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Abstract

We consider the problem of verifying confluence and termination of conditional
term rewriting systems (TRSs). For unconditional TRSs the critical pair lemma
holds which enables a finite test for confluence of (finite) terminating systems.
And for ensuring termination of unconditional TRSs a couple of methods for
constructing appropiate well-founded term orderings are known. If however ter-
mination is not guaranteed then proving confluence is much more difficult. Re-
cently we have obtained some interesting results for unconditional TRSs which
provide sufficient criteria for termination plus confluence in terms of restricted
termination and confluence properties. In particular, we have shown that any
innermost terminating and locally confluent overlay system is complete, i.e. ter-
minating and confluent. Here we generalize our approach to the conditional case
and show how to solve the additional complications due to the presence of con-
ditions in the rules. Our main result can be stated as follows: Any conditional
TRS which is an innermost terminating semantical overlay system such that all
(conditional) critical pairs are joinable is complete.

Key Words: Conditional term rewriting systems, overlay systems, confluence, termi-
nation, weak termination, innermost termination.

1 Introduction

Due to the fact that termination is a fundamental property of term rewriting systems
(TRSs for short) but undecidable in general (see [HL78]), many sufficient criteria,
techniques and methods for proving termination have been developed (see [Der87] for
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a survey). Most practically applicable approaches are based on reduction orderings,
i.e. well-founded term orderings which are stable w.r.t. substitutions and monotonic
w.r.t. the term structure.

On the other hand, in many rewriting based computation models, e.g. in functional
programming languages, the indeterminism of general rewriting is often restricted by
imposing some fixed rewriting strategy. For instance, a frequent restriction is innermost
reduction, i.e. to require that every reduction step takes place at an innermost position
of the term to be reduced. Innermost reduction corresponds closely to the functional
evaluation mechanism employed in functional programming languages like LISP or
ML. Of course, it may be the case that correspondingly restricted computations, i.e.
innermost reduction sequences always terminate but arbitrary computations (reduction
sequences) do not necessarily terminate. A very simple example illustrating this gap
is the following:

Example 1.1 Let R = {f(a) — f(a),a — b}. Then we have e.g. the infinite reduc-
tion sequence f(a) — f(a) — f(a) — ..., which uses only non-innermost reduction
steps. But of course, every innermost derivation in R (e.g. f(a) — f(b)) is terminat-
ing.

Other kinds of restrictions imposed on rewriting steps might also be conceivable ac-
cording to the intended purpose, e.g. leftmost outermost, top-down, bottom-up or
other context-dependent strategies. Unfortunately, very little is known about termina-
tion of rewriting under such restrictions and its relation to (uniform) termination. In
fact, there is one major exception, namely concerning the important and thoroughly
investigated class of so-called orthogonal TRSs, i.e. TRSs which are left-linear and
non-overlapping (see [Klo92] for a survey of basic ideas, concepts and results about
the theory of orthogonal TRSs). It is well-known that any orthogonal (unconditional)
TRSs is confluent notwithstanding the fact that it may be non-terminating.

Recently we have shown (in [Gra92], [Gra93]) that some basic termination (and conflu-
ence) properties of orthogonal TRSs can be generalized to the case of non-overlapping,
but not necessarily left-linear TRSs, as well as to the more general case of locally
confluent overlay systems. In particular these results include interesting sufficient con-
ditions for inferring (uniform or strong) termination (plus conflence) from innermost
termination and local confluence, for the case of unconditional TRSs.

Here we shall study for which cases and under what conditions these results can be gen-
eralized to conditional TRSs (CTRSs for short). In this paper we mainly concentrate
on so-called join CTRSs where equality in the conditions is recursively interpreted as
joinability. It seems plausible that most of the ideas, results and proofs can be carried
over to other types of CTRSs, e.g. semi-equational and normal ones.

Since it is well-known that conditional rewriting is much more difficult to handle in
theory and practice, it was not clear a priori that our results carry over to the condi-
tional case. But this is indeed possible (for the main results) as we shall show by a
careful analysis and inspection of the proofs for the unconditional case and by taking
into account the additional complications arising with CTRSs. From a technical point



of view one of the main problems in generalizing our results is the well-known fact that
‘variable overlaps’ may be critical for CTRSs and need to be explicitly handled.

Before going into details let us give a summary of our main results:!

e If a (join) CTRS R is semantically non-overlapping then weak innermost termi-
nation is equivalent to (strong) innermost termination of R (see Lemma 3.5).

e If a (join) CTRS R is semantically non-overlapping and (strongly) innermost
terminating then it is (strongly) terminating (see Theorem 3.13).

e If a (join) CTRS R is semantically non-overlapping then there is no innermost
reduction step s — ¢ in R with oo(s) but —oo(t) (see Lemma 3.15).

o If a CTRS R is semantically non-overlapping, weakly terminating and non-erasing
then it is (strongly) terminating (see Theorem 3.16).

e If a (join) CTRS R is a terminating semantical overlay system with joinable
critical pairs then it is confluent, hence complete (see Theorem 3.10).

e If a (join) CTRS R is an innermost terminating, semantical overlay system with
joinable critical pairs then it is (strongly) terminating and confluent, hence com-
plete (see Theorem 3.19).

The rest of the paper is structured as follows. Firstly, we introduce the basic definitions
and notions needed later on. In section 3 we study restricted termination (and conflu-
ence) properties of CTRSs and their interrelations, in particular innermost, weak and
strong termination of non-overlapping CTRS. More generally we also investigate the
termination (and confluence) behaviour of certain restricted classes of possibly over-
lapping CTRSs with joinable critical pairs. And finally, related work as well as some
open problems are discussed.

2 Preliminaries

2.1 Basic Notions and Notations

We briefly recall the basic terminology needed for dealing with (C)TRSs (e.g. [Klo92],
[DJ90]). Let V be a countably infinite set of variables and F be a set of function
symbols with V N F = (. Associated to every f € F is a natural number denoting
its arity. Function symbols of arity 0 are called constants. The set T(F,V) of terms
over F and V is the smallest set with (1) V C T(F,V) and (2) if f € F has arity n
and tq1,...,t, € T(F,V) then f(t1,...,t,) € T(F,V). If some function symbols are
allowed to be varyadic then the definition of 7 (F,V) is generalized in an obvious way.
The set of all ground terms (over F), i.e. terms with no variables, is denoted by 7 (F).

IThe definitions involved here are presented below.



In the following we shall always assume that 7 (F) is non-empty, i.e. there is at least
one constant in F. Identity of terms is denoted by =. The set of variables occurring in
a term t is denoted by V(). Positions or occurrences of a term consist of sequences of
natural numbers and are compared by the usual lexicographic ordering (which we shall
ambiguously denote by <). The topmost position of a term, i.e. of its root symbol, is
denoted by A, the ‘empty’ string. Two uncomparable positions p and ¢ are said to be
parallel or disjoint which is denoted by plg. If p < ¢ we say that p is above ¢ or ¢ is
below p. The top symbol of a term ¢ is denoted by root(t). The set of all positions of
a term ¢ is denoted by O(t). Concatenation of positions is denoted by juxtaposition.
If p is a position and II a set of positions then pll denotes {pq|q¢ € 11} and, similarly,
lIp stands for {gp|q € 11}.

A context C[,...,] is a term with ‘holes’, i.e. a term in 7(F W {O},V) where O is
a new special constant symbol. If C[,...,] is a context with n occurrences of O and
t1,...,1, are terms then C[ty,...,1,] is the term obtained from CJ[,...,] by replacing
from left to right the occurrences of O by ¢4,...,¢,. A context containing precisely one
occurrence of O is denoted by C[]. If C[s] is the context C[] with O replaced by s at
position p in C[], then we also write C[s],. If Cls,...,s] is C],...,] with O replaced
by s at all positions from some set I of mutually disjoint positions of C[,...,], then -
slightly abusing notation — we also write C[s|. A non-empty context is a term from
T(Fw{O},V)\ T(F,V) which is different from O. A term s is a subterm of a term
t if there exists a context C[] (and some position p € O(t)) with ¢t = C[s] (= C]s],).
If in addition C[] # O (or equivalently p # ) then s is a proper subterm of t. The
subterm of ¢ at position p € O(t) is also denoted by ¢/p. The result of replacing in ¢
the subterm at position p € O(¢) by s is denoted by t[p « s].? A substitution o is a
mapping from V to 7 (F,V) such that its domain dom(o) {x € V|ox # x} is finite. Its
homomorphic extension to a mapping from 7 (F,V) to 7 (F,V) is also denoted by o.

