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Introduction

Nowadays, diffusion models are used in many different areas such as engineering, physics, me-
dicine and a lot more. References pointing to the various fields of applications can be found
in [Bis08]. In this thesis, we investigate diffusions under the condition of 'long-term survival’.
Survival means there must be killing. The first thought most people may have in mind is the
death of some single individual. No doubt there are certain species on earth whose members
have a realistic chance to grow extremely old in age compared to the life span of a human. If this
happens one may say they survived very long. But if we stop to think about single individuals
and rather look at whole populations ’long-term survival’ becomes even more likely.

In this context diffusions are well-suited to model large populations or the competition between
two or more species. In [Lip77] and [JM86] it is shown that certain diffusions can arise as scaling
limits forcing the initial population to grow towards infinity. This large initial size is what we
mean by ’large population’. The usual case is that a population eventually becomes extinct,
i.e. killed at a random time 7 which we will call ’killing time’. The simplest possibility this can
happen is if the population size reaches zero due to denatality and no offspring can be produced
anymore. In the context of one-dimensional diffusions Y = (Y;);>0 this means that Y takes its
values in the ’state space’ [0,00) and zero is a ’killing boundary’, i.e. if Y; = 0 then Y; = 0 for
all t > s.

In contrast, the competition of two species is a situation where two killing boundaries naturally
come up. Suppose the first species is of size Ni(t) and the second one of size Na(t) but only
ﬁ(t]\)&(t) of the first species is measured. If we use a diffusion Y to model this
situation, it is clear that Y takes its values in [0, 1] and there are two killing boundaries: If YV’
reached zero before one, this means that only the second species has survived and vice versa.
(If Y reached one before zero the second species became extinct.) Thus, the killing time 7 is

the proportion

the first time ¢ such that Y; hits zero or one. Similarly, we can look at the evolution of two
interacting genes in a population. For an application of diffusions in genetics we refer to Chapter
15 in [Lan03], a more recent publication is [Les09].

There are also models where killing may occur in the ’interior’. One example is a patient who
suffers from a tumor. If the tumor reaches a critical mass or even spreads out, the chance that
the patient will die in a short time period is significantly larger than zero. In the context of
diffusions this is modelled by a ’killing rate’ « +— x(z) defined on the state space. The killing
rate is high at hazardous states, i.e. at values for Y where the chance of being killed is high.
For an eloborated model of a diffusion under the influence of internal killing we refer to [KT83].

We dedicate ourselfes to the long-term behaviour of diffusion under killing which follow a
stochastic differential equation dY; = dX; + a(Y;)dt driven by a Brownian motion X. The
diffusions we are working with in this thesis will almost surely be killed. Of course, the analysis of
the long-term behaviour is only interesting for the ’long-term survivors’, i.e. only for those paths
[0,t] © s — Ys(w) which are not killed up to a long time ¢. Hence, investigating [0,¢] 3 s — Yj
conditioned on survival up to time ¢ seems like a good thing to do. Here we let ¢ tend to infinity



looking for a limiting behaviour. If a limit exists, it could serve as an approximation of the
diffusion conditioned on long-term survival. In literature we find essentially two kinds of limit
results.

1. The first is the one which investigates the so-called ’Q-process’ of Y under 7. We look at
the whole process under ’infinite survival’ as explained above. In chapter 2 we will identify
the Q-process for certain diffusions Y and killing times 7. We recommend [CCL*09] and
[CMSM13a]. Further, we will see that a Q-process is a special case of a 'penalisation limit’.
The corresponding theory was developed several years ago by Yor et al. See the series of
papers [RVY06b, RVY06a, RVY05, RVY07] or the book [RY09].

2. The other class of limit results focuses on the distribution of Y; conditioned on 7 > ¢ if
t tends to infinity. If this limit exists, it is referred to as ’quasi-limiting distribution’. A
special case is the so-called "Yaglom limit’ lim; oo P, (Y; € o| 7 > t). We will look into
this phenomenon of long-term survival in chapter 1. We also refer to [MV12], [KS12] and
[CMSM13a].

These 2 possibilities are illustrated in the following figure.
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Remarkably, even if the Q-process for Y under killing at 7 has a unique stationary distribution,
in general this is not the quasi-limiting distribution of Y under 7. Nevertheless, Q-process and
quasi-limiting distribution are closely connected, at least formally. We will illustrate this in
chapters 1 and 2.

We also investigate a third possibility to condition the process Y on infinite survival:

3. In chapter 3 we go one step further and 'look between’ the Q-process and the quasi-limiting
distribution. As the following figure shows, we are interested in the long-term behaviour
of Y(4) under 7 > t for some sequence s(t) — oo with ¢ — s(t) > € > 0.

time r grows to oo S(t) distance > € t— oo COIld. onT>t P




As indicated above, chapter 1 deals with the quasi-limiting behaviour of certain diffusions. In
particular, we give criteria for the existence of a Yaglom limit. An inspiration for us was the
article [KS12] of Kolb and Steinsaltz. Their Corollary 4.8 sharply separates the case of existence
of a Yaglom limit from the case that all the mass goes to infinity in the limiting process described
above. Though all their other results also allow a non-zero killing rate, in Corollary 4.8 it is
assumed that  is zero. So we tried to fill this gap. By theorem 1.12 and its corollary 1.13 we
see that this dichotomy also holds for a non-zero x such that lim, o x(x) exists:

o )\ > lim, o k(z) = limy_,oo P (Y; € @| 7 > 1) is a probability distribution on [0, c0),
o )\ =lim, ,o k(x) = limy_yoo P, (Y; € A| 7 > t) = 0 for all bounded and measurable A

where —) is the end of the spectrum of the self-adjoint L?-generator.

When it comes to the investigation of long-term survival the asymptotic behaviour of ¢ —
P(r > t) is of particular importance as can be see in [MSMO1] and [KS12]. In [MSMO1] it is
shown that the exponential rate of decay for ¢t — P(7 > t) equals A under killing at zero and if
the drift coefficient a is C'. In their Corollary 1 the authors use this fact to show that a larger
drift ’towards killing’ results in a higher A\. In combination with the preceding dichotomy we
get a comparison result of the form:

If we have a Yaglom limit for a diffusion ¥ under 7 and Y is another diffusion with a stronger
drift "towards Kkilling’, we also get the existence of a Yaglom limit for Y under 7.

We prove such comparison results in theorem 1.17 and, under assumptions similar to the ones
made in [KS12], in theorem 1.22. Nevertheless, these theorems are not very much suitable for a
quick check for a Yaglom limit of Y. A priori these results do not provide us with diffusions Y
to compare with. Hence, to increase applicability we formulate these theorems for the special
cases of Y being an Ornstein-Uhlenbeck process and Y being a Brownian motion with constant
drift. Furthermore, we show that in many cases the existence of a Yaglom limit for ¥ with drift
coefficient @ and for Y with drift coefficient @ implies that the diffusions corresponding to the
drift coefficients min(a,a) and max(a, a) also have a Yaglom limit.

At the end of chapter 1 we mention a result obtained by Steinsaltz and Evans in [SE07] giving
the Yaglom limit if the state space of Y is a finite interval and the drift coefficient is from C?.
We included it since it is some sort of counterpart to proposition 2.3 which is a corresponding
penalisation result, i.e. it gives the QQ-process of Y living on a finite interval.

As already mentioned, chapter 2 is devoted to the investigation of penalisation limits with
special emphasis on the Q-process for diffusions Y on [0,00). We pay special attention to the
observation that whether a Yaglom limit exists or not has, if at all, only a minor effect on the
Q-process. We prove appropriate results in theorems 2.11, 2.13 and 2.14. These results even
show that the general form of the Q-process is the same in both cases. Furthermore, in section
2.3 we identify the penalisation limit as the measure of a diffusion (Z;); using certain results
about martingale problems. This Z solves a stochastic differential equation similar to the one
for Y but with an additional drift term. This drift term as well as the penalisation limit are fully
determined by the eigenfunction ¢ of the generator corresponding to the asymptotic exponential
rate of ¢ — P, (7 > t). We will also see that the existence of a stationary distribution of Z goes
by the square integrability of ). To make a connection with quasi-limiting behaviour, there are
equivalent statements for the Yaglom limit:



The existence of the Yaglom limit goes by the integrability of .

This can be seen directly from Theorem 3.3 in [SE07] or from Theorem 2.6 in [KS12] as well
as from [Miul4], respectively. Anyway, in the results of this thesis the density of the Yaglom
limit turns out to be the normalized eigenfunction . Hence, if the Yaglom limit exists then ¢
has to be integrable.

In the last section of chapter 2 we are dealing with so-called "universal measures’. As we can
see from [NRY09] they can be related to certain penalisations of a diffusion Y and bear many
interesting properties. However, our focus is on the the fact that these measures can provide the
opportunity to express the penalisation limit in terms of these universal measures and, what is
more important here, without a limiting procedure.

By the second figure from above the basic objective in chapter 3 is the investigation of the
long-term behaviour of ¢ — P, (Y € @| 7 > t). At first we let s(¢) follow ¢ in a short distance,
ie. s(t) =t — u for some fixed u > 0. One may conjecture that the qualitative long-term
behaviour is the same as for t — P,(Y; € | 7 > t). Indeed, this turns out to be true. We
further establish ties between the Yaglom limit and the Q-process by taking a second limit in u
and obtain that

1. for u — 0 the result is the Yaglom limit if existent.

2. if u tends to oo and under a non-decreasing xk we get that

U— 00

lim (lim P, (Yiyco|T> t))
t—00

is the unique stationary distribution of the penalisation limit.

Intuitively, the asymptotic behaviour of P, (Y;—, € o | 7 > t) should be the same as the long-term
behaviour of P, (Y;_y ) € | 7 > t) for a sequence (u(t)); with limg o u(t) = u. We show this
under the the existence of a Yaglom limit as well as under the assumption that the mass goes to
00, i.e. under the second case in the above dichotomy. As a matter of fact, in the latter case we
observe again that the mass escapes from every bounded set. This can be found in proposition
3.2. We see by theorem 3.4 that, in the first case, we have the same asymptotic behaviour as
P,(Y;—, € ®| 7 > t). To prove this we show uniform convergence on compacts of the semigroup
of Y under killing.

But we also look ’'really between’ the Yaglom limit and the Q-process, i.e. if ¢ — s(t) also
tends to infinity as ¢ — oo. In principle, we observe two different cases. We get the first case if
the order of ¢t — P, (7 > t) is not exactly exponential but has an additional polynomial order.
One example we will run into several times in this thesis is a Brownian motion with constant
drift coefficient under killing at zero. Under the assumption of a non-increasing x we show that
P.(Yy) € A| 7 > t) — 0 for every bounded A. This is the content of proposition 3.5.

In contrast we look at a case where ¢t — P, (7 > t) has an exact exponential order and the Q-
process (Z;); has a unique stationary distribution. With the help of a Girsanov transformation
we get rid of the drift coefficient and obtain a Brownian motion under killing. This enables us in
theorem 3.6 to use previous results to show that P, (Y, € @[ 7 > t) converges to the stationary
distribution of Z. Note that we qualitatively obtain the same result as in point 2. from above.



0. One-dimensional diffusions

In the next sections we are going to introduce one-dimensional diffusions which are also called
linear diffusions. We will focus on them for most parts of this thesis. Essentially a linear or
one-dimensional diffusion is a strong Markov process (Y;)¢>o with values in R and such that
t — Y; is almost surely continuous; except for one possible jump which occurs when the process
is ’killed’ at some stopping time 7. The easiest killing one can think of is at a first hitting time

Ty :=inf{t >0; Y; € A},

i.e. when the process hits a certain measurable subset A of the state space E for the first time.

In general F is some interval I together with a so-called cemetary point '+’ which is an absorbing

state. Y gets stuck in t after killing. Most of the time we will merely write 'Y instead of '(Y;), .
As a probabilistic model of an unkilled diffusion we have a set

(2 Foor (Fts (Pa)acrs (Yi)1) (0.1)
where
o (O, F, (Ft)t,Py) are filtered probability spaces.
o (Y}); is (Ft)r-adapted.
e P (Y, =0)=1 for each z € E.
o (Y}): is a strong Markov process w.r.t. (2, Foo, (Ft)t, (Pz)zeE)-
e (Y}); has almost sure continuous paths under each P,.

If we include killing at 7 the tuple, (0.1) becomes

(Q7 ]:007 (Ft>t7 (]P)J:)$EE7 (}/;f)ta T)'
and the last point from above turns into:

e T is a stopping time w.r.t. (F;)¢>0 such that
— [0,7) >t — Y} is almost surely continuous under each P,.

— Y, =tforallt>r.

0.1. (Constructing) diffusions as solutions to SDEs in R

In a lot of cases we can construct a diffusion Y on F = R as a solution to a certain stochastic
differential equation (SDE) and introduce killing in a second step. We can use objects like
standard Brownian motion (BM) (X;); with which we can built our processes (Y;);. The goal



is to construct Y with given infinitesimal diffusion rate o(x,t) and drift coefficient a(z,t) ; i.e.
such that

Ey(Yeen —Yi | Yy =y) = ha(y,t) + o(h)

Bo(Yin — Y | Yi = 9) = ho®(u, 1) + o(h). 02

Y

For us ’o(g)

limy, o 201 — o,

is the Landau notation for an f such that % — 0. Here this simply means

remark 0.1. e Including killing later on will force the probabilistic model (0.1) to be rich
enough or to be suitably enlarged to carry additional objects like the mentioned cemetary
point or some exponentially distributed random variable & independent from Y. See
subsection 0.3 for a typical situation.

o If £ # R, the assumptions for Y in this thesis will be such that we can always identify Y
as a solution to an SDE up to the first hitting Thg of OF.

e For Y being a BM, i.e. Y = X, we have a = 0 and 0 = 1 and (0.2) takes a particularly
nice form.

Actually there are a few different ways to get the existence of such an Y depending on the
model one chooses:

1. If o = o(x) > 0 is measurable, bounded and has a positive distance to zero, one can start
with Brownian motion and first do a certain time change to incorporate o(z). Essentially
the mentioned time change is the inverse 73 of

ro= [ Gy

i.e. F(1;) =t. Now on the one hand (X,); has a generator of the form

1, . d?
L=g0@on
and if the diffusion Y; corresponding to this L is a solution to an SDE it will be
dY; = o(Yy)dX;. (0.3)

On the other hand existence and uniqueness of a solution to (0.3) can be accomplished by
assuming that o is locally lipschitz continuous.

Next to incorporate an additional drift we can use Girsanov’s formula. Therefore, let a be
locally lipschitz continuous and suppose there exists M > 0 such that |a(z)| < M -o(x) for
all z € R. Then we are allowed to use 'Girsanov’ to transform the measure under which Y
is the unique strong solution of (0.3) to a measure such that Y now is the unique strong
solution of

dY; = o(Y;)dX; + a(Y;)dt. (0.4)



Note that the 'Radon-Nykodim martingale’ for this change of measure can be given expli-
citly. (See chapter 6 in [Var07].)

. Suppose we are still in the case that ¢ and a not depend on time ¢t. But this time let
a,0 € C(R) with 0 > 0. Now we want to show a way to construct a weak solution to

dY; = o(Y;)dX; + a(Y;)dt (0.5)
by a method presented in [Dur96].

Take a Brownian motion X, fix any d € R and set

s(z) = /d " exp <—2 /d ’ :2((22)) dz> dy. (0.6)

(Note that we write X instead of X since this will not be the ’driving’ Brownian motion
of the SDE (0.5).) Next we define

No? (s Nz an x) = L
)] and glo) =

To the end let ¢ — 7 be the inverse of 7 — fOTg()N(T)dr. In [Dur96] Chapter 6 it is shown

that Z; := X, solves the martingale problem for the drift 0 and the diffusion coefficient
h. We do not want to talk about martingale problems here. Rather we advice the reader

2

h(x) := [s’(s*1 (ac))]

to read into [Dur96] or [Pin95] on this topic. Alternatively one can dip into section 2.3
where some results about martingale problems are used and written down explicitely.

The important fact here is, solving the mentioned martingale problem implies that Z; ’is
a weak solution’ to

dZy = \/h(Z;)dX;. (0.7)

X is a particular Brownian motion which can always be constructed after suitably enlarging
the underlying probability space. (This is the reason why we talk of a 'weak’ solution! See
the proof of Theorem (4.5) in Chapter 5 of [Dur96].)

Up to now it seems like we have not made any improvement. But if we use It6’s formula
(and some other calculations exploiting the special form of s) we derive

—1 -1 _ ! 5—1 / 1 ! 8_1 " r
R N (AT A N L CATICA T O

and

L1y —aos 1(z
ST ) =acs () 0s)

(s (2)V/h(z) = oos 1 (2).



And indeed, plugging (0.7) and (0.9) into (0.8) we see that
Y; =5 1(Z)
solves

dY; = a(Y,)dt + (s (Z,)dZ,

a(Yy)dt + (s7V) (Z)\V/h(Z)d X,
=a(Y})dt + o(Yy)dX;.

Note that we also have uniqueness in law of the solution in a bounded interval. (L.e. we
have uniqueness until T}, q if we start at = € (b, c) with —oo < b < ¢ < 0o. See Theorem
(1.7) of chapter 6 in [Dur96].)

By the way: The function s from (0.6) is a ’scale function’ for Y. More on scale functions
will follow in section 0.2.

3. If one allows dependence on t, one usually assumes that ¢ and a satisfy some Lipschitz
condition. Then one can show existence and uniqueness of solutions of

dY; = o(Y;, £)dX; + a(Yy, t)dt

using stochastic calculus. In this thesis we do not deal with diffusions where ¢ and a
explicitely depend on time. Thus, we merely recommend the short but readable part in
Chapter 6 of [Var07] on this topic.

0.2. Appearance and meaning of scale function and speed measure

The scale function s is a characteristic for one-dimensional diffusions which can be used as a
space transformation to get rid of the drift coefficient. Its existence is assured for any reqular
diffusion. By regular diffusion we mean a diffusion such that

P (T, < o0) >0

for all z,y € I. See [Bre92] or [BS02]. (Note that we also write T, instead of Ty, for the
first hitting time of A = {y}.) The defining property of s, which now should not be surprising,
involves probabilities of leaving intervals at the left boundary earlier then at the right:

For any = < y < z from [ it holds:

S
Py(Lp <T:) = -

In particular, s is continuous and strictly increasing.

After we have done a space transformation with the scale function we say that the process
is on its natural scale. If we have the process on its natural scale, we still have a diffusion rate
which essentially is responsible for how fast the process leaves certain areas. Here comes the
second characteristic; the speed measure m(dx). With respect to the speed measure we can
integrate to compare expected escape times from subintervals of I.

10



Mainly when we talk about diffusions (without killing in the interior) we will only look at
processes whose generator is of the form

1 d? +a )d
= —_—— €Tr)—
2 dx? dz’

i.e. a Brownian motion with some additional drift (function) ’a’, which is taken to be continuous
in the interior I of I. (More general the interior can be defined for any subset U of a metric
space V' as the set of points which can not be reached by convergent subsequences from V' \ U.
For an interval I this is just I without endpoints.) Then we have

s(@) = /d "y dy = /d " exp (-2 /d Y al2) dz> dy. (0.10)

2
s'(y)

and

m(dy) = m(y) dy = 2exp (2 /d Y al2) dz) dy = —2— dy. (0.11)

(with some d) in the interior I of the state space I.

remark 0.2. Since s is only unique up to linear transformations with positive slope and m
depends on s(y), there is a parameter dependence on ’d’. Hence both, m and s, are only unique
up to positive multiples. See for instance [Bre92]. |

There is more to the speed measure than it may seem at first sight. To investigate this let us
start with

1 d? d

L. :=
2 dx?

acting on C? (I ), i.e. on functions which are twice continuously differentiable with compact
support in the interior of I.

remark 0.3. L. may be defined in the space Cy(I) of continuous functions f : I — R with
f(z) — 0 if |x|] — oo, the space Cy(I) of bounded continuous functions or in some weighted
L?-space. In section A.2.1 we show how one can get the 'whole’ generator as a self-adjoint
extension of L. |

We call an operator L} formal adjoint to L. w.r.t. the Lebesgue measure if

(Lef.g) 20 —/( e d:c—/f 2)dz = (£, L2g) 20an)

for all f,g € C2(I). (This definition is also used in [CMSM13b], Chapter 6.) For instance if a is
piecewise differentiable then it is easily verified that

1
L} =mL.—
m
on C2(I). To see this we use (1) = —2% (and we omit to write ’(z)’ for readability):

11



(1,1  2a\ 1 2
:/f-m = (g'—ga> —I—a(g’— aﬂ dx

| 2 m m m

t,1 1,2 1 1 1 2
Z/f‘m ' 5d =~ 2(ga) — + 229" tag — —ag— | da

12" m 2" m 2 m 2 m (0.12)
—/fm_l vl 12( a)/l dz ‘
B _29 m 29

:/ <;f”-g+af'-g> dx.

For the last line we used partial integration.
This also implies that L, is symmetric in L?(dm), since

1
(Lef, 9) 2 (am) = <EL:(mf)>g>L2(dm)
:/1Lz(mf)gmdx
m
:/mecgda:

= (f, Leg) L2 (dm)-

Thus, the space L?(dm) will be the right choice to get a self-adjoint extension. See section
A.2.1.

remark 0.4. Up to this point everything stays true if we incorporate some ’potential’ 0 < k €
C(I), ie.
1 d?

o d
Using the form L} f = 2 f” — (fa)’ from the calculations in (0.12) we can define

L'f = /"~ (fa)

on functions f € C! such that f’ is piecewise differentiable as an extension to L. Now L*m
makes sense and we derive

L*m = 0. (0.13)

In fact, (0.13) is necessary for m(dx) = m(z)dz to be an ’invariant measure’ for Y. (See
[Var07] section 7.4.) An invariant measure for Y is a measure v on E = I such that

B, (Y; € A) = /Px(yt € Aw(dz) = / v(dz)

1 A
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for all measurable A and all ¢ > 0. If this v is a probability measure, we also call it invariant
distribution. It even holds that Y is positively recurrent iff m is finite. In that case T;"l((d I‘r)) is the
unique invariant distribution for Y. (See section LIL.6 of [BS02])

0.3. How to incorporate killing on a probabilistic level

Besides killing at certain first hitting times there may also be ’slow killing’. Slow killing can be
accomplished by switching from the semigroup Ty f(z) = P, (f(Y})) to a so-called Feynman-Kac
semigroup

T () = By () e o K09 (0.14)

for some potential’ £ > 0. In contrast to the generator of (T;); we now have a zero order term

—k in the generator L of Y:

. 1d2

On a probabilistic level, to (T); corresponds the process (Y;); killed at the time

t
—inf{t > 0; / w(Ya)ds > £},
0

where & is a standard exponentially distributed random variable independent of (Y;);. This can
be seen by the following calculation.

P.(f(Yy), 7> 1) = ]P)x(f(yt) (L (Y, ds<£})
IE%(f(Yt) (1 (U R(va)d S<£}|a Ys,s<t))>
=P (FOR) Por < )]t vy )

=P

s (F()- e o)

We write "1’ for the characteristic function of the set F. And as the reader may have already
noticed we will also use the following notation.

convention 0.1. Let (Q, F,P) be a probability space and X : (2, F) — (R¢, B(R%)) a random
variable with E | X| < co. Then we will also write

- [ X@P(aw)

instead of 'E(X)’.

Let us take a short look at the case of Kk = k > 0 to understand why « is also called killing
potential or killing rate:

P.(r <t)= }P’m</0t k(Ys)ds > 6) =Py (kt>§&)=1—ek

13



This implies
P,(1 <t)=kt+ o(t)

for small t. Now one may suspect that also, more general,
P, (1 <1t) = k(x)t. (0.15)

In particular, a higher rate (at the starting point x) gives a higher probability of the process to
be killed in the next short time period.

More general killing for diffusions can be declared through a so-called killing measure k(dx)
on I. 'More general’ in the following sense.

Killing under x(dz) means essentially that we exchange ’fg k(Ys)ds’ in (0.14) by the additive
functional(AF)

A = /ILf(Y)ﬁ(dx).

(See [BS02] part I chapter II section 4.) Here, L¥(Y') is a special AF (w.r.t. Y') called local time
of Y at & w.r.t. m. The name ’local time’ comes from the fact that [,” LF(Y)m(z)dx is the time
spend by Y in (b, ¢) up to t.

If we now choose again a killing potential, i.e. k(dz) = k(x)m(x)dz, then we arrive in our old
situation of

t
A= /Lf(Y)m(a:)m(x)dx = / k(Ys)ds.
I 0
But even more is true. Basically, every AF has the above form:

Suppose we exchange the AF from (0.14) by an arbitrary AF (A;); w.r.t. Y in the sense of
[BS02]. Then
A= [ LE( (o),

I

where k(dr) is exactly the corresponding killing measure. Finally there is a formula which
directly connects the distribution of killing time and the place of killing to . (See page 13 of
[BS02].) In particular it holds

e <t = [ ([rtnin ) as

where k is a corresponding killing measure and ps(z,y) is the transition kernel of (Y;); under
killing by x w.r.t. m. From this it is can be seen that (0.15) holds more general. Thus the name
killing rate for x(x) is justified. (Calculate %Px(T < t) at t = 0 with the above formula!)

example 0.1. One particular example of killing is slow killing at a certain point, e.g. at 0. This
is accomplished by taking 4; = 2aLY for some o > 0 or by choosing 2ad(dx) as killing measure.
For a = 0 there will be no killing and the killing occurs ’faster’ for larger a. The extreme case
of o — oo corresponds to instant killing which means that 7 = Tj. |

If the reader is interested in more details, we advise to take a look at [BG68| or [Wil79].
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0.4. One-dimensional diffusions at a boundary

As explained in section 0.1 we can get a diffusions on I = R as solutions to SDEs. But what if
we restrict ourselfes to some smaller state space, e.g. I = (¢,d) with ¢,d € R? This may result
in possible explosion, meaning that Y could actually reach a boundary point in finite time with
positive probability. Criteria for this have been given the name Feller tests. (For instance see
[Var07] or [Dur96].) Once we have a boundary that could be reached we have some freedom to
choose what may happen there (reflection, absorption for an exponential time, killing...). We
also call such boundary points accessible or exit boundary. And of course one may ask:

If there is the possibility to go to a boundary in finite time, is there also a possibility to ’come
in’ from this boundary respectively start the diffusion in this boundary point. This topic can be
found in literature under the name classification of boundary points. A good overview is given
in [BS02]. (For details see [Dur96] or [Bre92].)

For example boundary points of regular diffusions are also regular, i.e. ¥ can go there from I
in finite time and can also start at this point. Since we will mainly deal with regular diffusions
on [0, 00) there will be one boundary point ¢ = 0. Note that for a regular boundary point ¢ we
have that m([e, ¢ + €)) < oo and instead of choosing d € I in (0.11) we could as well choose ¢
instead. We set thing straight for the rest of the thesis by the following.

convention 0.2. Whenever the lower bound ¢ of the state space I is regular for the diffusion
Y with drift coefficient a we take

m(z) = 2exp (2 / " al2) dz)

as the density of the speed measure.

There may also be slow killing, 'part-time absorption’ and/or reflection at a boundary.

Part-time absorption is often called stickiness in literature. (See [BS02] or [SE07].) This
simply means that the diffusion gets stuck for an exponentially distributed time at the boundary
before it is released again. (Of course, only if it is not killed in the meantime.) Stickiness at ¢
is equivalent to m({c}) > 0, i.e. the speed measure puts mass on the boundary c.

We are not interested in diffusions with sticky boundaries. Therefore we make the following
assumption for the rest of this thesis:

A. Boundary points of the diffusion Y are not sticky whenever accessible.

In fact, we will concentrate on diffusions with boundary points where both, reflection and
killing, could occur. For this we have to impose boundary conditions on functions in the domain
of the generator L”. These conditions may be parametrized by some a € [0, oc] and are usually
of the form

{f’(c) =2af(c) ifa<oo (0.16)

fle)=0 if @ = o0.

remark 0.5. e For the latter we find the following memory hook: We kill at 7 = T,.. Hence,
it holds (T f)(c) = E.(f(Y;); 7 > t) = 0. But the image of each Ty, t > 0, is a subset in
D(L), which is our notation for domain of L.
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o If a < oo, then it is the killing rate at zero.
|

example 0.2. We take a Brownian motion with constant negative drift a = —b, b > 0, on R,
with reflection at zero. Thus, we get

m(z) = 2exp (2 /Ox a(y) dy) — 92z

for the density of a speed measure. Obviously m(I) = m(R4) < oo. According to section 0.2 we
have that v(dz) = 2be~2%* dx is the unique invariant distribution and Y is positive recurrent. For
a better understanding of reflected Brownian motion with constant drift we refer to [GS00]. 1

In the next chapters we will use L%, respectively L®%(a), for the L?(m)-generator of (Y;);
under the killing rate x and under (slow) killing with parameter «v. Though, in some cases we
will have two boundaries. For the second boundary we also need a second killing parameter
and we will write L"™®# for the generator. We want to use this notation also for other objects
when we need to emphasize the dependence on the killing parameters. Thus, we set things
straight with the following convention.

convention 0.3. e Whenever we have an underlying diffusion on [0,00) we may use the
notation ’(e)®’ for killing under the killing rate x and killing at zero with rate a.

e If the underlying diffusion lives on [c, d], we may use ’(e)*®#" for killing under &, killing
at ¢ with rate o and killing at d with rate .
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1. Some results on quasistationarity

From here on we will mostly investigate linear diffusion under killing at some stopping time
7. Amongst other reasons but clearly to avoid trivialities, we generally impose that there are
x,y € F such that

Py(r <o00)>0 and Py(r>t)>0 Vt>0. (1.1)

Imposing this it is impossible to get a stationary distribution v under 7, i.e. that
P,(Yi € A; 7 >1t) =v(A)

for any measurable A and ¢t > 0:
The second assumption from (1.1) dictates that v(E \ {t}) > 0. (Y jumps to the absorbing
state 't’ at time 7!) Since we deal with regular diffusions Y we can deduce

/ P, (1 < co)v(dx) >0
E\{t} (1.2)

/ Py(t > t)v(dz) >0 Vi¢>0.
E\{t}

from (1.1). Therefore, we get

/px(yt € B\ {t}: 7 > (dz) < v(E\ {t})

which contradicts the stationarity of v.

Nevertheless, in many cases we can still observe some kind of stationary behaviour called
‘quasistationarity’. In section 1.1 we will introduce the reader to this concept. We will work
through a few easy examples and present some basic properties. In particular we will characterize
‘quasistationary distributions’ ¢ to be the only distributions that fulfil

Py (Y € o5 7> t) = Cp(e)

for any time ¢ > 0 with a corresponding C' = C(t) € (0, 1).

From section 1.2 on we will focus on the "Yaglom limit’ which is a special quasistationary
distribution. If existent, the Yaglom limit is lim; o, P, (Y; € @ | 7 > t). We hope that the reader
will gain some insight into Yaglom limits while we work through the example in 1.2.

In section 1.3 we introduce assumptions under which we will work throughout the rest of the
chapter. This section will be completed by a short presentation of diffusions which can not be
handled with the results of this thesis.

Section 1.4 will provide us with a theorem giving a sharp distinction (dichotomy) between the
existence and non-existence of a Yaglom limit on F = [0,00). This will be a generalisation of a
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former result due to [KS12].

In the following section 1.5 we show further results on the existence of Yaglom limits. They
will be of the following kind: If we have existence for (the diffusion with) drift b and b > a, then
we also have existence for drift a.

We will close this chapter with section 1.6 which gives an answer to the following question:
What can we say about the existence of a Yaglom limit if the state space E is a bounded interval?

Several results, in particular from section 1.4, will be used in chapter 2 to prove penalising
theorems built upon the existence of a Yaglom limit.

1.1. Introduction to QSDs

The main ingredients for this section come from [CMSM13c]. Just like the authors of [CMSM13¢]
we will introduce quasistationary distributions and ’quasi-limiting distributions’ for a larger class
of processes than just for linear diffusions:

We take some strong Markov process (Y;):cr, with a 'time-like’ index set; I = N or I = R for
example (equipped with some o-algebra). But most of the time we will work with I = R. Let
the process be strong Markov w.r.t. the filtration (F;);c; and the family of measures (Py).cr,
where (F,G) is the state space of Y;. Now take some random time 7, i.e. a measurable mapping
from Q to I. Note that there is no need to regard 7 as a killing time. Moreover, in this section
Y will not have any ’built-in’ killing. We even impose that the process Y is irreducible on all of
E. (For us irreducibility means the same as regularity means for linear diffusions.) We further
allow only random times 7 which fulfil (1.1). And just as we derived (1.2) we also get

Py(r > 1) = /IP’I(T > Hp(dz) > 0
for any probability measure v on E and any ¢ > 0. Thus, we can write an expression of the form
P, (Y, € A| T >1t).

A probability measure ¢ (on (E,G)) is called a quasi-limiting distribution (QLD) for the initial
probability v, if
tlim P,(Yi e Al 7 >1t) = ¢(A) (1.3)

for all A € G. The reader may see 7 as a time were the process will be killed. Then we have in
particular: The measure of Y; conditioned on survival up to ¢ converges weakly to ¢.

From now on, if not said otherwise, we assume 7 to be an arbitrary stopping time w.r.t. (F);.
Then we have a corresponding semigroup of Y on, respectively under, 7, i.e.

Tif(x) :=Po(f(Y2);7 > 1) = Eo(f (YD) roty)

for all f € bm(E). If (G,G) is a measurable space, then bm(G) = bm(G,G) is defined as the
space of all bounded functions f : G — R measurable w.r.t. G. (Here R is equipped with its
usual Borel o-field.)
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Now suppose v and ¢ fulfil (1.3). Then we have for all A € G and s > 0:

d(A) = tgrgPy(E+s cA|T>t+5)
~ lm [ TirsLa(z)v(de)
t=oo [ Ty slp(z)v(de)
i [ T4Ts1g(z)v(dx)
t=oo [ Ty Tlp(z)v(dx)

- J Ty Tl a(z)v(dx) . [ Tilp(z)v(d)
twoo  [Tylp(z)v(de) [ TyTlg(z)v(dr)
~ im J Tufs(@)v(dz) [ Tilp(z)v(de)
t—oo [Tilg(z)v(de) [ Tigs(z)v(de
— i (L) 7> 0)- (B (¥ | 7> 1))

- [ s [ gs<x>¢<dw>)l,

where fq(x) =P, (Ys € A,7 > s) and gs(z) := P, (7 > s). The above calculation gives

Py(Ys € A, 7 > 5)
P¢(T > 8)

B(A) = =Py(Y, € A| 7> 3). (1.4)

Any probability measure ¢ fulfilling (1.4), is called a quasistationary distribution or QSD for
short.

