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Introduction

The classical Fundamental Theorem of Asset Pricing (FTAP), which goes
back to Harrison, Kreps [6] and Harrison, Pliska [7], roughly states that in
a financial market model there exist no arbitage opportunities if and only if
there exists a fair price system for financial derivatives. Without transaction
costs such a price system is given by taking expectation with respect to an
equivalent martingale measure.

There are several proofs of the FTAP in finite discrete time for financial
markets without transaction costs. Besides the original proof for a general
probability space of Dalang, Morton and Willinger [2] based on a measurable
selection theorem, there are many other proofs, e.g. Schachermayer’s Hilbert
Space proof [24] or Rogers’ [20] utility-based proof.

Now, for markets with proportional transaction costs the reasoning in
Kabanov, Rasonyi and Stricker [10], [11] and in Schachermayer [25] can be
compared to [24]. Once it is shown with help of a no-arbitrage condition that
the set of all final portfolios achieved by self-financed trading is closed in L°
and intersects trivially with all 'positive’ portfolios, one can apply the Hahn-
Banach separation theorem and an exhaustion argument, as in the proof
of the Kreps-Yan theorem, to seperate all final portfolios from all 'positive’
portfolios. The terminal value of the consistent price process is then given
by the vector which generates the separating hyperplane. Aside from these
functional analytic’ proofs there are results which are based on methods
from the theory of random sets such as Rasonyi [17] and Rokhlin [23]. The
reader should consult the book "Markets with Transaction Costs - Mathe-
matical Theory’ by Kabanov and Safarian [12] for a thorough exposition of
the arbitrage theory under transaction costs.

Our goal is to give an elementary utility-based proof in the context of
proportional transaction costs as was done by Rogers [20] for frictionless
markets. The problems are twofold: Firstly for frictionless markets, in con-
trast to markets with transaction costs, there is equivalence between the
no-arbitrage condition for the multi-period market and the no-arbitrage con-
dition for each single-period market. Hence, it is basically enough to con-



sider a single-period market, find a utility-maximizing portfolio and deduce
from the maximizer using the first-order condition an equivalent martingale
measure for the single-period market. In a multi-period market a martingale
measure can then be constructed as a product of the single-period martingale
measures when these are normalized appropriately. Under transaction costs
several questions arise: Will it be enough to perform utility-maximization
in a single-period market in the presence of transaction costs? What do the
consistent price-processes from the single-period markets have to do with the
consistent price-processes for the multi-period market? Can we construct a
consistent price process for the multi-period market using consistent price
processes from single-period markets?

Secondly, in frictionless markets we are naturally interested in the utility
from the gain of our portfolio. Is it enough to naively liquidate our portfolio
and consider the utility from this scalar value? If so, we will have to deal
with a functional that is not differentiable.

We want to state the FTAP under proportional transaction costs. On
a filtered probability space (Q,F, (F;)L,, P) we consider for simplicity one
risk-free and one risky asset. The risk-free asset serves as a numeraire. 9,
and S; denote the bid and ask prices respectively of the risky asset in terms
of the numeraire at time t. The processes (S,)L, and (S;)L, are adapted,
strictly positive and satisfy S, < S; for every t = 0,...,T. (§t,§t)tT:0 is
called bid-ask process.

The following theorem is the one-dimensional version of Theorem 1.7 in
Schachermayer [25].

Theorem. The market satisfies the robust no-arbitrage condition if and only
if there exists an equivalent probability measure Q and a process (SHL,,
Sy €11 [8S,, S|, such that (Sy)L, is a Q-martingale.

So, our goal as formulated above is to provide a new utility-based proof
of the difficult sufficiency part of this theorem, i.e. of the existence of such
pairs (Q, (S;)) in markets which satisfy the robust no-arbitrage condition.
These pairs allow to define arbitrage-free prices for contingent claims in the
market with transaction costs and thus extend the concept of an equivalent
martingale measure from frictionless markets to markets with transaction
costs.

The thesis is organized as follows: In Chapter 1 we first consider a model
without transaction costs and describe the idea of Rogers’ utility-based proof



of the FTAP. Then we introduce a fairly general model which describes a
market with proportional transaction costs. After we have clarified the ap-
propriate concept of no-arbitrage and introduced consistent price processes,
we sketch a first approach to a utility-based proof. The first chapter is more
of introductory nature. The aim is to describe ideas and concepts, some
calculations in between are just formal.

In Chapter 2 we consider a market with one risky asset. We first show
in a generic single-period market that under a ’vector space assumption’,
which is in fact equivalent to the robust no-arbitrage condition, we can find
a utility maximizing portfolio. With help of the first order condition we
can construct a consistent price-process for the single-period market. Then,
we apply the result from the single-period market to a general multi-period
market. The basic idea, based on an inductive argument similar to [17] and
[23], is to replace every single-period market by an auxiliary market with a
smaller bid-ask spread hence more investment opportunities. This is outlined
in detail at the beginning of Section 2.3, before we prove our main result in
Theorem 2.16. These auxiliary bid-ask prices are not only sufficient but
also necessary for the existsence of a strictly consistent price process for the
multi-period market, see Corollary 2.20.

In Chapter 3 we apply the idea to a general multidimensional model.
Again we first consider a generic single-period market. But, it turns out that
we have to choose a different approach compared to the one-dimensional case.
The main reason is that an analog result to Corollary 2.11 a) is missing in the
multidimensional case. We will not maximize expected utility in the given
market. Starting again from a ’vector space assumption’ we show directly
that the market satisfies the robust no-arbitrage condition. Therefore, we
can reduce the transaction costs a little and maximize expected utility in
this extended market. This will help us to circumvent Corollary 2.11 a) and
get the result from Corollary 2.11 b) in the multidimensional case directly.
It also takes much more work to show from the first-order condition that
there actually is a consistent price process in the multidimensional case. The
reason for this is that the first-order condition is only an inequality and the
'sandwich argument’ from the one-dimensional case is no longer applicable
here. Since we have more than one asset, we have to find a consistent price
process for all assets simultaneously. After we have understood the single-
period case we apply the idea to a multiperiod market. This is again similar
to the one-dimensional case but more demanding technically.

In the Appendix we collect some advanced results from measure theory
and probability theory which are used especially in Chapter 3.



Notation

A few words are in order concerning notation. Whenever a relation between
random objects is stated, it is always supposed to hold almost surely. For
example, when X, Y are random variables on a probability space (2, F, P)
and we write X = Y on a set B € ¥, we mean that X(w) = Y(w) for
P-almost every w € B. Or when (' is a random set, X € ' means that
X(w) € C(w) for P-almost every w € Q.

As usual we write L%(C, F; P) for the set of F-measurable random vari-
ables which take their values P-almost surely in C'. Most of the time the
probability measure P will be clear from the context, then we simply write
L°(C, 7).

In a model with bank account we denote by d the number of risky assets,
this corresponds to a model with D x D bid-ask matrices, where D = d + 1.



Chapter 1

Overview and first approach

1.1 Markets without transaction costs

Among the many proofs of the Fundamental Theorem of Asset Pricing (FTAP)
there is Rogers’ [20] utility-based proof. In this section we want to sketch his
idea and point out some important properties of markets without transaction
costs.

In our model we have one risk-free asset which serves as a numeraire and
d risky assets whose prices are quoted in units of the numeraire. We fix a
filtered probability space (Q,F, (F:)Ly, P) and consider an (;),_,-adapted,
R9-valued stochastic process (S;)f, = (S},...,SHI,, where each compo-
nent S* denotes the price of asset 4 in units of the numeraire.

When the investor decides to hold at time ¢ an amount of A} units of
asset i, she has to pay h%S! units from the numeraire for it. Her holdings are
described by the vector h; = (hi, ..., h%). In the next step, at time ¢ + 1, the
asset prices have changed so that her total wealth, measured in units of the
numeraire, has changed by:

— (B{SE+ -+ B{SEH + (B SE 4+ h{SE)

—(h{ St + -+ hiSE) 1
_ hy . St1+1
he Sfl+1

= hy - (Sps1 — S)

With help of the second line we see that the investors gain corresponds to the
liquidation value of her portfolio which she has acquired in a self-financing
way. The investor starts with some wealth zy at the beginning. Then she
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trades according to hg at time 0. Her new wealth at time 1 is then xy +
ho - (S1 — Sp). This procedure continues until her wealth at terminal time 7'
becomes

xo+ho-(S1—S0)+ -+ hr_1- (St — Sr_1).

We call a d-dimensional process (ht)tT:_Ol a trading strategy if, for every t =
0,...,T —1, hy is Fi-measurable.

Definition 1.1. A trading strategy (ht)tT:_ol is called an arbitrage opportunity

if
T-1
th (Str1—5) >0
t=0
and
T-1
P <th Sy — Sy) > o) > 0.
t=0

Of course, it is the investor’s hope to find a trading strategy such that
her gain is non-negative for sure at the end and strictly positive with some
positive probability.

We say that (S;)L_, satisfies the no-arbitrage condition if there is no ar-
bitrage opportunity.

The FTAP relates the no-arbitrage condition to the existence of equiva-
lent martingale measures.

Theorem 1.2. For an R%-valued process (S;)L, the following are equivalent:
(i) (S;)L, satisfies the no-arbitrage condition,

(ii) there exists a probabilty measure Q ~ P such that (S;)l_, is a Q-
martingale.

The probability measure Q in (ii) is called equivalent martingale measure for
(S)i=o-

Clearly, the difficult part in the proof is how to find an equivalent mar-
tingale measure assuming the no-arbitrage condition. In the case of finite €2
the theorem goes back to Harrison and Pliska [7]. For an arbitrary Q it is
due to Dalang, Morton and Willinger [2]. Many other proofs were given e.g.
by Schachermayer [24], Kabanov and Kramkov [9] or Rogers [20].

The concept of equivalent martingale measures has many fruitful applica-
tions in the modern literature of mathematical finance such as the arbitrage-
free pricing and hedging of contingent claims. Another very important ap-
plication of equivalent martingale measures is to be found in the duality



methods of portfolio optimization. The interested reader shall consult the
book "The Mathematics of Arbitrage’ by Delbaen and Schachermayer [3] for
a thorough exposition of arbitrage theory and its applications.

In contrast to models with transaction costs it is a distinctive feature
for frictionless models that the no-arbitrage condition for every single-period
model (S;_1,5;) is equivalent to the no-arbitrage condition for the multi-
period model (S;)Z_,. This is the main reason, why it is enough to consider
the single-period models separately in search of an equivalent martingale
measure.

Proposition 1.3. For an R%-valued process (S;)L, the following are equiv-
alent:

i) (S,)L, satisfies the no-arbitrage condition,
t=0 g
(i1) (Si—1,S:) satisfies the no-arbitrage condition for everyt =1,...,T.

For a proof see e.g. Proposition 5.11 in [4].

It is in fact enough to find an equivalent martingale measure for every
single-period model. This is based on the following observation:

Assume that for some t € {1,...,T} we already have an equivalent mar-
tingale measure for Sy, ..., Sr which we call Q;. We can w.l.o.g. assume that
Q:|F: = P|F;, as we can switch to an equivalent probabilty measure whose

density is given by
dQ:
aP

d
Ep [G5]
and for which the martingale property of S;,...,S7 is preserved. Now, if
P, 1 is equivalent to P such that

Ep, ,[Si|Fi-1] = Si-1,
then the probabilty measure Q;_; defined by

th—l _ dPt—l th
dP dP dP

is an equivalent martingale measure for S;_1,...,S7. This follows from a
straightforward application of Bayes’ formula.

Thus, going backwards in time one has to use the no-arbitrage condi-
tion for every single-period market (S;_1,.5;) separately and find an equiv-
alent martingale measure P, ; for this single-period market. Multiplying
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the denisities successively results in an equivalent martingale measure for
So, sy ST.

This concatenation property and the equivalence in the previous propo-
sition break down under transaction costs as we shall see in the next chapter.

For the remainder of this section we want to describe Rogers’ idea of his
uility-based proof.

From an economic point of view it is very plausible that in an arbitrage-
free market the investor can maximize her expected utility from terminal
wealth. Thus, we fix a utility function v on R and aim to find a portfolio
h,_1 which maximizes the expected utility from terminal wealth in the single-
period market (S;_1,.5;), i.e.

E [U (iltfl (S — Spl))] = max E[u (b1 - (S; — Si-1))],

hi—1

where h;_; ranges over LO(R? F, ;). Besides Rogers’ original work [20] the
interested reader shall consult Section 6.6 in [3] for a different approach to
find a utility-maximizing portfolio.

Once a maximizer flt,l is found, the function
Raa—E [u ((izt_l +alye’) - (S, — St_1)>]

has a maximum at a = 0 for every A € F;,_; and i = 1...,d. Thus, taking
the derivative at a = 0 yields

0 =B [W/(het - (S = Si0)(Si = Sia)La)

for every A€ F,_yandit=1,...,d.

When we define (up to a normalizing constant) u/(hy_1 - (S;—S,_1)) as the
density of a measure P;_1, then the last equation is precisely the martingale
property for (S;_1,S5;) under P,_;. For the multiperiod model (Sy,...,Sr)
an equivalent martingale measure Q is then built by

dQ
dP

where ¢ is a normalizing constant.

— cul(iLO . (Sl — SO)) e u/(iLT_l . (ST - ST—l))

Note that, when (S;_1,S;) allows for an arbitrage opportunity, say h{ |,
there cannot be a utility maximizing portfolio: For any potfolio h;_; we have

(he—y + hiy) - (Sp — Si—1) = he—1 - (S¢ — Si—1)
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and this inequality is strict with positive probabililty. Since u is strictly
increasing, it follows that

E [u (b1 + ) - (Se — Si1))] > Efu(her - (Sp — Si-1))] -

1.2 Markets with transaction costs

In this section we want to describe a fairly general model for a market
with transaction costs in finite discrete time. We will follow thereby mainly
Schachermayer’s work [25]; compare also Section 3.1.1/3.1.2 of Kabanov and
Safarian [12]. We will introduce various notions of the no-arbitrage condition
and the concept of consistent price processes which extends the concept of
equivalent martingale measures to models with transaction costs. Our goal
is to formulate the FTAP under transaction costs and point out the main
differences to models without transaction costs.

The market consists of D assets and we can exchange every asset ¢ for
any asset j. 7 denotes the number of units of asset i needed to buy one
unit of asset j. We need the following properties for the matrix (7%).

Definition 1.4. A matrix (77) € RP*? is called bid-ask matriz if
(i) 7 >0, fori,j=1,...,D,
(ii) 7" =1,fori=1,...,D,
(iii) 79 < w*7* for 4,5,k =1,...,D.
The first two properties are obvious. The last property is due to transac-

tion costs, i.e. a direct exchange between any two assets should be cheaper
than an indirect exchange via a third asset.

Remark 1.5. a) Assume that we have d risky assets and one risk-free
asset which serves as a numeraire. The bid and ask prices of the risky

assets are given by S?, 31, 8 gd, quoted in units of the numeraire.
For every asset 7 we require (0 <)S* < S due to transaction costs and
we set S° = 5" = 1. Then (7i7), defined by

<

- 44, and 7" =1,
5 7J

=

is a bid-ask matrix with D = d+1. Since 7% = 7°07% the entries (7°)
and (7%) are enough to describe all possible transactions. Exchanging
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asset ¢ for asset j directly costs as much as first selling asset ¢ and then
taking an appropriate amount of money from the bank account and
buying asset j.

Note that, when D = 2, every bid-ask matrix is given by bid and ask
prices, with ﬁ =Sand 2 =5.

b) A model based on bid-ask matrices generalizes a market where trans-
actions occur only via the bank account. We can think of an exchange
market for different currencies where direct transactions are in general
cheaper than indirect ones.

We fix a filtered probabilty space (2, F, (F;)L,, P) and consider an (fﬂ)tT:O—
adapted, (D x D)-dimensional process (m;)!_,. For every t and w, m;(w) is
supposed to be a bid-ask matrix. We call (m;)L_, a bid-ask process.

We need to model self-financing trading.

Definition 1.6. a) A portfolio process is an adapted RP-valued process
_ T  _ (1 p\T
V= (V)9 = (vt,...,vt )t:O'

a) The set of all solvent portfolios in state w and at time ¢, the solvency
cone Ki(w), is defined as

K(w) = cone {Wtij(w)ei —el ek i k=1,..., D}.
b) —Ki(w) is called the cone of portfolios available at price 0 in state w at
time ¢, i.e.

—K;(w) = cone {ej — il (w)e', —e* i k=1,..., D}.

¢) A portfolio process v = (vt);fzo is called self-financing if
v € —Ky and v, —vi_ € —K;
forevery t =1,...,T.
d) The set Ar of all hedgable claims is defined as
Ap = L% (=Ko, Fo) + -+ + L° (= K7, Fr)

ie. Ap = {UT : (vt)fzo self-financing portfolio pmcess}.
Similarly A;, the set of hedgable claims up to time ¢, is defined as
At = LO <—K0, St()) "‘ cte + LO (—Kt, Stt)

10



Every portfolio of the form 7/e? — €7 is solvent, because there are enough

units of asset ¢ to clear the short position in asset j. Therefore, each conic
combination, i.e. linear combination with non-negativ coefficients, is solvent.
Additionally, every portfolio with non-negative entries is solvent. We point
out that, if 7r§°j°7rg°i° > 1 for some 7, jo, then the vectors e can already be
obtained from conic combinations of the vectors m’e? — e/, Since

Joto [, _%0Jo ,io Jo Joio _jo i0 __ (t0jo,_Jolo io
00 (0" — e0) + 000 — e = (7,00 — 1)e™,

we can obtain e and then every e* from conic combinations of wfeF — ¢
and e,

We need sz units of asset ¢ if we want to buy one unit of asset j. Hence,
el — ﬂij e’ is available at price 0, i.e. this portfolio can be achieved by trading
according to the bid-ask matrix and starting from the zero portfolio 0 € R”.
Eventually we consume assets, hence we include portfolios with non-positive
entries.

