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Abstract

This thesis deals with risk measures based on utility functions and time consistency of
dynamic risk measures. It is therefore aimed at readers interested in both, the theory of
static and dynamic financial risk measures in the sense of Artzner, Delbaen, Eber and
Heath [7], [8] and the theory of preferences in the tradition of von Neumann and Morgen-
stern [134].

A main contribution of this thesis is the introduction of optimal expected utility (OEU)
risk measures as a new class of utility-based risk measures. We introduce OEU, investigate
its main properties, and its applicability to risk measurement and put it in perspective to
alternative risk measures and notions of certainty equivalents. To the best of our knowledge,
OEU is the only existing utility-based risk measure that is (non-trivial and) coherent if
the utility function u has constant relative risk aversion. We present several different risk
measures that can be derived with special choices of u and illustrate that OEU reacts in
a more sensitive way to slight changes of the probability of a financial loss than value at
risk (V@QR) and average value at risk.

Further, we propose implied risk aversion as a coherent rating methodology for retail
structured products (RSPs). Implied risk aversion is based on optimal expected utility
risk measures and, in contrast to standard V@QR-based ratings, takes into account both
the upside potential and the downside risks of such products. In addition, implied risk
aversion is easily interpreted in terms of an individual investor’s risk aversion: A product
is attractive (unattractive) for an investor if its implied risk aversion is higher (lower) than
his individual risk aversion. We illustrate this approach in a case study with more than
15,000 warrants on DAX® and find that implied risk aversion is able to identify favorable
products; in particular, implied risk aversion is not necessarily increasing with respect to
the strikes of call warrants.

Another main focus of this thesis is on consistency of dynamic risk measures. To this
end, we study risk measures on the space of distributions, discuss concavity on the level of
distributions and slightly generalize Weber’s [137] findings on the relation of time consistent
dynamic risk measures to static risk measures to the case of dynamic risk measures with
time-dependent parameters. Finally, this thesis investigates how recursively composed
dynamic risk measures in discrete time, which are time consistent by construction, can be
related to corresponding dynamic risk measures in continuous time. We present different
approaches to establish this link and outline the theoretical basis and the practical benefits
of this relation. The thesis concludes with a numerical implementation of this theory.

il



1ii



Zusammenfassung

Diese Arbeit beschéftigt sich mit nutzenbasierten Risikomafen und mit Zeitkonsistenz
dynamischer Risikomafe. Folglich richtet sie sich sowohl an Leser mit Interesse an der
Theorie statischer und dynamischer Risikomafse im Sinne von Artzner, Delbaen, Eber und
Heath [7], [8] und an der Nutzentheorie nach von Neumann und Morgenstern [134].

Ein wesentlicher Beitrag dieser Arbeit ist die Einfiihrung der optimalen Erwartungsnut-
zen-Risikomafe (OEU) als eine neue Klasse nutzenbasierter Risikomake. Wir fithren OEU
ein, ermitteln ihre wichtigsten Figenschaften und ihre Eignung fiir die Risikobewertung
und vergleichen sie mit anderen Risikomaflen und Sicherheitsiquivalenten. Nach unserer
Kenntnis sind OEU die einzig existierenden nutzenbasierten Risikomafse fiir Nutzenfunk-
tionen u mit konstanter relativer Risikoaversion, die (nicht trivial und) koherént sind. Wir
préasentieren verschiedene Risikomaifse, die sich fiir eine geeignete Wahl von u ergeben und
veranschaulichen, dass OEU sensibler auf geringfiigige Anderungen der Wahrscheinlichkeit
fiir finanziellen Verlust reagieren als Value at Risk (V@R) und Average Value at Risk.

Aufserdem schlagen wir das Konzept der implizierten Risikoaversion als eine koherénte
Bewertungsmethode fiir Zertifikate vor. Die implizierte Risikoaversion basiert auf OEU
und beriicksichtigt - im Gegensatz zu den VQR-basierten Bewertungen - sowohl die Er-
tragschancen als auch die Verlustrisiken dieser Produkte. Zudem lésst sich implizierte
Risikoaversion gut hinsichtlich der Risikoaversion eines Privatanlegers interpretieren: Ein
Produkt erscheint einem Anleger (un)attraktiv, wenn dessen implizierte Risikoaversion
(kleiner) grofer ist als seine personliche Risikoaversion. Wir veranschaulichen dies mit einer
Fallstudie von mehr als 15,000 DAX®-Optionsscheinen und zeigen auf, dass implizierte
Risikoaversion vorteilhafte Produkte bestimmen kann. Insbesondere steigt die implizierte
Risikoaversion nicht generell in Bezug auf den Ausiibungspreis von Call-Optionsscheinen.

Ein weiterer Schwerpunkt der Arbeit liegt auf der Konsistenz von dynamischen Risiko-
maflen. Hierzu untersuchen wir Risikomafe auf dem Raum der Wahrscheinlichkeitsvertei-
lungen, erértern Konkavitat hinsichtlich Verteilungen und verallgemeinern die Erkenntnisse
von Weber [137] tiber den Zusammenhang von zeitkonsistenten dynamischen Risikomafen
und statischen Risikomafsen geringfiigig fiir den Fall von dynamischen Risikomafen mit
zeitabhéngigen Parametern. Abschliefend untersuchen wir, wie rekursiv zusammenge-
setzte dynamische Risikomafke in digskreter Zeit, die per Konstruktion zeitkonsistent sind,
mit entsprechenden dynamischen Risikomafsen in stetiger Zeit in Verbindung gebracht wer-
den kénnen. Wir stellen verschiedene Ansétze vor, wie eine solche Verbindung hergestellt
werden kann, und stellen das theoretische Fundament und den praktischen Nutzen dieses
Zusammenhangs dar. Die Arbeit endet mit einer numerischen Umsetzung dieser Theorie.
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Preliminaries

Notation

Throughout this thesis we make use of the following notations:

(iv)
(v)

We say that a property holds strictly if it is valid without exception. For example, a
real number x is positive if x > 0 and strictly positive if x > 0.

Properties involving random variables on a probability space (2,F,P) are always to
be understood in a P-almost sure (a.s.) sense without explicitly saying so. Saying
that a random variable X is, e.g., positive means that X >0 P-a.s.

14 denotes the indicator function of A, i.e.,

1, zeA,

Lae) = {0 r¢A

We set R, := (0,00).

We denote the minimum of two real numbers by x A y := min{x,y}.

For the sake of readability, the masculine form is used throughout this thesis. Wherever
appropriate, use of the feminine form is, of course, implicit.

xiil



CHAPTER 1

Introduction

Financial mathematics aims at modeling the financial market and financial products in
order to make theoretical calculations possible. This allows, among other things, assessing
financial risks and finding optimal investment under a given theoretical framework. In this
thesis we address questions assigned to utility-based approaches to calculating financial
risks and to risk measurement in a dynamic time setting.

Measuring financial risks

Financial risk management includes a large number of different types of risks which can
be classified in the following categories:

Market risk: Risk that the value of an investment will decrease due to unexpected
changes in underlying components such as prices or rates, or risk of changing volatility
of market prices

Credit risk: Risk of a debtor of not receiving required repayments on outstanding
loans or bonds due to a default of the borrower, or risk of losing market value due to
changes in the credit quality of counterparties

Interest rate risk: Risk for bond owners from fluctuating interest rates depending on
the sensitivity of the respective bond(s) to interest rate changes

Liquidity risk: Risk of an unexpected rise in the costs of adjusting investments
(widened bid-ask spreads), or risk of losing access to refinancing at moments of
financial distress

Model risk: Risk of using a misspecified model for evaluating risk

Other types of risk such as operational risk, systemic risk or legal risk.



CHAPTER 1. INTRODUCTION

In order to identify financial risks, that is associating to each element of a set of identi-
fied risky elements a real number, we must first agree on a theoretical framework for the
nature and form of appearance of risk. In most parts of this thesis we consider random
variables to reflect financial risks, but, under a suitable condition of law-invariance, we
also represent risk by probability distributions. Either way, summarizing (risk-)relevant
information about a financial position in a single number is a key task for investors, reg-
ulators and financial institutions and a necessary prerequisite to take financial decisions
under uncertainty; see Delbaen [45].

The essential idea of risk measures is to quantify risk as a capital requirement. More
precisely, risk measures have been developed to determine minimum capital reserves that
have to be deposited by financial institutions in order to ensure their financial stability.
This is clearly a very delicate matter and has to be done as accurately as possible. Incor-
rect measurements of rigk can either lead to opportunity costs if a financial institution puts
aside too much safety capital or to threat scenarios if too little safety capital is deposited
for potential risks arising. Therefore the theory of financial risk measures is of particular
interest to both, financial regulatory authorities that try to maintain the stability of the fi-
nancial system, and to financial institutions that are interested in having a well functioning
risk controlling system.

In the seminal work of Markowitz [104], the variance of a random variable was proposed
as a measure of its risk. Other approaches to evaluate financial risks include the concepts
of expected losses, certainty equivalents, deviation measures, see Rockafellar, Uryasev and
Zabarankin [119], and quantile-based measures, see Dowd and Blake [53]. In this thesis,
however, we exclusively focus on the axiomatic analysis of risk through risk measures as
initiated by Artzner, Delbaen, Eber and Heath [7], [g].

Risk measures on the space of random variables

The most common assumption on risk measures in the literature is to model financial
positions as random variables X which have an uncertain outcome. In the fundamental
papers of Artzner, Delbaen, Eber and Heath [7], [§], which initiated an axiomatic analysis
of risk assessment, some desirable properties of risk measures were formulated: A riskier
position requires more reserve capital; a cash reserve reduces the capital required by its
present value; a merger does not imply extra risk; and position size does not influence risk.

The evaluation of the riskiness of a financial position from today’s point of view for
a fixed time horizon is called static risk measurement. Think of, for example, measuring
the risk of a stock position in 10 days. In the light of the usually long-term business en-
vironments where such risk measures are often applied, this methodology raises questions:
How can we consider future incoming information on the market environment and if we
update risks, how are risks measured at different points in time interrelated? Dealing
with available future information on considered financial positions and the consideration
of meaningful interconnections between risks measured in different time periods eventually
opens up the theory of dynamic risk measurement.

In Chapter [2] we give an overview of the theory of risk measures on the space of ran-
dom variables in a static and a dynamic framework and review standard examples of risk
measures including value at risk, average value at risk and the entropic risk measure.



A common view on risk measures is that they represent the minimal cash amount
that has to be added to X to make it acceptable. Hence, the economic interpretation
of acceptability plays a crucial role in this context. Due to the fact that often financial
products bear a higher risk the larger the potential gains of the product, the definition
of acceptable financial positions can be the result of complex and controversial discussion.
Therefore we decided to consider economic preference theory and eventually come up with
a new class of risk measures that can include an investor’s risk attitude.

Risk measures based on utility functions

The economic theory of preferences comprises the concept of utility functions w which
formalize the attitude towards risk of an exemplary investor in the financial market. For
instance, an investor is risk averse in the sense that he dislikes all zero-mean risk at all
levels of wealth if and only if his utility function is concave; see, among others, Gollier [81]
Proposition 6]. Risk aversion can then be quantified by the certainty equivalent, defined
as Cu[X]:=u™! (E[u(X)]), which can be understood as the sure amount that makes an
investor indifferent between investing in X and receiving C,[X].

Risk measures based on utility functions combine the theory of risk measures and
classical topics of economic preference theory. For example, Follmer and Schied [69]
Example 4.13] and Miiller [I08] consider the negative of a classical certainty equivalent,
—u™t (E[u(X)]), as a risk measure. Other constructions of risk measures based on utility
functions have been introduced by Ben-Tal and Teboulle [I§], [19], Féllmer and Schied [67]
and Krokhmal [97], among others. We give a more detailed introduction into this subject
in Chapter

In Chapter [4] we introduce, investigate and exemplify the new class of optimal expected
utility (OEU) risk measures that are generated by utility functions via an associated op-
timal investment problem. A significant advantage of OEU over other utility-based risk
measures is that it allows for most commonly used specifications of utility functions (in
particular, power, logarithmic and exponential utilities), and that it is (non-trivial and)
coherent if the utility function u has constant relative risk aversion

Evaluating risk and return of retail structured products

As mentioned before, risk measures are also well suited for evaluating future payoffs of
financial products which make them of interest in the context of classifying retail structured
products (RSPs) and thereby backing up investment decisions in these products. Since
RSPs can lead to significant losses on the one hand, while alluring with potential gains
on the other hand, we conclude that risk measures which enable practitioners to take into
consideration the whole payoff structure of financial positions, are of particular significance
for the aforementioned purpose.

Chapter p|includes a practical proposal of an alternative rating system for RSPs based
on their respective implied risk aversion. Briefly, the implied risk aversion of a finan-
cial payoff X is the parameter ~o(X) such that an investor with risk aversion ~o(X) is
indifferent between the financial position X and a zero investment.



CHAPTER 1. INTRODUCTION

Risk measures on the space of probability distributions

In Chapter [6] we deal with law-invariant risk measures which only depend on the distribu-
tion of financial positions under the given probability measure. These risk measures can
also be interpreted as functionals on the space of distributions which are usually referred
to as lotteries in decision theory. On the basis of Weber and Schmidt [138] and Acciaio
and Svindland [2], we discuss certain properties of risk measures on the space of distribu-
tions. Hereby, the relation of the risk evaluation of mizture distributions, which are convex
combinations of distributions, to the risks of the consisting distributions is of particular
interest. We also consider an extreme event scenario in order to compare between value at
risk, average value at risk and optimal expected utility risk measures with respect to their
sensitivity to potentially large losses.

Weber [137] established a relation between attributes of static risk measures on the
space of distributions and consistency properties of corresponding dynamic risk measures
on the space of random variables. In view of Weber’s findings, we study consistency
properties of dynamic risk measures with time-dependent parameters.

Dynamic risk measures in a discrete and a continuous time
setting

For the sake of controlling the riskiness of a financial position X at different times or even
at all times between today and a given maturity time 7', we need dynamic risk measures.
The central idea of dynamic risk measures is to evaluate the riskiness of X at T from the
standpoint of information which is available at time ¢ <T'. The natural starting point for
a dynamic risk evaluation is t = T where the payoff of X is “known” in the sense that it is,
for example, the result of a simulation. Then, we can recursively move backwards in time
and measure the risk of X at increasingly early points in time. Thereby we not only get
the initial (¢ = 0) risk of X, but we also receive intermediate results which may serve as an
indication of the amount of necessary capital reserves at future times ¢ € [0,7']. Following
this idea, one can construct time consistent risk measures in discrete time by recursively
composing one-period risk measures. In a continuous time setting, however, almost any
coherent /convex dynamic risk measure comes from a conditional g-expectation which is the
solution of a backward stochastic differential equation; see Rosazza Gianin [12]], among
others.

In Chapter [7| we present examples of composed time consistent dynamic risk measures
in discrete time and show the necessity and a possible way of rescaling the one-period risk
measures. For composed (scaled) versions of popular risk measures such as value at risk,
average value at risk and the entropic risk measure, we work out drivers of corresponding
BSDEs and compare the resulting dynamic risk measures in continuous time to the related
composed discrete-time dynamic risk measures when the size of the discrete time grid goes
to zero. Our results allow for a nice interpretation of dynamic risk measures as, on the one
hand we understand the behavior of discrete-time compositions in any fixed time interval,
and on the other hand [I21] provides a nice interpretation of the functionals g which are
crucial for the construction of the continuous-time dynamic risk measures.



CHAPTER 2

Risk measures on the space of random variables

Risk measures have been developed in order to determine minimum capital reserves that
have to be deposited by financial institutions to ensure their financial stability. Other
applications of risk measures include the evaluation of future losses, the acceptability of
risk exposures as well as pricing. The landmark articles of Artzner, Delbaen, Eber and
Heath [7, [§] initiated a rigorous, axiomatic analysis of risk assessments, and also intro-
duced the notion of coherent risk measures. Subsequently and independently of each other,
Follmer and Schied [67], Fritelli and Rosazza Gianin [74], Heath [83] and Heath and Ku [84]
replaced the subadditivity and positive homogeneity properties by a convexity condition
and thus established the more general concept of convex risk measures. Since then, convex
and coherent risk measures have been intensively studied and extended in various direc-
tions; see, for example, Acerbi and Tasche [4], Delbaen [44], Detlefsen and Scandolo [46],
Rockafellar and Uryasev [117, 118], and the references therein. For an overview of the
theory of coherent and convex risk measures, we refer to Delbaen [43] and Féllmer and
Schied [69, Chapter 4].

This chapter includes preliminaries and known results on risk measures on the space of
random variables that are necessary for our further work: In Section we introduce the
theoretical setup and some notations. Section provides main definitions and results of
static risk measures which is then extended to conditional risk measures in Section and
finally to dynamic risk measures in Section [2.4] Section concludes with some results
on dynamic risk measures in a continuous time setting.

2.1 The setup and notations

We fix a filtration (F;)o<t<r, T > 0, on the probability space (2,F,P) such that Fy = {@,Q}
and Fr = F. A financial position is a random variable X : Q - R defined on (Q,F, P).
By a standard convention, see, e.g., [§], X (w) represents the position’s value, net of all
costs including those to set up the position, at the end of the investment period if the



CHAPTER 2. RISK MEASURES ON THE SPACE OF RANDOM VARIABLES

scenario w € 2 materializes. We take the space X := L*(,F,P) as the set of all terminal
values of financial positions and define the subspace L*°(F;) := L= (Q,F;,P) as the set of
all essentially bounded Fi-measurable random variables. In the following we briefly write

Xmin i=ess inf X

for the left support of X € X. Finally, we denote by 8 > 0 the risk-free discount factor
in the financial market; thus, if p denotes the market price of a default-free zero-coupon
bond and T is the relevant time horizon, then 8 = p(0,7"). Note that although § < 1 seems
a realistic assumption on the risk-free discount factor, we formally also allow for 5 > 1
corresponding to negative interest rates.

2.2 Static risk measures

At this point we recall some of the most important aspects and results of the theory of
static risk measures. We refer to [69, Chapter 4] for a widespread presentation of this
concept.

2.2.1 Basic definitions and main properties of static risk measures

The axiomatic approach to risk measures sets a number of desirable characteristics of risk
measures which form the basis for the following definition.

2.1 Definition. A map p: X — R is called a risk measure if it satisfies, for all X,Y € X,
(M) Monotonicity: p(X)>p(Y)if X <Y,

(CI) Cash invariance: p(X +m) = p(X) - Bm for all m e R,
(N) Normalization: p(0) = 0.

A risk measure p is called convez if it satisfies
(C) Convezity: p(AX +(1-A)Y) < Ap(X) + (1 -X)p(Y) for every A e [0,1].

A convex risk measure p is called coherent if it additionally satisfies

(PH) Positive homogeneity: p(AX) = Ap(X) for any A > 0.

If we adopt the traditional point of view that p(X) represents the capital required
to support a risky position X € X', then monotonicity, cash invariance and normalization
are intuitive and natural properties that codify the following properties: The downside
risk of the position Y is smaller than the risk of position X if the values of a position Y
are always better than those of a position X; a cash reserve reduces the capital required
by its present value; and a zero position is riskless. In particular, cash-invariance implies
that p(X) is just the amount of money that can be added to the position X in order to
make it acceptable; see Chapter 5| where the concept of implied risk aversion is based on
this interpretation. Convexity implies that the risk measure supports diversification, and
coherence means that the position’s risk is proportional to its size. Under the assumption
of positive homogeneity, (C') is equivalent to
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(S) Subadditivity: p(X +Y) < p(X) + p(Y),

see Remark [A ] which means that the risk of two positions together cannot be worse than
adding the risks of the positions separately. This property can be seen as the mathematical
counterpart of the idea that diversification reduces risk (diversification principle). However,
there is a controversial debate about the economic sense of (PH), in which critics claim that
positively homogeneous risk measures do not penalize concentration of risk and associated
liquidity problems; see, among others, Danielsson, Jorgensen, Samorodnitsky, Sarma and
de Vries [41], Dhaene, Goovaerts and Kaas [48], Dhaene, Laeven, Vanduffel, Darkiewicz
and Goovaerts [49] and Kou, Peng and Heyde [95].

2.2 Remark. In our formulation of (CI), we follow Artzner, Delbaen, Eber and Heath [§]
and work with actual, rather than discounted, payoffs. In their notation,

p(X+(1+r)m)=p(X)-m for meR,

where 3 =1/(1+7) and r is the interest rate of a (risk-free) reference instrument. In much
of the relevant literature, one works with discounted payoffs; this relates to our definition
via

p(BX) = p(X)
and in that case (CI) reads

p(X +m)=p(X)-m formeR.

These two formulations are, of course, equivalent; if not otherwise indicated, in all that
follows, we use actual, un-discounted, payoffs and transfer existing definitions into that
notation without further mentioning.

The classes of all positions X € X which do (not) require additional risk capital are
defined as follows:

2.3 Definition. The acceptance set of a risk measure p includes all positions which are
acceptable in the sense that they have negative risk, i.e., they do not require additional
capital:

N, ={X eX|p(X)<0}.

The set of all positions with strictly positive risk
/\/pc:: {XeX|p(X)>0}.
is called the rejection set of p.

We now present examples of well-known risk measures which are calculated from a
quantile of potential losses of X.

2.4 Example. (a) The value at risk (V@R) at level X € (0,1) of a position X € X is
defined by
VAQRMX) =inf{m eR : P(m + X <0) < A}.

The probability that the loss of X exceeds VQR(X) is less than or equal to .
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The average value at risk (AVQR) at level X € (0,1] of a position X € X is defined as
1 A
AW@FQQ:XA;V@R%XMm

Average value at risk is, in simple terms, the expected value of the losses beyond the
V@R point. It is also called conditional value at risk or expected shortfall.