In the above language: each QLD is also a QSD and each QSD is a QLD, e.g. with itself as
initial distribution.

remark 1.1. The last sentence may raise the following question:

Take any QSD ¢. For which initial v, besides ¢, is ¢ a QLD? This means that one is interested
in all v fulfilling (1.3). This set of distributions is called domain of attraction of ¢. Cases in
which the domain of attraction is fully known are very rare. Nevertheless, there exist results
in [LSMOO] for the case of an Ornstein-Uhlenbeck process and in [MPSM98] for the case of

Brownian motion with constant drift under killing at zero. |

There exist a few quite general results on (the existence of) QSDs, which can be found in
[CMSM13c]. Though the results are only stated for 7 being the killing time at a 'trap” E*" € G
,ie. 7 =Ty = inf{t; Y; € B}, some of them can be easily seen to hold in the case of an
arbitrary stopping time fulfilling the above conditions. This allows us, later on, to make use of
these results. E.g. if we do not kill the process instantaneously at a trap but allow Y to cross
over up to a time where the trap really snaps.

example 1.1. As a simple example we take a mouse which can get its cheese from a trap. The
trap is not working very well. So the mouse is caught by the trap only with probability p < 1
whenever it goes for the cheese. But when the cheese is taken, the next day the landlord tries
again to get rid of the mouse using his trap. It should be clear, that the trap snaps, when the
number of cheese-thefts has reached an independent geometric distributed random variable with
parameter p. On the other hand: Sometimes the mouse is getting its daily food elsewhere. Let
the probabability for this be ¢. (In the context of diffusions one can compare with slow killing or
killing under some potential; see section 0.) The whole process can be modelled by a three-state
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markov chain (e.g. state 1 is feeding from the trap and survive, state 2 is feeding from the secure
alternative and state 3 is feeding from the trap and getting killed). But suppose we are only
interested in the distribution of the killing time. One can see that this killing time has the same
distribution as

G
T = Z Gia
i=1

where G has a geometric distribution with parameter p and the G; are independent from G
and from each other and also have a geometric distribution, but with parameter 1 — ¢q. By
partitioning on {G = N}, N =1,2,..., we derive

00 J .
s — s X _ Jj—1 N _j—N N-1
P =)= Y P =i G=N) -G =N) = 3 (47} )0V - p
N=1 N=1
Here we used, that the sum of independent identically geometrically distributed random variables
has a negative binomial distribution. Below you see a figure of distributions of 7 for two different
sets of p and q.

Histogram:100000killing times, p=0.3 and q=0.6 Histogram:100000 killing times, p=0.5 and g=0.5
0.7 I ‘ I I 1 07 I ‘ I
0.6 1 06
0.5 05
0.4 ’ 0.4 -
0.3 0.3
0.2 1 0.2
0.1 1 0.1 h-h}m
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

Note, that, in general, we need to impose, that 7 = inf{t; Y; € E'"} are stopping times. If
I = R4, as in most parts of this thesis, we overcome this with the following.

convention 1.1. If I = Ry, then Y is standard in the sense of [BG68].

Though most of the time Y will be a regular diffusion which already implies that Y is standard.
(The standard property even implies that T4 is a stopping time for every analytic A. See section
1.10 of [BG68].)

The next two results (propositions 1.1 and 1.3) are taken from [CMSM13c|.

proposition 1.1. (a) Let ¢ be a QSD. Then

o 7 is exponentially distributed under ¢, i.e. there is some A = A\(¢) > 0 such that

]P)¢(T > t) = e M,
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e there is an x € E such that for all A < A
Eme:\T < 00.

In particular, an exponential moment of the stopping time is necessary for the existence
of a QSD or QLD, respectively.

(b) If the initial distribution is v = §, for some x € E, then

1
litlginf 5 log P, (7 > t) = sup{\; E,e’ < oo}.

)i= [ Titetis

for each f € bm(E). (T¢); is the dual semigroup of (T;); acting on the space of all finite signed
measures and in particular on probability measures. If ¢ is a QSD, we get

Next we define

(T7)(f) = Py(f(Ya) | 7 > t)IP’qS(T > t)

/f L

Tip=e Mg (1.5)

by the above proposition; in short
for all ¢ > 0. In particular we get a small corollary on an equivalent formulation of quasista-
tionarity.

corollary 1.2. Let ¢ be a probability distribution on (E,G). Then, ¢ is a QSD for Y under T
iff (1.5) s fulfilled for allt > 0 and some A > 0.

This may also serve to remember the following sufficient (, hence, equivalent) condition for
the existence of a QSD.

proposition 1.3. If there are some r,C' > 0 and a probability measure p on (E,G) with
Tin=Cu,
then, there is a QSD ¢ with corresponding \(¢) as in proposition 1.1 such that

C = MO,

remark 1.2. Besides the above proposition, two other (sets of) sufficient conditions are given for
the existence of a QSD in [CMSM13c|. For this, let the o-algebra G on E be a Borel-o-algebra
such that we can talk about continuity of functions f : £ — R. Thus, we can also declare the
continuity on E% := E \ E' w.r.t. the trace topology. Then one condition is that bounded
continuous functions are preserved by the semigroup, i.e.

T, (Co(E™)) € Cy(E™) (1.6)
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for some r > 0. In fact, if E or E* is compact and 7 = Tgtr, originally used in [CMSM13c]|,
(1.6) is the only condition needed to get a QSD. Now, we get a bunch of examples, where a QSD
exists:

This holds for any regular linear diffusion Y on some (—oo, ¢| with instant killing boundary
b < c. Let ¢ be reflecting. Thus, we have 7 = Tj, = inf{t; Y; < b}, E = (—o00,c| and E* = [b, ¢].
That T,(Cp) C C} can be seen from section 1.I1.1 in [BS02]. |

There is some doubt that QSDs are the same when killing at E'" and when killing at 0E®.
We emphasize this by the following example. (Note, that in remark 1.2 we implicitly claimed
that for one-dimensional regular diffusions it is the same. Indeed, this is true as one can check
by using points 1.I1.1.2 and 1.I1.1.3 of [BS02].)

example 1.2. Take three one-dimensional independent diffusions Y!, Y2 and Y3 on the same
probability space:

e Y2 is recurrent on (—o0, c0).
e V! follows the same stochastics on (0,00) as Y2 but 0 is reflecting.

e Take Y3 on (—00, 0) to be regular on any closed subinterval. Let 0 be a non-entry boundary.

In (1.7) and (1.8) we do two concatenations to properly introduce the process Y. Essentially a
concatentation is a process which consists of two or more parts of paths, usually from different
processes, 'glued’ together. (For a definition see [Prol2].)
1. Set 7 :=inf{t; LI(Y'') > &}.
We remind the reader that ¢ — LY(Y!) is the local time of Y at 0 and & is a standard
exponentially distributed random variable independent of the rest. Now we set

!

_ y! St <
Y, = ! } (1.7)
}Q2+(Y7}—Y;:2) 7t27-'

2. Next define 7 := inf{t; ¥; < 0} and observe that 7 > 7. Finally, define Y by

Y, St <
Yy=4 0 ! (1.8)
Y34 (Ve —Y3) Lt>m

Now we have
T =inf{t; ¥; <0} =inf{t; Y; < 0}.
We use 7 as killing time. This implies E'" = (—o0,0) and E* = {0}.
Now (Y}); is a strong Markov process with a.s. continuous paths (up to 7) such that

Topa = inf{t; V; =0} #inf{t; Vi <0} =71

with probability 1. (Once Y ’tears down’ the reflecting barrier at time 7 it immediately hits
E' = (—00,0) which ensures the Markov property.)
Actually, Typa = 0 holds Pyp-a.s. by section LIL.1 of [BS02]. This stays in sharp contrast to
Py (T > 0) =1.
|
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Next we want to introduce a very special QLD:
A QLD/QSD ¢ is called Yaglom limit, if for all z € E(® and A € G:

P.(Yre Al T >1t) = ¢(A)

as t — oo.

remark 1.3. e This name results from the pioneering article [Yag47]. Here the author looks
at discrete time branching processes. More precise, he investigates the long-term behaviour
in the subcritical and critical case of Galton-Watson processes, i.e. when the expected
number of offspring is less or equal then 1. From our knowledge so far, the critical case
can not produce a QSD, i.e. can not have a QLD. This is due to the fact that here 7 = Ty
and E,(Tp) = oo resulting in E,(e70) = oo for all € > 0. And this is a violation of the
necessary condition for a QSD given in proposition 1.1.

e To ensure that the above definition is not meaningless, in the sense that for different initial
points x there are different (Yaglom) limits, one may assume at least that each two states
x,y € E® have a positive chance to ‘communicate through Y before 77, i.e. P,(T,, < 1) > 0.
To clarify the problem, one can think of a diffusion in R killed at 0, such that E* = R\ {0}.
If the process starts on the positive reals, it is not going to reach the negative reals in the
(Yaglom) limit and vice versa. But, since we will mostly deal with regular diffusions on an
interval where instant killing only appears at the endpoints such restrictions are intrinsic
to our situation. (Compare section 1.2 ff.)

The reader may consult section 1.2 for a first example of a Yaglom limit.
The final concept which can be introduced in this general context, is the concept of an ’asymp-
totic mortality rate’. We start with the simple observation that

Py(r >t+s|7>1t) =e ™

whenever ¢ is a QSD with rate A. (See proposition 1.1.) Now take some initial distribution v.
If we also have
lim Py(r>t+s|7>t)=e " (1.9)
t—o0

for some n = n(v) > 0, then we say that 7 is the asymptotic mortality or asymptotic killing
rate for the initial distribution v.

remark 1.4. Actually, we have (1.9) as soon as we have any limiting behaviour towards ’some-
thing positive’, since
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lim P,(r >t+s+7r|7>1)

t—00

v P (r>t+s+r) P(r>t+s)
= lim :

twoo  Pu(7>1t+s) P,(1 > 1)

. Pyr>t+s+r) . P (r>t+s)
= lim lim ————

tooo P,(r>t+s) tooo Pu(r>1)
=lmP,(r>t+r|7>t) im P,(r >t+s|7>1),
t—o0 t—00

which is a defining equation of the exponential. In contrast, if we would have lim; o P (7 >
t+s|7>t) =0 for some s > 0, then the above calculation would tell us that this must hold
for every s > 0. |

To justify the name ’killing rate’, think again of 7 as a killing time and observe that
P (r<t+s|T>t)=ns+ o(s)

in the limit as ¢t — co. There is also some short lemma which shows that n is actually the decay
rate of the probability to survive:

lemma 1.4. If (1.9) holds, then
1
—;logPl,(T >t) — .

proof. Just use

1 & R rsnt)) 1 1 T R rsa)
m;}k’g< B, (r > n) >§thgP”(T>t)SLtJ+1 Zl"g< P, (r > n) >

n=0
and take a 6 > 0 and a corresponding m € IN such that

P,(r>n+1)

e1-9) = P,(T > n)

< <e M1+9)
for all n > m. Now, for € > 0, we can always take § > 0 small enough and ¢ large enough such
that

—e—n(l+¢€) < -logP,(r>1t) <e—n(l—e¢).

~ | =

As we observed, the Yaglom limit ¢ (or any QLD in general) is also a QSD. Intuitively the
mortality rate should carry over to ¢. This results in the following observation.

lemma 1.5. Let ¢ be a QLD for the initial distribution v and suppose we have an asymptotic
mortality rate n(v). Further let A(¢) be the parameter of the exponential distribution correspon-
ding to ¢ (seen as a QSD) due to proposition 1.1.

e Then we have that A\(¢) = n(¢) =n(v) > 0.
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e In particular, a necessary condition for the existence of a Yaglom limit ¢ is that the asymp-
totic mortality rates n are independent of the starting point and n > 0.

Before we prove this lemma we give the following remark.

remark 1.5. e Lemma 1.5 combined with lemma 1.4 gives that
lim inf 11 P t)>0 1.10
iminf —=log Py (7 > 1) > (1.10)

is necessary for the existence of a QLD.

e Observe that (1.10) can only be true if P, (7 < 0o) > 0 for some x € E. This is one of the

two natural assumptions from (1.1) we made at the beginning of the chapter.
]

proof of lemma 1.5. Suppose we have

=51 — lim P,(t >t+s)
tooo  P,(T > t)

and ¢ is a QLD for the initial v. Then

= — Lim P,(r>7+5) _ (v, Trpspel)
r—oo  Py(1 > 1) (v, Trgsqel)

— lim Py(r>r+5s) . (v, T, Ts41)
TS ]P)I,(T > 7") <<I/, Tr+sTt]l>>

dy
li << IP’V’:([“IT>T‘) ’ T5+t]l>>
= 11m

r—00 T, v
(mrssy Tel)
hmr%oo << W’ TtJrs]l >>

M,y o << IP’V(YTI;LS(Ein;J:ST—i-s) : Tt]l>>

(¢, Trssl) _ (T 0,1)

(¢, T:1) (Tfo, 1)
_ (e~ (=+0X@ g 1) o
(e9)g, 1)
(Here (v, f) means the dual pairing of finite signed measures v with bounded measurable func-
tions f. Hence, in our case it is simply the expectation of f under v.) Finally, n = X\ > 0 by
proposition 1.1. |

At the end of this section we want to give an example which shows that there can be a whole
"continuum’ of QSDs and of corresponding mortality rates.
example 1.3. In [MSM94] the authors investigate Brownian motion on R4 with constant drift
—a, a > 0, and 7 = Ty. By the preceding observations, we know that a probability measure ¢
is a QSD iff (1.5) is true for all £ > 0 and some A > 0. The authors use this to identify

e “sinh(wx)
[ e~ sinh(wzx)dz

or(z)
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as densities of QSDs ¢y for each 0 < A < "2—2, with w = v/a? — 2. This can be checked by using
the kernel (w.r.t. dz ) of Y; under 7

2

pt(-%',y) - e(*“(y*z)*%t) ' (p(t,m,y) - p(tv &, _y)) )

where p(t,z,y) is the kernel of the standard Brownian motion. The corresponding mortality
rates are 1(py) = A, since

Py, (T > t+s)
Py, (T > t)
_ «Tg+s¢)\>]l>>
~ (Tix,1)
N (g 1),
e M (¢, 1) '

Py, (r1>t+s|7>1t) =

1.2. Yaglom limits: Approach by an example

We take E' = [0, 00) as the statespace and on it a Brownian motion with constant drift a under
7 = To A Tr. In terms of the last section we identify E% = (0, 7). The generator of Y under 7
acts on C2-functions with boundary conditions

f(0)=f(m)=0
It looks like
~ 2da? d:n

and is symmetric in L2(m) with
m(dz) = m(x)dx =e 2y ady gy = 207 gy,

Furthermore, L has some self-adjoint extension in L?(m) which can be taken to be the minimal
extension or Friedrich’s extension. (In fact, the domain of L consists of all elements f € C'*(0, )
such that [ is absolutely continuous (a.c.) w.r.t. the Lebesgue measure, f(0) = f(7) = 0 and
fo (Lf)?(z)dx < oo. See the appendix and references given therein.) But the crucial and very
nice part now is that L has a discrete spectrum

S(L) = {—A1, = A2, —A3,...}

—axr

. 2 2 . . . .
with A, = 2% The corresponding eigenfunctions are vy, (z) = e **sin(nz). Moreover,

(1A, )n>1 is a complete orthogonal system for the domain of L. Therefore, we can write every
f € D(L) as
Z<'f’ wn>L2(m)wn(x)

n>1
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with 1, = Mﬁ Here '(-,-) 2’ is the usual scalar product in L%. If we now take f,g €
nilL4(m

L?(m), we may write

Py (f(Ye); 7 > 1) = (9, Tt f) 12(m)
= <Ttg f>L2(m
_Ze_)\n ¢n wn7f>

n>1

and this behaves like
ei)\lt<ga ¢1><¢17 f>

Here we used that L as well as T; are self-adjoint in L?(m). Next we can take g non-negative
with [ g(z)m(z)dx = 1, such that gm can be regarded as an initial distribution and we also
have that

<gv¢1> >0

By the same reason, we have also

<wlaf> >0

if f =14 with [, > 0. (This is because of [ fm > e lalm J4 > 0.) In particular we get, for each
z € (0,m):

Pym (Lo, (Ye); T > 1)
Py (Lo,m)(Ye); T > 1)

Mg v (U o)
€_A1t<ga 1/}1> <¢17 ]1(0,7?)> '

In this example and for the rest of the thesis we will use the notation ’g(t) o h(t)’ . This
means lim, % = 1. From the context it should always be clear wether we take the limit to co
or to some particular element from R..

By (1.11) for each starting distribution gm with g € L?(m) we get the same QLD/QSD:

Pom (Y < z| 7 >1t) =

(1.11)

St (x)m(z)da
Pym(Yr € Al T>1) — .
e € AlT >0 = 7 @mo)ds
Now observe the following:
pr:i=9Y1-m

is (up to a normalising factor) the density of the QLD and one sees immediately that
. 1
—L Y1 = —mL—gpl = )\1@1. (112)
m
By L* we mean the adjoint w.r.t. the Lebesgue measure, since ¢; € D(L) and

(Lfy@1)12((0,n],dz) = (Lf, %2 >L2 ([0,7),dm) = (f> L >L2 ([0,7),dm) = (> mL 2t >L2([0,7r],dm)

for every f € D(L). (Note that we have already seen formula (1.12) for the 'formal adjoint’ in
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section 0.2.)
At this stage one may ask about the set of ¢’s which are:

e positive & integrable
e fulfil (1.12) for some A
e have the appropriate boundary conditions ’translated’ from a corresponding ¢ € D(L).

In the present example the only ¢ meeting these terms is 1. In more general situations, we
can at least restrict the range of possible \’s: Because positivity is preserved by '¢ <> ¢’ and we
have to take care of the boundary conditions, the candidates for such QSD’s are only ¢’s where

A<A
with A being the bottom of ¥(—L). On the other hand it must hold
A > 0.

(This is to avoid explosion, e.g. of Py(T > t) = e ™, ¢(dz) = p(z)dz, and is due to the fact
that Y dies eventually. See proposition 1.1.)
Finally we want to see that

pi=my = myr = g1 (1.13)

is nothing else but the Yaglom limit. We only need some small € > 0 to write

P,(Yie A, >1t) Pu(Py.(Yiee € A,7 >t —¢€);7 > €)

P.(r>t) Po(Py. (T >t —€);7 > €)

and use that Y; under 7 has a nice transition kernel p(z,y). (Confer [MSM94], where in
particular the Yaglom limit for ¥; under 7 = Tj is calculated.) Since m(z)dz and the Lebesgue
measure on [0, 7] are equivalent, we may take p;(z,y) to be the kernel w.r.t. m(dz). There is
also a positive chance of survival up to time € > 0, i.e.

/pe(iﬂ,y)m(y)dy > 0.

Therefore, we may take g(y) : Pe(@.y)

T Toe(zy)m(y)dy to get

P.(Py. (Yi—e € A, 7 >t —€);T > €)
P.(Py (T >t—€);7 > €)
Py (Yi—e € A, T >t —€)
Pym (7 >t —¢€)
Jae(y)dy
Yy

O

P,(Yie Al 7 >1t) =

For the first equation we used the Markov property (MP) of Y.
There are essentially three points we should remember from the above example:
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1. A good candidate for the Yaglom limit is ¢ := 1»m with 9 being the 'principal eigenfunction’
of =Ly = A
(With principal we mean here a positive eigenfunction, not necessarily in the L2-sense, cor-
responding to the lowest eigenvalue of —L. (Point 2 below indicates that positivity of this
principal eigenfunction holds under quite general conditions.)

2. The bottom A of the spectrum X(—L) is

A =max{\; —L¢) = M\, 1 is positive}. (1.14)

In our example this is obvious since we can calculate everything exactly. But (1.14) holds
even in the context of diffusions on R4. (See theorem A.2.6 in the appendix.) Then, the
elements of D(L) have to fulfil only one boundary condition of the form (0.16) at zero. In
contrast to the given example, this will always allow solutions of —L¢) = A¢) (under this
boundary condition) with A < \.

3. If 1 & 2 are true, it is reasonable to use the expression minimal QSD for the Yaglom limit:

Under all candidates ¢(dz) = p(z)dz for a QSD/QLD fulfilling

—L'¢ = Ao,
p(x)dx is the one such that the probability of survival is minimal in the sense of proposition
1.1.

convention 1.2. If not said otherwise, we will also use (minimal) QSD or QLD when talking
about the Yaglom limit.

1.3. Limiting the scope

Here we are going to present some conditions under which the results of the next section 1.4
could be achieved.
For the rest of chapter 2 we are mainly concerned with diffusions which are solutions to

dY; = dX; + a(Y;)dt (1.15)

on [0, 00), respectively on [0,d], d > 0, under some killing potential x > 0 and reflection at
0, respectively at d. (See subsection 0.3.) If not said otherwise, X will always be a standard
Brownian Motion. Thus, formally the generator of Y under killing is

1 d

- 5% —i—a(az)— — /ﬁ)($)

LN
dzx

Killing may also happen at the boundaries. We denote the corresponding ’killing rates’ by
a > 0, respectively by 8 > 0. (For more information confer section 0.4.)

Furthermore, we will write L™, respectively L®®# instead of L”. If we still write "L"’, this
should be understood as o = 3 = 0.
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remark 1.6. Of course we need to know how to ’interpret’ (1.15). The reader may ask: Is there
a solution to (1.15) at all?

Our answer is: There is a unique weak solution on any compact interval I C (0,00) if a €
C((0,00),R) holds. For more information see section 0.1. |

The following assumption is adopted from [KS12]. This should be no surprise since we will
use parts of [KS12] several times in this thesis.

A 1. We have that
(i) the killing rate & should be in C(E).

(ii) the drift @ € C(E) is locally integrable at dE.

With ’E’ we mean the topological closure of E,ie. E:= EUOE.
We make another assumption concerning the behaviour of @ at infinity. This is of course
irrelevant if the state space F is a bounded interval.

A 2. Infinity is a 'natural boundary’.

Infinity being a natural boundary is equivalent to some integrability conditions on the drift a,
namely that we have

/COO (/Cx m(y)dy> s'(x)dx = /Coo </Cx m(y)dy> m(z) ldr = oo
/coo (/j Sl(y)dg) m(z)dz = /COO(S(%) — s(c))m(z)dx =00

for some ¢ € E, i.e. in the interior of the state space. (See e.g. [BS02] or [MSMO01].)
Here s and m are a scale function and (a density of) the corresponding speed measure of Y.

(1.16)

We already collected a few properties of these functions in subsection 0.2.
By assumption A 1 (ii) we would have that

/ m(x)dx —/ 2y AWy < o
b b

/C ! dr = /ce_”bza(y)dydx < 00
b m(x) b

for b € OF and any ¢ € E. The first one may be interpreted as follows: the drift is ’small enough’

(1.17)

around b, such that the diffusion has a chance to reach this boundary point. If there is such a
chance, then the boundary point is called accessible or an exit boundary. Now the reader could
guess some interpretation of finiteness of the second integral: the drift is large enough that the
process has a chance to enter E from the boundary. If there is such a chance, the boundary
point is called entrance boundary. There is a little bit more to it and the usual definition of a
regular boundary (exit & entrance) looks more complicated:
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The conditions are finiteness of the integrals in (1.16) with the boundary oo replaced by 0;
see [BS02] for example. But, as pointed out in [KKS12], it is rather easy to see that a boundary
point is indeed regular under (1.17).

Hopefully, the probabilistic interpretation of a 'natural’ boundary point now becomes more
clear to the reader. We can put it this way: The process takes an ’infinite amount’ of time to
go to and to come from this point. Actually in the language of boundary point classification
the first integral condition means that oo is inaccessible or a non-exit boundary. The second
condition is the same as to say that oo is a non-entrance boundary. To emphasize this, note that
(1.16) also implies

lim P, (T, <s)=0

T—r00

and
lim P, (T, <s)=0

T—r00

for all s > 0 and any y > 0. (This is for example mentioned in [MSMO1]. The fact that the first
limit is zero, meaning that there is no explosion at co, can be found in [Aze74].)

For example one can easily see that oo is natural under a constant drift. One can also show
that a linear drift with negative slope gives that oo is natural.

lemma 1.6. Let a be measurable and suppose a converges to some a(co) € R with rate 0(%).
Then a respectively a corresponding diffusion Y satisfies A 2.

proof. The proof is only calculation and essentially consists in taking ¢ in the above integral
conditions large enough. In fact, the only condition needed is

a(o0) — % <a(r) <a(x) + ﬁ

for all x > ¢. Now we are going to show that

/OO (e:I:Q T aly)dy | /a: e T2 [ a(z)d= dy) dr = oo.

Using the above inequalities (when c is large enough), we see that the last term is larger then

/00 <e:|:2a(00)(r—0)—fcz %dy ) /m e:|:2a(<>0)(y—c)—fcy 25 dz dy> dx.

But this is infinite iff
/oo e:|:2a(oo)z T e:|:2a(oo)yd p
: y | de = cc.
c \/5 c \/37

Suppose now that a(oco) > 0. (There is no loss of generality since the case 'a(c0)=0" is obvious.)
Now the '+—’-case is easily seen to be true. For the ’—+’-case observe that the last equation is

true iff
00 ef2a(oo)x x e2a(oo)y
. dy | dx = oo.
/c+1 < \/‘% c \/y

Of course, we can take c even large enough such that y +— 62(1(;;)11 is increasing for all y > c.
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Thus,

o —2a(ooz T 20,(00)
. dy | dz
L+1 c \/>
0 —2a(oox T 2a(oo)
. —dy | dx
/c+1 VT e VU

0 —2a(oo x 2a(oo)(z 1)
. = OQ.
/c+1 VT VI —

Let us stress the fact that a is not restricted to any continuity condition in the above result.
But if we assume that ais Lipschitz continuous (for x large) then we can allow a to be (eventually)
bounded:

Take zy be large enough such that a has the mentioned properties for x > zg — 1. Set
ap(7) = a(T) 1540} + @(20)Lizcnyy- Take ag as the drift coefficient of a diffusion driven by
Brownian motion and call this diffusion Y (ap). By a theorem of [Lin92] the solutions Y (m) and
Y (M) corresponding to the constant drift coefficients m and M satisfying m < a9 < M are
‘dominating’ Y(ap), i.e. Po(Vt >0 : Y(m); < Y(ag); < Y(M);) = 1. Since Y (m) and Y (M)
behave naturally at oo the same is true for Y (ag) and, therefore, also for Y respectively a.

We will need a few more assumptions on our diffusion processes:

v

v

A 3. The purely reflected process, this is Y without any killing, is recurrent, i.e. s(oc0) = 0o
for some scale function of Y.

As can be seen in [CMSM13b] this assumption is equivalent to
P, (TO < OO) =1

for all x > 0, provided we assume A 1 and A 2.
Finally, following [KS12], we also give a stronger assumption which is used in the lemma below
to identify the mortality rates 7(d;) = A, namely

A 4. The purely reflected process is positive recurrent, i.e. m(FE) < oo for the speed measure
m of Y.

To see that n = A is not always the case, one should assume in some sense the opposite of
A4: transience. Take for example dY; = dX; + adt with a > 0 on E = |0, oo) and under 7 = T.
Even with a = 0 we already have 7 = 0. On the other hand we have A = %-. (Confer [MSM94]
or example 6.17 in [CMSM13b].)

lemma 1.7. Let A 1, A 2 and A 4 be fulfilled. Then

log P, t
_Ogif>>ﬂ_
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Actually A 2 is not entirely necessary for the lemma to be true. (see [KS12])

1.3.1. Particular cases which are not covered

In the spirit of lemma 1.6 let us have a look at a(z) = 3(bz — 2) for some b € R. For b < 0
we have an Ornstein-Uhlenbeck process with additional drift —%. We can show that in either
case b = 0,> 0,< 0 we have that oo is natural. (At some point we need to change integrals to
see what is going on. This is allowed since we are integrating only exponentials which are non-
negative functions.) But zero is a non-entrance boundary; therefore, falls not in the framework
of section 1.4. (Just calculate the second line in (1.16), with oo replaced by zero.) Now the
interesting thing is, this process on (0, o) is distributed like F(Z;), where F(z) = [} dy% and
oy

dZy = o/ Z;dX; + bZ:dt (118)

is a so-called branching diffusion. (This can be shown by the use of Ito’s formula.) More
generally, a space transform like F' could be used to get rid of a diffusion coefficient; in the
present case oy/z from (1.18).

By the way, if we start out with a 'pure’ Ornstein-Uhlenbeck process dY; = dX; + %bY}dt and
search for Z such that F/(Z) is distributed like Y we find

2
dZ, = o/ ZidX, + (bZ; + %)dt. (1.19)

Since F' is such that F(x) 1 oo for + — oo, it should preserve lim,_,oc Py(T; < s) = 0 and
limg 00 P2 (Ty < s) = 0. Indeed oo is also natural for Z. This may be found in [Dur96]. There
it is also explained where the name ’branching diffusion’ comes from:

Basically Z; is the weak limit of a sequence of rescaled branching processes Zj* := %. For
every n we have a seperate branching process (B})x, where b and o are directly related to the
mean and variance of the offspring distributions. For instance if b = —1 and ¢ = 1 we can take
Poi(1 — %) as offspring distribution for B™ to meet the conditions of the convergence theorem
(8.3) of [Dur96] chapter 8. In particular

n

B
P(—E co| B =n)=P(Z} co| Z} =1) = P1(Z;, € o) (1.20)
n

weakly for any k € IN.

There is another possibility to get a solution to (1.18) as a scaling limit: By chapter 8 of
[CCL*09] we can as well use certain sequences of rescaled birth-and-death processes (Z]*),, which
already evolve in continuous time. Thus, we have

P(Z' co| Zy =x) = Py(Z; € o) (1.21)

instead of (1.20). In what follows we will use this method for approximation, respectively for
simulation.

If we take a closer look, we can ask the following;:

1. Does Z;, under killing at zero, has a Yaglom limit ¢, if b < 07
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2. If so, can we 'merge’ this quasistationarity and the convergence in (1.20) and take for
example ¢ = n to obtain

P(Zy € o| Zg =, Z;; > 0) = ¢(o)
weakly?

3. Do the Yaglom limits for Z™ converge (under the correct scaling) to the Yaglom limit of
VA

The first question was tackled and answered in [CCL109]. Besides branching diffusions, the
authors of [CCLT09] also pay special attention to the case of logistic Feller diffusions

dZy = o/ ZidXs + (bZ; — cZ2)dt (1.22)

the linear drift term is complemented by a concave (¢ > 0) quadratic term. They also make
an additional assumption assuring the uniqueness of a QLD, thus also the uniqueness of a QSD.
Though for branching diffusions the mentioned condition is not fulfilled and indeed, it is shown
in [Lam07] that there is an infinite number of QSDs for Branching diffusions if b < 0.

In [MV12] the third question is raised, again in the context of QSDs for logistic diffusions
under 7 = Ty. They formulate this as an open problem.

The second question suggests somhow a middle way. The following diagram shows the 3
mentioned possibilities:

limy_y o0 P(| 7 > t)

YL ¢ of Z
scaling scaling
limit limit

(zpr) YL ¢, of Z™

limy oo P(| 7 > t)

Though if we want to use the scaling limit approximation for simulation of a QLD we are
forced to use a 'middle way’ as above. The obvious reason is that we can not ’compute’ one
limit before initializing a second limit procedure.

We simulated Yaglom limits for certain diffusions solving (1.18) or (1.22) by using the 'middle
way’. Thus, we combined the scaling limit approximation with conditioning on not hitting zero.
The reader should be aware that this was already done in [MV12] for the logistic case (1.22).
One reason that we decided to do this by ourselfes was that it is unclear whether the authors of
[MV12] used the scaling limit method or an Euler method to approximate Z. Another reason
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is of course that we can easily compare our simulation results with those from [MV12]. For the
simulation of P,(Z]* € o| Ty > t) we use a Fleming-Viot-type particle system. The heuristics
behind this is that we start with a large number (Z™!);<, of independent copies of Z" under
P,. But they interact in the following way: Once a Z™! hits zero or gets killed at time s
it jumps immidiately to a point uniformly choosen from {Z",..., Z*}\ {Z'}. Then the
particle system moves again like L independent copies of Z" (until the next kill). As explained
in [MV12] the empirical distribution of {Z/"',..., Z/""} converges to P,(Z" € o| Ty > t) for
L — oco. We stress the fact that this method already involves three limit procedures: At first
n — oo followed by L — oo and finally ¢ — co. Clearly, a simulation can only be performed by
taking n, L and t ’large’.

The following picture is a simulation of a QSD for a logistic diffusion with parameters o =
1, b =9 and ¢ = 1. We chose the parameters (n,L,t) as (11,10000,75) and smoothed the
approximated density by a simple moving average over five values: For each bar, we averaged
over the height of the original bar and the heights of the two bars to the left and the two to the
right.

0.3

0.2

0.1+

16 18 20

We used appropriately rescaled birth-and-death processes on %]N and birth rate = %n + 10 as
i—1 IR

well as death rate = %n—i— 1+ c¢*= for the approximation of the diffusion. Here "

state, i.e. the state right before the next jump. Furthermore, the probability that an individual

is the current

dies before another individual is born is

(An+1+4c=1) C (n+ 1+

(An+104+3n+1+c2L)  (n+11+c2L)

And if this is the case then the time of death, i.e. when the value of the process changes from
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% to %, is exponentially distributed with parameter
1 i—1.i 1. 4 i(i—1)
(§n+1+c )5252"_5"_0 n2 .

Further we used L = 10000 particles in the Fleming-Viot-type system which ran up to time
t="75.
Note that the QSD for the logistic diffusion has its maximum at 9. The 9 is the so-called

2 gwitches from > 0 to

charge capacity % which is the point where the drift coefficient bx — cx
< 0.