Ky

Fig. 1: solvency cone (D = 2)
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Definition 1.7. The dual cone K; is defined by
Kf(w)={z€R” : 2.0>0, forveKw)}
= {z G]Rf c (W) > 2, ford,j = 1,...,D}.

An F;-measurable random variable Z € K} \ {0} is called consistent price
system (at time t). If Z € ri K}, then Z is called strictly consistent price
system (at time t).

For a consistent price system Z we have

In this sense the (frictionless) exchange rates Z;: are consistent with the rates
given by the bid-ask matrix 7,”. Z being strictly consistent means that

— en |—,m .

In a model with bank account, where we have one risk-free asset which serves
as a numeraire, and d risky assets with bid-ask prices §1,§1, 84 gd, Z =
(Z°, 7Y, ..., Z%) is a (strictly) consistent price system if and only if

5—; € [ﬁé,?ﬁ} (resp. g—; €ri [ﬁi,gi]) .

12



Fig. 2: the dual of the solvency cone (D = 2)

We now extend the key concept of equivalent martingale measures to
models with transaction costs.

Definition 1.8. A D-dimensional martingale (Z;)L_, is called

a) consistent price process it Z, € K; \ {0}, fort =0,...,T,

b) strictly consistent price process if Z, € i K[, for t =0,...,T.
Remark 1.9. In a model with bank account, where the bid and ask prices of
the d risky assets are given by S?, gl, 5% gd, it follows by a straightfor-
ward application of Bayes’ formula, that there exists a (strictly) consistent
price process (Zt)tT:07 if and only if there exists an equivalent probability
measure Q ~ P and a Q-martingale (S,)[_, = (S},..., S, such that

Sie (S, S]], (S! erilS!,S)]). In this case, we have ‘31—(1;,2 = Z—% and S¢ = %

The no-arbitrage condition prevents that we can create money out of
nothing.

Definition 1.10. The bid-ask process (7)., satisfies the no-arbitrage con-
dition if for every self-financing portfolio process v = (vt)tT:O with v € RY
it follows that vy = 0.

13



Let us assume for a moment that there is a consistent price process
(Z)L,. Tgnoring integrability questions we conclude for every vy = & +
o+ &p € Ap, where & € LO (=K, F;), that

Eljvr - Zr)| = E[(& + -+ &r—1) - Zr—1 + Elér - Z7 |Fr_1]]
<0
E[(§o + -+ &r-1) - Zr_4]

E[(So+ - +&r—2) Zr—o+ E[ér_1 - Zp_1|Fr_2]]
- < E[§ - Zo) <0.

IA A IA

Consequently, when vy € Rf, then vy = 0 and the no-arbitrage condition is
satisfied.

For a finite state space € or if D = 2 the following version of the Fun-
damental Theorem of Asset Pricing holds true. For finite €2 it is proved in
Kabanov and Stricker [13], when D = 2 it is due to Grigoriev [5].

Theorem 1.11. Let (m;)l_, be a bid-ask process. Then, if Q is finite or
D = 2, the following are equivalent:

(i) (m)L_, satisfies the no-arbitrage condition,
(ii) there exists a consistent price process.

The proof of how the no-arbitrage condition implies existence of a con-
sistent price process relies on a separation argument in finite-dimenstional
spaces. It is the same idea as for models without transaction costs. The set of
hedgable claims Ay = LY(— Ky, F) + - - - + LO(— K, Fr) is a sum of finitely
many polyhedral cones and is thus closed as a set in RN, (N = D - [Q]).
The no-arbitrage condition ensures that A7 NRY = {0} and we can sep-
arate with a hyperplane the cone Ar from the convex set conv{eil{w}
wei=1,... ,D}. The vector, which generates the separating hyper-
plane, can be taken as the terminal value of the consistent price process.

For infinite €2, even when D = 2, the no-arbitrage condition is not enough
to conclude that Ar is ’closed’, see e.g. Example 1.3 in [5]. Thus the standard
separation arguments are not applicable here. The theorem is even wrong
when € is infinite and D > 3, see e.g. Example 3.1 in [25] or Example 2 in
Section 3.2.4 of [12]. However, for D = 2, Grigoriev [5] managed to prove
the theorem with new methods.

The concept of consistent price processes allows to describe the set of
hedgable claims in a dual way. This is intimately connected with arbitrage-
free pricing of contingent claims and essential for duality methods in portfolio

14



optimization. Without being rigorous with integrability issues, by dual de-
scription we mean the equivalence

ce Ar
A==

E [c- Z7] < 0 for every consistent price process (Z;)l_.

Of course, such a relation can only hold when Az is ’closed’, which is not
always the case under the mere no-arbitrage condition.

Let us look at some example which illustrates that the no-arbitrage condi-
tion is insufficient in the presence of transaction costs. Even though a market
with transaction costs satisfies the no-arbitrage condition, further market in-
sufficiencies, so-called weak arbitrage opportunities, can appear.

K

Fig. 3: weak arbitrage opportunity

Clearly, the market in Fig. 3 is free of arbitrage opportunities. But

without incurring any loss we can buy one stock at time 0, (*130), and

liquidate the portfolio into the bond at time 1, (—FO) : (§11) = 0. We have
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to pay transaction costs for trading but the stock performance helps to cover
it.

We can exclude weak arbitrage opportunitites if we assume that the bro-
ker can offer some discount on the transaction costs without creating arbi-
trage opportunities at the market.

Definition 1.12. The bid-ask process (m;)L satisfies the robust no-arbitrage
condition if there is a bid-ask process (o;)L, such that

1 !
E,O'ij cn ﬁ,ﬂ'ij

and (0})I_, satisfies the no-arbitrage condition.

Remark 1.13. In a model with one risk-free cash account and d risky assets
with bid and ask prices §1,§1, cee §d,§d the robust no-arbitrage condition
is satisfied if and only if there exist bid-ask prices U 1,U1, LU d,Ud such
that [Qi,Uq Cri [ﬁi,gi] and Ql,Ul, . ,Qd,Ud statsify the no-arbitrage
condition.

Having established the definition of the robust no-arbitrage condition we
formulate the FTAP under proportional transaction costs in finite discrete
time.

Theorem 1.14. Let (m)L, be a bid-ask process. Then (m;)L, satisfies the
robust no-arbitrage condition if and only if there exists a strictly consistent
price process (Z;)L,.

The proof relies on the fact that under the robust no-arbitrage condition
Ar is closed with respect to convergence in probability. Then separation
arguments for infinite-dimensional spaces as in the Kreps-Yan theorem are
applied to yield a consistent price process.

1.3 First approach and generalization

Our goal is to give a utility-based proof for consistent price processes in the
spirit of Rogers [20] for frictionless models. We will describe a first approach
Nnow.

Let U : RP — R be a multivariate utiltiy function, i.e. U is strictly
concave, strictly increasing in every variable and differentiable. We assume
that there is an optimal portfolio o7 € Ar, i.e.

E[U(or)] = max E[U(vy)].

v EAT
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Then, for every & € L° (= K;, F;) and every a > 0, we have
E[U(ir)] = B[U(or + ag)].
We take the one-sided derivative and get

al0 (6%

(Z)L, defined by Zr := VU (or) and Z; := E[Zp|F,] is a consistent price
process.
Now, several questions arise in this approach:

e How can we find an optimal portfolio o7 under the robust no-arbitrage
condition? In the multi-period model we have o = 50 +. fT, soT+1
decisions have to be made.

e (Can we simplify the problem by looking on single-period models?

e Having solved the problem for single-period models, how can we con-
struct a consistent price process for the multi-period model knowing
that there are consistent price processes for each single-period model?

e What kind of utility functions can we use?

We want to address the first question in the case of finite 2. We fix a util-
ity function u on R, which is bounded from above, and define a multivariate
utility function

We consider the concave function
gO:ATBUTHE[U(UTﬂ.

It is well known that for a concave function ¢, defined on a closed convex
cone in a finite dimensional space, the condition

lim p(sx) = —o0, for every z # 0,
S§—00

is sufficent to show existence of a maximum for ¢ (see e.g. Lemma 3.5 in
[4]). Well, whenever vy € Ap, vr # 0, by the no-arbitrage condition we must

have P(v% < 0) > 0 for some i = 1,..., D. Since
lim u(sv}) = —oo on {v} < 0}.
S§—00
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and u is bounded from above, we conclude

lim E [U(svr)] = —oo, for every vy € Ap,vr # 0.

§—00

Thus, an optimal portfolio v exists when € is finite. For infinite 2 this
argument fails since for example the condition

lim p(sx) = —o0, for every = # 0,
S$—00

is no longer sufficient for a maximum.

Generalization and vector space property

We want to generalize the framework a little bit. This will be similar to the
model in Rasonyi [17]. By the Bipolar Theorem we have for the solvency
cone K; = K™, i.e.

Kiw)={¢eR”: & 2>0, forze K/(w)}.

Since

Kt*(w)\{O}:{ze(O,oo)D : Z—je [%,Wﬁj(w)}, for i,jzl,...,D}

2 7 (W)
we can take a convex and compact set 8;(w) C (0,00)P~! such that
Kiw) = {A (1) : A2 0,y € 8,(w)}
and thus
Kiw)={¢eR” : & (3) >0, forye 8w}

Writing K (w) in this way means that we have chosen the first asset as a
numeraire. 1V\/hen we glave a model with bank account and d bid and ask
prices S*,S",...,58%'S", then

1 d

8i(w) = 87 W), Sy (W)] x -+ x [Sf(w), S} (W)].

Thus, we will consider a model with one risk-free asset which is taken as
a numeraire and for the remaining d risky assets we assume that prices are
given by convex and compact subsets of (0, 00)%.
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Given a filtered probabilty space (2, F, (F;)L_,, P) we start with a process
(St)tho, where each 8; C (0,00)? is a non-empty, convex, compact and F;-
measurable random set. §; is called the set of consistent prices at time t.
The solvency cone at time t is defined by

Ki(w):={¢eR™ : ¢ (1) >0, forye§w)}.

Of course, a portfolio process (v;)L, is called self-financing (for (8;)L,) if
vg € =Ky and vy — v, € — K, for every t = 1,...,T. For the the dual cone
of K; we have

Ki(w)={A(}) : A>0,y € 8(w)}

and
K (w)={A(}) : A>0,y €1i8(w)}.

(8¢)L, satisfies the robust no-arbitrage condition if there is a process (W;)L,
of consistent prices such that W; C 1i8; and (W;)I_, satisfies the no-arbitrage
condition, i.e. if (v;)L, is self-financing for (W;)L, and vy € RZ™ then
Vr = 0.

We cite the following important lemma from Schachermayer [25]. Its
proof is a nice illustration for the robust no-arbitrage condition.

Lemma 1.15. Assume that (8;)_, satisfies the robust no-arbitrage condi-
tion. If & € LY (=Ko, Fo) , ..., ér € LY (=K, Fr) are such that

bt & =0,
then fo ELO(—KoﬂKo,SEQ),...,gTELO (—KTQKT,SET).

Proof. Denote by (W;)L, a process of consistent prices such that W; C ri§;
and (W;)L, satisfies the no-arbitrage condition. Assume that for some ¢
the event

A= {gto € _Kto \ <_Kt0 n Kto)}

has positive probability. On A we have &, - (;) < 0 for every y € 118,

especially &, - (11/) < 0 for every y € W,,. Since W,, is compact, this implies
max{&, - (5) : y € Wy} <0 on A.
Hence, for every w € A, there exists n € N such that

(6ufer+ 1) () <0
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for all y € Wy, (w). Denote by n* = n* (w) the minimal natural number with
this property and define

1.0
Cio (W) = S (W) + e’ weA ‘
&t (w) , otherwise

and, for t # to, (; = &;.
Then (¢;)]_, are the increments of a self-financing portfolio process for
(Wy)L, with terminal payoff

1
Got oo+ Gr = —1ac’.

Since P(A) > 0, we have an arbitrage opportunity for (W;)L_,. We conclude
that the robust no-arbitrage condition implies

& €LY (-KoN Ko, Fo),...,er € L' (—Kr N Kr,Fr).
]

From this lemma it follows that the increments of self-financing portfolio
processes, which sum up to 0, constitute a vector space under the robust
no-arbitrage condition. This vector space property is indispensable for us,
since it will help us reduce from the multi-period model to a single-period
model. In the multidimensional case, Chapter 3, we will show the converse
statement directly, i.e. that the vector space property implies the robust
no-arbitrage condition.

Utility from liquidation value

We fix a utility function v : R — R and we aim to find a 7 = (09, ...,9%) €
Az subjet to 9% = -+ = ¢4 = 0 such that
E [u(0})] = max{E [u(v})] : (v},...,0}) € Ap, v} =+ =v} =0}

For a portfolio vr_; we define the liquidation value by
Z(UT_1> = min{vT_l . (31,) TS ST}
Given a portfolio in the form (v3,0) = vy_1 + &r and & € —Kp, we have

v =min{(vr_1 +&r) - (3) ¥ €87} < l(vr_r).

20



Conversely, for any vr_; the increment &7 := (I(vp_1),0) — vy is in — K7,
since for any y € 8¢

&+ (1) = lor) —vrs - (3) <0,

As w is increasing, we conclude

sup{E [u(v})] : (v%,...,v]) € Ap, vf =+ =0} =0}

= sup{E [u(l(vr_1))] : vr_1 € Ap_1}.

It simplifies a lot that we are interested only in the utilty from liquidation
value. The number of decisions to be made by the investor is reduced by one.
In a single-period model this means that we have to make only one decision at
the beginning. The downside is that v — wu(l(v)) is no longer differentiable.
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Chapter 2

One-dimensional case (d = 1)

In this chapter we give a utility-based proof for the existence of a consistent
price process in a model with one risky asset. In Section 2.1 we introduce
some technical results which we will need in the main parts, Section 2.2 and
2.3. In Section 2.2 we maximize expected utility from liquidation value in
a single-period market. Using a variational argument, the existence of the
maximizer will imply existence of a consistent price process for the single-
period market. In Section 2.3 we show how the results from the single-period
case can be applied in a multi-period market. With the results from this
section we will fully describe the set of all strictly consistent price processes.

2.1 Extension property

It would be nice to show that there is a utility-maximizing portfolio in a
multi-period model assuming just the mere robust no-arbitrage condition.
The problem becomes more feasible in a single-period model where we are
interested in utility from liquidation value. Then, only one decision is to be
made at the beginning.

Assume that we can solve the portfolio problem for one period models
and we can deduce from the existence of an optimal portfolio that there is
a consistent price process for every one period model, how can we construct
a consistent price process for the multi-period model? In markets without
transaction costs it is enough to find an equivalent martingale measure for
each single period. When the corresponding Radon-Nikodym deriviatives are
normalized appropriately, we can multiply them to find an equivalent mar-
tingale measure for the whole time line. For models with transaction costs
we replace this concatenation property by an extension property.
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We consider a model with one risk-free asset, which serves as a numeraire,
and one risky asset whose bid and ask prices are quoted in units of the
numeraire.

On a filtered probability space (2, F, ()L, P) we have a two-dimensional,
(F:)L ,-adapted process (S,, S;)L,, where 0 < S, < S, forevery t =0,...,T.

S, denotes the bid price and S; the ask price of the risky asset in units of
the numeraire.

The solvency cone is given explicitly by

Kiy(w) = {a (E_(c;)) +b <_§i(°">> te (é) +d ((1]) Cabe,d> o}

and its dual is

Kiw)={z€R’: 2-v>0, forve K(w)}

~{o () (sl) o020}

The main difficulty in a multi-period model is as follows. If we have, say
in a two period model (S, Sy, S;, 51,55, S2), a consistent price process for
the first period (Zy, Z;), then we may ask ourselves under what condition
on Z; can we extend it to a consistent price process for the whole time line
(Zo, Z1, Z5)? Zy has to be in the range {E [Z5|F1] : Z, € L(G3, %) }.

We need the following generalization of the L*°-norm.

Definition 2.1. Given a sub-o-field H C F and a random variable X in R
we define

supg X :=essinf{Z : Q@ — [—00,00] : Z H-measurable, Z > X }
infgc X := ess sup{Z : Q0 = [—00,00] : Z H-measurable, Z < X}.

If H = J;, we also write sup, instead of supg, and inf; instead of infy,.

We now formulate what we call extension property. This is part b) of the
following lemma.