2.5 Remark. (a) VQR is positively homogeneous, see Remark but in general it is

(b)

()

not subadditive and can therefore discourage diversification; see Remark

AV QR is subadditive, see Acerbi, Nordio and Sirtori |3, Appendix|, and also satisfies
all other axioms of a coherent risk measure.

For continuously distributed X, AVQR(X) coincides with tail conditional expec-
tation,
TCEMNX):=E[-X : =X > VQR(X)];

see [69, Corollary 4.54]. By means of the definition of TCE, we can easily prove that
AV@R dominates V@QR: For any X € X,

AVQRNX) > TCENX)
=E[-X : -X > VQRN(X)]
> VARMNX).

Average value at risk is even the smallest law-invariant convex risk measure which is
continuous from above that dominates value at risk; see [69, Theorem 4.67].

However, despite their immense popularity, both, value at risk and average value
at risk, have drawn much criticism from academia and industry. V@R does not
generally support portfolio diversification which contrasts to the axiomatic properties
as formulated in Definition Moreover, value at risk does not take potential losses
beyond the chosen level A\ into risk assessment. Omne might, however, argue that
it is far more important to worry about the cases when losses exceed V@R. Thus
extreme loss scenarios might be overseen by VAR and we can think of portfolios
which have an identical V@R and hence appear equally risky to decision-makers, but
have considerably different loss scenarios. Also, as mentioned by Delbaen [45], when
used inside a financial institution, value at risk favors the practice “take the money
and run”: It encourages traders to take positions, where in, say 99% of the cases, the
trader gets a gain but there are extreme loss scenarios that may cause bankruptcy of
the institution which occurs with a probability of 1%, i.e., they are hidden beyond
the VAR level A (in case A > 1%). Average value at risk on the other hand includes
any possible losses beyond A, but, since the level is often chosen very low (5% or 1%),
it usually requires a high number of data to ensure an accurate calculation of AV@R.
This drawback is mentioned in Bellinni and Bignozzi [17] and in Danielsson [40],
among others. Since V@R must always be calculated to get AV@QR, we point out
that these risk measures may not be seen as alternative choice to each other but that
average value at risk may rather be understood as an extension to the concept of
value at risk.
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Another approach to assessing risk is including utility functions as done in the following
example:

2.6 Example. For X € X', we define the entropic risk measure as
ent 1
P (X) = 5 InE [exp(-78X)],

where v € R, is the risk aversion parameter.

The entropic risk measure is introduced in [67] and [74]; for further information on p*"*
we refer to Follmer and Knispel [65] and the references therein. We refer to Chapter [3| for
a more detailed introduction to utility-based risk measures.

2.2.2 Robust representation of static risk measures

By M1(P) := M1(Q2,F,P) we denote the set of all probability measures on (2,F) that are
absolutely continuous with respect to P. The following theorem characterizes convex risk
measures on X that can be represented by a penalty function concentrated on My (P); it
corresponds to [69, Theorem 4.33 and Corollary 4.37].

2.7 Theorem. Suppose p: L™ — R is a convez risk measure. Then the following conditions
are equivalent:

(i) p can be represented by some penalty function on My(P).

(i) p can be represented by the restriction of the minimal penalty function Vmin to My (P)

p(X) = Sup (EQ[_BX] _ﬁmin(Q))v XeL™. (21)
QeM 1 (P)

(iii) p is continuous from above: If X, ~ X then p(X,) 7 p(X).

(iv) p has the following Fatou property: for any bounded sequence (X,,) which converges
to some X,
p(X) < lin% inf p(X,,).
nloo

v is lower semi-continuous for the weak* topology o(L*,L').
P

vi) The acceptance set N oJ p 18 weak™ closed in L B 7;.6., N is closed with 7€8p€Ct to
P P
the tOpOlOgy O'(L ,Ll).

Moreover, under these conditions, p is coherent if and only if Umin takes only the values 0O

and oo. In this case, (2.1)) becomes

p(X)= sup Ep[-X], XeL=,
QeQn]aX

where QM := {Q e M1 (P) : Umin(Q) = 0}.
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In we can interpret the elements of M1 (P) as possible probabilistic models which
are taken more or less seriously depending on the outcome of ¥,in(Q); then one takes
the worst penalized expected loss over the class Mj(P). This interpretation is perfectly
suitable for illustrating model risk; see, for example, Féllmer and Schied [68, page 6].

2.8 Remark. The entropic risk measure as introduced in Example is continuous from
above and can therefore be represented as in (2.1)) by its minimal penalty function 9.
Due to standard duality results, 9°" is given by 9*"(Q) := %YH (Q| P), where

H(Q|P):= sup (Eg[-AX]-InE[exp(-4X)])

S
XeL>

is the relative entropy of Q < P; see, e.g., [69), Section 3.2, Section 4.9].

2.3 Conditional risk measures

The risk measures mentioned so far are one-period risk measures. However, in practice,
financial risks have a dynamic component in two respects: Firstly, in a multi-period frame-
work, there is uncertainty about the time value of money and cash-flows can occur such
that the financial position itself is dynamic. In this respect, stochastic processes are better
suited for modeling financial positions than random variables in a dynamic setting. Risk
measures on processes, however, are not considered in this thesis; we refer to the works
of Cheridito, Delbaen and Kupper [32], [33], [34], Cheridito and Kupper [35], Féllmer and
Penner [66], Fritelli and Scandolo [76] and Riedel [116] instead.

Due to a constant information flow (e.g., on the market) we want to work with risk
measures that are updated in a multi-period framework. In such a dynamic setting, a
conditional risk measure p; assigns to each terminal payoff X an F;-measurable random
variable p;(X) that quantifies the risk of the position X conditional on F;, the information
available (e.g., to investors or financial institutions) at time ¢. In this sense it can be seen
as a natural extension to the concept of static risk measurement.

2.3.1 Basic definitions and main properties of conditional risk measures

In the following we introduce dynamic risk measures for terminal payoffs.

2.9 Definition. For 0 <t <T a map p;: X - L*(F;) is called a conditional risk measure
if it satisfies the following properties for all XY € &

(M) Monotonicity : py(X) > p(Y) if X <Y.
(CCI) Conditional cash-invariance : p;(X +m) = py(X) = BI'm for all m e L= (F).
(N) Normalization : p;(0) = 0.

By the Fij-measurable random variable 8] we denote the value of a default-free bond at
time ¢ with face value 1 and maturity time 7. A conditional risk measure p; is called
convex if it additionally satisfies:

(CC) Conditional convexity : pr(AX + (1 =A)Y) < Ape(X) + (1= N)p(Y), for X e L= (F)

10
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for every A € [0,1].
A conditional convex risk measure p; is called coherent if it additionally satisfies
(CPH) Conditional positive homogeneity : pr(AX) = Ape(X), for A € L=(F;) for any A > 0.

The economic interpretation of the properties of characterizing conditional risk mea-
sures are the same as in the static case. In particular, due to conditional translation
invariance, a conditional risk measure determines a conditional capital requirement.

2.10 Definition. The acceptance set of a conditional risk measure p; is defined as:
Ni={X e L : p,(X) <0},

and the rejection set of p; is
NE = {X ¢ L% : py(X) > 0}.

Note that a conditional risk measure p; is uniquely determined by its acceptance set
since

pe(X) =essinf{Y e L(F;) : X +Y € A}

2.11 Example. (a) For any A € (0,1], the conditional value at risk at level X is defined
as

V@RM(X) =ess inf{my € L°(F,) : P(BTX +my < 0| Fy) < A},
where P(A | F;) is the conditional expectation E[14 | F].

(b) For Ay € L*(F;),0< Ay <1 let Qi‘t denote the set of all measures Q € Py := {Q¢€ Q; :
Q = Plft}7 with

Qt::{QEMl(P) : Q:P|ft}7

whose density dQ/dP is P-a.s. bounded by 1/\;. The resulting coherent conditional
risk measure

AV@RM(X) = ess supEg[-5] X | Fi]
0<Q;*

is called conditional average value at risk at level \;.

(c¢) For a risk aversion parameter vy € R,
1
pin (X) = S InE[exp(—v3{ X) | F], Xe&,

is called the conditional entropic risk measure.

11
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2.4 Dynamic risk measures and time consistency

Dynamic risk measures are defined as a collection of conditional risk measures adapted to
the underlying filtration. We denote by I the set of points in time at which we consider
conditional risk measures and distinguish between dynamic risk measures in discrete time,
I ={ty =0,t1, ..., ty = T}, and in continuous time, I = [0,7"]. Given such a sequence
(pt)ter 1t is an obvious question to ask how risk evaluation between different points in time
t and s between today and the maturity time of the financial product T are related to each
other. Different definitions of consistency of dynamic risk measures are given in order to
answer this question. In this section we give basic definitions, remarks and some selected
results on dynamic risk measures which we use in the course of this thesis. For a more
detailed introduction to this topic, we particularly recommend the review article [I] and
the references therein. We refer to Chapter [7] for a further examination of consistency of
dynamic risk measures.

2.12 Definition. We call a collection of mappings (p¢)eer, pr: X — L*(F;) a dynamic
risk measure if every p; is a conditional risk measure.

We call (p¢)ter a dynamic risk measure in continuous time (CDRM) if I = [0,T]. (p¢)ter
is called a dynamic risk measure in discrete time (DDRM) if I = {t¢,...,tx }, where 0 =¢( <
t1 <..<ty =T. Note that T can also be oo.

For any t € I and for any X € X, p;(X) is a random variable, therefore for any fixed
t any equality and inequality of p; should be understood to be valid P-a.s. Note that the
“boundary condition” pp(X) =-X for all X € X follows directly from the definition of the
acceptance set of a conditional risk measure p; in Definition [2.10]

2.13 Definition. A dynamic risk measure (p;)s is called convex if every p, satisfies
conditional convexity (CC). A dynamic convex risk measure (p;)s is called coherent if
every p; additionally satisfies conditional positive homogeneity (CPH).

We define acceptance (rejection) consistency following Weber [136], [I37]. The same
definition is also known as weak acceptance (rejection) consistency; see [I] among others.

2.14 Definition. A dynamic convex risk measure in discrete time is called acceptance
(rejection) consistent if for any X € X the following condition holds:

pt(X) < (>)0 if pt+1(X) < (>)0 for all t e {to =0,%q, ..., tN—l}-

A dynamic convex risk measure in discrete time is called weakly time consistent if it is
both, acceptance and rejection consistent.

Acceptance consistency formalizes that any financial position which is acceptable at
t + 1 should also be acceptable at the earlier time {. Rejection consistency ensures that
at each period of time one stays on the safe side when updating the risk evaluation - a
property which seems to be particularly suitable for regulatory use; see [I, page 2]. We
refer to [I], Artzner, Delbaen, Eber, Heath and Ku [9], Penner [112], Tutsch [131], [132]
and [I36], [137] for further studies on acceptance and rejection consistency of dynamic risk
measures.

12
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2.15 Definition. A dynamic convex risk measure is called time consistent if for any
X,Y € X the following condition holds:

pe(X)<pe(Y) if p1(X) < ppa(Y) forall tel with ¢t <T -1.
This is equivalent to:
For all X € X: ps(X) = ps(—pe(X)) for all s,t el with s<t (2.2)

which, broadly speaking, means that the same risk is assigned to X regardless of whether
it is calculated over two time periods or in two steps backwards in time. For dynamic risk
measures in discrete time we can give some equivalent characterizations of time consistency:

2.16 Remark. (a) From it follows that for time consistent risk measures, for all
t e I, we have po(X) = po(—pt(X)), i.e., in order to quantify the riskiness of X at the
initial time 0, it is equivalent to either use the static risk measure pg directly, i.e.,
computing po(X), or to first evaluate the riskiness p;(X) of X at time ¢ and then
quantify the risk of —p;(X) at time 0 through po(-p¢(X)).

(b) The recursive property ([2.2)) is crucial for relating time consistent DDRMs to CDRMs
in a Brownian setting; see Chapter [7}

2.5 Risk measures via g—expectations

In this section we present the concept of g-expectations and backward stochastic differential
equations in the context of risk measures. As pointed out in Peng [ITI] and Rosazza
Gianin [121], among others, it is possible to obtain a large number of static and dynamic
risk measures by solving a BSDE with driver g.

For this section we assume I = [0,T], i.e., we only consider the case of CDRMs, and
we assume the financial positions to be square-integrable,i.e., X € L? := L?(Q,F,P). Let
(Wi)ter be a standard one-dimensional Brownian motion on (Q,7F, P). By (F}Y)ies we
denote the filtration generated by W and by (F;)ts we denote the augmented filtration
associated with (7} )ser. For a fixed T' > 0 let L%(T;R™) denote the space of all R"-valued,
adapted processes (V;)¢er such that E [/OT Wk dt] < oo, where |-| stands for the Euclidean
norm on R"™.

Consider a functional g: Qx [0,7] x R x R? - R, (w,t,y,z) = R. Further on, we write
g(t,y,z) instead of g(w,t,y,z) and g is supposed to satisfy the following usual assumptions:

1. g is Lipschitz in (y,z): There exists a constant C > 0 such that for all ¢ € I, for all
(Y0.20), (y1,21) € R x R%:

l9(t,90,20) = 9(t,y1,21)] < C (lyo — w1l + 20 — 21]) -

2. g(-y,z) € Lg_- for all y € R, z ¢ R%.

3. Foralltel, yeR: g(t,y,0)=0.

13
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Under these assumptions on g, for every X € L? the BSDE

~dY; = g(t,Y3,Z,)dt — Z,dW;, for all tel

(BSDE)
Yr=X

has a unique solution (Y,Z;)tes € L%(T;R) x L%(T; R?). We are particularly interested in
the component (Y;)s s of the solution.

2.17 Definition. For any X € L?, let (Y;*,Z )ies € L%(T;R) x LZ(T;R?) be the solution
of (BSDE).

(i) The g-expectation &, of X is defined by

5g[X] = YOX.

(ii) For any t € I the conditional g-expectation of X under F; is defined by

E[X | R =Y.

Let g satisfy the usual assumptions and set p? : L? - R as follows:
pI(X) = E[-X], forall X elL?

We now introduce some additional restrictions on the functional g in order to define when
p? is a static risk measure.

2.18 Definition. (i) g is sublinear if it is

— positively homogeneous in (y,z): For all t € I, for all A > 0, for all (y,2) € RxR%:
9t Ay, 2) = Ag(t,y,2),
— subadditive in (y,z): For all t € I, for all A >0, for all (y9,20),(y1,21) € R x R%:
9(t:y0 +y1,20 + 21) < g(ty0,20) + g(t,y1,21).
(ii) g is conver in (y,z) if for all ¢ € I, for all (yo,20),(y1,21) € R x R?, for all A € (0,1):
9(t,Ayo + (1= Ny1,Az0 + (1= A)z1) < Ag(t,m0,20) + (1= A)g(t,y1,21)-

2.19 Proposition (Proposition 11 from [121]). (i) If g satisfies sublinearity, then p9 is
a coherent risk measure.

(i) If g satisfies convexity, then pY is a convexr risk measure.

Let us now set
pl(X) = E[-X | Fi], for all X e L* and all t € I,

where g satisfies the usual assumptions. Then the following proposition holds:

14
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2.20 Proposition (Proposition 19 from [121]).

(i) If g satisfies sublinearity (for instance, g(z) = p|z| with u > 0), then (pf)ier is a
coherent and time consistent risk measure.

(ii) If g satisfies convexity, then (p])ier is a dynamic convex and time consistent risk
measure.

As the functional g is crucial for the construction of risk measures via g-expectations,
let us recall some remarks from [I12I] on how g can be interpreted. g may depend on the dy-
namics of a stochastic process whose final value is X and g could depend on the preferences
of the investor. In particular, the bigger g, the more conservative is the corresponding risk
measure and if g is convex (sublinear) then also the corresponding risk measure is convex
(coherent). We refer to [121, Section 3| for a more detailed analysis of these relations.

15



CHAPTER 3

Utility-based risk measures

This chapter gives an overview of some fundamental aspects of the theory of utility func-
tions and possible connections of this theory with risk measures. It may therefore be
considered as a preliminary chapter providing necessary results for the main contributions
of this thesis in Chapter [ and Chapter

In the course of this work there are many connections to the classical approach to
individuals’ attitudes towards risk and risky payoffs via the notion of utility functions,
which dates back at least to Bernoulli’s work in the 18th century. The theory of risk pref-
erences, their numerical representations, and in particular expected utility was advanced
significantly by Arrow [6], Pratt [I14] and von Neumann and Morgenstern [134]; see also
the monographs of Fishburn [63] [64], Gollier [€I], Mas-Colell, Whinston and Green [105],
among others. We also refer to [69, Chapter 2| and the references therein for a mathemat-
ical perspective on the theory of economic preferences.

In Section we review some well-known classes of utility-based risk measures and
point out their respective crucial properties. Section includes the basic definition of
utility functions for our further work and some associated characteristics of utility.

3.1 Already established utility-based risk measures

For X € X, u: R — R being a strictly increasing, continuous and concave utility function,
the certainty equivalent of X is defined as follows:

Cu(X) =™ (E[u(BX)]).

Cyu[X] is by definition the sure amount that makes an investor indifferent between investing
in X and receiving C,[X]. Certainty equivalents are used to determine the amount of
certain wealth which has the same utility as the expected utility of the unknown outcome
of X. This is a particularly meaningful approach for random variables X which can attain
very large (negative) values (but not —oo) with a small probability (say X can attain —1,
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-2, =3, =4 or —1,000,000) such that the expectation of X would not be a meaningful choice
for the risk involved in X. Classical risk measures such as value at risk or average value
at risk are not perfectly suited either to emphasize the risk of an extreme loss of such a
position. A more sensible way of measuring the risk of X is to consider the individual
utility of every possible outcome of X and then average these utilities.

The following properties of C,, are immediate consequences of its definition. For any
XeX,

(i) Cu(m) = pm for all m e R.

)
(ii) Cyu(X) is invariant to affine transformations in w.
(iii) Cu(X) <E[X]; due to Jensen’s inequality.

(iv) Cu(X) < Cu(YV)if X <.

Note that —C,, is monotone in the sense of Definition and even cash-invariant, i.e.,
-Cy(X +m) = -Cy(X) — Bm if u is either linear or of exponential form; see also de
Finetti [42], [69, Proposition 2.46] and Nagumo [I09]. For u(x) = a — bexp(—vyzx), a € R,
by € R,, —-C, is the entropic risk measure p®"* from Example . As noted by Follmer
and Knispel [65], p® is the only risk measure which is, up to a change of sign, at the same
time a certainty equivalent with respect to some increasing concave utility function u.

We have just outlined a first connection between risk measures and certainty equivalents
(and thereby utility functions). Féllmer and Schied [70] point out an early implicit appear-
ance of risk measures in the theory of preferences: Gilboa and Schmeidler [79] showed that
a natural relaxation of the “axioms of rationality” which are formulated in [123] and [134]
implies that the linear expected utility under the probability measure P should be replaced
by a general coherent risk measure p:

p(u(X)) = inf Eolu(X)].
QeQmax

In an even further relaxed axiomatic setting which is considered in Maccheroni, Marinacci
and Rustichini [I00], linear expected utility is generalized by

—p(u(X)) = Qe/\i/Illlf(P)(EQ[u(X)] +a™(0)),

thus p is now a convex risk measure; see Theorem Here, concavity of w can be
interpreted as aversion of model uncertainty; see Féllmer, Schied and Weber [71] and [100].

However, a basic idea of this thesis is to make use of “utility” functions in the sense
of [134] in the context of risk measurement when the probability measure is a priori known.
In the following we review some existing notions developed in this spirit.

3.1 Example. If v : R - R is an increasing, concave function that is not identically
constant, the utility-based shortfall risk is introduced in [67] as

PPR(X) :=inf {neR : E[u(X +n)] > A},

where ) is a fixed value in the interior of the range of u. p°% fulfills (M), (CI), (N) and
(C) from Definition , i.e., it is a convex risk measure. However, pS® fulfills (PH) from
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Definition only if u is piecewise linear with a kink at 0; see Weber [137) Corollary 3.2].
As shown in [I37], p°®(X) are the only law-invariant convex risk measures which are also
invariant under randomization. In Chapter [6] we get more into detail on this property.

3.2 Example. For a strictly increasing, continuous function w : R — R the certainty
equivalent as risk measure is defined in [69, Example 4.13| via

PP () = —u (B [u (BX))).
CE

p°" is monotone and normalized, but p°F is cash invariant and convex only if u is either
linear or exponential, the latter leading to the entropic risk measure. p®F(X) preserves
convex stochastic ordering; see [108, Theorem 2.8].

3.3 Example. For a concave, increasing function u : R - Ru {-oc0} with u(0) = 0 and
u(x) < x for all x € R, the optimized certainty equivalent is introduced in [18, [19] as

COP(X) = ilelﬂg{—n +E[u(BX +n)]}.

E

Its negative counterpart p®“F(X) := ~CO°F(X) is a convex risk measure. p°“F is not

coherent unless w is piecewise linear with a kink at 0.

3.4 Example. For a random variable X that represents costs or losses, Krokhmal [97]
defines the functional

p(X) = ;glg {n+o(BX-n)},

which is a lower semi-continuous coherent risk measure provided the abstract functional
¢+ X > Ru{oo} satisfies monotonicity, convexity, positive homogeneity, lower semi-
continuity and is such that ¢(n) >n for all n € R, n # 0. Vinel and Krokhmal [133] specify
¢ in terms of an increasing, convex disutility function v: R - R and a penalty parameter
a e (0,1) via

6(X) = 2o (E[0(X)]).

This leads to certainty equivalent measures of risk

pIM(X) = min {n+ v (E(BX-n])}.

3.2 Utility functions

In the course of this thesis we focus on utility functions in the sense of the following
definition:

3.5 Definition. A utility function is a C® function v : R, — R such that u/(x) > 0 and
u”(x) < 0 for all z € R;, and such that the absolute risk tolerance 7, is concave. Here
Ty : Ry = R is given by

()
uu(x)7
We denote by U the set of all utility functions. For u € U we set u(0) := limyou(x) €
[-00,00), u(00) := limgpeo u(x) € (—00,00] and regard u as a mapping u : [0,00] - [—00,00]
without further notice.