A term rewriting system (TRS) is a pair (R, F) consisting of a signature F and a set
R CT(F,V)xT(F,V) of (rewrite) rules (I,r) denoted by | — r with [ ¢ V and
V(r) CV(l). ? Instead of (R, F) we also write R” or simply R when F is clear from
the context or irrelevant.

Given a TRS R” the rewrite relation —z» for terms s,¢ € T(F,V) is defined as
follows: s —x~# t if there exists a rule [ — r € R, a substitution ¢ and a context
C]] such that s = Clol] and t = C[or]. We also write —% or simply — when F or
R7 is clear from the context, respectively. The symmetric, transitive and transitive-
reflexive closures of — are denoted by <, —% and —*, respectively. By s —™ ¢ we
mean that s is reduced to ¢ in m steps. Accordingly s —<" ¢ means s —™ t for some
m < n. Two terms s,t are joinable in R, denoted by s |z t, if there exists a term
u with s =% u % <« t. A term s is wrreducible or a normal form if there is no term
t with s — t. If s —* ¢ then ¢ is said to be a reduct of s. The set of all terms

which are irreducible w.r.t. some TRS R is denoted by NF(R) (more precisely for

2This notation for replacing subterms should not be confused with the notations for contexts
introduced above.

3This restriction of excluding variable left-hand sides and right-hand side extra-variables is not a
severe one. In particular, concerning termination of rewriting it only excludes trivial cases.
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R =R": NF(R”) :={s € T(F,V)|[R”-irreducible }. Moreover we shall also use
the notation NFr(R) := {s € T(F,V)|[R-irreducible }. A TRS R is terminating
or strongly normalizing (SN) if — is noetherian, i.e. if there is no infinite reduction
sequence 81 — 83 — 83 — - -+ . It is said to be weakly terminating or weakly normalizing
(WN) if for every term there exists a normal form. If s — ¢ then — in order to make
explicit the position p of the reduced subterm and the applied rule [ — r — we shall
sometimes use the notation s —,; ., ¢t or s —, . A step of the form s —, ¢ is said
to be a root reduction (step). If for a term s a root reduction at position p € O(t) is
possible then s/p is said to be a redex.* A reduction step s — ¢ by applying some rule
of R at position p in s is innermost if every proper subterm of s/p is irreducible. In
that case we also write s — t. R is (strongly) innermost terminating or (strongly)
innermost normalizing (SIN) if every sequence of innermost reduction steps terminates.
It is weakly innermost terminating or weakly innermost normalizing (WIN) if for every
term s there exists a terminating sequence of innermost reduction steps starting with s.
By oo(s) we denote the property that there exists an infinite (R-) derivation starting
with s. Accordingly, —oo(s) means that every derivation starting with s is finite. By
00;(s) we denote the property that there exists an infinite innermost derivation starting
with s.

A partial ordering > on a set D is a transitive and irreflexive binary relation on D. A
partial ordering > on 7 (F,V) is said to be monotonic (w.r.t. the term structure) if it
possesses the replacement property

s>t = C([s] > C[t]
for all s,¢,C[]. It is stable (w.r.t. substitutions) if
s>t — os>ol

for all s,t,0. A term ordering on T (F,V) is a monotonic and stable partial ordering
on 7(F,V). A reduction ordering is a well-founded term ordering.

A TRS is confluent or has the Church-Rosser property (CR) if *«— o —=* C —* o *«
and weakly Church-Rosser (WCR) or locally confluent if «— o — C —* o *«.> A
confluent and terminating TRS is said to be convergent or complete (COMP). If I, —
r, lo — 7y are two rules® of R with p some non-variable position of /; — ry such
that {; and [5/p are unifiable with most general unifier o then (o(l3[p « r1]),0(r2)) is
said to be a critical pair (CP) of R (obtained by overlapping [ — r; with l; — ry at
position p). It is well-known that for terminating TRSs local confluence is equivalent
to joinability of all critical pairs (JCP). A TRS R is said to be non-overlapping (NO)
if there is no critical pair between rules of R. It is left-linear (LL) if every variable
occurs at most once in every left hand side of an R-rule. R is orthogonal (ORTH)" if

4This is a slight abuse of the usual notion of a redex which also comprises the information which
rule is applicable. For orthogonal TRSs the corresponding applicable rule is uniquely determined but
not in general.

5Here, ‘o’ denotes relation composition.

fW.l.o.g. we assume that they do not share common variables.

“In the literature this orthogonality property is sometimes called ‘regularity’.



it is left-linear and non-overlapping. R is said to be weakly orthogonal (cf. [Klo92])
if it is left-linear and has only trivial critical pairs, i.e. if (s,?) is a critical pair then
s =t. It is non-erasing (NE) if V(r) = V(I) for every rule [ — r € R. If every critical
pair of a TRS R is obtained by an overlay, i.e. by overlapping left hand sides of rules
at top position then R is said to be an overlay system (OS).

For the sake of readability let us summarize the abbreviating notions defined above
which shall be freely used in the sequel.®

Abbreviations:
SN = strongly normalizing (terminating) ?
WN = weakly normalizing (weakly terminating)

SIN = (strongly) innermost normalizing (innermost terminating)
WIN = weakly innermost normalizing (weakly innermost terminating)
NO = non-overlapping

LL = left-linear

ORTH = orthogonal (non-overlapping and left-linear)

NE = non-erasing

CP = critical pair(s)

JCP = joinable critical pairs

CR = confluence (Church-Rosser property)

WCR = local confluence (weak Church-Rosser property)

COMP = completeness (convergence)

oS = overlay system

oo(s) = there exists an infinite derivation starting with s

00;(8) = there exists an infinite innermost derivation starting with s
—0o(s) = there exists no infinite derivation starting with s

—00;(s) = there exists no infinite innermost derivation starting with s

By P(R) we mean that the TRSs R has property P. Moreover we also ambiguously
use the notation P(t) for terms ¢ provided there is a sensible local interpretation for
P(t). For instance, CR(t) is to denote the property that whenever we have t —* v and
t —* w then there exists a term s with v —=* s and w —~* s.

2.2 Conditional Term Rewriting Systems

Moreover, we need some basic terminology about conditional term rewriting systems

(CTRSs) (cf. e.g. [DOS88a], [DOS88DL], [Klo92], [Mid93]).

8These abbreviations are mainly borrowed from [Klo87], [K1092].
°In the sequel we shall prefer 'terminating’ instead of 'normalizing’ in verbal phrases since it seems
to be the more usual notion in literature.



Definition 2.1 A CTRS is a pair (R,F) consisting of a signature F and a set of
conditional rewrite rules of the form

si=t1 AN...N s, =1, = [ —r

with $1,...,8n,t1,. ..ty l,r € T(F,V). Moreover, we require [ ¢ V and V(r) C V(I)
as for unconditional TRSs, i.e. no vartable left hand sides and no extra variables on
the right hand side. FExtra variables in conditions are allowed if not stated otherwise.
If the condition is empty, i.e. n =0, we simply write [ — r. Instead of (R,F) we also
write R” or simply R when F is clear from the context or irrelevant.

Depending on the interpretation of the equality sign in the conditions of rewrite rules,
different reduction relations may be associated with a given CTRS.

Definition 2.2

(1) In ajoin CTRS R the equality sign in the conditions of rewrite rules is interpreted
as joinability. Formally this means: s —x t if there exists a rewrite rule s, =
th AvooA s, =t, = | —r €R, asubstitution o and a context C[| such that
s=Clol],t = Clor] and os; | ot; for all v € {1,...,n}. For rewrite rules of a
join CTRS we shall also use the notation sy [ t1 AN...N s, [ t, = [—1r.

(2) Semi-equational CTRSs are obtained by interpreting the equality sign in the con-
ditions as convertibility, i.e. as <.

(3) Normal CTRSs have rules of the form s; —; t1 A ... A s, = t, =
[ — r where s —} t means that s —* t and t is a ground normal form w.r.t.
the unconditional part of the CTRS R considered (which is obtained from R by

removing all conditions).

(4) A generalized CTRS has rules of the form Py A ..., NP, = | — r where the
conditions P;, 1 <1 < n, are formulated in a general mathematical framework,
e.g. in some first order language.

Definition 2.3 The reduction relation corresponding to a given (join, semi-equational
or normal) CTRS R is inductively defined as follows (O denotes |, & or —7, respec-
tively):

Ro - @,
Riv1 = {ol = or| $10t; A...A 8,00, =1l —1 ER,
os;0g,ot;forj=1,...,n}

s —opt 1< s —xg, tforsome 1 >0, i.e. 5= U —=x, .
i>0

10Note in particular that all unconditional rules of R are contained in R; (because the empty
conditions are vacuously satisfied) as well as all conditional rules with trivial conditions only, i.e.
conditions of the form sOs. In fact, rules of the latter class can be considered to be essentially
unconditional.



