁ on w x {0}

As [Panasenko, 2005, 59-60] we separate (2.27) (2.28) and (2.29) from x3-derivatives,
therefore defining differential operators independently of x3-derivatives is useful. For a

matrix Ay € {Ny, Ey, *O;_s3} we define the operators below.
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2 3D contact problem for an elastic rod

Definition 5. (Differential operators in the micro scale)

(Ak) —divy o(Ay); fori=1,2,3
0 d
L(AL); = —(\ A} —2u—Aj j=1,2
y( ]C) ( +,u)ay7, k Mays k fOT’Z )
. 0 3}
Lg(Ak)g = —()\ + ,u) leg Ay — 2#*14% — 2(/\ + M) Az
dys3 ys
L,(Ag)i = —pAj, fori=1,2
Ly(Ap)s = —(A + 2p) A}
yzg(Ak) = o (Ap)ij fori=1,2
yzg (Ak) = )\Aiél] fOT’i = 1, 2
A3 DA!

G A k k =19
yl3( k) = 8yi +u 9y fori=1,
Gyz3(Ak) :U’A;g Jori=1,2

A3}
Gas(Ap) = Adivy(Ay) + 2u—5—" 203
Gy33(Ak) = (A +2u) A}
Analogously [7;( Vi G’y“w(-) are defined.
Definition 6. (Differential operators in ¢ only)
L, (Ap)i = — divg o (Ay)i fori=1,2,3
N 9 '
Lg(Ak)i = —(A+p) ayiA% fori=1,2
Eg(Ak)g = —(>\ + M) dng Ak
LL(Ay); = —pAj, fori=1,2
f/llj(Ak)fB = —(\+2u)A}
é;@;’(Ak) =0 (Ap)ij fori=1,2
égz'j(Ak:) = AA%% fori=1,2
~ A3
G4(Ay) = u ori=1,2
yz3( k) Mﬁyi f
Ggis(Ak) = MAZ fori=1,2

ak

By the multiplicative ansatz we have v* = N, () %% ok
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2 3D contact problem for an elastic rod

of scales permits us to decouple (2.27) from x3-derivatives as

k., 0
BVP(Nka kel
ok
_ oFuf ~ ku® . 9 ul
~divy (@S (N o = ~Ly(Ni-)ig e = Ly(Nia)i
2 2
- oFuf ka0
Z( yé(Nk))n] 89:’“ = _Z(Gglj(Nk—l))’Ln] 81‘]‘3
J=1 3 j=1 3
hence
BVP(Ny)
B div@l(Gyz] (Nk)) = _Eg(Nk—l)i - E;(Nkf2)z
2 2
Jj=1 j=1

Analogously for (2.28) and (2.29) we get

BVP(E,)
— divy (G5 (Er)) = —Ly(Er—1)i — Ly(Br—2)i
2 2
D (GEERIn = = (Gh(Er1))ny
Jj=1 7j=1
Gia(Er)ns = —Gi(Br-1)ns — Gip(Ni)ng — Gyis(Ny-1)n3
and
BVP('©; )
— divy (G5 ("Ok—p) = =Ly ("Ok_1_p)i — Ly('Op 2 p);

2
(Gyz]( Op-1- ﬁ)

=1

Mw

1
sz ("®r—p)n
J=1

G 1

J
yis((Ok_p)ng = —Gyis (1O 1 _p)nz + 5i(Nj_g + Ej_p)

34

(2.30)
n w
on Jw
(2.31)
in w
on Ow
(2.32)

in w x (—00,0)
on dw x (—o0,0)

on w x {0}

(2.33)

inw x (—00,0)
on Jw x (—o0,0)

on w x {0}



2 3D contact problem for an elastic rod

and

BVP(°©;_.3)

(2.34)
- diVy(Gy”( ®p_p) = —LO(S@k_l_Sg)i — L;(S@k_g_sg)i in w x (—00,0)
2 2
D (GO p)nj = =Y (G (*Op1_sp)n; on Jw x (—00,0)
Jj=1 j=1
Gs(*O_sp)nz = =Gy (*Or_1_sp)n3 + 5i (" Op_yp) onw x {0}

To make sure that (2.31), (2.32), (2.33) and (2.34) are solvable we proceed as [Panasenko, 2005,
p.60], therefore we need the following definition.

Definition 7. (Solvability correctors)

hl( ):i Y(NR)i 4+ Ly (Ni—1)i + Ly (Ni—2)s

=h = (GyZ (B + Np)lys= 0+Gyz3(‘—'k 1 N1 lys= 0) "3
2

6. k=B | =i

®hi(y :Z<Gyw 1Ok—1-p)lys=0 + Gyij (' Or—2-3) [y O) nj = sillNg ﬂ—i_uk_ﬁ)'y‘%:o
7j=1
2

®hz :Z<G?ﬂ] "Or_1-8)|ys= 0+Gyzg( Ok—2-5)|ys= 0) nj — si(*7 ‘e —s8)lus=0
1

<.
Il

Assumptions 3. (Constant solvability correctors) We assume hi,=h., ©hi "©hi to
be constant, see [Panasenko, 2005, p.24,60,70].

Proof. (of Proposition 2)
With Definition 7 and Assumption 3, (2.31), (2.32), (2.33) and (2.34) read:

BVP(Ny) (2.35)
— divy (G, (Nk)) = =LY (Ny)i — Ly(Ng-1)i + hj, in w
2 2
Z yl] == Z(Gym (Nk 1))1”] on Jw
Jj=1 j=1

and
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2 3D contact problem for an elastic rod

BVP(E,) (2.36)
ley(Gyz}(Ek)) = —Lg( )i — L;(:k72)z in w x (—o0,0)
2 2
D (G Erng = = > (GY(Bk-1))n on dw x (—00,0)
Jj=1 J=1
G;zé(ak)”?) = —G(Bp-1)n3 Gyzg(Nk;) — Gyis(Ng—1)n3 + =hyj, on w x {0}
and
BVP(!0,_s) (2.37)
— divy (G, ('O ) = —Ly('Or_1_p)i — Ly(' O3 p)i in w x (—o0,0)
2 2
Z(Gyw(lek B)n] Z(Gyz]( ek‘ 1— ,3) on Jw X (—O0,0)
Jj=1 J=1
Gyzéc@k ﬂ)n?) - 7Gyz3( Op1- 5)”3 + Sz(Nk 8 + = ‘—‘k’ 5) lghz on w X {0}
and
BVP(*®;_s3) (2.38)

— divy (G, (*Or_p) = —Ly(*Ok_1-43)i — Ly (*Or_2_sp)i in w x (—o0,0)

2 2
D (GO pInj = =Y (G (*Ok1_sp)n; on dw x (—00,0)
7j=1 7j=1
G 5(*Ok_ss)ns = —Gya(*O_1_ss)n3 + 5 ("' Op_sp) + ©hj, on w x {0}

And h hZ e @h are computed via the Fredholm-alternative, see Remark 10 in

Section 7, i.e. the solvablhty condition for (2.35), (2.36), (2.37) and (2.38) in the weak
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2 3D contact problem for an elastic rod

sense, hence

< 1 - - . A0 ~
hi = — ol —Lg(Nk)i — L;(N,H)i — divy Ggij(Nkl)dy> (2.39)
hk = — m ( 0 *Ly(:'k—l)i — Ly(:k_g)i - leg Gyij(:'k—l)dy (2.40)
X (—o0,

[~

@
S
Il
|

?‘v—‘

—G3(Br-1)]ys=ons — G5 (Nj)ng — G?g(Nk—1)n3dy7>

€

— T T T T

—Lg(lG)k,l,g)i - L;(le)k,Q,ﬁ)i - dng G%(leklg)dy> (2.41)

X (—00,0)
1 . . R
(i3 [ 6B O poms 4 5 (N + i glp-o)d
s ) 1 .
th = — m _Lg(s@k—l—sﬁ)i — L;(S@k_g_sﬁ)i — leg Ggij(S@k—l—sﬁ)dy)
X (—00,0)
(2.42)
1 1~ -
(i3 [ -Gt lmona + 101 glp-o)d