We want to close this subsection with an observation concerning the transformation of Ya-
glom limits under a differentiable one-on-one map F'. Suppose one of the Yaglom limits oy,
respectively ¢z, under some killing time 7 for Z, respectively Y; = F(Z;), exists. Then the

other exists as well and they are connected via

pz(x) = F'(z)-(py (F(z)). (1.23)

This is not hard to verify once we recognize that the killing time for Y is also 7. To prove this
let EY, respectively E%, be the ’allowed’ regions for Y, respectively Z, under 7 (as in section
1.1). Thus, F' is differentiable and one-on-one from E% to E{ and we calculate

Ju0z()dv
ng oz (v)dv
:tILI&IP’y(Z eEA|T>1)
) -1
:tlgrolo Ppyy(Y € F(A)| ToF ™" > 1)

@y oy (w)dw

_fF(E%) oy (w)dw

_ Ja F' (v)py (F(v))dv
ng F'(v)py (F(v))dv

We want to use this to calculate the QSD for (1.19).

example 1.4. For simplicity choose ¢ = 1 and b = —9. The QSD ¢y for dY; = dX; — %Yt dt is
a multiple of ze~45%"_ If we now use the transformation (1.23) with F(z) = Iy %\/@dy = 2\/x,

we deduce that ¢z (z) is a multiple of e~ '8, We observe a qualitative difference to the logistic
case. In the logistic case we had a maximum of the QSD at the ’charge capacity’. Though for Z
from (1.19) we also have a point where the drift coeflicient switches from > 0 to < 0 but there
is no maximum of the QSD.

If we compare the transformed Ornstein-Uhlenbeck-process from (1.19) with the branching
diffusion from (1.18) with 0 = 1 and b = —9, we see that the difference in the drift coefficients
has only a minor influence on their stochastic behaviour if the processes are far away from zero.
Interestingly, this is not so much reflected by the corresponding quasistationary distributions.
The reason is that, in contrast to the logistic case, the majority of the mass ’returns’ and is
located in immediate vicinity of zero. But near zero the effect of the different drift coefficients is
largest. The next figure shows the calculated QSD x + e~ !8% of (1.19) together with a QSD for
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(1.18) simulated by the method we described above and already have used in the logistic case.

12 T T T T T T T T

10 E

For the simulation we used appropriately rescaled birth-and-death processes on %]N with
n = 30 and birth rate = %n + 1 as well as death rate = %n + 10 for the approximation of the
diffusion. This means the probability that an individual is born before another individual dies is
(%n+1)/(%n+1+%n+10) = (%n+1)/(n+11). And if this is the case then the time birth is exponentially
distributed with parameter (3n +1)-£ = 2i + L. Further we used L = 20000 particles in the
Fleming-Viot-type system which ran up to time 200. 1

1.4. Some existence results for QLDs

In this section we prove several results on the existence of the Yaglom limit. We will see that
there is a sharp distinction (dichotomy) between the cases A = 0’ and ’A > 0’. In particular, by
theorem 1.12 we find a generalisation of a prior result from [KS12].

Throughout this section we will assume that x has a limit:

A 5. The limit K := lim,_,o k(z) exists.

bl

In particular, an expression of the form 'K fulfils ...’ implicitly means, that A 5 is satisfied

and K = lim,_,o k(2).
proposition 1.8. Suppose we have A 1, A 2, A 8 and K < A. Then
(a) we have existence of the QLD which is the normalized version of .

(b) the asymptotic mortality rate is A, independent of any compactly supported initial distribu-
tion.
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convention 1.3. Unless otherwise specified
e when talking about a QLD we mean the Yaglom limit under the killing time 7.

e £ =[0,00) and 7 = 7" results from (slow) killing at zero parametrized by « and killing
under the killing rate k.

The next result is, as the above, taken from [KS12] and as the authors have done, we stick at
formulating it as a corollary. (It is Corollary 4.8 from [KS12] to be precise.) We hereby point
out that it is some sort of generalization to a theorem from [CMSM95] to slow killing at the
boundary.

corollary 1.9. Suppose kK = 0 and we have killing at the boundary, i.e. a > 0. Again suppose
A1, A 2and A 3. Then we have the following dichotomy.

o [f A >0, then we have the above existence of the QLD.
e But if A =0, then we have escape to co under 7%,

Here escape to infinity under T means that the mass goes to infinity. We formalize this in the
following way:
For all z,y >0
P, (Y <y|T>t)—0.

remark 1.7. The above dichotomy, even the existence of a QLD, depends heavily on the initial
distribution. Take for example Y as a Brownian motion with constant negative drift and 7 = Tj.
In Theorem 1.4 of [MPSM98], it is shown that there exists an initial v and a sequence t,, T oo,
such that the limits of P, (Y;,, € ®| 7 > tg,) and P, (Y},,,, € ®| 7 > to,41) exist, but do not
agree. (Note that v = §, in 1.9!) ]

What if we only assume A 57
Before we answer this question, we first present the easily proved result for '’k = 0 eventually’.

proposition 1.10. Suppose k = 0 eventually and we have killing at the boundary, i.e. a > 0.
Further suppose A 1, A 2, A 3. Then we have the following dichotomy.

o If A >0, then we have existence of a QLD with density %.
0o

o If A\ =0, then we have escape to co.

proof. Looking at corollary 1.9 (written in [KS12]) we see that the only thing which needs proof
is the second part. And this is done by showing that ¢ is not intergrable w.r.t. m(dy), whenever
A = 0: For this purpose take x > 0 such that x(y) = 0 for all y > x and such that there is a
B > 0 with ¢/(z) = 26¢(z). Note that such an z and 8 = () must exist by theorem A.2.6.
The reason is as follows:

The only situation where it would not exist will be if ¢'(z) = 0 whenever x(y) = 0 for all
y > xz. Let zp have this property. Then f(z) := ¢(z¢p — x) is the unique solution for the
‘time-reversed’ differential equation B

S (@)~ al=2)f (@) + (A~ s(-2) () =0
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= 0 on any interval [0,z¢ — €.

with boundary conditions f(0) = yg > 0 and f’(0) = f”(0)
= dy()_Oforallx>O.Andthis

Thus, it must hold f(z) = yo and, therefore, ¥(x)
contradicts the boundary conditions for 1 at 0.

The next step is to take 1'(zg) = 28 (z0) as a boundary condition of —L*1) = A1) on [z, 00).
Then, due to theorem A.2.6 including the positivity of 1, = v ’[a:o,oo) is ’the corresponding 1
for the problem on [z, c0)’. Now we can see (as in the proof of 1.9) that ¢ is not integrable
w.r.t. m(dy) (on [xg,00)). Thus, ¢ is also not integrable w.r.t. to m(dy).

Finally we want to establish the desired result: Theorem 3.15 of [KS12] tells us that Y; (under
7%) converges to ¢ on compacta’. Combining this, the non-integrability of ¢ and proposition
2.3 of [SE07] we see that Y escapes to co. Note that proposition 2.3 of [SE07] does not depend
on a € C! which is actually a general condition of [SE07]. |

For a proof of the more general result 1.12, we first show the following lemma:

lemma 1.11. If we choose ¥ as a solution to —L"y = M\, under ¢'(0) = 2a1)(0), such that
¥(0) =1, then

W(z) = /Ox m?y) <2a - /Oy()\ - H(z))m(z)zp(z)d,z) dy + 1. (1.24)

proof. We are done if we show that

m(z)
2

(@)™ 90 /0 "= 5())m ) () dy.

(We only need to integrate this equation.) To see this, first observe that the left and right hand
side are equally 2« at zero. If we take the derivative of the right hand, we get

—(A = w(z))m(x)(x).

Due to m(z) = 2e2Jo ®W4  this is the same as the derivative of the left hand side:

(7//%)/ _ w//% +amw’
— (L + )
= m(—=\ + Kk1).

remark 1.8. What if we have instant killing at zero, which shows as a = oo, i.e. ¥(0) = 0?7 For
a similar result as above, we have to skip 1’ at the end of (1.24) and write ¢'(0) rather than
2. The proof remains the same. |

Now we come to the more general case where the killing rate converges to zero:

theorem 1.12. Suppose that we have killing at the boundary, i.e. o > 0, and that A 1, A 2
and A 3 are fulfilled.

o If A\ =0, then we have escape to co.

Now we additionally assume A 5 with K = 0.
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o If A\ >0, then we have the existence of a QLD.

proof. As in the previous proof for k = 0 eventually, we deduce the second part from Th 4.7 of
[KS12]. For the first part we are going to show that

[ vt = [ gty = o.

By the use of Theorem 3.15 of [KS12] and proposition 2.3 of [SE07], this would imply escape to
infinity.

Hence, suppose A = 0. We only deal with the case a < oo. (The proof for ’a = o0’ is the
same due to remark 1.8.) Because of (1.24), we get

(@) = /0 ’ m?y) <2a + /0 ’ ﬁ(Z)m(z)@b(z)dz) dy + 1. (1.25)

(A.2.6) and (1.25) give us

T
(@) > a / .
- o m(y)
This would imply

oo o0 T 1
/0 Y(x)m(z)dx > a/o m(x) i mdy dr = .

The last equality is due to condition A 2 (or simply due to the fact that oo is no entrance
boundary). |

We can do exactly the same argumentation (as in the last proof) but under K > 0. We only
need to ‘rewrite’ everything in terms of & := k — K:

corollary 1.13. Suppose A 5, k > K eventually and that we have killing at the boundary, i.e.
o > 0. Further suppose A 1, A 2 and A 3. Then we have the following dichotomy.

o If A\ > K, then we have the existence of a QLD with density %.
0

o And if A = K, then we have escape to oo.

1.5. Comparison theorems for the existence of QLDs

Next we give some comparison results for the bottom of ¥(—L) in terms of the drift corresponding
to the generator L. Propositions 1.15 and 1.20 are similar to Corollary 1 from [MSMO1]; but
also allow slow killing at the boundary. The main results are theorems 1.17 and 1.22 which are
similar to 1.15 and 1.20 but we can have k # 0. They will lead to simple conditions for the
existence of a QLD. (Confer corollaries 1.24 and 1.25)

We use '@’ in brackets to indicate that we are working with drift coefficient a. For example,
To(a) denotes the first hitting time of a diffusion corresponding to the drift a. This diffusion
under Ty has L(a) = L%*(a) of appendix A.2.1 as L?(m)-generator. (Note that m also depends
on a.) Consequently, we write A(a) = A%*(a) for the bottom of ¥(—L(a)).
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1.5.1. Comparison under C'-drift coefficients

For the proof of the next proposition we are using a Theorem from [SE07]. Therefore, we have
to impose a stronger smoothness condition than A 1; namely:

A 6. We have that
(i) the killing rate x is non-negative and C|0, o).

(ii) the drift coefficient a is in C1(0,00) with 0 being regular.

remark 1.9. Asin A 1, we may replace 'zero regular’ by the more handy condition a1y ) € L'
This already implies regularity. |

lemma 1.14. Let a and b be drift coefficients which are locally Lipschitz continuous. Let the
boundary 0 be regular for a and b. Furthermore, let a < b on (0,00) and let oo be a natural
boundary for a and b. Then

Po(To(a) > ) < Po(Ty(b) = s)
for all x,s > 0.

proof. It holds

P.(Te(a) > s) —Py(Te(a) > s, Tn(a) > s) < Py(Tn(a) < s) — 0

as N — 0o. The same is true for b instead of a. Thus, we have that

P, (T.(b) > s) — Py(T.(a) > s)

(1.26)
> Pu(Te(b) NTn(b) > s) — Py(Te(a) AN Tn(a) > s) —on(1).
Let the superscript "N’, e.g. in @ inidcate that we are working with the diffusion which is the
strong solution to
dY; = aV (Y;)dt + X;.

Here a” is some Lipschitz continuous function on R such that a” = a on [%, N]. Now for large
N such that % < € we have that
P.(T.(a) A Tn(a) > s) = Po(T.(a) A Tn(a) > s). (1.27)

We also have

P.(T.(aV) > s) — Po(T.(a") > s, Tn(aV) > s) < Po(Tn(a) < s).

Though the state space of the diffusion with drift coefficient a¥ is R can still take e.g. 5 asa

reflecting boundary and use a coupling argument to obtain

P, (Ty(a) < s) < }P’x(TN(a%V) < s).
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Here we indicated the reflection at 5 by the same subscript: a. The advantage now is that we
2

can replace a? by az for N large enough such that § > % Hence,
2

IP)I(TE(aN) > 8) — }P’I(TE(aN) > s, TN(a,N) >s) < IP’,,:(TN(a%) < 8). (1.28)

Note that the diffusion with drift coeficient a reflected at § still has the property that oo is
natural. Therefore,
Po(Tn(ag) <s) =0

as N — oo. Together with (1.26), (1.27) and (1.28) we arrive at
Py (Te(b) > ) — Pp(Te(a) > 8) > Pu(Te(bY) > 5) — Pu(Te(a") > s) — on(1).

Note that we have used the fact that (1.27) and (1.28) also hold for ™). Of course, we can
choose @V and b" such that a® < b". Hence, by [Lin92] section VI.5 we find that

Y (@) < YY), for all t

P,-almost surely. (Y (a") and Y (b") are the diffusions corresponding to the drift coefficients
a" and b".) This implies

and leads to

Because of {T. > s} 1 as € | 0 we deduce
P, (To(b) > s) > P,(To(a) > s).

We show T, 1 T as € | 0 by contradiction:

Assume T, 1 Tp is not the case. Now we must have some 2 C Q with IF’;U(Q) > 0 such that
for all w €  there is a 6(w) > 0 and a sequence t,(w) with ¥;, < 1 and for all zeros s of Y (w)
we have s —t,, > 0. But ¢, has a convergent subsequence t,, — tg. By continuity of the sample
paths we deduce

Yio(w) (W) = Yiimy_, oo 1, (@) (@) = Jm Y, ) (w) =0

giving the contradiction
inf{t; KZO}St0§T0—5<TO

on Q. [ |

proposition 1.15. Let k = 0 and let a,b both satisfy A 2 and A 6. If b additionally fulfils A 3,
we have that

implies
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In particular we have
F QLD for b= 3 QLD for a.

Since we are sometimes dealing with different ’o’, as in the proof below, we will occasionally
indicate this with a superscript like "A%(a)’.

proof. By theorem 1.12 we have: 3 QLD for b = A\¥(b) > 0. Suppose A*°(b) = 0. Since zero
is no isolated eigenvalue we have that 0 is the supremum of the essential spectrum of L>(b).
Because the essential spectra of L>°(b) and L%(b) coincide it must hold A*(b) = 0, which gives
a contradiction. Using proposition 1.8 gives n°°(b) > 0. Now Lemma 1.14 gives us

< _1lim logP,(7°°(Y (a)) > t)

g P,(r2(V (B)) > 1

0<n™®) =—li ;

=n>(a).
Note that every C'-function is also locally Lipschitz continuous. We use Theorem 3.4 of [SE07]

to obtain
A*(a) = n>(a) > 0.

(Note that due to 1.16 v we have A 7 satisfied for x and a. That we are in the limit point case
is due to [KS12]; see remark 1.11.)

As above we can assume \%(a) = 0 giving a contradiction. Finally we use again theorem 1.12
or Theorem 3.4 of [SE07] (together with A*(a) > 0) to get the existence of a QLD. [ |

remark 1.10. The only point in the proof were we need that a is C! is to get A®(a) > 0 if
n>(a) > 0. ]

In fact, the same argumentation can be used to get the result if K — 0. (See theorem 1.17.)

To do so we define wy(z) := %E:ig

and introduce the following assumption.

A 7. For each s > 0 we have Py (sup;sqwi(Ys)-Lirssy) < 0.

This assumption will also play an important role in chapter 2. It will be necessary to use
Lebesgue’s dominated convergence theorem (DOM) . At this point we also provide some sufficient
conditions for this assumption.

lemma 1.16. Let any of the following conditions on a and r be fulfilled.
(i) a= O(x) and k = O(2?).

(i) Pure reflection at the boundary, i.e. o =0, but k increasing.

(i) a* has at most linear growth. a~ has polynomial growth and a = O(x?) as well as
k= O(x?).
(iv) k=0

(v) Let k] 0 and let a < b be such that b and x fulfil A 7.

Then A 7 is satisfied.
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For us ’O(g)’ is the Landau notation for an ’f’ such that % is bounded eventually. Further
we use f~, resp. fT, for the negative part —(f A 0), respectively the positive part fV 0, of f.

proof of lemma 1.16. The first three points are more or less proved in and before Lemma 2.5
of [SE07]. We only added that x can be taken to be even O(x?) (instead of O(z)). But this
can be seen immidiately from the proof in [SE07]. For the forth point we arrive, as right before
Lemma 2.5, at

1 1 s(z) — s(0)

14— =1+

m(m)gl—i—mﬁ Py (T > Ty) m

Now we use some trick due to [CMSM95]. At first we see that

TATp\ Nl
Po(s(Yontont) — (2)) = P /0 ds(Y;).

Using Ito’s formula on ds(Y;) and using that

1 d? d
+a—)s=0,

Ls= (-
5 (de2 dx

we obtain
Po(s(Yraz,at) — s(z)) = 0.
Therefore, we have
Po(s(Yo)Lirary>ry) < Po(s(Yearyar)) = s(z).

Letting M tend to oo now gives a dominant for (w:(Y;)1{7>1)e-

Point five should be rather obvious, since the contribution to the term under consideration is
larger, where Yy is large. And due to a smaller diffusion coefficient a it is more likely that Y is
"small’. |

We also see the need to make the following

remark 1.11. [SEQ7] persistently assume that
A. We are in the limit point case.

Some reader may wonder that we forgot to post this condition when using their results. But
we are always in the limit point case.

The proof is a simple use of Lemma 3.1 of [KS12] together with the observations that we have
always k € Ll20 .
soon as we have A 6 respectively A 1. 1

[0,00) and the density m of the speed measure is locally Lipschitz on (0, 00) as

theorem 1.17. Let k — 0 and let a,b and « satisfy A 2 and A 6. Furthermore, let b (and k)
additionally satisfy A 3 and A 7. (E.g. through some suffifient condition from 1.16.) Then we
have that

implies

44



In particular one has
F QLD for b= 3 QLD for a.

proof. We use again theorem 1.12 to get: I QLD for b = A*"(b) > 0. Now we suppose
2°>0(b) = 0. Since 0 is no isolated eigenvalue it is the supremum of the essential spectrum of
L%(b). But the essential spectra of L%*°(b) and L%“(b) coincide. Taking into account that
the operators are non-positive, we deduce A*°(b) = 0. By Lemma 3.3 (i) of [KS12] the essential
spectra of L%%(b) and L®%(b) are also the same. This implies A*"(b) = 0 in contradiction to
A% (b) > 0. Thus, A*Y(b) > 0. (As in the proof of 1.15) we conclude

20(a) = n>%a) > 0

(A 7 due to 1.16 v and the limit point case due to remark 1.11!)
As usual we may assume A\*"(a) = 0 and get a contradiction. Hence, A*"(a) > 0 is true and
finally use again Th 3.4 of [SE07] to conclude the existence of a QLD. |

1.5.2. Comparison under continuous drift coefficients

Next we will prove more general version of proposition 1.15 and theorem 1.17 by only assuming
A 1 rather than A 6 (or even A 7). The drift coefficient @ no longer need to be differentiable.
But this comes for a price: we have to impose

A 8. We have that a? is locally integrable at boundary points.

Here we work on £/ = [0,00). Thus, A 8 simply means that a1}y € L? for some € > 0.
lemma 1.18. Let a be in C(0,00) and satisfy A 8. Take any sequence a,, such that
e cach ay, is locally lipschitz on [0, 00),
o a,(x) = a(x) for allx >0,
e (ay)n is uniformly bounded on compact subsets of (0,00).

Then we have
Po(To(an) > ) = Pu(To(a) = )

for all s, > 0.

proof. Since the a,, are locally lipschitz, we know that corresponding diffusions Y can be realized
as solutions to
dY; = dXy + a,(Yy)dt

where X is a Brownian motion starting at = w.r.t. P, (,at least up to Tp(ay)). By the Cameron-
Martin-Girsanov transformation, we know that the corresponding ’Girsanov density’ is

t t
= exnl [ an(X0dX, =5 [ ai(Xdr).
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(By a suitable continuation of @, to the negative reals we find that) the measure corresponding
to Y™ on F; is

Q' := fi' Pzl
(This is a notation used also in the context of penalisation; compare section 2.1. In fact, what
we are going to do to prove the lemma may be seen as some sort of penalisation result for

n — oo with the penaliser (f/*),>1.) The reader may have already guessed that we want to
show convergence to

Qt = ftoPZl‘|]'—t
with f; = exp(fy a(X,)dX, — L [T a?(X,)dr).
(Why this definition makes sense and the Q,’s are indeed the measures corresponding to

L°(a), when killed at zero, compare remark 1.12. Note that this is the reason for assuming

square-integrability of a at zero.)
To this purpose we define
K
? = ft’r;\’r}(opxlft

with 7x := Tk A Tik. Notice that Q™K = Q" on Fyrr, by optional sampling, since (ff*); is
a martingale. For each K we have (a,), uniformly bounded on [I/k, K]. Now we can use a
‘stochastic-integral version’ of the dominated convergence theorem to obtain

tINTK t tATK
/ a,(X,)dX, = / an (X, )dXE — / a(X,)dX,
0 0 0

in probability with X/ := X;r,.. (For instance see Theorem 32 in Chapter IV of [Pro05].) We

also have
tATK tATK
/ a(X,)dr —>/ a*(X,)dr
0 0

a.s. for n — oo by the ordinary dominated convergence theorem. Thus, we find a subsequence

(n(m, K,t)),, with

7K7t
f:/\(;r'?( ) - ft/\’T‘K

a.s. for m — oo.

By the Lemma of Scheffé we get

FR D e (1.29)

in L(P,) as m — oo. The rest will follow essentially by the proof of Lemma 11.1 of [SV06], but
let us be a little bit more detailed:

At first we take some bounded and Fipr,-mb ®. Due to (1.29) we conclude

QH(®) = Polfipry - @) = Palfonry - @).
(For the rest of the proof we write 'n’ instead of 'n(m, K, t)’ to increase readability. For example

'n — oo’ implicitely means 'm — oo in terms depending on n(m, K,t)’.) Using optional sampling
on (fi): we see that

Pﬂf,‘(ft/\TK . (I)) = PJC(E(ft/\TK | ]:t/\TK) : q)) = ]Pa:(ft@)
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This gives us
K Q (1.30)

on Fipr, for every t, K > 0. (Here we adapt again the notation from chapter 2.) Now take some
s <t and a bounded and Fsap-measurable ®. Then ®-1(nr ~sa1y) 18 Finr,-measurable. Note
that, although {t A 7k > s ATp} € Fiary and, therefore, {t A 7 < s ATy} € Finry, in general
Q-1 iar<saTy) 18 not Fiar-measurable. But this suffices to get

Q(®) — Qu(®)] < |QF (D) — Qu®)| +1|®] o - 200 (A Tie < 5 A Tp) (1.31)
on the one hand and
li_)rn QF(t AT < sANTp) = Qut AT < s A Tp) (1.32)

on the other, by (1.30). Furthermore, we have
lim sup ‘Q”’K(é) — Q(@)‘
n
<lim sup ‘Qn7K(<I>ﬂ{t/\TK>s/\TO}) - Q((b]l{t/\TK>S/\T0})}
n

+lim sup Q™ (L i pre<sntyy) — QUPLgary <sntoy)|

<limsup ||®||, [Q"F(tATK < sATH) + QA TK < sATy)]
n

by (1.30). Now we use (1.31) and (1.32) to conclude
lim sup |07 (@) — Q(®)] < 4@, Qt A7 < 5 ATh).
Since s < t and 7 " Ty, we deduce

QY (®) — Qu(@).

Hence, we arrive at

QF7.n Ty, Q|74 T

for any s < t. Observe that

(o =s}={Tons=s} =0\ |J {ToAs<q}e€Fan.

qrat., ¢<s

Therefore, we may choose ® = 17>, and get
Py (To(an) = s) = Q' (®) = Qu(®) = P2 (To(a) = s).

remark 1.12. Some words on the linkage between the L?(m)-generator L% (a) of appendix A.2.1
and the measures Q; from the above proof:

First of all, compare [Kuo06] section 8.7 and [MU12] page 4 to get that f; is a local martingale.
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Once we have this, we may use Theorem 2.1 of [MU12] to get that f; is a real martingale. Thus,
the above 'Girsanov change-of-measure’ by f; is valid. ([MU12] also give sufficient conditions
for a family of ’Girsanov densities’ to be uniformly integrable.) Furthermore, there is a corres-
ponding unique weak solution of dY; = dX; + a(Y;)dt. In fact, the Girsanov theorem itself gives
a ’'construction’ of such a solution: Plainly, Q; is the measure of (Yy)s<;. See [Kuo06] section
8.9. Any such unique weak solution gives also a unique solution to the corresponding martingale
problem and vice versa. See for example section 5.4 in [KKS88]. And the martingale problem is
the essential link between the process, respectively weak solution up to killing at zero, and the
L?(m)-generator L% (a) of appendix A.2.1. Compare also section 2.2 of [KS12]. ]

With the above lemma we want to compare survival probabilities via comparison of drifts.

lemma 1.19. If a and b are drift coefficients from C(0,00) satisfying A 8 and we have a < b
on (0,00), then
Po(To(@) = 5) < Po(To(b) > 5)

for all x,s > 0.

For the proof we will use a coupling which will be indicated by the superscript (-)’. (A good
reference is [Lin92].)

proof of lemma 1.19. We first prove this for the special case of a and b locally Lipschitz conti-
nuous:
By a coupling (Y'(a),Y’(b)) of Y(a) and Y (b) such that Y/(a) < Y/(b) for all t > 0, we
conclude
Po(7°(Y'(a)) 2 1) < Po(r>(Y'(b)) = 1)

(Of course, here 7°° = Tp. i.e. the first hitting time of zero.)

In [Lin92| coupling is formulated for @ and b Lipschitz continuous. But we can use it here, if
we only assume that a and b are locally Lipschitz continuous:

We first look at processes Y (a,,) and Y (b,,) were b,, = b and a,, = a on [0, n] but are globally
lipschitz and a, < b, on whole R. Thus, we have a coupling (Y'(ay,),Y’(b,)) with Y/ (a,) <
Y/ (by,). This is in particular true if we stop at oy, := To(Y'(an)) A Tn(Y'(by)), giving

Bo(Vip (@n) < Vi, (by) for all ) = 1

for all n. But up to the stopping time o,, we have that Y”(a,,) and Y’(b,,) are the unique solutions
to dY; = dX; + a(Y;)dt and dY; = dX; + b(Y;)dt under Yy = x. Hence, up to o, they are Y(a)
and Y'(b). This gives

P, (Yire, (@) < Yirg, (b) for all t,n) = 1.

Of course, the stopping times involved are also the stopping times corresponding to Y (a) and
Y (b), i.e.
on =To(Y(a)) AT, (Y ().

Since oo is natural for b (and a), we know that T,,(Y (b)) — oo a.s.. But then we have
Pr(Yinty(v(a) (@) < YiaTy(v(a) (D) for all t) = 1.
This implies P, (To(Y (a)) < To(Y (b)) = 1, which finally gives P, (7°(a) > t) < P,(7°°(b) > t).
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Now let @ < b be only in C(0,00) with zero accessible: Then we can find (and take) a, and
by, locally lipschitz with (ay,), and (by,), uniformly bounded on compacts such that a, — a and
b, — b pointwise on (0,00). But then a, Ab, — a and a, A b, also fulfils the assumptions from
lemma 1.18. Hence, there is no loss of generality in assuming a,, < b,, for each n. In the end we
only have to use lemma 1.18, to get

P, (To(a) > s) = lién]P’x(To(a,n) >3s) < liin]P’w(To(bn) > s) =P, (To(b) > s).
|

proposition 1.20. Suppose the drift b satisfies A 1, A 2, A 83 and A 8. Let k =0 and let a be
another drift coefficient which satisfies A 1, A 2 and A 8. Further suppose that o > 0. Then

a<b

implies
3F QLD for b= 3 QLD for a.

Before proving proposition 1.20 let us make the following observation:

remark 1.13. Suppose we are only interested in obtaining the above result in the case o = oo,
i.e. 7 =1Tp. In this case we may use directly lemma 1.19 to see that

E, eT0@ = / P$(eET°(a) > s)ds < / Pw(eETO(b) > s)ds =E, ecTo®)
1 1

Now we only have to use the well fitting criterion for the existence of a QSD shown in Theorem
4.14 of [KS12]. |

proof of proposition 1.20. The main argument will be Corollary 1.9. Obviously we have that
A%(b) > 0. By 1.8 we know that

logP,(7(b) > t)

log Py (7°(Y
for any a € (0, o0].
Now we use a comparison technique as in the proof of 1.15 to get

0 < n>(b) < n*(a).

Though here we have to use lemma 1.19 instead of 1.14. Next assume we would have \*(a) = 0.
As in the proof of Lemma 3.3 (iii) of [KS12] we see that the essential spectra of L%(a) and
L*°(a) coincide. (This can be seen through Th 10.17 of [Wei00] which states that any 'resolvent-
difference’ of two self-adjoint extensions is compact if the defect indices of the ’generating’
symmetric operator coincide.) Since, by Lemma 3.3 (vi), 0 is no isolated eigenvalue, the only
possibility left is that A>°(a) = 0, too. Finally we use lemma 1.21 to conclude that n*°(a) = 0
giving a contradiction.

Now that we have \*(a) > 0 we again use corollary 1.9 to obtain the existence of a quasi-
limiting distribution for a. |
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The following lemma is a generalization of Corollary 6.25 of [CMSM13b] and uses the same
idea of the proof. (Note that the authors of [CMSM13b] assume a € C*. In that case we could
as well use Theorem 1 of [MSMO1] in the proof above.) Though, in order to prove this needed
lemma 1.21 we make one additional assumption. For this let p;(z,y) be the kernel of ¥ under
7 w.r.t. the speed measure m(dz).

A 9. We have that y — pi(x,y) is square-integrable w.r.t. m for any = € E and ¢ > 0.

remark 1.14. One sees immediately, that Brownian motion with constant drift and the Ornstein-
Uhlenbeck process (both under instant killing at zero) carry this property. More general, it holds
under the Cl-assumption of the drift coefficient. For a proof see [MV12] and [CCLT09). ]

lemma 1.21. Suppose the drift a satisfies A 1, A 2, A 3 and A 9. Then

logP,.(Th >t
limsup——og o(To > 1) <\
t—o0 t

To show this we are going to use Weyl’s spectral theorem in the version of theorem A.2.2.
proof. First of all, take any measurable and bounded B C Ry and some § > 0. Then we have
(by the Markov property)

Po(Vigs € B, 7 > t+8) = Pu(r > 8) - Py(Ys € B, 7> £) = Py(r > 5)/etL]lB(y)1/(dy),

= % pe(z,y) is the transition kernel of Y under 7 (w.r.t. m).

Next we use Weyl’s spectral theorem with F'(\) = e*. Thus, we arrive at

where v(dy) =

Y
P,(Yiqs € B, 7>t +09) =Py(7>9) - / / At/ 1p(z (z)m(dz)yp_x(y)o(d\)v(dy).
Now take ¢ > 0 and split the above expression at the ’p-integral’ into the parts
A0 [ [T Lple)ia@m(d)poaWeldN(dy)
0 Ae),— A 0
and
>0 [ / s [ 150 Gmids AWl v ).
A+e

By Weyl’s spectral theorem A.2.2 and remark A.2.4, we know that 1) is a multiple of ¥. Hence,
both functions are positive on (0,00). By the continuity of (A, z) — ¥x(z) (see Theorem 1.7.4
of [CL55]) we can take € and ’B > 0’ so small that we can find some ¢ > 0, such that:

i) [1p(2) m(dz) > c for all A € [\, A + €.

Remember some natural main assumption from section 1.1:

Pm(Tg > t) >0
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for all ¢ > 0 and some (, hence, each) x > 0 (in order to give meaning to the condition of
asymptotic survival.) With this in mind, we see that at least for § > 0 small enough, there
exists an interval [u,v], u > 0, such that

P.(Ys € [u,v], 7 > §) > 0.

(Observe that Py (Ys > §, 7 > 0) > Py(infep g Ys > 5, 7> 6) = Po(Tz > 6) >0, for § > 0
small enough, since Py (Ts > §) = Py(Tz > 0) = 1. Because of limy,oc P2 (Y5 € [3,0], 7> 6) =
P, (Ys > 5, 7 > 6) there must be some v such that P,(Y; € [5,v], 7 > §) > 0.)

Thus, ps(z,y) must be positive at some yy € [u,v]. Now use (3.6) of [KS12] with K =

[£,2] x [u,v] and § =T to get the existence of a v > 0 such that

vps(z,y0) < ps(z,y)

for all y € [u,v]. In fact, we may choose ¢ > 0 from (i) such that

(i) [a(y)v(dy) > [ a(y)v(dy) > c for all X € (A, X+ €.
Thus, by (i) and (ii),

I > AP, (1 > 0) / eMT(dN)
(—(A+0),A

> Py(1 > 6) / eMT(dN)
(7(A+§)7M

> PP,(7 > 6)e” CFIT((— (A + 5), )

Since A is the largest point of increase for ¢ we know that o(—(A+ 5),—A]) > 0 for all € > 0.
Therefore,

log(I
lim sup — og(1) <A+ <
t—o00 2

Next we show that I5 has a faster exponential decay, then I;. This would imply that
Py(Yigs € B, 7>t +9) o I1(t)

and finally give us

0= lim logPy(7 > 1)

t—00 t
< limsup—logPZ(YtM €B, T>t+9)
t—o0 t
log(I
< limsup — og(1)
t—o00 t
€
<A+ 5

2

for each € > 0 small enough. This would prove n < \.
To prove the faster decay of Iz, we cancel out the normalising constant P, (7 > J). Next we
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introduce the measures g(t) by Z—g()\) = e’\t]l(_oov_(éﬁ)]()\). Now I3 is nothing else then

([ oswmste.pyman). [ tawyis@mia)

L2(8)
Hence, by Cauchy-Schwartz,

2 2

B [utomswman| | [1suaoma

< e IO, Dlizag e MOz
—2Qte)t

L2(g)

=e 1ps (2, 72 (my - LB 720 -

We may use similar arguments as in the proof of proposition 1.20 to derive a corresponding
result for k — 0:

theorem 1.22. Suppose the drift b satisfies A 1, A 2, A 3 and A 8. Let k — 0 and let a be
another drift coefficient, which satisfies A 1, A 2, A 8 and A 9. Then

a<b

implies
3 QLD for b= 3 QLD for a.

To prove this we use the following lemma.

lemma 1.23. Suppose o > 0 and the drift b and the killing rate x satisfy A 1, A 2 and A 3.
Then 0 is no isolated eigenvalue of L"™%(b).