Definition 2.4 If s —g t then the depth of s —x t is defined to be the minimal n
with s =g, 1. For s =% t and s g t depths are defined analogously. More precisely,
if s =% t then the depth of s —% t is defined to be the minimal n with s —% t. The
depth of s |z t is the minimal n with s |, t.

If the depth of s —% t is at most n we denote this by s ——r t.

For the sake of readability we shall use in the following some compact notations for
conditional rules and conjunctions of conditions. When writing P = [ — r for some
conditional rewrite rule then P stands for the conjunction of all conditions. Similarly,
if Piss; =t A... A s, =t,,then P | means sy | {; A ... ... A Sy | tn, and o(P)
is to denote o(s1) = o(t1) A... A o(s,) = o(tn).

Definition 2.5 Let R be a join CTRS, and let P, — [ — ry and P, — [ — ry
be two rewrite rules of R which have no variables in common.'' Suppose I, = C[t],
with t €V for some (possibly empty) context C[,...,] such that t and ly are unifiable
with most general unifier o, i.e. o(t) = o(l1/p) = o(ly). Then o(P1) AN o(P) =
o(Clra]) = o(r1) is said to be a (conditional) critical pair of R. If the two rules
are renamed versions of the same rule of R, we do not consider the case C[| = 0O,
i.e. we do not overlap a rule with itself at root position. A (conditional) critical pair
P = s =1 s said to be joinable if o(s) |z o(t) for every substitution o with o(P) |.
A substitution o which satisfies the conditions, i.e. for which o(P) | holds, is said to
be feasible. Otherwise o is unfeasible. Analogously, a (conditional) critical pair is said
to be feasible (unfeasible) if there exists some (no) feasible substitution for it.

Note that testing joinability of conditional critical pairs is in general much more difficult
than in the unconditional case since one has to consider all substitutions which satisfy
the correspondingly instantiated conditions. Moreover, the critical pair lemma does
not hold for CTRSs in general as shown e.g. by the following example.

Example 2.6 (/[BK86]) Consider the join CTRS
R:{ r | fle)y=f(z) — a
—  f(b).
Here we get f(b) — a due to b | f(b) and hence f(f(b)) — f(a). We also have
F(f(b)) — a because of f(b) | f(f(b)). But a and f(a) do not have a common reduct
which is easily shown. Thus R is not locally confluent despite the lack of eritical pairs.

Note moreover that R is even orthogonal when considered as unconditional TRS, i.e.
when omitting the condition in the first rule.

)
b

Definition 2.7 (¢f. [BK86], [K1092]) Let R be a CTRS and let R, be its unconditional
version, i.e. Ry :={l = r|P = |l —r € R}. Then R is said to be (syntactically)
left-linear / non-overlapping / orthogonal / weakly orthogonal) if R, is left-linear /
non-overlapping / orthogonal / weakly orthogonal.

11Of course, this variable disjointness can always be achieved by appropiately renaming rules.



According to this definition example 2.6 above shows that orthogonal CTRSs need not
be confluent. But note that the CTRS R defined in example 2.6 is not innermost
terminating. This indicates that their might be some hope for generalizing (some
of) our results for the unconditional case to the conditional one, in particular those
involving the innermost termination property.

The careful reader may have observed that the definition of being (syntactically) non-
overlapping (in 2.7) above is somehow rather restrictive. Namely, the case that there
exist conditional critical pairs all of which are infeasible (and hence should not be
"properly critical’) is not covered. This motivates the following.

Definition 2.8 A CTRS R is said to be semantically non-overlapping (SEM-NO) if

all its critical pairs are infeasible.'?

Clearly, a (syntactically) non-overlapping CTRS is semantically non-overlapping, too,
but not vice-versa in general. Analogously the property of being an overlay system can
be defined alternatively.

Definition 2.9 A CTRS R is said to be a (conditional syntactical) overlay system
(OS) if Ry is an unconditional overlay system (cf. [Klo92]). It is said to be a (condi-
tional) semantical overlay system (SEM-0S) if all its feasible critical pairs are critical
overlays.

Note that the syntactical versions of the properties of being non-overlapping and of
being an overlay system can be easily tested (for finite systems) whereas establishing
their semantical versions may be very difficult. The reason is that e.g. for proving

SEM-NO for some CTRS R one has to show that all (conditional) critical pairs of R

are infeasible. But this is undecidable in general.

The other basic notions for unconditional TRSs introduced above generalize in a
straightforward manner to CTRSs.

In general, conditional rewriting is much more complicated than unconditional rewrit-
ing. For instance, the rewrite relation may be undecidable even for complete CTRSs
without extra variables in the conditions (cf. [Kap84]).

Definition 2.10 ([DOS88a]) A CTRS R is decreasing if there exists an extension >
of the reduction relation induced by R which satisfies the following properties:

(1) > is noetherian.

(2) > has the subterm property, i.e. C[s] > s for every term s and every non-empty
context C|].

121n [DOS88b] a CTRS R is said to be non-overlapping if it has no feasible, non-trivial critical pairs
(where a critical pair P = s = is trivial if s is identical to t). Hence, the definition of being non-
overlapping in the sense of [DOS88b] is slightly more general than our notion of being semantically
non-overlapping since trivial critical pairs are allowed in the former. Allowing trivial critical pairs in
our definition one might speak of weakly semantically non-overlapping CTRSs.



(3) If ss=t1 AN...N s, =t, = [l —r isarulein R and o is a substitution
then ol > os; and ol > ot; fori=1,...,n.

A CTRS R isreductive (cf. [JW86]) if there exists a well-founded monotonic extension
> of the reduction relation induced by R satisfying (3).

Clearly, every reductive system is decreasing and any decreasing system is terminat-
ing. Decreasingness exactly captures the finiteness of recursive evaluation of terms (cf.
[DO90]). For decreasing (join) CTRSs all the basic notions are decidable, e.g. reducibil-
ity and joinability. Moreover, fundamental results like the critical pair lemma hold for
decreasing (join) CTRSs which is not the case in general for arbitrary (terminating

join) CTRSs.

In the following we shall tacitly assume that all CTRSs considered are join CTRSs
(which is the most important case in practice), except for cases where another kind of
CTRSs is explicitly mentioned.

3 Restricted Termination and Confluence Proper-
ties of Conditional Term Rewriting Systems

We shall study now under which conditions various restricted kinds of termination
imply (strong) termination (and also confluence under some additional assumptions)
of (join) CTRSs. Firstly we summarize the most important known results on confluence
and termination of unconditional orthogonal TRSs.

Theorem 3.1 (c.f. e.g. [Ros73], [O’D77], [Klo92]) Let R be a TRS with ORT H(R).

Then we have:

(1) CR(R).

(2a) ¥t : [WIN(t) = SIN(t)].

(%) WIN(R) = SIN(R).

(3a) ¥t : [SIN(t) = SN(1)].

(3h) SIN(R) = SN(R).

(4) There is no (innermost) reduction step t — ' in R with oo(t), ~oo(t').
(5a) NE(R) = [Vt : [WN(t) = SN(#)]].

(50) NE(R) = [WN(R) = SN(R)].
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Our recently obtained results on confluence and termination of TRSs show that all
statements of Theorem 3.1 above except (1) still hold for non-overlapping but not
necessarily left-linear TRSs (cf. [Gra92], [Gra93]). Moreover we have shown there that
any innermost terminating (unconditional) overlay system with joinable critical pairs
is terminating and hence confluent and complete.

For CTRSs much less is known concerning similar criteria for termination and conflu-
ence (see example 2.6 above which shows that orthogonal CTRSs need not be conflu-
ent). Next we summarize the most important known criteria for confluence of (possibly
non-terminating) CTRSs.

Definition 3.2 (¢f. [Kl0o92]) Let R be a CTRS with rewrite relation — and let P be
an n-ary predicate on the set of terms of R. Then P is said to be closed with respect
to — if for all terms t;, t; such that t; —=*t. (i=1,...,n):

P(ty,...,t,) = P(t},....1,).

Y 'n

R is said to be closed if all conditions (appearing in some conditional rewrite rule
of R), viewed as predicates with the variables ranging over R-terms, are closed with
respect to —.

Theorem 3.3

(1) Any generalized, weakly orthogonal, closed CTRS is confluent (cf. [O’D77],
[Kl1092]).

(2) Any weakly orthogonal, semi-equational CTRS is confluent.'

