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Abstract

This work consists of two parts.

The first part deals with optimization of large structures of linear elastic material with
contact modeled by Robin-type boundary conditions. The structures model textile-like ma-
terials and possess certain periodicity or quasiperiodicity properties. The homogenization
method is used to represent the structures by homogeneous elastic bodies and is essen-
tial for formulation of the effective properties optimization problems. Existing results for
problems with Robin-type boundary conditions for thermal conductivity are extended to
the case of elasticity. Some results, e.g. Korn’s inequality, are absent in works on conduc-
tivity and are novel. It is also proven that the convergence to the homogenized solution is
uniform with respect to geometrical parameters. Optimization problems are formulated for
the homogenized model only, but the homogenized properties depend on the geometrical
parameters. Poisson’s ratio and effective stress profiles are optimized. In both problems
a beam approximation is used to reduce the cell problems to algebraic equations and ob-
tain derivatives of the effective properties symbolically. For the stress profile optimization
problems, the adjoint approach is exploited for the PDE-constrained optimization problem
resulting from the homogenization. The application of the homogenization approach with
beam models to the problem of optimization of effective properties is new.

In the second part we consider a new model for simulation of textiles with frictional
contact between fibers and no bending resistance. In the model, 1D hyperelasticity and
the Capstan equation are combined. Its connection with conventional hyperelasticity and
Coulomb friction models is shown. Then, the model is formulated as a problem with the
rate-independent dissipation, and proofs of the problem’s proper convexity and continuity
are provided. The part ends with an numerical algorithm and numerical experiments. For

one of them, a comparison of the results to real measurements is provided.
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Chapter 1

Optimization of textile-like materials
via homogenization and beam

approximations

1.1 Introduction

This chapter presents an approach to the microstructure optimization problems of large
structures possessing periodicity or quasiperiodicity properties. These structures consist of
linear elastic material but are not homogeneous. They can be represented by repetitions
of cells or meshes, not necessarily the same but of certain predefined structure. The cells
considered in this work are beam structures, whereby some of the beams can be in contact
with each other. Contact is modeled by the Robin boundary conditions, (see [6] and [24]]
for regularization and linearization of the quasistatic frictional model leading to the Robin
boundary conditions). The goal of the work is to find a microstructure with desired proper-

ties of the homogenized material.

As the properties subject to optimization, minimal shrinkage and closeness of the effec-
tive stress profile under prescribed loading to some given function are considered. Such
criteria are of interest in medical textile industry, for example for compressive stockings
and bandages. With the help of the homogenization method, the effective stress profiles
and the shrinkage can be expressed in a clear mathematical way. Minimization of the

shrinkage properties corresponds to optimization of the effective Poisson’s ratio, which in
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turn reduces to optimization of an algebraic function of the effective elasticity tensor of the
homogenized structure. The stress profile optimization is formulated as a PDE-constrained
optimization problem.

There is a vast literature available on shape optimization via the homogenization method.
See, e.g. [2] 4] [15] [42]]. In these works, homogenization is used primarily as a relax-
ation technique for the design space of the optimization problem stated for the initial non-
homogenized problem. The book [2] provides an in-depth analysis and a comprehensive
introduction to the homogenization with generalizations to the non-periodic case and a rich
summarization of the works on the topics existing at the time.

The approach of our work differs from the existing approaches in the role of the homoge-
nization: for us the homogenization is an essential part of the statement of the optimization

problem itself, not the relaxation technique.

The homogenization of models with frictional contact on the contact interfaces is studied
in [[12]. It turns out that for the Tresca friction model it is in general impossible to separate
the scales. However, the model with Robin-type conditions can be used for regularization
of quasistatic contact problems, see [6] and [24]. For such problems, the homogenization
result with scale separation is available in [23].

For the cell problems, beam models are used as a solution approximation technique to
reduce the three-dimensional elasticity with Robin-type conditions to an algebraic system
of equations. In this case the derivatives of the cell problems’ solutions, which are necessary
for the classical gradient-based optimization, can be computed exactly by means of auto-
matic symbolic differentiation. Homogenization of beam or rod systems without contact is
considered in works [|5], [36} 50| [51]]. Results related to the reduction to beam models for
Robin-type boundary conditions are available in [6]. The extension of the results of [6] are
used to formulate algebraic systems for the cell problems.

The papers [50] and [51] are of particular theoretical interest. The authors develop the
idea of representation of thin elastic structures by measures and formulate the convergence
results of the homogenization using the convergence of these measures. Along with the
size of the periodicity cell, the second parameter corresponding to the thickness of beams
in the network is introduced and the limits of the solutions are investigated with respect
to both parameters. Three cases of the relation between the parameters are studied, and
the results are in agreement with the earlier work [37]], where the complete asymptotic

expansion method is used.
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Optimization problems in the framework of [50] and [51]] are considered in the arti-
cle [25]]. The optimization problem is stated for the initial non-homogenized problem, and
then the limit with respect to the period of the structure is taken. The standard questions of
convergence of the objective functional and the minimizers arise, and they are investigated
in the work. It is shown that the solution of the homogenized optimization problem can be

used as a suboptimal control for the original problem.

In our work we do not investigate the question of convergence of the objective func-
tionals and their minimizers with respect to the limit taken by the period of the structure
or thickness of beams. The optimization problem is formulated for the homogenized model
only, which is quite natural for our example application. Namely, we consider the effective
Poisson’s ratio and the effective stress profile optimization problems. Both deal with the
effective properties, not some quantities available in the original model. A statement of
our optimization problems for the original model would require some non-trivial artificial
constructs.

PDE-constrained optimization is a well developed field nowadays. The adjoint approach
used in this work is similar to that of [2]. The general approach is described in [22, 27]].

After this introduction, a set of geometries considered in this thesis is described. Then a
general description of the 3D direct problem in Section[1.3]and the basic results of existence

and uniqueness of the solutions are provided.

Before the homogenization results are formulated, the issue that the geometry from
Section|1.1|is repeatable in connected manner only in two in-plane directions is addressed,
but three-dimensional homogenization results are used. This problem arises from the ge-
ometrical fact that any geometry modeling a knot or any interlacing of yarns is essentially
three-dimensional, but the limiting structure — a fabric, is essentially two-dimensional.

A similar setting was considered in Chapter 3 of [36], where the limiting behavior of the
solutions of conductivity and elasticity problems are considered for a 3-dimensional domain
shrinking to a plate. Some additional symmetry assumptions are required for out-of-plane
bending equations and in-plane membrane equations to separate, since for a plate with
a non-symmetric structure the in-plane moduli are coupled with the bending constants.
Strictly speaking it is hard to differentiate the in-plane and out-of-plane moduli. That is
why we will define the in-plane moduli of the textile via some extension of the textile to
a 3D composite. Consider a 3D composite material consisting of an infinite periodic set

of identical parallel plates “immersed” into some soft matrix, filling all space out of the
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plates except for some small empty spaces (holes) around the contact interfaces between
the fibres. The Young’s modulus of the matrix is supposed to be of the order of a small in
comparison to the fibers’ Young’s modulus parameter ¢. It can be seen that the solution of
the elasticity problem set in one plate with the Neumann condition on the lateral boundary
is close to the solution of the elasticity problem set in a 3D composite material (see the ficti-
tious domain approximation, Section . The homogenized moduli A?fk‘?(é) of this 3D
composite can be defined according to the standard homogenization theory (see, for exam-
ple, [5,136]]), modified with respect to the Robin-type interface conditions in Section [1.3.5|
(for the conductivity setting this is done in [23]).

Let us define the in-plane moduli of the plate as the limit as 6 — 0 of the above homog-
enized moduli with the subscripts 1 and 2 only, multiplied by the in-plane period of the cell
of the knitting pattern of the textile-like material ¢( (see Section for details):

Ajjh = eo lim AYR(), d.5 k.1 € {1,2}.

According to the fictitious domain theory for periodic cell problems ([5, [36]) we obtain
the algorithm for the calculation of the in-plane moduli AP = (A;?Zl), 1 <4,4, k1 <2
described in Section [1.3.51

The homogenization topic is discussed in Section where the scaled version of
Korn’s inequality with respect to the period of the structure is provided. Such result is
crucial for the justification of the homogenization. For problems with Robin-type jump con-
ditions at the interfaces this result is new. Similar results for a different type of problem
are presented in the state-of-the art work [11]], and we use the similar technique for the
proof. In Section the homogenization results of [23]] are extended to elasticity prob-
lems using the statements of the previous sections. This homogenization result is new. In
Sections the thickness parameter ;1 and geometry parameter g are discarded, be-
cause they don’t play any role in the homogenization and overload the notation. Further
the geometrical parameter ;. is mentioned only in Section [1.6, where a question of relation
between 1 and ¢ is dealt with briefly. In the rest of the work it does not play any important
role and is omitted. The geometrical parameter appears again in Section where it is
shown that all the solutions and homogenized properties used in this part depend continu-
ously on the geometry described in Section The continuity results are proved with the

help of techniques from [13]]. In Section [1.4.2]it is proved that the 2-scale convergence of
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the homogenization is uniform with respect to the geometry. The corresponding extension
of the Arzela-Ascoli theorem is provided. This result is new, but the constructions in the

proof are the same as those used in the context of small domain perturbations from [33].

The optimization problems and their solution strategies are described in Section [1.5
The mainstream adjoint state technique is used for the stress profile optimization prob-
lem. At the level of cell problems, elastic beam models help to reduce the computational
burden while computing the homogenized tensor and its derivatives. This is described in

Section Finally, our numerical examples are presented in Section (1.8

1.2 Description of the geometry

1.2.1 One-dimensional geometry

Consider two non-parallel planes 7, and m5. Assume that the origin O belongs to the inter-
section line [ = 7; N m and the coordinate axis Oz is aligned with [. Let the angle between
the planes be 5 < 7 and the plane Ozz evenly divide this angle. Let the axis Oy be such
that the system Oxyz is right-oriented. Introduce point B = (0, 0, h)T and two rays r11 € m
and r15 € m; with the origin at B, and ry; € 79 and 792 € o with the origin at O. Denote

the direction vector of r;; by d;;. Let

sin(a/2) cos(6/2) —sin(a/2) sin(5/2)
di1 = | —sin(a/2)sin(B/2) | » di2 = | sin(a/2)sin(3/2) |,
—cos(a/2) —cos(a/2)
sin(a/2) cos(B/2) —sin(a/2) cos(5/2)
dy1 = | sin(a/2)sin(8/2) |, do2 = | —sin(a/2)sin(8/2) |, «€ (0;m).
cos(a/2) cos(a/2)

Observe that axis Oz is the bisecting line for angles r1; Br12 and 791 Ors2. Both angles have
magnitude « and belong to m; and 75, respectively. The distance between r1; and ry;, and

between 712 and ry5 can be computed explicitly:

(sin?(a/2) sin?(8/2) + cos*(a/2))2

diSt (T‘H, 7”21) = diSt (’r‘12, T‘QQ) = 2h |sin(a/2) 51n(ﬁ/2)| 1 i COSQ(a/Q) — sin2(a/2) Cos(/B) .
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It is clear from this expression that one can always choose & in such a way that
dist (7'11, 7"21) = dist (7'12, 7'22) = 4M(1 — C), C € (0; 0.01). (1.1)

Such choice ensures that semi-infinite cylinders of radii 2, with axes r1; and ro; intersect,
and that the intersection has a non-empty interior.

Denote the point of r1; closest to ry; by Py1. Define Pys, Po1, Pas in the similar way for
T12, 721, and ro2. Further, for ¢ € {1,2} and j € {1, 2} introduce points J;; = P;; + 4ud;;.
Define the sets of segments I')j = {BPi1, P11Ji1, BPi2, PiaJ12, OPa1, Po1.Jo1, OPsg, PaoJas}
and T} = I'fy U {P11 P, Pi2Py}. Geometrical transformations of I'jy will form the set of
axes of the cylinders, whose union forms the textile-like domain. At the same time, the
same transformations of I'f contain additional segments, which correspond to the contact
interfaces between (almost) cylindrical parts of the textile-like domain.

Define I'; (g2, gy) and IT';7 (g2, gy) as the images of I'}j and I'{ under the following trans-

formation N:
1. rotation around axis Oy by the angle v + 7/2,
2. swap of the second and the third coordinates,
3. translation by (g, g4, 0) for g, € [0.4;0.8] and g, € [0.4;0.8].

For a point € R? the matrix of the mapping N can be written down as follows:

Ya sin(y) 0 —cos(7)
N(z)=|[g, | + |cos(y) 0 sin(y) |=
0 0 1 0

Introduce notation P’;; = N(P;;), J';; = N(J;;) fori € {1,2} and j € {1,2}, O' = N(O)

and B’ = N(B). For the following parameter values

% (92, gy) and T (gs, gy) have their x and y coordinates in the interval (0;1), and the
points closest to sets {z = 0}, {z = 1}, {y = 0}, {y = 1} are Ji,, Ji,, J5;, J}4, respectively.
Introduce F;&K(gwagy) = Fl;((gx,gy) U {BQQJéQ, B21J£1’ Blgjiz, Blljh} and F;&CK(gx,gy) =
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Figure 1.1: A set similar to F;&K(gm, Gy)-

I 1 (92, 9y) U { P11 Py, Py Phy}, where
1 0.5 0.5 0
Bu=|[Jly |, Biz= 1 , Boa1= 0 y B = | [J5],
[J11ls [J12]5 [J31]5 [J32]3

Here the i-th component of a vector (or a point) a is denoted by [a],. The choice of points
B;; guarantees that I'), ;- (gz, gy) and I, % (g, g ) touch the boundary of the set {« € [0; 1]} x
{y € [0;1]}. An example of what I, ;- (9., gy) looks like is shown in Figure Note that

the coordinates of By; and B;» do not depend on the geometry shift parameters (g, g, ).

Let Fi’;((gw, gy) be the reflection of I', (g, g,) with respect to the plane z = 1. Let
Fi’;{ (92, gy) be the image of F’jf i (9z, gy) under superposition of the following two reflec-
tions: the first with respect to the set x = 1/2 and the second with respect to the plane
y = 1. Let F#U#f(“ (9z, gy) be the reflection of I‘i’;((gm, gy) with respect to the plane z = 1. De-
fine Fi‘l‘(c (9, Gy)» Fi‘;ﬁ (9, 9y), and Fii’w(ggg, gy) analogously as the images of I'#“. Define

R, U UR
F@(goca gy) = Sl/2 (P;QK(QJ:: gy) U F#l;((g:ca gy) U F#;;((g:ca gy) ) F#Ku(g:ca gy)) s

R U UR
'Y (92, 9y) = S1y2 (F;;CK(gz, 9y) UT 25 (925 9y) UT 5 (9 ) U T (924 gy)) ,

where S/, is the uniform scaling operator with the scaling coefficient 1/2. Observe that
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'Y (92, 9y) and I'{"(gz, g,) are subsets of set {z € [0;1]} x {y € [0;1]} and that set

Fgo(gxygy) = U Tkz,ky (Fé(gmagy)) )
ko €7 ky €T,

where T}, , is a translation operator by k, along axis Ox and by k, along axis Oy, is infinite

and periodic in x and y set. Note that set

Fgg(gx)gy) = U Tkm)ky (F/;/C(gscv gy))
ke €Z,ky€Z

is infinite, connected, and periodic in z and .

Observe that due to the independence of coordinates of Bis and By on (g, 9y),
F’; 5 (912, 91y) can be connected to the translation F;; (922, g2y) in the vertical direction
even if g1, # gor and g1, # go,. For a sequence of geometrical parameters {g*, g’yf L kez,
define

FM {gxugy U TOk (U TmO( gx7gy))> ) (12)

keZ meZ
ritot o) = Uie (U oo (k) ). a3)
keZ meZ

Note that set [45({gk, g&}) is connected and infinite, but not necessarily periodic.
Assume that g, and g, are elements of C(R?% R). Introduce a new parameter ¢ and
define

T (gar gy) = S= (T4 [{g2(e(k +1/2)), gy (e(k + 1/2))} 7)) -
Le4(ges gy) = Se (TAS [{g2(e(k +1/2)), gy(e(k + 1/2))}c]) -

These two sets represent scaled structures, for which the geometrical parameters are de-
fined by two continuous functions. As usual in homogenization, parameter ¢ will be as-
sumed to be small, and these definitions adjust the defining sequences from and
accordingly.

Introduce the enclosing domain Q3P. Assume it has a piecewise-Lipschitz boundary and

satisfies the cone condition [19]. In our work Q3P = Q x (0; H3p), where ( is a Lipschitz
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two-dimensional domain. In our example application €2 will be a rectangle. The following

two sets will be of interest in the sequel:

Fs,u(gx’ gy) = QgD N Fiéu(gara gy)> F€7u6(9x7 gy) = QgD N Fgo'uc(ng gy)'

It will also be convenient to consider I'>* as a weighted graph. Sometimes we will
refer to the segments as to edges, and to segments’ ends as to nodes. Denote the set of all
segment ends by N and for each node n € N, let E(n) be the set of all segments incident

to n.

1.2.2 Three-dimensional geometry

For all the sets mentioned in the previous section we define the corresponding three-
dimensional preliminary geometries as Minkowski sums of one-dimensional geometries
with open ball B* of radius i centered at zero. Due to the choice of geometrical parameters
and (1.1I), any such 3D geometry will have self-intersections. Each of these intersections
is a lateral intersection of exactly two cylinders of the same radius and non-parallel non-
intersecting axes. Our aim is to state a 3D elasticity problem with Robin-type conditions
at the contact interfaces. Therefore, we have to first eliminate any self-intersections of the
geometry and then define the contact interfaces accordingly.

Since the intersections are always lateral intersections of exactly two cylinders, it is
enough to consider a general case of two intersecting cylinders of the same radii. Denote
the cylinders by C; and (5 and their axes by a; and as. Assume that C; and C5 are closed.
Let P; and P, be the closest points of a; to as and as to a; respectively. Consider plane m,;q
parallel to a; and as and equidistant from P, and P,. Observe that R = C7 N Cy N Tmiq
is a parallelogram P,;q. Denote the closed half-space with respect to m,;q containing a
by V1, and the half-space containing as by V5. Let C; = int (C; \ (C2NV3)) and Cy =
int (C2 \ (C1 N'V1)). Define

S =C1NCy, int (S) = @, measgyf (S) # 0 (1.4)
and note that

CiNnCy =@. (1.5



10 CHAPTER 1. OPTIMIZATION VIA HOMOGENIZATION AND BEAM MODELS

Figure 1.2: Sketch of a contact interface between two cylinders.

However, Pyiq C S. Observe that S = (V4 N0C; N Ce) U (Vo NdCy N C1) U Pyiq. The sets
mentioned are shown in Figure For statements of elasticity problems instead of C; U,
we use C; and Cs, and S as the contact interface. Due to and (L.5)), the sets can be
used as domains for elasticity problems with Robin conditions at S.

Consider set Opyer = o ({9ay» 9y, }) + B*. At each translated component I'}; (g%, g&)
there are eight lateral intersections of cylindrical surfaces. Denote the modification of the
set O! .. ({9z+ 9y, }) according to the technique described above by 0% ({gz,, gy, }) and
the union of all its contact interfaces by S5 ({gs,,qy,})- For given continuous functions
g, and g,, the set 057 (g4, gy) is defined in a similar way, but with I'5¥'(g,, g,,) instead of
I'5% (92, gy) and BH instead B* in the Minkowski sum. The corresponding contact interface
set is denoted by S5° (g, 9y)-

Define a two-component continuous function g € C(R?,R) x C(R?,R) and the following

set:
o = 03PN OL+5([91,gl2)-

Define S} as a union of all contact interfaces in Oy’°. Further in the optimization problems,
only the restriction of g onto ) will be important. Further in this section we denote this
restriction as follows: g € C'(2,R) x C(Q,R).

Remark 1. In subsequent sections the symbol g is always used for the geometrical param-
eters. The underlying functional spaces will vary. For example, for the sections dealing
with periodic case, the geometry is parametrized by two numbers. For quasi-periodic set-

ting, parametrizations by Lipschitz and H? functions will be considered. Finally, in the
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numerical examples the geometrical parameters will be either piecewise-affine functions
or two real numbers. The corresponding function spaces will always be mentioned in the

corresponding section.

In the sequel the set Of° will be considered as a union of cylinders with their axes
obtained from the corresponding transformations of I's; ({g, , gy, })- All the cylinders have
circular cross-sections of radius p everywhere except in the vicinity of the contact points.
We ignore this issue when considering one-dimensional problems for the beams and treat
their cross-sections as circular everywhere.

Denote the j-th connected component of Og* by O}
the number of these connected components does not depend on g and p). Let S’;:; =

for j = 0,...,m® (note that

Sg°NO,’;. The 0-th component is assumed to have a special property: throughout this part
it is assumed that for O} Dirichlet conditions are prescribed at some part of 9O}, with
non-zero measure. By the construction procedure of the geometry, for any j there exists a
sequence d,k=1,...,KJ such that c{ =0and C]KJ = j and for all integer m > 1, m < K7,
the components (’)55 are connected by an interface of non-zero measure, i.e.

e Al e [h,E
Sgiij = Ogii N Oglj, measaus Sg's ;> 0.