Tu(z) = - zreR,.

18



3.2. UTILITY FUNCTIONS

As pointed out in Gollier [81 page 114], concave absolute risk tolerance is a natural
assumption for utility functions. For instance, in a classical investment context, it means
that the reduction of risk premia due to an increase in wealth is a decreasing function
of wealth; on the other hand, absolute risk aversion cannot be positive, decreasing and
concave everywhere. In fact, most of the commonly used utility functions, including power,
logarithmic and exponential utilities, exhibit concave absolute risk tolerance. Moreover,
Ben-Tal and Teboulle [19, Corollary 5.1] show that 7, is concave if and only if the associated
certainty equivalent functional X ~ u ! (E[u(X)]) is concave.

3.6 Definition. For u € U we define the left inverse u™' : R —» [0,00] U {~00} via
uwt(t) = inf{z e Ry : u(z) 2t}, u(0) <t <u(oo),

and u™1(t) := oo for t <u(0), u™1(t) := oo for t > u(c0). Then u~! is right-continuous and
u(u(x)) =z for all x € [0,00].

3.7 Remark. u being strictly increasing reflects the common sense assumption that investors
always prefer more to less. The investor is assumed to be risk averse which is captured
by concavity of u. Risk aversion implies that for any random variable X, its expectation
E[X] is preferred to X,

u (E[X]) 2 E[u(X)],

which in turn is just Jensen’s inequality for u, i.e., is equivalent to say that u is concave.
The positive difference E[ X ] - C,(X) is called the investor’s risk premium which may be
interpreted as the amount that an individual is willing to pay in order to avoid a risk.
u’(x) measures the marginal improvement in utility with changes in z. u"(x) is the rate of
change of the satisfaction: It gets harder and harder to increase satisfaction as x increases.

In general, for any utility function u € U the Arrow-Pratt coefficient of absolute risk
aversion (ARA) of u at level x is defined as

u//(x) ‘

u'(x)

Qu(x) =~

see also [6] and [114]. We denote by Upara the class of utility functions w € U that feature
increasing absolute risk aversion, by Ucara those with constant absolute risk aversion, and
by Upara those with decreasing absolute risk aversion. The relative risk aversion (RRA)
is defined as

2oy ().

We denote by Uirra the set of utility functions u € U with increasing relative risk aversion,
and by Ucgrra those with constant relative risk aversion.
Standard examples of classes of utility functions are all v € U with

(i) constant absolute risk aversion (CARA): g, (z) =~ for all x € D,.

(ii) constant relative risk aversion (CRRA): zg,(x) =~ for all z € D,,.

19



CHAPTER 3. UTILITY-BASED RISK MEASURES

Any CARA utility function u(x) implies the same behavior for all z € R thus, for example,
in a standard portfolio problem with one risk-free asset and one risky asset the optimal
holding of the risky asset is independent of the investor’s initial wealth, i.e., it does not
increase even if the investor experiences an increase in wealth. Thus CARA exponential
utility which is convenient for calculation is considered a rarely plausible choice in reality;
see [81] and [114].

The relative risk aversion on the other hand is a well-known characteristic of individu-
als’ risk preferences. Recent studies on the risk attitudes of representative investors such
as the works by Chiappori and Paiella [37], Friend and Blume [73], [107] or Szpiro [129]
make a case for constant (or slightly increasing) relative risk aversion. CRRA is implied by
decreasing absolute prudence, i.e., —u"’(z)/u" (z) decreasing in z, which is widely consid-
ered a reasonable condition; see, e.g., Kimball [92], [93]. In the standard portfolio problem
with one risk-free asset and one risky asset, if the portfolio manager has constant relative
risk aversion, he will choose to keep the fraction of the portfolio held in the risky asset
unchanged if he experiences an increase in wealth. Note that all CRRA utility functions
exhibit DARA, since

/ 7
Qu(x) - _ﬁa

where v € R, denotes the investor’s relative risk aversion. We refer to Chapter 4] and
Chapter | where utility functions with constant relative risk aversion are of particular
importance. One can check that, due to the fact that any utility function v € U has
concave absolute risk tolerance, it is impossible for u € U to have decreasing relative risk
aversion. These are the cases that can actually occur:

1. If 7,(x) is concave and decreasing, then u € Uigga -
2. If 7 (x) is concave and constantly positive, then u € Urgra .-
3. Tu(x) is concave and increasing and u € Uigga -

Let us now argue why it is impossible that (a) 7,(x) is concave and constantly negative
(then u € Uprra ), or that (b) 7,(x) is concave and increasing and u € Uprra, respectively.
For u € U we have u/(z) >0 and u''(x) < 0 for all z € R;. Thus 7,(z) > 0 holds for any
x € R, and (a) cannot occur. Now, let us assume that 7,(x) is concave and increasing.
Then 7, > 0 and 7;, is decreasing, and due to the mean value theorem, we know that for
any x > 0 there exists £ € (0,z) such that

Tu() —Tu(0+)‘

!/
(&) =
Since 7, is decreasing and 7, is positive for any z > 0:

(@) = 7a(04) _ ()

To(2) <

which is equivalent to
Tu(x) > 27 (7).
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3.2. UTILITY FUNCTIONS

The above implies that if 7,(z) is concave and increasing, then:

x )’ () - 2T (x)

= >0 for all 0.
(@) o (2)? or all x >

(zou())" = (

Therefore 7, being concave and increasing always leads to u € Uigra (case 3.) and (b)
cannot occur.

We conclude this section with a result that allows us to relate the “degree of concav-
ity” of utility functions to their respective coefficient of absolute rigsk aversion and their
respective risk premiums:

3.8 Proposition (Proposition 2.44 from [69]). Let u,v e U. The following conditions are
equivalent:

(i) ou(x) > 0y(x) for all x e R,.
(i) u=gow for a strictly increasing concave function g.
(113) Cy(X) > Cyu(X) for all X e X.

We note that a more concave utility function relates to a greater absolute risk aversion
and to a higher risk premium which is intuitively understandable; see also [114, Theorem
1].
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CHAPTER 4

Optimal expected utility risk measures

In this chapter, which is an extended version of Geissel, Sass and Seifried [77] we propose a
construction of risk measures based on certainty equivalents which we call optimal expected
utility (OEU) risk measures. In a nutshell, OEU is based on an asset allocation problem
where the agent decides endogenously how much capital n to set aside as a reserve today
if he is to receive a given stochastic payoff X tomorrow. The first-order condition for the
underlying optimization reads

o [u' (X +17*)] = Bu'(x),

where z := u ' (E[u(X +71*)]). Thus the (expected) marginal utility of the risky payoff
including reserves, X +n”, equals the marginal utility of today’s certainty equivalent of
that same quantity.

This chapter is organized as follows: In Section we introduce OEU risk measures
and investigate the link between OEU and the underlying utility function. Sections[4.2]
and include various properties of OEU; in particular, Theorem establishes OEU as
a convex risk measure, and Theorem gives conditions for when it is coherent. In
Section we develop a method for recovering the utility function from a given OEU
and in Section we give a dual representation of OEU. Finally, Section presents
applications of OEU to some simplified problems in risk management.

Our notion of optimal expected utility risk measures as developed below is inspired by
by the previous studies on utility-based risk measures which we recalled in Chapter [3 Its
distinctive feature is that it takes seriously the idea that the “utility” function u captures
the investor’s utility in the sense of classical utility theory. In particular, OEU is able
to deal with standard utility functions, including power and exponential utilities, and we
are able to link properties of OEU to corresponding properties of the underlying utility
function. In addition, we provide a decision-theoretic foundation of OEU in terms of a
well-defined certainty equivalent optimization problem. In particular, unlike p®“F, OEU
strictly distinguishes between “cash” (“dollar”) and “utility” quantities.
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4.1. INTRODUCING OPTIMAL EXPECTED UTILITY RISK MEASURES

4.1 Introducing optimal expected utility risk measures

In this section we introduce optimal expected utility risk measures. We further give specific
examples of OEU for some commonly used utility functions, develop the main properties
of OEU, and study its relationship to other risk measures.

4.1 Definition. The optimal expected utility (OEU) risk measure is defined as the map
p*: X >R,

pU(X) = —suﬂg{—ﬁnmu*l (Elu(X+n)]}, (OEU)
ne

where a > 0 captures the investor’s subjective time preference and by convention E[u(Y")] :=
—o0 if P(Y <0)>0.

To understand the economic rationale underlying OEU, consider an investor that is
able to borrow and invest at the market interest rate, and aims to maximize the sum of
capital available today and the certainty equivalent of his capital in the future (the latter
discounted by his subjective rate of time preference). If the investor holds a financial
position with net value X and decides on the amount n that he is to borrow to allocate
capital optimally over time, he formally faces the problem to maximize

H : [~Xunin,00) = [~00,00),  H(n) :=~fn+au"" (E[u(X +n)]) (4.1)

over 7, i.e., the quantity inside the supremum in F_-I The risk measure p“(X) then
represents the amount of capital required to make investment in X appear favorable to
him (equivalently, —p"(X) is the maximal amount he would be willing to pay in order to
obtain X). Note that at the optimum the investor always puts aside a sufficient amount
to cover all future losses in X, thus guaranteeing to avoid bankruptcy. Of course, this
construction is inspired by a general correspondence between certainty equivalents, risk
measures, and indifference prices; see, e.g., Barrieu and El Karoui [I3] page 81]: For an
arbitrary risk measure p, the quantity p(X) can be seen “as the opposite of the ‘buyer’s
indifference price’ of this position, since when paying the amount —p(X), the new exposure
X = (-p(X)) does not carry any risk with positive measure, i.e., the agent is somehow
indifferent using this criterion between doing nothing and having this ‘hedged’ exposure.
The convex risk measures appear therefore as a natural extension of utility functions as
they can be seen directly as an indifference pricing rule.”

4.2 Remark. To rule out unbounded leveraging, we assume that

a< g,

unless explicitly stated otherwise. This means that the investor’s rate of time preference
exceeds the risk-free interest rate in the financial market. If this condition is violated,
the investor’s preferences degenerate in the sense that he will, already in the absence of

YFor P(X +1<0) >0 we have E[u(X +17)] = —oo, hence H(7) = —oo is not the optimum and it suffices
to consider 7 € [~ Xmin,00).
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CHAPTER 4. OPTIMAL EXPECTED UTILITY RISK MEASURES

risk, allocate as much capital as possible to future consumption and thus typically aim to
borrow unlimited amounts: Indeed, for o > 8 we have for any deterministic payoff m e R

p*(m) = —sup{-Bn +a(m+mn)} = —oco.
neR

The limiting case o = § is investigated below; see Proposition Proposition and
Remark [4.23]

4.2 Main properties and examples of OEU

The following theorem demonstrates that OEU satisfies all the axioms of a (convex) risk
measure.

4.3 Theorem. For any uw €U, p* is a conver risk measure.

Proof. (M) is an obvious conclusion of the definition of OEU and the fact that v and u™!
are both increasing functions: Let X,Y € X such that X <Y, then also Xy < Yinin, thus

p'(X) == sup {-n+ou (E[u(X+n)])}

> Xmm

>~ sup {-Bn+au (E[u(Y +n)])}

77>_)(min

>~ sup {-Bn+au (E[u(Y +n)])}

77>_Ymm
=p"(Y).
Cash invariance follows directly from the definition of OEU: Let m € R, then

P (X +m)=- sup {—677+au‘1 (Efu(X +m+77)])}

1N>=Xmin—m

:—(6m+ sup {—B(n+m)+au71 (E [u(X+(n+m))])})

1n>=Xmin—m
'r]’:=(7:7+m) _ (/Bm + SL;? {—577, + au_l (]E [’LL (X + 77,)])})
?7’>* min
= -Bm+ p*(X).

To show (N) note that for all 0 < o < 3:

p"(0) = —sup {~fn +au™ (E[u(0+n)])}

neR
=—supy(a-F)n
>0 [ ~~———

<0
=0.
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To establish convexity, let A € [0,1] and define
g(xo,21) == u ()\u_l(xo) +(1- )\)u_l(xl)) , (xo,x1) e RxR.
Further denote:

u' = u' O (o) + (1= Nu ™ (21)), uf:=u'(u(z0)), uj:=u(u(z1)),

u” = u O (zo) + (1= Nu N (21)), uf =u"(u(z0)), uf =u"(u(x1)).
Concavity of 7, yields

Tu( M (z0) + (1 - )x)u_l(xl)) > ATu(u_l(%)) +(1=-2X) Tu(u_l(xl)) .

—_—
—_ u/ Ul ’U./
= =% -5
u u
0

monr 1

By multiplying the above equation by the negative factor —Au"uy Ty we get
0

u'ug ! > -\2 ! '+ (1-X) “ (=N)u"uy !
- 0 2= —A) = 0 )
(up)? (up)? uy (up)?
>0
thus ) )
I 2 174
which implies
)\2 Y "
u” - all > 0.
(ug)?  (up)?
_9%g
T o2

0

Further ¢ == A\(1 - Mufufu'v" (uju})™ < 0 and therefore, due to concavity of 7, we have
Tu(Mu ™ (2o) + (1= N)u (1)) 2 Mu(u™ (20)) + (1= N7 (u (1)),

thus, by definition of 7,

u' U u
—>qgA2+(1-1)2D).
1252002+ (1-0)2)
Inserting g yields
M1 = N)ufuf (u")? S A1 = N u'u" N A1 =) 2ufu'u”

(ugui)® o () (up)? (up)*(uf)®

and, therefore

2 2
u// (i) (_ul(l(_ :\))3u/1/) _ ul )‘ug " ( 1- )‘) i ul /\ug / (1 B A)ulll > 0.
Uy

u 2
Ug (u)? uy (ug)® (up)?
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CHAPTER 4. OPTIMAL EXPECTED UTILITY RISK MEASURES

Hence the determinant of the Hessian matrix H of g is positive:
det(H) > 0.
This implies that g is convex, and Jensen’s inequality implies that for Yy,Y; € X

E[u(A\Yo + (1= \)Y1)] = E[g(u(Yo)u(Y1))]
> g (E[u(Y0) | E[u(Y1)))
- u (A E[u(Y0)]) + (1 - Vu (E[u(¥)])) -

It follows that

P (A X+ (1-2)X1) = —SUIE{—BU +au” (E[u(AXo+ (1-X) X1 +n)])}
ne

=— sup { = ABno = (1-A)Bm
770,771€R

+out (B [u(A(Xo+n0) + (1= A) (X1 +m))]) }

<- suIZR{ - ABno + alut (E[u(Xo +1n0)])
= (1= N8+ a(1 - Au™ (B[u(Xy +m)]) |
= A" (X0) + (1= A)p"(X1).

This implies that p* is convex, and the proof is complete. O

4.4 Remark. Theorem implies that p" satisfies (CI) and (N) and hence in particular
preserves cash:
p'(m)=-pm, meR.

(CI) is an indispensable property of risk measures, but it is this condition that is in general
not satisfied by traditional utility-based risk measures such as p“*(X) = —u Y (E[u(8X)]).
In the context of OEU, (CI) is ensured by the special construction of via balancing
the present value 87 of the amount borrowed against the discounted certainty equivalent
of the risky payoff, au™! (E[u(-)]). A related concept in an abstract vector space setting
is the infimal convolution of two functions f,g:H — R defined on a vector space H via

fog:H-R: x»in)f;{f(y)ng(x—y)};
ye

see, e.g., Bauschke and Combettes [16, Chapter 12]. The function f O ¢ inherits mono-
tonicity and convexity from f and g, and is always cash invariant.

In the following we investigate OEU in more detail. In particular, we discuss whether
and where the supremum in is attained, show uniqueness, and analyze the asso-
ciated first-order condition. For this analysis, we first investigate the function H in (4.1)
more closely.

4.5 Lemma. For every u €U and every X € X, the function H defined in (4.1)) is concave
and of class Cl on (=Xmin,00). Moreover, H is continuous at 1= —Xpin.
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4.2. MAIN PROPERTIES AND EXAMPLES OF OEU

Proof. Concavity on (—Xpin,00) is an immediate consequence of the proof of Theorem
We know that

g(xo,r1) :=u ()\ufl(xo) +(1- )\)ufl(xl))
is convex if 7, is concave. Therefore, for any 0 <A <1, n1,m2 € R:
H(Am + (1=2)n2) = =B+ (1= A)p) + au™ (B [u (X + X+ (1= M)mp)])
= =B+ (1= A)mp) + au™ (B [u(A(X +m) + (1= A)(X +m72))])
> -\ + Aau "t (E[u(X +m)])
= (1=N)Bn+ (1= Nau™ (E[u(X +12)])
= AH (m) + (1= A)H(n2).

Differentiability on (—Xmpin,00) follows from the chain rule and dominated convergence,
using the fact that, for any fixed € > 0, v/(X + ) is uniformly bounded from above and
from below and E[u(X +n)] € (u(=Xmin + €),u(o0)) for n > —X,in + . To establish
continuity at n = —Xyin, it suffices to show that the function

[+ [~Xmin,00) = [00,00),  f(1) :=u™" (E[u(X +n)]) (4.2)

is continuous at 77 = —Xpin. Note that 1 | —Xnin if and only if X +1 | X — Xyin; in this
case, as u' >0, we have u(X +7) | u(X — Xpin). Monotone convergence implies

Efu™ (X +m)] 1 E[u™ (X - Xmin)] € [0,00],
and dominated convergence yields

E[u’ (X +m)] | E[u" (X - Xin)] € [0,00).
Thus we conclude that

E[u(X +n)] | E[u(X = Xiin)] € [-00,00).

Since E[u(X+n)] € (u(0),u(o0)) for any n > — X, right-continuity of v~ yields continuity
at 7 = —Xmnin. O

Since H is concave by Lemma [£.5] we can formally define

H(o0) := 7171Tr£ H(n) € [-00,00).

We adopt this convention in all that follows to simplify notation. With this conven-
tion, Lemma implies that the supremum in the definition of p* is attained in
[_Xminyoo]

To establish uniqueness, we show that H is strictly concave on an interval that contains
the maximizer.

4.6 Lemma. Suppose that ueU and X € X, let the function H be defined as in (4.1)), and
set

b::sup{77>—Xmin : H,(U)>a_6}'

Then H is strictly concave on [—Xmin,b]. In particular, H is strictly concave on {H' >0}.
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Proof. By Lemma the function H is concave and of class C* on (~Xpin,00). Hence it
suffices to show that H"”(n) < 0 whenever n € (—Xuyn,b), i.e., whenever n > — Xy, is such

that
E[w (X +n)]

u/ (u (E[u(X +n)]))
Thus in the following we demonstrate that H”(n) <0 for all n > — Xy, with

Efu' (X +n)] > u'(u™ (E[u(X +n)])). (4.3)

H'(n)=-B+a >a-f.

Since u exhibits concave absolute risk aversion, the mapping X ~ u™t(E[u(X)]) is concave.
Therefore, with f defined as in (4.2) above and for arbitrary A € [0,1], we have

FOum+ (1= N)m2) = u™" (B [u(X + dm + (1= A\)mp)])
= u” (B [u(MX +m) + (1= A) (X +72)])
> At (E[u(X +m)]) + (1= Mo (E[u(X +n2)])
= Af(m) + (1 =X) f(n2).

Hence f is concave. On the other hand, it follows as in the proof of Lemma by
dominated convergence that f is twice continuously differentiable on (—Xyin,00). Thus it
follows that

E[u”(X +m)Ju (u™ (E[u(X +)])) - B[/ (X +5)]? S0 EROCn])
w (u T (E[u(X + )2

<0

f'(n) =
or equivalently

pu” (u (E[u(X +n)]))
' (uH(E[u(X +n)]))

E[w” (X +n)]u (v (E[u(X+1)])) < E[v (X +1)] , for all > - Xyin.

(4.4)
We conclude that for all n € (=Xnin,b) (again using dominated convergence to justify the
interchange of differentiation and expectation)
- ! (u N (B[u(X
E[u(X + )]/ (u™ (Blu(X +n)])) - B[w/ (X + )20 GG
w/(u (E[u(X +n)]))?

u u—l m
B (X + ) JE[w (X +0)] - E[u/ (X + )P EeCEa)

H'(n) = a

- W (w ELu(X + 1))
E[u"(X +1n)] / r(,-1
E[u (X - E[u(X
<0t oy B O ] o (7 (B[« m))))
<0,
where the strict inequalities are due to (4.3) and we use (4.4) in the third line. This
completes the proof. O

Using Lemmas [£.5]and [4.6] we are in a position to give a precise characterization of the
maximizer n* in the definition (OEU). The first-order condition for an interior optimizer

n* in (OEU) is given by
aE[u' (X +n*)] = pu/(x), where z:=u™" (E[u(X +7")]). (4.5)
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Thus the (expected) marginal utility of X +7n* equals the marginal utility of today’s cer-
tainty equivalent of X +7*. The following result provides a precise mathematical formula-
tion.

4.7 Proposition. Suppose that ueU and X € X, and let H(o0) := limyo H (7).
(i) The supremum in is uniquely attained at n* € [—Xin,00]| where
n* = sup {n € (-Xmin,0) : aE[u/ (X +n)] > Bu'(z) with x := u ' (E[u(X +n)])}.
If n* € (- Xmin,00), then n* is the unique solution of the first-order condition (4.5)).

(i) If u satisfies

!
limsupw <1 forall abeR,
nteo U (M+0)

then n* € [—Xmin,0).
(#53) If u(0) = —o0 and P(X = Xyin) >0, then n* € (Xmin,0].

In particular, if the conditions in (i) and (iii) hold, then the mazimizer n* in (OEU) is
the unique solution of the first-order condition (4.5)).