Finally in €2 we obtain
Z€k72(L71(uk)i + LO(ukfl)i +L1(uk72)i)
k=0

o~ k21 nrk 0 1 “1= 0= 1/ O*u®
226 (L, "(N")i + Ly(Ng—1)i + L,(Ny—2)i) + L, (‘='k)i+Ly(5k—1)i+Ly(=k—2)i))W

k=0 3

— ko 1 1 Ol
+ ZE - Z((L; (*Ok—s)i + Ly(*Op_1-s)i + L, (*O_2_4)i)) —5—

k=0 s=1 Oy

oo k, 0
= ZEk_Qh;c 6612

k=0 T3
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2 3D contact problem for an elastic rod

and on S¢ we get

oo 3
> e (Z(Gm B) 4+ GO (w1 )n — spul~ )

Oxs

3 %0
Ek_l Z((Gyz] (Nk) + Gyzy (Nk 1) + Gyu(E ) + ng]( = ))nj)ik

ak—luo

3
Ek_l (Z(Gyzj (1®k 1) + Gyzg(lek*Q))n]‘ - Si(N271 + Ekfl)) 8xk_1 )
Jj=1 3

- k—1 > 0 1 ak—suo
ZE - Z yzy S(-)k s +Gyz]( ®kflfs))nj _Si(87 @k,S)

o dxh~*
. OF—sBy
k—1 [OFN)
o (o s )

k=0
0
Lemma 1. hi h! Zh! '"®hi "®h! =0 fori=1,2,3
Proof. By (2.39), (2.40), (2.41), (2.42) and (2.21) the Lemma is proven. O
Proposition 3. (Limiting 1D equation) For ¢ — 0 (2.26) reads for i=35:
82 0
h3 - e = f3(x3) x3 € (0,1) (2.43)
L3
=3 . 8u s@h3 61 sﬁu _0 _q
Proof. With Lemma 1 we get:
% 2,0
lim Y " 2h3 - 812:’1%.871;
e—0 ox§ oxs
OFu’ K. k=380 = oud K 013840
k=1 [ Ep3 . 03 _Ep3, 13
gnze < ok +; RS - = ) ==hi- o +; h} PRt
O

(2.43) is the limit equation for the tension of the fiber with contact at the right end.
At this stage we emphasize that this 1D Robin-type problem for the leading term u3

includes data from the problems for u' and u? contained in the terms h3, =h? and "©h3
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2 3D contact problem for an elastic rod
Lemma 2.
3
h} = —Fe, (2.44)

From (2.39) we know:

1 —
hi = e Adivy(N1) + (A + 2p) Nody (2.45)
w w
To compute h3 we need to obtain Nl. For that reason we consider the chain for Ny

and remark that (2.35) reads componentwise:

For:=1,2:
: N i 9 s3 i .
—divg(@(Ne))i = Ny + A+ 1)(5 - Ni-1) + i in w (2.46)
o(Ny)i-o=—nAN;_, on Jw

~ 1 00
We notice that on dw v = (ny,ne,0) and that Ny = <O ) O>‘

For k =1i=1,2 (2.46) reads:

— le(U(Nl))z

0 inw (2.47)

O'(Nl)i U = —n;\es on Jw

Next we proceed with (2.47). (2.47) is solved analytically by N} = (0,0, —myi)for
i = 1,2. Indeed, we introduce some new operators in order to get clear problems for the

components of N;

39



2 3D contact problem for an elastic rod

Definition 8. (Decoupled differential operators for the rows of N;)

2 O(N}) |, O(N}) d(N}) O(N}) O(N})
AN k k) s k) s ks LZp
B; (Nk) n1p ( ou; + on (511> + Ang o 01 + n9 L 9 0;1 + Ano o 052
2 O(N3) |, O(N) d(N}) O(N3) O(N7)
2(N2Y) k k) s k) s ks k/s.
Bl (Nk) ol ( Byi 8y2 (522> + Ang 8y2 di0 + n1p ayl 00 + Ang 8y2 0i1
~ 0*(N})  9*N3}) 0*(N}) 9*(N}) 9*(N})
C}N1:—< k ’“5,~>—)\ L5 — kg — A——k2g;
S dy10y; ay2 ) A Y B T
~ 0*(N3%)  9*N3) O*(N?%) O*(N?3) 9*(N?3)
C§N2:—< k k5i>—)\ R Sia — k. i — Ly
WO =1 Gpay "o ) N e 2T e T Mo ™
In terms of these operators (2.47) reads:
For+:=1,2:
Clinthy + C2(n) =0 in w (2.48)
Bl(miY + B2 =0 on Jw
and
CHni?) 4+ C?(n??) =0 in w (2.49)
B}(mi?) + B}(n3*) =0 on Jw
and
)+ C2(n33) =0 inw 2.50
z( 1 ) z( 1 ) ( )
B} (n1?) + B2(n?) = —n;\ on Jw
(2.48), (2.49) and (2.50) are solved analytically by
. A , .
= y;, nt=nt=0fori=1,2 (2.51)

T TO0 )

see [Panasenko, 2005, p.95]. Indeed, (2.48) and (2.49) are homogeneous problems solved

trivially by the zero function and C!(n!?) + C?(n?®) = 0 is clear since C} and C?

40



2 3D contact problem for an elastic rod

are second-order differential operators and n{®> = O(y;), i=1,2. It is left to show that
B! (n!®) + B?(n?®) = —n;A. W.O.L.G. lets assume i = 1.

= = onl3 on?3
Bl 13 32 23 — (2 A 1 A 1
7 (nl ) + 7 (nl ) ( H + )’I’Zl 8y1 + Anq ayQ
_ @Cu+NA+ )\2n
- 2A+p)

= —)\nl
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2 3D contact problem for an elastic rod

Proof. (of Lemma 2) With (2.45) and (2.51) we get

k
|w/ Z@yk (N7)+ (A +2p)esdy

2 2
0 ~
——|w/—2 e ;:ja (0,0, + (A + 2p1)esd
= (A+2 d
Iw/ P + 2u)esdy
= —E63
Which is a well known result, see [Panasenko, 2005, p.91] O
Lemma 3. =h} = n3Fe;, '®h} = s3Ni_; and "®h} =0 for s > 2.
Proof. (2.40) reads:
hi = G35 (N1)nz + GS3(No)n (2.52)
Hence
- 2.0
=hi =\ Z a—yk(le)ng + (A +2u)nszez = nzesE

k=1
which is a well known result, see for instance [Panasenko, 2005, p.91]

By (2.41) and (2.42) we have '®h} = s;N}_; and "®h} = 0 for s > 2
O

Proof. (of Theorem 1) With h3,Zh3 '®h3 "®h% and h! = h! computed and ns = 1

(2.43) yields:
62 0
—E 8;23 = fa(z3) 3 € (0,1) (2.53)
3
0
qug:g—83u3:0 r3 =1
for 3 =1 and
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2 3D contact problem for an elastic rod

82u8
- 5 = f3(z3) z3 € (0,1) (2.54)
Oxs
Gug
Z8 — =1
81’3 0 T3

for g = 2.
Since by ansatz 2 u € Vp, (2.53) and (2.54) yield the following variational formulations

oul ov
/(0’1) 81‘3 8933 I3 S3U3( )U( ) o) fg(:zg)v X3 Yo € Vb

/ E——dx3 = fa(xs)vdxs Yo eV
(

for a = 1.
O

Proposition 4. (Existence of a strong solution to the limit-problem) (2.53) and (2.54)
have a strong solution. We show that the corresponding homogeneous problems of the
second order ordinary boundary value problems (2.53) and (2.54) have only the trivial
solution, then by [Denk,2007/08, Theorem 6.8, p.64] (2.53) and (2.54) are solvable in

the strong sense.