Note that set
HE 3 H,E
Ogc = int Og

is a connected domain suitable for statement of an elasticity problem. The following rela-

tions are true: OF° C Ofc, O° N SHe = &, O Urelint (S*°) = Ofe.

1.3 Description of periodic 3D direct problem

This section starts with a description of the periodic homogenization setting. Assume that
g is periodic (and g is the restriction of a periodic function onto §2). Since p and g will not
play any role in this section, they are omitted in the notation.

The domain O is a union of connected open bounded Lipschitz domains O, 0 < i <
M?¢, each representing a single fiber. The contact interface S between the fibers is known.
The part 005, of the boundary 00° N 0N is fixed. The rest of 0O° \ S¢, denoted by 005, is

load-free.
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Consider the following problem:

V- (A%(z)e(u®(x))) = f°(x) in O°,

u® = 0 on 00%,,

Afe(u®) -n(x) = 0 on 005, (1.6)
Afe(u®) -nS = A%(u) -n° on 5%,

(
Afe(uf) -n = e 'R° [uf] on S°,

where f° is the volume force, [-] on S° denotes the jump of the vector on the opposite
sides of the interface S°, n(x) is the normal vector to the interface. Matrix R® is the
Robin condition matrix, it is assumed to be an element of M™ (S¢). We say that matrix
R € MT (5°) if and only if

1. R € L>™(5¢,R3%3),
2. R is symmetric and positive-definite.

In our case
R (x) = rpn(x) @ n(x) + r(I — n(x) @ n(x)), rn >0, 7 > 0. 1.7)

Tensor A°® is the elasticity tensor, that is assumed to be an element of 7 (OF). We say that
tensor T € 7+ (O°) if and only if

1. T € Loo(oa R3X3X3X3)

2. T satisfies symmetry and coercivity conditions

[T]ijkl = [T]klz’j = [T]jikl = [Tbﬂka 1<i,5,k 1 <3, (1.8)
FANA>AS0, A|M)?>TM : M > \|M> VM € M™%,
where M®™s is the space of symmetric 3 x 3 matrices. We additionally require that the

boundaries 0O; are piecewise Lipschitz and each O satisfies the cone condition (see [19]).

Remark 2. In this work Sobolev spaces on non-connected open sets and trace spaces on
non-connected boundaries are considered. These non-connected sets and boundaries are
always finite unions of non-intersecting domains and boundaries in the classical sense (i.e.

open connected sets). This is different from the standard theory, but is natural for our
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problem (see also Section 3 in [23]). The extension of the inner product of H! onto unions
of domains with interfaces can be done in at least two different ways, which are both logical:
the first approach is to extend it with integrals of the traces on the interfaces (as it is done
in [23]]), the other is to take the sum of the standard H' inner products over the connected

subdomains.

The second approach implies that for non-intersecting connected open sets O;, 1 < i <
M and 0 =¥, 0,

(w, ) 10y = (w, v) mH (UM, 0) = Z U, ) 10,

with the norm defined accordingly.

For H'/2 the same construct is used, namely, for non-intersecting connected open sets
0;, 1 <i < M and connected open sets I';, 1 < j < K, such that forany j: 1 < j < K,
there exists i: 1 < i < M such that I'; C 00;, we define I' = U]K:1 I'; and

H1/2 m H1/2

where the holdall set is all functions defined on 0. The norm is defined as follows: for
any u € HY/?(T),

lall 72 Z el grrrer,) -

All fundamental properties of standard H' and H/2 spaces hold for H! and H./>.

Introduce the space of functions H! (0%, 005,) as follows:

H} (0°,00%) = {u € H}(O%): u=0at 005} .
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The weak formulation of problem (L.6)) reads: find u® € H! (0¢,00%) such that

Afe(u®) : e(v)de + E /5 (R° [u?], [v]) ds =1°(v),

0* c (1.9)

Ew) = [ (f0) do,

where f¢ € L?(0?), for all v € H!(0¢,00%). The notation (a,b) denotes the scalar
product of two vectors a and b from R3. To ensure uniqueness of the solution it is assumed

that for some i the set 007, N O has a non-zero surface measure.

1.3.1 Auxiliary elasticity results

In this section auxiliary results used to prove the existence and uniqueness of the problems

arising in homogenization are provided.

1.3.2 Korn’s inequalities for connected chains of domains

The existence of the solution of the main problem (1.9) and cell problems introduced later

is based on the following general

Theorem 1. Let Q;, i = 1,..., M be bounded Lipschitz domains such that Q; N Q; = &,
QN =Ty, 0=UM, 0, T = U%:l L';;. Let R be the space of rigid displacements. Let V be
a closed subspace of vector-valued functions in ﬂ;vi L HY Q). Let V={veV: [v]=00onT}

Assume that V N = {0}. Then every v € V satisfies

(e('v))2dx+/['v]2 ds. (1.10)

T

M
>~ [0l 0, < CE (o), where £(v) = |
j=1 @

Proof. The theorem is proved from the contrary: assume that there exists a sequence of
vectors {v"} € V such that

M
Z”UmHHl(Qj) =1, E(v™) = 0asm — oo. (1.11)
j=1

By the compactness of the imbedding H!(Q2) — L?(Q), there exists a subsequence m; — 0o

such that for some v € L?(Q2) we have v"™ — v in L?(2). According to the second Korn’s
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inequality, for every Q; we have

o™ — vaZI(Qj) <C (va+p - "’mHiQ(Qj) JF/Q (e(v™P — vm)ik)2dx) <

J

<C (va+p - ”mH;(Qj)

+E(w™rP — vm)) .
The first term in this expression tends to zero because v™ — v in L?(Q2), and the second
term tends to zero by the assumption (T.11). It follows that v™ — v in H}(Q2). Since V is

a closed subspace of ﬂjj‘i , H1(9;), we conclude that
M
veV, Yol =1 @) =0.
j=1

The latter equality implies that v € V and that e(v) = 0 in Q,j=1,...,M. Then by
the same argument as in Theorem 2.5 in [34], v € R. Therefore, v € R, v € XN/, and
Zj\i 1 vl H(o,) = 1. But this contradicts the condition V NR = {0}. The theorem is
proved. O

1.3.3 Extension to fictitious domain

This section opens with the following general result similar to the extension-type theorems,
but in our case it will also be used for homogenization purposes. The solutions of elas-
ticity problems with Robin conditions on yarns (sets G defined below) are extended to a
connected periodical three-dimensional domain by partially filling the void space (set G2
defined below) with a soft material. The purpose of such extension is to obtain a set which
can be repeated in the out-of-plane direction, so that three-dimensional homogenization re-
sults can be used for the geometries which converge to a plane geometry. This allows us not
only to prove Korn’s inequalities using standard techniques for perforated domains, but also
to use three-dimensional homogenization for the problem, where the limiting geometry is
plane and has a zero thickness.

Note that for geometries with certain symmetry conditions, the homogenization proce-
dure without such extension is possible, see Chapter 3 of [36]. Although a very important
question of convergence with respect to both the stiffness of the soft matrix material and

the period of the structure arises, we do not study this question in this work. After the
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justification of the three-dimensional homogenization for the material with the soft matrix,

the in-plane homogenized properties A'™P are obtained according to
Ay = eo lim AURR(6), i k1€ {1,2).

See Section for more details on this relation. After this section, we imply everywhere
the functions extended according to the results of this section without using § in the nota-

tion.

Let G = (0; L1) x (0; L) x (0; h), let G; be a union of open non-intersecting domains
t,1 < i < M, such that G; C (0;L1) x (0;Ls) x (a;8), 0 < @ < B < h and that sets
Iy =90G1N{z1 =0} and I'; = 0G1N{x1 = L} are non-empty and have a positive Lebesgue

measure. We assume that G is a Lipschitzian boundary. Let

OGN = (0; L) x {.1‘2 = 0} x (0;h) U (0; L1) x {I‘Q = LQ} x (05 h).

Sets

SY—0GiNOGI, 1<i<M,1<j<M,i+j
i=M,j=M .
Si= |J 0GinaG
i#j
i=1,j=1
represent the contact interfaces between the connected components of G;. Let dGY =
0G1\ (TgUT'1 U S;). We assume that S; has a positive Lebesgue measure and that G is a

connected Lipschitz set.

Consider the following problem

~V - (Ale(u)) = fin G,

u=0onIl'gUI',

Ale(u)-m =0o0ndGY, (1.12)
Ale(u) -n, = Ale(u)-n_ on Sy,

Ale(u)-ny = R'[u] on Sy,

where f € L?(Gy), A € TT(G1), R € MT(S)).



1.3. DESCRIPTION OF PERIODIC 3D DIRECT PROBLEM 17

\
e,

Figure 1.3: The textile layer in 3D (on the left) and an element of the geometry used for
the extension.

Let ¢ be some small positive number and define

7=min | ¢ min diam (Si]> , min dist (S’i”l, S?]Q> , min dist <S?, ('?G) ,
Z?]v:v’l#]v (Z1731)¢(127]2) INE 571']7é®
Sy #o ST g 51272 40

i.e. such a number that sets B = 7 + B", 1 < i < M, 1 < j < M intersect neither
each other, nor G, and that 7 is small with respect to the size of Sij themselves. Let
B =; . z; BY. Define Gy = int (G \ Gy \ B). A schematic illustration for the geometries
is provided in Figure

From the definition of 7 it follows that G5 is a connected set. Additionally, it is assumed
that its boundary is Lipschitz (the set subtraction of B from a Lipschitz domain is in general
not Lipschitz), so that the standard elasticity problem on G5 can be stated. The boundary

of G5 can be represented, up to some smooth curves, as the following union:
0G9 = OGN Ufo Ufl U 0G12 U@Gf,

where 0G 12 = 0G1 N 0G5 and 8G2B = (G \ Gl) N oB.



18 CHAPTER 1. OPTIMIZATION VIA HOMOGENIZATION AND BEAM MODELS

Extend the parameters of the problem (1.12)) on G5 as follows:
x), x € Gy, Al(z), xeG,

Flz) = J(z) B A () = (z) 1

0, x € Go, 5A2(:12), x € Go,

where A% € T+ (G) and § > 0. Consider the following fictitious domain problem:

;

—V - (A%e(u’)) = F, in int (G1UG,),
ud :Oonfonl,
Se(u’)-n =0o0ndGY UIGE, (1.13)

Se(u®) -n, = A’e(u’) -n_on Sy,
(

B

)

i

e(u?) -my = R' [u’] on Sy, u’ is periodic w.r.t. 23 with the period h,

where Iy = {21 = 0} x (0;L3) x (0;h), Ty = {&; = L1} x (0; L) x (0;h). The cor-
responding variational formulation for (I.12)) is: find v € H'(G1,ToUT;) such that
Vv € H! (Gl,ro U Pl),

Ale(u) re(v)dz+ [ (R'[u],[v]) ds = / (f,v) dz. (1.14)
G1 S1 G1

For (T.13) itis: find u® € Hel#3 <G1 UGs, ToU fl) such thatVov € Hel#3 (G1 UGs, Ty U fl)

/GlUGZ Ale(u’) : e(fv)ach/S1 <Ré {ua} ,['v]> ds = /Glua2 (F,v) de, (1.15)

where He1 43 (G1 U Go, fo U fl) is the closure in the H!'-norm of the set of functions from
(O (Gl,fo U f1> N Ce° (Gg, fo U f1>, periodic with respect to x3 with the period h. In
other words, the Sobolev space of functions, periodic in the third direction and satisfying
the Dirichlet conditions at the z1-sides.

Observe that problem can be interpreted as problem (1.14), where the void space
is partially filled with some “weak” material. Further we will also refer to fhis material as
“soft matrix” material. It is crucial that by the repetition of G; UG5 with respect to the third
axis one arrives at a periodic connected set.

It turns out that for § sufficiently small, the solution of the extended problem approxi-

mates the solution of the original problem in G;.
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Theorem 2. There exists a unique solution u to problem (1.14]) and there exists a unique
solution u® to problem (I.15). For the difference u — u® an estimate holds:

< C9, (1.16)

=] <
HL(G1)

where C' is a constant independent of ¢.

Proof. Existence and uniqueness follow immediately from Corollary (2), because prob-
lems (1:14) and (I.I5) are of the type[1.9}

Consider an auxiliary problem

,

—V - (A%(u,)) = 0in Gy,

u, =0on (O \ To) N (I \ Ty),
u, = u on 0G1a,

A?%e(u,) -m = 0o0n dGY UOGE,

u, is periodic w.r.t. z3 with period h.

The uniqueness and the existence of the solution to this problem are standard. By the

standard a priori estimate, the following holds:
||uaHH1(G2) S Cl ||uHH§/2(8G12)' (1-17)

Consider the function u € Hel#S(Gl U Go, fo U fl),

(1.18)
ug(x), x € Go.

_ {u(a:), x € Gy,

Consider w = u® — @ € Hel#g(Gl U Go, fo U fl). Equations (1.14) and ((1.15)) yield

/ Ade(w) : e(v)dx —|—/ (R'[w],[v])ds = =6 [ APe(u,) : e(v)dz (1.19)
G1UG> St Go

for any v € Hel#3(G1 U Go, ToU fl). By the boundedness of A2 and (I.17)),

’6 A?e(uy) : e(v) de
G2

< 00 [[uall g1 () 101l 1 ay) < 6CLC2 ||UHHC}/2(3G§V) 10l () -
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Let us choose v = w in G. We get from (1.19) and the last estimate
/G L Aew):e(w) da +/S (R w]. [w]) ds < 6C,Ca [[ull 12 e, T0lls -
1 2 2

Note that w satisfies homogeneous boundary and periodicity conditions everywhere at the
boundary of the problem (we mean 'y, I';, G and the sides (0; L1) x (0; Ly) x {x5 = 0}
and (0;L;) x (0; L2) x {zs = h}, not the interfaces). This allows us to apply the trace

theorem with respect to G'1, G2 and 9G12 to estimate |[w||4, by [|[w||q,:

Il 6,y < Collwll 2,y < CoCr ||wHHé/2(8G{V) < CoCiCs |l g1y -

Finally,

Ale(w) s e(w)dz < |

Ale(w) : e(w) dx + (R' [w], [w]) ds <
G1UG> S1

Gt

< 6CoCCyCy HUHH;/?@GIQ) lwll 16y -
Applying Korn’s inequality, we get
Cullwl| g,y < 6CoCIC2Cs HUHH;/Q(%{V) lwll 1) -

The assertion of the theorem follows. O

1.3.4 c-scaled Korn’s inequality

In this section we deal with the solutions extended using the soft matrix mentioned in the
previous section. Korn’s inequalities obtained in this section use the soft matrix material as
a connected perforated domain used in [[11},[34] to obtain Korn’s inequalities with constants
not depending on ¢.

For homogenization purposes one needs the estimate of the type for e-scaled
domains with the constant in the inequality not depending on ¢. In this section the corre-
sponding result is formulated.

Let Q,,, m = 1,...,q be 1-periodic sets in R? such that

1. Ty = 0Q,, N O, are piecewise-smooth Lipschitz surfaces (m # n); I'y,, € B™",

where B™" are open connected sets in R? such that forany / = 1,..., ¢ set
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(a) The cylinders, the layer and parts of the sets 2; (b) extension from the white cubes to the black
and 2, representing fibers. cubes

Figure 1.4: Sets used in the extension lemma

int ((R®\ (BUQ)) U) is a 1-periodic domain with Lipschitz boundary,
B=J)? B™ Q=L Qs

m,n=1
2. foranyl=1,...,q,int ((Q\ (BUQ)) U (QNE)) is a domain with Lipschitz bound-
ary, @ = (0;1)°;

3. R\ (BUQ) contains ( T oG ) U (U2 o Li), where Cy; are cylinders

{m ER3: (z1 — 1) + (22— §)° < 7“2} with some positive r, Lj are layers
{x eR3: |z3 — k| <r}.

Lemma 1. Let I, J, K be positive integers. For any | € {1,...,q} there exists an extension of
a vector-valued function w € H' (int ((Qrsx \ (BUQ)) U (2 N Q1ik))) to
ue H! ((Q[JK \E) U (Qk N Q]JK)) and to ’l:l, S Hl(Q[JK) such that

I3,

L2(QrsK)

< O [ Va3 < Gy || Vull7o

Qrix\BUQUQrK)) int((Qrsx\(BUQ))U(uNQrsk))) "’

| @)1

~\ 1|2
L2(QriK) =G ”e(u)“L2((QIJK\§)U(QF‘IQUK)) =

2
=Gy ”e(u)HL2(iﬂt((QIJK\(EUQ))U(WIHQUK))) ’
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where Q = (0; 1) x (0;J) x (0; K), C; and C5 are independent of u, I, J, K.

Remark 3. Sets ; correspond to threads, I',,,,, correspond to the contact interfaces between
the threads, Q \ (B U Q) corresponds to a set occupied with the soft matrix material in a
single unit cube. Finally, set Q. x \ (BUQ) is a connected perforated domain filled with the
soft material. Lemma [1| means that it is possible to extended displacement fields from the
set occupied with the soft material to the whole volume with the corresponding bilateral
estimates on the H'-norms of the functions. The constants in the estimates do not depend
on I, J, K, i.e. the relation of the size of the domain to the size of its single periodicity cell
does not affect the constants in the bilateral estimates of the norms. Later in Proposition

this fact will be expoited to prove Korn’s inequality with the constant independent of ¢.

Proof. The extension is constructed first in the layer (R? x (0;1)) N Qsx (in the layers
R? x (k; k + 1) it is done in the same way). We proceed in 2 steps: we call “black” cubes
¢ij = (i59+1) x (457 +1) x (0;1) with even ¢ + j, and “white” all other cubes with odd
i+ j. At the first step we construct an extension from int ((¢; ; \ (BUQ))) U (4N g ;) to
((2:;\ B)U(Q2nNg; ;) and then to ¢; ; for even i + j as in Lemma 4.1 from [34]. At the

second step we construct the extension from

int ((qij \ (EUQ)) U (ﬁlﬂ qz‘j)) U ((qi_1 ;UG ;UG j—1Ugi j+1) \ BU
U (gi—1j YU it1 ;UG j—1 UG j41) NQ)

t0 (¢ j Uqim1UGit1 UG j—1 UG j41) \BU (¢ jUgi—1;Ugiy1jUg j—1Ug j41) U and
then to ¢; j U ¢i—1 j U gi+1 U ¢ j—1 U g; j+1 for odd i + j; if i (j) equals O or I (J), then
the cubes ¢;_1 j, ¢i+1 j, ¢i j—1, ¢ j+1 with the values of subscripts out of [0; I] (or [0; J]) are
omitted. O

For any set F denote by F* its contraction F© = {a: ceR: ZerF } Consider the space
£

IA{[& of vector-valued functions u defined in (Q \ B¢) U (Q N Q¢) vanishing for z; = 0 and
such that forany / € {1,...q}, u € H* ((Q \ B5) U(Q N)).

Proposition 1. There exist C3, C4 > 0 independent of ¢, such that Vu € ﬁol,

2 2 2
Iz (@ Bouinas) = G IVEllL(@umu@nae) < Calle@lLz(@imeuenas) - (1:20)

Here ¢ is sufficiently small.
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Proof. Make the change of variables y = x/c and apply extension Lemma (1| from
H' ((Qu/: \ B) U (Q1/: N ) to H' (Qy/.), where Q. = (0,1/¢)*. Then we immediately

obtain the estimates of the proposition by contraction. O

1.3.5 Homogenization of 3D direct problem

This section opens with important corollaries from statements of Section Then the
homogenized problem is described and then the analog of Theorem 6.1 and Theorem 7.1
from [23], which characterize the convergence of the solutions of the e-problems to the
solution of the homogenized problem, is stated and proved. After these two corollaries,
all estimates and all problems in this section imply that the fictitious domain technique
described in Section is applied. In other words, we fix some § > 0 and imply that
all domains and elasticity problems are modified according to (1.13). For all sets from
Section with symbol “O” in the notation, the corresponding connected modifications
are denoted similarly with symbol “Q2” instead of “O0”. At the same time there will be no ¢
in the notation for the elasticity tensor, i.e. we re-define A® and f* to be the corresponding

extensions of A° and f° from Section[1.3]|from O¢ onto Q°.
Corollary 1. Inequality (1.10) holds for any u € H} (0¢,005%,).

Proof. Take H! (0¢,005,) as V. Observe that in this case V coincides with H' (€, 8Qp) =
H' Q) N{u: uw =00ndNp}. Since H'(Q:) N R = {0}, Theorem [1] is applicable and the
corollary is proved. For details on spaces H'(2,~) see [34]. O

Corollary 2. Problem (1.9) has a unique solution for any ¢ and f¢ € L*(0?).