Let us stress that we do not need the L2-conditions on the kernel and on the drift for the
proof of the lemma.

proof of lemma 1.23. The proof is essentially the same as the one from Lemma 3.3 point (vi)
of [KS12]. (Here the authors assumed x = 0.) The authors did some calculations based on
a spectral resolution for L"%(a), which are also valid here. Next they used that the principal
eigenfunction can be chosen to be everywhere positive under the assumption of a spectral gap.
But if one assumes that 0 is isolated, we see that the supremum’ in (A.2.6) becomes a maximum.
So, this is also true in our case. Their proof relies upon their Lemma 2.1 which they showed
to hold under our conditions. The last ingredient is that the image of e * is included in the
domain of L. But this is also true, as pointed out on page 168 of [KS12]. |

proof of theorem 1.22. We use theorem 1.12 to conclude that A™%(b) > 0. Now suppose we
would have A\%*°(b) = 0. By lemma 1.23 we conclude that 0 is the supremum of the essential
spectrum. See the proof of Lemma 3.3 (iii) of [KS12] observe that the essential spectra of
L%(b) and LO(b) coincide. Thus, A%®(b) = 0. Since the essential spectra of L%(b) and
L"*(b) coincide (Lemma 3.3 (i) of [KS12]) we conclude that \*“(b) = 0, giving a contradiction.
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Hence, \*°(b) > 0. Now proposition 1.8 implies that 0 < 7%°°(b). Next we use lemma 1.19 to
get
0 < 7% (b) < n°>(a). (1.33)

By lemma 1.21 we see that A>*(a) > 0. Similar as above, we assume \*%(a) = 0 giving a
contradiction. Hence, A™“(a) > 0 and we see that there must be a QSD for a, due to theorem
1.12. |

remark 1.15. Compared with theorem 1.17 we imposed
1. local L?-integrability of the drift a
2. L’-integrability of the kernel of Y under 7 = T}
to obtain theorem 1.22.

e 1. is due to the fact that we needed to make sure that (f;); from the proof of lemma 1.18
is a proper martingale. Thus, we have used results from [MU12]. (See also remark 1.12.)

e The reason for 2. is the usage of a Cauchy-Schwartz inequality after applying Weyl’s
spectral theorem A.2.2. (See the proof of lemma 1.21.)

It would be desirable to find easy to verify sufficient conditions for the assumptions 1. or 2. or
even weaken them considerably. |
The next corollary gives sufficient conditions for the existence of a QLD by comparing with a
negative constant drift and then with an Ornstein-Uhlenbeck drift.
corollary 1.24. Let A 2 and at least one of the following condition be satisfied for a and k:
(i) A 6 is true.
(ii) A1, A 8and A 9.
Furthermore, let k — 0 and let a have any of the following properties:
(iii) a(x) < —e for some € >0 all .
(iv) a(xz) < —bx for some b >0 and all x.

Then we have existence of a QLD respectively X > 0.

proof. First of all, we assume that x = O:

One part of the proof consists in seeing that for b(x) = —e one has \*°(b) = % > 0; e.g. by
taking a look in [MSM94]. The second part is using the same trick as in the proof of 1.20: The
essential spectra of L% (b) and L%%(b) are the same and since 0 is not an isolated eigenvalue,
we must have \>*(b) > 0. (By (A.2.6) one can also calculate directly \%*(b).)

The next part is a simple application of proposition 1.15 in case (i) and proposition 1.20 in
case (ii).

As for the Ornstein-Uhlenbeck case:

One can see, respectively calculate, that an Ornstein-Uhlenbeck process satisfies all the as-
sumptions A 1, 2, 3 and 7. Furthermore, the spectrum of L% (—bx) is discrete with A0 —
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b > 0, respectively we have existence of a QLD; the eigenfunctions are essentially the Hermite
12 mn (LQ
polynomials of odd order, i.e. the f,(z) = H,(v/2bx) with H,(z) := (—=1)"ez 4 e~z and

n € IN\ 2IN. At this stage we do exactly the same as in the case of a constant drifctlx.

Now let Kk — 0:

Above we have seen that A>®(b) > 0. By Lemma 1.23 we get that 0 is no isolated eigenvalue
of L"™%(b). Together with (i) from Lemma 3.3 of [KS12] we arrive at A™“(b) > 0.

Now we can apply theorem 1.17 in case (i) and theorem 1.22 in case (ii). |

Of course we could compare with other b then constant drift and Ornstein-Uhlenbeck drift.
One can also raise the following question: If we have a QLD for a(x) and b(x), what can we say
about (aVb)(x)? For instance, the next result tells us that a QLD exists for the drift coefficient
—eV (=bx) with €,b > 0.

corollary 1.25. Let the drift coefficients a and b and the killing rate x fulfil A 1, A 2, A 8 and
k — 0. Let a > 0. Furthermore, let a and b be integrable at zero and let one of them eventually
dominate the other, e.g. a(x) < b(x) for x large enough. Then

3 QLD for @ and b= 3 QLD for aAb and aVb.

proof. By theorem 1.12 we have that A" (a) AA*"(b) > 0. Thus, the supremum of the essential
spectra of L"™%(a) and L"“(b) is less then zero. But the essential spectra of these operators
are identical to the essential spectra of L%*(a) and L%*°(b). By theorem A.2.7 (using the
notation therein) these essential spectra are the same as the ones from Ljs(a) and Ly (b) for
any M > 0. W.lo.g. let a(r) < b(z) for + > M be true. Thus, Ly/(a) = Ly (aAb) and
Ly (b) = Ly(aVvb). Vice versa the essential spectra of L% (aAb) and of L% (aVb) and,
therefore, also the ones from L**(aAb) and L"“(aV b) have a supremum smaller than zero.
Since 0 is no isolated eigenvalue by lemma 1.23 we get A*"(aAb) A A*"(aVb) > 0. Theorem
1.12 gives us the existence of the QLDs for a Ab and aV b.

Of course, we need that 0 is regular and oo is natural to apply 1.12 and 1.23:

Infinity is obviously natural (for a Ab and aV b) because it is assumed for @ and b. Zero is
regular since

<

/ “(aVb(2) — a(2))dz

/C(a\/b(z) —aNb(z))dz
< [ lat2) - b))z
< /0 |a(z)|dz+/oc b(2)|dz < o0

for any ¢ > 0 and z € [0, ¢]. This leads to

/c (/C exp,Q f;a\/b(z)dz dy) eXp2 [SaVvb(z)dz dx

0 x

< / c (/  exp2 i ale): dy) exp? J< Al |exep? [V —alN ] gy
0 x

<00
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and the same trick applies to show that

/c (/CGXPQf;a\/b(z)dz dy> eXp—2f;aVb(z)dz dx < 0o
0 x

and

/c (/C eXpinyca/\b(z)dz dy> exp¥2f;a/\b(z)d2 dz < oco.
0 x
|

Actually the proof above is more easy for aAb (once we know that 0 is regular and oo is
natural). We only have to use theorem 1.22.

1.6. If the state space is a finite interval

Finally we want to state some existence result for a Yaglom limit in case that Y lives in a
bounded region, i.e. in [0,¢]. This result can be found in [SE07]. Essentially c is just another
boundary point of the kind like zero. This means we impose similar boundary conditions, such
that, besides reflection at ¢, there may be (slow) killing, and its 'rate’ is parametrized by some
B > 0. (See section 0.4.)

proposition 1.26. Let the drifta € C1(0,c). Let 0 and c be reqular. Furthermore, let the killing
rate k € C[0,c]. Then we have

C
At J “"(y)/m(y)’/(dy)/
e P (Y e AT >t) — = d
( ¢ ) fO 8(9)2/m(y)dy Af(y) Y

for all measurable A C [0, c] and distributions v on [0, c].

Of course we get (the normalized version of) ¢ as Yaglom limit or unique QLD, respectively:

AP, (Y; € AT > t) Jae(y)dy

]P)VY A t — (& .
(YyeA|lT>1) AP,(Y, € [0,c],7 > 1) - Jo e(y)dy

remark 1.16. If we would only be interested in the asymptotic behaviour of P,(Y; € A, 7 > t)
if 7 = Ty A T, then we can use a representation of the transition kernel (w.r.t. m(dy)) due to
[CMSM13b] proposition 6.2:

N
Do e M n(@)en(y) — pele,y), (1.34)

n=1

where the convergence is absolute and uniform on [tg, 00) x [0, ¢]? for every to > 0. Intuitively
(1.34) gives us some sort of spectral representation of the corresponding semigroup (T;);:

Tyh(x) = / e M (1) (1) 2(dN) / h(y)m(dy) (1.35)

with o being the counting measure on {1, Ag,...}. Of course, we should mention:
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e 0 <\ < A2 <...constitute the L?(m)-spectrum of —L, which is simple and discrete.

e The v, are the normalized L? (m)-eigenfunctions for \,, and we use the notation A = \; as
well as 1) = 11 for the principal eigenvalue and eigenfunction. (This notation was already
introduced at the end of the example of 1.2.)

Note that in the proof of [CMSM13b] it is presumed that a € C1[0,c]. (Mainly due to the
extensive use of results from the theory of boundary value problems.) We also point out that o
is some sort of analogue to the measure in Weyl’s spectral theorem A.2.2. Though, we may not
be able to "normalise” the ¥, (and, therefore, p) in such a way that ¢} (0) = ¥} (c) = 1. (Only,
if @ is antisymmetric around §!)

Now we want to see point (i) of Th6.4 from [CMSM13b], namely:

M p(t,x,y) = P(x)d(y) (1.36)

uniformly on [0, ¢J?.

proof of (1.36).

Y p(t,,y) = w(@)o(y)| = |30 A v (@)n(y)]

n>2

Now we know by (1.34) that 25:2 e |4y, ()] |1 ()| converges uniformly on [0, ¢]2. There-
fore, we have

Va,y Ze)\l An [n ()| [1n(y)] < M < oo.
n>2

(Be aware that the above series is the uniform limit of continuous functions on a compact set.)
This gives

A p(t, 2, y) = v(@)(y)| < D M (@) [ay)|

n>2

S e()\l—)\Q)(t_l) ZeAl_)‘” Wn(x)\ ’wn(y)’

n>2
< e(/\1*>\2)(t*1) M =0 (1.37)

Let us see now that
AP (h(Y;);T > t) — // y) () (y)m(dy)v(dz) (1.38)
for all h € L?(m) and each initial v.

proof of (1.38). This is mainly due to the estimate in (1.37) (, i.e. the uniform convergence in
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(1.36),) since:

AP, (WY,);T > t) — // Y)Y (x)(y)m(dy)v(dx)

i / / h(y) Ze“ﬂ")twn<x)wn<y>m<dy>v<dx>

< [ [ )l S e @] )] ()

n>2

<M= / / ()| m(dy)w (dz)

=M e(Al_)\Q)(t_l) ||h||L1(m) — 0.

The limit in the last line holds because of a € C'[0,c], which leads to m being finite and
Iy < o0- .

Finally (1.38) gives the same as proposition 1.26 under 7 = Ty A T¢:
NPV, € A > 1) o / W(@)v(d) - / W(y)m(dy)
0 A

Reminder: ¢ = ¢m is the unique QLD, up to a constant multiple.
In the setting of [CMSM13b], 1) = ¢/m is normalized. Thus,

‘@Hm(m) = [*W)/my)dy = 1! .
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2. Penalisation results

In the last chapter we gave some results concerning the existence and appearance of
limy 0o P (Y; € | 7 > t) for certain diffusions Y and killing times 7. In this chapter we
will continue the investigation of Y under ’infinite survival’. But this time we will not condition
Y; on {7 >t} and let ¢ tend to infinity. Instead, we condition (Y;),<s for any fixed s on {7 > t}
an let ¢ — oo.

This chapter is organized as follows.

In section 2.1 we will put this in a more general framework due to Roynette, Vallois and Yor.
(See [RY09].) The idea is to give paths a lower weight which are responsible for an undesired
event, i.e. we ’penalise’ these paths. For instance we want to avoid that Y hits zero. For this
we translate 'not hitting zero up to time t’ into weighing/penalising with

1, Ty >t
T, = 0 (2.1)
0 ,Tp<t.

And as a second step we let ¢ tend to oo to obtain a so-called 'penalisation limit’.
In sections 2.2 and 2.3 we mainly deal with diffusions Y as in chapter 1 which are solutions
to an SDE

dY; = dX; + a(Ys)dt

They will be penalised with processes (I'y); similar to (2.1). But Tj can be replaced by a more
general killing time 7 = 7%*C8) In section 2.2 we will prove the existence of certain penalisation
limits. It will turn out in section 2.3 that all these penalisation limits are again distributed like
diffusions Z which

(a) have a generator of the form

1
—Lq.
Y
Here the function v is a positive eigenfunction for L = L®%(5) the generator of Y under 7.
(b) solve
V' (Z)
dZ; = dX Z dt
=i o) + 58
on E.

The last section 2.4 discusses two topics:

1. We are concerned with so-called "universal measures’ U. A lot of interesting properties of
these universal measures are known in the case of Brownian motion. (See [NRY09] and
references therein.) Our interest lies in the fact that one can penalise U directly with '
without any limiting procedure and the result is the penalisation limit. (See (2.36).)
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2. Other mathematicians like Profeta also proved penalisation results for certain diffusions.
(See [Prol0, Prol2].) We give a short overview and compare our results with previously
obtained results.

2.1. Introduction to penalisation

As the headline suggests, in this section we will lay the foundation for the rest of the chapter. It
is meant to help the reader in understanding as much as to present the main objects and some
basic results. The notion and most of the results are adopted from [RY09]. Although some of
the following results could also be put into a more general framework we decided to restrict
ourselfes to the following set-up. This will allow an immediate transfer to the case of linear
diffusions.

Our measure space will be Q@ = C[0,00) equipped with F = 0,in(C[0,00)) and Fs; =

(C[0,00)). By 0min(2) we mean the smallest o-algebra on Q such that all components

Q35w w(t) = X¢(w) are measurable. Likewise o7 . () is the smallest o-algebra such that
all components (X, )r<s are measurable. (Later on we may need to enlarge our model to supply
additional random variables, e.g. exponentially distributed &’s independent from X.)

The following definition introduces the so-called ’penalising principle’.

S

Omin

definition 2.1. Let P be any probability on (2, F). For all ¢ > 0 we take a I'; : C[0,00) —
(R4, B(R4)) measurable with the additional property that 0 < P(I';) < oco. We say that a
penalising principle holds for (2, F,P) and I" whenever

P(f-Ty)

Sg(f) = W — Ss(f)

for all s > 0 and f € bm(Q, Fs).

In this context we occasionally talk about processes I' as penalisers.
For convenience think of P as the image measure of P, under Y. Here Y is some linear
diffusion without killing under (P,).,cr (as in the beginning of chapter 0).

convention 2.2. If P is a probability distribution on some measure space (2, F) and Z >0 a
real random variable on (2, F) with 0 < P(Z) < oo, then

P(Z-1p)

defines a probability on (€2, F) and we will often use the notation

ZoP := Q.

The penalising principle was introduced by Roynette, Vallois and Yor. For P being the Wiener
measure they proved that it holds for various kinds of penalisers. (See [RY09] and references
therein.)
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remark 2.1. If the penalising principle is fulfilled, we obtain, as expected, a probability measure
Ss on (C[0,00), Fs). And we get
St

s_»SS

which is a sort of convergence we introduce in definition A.1.1. (Compare e.g. [Nev65], SecIV.2.)
1

proposition 2.1. Let the penalising principle be fulfilled for (Q, F,P) and I". Then

(a) we get that
Ss = Ms o P‘f.

for each s > 0. The process (Ms)s is a positive (Fs)s-martingale with P(My) = 1.

(b) there is a probability measure S on (2, F) such that Sy = S‘]:s’ for any s > 0. (Ss)s is
characterised by the marginal distributions.

proof. The S; are projective, since

o PRIy
Ss(F) = lim TR Jim S,.(F) = S,(F) (22)

for r < s and each F € F,.
(a) Furthermore, we have St < P = P|£,, for all ¢t and s. We observe that

ﬁj = E(E(Frtt) 7). (2:3)

Hence, we have
Ss(F) = lim SL(F) =0

t—o00

for all F' € F, with P(F) = 0. But this means that S, < P, and S, = M, oP with M, = S
Because S; is a probability measure, we also get EM; = 1 and M, > 0. Finally, for F' € F,,
we have

E(MSBF) = SS(F) (2:2) ST(F) = ]E(MT']IF)’

which proves part (a).
(b) See appendix A.3.
|

This is the reason why we will call S the penalisation measure or the penalisation limit (for
P and I'). In the remaining part of this introduction we are merely concerned about general
results on the existence of such a penalisation measure.

Since we will penalize measures of processes which also depend on an initial distribution v we
will also write ’S,’ for the penailsation limit or ’S,’ in the special case of v = §,, if we want to
emphasize this dependence.

remark 2.2. e We got proposition 2.1 because of the projectivity of S;. In general the family

(St)s is not projective. Nevertheless, it can be seen that this family is projective if and
only if (%) ;s a (Fi)-martingale. But this would be a rare situation and nothing new

happens in the limit procedure: We only take the limit of eventually constant terms.
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e Though we shifted the proof of point (b) to the appendix, we hereby want to attract the
reader’s attention to the following: Proposition 2.1 holds in greater generality. In fact, we
only need to make assumptions such that Kolmogorov’s extension theorem is applicable.

|

In the following we present a criterion for penalising which can be found in Chapter 1 of
[RY09]. It will help us to gain more insight into the machinery of penalising.

proposition 2.2. Suppose the following two points are fulfilled.

(i) ﬁ‘tz — M Pg-almost surely for all s > 0.

(i) E(Ms) =1 for all s > 0.
Then we have that
(a) St — MsoP for all s > 0.
(b) (Ms)s is a (Fs)s-martingale.

proof.
t

(a) We can use Scheffé’s Lemma, since the assumptions imply that the ’densities’ fil]is converge
to M. Thus, we get Li-convergence. With (2.3) we see that

SL(1) = B(f Bl | 7)) = B - M)

for arbitrary f € bm(F;).
(b) This follows from (a) because of proposition 2.1.

By point (i) in proposition 2.2 the central objects are the Radon-Nykodim derivatives gﬁtz. To
investigate them further we need more assumptions on P and on (I';);. For this let (Y;); be a
linear diffusion without killing on E C R and for each x € E let P, be the measure induced by
Y, Yy ==z, on Q= C[0,00). Let (F;); be the corresponding filtration. Next we choose P = P,
for a fixed z. Assume further that (I';); is a multiplicative functional, or MF for short. We take
the definition of a 'multiplicative functional’ due to [BG68]. In particular, we will use that

o I, =T,1;_,O4forall 0 <s<t.
e I'; is F;-measurable for each ¢ > 0.

The ©4 are shift operators which act on functions [0,00) 3 ¢ — w; by Og(w) := (t = Wits).
A particular class of MF’s are those of the 'Feynman-Kac type’. Essentially one takes I'; =
exp(— fg k(Xs)ds) for some appropriate function k. They are investigated in section 2.2.
Furthermore, we impose that 0 < P, (I'y) < oo for all y € E and ¢t > 0.
Because of the above assumptions we can use the Markov property to get
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Si(f) =P (fE(Pf(}t) 7))

IP>Xs (Ft—s) >
P, (Ty) /’

=P, (T,

for any f € bm(Q, F).
By proposition 2.2 one is eager to find a limit of

LS? _1—\ PXS(Ft_S)
dP, 7 P.(T)

as t goes to infinity. Hence, the investigation of P]%)ilzﬁ)s) for t — oo is the key.

We feel that now will be a good time for an example. We give a rather simple one which can
also be found in [Var07] chapter 6 and, more general, also in [MSM94].

example 2.1. Let P = Py be the Wiener measure and let P, equal Py ’shifted by x’. Take
I't = 1y7>¢). Due to the previous observations we try to find the limit of

]Py(To >t — 5)
Px(To > t)
But
x| a2
P, (To > t) = e 2rdr (2.4)

t V2mr3
(e.g. by [KS88], section 2.8). This gives

Py(To >t —s) Y
PZ(T() > t) x
(Note that we do not need to take the absolute values since x and y will have the same sign.)

Therefore, we have the existence of My, needed in proposition 2.2, and we identify it as

X
My = ]l{T0>s}?s'

It remains to check the second point, namely that

P, = T2y

for all s > 0. From here on we choose z > 0 without loss of generality. Then
o
Py (Xs: To > s) =/ y-ps(z,y)dy
0

with the kernel

1 _(a—y)? _ (z1y)?
ps(z,y) = e 2 —e %
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on Ry. (See e.g. [MSM94].) This equals = as you can see by the following calculation:

_ 2rs V21s
>~ 1 2 0 12 v 12
=2z e 25 d —i—/ y+ x e 25 d +/ y— ) e 25 dy
| = [ Grar =i [ G-a—=cka
* 1 72
:2x-/ e 25 dy
0 2rs

So, we get a penalisation limit and identify it as the measure of a three-dimensional Bessel
process starting at x. (See [Bov12| section 4.6.) ]

By looking at (2.4), we can see that
P, (Ty) ~ ¢~/

in the above example. But if the penaliser I' is indeed some MF, such an ’exact order and rate
of decay’ is all we need to get the existence of M. To understand this assume that

P, (Ty) ~ e, (2.5)
for some k and 1 > 0, in the sense that
them P, (T;) — 9(x) > 0.

(In the context of chapter 1 we recognize 1 as the mortality rate; see lemma 1.4.)

This implies
Py (Ft—s) s s 1/](3/)

X

P(Xs)
()

As we will see, this form is more or less universal. (See propositions 2.3 and 2.6 or theorems

and, therefore,

My =Tz

2.13 and 2.14.) We can go even one step further and define a natural semigroup (T} ); given by
I" on the space of non-negative measurable functions f : E — R via

T} f () == Pu(f(Xe) T).

With these notations, if
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Ty =e "y (2.6)

we see that
E.(Ms) =1

is valid. We will see that (2.6) can result from the fact that —n is the principal eigenvalue and 1)
is the principal eigenfunction of the generator L under killing. For instance if L has a spectral
gap. One example is an Ornstein-Uhlenbeck process on [0, 00) with I'y = Tz 54

From this point of view, about example 2.1 so much could be said: L = %% acts on functions

f with f(0) = 0. (See the appendix and subsection 0.4.) On the other hand ¢ (z) = x fulfils
%% =0 = 0-¢ and ¥(0) = 0 (though there is no spectral gap, 1(z) = x is not in D(L) and
(2.6) is not true). But the penalisation limit has density

0s P(Y5) X

Mo = ey ~ Ty

on F, under P,.

We have choosen another example, taken from [RVY06a], in order to show that there are also
other cases than penalising with MF’s.

example 2.2 (Weighing BM by its running maximum). Let P = P, be the shifted Wiener measure
and S; := sup,«; Xs the corresponding running maximum. We suppose here that x < 0.
(Otherwise we should formulate everything with S; = infs<¢ X in what follows.) Choose a
map h: R — R4. To get a penaliser by

Ft = h(St)
we should assume 0 < E,h(S;) < oo for all £ > 0. This could be accomplished by assuming
/ h(y)dy < oo

and

/xoo h(y)dy > 0.

The reason is that we can calculate

P, (h(S))) = \/Z | ey P8 \/Z | hw.

To identify M notice that
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Ey(h(St)| Fs) = B (h(Ss V (X5 +Sups<7‘<t(X — X)) | Fs)
=Po (h(aV (b+Si-5))) | (a,p)=(Ss, %)

\/7/ (aV (b+y))e i ”dy! (a,b)=(Ss,Xs)

2 o0 2
= [/ h(a)e ™ xi- S)dy—l—/ h(b+y)e i 20=5) dy
0 a

7r(t —5) —b (a,b)=(Ss,Xs)

DOM 2

T [h(a)(a—b)—I— / h h(y)dy] o

This implies

h(St) ‘f) . h(Ss)(Ss - Xs) + f;so h<y)dy
E:h(St) N 2" hy)dy '

(Mjs)s is known as a local martingale (at least for A bounded) from [AY79]. Next we verify

M, = lim E(

t—o00

(2.7)

the conditions of proposition 2.2. To do so we first show the existence of an upper bound in
order to apply the Lebesgue’s dominated convergence theorem. From the above calculations we
see that

2

B F) Sy oy

{h(ss)(ss - X5) + /OO h(y)dy]

whenever ¢t > s. We also get

E.(T;) >
( t) V27t Jo

for ¢ large enough. Thus, if we choose t large enough we arrive at

h(S,)
E( & e

Especially if we take hy := h A k instead of h. Observe that, for large k, the corresponding

‘]—'s> < 3M,.

A= hi(S5)(Ss — Xs) + [ ha(y)dy
T 7 () dy

are in L'. By the dominated convergence theorem we get

hi(St) K
Fe (f 'm(m(st))) P (3-)

for each f € bm(Q,Fs). Thus, the penalising principle is fulfilled and by proposition 2.1 we
have that

o E,(MF) =1 for all s, k.

e (MF), is a martingale for each k.
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Therefore,
o

Nf = hy(Ss)(Ss — X) + . hi(y)dy

is also a martingale since it is just some multiple of M. Ergo

E.(N)) = E.(N) = [ " hiy)dy.

xT

If we now use monotone convergence twice, we see that
E,(N%) = Eo(NE) — /oo h(y)dy < o0
and on the other hand
B8 = B (W(S)(8.— X+ [ tdy).

This implies
E, (M) = 1.
Finally we use proposition 2.2 to derive that

WS ) _ ‘h(SS)(Ss - Xs) + f;f h(y)dy

for all s > 0 and f € bm(§2, Fs).
Furthermore, we have shown that the local martingale from in (2.7) is a proper martingale. 1

remark 2.3. e Example 2.2 is a generalisation of example 2.1. To see this define h(y) :=
Tz0(y) and observe that penalising P, with I'y = h(S;) is the same as penalising with

't = Lypysey-

e The big improvement in comparison to example 2.1 is the following: Once you choose h
such that h(y) > 0 for all y greater than the initial value x, there is no exclusion of paths
under St. Le. paths are not ’cut out’ from the path space. They rather get a lower weight

instead of weight zero.
|

There are also works where Brownian motion is penalised by I't = f(infs<; X, sups«; X3).
See for instance [RVY06a] or [RVY08a]. The latter deals with the case of compactly supported
f. In particular the authors take f(y,2) = Lyjpx[p}(¥,2). This is the same as conditioning
on survival under killing at the boundaries b and ¢, i.e. 7 =Ty AT,. Surprisingly they get the
same result for a whole class of f of the form f(y,2) = g(y, 2) Ly, x[p,} (¥, 2). Just compare
Theorem 5.1 from [RVY08a] with proposition 2.3 below (for the case Y = X and 7 = Ty A T¢).

2.2. Feynman-Kac penalisation

In this section will specialize to a certain kind of penalisation known in the literature as
'Feynman-Kac penalisation’. (See e.g. [RY09].) In particular, we will condition regular dif-
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fusions Y as in the preceding chapters not to be killed under some killing time 7. The resulting
process is also called @Q-process. As far as we know this name was first used in [AN72] for
branching processes conditioned not to be killed.

In subsection 2.2.1 we will consider the case of a bounded state space E. (See proposition
2.3.) We also illustrate the connection between the penalisation limit and the minimal QSD.

Subsection 2.2.2 essentially consists of known results when Y is a Brownian motion on R.

This section will be complemented by penalisation results for more general diffusions Y. We
will investigate Y conditioned on survival under the assumption that a QLD exists as well as
under the contrary assumption that there is no Yaglom limit. (Compare theorems 2.13 and
2.14.)

Let us start by formulating the problem. Take (€2, Foo, (Ft)t, (Pz)zer, (Yi):) such that

e (Y}); is a diffusion on E with OF = {b,c} and —o0 < b < ¢ < 0.
e Here b and c are supposed to be regular boundaries and reflecting whenever finite.

Y solves

dY; = dX; + a(Yy)dt (2.8)
until Ty; for every interval I with I C E.
o P.(Yp=1)=1 for every z € E.
e X is a Brownian motion on each (9, Foo, (Ft)t, Py) with P (Xo =z) = 1.

remark 2.4. e We can always find such a solution and it is unique on closed and bounded
intervals I C (b,c) if a € C. (See section 0.1.)

e In a lot of cases, e.g. if @ € C', we can take P, to be the Wiener measure ’shifted to x’.
We may even take P, as the image measures under Y and set P := P, for some fixed x.
This is a way of putting everything into the framework of section 2.1.

Under Feynman-Kac Penalisation (FKP) we understand penalising with

T, = exp <— / Lf(Y)n(d:c)) : (2.9)

where L7 (Y) is the local time and & is some non-zero and non-negative Radon measure. (We
only deal with regular diffusions. This ensures the existence of Lf(Y’). See section 1.II.2 in
[BS02].)

Note that, if ¥ has a density with respect to the Lebesgue measure, the above formula looks
particularly nice. If we abuse notation by writing also x for the density, we obtain

I, = exp <— /Otn(Ys)ds>

almost surely for arbitrary ¢ > 0. This formula holds in greater generality for semimartingales;
especially for solutions to (2.8). See equation (7.3) in [KS88].
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Note also that whenever b or ¢ is a finite endpoint, £ may have some mass there (possibly co
mass). This corresponds to (instant) killing at this boundary. Take for example Y on R4 with
k(dz) = 00-69(dz). Thus, penalising the process Y with (2.9) is the same as conditioning the
process on not hitting zero or not being killed at zero, respectively.

On the connection with killing see section 0.3.

2.2.1. What should be expected

Here we want to give some idea on the connections with objects such as the minimal QLD which
we already introduced in chapter 1. First of all we formulate a penalisation result for Y on [0, ¢]
with ¢ < co. After presenting a proof we turn to the main objective of this section: Convince
the reader that we expect the penalisation limit to be Y plus some remarkable additional drift.
Next we review the example of section 1.2. Finally we discuss whether the penalisation limit
has an invariant distribution.

proposition 2.3. Assume the same as in proposition 1.26. Then we have

N eAs f()cf(y)/m(y)]P)at(F,T >s5,Ys € dy)

P, (F|T>t) )

for all F € Fs, s >0 and x € (0,¢).

Before we prove this let us recall that ¢ = ¢)m with ¢ being a non-trivial solution to

1 d? d

The value ) is the infimum of the L?(m)-spectrum of —L%®f = —%j—; - a(az)% + k(z). In
general ¢ it is not an element of L?*(m). But it fulfils the same boundary conditions as all
elements of D(L®*P), i.e. (0.16) at 0 and (0.16) at ¢ with 3 instead of a. We have that 1 is

unique up a positive multiple.

proof of proposition 2.3. We use the Markov property of Y at s < ¢ to obtain

Py (F,7 > s,Py, (T >t—5))

Po(F|7>t) = TR

By proposition 1.26 we know that

Jo e(y)dy

At At
e Pyt >t) =ePu(Y; €10, ¢ — () m@) -5
( ) ( t [ ]) / fo £2(y)/m(y) dy

with v = ;. Ergo

Je
[&%/m’

Py (7 > t) o e 2 (@) /m(z)-

Now we also rewrite the numerator of the initial term:
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JPy(r >t —5)P, (F7'>S,YsEdy)

P.(F|7T>1t)

—)\t ( )dy
Lp / ( f‘P (y)/m (y) dy
_ Po(r >t —5) Py (F, 7 > s)
o [oydy

At o(z Y o
e~ 9(2)/m(x) [ €*W)/m(y) dy

with 7(B) := %'

Note that if P, (F, 7 > s) = 0, then both terms in the proposition are zero for ¢ > s and there
is nothing to prove.

Next we rewrite the numerator again by 1.26 and get

eA3) [ o)y (dy) LY P, (F,7 > 5)

fo(y)/m(y) dy
P.(F|7T>t) N Yy LD
o= e fo(y)/m(y) dy
WG Yot dPe( > o

. )\sf"D /m(y)]P> (FT>8 Y, Edy)

[ |
The result looks a little bit nicer if we use
(See (1.13) in section 1.2.) If F' = {Y, € A} for some measurable A, then
(Ys €dy, 7> s

Po(Y € Al 7> 1) - ot Ja2W) w(x) b7 > 9) (2.10)

Suppose for the rest of this section that (2.10) holds more generally. E.g. if we also allow
¢ = 0o. (We will prove appropriate results in the next sections.) With the help of the semigroup
(T;) corresponding to L = L%*A) | respectively to Y under 7 = 7208 we may also write

(T f)(x)
Y(z)

If we speak of 'L’, we mean here an operator in L?(dm). Hence, T acts on L?(dm)-functions.

P.(f(Ys)| T >t) — 2 (2.11)
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This means we should at least impose 1 f € L*(dm) in (2.11) and ¢ f € D(L) in the following
calculation:

We define the resulting operator

LY := —(L+ )\ (2.12)

S|~

on {f € L*(y*m); ¢f € D(L) and %L(gf) € L?(y®m)}. Though (2.12) looks neat it does
not help us to further investigate the penalisation limit. Thus, we calculate

L2f = 5 (G0 + atws) = e + 2wD)

SRS

1 1
<21/1”f + y/f/ + 5%]0” + a%/f + a@f’ — F\ny + Awf)
and if we factor out f in the last line and use that —L1y) = AY we arrive at

1 d?

e (2.13)

Formally this looks just like the generator of Y with additional drift coefficient % log ¢ ().