(3) Any weakly orthogonal, normal CTRS is confluent (cf. [BK86], [Kl0o92]).

In the following we shall show that most of our results on restricted termination and
confluence properties of non-overlapping and even of overlay systems can be general-
ized to the conditional case. This generalization has to take into account the additional
complications arising with CTRSs. In particular, we need a kind of 'local complete-
ness’ property implying in particular that variable overlaps are not critical for certain
conditional overlay systems.

Let us start with an easy result about innermost reductions in semantically non-
overlapping CTRSs.

Lemma 3.4 Let R be a CTRS with SEM-NO(R). Then we have:

(a) If s — t, s — u then either t = u or there exists a term v with t — v and

U I—) v.

(b) If s =™ t, s —"u then there exists a term v and m' < m, n' < n witht —" v
and u —"™ v,

13This is a corollary of (1).
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(¢c) — is confluent.

Proof: [t suffices to prove (a) since (b) is obtained from (a) by an easy induction,
e.g. on (m,n), and (c) is a consequence from (b). Hencelet s —, t and s —, u. If the
innermost redex positions p, ¢ of s are the same then the applied rule is unique due to
SEM-NO(R) which implies ¢ = u. Otherwise p and ¢ are disjoint and v is uniquely
defined by s —,t —,vand s —,u —,v. [ ]

Our next result shows that for semantically non-overlapping systems the existence of an
innermost normal form for some term ¢ implies that any innermost derivation initiated
by t is finite.

Lemma 3.5 Let R be a CTRS with SEM-NO(R). Then we have:
(a) Vt : [WIN(t) = SIN(t)].
(b) WIN(R) = SIN(R).
Proof: It suffices to prove the local version (a) which implies (b). For a proof by

contradiction let ¢ be a term with WIN(t) but not IN(t). Then we know that there
exists some innermost derivation

L=ty 2t 2l 7 il iy

with ¢, irreducible. Obviously we have co;(tg) and —oo,(t,). Thus there exists some
(unique) index k, 0 < k <n—1 with t; — tx41 and 00;(tx), =00 (tg41). Due to o0o;(ty)
there are terms t,t7,... such that

t=t =t 2ty =

is an infinite innermost derivation. By applying Lemma 3.4(a) and observing that
try1 # 1), due to 0o;(1},), —00i(tr41) we know that there exists a term ¢}, with # —
thyrs thyr 7 hpq and 0oi(1,), —ooy(t,,). By induction we can conclude that there is
an infinite sequence of terms 7} ,, %} ,,... such that

7 "
b1 7 by 7l 0

is an infinite innermost derivation. But this is a contradiction to —o0;(tx41). Hence we
are done. [

For the sake of readability we shall use subsequently some more compact notations for
special (sequences of) reductions which are introduced now. For parallel (innermost)
reduction and normalization (w.r.t. some given CTRS R) we use the following nota-
tions. We write s —{}—p ¢t if P is a non-empty set of mutually disjoint positions of s
and s —T t by (parallel) one-step root reductions of all the redexes s/p, p € P.'* In

1 Note that — for proof-technical reasons which will become clearer later on — we do not require
that s/p is a redex for all p € P but only that at least one subterm s/p of s with p € P is a redex.
This is reflected by the requirement s —1 ¢.

12



particular we write s —f—p ¢ if s/p is an innermost redex of s for all redex positions
p € P. We write s —{—p t if P is a non-empty set of mutually disjoint positions
of s and s =% ¢ by normalizing all the subterms s/p with p € P. In particular we
write s —H—p ¢ if for all p € P the subterm s/p is normalized using only innermost
reduction steps. By normalizing a term ¢ we mean reducing it some normal form. If
W N(t) holds then normalization of ¢ is possible but need not yield a unique result.
We write s —}— ¢, s —f— 1, s =t or s —H— tif there exists a non-empty set P of
mutually disjoint positions of s with s —{}—=pt, s —H—pt, s H=ptors —H—pt,
respectively. Moreover, for the sake of readability we also write s —\H/—n%l tifs=tor
s —H—p t. In the latter case P must clearly be non-empty and s/p reducible for some
p € P. Analogously, s +H/—>§1 tmeans s =tors ——pt.

H

Moreover we shall tacitly make use of the following basic uniqueness properties of
parallel reduction and normalization:

SEM-NO(R) - [S —H—>P tl A S—H—>P tg - tl :tg],

and

s—Hopti A s—Hopts A VpeP : COMP(s/p) = ti=1;.

The next result is a significantly generalized local version of Lemma 2 in [DOS88b]'?
which in turn is the main technical result for inferring confluence of terminating CTRSs,
provided that all conditional critical pairs are joinable overlays (cf. Theorem 4 in
[DOS88b], cf. also Theorem 6.2 in [WG93] which handles the more general case of pos-
itive / negative conditional rewrite systems). Note that extra variables (in conditions)
are allowed here.

Theorem 3.6 Let R be a CTRS with SEM-OS(R) and JCP(R) and let s be a
term with SN(s). Furthermore let C[,...,] be a context, II C O(CY,...,]) a set of
mutually disjoint positions of C[,...,] and t, u, v be terms. Then we have the following
implication:

u=Clsln—="vANs—="t = C[tlnlv.

Proof: Let R be given as above. For a context C[,....,], a set [ C O(C],...,])
of mutually disjoint positions of C[,...,] and terms s, ¢, u, v we define the predicate
P(s,t,u,v,1I) by the following implication:

SN(s) Nu=Clsln—="v ANs—="t = Cltlnlv.

We have to show P(s,t,u,v,1l) for all s, ¢, u, v, II. To this end it is sufficient that
Q(s,n, k) defined by

VC[,...,], I, t,u, v, : SN(s) A u=C[s]n o As ot = Cltlnl v

15In Lemma 2 of [DOS88b] only syntactical conditional overlay systems are considered and the
proof (i.e. the induction ordering) makes use of the general termination assumption SN(R) for the

considered CTRS R.
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holds for all s with SN(s) and for all n, k. We will show this by contradiction as
follows. Assume that there exists a counterexample, i.e. (s,n,k) with Q(s,n,k) not
holding for. That means we have

(%) SN(s) A u:C[s]HLkv N s—="t
for some C[,....], I, ¢, u, v, but

(k) = (Clnlv).

Now we define a complexity measure for Q(s, 72, k) by the triple (s, 7, k) using the lexico-
graphic combination »:= lex(>1, >3, >3) with >;:= (— |R6d(s)U >q)7, >i=>3=>1=>|N),
where — |Red(5) is the reduction relation restricted to all reducts of s, for comparing
these triples. Now, >; is well-founded — due to SN(s) — and >y=>3=>1\ is obvi-
ously well-founded, too. Hence, their lexicographic combination > is also well-founded.
Thus, we may assume w.l.o.g. that

(**% %) (s,n,k) is a minimal counterexample w.r.t. > .

In order to obtain a contradiction we proceed by case analysis and induction'® showing
that (s,n, k) cannot be a (minimal) counterexample.

If u=wv(i.e. n=4k=0)ors=1twe are done since (*%) is violated. Otherwise, let
s — ¢ —* t. If we can show that C[s'|n | v holds then by induction (on the first
component) we get C[t]g | v because we have s — s, hence s >; s'. But this is a
contradiction to (* * *). We shall distinguish the following cases:

16This means that we shall exploit the minimality assumption of the counterexample (s, n, k).
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1) Proper subterm case (see figure 1): If the first step s — s’ reduces a proper
p g p prop
subterm of s, i.e. s —, &' for some p > A, then we have

Clsln = C[C's/ploln = (CICpl)[s/plnp =7 ClsTn = (C[CpIn)[s'/plny

with s = C'[s/p], for some context C'[],, hence C[s]1 | v as desired by induction
on the first component because s > s/p implies s > s/p.

Figure 1 : Proper subterm case
u
+
s s s' s’
o(h) o(h) o(ry) '+ o(r)
by induction \
5> a(ll) :
(s >s o(lr)) |
+ * Voo
Voo - )

(2) Otherwise, we may suppose
! . !
S Do Pl S, e, s=0(ly) , s =0o(r1) and o(Py) |
for some rule P, = [; — r; € R and some substitution . Moreover assume
, n k-1

u = C[S]H L)q,T,P:H—W u — v,

i.e. Olsln/q = (1), v'/q = 7(r) and 7(P) |, for n minimal with v — v and
k > 1 minimal with u — v. Then we have to distinguish the following four
subcases according to the relative positions of ¢ and II:

15



(2.1) ¢|II (disjoint peak, see figure 2.1): Then we have u = Cls]q —, C'[s|n =
' v, C'[s]ln —=* C'[¢']n and C[s]n —* C[s'|ln —4 C'[s']n for some context
C'[,...,], hence by induction on the second or third component (n > n', k > k—1)
C'[$'ln | v and thus C[s'lp — C'[s']n | v as desired.