Proof. (i) If H is strictly increasing on (—Xpin,00), then b = oo and the supremum
of H is attained at n* = co. Otherwise, if we define b as in Lemma [4.6] then by
continuity and concavity, see Lemma, , H attains its maximum in [-Xpyn,b), and
strict concavity implies uniqueness of the maximizer.

(ii) Jensen’s inequality implies that for n > — X,

E[u'(X +n)]
u' (vt (E[u(X +1)]))
E[u'(X +1)]
u' (E[X]+n)
U,(Xmin + 77)
w (E[X]+n)

H'(n)=-f+a
<-B+a
<-B+a

Hence the assumption on w implies that

limsup H'(n) <a-B<0,
ntoo

i.e., H is strictly decreasing for sufficiently large n > 0. In view of (i) this proves (ii).

(i) If u(0) = =00 and P(X = Xpin) > 0 then H(—Xyin) = —00, so0 n* > =Xpin. This
completes the proof. O

Before we address concrete specifications of OEU risk measures in Example below,
we briefly investigate the dependence of n* on the subjective time preference parameter
o. It is straightforward to check that, ceteris paribus, n* is an increasing function of the
investor’s time preference «; see also Vinel and Krokhmal [133, Proposition 6]:
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4.8 Lemma. If a; < ag, then n*(a1) < n*(az)
Proof. Clearly,

=" (a2) + eanu™ (E[u (X + 97 (a2))]) € =" (1) + aru™ (B [u (X +7"(e1))]) . (4.6)
We deny the conclusion and suppose that n*(ay) > n*(a2). Then, due to and to the

assumption that o < ag, we get

0<B(n"(a1) = n"(a2)) <az (u (E[u(X +7"(a)]) - u " (E[u(X +7"(a2))])),

which implies
=B (az) + asu™ (E[u (X + 7" (a2))]) < =Bn"(en) + agu™ (E [u (X + 7" (e1))]) -

The above equation, however, contradicts the definition of n*(as) which completes the
proof. O

We note that the bigger «, the more capital n*(«) the investor decides to borrow at
present to hedge against the risk of X. This behavior is intuitively understandable since
bigger values of « give the investor a greater reward from the investment in X +n*(«). In
other words, if the investor attributes less value to the current possession of cash, then he
is consequently more aimed at borrowing risk capital at present and investing in the future
payoff X +n*(«a).

The extreme cases are covered by the following result:

4.9 Proposition. Suppose that u e Upara. Then,
(i) n* = =Xmin if =0, and
(i) p"(X) = —H(o0) = ~limy1o0 H(7) if o = 5.
Proof. For n> Xy, we have
E[u (X +n)]
u (uw (B [u(X +n)]))
If a =0 it follows that H'(n) = -3, and hence n* = = Xyin. If a = 8 we obtain
E[u' (X +n)]
g9 (E[u(X +n)])’

H'(n)=-B+a

H'(n)=-B+p

where
g(z) =u'(u' (2)).

Note that, if u € Upara, then

u”(u”(x))

g () = ———2 = —p,(u(x)) is increasing,

u'(u(2))

so g is convex. By Jensen’s inequality, we conclude

H'(n)2-f+B=0

for any 7> —Xmin and consequently p"(X) = —limeo H (7). O
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4.2. MAIN PROPERTIES AND EXAMPLES OF OEU

We now present examples of convex optimal expected utility risk measures.

4.10 Example. (a) For the logarithmic utility function u(x) = In(x) with constant rel-
ative risk aversion xp,(z) = 1, Proposition (ii) implies that n* is attained in
[—Xmin,oo) and

p'(X)=- max {-fn+aexp(E[In(X+n)])}.
(b) For a CRRA utility function u(z) = ﬁ (xl_”’ - 1) with v > 0,7 # 1, Proposition
(ii) applies to show that n* is attained in [-Xn,00) and
1
p"(X)=- max {—ﬁn +aE [(X + 77)1_7] 1’7} .
n

>—Xmin

(c) For u(x) =z, a direct computation of (OEU) yields:
p'(X) == sup {-fn+aB[X +n]}
77>7Xmin

=- sup {(a-B)n+aE[X]}

7>~ Xmin
= (Ct - 5)Xmin - aE[X]

Thus (OEU) reduces to a combination of the payoft’s worst-case value and its ex-
pected value; for a = § the discounted expected loss obtainsE]

(d) For u(x) =0, OEU equals the negative discounted worst-case value of X:
pu(X) =— Ssup {_677} = —3Xmin-
7]>_Xmin

This characterizes extremely risk averse investors that refuse to accept any risk and
consequently set aside the maximum potential lossE]

(e) For a CARA utility u(z) = % (1 —exp(—yz)) with v > 0, we have
p"(X) = =sup {~pn+ a(=DIn (1-1E[] (- exp(-2(X +m))])}

= sup {=Bn+a(-2)In(E [exp(-v(X +n))])}

= =sup {~f+ o(=3) In (exp(~m)E [exp(7X))) }

= —sup {~Bn +an - 21n (E [exp(-7X)]) |
neR
77*=__*Xmin . 1
=" (a = f)Xmin + oz In(E[exp(—X)]).
In particular, in the limit a1 8 we obtain the classical entropic risk measure. At the
end of this section, we return to this in a more general context.

2The functions in (c) and (d) are not strictly concave and therefore not in Z/. We consider these merely
formally here and interpret them as the limits of the utility functions u(z) = (z'77-1) for v | 0 and
7 1 oo, respectively.

3See Footnote

1
1-y
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CHAPTER 4. OPTIMAL EXPECTED UTILITY RISK MEASURES

(f) Let us consider piecewise linear functions of the form u(z) = —y127 + vz, 7 >
1> >0, 27 = max{-z,0}, ¥ := max{x,0}. Obviously, these functions do not
fulfill the conditions of Definition [3.5] Nevertheless, they provide a convenient way
of representing utilities. Proceeding formally, we have for all X € &

p(X) = —Sup{ _5?7+0‘( = (E[-v(X +n) +7%(X +n)*])"
neR g4l

+ % E[-n(X+n)" +y(X+n)*])" )}

with the optimal solution

1_721

(). Eleren ) (C ] 0,

77:

71

, (4.7)

1

1.1
-BF1 (fy“ 2 ) , otherwise

J1_q
2

where F' is the distribution function of the random variable X. If we drop the
assumption that 42 needs to be positive and set 71 = 1, 42 = 0, i.e., u(z) = - (-z)",
az%,ﬁzl,weget

) —oo, for A> 1,
p(X) = inIg {77+ XE[(—X —77)+]} = E[-X], for A=1,
€
! AV@RN(X), for A< 1,

where the identity for A < 1 is due to [I17, Theorem 1]. In this case, (4.7) simplifies
to
v )

which is another way to derive AV@QR for \ < 1:
1 1 rF'
P = F () + 5 f 2dF(z)
1 A
=3 fo F Y (k)dk
! /\V@R” X)d
DY .[0 (X)dr
= AVQRN(X).
For 0 < A <1, F71()) is the A-quantile of X.

It follows that we can formally regard AVQR as a special case of OEU with a
(piecewise) linear utility function and a > 5. From an OEU perspective, this is a
degenerate case; in the more natural case « < 3, it follows that p"(X) = —oo which is
reasonable since u induces the investor to spend oo dollars today knowing that less
money needs to be payed back.

32



4.3. FURTHER PROPERTIES AND COMPARATIVE STATISTICS

Note that the utility functions of (a) and (b) can be written as one single function:

A (21721

T ,v>0,v+1

u(:r) )1y ( ) v v
In(z), y=1

since, by virtue of I’Hépital’s rule, logarithmic utility is the limiting case of power utility

for v - 1:

1-y _ 1 _ 1—71
lim 2 - lim & n(x) =
-1 1- vy y—1 -1

In(x).

4.3 Further properties and comparative statistics

Given two utility functions u,v € Y and a financial position X € X, it is natural to ask how
p"(X) relates to p”(X). The following result provides an answer to this question in terms
of the “degree of concavity” of v and v.

4.11 Proposition. Let u,v e U. If w is more concave than v, i.e., if there exists a strictly
increasing concave function g such that uw = gow, then

p(X) 2 p*(X).
Proof. Proposition implies that w is more concave than v if and only if
(B [u(X)]) <o (E[0(X)])
for all X e X. It follows that
—Bn+ou N (E[uw(X +1)]) <-pn+avt (E[v(X +7)]) for all n R,
and taking the supremum on both sides yields p*(X) > p¥(X). O

Proposition f.11]is intuitively obvious: An investor with a more concave utility function
is more risk averse, hence requires more reserve capital than an investor with a less concave
utility function. Combining Example (c), (d) with the argument in the proof of
Proposition [4.11 we obtain the following general upper and lower bounds for OEU:

4.12 Corollary. Suppose that welU. Then for all X € X we have
_BXmin - a(E[X] - Xmin) < pu(X) < _ﬁXmin-

For positive payoffs, we obtain an alternative upper bound for OEU in terms of the
certainty equivalent:

4.13 Proposition. If X € X is such that Xy >0, then

p(X) < —au™ (Eu (X)]).
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CHAPTER 4. OPTIMAL EXPECTED UTILITY RISK MEASURES

Proof. If Xpin >0 then n € (—Xin,00) for all n > 0, and thus

p"(X) < ~lim H(n) = ~H(0) = o™ (E[u(X)])
n
using the continuity established in Lemma, O

We wish to emphasize that Proposition applies only to positive payoffs as in the
typical asset management applications; the other important case of positions that may lead
to negative payoffs is not covered by this result, so it is not true that p“ is less conservative
than pCF.

Next, we return to the case o = 5 and identify the limit in Proposition (ii) in terms

of the utility function’s asymptotic absolute risk aversion. More precisely, if o, () — v as
x 1 oo and a = 3, then OEU reduces to the trivial risk measures in Examples (c) and

(e).

4.14 Proposition. Let a = and u e Upara and set 7y :=limgyoo 0u (). Then

BLn(E[exp(-1X)]), 7>0

”u(X):{ﬁE[—X], v=0

Proof. Define

_ |5 (A-exp(-yz)), >0
uy () = -
z, v=0

Proposition [4.9 implies that
p(X) =~ lim H(n).

Since u has decreasing absolute risk aversion and limgteo 04 () = 7, whereas u., has constant
absolute risk aversion +, it follows that for all € R we have

0u(X +1) 2 0u, (X +n) =7.
On the other hand, for all 79 > v there exists some 7y € R such that for all n > ng
ou(X +1) < 0u, (X +1) =70
Thus, following [114, Theorem 1], we have for all v >~y
lim {5y (B [uqe (X +m)])} < lim {w ' Blu(X +m)])} < lim {u" Eluy (X +m)])} -
It follows that
i, ETY (0, ¢ {—/3% In (E [exp(-yX)]), 7> 0

s F () = Tion =B + v (B o (X em D} 520000 8 g
O

34



4.4. HOMOGENEITY OF OEU

The risk measure that appears in Proposition is a variant of the well-known
entropic risk measure. It is obtained as a special case of OEU if we set @ = § and
u(z) = % (1 —exp(—yz)) for some v > 0:

p(BX) = B I (E [exp(—y8X)]) = Bp™" (X).

The entropic risk measure is introduced in [67] and [74]; for further information on p®™ we
refer to Follmer and Knispel [65] and the references therein.

Finally, we address the ranking of payoffs by OEU. If X € X first-order stochastically
dominates Y € X', then

E[v(X)]2E[v(Y)] for every increasing function v
and thus p*(X) < p"“(Y). More generally, X second-order stochastically dominates Y if
E[v(X)]>E[v(Y)] for every concave increasing function v.

The following result shows that OEU also preserves second-order stochastic dominance.
4.15 Proposition. Suppose XY € X are such that

Efv(X)]2E[v(Y)]

for all increasing, concave functions v : R - [-o00,00). Then we have p*(X) < p“(Y) for

allueld.
Proof. Let u el and set
H(n,X) :==fn+au™ (E[u(X +n)]).
For any 1 € R, define v, (x) := u(x +n), x € R;. Then, by assumption, we have
au™ (E [v(X)]) 2 au™ (B [vy(Y)])

and it follows that
H(n,X)>H(n,Y).

This applies for every n € R; consequently

p"(X) =—sup H(n,X) < -sup H(n,X) = p*(Y)
neR neR

and the proof is complete. O
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4.4 Homogeneity of OEU

The following theorem shows how homogeneity of p* depends on the relative risk aversion
of u € U. The theorem particularly specifies when p“ is a coherent risk measure. Recall
that it is impossible for v € U to have decreasing relative risk aversion.
4.16 Theorem. Suppose that u e Ujpra and X € X. Then,

(i) p"(AX) < Ap“(X) for all A€ [0,1], and

(1) p“(AX) > A\p"(X) for A e[1,00).

If uelUUpopra, then
P'(AX) = Ap"“(X)  for all A>0.

Proof. p* is a convex risk measure by Theorem In particular, for A = 0 we have

p“(AX) = Ap*“(X) by (N). Since by [114, Theorem 6] for u € Ugra it follows that
%u‘l (E[u(AX)]) is a decreasing function of A > 0, we conclude that

% (—577 +ou ™t (B [u(AX + 77)]))

is decreasing in A for all € R. This implies that
—% sulg {—Bn +au (E[u(AX + 77)])}
ne

is increasing in A, and therefore

P(AX) < Ap"(X), 0<A<,
POX) = M (X), A=,
P(AX) > Ap"(X), A>1.

By [114, Theorem 6] the same equivalence holds if “increasing” is replaced by “decreasing”.
Hence p* is positively homogeneous for u € Ucrga .- O

Recall that, as pointed out in Section , constant (or slightly increasing) relative risk
aversion is a reasonable assumption for real-world investors.

4.17 Corollary. p" is a coherent risk measure for logarithmic and power utility, and for

the linear utility functions in Examples (c) and (d).

To the best of our knowledge OEU is the only existing utility-based risk measure that
is coherent for power utility functions (pCE is not even convex, p°“® is not coherent, and
SR

p>* reduces to a worst-case risk measure for CRRA utility functions).
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4.5. RECOVERABILITY

4.5 Recoverability

This section deals with the problem of recovering the utility function u from a given risk
measure p”. For fixed x1,r5 € R with 22 < 1 we introduce the random variable

o |m1, with probability 1-p,
' o, with probability p,

and the related function
H(n,p) = =Bn+au™ ((1-p)u(z1+n) +pu(zz+n))  for pe[0.1].
The following lemma shows that H(n,p) converges uniformly to H(n,1) if p goes to 1.
This result will become particularly useful since it also provides a limit of OEU if p tends

to the boundary value 1 for random variables X,.

4.18 Lemma. For any ueld
ptl
H(n,p) peng H(n,1) = -Bn+a(z2+n).

Proof. Since u is assumed to be concave, by Jensen’s inequality

for all n € R and consequently

u™t (E[u (Xp +1)]) =(n+22) < (1 -p)(21 - 22)
>n+x2 >0

for all n > —z5. Thus,

sup |H(n,p) - H(n,1)| = @ sup u™ (B [u(Xp+n)]) = (n+a2))|

n>-T2 -T2

<a sup [(1-p)(z1 —22)|

n>-T2

L. O

The following result shows how to regain the utility function from a given optimal
expected utility risk measure.

4.19 Proposition. If u el is such that w(0) =0, u'(0) :=limgou'(x) = 1, then

x, with probability 1 —p, x>0,

L (2 k0 a0 .
u(x)—al;gl(a—pp (Xp))7 with X, ._{

0, with probability p
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Proof. Firstly, let us consider
P (X)) = -sup H(n.p) = ~H(n" p),
n>

where, due to Proposition .7, n* = n*(p) is the value which optimizes (OEU). With
Lemma [£1§] it holds that

1
H(n,p) % H(n,1) = (a-B)n <0 forall n>0,
unit.
which implies that there exists some py <1 such that
H(n,p) <0 forall >0 forall py <p<1.

This means that * = 0 for all p; <p <1 since H(0,p) = au™ ((1 - p)u(z)) > 0 if u(0) = 0.
The partial derivative of p“(XS) with respect to p for py <p<1is

0 g0

0 _
5, (K) = 5 (cau™ (1= pJu(@) + pu(0)))

N —u(z) +u(0)
w (u (1= p)u(z) + pu(0)))
and, due to u(0) =0, u™1(0) =0, u'(0) = 1, we have

Ltim (2 51(xD)) = %&;(0) - u(2),

which concludes the proof. O

If u € U such that u(0) # 0 or «/(0) # 1, and u satisfies the condition from Proposition[4.7]
(ii), then, for any = > 0 and the related XS, is optimized by some 7} € [0,00). Thus,
we can apply Proposition for the normalized utility function @ which is related to u
through

' (n;)
Obviously, @ € U if u € U and therefore, given any u € U, Proposition holds true for
the normalized counterpart @. We see that the normalized utility function % evaluated at
x is the compounded (é) infinitesimal change of the risk of XI()) attaining z. In particular,

the utility function is, up to affine transformations, uniquely determined by p"“.
We now make use of Proposition to recover u from OEU of Example (e).

4.20 Example. Let p*(X) = (o= ) Xmin + a% In (E [exp(-vX)]). Then,

9
8pp

“(Xp) = a% (0% In ((1 - p) exp(—7x) +p)) -«

1 —exp(—yz)+1
v (1-p)exp(—yz) +p

which leads to the utility function

(@) = lim (50X = = (1= exp(=2)).

38



4.6. DUAL REPRESENTATION OF OEU

4.6 Dual representation of OEU

This section includes the dual representation of OEU, where we mainly follow the textbook
of Féllmer and Schied [69] for the theory of robust representation of convex risk measures.
Our aim is to point out how the penalty function of the dual representation of OEU can
be understood as a supremal convolution of a (generalized) relative entropy. Note that in
this section we consider sequences of random variables {X (™} and write

Xéﬁr)l = ess inf X (™

for the left support of any X (™ e X

4.21 Remark. Throughout this section we make the technical assumptions that (Q,F,P)
does not have atoms and that L?(,F,P) is separable. Under these assumptions, Jouini,
Schachermayer and Touzi [88, Theorem 2.1| have shown that law-invariance of a convex
risk measure on L*(,F,P) implies continuity from above. Thus optimal expected utility
risk measures are continuous from above, i.e., for any u € i/ and any sequence {X (”)} cX
with X(™ | X for some X € X, we have

P (XY 1 pH(X).
If, however, {X (™} is a sequence that increases pointwise to X € X, but

lim X < X,
n—oo

i.e., there is a positive probability that lim,_ X has a another worst-case scenario
than X, then OEU typically captures this additional risk. This is the reason why p" is in
general not continuous from below which is illustrated by the following example: Consider
any X € X and the sequence {X(™} c X given by
X(TL) =X - 1[0’1]7

where we choose the probability space ([0,1],8([0,1]),\) consisting of the real interval
[0,1] as the sample space, the Borel o-algebra on [0,1] (characterized as the minimal o-
field generated by the open intervals (a,b) on [0,1]) and, for any B € B([0,1]), the Lebesgue
measure \(-) defined as the sum of the lengths of the intervals contained in B. Note that
X () 4 X. Due to monotonicity of oY,

inf p* (XO) = it inf { By - au” (E[u (X +)])}

> inf {Bn - av”! (B [u(X +m)])}
=p"(X),

where the inequality is due to the fact that for 7 € [-Xmin, — Xmin + 1), X 4 7 attains
strictly negative values for all n € R, while X + 7 is positive. Now, if we choose u € U such
that the infimum in

p'(X) = inf {Bn—au™ (E[u(X +n)])}

is attained uniquely at " € [ Xin, — Xmin + 1), the above inequality is strict and we have
an example for OEU not being continuous from below.
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Since p" is continuous from above, for X = L*°(Q,F,P) it admits the dual representation

p(X) = sup (Eg[-SX]-dmin(Q)),
QeM1(P)

due to Theorem where ¥, is the minimal penalty function. A formula for ¥, is
given by [69, Remark 4.17 (a)]

Dmin (Q) = ;QE{EQ[—BX] -p(X)}, (4.8)

i.e., for any probabilistic model Q € M1(P) we compute Ui, as the worst case of the
expected value of —3X under Q, but reduced by p(X). Note that if p is a utility-based risk
measure, it is computed under the given probability measure P, “the one which is taken
most seriously” ([69), page 201]). From Remark we know that the relative entropy of
any probability measure Q with respect to P is

H(Q|P) = sup {E°[-8X] ~1n (E [exp(-8X)])}

which justifies the conclusion that the minimal penalty function (4.8]) for the robust rep-
resentation of OEU for

u(z) =+ (1 - exp(—y)), 7 >0,
Y

is just the relative entropy (up to an additive constant). Consequently, the (discounted)
negative certainty equivalent

CE -1
Po (X) =—au™ (E[u(X)])
generalizes the relative entropy since it has the minimal penalty function

Urain(Q) = sup {EC[-AX] + au™ (E [u(X)])}.
XeX

The optimal expected utility risk measure p* includes the supremal convolution to this
generalization of the relative entropy:

721a(0) = sup {EQ[—BX] s (- + ! (B (X + nm}}

= sup sup {EQ[—BX] -Bn+au (E[u(X + m}
XeX neR

= sup sup {EC[-A(X +n)] + au™ (E[u(X +1)])}
XeX neR

= sup{ sup {EQ[_ﬁXn] +au! (E[u (Xn)])}} ’

neR (X,ex

with X, == X + 1.

4.7 Applications of OEU

In this section we illustrate and compare OEU, VQR and AV@R using simplified real-
world examples of risk assessment. Further, we consider a one-period optimal investment

problem for OEU.
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4.7.1 Comparison of OEU with other risk measures

4.22 Example. An investor wants to put 10,000 in a corporate bond with maturity 4 years
and an annual interest rate of 2%. The estimated probability of default of the corporate
within the next 4 years is p. In the event of solvency the estimated loss given default is
70%. Thus the investor faces an investment opportunity with two scenarios: He either
makes a profit of 10,000 - (1.02* — 1) = 824 or he loses 7,000. The corresponding financial
position is
824 with 1 -p,
7,000 with p.