Lemma 2.2. Assume X,Y are strictly positive random variables with X <Y
and H C F is a sub-o-field.
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a) For any Z° > 0,Z' > 0 with Z; € 1i[X,Y], E[Z°|H] < oo and
E [ZYH] < oo we have

E[Z1|H]

W eri [infg{ X, SUPg¢ Y] .

b) Conversely, for any H-measurable C° > 0,C' > 0, with
g—; € 1i[infs X, supy Y], there are Z° >0, Z* > 0 such that

2 ey ma () -5[(Z)l]

Proof. Let X,Y be strictly positive random variables with X <Y

a) Under the equivalent probability measure Q, whose density is Q _

. ap
m, we have
Z! E [Z'|H]
Eo | 2= — = M
o| 71| = Bizmsg
and
Z1 )
Eq lﬁ fH] € [infs X, supy Y],

since X < g—(l) <Y,infsr X < X as well as Y < supy Y.

We have to show that on the event

1
A= {EQ [%

infsc X and supy Y are equal.

Indeed, on A we get infy X = Eq[X|H], so that infs X = X and

X = g—; It follows that X =Y on A, since g—é € ri[X,Y]. But then

infsc X =Y and thus infse X = supy Y on A.

Similarly, it follows that infyy X and supsY coincide on

{EQ[%D{] = SUpg Y}.

b) Put ¢ := g—f Then ¢ is H-measurable and ¢ € ri[infs(X), supg(Y)].
We will find strictly positive a,b such that E[a+b|H] = 1 and
E[aX 4+ b0Y|H]| =c.

Zy:=(a+b)Cy and Zy := (aX + bY') C} will then satisfy
zt Co Z0
2 ot (S) =x[(2)b]
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For n € N put

~ 1{X<inf9c(X)+%} 1{X2infgc(X)+%}

1
Ay = —
n

P (X < infy (X) + £|H) 1+ X
and
- Livsfu) Lly<py
by, = . — =) wh
P(Y > f]5) nlty o0

1
fn = 1{Supg{ Y <oo} <Supﬂ{(Y) - ;) + l{SHPﬂ(Y)ZOO}n'

Note that P (X < infs (X) + £[H) > 0 and P (Y > f,|H) > 0.
Then a,, b, > 0 and
Ela, X|H] =2 infs (X),E[b,Y|H] = supy (V).
n—00 n—0o0
As . .
1 <Efa,|H]<1+—, 1<EDb|H] <1+,
n n
_ ) .
E(bn|%)

we can normalize a,, b,, i.e. replace a, by W and b, by

and still have
E[a, X|H] =% infy (X),E[b,Y|H] =3 supy (V).
n—oo

n—oo

Now write Q = ; U Qy with € := {infy (X) < supy Y} and Qy :=
{infs¢ (X) = supy Y'}.
For w € €y (up to a null set) choose n = n (w) € N minimal such that

infy (X) (w) < E[a, X|H] (w) < ¢(w).
Then w — n (w) is H-measurable on €, since
{we Mn(w) =1} ={w e QL |E[aX|H] (w) < c(w)}N
({w € UE@mX|H] (w) > ¢ (w

k<l

}

a, defined as @ (w) := Apn() (w) on Q; and a(w) = 1 on Qy, is strictly
positive and since a = ( > dml{n:mﬂm) + 1q, it satisfies

m>1

Ela|H] = (Zl{mm}lmE[&mI%]) +1g, =1,

m>1

EaX|H] =Y 1p-mBa,X|H] <c on Q.

m>1
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Similarly b, defined by b(w) := b (w) on Q, where m (w) € N is
minimal such that E <l~)mY|fH> (w) > ¢(w), and b(w) = 1 on Qy, is

strictly positive and satisfies
Eb|H] =1, E[DY|H] > con Q.

Hence, E[aX|H] < ¢ < E[bY|H] on Qy, E[aX|H] = ¢ = E[BY|H] on

Qs.
Define
c-ElaXy) o1
a = = a -
EQpY |5 — Elax|®] 27"
E[bY|H] — - 1
= = [ ’ ] ~ ¢ lel + —1Q2.
E[Y |H] — E[aX|H] 2

then ¢ = E[aX + bY|H] and E[a + b|H] = 1.
[

The lemma will play a key role when we construct consistent price pro-
cesses. In a model with strict transaction costs, i.e. X < Y, a similiar
statement can be found in [18]. Here the costs are not necessarily strict
and we gave a new and very elementary proof of it. Compare also the more
abstract results for the multidimensional case in Chapter 3.

Remark 2.3. It follows from part b) of Lemma 2.2 that
{EQ[ZW{] 1 Z € [X7Y]7 Q~ P}
is dense in [infg X, supy Y]. In general it is only a strict subset. Take for
example X (w1) < X(w2), X =Y and P(w;) > 0,P(w2) > 0 on Q = {wy, ws}.
Then, for H = {0, Q},
{EqlZ|H] : Z € [X,Y], Q~P} = (X(w1), X (w2))

and [infg X, supy Y] = [X(w1), X (w2)]-

2.2 Utility maximization in a single-period
model

We will show in this section that the investor can maximize her utility from
liquidation value in a single-period market with proportional transaction
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costs. Once the existence of a maximum is established a variational ar-
gument will show how a consistent price process can be constructed. To be
able to construct a strictly consistent price-processe and to use this results
in the next section for the multi-period case we have to look in detail at
the various scenarios which can occur for the optimal portfolio. A further
analysis of it will help us to construct a (strictly) consistent price process in
the multi-period case.

We fix a general probability space (€2, F, P). The bid and ask prices of the
risky asset are described by (ﬁo,go, S 1,51) which is adapted to a filtration
(Fo, F1). We point out that Fy does not need to be trivial. We assume that
S,,S; are strictly positive and satisfy S, < S; (t =0,1).

2.2.1 Preliminaries

For our single-period market we make the following assumption about the
set of all null portfolios. Later on it will turn out to be equivalent to the
robust no-arbitrage condition.

Assumption 2.4. The set of all self-financing portfolios with non-negative
liquidation value constitutes a vector space, 1i.e.

N := LO (—Ko, f}b) N LO (Kl, Stl)
is a vector space in L° (R? Fy).

It is easy to see how the robust no-arbitrage condition implies this as-
sumption.

Remark 2.5. a) Assume that (§ 050,57, 31) satisfies the robust no-arbitrage
condition and
v e LO (-Ko,?o) N LO (thjl) .

We put vg = v and v; = —v and have vy + v; = 0. By Lemma 1.15 we
get

vg € LY (=KyN Ko, Fy) and v, € L° (K, N Ky, T)).
—KoN Ky (resp. —K; N K;) being a vector space implies
—V € LO (—Ko, 3'0) N LO (Kl, Stl) .

Since LY (— Ky, Fo; ) "L (K1, F;) is & priori a convex cone we conclude
that (ﬁo, So, 54, 5’1) satisfies Assumption 2.4.
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b) The assumption that the set
N =L (=Ko, Jo) NL° (K, 51)
—{ve L (<Ko, 50) 1 v- (4,) 20,0+ (4,) 2 0}

is a vector space implies
N = {v €LY (Ko N Ko, Fo) - v- (&) =0,0- (<) :o}.

Furthermore for any real-valued Fy-measurable h and v € N we have
hv € N and since K (resp. K;) is closed, N is closed with respect to
convergence in probability.

In the proof of the main theorem in this section, Theorem 2.9, we will
not need the portfolios from N, since they have the same liquidation value
as the zero-portfolio (). To get rid of the potfolios in N, we will need to
parameterize N in an Fy-measurable way. We deal with this parameterization
in the following lemma.

Lemma 2.6. Under Assumption 2.4 we have

a)

{E[|S: = So[150] =0} = {E[|S, — 5[ 1%o] = 0}

] —
and A := {E H§1 — go} |S’“0] = O} 15 the biggest Fo-measurable set such
that
§0:§0:§1 =S, onA.

b)

veN < vzlAh(—lgo)

for some Fy-measurable, real-valued h.

c) For w € A define Py(w) to be the orthogonal projection on the linear
space generated by (‘g({(‘“)> and, forw ¢ A, Py(w) :=0. Then, Py is
Fo-measurable and for v € L° (R? F,) we have

veN < Fuv=uw.

Proof. Let (§0,§0,§1,§1) satisfy Assumption 2.4.
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a)

Put A := {E[|S; — So||Fo] =0} and we have E [|S; — So| 14] =0,
so that S, = Sy on A. If B is Fy-measuable and S, = Sy on B we get

0=BI|S, - 5| 15] = B [B[|S, — So| %] 15]

so that E H§1 —§0| |Sto} =0on B,ie. B C A. It follows that A is
the greatest Jy-measurable set where S; = So.

For the portfolio v := 14 (*130) we calculate

U~<§11):O and v~(§11)>0,

so that v € N.

N is a vector space, so —v = 14 (?‘{) € N implies

_KO N K() 7& {0} on A,

which is equivalent to S, = Sy on A.
Since
v (4)=0. v (3) =0
we need (ﬁll) and (gll) to be linear dependent on A, i.e. S; = S; on
A, altogether S, = Sy =S5, =51 on A.
As above, C' := {E H§0 — 31’ \&"0} = 0} is the greatest Fp-measurable

set where we have S; = 5. It follows that A C C.

We repeat the reasoning from above applied to the portfolio
1o (%)
and we see that S, = So =S8, =5, on C. It follows that C' C A.

As the portfolio 14 ( —1§0 ) is in N, which is a vector space, we also have

14h (—150) for every Fy-measurable real-valued h.

Now, we take an arbitrary v € N. We have

v (4) =00 () =00 (4) =00 (4) =0

Thus on {v # 0} all prices coincide S, = So = S, = Sy, i.e. {v#0}C
A. It follows that B
0= ()

for some Fy-measurable, real-valued h.
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¢) Any v € N is of the form v = 14h (—150) where h is Jp-measurable.

Hence, v(w) is contained in the subspace generated by <_§g(w)>, ie.

Pyv = .

Conversely, any Fp-measurable v with Pyv = v can be written as v =
el 0Q 1

14h (*fO) where h = =250 56 v € N.

VSa+1
O

For the rest of this section we fix a utility function v : R — R. We suppose
that u is continuously differentiable, strictly concave, strictly increasing and
bounded from above.

Further, given a portfolio v = (v°,v') € R? we define by [ (v) the liqui-
dation value in terms of the numeraire, i.e.

0 +0lS, ' <0
Lw):=9 o 4 1
v +ov S, v >0

=min{v-(4,).v- (5}
Our goal is to find a portfolio ¢ € L° (— Ky, Fy) such that

Efu(l(0))[Fo] = esssup Efu(l(v))[Fo].

veLO(—Ko,50)
First, we have to make sure why we can w.l.o.g. assume that
both E[|u(l(v))]|Fo] <oo and Eu' (I(v))|Fo] < 0o
for all v € L° (- Ky, Fy). Further the mapping
R?*3> a > Eu(l(a))|Fo]
shall satisfy some regularity conditions.

The following proposition is due to [20].

Proposition 2.7. There exists a decreasing and continuous function g :
R, — (0,00) such that

|ua - 2)lg(le]) <

for every a,x € RP.
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Proof. We first assume that v is bounded from above by 0. By the Cauchy-
Schwarz inequality it follows — |a| |z| < a-z. Since w is increasing and takes
values in (—o0,0) we have

ua- )] = —u(a-z) < —u(=lalfz]) = u(=|a[ |z)] <1V |u(=la]|z])].
Note that 1V |u (—t)| is an increasing function for ¢, so that
1V ]u(—la|lz|)] < (1 V }u (— |a|2)D (1 Vv ‘u (— |x|2)|)

since |a| 2] < |al?® or |a| |z| < |z]*.
We put ¢ () := (1V |u(—t2)))"" and get

1
g (lal)’

jua- )] g (|x]) <

g is continuous, positive and decreasing.
If v is bounded from above by a constant ¢ we apply the reasoning from
above to the utility function u (-) — ¢ and get

1
lal)

u(a-x) —clg(|e]) <

(

i)

which implies

1 1
+lelg () <

g(lal) g(lal)

ju(a- )l g (|e]) < +cl g (0).

]

Now, we want to clarify the integrability and regularity issues mentioned
before this proposition.

Remark 2.8. a) We choose a decreasing and continuous function ¢ :
R, — (0,00) such that

+¢, for every a,z € R?,

u(a - z)|g(lz]) <

where ¢ is a fixed constant.

Obviously, we then have

lu (min{a-z,a-y})| g (max{|z|,|y|}) < i |)+c, for a,z,y € R?.
g(la
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Denote by R the equivalent probability measure with density

dR _ g (max{|(s)].|(5)]})

dP  Ep [g (max {[(£)].|(2) D]’

and denote by k the regular conditional P-distribution for (§1,§1)
given Fy. Then, for any v € L° (Q, Fo; R?) we have by disintegration

Ep [u (I (v)) %]9’0]

B (1 (0) 93] () == Zmizr— O
:h@/g@mqvo-@%vm-wn)x
g (max {|(1)],|(;)]}) k (-, dz,dy),

with b = Bp [g (max {|(, )] |(5,)[}) 190] " and

ERmawmwaMSho(R§5ﬁ+Q.

By dominated convergence, using the estimate from above, it follows
that we can find a version of Eg [u (I (a)) |Fo] such that for every w € Q

R?>a— Egr [u(l(a))|Fo] (w)
is finite and continuous. From

r[|u(l (v)]|Fo] < oo, forallveL®(—Ky F),

.

:ERWU@»HM—ER%uw+<#»>

for all v € L (— Ky, Fo).

Now, if we switch to an equivalent probability measure Assumption 2.4
is still statisfied. So we can without loss of generality assume that

R* 3> a+ Ep[u(l(a))|F)]

we obtain

i [ (1 (0)) |50] < B | L= D0

Fo| < 0

is pointwise finite and continuous as well as

p[[u(l(v)][Fo] < oo, Ep[u'(I(v))|Fo] < oo
for all v € L (— Koy, Fo).
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b) If the ask price at time 0 is integrable and (Sp, S1) is a process lying
in the bid ask spread, i.e. Sy € [ﬁo,go}, S, € [ﬁl,gl}, such that
Eq [S1]F0] = So where the density 32 satisfies Ep [$2|F] € L= (P),
then clearly Sy, S; € L' (Q).

Again the assumption Sy € L! (P) is without loss of generality as we
can switch to an equivalent probabilty measure with density

(1 +§0)_1
Ep [(1 +§0)‘1} '

We come to the main results for a single-period market.

2.2.2 Main results

Theorem 2.9. Suppose that the single-period bid-ask process (ﬁo,go,ﬁl,gl)
satisfies Assumption 2.4. Then:

a) There exists a portfolio © = (1°,0) € LO (— Ky, Fo) such that

Eu(l(0)|Fo] = esssup Eful(v)[Fo].

veL0(—Ko,Fo)

Further, v can be chosen such that it satisfies Pyv = 0 where Py de-
notes the Fo-measurable, projection-valued mapping from Lemma 2.6
corresponding to N.

b) Under the equivalent probabilty measure Q, where
Q _ v (L(2))
dP " E[w (1(2))|Fo]’
the bid-ask process (§0,§0,§1,§1) satisfies

Eq [S,1F0] = So on {{;1 > 0} :
Eq [31|970} =9 on {171 < 0}7
Eq [5]F0] < So, Eq [31\3“0} >S5 on {171 = 0} ,

70
Hence, there exists a consistent price-process <Z101) , (?1) such that
1
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Z?: 99 ond

P
51 _ G 211 1
Zy = So, Z—?zﬁl on{v >0},
Zl =8, ﬁzgl on {171<0}.
Zy

Proof.  a) Denote by P, the Fyp-measurable, projection-valued mapping
corresponding to N from Lemma 2.6. Then, for all v € L° (R?, F),
we have Pyv € N, i.e.

Pov € —KoN Ky and Py~ (4,) =0,Pw- (3,) =0.
So, if v € LO (= Ky, Fy), then
v—Pwe—-Ky and [(v— Pw)=1(v).
For every v € L? (—Kjy, F;) we have
Efu(l(v— Pw))|Fo] =E[u(l(v))|Fo].

Therefore, it is enough to consider only portfolios v € L° (— Ky, Fo)
which satisfy Pyv = 0.

Put R :=id — Py and C := R(—Kj). Since R is linear and — K is a
polyhedral cone which is generated by

(50), (%), (. (%)

C' is generated by

Hence

L’ (C, %) = {Rv : v € L° (—Ko,F) }.

By Remark 2.8 we can assume that we can find a version of E [u (I (a)) |Fo] ,a €
R2, such that for all w € Q

a— Efu(l(a))|Fo] (w)

is finite and continuous. Define for w € Q, a € R?

{Emuw»mﬂm a € Cw)

plw,a) =4 ad Clw)
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Note that, if v € L°(C, F,), by disintegration
o(,v) = Eu(l(v))|Fo].

For almost every w an Fyp-measurable maximizer v*(w) can be found:

¢ satisfies the properties of Lemma ?7, i.e. ¢(w,-) is concave, contin-
uous on C(w) and ¢(-,a) is Fo-measurable.

We claim that F'(w) = @) for almost every w € Q where
_ a . — : —
Fw)={aeR": |a| = l,sliglogo(w,sa) > —o00}.
Indeed, if {F' # (0} has postive measure, then the Fy-measurable selec-
tor of F, a, satisfies P(aw # 0) > 0 and a € C..
From
ImE [u (I (sa)) |Fo] (w) > —o0, for every w € Q,
S5—00

it follows with Fatou’s Lemma

—c0 < limEu(l (s0)) |%] < E | Tmu (sl (a)) \3’0] .