Figure 2.1 : Disjoint peak case
u
_I_
s s s' s’
(1) (1)
n |
y +
U
*
,,,,,,,,,,,,, -
s S s' s’
7(r) 7(r)
by induction !
n n>n' i
E>k—1 ‘
kE—1 v *
*
Voo . - o
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(2.2) g € 1I (critical peak, see figure 2.2): In this case we have a critical peak which is
an instance of a critical overlay of R, i.e. s = o({;) = 7(I). Since all conditional
critical pairs are joinable (overlays) we know that there exists some term w with
s=o0(ly) = o(r) =8 =" wand s = 7(l) = 7(r) =* w. Obviously, we have
w = Clslt —ptr (Clrlilg — 7(1)] = &~y Clr(Pln. For |11 = 1
we obtain I = {¢} and (C[r({)]n)lg < 7(r)] = v’ = C[r(r)]n —* v. Otherwise,

we have C[7(l)|ulg « 7(r)] L v with n’ < n. Hence, by induction on the
second or third component we obtain C[7(r)]n | v (due ton’ < n, k—1 < k).
Moreover, 7(r) —* w yields C[7(r)]ln —* C[w]n which by induction on the first
component implies C'[w]y | v (due to s = 7(I) — 7(r), hence s >; 7(r)). Thus,
Cls'In = Clo(r1)]ln —* Clw]n | v because of o(r1) —* w. Hence we get C[s']i | v
as desired.
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Figure 2.2 : Critical peak (overlay)

g 7P = Il—r

by induction by induction
n n>n' s >1 7(r)

k=1 k>k—1 *v (s =7(l) = 7(r))*
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The remaining case is that of a variable overlap, either above or in some subterm
Clsln/m = s (= € II) of C[s]n. Note that a critical peak which is not an overlay
cannot occur due to SEM-OS(R).

(2.3) g < « for some 7 € Il (variable overlap above, see figure 2.3): Let I’ be the set
of positions of those subterms s = o(l;) of u/q = 7(I) which correspond to some
u/m = s, # € ll. Formally, Il' := {#'| ¢’ € II}. Moreover, for every @ € dom(7),
let A(z) be the set of positions of those subterms s in 7(z) which are rewritten
into s’ in the derivation v = C[s|p =T C[s']n, i.e. Az) := {p'|Ip : l/p =
x A pp' € TI'}. Then 7' is defined by 7'(z) := 7(z)[p’ « §'|p" € A(x)] for all
x € dom(7). Obviously, we have 7(x) 7'(z) for all @ € dom(7). Thus
we get

_)P R

- k-1

u=Clsli= Clr(D], S pmpmsicr Clr(r)ly = o 257 v

for some context C’[], and some n’ < n,

u= Clsht —h iy ClsTn =ty CT (D],

for some context C"[],, and

ul = C/[T(T)]q _)};1:%1—”“1 C//[T/(T)]q .

Moreover we have
"' (D]g =g p=i—r CI7 ()],
by induction (due to 7/(P) | as shown below) and finally

Cls'ln =" C"['(r)] Lo

as desired by induction (on the second or third component) due to n > n/,

k>k—1.

It remains to prove the claim 7'(P) | . This means that we have to show 7/(z1) |
7'(2zq) for all z; | 2z € P. If P is empty or trivially satisfied (i.e. n < 1) we are
done. Otherwise, we know by assumption that 7(z1) | 7(22) for all z; | 25 € P

in depth n — 1. This means that there exists some term w with 7(z;) ot w,

7(z2) L Hence, eq(7(z1), 7(22)) ni” eq(w,w) where eq is to denote some
fresh binary function symbol not occurring in R. By construction of 7’ we know
7(21) =h —1,mm, T'(21), T(22) = 1, —r, T'(22). Moreover, eq(7(21),7(22)) is of
the form E[s]g, for some context E[,. .,] and some set () of mutually disjoint
positions of E[,...,], such that E[s]g == eg(w,w) and E[s]lg —* E[s']o
eq(7'(z1),7'(22)). By induction on the second component (due to n > n — 1
we obtain F[s']g = eq(7'(z1),7'(22)) | eq(w,w). Since there are no rules for ’eq
we conclude 7'(z1) | 7'(z9). '™ This finishes the proof of the claim 7/(P) |.
Summarizing we have shown C[s]i | v as desired.

S~—

17This reasonig can be easily made formally precise by adding a rule eq(z,z) — true with eq and
true new symbols (of a new sort). Then, with R’ := R U {eq(z,z) — true}, one easily shows:
eq(s,t) —=rr true <= s g t.

19



Figure 2.3 : Variable overlap above

*
g7, P = l—r
C"r'(D)]q
(1
() (%)

s s s s s

AAAA A A

(P) | g, TP = l—r

(by induction)]
Vo
" . Crr'(r)],
T >~ > 7'(r)
7(z) T(y/)\ =L —n 7'(2) T’(/y)\
AVA A /) A A A A
s s s s s s’ s'
by induction
n' n>n'
*
k-1 k>k—1 .
Voo o m e e e =~ o

20




(2.4) © < ¢ for some = € Il (variable overlap below, see ﬁgure 2.4): Remember that
we have u/m = J(ll) = s and u/q = 7(l). Now let ¢', ¢", ¢, I, 1" and contexts
C’[]q, Dllgm, D'[lv, D"[Jnv be (uniquely) defined by u = C’[ (Dlgs ¢ = 7,
¢ = ¢ L) = a €V, o) = Dir(Dgn, I = {«'| b/’ = o}, 11" =
{ﬂ'” |ri/7x" =a}, o(ly) = D'[D[r(1)]gm]v, o(r1) = D"[D[r(1)]yw]n». Moreover let
o' be the substitution on V(I;) defined by

o) — aly),y #
(o3 (y) { [ (T ] oYy = 0—(:[;) = D[T(Z)]q/// .
Then we get

Clsln = Clo(l)]n
= CI'DFED)wlwln =3 p—1,—r, ClsTn = Clo(ri)n
= C"[DIr(D]gmlnrln =7 rmiey CID" DI (r)]gw]e]n = Clo’(r)]n

and

Clsln = Clo(l)]n = C[D'[D[r(D]ym]w]n
= C'lr(D]g —=grp=str W

= C'lr(")l =7 p=ie, CID'[D[7(r)]gw]v]n = Clo’(1)]n
By induction on the first component we obtain
Clsln = Clo(t)ln —* Clo'(L)]n L v
(due to s >4 (1), hence s >; 7(I)). Moreover, we get

Clo'(t)ln =51 p—ty—ry ClO(r1)]n

since o’

(P1) | is satisfied by induction on the first component (s > 7(1), hence
s >1 7()). Furthermore we have C[o'(r1)]n | v by induction on the first com-
ponent (due to s = o(l) =% ¢'(l), hence s >; ¢'(l;)). Summarizing we have

shown
Cls'ln =" Clo’(r)]n L v

as desired.
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Figure 2.4 : Variable overlap below

Clo(r1)]n
" +
Mo P —=10—mr
A A o(P) |l
(1) (1) () () 7 () (D)
¢, 7, P = l—r TP = 1l—>r :
C O'/ ll 11 * V
o' P = l—r, (i) o, P =l = Clo'(r1)]n
o'(Py) |
A A by inductionA
) T R TS I s ey
n' by induction 3 by induction 3
s >17(0) | s=o(l) =+ o'(l) |
. (s >t 7(1)) £ ) .

Thus, for all cases we have shown C[s']i; | v yielding a contradiction to (* * %), hence
we are done. |

As an easy consequence of theorem 3.6 we obtain the following sufficient criterion for
a variable overlap to be non-critical.

Lemma 3.7 Let R be a CTRS with SEM-OS(R) and JCP(R), and let s, t be terms
with s =, 5 p—i—y t. Furthermore let o' be given with o —* o', i.e. o(x) =" o'(x)
for all x € dom(o), such that SN(o(x)) holds for all x € dom(c). Then we have:
s=Clo(D)], =* Clo'(D]y, —=por p=imr Clo'(r)], (due to o'(P) ) and t = Clo(r)], —*
Clo'(r)], for some context C[],.
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Proof: Straightforward by repeated application of theorem 3.6 choosing s := o(x)
for all z € dom(o). |

Choosing C[]i to be the empty context (and accordingly II = {A}) in theorem 3.6 we
obtain as corollary the following local version of a confluence criterion.