Proof. The strong homogeneous equation of (2.54) is

0?u
B 5 = f3(x3) r3 € (0,1) (2.55)
T3
oul
EaTsi — s3uy =0 r3=1 (2.56)
uy =0 z3=0 (2.57)

Lets proceed with the ansatz: ud(r3) = axs + b with a,b € R. Then (2.57) implies
b=0. And (2.56) implies E% — szuy = Fa — s3(a+b) = Ea(l — s3) = 0 hence a = 0.
For (2.54) the only difference is the equation E g—zg = 0, hence again a = 0. [

Corollary 1. (Existence of a weak solution) Since every strong solution is also a weak
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2 3D contact problem for an elastic rod

solution, see [Braess, 1997, p.27], (2.53) and (2.54) are solvable in the weak sense.
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3 3D contact problem for an elastic

beam

In this section notations, physical assumptions and results from the previous sections
are used. In the following we use the symbol " to identify terms that differ from terms of
the previous section, the displacement for instance is denoted by w. Further the same
dimension reduction procedure is implemented. The idea of the section is to analyze
the contact of an elastic beam with a rigid one, see Figure 3.1. Further in this section
we accentuate that the contact must be modeled at an end of the beam. Therefore the
beam is cut in two halves at the contact area. By [Panasenko, 2005, p.78] we know that
the results obtained for one half apply to the case of the junction of the two halves when
additionally the transmission conditions [u®] = 0 and [X°u®] = 0 are imposed on the
junction area, where [-] denotes the jump between the two halves, see [Panasenko, 2005,
p.58 and 73]. Therefore W.L.O.G. only the left half of the original beam is considered.

0
NN

2¢

Figure 3.1: Elastic fiber in contact with a rigid one
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3 3D contact problem for an elastic beam

3.1 Statement of the problem

We consider a 3D contact elasticity problem for a thin rod occupying the domain QOF
with a rigid fiber F at the contact surface S’(EJ, see Figure 3.2. The thin rod is clamped
at its left end I'® and the contact surface is located at an € surrounding on a section of
its lateral boundary at its right end. On the remaining part of the boundary no traction

is considered.

Assumptions 4. (Geometrical)

Let the fiber be given by QF = {(x1, 9, 23) € R?: (21, 25) € ew, x5 € (—1,0)} where the
cross-section w C R? is a symmetric domain with smooth boundary. The free boundary
of the fiber is denoted by

Se, = AU B° U C® with A° = {(:pl,xg,xg) cQ - (2, 2) € 0w, 3 € (—1,—5)}, B =

{(xl,xg,xg) € QO - (21, 22) € ew, x3 = O} and

€’ €

Cce = {(xl,xg,xg) e (2, %) € dwy, x5 € [—5,0]} the left end is given by I'* =
{(xl, To,X3) € Q- T3 = —1}. The contact area is denoted as

Se = {(561,1132,1'3) e : (&, 22) € Qwg, x3 € [75,0]}. The diameter of the cross-section is

e ¢

given by the small parameter 0 < e << 1. The robin parameters s; are scaled as s;e* for

)
~

i=1,2 and s§ = s3~2. The body force f is scaled as f (x3) = (e*f1(x3), e fo(x3), e 2 f3(3))7.

—Divy = f in €Q°
e . .
Yv=_5% on Sg (3.1)
e .
Yv=0 on Sy
ut = on I'®
e*s; 0
As in the previous section S° = 0 &%y 0 is the robin parameter matrix,
0 0 €a_283
. . . aas o .
v = (n1,ns,n3) is the outward unit normal, e(a); = 3 (a?- SZ’) fori,j=1,2,3
i J

~

are the components of the strain tensor and 3~ = (6%;)ij=1,2,3 is the stress tensor with
components 67; = 2pue (4°);; + Adiv (4°) §;; with the Lame constants A and p.
We recall that as in the previous section the solution of (3.1) is sought as a solution

in the weak sense. Therefore we seek for functions 4 € V*© = {v € Hl(Qs) IS 0}
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3 3D contact problem for an elastic beam

DO
)

_—Jwy,

dw,
(b)

Figure 3.2: a) Elastic rod in contact with rigid rod , b) Zoomed cross-section at the
contact area
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3 3D contact problem for an elastic beam

satisfying (3.2).

Qe

3
Z/ 6fjivdx—/ siusvdr = ffvdm Vv e V* (3.2)
=1 e al‘j SC

3.2 Asymptotics

We perform a change of variables and substitute the displacement by a two scale asymp-
totic expansion with respect to the fiber thickness.

Ty = 2 fori=1,2, and x3 — (y3 = %=, 13).

Ansatz 3. (Two scale expansion)
U (1, w2, 3) = (Y1, Y2, Y3, T3) (3.3)
with
W (Y1, Yo, Y3, T3) = iéTiﬂi(y,x?,)
=0

Substituting (3.3) into (3.1) reads:

—DivET = f in Q)
3%y = §Fa™ on S¢ (3.4)
S v =0 on S’N
u>* =0 onT

where
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3 3D contact problem for an elastic beam

0= {(yl Yo, Y3, T4) €
3 {(yl Yo, Y3, T3) €

N=AUBUC

C= {(y1 Y2, Y3, T3) €
B = {(yl,y2,y3,$3)
A= {(yl,yz,?/&x?’)
I'= {(3/1 Y2, Y3, T3) €

R4
cQ

bl ZJI @l

{O |

: (y17y2) Cw,y3 € (_0070)71;3 S (_170)}
: (ylayQ) € awayS € [_170]7‘%3 € [_570}}

(1, y2) € Own,ys € [—1,0]z3 € [—570]}
(Y1, Y2) Ew,ys3 =0,23 = 0}
(yby?) € aw » Y3 S ( 0, 1),1‘3 S (_1a _5)}

= —00,T3 = —1}
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3 3D contact problem for an elastic beam

Theorem 2. (The limit problem) As € tends to zero the limit problem for the leading
term of the solution of (3.4) has the following equilibrium equation, and force-and dis-
placement boundary conditions for B =3, i.e. a = 2.

Fori=1,2
e O R
EI ey = fi(z3) x3 € (—1,0) (equilibrium equation)
w3
30
fEIa u; — 5 |Owr] ) =0 x3 = 0 (force boundary condition) (3.5)
D |w]
W) =0 x3 = —1 (displacement boundary condition)
and fori =3
0%y e .
—-F 2 f3(xs3) x3 € (—1,0) (equilibrium equation)
T3
~0
Oty _ S3 O] a3 =0 x3 = 0 (force boundary condition) (3.6)
Oz |w]
a3 =0 zg = —1 (displacement boundary condition)
Where I is the averaged area moment of inertia I = Tl f y2dy. The solution of (3.6)

1s understood a function

) € Vo ={v e H'((—1,0)) : v(—1) = 0} satisfying the weak problem of (3.6), see Equa-
tion (2.10) in Section 2. The solution u? for i = 1,2 of (3.5) is understood as a weak
solution of the weak formulation of the complete ODE system of (3.5) containing also

bending-angle and moment:

0%uj 0%v |5le 820 v
BI% o o gda 0(0)0(0) — EI 0 _/  (sa)ods Yo € Vi

/( o) 0x3 013 e " w| u: (0)0(0) = ox3 3m3| ! (fl,o)f(x?’)v T3 Vv € Vo
fori=1,2, see Remark 7.

This theorem is proven at the end of this section.

Remark 7. (On the bending-angle and moment) The equations for the bending angle

% and the bending moment EI%Z%" on the fized- and contact end respectively are still to

be asymptotically constructed. This is a subject of the continuation of this work. The de-
duction of these two boundary conditions requires taking into account the matrix of rigid
displacements and its extension, see [Panasenko, 2005, p.90-92]. In [Panasenko, 2005,
p.69] the bending angle at fized end is derived. In this Diploma -thesis for the reason

of lack of time the matrixz of rigid displacements and its extension are not considered.
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3 3D contact problem for an elastic beam

Therefore we only construct asymptotically the equilibrium- and force equations, which

do not depend on the neglected matrices, see Subsection 7.2.