Proof. The proof is similar to classical proofs in mathematical elasticity except that Korn’s
inequality now has form and the bilinear form on the left-hand side of includes
the boundary term. The coercivity and boundedness of the bilinear form follows from
conditions and (T1.8). The equivalence of the induced norm to the norm of H!(O?) is
proved in Lemma 3.6 in [23]. Finally, the existence and uniqueness in H}!(O¢) follow from

Lax-Milgram theorem. O

Corollary 3. There exists H'-extension of u° of the solution u® of problem (L.9) to Q¢ from
O¢, such that

12 1 02y < Cllwtll gz oy »
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where C' > 0 depends only on O°.
Proof. The statement follows directly from Theorem O

For homogenization purposes, we need a straightforward modifications of Theorem
for some fixed ¢ to have a material connected along the direction of the axis x3 and having
a coercive elasticity tensor. The potentially important question of the limiting behaviour of

solutions with respect to both § — 0 and € — 0 is not studied in this work.

Proposition 2. Let u® be the solution of problem (1.9) There exists Cg > 0 independent of ¢
such that

[l g1y < Cr 1l 220 -

Proof. The proposition follows directly from Proposition [1f and coercivity of the bilinear
form of problem (1.9). O

Consider the following problem on the encompassing domain 3P
/an Abrome(y0) : e(v) da = /QSD <fh°m,v> dx, Yve H(QP 00%) (1.21)
for u® € HY(Q3P,003P). The corresponding strong form is

v (Ahome(uO)) — fhom in QBD’
u® =0 on 003D,

Arome(yOn(x) = 0 on IN3P.

By Qy denote the 1-scaled periodicity cell of 2%, and let Sy to be the contact interfaces

between the connected components of y-. The homogenized tensor A™™ is defined by

?j@ﬁ = / eij: Ale(wy) + ex) dy =
oy (1.22)

=/, Ale(wij) + eij) : (e(wyy) + ex) dy + i R[wj] [wy)] ds,

where

R(z) = rpn(z) @ n(z) + (I —n(x) @n(x),  rm>0, >0,
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e;; are the unit basis vectors in the space of deformation gradients. In three dimensions

they are
1 00 0 1/2 0 0 0 1/2
en=|0 0 0|, e2=en=|1/2 0 O0f, esz=en=|0 0 0 |,
000 0 0 O 1/2 0 0
000 0O O 0 0 00
exx=|[0 1 0|, es=exp=|[(0 0 1/2|, e3=]0 0 0O
000 0 1/2 0 0 01
The functions w;; € H ;& (Qy), 1,7 =1,...,3 are the solutions of the following cell problems

/ @ww)+&ﬂ:Adex+/iuﬂwMJﬂwk:O Vo e HL(Qy)  (1.23)
Qy Sy

the corresponding strong form is

—V - (A(e(wg;) + ei;)) = 0in Qy
A(e(wij) + eij) Ny = A(e(w”) + eij) -n_ on Sy, (1.24)
A(e(wij) + eij) Ny = R['LUU] on Sy,

where H # (Q2y) is the closure of Y -periodic functions from C™ (2y ) in the norm of H! (Qy ).

Introduce a closed subspace of functions with zero average from H;é (Qy):

Hyo (Qy) = {u € Hy (Qy): /Qyudzc—O}.

Theorem 3. There exists a unique solution of problem (1.23) foranyi,j =1,...,3.

Proof. The idea of the proof is to apply Theorem [1|to obtain Korn’s inequality for the prob-
lem (1.23)). Then the theorem follows by the application of Lax-Milgram theorem.
Transform the left-hand side of (1.23)) into a bilinear form with respect to the unknown

function:

/Qy(e('wij)‘l-eij) . Ac(v) d$+/

Wwij|, |V S = €ij - AE(V) ax a# w;;,v),
[ (Rl ) 4 / Ac(v) da + a* (wi;, v)

Qy

a#('wij,'u) = /Q e(wij;) : Ae(v)dx —1—/S (R [wyj], [v]) ds.

Y
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This bilinear form is coercive by conditions (1.7) and (1.8).
Observe that

{v: v E H#(Qy), [v] =0 on SY;/

vdz — 0} — L, (int (),
Qy

here it is important that int (Qy) is a connected open set which connects the opposite sides
of Y. Therefore this space is a classical space of periodic functions with zero average. It is
easy to see that Hy, (int (Qy)) N R = {0}. We can use H}, (int (2y)) as V and HygasV

in Theorem |1|to prove the Korn’s inequality. The statement is proved. O

In order to extend the results of [23]] to elasticity, the Poincare inequality formulated in
Lemma 3.3 and Proposition 3.4 therein have to be replaced with the corresponding Korn’s

inequality. It is provided by the following

Lemma 2. There exists Cp > 0 independent of ¢ such that for any uw € H' (QF)
el ey < Cp (lle(u) s ey + " a3 ) (1.25)

Proof. The lemma follows from Proposition [I| by an addition of a non-negative term
e |[u] ||256 to the right-hand side of the inequality. O

Remark 4. It might look like it is not important, which term to add to the right-hand side
of (1.20). In general case where the fictitious domain technique is not used, this power
crucially affects the convergence with respect to . It follows from the scaling techniques
used in papers [23] [11] that the choice of ¢! as a power is the only case where the con-
tact interface terms affect the properties of the homogenized medium without ruining the

convergence of the solutions of e-problems to the solution of the homogenized problem.

From now on, we deal with the fictitious domain modifications of problems

and (1.9):

V- (A (@)elut (@) = £ (@) in €,

u® = 0 on 0925,

Afe(u®) - n(x) = 0 on 00, (1.26)
Afe(u®) -nS = A%(u) - n° on S°,

(
Afe(uf) -n5 =e 'R [uf] on ¢
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and its corresponding weak formulation: find u® € H! (0¢,00%,) such that

1
Afe(u’) re(v)de+ - | (R°[u°],[v]) ds =1*(v),
o © / : (1.27)

Cw)= [ (f10) da.
Further, Theorem 4.1 of [23] in our setting is formulated as follows:

Theorem 4. There exists Cx > 0 independent of  such that for any solution u® of (1.27) the

following inequality is true:
lle(u) 11 ey + € 1wl 72(se) < Cre 151720 - (1.28)

Proof. The theorem is proved by the standard application of Cauchy-Schwarz inequality to
weak formulation (1.27) for v = u®. d

Remark 5. In the homogenization theory for perforated domains it is common to divide
the right-hand side of by the volume of the material in the periodicty cell, see the
expression for the homogenized tensor of Section 1.1 in Chapter II of [34]]. We do not have
this fraction in the expression for the homogenized tensor, but the corresponding multiplier
appears in the limit of the right-hand side volume force. This causes no significant changes

in proofs.
The main homogenization result used in this work is the modification of Theorem 6.1

and Theorem 7.1 from [23] for the case of elasticity:

Theorem 5. Let u® € H' (QF, 995, be a sequence of solutions of (1.27) and assume that

lim  sup / <fh°m —Qy] ff,ru> dx — 0,
0per (00 00°) SO
lo]l=1

where |Qy| is the volume of Qy. Let u® € H' (3P, Q37) be the solution of (T.2I). Then
u® — u strongly in L* (Q°P),
1o: A%e(u) — A"™Me(u®) weakly in L? (Q°P),

le(we) = eu®) = ey ()| oy = 0,
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where
3
(x,y) = Z e(uo(m))ijwij(y)-
ij=1

Proof. The proof repeats the proofs of Theorems 6.1 and 7.1, but with the Poincare inequal-
ity replaced with the Korn’s inequality (1.25) and boundedness result (1.28). O

1.4 Continuity with respect to the geometry variations

In this section it is proven that the homogenized tensor, the solutions of the cell prob-
lems and the e-problems are continuous with respect to geometrical parameters g. All the
quantities, i.e. the elasticity tensor, the Robin condition matrix, the right-hand side and the
solutions of the elasticity problems become dependent on g. Everywhere in this section it is
assumed that g € U7 C R?, where U is some compact set.

Note that in this section functions defined on different domains have to be compared,
and it is not possible to simply estimate the norm of the difference. Various approaches
addressing this issue exist. For our purposes, it is enough to “transport” the functions onto
some reference domain and then to work with the norm of the difference of the “trans-
ported” functions. This technique is called function space parametrization, see Section 2.2
of Chapter 10 in [13]. Namely, we define Qg = 05(g,) to be the non-scaled infinite
periodic reference domain (see Section for the definition of 0%5,(g,)) and for any
g < Ug define the orientation-preserving diffeomorphism T'g such that it transforms {g°

into Q4 = Q4. (g) together with the contact interfaces:

Ty (25(90)) = 25c(9),  Tg(55(90)) = 55(9)- (1.29)

Under the action of this diffeomorphism, the integrals in weak formulations and expres-
sions for the homogenized tensor change their form according to the standard formulas for
various cases of integration by substitution. These formulas can be found in Section 4 of

Chapter 9 in [[13] and further in this section.

Remark 6. The notation for transformation of functions deserves clarification. For some
point z € Qg° denote its image T'g(x) by y. Assume a three-dimensional field u, is defined

on {)4. By the substitution of T'y(x) in ug4, we arrive at a new function uy(7T4(x)) depending
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on x. Following [13]], we denote this function by ug o T'g. It is obvious that ugo Ty 0 T;l =
ug. In the sequel we will actively use Jacobi matrices of ug and ug o Ty. For consistency
with the classical notation, the Jacobians of the functions from elasticity will be denoted by
the symbol V, for other quantities the symbol D will be used. Jacobians are always taken

with respect to the argument of the last function in the superposition, i.e.

Ougi(y) Ougi(y)  Ouga(y)
oy 0y Oyn
aUg,2 (y) aug,2 (y) o aug,? (y)
Vug = o 0y OYn 7
8Ug,n (y) 8ug,n(y) o 8ug,n(y)
Oy Y2 OyYn

the derivative is taken with respect to the argument of ug4, and

ug1(Tg(x)) Ougy(Tq(x)) o Oug1(Ty(x))
o0xy 0xa oxy,
Oug2(Tg(x)) Ouga(Tq(x)) o dug2(T'g(x))
V(ugoTy) = 0y 02 Oy, ,
Qugn(Tg(x)) Ougn(Ty(x)) o M
0r1 0xo oxy,

the derivative is taken with respect to the argument of T'y. The chain rule applies here and

has the following form:
V(ug oTg)(x) = Vug(Ty(x)) DT g(x),

where “Vug(T4(x))” means the Jacobian Vug at the point T'y(x), not the chain derivative

with respect to . The arguments’ parentheses (x) and (T'y(x)) will often be omitted.

Remark 7. The diffeomorphisms T’y can be defined explicitly using the velocity method,
see Chapter 4 of [13]. These fields can be found for the geometric constructions of Sec-
tion explicitly. Since this material is very elementary and cumbersome, we omit it.
In the sequel we assume that all the objects corresponding to our geometries set have the

proper smoothness properties.

Assumption 1. The family of diffeomorphisms Ty satisfies the following conditions:
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1. Ty, =1,
2.¥geUj, Tge WH(Qg),

3.VgeUZ Q,=(Ty) ' € Wh(QR),

AN

- V91,92 € U; HT91 - TgQHWLoo —0,as g; = gy,

631

. Tg4 is periodic with the same periodicity properties as §1g4.

1.4.1 Continuity of the homogenized tensor and homogenized displacements

In this section it is proved that the solutions of the cell problems and the form
are continuous with respect to the geometrical parameters g. As in the cell problems and in
the expression for the homogenized tensor, here we deal with a single periodicity cell, not
with the whole periodic domain. This is indicated by the use of Q4 y and Sy y as domains
instead of Q24 and Sy.

Recall the following elementary domain and integral transformation rules: for any
diffeomorphism T' € Wh>(Qg y), any volume field f € L'(Qq,y), any surface field
k € L'(Sg,v), and any differentiable volume field h € W11 (Qg v ),

* the volume integral transformation rule is:

/ Fly) dy = / FoT(x)|det (DT(2))| dx, (1.30)
T(Q) 0

* the surface integral transformation rule is:
/ k(s,) ds, = / ko T(s,) |cof (DT(s,)) v| dsa,
() r

* the function’s gradient and symmetrized gradient transformation rule is:

VhoT =V (hoT)(DT) ",
1 T
e(h)oT = B (V (hoT)(DT) ' + (V (hoT) (DT)_1> ) =erp(h)oT, (1.31)
where for any invertible M € R™", cof (M) = det (M) M ™', and v is the unit

normal vector to the surface (due to the structure of the integrals, in this section it
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is not important, whether it is an outward or inward unit normal vector). We will

also use the notation M~7, meaning the transpose of the inverse for any invertible
M € R™"

Consider some g € Ug such that g # g,. By the application of (1.30)-(1.31) it is
possible to transform problems (1.23) and the entries of the homogenized tensor from g y
to (g, v, whereby all fields f defined on €2y correspond to the fields f o Ty on Qg y:

/Qg7y<e<w%<y>> e Ag-cw@)dy+ [ (Rols,) [wh(s,)] [os,)]) ds, =

Sg,Y

= / (eTg('ng + q;‘-”j)) oTg:AgoTy- er, (v) 0 Ty |det (DTy)| dx+
Q

g90,Y

—i—/ <Rg 0Ty [w?j o Tg} vo Tg]> |cof (DT g(8g)) V| dsg =0,
S,

g90,Y

(1.32)

for any v € H;é (2g,y), where qigj € H' () is any function continuous with respect to g
such that e(q;‘.’j) = e;j, i,j = 1,...,3. Note that the definition of H# for all values of g
is the same. Moreover, due to the periodicity assumption on Ty, v € H#(ngy) implies

voTgy € H#(ngy). For the integral for the homogenized coefficients one arrives at

A= [ Ag(w)led) + ) (clwl) + e dy+
+f (Byta) [ (5] o)1) iy =

(1.33)
= / AgoTy e, (w% + qigj) e, (WY, + qf) |det (DTy)| dx+
Q

g90,Y

+ /s <Rg 0Ty {wfj o Tg} , [w?, 0 Tg]> |cof (Tg) V| dsg.

g90,Y

The continuity of the homogenized tensor is proved in two steps: show the continuity

of the solution of (1.32) with respect to g, and then the continuity of the form (1.33) with

g

respect to wy, which, in turn, depends continuously on g.

Assumption 2. The coefficients Ag, Ry, f, are continuous with respect to g in the following
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sense:
|Ag 0Ty — AgoHLoo(QgO,y) -0,
[Rg 0Ty — RgoHLoo(Sgo,y) — 0,
Hfg °oTy — fq, 12(Qgq.v ) — 0
as g — go.

Assumption 3. In the sequel we will need Theorem 1| formulated for domains depending on g
with the constant C depending continuously on g.

Let Q9 = Tg(S%), i = 1,..., M, where Q; are the domains satisfying the conditions of
Theorem |1} By analogy with the theorem, define Q9 = T'g3(Q2), I'Y = Tx(I"), V9, rigid dis-
placements space R, and V9 = {v € V9: [v] = 0 on ['9}. Assume that V9 NR = @. Then by
Theorem [I|every v € V9 satisfies the modified Korn’s inequality

M
> 0l as) < C7E9(v). where £9(v) = [

e*(v) dx +/ [v]? ds. (1.34)
i=1 e

Tg

Additionally, we assume that C9 € C (Ug).
Theorem 6. Let 'wigj be the solution of (1.32) and the transformation diffeomorphisms satisfy
conditions ofAssumption Then wf; o Ty € C(Ug, Hj, (Qq,.v))-

Proof. In (1.32) transfer all known terms to the right-hand side. This yields the following

problem:

Ag(wd 0Ty, 00T (wl,voTy) =fl(voTy), VuveHyQy,

i)

g) t Rg
Ag(u,v) :/ﬂ AyoT,- % <Vu(DTg)1 + (Vu(DTg)1>T) :

g90,Y

; % (V'U(DTg)_l + (vung)-l)T) det (DT,)| da,

Rg(u,v) = /S (RgoTg[u],[v])|cof (DTg) V| dsg,

g90,Y

S =- [

: % (VU(DTg)l + (VU(DT9)1>T> |det (DT)| de.

AgoT,- % (v <q§j o Tg) (DT,) ' + (V (q;‘.’j o Tg) (DTg)l)T> :

g90,Y
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Consider g; — g,. It is straightforward to verify that Assumption |1/ and Assumption

guarantee the following relations:

sup H
’UGI{1 (ng,y),
lvll=1

(W(DTQQ)*1+(Vv(DT92)’1)T) - (W(D:rg1 )"+ (Ve (DT, )’I)T)

‘—)0.

HAgl oTg, |det(DT91 ) | —Agy0Tg, |det(DTg2 ) | H£(5+ (s+ (ngyy)),s-‘r (5+ (ngyy)))ﬁoa

sup ||Rg1 oTg, |cof(DTg1 )u|7Rg2 oTg, ‘COf(DTg2)V| ||£

—0,
vi =1 (£2(Sgq,¥):L2(Sgq,v))

[[det(DTg, )| Ag, 0T, o1y, (a2 )oTg, ~|det(DTg, )| Agy 0T gy o1, (427 0T, | 0.

st (ng,y)

These, in turn, guarantee that the bilinear form By (u,v) = Ag(u,v) + R4(u,v) is itself

continuous with respect to g:

sup ‘(l’)’g1 - Bg2)(u,'v)‘ —0asg; — gs- (1.35)
u,veEH! (ng’y),
l[wll=[lv]l=1

Consider the coercivity constant cg 4, defined as

CBg = inf Bg(v,v).
veH}(Qg,,v)
[vl=1
Let us prove that this quantity is bounded from below by some positive number not de-
pending on g. Observe that for any u € H}%O (Qqy), Bg(uoTg,uoTy) = E9(u), the
Korn’s inequality (1.34) is applicable (see the proof of Theorem [3)). Together with uniform
non-degeneracy of DTy by Assumption (1} this delivers ¢z 4 > 0 for any fixed g. For any
v € Hj, (Qq,y) one arrives at the same result by considering u = v o Ty € Hy (Qgy)-

We obtain that for any fixed g, cg 4 > 0.
Further, consider the uniform coercivity constant
cinf = inf cggq > 0.
in gEUg g

By the Assumption |1|and Assumption 3] ¢ 4 is continuous with respect to g. But due to the
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compactness of Ug, there exists g;,; € Uy such that

Cinf = CB7ginf7

but the latter is positive. Thus, the uniform coercivity of By is proven.

The boundedness of By is proven in the similar way, but instead of Korn’s inequality the
trace theorem should be used.

Therefore, By is uniformly coercive and bounded. Since functions wfj are the solu-

tions of
Bg(wf 0o Ty, v) = f5(v)  VveH' (Q,y), (1.36)

where ffj are bounded by the same continuity-compactness argument, we conclude that
wfj o T4 is a uniformly bounded family of functions. By Assumption 1| this implies that w:?j
is also a uniformly bounded family of functions.

Finally, let wg ! and w 2 be the solutions to (1.36) for g = g, and g = g,, respectively.

Subtract the correspondmg transported weak formulations:

(?jl_ ing)('U):Byl( i'lOTgla v) — By, (w i'QOng’ v) =

= By, (w lngp v) — Bg, (w "IOTQQ’v)+‘892( i'lOTgp v) — Bg, (w QOnga v) =
= (Byg, — Bg,)(w}j 0 Ty, v) + By, (w]} 0 Tg, —wi? oTy,,v) VoeH (Qq,y).

In the latter estimate we can put v = %1 oTg, — w;; 92 o T, and obtain
. g1 T, — g2 T B, —B 91 T T, — g2 oT <
Cinf wij °olg, w;;© 2 +( g1 92)(w © 91’w ;o 91 wzy 92) —
Hl (ng Y)
<B.92( glnglinOTwaloT *’LU'%QOT )+

+ (891 - Bgz)(wgl OT917w ; OT91 - w; o OTQQ) = (flj o f?JQ)( Zl OT91 o ,ngz T92)'

As g, — gy, the term (B, — Bg,)(w}; o Tguw L oTg, — wy; 92 0 Ty, ) tends to zero by the
continuity of By (1.35) and the uniform boundedness of wf; o Ty. The right-hand side
(75 = f72) (wi} o Ty, — wf? 0 Ty,) tends to zero due to the cont1nu1ty of §7..

Thus, by letting g, — 92 we arrive at the statement of the theorem. O

Theorem 7. Let the transformation diffeomorphisms satisfy conditions of Assumption |1} Then



1.4. CONTINUITY WITH RESPECT TO THE GEOMETRY VARIATIONS 35

Agom € C(UZ,T™) is uniformly coercive and bounded, i.e.

e € R, h9™ > 0: Vg € U2 Ahomm m>dm:m VYmeST,

inf inf inf

h h 2 4h h (1.37)
ICap € R, Capy* > 0: Vg € Uy, A"m :m < Coi'm = m Vm e ST.

sup sup sup

Proof. The continuity can be proven by the same argument as in the previous theorem by
showing the continuity of the functions under the integral signs in (1.33).