Corollary 3.8 Let R be a CTRS with SEM-OS(R) and JCP(R), and let s be a term
with SN(s). Then we have CR(s) and hence COM P(s), too.

The termination assumption concerning s in this result is crucial as demonstrated by
the following example.

Example 3.9 (exzample 2.6 continued) Here R = {z | f(z) = f(z) — a, b —
f(b)} is clearly a semantical overlay system with joinable critical pairs (it is even
syntactically non-overlapping). Moreover we have f(f(b)) — a and f(f(b)) — f(a)
but not a | f(a). Obviouly, SN(f(f(b))) does not hold due to the presence of the rule
b— f(b) in R (note that we even do not have SIN( f(f(b))) ).

Under the stronger assumption of global termination we get from corollary 3.8 the
following critical pair criterion for confluence of conditional semantical overlay systems
which is a slightly generalized version of Theorem 4 in [DOS88b] in the sense that it
holds not only for syntactical but also for semantical overlay systems.

Theorem 3.10 A terminating CTRS which s a semantical overlay system such that
all its conditional critical pairs are joinable is confluent, hence complete.

Next we shall show that any semantically non-overlapping and innermost terminating
CTRS is terminating. The following two technical lemmas are useful for giving a
shorter proof of this result.

Lemma 3.11 Let R be given with SEM-NO(R) and let s —, p—si—, t be a non-
innermost reduction step with SN(u) for every proper subterm u of s/p. Then there
exist a set P of mutually distinct positions of s strictly below p and terms s, t' with

! ! <1 41
s ——p s = p—in, U and t ——31 1.

Proof: Let R be a CTRS with SEM-NO(R) and s —, , p——, t be a non-innermost
reduction step in R. Define Q; := {u € O() |l/u € V}and Q, := {u € O(r) |r/u € V}.
Since s —, ; p—si—, t is non-innermost at least one proper subterm of s/p is reducible.
From SEM-NO(R) we know that all innermost redexes of s strictly below p are below
positions pg with ¢ € ();. This means that we can define s’ by s ——p s where P is
the set of positions of all innermost redexes of s strictly below p and s'/p = o'(l) for
some substitution o’. Moreover, t' is defined by s’ —, ;» p—;_, t' (note that this step
is possible by application of Lemma 3.7) such that we get s —f—p s’ —,,—, ¢ and
S =y P—sioy t I—H—qé,l t', where P’ is the set of positions of all innermost redexes of t’
strictly below pq, ¢ € Qr, as desired. [ ]
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Lemma 3.12 Let R be given with SEM-NO(R) and let s, t, t' be terms with s —, 1,
s —H—q s such that p < p' and s/p" is reducible for at least one p' € Q. Moreover,
assume SN(u) for every proper subterm u of s/p. Then there exists a term t' with

s’ =Tt and t =11

Proof: Let R be given with SEM-NO(R) and let s, t, t' be terms with s —, ¢,
s —H—0q s such that p < p’ and s/p’ is reducible for at least one p’ € (). Hence
we know that s —, ¢ is not an innermost step. W.l.o.g. we may further assume that
p = X (and hence p < p' for all p’ € Q). From s —, t we deduce that s/p = o()
for some rule P = [ — r and some substitution . Now we would like to apply
the same rule P = [ — r to s’/p. Remember that s’ is obtained from s by parallel
innermost reduction at the redex positions from @. Due to SEM-NO(R) all these
redex positions are below variable positions of [. Thus the only potential reason for
non-applicability of P = [ — r to s’ is that s’ is no longer an instance of [ due to the
fact that P = [ — r might be non-left-linear. But this problem is easily solved by an
additional parallel reduction of s at all innermost redex positions (strictly below p = X)
which were not contained in (). Let us denote this set of all innermost redex positions
of s not contained in @ by @’. Then — using Lemma 3.7 — we can (uniquely) define

terms s” and ¢’ by s ¢ ¢’ l—H—>5,1 8" —, p—si_, t' such that s —, p—s; ., t ==t ¢
(with s”/p = o'(1), t'/p = o'(r) for some substitution ¢’) as desired. [ |

Theorem 3.13 For any CTRS R we have:

(a) SEM-NO(R) A SIN(R) = SN(R).

(b)) SEM-NO(R) = [Vt:IN(t) = SN(1)].

Proof: Although we shall prove a more general result later on (cf. Theorem 3.19)
we will give a relatively simple proof here since it cannot be used for the more general
case.

For a proof by contradiction let ¢ be a term with STN(t) but not SN(t). Hence there
exists an infinite derivation initiated by ¢. Due to SIN(t) every such counterexam-
ple contains at least one reduction step which is non-innermost. We consider now a
counterexample

D :t=ty—t, =1ty — -

which is minimal in the sense that reduction steps are performed at deepest possible
positions. Formally this means that D satisfies

(1) V5 >0 : oo(t;) ,and
(2) Vj>0Vs; : [t; —ptjyn Atj —4s; with ¢ > p] = —oo(s;).
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Now let ¢,, —, t,,41 be the first non-innermost step in D. By the minimality assumption
(2) above we know SN (t) for every proper subterm ¢ of ¢,,/p. Hence, by applying lemma
3.11 we know that there exist terms s,, s,41 with

<1
tn T 80 = Spp1 and 1, =t S spp

and —oo(sy,), 700(8p41). Moreover, 0o(t,41) implies t,41 # Sp41, hence 41 = Spy1-
In order to obtain a contradiction to —oo(s,) it suffices to prove that s, — s,41 can
be extended to an infinite reduction sequence. For that purpose it is sufficient to show
that whenever we have t,, —j}— s, with —oo(s,,) then there exists an index m’ > m
and a term s, with s,, =% s, t,y —H— s, and —o0(s,). Hence, let t,, ——¢ sm
with —oo(s,,) and t,, —, t;nq1 such that w.l.o.g. t,,/q is an innermost redex of ¢, for
all ¢ € ). Moreover — due to the minimality assumption (2) above — we may assume

SN(t) for every proper subterm ¢ of t,,/p. Now we distinguish three cases:

(a) Vg € Q : plg: In this case we can choose m’ = m+1 and s, is obtained from s,,

by reduction at position p, i.e. we get t,, 420 Sm —p Smt1s tn —p tmt1 0 Smtt
with =00($m41).

(b) Some of the positions ¢ € @ are strictly below p: In this case we can again
choose m’ = m + 1 by Lemma 3.12 (note that the termination condition needed
for applying Lemma 3.12 is satisfied since SN(t) holds for every proper subterm
t of t,,/p by assumption) which yields the existence of a term s,,4; with s,, —*
Sma1, 700(Smy1) and L1 —H—S! 5,00, Due to 0o(tt1), —00(Sme1) we have
tmt1 Z Sm41, hence tpp1 —H— Spmya-

(c) p is below one of the positions from @), let’s say p > ¢ € Q). Then we have p = ¢
because p is an innermost redex position of ¢,,. From SEM-NO(R) we know that
reducing t,, at position p = ¢ yields a unique result. Thus, choosing m’ = m + 1
and Sp;41 = S we get t, —H—0 Sm — Smt1, tm —p tmia 1—H—>5,1 Sma1
with Q" = Q \ {¢}. Using co(t41), 700(Sm41) We can conclude |@] > 2 and
tmt1 —H—¢' Sm41. Obviously, the reduction s, —* $,,41 is not a proper one
(since we have s,,41 = $,,,) but we know that after at most |Q| — 1 steps (in D)
we must be back in case (a) or (b) in which a proper reduction of s, is enabled
as desired.

By induction we can finally conclude now that there exists an infinite derivation initi-

ated by s,. But this is a contradiction to —oo(s,,). Hence we are done. [

Note that any semantically non-overlapping CTRS is in particluar a (conditional) se-
mantical overlay system with joinable critical pairs. Hence, combining Theorem 3.13
with Theorem 3.10 yields the following result.

Corollary 3.14 Let R be a CTRS. Then the following holds:
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(a) SEM-NO(R) A SIN(R) = COMP(R).

(b) SEM-NO(R) = [Vt : SIN(t) = COMP(1)].

The next result says that innermost reduction steps in semantically non-overlapping
CTRSs cannot be critical in the sense that they may destroy the possibility of infinite
derivations.

Lemma 3.15 Let R be a CTRS with SEM-NO(R). Then there is no innermost

reduction step s — t in R with co(s) but —~oo(t).