Indeed, this is true for a large class of penalisation limits. We will rigorously prove this in section
2.3.

example 2.3. Take a € R constant, i.e. dY; = dX; + adt on (0,7) under 7 = Ty A T In the
example of section 1.2, we have seen that

P =e ““sin(z)
with A = 352 Thus, the additional drift term will be

d B cos(z)
o logy(z) = —a +

sin(z)

Surprisingly, we get a penalised process corresponding to the generator
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1 cos(z) d (2.14)

LY =-"_
2dz?  sin(z) dz

= —oo the

which does not depend on the original drift a. Since lim <&
€T

. — 0 and lim <52
10 sin(x) P

- sin(z)
penalisation limit has a very strong drift away from the boundary points. So strong that we
can show that there are no exit boundaries. (Simply use sin(z) ~ = and compute the first term
of (1.16) with oo replaced by 0 and 7, respectively.) In particular, no boundary conditions are
needed for (2.14) to be the generator of the penalising limit. Intuitively, this should be clear
since we condition a BM on not hitting the boundaries 0 and . 1

Finally, we ask whether a penalisation limit has an invariant distribution and, if so, can we

identify it? Let us put this in a little bit larger framework:
Let ¢y be a positive solution to

Ly =\
with L = L®?(%) Now we can do a so-called eigenstate-transformation

1
L = — (L + \)y.
%( + A)x

We see by (2.12) that L¥2 = L¥ and we (again) calculate

d d 1d d d d
LY =L —1 — =—_— — 4+ —1 —.
TRt dx Og(ﬁ)‘(x)dz: 2dx +a(x)dm + dx ©8 @b/\(x)dx
One may ask now, if we can get a process (Z;); which has a generator of the form L¥», by
a 'penalisation-like’ limiting procedure. This is for example done (for diffusions on R, under
7 = Tp) in [MSMO1] or [CMSM13b] section 6.4. In the spirit of the preceding observations we
define the diffusion Z* on [0, 00) as follows:

e 7* is a (weak) solution to

dZ; = dX; + [a(Zt) +

on (0,00) with v as above.
e If 0 is accessible, then it is 'purely reflecting’.
Now we can formulate the following proposition:
proposition 2.4. Let Z* be as above. Then
(a) A< A.
(b) If v\ € L*(m), then it must hold A = ).

(¢c) Now let ¢ € L*(m). Then
¥ (y) m(y)dy
S (@)m(z)de

is the unique stationary distribution for Z2.
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proof.
(a) This is clear by the introduction of Z* through positivity of 1) and by theorem A.2.6.
(b) This is again theorem A.2.6.

(c) If this is true, then we must have ¢ (z)m(z) — 0 for 2 — oo implying

/d " (P (@)m(z) e = oo (2.15)

for any d > 0. Let s denote a scale function of Z2. By (2.15) and formula (0.10) we see that
s(x) — oo for  — co. Hence, Z2 is recurrent. This implies in particular that a stationary
distribution, if existent, is unique. (See section L.IL.6. in [BS02].) Further observe that zZ2
has the distribution

2 (z)m(x) as Pe(Ys € dy, 7> 5)

e [P @m)dz € W)

1 (2.16)
As
= . el ]:P Y c d ’ > d
fE¢2(Z)m(z)dz/w(x)m($) e Py (Ys € dy, T > s)dx
2
if ZOA has distribution %dw. (We use 'E’ for the state space.) Due to [BS02]
E

section LII. for each = the measure P, (Ys € dy, 7 > s) has a density ps(z,y) w.r.t. m(y)dy
and ps(x,y) = ps(y,x). Thus, (2.16) becomes

To show now that 1?(z)m(z)dz is stationary it suffices prove

d As _

But

d o Tepep(y) = Ts(y) _
£ng(y) = 161%1 . = T;Ly(y) = —ATs¢(y)

in L*(m) since ¢ € D(L). This implies

d As o As As d _
% € Tsy(y) =)e Ts%(y) +e ds Tsy(y) =0.



In particular, ©?m is always a stationary distribution for Z2, whenever the principal eigen-
function ¢ is a real’ eigenstate, i.e. ¢ € L*(m). One sufficient condition for ¥ on Ry, is
liminf k(z) > A. (2.17)
T—r 00
(See section 4.2 of [KS12].) Note that Z must be recurrent; even if there is some drift @ > 0
making Y transient. (Confer the proof of proposition 2.4.) For convenience think of zero as a
reflecting boundary and of a strictly increasing k. Therefore, conditioning on survival ’drives
the process in again’; away from the region where k is high. The remarkable thing is that
conditioning on survival up to t does not lose its full power ’at the end’:
The Yaglom limit exists under (2.17) and is ¢ = ¢m.
(This is essentially Theorem 4.3 of [KS12].)

2.2.2. The case of Brownian motion

For this subsection we take Y = X on the state space £ = R. We formulate a rather obvious
penalising criterion as it is done in [RVY06b] under the name Generic Theorem.

proposition 2.5. Suppose we have I' of the form (2.9) with K(R) < co. Further assume there
are k >0 and ¢ : R — (0,00), such that

(i) t*PL(Ty) — (z) for all x.
(ii) P, (suptk]P’Xs(Ft)> < oo for all x and all s > 0.
t

Then the penalising principle 2.1 holds with

P(Xs)
¥(Xo)

Ms = Fs:

i.e. we have
P, (1p-Ty)

By Se(F) = Pa(lp M)

for all s > 0 and F € F;.

proof. The proof simply uses the Markov property of Brownian motion at time s, Lebesgue’s
tk

dominated convergence theorem and that F 1 for all s > 0. |
Of course, the above result may be formulated in greater generality, e.g. under
e (Y}): a Markov process
and

e (I';); a multiplicative functional.

Some justification, why we have formulated it only in the setting of BM may be that the
assumptions of the principle are shown for a rather large class Z of x’s given in the next definition.
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definition 2.3. We say that

o ([ )

1. k is a positive Radon measure on R

is in the class Z, if

2. [(1 4 |z])k(dz) < .
In [RVYO06b] the following is shown.
proposition 2.6. IfI" is in class T, then
(a) proposition 2.5 is fulfilled with k = %
(b) the function v may be characterised as the unique solution of
Ly = %w” — k=0

under
lim ¢'(z) = — lim ¥¢/(z) = g

T—00 T—r—00 T

(¢) the penalisation measure S, is the measure of Z solving

_ V' (Z)
dZy = dX; + ¢<Zt) dt

under Zy = x.

Actually there a several proofs of proposition 2.6. (See [RVYO06b] as well as [RY09].)

2.2.3. On more general diffusions

We now concentrate on diffusions Y introduced at the beginning of this section 2.2. The state
space will be E = [0,00). Our penalisers I' will be

Iy :=exp <—/Lf(Y)R(dx)) ,

R(dz) = k(z)dz + 2adp(dx)

as in (2.9). We take

with k > 0 and « € [0,00) U {oc}. We explained in section 0.3 that this corresponds to killing
under the killing rate x and killing at zero with 'rate’ a. As before we denote the killing time
by 7 = 7%%. Thus, we have

Po(fTe) =Po(f; 7>1)

for every f € L'(P,).
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Under the existence of a QLD

In order to prove penalisation theorems under the existence of a QLD we use the next result
which can be found in [SE07]. It gives an exact ratio-limit of survival probabilities (depending
on the initial value).

proposition 2.7. Suppose we have A 2, A 5, A 6 and A 7. Suppose further that K # X. Then

wy(z) — Uy (v)
for every x.

We remind the reader that 7 is the mortality rate and, loosely speaking, that 1, is the
corresponding eigenfunction of the generator L = L"%. We already introduced these objects as
well as the assumptions from proposition 2.7 in chapter 1.

Now we present a first penalisation result assuming « = 0 but under slow killing at the
boundary. In this direction it is a generalisation to a result given in [CMSM95].

proposition 2.8. Suppose A 2, A 3 and A 6 as well as Kk = 0. Then, under the existence of a
QLD,

(a) the mortality rate is n =\ > 0.

(b) for all s >0 and F € Fs we have

]P)x(F‘ T > t) — e P, <]1F']1{7'>s} :ingj;;) .
n

Before we start with the proof observe that proposition 2.8 says that a ’penalising principle’
as in definition 2.1 is fulfilled. Indeed, we have
Po(F,7>1t) Py(1pTy)

PolFlT>8) =5 05 p = By

with

'y =exp (— / Lf2a50(da:)> = e 20L7
proof. By the Markov property at time s we write

P$(1F1{7>S}Pys (7’ >t — S))

Po(F|7>t)= Pollro)
x T>

giving
]P)(]IF]I{T>5}wt78(YTS)) ) Pl(T >t — S)
we(z) Py(r > 1)

P.(F|T>t)=

Since a QLD exists corollary 1.9 ensures that we are in the case A > 0. Now we make use of 1.8
and see that n = A and the second term from above converges to

e

Y
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by applying lemma 4.1 of [KS12].
By lemma 1.16 we have that A 7 is automatically satisfied. Finally we use proposition 2.7
and the dominated convergence theorem to obtain the desired result. |

For sufficient conditions ensuring the existence of a QLD confer section 1.4. For example, we
have a QLD if the drift has some positive distance to zero from below.

remark 2.5. e For the special case of 7 = Tj see also Theorem 6.26 of [CMSM13b].

e For other penalisation results of linear diffusions conditioned on not hitting zero see section
3.1.4 in [NRY09] and references given therein.

e Similar results as in proposition 2.8 are obtained in [Pro10, SV09]. The main difference is
that the authors of [Prol0] and [SV09] make an additional assumption on the inverse of
t e LY.
|
Next we are going to generalize the above proposition from s = 0’ to A 5, i.e. that x has
some limit. First of all we need a small lemma

lemma 2.9. Suppose that Y is a regular diffusion on [0,00) (respectively on [0,d]) as in section
1.2. Let K be a killing rate from C[0,00) (respectively from C[0,d]). And let there be killing at
zero with a killing rate parametrized by o > 0 (and killing at d parametrized by 8 > 0) as in
section 1.2. Finally, let T = 7°C8) be the corresponding killing time and

log P, (7908) > t)

t—o00 t

the corresponding mortality rate. Then

]Px (f‘1{7n+p7a(,ﬁ)>t}) = e—pt IED:Jc (f']l{-,—ma(,ﬁ)>t})
for each f € bm(Q, F) and every real p > 0. Furthermore, we have

nKJrP:O‘(:ﬁ) — nﬁﬂa(’ﬁ) +p'

proof. We only show the assertion if we have two boundaries 0 and d. (The proof is analog if
the state space is E = [0,00).) We divide the proof in 3 cases:

1. There is instant killing at the boundaries, i.e. a = = co.
2. The process is instantly killed only at one boundary. W.l.o.g. we regard oo < 8 = oo.
3. We assume that «, 8 < oc.

on 1. Here we have

P/ ey
=Pu(f Linynry>ty Lirntp0.054y)

:Px(f']l{To/\Td>t} e fot (Her)(YS)dS)

76



The last equality is due to 751P = inf{¢; fg (k + p)(Ys)ds > &} with a standard exponen-
tially distributed & independent of F¥ = o(Ys, s > 0).

Hence,
Po(f Lirntpoocosiy) = Pa(f-Limar,>ey-e = Jy w(¥e)ds e ) = e P Pu(f L rmooconyy)-

By taking f =1 we see that

log P, (75+P:0% > )

n’{—’_pvoovoo — lim
t—00 t
L B[ B )
t—o0 t
_ nn,oo,oo + p.

on 2. Now we have

]P).T(f']l{q-ﬁ,a,oo >t})
:]Pl'(f.]]‘{Td>t}]]‘{T“+p:a»0>t})
=P (f 11,51} e~ 20LY=[g (+p)(Ya)dsy

We remind the reader that (¢t,y) — LY = LY(Y) is the a.s. continuous local time of YV’
w.r.t. m(dx). Now we proceed as in case 1., e.g.

log |P..(1 e —2aLY fO r(Ys)ds e pt]
4P _ _ lim g IB( {Ty>t}" )
t—o00 t

n — nn,a,oo 4 P.

on 3. This is analog to the previous case. Simply use

]P)$(f']]-{7n,a,[3>t}) = ]P)le(f 2C|{L0 25Ld fO )/3 dS)

proposition 2.10. Suppose A 2, A 3, A 5, A 6 and A 7 as well as k(x) > K for all z. Further
suppose we have A% > 0 (e.g. through some sufficient condition from chapter 1). Then

(a) the mortality rate is n = A™* > K.

(b) for all s >0 and F € Fs we have

]P)x(F‘ T > t) — e P, <]1F']1{7—>s} 1[)77(1/5)) .

¥y(Y0)
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proof. The proof has two steps:

1. We show the assertion for K = lim, o k(z) = 0.
2. We use this to prove 2.10.

on 1. As soon as we have A\™® > 0 we are able to show that

]P):L‘]]']]'TK'S —S}/:S
i D Pl s i (V)

t—o00 we(z)

¥y (Ys)
U (Y0)

just like we did in the proof of proposition 2.8. So let us try to see A% > 0:

=Py (1pliresgy )

If we have A>® > 0, we have existence of a QLD and also that

by proposition 1.8. But the exponential rate of killing becomes only higher if we have
killing in the interior, i.e.
log P, (7" > t) >~ lim log Px(tro > t) _ e

t—00 t t—00

> 0.

Now we use Theorem 3.4 (i) of [SE07] to derive
AH,O( _ nn,a _ n/;,a > 0.

Finally we have to verify that

P.(m9% >t —3)
Py (1F > t)

For this we apply, as in the proof of the preceding proposition, lemma 4.1 of [KS12].

on 2. Consider s := k — K instead of k. To surpress unnecessary notation write ’'tilde’ on top
of everything concerning . By point 1 we have

>

i=X>0.

Using lemma 2.9 we get

n=n+K
giving in particular that n > K. By the ’initial value problem characterization’ of A (via
adding K to the equation) we see that

A+ K=-A

This gives
n=n+K=A+K=A

We can factor out e ** by lemma 2.9 to obtain

Po(F|7>t) =Py (F|7T>1).
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This converges to

by point 1.

Writing carefully the ’defining’ initial value problem characterizations for 1;,7 = @ZNJW_ x and
1y, we see that

1/;77 = 1/}77-

(Because (n — K)z/;ﬁ = ﬁ-f(ﬁﬁ = —fﬂﬁﬁ = —Li[);l - Kzﬁﬁ and 1[1,7 is positive on (0,00) and
fulfils the correct boundary condition, e.g. 17(0) = 2a17(0) if @ < cc.) Finally observe
that P,(F | 7 > t) converges to

(n—K)s wUO{S) Ks _ _ns wUO{S)
e\ P, <]1F]1{T>S} 1/}7](}/0)> e’ =P, <]1F]1{T>S}”L/}n(}/0) .

By theorem 1.12 we could as well give a more general version of proposition 2.8. More general
in the sense that we assume only K = lim,_, k(z) = 0:

theorem 2.11. Suppose A 2, A 3, A 5, A 6 and A 7 as well as k(x) > K for all x. Then,
under the existence of a QLD,

(a) the mortality rate is n = A\ > K.

(b) for all s >0 and F € Fs we have

]P)x(F‘ T > t) — e P, <]1F']1{7—>s} :ingjj) .
n

proof. It is essentially the proof of proposition 2.10 above. Because, by theorem 1.12, we know
that the existence of a QLD implies A > 0. |

Note that the above penalising theorems use proposition 2.7. This is why we assumed A 6
and, therefore, the drift coefficient is from C'(0, 00). Let us now formulate and prove a slightly
stronger version of proposition 2.7 under the existence of a QLD. This will enable us to show a
version of theorem 2.11 under a € C(0,00). (See theorem 2.13.)

lemma 2.12. Suppose we have a killing rate k and a drift coefficient a which fulfil A 1, A 2,
A3, Ab5and A 7. Further assume that K = limy_, k(y) < k(z) eventually and that we have
killing at the boundary, i.e. o > 0. Then, under the existence of a QLD,

(a) wy — Py uniformly on compacts.
(b) n = A is the asymptotic mortality rate.

proof. We use the first part of Lemma 5.1 from [SE07]:
Any sequence t! 1 oo has a subsequence t,, such that w;, converges (uniformly on compacts)
to a continuous limit g(») with g(t)(x) > 0 for all z > 0.
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Note that the proof which is given in [SE07] also holds under the assumptions of lemma 2.12.
Using this in connection with A 7 gives us

lim Py (w, (Ys), 7> 5) = P, (g (Yy), T > ). (2.18)

(We skip the superscripts for k and « to increase readability.)
On the other hand

. . PPy (7 >tn), 7>5) Pu(r>ty)
1 Py Ys), =1 e ’
nl—g)lo (wtn( ) T= 8) nl—>nolo Pl(T > tn) Pl(T > tn)
. Py(r >ty +s) (2.19)
L R S A
— o2 .g(tn)(x).

Here we have used the existence of a QLD together with corollary 1.13 to get A > K. Then
we used proposition 1.8 (b) to obtain n = A. By (2.18) and (2.19) we see that

Tygtn) = o35 gltn),

Furthermore,
T.g") e D(L)

as pointed out in [KS12]. This implies

g e D(L). (2.20)

Therefore, we get
ng(tn) — g(tn) e—775 g(t") — g(t’ﬂ)

= — —ng
S S

(tn)

in L?(m) as s — 0. Because of (2.20) we deduce

Finally g(*») > 0 gives
g(t”) e Q;Z)T) = %

Since any t;; 1 oo has a subsequence (t,) such that lim,_,. wy, = 1, we have

lim w; = .
t—o0 t ¢77

theorem 2.13. Suppose we have a killing rate k and a drift coefficient a which fulfil A 1, A 2,
A 3, A5 and A 7. Further assume that K = limy o £(y) < k(z) eventually and that we have
killing at the boundary, i.e. o > 0. Then, under the existence of a QLD,

(a) the mortality rate isn =X > K.
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(b) for all s >0 and F € Fs we have

Pp(F|7>1) =™ Py (]IF']I{T>S}Z”8;;;> .
n

proof. By the Markov property at time s we write

Po(I1plirss)Py, (1>t —5))

Py(F|7>t) = X

giving

By (F |7 > 1) = Lo W) Brlr > £ s)
wt(x) Pl (7’ > t)
By the existence of a QLD and by corollary 1.13 we obtain A > K. Furthermore, the second
term from above converges to
e’
by applying Lemma 4.1 of [KS12]. n = X is one part of lemma 2.12.
Finally we can use Lebesgue’s dominated convergence because of lemma 2.12 and A 7. |

Under the abscence of a QLD

As the title of this subsection states, we suppose that there is no Yaglom limit.
We deal with the case of 'low killing at infinity’ (as named in [KS12]). This means that we
assume

A 10. We have that K = lim,_,o k(z) < A

A typical situation may be a drift coefficient a > ¢ > 0, which makes Y transient, and a
decreasing killing rate x. Although this situation is rather unspectacular since the penalisation
limit will inherit the transient behaviour we still want to give the following penalisation result.

theorem 2.14. Suppose A 2, A 6 and A 10; in particular K # \. Let Y be transient. Suppose
further that x | and that k and the drift coefficient a fulfil any of the conditions of lemma 1.16.
Then we have

Vi (Ys)

Px(F‘ T > t) — eKS P{E <1F1{T>S}W> s

forallxz > 0,5 >0 and F € F;.

remark 2.6. e Under x |, the assumption K # )\ is the same as to say that A 10 is valid.
This is due to the fact that we only have to look at the case K = 0 and because of A > 0.

e In the case of Kk = 0 we see by Corollary 4.8 of [KS12] that we must have transience of Y.
To see this we assume that Y is recurrent. Then we have the existence of a QLD by A > 0
which obviously ’conctradicts the headline’ of this subsection.

o If we additionally assume that a is locally integrable at zero, we may use corollary 1.13,
instead, to see that transience holds. This implies that the assumption 'Let Y be transient.’
would be unnecessary.
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proof of theorem 2.14. Using lemma 1.16 we get the existence of a dominant, i.e.

Px(sgp wi(Ys)-Lirsgy) < 00

By lemma 2.9 this holds also if we use the killing rate k := k — K, instead. Thus, we have

Pz(sgp wt(}/s)']l{‘?>s}) < 0.

(We will write a tilde above all connected to %.) By proposition 2.7 we get

(2.21)

Here L/NJf] is a solution to
Lfi=(L"+K)f = —if

under f/(0) = 2af(0). Now we need to see that the mortality rate 77 = 0:
For this we make an additional assumption, which will later turn out to hold anyway; namely

Py (T, <7)>0 (2.22)

for all y,x. (See the end of the proof.) Now we can use the Markov property to obtain

Py(7 > t) > Py(F > t + Ty)
=Py (7 > T, Py(7T > 1))
=Py (7 > T,)P,(T > t)
> Py(7 > Tp)Pu(Tz AT > t)

> Py (7 > T;)P (T2 >, /Ot R(Ys)ds < &)
> Py (7 > T;)Pa (T2 >, /Ot Mds < &)
= Py (7 > Tp)e P, (T > 1).
& is standard exponentially distributed and independent of 'the rest’ and M = M (&, §) :=
max, >z £(z).
Since we are in the transient case, we have that
Px(T% >t) — IF’I(T% =00) > 0.
Thus, the mortality rate, when starting at some y, satisfies
7i(dy) < M.

This can be made arbitrarily small because of £ | 0. With this in mind, we get the limit in
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(2.21) is equal to

VK (x)

V(1)
(Because (K — K)d}n =17 1/1,7 = INA/;ﬁ = —L"“zﬂn — K@Z)ﬁ implies —L"%;ﬁ = Kﬁﬁ. Furthermore, 1/;77
is positive on (0,00) and fulfils the correct boundary condition, i.e. ’J}%(O) = 201p(0) if o < 00.)
Now we use a trick from the proof of Th 6.26 of [CMSM13b]: Since & | 0, we get, for all z > 0,

Po(F > t+ ) = Py(F > t, Py, (F > 5))
> Py(7 > t,Y; > 2,Py, (7 > 3))
> Po(7 > 1,Y, > 2,P.(7 > ).
This implies

1> limtinf > limtianP’x(Yt > 2| 7> H)P(F > s) =P(T > s),

P.(7 >1t)
where the last equality is due to the fact that we have always ’escape to infinity’ under low killing
at co. (Confer Theorem 4.9 of [KS12].) Using that oo is natural, we see that lim, ,o, P,(7 >
s) = 1. Hence,

. Py(T>t+59)

lim ———= =
t—oo [P, (T > t)

Putting the parts together, we get, as usual,

P (F|7>1) = P;)Ef ’::t)t)
_ P(F, T > 5,Py, (7>t —s))
N P (7 > t)
_ Po(Fis(Y:), 7 > 5) Pi(F>t—s)
wt($) ]P’l(f' > t)
Vi (Ys) - _ ks Y (Ys)
— P,(F, wK(I),T>S)—1P’(F, T )

Finally one little fact has to be verified. This is that the additional assumption (2.22) is
always true in the present case:

Of course, the diffusion Y is nice enough to have P,(T, < oo) > 0 for all z,y > 0 (due to
regularity). Thus, we find a tg such that P, (7, < ty) > 0. Hence,

Ty
(T, < 7) = Bal [ (Va)ds < 8)
0
P, ( fo k(Ys) ds)
> Py (e o' HYdS T < g

> P, (e o Mds T < tg)
e Mp (T, < tg) > 0.

AV
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Here, & is standard exponentially distributed and independent of Y and M = M(k,y) is an
upper bound for x on [y,00). (It is the same notation as in the last proof.)
|

remark 2.7. Collet et al. proved this result for the special case of 7 = Ty in Th 6.16 of
[CMSM13b]. |

2.3. The penalisation limit as Doob’s h-transform

In section 2.2 we gave several penalisation results for regular diffusions Y in [0,00) (and in
[0,d]). See theorems 2.13 and 2.14 (and proposition 2.3). Essentially our penalisers were t

Lyrrace >
This section has two goals:

e to see that the penalisation limits, in particular from the mentioned propositions, can be
regarded as "h-transforms’ were the ’h’ stands for ’harmonic’.

e to identify the penalisation limit as the original diffusion but with an additional drift as
already suggested by the calculations surrounding equation (2.13).

On the first point so much could be said: All penalisation limits obtained in this thesis for
Ly =1 e85y (of P, on F;) are of the form

s @D/\(Ys) o
o) (229
with
1 d&? d
(35 +alw) & — () + A e =0 (2.24)

were 1 satisfies the boundary condition (0.16) at 0 (and a similar boundary condition but
with « replaced by 8 at ¢). Equation (2.24) is the reason why the penalisation limit is called
harmonic-transformation. For further information on h-transforms in the context of diffusions
we recommend section VIIL.3 of [RY99], section 3.1.4 of [NRY09] and section I.IL.5 of [BS02].

remark 2.8. If £ = [0,c] and the diffusion is indeed regular, we have that ¢ = ) € D(LrB),
And we can write
|:L57a7:8 + Ai| g = 0

replacing (2.24). ]

Next we concentrate on the second point. We first give an outline and then work through the
details:

1. We first give some information how a process under killing is modelled such that killing
turns into absorbtion in a point added to the state space.

2. We introduce 'Feller-Dynkin processes’ and "Feller-Dynkin semigroups’ and show that our
diffusions under possible killing have this Feller-Dynkin property.
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3. This helps to show that the h-transformed diffusions solve a certain 'martingale problem’.

4. We use this to prove that the h-transformed diffusions are the unique solution to certain
‘generalized martingale problem’.

5. Finally we deduce that the h-transformed diffusions solve a SDE in the interior of the state
space, which looks similar to the SDE for Y but with an additional drift term. Furthermore,
the boundaries for the h-transformed diffusions reflecting whenever accessible. This is
proposition 2.18 which is the main result of section 2.3.

on 1.

We need to understand that killing at a certain stopping time is modelled in literature by
introducing an additional point 't’; often called cemetary point, to the state space. Of course
the whole probabilistic setting must be enlarged as well. (See e.g. [BG68].) The next table gives
an overview and introduces notations we are going to use later on.

the picture on F- "death’ at 7

state space state space F = E U {t}

the model: (Q, Foo, (Ft)t, (P2)zer) enlarged model: (Q,]:'oo, (ﬁt)t, (Pz)er)

killing at 7 entry time 7 into absorbing state T
t — Y} is continuous t — Y, is continuous except for a jump at 7

Moreover (Fuo, (Ft)t, (Pz)zer) must be large enough to carry additional independent random
variables for the killing mechanism as described in chapter 0. Note that in what follows we will
not always mention the parameters k, o, 3 explicitely which control the killing mechanism. This
was already done in the table above.

convention 2.4. We will also talk of the (®)-picture if we want to emphasize that our model is
enlarged through t. Furthermore, we will use the notation ’(e)’ for every other object given in
the (®)-picture.

on 2.

Y: under 7 is a Feller-Dynkin process if the semigroup T f(z) = P (f(Y:)1{7>s) of (Y2): under
killing or the semigroup (Tt)t of (Yt)t is a Feller-Dynkin semigroup, i.e.

1. For each t > 0 the operator T; acts on the space Cy of continuous functions vanishing for
||z|| — oo and at t, respectively. Briefly, T;(Cy) C Cy for all ¢ > 0.

2. T5+t = TSTt for all S,t Z 0.
3. |T¢|lo < 1forallt>0.

4. |Tef — flloo = 0 forall feCyast—0.
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5. It is sub-Markovian which means that 0 < Ty(f) < 1 whenever 0 < f < 1.

Here |||, is the sup norm.

remark 2.9. By the one-on-one correspondence
Co(E) > f+ fli € Co(E)

and

. 0, r=1t
T f(z) =
Tif|lp(z), z€F
it is easy to see that (Ty) is Feller-Dynkin if and only if (T;) is Feller-Dynkin. ]

The next lemma shows that Y possesses the Feller-Dynkin property. Though the proof may
use a standard argumentation we include it for the sake of completeness.

lemma 2.15. Suppose that' Y is a reqular diffusion on [0,00) (respectively on [0,c|). Let k be a
killing rate from Cy[0,00) (respectively from C[0,c|). And let there be killing at zero with a killing
rate parametrized by o > 0 (and killing at ¢ parametrized by B > 0). This means T = rraGB)
Then (T)¢ has the Feller-Dynkin property.

For the case of E = [0, ¢| nothing is to prove anymore: Since, by definition, we have Cy[0, c] =
Cp[0, ¢] and our diffusions already have the ’Feller property’. (See [BS02].) Though the following
proof for E = [0, 00) also works on E = [0, ¢].

proof. We concentrate on proving the lemma for F = [0, 00). Since we are dealing with a regular
diffusion on [0, c0), we have the existence of a jointly continuous local time L¥(Y"), or simply L7
when there is no danger of confusion. With this in mind we show the Feller-Dynkin property
(as in [Wil79] or [BS02]) of the semigroup under (slow) killing. Therefore, set

T f(z) :=E, [f(yt) e—QaLg}

which is exactly this semigroup under slow killing at zero (; see section 0). Now we use a trick
due to [Wil79] p. 156 ff. The Cy-resolvents of (T¢)i>¢ are

% f(z) = /0 e T ()ds,

for any f € Cy[0,00) and A > 0. (f € Cy means here that f(z) — 0 as z — o0.)
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By the strong MP of Y we calculate

N (@)
—E, /0 oS e—QOngJ f(Yts)dS]
(T As —2aL9 ] X A(s4Ty) —20L0
=E, / e e2Ls £(Vy)ds| + B, [/ e A1 Ty) o s+Ty f(Ys-FTy)dS]
LJo | 0 (2.25)
rrly 0
—E, /0 e—>\s e—QaLg f(}/s)ds _|_/O e—)\s E, |:e—)\Ty e—2aL%y] Ey [e—QaLg f(YVS)i| ds
T As ,—2aL? _ AT, —20L§
B | [ e (s | 4 By oo R ().

Since |Rfllo < % [1f ]|, we get

RS/(@) - R3/W) < = (1B, [ %] 1B, [0 ]) . (220)

Now we want to use that P, (T, > Tp) V P,(T, > r) = 0, for any r > 0 and z,y > 0, as y — =.
(That P,(T, > Tp) — 0 is clear for z > y. If x <y, we have P, (T, > Ty) < P, (T, > T.) — 0,
which is easily seen by the finiteness and continuity of the scale function for the diffusion on,
let us say, (5,2y). And that P,(Ty > r) — 0 comes from the fact that any regular diffusion
excurses to the left and to the right of its starting point with probability 1 in any time window
[0,7], r > 0. See part 1 chapter II section 1 in [BS02].)

Take 7 small enough such that e™*" > 1 —§ for an arbitrary § > 0. Next, take |y — 2| so small
that P, (Ty > r ATp) < €, for any € > 0. Hence, E, [e*)‘Ty] and E, [eﬂ\TydaL%y ] are greater or
equal to (1—€)e ™" > (1—¢)(1—4). This gives |RSf(z) — RYf(y)| — 0 due to (2.26), as y — .
Since P,(Ty <t) — 0 as x — oo we can use the third line of (2.25) to show that R{ f(z) — 0 as
x — oo. (Just take y and t large enough to ensure that both sup,, |f(z)| and [ e ds are
small.) This implies

RS (Cp[0,00)) C Cp[0, 00).

Of course, we have also 0 < T2 f < 1,if 0 < f <1 and Tg,, = TYTy with To = Id. These are
points 8.2(ii) and 8.2(iii) in chapter III of [Wil79]. If f is Cp, we also have that Ti f(z) — f(z)
as t — 0, which is due to the boundedness and (right-)continuity of ¢ — e~2¢LY f(Y;). This is
point (8.2(iv))* in chapter III of [Wil79]. And if you look at the proof following point (8.2(iv))*
you will find that for every f € Cp[0,00) we have

IARAS = fllos =0

as A — oco. Thus, by the Hille-Yosida theorem, there is a unique semigroup (T§');, which is, in
particular strongly contiuous at ¢ = 0 such that

9 f(z) = /0 e T (2)ds,

for all A > 0 and f € Cy. By inverse Laplace transform, we see that ’i‘ta = T9. (For the
suitable version of the Hille-Yosida theorem see Chapter III point (4) of [Wil79]; one can check
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directly via points (4.5) and (4.6) therein that T, hence, also T¢ preserves the Cop-property.)
Finally, if we additionally kill in the interior by some x € C([0,0), R4 ), then the corresponding
semigroup

T f(w) = By o720 lo 000 ()

is still a Feller-Dynkin semigroup and in particular strongly continuous at ¢ = 0. (Indeed, this
holds as you can see from II1.39 of [Wil79].) [ |

on 3.

Our Feller-Dynkin processes are also strong Markov processes and we have the existence of a
generator Lo in (Co(E, R), |-/lo)- (In fact, this is true in general as we can see by section III.3
in [Wil79].) Our interest in the Feller-Dynkin property comes from the fact that a Feller-Dynkin
process (€2, Fuo, (F7), (]15)35)@,E ) solves the following 'martingale problem’.

For every f € D(IAJO) and z € E

£5) = [ Los(¥.)ds (2.27)

0

is a (F;);-martingale under P,. (See [Bov12].)
In our context we know that Lo = ﬁg’a(’ﬁ ) is the trivial extension to CO(E,]R) of Ly =
%% +a(z)4 — k(z) with

D(Lo) = {f € G}(E); 5" +af — sf € Co(E), /(0) = 2af(0)(, () = 26(c)}.

(See [BS02].) We remind the reader that E is either [0, 00) or [0, c|.) Define the first exit time
from a measurable set A as

la=14Y):=inf{t >0; Y ¢ A}

and let [4 = ZA(?) be the corresponding object in the (e)-picture. If we take a bounded closed
interval I such that I C (0, 00), respectively I C (0, ¢), then

tNp
Vi) = [ Basr (Vs (2.28)

is also a (F;);-martingale under P,. This can be seen by Corollary 3.2.8 of [yWW90]. Never-
theless, we even prove that optional stopping of the martingale from (2.27) holds at I and, on
the way, we recall a few properties of the speed measure and scale function:

Note that I; only grows if we set x = 0. Thus, it suffices to show E,[l;] = E.[l;] < oo
in this case to apply optional stopping. The rest of the proof is essentially Theorem 16.36 of
[Bre92]: We first bring the process on its natural scale, i.e. Y := s(Y;), and observe that
Epll;] = Ex[lyry(Y?)]. But I is finite and so is s(). Thus, we have m(s(I)) < oo since the
speed measure is locally finite in the interior of the state space. Now optional stopping could
be applied since E;[ly(Y?)] = fS(I)g(ar)m(dx) for some bounded function ¢g and, therefore,

E.[l7] = Eu[l7) < oc.
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Next we ’define the penalisation limit’ in the (8)-picture:

S, At Ya(Yr)
PY(F) = M B, (1 w(m)ﬂ{m})

on F; and z € E. We remind the reader that 1 is the harmonic function satisfying (2.24), is

positive in E and satisfies the boundary condition (0.16) at 0 w1th « and at ¢ with 5, respectively.
The next remark is to make clear that for certain A the IP’ give rise to a probability distri-

bution Pﬁ on Fs which is indeed the corresponding penalisation limit in the (e)-picture.

remark 2.10. e Note that in the penalisation results under consideration, e.g. theorems 2.13
and 2.14 and proposition 2.3, we have either A = X or A = K = lim,_, x(z) if K > \. In
these situations we showed the existence of such a . But whenever A < A the existence
is not clear. Thus, in such cases we would take the existence as an assumption.

e Furthermore, we need that

M) =M ZZ)A((Y))]I{M} (2.29)

is an (ﬁt)t—martingale under P,. The purpose is to get the existence of the measure P)

n (Q, Fso) such that ng\‘ﬁs = Py for all s > 0. For this we intend to use proposition
2.1. Hence, we need to know that the measures PIA ¥ arise as penalisation limits and that
proposition 2.1 is still holds in the (e)-picture:

— Results such as theorems 2.13 and 2.14 and proposition 2.3 are still valid in the
(e)-picture. To see this we only need to know that we can 'rewrite’

P, (LpPy,(f(Yy); T>1); 7> 5) (2.30)

with F' € F,, s,r > 0 and f integrable w.r.t. Py(Y, € dz; 7 > r) for all y € E (such
that the term in (2.30) is < oo). But whenever 7 > t then Y; # T and the term in
(2.30) equals

Pm(ﬂppys(f(ﬁ), T > T); T > S).