Proposition 5. (Dependence on the macroscopic scale of the leading term)

Proof. With defintion 1 we have:

(Div % i eF=2( i+ Lo, + LY (ah2),)
Zek ! (Z fjl(ﬂk)) + (G?j(uk_l))) ”J’)

With this notation (3.4) takes the form: For i = 1,2

ZE’“ 20N @R + 0@ Y+ LH@h2)) = e, i Q

Mw

Zsk ! ( ( ;1(,&k)) + (G?j('&k*l))) nj) = 5,6 iekilaf_l on Sc
k=0

1

J

3
ng 1 (Z ( ;1(ﬁk))z + (ng('&k_l))i) nj) =0 on SN
ngﬁf =0 onT’
and for i =3
Zé’“ 2L () + L) + L@t 2)s) = &2y in O
3
Zek 1 (Z (65 @) + (@3 @1) nj) = 52 on 8¢
3
Zé‘k ! (Z ( _Jl(ﬂk)) + (Gg]('&k*l))> nj) =0 on 5’1\/
ig® =0 onI'

(3.9) and (3.10) induce the following chains in the microscopic scale.
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3 3D contact problem for an elastic beam

Fori=1,2
BVP(a") (3.11)
— divy (G;' (&%) = —L°(a" 1), — LY (@"?); in w x (—o0,0)
2 2
> (GG M) = =D (G (@ )n; on 9w x (—o0, —1)
J=1 j=1
2 2
S (G M)y = =D (G (), on dwy x [~1,0]
J=1 j=1
2 2
S (G )ng = =D (GY (@), + siaf P on dwg x [~1,0]
j=1 =
(G5! (@"))ng = —(GR(@"1))ng on w x {0}
and for i = 3
BVP(a") (3.12)
— div, (Gg; (@")) = =L@ )3 — L' (4" 2)3 in wx (—00,0)
2 2
> (Ggjf (F)ny = = > (G (@ ))n, on dw X (—oo, —1)
Jj=1 j=1
2 2
Z(G:;jl('ak))nj = —Z(ng(ﬁkfl))nj on dwy x [~1,0]
Jj=1 j=1
2 2
Z(G:’le('&k))”j =- Z(ng(ﬂkfl))nj + 5312’5*(5’2) on dwpg x [—1,0]
J=1 j=1
(G (@"))ng = —(G33(a"1))ng on w x {0}

As in Remark 6 in Section 2 we point out that for 3 = 0 and 3 = 2 we get a Robin-
type problem for the first two components and the third component of the solution

respectively. Hence we set § = 3 in order to obtain a homogeneous Neumann-type

problem.
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3 3D contact problem for an elastic beam

—00

Figure 3.3: 3D rod in the microscale

BVP(4°) (3.13)
— div, (G (@) = 0 in w x (—00,0)
2
> (G @))n; =0 on dw x (—o0,0)
j=1
(G5 (a%)n3 =0 on w x {0}

From the fact that homogeneous Neumann problems admit only constant solutions,
see [Evans, 1998, p.346], we deduce:

w’ = 4 (x3) (3.14)

]

We notice that the scaling 7 = 3, i.e. a = 2 implies that the body force bend-

ing components ff are scaled as ff = g2 fl which is often done in the context of the

asymptotic dimension reduction of elastic beams, see for instance [Vodak, 2007, p.50]
and [Palencia, Hubert, 1999, p.376].
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3 3D contact problem for an elastic beam

Ansatz 4. (Main ansatz)

> o — k4

. —_— u
W (y1, Y2, Y3, T3) = Z " Nk() + Z "By (y1, Yo, y3) o (3)

&
k=0 3 k=0 Oz

o0 oo o k=334,
+ Z ek Z Ok —s3(y1, Y2, ys)W(Jw) (3.15)
k=0 s=1

Where supp(Ey) C w x Bs(0) and supp(s(:)k_sg) C w X Biy4(0) are compact and
No,°Oy=1I,N,;,*0,=0fork<0,8,=0for k<0 (3.16)
and
@’ e Vi ={veH((0,1))*:v(0) =0} (3.17)

Similar as in the previous section we have
3.0 0 4\ o0 k o0 - akfsS,&O
eu + 0(6 ) - Zk:og Zs:l SGk_53<y1’y27y3) 8:019753 (1'3)
3

Proposition 6. (Equation of infinite order for the leading term)
(3.9) and (3.10) imply

>0 L .
> ety = 2 (x3) x5 € (—1,0) (3.18)
k=0 T3
- = ) e 8k—83a0>
k-3 | 21,1 O
and
= ok .
> PR T = fa(a) z3 € (—1,0) (3.19)
P Oxs
0 _ 8ka0 0 Jps 6]6783,0’0
k-1 (2,3 ©;3
> ¢ R+ Th e | =0 3 =0
k=0 ( 22 B Oz~

Where h,=h., léhz, Séhz follow from the solvability condition for @".

Proof. Analogously as in the previous section with ansatz 3.15 we obtain the following
chain of boundary value problems in the microscale decoupled from x3-derivatives.

o4



3 3D contact problem for an elastic beam

For i=1,2,3
BVP(N},) (3.20)
— divy (G5 (N)) = =LY (Ng-1)i — Ly (N—2)i + hj, in w
2 2
Z yzg = Z(Gyw (Nk 1)) on Jw
J=1 j=1
and
BVP(E}) (3.21)
— divy (G, L (Br)) = =LY (Bk-1)i — Ly(Br—2)i in w x (—o0,0)
2 2
Z(Gy_i}'(ak))nj =- Z(ng](:k 1)1 on dw x (—00,0)
Jj=1 j=1
G&%(Ek)nfi = —G?g(uk 1)n3 — Gyz3(Nk) Gyzg(Nk 1)ns + h}c on w x {0}
and for . =1,2
BVP('©;_3) (3.22)
— divy (G, ("Ok3) = —L)("Op_1-3)i — Ly('Or_s_3); in w x (—o0,0)
2 2
Z(Gyw(lek 3)n; = Z(GSH( O)_1-3)n; on dw x (—o0, —1)
Jj=1 j=1
2 2 )
Z(Gy@](l(ak 3)ing = Z(Ggm(l@k—lf?))mj on dwy x [—1,0]
J=1 J=1
2 2 . .
(G5 (1@ _3)n; = (G ("Op—1-3)nj + s:(Nj_3 + Ej_3) on Owg x [—1,0]
Z yij yij
Jj=1 j=1
G;z‘%s(lék—@n?) = _ng‘g lék—l—i’))ns + 1@h2 on w x {0}
and
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3 3D contact problem for an elastic beam

BVP(*O;_3)

— divy (G, (*Op_s3) = — LY (*Op_1_3)i — Ly, (*Op_s_s3)i
2 2
Z(Gyz]( Gk S3)nj Z(Gyzj( @k 1— S3)’Ln]
j=1 j=1
2 2
Z(Gyz]( ek 33)77’] Z(Gylj( ek 1— 33)
j=1 j=1
2 2 .
D (GO gy = = D (G Or1w)n + 51 O )
j=1 j=1
Gyz?)( @k 53)113 - yz3( 1_53)713 + seh%

and for 7 = 3

BVP('©,_,)
— div, (G, (" 1) = —L('Ok_2)3 —

2 2
Z(Gy?g(l@k 1)”] Z(Gy?)j( ek 2)
j=1 j=1

2 A 2
D (G ("Oh_1)nj = = (Gh3;(*Op_a)n;
o =1
2 2

Z(G;:slj(l@k—l)”j == Z(Gy.?)j( Gk 2)”] + SS(Nk 1+ E '—'k 1)

=1 j=1

<
I

szglg(l@k_ﬂns = _G233(1@k—2)n3 + 1@h%

and

26

Ly('©k-3)3

(3.23)

in w x (—o0,0)

on dw x (—oo, —1)

on dwy % [—1,0]

on dwr X [—1,0]

on w x {0}

(3.24)

in w x (—o0,0)

on Jw x (—oo, —1)

on dwy x [—1,0]

on dwg x [—1,0]

on w x {0}



3 3D contact problem for an elastic beam

BVP(*©;_,) (3.25)
— divy (G, (*Op—s) = —L(*Op_1_s)3 — Ly (*O_2_y)3 in w x (—o0,0)
2 2
Z(G;3g (" s)nj = Z(Gy3]( Ok_1- s)N;j on dw X (—oo, —1)
j=1 7=1
2 2
Z(Gy_&j(s@k s)nj = Z(Gygj( O)_1- s)Nj on dwy X [—1,0]
J=1 j=1
2 2 )
Z(G;&(S@k s)nj = (Gy?)]( Op_1- s)nj +s3(° @kfs) on dwg x [—1,0]
j=1 j=1
Gy (*Ok—s)ng = —Ga3(*Op_1_5)na + "©hj on w x {0}
And =h;, '© eh are computed via the Fredholm-alternative, i.e. the solvability

condition for (3.20), (3.21), (3.24) and (3.25) in the weak sence, hence
For i =1,2,3

. 1 ~ ~ .
h;c = — ( / _Lg(Nk;—l)z - L;(Nk—Q)Z - le?j Gyzj (N]f 1)dy) (326)
=, 1 . —
‘UJ| w><(—oo,0)

—G3(Br-1)lys=ons — G5 (Ni)ns — G?s(Nk—l)n:ad@?)

and for i = 1,2
. 1 R .
Opi (M/ ( )—Lg(1®k,4)i—L;(1@k,5) — divy G% (O, 4)dy> (3.28)
wX(—00,0
1 1 i =i
— = | —GC%(*Os_1)lys—onsdij + si— (Nj,_5 + E}_3)dsdys
wl Jo Wl Jowrx(~1,0
5O i 1 ~ . .
Opt —— (M/ o) —LY(*O)_1_s3) 1( Op—2-s3)i — divy Gy;; (*Op—y 53)dy>
wX [o.¢]
(3.29)
(L 0 0k onadi + s (1O )dsd
jwf J, vt TR med lus =0T Y Nwl Sowpx (1,0 k1 O30S
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3 3D contact problem for an elastic beam

g
-
(
il

Finaly we get in Q

léh?)