Proof: For a proof by contradiction assume s — ¢ with oo(s) but —oo(t), hence
SN(t). Together with s — ¢ this implies WIN(s). Using lemma 3.5 we get STN(s)
which by theorem 3.13 yields SN(s). But this is a contradiction to oo(s). [ |

Obviously, Lemma 3.5, Theorem 3.13 and Lemma 3.15 express generalizations of the-
orem 3.1 (2)-(4). Indeed, it is also possible to prove the following generalization of

theorem 3.1(5).

Theorem 3.16 For any CTRS R the following holds:

(a) SEM-NO(R)ANE(R)AWN(R) = SN(R).
(b) SEM-NO(R)ANE(R) = [Vt : WN(t) = SN(t)]

Proof: It suffices to prove the stronger (b) from which (a) follows easily. For a proof
of (b) by contradiction let us assume that R is a CTRS with SEM-NO(R)ANE(R).
Moreover, let t be a term with W N (t) but not SN(¢). Hence there exists a normalizing
derivation initiated by ¢, e.g. a derivation of the form

D :t=ty—t —=ty— - —>t, 1 —t,,n>0

with ¢, irreducible, hence =00(t,,) and oo(tg). This implies that there is some (unique)
index k, 0 < k < n, with t), —, p—iy trt1, 00(tx) and ~00(tx41). Let us denote the set
of variable occurrences of the left and right hand side of the applied rule P =1 — r
by Qi :={q€ O()|l/qg € V} and Q, :={q € O(r)|r/q € V}, respectively. By lemma
3.15 we know that ¢/p must be a non-innermost redex of t. Since R is semantically
non-overlapping ¢/pg must be reducible for at least one ¢ € Q;. From NE(R) we
know moreover that {tx/pql¢ € Qi} = {tk+1/pglg € Q.}. Furthermore —oo(tyi1)
implies SN (tx4+1/pq) for all ¢ € @), which — by Corollary 3.14(b) — yields COM P(t)
for all t € {tx/pqlg € Qi} = {trs1/pqlg € Q.}. Hence there exist (uniquely defined)
terms sg, Sp41 With t, ——0 Sk —pP—=ior Skt+1, Tk —pP=ior tht1 —H—P Skt1
for Q := {pqlg € Qi}, P' := {pglg € Q.} such that co(ty), ~0o(trs1), ~00(Sk41)-
Since parallel normalization of t; at all positions from () can be achieved by using
only innermost steps we obtain t; —% sgy1 with oo(t;) and —oo(sg41). This implies
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WIN(t) which yields STN(tx) by lemma 3.5 and SN(t;) by theorem 3.13. But this

is a contradiction to oo(t). ]

We shall prove now that the rather restrictive property SEM-NO in Theorem 3.13
may be further weakened by allowing possible overlaps but guaranteeing joinability of
critical pairs. To be precise, SEM-NQO is replaced by SEM-OS A JCP, i.e. corre-
sponding CTRSs have to be semantical overlay systems (i.e. all feasible critical pairs
are obtained by overlapping at top positions) such that all its (conditional) critical
pairs are joinable.

In order to enable a simpler proof of this main result we need the following two auxiliary
lemmas.

Lemma 3.17 Let R be a CTRS with SEM-OS(R) and JCP(R). Moreover let
§ —rp. =iy t be a non-innermost reduction step with SN(s) for all proper subterms s
of s/p. Then there exist terms ', t' and P C O(s), @ C O(t) such that

s—Hop s —pomi ' and s —pommi, t—5
with p < u for allu € P, COMP(s/u) for all w € P, and COMP(t/v) for all v € Q.

Proof: Under the assumptions of the lemma let Q; = {¢ € O(l)|l/q € V} and
Q- ={q € O(r)|r/q € V} be the sets of variable positions of [ and r, respectively, and
define P := {pqlq € Qi}, @ := {pqglq € Q,}. By assumption we know SN(s) for all
proper subterms s of s/p. Due to JCP(R) and SEM-OS(R) this implies by Corollary
3.8 that COM P(s) holds for all proper subterms s of s/p. From SEM-OS(R) and the
fact that the step s —, c——, ¢ is non-innermost we conclude that at least one subterm
sfu of s, u € P, is reducible. Thus s’ defined by s —{—p s’ exists (and is unique).
Since s’ is an instance of [, we can — by applying Lemma 3.7 — also uniquely define ¢/
by s —, c—i—r t'). Moreover, t' can be obtained from ¢ by (uniquely) normalizing all
subterms t/u of ¢t with u € @Q, e.g. t—\H/—%)l. Finally, {t/v|v € Q} C {s/u|u € P}
implies COM P(t/v) for all v € @) as desired. [ |

The next result is a technical key lemma which will be used below in the proof of
theorem 3.19 for properly extending some given finite derivation to an infinite one.

Lemma 3.18 Let R be a CTRS with SEM-OS(R) and JCP(R). Moreover let
§ —rpc=imy t and s —{—y " with COMP(s/u) for all w € U, COMP(s/v) for
all v € O(s) with v > p, Us, := {u € Ulu > p} # 0 and s/u reducible for all
u € Us,. Then there exists a term t' and W C O(t) such that s —H—py s =T ¢’ and
5 —p ooy t —Ho3! 0 with COMP(t/w) for all w € W.

Proof: Let R, s, t, s', p, C = [ — r and U be given as above. W.l.o.g. we may
assume p = A, hence s/p = s = 0(l) =, ,p— 1~ 0(r) = t/p = t, for some substitution
o with o(P) |, and COMP(s/u) for all w € U. Define P, := {q € O()|l/q € V} C
O(s), P, :={q€O(r)|r/qg € V} CO(t). Due to SEM-OS(R) and the fact that s/u is
reducible for all u € U we know that for every redex s/q of s with ¢ > A we have ¢ > ¢’
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for some ¢’ € P;. Hence, every u € U is below or above some ¢ € P;. Now we define s”
by s —H—p s”, t' by tﬁ[—%} t" and show that s —{—¢ s’ —\H/—n%ll §" =, o1y t' holds.
To this end we consider all those positions from U U P, which are minimal among U U P,
w.r.t. <.

o If p € P, is minimal among U U P, such that uy,...,u,, m > 1, are all positions
from U below p then due to COM P(s/p) normalization of s at p can be achieved
by normalizing s at wuq, ..., u, followed by normalizing the resulting term at p.

o If u € U is strictly minimal among U U P, such that py,...,p, are all positions
from P strictly below u then normalization of s at u can be achieved by first
normalizing s at pq,...,p, yielding let’s say § and then normalizing § at u. But
the latter normalization must be empty, i.e. $/u must be irreducible. To see
this, let us assume that §/u were reducible, let’s say at position v with rule
C1 = l; — r1 and matching substitution oy, i.e. o1(lh) = §/uv with o1(C1) |.
By the construction of § we know that $/p; is irreducible for ¢ = 1,...,n. Hence,
uv > X is a non-variable position of both § and [. Moreover we know by the
construction of § that §/u = o'(1)/u for some substitution ¢’ with ¢ —* ¢’ which
implies o'(l)/uv = o1(l1). Applying Lemma 3.7 (note that SN(o(x)) holds for
all @ € V() due to the assumption COMP(s/v) for all v > p = X) we get
o'(P) |. But this means that there exists a feasible critical pair between the
rules ¢y = [} — ry and €' = [ — r which is not a critical overlay due to

uv > A. Hence we have a contradiction to SEM-OS(R).

In summary this means that we have s =y s’ —=* s" —, c—i, t' with s"/p = o'(])
for some substitution ¢’ with o —* ¢’, and s —, c— ., t—&—n%rl t' with COM P(t/w)
for all w € P, due to {t/w|w € P.} C {s/v|v € P} and COMP(s/v) forallv > p= A

Hence, choosing W := P, we are done. |

Now we are prepared to state and prove the following main result.

Theorem 3.19 For any CTRS R we have:
(a) SEM-OS(R) N JCP(R) AN SIN(R) = SN(R) A CR(R), and
(b) SEM-OS(R) A JCP(R) = [Vs:[SIN(s)= SN(s) A CR(s)]],

i.e. any locally confluent and innermost terminating overlay system is terminating and
confluent, hence complete (part (a)) which also holds in the localized version (b).

Proof: It suffices to prove (b) since (a) follows from it. For a proof of (b) by
contradiction let R be a CTRS with the assumed properties SEM-OS(R) and JCP(R)

and let ¢y be a term with STN(t5) but not SN(Zy). Then we consider a minimal
counterexample for ¢y, i.e. an infinite derivation

D: tg—t;—=ty— -

satisfying
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(1) V5 >0 : oo(t;) ,and
(2) Vj>0Vs; : [t; —ptjp1 At; —4 s; with ¢ > p] = —o0o(s;).