The symmetry and positivity properties follow from the symmetry of the forms of
and from the standard homogenization results, which can be applied right after it is proven
that the bilinear form of the cell problem is coercive and positive-definite.

The uniform coercivity and boundedness are proved by the continuity and compactness

argument in the same way as in Theorem [6] O

Finally, consider g-dependent form of problem (1.21):

u) € H' (°,003) - - Abome(u

):e(v)de =

- /QBD< gom’”> dz Vve H' (QP,005). (1.38)

Theorem 8. Assume the conditions of Theorem |Z] are true. Then the solution ug of prob-
lem is continuous with respect to g, i.e. ul € C (UZ, H' (2*P,003))).

Proof. Consider arbitrary g, and g, from Ug2. By subtraction of weak formulation (1.38)) for
g = g, from the one for g = g, and addition-subtraction of the term

Jopo Aho”1 (ug,) : e(v) dr, one arrives at

hom hom 0. hom 0 0. _
/Q N (Ag‘l) — Al ) e(ul) ) : e(v) dz + /Q ApTe(ul —up,) : e(v) da =

:/ (fhom — from v} dw, Vo e H' (2P, 007).
Q3D

— 20 0 - o -
Put v = uy — ug_and use estimate and standard Korn’s inequality:

2
0 hom 0 0 0 0
< — . — =
g2 H1(Q3D) — /QSD A g2 ( 91 ugz) 6(u91 ugz)d$

_ hom hom 0 hom hom 0 . 0 0
B /9313 <fgl f92 ¢ u92> dx — /QsD (Agl A92 )e(ugl) ) e(ush o ugz) dz.

hom

Cinf Hu -—u




36 CHAPTER 1. OPTIMIZATION VIA HOMOGENIZATION AND BEAM MODELS

The right-hand side can be estimated from above by

hom hom
H f u91 u92

‘ 0 0

’Hl(QSD 6Q3D) H1(Q3D)

hom hom 0 o _ .0
+ HA A92 ‘LOO(Q3D) ‘ugl H1(03D) )ugl Ug, H1(Q3D)

Finally, we arrive at the inequality

horn 2,0 hom hom

Cinf Hu g, HY(Q3P) — Hf ‘ H=1(Q3D,003) +

hom _ 4hom 0
+ HA Ag, ‘LOO(Q3D) ‘ugl H1(Q3D) (1.39)
Assumption |2| guarantees that
) 2
3Cywo: Vg € Uy HugHHl(mD) < Oy,
hom _ pghom
Hf 92 ‘Hl(Qi”D 093P =0, 3591 go.
’ D

By passage to the limit g; — g5, we arrive at the statement of the theorem. O

1.4.2 Equicontinuity of the two-scale convergence of the homogenization re-
sult

In this section the diffeomorphisms between the scaled domains (2 are considered. This
time () is used as the reference domain and assumptions similar to Assumption [1| are
used, but for a different diffeomorphism. Namely, the standard homogenization transfor-
mation of the argument /¢ and then multiplication of the function by ¢, are used for the

diffeomorphisms.

Recall that Ty transforms the infinite set Q5 (g,) into Q5 (g). As usual in homoge-
nization, the diffeomorphism, which transforms their scaled versions Q52" (g,) and Q5 (g),
can be obtained by some proper scaling of T'y. Introduce the uniform scaling diffeomor-
phism S.. Observe that if T'; satisfies (1.29), then

‘I; =8.0Tg308: (1.40)
€
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satisfies

Ty (265 (90)) = 265 (9) and Ty (S57(g0)) = S&7(9)- (1.41)

In classical notations, T;(x) = Ty (£). It is important that the determinant and cofactor

of DT are not scaled by ¢, because
DTy (x) = DT, (%)

It can be seen from the direct computation: D%, = DS:DTyDS;. Since DS. = cl,
the terms DS, and DS cancel out. It follows that no additional gcaling will enter the
transformed integrals of weak formulations, and all the theorems on continuity with respect
to g of the solutions of e-problems can be proved in exactly the same way as in
Theorem @ Further we will refer to Assumption [1/in the context of . In such cases we
mean that T is defined according to (L.41), whereby the assumption holds for T',.

Recall that our elasticity problems are stated for the domains of the form
Qg = QN QL (g), and we need the diffeomorphisms which transform g, into Qg, not

just the scaled infinite periodic domains.

Assumption 4. There exists a family of diffeomorphisms T, satisfying the following condi-

tions:
1. T, =1,
2. VgeUz, Ty e Wh™(Qy,),
3. VgeU2 Q= (T5) " e wh>(Qy,),

4. Vgl,QQGng, HTZl_TS? oo—>0’ aSgl—>gz,

Wl

5. DTy € O (RY x U2, 1 (%)), 305 > 0: < | DT

matrix is continuous with respect to ¢ and g, and it is uniformly bounded with respect

) < (Cjy, i.e. the Jacobi

toe > 0.

Remark 8. Unfortunately, definition (1.40) does not ensure that ‘Z; (ng) = (y. The
problem is that the periodicity cells intersecting 0f) have to be transformed in a different
way than the periodicity cells lying wholly in the interior. Such irregularities are common

in studies of periodic media and usually it can be shown that the effect vanishes as ¢ — 0.
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The last condition of Assumption [4] is satisfiable. Observe that for any rectangular §2
with its sides parallel to the coordinate axes, there exists Ty such that 7 defined according
to actually satisfies all the conditions of Assumption 4], where the Jacobi matrix is
not scaled by ¢ at all. For each fixed ¢ the restriction of T on the set of points of {2, having
distance to 0f2 higher that the diameter of the periodicity cell, also satisfies the conditions. It
remains to carefully extend Ty, to the boundary layer. Nevertheless, we omit this procedure

and make Assumption

As in the previous section, all quantities are transformed to the reference domain Qg .

Introduce the notations for the transported functions and their gradients as follows:

€ — o, €
u _ugng,

2[; = A; o T; ‘det (DT;)
%2 = R; o T; Hcof (DT;) v
fo = f5 0Ty |det (DT)|,

Dug, =V (u 0 TS) (DTS) ™,

)

)

e(ug) = % (@u; + (’)DUZ)T> :

All these transported quantities are defined for x € g, for any g € Uy. Then the closeness

of functions ugl and UZQ can be formulated in terms of the norm of the difference ufh — uzg.

This transformation notation is chosen in such way that each term of the weak for-
mulation (1.27) on QZ corresponds to the similar term on QZO. Namely, for any g € U2,
1 1
we H' (Q),and v € H' (9),

Age(u) :e(v)dy = A (x)e(u) : e(v) de,

€
ng

g
i/Sgg (Rg [u],[v]) ds, = i/ss <9‘i§0 [u], [U]> ds,

/Q6 (f,v) dy = /Qs C:;g,n> dx.

Due to the non-degeneracy condition from Assumption (4, with this notation all the esti-
mates of Poincare and Korn type for non-transported functions are true for the transported

functions. The constants may change, but there exist universal constants such that the
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estimates are true for all g € Ug2 by the same argument as in proof of Theorem @

Theorem 9. Let ug denote the solution of (1.27). The family of solutions ug is uniformly
equicontinuous with respect to g, i.e. for any n > 0 there exists 6(n) > 0 such that

I3 g
Sup g, — Ug,

e>0

<n

H'(9,)
for any g,, g,, provided that ||g; — g,|| < d(n).

Proof. The proof is provided for non-homogeneous Dirichlet conditions. Consider the weak
formulation for @y, = uf — ki, where ki, € H' (Qf ) is the extension of the Dirichlet bound-
ary condition into (2. Assume that its transported version is continuous with respect to g,
ie.tg el (Ug2, H ‘1(920, 0905, 4))- By virtue of standard estimates on the norms of solution

of elliptic problems, one obtains

o€ o€
ug 1 ugz <

Hl(ng) -

€
[91

21z, — 2

2

<€ (1ot —

ez on,)]

where [;1 e C (Ug,H*1 (Qg())) and constant C' does not depend on ¢, g,, g;, and g,.
Since A (x) = Ag(e ') for any g € U,

25, — = <
91 [P L(Hl(QZO)J_]—I(QgO))
< |2, -2, . |2, - 2, iy 03 g1 =gl 0¥ >0

Recall that Vg € Uy

19l -1(05,) < Fall -1 (o, ) + [lldet (DTg) | D(AgDEg)]].

The continuity of the term with §; w.r.t. g follows directly from Assumption See also
Lemma 2.1 of Section 2.4 in Chapter 10 from [13]]. To prove the continuity of the second

term, introduce a new function

g (T) = [det (DT5) | D (A5 Dk;) (T)
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Denote by Y,, a zero-centered periodicity cell Y shifted by vector m € Z". The following

relations chain is true:

w0 (2) -t () te <o 55 [ o (5) o (2] 0=

= 30 [ [, € - @) de <

eYmCQ
|Q’ ]89[ maXi:L“.m ’YOz‘
< Sgp (m +e ‘Y‘ > /;( ‘ngl(&) - d)g2(€)‘ dg <
‘Q’ |8Q| maxi:17,_,7n |Y01|
< <\Y\ + Emax 7] >/Y]¢gl(g) R GIR

Here enax can be assumed to be equal to 1. The last expression tends to zero as ||g; — g»|| —

0 if 9 4(&) is continuous with respect to g. Indeed,

H¢91 — Y,

kg

_|_

L2(Y)

ey < 196

Hc(Ug,Loo(Y)) Hm’; ~ Dk,

Hc(Ug,L2(Y)) 24, — Q(QQHLoo(y) —0as [lg; — gl = 0.

The a priori estimate also yields the uniform boundedness in g. This concludes the

proof. O]

The following theorem is a generalization of Arzela-Ascoli Theorem for the weak or

two-scale topology.

Theorem 10. Let {uj} be a sequence of functions such that:
1. it is a uniformly bounded w.r.t. ¢ subset of C(ng, LQ(QZO)),
2. it is uniformly equicontinuous in L2(Q§0).

Then it contains a subsequence {u;} which two-scale converges to a limit
wyg € C(UZ, L*(2°P x Y)), i.e. for any function v (z,y) € D(Q*P, C2,(Y)),

per
i

Proof. The proof is similar to the proof of Theorem 2.5.4 in [33]]. Note that Ug contains

lim — 0.

e—0

(), e ar) das — 11/’/}/11079(93,5)1/)(93,5) d¢

€
90

a dense countable subset. Denote this subset by $l;. Due to the boundedness of {uj},
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for each g; € Ug it is possible to extract a two-scale convergent subsequence with the limit
ugg, € L? (%P x Y) (see Theorem 1.2 in [3]]). We proceed by the application of the Cantor

diagonal procedure. Namely, for g, € LI, we extract from {uZ } a subsequence {uiil } which

two-scale converges to 19 g, . From {ui_ } we extract a subsequence, two-scale converging
1
for g = g, and so on for all g; € ;. We finally arrive at the subsequence {uj;} that

two-scale converges to g g, (z,§) for all g; € Uy, i € N.

The continuity of the limit function ug g (x, §) with respect to g follows from the uniform

equicontinuity of {uj} and density of tl,. Indeed, for any g;,g; € 4,

. ~E ~E
L2(QxY) = 21—% Huk’gi<w) N ukgj(w)‘

i, (@) — 117, ()|

Hu@gi(w,ﬁ) —uo,gj(waf)‘ £2(Q) ~

—0as ||g;—g,/| = 0. (1.42)

< sup 12(2)

By the density of 4, in Ug, forany g € Ug there exists a sequence {g,} € I, converging
to g. By (1.42)), the sequence uy 4, is fundamental in L?(23P x Y). Therefore, it has a limit
which we denote by 1 4. Note that by again, this limit does not depend on the choice
of the subsequence. Further, for any g,, g, € U4 we can choose two sequences from 4, and
by application of prove that

HuO,gl ($, 6) — Uo,g, ($, 5) HL2(Q3D xY) <e.
It remains to prove the point-wise two scale convergence for any g € U;. Indeed, for

an arbitrary g € Ug pick a sequence {g,} converging to g. Let ¥° = ¥ (x,&), & = ¢ ',
1 € D (Q,C5, (Y)). Fix some ¢ > 0. We have

per

<]

1
<u27¢8 -y <u0,ga ¢>L2(Y)> u; - uzk £2(9) Hd’a”L?(Q) +

L2(Q)

1
+ <u2k’ i Y <u0,gka ¢>L2(Y)>

1
L2(Q) + ? Huo,gk - u07gHL2(Q><Y) ||¢”L2(Q><Y) . (1.43)

Here ||2)°|| is bounded uniformly in e. Due to the equicontinuity of ug and continuity of
1y, g, one can choose g, so close to g that the first and the third terms in the estimate (1.43)
are less than 4. Finally, due to the point-wise two-scale convergence of ug to ugg,, one
can choose ¢y(6, g;,) such that the second term in is less than § for any ¢ < ¢g. This
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means that the left-hand side of (1.43) is less than 3§ and the convergence is proven. O

1.5 Optimization problems statements

The textile-like material is modeled by a three-dimensional body made of the homogenized
material. We clarify the relation between this body and the homogenized coefficients with

the real textile and its properties further in this section.

The design space is always geometry parameter g defined in Section[1.2.2] For Poisson
ratio optimization problem we consider g to be a constant function. For stress profile opti-
mization problems we consider g to be an element of H?2, but prove the minimizer existence
result when Uy is a compact set of C' or when it is a bounded set in the space of Holder

functions C%!,

For each problem we discuss the objective functionals, prove existence of minimizers
and describe the way to find their gradients. The gradients are used to run the projected
gradient algorithm to obtain the minima, assuming that the gradient V4 A and the principal

part of increment d4A are known. Later in Section we show how they are computed.

1.5.1 Connection between three-dimensional and two-dimensional problems

Consider a textile-like material described in Section Assume that it has width L,
length L, and the geometry consists of cells or meshes which are square in the in-plane
subspace. This condition is true for the geometries described in Section Assume that
the side of the cells is ¢, i.e. the textile-like material is a periodic or quasiperiodic structure
with period .

We approximate the textile-like material with a three-dimensional body II5p of the ho-
mogenized medium described in Section This body has the same length and width
as the textile material. We use ¢ for the thickness. There are two reasons for this. The first
one is that IIsp should model exactly one layer of the textile-like material. The second one
is that II3p should consist of cubic cells, so that the homogenization results of Section [1.3.5]
are applicable. Effectively, we take a single layer of the textile-like material and immerse

it into a layer of soft matrix material of thickness ¢y. The plate obtained by this process is
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then homogenized, and its in-plane elastic properties A;?}Zl are defined as follows:

A= o Jm AR@). 6k 1€ (1,2)

1.5.2 Poisson’s ratio optimization

The homogenized tensor is in general non-isotropic. However, if the geometry of the period-
icity cell possesses certain symmetry properties, the homogenized tensor will be orthotropic
(properties of the homogenized tensor are investigated in detail in [5]). Further in this part
everywhere, where it is essential, the homogenized tensor is assumed to be orthotropic.

Orthotropic elasticity Hooke’s law in case of two dimensions has a form

€11 /By —va/Ex 0 o11

e | = | —vi2/E1  1/Es 0 022 |

2€12 0 0 1/G12 012
o11 pEr  pEiva 0 €11
oo | = | pEaria pEy 0 exs |, where p = (1 — v1av91) . (1.44)
019 0 0 G2 210

Poisson’s ratio v1o characterizes contraction of the structure in the direction of axis Oy
when stretched in the direction of axis Ox. Note that Poisson’s ratios of an orthotropic

material do not possess symmetry properties, i.e. in general v19 # vo;.

The in-plane Hooke’s law is

g11 [A;?np] 1111 [A;np] 1122 [A;lp] 1112 fn
o2 [~ [A;lp] 1122 [A;p] 2222 [A;p] 2212 €22 | > (1.45)
012 [Aglp] 1112 [A;an] 2212 [Aglp] 1212 2e12

where the notation [Aignp] jx means the ijkl-th component of tensor A;‘P. From (1.44)
and (1.45) it is easy to see that the Poisson’s ratios of the homogenized medium in 2D case

are the following explicit functions of the homogenized coefficients:

inp Ainp
Vg = ignp] 1122 Vo = [ .ignp] 1122 . (146)
[Ag } 2222 [Ag } 1111
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From Expressions (1.46)) we immediately obtain the variation of v15 and v91:

) [Ainp] [Amp] .
59]/12 = gAingp H2 ilp %1225 [Ag p] 2222’
[ g ] 2222 [Ag ] 2992
) [Ainp] [Amp} .
Og21 = gAin!iJ o - ilp 309 [Ag”] 11y
[ g }1111 [Ag }1111

At this point everything is available to run projected gradient method to optimize effec-

tive in-plane Poisson’s ratios numerically. Therefore, for constant geometry, optimization of

Poisson’s ratios is reduced to simple optimization over the square G. Due to the continuity
inp

1111 > O and [Ag ]2222 >0,

the existence of minimizers for v19 and vy; is obvious. In the section with numerical exam-

of v15 and v, with respect to the entries of Aignp and that [Aglp]

ples we show that the problem lacks convexity with respect to geometrical parameters and
that the minimizer depends on the initial point of the minimization algorithm. Therefore,

we do not discuss the uniqueness of the minimizers.

1.5.3 Effective pressure profile optimization

In this chapter we will work with non-periodic structures, at the same time using the results
of the previous sections obtained for the periodic setting. The justification for this is that we
apply Theorem [5|locally, i.e. we assume that the function g is no longer periodic and in the
homogenized problems, tensor A;np is no longer constant due to non-periodically changing
geometry and should be computed at each point = from the corresponding cell problem.
This approach is valid if the geometry does not change too quickly. It is enough to require
that g(x) is a Lipschitz-continuous function with the Lipschitz constant independent of .
See Section 5 of Chapter 3 in [5].

The effective pressure profile optimization problem is formulated as follows: find geo-

metrical parameters g = (g1, g2) such that

= /QN(qunpe(uO(g)) —0o%): (qunpe(uo(g)) —o")dx — mgin, (1.47)
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where N € T+ () does not depend on g and u°(g) is the solution of the following 2D

elasticity problem:

~V - (AFPe(u)) = fin Q,
u’ = D(z) on 09)p, (1.48)

Aignpe(uo)n =0on 00y.
This is a well-studied PDE-constrained optimization problem.

Theorem 11. Let V be some compactly imbedded in C (2, R?) space and U, be some bounded
in V set. Then the problem (1.47)-(1.48), where Aglp is defined according to (1.22)-(1.24),

has a minimizer.
Proof. We prove the theorem in four steps:

1. From Theorem [7| obtain that

inp _ Ainp
HAQ1 A92

[0 — 0 as g, — go, (1.49)

2. from Theorem [8] get

0o _,0
Hugl u92 H

—~ 0 as |[Al"P_ AlP
1 g1 g2

— 0, (1.50)
Loo

0

0
3. observe that |Jg, — Jg,| — 0 as Hugl —ud

- — 0, by using (1.49)—-(1.50) obtain

|J91 - ng‘ —0asg; — go,

4. finally, since Uy is bounded in V, by the compact imbedding result V — C, we observe
that Uy is compact in C. But since J is continuous w.r.t. g converging in C-norm, the

existence of the minimizer is provided by the classical Weierstrass theorem.

O

Corollary 4. Problem (1.47)-(1.48)), where Aignp is defined according to (1.22)-(1.24), has

a minimizer, if Uy is a bounded set in either of the following spaces:

1. any finite-dimensional space of functions,
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2. the space of Lipschitz-continuous functions C%*(Q, R?),
3. the Sobolev space H? (2, R?).

Proof. In either of the three cases the spaces are compactly embedded in C(Q,R?), thus
Theorem [11]|can be used directly. O

Remark 9. In Section from numerical examples we observe that the problem is non-
convex, and that the result of the gradient method depends on the initial approximation.
Therefore, we do not discuss convexity of the functional and the uniqueness of the mini-

mizer.

Assuming that increment 5gAignp (g) is available, derive gradient of J(g). By the chain

rule
57 =2 | N(APg)eu(9) = o) : (3, AL e(5,u(9)) — AL (9) e(35(0))) d =
=2 [ N(AP(g)e(u(9) ~ ") : (5, A5 e(u(9)) do-
2 [ N(AR(@)e(la) o) : (A3 (9) el5,u°(a) da.
Let us introduce the operator
h(g) = AP (g)N (AP (g) c(u’(g)) — o). (1.51)

we have

557 = 2 /Q N(AP(g)e(u(g)) — 0*) : (5, A e(u(g))) dax — 2 /Q h(g) : e(5,u’(g)).
(1.52)

We will use integration by parts formula in the following form:
/ (V- Ae(u),v) dz :/ (Ae(u)n,v) ds — / Ae(u): e(v) de,
Q B1y) Q

This formula holds for any symmetric tensor A € 7+ (Q), w and v from H', and for ) with

piecewise-Lipschitz boundary.
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In (1.52) the function 5gu0 is yet unknown. It can be found with application of incre-
ment operation to the weak form of the state equation (1.48)). For any g € U, and any
ve HYQ),v=00nd0p

_/QA;Hpe(uO) ce(v)dx + /Q (f,v) dx =0.