§—00

Since lim u(s) = —oo we must have
S§——00

P(l(x) <0)=0,
i.e. a € N. It follows that Pyaw = «, but also we have Ra = «. Both
relations hold simultaneously only if « = 0. Hence F'(w) = ) for almost

every w € 2 and for those w a maximiser 9(w) € C (w) can be found
by Lemma ?7?.

We get 0 = (0°,9') € LO (— Ko, Fo) , Py9 = 0 and

Efu(l(0))[Fo] = esssup Elu(l(v))[Fo].

veLO(—Ko,Fo)

Now, fix any y € L (— Ky, Fo) and note that the function
R3>h—=u(l(0+ hy))

is concave which implies that both

u(l(0+hy)) —u(l(0))
h

(0,00) 2 h+—
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and
u(l(0+hy) —u(l(9))

— h
(—00,0) > h :

are decreasing functions.

By the monotone convergence theorem and optimality of © we get the
following first order condition:

E[u(1(0+ hy)) = u(l(0)) |Fo]

0 > lim
h10 h
e | w (L0 4+ hy)) —u(l(9))
= E ]}1?01 3 550:| .

On {9! > 0} we have, when h > 0 is small enough,

Lo +hy)=(0+hy)- ().

consequently
0>E {limu (L (0 + hw)) —u(l(0)) 9:0:|
R10 h
. (I (]
[t (@) (4) —u o (4))]
R10 h

=E[W((0)w-(g,)|F]-
For w = (*FO) this yields the following inequality
02 E [ (1(0)) (8 — ) 9]

which is in fact an equality: On {®' > 0} we have by optimality o =
o' (=0 ) such that for —o* < h <0

U+h( )E KO

and B B
Lo+h(70)=@+h () (s,)

Again by the monotone convergence theorem and optimality of v we

get on {0' > 0}

0< %E [w(t(o+n tf;))) —u (1 (8)) |Fo]
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Altogether on {¢' > 0} we have
0=E[u'(1(2)) (S — So) [F0]

which is, by Bayes’ formula, the same as

T Q _ W/ (1(9)
Eq [S1]F0] = So,  where P B ()5

On {0' < 0} we proceed similarly. By optimaliy & = |!| (%) such
that for h small enough

b+h (%) e —Ko
and
Lo+h(2)=0+h(2%)) (5,)-

Now, taking the limit for A | 0 and A 1 0, using the monotone conver-
gence theorem and optimality of © we get on {0! < 0}

B (3) - e )
= oo h

or equivalently
EQ [§1|?0} = §0~
On {0* = 0} it follows that [ (0 4+ hy) = [ (0) + hl (y), hence

.

0 > lim
)

_ B |1 (0) + Al () — u(l(9))
h10 h

= E [ (0)1(y) 5]

for every y € L (— Ky, F). This is equivalent to
go Z EQ [ﬁl‘ffo] and EQ Bﬂffo} 2 §0'

On {o' =0} (So,S,) is a super- and (S, S1) a submartingale. The
submartingale starts below the supermartingale and ends above the
supermartingale, therefore there must be a martingale in between. For
this we define

So 1= max {§07EQ [S11F0] }
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(or any convex combination between max {S, Eq [S1]F0]} and
min {EO, Eq [§1|3"0} }) Then

Sy < Sy <Sp and Eq [S11F0] < S < Eg Fl‘ffo} -

We put

1
= 5118, 501-Eo[Fi150]}
So—Eq[Sil%0] )
Eq [S11%0] - Bq [51/7]  (Palsil<Ba[Sin]}

A

51 = )\§1 -+ (1 — )\)31

and conclude that

Altogether there exists a consistent price-process ( Zlé> , (;) such
1
that Z0 = and
51 _ @ 211 1
1
1 2l < !
Zy =S, 70 =5, on {0' <0}.

O
We want to show that the optimal portfolio © is unique when Py = 0.

Remark 2.10. The optimal portfolio ¥ is unique when Fyo = 0. Indeed, let
be w € L (— Ky, Fy) such that Py = 0 and

E[u(1(2)) [Fo] = E[u (Il (w)) [Fo] .
We consider the portfolio 3 (0 4 w) and deduce

o)) o o)

.




IfP (I (v) #1(w)) > 0, the last inequality cannot be a an equality because u
is strictly concave. For the two maxima it follows [ (0) = [ ().

We partition {2 into several events and show that o = w on all those
events. First, we look at the event B := {9' > w' > 0} and get
(g (0 =) =1 (0 =) - (s,) = 15 (1(9) = 1 (@) = 0.
Since 15 (0 — W) € — Ky, it follows that 15 (0 —w) € N, i.e.
Py(1p (v —w)) =15 (0 —w).

This is the same as 1 (0 — Py0) = 15 (w0 — Pyw), hence

[y

BU = 1BlZJ

0
Of course, the events {w!' > o' > 0}, {@! < o' <0} or {¢! <! <0} can
be treated in the same way.
Next, we look at B := {0' > 0,w' < 0} (resp. {¢' < 0,w' > 0}) and show
that this is a null set. We have 155, = 155, otherwise

p <z (% (1yd + 1Bw)> > %(z (1y6) +1 <1Buv))> >0

and, since u is strictly increasing,

P (1BE {u (z (% (0 + w))>

contradicting the opimality of . Similarly to the first event {o' > @' > 0}
we proceed on B N {§0 = ?0} where we also have v — w € —K,. From
[(v—w) =1(v) —1l(w) = 0 it develops, using the property Pyo = 0 and
P(]UA) = 0, that

%] > 15E [u (1(5)) |sr0]) >0

b=w onBN{S,=2S}.
BN {§0 = EO} must be a null set. It remains to consider the event B N
{§0 < §0}, Since the costs are strict here at time 0 we can write
L.
g0 +@) =y+a(y)

for some y € LY (— Ky, Fy) and some Fp-measurable a > 0. Clearly I (y +a(3')) =
[ (y) — a so that

Elu(y) |5 > E [u (z (% (6+ w)))

and the first inequality is strict on B N {§0 < ?0}. It follows that B N
{Sy < So} is a null set. We conclude that ¢ = 1.

%} > E[u(1(6)) |50
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The results in Theorem 2.9 are not enough for our later purpose when we
want construct a consistent price process in a multi-period model. We have
to refine them in the next corollary.

Corollary 2.11. Let © = (1°,9') € L° (=Ko, Fo) be an optimal portfolio,
1.€.
E[u(l(0))|F] = esssup Efu(l(v))|Fo],

veLY(—Ko,Fo)

such that Pyvo = 0, where Py denotes the Fy-measurable, projection-valued
mapping from Lemma 2.6 corresponding to N. Then

a)

S € (infy S, supy S;) on {o' >0},
Sy € (infogl,supogl) on {171 < 0},
So > infy S;, S, <sup0§1 on Acﬂ{ﬁl :0},

where A is the biggest Fy-measurable set such that
Sy=80=28,=51 onA,
ie. A= {E[|S, - So| 5] =0} = {E[|S, - S| |Fs] = 0}.
b) Further, we have
ri [ﬁo,go} Nri [info S, sup, gl] # (),
and there exists a strictly consistent price process.

Proof. Let © be an optimal portfolio with FPyo = 0. As in the proof of
Theorem 2.9 we set R :=id — F,.

a) On {¢' > 0} we have by Theorem 2.9 b)

1Q (1)
&P~ E(w (1(0) [F0)

EQ [ﬁl’gb] = §07

Now
inf, S; = Eg [infy .S;|Fo] < Eq [S:]1F0] < Eq [supg S;|Fo] = supy S,
implies

Sy € [infg Sy, supy Sy -
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We look at D := {o' >0} N {go = inf, §1} and consider the portfolio
w := 1p0. Since w = 1po* (—130) and Sy < S, < S; on D, we get

w0 (4)20. v (4) 20
This implies w € N, i.e. Ppw = w. Then
0= Rw= R (1pv) =1p (Rv) = 1p0.
Hence P (D) =0 and on {¢' > 0} it is necessary that
So > infy S,.

Next we look at D := {#' > 0} N {S; = sup, S, } and consider w :=
1p9. On D we have S; < Sy which implies [ (w) < 0. But 9 is a
maximum for

L' (Ko, F) 2v=Eu(l(v)|F],
thus optimality of v enforces
[(w)=0, ie weN.

Again 0 = Rw = R(1p0) = 1p (R0) = 1p0o. Thus on {&' > 0} it is
necessary that B
So < supg 9.

Altogether on {¢! > 0} we have
S € (infg S;,supy S, ) -
On {6 < 0} we proceed in the same manner. The martingale property
Eq [S11%0] = S,

implies B B
§0 € [iIlfQ Sl, Sup Sl] .

We conside the portfolio w := 18, where D := {0' < 0}N{.S, = sup, 51 }
and calculate

w-(g,)=1]0'[ (%) (5,) =0, w-(5,)>0.

This implies w € N, which leads to 0 = Rw = 1p0, i.e. on {0' <0}
we have S, < sup, S;.
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Next, we consider D := {6 < 0} N {S, =infyS;} and calculate for
w = 1p0 that [ (w) < 0. Optimality of v enforces [ (w) = 0, so that
w € Nand 0 = Rw = 1p0.

Altogether on {90! < 0} we have
Sy € (infg S, sup gl) )
In the last case we consider A°N {0 = 0}, where
A= {E[|S; - So|[Fo] =0} = {E[|S, — Si||F] = 0}. Clearly, for

any C € Fy,C C AN {o! =0}, with Sy =S, on C or S, = S; on C,
it follows that P (C') = 0.

From
Eq [S,]|Fo] > infy S,
and
So>Eq[S,|%0] on {o' =0}
we get

g0 :§1

on C := A°nN {{)1 = 0} N {?0 = infoﬁl}.
Thus, P (C) =0, i.e. on A°N {0 =0} we get

Sy > inf, S
Next, we look at C' := A°N{o' = 0}N{S, = sup, 51} and deduce from
Sy < Eg [S1|F0] < supy S on {o' =0}
that

Thus, P (C) =0, ie.
Sy < supy S

on A°N{o! =0}.

Altogether, when it is optimal not to trade, we get necessarily that

Sy > inf, S, and S, <sup, S, on A°.

b) We have the following conditions

S € (infy Sy, supy S,) on {0' >0},
S, € (infogl,supogl) on {@1 < O} ,
So > infy S, §O<Sup0§1 on Acﬂ{f}l :O},
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where A = {E H§1 —§o| Fo] =0} = {E H§0 _§1| |Fo] = 0}.
By Lemma 2.6 we have

hence

All that yields
ri [Sy, So] Nri [infy Sy, supy S1] # 0.

By Lemma 2.2 for any Fy-measurable Z, = (Z)), Z}) with

Z} — —
Zg > 0, Z& >0 and Z—% €ri [ﬁO,SO] Nri [infoﬁl,supo Sl}
0

we can find an Fj-measurble Z; = (Z7, Z]) such that

71 —
Z)>0,7 >0, Z—B eri[S;, 5]

1

and
Zy=E[Z1|F].
Integrabililty of Z; and Z; is assured when we replace Zy by m (?{3 )
0 0 0 0
1 Z1
and Z1 by M (le>
O
We want to comment the results of Corollary 2.11.
Remark 2.12. a) The conditions

S € (infy S, supy S,) on {0' >0},

S, € (infogl,supogl) on {171 < O} ,

So > infy S, §O<Sup0§1 on Acﬂ{f}l :O},

are very plausible and easily seen to be true with heuristic arguments.
For example when it is optimal to buy the second asset {60! > 0}, the
probability that S, > So given F; should be positive otherwise the
investor would be better off when she decides not to trade. And since
there are no arbitrage oportunities there should always be a chance
that the investor incurs a loss, i.e. the probability that Sy > S, given
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Fy should also be positive. Similarly one argues when it is optimal to
sell the second asset {90! < 0}. Now, in the last case A°N{o! = 0} it is
optimal not to trade and the bid-ask process always shows a random
behavior in the sense that there are no non-trivial events B € F, on
which Sy = S, or S, = Sy. Here both buying and selling the second
asset should incur a loss simultaneously in every state of the world.
Hence the probabilty that Sy > S, and S, < S given F; should be
positive.

b) For a single-period model we have seen that Assumption 2.4 implies
existence of a strictly consistent price process. By the 'easy’ direction
in the FTAP the bid-ask process (ﬁo, So, 54, §1> satisfies the robust no-
arbitrage condition, hence Assumption 2.4 and the no-arbitrage condi-
tion are equivalent.

In the multidimensional case the analog result of Corollary 2.11 is not
available, so we will have to proceed differently there. We will show
directly that Assumption 2.4 implies the robust no-arbitrage condition.
This will allow us to maximize expected utility in a market with a
reduced bid-ask spread.

2.3 Multi-period model

In markets without transaction costs the problem to find an equivalent mar-
tingale measure for the multi-period model is simplified by looking at each
single-period model separately. This is due to the fact that each single-period
model is free of arbitrage opportunities if and only if the multi-period model
is free of arbitrage opportunities.

This equivalence breaks down in the presence of proportional transaction
costs.

Example 2.13. The following two-period model (§0,§0,§1,§1,§2,§2)
§0:17 §0:3a §1:27 §1:57 §2:47 32:6

contains an arbitrage opportunity (§2 — Sy > O) but the single-period mod-
els (ﬁo,go,ﬁl,gl) and (§1,§1,§2,§2) satisfy the robust no-arbitrage con-
dition. Since the costs are strict one can easily extend this deterministic
example to a random setting.

In an example as above we can find an optimal portfolio for the market
(§0, So,ﬁl,Sl) and an optimal portfolio for the market (§1,51,§2752). In
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both cases we can deduce from the first order condition a consistent price
process for both single-period models. But in contrast to frictionless mar-
kets the two consistent price processes cannot be concatenated to yield a
consistent price process for the two-period model.

A first attempt to construct a consistent price process in a two-period
model (S, So,S;,S51,S,,52) given that we have already found a consistent
price process for the last period (77, Z,), could be to maximize

E[u(v-(4,))] = MAX, vy e LKy, ),

where S = Z] /Z9. 1f we could succeed in finding a maximizer, the consistent
price process coming from the first order condition, (Zy, Z;), would already

A

be concatenated with (Zy, Z,), i.e. Z1/Z9 = Z1/Z0 and Z, = ¢Z, where
¢ > 0 is a normalizing constant. Of course, we would have to pick S in
such a way that (S,,So,5;) is free of arbitrage opportunities otherwise a
maximizer cannot exist. Finding such an S seems a little too much to ask.
But, if 57 is chosen in a ’least favorable’ way for the investor, then arbitrage
opportunities are ruled out and a maximum must exist. Thus, we try to
maximize

SllgjgtlE [’LL (’UQ . (51 ))] — MAX, Vg € LO(—K(), 3:0),

where My = {Z}/Z) : (Z1, Z5) consistent price process}. We show that

sup inf Efu(v-(4,))] = sup  Efu(l3(v))],
voELO(—Ko,iTo)SlEMl ”U()GLO(—K(),SF())
where
L0, vd) = v + v max {5y, inf; Sy}, v =0
o vy 4+ vymin {Sy,sup; So},  v§ <0.

Hence, we replace S; by max {S,,inf; S5} and S; by min {51, sup; S»}. Con-
ditional on the information at time 1 the investor expects the worst case to
happen for the prices S,, S;. E.g. when the investor buys the second asset
at time 0 she wants to sell it at the best bid price at time 1 expecting the
worst case to happen at time 2. In this way we will reduce to a single-period
market with more investment opportunities than the original single-period
market. This will 'replace’ the missing investment opportunities from the
future. As in Rogers’ original work [20] our proof is based on a backwards
induction. Motivated by this discussion and Lemma 2.2 we are led to the
following recursion.
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On a filtered probability space (2, F, (F;)L_,, P) we have a two-dimensional,
(F:)L ,-adapted process (S,, S;)L,, where 0 < S, < S; forevery t = 0,...,T.

We define Xp :=S5,,Yr = Sr and, for every t =T —1,...,0,

Xt = Imax {§t7 inft Xt+l} s
}/t = min {gtv Sup, }/t—‘rl} )
L(v) :=min{v- (4 ),v- ()}, veR

As before we fix a utility function u : R — R such that u is continuously
differentiable, strictly concave, strictly increasing and bounded from above.

Proposition 2.14. Fiz t € {1,...,T}, suppose that there exists a strictly
consistent price process for (S,, S, )T . and put

=1{2}/2) : (Z,)]_, a consistent price process for (S,,S:)i_,}-
Then

E [u(l; (v)) [Fia] = essinf Blu (v (5,)) [Fea] -
Proof. Let (ZT)T (Z vz 1)T be a strictly consistent price process for the
bid-ask process (S S ) e. (Z,)L_, is a martingale and g—é €ri [ﬁr,gr]

t?

for every r =1t¢,...,T. By Lemma 2.2 a) we have
Zr _ . Tt
— €1i[Xp, Yr| = —5— eri [me_l Xr,supy_, YT} ,
Zy T-1
hence
1
ZO Len [ST 1 ST 1} N ri [me 1 X1, supg_ 1YT] =r1i[Xr_1, Yr4].
T-1

When we repeat this procedure until ¢, we end up with

Zl
Z_; eri|X,,Y,] forevery r=t,...,T.
When (Z,)I_, is only a consistent price process the same statement holds
without taking the relative interior. Thus, S; € [X;,Y;] when S; € M,. Tt
follows [, (v) < v - (4 ) and hence

Efu(l () [Fra] <essinf Efu(v-(5,)) |[Fia]-

SteMy
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For the reverse inequality assume that v! > 0, so that [;(v) = v + v* X;. By
Lemma 2.2 b) we can find a sequence of strictly consistent price processes

Zn,l
(ZMI_, such that S = ~imo decreases towards X;. By monotone convergence
t

it follows

Eu(ly(v)|F1] = ImE [u(v- (gp)) |Foea] > oss inf Efu(v-(g,))|F].

n—00 €M

When v! <0, we take S} to be increasing towards Y;. O

The following lemma is crucial for the main theorem. It assures that the
single-period market consisting of (§t_1, St,l) and (X, Y;) satisfies Assump-
tion 2.4.