The minimality assumption (2) says that reduction steps are performed at deepest pos-
sible positions. This means in particular that innermost reduction steps are preferred
as long as possible. Due to SIN(%p) there must exist some first non-innermost step
in D, let’s say t, —pc=imr tnt1. The minimality assumption (2) implies SN(¢) and
hence COM P(t) (by Corollary 3.8) for every proper subterm ¢ of ¢,,/p. By applying
lemma 3.17 and using (2) we know that there exist (uniquely defined) terms s,, $,41
and P C O(ty), p > P # 0, Q C O(tpy1) with t, —4—p s, —pc—i—r Spt1 and
by —pCmslmr bt %51 Sn41 such that SN(s,) and COMP(t,41/q) for all ¢ € Q.
Moreover, 0o(t,41) and —oo(S,41) imply t,41 Z Spt1, hence t,11 —H—=0 Spt1-

In order to obtain a contradiction to SN(s,), i.e. to moo(s,,), it suffices to prove that
Sp, — Spt1 can be extended to an infinite reduction sequence. For that purpose it is
sufficient to show that

whenever we have t,, —{4—v $,, with co(t,,), 700(s,,) and COM P(t,, /u) for
allue U

then there exists an index m’ > m, a term s,,» and U’ C O(¢,) with s, —7

Smty bt —H= 01 Sy 7100(8pr ) and COM Pty [u) for all w € U'.

Hence, let t,, —pc—i—r tms1 be some step in D (for arbitrary m > n) and assume
w.l.o.g. that ¢,,/u is reducible for all u € U. Then we have to distinguish the following
three cases:

(a) Vu € U : ulp: In this case we can choose m’ = m + 1 and s, = Sppq 18
obtained from s, by applying C' = [ — r at position p, i.e. we get ¢,, —{|
U Sm 7p,C=l—r Sm+1, tm —p,C=>l—r tm—l—l ﬁl/_)U Sm+1 with _'OO(Sm—}—l) and

COMP(tipq1/u) — due to tyq1/u =t,/u —for all u € U as desired.

(b) 3u € U : p > u: From the minimality assumption (2) we know COM P(t,,/q)
forall ¢ > p, ¢ € O(t,,). Hence, applying lemma 3.18 we get a term 8,41 and W C
O(tms1) with s, =T Spi1, bt —\H/—qgvl Sma1y 700(Smp1) and COM P(tp41/w)
for all w € W. Moreover, =00($m,m41) and oo(tp41) imply t41 Z Smi1, hence
i1 —H—=w Smy1 as desired.

(¢) Ju e U : p> u: In this case $,,41 is defined by t,, —, c—ir tmi1 —\H/—%l Sl
From t,, —{—v $m, COMP(t,,/u) for all w € U and p > u for some u € U we
get COMP(ty41/u) for all w € U, and s, = $;uq1. Moreover, —oo(s,,) implies
—00(8m+1) Which together with oo(t,,41) yvields t,,41 # Spm41, hence 11 —H—v
Sm+1- The only problem now is that the reduction sequence passing by s,, is
not properly extended due to s, = $;,41. But from COM P(t,,/u) for all u € U
we know that only finitely many subsequent steps in D can take place below
positions from U. Hence, eventually case (a) or case (b) applies again in which a
proper extension of the reduction sequence passing by s, is possible as desired.
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By induction we can conclude that there exists an infinite derivation starting from
$n. But this is a contradiction to —oo(s,). Thus we have proved the implication
SIN(ty) = SN(tp) under the assumptions SEM-OS(R) and JCP(R). Finally,
applying Corollary 3.8 yields C'R(to). Hence we are done. [ ]

Note that for proving Theorem 3.19 we cannot apply the (simpler) construction used for
proving Theorem 3.13 by means of parallel (unique) one-step reduction. The crucial
point is that reduction of some term ¢ at some position p need not be unique since
critical overlays are allowed. But — as we have shown — it is possible to modify the
construction by performing parallel normalization steps instead of parallel reduction
steps.

Theorem 3.19 states that any (strongly) innermost terminating (conditional) semantical
overlay system with joinable critical pairs is (strongly) terminating and confluent, hence
complete, which even holds in a stronger local version. In other words, for (conditional)
semantical overlay systems it suffices to verify innermost termination and joinability of
all critical pairs in order to infer general termination and confluence, i.e. completeness.
The non-triviality of this result is obvious taking into account the fact that for CTRSs
the critical pair lemma does not hold in general and almost all known sufficient criteria
for confluence presume even stronger properties than termination plus joinability of
(conditional) critical pairs.

4 Conclusion

We have provided an abstract analysis of how various kinds of restricted termination
(and confluence) properties of CTRSs are related to strong termination (and conflu-
ence). In particular, we have proved some new results about sufficient criteria for
(strong) termination (and confluence) which can be considered as generalizations of
known results about orthogonal unconditional TRSs.

References

[BK86]  J. A. Bergstra and J. W. Klop. Conditional rewrite rules: Confluence and
termination. Journal of Computer and System Sciences, 32:323-362, 1986.

[Der87]  N. Dershowitz. Termination of rewriting. Journal of Symbolic Computation,

3(1):69-116, 1987.

[DJ90] N. Dershowitz and J.-P. Jouannaud. Rewrite systems. In J. van Leeuwen,
editor, Formal models and semantics, Handbook of Theoretical Computer
Science, volume B, chapter 6, pages 243-320. Elsevier - The MIT Press,
1990.

[DO90]  N. Dershowitz and M. Okada. A rationale for conditional equational pro-
gramming. Theoretical Computer Science, 75:111-138, 1990.

30



[DOS88a

[DOS8S]

[Gra92]

[Gra93]

[HL78]

[TWS6]

[Kap84]

[Klo87]

[K1092]

[Mid93]

[0'D77]

[RosT3]

[WG93]

N. Dershowitz, M. Okada, and G. Sivakumar. Canonical conditional rewrite
systems. In E. Lusk and R. Overbeek, editors, Proc. of the 9th Int. Conf. on
Automated Deduction, volume 310 of Lecture Notes in Computer Science,

pages 538-549. Springer, 1988.

N. Dershowitz, M. Okada, and G. Sivakumar. Confluence of conditional
rewrite systems. In S. Kaplan and J.-P. Jouannaud, editors, Proc. of the
1st Int. Workshop on Conditional Term Rewriting Systems, volume 308 of
Lecture Notes in Computer Science, pages 31-44. Springer, 1988.

B. Gramlich. Relating innermost, weak, uniform and modular termination of
term rewriting systems. In A. Voronkov, editor, International Conference on
Logic Programming and Automated Reasoning, St. Petersburg, volume 624
of Lecture Notes in Artificial Intelligence, pages 285-296. Springer-Verlag,
1992.

B. Gramlich. Relating innermost, weak, uniform and modular termination
of term rewriting systems. SEKI-Report SR-93-09, Dept. of Comp. Science,
Univ. of Kaiserslautern, 1993.

G. Huet and D. Lankford. On the uniform halting problem for term rewriting
systems. Technical Report 283, INRIA, 1978.

J.-P. Jouannaud and B. Waldmann. Reductive conditional term rewriting
systems. In Proceedings of the 3rd IFIP Working Conference on Formal
Description of Programming Concepts, pages 223-244. North-Holland, 1986.

S. Kaplan. Conditional rewrite rules. Theoretical Computer Science, 33:175—
193, 1984.

J.W. Klop. Term rewriting systems: A tutorial. Bulletin of the European
Assoctation for Theoretical Computer Science, 32:143-182, 1987.

J.W. Klop. Term rewriting systems. In S. Abramsky, D. Gabbay, and
T. Maibaum, editors, Handbook of Logic in Computer Science, volume 2,
chapter 1, pages 2-117. Clarendon Press, Oxford, 1992.

A. Middeldorp. Modular properties of conditional term rewriting systems.
Information and Computation, 104(1):110-158, May 1993.

M.J. O’Donnell. Computing in Systems Described by Fquations, volume 58
of Lecture Notes in Computer Science. Springer, 1977.

B.K. Rosen. Tree-manipulating systems and Church-Rosser theorems. Jour-

nal of the ACM, 20:160-187, 1973.

C.-P. Wirth and B. Gramlich. A constructor-based approach for posi-
tive/negative conditional equational specifications. In M. Rusinowitch and

31



J.-L. Rémy, editors, Proc. of 3rd Int. Workshop on Conditional Term Rewrit-
ing Systems, Pont-a-Mousson, France, 1992, volume 656 of Lecture Notes
in Computer Science, pages 198-212. Springer-Verlag, 1993.

32