The investor has to decide how to evaluate this investment opportunity. V@QR does not
turn out to be a good choice in this setting: Depending on p, VQR is either -5 - 824 or
57,000, but never attains strictly intermediate values. AVQR is 8- 7,000 for p > A and
tends to —(3-824 for p | 0. However, AVQR is mostly close to —3-824 or 8-7,000. Here, we
choose 6 =0.95, A =0.05. On the other hand, p“ is a risk measure that is easy to interpret
and attains reasonable values for any choice of p: Consider an investor with a power utility
function u(x) = ﬁ (xl"y - 1) with v = 10 and subjective rate of time preference o = 0.9.
Figure illustrates these three risk measures as functions of the corporate’s probability

of default p.

Figure 4.1: OEU, V@R, AV@R for a corporate bond.

—OEU
V@R

6,000 AVa@R

4,000

2,000

1074 1073 1072 1071 100

The corresponding function H(n) for p = 0.1 is illustrated in Figure Note that the
supremum in (OEU]) for p = 0.1 is attained at n* = 37,718 and p*(X,0.1) = 3,067.

4.23 Remark. Note that for

X, = r1,22 € R, 29 < 271,

5 x1, with 1-p,
x9, with p,
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Figure 4.2: H(n) for p=0.1.
I I I
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~7,000 |-
| | | | | |
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n 100

as we can see in Figure 4.1

PH(X) 25 (@ = B) (s — 1) - By,

whereas V@R X)), AVQR(X,) 2 —Bzy. The difference —(8 — a)(z2 — x1) can be

interpreted as follows: As long as X can attain zo with some positive probability p > 0,
OEU takes into account this “worst-case scenario”, and the investor sets aside a suitable
amount of risk capital. Note that in the special case a = 5, OEU also yields

~ 10
p"(Xp) = By

On the other hand, if p = 0, i.e., the financial position X, only consists of the certain
payout x1, then due to Remark [£.4] we get

Pu(Xp) = —f1.

This highlights that, while OEU in general depends on the entire distribution of the payoff,
it is sensitive to rare, yet bad scenarios.

4.24 Example. Following Giesecke, Schmidt and Weber [78, Example 3.3], we modify the
payoff of the previous example by adding another possible payout x3 to X,. Formally, we
consider the financial position

x1, with 1—p,
3 .
X, ={xo, with L, 21,22,23 € R, 23 < 29 < 271.
r3, with &,

Then we have
V@QRP(X}) = -Bay
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for any choice of zo and x3 as well as

T + XT3

AVQRP(X]) =-8 5

Thus VQR is not suitable to measure the potential downside risk of XS, and even AVQR
is insensitive to changes of X;’ as long as x9 + x3 remains constant. OEU, on the other
hand, is non-constant on any hyperplane in the space (z1,2x2,23).

4.25 Example. Let —X be the portfolio loss of a financial institution which we assume
to be floored log-normally distributed:

X =—-(Z n3,000), where Z~InN(0,0),c¢€(0,4).

We wish to compare the sensitivities of VQR, AVQR and p" with respect to changes in
the volatility parameter o. We choose the level A\ = 0.05, p* is evaluated with u(z) =
ﬁ (a:l_7 - 1) for « = 0.9, g =0.95, and v = 5,10,20. Figure illustrates the associated
risk measures as functions of o.

Figure 4.3: Portfolio risk depending on standard deviation.
I I I

2,000 | I I R OEU, 7=20
3 --- OEU, v=10
—OEU, v=5
1,500 | | V@R
AV@R
1,000 |-

500 -

OEU, V@R and AV@QR all appear suitable for detecting risks due to heavy tails in the
portfolio distribution.

4.7.2 One-period investment in one safe asset and in one stock

This section deals with an application of the functional

SU(X) = -p"(X) = sup {=Bn+au™ (E[u(X +n)])}

to a model of investment in a risky/safe pair of assets in a single period.
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To this end, we consider an investor with utility function u € U/ and initial wealth Wy > 0
and assume that there is a riskless security that pays a rate of return equal to Ry > 1 and
one stock to invest in that has the initial price zg > 0 and at the end of the period has the
uncertain price

Xp=

- T with 1 -
{1’ Py ,x1>20>T220

To, Wwith p

such that the return of the risky asset is

Ry =%, with 1-p,
R= zo y, Ry >Ry >Ry 20.

Ry = i—Q, with p

0

The dollar amount that the investor puts in the stock at the beginning of the period is
w, thus Wy — w is the initial investment in the riskless security. We consider here the
existence of short-sale constraints, i.e., w is restricted to lie in between 0 and Wj. Hence,
the investor’s wealth at the end of the considered period is

W1=Rf(W0—w)+Rw, 0<w<Wy.

A similar model can be found, amongst others, in Arrow [6l Chapter 3] and in 81, Chapter
5]. Such a model is usually analyzed via the maximal expected utility principle where the
optimal investment w* is the solution of

sup E[u(W7)]. (EU-OP)
0<w<Wy

u~! is increasing for any u € U, thus an equivalent problem to (EU-OP)) is given by

sup ut (E[u(W1)]). (CE-OP)
0<w<Wy

Now, we rather want to analyze this one-period optimal investment model using a criterion
based on OEU, namely

sup S" (W) (OEU-OP)
0<w<Wy

which, due to cash-invariance of OEU, is equivalent to

sup sup F'(w,n) + BRWy,
0<w<Wy neR

with
F(wm) =-B(Rrw+n) + au”t (E[u(Rw+mn)]).

When we compare the solution of (OEU-OP] to the solutions of (CE-OPJ]) and of (EU-OP)),

respectively, we get:

4.26 Proposition. For any u el we have

sup S“(Wi)2a sup u (E[u(W)]).
0<w<Wy 0<w<Wy
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Proof. In the present setting it is assured that Wj > 0 for any possible choice of w. There-
fore we can follow from Proposition that

S“(Wy) > au™! (E [u(W1)])
for all 0 < w < Wy. Hence we conclude that

sup SU(W1)2a sup u ' (E[u(W))]). O
0<w<Wy 0<w<Wy

The comparison of the solutions of (OEU-OP|) and (EU-OP) is a direct consequence of

the previous proposition:
4.27 Corollary. For any u €U such that u(x) < x for all v € Ry we have

sup S“(W1)2a sup E[u(W7)].
0<w<Wy 0<w<Wy
The following corollary addresses the impact of risk aversion on the solution of (OEU-OP)).
It is an immediate result of Proposition

4.28 Corollary. If u,v €U are such that u is more concave than v then

sup SY(Wi)< sup SY(Wh).
0<w<Wy 0<w<Wy

Thus the solution of is reduced if the investor switches from a utility func-
tion v to a more concave utility function u. Moreover, due to Theorem [.3] we know that
S* fulfills monotonicity. Consequently, if the safe return Ry increases (which leads to an
increase in W), then also supg,,.<p, S*“(W1) increases.

The partial derivatives of F'(w,n) are (using dominated convergence to justify the
interchange of differentiation and expectation):

oF _ E[ru' (Rw+n)]
aw - PO )
oF E[u' (Rw +n)]

on Fta g(w,n)

with
g(wn) =u' (v (E[u(Rw+n)])).
An implicit solution to is given by
1 n-1 [ B8 9(Woru,noru ) (Ry — R2) n-1 [ B 9(Woru,oru ) (R1 — Ry)
— ) > - - -(u) = - ,
R1 R2 « (1 p)(Rl Rz) « p(R1 Rz)

WOEU =

B 9(woru,noru) (g _RQ))
a  (1-p)(Ri-R) 7

thus the optimal amount of money invested in the risky asset can be regarded as

Nogu = —R1wogy + (U')_l (

0, if wogy <0,
* — . —
Wopy = {Woru, if 0 <wory < W,
Wo, if wogry = W

Let us compare the optimal investment in the risky asset for (OEU-OP)) and (EU-OP)
for the exponential utility function.
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4.29 Example. For u(x) = % (1 -exp(—yz)), 7> 0, wogy can be explicitly solved:

_ o1 ( 1 (Bg(wOEUaﬁOEU)(Rf_R2)) 1 (BQ(U_]OEUaﬁOEU)(Rl_Rf)))
WOEU = — +—=In{|—

o' p(R1 - Ry)

R\ 7 \e Gopm-m) )5
B 9(wogu.Mosu) (Rf—R2)
= _l 1 Inl & (1-p)(R1-R2)
v R1 - Ry B 9(Woru,floru) (R1-Ry)
Q p(R1-R2)
1 1 1 ( p Rf - RQ )
= —— n .
v Ri - Ry 1-p R - Ry

(EU-OP)), on the other hand, takes the form

1
sup E[u(Wi)]= sup E|Z(1-exp(-111))]
0<w<Wy 0<w<Wy v

= sup E[l(l—exp(—v(Rf(Wo—W)+Rw))]
0<w<Wy gl

= sup G(w),
0<w<Wy

where we denote
G(w) = = (1= exp(= Ry (Wo = w) £ [exp(= ).

Thus
G (w) = exp(—y Ry (Wo — w))E[(R - Ry) exp(—Ru)]
and the first-order condition for an interior optimizer wgy is given by
(1-p)(Ri - Ry) exp(-yRiwpy) + p(R2 - Ry) exp(-yRywey) = 0.
which is equivalent to

p(Rf - Ro)
(1-p)(R1 - Ry)’

1 1 Rr-R
WEy = —— ln( p f 2).

exp(—v(R1 - R)wgy) =

and consequently

’7R1—R2 1—pR1—Rf
Thus the optimal solutions to (OEU-OP)) and (EU-OP)) coincide for expected utility in-
vestors.

We conclude that the functional S suits for setting up an optimal investment problem
that is similar to a classical expected utility principle while S* additionally satisfies eco-
nomically meaningful properties such as monotonicity, shift additivity and preservation of
cash amounts.
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CHAPTER D

Implied risk aversion: An alternative rating system for retail
structured products

Structured products for retail clients, or retail structured products (RSPs), are an important
asset class for retail investors. Such products, by securitizing the associated risks, open
up the possibility to invest in a large variety of national and international markets. The
universe of available RSPs is large, and RSPs with widely varying risk profiles, payoff
structures and underlying risks are abundant. Therefore, particularly for less sophisticated
retail clients, it is important to provide a simple, easily understandable “rating” of RSPs
that indicate whether such a product is attractive, by taking into account both the upside
potential and the downside risk of the RSP’s cash flows. This is highlighted by the findings
of Wallmeier [I35], who shows that many retail clients are not fully aware of the risks
involved in such contracts, and those of Cao and Rieger [27], who demonstrate that simple
rules based on expected payoffs and downside risk measures such as value at risk (V@QR)
may be misleading. This is particularly important since the ratings of Deutscher Derivate
Verband (DDV), which is the leading provider of rating information in the German RSP
market, are based on VQR. In addition, retail investors may be subject to behavioral
biases including, for instance, probability misestimation; see Rieger [120]. Moreover, due
to, e.g., information asymietries, issuers may be able to charge margins or fees that can
render some products unattractive; see Henderson and Pearson [85]. However, retails
clients are not necessarily able to realize this due to potentially incorrect beliefs, see Hens
and Rieger [86], or low informational efficiency, see Schroff, Meyer and Burghof [125].
This overpricing, which is addressed in detail in Section is increasing with product
complexity, see Celerier and Vallee [29], and might become problematic particularly for
retail investors, as individuals with lower competence levels are drawn to such payoffs;
see Breuer and Perst [25] for a case study with reverse convertible bonds. However, retail
investors are also at a disadvantage for simpler payoffs such as vanilla or barrier options;
see Rosetto and van Bommel [122] or Wilkens and Stoimenov [141].

Therefore the objective of this chapter is to provide a comprehensive, integrated risk
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measure for (net payoffs of ) RSPs as an alternative to existing rating methodologies. Build-
ing on the notion of optimal expected utility risk measures as introduced in Chapter
we introduce implied risk aversion as a coherent RSP rating methodology. In contrast to
purely downside risk measures such as VQR or AV@R, implied risk aversion takes into
account both the upside potential and the downside risks of such products. In addition,
implied rigk aversion is easily interpreted in terms of an individual investor’s risk aversion:
A product is attractive (unattractive) for an investor if its implied risk aversion is higher
(lower) than his individual risk aversion. We illustrate our approach in a case study with
more than 15,000 warrants on DAX® and find that implied risk aversion is able to iden-
tify favorable products; in particular, we show that implied risk aversion is not necessarily
increasing with respect to the strikes of call warrants, and that it confirms the intuitively
obvious fact that put warrants are generally not attractive instruments for retail investors
that assume positive expected returns.

The chapter is structured as follows: In Section we provide a brief overview of
the German market for RSPs. Section is the core theoretical part of this chapter:
We first discuss some generalities on ratings and risk measures and introduce the novel
notion of fully supported risk measures in Section [.2.1] In Section we point out
some weaknesses of V@QR-based evaluations of RSPs. In Section we propose implied
risk aversion as an alternative rating of RSPs that overcomes many of the drawbacks
of existing approaches. We introduce a rating system for RSPs based on implied risk
aversion in Section and relate this system to real-world risk aversion in Section
Section presents several models for asset dynamics that we use for our simulations and
illustrations in Section where we investigate in detail a total of 15,377 warrants on the
German blue-chip index DAX®.

This chapter is an extended version of Fink, Geissel, Sass and Seifried [61] which has
been submitted to Journal of Banking and Finance.

5.1 Structured retail warrants: The German market

Before we address the measurement and quantification of risks in RSPs, we briefly re-
view the institutional background and structure of the German market for RSPs. In this
context, a structured product is a package of derivatives in the format of a bearer bond
(i.e., with counterparty risk) issued by a bank or an investment house. The contract
details are usually fixed in a prospectus that forms the legal basis of the corresponding
RSP. The first products issued were classical warrants, which are basically cash-settled
options with the respective issuer’s credit risk on top. Over time, more complex types
of products have evolved. This development peaked around the Lehman crisis, which
can be viewed as a structural break: dwindling demand by retail investors due to fallen
confidence in the credit worthiness of banks, combined with ambitious efforts by Euro-
pean and German regulating authorities (ESMA and BaFin) have led to a consolida-
tion of the RSP market. With a total outstanding amount of around EUR 75.2 billion
(April 2015, see http://www.derivateverband.de/ENG/Statistics/MarketVolume), the
market for structured products remains a significant part of Germany’s financial market
for retail investors. Simpler product types such as classical warrants account for 16.1
percent of the EUR 5 billion total monthly trading volume at RSP exchanges (April
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5.1. STRUCTURED RETAIL WARRANTS: THE GERMAN MARKET

Figure 5.1: Sketch of the German RSP market (client-client trading on exchanges is neg-
ligible).

Reference Market

Hedging Hedging
Issuer
Liquidity Provider OTC Trading
Retail Client P Exchange Direct Broker Retail Client
Retail Client Retail Client Retail Client Retail Client

2015, see http://www.derivateverband.de/ENG/Statistics/StockExchangeTurnover),
and it appears safe to assume an even bigger share in the direct trading/OTC domain.

The issuer of a RSP is typically the sole provider of liquidity in its products; see
Figure p.1] Clients have two ways of buying: either they trade directly/OTC via their
respective brokers, or they place an order at an exchange — Frankfurt (Borse Frankfurt)
and Stuttgart (EUWAX) are the most important ones. Here, in theory, clients can also
trade with each other directly, but the amount of this type of trading is negligible; most
of the liquidity is provided by the relevant issuer. Trading hours for direct trade are
usually from 08:00 — 22:00 local time, with possible differences for specific product types
or underlyings. Exchanges, on the other hand, open at 09:00 and close at 20:00 local time,
and issuers have themselves committed to providing a certain amount of liquidity if their
products are listed in the premium segments (this is usually the case, especially for DAX®
warrants). When a client’s order is executed, the issuer will hedge, for instance, via a
larger listed-option exchange; for the DAX® investigated in this chapter, this would most
likely be EUREX.

The market for RSPs has some unique features and is in itself of special interest for
researchers — an excellent overview of the recent literature can be found in Entrop, Schober
and Wilkens [58]. As noted above, although there exists some client-to-client trading, the
large majority of trades is carried out directly between a client and the issuing investment
bank; trading an RSP with a financial institution other than the issuing party is not
possible. This opens a potentially huge profit opportunity for these institutions — which is
mostly only restricted due to the fact that falling trading volume in recent years have made
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the market highly competitive; see Déhrer, Johanning, Steiner and Voélkle [51] for a current
and detailed analysis of priced margin (PnL) with respect to available product types. In
particular, it is difficult to set up arbitrage positions using RSPs. This implies that RSPs
are typically held for the medium or long term, often until maturity, and highlights the
importance of RSP ratings for buyers of these products.

There exists a growing literature on RSPs for retail clients. Early contributions focused
on the overpricing mentioned above (i.e., priced-in PnL to be earned by the selling banks),
starting with Chen and Kensinger [30] and Chen and Sears [31] for the US market and
Wilkens, Erner and Réder [140] for Germany. Later on, Stoimenov and Wilkens [127] put
forth a lifecycle hypothesis, i.e., the notion that overpricing diminishes over time when the
issuer amortizes his profits by selling the products around their issuance time. A related
literature investigates inter- and intraday pricing effects for 'turbos’ (basically, barrier
options), see [58], as well as classical warrants; see, e.g., ter Horst and Veld [130] for a price
comparison between warrants and classical exchange-listed options (in the Netherlands),
Schmitz and Weber [124] on retail investor behavior or Baule and Blonski [15] on issuer
pricing strategies based on clients’ demand.

5.2 Risk classifications of retail structured products

In this section we provide the theoretical framework and background for ratings of RSPs.
The main tool is the well-known notion of risk measures as presented in Chapter 2] We
use an optimal expected utility risk measure as introduced in Chapter 4] and introduce
the associated implied risk aversion as an alternative rating system for RSPs.

5.2.1 Risk measures for retail structured products

We refer to Chapter [2 for the formal definitions of a financial position and the risk-free
discount factor 5. In particular, in the context of RSP investments, X (w) > 0 means the
investor has made a profit X.

To assess the risk-return profile of a given RSP, we are interested in a map

p: X >R

that represents the “riskiness” of its payoff less its costs, X. We consider p to be a risk
measure, hence the natural conditions for p are given in Definition Note that positive
homogeneity is a crucial property for our purposes: The rating of an RSP should not
depend on the amount invested, which means that the risk measure scales linearly in the
net payoff.

In the following we recall some features of V@R and AVQR as defined in Example
While average value at risk is a coherent measure, value at risk fails to be convex. Both
share the property that they focus exclusively on the downside of the payoff distribution,
which obviously limits their scope for investors that wish to evaluate the risk-return profiles
of RSPs. Formally, neither value at risk nor average value at risk are fully supported in
the sense of Definition below. Therefore we rather turn to risk measures that take into
account the entire distribution of the financial position; these are typically utility-based;
see Chapter [3| for some well-known examples of utility-based risk measures.
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The optimal expected utility risk measure (OEU) as introduced in Chapterconstitutes
another class of utility-based risk measures. OEU is a convex risk measure for any u € U;
see Theorem Moreover, if u has constant relative risk aversion (CRRA), i.e.,

u(z) = ﬁ (:1:1_7 - 1) ,

for some v > 0, v # 1, then p" is a coherent risk measure; see Theorem [£.16] In this
case, the supremum in is attained uniquely at 1% € [~Xmin,00) by Proposition
(ii). Recall that to the best of our knowledge, OEU is the only existing utility-based risk
measure that is (non-trivial and) coherent if u has constant relative risk aversion, which is
a reasonable assumption; see Section [3.2]

Investments in RSPs can lead to significant losses on the one hand, and to potentially
large gains on the other. In particular, the investor may be willing to tolerate a significant
downside rigk if the product also offers a sufficiently high expected return, see Armbruster
and Delage [0]. A fair assessment of a RSP’s risk-return profile should therefore take into
account both the up- and the downside of the payoff distribution. More generally, we
formalize this idea in the following definition.

5.1 Definition. A risk measure p is called fully supported if

p(X)>p(Y) forall XY € X such that X <Y, X #Y.

In contrast to purely downside risk measures, such as value at risk or average value at
rigk, a fully supported risk measure is able to distinguish between financial positions with
identical downsides, but different upsides. This is not necessarily the case for standard risk
measures: For instance, the value at risk and average value at risk of a vanilla call and a
capped call with the same maturities, strikes and underlying are identical if they are not
too deep in the money. We next demonstrate that OEU is fully supported.

5.2 Theorem. If u is a CRRA utility function, the optimal expected utility risk measure
pY s fully supported.

Proof. For XY € X with X <Y, X #Y we have

p"(Y)=- sup {-Bn+au (E[u(Y +n)])}

77>7Ymin

<— sup {-An+au (E[u(Y +n)])}

17>=Xmin
< By —ou (Elu(Y +n%)])
< By —au™ (Elu(X +1%)]) < p"(X),

where the strict inequality is due to the fact that E[u(X +n% )] <E[u(Y +n%)]. O
In summary, we have demonstrated that OEU is a fully supported, coherent risk mea-

sure for every CRRA utility function, and hence satisfies all conditions required for an
integrated valuation of RSPs.
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5.2.2 Weaknesses of rating RSPs with VQR

V@R is a well-established methodology in regulatory risk management. In the context of
structured products, the KEuropean Union approved new V@R-based regulation on mutual
funds called UCITS IV (Undertakings for Collective Investment in Transferable Securities,
fourth edition) in 2009, see European Union [59] and a regulation on prudential require-
ments for credit institutions and investment firms in 2013, see European Union [60]. Since
2005, DDV also provides a V@R-based rating of structured products on the German mar-
ket, based on a fixed level of A =0.01 and a 10-day holding period; see Déhrer, Johanning,
Steiner and Volkle [50].