Lemma 2.15. Assume (S,, So, ..., Sy, St) satisfies the robust no-arbitrage
condition. Fixt € {1,...,T} and suppose that there is a strictly consistent
price process for (S,,S,)_,.

Then

N:= {v €LY (—Ki1,F11) v (4,)>0,0- (1) > O}
15 a subspace closed with respect to convergence in probability. FEspecially
N: {U S LO (_Kt—l mKt—lag’t—l) O ()}t) = 07U ' (}%) = 0}

and for real-valued F,_1-measurable h and v € N we have hv € N.

The lemma will be proved in the last section of this chapter. We will take
it for granted and use it now.

2.3.1 Main theorem

Theorem 2.16. Assume that (S, So, ..., Sy, St) satisfies the robust no-
arbitrage condition. Fiz t € {1,...,T} and suppose that there is a strictly
consistent price process for (S,,S,)1_,.

Then, there exists a portfolio v,y € L° (—K;_1,F;_1) such that

E [u(l; (04-1)) |Fia] = esssup  Elu(l; (v)) |Fi1]
’UELO(fKt_l,g:t_1)

and there exists a strictly consistent price process for (§T’§T)f:t—1'

Especially, there exists a strictly consistent price process for (ﬁr,gr)fzo.
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Proof. By Lemma 2.15 we can apply Theorem 2.9 to the single-period model
(S, 1,51, X:,Y;) to find an optimal portfolio 0, ;. Then, Corollary 2.11
implies that X; ; <Y, ; and

ri [ﬁtq,gt—l} Nri [inft_l Xy, sup;_4 Yt] =r1i[X;1,Yi 4]

Since there exists a strictly consistent price process for (S,,S,)%, by as-
sumption, we have X, <Y, and

ri [ﬁr,gT] i [inf, X, yq,sup, Y,i1] = 1i[X,, Y]

forallr=t—1,...,T.
We can take any F;_j-measurable ZP ; > 0, Z} ; > 0 such that

1
Sl i (X, Yied]

and we find by Lemma 2.2 F,-measurable Z° > 0,Z! >0, r =t,...,T, such
that

zy o
—o0 €1 (X, Y]
and
E [Zrlg:’tfl] =Zr_1.
To ensure integrability, we replace every Z, by W <?{) > O
t—1 t—1 T

Remark 2.17. In [17] Rasonyi implements a similar inductive argument in
the presence of strict transaction costs under the strict no-arbitrage condi-
tion. There, he replaces, going backwards in time, G} by

G NE [G;‘H N [ .E [KT,l NE [G*T N T(O)rfm] |ffm} y ] |fft}

and shows indirectly, that the interior of this intersection is non-empty. He
applies methods from the theory of random sets such as conditional expecta-
tion of random sets and measurable selection in combination with separation
arguments in finite dimensional spaces. In our approach it follows directly
from the existence of the optimal portfolio that this intersection is non-empty.

In the same spirit as Rasonyi’s is Rokhlin’s work [23], compare also [21]
and [22]. Instead of conditional expectation for random sets he introduces
the notion of the regular conditional upper distribution of a random set and
its support. We will come back to that in Chapter 3 when we deal with the
multidimensional case.
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We want to comment on the relationship between the single-period con-
sistent price process coming from the first-order condtion and the consistent
price processes for the multi-period market. In the next remark and the fol-
lowing example we will make clear why the first-order condition in Theorem
2.9 b) is not enough and why we need the finer results from Corollary 2.11.

Remark 2.18. For every single-period market (ﬁt,pgt—hXt,Yt) we have
solved

Blu(l (0)|Fia] = esssup  Blu(l (0)[F].

veELO(—K; 1,5t 1)

and found a consistent price process Zyy = (1,2}, Z, = (22, Z}) for the
single-period market (S,_;, St—1, X, Y:) where

50 . u (I (01-1))
OE (L (0-1)) [Fia]
gt_l, @?_1 > O Al Xt, f[}t—l > O
Zl i =48,,, ©,<0, Z—to =Y, ©,<0

for some appropriate S;,_; € [S, ,S;1], S; € [X4,Y:].

Since B
ri [ﬁt_l, St_l] N ri [inft_l Xy, sup,_4 Yt} # ()
and

1S,_1, Se1] N [B[Z)X|F1], B[Z0Y|F o)) # 0

we can find S;_; such that
Si1 €[S, 1,81 N [B[Z2X,|F,_1], E[2°Y,|F,_1]] Nri[inf,_, X,,sup,_, Y}].
Furthermore, we have

S, € (inft_l Xy, sup,_y Xt) on {@f_l > 0} ,
S, € (inf;_1 Y, sup, 1 Y;) on {07, <0},

ie. Z2 e [inft_l X¢,sup;_y Yt}
By Lemma 2.2 there exists a Z; = (Z}, Z?) such that

ZQ
7@ cri[X, Y] and E[Z|F, 1] =Z 1.
1
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As
ri [X,, Y] =1i [S,, S5] Nrifinf, X4, sup, Y]

for every s =t,...,T —1, the pair (Z,_1, Z;) can be extended to a consistent
price process (Zt 1, (Z,)L,) for the market (S, ;,S; 1,...,S7,S7).

Of course Zt # Z; in general, and we will see in the next example that
the pair (Zt 1, Zt) cannot be extended and the ’ess inf’ in Proposition 2.14
cannot be attained.

Example 2.19. We consider the following two period market.

On a probability space (2, F, P) let be R; and Ry two strictly positive,
independent random variables and A, u € (0,1). We set F5 = {0,Q}, F; =
O(Rl), ?2 = U(Rl,RQ) and

Sog=1-X So=1+2)\
Si=(1-MNR Si=010+\NR
§2 = (1 — IU) RlRQ §2 = (1 + /L) RlRQ.

For R, we assume that

1—A A

122 it By < 2 and P (Ry > M) >0

1—p 1—p
for all M > 0, i.e. supy R2 = co. Then, since Ry and R, are independent,

inf1 §2 = (1 — ,u) (il’lfo Rg) Rl, supq gz =
ie. B
X1 == (1-#) (infoRg)Rl, Y1:Sl

If Ry is chosen such that

L R E
LA O S T Y ing, Ry

and P(Ry>M)>0

for all M > 0, then
So € (infg X1,00), S, ¢ (infs Y7, 00).

Hence, if it is optimal to trade at time O then it is optimal to buy the second
asset. We can assure trading if we assume that

1+A
(1 —,LL) info RQ.

E[Xi] > Sy, ie. E[Ry] >
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With the notation from the previous remark we have
Zi
2

But for every equivalent probability measure Qs and every Sy € [§2,§Q] we
have
Eq, [5:2|F1] = Eq, [S,|1] = (1 — 1) RiEq, [Ra] > X1,

hence there is no Z, € LY (G5 \ {0}, F2) such that
E [Z,|F1] = Z.

In the one-dimensional setting we can describe nicely the set of all strictly
consistent price processes.
Corollary 2.20. a) If (Zt)tT:() = (27, Ztl)tT:O is a strictly consisent price
process for (§t,§t)tT:0, then

7} _
Z—g €ri[X,, Y] =ri[S,, S¢] Nrilinf, Xy41, sup, Y]
t

for everyt=0,...,T.

b) If (ﬁt,gt)io satisfies the robust no-arbitrage condition, then any Fy-
measurable Z3, Z5 > 0 with %& € 11Xy, Yo| can be extended to a strictly
0

consistent price process (Z,g)tT:0 for (ﬁt,gt)z;o.

Proof.  a) See the proof of Proposition 2.14.

b) See the proof of Theorem 2.16.
[

T

Given a bid-ask price process (§t,§t) +—o» Which statisfies the robust no-

arbitrage condition, it is both necessary and sufficient to reduce the bid-ask
spread to an eventually smaller bid-ask spread related to (X, Yt)tTZO to find
all strictly consistent price processes. (X, Y})tTZO has the crucial property

ri [ Xy, Vi C rifinfy Xyyq, sup, Y]

for every t =0,...,7T — 1.
What does it mean if the given bid-ask price process fails this property,
i.e. for some ty we have

P (I'l |:§t07§t01| ¢ ri [inft() §t0+1’ Supto §t0+1j|) > 07
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Put B B
B:={1i[S,,,Ss] ¢ rilinf, S, ,1,supy, Stor1] }

and

By :=Bn{S, =5}, By:=Bn{S, <S,}.

When we replace €2 by B; and 3, by F;, N By as well as 3,41 by 41 N By
then Corollary 2.11 b) implies that

§to = gto € ri [infto §t0+17 Supto §t0+1:| on Bl-

So, Bj is a null set.
On By we have

Sy, <infy S, o1 or Sy > supy, Sipra-

One of the following portfolios,

v:i=1 )

Ban{S,, <infey Sy 41}

<— (384 + 3 infi, §t0+l))
1

1¢Q 1 <
wi=1 B B §St0 + 5 Supto St0+1
: Bgﬁ{St0>supt0 St0+1} _1

is not identically zero, say v # 0.
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0

Fig. 4: v an arbitrage opportunity of the 2nd kind

The liquidation values today, l;, (v) (here in terms of S, , Sy, ), satisfies
liy () <0, Pl (v) <0)>0
and tomorrow, .1 (v) (here in terms of S, |, Si+1),
liy+1 (v) >0, P (lty41 (v) > 0) > 0.

v is a so-called arbitrage opportunity of the 2nd kind. The notion of an ar-
bitrage opportunity of the 2nd kind was introduced in [18] for a model with
strict costs in every state and at every time. Clearly, in an arbitrage-free
model without costs arbitrage opportunities of the 2nd kind cannot exist.

We see, that in a model with not necessarily strict costs arbitrage opportu-
nities of the 2nd kind can still occur. But, when we replace the bid-ask price
process by (X, Yt)tTZO the arbitrage opportunities of the 2nd kind vanish.

2.4 Conclusion

We have given a utility-based proof for the existence of consistence price
processes in a discrete-time market with transaction costs, Theorem 2.16. In

o4



contrast to markets without transaction costs, it is not enough to determine
a consistent price process for each given single-period market. Even if we
reduce to a single-period market with more investment opportunities, i.e.
(§t_1,§t_1, X, Yt), the single-period consistent price process related to the
first order condition cannot be extended in general. This is contrary to mar-
kets without transaction costs since there the consistent price systems are
valued in one-dimensional rays, i.e. there we always have X; =Y, =5, = S..
With costs going backwards in time we had to replace the original bid-ask
prices S,, S; by X;,Y; with a possibly smaller bid-ask spread. Yet, the strictly
consistent price process for the market (§ 0,50, -+, S, ET) are exactly those
from the market (Xg, Yo, ..., X7, Yr). The latter market satisfies an exten-
sion property which has been mentioned by Rasonyi [18] in the presence of
strict costs. The market (X, Yy, ..., X7, Yr) excludes arbitrage opportuni-
ties of the 2nd kind.

2.5 Proof of Lemma 2.15

We need to prove Lemma 2.15. Given an ()L ,-adapted process (S,, S;)",
with 0 < §, < S, for every t =0,...,T, we define

XT = §T7 YT = gTa
X :=max {S,,inf; X; 11}, Y;:=min {gt, sup, Ytﬂ} .

Lemma 2.15 Assume that (S, So, . . ., Sy, St) satisfies the robust no-arbitrage
condition. Fix t € {1,_. .., T} and suppose that there is a strictly consistent
price process for (S,,S;)I_,. Then,

N:= {v €LY (—Ki1,Fi1) v (4,)>00- (1) > O}
15 a subspace closed with respect to convergence in probability. FEspecially
N = {v el (-Ki i NK,F) tv-(x,)=0,0-(y,) = 0}
and for real-valued F;_1-measurable h and v € N we have hv € N.

We begin with one auxiliary result needed for the proof.

Proposition. Fizt € {1,...,T} and assume X; <Y forall s=t,...,T.
Further let be vy € LY (K, F) ..., vp € LY (K7, Fr) such that

T
We_q 1= E v, 18 Fs_1-measurable, s =t,...,T.

r=Ss8
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Then,

foralls=t,....T.

Proof. For s = T it is clear that wp_q - (; ) > 0 and wp_q - (; ) > 0,
T T

because wr_y = vy € Ky and Xp = S,, Y = Sr.
Now, assume t < s < T and write w,s_; = vs + ws. By induction hypoth-

esis we have
1 1
Wy - >0, ws- > 0.
(Xs+1> B (Ysﬂ)

o) )

for all I, 1-measurable, strictly positive a, b. B
From X, <Y, Xy = max{S,,inf; X;41} and Y, = min{SS,sups Y;H}
we get

Equivalently,

infs X8+1 S Xs S Y; S Supg }/s-i-la

SO we can write

Xs = ]—{supS Ysqp1<oo} {)\ infs X8+1 + (]- - )\) Sup, Y:s—i-l}
+ l{infs Xs41>0,sup, Ys41=00} {)\ infs Xs+1}

+ ]-{infs Xs+1=0,sup, Y5+1:oo}Xs

with Fs-measurable A valued in [0, 1] on the event {sup, Y11 < oo} and A > 1
on the event {inf; X1 > 0,sup, Y11 = oo}.
Now, define for n > 2

. 1 1
A" = Lsup, Viy1<oo} 1{A:o}ﬁ +1p=ny |1 — ) Lio<a<iyA
1
+ ]-{infS Xs4+1>0,sup, Ysy1=00} A+ E

and put

X¢ = 1{supS Ys41<oo} {>‘n inf, X1 + (1 - )‘n) Supg Ys+1}
+ ]-{infs Xs4+1>0,sup, Ysy1=00} {)\n infs Xs+1}

+ 1{inf5 Xs+1=0,sup, YS+1:oo}Xs'
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Clearly, X" € ri[infs Xs.sup, Ysy1] and X7 — X,. By Lemma 2.2 b) we
can find strictly positive Fsi-measurable a”, b such that

() =2l () +7 ()7

Since w, is Fy-measurable, we get
1
7| = ()

1 1
0<E|ws-3a" +b"
B {w {a (Xs+1) (Ysﬂ)}
). In the same manner we get

1

and when n — oo then 0 < w, - (X

0§w8~<}2).

Finally, v, € LY (K, F,) so that

Especially
v (1>>0 v -<1)>0
S Xs — ) S }/S i 9
since
S, <X, <Y, <8,
Altogether

(m+u@-(£)2& 0&+m%(£)2&
O

Proof of Lemma 2.15: Since there exists a consistent price process for (S,, S, )7,
by assumption, we have X, <Y, forallr=t¢,...,T.
Let v be F;-measurable such that

1 1
. > . >
v (Xt> >0, v (Y;> > 0.

With approriate F;-measurable ay, by, ¢;, d; > 0 we can write

Y, -X 1
v=a (_tl) +bt< ) ’*) +a (0) +dy <(1)>
S -S 1 0
- at]‘{?tﬁsupt Yt+1} (_tl> + btl{ﬁtzinft Xit1} < 1_t> +a <O> +dy <1>

sup Y;H—l — inft Xt+1
+ at1{§t>supt Yt+1} ( il ) * bt1{§t<inft Ko} ( 1 '
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We put

3 S 1 0
Ve = el (5, coup, Vi ) < 1 t) 0L s it X (:ti) o ( 0 ) - d (—1)

then v; € LO (— Ky, F;) and we have

sup }/;+1 — inft Xt+1
U+ v = at1{§t>supt Yt+l} ( il ) + bt1{§t<inft X1} ( 1 ) ’

Using Y1 < sup, Yy and X;yq > inf; Xy allows us to write

Y sup; Yiy1 — Y
V4 vy = at1{§t>supt Yt+1} ( —1 T at1{§t>supt YH'l} 0

—X Xy —inf; X,
+ bt1{§t<inft Xt+1} ( 1t+1) + bt1{§t<inft Xt+1} < s O t t+1) .

and recognize that

(v+v) - (X3+1> >0, (v+uv)- (Yilﬂ) > 0.

Thus, we construct inductively
Ve € LO (—Kt, 3‘}) yee, U1 € LO (—KTfl, ?Tfl)

such that
1 1
(v+uv+-+up_g)- g |20 (v+uv+--+upq)- 5. |20
27 T

ie. —vp:=v+v+--+vp_y € LY (Kp, Fr).
If we start with v € L° (=K;_1,F;_1), we get from Lemma 1.15 that
veL (—Kia N Ky, Fq) 0 € L° (—K:N Ky, Fe),. .o
vr € LO (—KT N KT, :TT) .