With the assumption that f does not depend on g, the application of increment operation

yields

0=1dg4 (/ A;npe(uo) :e(v) dac> = / 5gA;npe(u0) ce(v)dx —I—/ Aignpe(dguo) ce(v) dx.
Q Q Q
Further, by partial integration we observe

0= —/ 5gAglpe(u0) ce(v)dx — / Aiqnpe(%uo) ce(v)de =
Q Q
= —/ <5gA;“pe(u0)n,'v> —i—/ (V- (5gAi;pe(u0),v> - / A;“pe(éguo) s e(v) dex.
101934 Q Q
(1.53)

Here only 5gu0 is unknown, therefore (I1.53) can be considered as a weak formulation for

a problem, from which §,u’ can be determined. The corresponding strong formulation is

—V - (APe(5,u’)) = V - 6, APe(u) in Q,
AlPe(bgul)n = —5,A P e(u’)n on 00y, (1.54)

Sgu’ = 0 on O p.

For some basis in the space, where g is defined, solutions of (1.52]) and (1.54) can be found

in order to to compose the gradient of J and run a descent method for optimization. This

would implement the sensitivity approach.

It is possible to reduce the computational burden. Integrate by parts the unknown term
of (1.52) and use the Dirichlet boundary condition of (1.54):

/h:e(5gu0):/ (hn, 5qu’) ds—/ (V- h,6qu’) do =
Q QN

Q
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introduce function p such that —V - (A;npe(p)) = V - h and integrate the second term by

parts,

-/ (i) da [ (7 (et sgu) -

require that hn + A;npe(p)n = 0 on 09y, the second term is integrated by parts

= — /(99 <p, A;npe(éguo)n> ds + /Q <p,V . Aignpe(éguo)> dxr =

as PDE of (T.54) states, Aje(dgu’) can be replaced by —dg AlPe(ul),

= — /69 (p, A;npe(éguo)n> ds — /Q (p,V- 59qunpe(u0)> de =

= —/ (p, (Ai;pe(éguo) + 6gA;npe(u0)) n) ds +/ 5gAignpe(u0) ce(p)dx =
o0 Q
require that p = 0 on 99Q)p and use the Neumann boundary condition of (1.54),

= / 5gA;npe(u0) : e(p) dex.
Q

Summarizing all the conditions for p we see that it is the solution to the problem

-V (A;npe(p)) =V -hinQ,
p =0o0noQp,
Ag“pe(p)n = —hn on 0Qy.

Objective funtional’s increment can be represented as
37 =2 | NP @ela) ~ o) (5,45 () dw+2 [ s,A5e("): ()

where tensor h is defined in (1.51I)). Solving (1.48), then computing h and p, and fi-
nally obtaining objective functional’s increment is the adjoint approach and p is the adjoint
state [22, [27]].
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Observe that it can be applied both to cases when the medium is periodic and not. The
function ;AP as a function of the spatial coordinate is constant in the first case. In the
non-periodic case this is no longer true, but the optimization approach described here still

works with no change in the expressions.

1.6 Application of beam models at the level of cell problems

At the scale of cell problems we consider y to be a small parameter and apply beam models.
An investigation of elasticity problems on the domains parametrized in a similar way by two
numbers ¢ and p is available in [36], where the analysis is performed by the full asymptotic
expansion for elasticity without Robin conditions.

In [38, 139} [51] it is observed that the limit strongly depends on the relation between ¢
and p. In general, the homogenization approach leads to the second-order equations for
the leading term if u ~ £“ for w € (0,1/2). For such parameter values a transition to beam
models can be justified as an asymptotic expansion of the cell problems with respect to the
parameter .

The standard result in homogenization of elasticity problems on the nets found in [36]
yields the problems on one-dimensional geometries of central segments of the cylinders of
Qg°, i.e. on sets I'°#(g,, g,). To account for Robin-type conditions at the contact interfaces,

we introduce contact segments and work with I'*#¢(g,, g, ).

1.6.1 Reduction to beam models at the level of cell problems

Introduce some additional geometric notation. Consider one-dimensional geometry of some

cell T'¥.. Let n be some node of I'{,. For an edge e € E(n) define (e, n) to be the direction

vector of the edge pointing from n. For each edge e define x to be its longitudinal vari-

able. In problems formulated on unions of segments, all derivatives with respect to y mean

derivatives along the corresponding edge. Define global base (g,,g5,93). For each edge
e

e define local base (17,15,15). Introduce coordinate transformation matrix C° (note that it

depends neither on x nor on ¢) by the following rule:

(11, SJ?,) = (91,92,93)C".

Following [36]], we consider a behavior of the solution of the elasticity problem on a
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finite net representing the periodicity cell, what corresponds to the case of u — 0. The
extension of these results to elasticity problems with Robin conditions at the contact inter-
faces for a particular geometry are obtained in [[6]. In both works the limiting equations
are of standard Euler-Bernoulli beam model type, while the Robin conditions result in non-

standard jump conditions at the interfaces.

1.6.2 Using full beams system instead of pure tensional system

According to Section 5.6 of [36]], the coefficients of the homogenized equation can be ob-
tained from problems of pure tension with periodic boundary conditions on I'{,. However,
for the uniqueness of the solution, we have to require that the underlying graph is geo-
metrically rigid, independently of boundary conditions. This is undesirable for modeling of
textiles, because any chain of straight segments modeling a curved yarn is ruled out by this

condition.

For beam models with bending and torsion the situation is closer to standard elasticity,
namely, it is enough to require that the structure is connected and that a complete Dirichlet
condition is prescribed at any single node. It is proved in Corollary [5 Thus bending and
torsion provide some sort of regularization, what renders these systems more attractable
for numerical experiments. In the sequel we use the beam systems of equations from Sec-
tion 4.4.1 of [36] augmented with jump conditions (1.57).

Cell problems were already introduced in Section in the form (1.23). The cell
problems are indexed by two numbers i € {1,2,3} and j € {1,2,3}. For the in-plane
properties, only problems for i € {1,2} and j € {1, 2} are of interest. For beam models they
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are formulated as follows: find u;; € I'y — R, 4, j € {1,2} such that

( at each edge e define uf; € [0;0°] > RV 1<i<2,1<5<2,

], € HU (00D [ ], € (051D [ ] B (051 [ ] € B (0527

equilibrium conditions on edges hold:

pea w0,

ijl

d
gl o

E€I§CZ<4 Jug,| =0,
2

GM 5 [ufjh — 0,

force balance conditions in nodes hold:

e (4 (], rermsn)| m ()" 3 (7)o

moment balance conditions in nodes hold:
T

S (e (), e ()] om(a])) <o
jump conditions at the contact interfaces given by (1.57), hold

periodic w.r.t. the periodicity cell boundary conditions hold:

e e e d € . .
[uily.3 =C [U } L3 and [u;],, =C° | — 72 [“z‘jL are periodic,

i 4.

(1.55)

where

T 0 T 0
511—(1), 512—< >7 521—<2>, S22—< >
0 xr1 0 €2

In this system Y is the longitudinal coordinate of an element. Constants .A°, 75, 75, and M*
are area of the cross-section of the element, its area moments with respect to the second
and the third axes of the element, and its polar area moment respectively. For a beam of
circular cross-section of radius r, A¢ = 7r?, I§ = I§ = 7rt/4, and M° = mr?/2. Elastic

constants £° and G° are Young’s and shear moduli of the element’s material. For any vector
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v notation [v]; means the i-th component of v and for j > 4, [v],; is the sub-vector of v

from its i-th component to its j-th component, i.e. [v]; ; = <fui Vil ... vj>.

It will be convenient to consider functions m;; = u;; + S;; instead of u;;. It is easy to
check that since u;; satisfy (1.55), m;; solve the following problem:

at each edge e define m; € [0;1°] — RIX4 1<i<2,1<5<2,

e 1 . je e 2 . Je e 2 .je e 1 . je
[me] e (o), [mg] e w2 (0], [mg] e HE(0:), [mi) e HY(051)),
m§; eR' - RV 1<i<2,1<5<2
equilibrium conditions on edges hold:

d
5.5 ), -0

Eezgddx4 mg| =0,
d2
GM [ [mfjh =0,

force balance conditions in nodes hold:
T

S0 (4 (), 2(a],)7 7 ([m),)7) <o
moment balance conditions in nodes hold:

T
2eeB(n) C° (GeMe ([mgjh); L ([m’ef]:&)i E°L; <[mfj}2>i> =0,
jump conditions at the contact interfaces given by (1.57)),

periodic w.r.t. the periodic boundary conditions hold:

i),

[uijly.3 = C° ([mfj] g Sij) and [u;,, =C° | =77 [mfjh are periodic.

(1.56)

From general asymptotic analysis it follows that adding non-scaled bending components
to purely tensional system from [36] does not affect the leading terms of the full asymptotic
expansion. Therefore, solutions of systems with bending and torsion instead of solutions of
purely tensional systems can be used for computation of the coefficients of the homogenized

tensor without any modifications.
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A remarkable feature of the problem (1.56)) is that its solution is a piecewise-polynomial
function of the third order. This means that the corresponding finite element schemes yield

the exact solutions for this problem.

1.6.3 Introducing contact conditions

In the limit problem Robin boundary conditions are represented by jump conditions for
the derivatives of the components of displacement across the points, closest to the contact

interface, see [6]. We consider a more general case of the jump conditions.

Recall that each segment of I'{’ (g,, g,) corresponds to an elastic cylinder in Q4 (g5, g, )N Y.
This is not true for I'y (¢, g,), where some segments correspond to locations of the contact
between the cylinders. We will refer to the ends of such segments as to contact nodes. By
construction of I'{*(g,, g,), contact nodes never connect two non-parallel non-contact seg-
ments. Therefore, for all non-contact segments adjacent to the same contact node the local

coordinate systems have the same bases.

Consider a single contact segment S and two pairs of segments entering its two contact
nodes n; and ns. Denote their coordinate transformation matrices by C; and C5. Define
contact coordinate system as a system with origin in the center of S and its first basis vector
aligned with S. The other two basis vectors can be any such that the contact coordinate
system is orthonormal. Let C. be the coordinate transformation matrix. Denote the local
displacement components of the segments entering n; by u;, 1 < i < 4 and the components

entering no by v;, 1 <1i < 4.

Remark 10. Asymptotic dimension reduction for 3D problem of was considered for
a beam in contact with a rigid foundation in [6]. With the appropriate choice of matrices
P; and P, the jump conditions presented below in coincide with the conditions
of [6] for bending and tensional components, the torsional component in the work vanishes
due to scaling effects. It is remarkable, that the values obtained in [6] are bound to the
corresponding inertia moments of the contact interface, which is assumed to be known. We

choose the coefficients for our numerical experiments accordingly.
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We use the following jump conditions at n; and ns:

Aw) =-Q" (T?Pfo + Tz]\}PMTM) Quw, where

Gy 0 0 0 28 —ys
Py=|[0 Gy 0| Vi=|[-2z 0 a¢ [, 0.'>0, G>0, GN>0, G7>0,
0 0 Gj ye  —xf 0 (1.57)
Tf:<13 Vi —I3 *V2)7 6 0 0
P;,=]1 0 G 0
TM:(O I; 0 —I3>, 0 0 G
[EAuY], (1
[ETuy], U
[Elug’], us
(GJuy],,, Uy
— [Elug],, —ul croy 0 0 0
Aw) = [ETuy],, Cwe b o= o cfc; o 0 158
[EAV],, v1 0 0 Ccf'cy, 0
[ETvY],,, vy 0 0 0 Croy
[E1vg'],,, U3
(GJv)],,, V4
- (B, ~o}
E1Y),, %
Here 1 = (x1,y1,21) is the radius-vector of n; in the contact coordinate system,

ro = (x2,¥2, 22) — the radius vector of ny. Note that matrices P; and P, are positive-
definite.

Remark 11. Coefficient J; ! corresponds to the penalization of the normal penetration of
the beams, GG corresponds to the penalization of the tangential relative displacement of the
beams. Rotational coefficients G, G2 and G3 correspond to the penalization of the rota-
tional relative displacement in the tangential and two normal planes at the contact point

of the cylinders. Roughly speaking, if the following conditions hold: ;! > E > G,
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Gy > E > G2 = G3, where E is the Young’s modulus of the material, then condi-
tions will penalize the normal penetration much stronger than the tangential rel-
ative displacement. At the same time, the elastic energy term will penalize the deforming
elastic displacements weaker than the jump conditions penalize the normal penetration and
stronger than the tangential relative displacement. Such behaviour is desirable if friction
is approximated with conditions (1.57). The coefficients in our numerical experiments are

chosen accordingly.

The corresponding term in the energy of the system reflecting the Robin term in (1.22])

is
Jr(w) + Jy(w) = %(Qw)T(T§Pfo + T, PyT ) (Quw). (1.59)

Remark 12. Note that vector w contains the degrees of freedom of the elastic elements
being in contact in their local coordinate system. The matrices for the numerical scheme
differ from (1.59) in coordinate transformation matrices (see (1.65))).

We thus augment the system (1.55) with conditions (1.57) to model contact.

1.6.4 Variational formulation of 1D problem

We extend the definition of test functions from PF5 from Chapter 4 of [36]:
Definition 1. A four-dimensional function ¥ belongs to class H (T} (gx, gy)), iff:
1. WU is Y-periodic,
2. for any segment e of T (9., ,), [¥], 4 € H'(e), [¥]y 3 € H?(e),

3. for all internal nodes n of I'{; (g, g,) for all pairs of segments e;, es € E(n) the match-

ing conditions are satisfied:

(e, (e, (e, (e,
ca [\I;qb = C°2 [\1162]2 , Cet _d[qjel]s/dx = C*° _d[\PEQ}g/dX ,
[Py (el AW ]y /dx d[Ue2]y/dx

The following assumption mimics Poincare’s inequality on I'{; (g, gy ):
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Assumption 5. the following inequality holds:

Ly (9 (5" (0) s )
<€ (50 (52 = (558 (1))

The homogenized coefficients are computed from the bilinear form of the

problem (1.55)-(1.57):

e qeduf dv§ . €d2u§ dQUS . ed2u§ d21)§
(IlD(u,U) = Z(/;E .A dXdXdX_‘_/;E 2 dX2 dX2 dX—F/;E 3 dX2 dX2 dX“‘

(1.60)
e edui dvi T
—i—/eG M I d dx) + ;w (w)Paw(v), foru, veH (I”;,(gm,gy)) ,
where
Pe= QL (T} PsTsc+ThPrucTre)Q, (1.61)

is built according to (1.57) and (1.59) with matrices Q and V; obtained from the geometry
of the segments entering nodes c. Introduce homogenized coefficients computed from the

beam models as
259131 = aip(mi;, my). (1.62)

Remark 13. We do not consider the important question of convergence of the coefficients
computed from and from For the problems without Robin boundary conditions,

such convergence is a direct corollary of dimension reduction results, see Chapter 5 in [36].

1.6.5 Homogenization of quasiperiodic structures

The homogenization approach works in a more general setting for non-periodic structures.
The scheme of the method does not change in the sense that the limiting problem is a
continuum problem, but the homogenized tensor is not constant anymore. At each point of
the limiting continuum problem it has to be computed from the solution of a coordinate-

dependent cell problem, i.e. for non-periodic medium one has to solve potentially infinitely
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many cell problems. In numerics we use piecewise affine interpolation of the homogenized

tensor on a fixed grid, at each point of which we solve a cell problem.

1.6.6 Properties of the beam problems

In this section we assume that I', (g, g,) is a connected periodic graph. On this graph we
solve a problem of type with contact conditions (1.57). Each edge of I (g4, gy)
corresponds to either an elastic element or a contact pair.

We explicitly check that the kernel of stiffness matrices for segments representing beams
and contact pairs is a standard rigid displacements field with small rotations. Then we show
that periodical boundary conditions rule out the rotational rigid displacements part. Thus,
to ensure that cell problems for such structures have unique solutions, it is enough to define
spatial displacements for any single node of the structure. Note that the solutions of beam
problems are continuous polynomials, and the spaces in variational formulation con-
sist of absolutely continuous functions. For such problems fixation of displacements at any
single point makes sense.

We solve the cell problems in the form with zero right-hand sides. In this case func-
tions M;; are piecewise-polynomial functions of the third order on I'y (g, g,). Their coef-
ficients are algebraic functions of the degrees of freedom considered in the standard FEM
schemes for beams. Therefore, the analysis of uniqueness and the kernel structure for such

problems can be obtained from the properties of the corresponding stiffness matrices.

Kernel structure of the elastic part

In this section the following notation will be used: for a matrix A, [A] irin i 11 S 02,

j1 < jo is the submatrix with lines from i, to i and columns from j; to j,. For example,

1 2 3 4

5 6 7 8 6 7 8
A= ) [A]2:3,2;4 = :

9 10 11 12 10 11 12

13 14 15 16

Consider a single term of the first sum in (1.60) or a single segment (1.55). It will be
referred to as a single elastic element e of I'y (g, g, ). Further in this section we omit e as a

subscript or index when refer to inertia moments and elastic constants. The corresponding
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stiffness matrix K¢ of e has the following form:

K¢ = =¢Q¢ (Ee)T

where G, is
E E
TA 0 0 0 0 0 —TA 0 0 0 0 0
ET, ET, ET, ET,
0 1275° 0 0 0 64 0 —1275° 0 0 0 65"
ET; ET; ET; ET;
0 U 0 0 129" 0 675" 0
GM GM
0 0 0o = 0 0 0 0 0o 2= 0 0
!
ET. ET ET ET
0 0 6 4500 0 6 02 0
ET, ET, ET, ET,
0 6 0 0 0 477 0 6 0 0 0 2~
_EA 0 0 0 o EA 0 0 0 0
! ET, ET, ET, ET,
0 —127% 0 0 0 67" 0 12 0 0 0 6
FT, EZs E7; E73
0 0 —1275° 0 6 0 0 0 1297 0 6 0
G G
0 0 0 —TM 0 0 0 0 0 TM 0 0
ETs ETs ET; ETs
0 0 67 0 2% 0 0 0 6 4=20
ET ET ET ET
0 622 0 0 0 222 0 622 0 0 0 42

= = diag(C*,C*,C*°, C°).

Lemma 3. The kernel of G€ is given by

S

) l —0, 0,
kery, = | J d=|o|l. wey=|06 o -6,|. 0er.
sers | ST wW(0)l
6cR3 0 0 —Hy 993 0

where s are spatial displacements and 6 are angular displacements.
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The kernel of K€ is given by

S
l 0 -6, 0,
0 3
kerg = U d=1o|l, w@ =106 o0 -6,],0ecR (1.63)
s | FW(O)C
R, 0 0 -0, 6, 0

Proof. Due to non-degeneracy of =, rank (K¢) = rank (G¢). By direct calculation we ob-
serve that det ([Ge]l:&m) = det ([Ge]7;12,7:12) = 144 AE°GT3Z3 M1~ > 0. This means
that rank (K¢) = rank (G¢) > 6. Further, by direct computation one can verify that

s

e o 3 3

Gv=0,v= VseR’, VaceR’
s+ W(a)l

(e}

Note that by special choice of «, s, 6 it is possible to obtain six linearly independent full
displacement vectors v. It follows that dim (ker (K¢)) = dim (ker (G€¢)) > 6, but since
rank (K¢) = rank (G¢) > 6, we conclude that dim (ker (K¢)) = dim (ker (G¢)) = 6 and that
ker (G¢) = kerr..

To prove that kerg = ker (K¢), observe that kerg is basically a transformation of kerp, to
the global coordinate system, i.e. for any s, € R3, 6, € R? there exist s and 6, such that:
s, =CCs, 0, =C°0, W(0,) = C°W(0) (C*)". (1.64)

The transformation rule for W (¢,) follows from the standard rules of transformation of

linear operators and properties of vector product. Further, consider vector

S C®s
0, Cce0 .
vV, = = =E%
T s, + W(e,)Cl C¢s + CW () (C*)T C°l

0, loxl’
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To show that it is in ker (K¢), show that the corresponding product is zero:
K, = 2°G* (2°)" v = Z°G°v = 0.

This proves that kerg C ker (K¢). However, due to the bijectivity of the transformations
in (1.64) and kery, = ker (G®), it follows that kerg = ker (K¢). O

Kernel structure of contact part

In this section the results similar to those of the previous section are proved. Denote a
single contact pair element of I'{, (¢.., gy) by c. The corresponding stiffness matrix G° of ¢ is
similar to P, the only difference is a coordinate transformation matrix: for degrees
of freedom are specified in the local coordinate systems of the elastic elements in contact,
while for G degrees of freedom have to be specified in the coordinate system of the contact

element. We have:

G¢ =TT P T+ T3 PucT e,
K® = Z;(T?CPfCch + Tj]\}cPMCTMC)QCQ’ (1.65)
Q. = diag(Cc?,cl,cl,cl).