DDV implements their method in six steps:

1. Simulation of the price of the underlying based on a two-year price history and
simulation of market parameters and risk factors (such as price of the underlying,
dividends, implied volatility, risk-free interest rates, issuer’s interest rate and currency
risks)

2. Structuring, i.e., decomposition of products into their specific (option) components
3. Evaluation of the product at the initial date (Py)

4. Evaluation of the product at the end of the holding period (Pr) based on the simu-
lation in (1.)

5. Calculation of the product’s return distribution

6. Derivation of the 1% V@R at the end of the holding period to obtain the price risk
of the RSP

In addition, DDV separately computes further risk contributions (currency risk, volatility
risk, interest rate risk, counterparty risk) and aggregates these into their V@R assessments;
see http://www.derivateverband.de/ENG/Transparency/ValueAtRisk. In the following
we illustrate some potential drawbacks of such V@QR-based rating systems. We consider
structured products

(i) where for a given V@R based rating, the largest achievable return is not bounded.
(ii) which have the same V@R but have entirely different payoffs.
(iii) where the V@R leads to a product which is not obviously the better choice.
5.3 Example. (i) Cao and Rieger [27] construct RSPs from four call options that satisfy
a given VAR constraint, while their expected returns can reach any size. Thus an
investor that naively selects the RSP with the the largest expected return in a given

risk class might opt for a product that is not truly appropriate for his risk preferences,
overlooking potentially high risks.
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(ii) This scenario is fulfilled by (almost) any investment of, say EUR 10,000, in short-

(iii)

term, at-the-money call warrants with payoff XZ-CaLll on the same underlying. Obvi-
ously, if we consider VQR at maturity, we get

V@RO.Ol(Xicall) = 10,000 for all 3.

For example, consider the following calls on DAX®:

Table 5.1: 5-day call warrants on DAX® rated equally.
’ WKN ‘ Issuer ‘ Strike ‘ Ask ‘ Underlying ‘ VAR ‘
XM2HAS5 | Deutsche Bank | 11,300 | 5.40 | 11,830.66 | 10,000
XM2HAK | Deutsche Bank | 12,000 | 0.32 | 11,831.29 | 10,000

Clearly, the payoffs of these calls are qualitatively different. For instance, the like-
lihood of total loss is higher the higher the strike. On the other hand, warrants
with higher strikes offer more leverage and may therefore be attractive for investors
that value the RSP’s upside potential. In summary, it is quite clear that in such a
situation rating RSPs with V@R does not give investors helpful information for their
investment decisions.

Consider short-term call warrants that are deep in the money. Since value at risk,
by definition, only takes account of the worst 1 percent of the simulated outcomes
of the underlying, we obtain a smaller V@R the smaller the strike of the call option.
However, one might argue that the payout profiles of these products are nearly iden-
tical, and that the worst-case scenario of a total loss only applies in case of a severe
market crash, which will affect all warrants equally. In additional, higher strike prices
lead to increased leverage, which might make these products more attractive to some
investors. The following pair of call warrants on DAX® illustrates this point:

Table 5.2: 5-day call warrants on DAX® with potentially misleading V@Rs.
WKN Issuer | Strike | Ask | Underlying | V@R |

XM2H9D | Deutsche Bank | 10,000 | 18.32 | 11,830.38 | 3,339
XM2H9V | Deutsche Bank | 10,800 | 14.32 | 11,830.46 | 5,927

The above examples illustrate that rating systems may mislead unsophisticated investors
who are not able to take into account the exact payoff profile or the complete return
distribution. However, it is exactly for such investors that RSPs are designed. Thus there
appears to be a need for an alternative rating system that is suitable for unsophisticated
retail clients.

Finally we give an example of a simple Bernoulli-type payoff in order to illustrate that,
in contrast to V@GR and AV@QR, OEU is sensitive with respect to changes in the amount
of both, potential losses and gains of X.
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5.4 Example. We consider the financial position

-l with p=0.5,

g with p=0.5,
where [ > 0 is the potential loss and ¢ > 0 is the potential gain of the position. For this
example we choose o = 0.9, § = 0.95, A = 0.05 and calculate OEU for a CRRA utility
function with risk aversion parameter v = 3. Figures [5.2] (.3| and [5.4] illustrate OEU, V@GR
and AV@R as functions of [ and g.

Figure 5.2: V@R as a function of [ and g.
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Figure 5.3: AV@QR as a function of [ and g.
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Figure 5.4: OEU as a function of [ and g for v = 3.
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Figures [5:2] and [5.3] illustrate that V@R and AV@R do not offer any qualitative infor-
mation to an investor as they just equal the potential loss of X. By contrast, we note that
OEU increases for decreasing amounts of potential gains as well as for ever larger poten-
tial losses; see Figure [5.4] In particular, p" is negative if the investor values the upside
potential more than possible losses; a negative risk assessment seems obviously reasonable
if, for example, [ = 0.

5.2.3 Implied risk aversion

In the following we develop a utility-based rating system for RSPs. As demonstrated in
Section OEU is a fully supported and coherent risk measure for a CRRA utility
function with relative risk aversion + > 0. Thus we base our rating system on OEU of the
form

P (Xyy) =p"(X)=- max {—ﬁn+aE[(X +17)1_7]ﬁ}, XelX.

77>_Xmin

As explained in a short note below Example 4.10, we set u(z) = In(x) for v =1, so

p"(X,1) = - max {-Bn+aexp(E[I(X +n)])}, XeX.

n

By Jensen’s inequality, p"(X,y) is strictly increasing in v unless X is deterministic; for
deterministic X, p"(X,y) is obviously constant. Hence we can rate the product X by the
largest value v > 0 such that an investor with relative risk aversion ~ considers X attractive:

5.5 Definition. For any X € X we define the implied risk aversion vo(X) via

Y0(X) :=inf{y>0: p*(X,y) >0}

where by convention inf @ := co.
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Note that, if p*(X,y) =0 for some v > 0, then that value is unique and vo(X) =~v. On
the other hand, we have 7(X) = oo if p"(X,y) <0 for all v >0, and vo(X) =0 if p“(X,y) >
0 for all v > 0. Intuitively, an investor with risk aversion ~y(X) is indifferent between the
financial position X and a zero investment; the position X is favorable (unfavorable) for
any investor with v < y(X) (respectively, v > v9(X)). In particular, note that the smaller
~v0(X), the riskier (i.e., less attractive) the product. Here and in all that follows, we fix
the remaining parameters

1 1
a=——— and fB-= .
1+0.2-T/365 1+0.005 - T/365

This corresponds to a risk-free rate of 0.5% p.a. and a subjective rate of time preference
of 20% p.a.EI where T" denotes the investor’s time horizon in days (typically, 7' = 90 days).

5.6 Remark. Alternatively, one might analogously construct a rating based on utility func-
tions with constant absolute, rather than relative, risk aversion or, in fact, any parametric
family of utility functions. However, as shown in Section implied risk aversion as
defined above is the only choice that leads to a coherent risk measure, and thus makes the
implied rating independent of the amount investedE]

We illustrate implied risk aversion with a simple RSP example.

5.7 Example. Consider a hypothetical investment of EUR 10,000 into a call warrant on
DAX®:

Table 5.3: 5-day call warrant.
’ WKN ‘ Issuer ‘ Strike ‘ Ask ‘ Underlying ‘

| XM2HA9 | Deutsche Bank | 11,500 | 3.50 | 11,829.89 |

The price of the underlying is simulated as a geometric Brownian motion with drift and
volatility parameters estimated on the basis of historical data; see Section for details.
The cumulative distribution of the product’s net return looks as follows:

!We show in Section below that our results are robust with respect to alternative specifications of
a.

2Even more generally, the approach here can also be used for parametric families of downside risk
measures; e.g., one may define A “®(X) = P(X > 0) as the probability of not making a loss from an
investment X, or A3V®® as the level such that the mean V@R for all A > A;VeR equals zero. Such
constructions suffer from the fact that downside risk measures are not fully supported.
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Figure 5.5: Cumulative distribution function of X.
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Clearly, an evaluation of the product with V@R yields the trivial result

VaR""(X) = 10,000.

2.5

-10%

By contrast, let us consider implied risk aversion: Figure displays p"(X,y) as a function

of the investor’s relative risk aversion ~:

Figure 5.6: OEU depending on ~.
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In particular, in this example the implied risk aversion of X is given by

vo(X) = 3.1703.
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The following result summarizes the main properties of implied risk aversion and pro-
vides some justification to use implied rigsk aversion for the classification of RSPs.

5.8 Theorem. For all X,Y € X the following properties hold:
(1) Yo fulfills monotonicity: vo(X) < (YY) whenever X <Y

(1) o supports diversification: yo(AX +(1-=N)Y") > min{~yo(X),70(Y)} for every 0 < A <
1.

(iii) 7o is invariant with respect to the amount invested: vo(AX) = v (X) for all X > 0.

(iv) ~o preserves second-order stochastic dominance: vo(X) <70(Y) if E[v(X)] < E[v(Y)]
for all increasing, concave functions v:R — [-00,00).

Proof. The stated properties follow from the definition of implied risk aversion and some
results on OEU from Chapter [}

(i) Let X,Y € X such that X <Y. Due to Theorem for any v > 0, we have
P (X)) 2 p“(Yyy). (5.1)

Monotonicity of vy can easily be checked for XY € X such that vo(X),70(Y) € {0,00}
by Definition In order to prove monotonicity for 0 < v9(X),70(Y") < oo, note

that particularly implies
P (X0(Y)) 2 p* (Y0 (Y)) 20,
where the last inequality follows from Definition [5.5] Consequently,
(V) e{y>0:p*(X,y) 20}
and thus 79(X) < (YY) due to Definition

(ii) Without loss of generality we assume that vo(X) = min{yo(X),7%(Y)}. If 7(X) =0
the conclusion follows easily. We therefore only consider the case 0 < v9(X) and deny
the conclusion and suppose that 79(AX +(1-X)Y") < 49(X). Then, by Definition [5.5

(X (AX +(1-)Y)) <0 and g (Vap(AX + (1= \)Y)) <0,
thus, due to Theorem

PYAX + (1=N)Y (A X +(1-0)Y)) < (X 90(AX +(1-N)Y))
+(1=N)p" (Yo (AX + (1-A)Y))
<0

which contradicts the definition of vo(AX +(1-\)Y") and thereby concludes the proof.
(iii) From Theorem we know that for any v >0
P (AXy) = Ap"(X,y) forall A>0.
Therefore

inf{y>0: p"(X,y) 20} =inf{y>0: p“(AX,y) >0} for all A>0.
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5.2. RISK CLASSIFICATIONS OF RETAIL STRUCTURED PRODUCTS

(iv) Theorem implies that for any v > 0 we have p“(X,y) > p“(Y,y) if E[v(X)] <
E[v(Y)] for all increasing, concave functions v : R - [-oc0,00). Thus, analogously to
the proof of monotonicity, we conclude that

Y0(X) <0(Y). O

Properties (i) and (iv) ensure that implied risk aversion is consistent with “obvious”
rankings by monotonicity, while (ii) shows that implied risk aversion encourages diversifi-
cation to reduce total risk. Importantly, property (iii) guarantees that a product’s implied
risk aversion is independent of the amount invested into that product; equivalently, the
rating of a given product X is the same as that of a positive multiple AX. Thus implied
risk aversion assesses only the risk-return tradeoff, while the decision how much capital to
invest is left to the investor.

5.2.4 Implied risk aversion as a rating system

DDV categorizes RSPs into one of five risk classes. These are distinguished by their simu-
lated V@R for a hypothetical investment of EUR 10,000 in the relevant RSP; see Table

Table 5.4: DDV classification from [50], Figure 5.

’ risk class thresholds in % \ investor type ‘
1 0<V@RM <25 risk averse
2 2.5 < V@R <75 limited willingness to take risks
3 7.5< V@R <125 willing to take risks
4 12.5 < V@QR"¥1 <17.5 | increased willingness to take risks
5 17.5 < VQR"0T <100 speculative

We now convert these risk classes into a system based on implied risk aversion. For
this purpose, we consider an investment of EUR 10,000 for 90 days in a financial product
with a log-normal distribution. The associated drift parameter p is taken from a maximum
likelihood estimation based on a 2-year DAX® price history; the associated volatility o
is computed in such a way that the payoff attains the threshold V@R in Table 5.4, Then
we use this log-normal product to determine the implied threshold risk aversion 9. The
resulting rating scheme is presented in Table [5.5]

Table 5.5: Rating system based on implied risk aversion.

classification | threshold risk aversion ‘ investor type
1 29.5 <y risk averse
2 11.9 <9 <£29.5 limited willingness to take risks
3 6.4<v <119 willing to take risks
4 41<v<6.4 increased willingness to take risks
5 Yo < 4.1 speculative

A survey among retail investors in Germany carried out by DDV [47] shows that typical
investors’ risk preferences cover all five rating classes; see Table
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Table 5.6: Risk classes among private investors due to [47].
‘ risk class ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘
| share [ 10.3% | 21.9% | 24.1% [ 15.0% | 28.7% |

We end this section with a brief and incomplete review of the empirical literature on
individuals’ risk aversion. A large part of the literature, including, among many others,
Barsky, Kimball, Juster and Shapiro [I4] and Kimball, Sahm and Shapiro [94] is based
on laboratory experiments or hypothetical survey questions; field research in this area has
been carried out by, for instance, Binswanger [20]. Meyer and Meyer [107], to whom we
also refer for an overview, perform a meta-analysis of past studies on the real-world risk
aversion and point out that risk aversion for consumption may be up to five times higher
than risk aversion for wealth. They therefore adjust previously reported estimates and find
relative risk aversion parameters for wealth between 1 and 7, with 3 as a viable “typical”
value; see [I07, Table 2|. This is in line with other recent studies such as Paravisini,
Rappoport and Ravina [I10], who find an average relative risk aversion of 2.85 or [94] in
data from person-to-person lending platforms, who obtain a value of RRA of 1.64 (when
multiplied by the factor 0.2 in the sense of [107]). More extreme values of risk aversion
have also been found by, among others, [110], see Table and by Janecek [87], who
discusses that professional gamblers’ risk aversions are in excess of 20, with even higher
values for less experienced individuals.

Table 5.7: Distribution of RRA from [110].
| fractiles [ 1 [ 10 | 25 [ 50 | 75 | 90 [ 99 |
| risk aversion | -0.16 [ 0.28 [ 0.56 [ 1.62 [ 3.66 [ 7.29 [ 17.18 |

5.2.5 Real-world risk aversion

Assume that an investor in RSPs only uses personal wealth which is (given a certain
investment horizon) not necessary for his daily spending in any other area of life, but
is exclusively intended to be used for investments. We shall call this amount of money
tnvestment wealth and denote it by W. All of the investment decisions for W are assumed
to be made under the individual constant relative risk aversion ~. Thus it is of great
importance for the investor to know and follow his personal relative risk aversion in order
to make reasonable decisions on offered investment opportunities.

We suggest a self-test for the personal relative risk aversion: Assume that your invest-
ment wealth W is EUR 10,000 and that your investment horizon is 90 days, then answer
the following question:

What is the mazimum amount you are willing to pay for a financial position X with the
following payoff:

. {10,000, with py =08,

0, with ps = 0.2
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Obviously, if you are willing to risk « for the chance of winning 10,000 then z is your
wndifference value of this gamble. We can map x against the degree of relative risk aversion
~ by means of the OEU of X with a CRRA utility function with relative risk aversion ~y
as in Section 5.2.3t

p"(Xy) ==

We have given justification for the choice of CRRA utility function in Section [3.2] This
assumption can also be understood in the following sense: While an investor may not
possess exactly a risk behavior as modeled by the power utility function, we are trying to
find the constant relative risk aversion parameter which would best approximate it. Note
that coherency of p* is a crucial feature when considering investment decisions within the
range of one’s investment wealth: The answer to offered gambles of the above type should
always be the same proportion of the potential win. To find your personal relative risk
aversion, some exemplary conversions and a graphical representation of the relation of x

and ~ are illustrated in Table [5.§ and Figure [5.7]

Table 5.8: RRA self-test.

X | v X | v X |y X |y
7,624 | 0 3,775 1 9 1,994 | 18 747 | 27
6,987 | 0.5 3,656 | 9.5 1,913 | 18.5 690 | 27.5
6,606 | 1 3,539 | 10 1,834 | 19 634 | 28
6,304 | 1.5 3,426 | 10.5 1,756 | 19.5 580 | 28.5
6,045 | 2 3,315 | 11 1,679 | 20 527 | 29
5,813 | 2.5 3,207 | 11.5 1,604 | 20.5 475 | 29.5
5,602 | 3 3,101 | 12 1,530 | 21 425 | 30
5,406 | 3.5 2,998 | 12.5 1,458 | 21.5 376 | 30.5
5,222 | 4 2,807 | 13 1,387 | 22 328 | 31
5048 | 4.5 2,799 | 135 1,317 | 22.5 282 | 31.5
4,884 | 5 2,702 | 14 1,249 | 23 238 | 32
4,726 | 5.5 2,607 | 14.5 1,182 | 23.5 195 | 32.5
4,575 | 6 2,514 | 15 1,116 | 24 154 | 33
4,431 | 6.5 2,423 | 15.5 1,051 | 24.5 115 | 33.5
4291 | 7 2,334 | 16 988 | 25 79 | 34
4,156 | 7.5 2,247 | 16.5 926 | 25.5 45 | 34.5
4,025 | 8 2,161 | 17 865 | 26 15| 35
3,898 | 8.5 2,077 | 17.5 805 | 26.5 0355
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Figure 5.7: RRA self-test.
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5.3 A simulation for warrants on DAX®

In this section we set up a simulation framework to compute the implied risk aversions
for a specific class of RSPs based on the German blue-chip index DAX®. We implement
5 alternative dynamic models for the evolution of this underlying and calibrate each to
real-world market data. In Section below we apply these models to provide ratings of
more than 15,000 RSPs based on DAX® to illustrate our implied risk aversion approach.
Before we address RSPs, however, we discuss in detail the models and our estimation and
calibration methodologies in this section.

To demonstrate the applicability and robustness of our implied risk aversion approach,
we have selected 5 distinct models for the dynamics of DAX®. In addition to a standard
Gaussian model, which is also used by DDV in their ratings, we also use more sophisticated
models that reflect the so-called “stylized facts” of financial returns time series such as heavy
tails, skewness and stochastic volatility; see Cont [39] or Rachev [115] for an overview.
Specifically, we use a variance gamma, a normal tempered, an ARMA-GARCH and a
historical simulation approach.

e Model 1: Black-Scholes
In the well-known Black-Scholes model, see Black and Scholes [21] and Merton [106],
the asset price process is a geometric Brownian motion, i.e., satisfies the stochastic
differential equation

dS(t) =u*S(t)dt +oc*S(t)dW(t), S(0)>0, t>0,

with W a Brownian motion, u* € R and ¢* > 0. This implies that logarithmic
returns follow a normal distribution with expectation p* and variance (0*)2, so
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parameter estimation via mazimum likelihood (MLE) and simulation of asset paths
is straightforward.

e Model 2: Pure jump variance gamma
The variance gamma (VG) process is among the most commonly used pure jump
processes in finance and was introduced in various versions by Madan, Carr and
Chang [101], Madan and Seneta [103], and Madan and Milne [102]. We follow [101]
and define a variance gamma process by

VG(t) = 07T (t) + "W (Do (1)), 20,

where 0* € R and ')+ is a gamma process with mean 1 and variance v*. The stock
price dynamics are given by

S(t) = S(0) exp(p*t + VG(t) +w't), S(0)>0, t>0,

where p* € R and w* = v* 'In(1 - 0*v* — 0.5(c*)%v*). Since the characteristic
function of the variance gamma distribution is known in closed form, the return
density required for the parameter estimation via MLE can be obtained by classical
Fourier inversion (alternatively, with the closed-form formula of Madan, Carr and
Chang [101]). For simulation purposes, a classical Euler-Maruyama scheme can be
applied using gamma and normal random variables.

e Model 3: Normal tempered stable

Similarly as in the variance gamma approach, the normal tempered stable (NTS)
model is based on a time-changed Brownian motion. Instead of a gamma process, a
tempered stable subordinator (which is basically special case of an CGMY process,
see Carr, Geman, Madan and Yor [28]) is used, which allows for increased flexibility in
modeling tails and skewness. NT'S processes were proposed by Barndorff-Nielsen and
Levendorskii [11I] and have been used successfully in various financial applications;
see Barndorff-Nielsen and Shephard [12], Kim, Giacometti, Rachev, Fabozzi and
Mignacca [90] and Kim and Volkmann [91] among others. In the context of RSPs,
NTS processes have been employed by Fink and Mittnik [62] to price quanto warrants
and barrier options on the Nikkei 225. Our NTS setup can be described as follows:
Let T = {T(t)}+>0 be a tempered stable subordinator, i.e., an a.s. increasing Lévy
process with characteristic function

E[ exp(ivT (t))] = exp (——%(92101*/2 [(67 —iv)~"? - (e*)a*ﬂ]) . veR, 120,

where a* € (0,2) is the tail parameter and #* > 0 controls the tempering. Then the
NTS process is defined via

X()=pt+p°(T()-t)+c W(T(t)), t=>0,

with ©*,8" € R and ¢* > 0. The parameter 5* then controls the skewness. The asset
price is given by

S(t) = S(0)exp(X (1)), S(0)20, ¢>0.
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As in the variance gamma framework, the characteristic function of X is known in
closed form, so MLE can be carried out via Fourier inversion. To simulate paths, we
follow the approach of Baeumer and Meerschaert [10] and Kawai and Masuda [89];
also see Fink and Mittnik [62]. To obtain realistic stock price paths, we restrict
ourselves to o € [1,2] as in [62].

e Model 4: ARMA-GARCH

From the variety of stochastic volatility extensions of the classical Black-Scholes or
Lévy setups, we select a classical discrete-time ARMA-GARCH process; see Boller-
slev [22], Box, Jenkins and Reinsel [24], Engle [57] and Whittle [I39]. This is ar-
guably the most well-known and most widely used time series model for financial
returns. To stay in line with the Lévy-based models above, we restrict ourselves to
an ARMA(1,1)-GARCH(1,1) setup. This implies a total of 6 parameters in addition
to those of the error distribution, and log returns r(t) are given by

r(t) = ag+ajr(t-1)+n(t) +bin(t-1),
n(t) a”(t)e(t),

a?(t) oy +air(t-1)2+ Bfo(t-1)% teZ,

with of > 0, af + 67 <1, |aj]| < 1 and aj,5; € R. The (e(t))sez are i.i.d. and follow
a normal, t— or Hansen’s skewed-t distribution; see Hansen [82]. Estimations and
simulations are carried out using Kevin Sheppard’s MFE Toolbox for MATLAB.

e Model 5: Empirical distribution
As a final benchmark, we use a classical historical simulation approach, i.e., we use
actual, historical daily returns on DAX® .