E‘r—‘
£

X (—00,0)

1
('O1_2)|ys—0n3dy + 53—

S\H
E\

Séh?)

|- g.;
— 5\

- - 1
_GS:SS(S@IC*I*S) ‘yazOnde + 53@

M b I

—Lg(lék,2)3 - L;(lé)kfg)g, - dng ng(lé)kg)dy>

Wl Jowrx(~1,0)

—Lg(sékfks)?, — LL(*O)_24)3

8wR><(—1,0)

8k—2(L—1(,ak)+L0(ﬁk—1)i+L1(ﬁk—

Ek_4(L_1('ak) +L0(ﬂk_1)i+L1(’&k_

(3.30)
(N}, + Ei—l)dey?))
—dng GyBJ( ®k 1— s)dy) (3.31)

1A3
(° 1®kls)d3dy3>

%)i) = &> filws)

M)i) = fi(as)

k=0
and
ST L @k + L@ + L (@ ?),)
k=0
N k oFa
Z €k74((L;1(N )i + Lg(Nk—l)z' + Lzl;(Nk—2)i) + Ly (Br)i + LO( )i+ L;(Ek_Z)l))W
k=0 K
o oo R . ) 6k_5’f1,0
DY (L O + LY Ono1me)i + Ly (*Ora)i) s
k=0 s=1 =
oo ) k~0
= 5k_4h’;€ aa ’ul,c
k=0 3
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3 3D contact problem for an elastic beam

Further in S'C we get

k=0 j=1
and
00 3
SN (G @) + G (), — sial
k=0 j=1
- k—3 > 1 0 1 0 1 akﬁo
=YD (G N + Gy (Nko1) + Gyl (Br) + Gy ("Bi))ny) ook
k=0 j=1
— 3 - 114 0 (1@ ; ok 34’
= 25 - Z(G;ij( ©)-3) + Gy ((Ok—a))nj — si(Nj_5 + Ek—3))W
k=0 j=1 3
oo 00 . 3 . R R L akiSB’ltl,O
=D D D (GO ) + G POk 1 aa))ny — si(*T @k—si’))w
k=0 s=2 j=1 o
LS . ak,&O >© 81@—53,&0
k=3 | 2,1 ©1
=3¢ hi S5 4 pi &%
kZ:o < F Oxk ; i 8:1:5‘33 >
(3.36) follows directly from Proposition (2). O

Remark 8. (Contact on the end) We highlight that the terms —G 5" (N )n3—G%(N_1)ns3
in (3.21) lead to the bending force in the limit equation, see (3.27), Lemma 8 and
[Panasenko, 2005, p.70-71]. Further we underline that these terms vanish in the lon-
gitudinal interior of the fiber, since nz = 0 in the longitudinal interior of the cylinder,
see Figures 2.2, 2.2. Therefore the contact shall be located on an end. Mechanically

this is natural since in the Euler-Bernoulli equations the forces are dynamic boundary

conditions.
Lemma 4. h, =0 for k=0,1,2,3 and i = 1,2 and hj = 0.

Proof. From Lemma 1 we know that h} = 0 for k = 0,1 and i = 1,2,3. From (3.26) we
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3 3D contact problem for an elastic beam

know:

i 1 70 71 : 0 (NT ~ 1 ({—)Ni; i 3~
h2:— m _Ly(Nl)i_Ly(NO)i_dIVgGyij(Nl)dy = —| — May —i—,uNOdy

(3.20) yields componentwise:

—MAwaN? =0 n w
ON? -
1 81)k = —uNov on Ow

which is solved by N? = (—yy, —y,0), see [Panasenko, 2005, p.96], indeed:
2

ON}? 5 d 10 0 . :
81) = 8y] ( y1, —h2, 0)77/] ( ni, —n2, O) <O 1 0) (n17 na, 0) oV

hence

ON3 P
e 8y'1 +MN0d?/>

/
/w ’“‘a?ﬁ
/

—pe; + ueid§> =0

(=y1,—42,0) + Meid?J)

I

|
P
[~
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3 3D contact problem for an elastic beam

Further
W= — (2 [ B0, — EL(NY)s — divy GO, (N5)dj
3 — |(,¢J| . Y 2)1 Y 1)¢ lvy Yij 2)ay
1 ON3 _
- <ILUI/WM (9.%-2 - MNIdy)
1 ON3
=-> Tl (= + 1uN1)disdy
=1 « /
2 3
]. / 8N2 y 8yz ~
=— — [ (u + uIN dy 3.32
jz::l (\wl w0y Vo, (332
2
1 / o , ON3 N
= — [ 5 + uNJ)yz-dy> (3.33)
; (w\ w0y Ay '
1 o~
= Tl (LAGNS + pdivg N1)ydj
1

(—(A 4 2p) N — Ndivy N - h3)yidj
2

A+

€

‘)—‘
—— e —

(—()\ + 2#)63 + es + Eeg)yidg]

-

(—Fes + Fes)y;dy

IS

I
o

where the step from (3.32) to (3.33) follows from the definition of the weak derivative.
[

Lemma 5. k., = 0 and "®h. = 0 for k = 0,1,2, i = 1,2 and s > 1. Additionally
=hd =0 and “®h3 =0 for k=0,1 and s > 1.

Proof. From Lemma 1 we know =hi, = 0 for k = 0,1, i = 1,2 and =h{ = 0 and “®h} = 0.

(3.27) yields

(3.34)
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3 3D contact problem for an elastic beam

From (3.21) we get the problem for &,

BVP(E;)

- diVy(Gy_z';(El)) =0 in w x (—o0,0)
2

Y (G hED)n =0 on 8w X (—00,0)

j=1

G;}%},(El)”S = —G;ié(Nl)n3 Gyz3(N0) on w x {0}

Since G 5(N1) + GYi5(No) = u%(—yl, —y2,0) + pe; = —pe; + e; = 0 we obtain that
E, = 0 solves BVP(E;). Hence

=, 1 - y
=hi :M/Gigl(NQ)n?)G??;(Nl)nde

ON3
(3 o)
|wl

= — h
=0

hence =h} = 0. Further form (3.29) and (3.31) we get directly Séhi; =0for k=0,1,2,
1=1,2 and s > 1. O

Lemma 6. “®h} =0 fori=1,2 and “®h =0 for s > 2.
Proof. Lemma 1 and (3.31) proof the Lemma. O

Proposition 7. (Limiting 1D equation)
(3.35) and (3.36) yield fore — 0 :

Fori=1,2
;oo
“hg — + hé’& =0 3 =0
8:(:%
and fori =3
?u’ .
~0 R
Ehi‘.?;; OR3 . a0 =0 23 =0
3
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3 3D contact problem for an elastic beam