Further the following elementary representation of vector product will be helpful:

Lemma 4. for any w € R3, r € R?

0 —Ws3 w2 1 0 T3 —T9 w1
w3 0 —w1 ro | = [w X 7’] =1-r3 0 1 w2 (1.66)
—wy Wy 0 r3 rg —ry 0 w3

Lemma 5. The kery, = ker (G°), kerg = ker (K¢) where

D ®»

keI'L = )
ngs s+ W(0)(ru—ra)

OcR3

S =

where s are spatial displacements and 0 are angular displacements, and r;4, © = 1,2, are the
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radius-vectors of the nodes of the elastic elements in contact in the contact coordinate system.

The kernel of K€ is given by

s
k U 0 (1.67)
erg = , .
sers | ST W (6)(rig — T29)
OcR3 9

where r;4 are the radius-vectors the nodes of the elastic elements in contact in the global coor-

dinate system.

Moreover

det ([Gc]lzﬁ,l:(i) >0, det ([GC]7:12,7:12) > 0, det ([KC]1;6,1:6> >0, det ([KC]7;12,7:12) > 0.
(1.68)

Proof. It is obvious that G¢ and K¢ are positive-semidefinite matrices. Recall that for any
positive-semidefinite A, v € ker (A) < (v, Av) = 0. Further, note that both terms in
of G¢ are positive-semidefinite. Therefore, v € ker (G°) iff (v, T}, . PrcTrcv) = 0 and
(v, TPy yv) = 0.

Observe that due to the structure of matrix Ty, for any s, t, a, 3 € R3*! for the second

term the following is true:
T T T
(s7 o ¢ ) ThPucTue (s o o7 7) =(a-B) Puda-B).

Since Py > 0, this implies the following: (sT al T BT) € ker (G) if and only if
a = 3, i.e. the angular components of the upper and the lower halves of v coincide. For

such vectors the first term can be written as follows:
T
(sT al t7 aT> T7.PsTye (sT ol 7 aT> =
= (S —t+ (Vl — VQ)Q)TPfC(S —t+ (Vl — Vg)Oé).

Since Py, > 0, this is zero if and only if £ = s+ (V'; — V'2)a. Recall that by the construction
of V; and V', and by (1.66)), one has (V1 — Va)a = [a X (r1; — 791)] = W () (r1 — 721)-
This proves ker (G¢) = kery,. Proof of ker (K¢) = kerg can be obtained from ker (G¢) = kery,
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in exactly the same way as in Lemma

To prove (1.68), let us compute the determinants explicitly:

det ([GC]1:6,1:6> = det ([GC]7;12,7:12) = det ([KC]1:6,1:6> = det ([KC]7;12,7:12) =
=5 'G*GNGE > 0.

Solution structure for systems of elastic and contact elements

Lemma and lemma show that contact and elastic elements possess the same kernel
structure. The twelve-by-one kernel vectors are obtained by the substitution of coordinates

of the end nodes of the elements into some rigid displacements field
Reo(x) =s5+[0 xx] =5+ W(O)x,

where x is a point in space and s and 6 are six parameters defining the rigid displacements
field. In this section we prove that for a connected structure of elements the kernel of the
corresponding stiffness matrix is obtained in the same way as for individual elements. The
only difference is that instead of twelve-by-one vectors one has to deal with vectors having
total number of nodes multiplied by six components. From now on, the exact type of an
element (contact/elastic) will not be important. We will not distinguish between them and

use just the term “element”.

Under the term “system of elements” we understand any connected graph I', such that
each edge of it is an element. Denote the set of nodes of I" by N. For each node n € N
its reference six-dimensional position (;pg a£>T, x € R?, a € R? is defined, and six-
dimensional displacement q,, € R’ is to find from the statements of type (1.55). Denote
the vector of all the degrees of freedom by gq,.,. In each statement of this section we specify

boundary conditions explicitly, no other boundary conditions are implied.

The global stiffness matrix K for I' is obtained from matrices K¢ and K¢ by the stan-

dard procedure used in FEM methods.
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Lemma 6. For any connected system of elements its kernel space ker (KF) is defined by

<s4—VV(9)wn
qn =

0 ) , forany s € R3, 6 € R3. (1.69)

Proof. First note that for any element d, either plastic or elastic, (1.69) yields a vector from
(1.63) or (1.67). Indeed, let n; and ns be the two nodes of d and consider displacement
vector according to (1.69). By elementary transformations it can be transformed to the

forms (1.63) and (1.67):

s+ W(0)x,, s+ W(0)x,, s’
0 B 0 B 0

s+ W(a)mnz s+ W(O)mnl + W(O)(acn2 - mnl) s’ + W(a)(mnz - wnl)
(7] 0 0

Note that for an elastic element x,,, — «,, = £C*°l and for a contact element s,, — x,, =
+(r1g — 724). Therefore, vectors of the form belong to the kernels of single elements
and thus are in ker (K').

Show that matrix K' has a non-degenerate submatrix of rank 6 |N| — 6. To prove this,
consider a system of linear algebraic equations K'v = 0. Since K' and all its constituent

matrices are positive-semidefinite, this implies that for any element d
Koy =0Vd, (1.70)

where v, are twelve degrees of freedom of the nodes incident to d.

Fix all six degrees of freedom of any node n € N. Consider set of all elements incident to
n D,,. For each d let n, be the second node of d which does not coincide with n. By Lemma3]
and Lemma det ([Gd]m,m) = det ([Gd] 7:12’7:12) > 0. But together with this
implies that for any d all degrees of freedom of ny are uniquely defined from (I1.70). We
can repeat this reasoning for n; and due to the connectedness of I' this way we are able
to prove that all degrees of freedom are uniquely defined. This implies that the system of
equations K"v = 0 is non-degenerate for any subset of variables not containing all degrees
of freedom of some single node. But any such subsystem is of rank 6 | V| — 6.

Finally, since K contains a submatrix of rank 6 | N| — 6 and has size 6 | N|, its kernel can
be at most of dimensionality six. Since the subspace defined by has dimensionality
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six, we conclude that it defines the whole ker (K'). O

Corollary 5. For any connected system of elements a problem of type (1.55) with any boundary

conditions fixing all degrees of freedom in any single node possesses a unique solution.

Consider a connected system of elements I'Y' C Y such that it is possible to prescribe
periodic boundary conditions with respect to the periodicity cell Y. Moreover, assume
that I'Y has at least one node at each face of Y. For simplicity we assume that Y is a unit

cube.

Lemma 7. All vectors from (1.69) satisfying periodicity conditions for I'y have zero rotational
part, i.e. if v is a vector of all nodal displacements and there exist s € R3, @ € R3 such that for

each n

then @ = 0. In other words, all vectors from (L.69) satisfying periodicity conditions for I'Y are
spatial shifts.

Proof. By the assumptions on I'Y, there exist three pairs of nodes (n;—,ny+), (ny—, ny+)

and (n,—,n.4) such that

1 0 0
Tyt =Tx— + |0, Ty =2y + |1 ]|, Ty =T—+ |0
0 0 1

Periodic boundary conditions imply that ¢, = ¢q,., q,_ = q,, and q,_ = q,,. By the
substitution of (1.69)) in these three conditions we arrive at

1 0 0 0 —03 0
we)lol=]06 |=|o]l.we)|1|=] 0o |=]0],
0 —05 0 0 01 0
0 02 0
we)|o|l=|-a]|=]o0
1 0 0

It follows that 8 = 0. O
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Remark 14. Note that for the statement of Lemma [7| to be true it is enough to require
that I'Y has at least one node at each face from any set of two non-coincident pairs of the

opposite faces of Y.

Corollary 6. A problem of type (1.55) with periodical boundary conditions and all spatial

displacement components defined at certain node of I'Y possesses a unique solution.

Corollary 7. Assume that the coordinate transformation matrices C° are continuously differ-

entiable with respect to g. Then
i (g) € C(Ug).

Proof. From differentiability of the coordinate transformation matrices we immediately ob-
tain the differentiability of the stiffness matrices. Further, by Corollary [6], the solutions to
the cell problems are the solutions of some linear systems of equations, with the systems’
matrices non-degenerate uniformly in g € Uy and continuously differentiable with respect
to g. It follows that the solutions of the cell problems are themselves continuously differ-
entiable with respect to g. Finally, Aifk‘}l(g) are differentiable as products of continuously

differentiable functions. O

Derivatives of the solution and the homogenized tensor

The crucial point is that beam approximations reduce the cell problems to systems of linear
algebraic equations with uniformly non-degenerate matrix depending in some non-linear
manner on g. This allows us not only to benefit from the problem’s simplicity, but also
to obtain the derivatives of the solution with respect to g, which are necessary to obtain
5g;1ignp. We achieve this with automatic symbolic differentiation of the FEM system of equa-
tions.

Assume that the conditions of Corollary [7]hold. Derive the algorithm to obtain deriva-
tives of the effective tensor given by with respect to design parameters g.

Note that the right-hand sides of beam equations are zeros, and thus the FEM
procedure with Lagrangian polynomials yields the exact solution of the beam structure

problem. It follows that solutions of the cell problems are polynomials parametrized by the
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solution w;;**'(g) of the corresponding FEM system

Ki;j(g)wi;™(g) = i (g). (1.71)

This system holds for all values of g. Hence we can apply the increment operator Jg4 to it

and arrive at

39K ij(g)wi™(g) + Kij(9)dqwi;™ (g) = 64 F1; (9)- (1.72)

Matrices K;;(g) are non-linear but explicitly known functions of g. Therefore, it is possible

to compose K;; symbolically and obtain 64 K ;;(g) using symbolic differentiation. The same

can be done with the right-hand side g) to obtain dg g). However, it is very

difficult to solve system (L.71)) symbohcally and then find wiFjEM by symbolic differentiation.
We overcome this obstacle using (1.72). Rewrite it as a linear system with respect to
5g FEM(bg)

Kij(9)0gwi; ™ (g) = 05857 (9) — 35K i (9)wif™ (g). (1.73)

Note that if w};"(g) is found numerically from (L.7I), then all terms on the right-hand

EM

side of (1.73) are known and it can be solved numerically to find dg4 w numerically. This

way we can find the derivatives of the cell problems’ solutions for beams for any fixed g.
To obtain the derivatives of the homogenized tensor, observe that since the FEM pro-
cedure yields exact solutions of the cell problems, expressions (1.22) for the entries of the

homogenized tensor can be computed symbohcally with respect to w;;**(g) and g. Denote

the symbolic expressions obtained as Asym. Therefore, by the cham rule it is possible to

obtain increments of the homogenized tensor:

~inp ~inp

(9) = g Ay (WM (g), g) = 5, A

sym\ ““ij

34 A, JqwiPM(g) + 5, A (1.74)

sym sym

and evaluate the expressions obtained for any fixed value of g.

1.7 Summary of the optimization algorithm

A single step of a gradient-type method for the effective stress profile optimization problem

is presented in Figure Assume that approximation g,, is available. From g,, we get the
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direct problem -
(2D elasticity) U9

~ hom }
Y
cell problems adjoint problem (g,)
solved with (2D elasticity) P\gn Y

beam models

59 2hom

Figure 1.5: A brief scheme of the stress profile optimization algorithm

homogenized properties with help of beam the models. Then we plug the obtained tensor
into the direct and adjoint problems, which are of 2D elasticity type. Form these problems
we obtain state u(g,,) and adjoint state p(g,,), which are used to get the gradient of the
objective functional. Finally, the gradient is used to compute the next approximation of the

optimal solution g,,, ;. The loop is repeated until some convergence criteria is met.

1.8 Numerical examples.

In the examples presented below we use a rubber-like material with Young’s modulus E =
1.5 - 10"Pa and Poisson’s ratio v = 0.49 (we cannot use the ideally incompressible value 0.5
due to non-invertibility of Hooke’s law, we take 0.49 as an approximation), see Chapter 1
in [28]]. The horizontal period ¢ of the fabric is 1.91mm, i.e. 1.91 - 10~3m. We use value
3 - 108 for the normal penetration coefficient J; ! and 3 - 10% for the tangential penetration
coefficient G. Angular penalization coefficients are chosen according to the following rule:
G = 375, G2 = G3 = 1.875 - 107, all penalization coefficients are given in SI unit system.

Examples of the homogenized structures can be seen in Figures The stress ten-
sor is given in N/m, the proper unit for stress tensors in two dimensions. The displacement
field and local longitudinal stresses for cell problems are presented in Figure [1.8] We do not
provide scale and legend for this figure because the color scales are local and different for
each single element.

Out of six independent components of the in-plane elasticity tensor, two were always



68 CHAPTER 1. OPTIMIZATION VIA HOMOGENIZATION AND BEAM MODELS

3.68 - 102 0 0 0.20 - 10%) /1.84 - 102 0 0 0.14 - 10?
0 3.02-10% 0.20-10% 0 0 1.35-10% 0.14 - 102 0
0 0.20-10% 3.02-10? 0 ’ 0 0.14-10% 1.35-10? 0
0.20 - 102 0 0 3.04-10%)\0.14 - 10? 0 0 1.59 - 102

Figure 1.6: Geometry and homogenized tensor for x = 0.5, y = 0.5 and = = 0.5, y = 0.8.

zeros. This is not uncommon for the homogenized elasticity tensor, since it is proven that
if the periodicity cell has some symmetry properties, then certain entries of the homoge-
nized tensor will be zeros, see Chapter 6 of [5]. The other four components are shown in
Figure|l.9

Out of these four components, A" AP and Abb, are very much alike in the shape,
but the difference in the magnitude is up to 20%. In our stress profile optimization example,
we optimize specifically for the xz component of the stress. In such a setting, the major role
is played by the component A" . It is maximal for g™** ~ (0.723,0.8), A2, ~ 421.613,
and is minimal for g™ = (0.4,0.8), Ailrﬁl min =~ 132.081. These values will be helpful during
the analysis of the results of the profile optimization problem, where at the areas of high
desired stress, the local geometries close to g™** are expected, and at the areas of low
desired stress, the local geometries close to g,;,, are expected. We will also use these values
as initial approximations for our optimization procedure. Another useful conclusion to draw
from the figure is that the optimization problems involving AP are essentially non-convex,
but it is likely that gradient-type methods will wander in valleys on the left and on the right

of the maximal hill clearly visible in the figure.
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2.31-102 0 0 0.20 - 10%\ /3.87 - 102 0 0 0.22 - 102
0 1.69-10% 0.20 - 102 0 0 3.07-10% 0.22-102 0
0 0.20-10% 1.69 - 102 0 ’ 0 0.22-10% 3.07 - 102 0
0.20 - 102 0 0 1.80-10%)10.22 - 102 0 0 2.97 - 102

Figure 1.7: Geometry and homogenized tensor for x = 0.8, y = 0.5 and x = 0.8, y = 0.8.
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Figure 1.8: Cell problems for geometry parameters x = 0.5, y = 0.5 (for the boundary
conditions multiplied by 0.2, cell problems correspond to 1).
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inp inp
A1212 A2222

Figure 1.9: Components of the homogenized in-plane tensor as functions of the geometrical
parameters.
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1.8.1 Poisson’s ratio optimization.

»

Figure 1.10: Poisson’s ratios for horizontal shrinking during vertical stretching (on the left)
and vertical shrinking during horizontal stretching (on the right).

Due to the simplicity of the Poisson’s ratio optimization problem, we do not provide the
details on numerics. Because it is controlled just by two geometrical parameters, Poisson’s
ratio can be conveniently plotted. This is done in Figure|1.10

The extremal values and geometries are:

VBN — 0.832,  giomim = (0.4,0.8),
V{%ax = 10817 912max = (047 O4)a
VR™ = 0.552,  gg1min = (0.4,0.8),

v = 0.887, gy max = (0.657,0.8).

1.8.2 Stress profile optimization

Consider the following optimization problem: find such periodic structure of type described
in Section that the functional is minimized, whereby in the matrix N a single
component is one and the others are small, i.e. Ni111 = 1, Njju = 10719 for (i, j,k,1) #
(1,1,1,1). This way we express that only zz-component of the effective stress is important,

which is the case in the compression stocking application.
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Figure 1.11: The decay of the objective functional.

The macroscopic geometry €2 in this example is a rectangle of width 0.2m and height 0.8
meter. Its top and bottom sides are load-free, and at the lateral sides Dirichlet conditions
are applied: u; = —0.05m at the left side, u; = 0.05m at the right side and at both sides
ug = 0, i.e. the specimen is stretched in the horizontal direction, and our goal is to reach

the zz-stress profile as close to the desired one as possible.

We use 40-points grid in the vertical direction to define piecewise-affine functions g,
which are assumed to be constant along the horizontal direction, i.e. we deal with 80-
dimensional non-convex optimization problem. We compose, solve and differentiate the cell
problems with help of Symbolic Toolbox of MATLAB® according to the algorithms described
in Section In our case the global stiffness matrix has dimensions 320 x 320, and the
linear system for the cell problems is slightly smaller. After we compute the homogenized
coefficients, the direct and adjoint 2D elasticity problems have to be solved. We solve them
with the help of FreeFem++, see [21].

We use standard projected gradient algorithm as an optimization method (see Section
2.2.2 in [22] or Section 1.5 in [7] and the bibliography therein). If our design variables
get outside of the box [0.4;0.8] x [0.4;0.8], we return them using trivial projection routine.
For the stepsize rule, we use the following one-dimentional inexact optimization routine:

we first compute the functional at 20-points grid on the segment [0;2], find the minima
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Figure 1.12: Evolution of the stress profile along the center line of the textile. The dashed
curve represents the target profile. The legend indicates the optimization algorithm’s step
number, for which the profile is shown.

and then improve it recursively. Note that though each evaluation requires a solution of a
2-dimensional PDE, this step can be easily parallelized. In any case, we can expect at most
linear convergence rate of the algorithm. We stop the algorithm either when the decay of
the functional is small or when the change in the design variables is small.

The evolution of the pressure profile is shown in Figure The major change is
visible at the initial steps, and, as clearly visible form Figure the functional decay
greatly slows down from a certain step and is even non-monotone. There are two sources
for this inefficiency: the first one comes from the error of the numerical scheme for solution
of PDEs, and the second is the non-convexity of the functional. In any case, we see that the
stress profile approaches the desired one and that the design, shown in Figure |1.13] meets
the expectation that it should approach to the more stiff designs where the higher stress
is required. One should also keep in mind that the xx stress profile of the textile is not
uniform with respect to x, and the closeness of the profile curves to the desired one at the
right and left edges of the textile may require a design different from the design we would

expect in the middle, this is especially true in the vicinity of the Dirichlet boundary.
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Chapter 2

One-dimensional computational
model for hyperelastic string

structures with Coulomb friction

2.1 Introduction

Due to the difference in size between thickness of yarns, dimensions of knitting patterns,
and macroscopic size of textile products, textiles are generally multi-scale structures. This
scale difference causes numerical difficulties for a direct numerical treatment. Therefore,
various techniques are required to handle such problems.

The description of major state of the art techniques in mechanical modeling of textiles is
provided in [45]]. These techniques usually combine two approaches: a direct computation
of geometries resolving individual yarns and modeling of textiles as deformable homoge-
neous shells.

The major difficulties of the approach with modeling of individual yarns are strong non-
linearities and the algorithmic complexity associated with modeling of contact phenomenon
in large deformation setting. There is vast mechanical literature available on this topic, see,
e.g. [49 47, 26]. State of the art works in simulations of textiles at the level of single
threads with massive contact are papers [17, 16].

Modeling of textiles as continua implies development of various hyperelastic models,

since large deformations and complicated non-linear constitutive laws must be considered.

76
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Advancement in this direction can be found, among others, in [9].

A common mathematical model for problems with friction is variational inequality with
a non-smooth term. Examples of state-of-the-art works in the direction of numerical meth-
ods with superlinear convergence rates for non-smooth problems are [46, 41].

Our aim in this chapter is to develop a model and a fast numerical approach, which
can be used for design of textiles, i.e. for simulation of the behaviour of textiles on the
basis of their knitting pattern and yarn’s properties in real time. In this chapter we are con-
cerned with knitted textiles with large stretching deformations, for which bending behavior
is not important. Since we have textile design assistance in mind, the model must meet the

following requirements:

arbitrary physically reasonable force-stretch curves of the constituent fibers should be

supported;
* large strains, large displacements, and Coulomb friction should be handled adequately;

* various knitting patterns should be supported without construction of complicated

meshes;

* an implementation capable to run in time of several minutes for meshes modeling

textiles of size of several centimeters on modern desktop machines should be possible.