Finally it should be mentioned that we can take F' € F, and the proofs of the
penalisation results we presented still work.

— We get the results from proposition 2.1 in the (8)-picture since we are still in a setting
were Kolmogorov’s extension theorem can be applied.

Thus, we can use proposition 2.1 to see that (M}); is a martingale.
1

Next we show that P} solves a certain martingale problem. To do so we first define L) as the
‘trivial extension’ of

1 1 d?

L) = s | 3m + o) 3 — @)+ 2| ()@ (231)
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on
1

() = {1 € CG§(B); -

(S (7o) + alFin) — w(7in)] € Co(E), (0) = 0(, f'(c) = )}

to Co(E).

lemma 2.16. Suppose that Y is a regular diffusion on [0,00) (respectively on [0,d]). Let r be
a killing rate from Cy[0,00) (respectively from C10,d]). And let there be killing at zero with a
killing rate parametrized by o > 0 (and killing at d parametrized by 8 > 0). Now choose an
interval I and a bounded open interval J such that

IcJcJCE.

Then, in the (®)-picture, we have that

tAl .
) - / £ (V2)ds (2.32)

is a (ﬁt)t—martmgale under ]IADQ); This holds for every x € J and every f € C? with supp(f) C J.

proof. At first it should be clear for z € J \ I since the expression in (2.32) is a.s. f(z) in this
case. So let us assume that x € I. Note that ¢\ f € D(Lg). (We sometimes write the same for
a function on E as well as for its trivial extension to E.) Using (2.27) one shows that

Re= 00007 [ @ [fo+ 2] oan)(5)ar

0

is also a martingale under P, for every z € E. (See [Bov12].) But this implies

E.(R; — R)1p

—B, [MWANT) — M aN(F) — [ lEo+ AN Tdr| 11

s

=0

for all F € F, and s < t. Because of Urf € CO(E) the equality still holds if we multiply
the first two terms in the second row by "1z, respectively "Tyz+ . If we also use Fubini’s
Theorem on the third term, we obtain

By (M 0r (V)1 groyf (V1) = € (Tl gy £ (V)| - / M B, | Lo + N(rf) (V)15 | dr = 0.

s

Now we use that [Lo 4+ AJ(¢¥xf) € Co(E) to multiply with M35,y under [, in the last term.
This gives
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. 1 t A
B M7 = 2700 1 = s [ B [[Bo + N0 L o]

=i, [0 - M2 )] 1 = [ (MO ar

_ t
—B, (M) - AT - [ B [M)EGT ()] ar
using M} from (2.29). Next we use again Fubini’s Theorem and get

B, [MM(£(%) - F(7)1r| — B [Mﬁ- / t iéf(fa)drh}

=k [f(Yt) - f(Yy) - /St fléf(ffr)d'r’] A

Therefore, we have that ¢t — f( Yt fo L)‘ f Y, )dr and ,thus, also

t/\l} 5 .
b 1) = [ LT ar
a (F;);-martingale under P). |

on 4.

For this point we use a result about uniqueness and existence of certain ’generalized martingale
problems’; Theorem 13.1 from [Pin95]. We reformulate this theorem and extract the facts we
need into the next lemma.

lemma 2.17. Let E = (m, M) and let a be continuous on [m, M|. Define

. 1 d? d
D:=Dg:=-— —.
2cl:132+ a( )dx
and ) )
Epi=m+—-,M--)
n n

for every n > 1. Then there is a unique solution (Q, Fao, (F)t, (Pm)er’ (Y1)¢) to the following
‘generalized martingale problem’:

e For every x € E we have P,(Yo = z) = 1.

e For every f € C%((m,M),R), z € E and n > 1 we have that

tAon _ R
FFino) — /0 Df(¥,)ds (2.33)
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s a (ft)t-martmgale under P,.
Here o), := iEn

Now we want to show how to use this lemma in our situation:

Take arbitrary numbers m < M such that (m,M) C E. For any f € C2(m, M) and any
n € I there is a f, € C?(E) with supp(f,) C (m, M) as well as f = f, on E,. (This can be
done by connecting (m+ 2, f(m+1)) and e.g. (m+ 5, 0) with a polynomial of degree > 5 such

1

that the C2-property is preserved. In the same manner we can connect (M — = f(M — %)) and

(M —5-,0).) Further observe that the differential expression ﬁ(gj) B j—; +a(z) L —r(z)+A] ¥ (2)

for L equals

1d> _ d 1d° Yi(z)] d
= g g = g+ |9+ ] T

on C?(0,00), respectively on C?(0,c). Now take J = (m, M), I = E,, and f = f, in lemma

2.16. We deduce that the expression in (2.33) is an (F;);-martingale under P). To get a unique

solution to this martingale problem we have to restrict Y to J. This is realized by taking the

image measure of

on 5.

In the last point we have seen that the distribution of (Y;); under P2 killed at l; is the unique
solution to the ’generalized martingale problem’. The final step is to identify the penalisation
limit as a diffusion on [0, c0), respectively [0, d].

theorem 2.18. Suppose that'Y is a regular diffusion on [0,00) (respectively on [0, d]) with drift
a. Let k be a killing rate from Cy|0,00) (respectively from C[0,d]). And let there be killing at
zero with a killing rate parametrized by o > 0 (and killing at d parametrized by 5 > 0). Then

(a) the penalisation limit Zy is the diffusion which solves
dZ, = dX, + a(Z,)dt

P4 (x)

UNON

(b) a boundary of Zy is purely reflecting whenever it is accessible. This means that elements
of the generator fulfil f'(0) = 0 (and f'(d) = 0). In addition there is no stickiness at an
accessible boundary.

on E with a(x) = a(z) +

proof.

(a): We show that the measure of Z; instantly killed at [; solves the corresponding generalized
martingale problem from lemma 2.17 (for any bounded interval J with J C E) Since this
martingale problem has only the penalising limit as solution we are done. To do so take
J = (m, M) and any € > 0 such that (m — e, M + ¢) C E. Now take (a family of) filtered

probability spaces (Q, Fi, (]:"t), (]f”x) »cp) and an F-adapted process Z; such that

— we have E = (m — e, M +¢) U {1}.
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— Py(Zy=x)=1forallz € E.

— Z has the same distribution as Z up to l~(m_€’M+€). (ly :=inf{t >0; Z ¢ U}).

— Zy=t it > U pryo-
Loosely speaking, Z is Z instantly killed at l(m e,M+¢)- Since the drift a of Z (respectively
Z ) is continuous on [m—e, M +e] it surely is a regular diffusion. Let Lo be its C- -generator.

Thus, we have that f( Zt fo Lo f(Zs)ds is a (]—"t)t martingale under each P, and for every
f € D(Lp). (See [Bovl2].) And just as we showed in point 4. we deduce that

f(Zt/\an)—/ Lo f(Z.)ds

0

is a (F;)¢-martingale under each P, for every f € C?(m, M) and n. (We use the notation
from lemma 2.17, i.e. o, := inf{t > 0; ¥; ¢ (m+ 1, M — 1)})) But then lemma 2.17
implies that the image measure of

under Q, is the same as the image measure of the penalising limit IP>A 1nstantly killed at
l(m7 - This proves (a) because it holds for all m and M with [m, M] C E.

: Note that the first assertion follows from the fact that the penalisation limit has the

generator Ly defined in (2.31). For the second assertion assume w.l.o.g. that the left
boundary of Y, call it 'b’, is accessible for Z. Recall that Z is the recurrent Y conditioned on
"infinite survival’. This implies that there could only be slow killing at b for Y. But if there
is only slow killing at b then we have 1(b) > 0. (If not, we would have ¢(b) = ¢'(b) =0
and, therefore, ¢» = 0.) Next let ¢ > 0 be arbitrary. By the general form of the penalising
measure which we obtained in the theorems of the last sections, we get

P(y)
Py(Z, = b) = imPy(Z =i eCt =", (Y, 2.34
b(Z¢ =b) = limPy(Z € [b,b +¢)) = lim woro’ 00 p(Yeedy; 7 >1)  (2.34)

with C = K or C' = A. But Y under 7 has a kernel p;(z,y) w.r.t. m. (See [BS02].) Hence,
(2.34) equals 0 since

(y)

lim m(d

iy b+)£(b) pi(b, y)m(dy)
< s 2 [t m)dy + 0B m{)
T ze(bpte) (D) €10 Jy 7 7
=0.

We chose ¢y such that b+ ¢y € E and used that there is no stickiness at b which implies
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m({b}) = 0. But P,(Z; = b) = 0 for all ¢ > 0 gives already that there is no stickiness at
boundaries for Z. (See [Bre92| section 16.7.)

example 2.4. One particular example is a Brownian motion on E = [0, 00) with constant drift
a > 0 toghether with slow killing at zero. It is obvious that K = 0 < A. According to theorem
2.14 we calculate

(@) = vo(@) = a+ a(l — e27)

(up to a positive multiple). We deduce that the penalisation limit has the additional drift term

) 2aa
Vlog(z) = ng(x) (e +a)er — o

The result is also plausible in the following ways:

e As a tends becomes large, the additional drift goes faster to zero. The condition of survival
has a smaller effect since there are more and more paths where Y already survives for a
long time.

o As a tends to co we get the same result as in the case of 7 = Tj. (Compare Theorem 6.16
of [CMSM13b].)

2.4. From FKP to general penalisation results

In subsection 2.4.1 we concentrate on the case Y = X. We are going to see a way to come
from penalisation with some I' € 7 to penalisation results for another class of penalisers. So-
called ’universal measures’ will play an important role. These universal measures provide the
opportunity to get penalisation limits without a limiting procedure. (Confer equation (2.36).)
From this point of view we find it reasonable to ask if such 'universal measures’ also exist for
diffusions other than BM. Amongst other things, subsection 2.4.2 deals with this question.

2.4.1. A universal measure for the penalisation of BM

One way to introduce the universal measures for Brownian motion is given by the next propo-
sition.

proposition 2.19. Let T' be of class T (as in definition 2.3) and (M}); the weight martingale
from the corresponding penalisation, i.e. on Fs the penalisation measure S has the form

St =Ml oP,
(as in proposition 2.6). Then

(a) i is SL-a.s. finite.
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(b) (using the notation of 2.6) we define a proper measure by

U:= d}rt) St (2.35)
on (0, F) with the following properties:
e U =U, may depend on x, but is independent from the choice of I.
e U, is o-finite for every x.
proof. A proof can be found on the very first pages of [NRY09]. |

From now on we will call the family of measures (U,), won by the procedure above universal
measures of penalisation. Next we define another class of penalisers which we are going to call
a target class T.

definition 2.5. An adapted process I' > 0 is said to be of class 7 if
1. t+— I'; is non-increasing.
2. ' is integrable with respect to U,.
3. There is some compact C' C R such that ¢ — I'; is constant after the last visit of X to C.

Maybe the reader noticed that the above definition is not well defined since 7 can depend on
the initial value z. Instead, we should write something like "7 (P,)’. We solve this as follows.

convention 2.6. If we do not mention the initial distribution explicitely, we will always use the
measure of the diffusion under consideration starting at ’z’.

Note that for a non-trivial £ > 0 with compact support we have t — e~ Jo w(Xs)ds ¢ ZNT. But
we also find examples of processes contained in 7 but not Z and vice versa: On the one hand take
a K, due to definition 2.3, with non-compact support. Then we have that ¢t — e~ Jo w(Xs)ds ¢ I\T.
On the other hand take I'y = f(L}) for some non-increasing f > 0, e.g. f = L1}, and y € R.
Now we get I' € T\ Z. (For C from point 3. of definition 2.5 we can take any closed interval
which contains y.)

In the next result we connect penalisation by I'° € T with penalisation by I' € T.

proposition 2.20. LetT° € T andT' € T. Let S be the penalisation measure (for P,) under I'°
and M? the corresponding weight martingale. Then the penalisation measure S, under T' exists
and is given on Fs by

Sg = NyoSY

where Ny is a SY-martingale closed by (the normalised version of) 11:%", i.e.

8

SO(F
S

F| F)

)

s =

80| H

The weight martingale of S, is then given by

M, = M?-N;.
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proof. The above statement is a mixture of Theorems 1.2.1 and 1.2.15 from [NRY09]. |

The procedure from proposition 2.19 to get U, gives rise to another question:

If the definition from (2.35) does not depend on the choice of T € Z, can we find an alternative
definition of the universal measures not involving a particular element of Z7

Corresponding ’constructions’ can be found in [NRY09]. In this spirit of "bypassing’ we have
a nice formula for S, corresponding to penalisation by I" € T, which only contains the universal
measures and the penaliser, namely

I
S; = ——=—=0oU,. 2.36
exzample 2.5. Take a < x < b and some additive functional I' = exp fo s)ds) of Feynman-

Kac type such that [, € Z. Next we multiply it with 17, -, and ]l{Tb>t}. We obtain

Ft - ]l{Ta/\Tb>t}' ef(f H(Xs)ds

which is not contained in Z but in 7. Note also that we can not use proposition 2.3 to get a
penalisation result since & is not continuous. As a concrete example choose b = —a = - and

V2
k(dx) = ]1[0’ . ](l‘)dl‘. Next we apply proposition 2.6 to I'’: Using basic calculus we can show

that ¢(z) from proposition 2.6 is proportional to

N
o

—V2e-Dz+e+, ,x<

eﬁx—l—ee_ﬁz ,0<x < %
V2(e —1)x +2 >
Now proposition 2.5 tells us that
S0 = ww(()i‘;)rgom.
Finally, by proposition 2.20 we can express S, in terms of I' and SU. Although a deeper study
of the measures S? is needed to go any further. |

Incorporating instant killing at some boundary point may also be accomplished via multiplica-
tion of ]l{L?:[)} and/or Lpe—oy. Penalisations under I'y = ]l{L?:th,ZO} already exist in literature.
For instance it is included in the results of [NN13].

2.4.2. Previous penalisation results for diffusions and more universal measures

The purpose of this section is to present conditions under which previous penalisation results
for diffusions Y other than BM were achieved. Along the way we will see measures U whose
construction is the same as the universal measures UX = U, from the preceding subsection. The
articles about penalisation which we will mainly refer to are [SV09] and [Prol2].

Let us first say which kind of diffusions are penalised in [SV09]. As in this thesis the authors
take regular diffusions Y on F = [0,00). They also assume that oo is natural and that 0 is
purely reflecting without stickiness, i.e. m({0}) = 0. But the authors also make two additional
assumptions which we do not or not entirely asssume:
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(i) The tail distributions of the Lévy measure for 70 are subexponential. Here [ — 7 is the
inverse of t — LY(Y). (The process [ — Tlo is a subordinator. Thus, it is a special kind of
Lévy process.)

(ii) Y is recurrent, i.e. s(oco) = oc.
The penalisers in [SV09] have the form 'y = h(LY) where
(i) h>0.

(ii) h is non-increasing.

(iii) h has compact support.

The corresponding penalising result is Theorem 5.2 from [SV09].

remark 2.11. For example the Bessel process with dimension d € (0,2), i.e. a diffusion Y which

is a solution to
d—1

2Y;

on (0,00) and reflected at 0, fulfils all the above assumptions. In fact, Theorem 5.2 of [SV09] is
a sort of generalisation of Theorem 1.1 from [RVY08b]. The latter article exclusively deals with

dt

dYy = dX; +

Bessel processes of dimension d € (0, 2). 1

In contrast to [SV09] the author of [Prol2] penalises with functionals I'; which depend on the
last passage time g% of some ¢ € E up to time t. He assumes also that Y is null-recurrent. His
argument is that there is a qualitative difference to the case of positive recurrence: In [Prol0]
it is shown that penalising a positive recurrent diffusion by I'y = eoL? yields again a diffusion.
But in the null-recurrent case this is not true anymore if we choose I'; = exp(aLgé) = el In

fact, the resulting penalisation martingale (M} ); looks more like the *Azéma-Yor martingale’ in
example 2.2 than a 'Girsanov martingale’. (See remark 1.7 and Theorem 1.5 in [Prol2].)

Let us come to the prementioned measures (UY ),cx. Such measures can be found in [SV09)
as well as [Prol2]. And indeed, they have exactly the same structure as UX = U,. For the
‘construction’ of UY we refer to [NRY09]; especially to (3.2.22) therein.

Though we are careful to use the word 'universal’ here for several reasons:

e So far we have seen no attempt to come from penalisation by an initial class "Z(Y)’ to
penalisations by a target class "7 (Y)’ in the spirit of proposition 2.20.

e We do not see the possibility to derive a formula equivalent to (2.36) from the calculations
or the results in [Prol2].

At least from the penalising result of [SV09] and chapter 3 in [NRY09] we are able to derive
a very similar formula:

proposition 2.21. LetY be a diffusion fulfilling the assumptions in [SV09]. (These assumptions
are already given above.) Further let Sé be the penalisation limit of Py by T} := ]1{L§<l} for some
1 > 0. Then we have l
r
Sé === o0 U%/.
Uy (IL,)
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proof. We combine equations (3.2.28), (3.2.38) and (3.2.40) from [NRY09]. [ |

But in our opinion proposition 2.21 is not sufficient to call U%/ a 'universal measure’. Finally,
we have to mention two papers [NN13, NN12] by Najnudel and Nikeghbali. These are also
concerned with measures UY. They do not give a construction of UY similar to the one from
[NRY09]. But they prove an equivalent result to (2.36). Though their penalisation results for
diffusions are more restrictive: For instance they assume that Y is already on a natural scale,
i.e. they penalise Y = s(Y) instead of Y.
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3. On the way from penalisation to
guasistationarity

In chapter 1 we have seen several conditions which ensure the existence of a Yaglom limit for a
diffusion Y under certain stopping times T, i.e.

tliglOIP)x(Y}GOIT>t)

exists and its mass is concentrated in the state space E of the diffusion Y. On the other hand
in chapter 2 we proved penalisation results for these diffusions Y under the same stopping times
7. We have seen that the existence and form of the penalisation limit does not depend on the
existence of a Yaglom limit. In particular we derived the limit of

J(e) = Bo(Ys € 0| 7> 1)

for any fixed s > 0 as t — oo. In what follows we want to look 'between’ the penalisation limit
and the Yaglom limit. The main question in this chapter is:
What happens with
P,(Ys; co|T>1)

for t — oo if we allow s to depend on t such that
° S(t) <t
o limy .o s(t) =00?

Note that the penalisation limit already bares the answer if lim;_, s(t) < oco.

This chapter is organized as follows.

At first we handle the case of s(t) = t — u for some u independent from ¢. This will be
complemented by the investigations in section 3.1. In particular theorem 3.4 shows that we get
the same result if we allow u = u(t) to depend on ¢ such that u(t) — w.

In section 3.2 we discuss the case of s(t) — co. Comparing the results of proposition 3.5 and
theorem 3.6 we observe a qualitative difference between ’high killing at infinity” (lim inf, . k(z) >
A) and a situation typical for "low killing at infinity’.

remark 3.1. The notion of ’high killing at 0o’ and "low killing at oo’ was introduced in [KS12].
Therein the reader can also find results about the influence of high or low killing at co on the
quasistationary behaviour. |

Let us start now with the case s(t) =t — u which can be dealt with quickly:

Suppose we are in the setting of section 1.1. Thus, we have a process Y whose behaviour is
influencing a killing time 7 with P,(7 < o) = 1 for all z € E. (We recall that (F, G) is the state
space of Y, i.e. Y; € E for all t.) Suppose further that Y has a Yaglom limit ¢(dz) w.r.t. 7.
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What happens with Y at t — « in the long run if we condition on 7 > t? Hence, we want to

know if
lim pit(A) = tlim Py(Yiey € Al T>1)
—00

t—o00

exists and if so we want to identify the limit. But this is rather easy to see since

Py(Yiew € APy, (T>u), 7 >t—u)
Py (Py, (7 >u), 7>t —u)
P,(Yi—uw € APy, (T>u)|T>t—u)
- P.(Py, ,(T>u)|7>t—u) (3.1)
fA (1 > u)p(dr)
fE (7 > w)p(dr)

as t tends to co. This is plausible in two ways:

pl I (A) =

1.u=0
Here assume that P,(7 > 0) = 1 for ¢(dx)-a.e. x. (For example this is true for the
diffusions Y with a Yaglom limit under 7 considered in section 1.4.) By the monotone
convergence theorem we see that the limit in (3.1) tends towards

Ty = [

as u | 0 which is the exact solution(Yaglom limit) if we would take u = 0.

2. u—+ o
Now we want to go 'back in time’. Thus, our suggestion is that we get a result which has
something to do with the corresponding penalisation limit. (See chapter 2.) Indeed, we
are going to see now that we can get an invariant distribution of the penalisation limit as
U — 00.
proposition 3.1. Suppose Y is a linear diffusion on E = [0,00) with drift coefficient a under
killing at 7 = 7°. Let a and k fulfil A 1 and A 2. Further suppose that k is non-decreasing
such that limg_,o0 k() > A. Then we have that the limit from (3.1) tends to

N gz(r)m(r)dr
fE gz(r)m(r)dr

as u — oo. Furthermore, v is the unique stationary distribution of the penalisation limit of Y

v(A) = (3.2)

under T.

As usual, ) is the bottom of the spectrum of —L*° and L*? is the generator of Y under
7 = 7Y We also recall that m is the density of the speed measure of Y.

proof of proposz'tz'on 3.1. By Theorem 4.3 of [KS12] we have that e¢™-P.(r > u) —
fo 1 (s)m(ds) as u — oo and the mortality rate is 7 = ) independent of r. Moreover,
the Yaglom hmlt exists and has the density ¢ = 1-m. Hence, the limit in (3.1) equals

fA (7 > w)y(r)m(dr)

S5 Pr(T > w)p(r)ym(dr) (3.3)
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and tends to (3.2) as u — oo. This is reasonable and can be made precise by « 1:

By a coupling-argument we see that r — P,.(7 > u) | is decreasing. For this take two filtered
probability spaces (Qf, F?, (F§),P?), i = 1,2, with adapted processes (¥;!); and (Y;?); on them
such that

e Y and Y? satisfy dY; = dX; + a(Y;)dt on (0,00).
e Y1 and Y2 are purely reflected at 0.
° }701 =z Pla.s. and 5702 =y > x P2-almost surely.

Now let (2, F,(F),P) be the direct product of (Q', F1, (F}),P!) and (Q2%, F2,(F3),P?). In
particular Y'(w) := Y'(w) and Y2(w) := Y2(w;) are independent. The next step is to couple
at

o=inf{t>0; Y, =Y?},

vo . Y2 ,t<o
! Y t>o.

i.e. define

Note that the distributions of Y2 and Y7 are the same. Thus, we deduce

Po(m > u) =Py(e —Jo' r(¥a)ds )
_ IP’l( — J5 s(Ydyds )
— ]P)l ® ]P)2 (e fO H(Yl)ds)
> Pl B2 (o i 07 (34)
_ ]P)l ® ]P2 ( fO Ii(Y5 )ds)
_ IP’2( — J5' k(Y2)ds )
=Py(r > u)

which shows that P.(7 > u) | as r 1.

If we now take a look at the proof of Lemma 4.4 from [KS12], we see that € -P.(7 > u)
is dominated by a constant independent of u and r. Thus, we can use Lebesgue’s dominated
convergence theorem in the numerator and also in the denominator of (3.3) to get (3.2).

Since the penalisation limit has a generator of the form

Lt = Loy N

| @

it is an immediate consequence that (L¥)* = y((L"0)* + A)i (We remind the reader that L*

is the formal adjoint of L w.r.t. the Lebesgue measure introduced in section 0.2.)
Thus, we get
(LQ)*@Zm) = %((Ln,o)* +N)Ym=1-0=0.

Therefore, the limit (3.2) of (3.3) as u — oo is nothing else but an invariant distribution for the
penalisation limit. Finally, proposition 2.4 tells us that the distribution given by (3.2) is the
unique stationary distribution of the penalisation limit. |
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remark 3.2. e For an argumentation which does not involve the formal adjoint see the proof
of proposition 2.4.

e Note that we do not have to impose ¢ € L?(m) since it is true anyway. This is shown in
Theorem 4.3 of [KS12].
|

Point 2 from above raises the question if we can find a process which starts with the (existing)
quasistationary distribution and behaves like Y coming back from oo under the condition of
infinite survival. First ’going to oo’ under the condition of survival and ’then coming back from
oo’ sounds odd. Indeed, the following calculations will show that such a process can not exist
in general.

For this let Y be any regular linear diffusion which has a Yaglom limit ¢ under killing at 7.
Let f be some measurable bounded functional from C[0,u] to R. Thus,

]P)x(PYt—u(f()/[O,u})v T> u)v T>1— u)
P.(T > t)
P(g(¥iu)| 7 >t u)
Py(h(Yi—y)| 7>t —u)’

Q¥ (f) == Po(f (Yppmuu) [ T > 1) =

with
9(y) =Py (f(You), 7 > u)
h(y) == Py(1 > u).

(We use the notation Y}, for (Ys)sepry.) We deduce that

Wy e o ey 9(W)o(dy)
Qoo(f) = tliglo(@t (f) = W

But [ g(y)¢(dy) = P¢(f(5/[07u]), 7 > u) and, therefore,
Q5 (f) =Pys(f(You) | 7> w). (3.5)

Now we have ’gone to oo under survival’. If we want to have a process which is ’coming back
from oo’, i.e. w1 in (3.5), we need that (QY ), consistent in u, i.e.

olF, = Q0%

for any v < w. We will see that this is not true in general. For this take the special case of
Ly,cay for some measurable A and u < v < w.
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As this functional is F,-measurable, we must have

Py(Yy € A, 7> w)
Py (7 > w)
Py(Yy € A, Py, (T >w—u), 7> u)
N Py(T > w)
_ S Japuly, 2) Po(7 > w — u) m(dz) ¢(dy)
B Py(T > w)

Qg]o(yu € A) =

equal to

QL (Y, € A) = ffA pu(y,z)PZé;(jig)u) m(dz) ¢(dy)

where p;(y, z) is a kernel for Y under 7 w.r.t. the speed measure m. Since this holds for any A,
we can use Fubini’s theorem and proposition 1.1 to obtain

/pu(y, 2)P, (1 > v —u)p(dy) = Mw=v) /pu(y, 2)P, (1 > w — u)p(dy)

for some A = A(¢) > 0 and almost every z > 0. But here the y-integrals cancel and we get the

necessary condition
Pz(’r > v — U) A(w—v)
— = . 3.6
P,(1 > w —u) ¢ (3.6)

We can even take u = 0. In particular, we see that (3.6) must be true for every z > 0. But this
is mot true in general. Just take the standard example of BM with constant negative drift under
7 = Tp. (For the kernel confer example 3.1 below.)

3.1. Near quasistationarity

In this section we allow a dependence u(t) of t. But in direct continuation of the preceding
discussion we suppose that
u(t) — u.

As a warm-up we will go through the ’standard examples’ of Brownian motion with constant
drift and the Ornstein-Uhlenbeck process.
The obvious way to deal with this situation is to take the difference

RO (A) = I (A) = Po(Yiou € A 7> 8) — BolYiow € A| 7> 1)
and show that this converges to zero to get the same limit for
pl O (o) = Py (Y iy € 0| T > 1)
as in the case of u(t) = u.
It should be clear that we can assume that A is bounded which is no restriction after all:

Suppose we have lim;_, (ui_u(t)lt(A) — ufv_u“(A)) = 0 for all bounded A. Then we have in

particular that
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lim Pm(Yz-f—u(t) < 7“‘ T > t)

= lim p& O ([0, 7))

t—o00

= lim ([0, ]

t—o00

= <
tll)IgOIP’m(Yt_u <r|r>t)

for all » € R. Thus, the distribution functions of u;tv_u(t)lt

. . P, (t>u)p(dr)
bution function of TP (ru)b(dr)”

converges pointwise to the distri-
Though we may not get a convergence in the sense of A.1 we

still have
P (7 > u)o(dr)

JPo(7 > u)p(dr)

O )

in distribution.

This will be shown for Brownian motion with constant drift and the Ornstein-Uhlenbeck
process in examples 3.1 and 3.2. We are going to use the existence of the kernel p;(x,y) of Y
under 7 w.r.t. the Lebesgue measure, i.e.

P.(Y;€e A 7>1t) = / pe(z,y)dy
A

for any z € E, any measurable A and any t > 0.
By using this and the Markov property at t — u(t), respectively at t — u, we get

]P)w(l/tfu(t) €A|T>t)—Pm(Y;5_uGA‘T>t):[1+IQ

with
LBy > u) — By > )] (@ p)dy
b P, (r > 1)
and (3.7)
I fA T >u [ptfu(t) (1‘) y) - pt—u(xv y)] dy
2 P,(r > t) '

example 3.1. Take Y to be a Brownian motion with constant drift a # 0 and 7 = Ty. As
announced above we want to show

ug_“(t”t(A) Mi “‘t(A) =Pu(Yimup €Al T>1) —Pe(Yiuw €Al 7>1) =0

for each bounded A which already implies

lim pf u®F = lim pt” uft

t—o00 t—o0

in distribution. The kernel w.r.t. to the Lebesgue measure is
2 1 a2 2
pe(a,y) = exp <a<y —z)- ‘;t) o [exp (—W) - (—“;y))] |
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(See [MSM94].)

Note that for this example we will assume

which is due to the derivation of (3.9) below.

‘We now show that I; and I tend to zero as t — oo.

Ili

Note that
Ja Pr—uiey (z, y)dy _ Pur >t —u(t)
P.(r > t) - P.(r > t)

P, (T>t—u)
Py (T>t)

— 0. This implies

Further, we are in a situation where — e™. Therefore, it is rather easy to see

Py (7>t—u) P, (T>t—u(t))
that 5=~ — ~ .0

Ja Pty (z,9)dy
li < co.
el T P (r > 1) >

Hence, it is enough to show that for every € > 0 we can find a § > 0 such that
sup{|Py(u — 6 <7 <u+90)|} =sup{Py(7 >u—0) —Py(r >u+0)} <e (3.8)
yeA yeA

Unravelling (3.8) with the help of p:(x,y), we see that (3.8) is true if

00 2 2 > 2
[ o (5) (2

becomes arbitrarily small (uniformly in y € A) if § > 0 is small enough. Now let M > 0
be such that A C Bjs(0). Then we get

2 [y oo (<) - (g )

as upper bound of the former expression. If ¢ < 0, then we can use Lebesgue’s dominated
convergence theorem directly to obtain zero in the limit as § — 0. For a > 0, we first
rewrite exp(az) = exp(bz) exp((a — b)z) with some b < 0. Next we complete the squares
between exp((a — b)z) and the terms in ’[...]".

Vi

: We again rewrite this expression by using p;(x,y). Thus, after multiplication with Vi and

rearranging, we have

—az—2 1
e = N [J- = J4]
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with

o2 __(exp)? g2 _ (zxy)?
Jp = / Py (1 > u) - e¥ e T u(t) L e SatD) _ T i e oI dy
A t—u(t) Vit—u

in the numerator and

(z—y)? <z+y)
e—aaz——t % —e dy
V27t / < )

in the denominator. Hence, a lot of terms cancel out and, because one can show that

K 2 2
_(z—y)® _ (+y)® 1 1 _ K
t-/ e (e 2t —e 2t )—)2:(: (2—26 aK—i—eaK) >0
0 a a a

(at least for K large enough), it suffices to show that the ’[...]-term’ in the numerator is
0o (%) We can further reduce this condition to

_ _(aty)® _(@xy)? 1
/ Py(r >u)-e" (e 20-u) —e 20-w ) dy =0 (;) (3.9)
A

using

and

Vi Vi
t — — 0.
Vi—ult) Vi-u
Since A is assumed to be bounded, we can always find an integrable upper bound for the
__b b
(bounded!) integrand of (3.9). Thus, (3.9) would be true if we have ¢-(e” =@ —e” 7~u ) —

0. But this holds since (u(t)); is bounded. (Just use Taylor formula e~! = 1 — 1 + o(]l|) if
1 —0.)

There are some basic points which can be extracted from the above example:

First of all, under certain assumptions on the rate of u(t) — u, the 'quasistationary behaviour’
of Y;_y() (conditioned on {7 > t}) may be the same as for ¥;_,. In particular in the case of
linear diffusions on Ry from chapter 1 we would expect that

o Pu(Yi_upy EAlT>1) = % if there exists a Yaglom limit .
EET e
o Pr(Yiyyy < M| 7 >1t) — 0for all M > 0, provided we have escape to oo and the

existence of lim; o0 % > 0.

Of course, we should say some words on the second point:
A sufficient condition for the existence of lim;_,o % may be found in Lemma 4.1 of

[KS12]. Example 3.1 fulfils this conditions if a # 0. (See also remark 1.4.) Once we have this,
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we can calculate

Py(Yiew < M,Py, (T>u)|7>t—u)
Pz(7>t)/Px(T>t—u)

P,(Yi—uw < M|T>t)= — 0. (3.10)
By the way, Y from the above example escapes to oo if @ > 0. This is as expected and can be
shown(calculated) directly.

The second point can be shown to hold in a quite general setting:

proposition 3.2. Suppose (Yi)i>0 escapes to infinity under some stopping time T and assume
Py (T>t—u)

Po(r>1) < oo for some u > 0. Then we have

limsup,;_, o,
Pr(Yi—uew € Al 7>1) =0
for each bounded measurable A and bounded u(t).
In this proposition we can take any Markov process with values in R"™ (not only linear diffu-

sions).