By construction we have

T
E v, is F,_1-measurable for every s =t,...,T.

r=s

By the proposition it develops

1 1
—U- (Xt> 207 —v- <}/t) 207

hence —v € N. O
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Chapter 3

Multidimensional case

In this chapter we consider a market with d risky assets and one risk-free
asset which serves as a numeraire. We show that the idea from Chapter 2
carries over to multidimensional models. First, we consider a generic single-
period model in Section 3.1. Afterwards, we show in Section 3.2 how the
idea applies to a multi-period model. The single-period case requires a new
approach in the multidimensional setting whereas the multi-period case is
more or less a straightforward generalization of the one-dimensional setting,
only more demanding with regard to technical questions.

3.1 Utility maximization in a single-period
model

Let (2,3, (Fo,F1),P) be a filtered probability space. The consistent prices
in units of the numeraire for the d risky assets are given by non-empty convex
and compact random sets 8y,8; C (0, oo)d where 8 is Fp-measurable and
81 is Fi-measurable. If bid and ask prices in units of the numeraire were
given, e.g. S' and S,, then we would have 8, = [§i,§i] X e X [§f,§f] .
But to adapt for later purposes in the multi-period case we need 8; to be an
arbitrary convex set. And since our arguments do not rely on concrete bid

and ask prices at time 0, we can assume that 8y is an arbitrary convex set.

3.1.1 Preliminaries

Definition 3.1. a) The solvency cone at time ¢, denoted by K (8;), is
defined as

K(8)={veR" :v-(})>0, foryes}.

Y
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—K (8;) is called the cone of portfolios available at price zero.

b) The liquidation value (corresponding to 81) in units of the numeraire
at time 1 of a portfolio v is defined as

P (v) :==min{v- (}) : y €8}

Similarly to the one-dimensional case we make the following assumption
about the portfolios which are available at price zero today and solvent to-
MOITow.

Assumption 3.2. The set
N:=LY(-K (8),F) NL (K (81),F1)
is a subspace of L® (R4, F).
Obviously, we can write
N={vel’(-K(8)NK(Sy),Fo) : v-(y)=0, foryes}

and we have fv € N whenever v € N and f € L° (R, F,). Since K (8) and
K (8;) are closed, N is closed with respect to convergence in probability.

We will apply the following measure theoretic result from the book of
Delbaen, Schachermayer [3] to parameterize the portfolios in N.

Lemma 3.3. Let £ C L° (Q,?; Rd“) be a subspace which is closed with
respect to convergence in probability. We suppose that E satisfies the follow-
ing stability property: If f € E and h is real-valued and F-measurable, then
hf e E.

Under these assumptions there exists an F-measurable mapping Py taking
values in the orthogonal projections in R, such that f € E if and only if

Rf=/F.

For the rest of this section F, shall always denote the Fy-measurable
projection-valued mapping corresponding to N.

Compared to the one-dimensional case we will proceed differently. We
first show directly that the market corresponding to 8§y and 8; satisfies the
robust no-arbitrage condition when Assumption 3.2 is valid. So we will have
to show that the transaction costs can be slightly reduced, i.e. we can find
convex and compact W, C ri§; such that the market corresponding to W
and W is arbitrage free. This reduction is based on the next lemma which
is adapted from the frictionless setting in [16] to our model with transaction
costs. It entails a robustness property for the liquidation value of all normed
portfolios which are ’orthogonal” to N.
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Lemma 3.4. Under Assumption 3.2 there exists a strictly positive Fo-measurable

Yo such that
P (l‘sl(v) < —’70|9'~0) >0

for every v € LY (=K (89) , Fo) which satisfies Pyv = 0 and |v| = 1.

Proof. We define I := {v e L° (=K (8y),%) : |v]=1,Pwv =0} and ob-
serve that for any vy, v, € I there is w € I such that

P (I°(w) < =1/n|F) < min {P (I (v1) < —1/n|Fo) ,P (I (v2) < —1/n|Fp) } .
So we can find a sequence (v}),, in I such that

lim P (1% (v}!) < —1/n|Fy) = essinf{P (I (v) < —1/n|F) : v € I}.
k—o0
As |up| = 1, by Proposition A.1 in the Appendix we can find an Fy-measurable,
strictly increasing sequence in N, (73);—,, such that the random subsequence
() ey = (vﬁk)zozl converges towards a v". Obviously v" € LO (—K (8y) , Fo),
0" = 1 and Pyv" = 0. By Fatou’s Lemma it follows that v" attains the
‘essinf’

P (I (v") < =1/n|Fo) = E [1(—oo—1/n) (I* (v™))|F0]

<E | lim 1(700,71/11)([81(772))

k—00

< lm P (I (3}) < —1/n|F)

k—o00

= lm P (1% (v}}) < —1/n|F)

k—o00

=essinf{P (I° (v) < —=1/n|F,) : v e I}.

o0

o, which con-

Again we extract a random subsequence (0")%2; from (v™)
verges towards a v* € I. We set

A, = {essinf{P (I*(v) < —1/n|Fy) : v € I} =0}
={P (I*(v") < =1/n|F,) = 0}
and A = ﬁAn, so that P (1% (0") < —1/n|%,) = 0 on A. By Fatou’s

n=1
Lemma we deduce

P (I%(v") < 0|F) < lim P (1 (5") < =1/n|%) ,

n—o0
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hence P (151 (14v%) > 0|F) =1, i.e. 140" € N and 140" = Py (140%) = 0. It
follows that A is a null set. Note that A,,1 C A,, so that

=1
Yo = Lag + ZglAz\Azq
n=2

is strictly positive and satisfies by construction
P (lgl(v) < —’yo\ff"o) >0
for every v € I. O]
Now, we slightly reduce the transaction costs.

Lemma 3.5. There exists an Fy-measurable, non-empty, convexr and com-
pact random set Wy C 118y and an Fi-measurable, non-empty, conver and
compact random set Wy C ri&y such that

P (I"(v) <0|Fp) >0 on {v#0}
for every v € LO (—K(Wy), %), Pov = 0.

In particular, Wy, W1 satisfy the no-arbitrage condition.

Proof. For t = 0,1 we pick an F;-measurable y; € 118;; see Example A.7 c)
in the Appendix for the existence of such selectors. Then, for ay € (0,1)
W= (1 — o)y + S C ri§;. The idea is to find oy near 1 such that the
liquidatation value [™"! is near (%' in combination with the previous lemma.
Clearly, ™1 (v) = (1 —aq)v- () + al’'(v) Le.

Pos0) = 1 (0) = (1= ) (- () = (0)
For |v] =1 we estimate with Cauchy-Schwartz inequality
v () =1 (v)| <2max{|(})] : y € 81}

Now, we fix oy € (0, 1) such that 2(1 — o) max{|(})| : y € 81} < 0/2.
It follows with Lemma 3.4 that

P ("1 (v) < —70/2|F0) > P (%' (v) < —y0|Fo) >0

for every v € L° (=K (8) , Fo) which satisfies Pyv = 0 and |v| = 1.

Now, we adapt ap. Let us take an Fp-measurable v € —K (W,,). We
decompose v into v = (id — Py) v + Pyv. Since Py maps into

—K(8o) NK(8y) C —K(Wq,) N K(W,,),
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(Pyv) - (1) =0 for all z € W,,(C 8;) and (W1 (v) = [We1((id — Py)v) we can
assume that v = (id — Py)v. We normalize, i.e. |[v| =1 on {v # 0}.
v- (1) <0 for every z € W,, implies

v (3) € =g =)o+ () < (fag = 1| ()]

for every y € 8. We put c(ag) := | (4 )| (1/ao — 1) then v — c(ag)e” €
—K(8y). Note that c(ag) J 0 as ap T 1.

We have (id — Pp) (v — c(ap)e®) # 0, otherwise v — c(ag)e® = Py(v —
c(p)e?), which would imply (v — c(ag)e®) - (1) = 0 for all 2z € 8y, especially
v- (1) =c(ap) >0 for all z € W,,.

Now

Wa, v — c(ap)e’ W, (id — Py) (v — c(ap)e?) B
: Qm—&m—mm&& : Qm—%m—mm&0<’wz

implies on {v # 0}
M1 (v) < —70/2 |(id — Py)(v — c(aw)e”)| + c(aw)
< —/2 (|(id = Po)v| — |(id — Py)e(aw)e®|) + c(an)
= —7/2 (|v| — ‘(id — Po)c(ao)eo‘) + ()
= —7/2 (1 — ‘(id — Po)c(ozo)eo}) + ().

We fix ay (Fo-measurable) near 1 such that the last expression is strictly
negative. It follows

P (1M1 (v) <0|F)) >0 on {v+#0}

for every Fop-measurable v € —K(W,,) with Pyv = 0. Thus, we have shown
that W,,,, W,, satisfy the no-arbitrage condition. We put

WO = Wao and Wl = qu
and the proof is complete. O

For the rest of this section we focus on Wy and W;.

As in the one-dimensional case we fix a utility function u : R — R, i.e.
u is strictly concave, strictly increasing, bounded from above and continu-
ously differentiable. We wish to find a portfolio © € L° (=K (Wy) , F,) which

maximizes all expected utilities from terminal wealth
E [u(™(©))|F], veL’ (=K (Wy),F).

Again, we first have to clarify some integrability and regularity questions.
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Remark 3.6. As in the one-dimensional case we use, by Proposition 2.7, a
strictly positive, continuous and decreasing function g which satisfies

ua- )l g (lx]) <

g (laf)

for every a,z € R¥! where c is a fixed constant. Then, since g is decreasing,

1
}u (inf{a C Ty M > 1})}5] (Sup{]xn] cn > 1}) < W +c
g (la
for every bounded sequence (z,))-, in R¥"'. This inequality still holds for
every unbounded sequence (z,,),, with the understanding that g(co) := 0
and oo - 0:=0.
We fix a Castaing representation for Wy, i.e. a sequence (wn) _, of F1-

measurable random variables such that Wi (w) = {w,(w) : n > 1} for every
w € ). We define an equivalent probability measure R by
dR g (sup{|(w,)| : n>1})

dP " Ep [g (sup{|(.L)] : n>1})[F]

and use k, a regular conditional P-distribution for (w,),—, given Fy, to see
that for every v € L° (R, 5)

w (" )] 15] () = @u( )| o

with b = Ep [g (sup{|(.. )| : n>1}) |ff0]_1. Again we can conclude that
E [|u (™ ()| |F0] < oo, Eu' (" (v))|F] < oo

and there are versions of Eg [u (I (a)) |Fo], a € R, such that for every
we
R 5 Er [u (™ (a) |Fo] (w)

is finite and continuous. Switching to the equivalent probability measure R
preserves Assumption 3.2, so we can assume that all these properties already

hold under P.
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For the same reason we can assume that every Fy-measurable selector of
Wy is integrable with resprect to P. If not we can switch to an equivalent
measure with density

(1+sup{fn : n> 1})_1
Ep [(1+sup{fu s n=1})"]

where (f,,),~, is a Castaing representation of Wy.

3.1.2 Main results
Theorem 3.7. There exists a portfolio v € L° (=K (Wy) ,Fo) such that

)
Elu(™ @) 1F] = | esssup Elu (™ @) 5]

b)
Eq [ (v)|Fo] <0
for every v € LY (=K (Wy) ,Fo), where Q is defined by

aQ _ u (I (9))
dP "~ E[u (" (0)) [Fo]

Proof.  a) For every v € L® (R, &) we have Pyv € N, which means that
Py e —K (80)) NK (8) C K (Wp) and Pyv- () =0forally € 8;. As
Wi C ri8; this implies especially Pyv- (L) = 0 for all w € W;. Now we
can copy almost everything from the proof in the one-dimensional case.
If v € LY(—K (Wy),F) then v — Pv € LY (=K (Wy),F) and
M1 (v — Pyv) = ™' (v). So it is enough to consider portfolios v which
satisfy Popv = 0. This is why we define C' := (id — Py) (—K (Wy)) and

¢ (w,a) = {E [u (™ (@) |Fo] (W), a€Cw)

—00 , a¢Cw)
For almost every w € () the set
o d+1 . 1T _
F(w) :={a e R™ : |a| = l,slilgogo(w,sa) > —o0}

must be empty, otherwise there is a selector o, P (a« #£ 0) > 0 and o« = 0
on {F = 0}. Clearly we have a € C, i.e. Pyaw =0 and thus by Lemma
3.5

P (™ (a)<0)>0 on {a#0}.
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On the event {I™' (a) <0} we have limu (I"' (sa)) = —oo. Fatou’s

§—00
lemma implies

ImE [u (I" (@) |Fo] <E [Eu (1" (sr)) |3”0}

5—00

so that with positive probabilty we get

Slgg@(p(w, sa(w)) = —oo.

This is a contradiction to a(w) € F(w), when a(w) # 0. Thus F = ()
and by Lemma 7?7 there is an Fy-measurable maximizer 0, i.e. 0 €

LO (—K (Wo) ,3:0), P(ﬂA) =0 and
E[u(™(9)|F] = esssup E[u(i™(v))|F].

veLO(— K (Wo),%o)

b) We compare the maximiser ¢ with any other portfolio of the form v+ hv,
v e LY (=K (Wy),%), h > 0, and apply the monotone convergence

theorem:
0> fim B L1 (" (0 + 7)) [Fo] = B [u (I (2) |0
hl0 h
[ Wi (5 B Wy (2
=E limu (l (0 + hv)) Y (l (U)) Fo
hl0 h
Wi (5 W1 _ W1 (5
o [l O A 0) (D) |
hl0 h
=E [u (I"(2)) "™ (v)|F] -
7 i Wi aqQ . w(M@)
Bayes’ formula yields 0 > Eq [l (U)’g‘o], where 35 = B (™ )5]

]

It should be mentioned that in the proof of part b) the expectation af-
ter the second inequality never assumes the value —oo. This is due to the
following observation:

We already know that, for every v € L (=K (W), F),

E [|u (1™ (v))]Fo] < oo.
From

w (2min {1 (v), ™ (w)}) , 1" (v) < 0,11 (w) <0

H ) 2 {u (min {1 (v), 1% (w) }) , 1% (v) 2 0 or I (w) = 0
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and
E [|u (min {I" (v), " (w) }) [ |Fo] < E [Ju (" ()| + |u (¥ (w))]|Fo] < o0
and the fact, that u is bounded from above, we conclude
E [|u (M (v) + 1™ (w))]|Fo] < o0
for every v,w € L% (=K (Wy) , Fo). Especially,

w (1% (8) + hI™ () — u (I (0))

0>E
- h

Fo

> —00

and 0 > Eq [[™'(v)|Fo] > —oo for every v € L (—K (W), Fo) by monotone
convergence. For v = —e' this yields

0> Eq [min{—€"w : w e W, }|F] > —0

and hence
Eq [max{e’-w : w € W }|F] < oc.

Especially, for every z € L? (Wy, F;) we have Eq [|z||Fo] < oc.

It is not clear how Theorem 3.7 part b) should imply existence of a con-
sistent price process, not even in the polyhedral case Wy = [ﬁé,?é] X oo X
[gﬁ,?ﬁ]. If we plug in for v the portfolios e’ — gf)eo and —e’ + She® we get
the following inequalities

Eq [min{e’ - w : w e Wi}] < ?é,
Eq [max{ei Sw o w E Wl}} > ﬁé.

Without looking too much on technical details now, we write min{ei Sw
w € Wy} =e"-m; and max{e’ - w : w e Wy} = e'- M, for some appropriate
mg, M; € LY (W, F;). Tt follows from a ’sandwich’ argument (see the proof

of Theorem 2.9 part b)) that we can find a w; = (w},...,w{) on the line

1 (3
segment between m; and M; such that Sf < Eq [w!|Fo] < ?LO. So we have
shown that, when we restrict to the i-th asset, we get a consistent price
process. But it is by no means clear, why there is a consistent price process
for all assets simultaneously.

So, here in the multidimensional case, we have to proceed differently and

work harder to deduce from the first-order condition
Eq [ (v)|Fo] <0, forve L (—K (Wy), %),

that there is a consistent price process. The basic idea is in the next lemma
which we will adapt to a random setting.
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Lemma 3.8. Let Cy and C, be non-empty convex subsets of R such that Cy
is compact and C7 is closed. Suppose that

inf{v- (11/) cy € C’l} <0
for every v € R*™! which satisfies v- (1) <0 for every x € Cy. Then
ConCy #0.

Proof. If Cy N C; = (), we can separate them with a hyperplane, i.e. there
are h € R%, ¢ € R such that

Sup{h-m : a:EC’o} <c<inf{h-y : yGC’l}.
Especially (7°)- (1) <0, for z € Cp, so that by assumption
inf{(’hc) . (3,1,) cy € Cl} <0

or equivalently

inf{h-y : yGC’l} <c
which is a contradiction. O
To adapt this lemma to a random setting we show that the ’'inf’ coming

from the liquidation function (™' commutates with the expectation operator
Eq.
Lemma 3.9. For every v € L (—K (Wy), %) we have

Eq [ (v)|Fo] = essinf{v- (EQ[11U|:¥0]) cwe L’ (Wl,fﬂ)}.
Proof. Clearly for every w € L (W1, F}) v- (L) > ™' (v) so that

v (Baluino)) = Eq[v- () |Fo] = Eq [I™ (v)|Fo] -

Hence,

Eq [ (v)|Fo] < essinf{v- (EQ[ZIUWO]) cwel’ (Wl,ff"l)}.
To show the other inequality we observe that

lwl(v):min{v-(l})) cweW p =inf{v-(,):n>1}
=essinf{v- (L) : we L' (W, )}
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where (w,,)- | is a Castaing representation of Wy. For any z,y € L° (Wy, J)
there is a u € L (Wy, F;) such that

v- (L) <min{v-(1),v-(3)}.
So, we can take a sequence (u,) -, in L° (Wy, J;) such that

v (i) — 17 (v)

n—oo

in a monotone decreasing way. The monotone convergence theorem implies

Eq 1" ()10] = Bo [ Y o () 190] = lim v (i)

n—

But, for every n we have

Ch (EQ[Jn\rfo]) > ess inf{v ‘ (EQ[111;|%]) cwe L’ (W1,3~1)}.
It follows
Eq [I"'(v)|Fo] > ess inf{v. (EQ[}um]) Cwe LD (W1,3"1)}.