To meet the last three requirements, a simplified geometrical model is considered: we
represent textiles by graphs, where chains of edges represent fibers and some of the nodes
represent contact spots. The detailed description of the geometrical model opens Sec-
tion The crucial point here is that we assume that contact interfaces are single points
that do not disappear, but can move with respect to the initial configuration of the sys-
tem. This brings a huge gain in performance in comparison with conventional approaches
to contact problems, where complicated geometrical algorithms associated with large dis-
placement contact problems have to be used.

Further in Section we describe the 1D hyperelasticity model. It is similar to the
model described in [T}, 43]]. We use its reformulation for the arbitrary force-stretch curves,
which are more relevant for fibers. This way we deal with the requirement about ar-
bitrary physically reasonable force-stretch curves. Under “physically reasonable” force-
stretch curves we understand piecewise continuously differentiable and monotone contin-

uous curves. Since this is usually observed in measurements, the measured curves can be
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interpolated by splines and then plugged directly in our model with no additional model
fitting.

After the description of the hyperelasticity model we explain our friction model. We ex-
tend the Capstan equation, also known as Euler-Eytelwein formula, to the case of extensible
fibers. This way, we obtain conditions in contact points between fibers from Coulomb fric-
tion model. The Capstan equation is widely used for measurements of frictional properties
of fibers, see [20].

Section[2.2]is concluded with the mathematical problem statement for the whole model.
We use the nonlinear evolution equations formulation and later prove its equivalence to
the energetic solutions concept. This mathematical model is used for various models with
rate-independent dissipation, see [30} [31]]. Application of Capstan equation with the refor-

mulated 1D hyperelastic model to simulation of textiles is novel.

In Section we prove that our elastic energy is convex and the dissipation potential
is convex and also positively homogeneous of degree one. We show that the model yields
degenerate Jacobian matrices and consider a regularized model along with the original
one. Later in this section we elaborate on the continuity of the solutions. It is observed
that the continuity of the solutions to evolution equations is tightly bound to the relation
between the strict convexity constant of the elastic energy and the Lipschitz constant of
the dissipation potential, see [29]. We conclude Section with time-discrete problems

suitable for numerical treatment.

The numerical algorithm is described in Section We apply classic regularization
technique for the non-smooth frictional term and solve the resulting smooth problems with
Newton-Raphson method. An analysis of convergence of our numerical scheme is not pro-
vided. and due to the regularization, the algorithm is likely to be suboptimal in comparison
to the state-of-the art techniques for non-smooth problems described, e.g. in [46,41]]. How-
ever, application of these techniques requires non-trivial derivation of the tangent operators.
Since our algorithm performs well enough for our examples, we do not seek for the optimal

convergence rate, but believe that it can be improved.

The part concludes with section [2.5] where numerical results and a comparison with an

experimental measurement are presented.
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2.2 Problem Statement

2.2.1 Description of geometrical model

Fabrics are approximated by weighted graphs of geometries similar to the one in Figure
Denote such a graph by I'. Fibers are represented by chains of straight one-dimensional
segments (elements), which are edges of I'. The contact points between fibers form a

subset of nodes set of T".

Introduce rigorous notation. The textile consists of fibers F;. Each fiber F; consists of
elements ¢]. Fibers are disjoint sets. Each element e is defined by two nodes n jand nj
an undeformed length parameter Lg, an undeformed initial length parameter Ei, a current
length lj |z ( ]) T (nij) | (the symbol x is introduced below), and material properties
described in Section [2.2.2] The set of all nodes of I is denoted by N. For each node n € N,
X (n) € R? is the reference position of n. Denote the vector of all undeformed lengths
L] by L. Let E be the union of all elements ¢/. The set of common points between two
different fibers F; and F}; is denoted Nc’] . It represents contact points between F; and F. It
is required that N, “J C N forall i and j. We call a node contact if it corresponds to a contact
point between some two fibers. Denote the union of all contact nodes by S¢ = U; jN:”. L

The set of contact nodes of a single fiber F; is denoted by Nf.

For each node n define the displacement field u(n) = x(n) — X(n), where x(n) is
the position of the node in the current configuration. For each point of element e] the
displacement field is interpolated by an affine function between the corresponding nodes

l T
n; ; and ng ;.

common point L N A Iy "\ ¥ «— fiber F
e :0:0:0: fiber 7,
common point A _
of F, and Fy ' ‘ «— fiber F3
element element fiber F
of F of Fy element element

of F4 of F4
Figure 2.1: Knitted fabric and its 1D graph model
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2.2.2 Description of elasticity model

For the modeling of a single element a hyperelastic material is considered, see [10, 48].
In the one-dimensional case the elasticity model is defined by an elastic energy density
function W (u’), where u’ is the derivative of the displacement field with respect to the
longitudinal coordinate of the element in the reference configuration x; (i.e. convective

longitudinal coordinate),

W ( /)_1/Ef()d where € = 1+% 2+ %2+ %2_1
u) =~ ; £) dg, € = oo, o =

is the nonlinear principal longitudinal strain, A is the undeformed cross-sectional area of

the element, and f(¢) is the force-strain curve of the element, which satisfies the following

properties:

Assumption 6 (on the force functions for convexity and convergence).

f(x) is strictly increasing for x > 0,
f(z) = 0forz <0, (2.1)

f (z) is a piecewise continuously differentiable continuous function.

The total strain energy U(u’) of an element e is thus given by

5 A
Uu') = /W(u’)da:l :L/O f(@) de:L/1 FON) dA, (2.2)

where A(u') = I(u)/L = 1+ (') is the principal stretch of the element, f(\) = f(e), L
is the undeformed length of the element, /(u) is the length of the element in the current
configuration, which is a function of the displacement field and the initial position of the
element. Note that if an element is compressed, then its elastic energy is zero due to the
second force function property. See [1] for the derivation of a similar 1D model from

conventional 3D hyperelasticity model.

2.2.3 Description of friction model

A common mathematical model for the equilibrium problem of elasticity with friction is

variational inequality. If U is the elastic energy and j is the work of friction forces, then the
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problem is stated as follows (see [24, [18]):
findwe L: U(w)+j(w) <U(v)+j(v), VYveK,

where v is a test field, K is the set of admissible displacement fields, and j is the work
of friction forces. For various friction models the problem statement is preserved, but j
changes. For thin fibers, the work of friction forces can be expressed in terms of resultant

forces only.

Euler-Eytelwein formula

In case of contact between an inextensible fiber and a rigid cylindrical surface, the friction
equilibrium condition is given by the Euler-Eytelwein formula, also known as the Capstan
equation or the belt friction equation ([20]). The Euler-Eytelwein formula is presented in
Figure [2.2]and has the following form:

e HY < 5 < el
2

T,
T,

Figure 2.2: The Euler-Eytelwein formula or the Capstan equation

T
e H < Z1 < el = [w]; = 0, stick phase,
2
_ I T . . (2:3)
e = T, O = el = exists £ > 0, such that [w]; = —«[T], slip phase,
2 2

where « defines the total angle, swept by the fiber. The total work of friction forces when
the fiber slides a small distance |[w];| in the tangential direction at each point of the fiber is

given by

Jeapstan(W) = pmin(T7, T) (e — 1)“W]t‘ (2.4)
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We extrapolate this condition to pairs of fibers in contact, where « is computed from the
angle between the direction vectors of the elements that are adjacent to the contact node.

For the case of an extensible fiber the work of friction forces is given by

JFric = ALHWM min (7}, Tg)/ f_l(min(Tl,Tg)e“a)e“a daov. (2.5)
0

Slip variables and undeformed lengths

Redistribution of undeformed lengths of the adjacent elements in fibers is characterized by

slip variables. Let us consider a sample fiber F' in Figure [2.3

T2 NGNS iy — T

o o’
Figure 2.3: Slip variables and undeformed lengths of the sample fiber F’

1 ...,e’. Then during the loading process

Assume that I consists of j + 1 elements e°, e
their undeformed lengths LY L', ..., L7 change in such a way that is satisfied (note
that here the local indexing of elements is used).

Consider two adjacent elements ¢ and e*+!. Denote the undeformed fiber length incre-
ment by s**1, i.e. the material redistribution parameter or slip variable, move from element

e* to element e¢*T1. Then we observe that after this redistribution we have
LF = F — gk

Obviously, the latter relation between L* and £* automatically ensures that the length

conservation equation

Z LF = Z ck (2.6)

k k

holds.
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The full system of equations for all the elements of the fiber reads
LV =0 — s,

L'=r'— s+,
=175+ 87,

J e A N

J =07+ 4.

\

Note that due to this system is invertible with respect to s™. This fact will play an
important role later when the existence of the solutions to incremental problems will be

discussed.

Assumption 7 (geometric constraint). During the loading process it must hold that L' > &},
where oy, is some small positive constant. This constraint means that undeformed lengths do

not turn to be too small. This yields the following constraints for slip variables:
€len < EO - 817
Elen < LM — M4 s 2<m <,
Elen < LI+ s

Due to invertibility of (2.2.3) with respect to s™, this system defines a compact convex set Spdm

(as a system of linear inequalities in a finite-dimensional space, see Chapter 1 in [40]]).

Total frictional dissipation for complete fiber

Assume that all nodes of a fiber F' are frictional and that friction coefficients in the nodes are
defined as in Figure Consider time derivatives $* of slip variables s*. At each frictional
node the work of friction forces is given by (2.5). The total work of friction forces along the

whole fiber F' can be computed as a sum of works in the individual nodes:

k
o
ék‘TI’fﬁn / I (Tfline“ka> e da. 2.7)
0

J
B i
JFric = Z 1%
k=1

Remark 15. Non-frictional nodes can be considered as a special case of frictional nodes
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er

@ Uer
Sel Te \w
/,u_d\‘ L. Ser

Figure 2.4: A single element

with friction coefficient 0. This means that no work is done by friction forces at such nodes
and that the tensional forces in the elements incident to the same non-frictional node are

identical. Further we will not specifically distinguish this case from generic frictional nodes.

2.2.4 Description of aggregate model, statement of the evolution problem

In this section we combine the elasticity and friction models for the whole fabric from
Figure We introduce notation s and s for sets of all slip variables sg and their time

derivatives. The total elastic energy Ui, of the mesh is the sum of the energies of all its

elements (2.2):

Uiot(u,8) = Y Ue(u, s), where (2.8)
eelR
A [ X e +ug — X — ug
Ue(u,s) = (Le + Se1 — Ser e dx, Ae= E - = <.
(0,8) = (L + 50— se) | fel)dx joi——

U, is the elastic energy of a single element e, )\, is its principal stretch, and L, is its initial
undeformed length. Lower indices 1 and r are introduced to simplify notations and to denote
“left” and “right” quantities of the element e, see Figure Namely, the variable s, is the
slip variable at the left node of ¢, X, is the initial position of the left node of e, and u,, is
the displacement of the left node of e. Note that we used to represent the element’s

undeformed length L. as a function of components of s and L.

Later we will show that the elastic energy presented above yields degenerate Jacobian

matrices. For better convergence and continuity properties, strict convexity is required.
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Introduce regularization term R and regularized total elastic energy U, ¢:

R(uv S) = €T(<u7 u> + <S7 S)),
Upsg(u, 8) = R(u, 8) + Ugot(u, 8),

(2.9)

where ¢, > 0 and the symbol (u, v) denotes the standard inner product of finite-dimensional

vectors u and v.

The energy dissipated by friction can be computed as the total energy dissipated on each

particular fiber:

Jrot(u, 8,1, 8) = g Jrc(u, 8,1,8), where
F,eE
k

a”(u)
sk‘ Tflin(u7 S) / f}«:bl (Trlflin(ua S)e'uka> e,uka da
0

J
]F;ic(ua Sa u7 S) - ,U
k=1

is defined according to (2.7). Since a dissipative model is considered, the stretching process
is path-dependent, and an additional parametrization is necessary to track the process. We

achieve this with a new “time” parameter ¢ and time-dependent boundary conditions.
The governing principle in our model is a doubly nonlinear evolution equation as stated

in [29]: find u € WH1 ([0; 7], V) and s € Wt ([0;T7], V), such that

0 € Ou,s Usot(u, 8) + Ou s Jiot(u, 5,11, 8), for all time instants ¢,

= D(x,1),

(2.10)
“}aQD
where V;, and V; are the corresponding finite-dimensional spaces, and the notation J,

denotes the subdifferential (see [40]]) with respect to variables a and b.

Remark 16. Throughout this part we assume that s(¢) € S,qn, for all time instants ¢. The
statement can no longer be used in general with this constraint, since it is an opti-
mality condition for some problem. When we add the constraint s(¢) € S,qn, to the model,
a proper constrained problem’s optimality condition has to be considered. However, due to

our assumption, any such condition would coincide with (2.10).

In the sequel the following equivalent statement will be used: find u € W! ([0; ], V,P)
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and s € Wh! ([0; 77, Vi) such that
0 € Ous UL (t,u,s)+ Ous §2 (t,u,s,1,s), for all time instants ¢, (2.11D)

where UD, and j2, are Uy, and jio with the Dirichlet conditions plugged in, and VP is
the reduced finite-dimensional space of displacement fields with some components fixed
due to the Dirichlet conditions. We will also consider the regularized problem: find u €
whl([0;7],V,”) and s € WL ([0; T, V;), such that

0 € Dus UDI®(t, 1, 8) + Oag j, (t, u, s,1,8), for all time instants ¢, (2.12)

where U8 is U8 with the Dirichlet conditions plugged in.

Remark 17. For the problem statement above to be well defined, one has to show that
the functions under the subdifferential operators are convex. The convexity of Uiy (u, s),
UD.(t,u, s), and UL (t,u, s) with respect to u and s for any ¢ € [0;7] is shown in Sec-
tion[2.3] The convexity of jioi(u, 5,1, $) and j2 (¢, u, s, 0, $) with respect to variables (i1, $)
for any t € [0; T] follows from the explicit form of j; and (2.I)).

It is assumed that D(x, 0) and all tensional forces of elements in the initial state are such
that the system is in equilibrium at the initial time instant. The simplest case of an initial

state equilibrium is that all tensional forces and Dirichlet conditions are equal to zero.

2.2.5 A model example

Consider a system in Figure

no LO 1

K
Figure 2.5: Example system

It contains only one fiber with two elements. Out of three nodes, two (ng,n1) are fixed
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and one is moving due to the prescribed Dirichlet conditions (ns). The only unknown in
this system is s; (and its derivative $1). Angle «; does not change due to the alignment of

the prescribed Dirichlet displacement and the element pulled.

Let us check that the governing principle (2.10) for this system yields Euler-Eytelwein
condition (2.3) for the tensional forces and the slip variable.

Assume that for this system the force-stretch function f is affine, namely,
fA) =A—-1

The inverse is f~1(T) = T + 1. It follows that

lo ll

T —1 T, =
0 S I,

 Ly—s1 a
Assume that 77 > Ty > 0, T1 < e**1Ty, and 17 > Tp. It is easy to see that under such
conditions s; > 0. The elastic energy and the total work of friction forces can be written

down explicitly:

1(lp—Lo+s1)? 1
Ueo = QW = §(L0—31)(To)2,
1(h—Ly—s1)* 1 5
Uy, =-—-———"——""—=—(L T;
€1 2 L1+81 2( 1+81)( 1) 9
TheX1H1 2 T 2
Jtot = |51 <( 062 ) — ( g) + The™tH# —T()>.

From the governing principle (2.10) we obtain that $; is the solution of the following

problem:
0e au,.steo + 8u,sUe1 + 81'1,é jtot‘

Observe that for s; such that s; < Lo — €jen, Uey, U, 5 Jtot are convex with respect to. s; and
the application of subdifferential operators is legal. Functions U, and U, are differentiable
and ji¢ is a multiple of the absolute value function. After differentiation with respect to $;

and algebraic simplifications we arrive at

0€— <(T1)2 _@ g To> + Sign(31) <(Toemm)2 C @ e To> :

2 2 2 2
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Note that since $; > 0, the latter condition is equivalent to the following disjunction:

T1 = T()GO”“1 and 31 > 0,

T < T()@O”M1 and $1 =0.

This condition is similar to (2.3). The slip variable changes only if the tensional forces are

in critical state. Otherwise, no slip takes place.

2.3 Analysis of the model properties

For each fixed time instant the problem (2.10)) is a finite-dimensional problem with respect
to u and s. We first prove that it possesses the desired convexity properties and then discuss
equivalent formulations, existence and properties of time-dependent solutions and possible

approaches to a numerical solution.

2.3.1 Convexity properties of elastic and frictional terms

Lemma 8. The elastic energy term Uyt (u, s) has a positively-semidefinite Hessian matrix with

respect to u and s on the admissible set {s: s € Sagm }-

Proof. Due to (2.8) it is enough to prove the statement for a single element. Elastic energy
of each element is defined by the independent quantities in its two nodes, see Figure

(in this proof we omit lower index e to simplify the notations):
1. spatial coordinates of the left and right nodes of the element: u; and u,,
2. left and right slip variables $, and ;.

Therefore, the elastic energy U, of a single element e is a function of these eight variables:
Ue (w11, w12, w3, S1, Ur1, Ur2, Urs, Sy). We write this function explicitly, compute its Hessian ma-
trix, and show that it is always positively-semidefinite.
All of the six spatial nodal element coordinates are represented by a vector
r 7]
we [ufu]
Let c. be the orientation unit vector of e ¢, = (u; — u,)l~!, where [ denotes the deformed

length of e. Further we will treat c. as a column-vector.
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The longitudinal principal stretch of the element can be represented as a function of

eight variables wy;, u,j, si, and s;:

L Viw — un]? + [w — u)? + [wg — us)?
3 L+ (o= ) :

A:

Here we used (2.2.3) to express L in terms of £ and s. By straightforward differentiation

we obtain

o\ Cej Q _ 1)\ o\ _ Cej o\ _ l)\
0s L™ Ouy L’ 0s, L

8’U,1j N L’

Let us differentiate (2.2) using (2.2.3) to obtain the derivatives of U.:

ou. oN R LR AN
P, _Lf()\)ale = f(N)cejs D51 _/1 F(N) dX Lf(A)aslj _/1 FO)dX = Af(N),
oU, . O\ . ouU, B AL
S = LI = —fe, Gt == [ TR dR 4T

We also need the following second derivatives:

PUe _ 1 (wi—un)® PV (= uni)(wy —wy) oy
8u12i 1 [3 T Oudwy N 3 ’ I
PU. U PU. U iy
8uh~8uri N 8uh~8uu’ 8uliaur]’ N 8uli6u1j’ I
U, f'(N) f) 2 U, ') f\) L
— eiCej — (11— i) s = eiCej 5 T Ceilej)s 5
8u122. L CeiCej + l ( ez) Ouy; 0wy L CeiCej + l (=Ceicej), 1 7 ]
92U, 0*U. . .
= - 7\V/Z’]’
Ouliﬁuri Ouliauli
9%U., _ )\Qf’()\) 92U, _ _)\Qf’()\) 9%U. _ . 4)\f’()\) 92U, _ 92U,
Ds? L7 0808y L 7 9s0u; L 7 9s,0uy; 0510wy
Let us introduce matrices
! !
Z, = fé)\) Cecg + f(l)\) (13 - CECZ) , Ly = _)\fL()\) Ce,

where I}, is a k-by-k identity matrix. Then 02U, can be rewritten in the following block
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form:
I Z Z
Pu.=( T)B(L L), B=(_" 0 ). (2.13)
14 Zg’ )\2 f/ -1
Assume that c! and c? are such vectors that (c., c!, c?) is a right orthonormal triple. Intro-

duce notation

f'L=! 0 0 —MfL!

C o0 0 =10 0
C,= PO Broe = / : (2.14)
0 0o fi ! 0

—Af'/L~Y 0 0 NfL!

where C = (ce cl cg), and 0,,,x,, is the m-by-n matrix of zeros. It is easy to check that

Z, Zy T
B=|,s N = C4B1,CT. (2.15)

From (2.13), (2.14), and (2.15) it is easy to deduce that the following equality is true:

QT9°U.Q = (Q1 — Q:)"C4B,.C{ (QI — Q,), where (2.16)
T T T
Qi = (uu w2 Ui 51) , Q= (ur1 U2 Urg Sr> Q= (Ql Qr> :
By Sylvester’s criterion, equality (2.16), and due to the orthogonality of C4, the quadratic
form Q7 9?U.Q is positively-semidefinite if and only if all principal minors of By, are non-

negative. Indeed, due to the properties of force-principal stretch functions (2.1)) we observe
that

A1(Bioe) = 'L 20, Ao(Bioe) = ['fIT' LT 20, Ag(Bioe) = f'f717°L7" >0,
Ag(Broe) = N2(f)2fAU72L72 — X2 ()22 = 0.

These four inequalities conclude the proof. O

Remark 18. Matrix By, is always degenerate, but its rank is 3 even when f and f’ are

positive. This persistent zero subspace corresponds to the situation, where the slip variables
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compensate the change of the deformed length by the change of the undeformed length in
such a way that the principal stretch of the element is preserved. However, in the aggregate
model (2.10) this zero subspace is penalized by the frictional term, and the whole model is

not necessarily degenerate.