Py (7>t—v)
P (7>t)
If not, we would have some v > u such that limsup,_,

w < u with v = l-u + w. Then we can calculate

) P.(T >t —v) ( IP’x(7'>t—u))l ) Pyt >t —w)
hm sup ———— < hm sup ——mmmm— -hm sup ——mm—
ol Pt > 1) T\ ioeel Pu(r > 1) el By(r > 1)

proof. We must have lim sup,_, < oo for any v > 0:

Py (T>t—v)

PG = Now take [ € IN and

using the same trick as in remark 1.4. Thus, we must have limsup,_, B:(r>1-w) — o6 which

Py (T>t)
% = oo giving a contradiction.

Next we use the same trick as in (3.10) to get:

implies that lim sup,;_, .,

Po(Yiu@y € Al T >1)
CPu(r >t — u(t))
sy le(uw € AP (> w)| T >t ()
Palr>t-v)

P, (7 > t)

PI(Y;f—u(t) € A’ T>t— u(t))a

for every u(t) < v < t. By the assumptions we can choose v as a global bound for u(t). Therefore,

limsup Py (Y;_y4) € Al 7> 1)

t—o00
_ Py(r>t—wv) .
<limsup ————2 - limsup P, (Y,_ cAlT>t—u(t)=0
t—)oop ]P)I(T > t) t%oop CE( t u(t) | ( ))
since we supposed that Y escapes to oc. |

Let us do a second example. (At least to get familiar with the kind of calculations one can
do if we have a nice transition kernel.)

example 3.2. For Y we take the Ornstein-Uhlenbeck process which is a solution to dY; = dX; —
aYidt with a > 0 on R4 under killing at 7 = Tp. (Note that in the case a < 0 we have escape to
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infinity. This is plausible, since the "purely reflecting version’ is transient and we even condition
on not hitting the reflecting barrier 0. Hence, this case is covered by proposition 3.2.)

As in the preceding example 3.1 we want to show

t—ult

lim g~ O = lim 4

t—o00

in distribution by proving
ph O (A) — pl 1 (A) = Py (Yimuy € A 7> ) = Pp(Yiy € A[ 7> 1) 5 0

for each bounded A.

We will use that Y under 7 has a nice transition kernel

pi(w,y) = 7rh2<t) exp <_62;jz;$ a 22@)) sinh <ei”j(it?>

w.r.t. the Lebesgue measure. Here h(t) := 173;2” . Asin example 3.1 we start with the partition

into I1 and I from (3.7) and show that both converge to zero as t — oo.

on I;: As in the last example it suffices to show that

Py(1 > u—9) = Py(1 > u+6)

B /oo 1 B (e—a(u—d) y — 2)2 B B (e—a(u—é) Y+ 2)2 5
“Jo Vmh—o | " 2h(u — 9) P 2h(u — 9)

B (e—a(u+6) y — 2)2 B B (e—a(u+5) Y+ 2)2 5
P 2h(u + 0) P 2h(u +0)

o 1
_/0 V2mh(u + 6)
<e

. . (2+b)?
for § > 0 small enough and all y € A. Since expressions of the form [ exp ( — )dz

2c
are globally bounded for all ¢ > m > 0 and m — ﬁ — 0 as § — 0 we see that the

above is true iff the absolute value of
00 (e—a(u—é) y— 2)2 (e—a(u—‘r(S) y— 2)2
— — — d
/0 lexp < 2h(u — 9) P 2h(u +0) :
/-oo B (e—a(u—5) y+ 2)2 e B (e—a(u—‘r(S) Y+ 2)2 i
A 2h(u — 9) P 2h(u +0)
is less then € > 0 for § small enough. And of course, this would be true if

00 (e—a(u—é) y+ 2)2 (e—a(u+6) y+ 2)2
/0 [exp (‘ 2h(u— o) ) B (‘ 2h(u + 6) )] a2

€
—. A1
<5 @
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We observe that (3.11) is valid once we check the e — § criterion for the expressions

oo (efa(ufé) y+ Z)2 (efa(qué) y+ 2)2
A [“p<‘ 2h(u — 0) )‘*“p<‘ 2h(u — o) >]“

and
/oo . (e—a(u+6) y+ 2)2 . (e—a(u—l—&) y+ 2)2 0
X — — €ex — .
A 2h(u — 0) P 2h(u +0)
first term: To clarify what is really important here, we use a small change of variables —2— ~~

2h(u—0d)
w to see that this expression is

2h(u — 0) [/Ooo exp (—(w £ hq(u,6,y))?) dw — /OOO exp (—(w £ ha(u, 8,y))?) dw] :

e—au

hi and hg converge uniformly in y € A to ho(u,y) = \/QhTy) which is bounded in
u

y € A. Thus, it suffices to show the following:

sup
yeA

[ e (-0 0500 ) = ex0 (4 90(0)) dw\ S0 (312

as 0 — 0, whenever sup,c 1 [95(y) — go(y)| = 0 as 6 = 0 and sup,c 4 |9s(y)| < M < o0
for small enough §.

proof of (3.12): The integral can be written as
* 2 2 2
/ exp(—w?) [exp(—2wgg — g5) —exp(—2wgo — go)} .
0
This equals
x
/ exp(—w2 + 4Mw) - [exp(—Qw(g(s +2M) — gg) —exp(—2w(go + 2M) — gg)] dw.
0

Now we use that gs+2M > 0 for small 6 and that ‘e_c - e_d| < |c—d]forall¢,d >0
to get the following upper bound:

o
/ exp(—w® +4Mw) [2w]go — g5| + |95 — 95|] dw
0
o0
S/ exp(—w? + 4Mw) [2w |go — gs| + 3M |go — gs|] dw
0 oo
<é- / exp(—w? + 4Mw) (2w + 3M)dw
0
for every € > 0 as ¢ is small enough. |
second term: By the same trick as in example 3.1 for I; we show that this gets arbitrarily small

for 0 small enough.
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Thus, we proved that I; — 0 as ¢ tends to infinity.

on Iy: For the decay of the denominator of I» the following holds:

liminf e P, (7 > t) > 0. (3.13)

t—o00

proof of (3.13). We have

pe(z,y) = 271}1(0 exp ( 62_:;)3; B 2}32)) - 2sinh <e—ha(t5y>
e_2“t - 2 et o e~ p
_»@;Mﬂem3<_2mw ‘2ﬂw>'2[h@fk*o< Mﬂy>}’

where we used Taylor formula for sinh. Since h(t) — 5 > 0, we see that the term right

before ’[...]" converges to the density of N'(0,1) and is dominated by a constant (e.g. by
Va) for large t. We also observe that e -[...] — 2axy and
at - e "y w |e%eK  |e "z K
.sinh < . < 32axK
ot (St ) <t [+ [Ty | v <o
for all y < K and t large enough. Now we can use the dominated convergence theorem to
obtain
lim inf ™ P, (7 > t)
t—o00
o0 1 672at T y2 efat xy
zliminfe“t-/ ————eX (— — ) -251nh< )d
P, o 2D P\ 2n(r) T 2n() nity )%
K —2at 2 —at
. 1 e g Yy ) e %y
> lim ————exp | — — -2eatsmh( >d >0
- t—m/o \/2mh(t) P ( 2h(t) 2h(t)> h(t) Y

Of course we should prove now that the numerator of I is o(e™®). To this purpose we
separate the numerator of I as we have done in example 3.1:

We have
1 (efa(tfu(t)) m—y)2 (e*‘Z(t*u(t)) m+y)2
/ Py(T > u) [ - 2h(t—u(t)) —e 2h(t—u(t)) ] dy
A 2mh(t — u(t))
1 w2 el g2

—/ Py(r > u) ————x [e WEw T —e ) } dy

A 2h(t — u)

1
= IJ_—-J
IO | +
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where

h(t (e—a(t—u(t)) T+ y)Q
= /AP?/(T >N R =) P <_ oh(t — ult)) ) 24

h(t) (e z £ y)?
—/AIP’y(T>u) h(t— ) exp (— hE—u) )dy.

By adding and substracting

MO o <_ (e 4 y)2>
h(t —u(t)) 2h(t —u)

inside the integral of J1 we see that we have to check the rates of decay of

p h(t) B (efa(tzu(t)g )a:)iy)z _ (efa(t;u) z)iy)z d
- 7 2h(t—u(t — 2h(t—u
[t oy ‘ Jo
and (3.14)
h(t) h(t) | ot asy)?
]P) _ 2h(t—u) d .
/ “T>“[¢Mtww> ¢th ‘ Y

first term: We concentrate on the ’[...]-term

(e—a(t—u(t)) T+ y)Q (e—a(t—u) T+ y)2
[exp <_ 2h(t — u(t)) ) - P (‘ 2h(t — u) )] (3.15)

since we intend to use the dominated convergence theorem and n(t)/n(t—u(t)) — 1. We
(efa(tfu) ac:i:y)Q
2h(t—u)

extend [...] by exp (— ) to get that [...] is equal to

_ (eia(tiu) v +y)° g(ty) _
exp < 21t — u) e 1]

e—alt—u) 4 2
:wp(f %@_im)-Maw+wmwwm

with
(e—a(t—u(t)) T+ y)2 (e—a(t—u) T+ y)2
Mt —u(t)) | 2h(i—u)
Here we have used a Taylor formula for the exponential function. Next we want to
show that e -g(t, 1) converges to zero but this is rather easy by splitting g(¢, ) into

g(tv y) ==

(e—a(t—u) T+ y)2 (e—a(t—u) T+ y)2
2h(t—u)  2h(t—u(t))
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and
(e—a(t—u) T+ y)2 (e—a(t—u(t)) r+ y)2

oh(t—u(t))  2h(t—u(t))

Thus, we have the convergence of e -[...] to zero (pointwise in y); [...] being the
term from (3.15). Now we want to identify some integrable upper bound of ‘e“t | . ]}
to apply Lebesgue’s dominated convergence theorem:

For this purpose we use again that ’e_c — e_d‘ < |e —d| for all ¢,d > 0 to obtain

(e—a(t—u(t)) T+ y)Q B (e—a(t—u) T+ y)2
0t —u(D) 0t —u)

at .

By solving the squares and using the triangle inequality twice, we see that the only
term in question (i.e. may not be dominated by something integrable) is the last

term ) )
Y Yy

oh(t —u(t))  2h(t —u)

But this also has an integrable upper bound which can be seen by

eat X

2&( ean(tfu(t)) _ 672a(t7u) )
(1 — e—2a(t—u(t)) ) (1 — e—2a(t—u) )

1 B 1
h(t—u(t)  h(t—a)

at

at

x 2a e

p2au _ eQau(t)) 0.

\/ nt \/ h(t)
ht—u(®)  \ Rt —w)

second term: It is rather easy to see that

For the last ’oc-relation’ we used a Taylor approximation of x +— /1 — x at zero. Now
the integrand of the second term from (3.14) is nicely bounded and we apply the
dominated convergence theorem.
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In proposition 3.4 we are going to see that the existence of a Yaglom limit, i.e. the existence
of lim;_ o0 ,utx‘t, implies the existence of lim;_, u;_u(t)‘t whenever u(t) — u > 0. But at first we
want to prove a lemma which may have a right on its own. In particular, one can deduce from
it that the Feller semigroup corresponding to Y under 7 is uniformly continuous on compacts.

lemma 3.3. Suppose that Y is a reqular diffusion on [0,00) as in section 1.2. Let k be a killing
rate continuous on [0,00). And let there be killing at zero with a killing rate parametrized by
a > 0. Finally, let 7 = 7 be the corresponding killing time and u(t) — u > 0 when t — co.
Then

sgg |Py(7 > u(t)) —Py(r > u)| =0, (3.16)

for all bounded A C Ry ast — oo.

proof. Obviously we only have to check (3.16) for A = [0, N], N € IN. We have

Py (T > u(t)) — Py(r > u)
<|Ey(f Yuwy)> ™ > ul(t) — By (f(Ya), 7 > u)| (3.17)
+ [Ey(1 = f(Yun), 7 > u(t)) = Ey(1 = f(Ya), 7 > u)|.

Here we choose f € C' such that 0 < f <1, f=1on [0,M] and f =0 on [M + 1,00). The
second term of (3.17) is smaller than

sup (\Py(Yu(t) > M)| + [Py(Yy > M)|)
y<N

< sup (By (T (V) < u+6) + Py (Tu (V) < w)) (3.18)
y<

<PN(Tm(Y) <u+9)+Pn(Ty(Y) <u)

for M > N and t large enough. For the last inequality we used that P, (T, < t) < Py (T, < t)
for all x < y < z in the state space F and for all ¢ > 0. (This can be verified by a coupling
argument similar to the one following (3.2).)

By our assumptions we may choose M so large that (3.18) becomes < §. Let us get a grip on
the first term of (3.17).

If k € Cp([0,00), R4 ), the corresponding semigroup (T7): is a Feller-Dynkin semigroup and
in particular strongly continuous at ¢ = 0 by lemma 2.15. Of course, our & is not bounded. But
we take a fixed ¢ty and M large enough such that Py (Ths < tg) < 0. By a coupling argument we
see that Py(Th < t) < 6 also holds for all y < N and ¢t < ty. Now define

(2) = k(z) <M
A YTV R T
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Then
sup [T f(y) — T f(y)]
y<N

< 1fllo sup By [0 o <Y — o= i rar )t
y<N

= £l - sup By e Jo 1020 e g )
y<N

<N flloo 26 =26

1 {T <t}

uniformly for all ¢ < ty. By the strong continuity of (7, ), this implies

sup ‘IE Y(t)),T>u(t))—Ey(f(Yu),T>u)‘
y<N

= sup | 7505 £ (y) — T2 £ (y)|
y<N

< sup | T35 1 0) = T f(y)| + 25

<l

QLK N
u(t)Au|| o

T f fH 42
<34.

In the above estimate to can be choosen to be u+1 and § = 28 || f||, to be arbitrarily small. B

Now we are going to show that ut u(t)|t( o) = P,(Yi_yu) € ®| 7 > t) indeed has the same
t—ult

asymptotic behaviour as pz
theorem 3.4. Suppose we have a regular diffusion Y on [0,00) with the drift coefficient a
and some killing rate k such that A 1 and A 2 are fulfilled. There may be killing at zero
parametrized by o > 0. Further suppose that Y has a Yaglom limit o(r)dr under T = 7 and
that A" # K :=lim,_,o k(x). Then

fA (7 > u)p(r)dr
fo (T > u)o(r)dr

Po(Yiupy €Al T>1t) =

for each bounded measurable A and whenever u(t) — u.

Note that on one hand there is no additional assumption on the rate of convergence of u(t) —
u — 0 and on the other hand the previous 2 examples fit into the framework of the above
proposition.

proof of theorem 3.4. We again take the partition of
Pp(Yi—uw) € Al 7> 1) =P (Vi € Al T > 1)

into I; and Iy from (3.7) right before example 3.1 and show that both terms tend to zero as
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t — 00. Thus,
JaPy(r > u(t)) = Py(m > w)] prougy) (x, dy)
P.(1 > t)

I =
and if we use lemma 3.3 we can always take t > ty(€) large enough such that

Py(r >t —u(t))
Py(T >t)

I < sup|Py(r > u(t)) — By(r > )]
yeA

P, (1 >t — u(t))
= P, (1T >t)

for any € > 0. The only thing we still need to know for I = I;(t) — 0 is that

P(r >t —u(t))

lim su < 0.
P TP (7 > 1)
But this is true since lim;_,oo % exists for any v > 0 by Lemma 4.1 of [KS12]. Next let
us show that
_ fA Py(r > u) [pt—u(t) (z,dy) — pr—u(z, d?/)}

I2(?) Po(r > 1)

goes to 0 as t — oo. W.l.o.g. we suppose that either u(t) > u or u(t) < u for all ¢ large enough.
(If not, we can always split a sequence t; — oo into a subsequences (r;) and s; such that wu(r;)
is larger and u(s;) is smaller than u. And if we show that both I(r;) and I(s;) converge to 0 the
same is true for I(tx).) Further we concentrate on the case 'u(t) > u’. (The argumentation for
'u(t) <’ is similar.) We use the MP at ¢ — u(t) to obtain

PPy, o (T>u), Yiyw €A, 7>t —u(t)) —Pe(Py,_ (T >u), Y w €A 7>t —u)
P.(1 > 1)
Py(Yiuw € A, 7>t — (u(t) —u)) —Pu(Yiy € A, 7 > 1)
P

(T > t)

u(t)

Po(m >t —u(t))

=I>1 + P.(r> D) o2
i B €A >t (u(t) )~ Ba(r > £ Vi € A
21 Py (1 > t)
and o Pu(r >t Yy €A) —Pu(r >, Vi € A)
22 = Po(r >t — u(t)) '
Since
P (It >\ {r >t = (ut) —w)}, Vi) € A)
2] = P.(r >1t)
cP({r >\ {r >t - (ut) —w)})
- P.(7 > t)
C P(r > 1) = Pu(r >t — (ult) —u))
P, (7 >t)
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we have
limsup|Io1 ()] <1—e 7"

t—o00

for any v > 0 (and ¢ large enough such that u(t) — u < v). By the MP

[2,2 = Pm(PYt,u(t)(T > U(t)), Y;tfu(t) € A’ T>1t— u(t))

Px(7'>t—u)
— Py(r >t — u(t))Px(PYtﬁ(T >u), Yy €EA|T>t—u).

The second term is asymptotically equivalent to
Po(Py,_ (T > 1), Yy € A| 7>t —u(t)).
Therefore, we get
Da(t) o< Pu( [Py, (7 > u) =By, (7> u(t))] Yiuy € Al T > t—u(t)).
Finally this is

<sup [Py (7 > u) — Py (7 > u(t))]
yeA

which converges to zero by lemma 3.3. |

3.2. Somewhere in between

In this section we are looking for answers on the following question:
@l

What happens with 5 ", i.e. with
Py (Y €@l 7 >1),

if

s(t) > o0 and t—s(t) —» o0 (3.19)

as t tends to infinity?

For this purpose we investigate two examples. We will use the notation ’¢*(s(t),z,y)’ for the
density of ,ufc(t)‘t.

The first example is a good old friend: Brownian motion with constant drift under 7 = Tj.

ezample 3.3. At first we want to deduce the density of q'(s(t),,-) w.r.t. the Lebesgue measure.
Therefore, let A be any Borel-measurable set in R;. Then
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Pm(PYS(t)(T >t —s(t)), Yoy € A, 7> s(t))
Py(r > t)

_ JaPy(m >t —s(t)) Do) (T, y)dy

a fooo pi(z,y)dy

_ Jalo Py (Y, 2)dz -y (2, y)dy

N Jo pe(@,y)dy '

Px(Y;(t) S A| T > t) =

Here

(l

pr(x,y) = e WIS p_(t,2,y)
1 < _(w*y)Q _(:z+y)2> (320)
€ 2t —e 2t
V2t

is the kernel of (the semigroup of) Y under 7 = Ty w.r.t. dy. This leads to

fA foo —az t - S( ),y,z)dz 'p*(s(t%l"y)dy
fo e % p_(t,x,2)dz '

2
e~ aly—z)—%t

P, (Y. (t)EA’T>t)

Thus,
Joo e p-(t = s(t),y, 2)dz - p—(s(t), 2, y)

qt(s(t),x,y) = f e % p (t x,z)dz
0 -, x,

(3.21)
is the density of Yy conditioned on {1 > t}.

Now we want to investigate the asymptotic behaviour of ¢!(s(t),z,y) for t — oo. We have
that

Nl

o

p—(s(t),z,y) - s(t)2 =/ —wy
when s(t) — oo since
1 (z—)2 (@+)? 1 2— (z—y)?
poltig) = o (o - ) o L e ) (3.22)
27t V2T 22

which is the first step towards the asymptotics of (3.21). Next we write the integral in the
denominator of (3.21) as

1 > t (ac—z)2 (z z)2
= / e 0%, (e e _e Uk ) dz. (3.23)
t2 Jo V2T

Using a Taylor approximation on y — e~ ¥ we see that there is a C'= C(ty) > 0 such that

(z— z)2

(@+2) C
- e h ) ‘ < 2zz+ t—g(:{:, z) (3.24)
0

v

for any ¢t > to > 0. The bound z ~ g(x, z) can be chosen to be of order O(z%). By (3.22) and
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(3.24) we can use the dominated convergence theorem in (3.23) to obtain

o0 (172)2 (z+z)2
e “p_(t,z,2)dz = / ( % —e ) dz
/0 ( tg \/271'

1 2 )2
L / a2 (x+2)"—(x—2) I,
t2 Jo V2T 2
Hence,
o 1 2
/ e ¥p_(t,x,z)dz x — 7:17 (3.25)
0 2ma
as well as
o 1 2
| e et s e -
0 (t —s(t))2 V2ma
if t — s(t) — oo. Plugging everything into (3.21) we get
t2 2
qt(s(t),x,y) X *yQ' (326)

(t—s(t)2s(t)z V™

Therefore, the densities of Y ;) conditioned on {T > t} converge to zero on R as ¢ tends to
oo. This looks a bit like the ’escape to infinity’-behaviour from chapter 1. By taking a closer
look on the calculations above we could make this rigorous. But this can be seen more quickly:

Take any M > 0. Then

Po(Py, (T >t = 5(1)), Yoy < M, 7> (1))

P.(T >t)
- Py (Prs(1 >t —5(t)), Yoy < M, 7> s(t))
- P.(1 > 1)
< Purr(m >t —s(t)) - Pu(r > s(t))
- P.(1 > 1)
_ fooo pt—s(t)(Ma z)dz - fooo Ds(t) (x,2)dz (3.27)
B fooo pi(x, 2)dz
eaM fooo e p_(t—s(t),M, z)dz - foo e % p_(s(t),r,2)dz

JoS e p_(t, @, 2)dz

ot 2M t

Po(Ysy SM|T>1) =

[SJIe]

V2ma (- s(t))7s(t)2 oY
due to (3.25). Here m — 0 can be seen by
t2 € L t—s(t) s(t)
(a . 3@))33@)3) S —s)sm T E—swys® "
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We can even extract a small proposition from the example:

proposition 3.5. Let Y be an irreducible diffusion on E = [0,00). Further let 7 = 7% be the
killing time corresponding to killing under the killing rate k > 0 and killing at zero with rate
a > 0. Let k be decreasing and assume (1.1). Finally suppose (2.5), i.e. that

Po(1 > 1) ~t Fe (3.28)
for some k >0 and n > 0. Then we have

lim ps®(4) =0

t—00

for all bounded and measurable A (if s(t) — oo and t — s(t) — o).

proof. By taking a closer look at the last example we observe that we only have to retrace the
steps in (3.27). Hence,

Pm(yzg(t) S A‘ T > t) < Pac(Ys(t) < M‘ T > t)
Pu(Py,, (7>t — s(t)), Yy < M, 7> 5(1))
- P, (T > t) (3.29)
- Py (Ppr (7 >t —s(t)), Yy < M, 7> s(t))
- P.(r > t)

with some M > 0 such that A C [0, M] and by using a coupling argument as in (3.4). But
(3.29) gives us

Po(Ysy € Al T7>1) < Par(r >t = s(t) - Pu(r > 5(t))

P.(1T > t)
At the end we apply (3.28) to obtain
+k
P, (Y, eA|T>t):O< )
® (t — (s(t))Fs(t)F)
. . . . tk
This delivers the desired result since (=EO00) —0ast— oo. [ |

Next we present another example which will yield, as we will see at the end, a qualitatively
different result. But at first we recall the following notations already used in the preceding
chapters:

e 7°°(Y) is the killing time that we get when combining instant killing at zero with killing
of Y under the rate .

e L"®(a) = %% + a(z) L — k(z) is the L*(m)-generator of (the semigroup of) Y under

7,00

e )\">(a) is the infimum of the spectrum of —L**(a).
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e ™>(a) is a corresponding eigenfunction in the sense of Sturm-Liouville, i.e. the unique
(up to positive multiples) positive solution on R4 to

1 d? d
5@ -+ a,(x)% — Ii(.%') w - _An,oo(a)w

with 1(0) = 0.

example 3.4. Let (Y;): be the Ornstein-Uhlenbeck process which is a solution to

dY; = dX; + a(Yy)dt (3.30)

with a(y) = —ay, a > 0, and Yy = . Let there be instant killing at zero, i.e. take 7 = Ty =
To(Y). Fortunately Y has a kernel 7 w.r.t. the Lebesgue measure:

L efat xy
h(t)
l_e—Qat

with h(t) := *=5—. We also observe that A\ = A% (a) = a. To shorten writing we also define

) e 2at y2 )
P, y) =\ | 2 P <_2h(t) N 2h(t)> st

gi(z,y) = A py(x,y) = e pi(, y).

We immediately get

T3 220,
e —aty
x exp(—ay?) - Yy exp( h(t) ) exp( h(t) )
—at
V 10 P
3
4 4a2
Y exp(—ay?) - 2azy = az Ty ey’

Using this we deduce

Do) (T, )y [o De—sr) (Y, 2)dz
fooo pe(x, 2)dz
' fgoo Gt—s(t) (y, 2)dz
fooo g1z, 2)dz
@xy e_ayQ dy - fooo i]g—s(t) (Y, Z)dz‘
NS fo gt(x, 2)dz

To investigate the limit behaviour of P, (Y € dy| 7 > ) it remains to calculate

Px(Y;(t) S dy| T > t) =

= gs(v) (7, y)dy (3.31)

X

o0

lim ge(x,y)dy.

t—o00 0

For this we emphasize the possibility to choose P, as the shifted Wiener measure on (2, F),
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Q = CJ0,00). Thus, X; := w(t) is a standard Brownian motion starting at = under P,. There
is a strong solution to (3.30). Let P} be the measure of Y on the same space as P,. By using a
’Cameron-Martin-Girsanov transformation’ it is shown in Proposition 21 of [MV12] that

. \/%(Xt) K
Py (®,7 > 1) =Py (®- ]1{T>t}m8t )

for any t > 0 and ® € mb(F). Here ’\/m’ is the square-root of (the density of) a speed measure
for Y,
gf — e~ fg K(Xr)dr

and

a a2 a
In the present example we have \/m(z) = e 2% and Ef=e 2 Jo XFdr . o5t So we get
[e.e]
/ ge(w,y)dy = " Py(Tp(Y) > t)
0
= e PY(TH(X) > 1) (3.32)

eXp(_%XtQ) H)
t .

at
— P, (To(X) > t, —n 21
¢ x<°” exp(—227)

Now we want to interprete k as a killing rate. For this we have to lift it such that it is positive
everywhere, e.g. via
K~ K=K+ a.

From (3.32) we derive

2

oo
/ gi(z,y)dy = 2% . e2at Py (exp (- %Xt?), T > 1), (3.33)
0

Luckily we are in a situation were Theorem 4.3 of [KS12] can be applied since infinity is an
inaccessible boundary for X and obviously oo = liminf, ,~ #(x) > A*°°(0). Thus, we have

XVt P.(X; € A, 7% > t) — ¢R’m(x)/ P (y)dy
A
for all measurable A. We use (3.33) to obtain

[e%s) e2at a2 = [e%s) a2
| mleiy x oot @) [ A )y, (3:31)

The next step is to show that
A9 = 2q

and to further identify @R"X’. For this observe that

- 1 d?
2 dx

1) solves 5 — /%] ) = —Ap under ¢)(0) = 0
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if and only if

1 d? d
)= \}% solves [Qdaﬂ +adx] 1 = —(A — a)y under ¥(0) = 0.

Also note that the property that a solution is positive is preserved by the transformation ) <

P
Jm

". Thus, we can apply theorem A.2.6 to see that
A0,00(a) — Af{,oo(o) —a.
Because of \»*(a) = a we get

AH(0) = 2a. (3.35)

We also deduce that yo’oo(a) = yj;(o).

polynomial of odd order and /m(z) = e~ 2

Since 1" (a) is proportional to the first Hermite

> we get

YF(x) = Cre 5™ (3.36)

with a constant C independent from z. Now we use (3.35) and (3.36) to transform (3.34) into

/ gi(z,y)dy — CQw/ ye W dy.
0 0

We combine this with (3.31) to see that the density ¢*(s(t), z,y) of P(Yy() € o] 7 > t) converges
pointwise to

as t — oo. The reader may verify that this is indeed a density on R,. We are almost done.
Now we use Scheffé’s Lemma to obtain

t 4@3 2 —ay?
Po(Ysy €Al T>t) = [ ¢ (s(t),z,y)dy — | —=y" e ™ dy
A ANVT
for all measurable A. If we look closely, we even see that

[ (y)m(y)dy
JoZ v (y)ym(y)dy

]P)a:(Ys(t) S A‘ T > t) —
with ¢ = go’oo(a). Using proposition 2.4 we deduce that this limit is nothing else but the unique
invariant distribution of the penalisation limit Z = Z2 of Y under 7 = Tj. |

When looking at the key steps of the last example we see that only a few alterations are
needed to get the same result in a general setting. (See theorem 3.6 below.) We will work under
the following two assumptions which have not been properly introduced yet:
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A 11. We have that a@*(z) + a/(x) € C[0,00) and there is an [ > 0 (which we fix) such that
2 /
() = k(z) + ‘W 10
A 12. We have that liminf, ., &(z) > A%°°(0).
We will essentially use notations as in the last example. We also define 7 := 7%°°(Y),

A= A"%(a) and ¢ := ¥">(a). Now we are able to formulate the announced generalisation of
example 3.4.

theorem 3.6. Let Y be a regular diffusion on E = [0,00) and a solution to dYy = dX;+a(Yy)dt
on (0,00) as introduced in chapter 0. Suppose that a and k satisfy A 2, A 8, A 5 withk > K :=
lim, oo k(x), A 6, A 7, A 11 and A 12. Further suppose that x +— m(x) is locally bounded.
Then

(a) the penalisation limit (Zy); of Y under 7, i.e. with the penaliser I'y = 11+, exists.

(b) Z is the h-transform Z2 of Y by Y and has the unique stationary distribution
B(R.) > A / V2(@)m(z)da.
e

(¢) we have that
M
P (Yy < M| 7> ) = / V2(z)m(z)dz
, =

for all M >0 under (3.19). Thus, we have convergence in distribution.

remark 3.3. e For example m is locally bounded if we impose that a; is integrable at 0.
Though this assumption seems somewhat unnecessary because of a*(z) + @/ (x) € C[0, c0)
from A 11.

e We also stress the fact that A 7 is fulfilled whenever k = 0 as in the preceding example.
(See lemma 1.16.)
|

proof of theorem 3.6. The assumptions we made are strong enough to get the existence of a
kernel p¢(x,y) of Y under 7 w.r.t. the Lebesgue measure. (See also the proof of Theorem 22 in
[MV12].) Thus, we get

‘ fptfs(t)(yvz)dzd
[ pe(z, 2)dz

fgtfs(t) (y,2)dz
= s x, : d

Px(Ys(t) € A‘ T> t) = / ps(t)(xay)
4 (3.37)
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with gi(z,y) := X pi(z,y) as in example 3.4. We also use the ’Cameron-Martin-Girsanov
transformation’ from Proposition 21 of [MV12] to see that

/gt(x y)dy—ef]P’ (Yye A, T >1t)

7,00 1 R
= A" \/m(x)ﬂmn{xt@}-\/ﬁ(&),T“’°°<X) > 1) (3.38)
wHOO

g /¢ U)o (y)dy
as t — oo. For the convergence result we used Theorem 4.3 of [KS12]. Note that
yk,oo — %k,oo(o)

is the unique (up to positive multiples) positive solution to

| =

As in example 3.4 we use the transformation i) < } and (3.38) to derive

Agt(m,y)dy%¢($)~/4¢(y)m

for all measurable A. Here 1 = 1)"™°°(a) is the unique (up to positive multiple) positive solution

to
1 d? d
92 dmzw +a(z )dlﬂﬂ = =\ under ¢(0) =

In particular we have

fooo Gt—s(t) (y7 Z)dZ (y)

fooo gi(z,2)dz ()

pointwise in y. Up to now we were able to proceed as in example 3.4. Unfortunately we can

not identify an almost sure limit of y — g¢:(z,y) as t — oo. Thus, we can not use Scheffé’s

Lemma. To overcome this difficulty we first restrict to measurable A C [0, M| for some M > 0

which we fix for the moment. The Lebesgue measure on [0, M] is essentially a probability on

[0, M] (suitably normalized by +;). Hence, we can interprete the sequences t — (y — gi(z,y))
and y — ¢ (z) - ¥(y)m(y) as random variables. Since

/@mw@a/@mwwmm@
A A

for all measurable A C [0, M] we get

v
Y (3.39)

/‘w@y dyﬁ/ W(@)e()m(y)] -F@)dy (3.40)
0

for all f € mb(B[0, M]). (See Proposition IV.2.2 in [Nev65].)
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Next we use (3.37) to obtain the following decomposition:

Po(Yiey S M| 7>1t) = Li(t) + ()

with
M foo Gi— t)(y z)dz  P(y)
Li(t) = / (@ y) - | s M1 - = d
and
M ¥(y)
Ir(t) := / (T, y) =——d
By (3.39) the sequence from I;(¢) in ’[...]’-brackets converges pointwise to zero and is continuous

on [0, M]. Though we should say a few words on the continuity. Out of question is that y — ¢ (y)
is continuous. But why should y fooo 9t(y, z)dz be continuous? This will be answered by the
following points:

1. gi(y,z) = e py(x,y) is jointly continuous in all variables. (See [BS02].)

2. Point 1. implies that y — fON 9t(y, z)dz is continuous for any N > 0.

3. We have

/ 9t(y, Z)dzze”/ pie(y, z)dz

N N
AP,(Y; > N, 7> t)

eAth(Yt > N)
< APy (Y; > N)

IN

for all y < M < N. The last inequality can be seen by a ’coupling-argument’ similar to
the one we used in (3.4). This gets arbitrarily small for N large enough.

4. Take € > 0 and (yn), C [0, M] with y,, =y < M. By 3. we can take N large such that

o0

€
sup gt(y,2)dz < =.
y<M JN 3

N N
/ 9t (Yn, 2)dz — / gi(y, z)dz
0 0

for n large enough. Thus, we get

By 2. we have

<<
3
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/ 9t(Yn, 2 dz—/
0

oo
S/ 9t(Yn, 2)dz +
N

<€.

N
t(Yn, 2 dz—/ 9(y, z)dz
0

+/ 9t(y, z)dz
N

This shows the contiuity of y — [* g:(y, z)dz.

ThuS fo 9i— 5 (y Z)dZ _ ﬁ(y)

T gt (0:2) 2 e also converges uniformly to 0. Therefore,
0 =

M fooo Jt—s(t) (ya Z)dZ

v
fooo gi(z,2)dz P(x)

M
/ Is(t)(T,y)-€dy

<o [ somon )

for any € > 0 and ¢ > ty(e) large enough. This implies

[11(t)] <

S~

Is()(T,Y)-

IN

By (3.40) we get that

M M
- /0 o) bmly)] - iy = /0 W2 (y)m(y)dy.