[]

Before we continue with the main text, we should talk about an important
tool namely conditional expectation of a random set. We follow the book
of Molchanov [15] and the Appendix from the book of Kabanov, Safarian
[12]. There the conditional expectation has been introduced with the help of
selectors which are integrable in the ordinary sense. We will work here with
selectors whose conditional expectation exists in the generalized sense, i.e.
we will consider selectors f of a random set ' with Ep [|f| |G] < co. But of
course everything works mutatis mutandis as in [15].

Theorem 3.10. Let (Q,F,P) be a probability space, § C F a sub-o-field
and F an F-measurable closed random set. Then there exists a unique G-
measurable closed random set, denoted by Ep [F'|SG], such that

L’ (Ep [F[9],5) = {Ep [fIS] : f € LO(F,F),Ep[|f]|S] < oo}
where the closure is taken with respect to convergence in probability.

Proof. A set S C L° (R?,§) is called decomposable, if for any fi, fo € S and
A€ G wehave 14f] + 1acfy €5.

Clearly {Ep [f|G] : f € L°(F,9),Ep[|f||S] < oo} is decomposable and so
is its closure. By Proposition A.9 from the Appendix there exists a unique
G-measurable random closed set with the desired property. O
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Before we can apply Lemma 3.8 we show that the set
{EQ [w|3"0] RS LO (Wl, 9:1)}
is closed.

Lemma 3.11. The set
{Eq [w|Fo] : we L0 (W, 51)}

is closed with respect to convergence in probability. Eq [W1|Fo] is compact
and convez valued.

Proof. Let (z,);-, be a sequence in L? (Wy, ;) such that Eq [2,|Fo] con-
verges in probability to a random variable g. By passing to a subsequence
we can assume that Eq [2,|Jo] converges almost surely pointwise to g. Each
component 2% is non-negative and we can apply Proposition A.2 from the
Appendix to yield for every n a u,, € conv{zm tm > n} so that the sequence
(un)s2, converges almost surely to an n € L° ([O, 0], fﬂ). But z,, € W; and
W, is convex. Hence, u,, € W; and, as W; is closed, we have n € W;. Note
that with Eq [2,|F0] — g we also have Eq [u,|J0] — ¢.
Now, the random variable

M = max{z~el Dz €W1}61+---+max{z-ed Dz GWl}ed
serves as a majorant and we can apply the dominated convergence theorem
Eq [1|%0] = Eq | lim u,|%o| = lim Eq [u./%;] =g

Thus, the set
{Eq[w|Fo] + we L® (W, 5)}

is closed with respect to convergence in probability. Egq [W;|F] is also
bounded because we have

[Eq [w|Fo]| < Eq [[M][Fo]

for every w € L° (Wy,J;). So it is compact and by Proposition A.10 from
the Appendix also convex-valued. O

In Theorem 3.7 we have found an optimal portfolio © and the first-order
condition implied that
Eq [ (v)|Fo] <0

f 0 - aQ ._ _ w(M(®)
or every v € L° (=K (Wy) , ), where Q is defined by 55 := B (7 (o) ]
u 1(v 0

We are now in a position to show how this condition implies existence of a
consistent price process.
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Corollary 3.12. Under Assumption 3.2 there erists a y; € L°(ri8, F1)
such that
EQ [y1|9:0] - I“iSO.

Hence, there exists a strictly consistent price process for 8q, 8.

Proof. For every v € LY (=K (Wy),F,) we have

0> Eq [I™(v)|F0]
= ess inf{v . (EQ[}M%}) cw e L° (Wl,ff"l)}
= inf{v . (i) Tu € EQ [Wﬂ?o]}

Note that for a fixed w € Q, since Eq [W1|Jo] (w) is compact, the mapping
R*™' 5 aminf{a- (1) : u€ Eq[Wi|F] (w)}

is continuous. Using a Castaing representation (v,),-, of —K (W) it follows
that
OZIHf{U(i) . UGEQ[W”?O]}

for every v € —K (Wy). So we can apply Lemma 3.8 and we obtain
Wo N Eq [W|Fo] # 0.

We pick an Fy-measurable selection of this intersection which can be written

as Eq [y1|Fo] for some y; € L°(Wy,F1). Clearly Z; := 52 (,}) and Z; ==

E [Z1|F)] define a strictly consistent price process for 8, 8;. O

A few words are in order to compare the multidimensional to the one-
dimensional case.

Remark 3.13. a) We have started with 8§ and 8; for which Assump-
tion 3.2 holds. Then we have constructed a smaller ’bid-ask spread’
Wy C 11§y and Wy C ri8; such that Wy and W, are still free of arbi-
trage opportunities by Lemma 3.5. This allowed us to find an optimal
portfolio ©. From the first-order condition corresponding to the optimal
portfolio ¥

E [u (" (0)) " (v)|Fo] <0, forve L (=K (W,),F),

we could show that there is a consistent price process for Wy, W; which
is strictly consistent for 8g, 8;.
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b) In the one-dimensional case part a) of Corollary 2.11 was essential to
get in part b)

ri [So, Sy] Nri [infg Sy, supy Sh] # 0.

This condition appeared in the multi-period market S, So, . .., Sy, St
as
ri [ﬁt,gt} N i [essinf; Xy, 1, esssup, Vi = 1i [ X, VY]

for every t =0,...,T —1, Xp = Sy, Y7 = Sy, which is crucial for con-
tructing a strictly consistent price process. Corollary 2.11 depends very
much on the form of the projection-valued mapping P, (Lemma 2.6).
Since an analogue of Corollary 2.11 in the multidimensional case is
out of reach, we have to proceed differently here. This is why we first
make the "bid-ask spread’ a little bit smaller. Then the consistent price
process coming from the first-order condition already implies

In fact, we will prove this in the next section.

3.2 Multi-period model

We now apply the single-period results from the previous section to a multi-
period financial market. As in the one-dimensional case we will apply an
inductive argument similar to [17] and [23].

Given a filtered probability space (2, F, (F3)i_y, P) we start with (8;)L,
where each 8§; C (0,00)? is a compact, convex and F;-measurable random
set. We assume that (8;)]_, satisfies the robust no-arbitrage condition.

Analogously to the one-dimensional case we go backwards in time and
adapt for every period (¢ — 1 — t) the consistent prices at time ¢. For this

pupose we denote by (K;)I_, = (K(8;))L_, the solvency cones corresponding
to (St):{:o and define

HT :K;
Ht::K:ﬂE[Ht_‘_ﬂfft], fOI't:]_,...,T—]_.

By Proposition A.10 from the Appendix every H; is convex and cone-valued.

As in the one-dimensional case the crucial point for the induction step is
to verify Assumption 3.2.
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Lemma 3.14. Assume that the robust no-arbitrage condition is satisfied by
(St)z;o. Then, for everyt =1,...,T,

N:= {U el (—Ki1,F1) cv-2>0, forze Ht}

is a subspace of L° (Rd“,”ft_l) which is closed with respect to convergence
in probability and stable under multiplication with every f € L% (R,JF; ).
Further

Ky 1 +E[H|F 1]

15 closed.

Proof by induction on t. Let be t = T and v € LY (—=Kp_1,Fr_1) such that
v-z >0 for every z € K}, ie. v € Ki¥ = Kp. We set vp := —v and
have v + vy = 0 as well as v € —Kp_; and vy € —Kp. By Lemma 1.15
v€ —Kr_NKpr_yand vy € —KTﬂKT, especially —v € —Kr_1NKr. HGIICG,
N is a vector space. Clearly, it is closed and stable under multiplication with
every f € L° (R, Fr_;).

Further, if 2 € L°(K;,Fr) such that E[z||Fr 1] < oo we get
v-E[z|Fr1] = Efv-2|Fr_1] > 0 and deduce that v € E[K: Fr4]".
Conversely for any Fr_j-measurable v € E[K% Fr_1]" we have 0 < v -
E [2|Fr_1] = E[v- z|Fp_q] for every such z. This implies v - z > 0 hence
v € Kr. This allows us to write for ¢t =T

N=LY(-Kr_  NE[Hr|Fr1]", Fr_1).

From Lemma 3.3 it follows that —Kp_NE [Hr|F7_1]" is an F7_;-measurable
subspace and hence Proposition A.11 from the Appendix implies that Ky +
E [Hr|Fr_1]" is closed.

Now, let be t < T. We take a v € N and have to show that —v € N. From
v-z > 0 for every 2 € Hy, it follows that v € (K NE[H;1|F])". By in-
duction hypothesis K; +E [Hy,1|F;]" is closed, so that (K} NE [Hy1|F])" =
K+ E[H1|F]" = K; + E[H,1|F,]". By Proposition A.12 from the Ap-
pendix we can write v = w;+r; where wy, € L0 (Ky, 1), ry € L° (E [Hyy 1 |Fe]™, Fo).
Again we deduce that r, -y > 0 for every y € H;.; and hence r; €
Hfyy = (K NE[Hyo|Fin])" = K + E[Hi2|Fq]". Continuing in
this manner we get v = wy + --+ + wy where w; € L° (K, F),...,wr €
L° (K7,%7). From v — w; — -+ — wp = 0 and Lemma 1.15 it follows that
veE-K, 1NK,,w € —K;NKy,...,wr € —Kr N Kp. Note that for any
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r>t—w, — Wy —- - —wr is F._i;-measurable. This allows us to conclude

—wr-z2>0, forze Kj(= Hry)
= —wr-2z>0, forzeE[Hp|Fr_q],
= (—wr_y —wy)-2>0, forze K; NE[Hp|Fr_1] (= Hr_1),
= (—wr_1 —wy)-2>0, forze€ E[Hr 1|Fr_o],

:>(—wt—"'—wT)'ZZO, fOI'ZGK:mE[Ht_;'_ﬂ?t],

ie. —v-z >0, for z € H;, so that —v € N.
As above we can write

N =L (=K1 NE[H|F,1]",F1)

and conclude from Lemma 3.3 that —K;_1NE [H;|F;_1]" is an F;_;-measurable
subspace. Proposition A.11 from the Appendix implies that K; +E [H;|F; 4]
is closed. n

We need to adapt Lemma 2.2 to the multidimensional case.

Lemma 3.15. Let (2, F,P) be a probabilty space, H C F a sub-o-field and
F Cc R¥*! g non-empty, closed, convex and conic random set. Then:

a) For every Z € LY (ri F, F) such that E[|Z] |H] < oo we have E [Z|H] €
riE [F|H].

b) Conversely, for every C € L° (riE [F|H],H) thereis a Z € LY (ri F, F)
such that E[Z|H] = C.

Note that, when € is finite, this Lemma follows from the fact that
A(riF)=r1iA(F)

whenever A : R” — R™ is a linear mapping and F' C R™ is convex (see The-
orem 6.6 in [19]). For a general €2 a version of this Lemma has been proven
by Rasonyi in [17] under the assumption that F is closed, convex, bounded
and intF # (). We will use deep results from Rokhlin [22] to prove part b).

We postpone the proof of Lemma 3.15 to the end of this section.
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3.2.1 Main theorem

Theorem 3.16. Assume that (Sy,...,87) satisfies the robust no-arbitrage

condition. Fizt € {1,...,T} and suppose that there exists a strictly consis-
tent price process for (Sr)f:t.
Then:

a) There exists an F;-measurable, non-empty, compact and convex random
set Wy C (0,00)% and an F;_1-measurable, non-empty, compact and
convez random set W;_; C (0,00)? such that

{A(y) - A>0,y e W} CriH,,
{AMy) :A>0,y e W1} CriKy
and W;_1, W, satisfy the no-arbitrage condition.
b) There erxists a portfolio O,y € LO(—K(W;_1),F:_1) such that

E [u (lwt (ﬁt,l)) \3'},1} = ess sup E [u (lwt (vt,l)) \3'},1} )

v 1 ELO(—K(Wi—1),F¢-1)

c¢) There exists a strictly consistent price process for (8,)1_, ;. Espe-
cially, there exists a strictly consistent price process for (8;)L,.

Proof.  a) Let (Z,)_, be a strictly consistent price process for (8,)X_,. The

martingale property of (Z,)’_, and Lemma 3.15 a) imply thatT:t‘
Zpoy €ri K NuiE[Hp|Fr_q].
Theorem 6.5 in [19] implies that
riHp y =1iK;_ NriE[Hp|Fr_q].
We continue in this manner and get H, # {0} as well as

riH, =1i K} NriE[H,1]|3,]

for every r =1t¢,..., T — 1.

Since H; # {0} we can write H; = {)\ (11/) cA>0,y € Ht} for some
Fi-measurable, non-empty, compact and convex Y; C (0,00)% By
Lemma 3.14 (8;_1,Y;) satisfy Assumption 3.2. By Lemma 3.5 there
exist W;_1 C ri&;_1 and W, C riY; with the desired properties.
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b), ¢) By Theorem 3.7 there exists an optimal portfolio for the market W;_, W,
and by Corollary 3.12 this implies that there is a strictly consistent price
process for 8;_1,Y;, i.e. H_1 # {0} and

ri Ht—l =i K:—l NriE [Ht|5tt—1] .

Let be Z;_1 € L° (vi H;_1,%;_1). Since Z;_; € riE[H;|F; 1] we find
by Lemma 3.15 b) an F;-measurable Z; € ri H; such that E [Z;|F;_] =
Z;_1. After finitely many steps we have found a strictly consistent price
T T
process (Z,),_, ; for (8,),—,_1.
]

Extension property

We want to prepare the proof of Lemma 3.15. For this we have to go into
greater detail of random sets and study the relationship between conditional
expectatation and the so-called reqular conditional upper distribution of a set-
valued map. We follow here [21] and [22] and use the notation from therein.
We assume first that all appearing o-fields are complete.

Let (2,3, P) be a probability space and H C F a sub-o-field. Let F' be
a random set, assigning some non-empty closed set F(w) C RP for every
w € Q. Measurability of F' means that {w € Q : Flw)NV #£0} € F for
every open V C R”. We equip CL, the family of closed subset of R”, with
the so-called Effros o-algebra &, generated by

Ay :={DeCL: DNV #0}

where V' C R is open. Then F is measurable with respect to €.
(CL, €) is a Borel-space, so there exists a regular conditional P-distribution
for F' given H which we denote by P*. The function

pr (w, V) =P (w, Ay),

V C RP open, is called the reqular conditional upper distribution of F with
respect to H and the set

K(F,H,w):={zeR” : pp(w,B.(x)) >0, fore>0}

is called the support of pp (w,-). The mapping w — K (F,H,w) has non-
empty closed values and is (H, €)-measurable.
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If fis a random variable in R? then we also denote by X (f, H) the
support of the regular condition P-distribution of f with respect to H. Let
(&)s, be a Castaing representation of F', then

K (F,H) = Uﬂc (&, H0).

Especiall for every f € L (F,F) we have K (f,H) C X (F,H).

Proposition 3.17. If F' is a random set such that F (w) is closed convex
cone for every w € Q) and H C F a sub-o-field then

E [F|H] = conv X (F, ).

Proof. Let f € L° (F,J) such that E [|f| |H] < co and denote by uy a regular
condition P-distribution for f given H. Then it follows by Theorem 3 in [8]
(or Theorem 1.48 in [4] when H = {0, Q2}) that

E[f|H] = /q:uf(~,da:) € riconv X (f, H).

Especially, E [f|H] € conv K (F,H). Since every element in L' (E [F|H] , H)
is a limit of such conditional expectations we get

E [F|H] C conv X (F, H).

To show the reverse inclusion let (§;);2, be a Castaing representation of F
such that

K (F,H) = Ugc (&, H0).

We fix i as well as a conditional P-distribution p; for &; given H. For every
h e L (X (& H),H) we find a nullset N € H such that

i (w, Be (h(w))) >0

for every w € N°¢ and every € > 0. Since F' is a convex cone it follows by
A.10 from the Appendix that

1

mE [15.(&)&GIH] € E[F|H].
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We get by disintegration

1
(B ) e (€613 — h'
1
= | B B [Lew €& — mird ‘
1
- m/€<h>x_hm<d@ <e,

hence h € E[F|H] and K (&, H) C E[F|H]. Since E[F|H] is closed and

convex we conclude

conv K (F,H) C E[F|H].
[

We quote an important Lemma from [22] from which part b) of Lemma
3.15 will follow.