To calibrate the underlying parameters of these models, we follow DDV’s approach and
use daily DAX® returns from the past two years. Our parameter estimates are reported
in Tables and [5.10[°| Estimated densities and the QQ-plot for Model 4 are presented

in Figures and [5.10]

Table 5.9: Parameter estimates for Models 1-3.
’ Parameters ‘ Model 1 | Model 2 | Model 3

o 0.0007 | 0.0007 | 0.0007
o 0.0105 | 0.0107 | 0.0106
v _ 0.7322 -

0 - ~0.0010 | 0.6500
o - - 1.0000
B _ _ ~0.0018

#We indicate these parameters with a **’ to avoid confusion with a and 8 from Section For Model
4, Hansen’s skewed-t distribution (with skew parameter 7.0809 and tail parameter -0.0962) turned out to
be the best for the error terms based on an evaluation of AIC, BIC, log likelihood and a QQ-plot.
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Table 5.10: Parameter estimates for Model 4.

[ ag [ af T b

)

oi | B |

| 0.0005 | 0.2075 | -0.2494 | 3.0229¢-06 | 0.1211 | 0.8620 |

Figure 5.8: Empirical density of daily DAX® returns vs. densities of Models 1-3.

T

T T T

T

— Empirical density (smoothed)
—— Black-Scholes density

— Variance gamma density

—— NTS density

Figure 5.9: Associated densities in the left tails.
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Figure 5.10: QQ-Plot for Model 4 using Hansen’s skewed-t distribution with skew param-
eter 7.0809 and tail parameter -0.0962.
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5.4 Case study: Ratings of DAX® warrants

In this section we conduct a case study of our rating system for a specific class of RSPs. We
focus on warrants with maturities up to 3 months on DAX® on a given spot date, which
form a universe of 15,377 products; an overview of the various issuers/market makers can
be found in Table In this setting, we illustrate the implied risk aversion rating as
proposed in this chapter, and contrast it with the existing V@R approach as used by, e.g.,
DDV, see Section To avoid nested simulations and questions of pricing, we focus
on holding periods that coincide with the maturity of the respective Warrantﬁ All risk
measures and ratings are based on the framework outlined in Section [p.2|and are evaluated
using simulations with 20,000 pathsﬂ with an initial investment of EUR 10,000.

Market prices of RSPs are taken from OnVista. Ask prices and time stamps are ex-
tracted from its warrant selection tool on 22 May 2015, a typical trading day, between
16:45 and 17:20 Frankfurt time, resulting in 9,033 call and 9,511 put warrants. After
removing errors and outdated quotations, we were left with a total of 15,377 warrants
(7,777 calls and 7,600 puts). Based on the individual time stamp of each RSP, we selected
the corresponding DAX® prints using tick data from Borse Frankfurt; the spot price is
approximately 11,830. In addition, to reduce complexity, maturities were rounded to full
days, and we do not distinguish between products that expire on the mid-day or end-of-
day auction. In Figure we display the strikes and maturities of all warrants in our

“This implies in particular that, in DDV’s approach, risk factors other than the underlying’s market
risk are not relevant.
®For numerical stability, vo-values below 0.0001 are set to zero.
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Table 5.11: Overview: RSPs per issuer.

‘ Issuer ‘ Call warrants ‘ Put warrants ‘ Total ‘
BNP Paribas 452 450 902
Citigroup 651 749 1,400
Commerzbank 1,105 1,062 2,167
Deutsche Bank 1,183 985 2,168
DZ Bank 622 456 1,078
Goldman Sachs 447 445 892
HSBC 290 316 606
HypoVereinsbank 930 985 1,915
Interactive Broker 344 356 700
Lang & Schwarz 10 19 29
Société Générale 65 81 146
UBS 942 925 1,867
Vontobel 736 771 1,507

study. It is apparent that the largest share is made up of at-the-money warrants with short
maturities. As discussed below, it is exactly for these warrants that implied risk aversion
provides a more sensible rating than VQR.

The analysis of this section consists of two parts: First, we investigate the big picture
and discuss the resulting ratings and risk classifications of all warrants in our sample.
Second, we focus on some hand-picked products to exemplify the potential benefits of
using implied risk aversion for RSP ratings.

5.4.1 The bigger picture: Implied risk aversion vs. VQR

In the following we consider call and put warrants separately. Beginning with the analysis
of calls, Figure displays, for each financial market model from Section [5.3] the dis-
tributions of the implied risk aversion parameters (blue, line plot) and the V@Rs (green,
bar plot) of all warrants in our sample. To improve visualization, we display a smoothed
density for implied risk aversion; the red line represents the threshold between risk classes
4 and 5. Both implied risk aversion and V@R classify the majority of products into the
highest risk class. While V@R assigns the maximum value EUR 10,000 to more than 70%
of products and groups virtually all into risk class 5, implied risk aversion displays a more
nuanced picture: The distribution peaks around the threshold at relative risk aversion
between 3 and 4 and exhibits only a small hump at 0. The results are reasonably robust
across financial market models; a slight exception is the ARMA-GARCH setup, where we
observe a more positive skew in the distribution of 79, and a greater number of prod-
ucts with V@R equal to 10,000. We trace these effects to the fact that Hansen’s skewed
t-distribution is used as an error distribution.

While both rating approaches group the majority of products into the highest risk class,
implied relative risk aversion clearly assesses RSP rigk in a different way than V@R, and
is less granular in doing so. To illustrate, we display the associated risk classifications in
Table In particular, while there are no products in V@R classes 1, 2 or 3, implied

67



CHAPTER 5. IMPLIED RISK AVERSION: AN ALTERNATIVE RATING SYSTEM
FOR RETAIL STRUCTURED PRODUCTS

Figure 5.11: Strikes and maturities of all warrants under consideration.
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risk aversion identifies several products in classes 2 and 3. We zoom in on some of these
apparently rather attractive products in Section below.

Table 5.12: Calls: Classifications for different model setups.

BS VG NTS AG ED
classification || V@R ‘ Yo V@R ‘ Y0 VaRr \ Yo VaRr \ Yo VaR Y0
1 0 0 0 0 0 0 0 0 0
2 0 9 0 6 0 6 0 1 0 6
3 0 76 0 79 0 93 0 65 0 62
4 39 1,569 31 1,897 28 2,462 0 2,928 39 1,930
5 7,738 | 6,123 || 7,746 | 5,795 || 7,749 | 5,216 || 7,777 | 4,783 || 7,738 | 5,779

As a further robustness check, we illustrate how our results depend on the choice of

the subjective discount factor a in Tables and for subjective annual discount
rates of 10% and 5%, respectively. For each table the thresholds are determined with the
same method as before, via calibrating to log-normally distributed payoffs with 90 days
maturity.
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Table 5.13: Calls: Classifications for subjective discount rate 10% p.a.

classification | limits | BS [ VG [ NTS | AG | ED |
1 59.9 < 0 0 0 0 0 0
2 24.0<90<59.9 | 0 0 0 0 0
3 130<y <240 46 | 48 | 58 | 23 | 31
4 8.2<7 <13.0 || 1,834 | 2,047 | 2484 | 3,135 | 2,083
5 Y0 < 8.2 5,897 | 5,682 | 5,235 | 4,619 | 5,663

Table 5.14: Calls: Classifications for subjective discount rate 5% p.a.

classification | limits | BS [ VG [ NTS | AG | ED |
1 68.8 <0 0 0 0 0 0
2 504 <90 <688 || 0 0 0 0 0
3 272<70<504 [ 0 0 4 5 0
4 172<70<27.2 || 1,697 | 1,754 | 2,101 | 2,977 | 1,934
5 Y0 <17.2 6,080 | 6,023 | 5,672 | 4,795 | 5,843

We see that, as a increases (i.e., as the investor’s impatience diminishes), the threshold
values of vg are shifted upward. This is due to the fact that a larger value of « implies
a larger weight on the future payoff X + 7 in , leading to a lower individual value
of p* for each product; this implies that the thresholds are shifted upward. The risk
classifications, by contrast, are quite robust.

We next address put warrants. Here the overall picture, illustrated in Figure[5.13] looks
rather different: The V@R and relative risk aversion ratings coincide, grouping all products
into the highest risk class. With the ARMA-GARCH setup the only exception, relative
risk aversion also indicates the highest possible risk throughout our sample. Accordingly,
the risk classification in Table is trivial.

Table 5.15: Puts: Classifications for different model setups.

BS VG NTS AG ED
classification || V@R Y0 VaRr Yo VaR Yo VaRr Yo V@R Y0
1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0
5 7,600 | 7,600 (| 7,600 | 7,600 || 7,600 | 7,600 || 7,600 | 7,600 || 7,600 | 7,600

We wish to emphasize that this phenomenon should not be attributed to a shortcoming
of either V@R or «y. The simple explanation is that our results are based on a two-year
daily DAX® history with a positive drift rate. This implies that a put option, if it is priced
fairly or subfairly, has a negative expected net payoff and should therefore be grouped into
the highest risk class by any reasonable rating system. Concerning implied risk aversion,
this can be seen formally as follows: By Corollary we have for any net investment X
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with X <0
p"(X,y) 2 -aE[X] forall v>0.

Therefore, whenever E[X ] < 0, it follows that p"(X,y) > 0 for all v > 0 and consequently
Y (X) = 0. Nevertheless, put options that are “too cheap” may exhibit a positive expected
return, and we demonstrate below that implied risk aversion is in fact able to identify such
products.

5.4.2 Ranking call warrants with implied risk aversion and VQR

So far we have focused on the overall distribution of warrants into alternative risk classes.
In the following we illustrate the qualitative advantages of implied risk aversion by analyz-
ing in detail some typical scenarios with specific products. First, consider the subsample
consisting of 5-day call options issued by Deutsche Bank with strikes ranging from 10,000
to 12,300 (the underlying traded around 11,830). Table summarizes the implied risk
aversion and VAR ratings of these products. VAR is increasing in the strike, and assigns
maximum risk even to products that are in the money. From the retail client’s perspec-
tive, this means that VQR does not offer any qualitative information for his investment
decision beyond the products’ obvious properties. Implied risk aversion, by contrast, is
not monotone with respect to the strike: Calls deep in the money share roughly the same
implied risk aversion. As the strike is increased, implied rigk aversion falls slightly and
then increases steeply and attains its maximum around the money, indicating the most
attractive products. Implied risk aversion then falls again as the call moves out of the
money.

To understand this behavior, note first that the net payoffs of the calls deep in the
money are nearly identical and resemble a forward that knocks out only in a severe market
crash. As the strike approaches the spot, the scenario of a total loss becomes more and
more imminent, leading to a decrease in the product’s rating; see, e.g., the call with strike
11,300 and Figure If the strike is increased further, leverage makes the product more
and more attractive, overcompensating the risk of a total loss and leading to a peak in
implied risk aversion in the flat section of the bell curve in Figure [5.14]

The effect described above is amplified by the volatility skew, which for illustration is
depicted in Figure [5.15] We wish to stress, however, that the same behavior persists in
the absence of a volatility skew: In the last column of Table we display the implied
risk aversion of the call warrants under consideration under the assumption that they are
priced in a Black-Scholes constant volatility settingﬁ

On a general note, short term at-the-money call warrants have the highest implied risk
aversion which is, for example, reflected in the fact that strikes are in the range of 11,750
to 12,250 and time to maturity is at maximum 7 days among the 60 products with highest

~0; see Table [AT]

5.4.3 Comparing products using implied risk aversion

Table shows 4 far-out-of-the-money calls close to expiry, with the same maturities
and strikes. Although their payoffs are identical, these products exhibit different prices. In

SHere, volatility is fixed at the implied volatility of XM2HAG.
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Table 5.16: Implied risk aversion in the Black-Scholes model for 5-day call warrants issued
by Deutsche Bank.

ATM-IV

WKN | Strike | Ask [ Ask-Vol | Underlying | VAR [ o | %
XM2H9D [ 10,000 | 18.32 [ 0.5469 | 11,830.38 [ 3,339 | 3.8707 | 3.9388
XM2H9M | 10,400 | 14.32 | 0.4617 | 11,829.58 | 4,272 | 3.7237 | 3.9388
XM2H9V | 10,800 | 10.32 | 0.3106 | 11,830.46 | 5,927 | 3.8966 | 3.9397
XM2H9Z | 11,000 | 8.32 | 0.2884 | 11,829.11 | 7,352 | 3.6497 | 3.9493
XM2HAL | 11,100 | 7.32 | 02762 | 11,827.80 | 8,356 | 3.4458 | 3.9826
XM2HA3 | 11,200 | 6.37 | 0.2589 | 11,831.40 | 9,681 | 3.3066 | 4.0635
XM2HA5 | 11,300 | 540 | 0.2509 | 11,830.66 | 10,000 | 2.9429 | 4.2255
XM2HA7 | 11,400 | 4.43 | 0.2242 | 11,831.50 | 10,000 | 3.2336 | 4.5354
XM2HA9 | 11,500 | 3.50 | 0.2158 | 11,829.89 | 10,000 | 3.1703 | 5.0840
XM2HAB | 11,600 | 2.62 | 0.1974 | 11,831.96 | 10,000 | 4.2601 | 5.8402
XM2HAD | 11,700 | 1.82 | 0.1875 | 11,830.93 | 10,000 | 5.5943 | 6.8032
XM2HAF | 11,800 | 1.16 | 0.1820 | 11,829.02 | 10,000 | 7.1652 | 7.7712
XM2HAG | 11,850 | 0.88 | 0.1783 | 11,827.33 | 10,000 | 8.4603 | 8.1599
XM2HAH | 11,900 | 0.65 | 0.1713 | 11,831.82 | 10,000 | 11.0532 | 8.3605
XM2HAK | 12,000 | 0.32 | 0.1667 | 11,831.29 | 10,000 | 12.2658 | 8.3810
XM2HAM | 12,100 | 0.15 | 0.1686 | 11,830.42 | 10,000 | 9.6278 | 7.2299
XM2HAP | 12,200 | 0.075 | 0.1769 | 11,829.15 | 10,000 | 5.6930 | 5.3404
XM2HAR | 12,300 | 0.035 | 0.1829 | 11,829.13 | 10,000 | 3.2332 | 3.5792

this context, we wish to point out that not only is implied risk aversion -y able to identify
the most attractive (i.e., cheapest) product (AP6RRY), but vy also provides an indication
which type of investor may be interested in such a warrant (within, say, the Black-Scholes
model): Featuring an implied risk aversion of 0.1451, it is only for the least risk-averse
investors. Furthermore, if AP6RRY were not in the sample, implied risk aversion would
clearly indicate that none of the remaining products, which all exhibit zero implied risk
aversion, is attractive for a risk-averse retail investor.

Table 5.17: Implied risk aversion of 7-day call warrants with strike 12,600.

NTS

WKN Issuer ‘ Ask ‘ Underlying 'yg’s 73/ G Y% 7§G 'yOED
CCR8Z2S Citigroup 0.031 | 11,830.85 0 0 0 1.6735 0
CNOR7V | Commerzbank | 0.025 | 11,829.26 0 0.0551 | 0.0139 | 1.9035 0
GL15K9 | Goldman Sachs | 0.031 | 11,830.40 0 0 0 1.6670 0
AP6RRY | Int. Brokers | 0.018 | 11,830.32 | 0.1451 | 0.3780 | 0.2778 | 2.2155 | 0.1100

In a similar vein, Table displays implied risk aversion parameters for 5-day at-the-
money call warrants. Implied risk aversion clearly identifies products issued by UBS as
the most attractive ones. Comparing with prices of identical warrants issued by Deutsche
Bank (DB) or Goldman Sachs (GS), it becomes clear that the former are indeed up to 10%
cheaper than the latter.
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Table 5.18: Implied risk aversion of 5-day at-the-money call warrants.

WKN ‘ Issuer ‘ Strike ‘ Ask ‘ Underlying 7(])35 'y(Y G yéVTS 'yéAG VOED
XM2HAG | DB | 11,850 | 0.88 | 11,827.33 | 8.4603 | 7.9492 | 9.2904 | 7.0981 | 7.3603
UZ698B UBS | 11,850 | 0.81 11,829.76 | 13.2928 | 12.7038 | 14.4364 | 11.2965 | 12.0095
XM2HAH | DB | 11,900 | 0.65 | 11,831.82 | 11.0532 | 10.2653 | 11.4942 | 8.6166 | 9.5661
GL15JU GS | 11,900 | 0.67 | 11,829.52 | 9.1773 | 8.4441 | 9.5349 | 7.0891 | 7.7896
uzrM77 | UBS | 11,900 | 0.59 | 11,820.62 | 15.0835 | 14.2694 | 15.6127 | 11.9888 | 13.5410
XM2HAJ DB | 11,950 | 0.47 | 11,830.66 | 11.5091 | 10.5665 | 11.3985 | 8.5966 | 9.8672
UZ68WB | UBS | 11,950 | 0.41 11,828.86 | 15.4231 | 14.5386 | 15.3694 | 11.8845 | 13.9345
XM2HAK DB 12,000 | 0.32 11,831.29 | 12.2658 | 11.3418 | 11.8613 | 9.2192 | 10.8105
GL15JW GS | 12,000 | 0.327 | 11,831.26 | 11.7561 | 10.8253 | 11.3453 | 8.8088 | 10.2802
UZ62LW | UBS | 12,000 | 0.28 | 11,829.15 | 14.6950 | 13.8157 | 14.3215 | 11.2509 | 13.3469
XM2HAL | DB | 12,050 | 0.22 | 11,829.58 | 10.9613 | 10.0404 | 10.3126 | 8.3815 | 9.5545
UZTLVT UBS | 12,050 | 0.18 | 11,828.89 | 13.6851 | 12.8125 | 13.0584 | 10.5945 | 12.3940
XM2HAM | DB | 12,100 | 0.15 | 11,830.42 | 9.6278 | 8.7600 | 8.8946 | 7.6674 | 8.3252
GL15JY GS | 12,100 | 0.145 | 11,831.93 | 10.1782 | 9.3134 | 9.4372 | 8.0739 | 8.8888
UZ6U6M UBS | 12,100 | 0.11 11,829.38 | 12.3819 | 11.5603 | 11.6264 | 9.8478 | 11.1888

This picture is confirmed if we consider put options, see Table While, as discussed
above, none of the put warrants looks particularly attractive, some of those issued by UBS
may be attractive to some investors, and are clearly (within this sample, in this dataset)
the most attractive products.

Table 5.19: Implied risk aversion of 5-day at-the-money put warrants.

WKN ‘ Issuer ‘ Strike ‘ Ask ‘ Underlying 7(])35 73/ G y(l)\ITS %AG v(l;jD
XM2HUV | DB | 11,400 | 0.11 11,829.52 0 0 0 0.3770 0
GL15LV GS | 11,400 | 0.134 | 11,829.08 0 0 0 0.0508 0
UZ66RH | UBS | 11,400 | 0.074 | 11,818.24 0 0.0002 | 0.0368 | 1.7827 0
XM2HUZ | DB | 11,600 | 0.31 11,831.63 0 0 0 0.0290 0
GL15LZ GS | 11,600 | 0.341 | 11,831.02 0 0 0 0
UZ68VB | UBS | 11,600 | 0.26 | 11,823.39 0 0.0381 | 0.0666 | 0.7609 0
XM2HV3 | DB | 11,800 | 0.86 11,827.6 0 0 0 0
GL15M3 GS | 11,800 | 0.91 11,828.79 0 0 0 0
UZ697A | UBS | 11,800 | 0.82 | 11,820.37 | 0.0297 | 0.0296 | 0.0023 | 0.0310 | 0.0049
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Figure 5.12: Calls: Distribution of V@R vs. distribution of vy for the considered models.
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Figure 5.13: Puts: Distribution of V@R vs. distribution of 7g for the considered models.
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Figure 5.14: Estimated distribution of the 5-day-DAX®. As one can see, only from strikes

around 11,000 the density function starts to rise significantly.
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Figure 5.15: Implied volatilities for the Deutsche Bank call warrants of Table [5.16] Red
line marks approximate at-the-money volatility.
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CHAPTER 0O

Risk measures on the space of distributions and time
consistency of risk measures

The previous chapters deal with the standard case of risk measures on the space of random
variables. If, however, the outcome of risk measures only depends on the distribution of
the considered random variables, these risk measures can also be interpreted as functionals
on the space of distributions. In this chapter we consider risk measures on distributions
and point out some fundamental attributes of these functionals with a particular focus
on optimal expected utility risk measures. Risk measures on the space of probability
distributions have been studied by Acciaio and Svindland [2], Drapeau and Kupper [54],
Follmer and Weber [72], Fritelli, Maggis and Peri [75] and Weber [136], [137], among others.

The interrelation of conditional risk measures at different time steps is a crucial property
of dynamic risk measures; see Section and Section In this chapter we point out
which properties static risk measures should fulfill so that it is reasonable to build up
conditional risk measures on them. We introduce optimal expected utility risk measures
for distributions and show that these are concave on the space of distributions - a property
which is further discussed in [2].