This proves point (c) since we can take any M > 0 in the above argumentation. Obviously
P e L?(dm) which implies point (b) if we use proposition 2.4. Finally (a) follows from theorem
2.11. |

One can see quickly that the above proposition holds also for other ’Ornstein-Uhlenbeck-like’
processes, i.e. we can treat any diffusion with an a such that

e ac C0,00).
e a(x) — —00 as T — 0.
e d is bounded.

But there are also other kinds of diffusions which can be handled as we can see by the following
example:

ezample 3.5. For every € > 0 take f. € C1[0,1] such that

e 0< fe<e

o f(1)=0.
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o f/(1)=-1.

Now define the drift coefficients

ae(.x) = {fe(%’) x <1

1-1 z>1.
Thus, we have a. € C'[0,00) and we see that

o @@rde  (-1)-% 1
R(x) = ke(x) = 5 = 5 =5

for > 1. For simplicity we took x = 0. The density of the speed measure corresponding to the

_ v _Jexp (2[5 fe(y)dy) r<1
me(SC) = exp (2/0 ae(y)dy) - exp <2 fol fe(y)dy) .2 e2(1fx) o> 1.

a is

This implies

>~ 1
/0 md:r =00 (3.41)

which is equivalent to positive recurrence of the corresponding diffusion Y€ on E = [0, 00).
(The reader may have guessed this already since a.(z) < —% < 0 eventually.) Now every (other)
assumption of theorem 3.6 is obvious except for A 12. So we have to check if there is some € > 0
such that

1
A%2(0) < lim re(x) = 5. (3.42)

T—00

To see this we use Theorem 1 of [Pin09]; in particular that

ARe22(() :)\O,oo ) <
X(0) = AV () < o

X 1 o0
QF == sup </ dy-/ me(y)dy>'
z>0 \Jo me(y) x

Hence, to get (3.42) we have to check if

with

QF >1 (3.43)

for some € > 0. Observe that, on the one hand, we have

1 1 1 ) 1 )
dyZ/e_Wdy—l—e_E
[ = 2t e

which converges to 1 as € | 0.
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On the other hand we have

/ me(y)dy > / y? 1Y) dy
1 1

=-+-+>>1

Thus, we get
1 1 fee)
/ dy-/ me(y)dy > 1
0o Me(y) 1

if € > 0 is small enough which implies (3.43).
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A. Appendix

The following results have no demand for being new. Though the majority of the results may
be well known to the experienced reader we included some proofs or at least sketches of proofs;
mainly when we could not find an adequate reference or when we show a more general version
of a known result.

A.1. The type of convergence we are dealing with

All of the main convergence results in this thesis imply also weak convergence. But most of the
time we will prove a stronger convergence. This ’strong weak convergence’ is defined as follows.

definition A.1.1. Let P!, ¢t > 0, and P be probability measures on (2, F). Define

P! — P s Vf € bm(F) : PL(f) — P(f).

A.2. Generators of one-dimensional diffusions and their spectra

Whenever the task is to investigate the asymptotic behaviour of a stochastic process Y, e.g. of a
linear diffusion, the attention should turn to the semigroup (T¢); of Y in spectral representation.
To do so we have to put ’things’ into an L?-setting. In particular, we identify Y with its self-
adjoint L2-generator. To make use of the spectral respresentation of (T;); we also take a closer
look at some spectral properties of this generator.

For this chapter we suppose that Y is a linear diffusion on E = [0, 00) which is a solution to
dY; = dX; + a(Yy)dt

on (0,00) in the way described in chapter 0. As before we will write L = L™ for the generator
of Y under killing at 7 = 7,

Section A.2.1 is devoted to the introduction of the L?-generator.

In section A.2.2 we present "Weyl’s spectral theorem’.

Section A.2.3 is all about an equivalent formulation of inf ¥(—L). See theorem A.2.6 which
is used several times in this thesis.

We also apply results (from [KS12]) which involve the essential spectrum Yess(—L) of —L =
—L"%°. We will see in section A.2.4 that inf X ss(—L) is not affected by a shift of the instant
killing boundary.
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A.2.1. A generator in L*-space

We have one boundary point ¢ = 0 respectively the boundary condition (0.16) with ¢ = 0. Our
goal is to get a self-adjoint densely defined operator on some L?-space which incoorporates this
boundary condition. Since we know by section 0.2 that L, = %% + a(m)% defined on C? is
symmetric in L?(dm), we take this as the mentioned L2-space. We remind the reader that dm
has the density m from (0.11) depending on a.

The generator as self-adjoint extension of minimal Sturm-Liouville operator

At first we essentially follow the construction described in [KS12]. Thus, we define a closable
quadratic form

& |f|2 (0) + % fooo |f’(~’U)|2 m(z)dx + fooo k() \f(fl:)]2 m(z)dr if a < oo
() =
LIS @ P m(a)de + [5° 5(@) | ()] m(z)dz if & = oo.

The domain of this form is

b __{{felﬂwwﬂﬂmeﬂmLC);ﬁf’ﬂm.amtzmd@@)<&m} if o < 00

{f € L*(dm) N C([0,00),C); f, f" abs. cont., f(0) = 0 and G(f) < 0o} ifa = co.
remark A.2.1. With ’closable’ we mean closable w.r.t.

1f1lg = a(f, £) + (= X [ f 1l L2 (gm)

where A is some lower bound of § = . |

Since we need densely defined forms here are some easy to verify conditions which ensure that
G is indeed densely defined:

lemma A.2.1. Let a and m fulfil:
i) dm has density m € C(0,00) w.r.t. to the Lebesque measure on Ry.
ii) m(z) > 0 for x > 0.

iii) k€ LE (m).

Then
C:={f € C>®0,00); supp(f) C (0,00)is compact} C D

and O is dense in L?(m).

We intentionally skipped the subscripts on D since the lemma also holds for any D’ which
we will introduce later on.

proof of A.2.1. By the assumptions one easily verifies that C2° is contained in D. (Use point iii)
together with the Cauchy-Schwartz inequality.) It remains to show that C° is dense in L?(m).
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Let f be in L?(m). By the integrability of f? we can choose 6, A > 0 with

J € & €
/ f>m < - and / fPm< -,
0 3 A 3

But by the continuity of m and by the local integrability of m we find ¢ > 0 and C' > 0 such

that
A A A
c/ f2dx g/ fPmdz < c/ f2dx.
4 § 1

In particular f-1j54] is an element from L?(dr) and we can find a function ¢ € C° with
supp(g) C [0, A] and fdA(f —g)*dz < 3. Putting things together we arrive at [ (f — g)%dm <
€. |

Now that we have a densely defined form ¢ there is a positive self-adjoint operator correspon-
ding to the closure ¢™“ := ¢®. It will be denoted (as in [KS12]) by —L®“. By ’corresponding’
we mean the following:

If we have a closed symmetric and densely defined form ¢, then we can look for all g € D(q)
such that there is some h € L?(dm) with

qa(f,9) = (f; 1)

for every f € D(q). Setting Lg := h gives a positive self-adjoint operator on this set of g’s.
Furthermore, this gives a bijective mapping between symmetric and densely defined closed forms
and positive self-adjoint operators. (See proposition 1.2.2 of [BH91].)

We also claim that L™ is nothing else but a self-adjoint extension of the minimal Sturm-
Liouville operator. His action is defined as

S7(2) == 31" (x) - ala) f(2) + (x) [ (2)

and his domain is
Doin = {f € L*(dm); Sf € L*(dm), f and f’ are a.c. and f has compact support}.

We further restrict ourselves to the case of a regular boundary point at ¢ = 0 where reqular
should be understood in the context of Sturm-Liouville theory. In our case this simply means
that x and m are locally integrable and in particular around zero, of course. (See Chapter 10 in
[Zet05] or Chapter 13 in [Wei03].) To see that L™ extends S one can easily verify the following
points:

(1) szn c Dfi,oz
(i1) q(f,g) = (f,Sg) for each f € D(q) and g € Dpin
(iii) ¢(f,g) = (f,Sg) for each f € D(q) and g € Dpin.

Thus, S C L™ and L™ is a self-adjoint extension of S. Now we restrict ourselves to the cases
which are investigated in this thesis. We know that we are in the limit point case at co. (Confer
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remark 1.11.) Hence, one can see that
D(L®®) = {f € L*(dm); Sf € L*(dm), f, " are a.c. and f fulfils (0.16)}

(via integration by parts and comparison of the corresponding forms).

The generator as Friedrich’s extension

Starting this time with a symmetric operator L"™® = S on D, o we can define

qN(fﬁg) = <f7 _]ZH,Oég>

on Dy . Once we do this we have a closeable densely defined symmetric form. Its closure ¢
corresponds (as we have seen above) to L. If we proceed in this way, then L™ is the so-called
Friedrich’s extension of L™“. Furthermore, Theorem 4.15 from [Wei03] tells us that ¢ and g,
respectively L™, have the same lower bounds.

remark A.2.2. Until now we have a densely defined self-adjoint operator L corresponding to a
Dirichlet form g. The next step would be to get an associated Markov process Y by results
about solutions of certain martingale problems. For details see sections 2.1 and 2.2 of [KS12] or
section 2.1 of [Kol09] and references therein. ]

A.2.2. Weyl’s spectral theorem

In the setting under consideration, we have a regular boundary point at zero and infinity is in
the limit point case. Therefore, we can formulate a special version of the spectral theorem in
‘multiplication-form’. This theorem is sometimes called Weyl’s spectral theorem:

theorem A.2.2. Leta and k be such that A 1 and A 2 are fulfilled. Let —L = —L™% be declared

as in section A.2.1. Let 1y be the solution to —Lip) = Xy under 1(0) =0 and ¢'(0) =2 if « = 0o

or under ¥ (0) = H% and ¢'(0) = ﬁr—o‘a if @ < 0o. Then there is a o-finite measure o on R such
that

(a) U: L?>(m) — L?(p), defined by

U = / " f(@)da(x)m(dx)
18 unitary.

(b) we also have
F(-L)f =U"Y(F-U(f))

for each continuous F bounded on ¥(—L), i.e. U translates F(—L) into a multiplication
operator in L?(p).

(¢) supp(o) = X(-L).

(@) (U™ 9)(@) = fy_y) 9N (x)e(dA).
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proof. See Theorem 14.1 b) of [Wei03] as well as Proposition VIII.3.1 and Theorem VIII.4 of
[RS80]. m

remark A.2.3. Note that the Sturm-Liouville theory for theorem A.2.2 presented in [Wei03] only
assumes that m, m~! and  are locally integrable on (0, 00) together with 0 being regular instead
of A 1. |

A derivation in the Cl-case

A possible derivation of theorem A.2.2 where the connection to Sturm-Liouville theory can be
seen immediately is by assuming a € C'! and connecting diffusion-type operators (no potential
term) to Schrodinger-type operators (no drift term):

For simplicity we suppose x = 0 and write L? for L% . (’d’ for diffusion’) Furthermore, we
introduce the unitary mapping

V :L2(m) — L*(dz), Vf(z):= f(z)/m(z) = f(a:)-ef(f“(y)dy
and define L° := VLAV ~!. This is an operator which acts on
D(V) = {f € L*(dz) N C*(0,00) ; L™ f € L*(dz) and f fulfills #'(0) = (a(0) 4 2a)f(0)}

if we additionally impose that @ € C'. (Note that we can generalize this a little bit, by switching
from @ € C! to ’'a a.c. w.r.t. dz’ and from f € C? to ’f’ a.c.’. Nevertheless, we need a more
strict condition than just @ € C.) For every f € D(V) we have

2 da? 2

LSf = [1 d? a2+a’] I

As explained in the introductory part of [Pin09], if ‘# is bounded from below we may realize
—L as a Friedrichs extension on D(V) in L?(dz).

Next we briefly say something about ¢ = ¢% for L = LS originating from the Sturm-Liouville
theory:

Denote by Q/Jf the solution of —L°¢ = A under the (new) boundary conditions 1(0) =
H% and ¢'(0) = a((l))%m' We can uniquely define the so-called Weyl-Titchmarsh solutions
for every A € C\ X(—L°). There always exists a corresponding Weyl-Titchmarsh function
m : C\ X(~L°) — C which is a Herglotz function. Thus, it has a representation in terms of a
unique measure p° on R with J T Jrlxg 0% (dx) < co. All of this can be read in [GZ06]. Essentially,
their Theorems 2.6 and 2.9 give us Weyl’s spectral theorem with L = LS and o = p°.

Now as we have Weyl’s theorem for the Schrodinger case, we can see that it also holds for L¢:

We write U® for "Weyl’s unitary operator’ from L?(dx) to L?(p) corresponding to L°. Then
we see that U := U’V is the corresponding unitary operator from L2(m) to L?(o). Note that

Yy = V—1¢§ , because it fulfils the old boundary conditions and

LYV R) = VLSS = VIR = AV iyg.
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Hence,
Uf(\) = USVF()) = / V() (2)de = / V F(@)6s (@)(V 1) 2m () da
— / F @)V =18 (x)m(dz) = / F(@)ba()m(dz)

and
UFLYHYU! = USV LYV -HUS) L

To show that F(LY)f = U (F - U(f)), we use the spectral resolutions Eyp)()\) of L% and LS.
By Theorems 8.8 and 8.14 of [Wei00] we know that

ELd ()\) - Ev—lLSV()\) — VﬁlELS ()\)V

for each X since L? and L® are unitary equivalent in the same manner. Thus,

(FL)F,g) 2y = / F\dr(Ey 15y (V). 9) 12
- / FOdA(V " Eys (V1. 9) 12

_ / F(\)dr(Ers(\V £, Vg) L2(a0)

= (F(LS)V £,V g) 12(an)
= (V'F@A)V £, 9) 12(m)

for each g € L?(m) and f € D(F(L)). Hence, F(L?) = V"1F(L%)V and we see that
(UF(LHU)(A) = (USVELHVHU) L f)(A) = (UIF(L) (U H)(A) = F)-F (V)

using the results for L.

A.2.3. On the infimum of the spectrum

The main in this section will be theorem A.2.6 which gives an alternative describtion of A =
inf X(—L"%). But at first we need to introduce a few more objects. Along the way we will see
yet another way of introducing the ’spectral measure’ ¢ from theorem A.2.2.

We mainly follow chapter 9 of [CL55]. Accordingly let us have a look at the following problem

—LF) = Ay
W (0) = 204(0) (A2.1)
P(b) =0

with b > 0. Under assumption A 1 this problem submits eigenvalues A\ and a corresponding
complete set of eigenvectors ¢y in L%(]0,b),m). (Note that the symmetrizing measure for L
under (A.2.1) is nothing else but mljg). For the sake of readability we again write m as well
as L™% without giving special emphasis to the second boundary condition at b.) In the case of
(A.2.1) there is o-finite measure p, analogous to ¢ from theorem A.2.2. p, is a point measure
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with some weights 7% at Al. If we set

U F(A) := (£, 90 L2([0.6).m)»

we have the relation

2 2

2
= [©*1].

b
/0 F (@) (z)mi(dz)

b
n

11220y = >
n=0

Clearly, U® : L2(]0,b), m) — L?(pp) is unitary. (It is the analogue to U from theorem A.2.2.)
Now the ’distribution functions’ of pp tend to some non-decreasing F' as b — oo. If we denote
the corresponding measure by ’p’, we can express the following lemma

lemma A.2.3. Suppose a and r fulfil A 1 and A 2. Let o be the measure given by theorem
A.2.2. Then we have

p =0

proof. Theorem 9.3.1 and Theorem 9.3.2 of [CL55] extend to the present case. In particular the
unitary mapping U from Weyl’s spectral theorem is also a unitary mapping from L?(dm) to
L?(p). Since the same mapping rule U is unitary from L?(dm) to L?(o) as well as to L%(p), we
conclude that o = p:

Since U is norm-preserving we have

/dp:/dg
A A

for all A such that A is integrable. In particular, this is true for A = () or if A is any closed
subinterval in (0, 00). Thus, we can use Theorem 10.3 from [Bil79] to get o = p. |

lemma A.2.4. Suppose a € C(0,00) is locally integrable at zero, k € L'([0,00)) and a > 0.
Then

1 " /
——y —ay +Ky=A
o Tay TRy =AY (A.2.2)

y'(0) = 2ay(0).

has a non-trivial solution y(z) = y(x,\) on [0,00) which is unique up to a multiplicative

constant. Furthermore, (z,\) — y(z, A) is uniformly continuous on [0, M] x K for any compact
K and any M > 0.

It should be mentioned that the lemma and the following results also hold under ’y(0) = 0’
instead of 'y'(0) = 2ay(0)’.

proof of lemma A.2.4. We use 2.2.1, 2.3.1 and 2.4.1 of [Zet05]. We put this into the following
form:

Take M > 0 and let p and ¢ be functions on a (0,00) such that % and ¢ are integrable on
[0, M]. Let p be differentiable on (0, 00). Then
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—(py) +qy=0
y'(0) = 2ay(0)

has a non-trivial solution y(z) = y(z,q) on (0,00) which is unique up to a multiplicative

(A.2.3)

constant. This solution has a continuous extension to 0. Furthermore, for each € there is a §
such that

M
/0 q1(2) — @2(2)|dz < § = |y(z,q1) — y(z,q2)| <€ (A.2.4)

for all x € [0, M]. (The g; have to fulfil the above assumptions.)

For the proof of the lemma we choose p(z) = 2Jo 4" and ¢(z) = —2(A—k(z))p(z). Dividing
the differential equation in (A.2.3) by 2-p(z), we see that y is also the unique solution to

1 7 / _
—5Y —ay + Ry =Xy

2
y'(0) = 2ay(0).

Now y depends on z and A. Since p is continuous on [0, M] we have max,<p p(z) < 0.
Therefore,

M M
A — o < )$A m@—mmm:A 220p(2) — 20ap(2)| dz < 0.

2M- max,<nr p(z

Together with (A.2.4) and the continuity of z — y(x, \) we conclude:

(z,A) — y(x, A) is uniformly continuous on [0, M] x K for any compact K and any M > 0. H

lemma A.2.5. Suppose a € C(0,00) is locally integrable at zero and x € L'((0,b)) o > 0. Let
b > 0 and take the Sturm-Liouville problem

Ay

1
—§y” —ay +k(x)y

Il
o

y'(0)
y(b)
which is similar to (A.2.2) but we ’truncate at b’.

Then we have the following:
(a) There are infinitely but countably many eigenvalues A of (A.2.5).

(b) All eigenvalues are real and simple.

(c) The set of eigenvalues is bounded below and if we order it such that A\og < A1 < Ag < ... then

lim A, = oc.
n—oo

(d) If 1y, is the eigenfunction to N\, then 1, has exactly n zeros in (0,b)
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proof. Essentially, this is Theorem 4.6.2 from [Zet05]. Although in [Zet05] it is formulated in
Sturm-Liouville form as in (A.2.3). So we have to take p(z) = /o ¥ and ¢(z) = —2(\ —

k(z))p(x) and divide by 2-p(x) to arrive at the form (A.2.5) (just as we did in the proof of lemma
A.2.4). [ |

The following result is a slight generalization of Lemma 2.2 from [SE07]. (In the case a € C!
it was proven first in [Man61].)

theorem A.2.6. Let A 1 be fulfilled. Then the set of A such that 1) does not change sign is
(—o0, Al. In particular, we have

1
A =max{\; 3¢ # 0 not changing sign s.t. — 51//’ —av)' + kY = M) under (0.16)}.  (A.2.6)

proof. We can mimic the proof of Lemma 2.2 in [SE07]. To do so we make a few remarks giving
the necessary ingredients:

o Instead of Theorem 8.2.1 of [CL55] use lemma A.2.5.
e Instead of Theorem 1.7.5 of [CL55] use lemma A.2.4.
e ), is the smallest point of increase of p.

e [CL55] directly use some part of the proof by Mandl depending only on the fact that we
are in the limit point case at infinity. This is used to get that A is a maximum and not
only a supremum in (A.2.6). Note that we are indeed in the limit point case at oo due to
a result from [KS12]. But this part of the proof can also be seen by a different method as
explained in remark A.2.4.

e Lemma A.2.3 shows that the ’spectral measure’ p is nothing else but the measure ¢ from
theorem A.2.2.

e )\, = A by Weyl’s spectral theorem.

|
remark A.2.4. That we always have 'A = max...” in (A.2.6) can be seen as follows:
Let
A =sup{\; 3¢ > 0 solving — 11/)” —a?y)' + k1 = M\ under (0) = and ¢'(0) = 2a }
N ’ 2 1+ 1+«

be true. Due to Theorem 2.4.1. of [Zet05] we have that (x,\) — 1¥(z) is uniformly continuous
on compacta. This implies ¢ > 0. Together with 1(0) = H% > 0 if @ < oo and ¢'(0) > 0
otherwise. In either case there must be some ¢ > 0 with ¢(x) # 0 for all € (0,¢). Finally, we

use an elliptic Harnack inequality to obtain

sup P(z) < C inf ()

- 1
ze[%,n] z€[n]

for arbitrarily large n. (See Corollary 8.21 in [GT01]. Actually, Corollary 8.21 only needs a and
Kk to be measurable and locally bounded.)
Finally we see that ¢(x) # 0 for all z > 0. ]
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A.2.4. On the essential spectrum of the generators

The next result states that the least upper bound of the essential spectrum is independent from
the location of the boundary point. For this take z > 0 and a: Ry — R. We will write "Ly(a)’
for the L?(dm)-generator of Y on E = [z,00) with drift @ under instant killing at z.

theorem A.2.7. Leta € L} [0,00). Then

loc

sup ess (Lx (0,)) = sup Yess (Ly (a))
for all x,y > 0.

To prove this, we will need a few lemmata. But at first we introduce the following number:
L
I(L) := lim sup L, o)

v (0, 0)
supp()C[y,00)

It will turn out that I(L,(a)) is an equivalent formulation of sup X.ss(L.(a)). Note that
l(L;(a)) is independent from the choice of x.

lemma A.2.8. We have that [(Lz(a)) > sup Xess(Lz(a)).

proof. The proof is analogous to the one of Lemma 2.1 in [Per60]. Of course, now the quadratic
form corresponding to L, (a) is

Qf.9) = [ £'gam
(and not [ f'¢’dz + [V fgdz as in the case of a Schrodinger operator). [ |
lemma A.2.9. Let A\ € Xcs5(Lg(a)). Then there is an orthonormal sequence (ug), such that
(a) (La(a)ug, uk) — A
(b) |lukllp2(p gmy — O for every bounded B C [z, 00).

proof. We use the first part of the proof of Lemma 2.2. in [Per60]. For readability we simply
write 'L’ instead of L (a).
There is an orthonormal sequence (uy)r C D(L) such that

o uy — 0 weakly.
° HLuk — )\ukHLz(dm) — 0.

(See Nr.133 in [RS73].)
Thus, for abritrary € > 0 we have

2
€ > || Lug — Aug|| > |(Lug, ug) — Mug, ug)| > (Lug, ug) — A > HU;CH - A

provided k is large enough. This already proves point (a). Further, we deduce that there is a
constant M > 0 such that

HUZJHLQ(B,dm) + vkl L2(Bam) < M

for all k. Note that a has a nice integrability property such that
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Il 2 B,amy ~ Il 2B az) - (A.2.7)

Hence, (ug)x is bounded in the Sobolev space W12(B). W.lo.g. we can assume that B is
open. Now we use Sobolev’s embedding theorem from [Alt06] to see that there is a convergent
subsequence in W%2(B) = L?(B). By (A.2.7) this subsequence also converges in L?(B,dm) and
the limit is zero since uy, — 0 weakly also in L?(B,dm). Assume that (ug); does not converge
to zero in L?(B,dm). Then there is an € > 0 and a subsequence (vy,), such that

HU"”LQ(B,dm) > € for all n. (A28)

But the same argumentation we did before also applies to (vy),. Hence, there must be a
subsequence (vy,); such that

}g{;o [vn, HL?(B,dm) =0
which obviously contradicts (A.2.8). This proves point (b). [ |

lemma A.2.10. We have I(Lz(a)) < sup Xess(Lg(a)).

proof. This is analogous to the proof of Theorem 1 of [Gar83]. Everything also works in the
case of Q(f) = [(f')*dm. Nevertheless, we feel the need to make two remarks:

e One has to use lemma A.2.9 two times.

e To clarify that a certain formula on functions from C? also holds for elements of D (L (a)),
you may use Lemma 1.1 of Persson ( which turns out to be true also in the case of

Q(f,9) = [ f'g'dm).
u

proof of theorem A.2.7. First observe that, for supp(¢) N [0, z] = (), we have

<L0(a>907 90> _ fooo QOl(y)2 62 foy a(z)dz dy
(p,0) fo‘x’ o(y)?e? JY a(2)d= dy

_ e ) o R ay

fmoo S0(y>2€2 foya(z)dz dy

I p(y)? e Je 2= gy
_ (La(@)9, ) L2 ((w,00) dm) |
(907 @)LQ([x,oo),dm)

Thus, by lemmata A.2.8 and A.2.10, we get

Lo, o).dim
sup Xess(Lo) = 1Lm sup (Lo <P>L2([0, ),dm)
Y770 supp pCly,00) <<'0’<'0>L2([0,00),dm)

it <Lw§07 §0>L2([x,oo),dm)
= lim sup

Y= supppCly,o0) (P P)L2(w,00),dm)
= sup Xess(Lz).
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remark A.2.5. We take a look on the special case of @ € C'[0, c0). Of course, we have the result
stated in theorem A.2.7. But now we can obtain it with less effort:
Following Theorem 1 of [Gar83] we want the existence of a constant k& and some ¢ € C[0, o)

such that
a®+d

17y + (3 F P = [ @) |7 do = kL7,

loosely speaking, for any f € L?([0,00),dx) with f(0) = 0 and where this expression makes
sense. For instance we could suppose that a is bounded from below. Now Theorem 1 in [Gar83]
tells us that the self-adjoint extension of

1 d? a’+ad

S.=-4¢ _¢re
2 dx? 2

from C} in L2(dz) has the property that I(L°) = sup Xess(LS). On the other hand a € C!
implies that L is unitary equivalent to the Schrodinger operator

1
LS = /mL——.
m v m

Hence, the result of theorem A.2.7 follows immediately. (On the unitary correspondence see

[Pin09).) "

A.3. On the existence of the penalisation measure

Here we give a proof of proposition 2.1 (b).
At first take the family of measures

Tty (B) 1= Ss(pr7, ]y, (B)),

with t1,...,t, < s,k € N and B C R* measurable. By pry, . ¢, We mean a projection operator
R > f s (f(t1),..., f(tx)) where {t1,...,t;} should be a subset of I, of course.
Using equation (2.2) we can show that this family is

e well defined; i.e. independent of s.
e consistent.

Now we use Kolmogorov’s extension theorem to obtain the existence of S on (RI%%), g, (R[0:>0)))
such that the marginal distributions of each S, coincide with those of S| _s (Rl0.0)y- But we

want to have S on C[0,00). For this purpose define:

Qo:={f¢€ R[0:20) i f ‘Q+ is uniformly continuous on each compact set}.

1. First we show that S(Q) = 1:
Observe that

Qp = {f € R Vi Tk Vr,s € QA [0,n] : |r— s <%—> F(r) — £(s)] < %}
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is a decreasing sequence of measurable sets. Therefore, we have in particular

S(Q) = lim S(,). (A.3.1)

n—o0

We define
Qg ={fe RO . fig uniformly continuous}.

on QN 0,n] as well as
prg,(f) = (QN[0,n] 55— f(s)).
Using these definitions we deduce

pro., () = QL.

We plug this into (A.3.1) to see that

- e &l 1 100

S(Q) = nh_)n(;lo S(pern (7). (A.3.2)
Next we choose subsets Ay = {aq,...,ar} of QN [0,n] such that

AkTQm [Oan]

Let pr be the corresponding projections; i.e.

pe(f) = (f(ar), .., flar))

for every f € RO Hence,
vy 'pr(F) L F

for all £ C R0 and in particular for F' = Q2. Thus, we obtain

S(prgn () = Jim S(prgy (b p(23)))
= lim S(pr,;" ., (Pe(2)))

k—o00

= Jim S (pra,).a, (P())):
where we have used pxpgn = Prg, . 4, Further, the same argument gives
S(prgh, (7)) = lim Sy (prg,, (i 'pe(25)))
= Su(prg;, (%))
= Sn (2, N C0,00))

- Sn(C[O, OO))
=1.

And indeed, by (A.3.2) we arrive at S(Q) = 1.

141



2. By the preceding result we could restrict S to . But for f € Q there is a unique continuous
extension, call it X(f). (Set X(f) = 0 or anything else continuous if f ¢ y.) Similar
calculations as before give that X (f) is a continuous modification of X;(w) = w(t) under .
Hence, the image measure S ¢ is a probability measure on C[0, 00). If we finally set S := S %
then the marginals of S| 7, (on QN0, s] dense in [0, s]) are just the same as the marginals of

Ss. But we have continuous paths. This immidiately gives S‘ 7. =S, for all s > 0.
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Kurzdarstellung

Es wird das Langzeitverhalten von Diffusionen (Y;):>¢ auf [0, 00) unter ’killing’ (Sterben) zu
einer zufélligen Zeit 7 untersucht. Dieses killing kann sowohl am Randpunkt als auch im Inneren
(0, 00) geschehen. Y ist eine Losung einer stochatischen Differentialgleichung dY; = dX;+a(Y;)dt
getrieben von einer Brownschen Bewegung X. Wir setzen fast immer a € C voraus und auch,
dass 0 regulér ist und oo natiirlich. Schlieflich bedingen wir Y auf Uberleben bis zum Zeitpunkt
t und lassen t gegen Unendlich streben. Wir untersuchen das daraus resultierende asymptotische
Verhalten auf verschiedene Art und Weise.

In Kapitel 1 interessiert uns das Grenzwertverhalten von P(Y; € e| 7 > t). Wenn der Limes
existiert und ein Wahrscheinlichkeitsmaf ist, so nennt man diesen auch ’quasi-limiting distri-
bution’ (Quasi-Grenzwertverteilung). Wir erweitern ein Resultat aus [KS12] auf den Fall, dass
auch im Inneren gestorben werden kann, welches besagt, dass entweder eine quasi-limiting distri-
bution existiert oder der Grenzwert dem Zustandsraum [0, co) das Mafl Null zuteilt. Es werden
auch Existenzresultate gezeigt, in denen man a mit einem zu einer anderen Diffusion gehorigen
Driftkoeffizienten b vergleicht von der die Existenz einer quasi-limiting distribution bekannt ist.

In Kapitel 2 konzentrieren wir uns auf limy_,., P(Fs| 7 > t), wobei Fy messbar ist bzgl. der
o-Algebra erzeugt von (Y;),<s fiir s > 0. Das Ergebnis ist das Ma8 von (Y;),<s bedingt auf Uber-
leben; in der Literatur auch als ’Q-process’ bezeichnet. Desweiteren fassen wir den Q-process als
Spezialfall sogenannter 'penalisation limits’ auf. Ob nun eine quasi-limiting distribution existiert
oder nicht, hat keinen allzu groflen Effekt auf den Q-process. Dies ist an den Theoremen 2.11,
2.13 and 2.14 ersichtlich, an denen man auch erkennt, dass die allgemeine Form immer dieselbe
ist.

In Kapitel 3 untersuchen wir das asymptotische Verhalten von IP’(YS(t) € o| 7 > t), wobei
t — s(t) eine Funktion ist mit ¢ — s(¢t) > € fir ein € > 0 und s(t) — oo. Wir zeigen, dass das
Verhalten qualitativ dasselbe ist wie das asymptotische Verhalten von P(Y; € o | 7 > t) im Fall,
dass t — s(t) beschrénkt ist. Weiterhin betrachten wir fiir ¢ — s(t) — oo zwei Fille. Einerseits
beobachten wir, dass lim; .4 IF’(YS(,:) € o| 7 > t) die stationére Verteilung des Q-process ist,
andererseits zeigen wir, dass dieser Grenzwert unter gewissen Vorraussetzungen wieder Null
wird. Die Ergebnisse lassen vermuten, dass diese Falle auch allgemeiner durch die Existenz
bzw. Nichtexistenz jener stationaren Verteilung entstehen.



Abstract

We investigate the long-term behaviour of diffusions (Y;)i>0 on [0,00) under killing at some
random time 7. Killing can occur at 0 as well as in the interior (0,00) of the state space. Y
follows a stochastic differential equation dY; = dX; + a(Y;)dt driven by a Brownian motion X.
The diffusions we are working with will almost surely be killed. In large parts of this thesis
we only assume that @ € C. Further, we suppose that 0 is regular and that oo is natural. We
condition Y on survival up to time ¢ and let ¢ tend to infinity looking for a limiting behaviour.
We investigate the asymptotic behaviour in the following ways.

In chapter 1 we look for the limit of P(Y; € e| 7 > t). If this limit is a probability measure
on [0, 00) it is called quasi-limiting distribution. We extend a result from [KS12] to the case of
non-trivial internal killing which says that either we have a quasi-limiting distribution or all the
mass escapes to infinity. We also show that the existence of a quasi-limiting distribution may
follow by comparing the drift coefficient a with a drift coefficient b corresponding to a diffusion
which already admits a quasi-limiting distribution.

In chapter 2 the focus is on lim;_, P(Fs| 7 > t). Here Fy is measurable with respect to
the o-field generated by (Y;),<s for some fixed s > 0. The result is the measure of the process
(Y;)r<s conditioned on survival, which is sometimes referred to as Q-process. It is also a special
case of a so-called penalisation limit. Whether a quasi-limiting distribution exists or not has
only a minor effect on the Q-process. We prove appropriate results in theorems 2.11, 2.13 and
2.14 and see that the general form of the Q-process is the same in both cases.

In chapter 3 we investigate the limiting behaviour of P(Y;) € o| 7 > t). Here t — s(t) is a
function with ¢t —s(t) > € for some € > 0 and s(t) — oco. We prove that the qualitative behaviour
is the same as the quasi-limiting behaviour if s(¢) is 'near’ t. Furthermore, we demonstrate that
limg o0 ]P’(Ys(t) € o| 7 > t) is either the stationary distribution of the penalisation limit or zero
if t — s(t) — oo. Apparently, this is caused by the existence respectively the absence of this
stationary distribution.