Proof. With Lemmata 4, (5), and (6) we have

= T
li k‘—4hz X — ht .
eli%kzog k oxk 4 oxg
-~ hs [z O ey O\ =, %00 e,
lim 8]{?73 Ept . + @hz . _ Epi + @hz .,aO
e—0 = ( k 0x§ 521 k aajg_sg 3 8x§ 3
o0 k7,0 240
lim S eF-2p3 . 9 = —h}. 87“2
e=0 Oxs Oxs
= =5 P00 Cmeg,sy 0FSA0\ o g 040 | g
lim é_k’—l :h3_ + @h3.7 ::h3'7+ @h3',a0
e—0 P ( k 3.%15 ; k 8x§_83 1 0xs k
O
Lemma 7. h), = Ele; fori = 1,2 and h3 = —Ee;.
Proof.

i 1 70 1 A0 NN 1 ON3 i~
hy=— <|w|/w_Ly(N3)i — L, (N2)i — divy Gyij(NQ)dy> = - <|w| K + uIN5dy
VAVhere2 Né2for i =12 with ni? = n3! = mylyg, nilt = 4(/\’%) (y2 — y2), n3* =

o050 (Y2 — yi) and ny’ = 0 solve
Fori=1,2:
—div(6(N3)); = —Xe; in w (3.37)

a-(]QvQ)’L U= niA(y17 Y2, 0) on Ow
, see [Panasenko, 2005, 96]. Indeed, in terms of operators of definition 8 (3.37) reads

(ny') + CZ(n3') = —A in w
Bl (ny') + B} (n3') = ni\y; on Ow

W.L.O.G. lets assume i=1, hence
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3 3D contact problem for an elastic beam

Clinlly 4 G2 (n2! 9 4 \ s A\ g 4
1(ng’) +Ci(ngy ) = —(2u + )8 2 —(Atp )8y18y2n2 *M@%
:_()\+2u))\2_(/\+u)/\_ My
4N+ ) 204+ ) AA+p)
_ 24N
o2ty

and

~ ~ 3} 0 0 0
Bl 4 B2(n2Y) = (24 + N -2 9 o Mg 2t
1(ny) + Bi(ny ) = (2u + )n18y1n2 +Mn28y2”2 +lm28y1”2 + "M

(A 2u)A2ng nap(—A2) N A nypA

+ + +
0+ T AN T e T 2

hence

)

5)6¢jdﬂ>

1 / ON3 oy )
+ uN))Z2d
[w] (n dy; )8?/] Y

j
2

= +MN” yzdy>
Z (W| / 8.% Ay, )

1
/ pAG N3 + pdivy Ng)yzdy) (3.38)

C\
€

1 _
=l / (—(A + 2u) N3 — Xdivy Ny — h3)ydj (3.39)

w
2

1 A -
=— [ (A2 (Y1, 42,0) — ——(y1, 92, 0))yidy
|w| A+

1 -
= Em / yfdyei
w

= Elez

We notice that the step from (3.38) to (3.39) follows from the fact that N3 solves (3.20)
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3 3D contact problem for an elastic beam

which reads as (3.40). For i = 3:

7/‘LAyly2N§ = ()‘ + QM)Nf) + ()‘ + :u) divyly2 (NQ) + hg nw (3'40)
N3
,ua = —uNyv on Ow
ov

We recall that by the symmetry of the cross-section w, see Assumption 1, we have
[, vidy = 0, in particular [ y;y;dj = [ y?djd;; and b3 [ y;dj = 0. Additionally Lemma
2 yields hj = —Ees. O

Remark 9. (Uniqueness of Ny) At this stage let us mention that in
[Panasenko, 2005] ni' and ni' take the form:

¥ = g (08 - |w|/ k)

ny’ = ﬁ ((y§ — i) - o /w(yi - yf)@)

The constants —1; ‘f yi — y3)dy and —= [ (y3 — y3)dy are added to guarantee that

fw n¥dy =0 fori=1,2. Thzs property zsl l’equir@d to fulfill the requirements of Lemma
2.2.1 in [Panasenko, 2005, p.40] which is an extension of the Laz-Milgram Theorem (see
Section 7) to Neumann boundary value problems. The vanishing integral fw Nidy =0
is required for the uniqueness of the solution, see also [Braess, 1997, p.44]. In this work
however we refer to [Dobrowolski, 2006, p.221] for the existence of the solution and don’t
require that property. Since for the dimension reduction algorithm we need derivatives
of n¥ the constants vanish and hence do not influence the procedure, see the proof of

Lemma 7.
Lemma 8. Shl = —FElIngse; for i = 1,2 and =h} = Enses.

Proof. (3.30) yields

_ 1 . _
“hs = — / _LO(E )i — divg GSZJ(EQ)dy
[w] Jorx(—o0,0)

<|/G

LO(Zs)i + div, GO (25 2y + / G (N3)ns + G%(No)nadj

[I]

2)lys=ons — Gi' (N'3)ng — Ggs(N2)n3d?3>

|W\ wx (—00,0)
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3 3D contact problem for an elastic beam

Where

1
jwl
1

|w| wXx (—00,0)

/ G5 (N3)nz + Gy (No)nzdj = —e;EI
Ly(B2); + divy Gy, (B2)dy = 0

yij

Indeed, from (3.21) we get the problem for E, for i = 1,2, 3

BVP(=,) (3.41)
— divy (G, (E2)) = 0 in w x (—o0,0)
2

Z(G&}(Eﬂ)nj =0 on dw x (—00,0)

j=1

Gg;z%a(E'?)nS = GJZ-%J,(NQ)TL:% - Ggig(Nﬂng on w x {0}

hence
1 0/ : 0 P—
m o) Ly(B2); + divy, Gy (Ea)dy
wX (—o0,

1 0 0 —,; 0 o _.
=10 —~(A+ 1) 7~ B3 — 2B+ A\ B3 + p—Ebdy
W] Jex (—o0,0) (A+w) By 2 Moy 2T oy 2 T gy,

1 o _, 0 _,
=7 —pu—=—=55 — u—25d
‘w’ wX(—00,0) Mayz 2 #ay 2
1 o _5 0 _
=— —= —B5d
|w‘ wx(foo,())'uayi 2+M8y3 20
1 1 (=
- m WX (—00,0) Gyi3(‘=‘2)dy
L | Ay;
== i G, (Eo)s—d
;|w’ wX (—00,0) ng( 2)ayj Y
3
1 0
=) — G L(Ey)yid
j; || [ux(—oo,O) dy; ng( 2)yidy
1 . _
:m /wx(—oo 0) ley Gyjl (:2)yzdy
=0
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3 3D contact problem for an elastic beam

Where the last equation follows from the symmetry Gng G and (3.41). Further

y3J

ON3 , .
y?’ + uNbdj)ns = —hing = —e;Elns
K3

1 B . 1
|w’ /wGﬁ( 3)n3+Gz3( 2)n3dy (’w| /WM

Further with Lemma 3 we get 2Rl = —EInse;. Which are well known results, see
[Panasenko, 2005, p.91] O
Lemma 9. léhé = ¢ 2 o ; fori=1,2 and @h3 €59kl g,

|l

Proof. From (3.28) and (3.30) we get

5. 1 - . ow
1®h§ = —8§;— (N§ + Bp)dsdys = ‘ R’
|w| dwp x(—1,0) | |
. 1 ow
1®h? = =837 (NG + Ef)dsdys = —63’ Al S3

|w] Bwr X (—1,0) |w]

]

Proof. (of Theorem 2) With Proposition 7, Lemmata 7, 8 and 9 and n3 = 1 we obtain:
For i=1,2

EI = f ~1 42
) 23 € (~1,0) (342
35,0
pr%  10wn] =0 23 =0
(31:3 | ]
and for i = 3
82 0 R
—F B = fg(l'g) xr3 € (—1,0) (3.43)
9”3
E8u3 |OwR| 30 = 0 23 =0

owg |

Since by ansatz 4 49 € Vp, for i = 1,2,3 (3.42) and (3.43) yield the following variational

formulation.

0% 0% 5;10wnl 824? dv 3
EI d a0(0)v(0) — ET 0 :/ (2a)odas Yo € Vi
/( L 0) aﬂ_’,‘g a r3 — | | ( )'U( ) 8$§ 6333 ‘ (71’0) f ($3)U xr3 VU S 0

fori=1,2

a'&o 80 |aWR| R
B rdus = s ﬂOOUOZ/ r3)vdrg Yv € V;
/(_1 0) Oxs3 0x3 3 3 ] 3( )v(0) (10) f3(z3) 3 b
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3 3D contact problem for an elastic beam

for i = 3. O

Proposition 8. (Existence of a strong solution to the limit-problem) (3.42) and (3.43)
have a strong solution. We show that the corresponding homogeneous problems of the
fourth order ordinary boundary value problems (3.42) and (3.43) have only the trivial
solution, then by [Denk,2007/08, Theorem 6.8, p.64] (3.42) and (3.43) are solvable in

the strong sense.