Corollary 8. Functions UP, (t,u, s) and Ur*8(t, u, s) are convex with respect to (u, s) on the

admissible set {s: s € Saam} for all t € [0;T7].

Lemma 9. The regularized elastic energy functions U. % (u, s) and Ui (t, u, s) are strictly
convex with respect to variables (u, s) for all t € [0;T] on the admissible set {s: s € Sadm}-

The strict convexity is uniform with respect to time with coefficient ¢,..

Proof. The Hessian matrix of U, is positively definite due to the relation
Ugoetg(u7 S) - R’<u7 S) + UtOt(u7 8)7

the positive semidefiniteness of the Hessian of Uy (u, s), and the positive definiteness of

the Hessian of R(u, s). Since
R(uv S) = 5T(<ua u> + <37 3>)a

the minimal eigenvalue of the Hessian of U,S¢ is not less than ,. This concludes the proof.
O

Corollary 9. Function Ut (t, u, s) is uniformly convex on the admissible set {s: s € Saqm}

for all t € [0; T] with strict convexity coefficient &,.

Lemma 10. The frictional energy term jio(u, s, 0, $) is convex with respect to variables (1, $)

for all admissible (u, s).

Proof. The lemma follows directly from the explicit form of individual terms of ji,; given
by (2.5)), convexity of the absolute value function, and the conditions on force-stretch func-

tions (2.1). O

Corollary 10. Function j2,(t,u,s,0,$) is convex with respect to variables (11,$) for all t €
[0; T] and all admissible (u, s).
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2.3.2 A system with discontinuous solution

In general, dissipative processes may show discontinuous behavior even if the input data is
Lipschitz-continuous. Let us provide such an example in our setting. In fact, discontinuities
may be observed already in the system in Figure 2.5

Assume that the friction coefficient ;1 depends on s; and that the current and initial

length parameters at the initial time instant ¢ = 0, are defined as follows:
lh=2, Lop=1, 1|1 = 6051/1,1(0) +1, L=1.

Assume that the force function is linear. It is easy to check that at the initial time instant

the friction equilibrium condition is satisfied:
To=1, T, = ealﬂl(o)’ Ty = Tpe#1(0),

As in the previous example, we assume that the Dirichlet conditions are such that the angle
oy is constant. Here we also assume that the Dirichlet conditions are such that /4 (t) =
e (0) 41 4 t, i.e. element e, is stretched in its longitudinal direction.

Let us analyse s (¢) as a function of time. It is obvious that it is a non-decreasing non-
negative function, and due to the constraint that undeformed lengths are positive, s;(¢) < 1.

The friction equilibrium condition is

L (),
1+ 51(t) =)

We write the equation for the critical case because the system is in the critical state at the
beginning of the process and element e;, which initially had higher strain, is being stretched

further on. The latter equation can be rewritten in the following form:

— 5 e1p1(0) _ 1 _ s1 (ea1ul(81)+1>

1
a1pi(st) — t), where t)=1+1
€ f(sh )7 w. f(Sl, ) + 1 + S% 1 + 3%

Observe that f(s1,t) > f(s1,0) for all ¢ > 0, s € [0;1]. Consider the following friction

coefficient function:

1 arpn(0) _ 1 arp(st) 4 q
/Lcrit(sl) = max ( In (1 + ¢ Sl(e + ) s Bmin | -

a1 1+ s
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For some sufficiently small i, > 0, the first component of the max above is greater than

the second if

" 1 ealﬂl(o) J'_ 1 1 \/(ealﬂl(o) —|— 1)2 —|— 4(eal:ufmin — 1)(€a1ﬂ1(0) — eal;ufmin)
51 <5 = _5 e¥1Hmin — 1 + 5 eX1Hmin — 1 ’

Observe that the friction equilibrium equation for ¢ = 0 holds for all s between 0 and s*.
Due to the initial conditions we put s;(0) = 0. However, for ¢ > 0 it holds s;(¢) > s* > 0.
Therefore s;(¢) is discontinuous with respect to time despite the Lipschitz-continuity of the

Dirichlet conditions and all the other problem parameters, see Figure

0
1(0) a1 tnf(sy, )

Merit (3 1 )

Mmin

-
>
S

51(0)=0 51 si(t) si(te)

Figure 2.6: s1(0) instantly jumps to s;(¢) > s* right as t > 0 (the dashed arrow) and then
develops continuously with respect to time (the solid arrows)

In the next section we consider conditions, which guarantee Lipschitz-continuity of the
solution. Later we will refer to the Lipschitz-continuity of the solutions as to “stability of

the model”.

2.3.3 Lipschitz properties of the frictional term

The Lipschitz constant of the frictional term plays an important role in the stability of the
model. We estimate the constant in this section.

Due to (2.7) it is enough to prove that all the terms are Lipschitz-continuous and have
the same Lipschitz constant.

For a single term we re-denote the spatial nodal position by « and the slip variable by s,

see Figure

In the sequel we will use the following notation: for a scalar function f(x), grad,, f is its
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Figure 2.7: A single frictional node and the direction vectors of the elements

gradient in the form of a row-vector, and for a vector function g(x), grad,, g is its Jacobian

matrix, where i-th row is the gradient of the i-th component of g.

Lemma 11. Consider three points @', x", and = in R3. Let a(x) = m —arccos({€', e")), where

. x — !
e —

s
, T—x

—, € ETE—
[l — ||’ [l — ||

The function «(x) is Lipschitz-continuous with respect to x on the set

{x: |z —a!|| >d}n{x: ||&—a"|| > d} for some d > 0 with the Lipschitz constant 3d~".

Proof. We prove the lemma by coordinate transformation and direct differentiation.

Observe that e! and e” are Lipschitz-continuous with respect to & with constant 3d~'.

This is easy to obtain by the direct differentiation and estimation of the derivatives’ norms:

1
rad..e’|| = ———— x
|grad, e"| T
(xh — 22)? + (2§ —x3)*  —(a] — 1) (ah — x2) —(2] — 1) (25 — x3)
X —(@ — @) (2] —21) (2] —m1)?+ (2 —a3)? —(2h — x2)(2h — a3) <
— (x5 — x3) (2] — 21) —(zh —mo) (2 —x3) (2] —x1)? + (2h — x2)?

3 3
T ez T d

Here we have also used that |le”|| = 1.

Next, it is possible to find such an orthonormal basis, that the coordinate transformation
into coordinate system of this basis transforms e’ into (1,0,0) and €’ into w = (wy, w2, w3).
The coordinate transformation matrix @ is orthogonal. We completely ignore translations

because they do not affect the value of a(x).
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In the new coordinate system we have:

a(x) = 7 — arccos <<el, e’”>> = T — arccos i = a(w).
Vw? + w3 + w3
1 2 3

Using the condition w? + w3 + wj = 1 (due to ||e’|| = 1), by direct differentiation with

respect to w we obtain

T T
. —w3 — w3 —r?
grad,, a(w) = — w1we = | sign(wy)rv1 —r2cos(B) |
Vws +wj . .
wiws sign(wq)rv/1 — r2sin(pB)

r=/wi+wi <1, B=arctan (w;;)
w2

It is easy to see that ||grad,, o < 1.

Finally, due to the relation

w1 el1 (x)
wy | = Q(x) [ eh(x)
w3 es(z)

and by the chain rule and the properties of Q we arrive at

|lgrad, a(x)| = ngadw a(w) grad, w grad,, €' H =
= [Jevad., a(w)@ arad, ]| < livad,, a(w) | Q1 ||arad, ]| < .
This inequality concludes the proof. O

Theorem 12. Suppose the following conditions hold:

1. generalized derivatives of force-principal strain functions are elements of L°° and are

almost everywhere bounded both from below and from above:

0< Cforce < ‘f/(l‘)‘ < Cforcea Vo > Oa

2. there exist uniform bounds for swept angles: «(n) < C,, Vn € N,
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3. there exists a uniform upper bound for the principal stretches of the elements \. < C),
Vee E.

4. there exists a uniform positive lower bound for the undeformed lengths of the elements:
Le> clen >0,Ve € E,

5. there exists a uniform upper bound for the friction coefficients: u* < C,,.

Then the work of friction forces in any single node is Lipschitz-continuous:
Jrvic(q's 81, 1,8) — jmic(@?, 8%,1,8) < O3 [[(w,8)] || (¢, 8") — (6%, 87 (2.17)
for all admissible (q*, s') and (g2, s%),

L0y max(2C5,Chy, 2C, + 3CY).

loc 2CoCp 2 -1 -
C Lip < Cue o Cforce CtorceClen

Proof. We find the derivative of the frictional term and show that it is bounded.

Note that the only nonsmooth term subject to the differentiation is min(f!, f"). Due
to the strict monotonicity of force functions, this term is differentiable almost everywhere
and at the points of non-differentiability the superdifferential can be analyzed, see Theo-
rem 3.18 in [8]]. To avoid technicalities arising from superdifferentials, we refer to Theo-

rem 25.6 in [40] and work only with directional derivatives.

The following derivatives of the principal strain and the force-principal stretch function

will be required for further estimates:

l

II?—.’IJZ e r—x
)\l(w,s) = M» grad,, Al(m) T st sl e = M’
oy = el N
s (C—s+s)? LT—s+s

l

grad, f! = f' grad, A = fh S <fz>’ _ (fl)/ M(x, s)

l — 7.
Nt s+ sl s AL — 548t



2.3. ANALYSIS OF THE MODEL PROPERTIES 97

Differentiation with respect to s yields:

plslmint 1) [ in( e da) <

< sl (7] 1772]) [0 (min( 1 pryer ) e das
a e max (’fl; f”sl)

f (1 (min(fh fr)ere))

)

+u |S| min(fl, fr) 0 da < <2u ’5‘ 2C’aucfforce Clerllc)\Ca'

Cforce

Differentiation with respect to « yields:

grad, 1 |3| min( ', /") /0 " min(f 7)) e da <

< ufsimase ([Jarad £ Jerady 571,) [ 57 (min ! fryene) e o
+ sl min(f', 7) llgradg all, £~ (min(f, fr)enCn ) enCes
a 2 max (ngad fl’ | llgrad, Ily)
F/(F (min(f, fryene))
Loy, (204 + 3C)y).

da <

+ o3 min( £, f7) /0

S /J' |°é| 62C"OUUJC’?OI'CG

Cforce Clen

Here the terms without grad,, « are estimated in the same way as for the derivative with
respect to s. For the estimate of ||grad, af|;, < 3c;.! see Lemma It remains to estimate

the friction coefficients and take maximum of the two estimates above. O

Corollary 11. Suppose that the conditions of Theorem [12]hold. Then the total work of friction

forces is Lipschitz-continuous:
Jiop(ta', 81,1, 8) — jiog(t, @, 87,10, 8) < Cuip (0, 9)]| [|(a', ") — (¢%, 57| (2.18)
for all admissible (qy, s1), (qy, S2), for all t € [0; T,

(2.19)

Cuip < |Sc| Ci%5,

where C}fi; is defined in Theorem

Remark 19. Condition [1is physically reasonable, but rules out discontinuous force curves.
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Condition [2| may be false for some special meshes, but it is quite reasonable for textile
modeling. Condition 3| can be derived from the energy conservation law and does not
impose any non-physical restrictions. Condition [4| can be a problem, since it is natural
to put ¢, to be very small. However, it enters the denominator of the estimate for the

Lipschitz constant and, as we will see further, it is desirable that this constant is small.

2.3.4 Energetic formulation and time-discrete problems

Following [29] and [32], consider the energetic formulation of the problem: find u €
wht([0;7],V,”) and s € Wh! ([0; T, V;), such that

UL (t,u,s) <UL (t,4,8) + j2.(t,u,s,1—u,5—s) for all admissible (1, §), ¢ € [0, T],
(S)

UL (t,u(t), s(t)) + / Jion (1 u(7), 8(7),u(7),8(7)) dr =
0 (E)

— UB,(0,u(0), 5(0)) + / Pese (7, u(r), s(r)) dr,
0

where the last integral term represents the work of external forces (caused by the boundary

conditions).

Theorem 13. Assume the conditions of Theorem [12]| are satisfied. Then the problems (S)—(E])
and (2.10) are equivalent.

Proof. The theorem is a direct corollary of Proposition 2.7 from [29]. To use this proposi-

tion, we must ensure that the following conditions hold:
1. UP.(t,u, s) is convex w.r.t. (u, s) for all t € [0; T].

2. jP.(t,u,s,1,8) is convex and positively homogeneous of degree 1 with respect to
(1, $) for all admissible (u, s) and all ¢ € [0; T,

3. 3 Cmic > 0: V(u, s, u, S) jgt(t,u, S,il,é) < CFric H(u,s)H forallt e [O;T].

Condition follows from Lemma [8), condition [2|is true by definition of j{, and the last
condition is a corollary of Theorem Hence Proposition 2.7 of [29] is applicable and the

proof is complete. O
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Consider a partition

P.={!=0<tl<...<tf =T}, 7= 'nilaXN{t]T'—t?fl}
J=1,...,

and the following problem:

Problem 1. Given (u?, s?) = (uy, s¢), find (u¥, s*), k = 1,..., N such that

T OT T 9T

k ok : Dreg  k D 4k k=1 k-1 k-1 k—1
(uT’ ST) € argIIy, ey D scViNSadm (Utot (t7'7 u, S) + Jtot (tr? u 8 ,u—u. ,8—38; )) :
(2.20)

Due to the strict convexity of Ui*® and convexity of ;2. problems always have
unique solutions. From Lemma 4.4 and Corollary 4.5 of [29] we immediately conclude that
these solutions satisfy the condition (8] with U2:® instead of UR,.

Introduce interpolants

(|(t), 5(1)) = (uf, sF) for ¢ € (t51, 25, (u(t), s(t) = (uE~, s571) for ¢ € [t ¢8),

T 9T

SOy t—ti th—t 1 ket k=1 4k
(u(t), S(t)) = W(uﬂ ST) + 7(117' »Sr )7 te [tT 7t7‘]‘
T T

The following analog of Theorem 4.6 from [29] provides an approach to numerical

solution of (2.10].

Theorem 14. Assume that conditions of Theorem [12]are satisfied and 2e, > Clp, see ([2.9),
(2.19)). Then problem with initial state satisfying admits a solution. Moreover, if
P, is a sequence of uniform time-step partitions of [0, T] with fineness 7; — 0 as i — oo, then
there exist a subsequence 7;, and a solution u € Wh> ([0;T],V;P), s € W ([0; T), V;) such

that the following convergences hold as n — oo:

1. Vt € [0;T]

2. (4,3) = (u,s) in Whe([0; T], V.P x V),

3. Vte[0;T] Ut u(t),s(t)) — Ui(t, u(t), s(t)),
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4. Vte[0;T)
/0 JRL(E (u(e), 5(6)), (W(£), 3'(6)) de — / JDL(E, (u(E), 5(6)), (1(E), 5(6))) de.

Proof. To apply Theorem 4.6 the following conditions must be satisfied:

1. there exists x > 0 such that V (ug, 80), (u1,81) € Uaqm, Vt € [0, T], V6 € [0;1]

Ugt(t, ug, sg) < (1 — G)Ut]gt(t, uy, So) + 0U£t(t, uy, s1)+
K
+ 59(1 —0) ||(uo, 80) — (uy, s1)|?,

where (UQ, S@) = (1 — 9)(11(), So) + 9(111, 81).

2. there exists ¢* > 0 such that for all ¢ € [0; T,
[toe (£, 00, 8,10, 8) — 2y (8, u, 8,10, 8)| < 0" [|r(@, 8) — (u, )| [|(1,8)]].

3. the following condition holds for Lipschitz constants of j2, and strict convexity of
UR,: ¥, < k.

Condition [1] is fulfilled for U;e with x = 2e,. Condition [2| holds by Theorem [12] with
1* = Cl;p. Finally, Condition [3|is satisfied by the condition of the theorem being proved.
At this point Theorem 4.6 can be applied, and this concludes the proof. O

Remark 20. The Lipschitz constant from Theorem (12| may be large and Condition [3| means
that ¢, is large. However, ¢, is a regularization constant, and it should be small. At the same
time, the model is highly anisotropic and the analysis based on uniform properties, such as
Lipschitz constants and strong ellipticity, may be too rough. We believe that it is possible
to derive finer conditions for the parameters based on anisotropic Lipschitz and strict el-
lipticity properties. In our numerical experiments ¢, was small, and we didn’t observe any

discontinuities of the solutions.

2.4 Numerical algorithm

Observe that Problems (2.20) are finite-dimensional nonsmooth optimization problems.

We apply convenient regularization technique for the friction term for numeric calculations
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(see [24,/44]). This renders the problems (2.20) finite-dimensional and smooth, and stan-
dard numeric optimization techniques are applicable.
The stiffness matrices induced by UL are similar to those derived in Lemma |8} and

for the regularized version of ;£ the derivation is standard.

2.4.1 Continuation method

Consecutive solution of problems (S) for increasing sequence of time instants ¢, in [0, T] can
be seen as a variation of continuation Newton-Raphson method ([48, [14, [35]). In our im-
plementation we use adaptive time step size selection based on the algorithm’s convergence

behavior.

1. Set the initial estimate of the solution to (u(t), s(tx))-

2. Update Dirichlet displacements corresponding to ¢ .

3. Set an inner iterations counter to zero.

4. Apply a Newton-Raphson iteration to problem for time instant ¢;:

(a) If the error norm is small enough, go to step

(b) If the error norm violates the convergence criterion and the inner iterations

counter does not exceed the limit, go to step 4(d).
(c) Otherwise reduce the time step size and go to step
(d) Increment the inner iterations counter.

(e) Apply an additional Newton-Raphson iteration to problem for the time in-

stant tg,

(f) Go to step 4(a).

5. At this point the problem for the time instant ¢; is solved. Proceed to the next
step.

The solution process is presented in Figure
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[Start with (u(t,), s(t,,-))]

Y
Set Dirichlet conditions /_ restart step
according to ts41

< Apply Newton-Raphson iteration

Set ts41 to be
closer to tg

more iterations
possible

Check conver-
gence criteria

Check inner itera-

tion number limit no more

inner iterations

possible
converged

[ (u(tsi1),8(tss1)) is computed ]

Figure 2.8: Single step of the continuation method

2.5 Numerical examples

Let us first study the influence of the friction coefficient on the effective behaviour of textiles.
The results of computational experiments are presented in Figure

In these experiments, four initially square fabric cutouts are stretched up to 80% de-
formation. The cutouts have identical geometrical properties, but the friction coefficients
differ. Width of the cutouts is fixed only at the top and bottom sides by the boundary

conditions. The lateral sides are free.

In the stretching experiments vertically aligned parts of fibers are stressed stronger than
the corresponding horizontal parts. Therefore, undeformed length flows from the horizon-
tal parts to the vertical parts. The smaller the friction coefficient, the easier it is for the
undeformed length to redistribute. At the same time, this higher redistribution leads to
higher shrinkage. This observation agrees with the behaviour observed in Figure Note
that though the input force curves for individual yarns are monotone, the curves for yarn

structures may be non-monotone due to geometrical effects.

We proceed with an investigation of influence of the friction coefficient on the total force

applied to the cutouts to reach some fixed deformation.
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Figure 2.10: Load-unload Hysteresis for various friction coefficients associated with the
specimen in Figure|2.9

We expect lower total force values for smaller friction coefficients, because the fibers are
more likely to redistribute than to develop high tension.

The corresponding hysteresis behavior for single load-unload cycle is shown in Fig-
ure The curve for p = 0 is almost indistinguishable from the curve for 1 = 0.125.
Indeed, the higher the friction coefficient, the higher the total applied force for a fixed
deformation.

In Figure [2.11] comparison of measured and computed force for a square cutout of a
technical textile is presented. The relative error between the curves is high in the beginning

but is low for higher strain values. The operating range of the textile is between 50% and
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150%. The figure shows that the model gives a good approximation of the force behavior
of the textile.

F,[N] Courtesy of Zwick GmbH & Co. KG
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Figure 2.11: Comparison of computed (green) and measured (dashed) forces for a real
fabric sample



Chapter 3

Summary

In the first chapter an optimization approach for beam structures with Robin boundary
conditions modeling contact is proposed. Homogenization approach can be used not only
to reduce the problem dimensionality, but also to formulate new optimization problems,
which would be difficult to state for the non-homogenized problem statement. Numerical
examples illustrating the approach are provided, both for stress profile and Poisson’s ratio
optimization problems.

In the second chapter a 1D truss method for the computational modeling of technical
textiles is developed. The existing FEM procedure is extended to the contact involving
Coulomb friction. The model is analyzed mathematically, numerical aspects are discussed,
and a computational algorithm is proposed. Finally, numerical experiments are presented

and the model is verified by a comparison with real measurements.
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