Lemma. Suppose that F is an F-measurable map with non-empty closed and
convez values. For any H-measurable selector & of the map ri (conv K (F, H))
there exist F-measurable n € ri ' and v > 0 such that

E=E[mH], E}NH =1

Proof of Lemma 3.15. Let us assume that all o-fields are complete.
Let F C R%! be a non-empty convex and conic random set. We first proof
part b) which we will use then for the proof of part a).

b) Let be u € LY(rE[F|H],H). Then, by Proposition 3.17,
u € i (conv X (F, U’f)) From ri (conv K (F, 9‘()) = r1i (conv X (F,H))
it follows with the above Lemma that there exist F-measurable n € ri F’

and v > 0 such that u = E [yn|H]. z := yn € ri F because F' is a cone
and the claim follows.

a) Let be z € LY (ri F,F) such that E[|z| |H] < oo and suppose that
A = {E[z|H] ¢ riE [F|H]} has positive measure. In the Appendix
(Lemma A.13) it is worked out that, on A, E [z|H] can be separated
from the convex set 11 E [F|H] in an H-measurable way, i.e. there exist
h e L (R, H), y € L° (i E [F|H], H) such that

h-w>h-E[z]H], forwernE[F|H],
h-y>h-E[z|H]
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on A. SinceriE [F|H] = E[F|H] weget on A: E[h-v|H] > E[h- 2| H]
for every v € LY (F,¥F) with E [|v] |H] < oo. Tt follows h-v > h - 2 for
allve Fon A

Choose by part b) a z € LY (ri F,F) with E[z2|H] = y. Then A’ :=
{h-Z>h-z} N A has positive measure. It follows that on A" z is
separated from ri F' with a hyperplane, from which we conclude that
on A" z ¢ riF. Thus, {z¢1riF} has positive measure which is a
contradiction.

Altogether it follows that E [z|H] € ri E [F|H].

We can drop the assumption about completeness of the involved probability
spaces if we argue as follows:

When (€2, F, P) is a probabilty space and H C F a sub-o-field field, we
switch to the completions (Q,?’“, ?) and H for which the satement of the
lemma holds. Then for every F-measurable Z there exists an F-measurable z
such that Z = z a.s.. Also the conditional expectations E [2|H] and E [z|H]
coincide up to a null-set, from which E [F|H]| = E [F|H] a.s. follows. O

3.3 Conclusion

The ideas from the one-dimensional case can be preserved in a multidimen-
sional market with transaction costs. However, we had to find a different
approach for the single-period case. The main reason is that an analog to
part a) from Corollary 2.11 is out of reach here. So, in the first step we con-
sidered a generic single-period market with consistent prices given by §q and
81 and showed directly in Lemma 3.5 that Assumption 3.2 implies the ro-
bust no-arbitrage condition. Thus, there are consistent prices Wy C ri 8y and
W, C ri8; such that Wy, Wy is free of arbitrage opportunities. This allowed
us to find an optimal portfolio for Wy, W; in Theorem 3.7. It turned out that
the first order condition for the optimal portfolio requires some extra work
to show existence of a consistent price process. But still, the marginal utility
evaluated at the liquidation value of the optimal portfolio gives an equivalent
martingale measure for specific selectors of Wy and Wy, see Corollary 3.12.
Thus, we derived a strictly consistent price process for the original market
SO and 81.

The multi-period case can be seen as a straightforward generalization of
the one-dimensional setting. It is only more demanding with regard to tech-
nical questions. Going backwards in time we replace in every given single-
period market 8; 1,8; the consistent prices at time t by some smaller set
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Y, see the proof of Theorem 3.16. Then the strictly consistent price pro-
cesses for 8;_1,Y; can be extended to a strictly consistent price processes for
S8t1,8¢...,87.

The benefit of considering the one-dimensional case separately in Chap-
ter 2 is that we can explicitly describe all strictly consistent price processes,
see Corollary 2.20. Whereas in the multidimensional case we need to work
with the rather abstract definition for conditional expectation of random sets.
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Appendix A

In the Appendix we want to collect some advanced results from Measure
Theory and Probability Theory which are used throughout the text.

We fix a probabilty space (€2, A, P).

The classical Bolzano-Weierstrass Theorem states that every bounded
sequences ()~ in R” has a convergent subsequence (z,, ), . This result
is generalized to random sequences in the next proposition whose proof can
be found in [3] (Proposition 6.3.3).

Proposition A.1. Let (X,)>7, be a sequence in L° (K, A) where K C R”
is a compact set. Then there exists a sequence (Ty)pey, T - 2 — N, such that
every Ty, is A-measurable, strictly increasing and (X, (w)),—, converges for
all w e ).

When (X,,);~, is only bounded from below in every component, then
we can still extract a convergent sequence from (X,) ", by taking convex
combinations. For a subset A of a vector space W we denote by

conv (A) := {i)\m cxp € AN €10,1], i)\i = 1}
i—1 i=1

the convex hull of A.

Proposition A.2. Let (X,,)7", be a sequence in L° ([0, 00)”, A). Then there
exists a sequence (Yy,) ", Y, € conv{X,, Xn+1,...}, and a random variable

Zell ([0, oo]D,A) such that'Y,, converges towards Z almost surely.

Proof. This result is proved in Lemma 9.8.1 of [3] for D = 1. So we have to
repeat the one-dimensional result D-times:
Take Y, ; = (Y, VD) € conv{X,, X,1,...} such that (Ynlyl)

n,ls: 9y nl

o0
n=1
converges almost surely towards a random variable Z! € [0, co].
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Take Yoo = (Vly, ..., V,5) € conv{Y, 1, Yoraa,. .. } such that (V7))
converges almost surely towards a random variable Z? € [0, 0c]. Note that
with Y}, — Z' we also have V!, — Z'. Since conv{Y,1,Yq11,...} C
conv{X,, Xyt1,...}, also Y, 9 € conv{X,, X, 11,... }.

We continue like this finitely many times until we have found
Yop € conv{Y,p-1,Yni10-1,...} Cconv{X,, X,:1,...} and random vari-
ables Z',...,ZP € [0, 00| such that Y, p — (Zl, e ZD) almost surely. [

We continue with an overview about some basic results from the Theory
of Random Sets. We follow the book by Castaing, Valadier [1] and the book
by Molchanov [15].

Denote by CL the family of closed subsets of RP. We equip CL with the
Effros-o-field € which is generated by the sets

{FeCL: FNV #0}
where V' ranges over the open subsets of R,

Definition A.3. A random variable F' :  — CL, which is (A, €)-measurable,
is called (A-measurable) closed random set.

Obviously we have the following equivalence for a mapping F': 2 — CL:
{FNV #0} € A for every open V C R”

=
{FNK #0} € A for every compact K C R”
=
{FNG#0} € A for every closed G C R”

Every random set with non-empty values admits a measurable selection
by Theorem II1.6 in [1].

Theorem A.4. Let F be a closed random set such that F (w) # () for every
w € Q. Then there exists an A-measurable f : Q — RP with values in F,
i.e. fw)e F(w) for every w € Q.

Random sets can be described by a sequence of random variables. This
is Theorem II1.7 in [1].
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Theorem A.5. a) Let F' be a non-empty closed random set. Then there
exists a sequence of random variables (f,),—, such that

w) ={fa(w) : n>1}

for every w € Q).
(fn)o2 is called a Castaing-representation of F.

b) Conversely, for any sequence (f,).—, of random variables

W {fn(w) in > 1}
defines closed random set.

The methods to prove Theorem A.4 and Theorem A.5 are rather staight-

forward in contrast to the following deep selection theorem. This is Theorem
I11.22 in [1].

Theorem A.6. Assume that, for every w € Q, F(w) is a non-empty subset
of RP such that

Graph(F) == {(w,z) e QxR : 2 € F(w)} € A® B (R").

Then, there exists a sequence (f,),—, of A-measurable selections of F such
that, for every w € Q, (fu(w))°2, is dense in F(w). Here, A denotes the
P-completion of A.

We want to illustrate the foregoing theorems.

Example A.7. Let F' be an A-measurable closed random set such that F'(w)
is non-empty for every w € . Denote by (f,), -, a Castaing representation

of F.
a) Then

Graph(F) = {(w,x) tx € F(w)}

= U{(Waiﬂ) e = fulw)] < 1/m} e A® B (RP)

m=1n=1

b) The affine hull, aff F'| defines an A-measurable closed random set, since

aff F(w {Z)\xz:szF )\GRZ)\_l}
{Z)\lfl(W) N €Q, Z)\i — 1}_
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¢) Assume that additionally F' is convex valued and let (K,,)~_, be a
Castaing-representation of aff F. Then ri F(w) # 0 for every w €

and
Graph (11 F)
:{(w,x) cz € affF(w),3e > 0: (z+eB) NaffF(w) C F(w)}
=Graph (aff F)N
UN ({er<w> — ol 21/} U U ) — fule)] < 1/@}) .

It follows that Graph (11 F') € A ® B (R”) and there exists a sequence

(hn)22, of A-measurable selections such that (h,(w))>", is dense in
ri F'(w) for every w € €.

We can modify this sequence on a null-set to become A-measurable.
Then the modified sequence is dense in ri F/(w) up to a null-set.

It is well known that for a concave function ¢ : RP — R the condition

limp(tr) = —oo, for z #0,

t—o00

is sufficent to show existence of a maximum for ¢ (e.g. Lemma 3.5 in [4]).
To find a utility maximizing portfolio we will need to maximize a random
version of such a ¢ and select the maximizers in a measurable way. For this
purpose we need the following lemma which generalizes a smiliar result in

[20].

Lemma A.8. Let C be an A-measurable, closed convex cone in R%. Suppose
that o : 2 x RY — RU{—oc} is A ® B(RY)-measurable and has the following
properties:

(1) ¢ (w,-) is concave for every w € €,
(i1) ¢ (w,-) is R-valued and continuous on C (w) for every w € Q,
(iii) o (w,a) = —oo for every a € R4\ C (w).

Then for every w € €}

- D . _ ; _
F(w):={a€eR .|a]—1,tli>né10<p(w,ta)> 0o}
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is closed and we can define an A-measurable mapping

{a(w) €F(w) ,ifFlw) %0
0

otherwise.

oW

For every w € Q) the set of maximizers
Aw):={aeR” : p(w,a) > ¢(w,b), forbeR"}

is closed and we can define an A-measurable mapping

5:WH{ﬁ(w)€A<w) i F(w) =0

0 otherwise.

Proof. If a € F and t > 0, then ¢(0) < p(ta). Otherwise tlim p(ta) = —o0
—00

would follow by concavity of ¢. Then, since F' C C, C is closed and ¢ is
continuous on C, it follows that F'is closed. We show that

{weQFw)NK #0} € A, K CR? closed,

and by Theorem A.4 we can then define an A-measurable mapping «, where
a(w) € F(w), if F(w) # 0 and a(w) = 0 otherwise. Fix a closed K C R,
for which we can assume that K C {|z| = 1}, and choose a sequence (x;);°,
of A-measurable random variables with values in K such that (z;(w))52; is
dense in K N C(w) on the event {K N C # (}. Then

[o e XNe OlNe o]

{weQ: FlwynK #£0} = UﬂU{wEQ p(w, kry(w)) > =M} € A.

M=1k=1l=1

Indeed, if p(w, kx;, (w)) > —M, let zop € K NC(w) be an accumulation point
of (2, (w))s2,. Then for ¢t > 0 and k > ¢

ol b () + L p(00,0) > 0, 0) A —M.

w,txg) > p(w,0) A =M for every t > 0 and we get

| <+

SO(W7 tay, (w)) >

—

Thus, by continuity ¢
zo € F(w)N K.
Conversely, choose zy € F(w)NK and M € Nsuch that ¢(w, tzg) > ¢(w,0) >
—M for every t > 0. Then zy € K N C(w) and by continuity we can find for
each k € N an [ € N such that p(w, kx;(w)) > —M.

A is closed because ¢ is continuous on C' and A C C. Now, for a fixed

K C R? which is supposed to be compact, we choose a sequence of A-
measurable random variables (y;)7°; with values in K such that (y;(w))2,
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is dense in K N C(w) on the event {K NC # (}. Further, let (¢,)2; be a
sequence of A-measurable random variables such that (¢,(w))22; is dense in
C(w). Then

{weQ: Aw)NK #0}

= UM{w e : plw @) 2 plw,caw)) - %} e H.

m=1l=1n=1

Now, if F(w) = (), then tlim o(w,ta) = —oo for every a # 0. This condition
—00

implies that A(w) # 0. Thus, by Theorem A.4 5 can be defined in an A-
measurable way. O]

We want to describe when exactly a subset of L° (RD , A) can be written
in the form L°(F,A) for some closed random set F and how the elements
of L% (F, A) can be approximated using a Castaing-representation of F. In
the next theorem we cite Lemma 1.6 and Theorem 1.6 from [15]. There, the
statement is formulated for LP,p > 1. But, as pointed out in the Appendix
of Kabanov and Safarian [12], the proofs also work for p = 0.

d(X,Y):=E[X —Y|A1]for X,Y € L° (R, A) denotes a metric which
induces convergence in probability. A subset V C L (R”,A) is called de-
composable, if for any fi, fo € Vand A € A, we have 1,f1 + 1acfo € V.

Theorem A.9. Let V be a non-empty subset of L° (RP, A).
Then:

a) If V =L°(F, A) for a closed random set F with Castaing-representation
(fn)o—y, then for every e > 0 and every f € 'V there is a measurable
finite partition Ay, ..., A,, such that

d (f’ilAzfl> < E.

b) V=L"(F,A) for a closed random set F if and only if V is closed and

decomposable.

The following proposition follows directly from Proposition 1.5 in [15].
There it is formulated only for the convex case. With the obvious changes in
the proof it is also true for the convex and conic case.

Proposition A.10. Let V C L° (RP, A) be non-empty, closed and decom-
posable. Then:
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a) If V is convex then there is a closed and convex random F such that
V=L°(FA).

b) If V is a convex cone then there is a closed, convex and cone-valued F
such that V = L° (F, A).

When C; and Cy are closed and convex cones in R? then C; + Cs is not
necessarily closed. The following proposition gives a sufficient criterion for
the closedness of C; + Cy. Its proof is basically between page 32 and 33 of
[25]

Proposition A.11. Let C; and Cy be two closed convex cones in RP. If
Cy N (=Cs) is a subspace of RP, then the sum Cy + Cy is closed.

Proof. Denote by p the orthogonal projection onto the subspace C; N (—Cs).
Let be z,, € C) and y,, € Cy such that (z, + y,), ., converges. We write

Tn + Yn = [Tn — P (Tn)] + [Yn + P (74)]

and note, since C; N (—C5) is a linear space, that x, — p(x,) € C; and
Yn + p(yn) € Ca.
We claim that (z,, — p(z,)),—, is bounded. Otherwise, by passing to a

subsequence, we can assume that |z, — p(x,)| — oo.
Since (%) is situated on the unit sphere, we can again assume
n n n:1

Tn—p(Tn)

[ee]
converges towards some 7
lzn—p(@n)l ) ,,_q

by passing to a subsequence, that (

on the unit sphere. From

Tt Yn  Tn—D(Tn) | Yo+ D(Tn)
= +
|Tn — ()| | Tn — ()| |20 — p(zn)]

and the fact that (z, + y,), -, converges, it follows that (%) con-
" M/ n=1

verges towards —).
From the closedness of C; and Cy we have n € C; and —n € (s, i.e.

n € C; N (=Cy). But by construction %m e [Cy N (=Cy)]", which

enforces n € [Cy N (—Cy)]*". Thus 5 = 0, which is a contradiction.

From the boundedness of (z,, — p(z,,)),-, and by passing to a subsequence
we can assume that (x, — p(z,)),—, converges. Since C is closed, the limit
must be in Cj. Now, (y, + p(x,)),—, must converge and its limit is in Cs.
It follows that lim(z, + y,) € C; + Cs.

O
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Proposition A.12. Let F, G, H be closed random sets such that F+G = H.
Then
L°(F,A) +L°(G,A) =L°(H,A).

Proof. The statement is proved in Lemma 2 of [23] under the assumption
that the probability space is complete.
Let (Q, A, P) denote the completion of (2, A, P). Then for every random

variable Z measurable with respect to A there exists an A-measurable random
variable z such that Z = 2z a.s.. From this observation the statement follows
immediately for an arbitrary probability space. O]

If C C RP is a non-empty convex set and x ¢ C then we can separate
from C by a hyperplane, i.e. there exist h € RP, a € C such that

h-w>h-z, forweC, and h-a>h-x.

Lemma A.13. Assume that (2, A, P) is a complete probability space. Let
F be a non-empty closed and convex random set and f a random variable.

Then there exist h € L° (RP, A) and a € L° (ri F, A) such that on {f ¢ ri F'}
h-w>h-f forwéeriF,
h-a>h-f.

Proof. Put B := {f ¢ ri F'} and let (f,).—, be a sequence of A-measurable

random variables such that (f,(w)),~, is dense in ri F(w) for every w € Q
(see Example A.7). Then

W::{(w,x) : VwGriF(w)x-ka-f(w),ElkEriF(w)x-k:>x-f(w)}

— (ﬁ{(W,x) c e fo(w) Zx-f(w)})

N (L{{(w,x} D folw) > xf(w)}) € A® B(RP)

and by Theorem A.6 it follows that we can find a random variable h such that
(w, h(w)) € W for every w € B. Further, we define, for w € B, a(w) := fi,(w)
where m is minimal such that h(w) - fi,(w) > h(w) - f(w). We extend a on
B¢ by some selector in ri F'. O
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