Proof. W.L.O.G we consider the interval (0, 1), where 0 is the fixed-and 1 is the contact

end. For (3.43) we refer to 4. For (3.43) we assume the angle and the moment to vanish

at the fixed and contact end respectively, i.e. 8%50) = 0 and % = 0. Further set
3

v =s; ‘ﬁf}f" for i = 1,2. Under these assumptions the strong homogeneous equation of

(3.42) is

4,
Ela—lff =0 in (0,1) (3.44)
Oxs
D3,
—EI u3 — yui(z3) =0 on 1 (3.45)
Oxy
82ui
EI 922 =0 on 1 (3.46)
8ui
=0 0 3.47
e on (3.47)
u; =0 on 0 (3.48)

Lets proceed with the ansatz: u?(x3) = axi + bx* + cx + d with a,b,c,d € R. Then

(3.48) implies d = 0 and (3.47) implies ¢ = 0. Further
(3.46) implies 6a + 2b = 0 hence a = —g (3.49)

b
(3.45) implies 6a — y(a + b) = 0 hence a = L (3.50)

6—~
since  varies with w, (3.49) and (3.50) imply a =0=1»5

]

Corollary 2. (Existence of a weak solution) Since every strong solution is also a weak
solution, see [Braess, 1997, p.27], (3.42) and (3.43) are solvable in the weak sense.
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4 Numerical examples

In this Section we illustrate the results from Section 2 numerically. First we consider
a hanging rod clamped from above, under gravity force, and compute the longitudinal
displacement along the central line of the rod, once with the help of a 3D-finite-element
software? and once analytically by solving the limiting 1D ODE obtained in Section 2.
Then we compare the displacement along the central line of the 3D and 1D solution. In
the next step we fix the length and vary the thickness of the rod in the 3D example. We
recognize that the error between the 1D and the 3D solution decreases as the thickness
of the rod decreases. Further we also execute the same numerical experiment for a
hanging rod in contact with a rigid foundation at its lower end. We found out that
the absolute error between a solution of the corresponding 1D ODE and the 3D-finite-

element computation is of size 107% and 107° respectively.

4.1 Comparison of the 3D- and the 1D solutions for a

rod under gravity force

We start comparing the 1D solution of (2.53) with the displacement along the center
line of the 3D solution of a hanging rod, a rod that is fixed at the upper end and free at

its lower end, see Figure 4.1.

Assumptions 5. (Experimental details) We model a rod by a thin rectangular paral-
lelepiped o We let the cross-section w, = (—3, %)2, fora =1,10,100 of the parallelepiped
be quadratic, see Figure 4.3, and we let its length be 1000mm and set the relative relation
. The body force f3(x3) = 7.86 - 1072420

18 constant and induced by the gravity. The longitudinal displacement along the cen-

between the thickness and the length ¢, =

ter line of the rod of the 3D-finite-element computation is compared to the longitudinal
displacement obtained by solving the 1D mized Robin/Neumann/Dirichlet ODE which

was derived in this work, see Figure 4.4. We choose steel as the material of the rod

2Commercial finite-element software-tool ANSYS 12.1
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4 Numerical examples

with Young modulus E = 2 - 10°#5% and density (1D) p = 7.86 - 107%-%-. The interval

S

considered is [—L, 0] with L = 1000mm.

We notice that an analytical solution of (2.53) is

fg(l'g) 83L2 —2FL

Further we recall that for s3 = 0 (2.53) is the equation describing a hanging rod, see for
instance [Panasenko, 2005, p.61]. And for s3 = 0 (4.1) reads u$(z3) = —%ﬂcff) (22 — 2Lx3),
which is a well known solution for the Euler-Bernoulli equation for a hanging rod, see

for instance [Gross, Hauger, Schroder, Wall 2007, p.23].

NODAL SOLUTION

STEP=1
SUB =1

SEP 6 2010
16:21:00

Uy (ave)

DMX =.191E-03
SMN =-.191E-03

444444444

. .1708-03
Hanging rod

Figure 4.1: Rod with relative thickness €199 = 0, 1
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4 Numerical examples

w1t 30 solution for different widths and 10 solution
0 T T T T T T T T T
02t width: 100 7
wiidth: 10 /
04rF width: 1 4
10

Longditudinal dispalcement

_2 1 1 1 1 1 1 1 1 1
-ioop0 -%00 -800 -700 -BOO 500 -400 300 200 <100 a0
Lenght in ram

(a)

w10 3D solution for different widths and 1D solution
] T T T T T T T T T
— 100wr=1D
— 10ws1D
Twrs1D

Ahsolute error

D 1 1 1 1 1 1 1 1 1
-ioo0 -8000 -B00 -700 60O 500 -400  -300 200 -100 0
Lenght in mm

(b)

Figure 4.2: a)Numerical- vrs analytical approximation , b) absolute error
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4 Numerical examples

| Width (in mm) | Norm of absolute error

100 3.0563 - 107
10 2.4250 - 107°
1 2.4246 - 107°

Table 4.1: Euclidean norm of absolute value of error for different thickness of the rod
(free lower end)
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4 Numerical examples

4.2 Comparison of the 3D- and the 1D solutions for a
rod under gravity force in contact with a rigid

foundation at its lower end

In this subsection we proceed as in the subsection before and compare the displacement
along the center line of a rod computed once by a 3D-finite-element simulation and
once by solving (2.53) analytically. In this subsection the rod is in contact with a rigid
foundation at its lower end, see Figure 4.3. The Robin-parameter s3 in (4.1) is set as

s3 = 5500 (empirical choice).

G Noneonmendiel mse onl
w50
1wt

Figure 4.3: Rod with relative thickness 199 = 0, 1

Additionally we remark that the red and the green graphs in Figures 4.2 and 4.4
overlap. At this stage we mention that an improved meshing in the 3D finite-element

simulation might reduce the error between the different 3D solutions for different widths.
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4 Numerical examples

w10° 3D solution for diminishing width and 10 salution
0 T T T T T T T T T
width: 100
wiitddth: 10
y width: 1 T
——1D
=
2 of .
a
i)
[ud
o
o
= 3l 1
[ug
£
=
=
=
D4r 1
5
s 4
_6 1 1 1 1 1 1 1 1 1
-000 -800  -800 700 -BOO 500 -400 -300 200 -100 0
Lenght in mm
(a)
T Absalute errar between 30 solutions and 10 solutian
18 T T T T T T T T T
— 100wrs1D
— 10wrs1D
Twrs1D
1
g
o
et}
E
[=1
o
=
=
05

D 1 1 1 1 1 1 1 1 1
-1000 -200 800 700 GO0 -500 400 -300 200 -100 a
Lenght in mm

(b)

Figure 4.4: a)3D solution for different widths and 1D solution , b) absolute error between
the 3D solutions and the 1D solution
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4 Numerical examples

| Width (in mm) | Norm of absolute error

100 5.7340 - 107°
10 4.3537-107°
1 4.3536 - 107°

Table 4.2: Euclidean norm of absolute error for different thickness of the rod (in contact)

We see that for diminishing thickness of the rod the numerical solution to the contact
problem approaches the analytical solution of (2.53).

We see that a solution of the ODE derived asymptotically in Section 2 approaches the
corresponding 3D solution up to an absolute error of size 1079, see Figure 4.4, while
in the case of a hanging rod without contact the size of the absolute error between the
analytic solution of the Euler-Bernoulli equation and the corresponding 3D solution is
of size 107° , see Figure 4.2. In both cases the norm of the absolute error gets smaller

as the thickness of the rod gets smaller.
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5 Conclusions

In this work two different contact problems where considered. One for a hanging rod
in contact with a rigid body at the lower end and one for a beam that is fixed at one
end and in contact with a rigid body on a part of the lateral boundary at other end.
For both problems 3D linear elasticity contact problems are established, where the con-
tact is described by a Robin-type boundary condition. For the first contact problem
we construct asymptotically the complete 1D limit problem, for the thickness of the rod
tending to zero. We recall that for that asymptotic dimension reduction we use a slightly
modified algorithm presented in [Panasenko, 2005] for contact less rods. For the second
contact problem only the equilibrium- and force equations are asymptotically deduced.
Moreover the results obtained for the dimension reduction of the problem modeling a
hanging rod in contact with a rigid body at its lower end are illustrated numerically.
The numerical results show that for diminishing thickness of the rod the error between
the numerical and analytical solution also diminishes.

We conclude that the dimension reduction of a contact-elasticity problem with Robin-
type boundary condition at the contact area effectively leads to an mixed ODE with
Robin-type boundary at the contact area. Moreover we showed that the error between
the analytical solution of this ODE and the corresponding 3D solution behaves simi-
lar as the error between the solution of the Euler-Bernoulli ODE and the 3D solution

corresponding to a contact less hanging rod.
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6 Outlook

The Fredholm-alternative permits analyzing the existence of solutions of Neumann
boundary value problems. This is sufficient for the solution of the inner Neumann
problems for the functions IN;. Yet the boundary layer corrector functions E and *©®
shall not only exist but stabilize exponentially to zero when leaving the boundary on
which they are concentrated. For the corrector function E concentrated at one end in
the case of a free end this property has been shown in [Panasenko, 2005]. The the-
ory that permits analyzing solutions in unbounded domains on exponential decay at
infinity are the Saint Venants principle and Theorems of Phragmen-Lindelof type, see
[Oleinik, Shamaev, Yosifian, 1992]. In a continuation of this work, the exponential decay
of the boundary layer corrector functions E and *© will be studied. In this work it is
shown that the bending and tension forces are proportional to the displacement on the
contact area. A subject of further investigation is to show that the bending moment is
proportional to the bending angle, in order to complete the limiting equation in Section
3. These results are to be illustrated numerically too. Moreover the convergence of the

solution and the error estimate are to be analyzed.
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{ Appendix

7.1 The Fredholm-alternative

The Fredholm-alternative is functional-analytical tool that permits linking the right
hand sides of Neumann boundary value problems with the solvability of the problems
themselves.

In the dimension reduction of boundary value problems for elastic structures, for instance
beams or plates it is widely used. Since the Fredholm-alternative permits linking the
right hand sides of Neumann boundary value problems with the solvability of the problem
itself new equations for the right hansides are obtained. This property is of interest in

the dimension reduction since the right hand sides are often of a lower dimension.

Theorem 3. (Fredholm-alternative) Let X,Y be Banach spaces and A € L(X,Y) a
Fredholm operator with the property that dimN (A) = codimR (A).

Then:

Fither A is bijective (7.1)
or else

A is not bijective and A x = f is solvable if and only if

FLN (A% (7.2)

For a simple Neumann problem for instance the application of the Fredholm alternative
looks as follows.

Let the following Neumann boundary problem be given.

—Au=f in Q2 (7.3)
Vu-n=g on 0f)
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7 Appendix

Then the variational formulation reads:

Find u € H"*(Q) s.t.

/Vqud:z::/fvdx—l—/ gvds Vv e HY*(Q) (7.4)
Q Q o9

We set a(u,v) = /

VuVudr and F(v) = / fuodz +/ guds. Then (7.4) reads:
Q Q o9

Find u € H'(Q) s.t.
a(u,v) = F(v) Vv e HY(Q) (7.5)

The operator A associated to a(-,-) by a(u,v) = (Au,v) is a Fredholm operator sat-
isfying the hypotheses of Theorem (3), see [Dobrowolski, 2006]. Hence the Fredholm
alternative is valid. We remark that A/ (A*) =< 1 > since:

vEN(A*) = (u,A*v) =0 Yue H(Q)
= (Av,v) =0=||Vv||, =0

= v = const dr—almost everywhere

Since A u = 0 for u = const A is not injective and hence not bijective, therefore by the

Fredholm alternative (7.5) is solvable if and only if:
AulN (A7)
Where

AuL<1><:>(Au,1):0<:>F(1):/fdx+/ gds =0
Q G

Consequently (7.5) is solvable if and only if:

/Qfdx + /dQ gds =0 (7.6)

We remark, that the necessity of (7.6) for the solvability of (7.3) in the strong sense

can be shown applying the Gauss formula.
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7 Appendix

Remark 10. (The Robin-type boundary value problem) We point out that neither
Dirichlet nor Robin-type boundary value problems require the solvability condition (7.6).
This is due to the fact that the Laz-Milgram Theorem (4) holds for Dirichlet and Robin-
type boundary value problems fulfilling the theorems hypotheses. For a Robin-type bound-
ary value problem (of linear elasticity) the hypotheses of the Lax-Milgram theorem are
fulfilled, see for instance [Oleinik, Shamaev, Yosifian, 1992, p.317] or [Steinbach, 2003,
p.75]. Hence for Robin-type linear elasticity problems the operator Ag associated to the
bilinear form ag(-,-) by ag(u,v) = (Agru,v) is bijective. Therefore the alternative (7.1)

holds, which imposes no restriction on the right hand sides.

Theorem 4. ([Alt, 1999, p.147](Lax-Milgram theorem)) Let X be a Hilbert space over
the field K and a : X x X — K a sesquilinear form such that for all x,y € X:

(i) la(z, y)| < Collz|[x|lyllx (continuous)

(i) la(z,y)| > col|2|[% (coercive)

for some 0 < ¢y < Cy < 00. Then there exists a unique bijective mapping A € L(X)
such that

CL(yaI) = (yqu)X Vx,y e X

Furthermore,

1
1]l < Co and [[A7]| < —
0

7.2 The matrix of rigid displacements

In this Subsection we justify that in this work the matrix of rigid displacements and its
extension were neglected. We refer to results from [Panasenko, 2005] and use the vari-
ables of that work. Therefore we notice that in [Panasenko, 2005] z; is the longitudinal

variable and x5 and x3 are cross-sectional coordinates. The matrix of rigid displacements
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7 Appendix

referred to in Assumption (2) and its extension have the the form

100 0 100 0 —y —ys
®=1010 —ays|, =101 0 —ays w» O (7.7)
0 0 1 ay 001 ayp 0

where a = <|jl| Jo w3 + yg)d@)
see [Panasenko, 2005, p.56,66]. In [Panasenko, 2005 these matrices influence the di-
mension reduction algorithm. To show that influence we first notice that the constant

vectors introduced in Definition (7) induce the matrices

H, = (hi)¢:1,2,3, EHk = (EhZ)i:I,QB

The corresponding matrices in [Panasenko, 2005] that are responsible for tension and

bending equilibrium and force equations have the form

~E 00 0 C; 0 0 0
0 00 0 0 —EI 0 0
HY = : H} = (7.8)
0 00 0 0 0 —EI 0
0 00 M 0 0 0 Cy
~E 00 0 Cy 0 0 0
0 00 0 0 —EI 0 0
HY = - , HY = - (7.9)
00 0 0 0 —EI 0
00 M 0 0 0 Cy

We remark that only the first 4 rows were taken, since the other rows do have no
influence on the equilibrium and force equations. ® and ® are matrix coefficients of
these matrices and the solvability correctors in [Panasenko, 2005] read as ®HZ, ®HY,
OH N and oH ~. Let us point out, that only the first three rows of these solvability
correctors influence equilibrium-and force equations. Further we notice that the fourth

column has only an influence on the torsion, see [Panasenko, 2005, p.64/71-72].

Lemma 10. (The matrices of rigid displacements have no influence on the equilibrium
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7 Appendix

and force equations) Let @, <i>, HQB, I—If, I-Ijlv and Hév be given as above. Then

(®HY)' = (HY)', (®HY)' = (H7)' (7.10)
(®HY)' = (HY')', (®HY)' = (H)' (7.11)

fori=1,2,3

Proof. A straight forward multiplication of the sparse matrices (7.7), (7.8) and (7.9)
proofs the Lemma. []

Therefore it is justified to neglect the matrices ® and & in this work, since in this

work only equilibrium equations and force equations are derived.
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