In Section we set up the definition of risk measures on the space of distributions,
study how OEU and other risk measures react on extreme event scenarios and give some
exemplary results on the convexity of acceptance and rejection sets. In Section[6.2 we recall
some of the results from [I37] on connections between risk measures on distributions in
static time and properties of related dynamic risk measures. Based on this, in Section
we consider time consistency properties of dynamic risk measures with time-dependent
parameters and thereby slightly generalize the results given in [137].

76



6.1. CONCAVE RISK MEASURES ON THE SPACE OF DISTRIBUTIONS

6.1 Concave risk measures on the space of distributions

Following [137], from now on we fix a probability measure P on (,F) and assume that
(Q2,F,P) is an atomless standard Borel probability space such that any probability distri-
bution 1 on R can be represented as the distribution of a random variable X on (Q,F,P).
For this chapter we assume I = {tg = 0,1, ..., ty = T}, i.e., we only consider the case of
DDRMs.

6.1 Definition. The distribution p of a random variable X € X is the image of P under
X. For a given distribution pu e M . we write

X~pifp=PoX 1t
By M we denote the space of probability measures on R with compact support:
Mic={p: X~p XeX}.
The elements of M . are also called lotteries.

6.2 Definition. A risk measure p is called law-invariant if p(X;) = p(X2) whenever X;
and X5 have the same distribution under P.

Law-invariant risk measures of random variables X on some probability space (2,F,P)
only depend on the distribution p of X under P and can therefore also be understood as
functionals on the space of distributions. Clearly, value at risk, average value at risk and
utility-based shortfall risk are law-invariant; see |72, page 18]. We show that also OEU is
law-invariant.

6.3 Lemma. p" is a law-invariant risk measure.
Proof. Let XY € X such that X and Y have the same distribution, i.e.,
P(X>t)=P(Y >t) foralltelR.

Then, we have that for all ueld

E[u(X)]= [ u(@P(Xed)= [uw(©P(Y edg) =E[u(Y)].

It clearly follows that if X and Y have the same distribution, then also X +n and Y + ¢
have the same distribution for any 7 € R, thus we get

—Bn+au (E[u(X +n)])=-Bn+au (E[u(Y +n)]) forallneR, 0<a<pBeR,

and hence
p(X) = g1 (V). 0

The interpretation of law-invariant risk measures becomes particularly helpful in the
context of mizture distributions which means the following: Suppose X1, Xo € X are fi-
nancial positions with known distributions pq, po. If we add random weights 0 < A <1
to choose pp and 1 — A to choose pe (think of an independent Bernoulli random variable
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Y which takes the value 0 with probability A and the value 1 with probability 1 — A) and
consider the compound position X with

X1(w), if Y(w) =0,

for all w € €,
Xo(w), if Y(w) =1

X(w):{

then p is the mizture distribution of py and pe with
X~y p=Apn+ (1= A)pa.

The question arises how the risks of X; and Xy are related to the risk of X. For this
purpose, we introduce a partial order on M . by first-order stochastic dominance, i.e.,

p1 < po if
/ fduq < f fdus  for all increasing functions f: R — R.

Remark that there is a general difference between p on the one hand and the law of the
state-wise convex combination AX7 + (1 - X)X on the other hand which is the reason why
we need to be careful, when translating features of risk measures on the space of random
variables to risk measures on the space of distributions. Risk measures on the space of
distributions are defined as follows:

6.4 Definition. A function ¢ : M; . — R is called a risk measure on the space of distri-
butions if it satisfies the following conditions for all i, i1, po € My c:

(M) Monotonicity: (p1) > ¥ (pe2) if g1 < pa.
(CT) Cash-invariance: (Tp) = ¥ (p) - fm for meR, 0 < 6,
where the translation operator T}, is given by
(Trnp) () = p(- = m).
We introduce optimal expected utility risk measures on My :

6.5 Definition. For any u € U/ and any distribution pu € M1 ., the optimal expected utility
risk measure of p is defined by the map ¥*(pn) : My - R,

U () = p"(X) = —sup {-Bn+au™ (B* [u(X +n)])},
ne

where X € X is such that X ~ u.

From [I37, page 421| we know that, since p" is a law-invariant risk measure on X,
YU(p) = p*(X) for some X ~ p defines a risk measure on M . in the sense of Definition [6.4]
However, for the sake of completeness, we explicitely show that " fulfills (M) and (CI)
for any pe My .

6.6 Theorem. ¥"(u) is a risk measure on the space of distributions.
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Proof. (M) If Xy ~ p; and Xo ~ g with gy < po, we know that for u e U:

Elu(X1+n)] <E[u(X2+n)],

1

for all n € R, and since u™" is an increasing function consequently

(1) 2 " (p2).

(CT) For meR, if X ~ Ty, then X —m ~ p. Thus,

WU Type) = —suﬂg{—ﬂn +ou (E[u(X +n)])}
ne
=— sup {-B(n-m)+au (E[u(X +n-m)])}
(n-m)eR

= —sup {~fn+ au™ (E[u((X - m) +m)])} - fm
neR

= 4" (1) - Bn. 0

Following [78, Section 5|, the objective of Example is to compare the sensitivity of
value at risk, average value at risk and OEU with respect to extreme events.

6.7 Example. Consider an extreme event scenario where the normal case is a floored
lognormal distribution

X1 =-(Z1 A11), where Zi~pu; =InN(0,0.1),
and the extreme case is modeled by a floored normal distribution
X9 ==(Z2A11), where Zy~pus=N(m,0.1), me[0,10]
and we consider the mixture distribution

X1(w), if Y(w) =0,

for all w € 2,
Xo(w), if Y(w) =1

X(w)z{

where Y is an independent Bernoulli random variable which takes the value 0 with proba-
bility 0.98 and the value 1 with probability 0.02. The distribution of —X looks as follows:
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Figure 6.1: Distribution of -X.
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We want to compare how sensitively VAQR, AV@QR and OEU react to changes in the
mean of the extreme event scenario m. We choose the level A = 0.05, p" is evaluated with
u(z) = ﬁ (gcl‘7 - 1) for v =5,10,20 and we choose a =0.9, 5 =0.95.

Figure 6.2: Sensitivity to extreme risks.
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We notice that VQR does only reflect the riskiness of extreme losses for small choices
of m since the probability of extreme losses is smaller than the chosen level A. OEU and
AV @R, however, do not have this drawback but indicate potential extreme risks. This
example clearly demonstrates that OEU recognizes extreme downside risks although it is
not a pure downside risk measure as AVQR; see also Section In particular, we note
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that OEU attains greater values than AV@R for m being smaller than 2 which is due to
the fact that OEU always refers to the possible worst case scenario which in this setting is
set to Xmin = —11; see Remark [4.23]

Next we consider convexity and concavity of risk measures on distributions. As shown
in [I36, Lemma 2.3.8], the notion of convexity of risk measures on M . is well defined.
Whereas convexity of risk measures on random variables is a widely demanded and recog-
nized property, see Definition and the subsequent remarks on the diversification effect,
this is no more obvious on the level of distributions; see [54, Remark 2|. An alternative no-
tion of diversification on the space of distributions must rather be reconsidered. A convex
combination of distributions p = Ay +(1—A)pe corresponds to an additional randomization
which can be interpreted as an additional factor of risk coming from an independent toss
with probabilities A and (1-M\) deciding which lottery is chosen: Acciaio and Svindland [2]
show that given a law-invariant convex risk measure on the space of random variables, for
the respective risk measure on the space of distributions “if, at all, concavity holds true”, [2|
page 54]. Weber and Schmidt [138] argue that, from a descriptive perspective, a mixture
distribution p might be rejected by investors even if both, u; and uo, are considered ac-
ceptable which relates to concavity on the space of distributions. The following theorem
shows that OEU is concave on M ..

6.8 Theorem. ¢"(u) is concave on M, ..

Proof. Let pi,u2 € My, and, for some 0 < A < 1, consider X, X;,X> € X such that

X ~Aug + (1= XNpe, X1~ pu1, Xo ~ po. Note that, for any € R

E[u(X +n)] = [ u(€)P(X +ned)

2 [ WP +nede)+(1-2) [ u(©P(Xz+nede)
=AE[u(X1 +n)]+ (1 - NE[u(X2+7)].

Thus,

P (M + (L= N)pz) = _igug{_ﬁn +au (E[u(X +n)])}

= —sup {~fn + o™ (\E[u (X1 +0)] + (1= NE[u(X> + )

> —Sgﬂ}g{—ﬁn + daut (Elu(X1+n)])+(1- )\)au_l (Efu(X2+ 77)])}

= —sup {)\ (—577 + au_l (E [U (Xl + 77)]))
neR
+(1-X) (—ﬁn+ aut (E[u (X2 +77)]))}

> A (—sup {-Bn+au™ (E[u(X+ 77)])})

neR
+(1-X) (—sup{—ﬂn +aut (E[u (X2 + 77)])})

neR
=M% (1) + (1= M) (p2)
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where we have used in the third step that u™' is convex on the domain of w; it can be
easily verified that the second derivative of u™! is positive at all points of the domain of u
for any u e U. O

Due to [2, Example 7 (2.)], AV@R is a concave risk measure on distributions. Value at
risk is quasi-convex on distributions, as shown in [54, Example 10|, but since it is not quasi-
convex on the space of random variables, Acciaio and Svindland follow from [2, Lemma 3]
that “there are payoff profiles X,Y such that every expected utility agent prefers X to Y,
but under V@R the profile Y is strictly less risky than X”; [2| page 58], we also refer to
Section (5.2.21

Similarly to Definition we introduce acceptance and rejection sets of risk measures
on distributions:

6.9 Definition. Let ¢ : M; . - R be any risk measure on distributions. We call the set
of all distributions with negative risk

Ny = {ie M o(u) <0}

the acceptance set of ¢ and interpret any p e Ny as acceptable. Analogously, we call the
set of all distributions with strictly positive risk

Nj={peMyc:p(u)>0}
the rejection set of 1 and interpret any u € NIZ as rejectable.

As shown in [72], due to cash-invariance, any risk measure 1 is quasi-convex on M .
if and only if the acceptance set Ny is convex. Similarly, ¢ is quasi-concave on M,
if and only if the rejection set Ni is convex; see also [15, Lemma 2.2|. Thus it follows
from Theorem that for 1", whenever two distributions 1, 2 € M . are rejectable and
A € [0,1] is some probability, then the compound probability measure Ay +(1—-X)psz is also
rejectable for OEU. We continue with an example of two financial positions X1, X5 € X
which are acceptable for AV@QR, but whose compound position may not be accepted when
evaluated with AV@QR.

6.10 Example. Let X1, X9 € X with the following payout profiles:

X - -10, with p =0.01, _|-1, with p=0.02,
"3, with p=0.99 TP, with p=0.98

The average value at risk for level A = 0.05 of X; and X5 is

1
AVQR™% (X)) = 50 (~10-0.01 +3-0.04) = —0.4,

1
AVQR™%(X,) = 505 (-1-0.02+1-0.03) = -0.2.

We now assume Y to be an independent random variable which takes the values 0 and 1
with probability % and the compound position X of X7 and X5 to be defined as

X1(w), if Y(w) =0,
Xo(w), if Y(w) =1

X(w)z{ for all w e Q.
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The payoff of X is:

-10, with p =0.005,
-1, with p=0.01,

1, with p=0.49,

3, with p=0.495

and the average value at risk is
1
AVQR*%(X) = 505 (-10-0.005-1-0.01+1-0.035) = 0.5.

For an economic interpretation of the previous example think of X7 as an investment in
a speculative financial product with high possible losses and gains and X5 as an investment
in a more conservative product with relatively small potential profits and losses. The
compound position of X7 and X shifts the payout in a way that the (still achievable) high
profit of 3 is not affecting the risk calculation of the investment anymore which is due to
the fact that AV@R only considers the downside risk of a position below the level A. We
conclude that AVQR is concave but not quasi-convex on My .

Even though we cited Weber and Schmidt [I38] in the context of concavity of risk
measures on distributions, they also point out that, from a normative perspective, they find
it more reasonable to assume that if any two distributions p; and pe are both acceptable
(rejectable) then also the convex combination of these distributions should be acceptable
(rejectable) and call this property invariance under randomization. Weber [136], [137]
showed that under some mild regularity conditions, a law-invariant risk measure ¢ on the
space of distributions must be a utility-based shortfall risk measure for some increasing
loss function [ if both, the acceptance set and the rejection set of ¢ are convex.

6.2 (Weak) time consistency of dynamic risk measures with
time-independent risk aversion parameters

As explained in Section [2.4] a crucial property of dynamic risk measures is the relation of
consecutive conditional risk measures to each other. In this section we recall some of the
notable results from [I37] which relate the convexity of acceptance and rejection sets of
static risk measures on distributions to consistency properties of the respective dynamic
risk measures. Let us first give a definition of law-invariance of dynamic risk measures.

6.11 Definition (Definition 4.3 from [I37]). A dynamic risk measure (p¢)es is called
law-invariant, if there exists a measurable mapping H; : My, — {0,1} such that for all
XeX,

Lip(x)<0y = He(L(X [ FR)).

Next we establish the definition of local measure convexity which becomes relevant in
the upcoming theorems.

6.12 Definition (Definition 4.5 from [137]). Let C be a measurable subset of M; .. We
say that C is locally measure convez if for all a € R and any probability measure ¢ on
CnM; ([-a,a]) the mixture [,vi(dv) is again an element of C, where M; ([-a,a]) denotes
the set of probability measures supported on the interval [-a,a].
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Note that [ vi(dv) is a generalization of the mixture of two distributions as introduced
at the beginning of Section

6.13 Theorem (Theorem 4.2 from [I37]). Let ¢ be a static risk measure, N' ¢ M . be its
acceptance set, and (pt)ies be the law-invariant dynamic risk measure defined by

p(X) = 87 (L(X | F)) P-as. (DynRM)

If N is locally measure convex, then (pt)eer 18 acceptance consistent. If N¢ is locally
measure convez, then (pt)ier is rejection consistent.

Remember that 8] denotes the value of a default-free bond at time ¢ with face value 1
and maturity time 7. Acceptance (rejection) consistency of dynamic risk measures means
that acceptable (rejectable) financial positions at any time ¢ + 1 should also be accepted
(rejected) at the earlier time ¢; see Definition [2.14]

If the underlying probability space is rich enough, the result from Theorem can
be strengthened.

6.14 Definition (Definition 4.6 from [I37]). The filtered probability space is called se-
quentially rich if there exist both a unif(0,1)-distributed random variable independent of
Fr-1, and a unif(0,1)-distributed, Fr_i-measurable random variable independent of Fp_s.

6.15 Theorem (Theorem 4.3 from [137]). Let the underlying probability space be sequen-
tially rich, and assume that the dynamic risk measure (pt)eer 18 represented as in .
Then (pt)ier is acceptance consistent if and only if N is locally measure convez. Analo-
gously, (pt)ter 1s rejection consistent if and only if N is locally measure convex.

Weber showed that if (p;)s is weakly time consistent, i.e., it is both acceptance and
rejection consistent, then it can be represented by for a unique static risk measure
. In particular, if (p;)es is weakly time consistent, its characteristics over time can only
change slightly by the multiplicative discount factor S but no shift or change of risk
parametrization can happen.

6.16 Remark. Kupper and Schachermayer [98] show that the only dynamic risk measure
which is law-invariant (in the sense that po(X) = po(Y) whenever X and Y have the
same distribution), time consistent and relevant (that is pg(—el4) > 0 for all A € F and
all € > 0) is the entropic risk measure with time-independent parameters. Clearly, any
risk measure which is fully supported in the sense of Definition is also relevant. Thus
dynamic optimal expected utility risk measures can be considered as a natural expansion
of the entropic risk measure in this respect: OEU are law-invariant and relevant, and even
though they are not generally time consistent, in the special case of u(z) = %(1 —exp(—yx))
we obtain (a variant of) the time consistent entropic risk measure; see Example (e).

6.3 (Weak) time consistency of dynamic risk measures with
time-dependent risk aversion parameters

In this section we particularly study consistency properties of dynamic risk measures with
time-dependent parameters. This is an important generalization of Section since, as
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shown by Pollak [I113] and Strotz [128], among others, preferences of an economic agent can
change over time which then implies time-dependent risk aversion parameters of dynamic
risk measures. We start this section with the example of dynamic average value at risk
with time-dependent levels (A¢)¢es-

6.17 Example. As shown in [1, Example 1.38 (2.)], (AV@Ri‘t)td is acceptance consistent
if

. d@Q
Ats1 < M e%se%zrtle I:ﬁ|ft+1] for all t eI,

where R; is some convex subset of Q; ={Q e M. : Q=P|x}.

This finding is in contrast to the case of time-independent levels, where AV@R, is in
general not acceptance consistent. Another well-known example of a risk measure with
time-dependent risk aversion parameters, where dynamic consistency has been fully inves-
tigated, is the dynamic entropic risk measure (p{"™)ss. It is defined by

1
P (X) = o In (E[exp(—X) [ F]), tel, X eX,
t

with random risk aversion parameters v > 0, ’yt,% € L=(F;) for all t € I. As shown in [11
Proposition 1.43|, the process ()¢ determines time consistency properties of (p{™)ss as
follows:

6.18 Proposition. For (p{™)i; the following assertions hold:

(i) (p")ser is rejection consistent if ¢ > Yis1 for all te I, t< T,
(ii) (pS")ier is acceptance consistent if v < Yiy1 for allte I, t < T,

941 ent), 1 is time consistent if v =0 for all t € I.
Pt Y=

6.19 Remark. Although [Il Proposition 1.43| was proven for a slightly different definition
of rejection sets and for a stronger version of rejection consistency, the result can also be
applied to our theoretical framework.

While Theorems and are formulated for dynamic risk measures with con-
stant risk aversion parameters, they do not cover the case of dynamic risk measures with
time-dependent risk aversion parameters. For example, due to Theorem [6.13] the dynamic
entropic risk measure with constant risk aversion parameters is both acceptance and rejec-
tion consistent; see [136, Example 2.4.8]. In order to add the case of time-dependent risk
aversion parameters to Weber’s results, we alter the definition of locally measure convexity.

6.20 Definition. For any ¢ € I let N; (Nf) be the acceptance (rejection) set of the static
risk measures v(;), where subindex (t) only labels the time-dependence of the parametriza-
tion of ¢y over time, i.e.,

Nie={peMic:uy(p) <0}, Nf={peMic: by () >0}

We say that the sequence (M) of acceptance sets is locally recursively measure convex
if for all a € R and any + on N;n My ([~a,a]), the mixture [y, vi(dv) is an element of N1
for all ¢ € I. Analogously, (N )i is locally recursively measure convex if for all a € R and
any ¢ on N n My ([~a,a]), the mixture [, vi(dv) is an element of N;-q for all t € I.
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We then get the following result:

6.21 Theorem. Let (?l}(t))tel be a sequence of static risk measures, Ny C My be its
acceptance sets, N € M ¢ its rejection sets, and (pi)ier be the law-invariant dynamic risk
measure on random variables defined by

pi(X) =Bl -y (L(X | F))  P-as. (DynRM(t))

If (Ny)ter is locally recursively measure convex, then (pt)ier 15 acceptance consistent, if
(NE)ter 1s locally recursively measure convex, then (pi)iwer 15 rejection consistent.

Proof. This proof is essentially identical to the proof of [137, Theorem 4.2]. We only prove
the case that (p¢)ses is acceptance consistent if V; is locally recursively measure convex for
any t € I. Rejection consistency for locally recursively measure convex N can be proven
similarly.

Let t € {1,2,....T -1}, X € X and a € R such that X € [-a,a]. We define

Qr: (QF) - (QF), Q(w,A) = P(A| F)(w) for AcQ.

We set
ps:=L(X | Fs) fors=tors=t+1.

Then, we obtain by disintegration for P-almost any w € {2 that
pe(w,) = f f41 (@,7) Qi (w,di).
Suppose that py1(X) <0. Then, by definition, ¥(;,1)(p+1) <0, thus
pi+1(@,) € New1 n My ([-a,a])  for P-almost all @ € Q.

Hence, since N; is locally recursively measure convex for any t € I, for P-almost all w €

[ #ea (@) Pz | F)(w) e

thus
wy € Ny for P-almost all w € Q.

This implies p;(X) < 0. Therefore (p;)ser is acceptance consistent. O

Thus, if (N?)ses is locally recursively measure convex, which in simple terms means that
N; is getting “smaller” or that the parametrization of (1(r) )¢ reflects risk aversion that is

increasing in time, then (p¢ )« as defined by (DynRM(t)) is acceptance consistent.
In order to apply the previous theorem to utility-based shortfall risk measures, we

consider the “conditionally robust version™
7/’1(?;9 SR(N) =inf{n eR : E[u (X +n)] >4 (0)}, for X ~ p,

as used in [I] and [132]; note that here and in the remainder of this section we consider
increasing, concave functions u; : R — R that are not identically constant. Consistency of
conditionally robust utility-based shortfall risk measures is unaffected by shifts in u; since
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then also the respective level A\; = u4(0), see Example is shifted. Yet, for this reason
P SR ig restrictive in the sense that the level A cannot be chosen independently of u;.

Another way to prevent inconsistency is to assume that all functions assume the same
value in at least one point, that is us(xg) = us(xg) for some zg € R for any wus, us under
consideration. We denote utility-based shortfall risk measures as defined in Example
which satisfy this property, by "°" SR

6.22 Proposition. If u; is more concave than us, i.e., if there exists a strictly increasing
concave function g such that uy = g oug, then

Wi () 2 92 ) for all pe M.

Proof. Since u; and us are concave, increasing and ug(xg) = us(xo) for some xg € R, from
uy being more concave than us it follows that u.(z) < us(z) for all z € R. Consequently,
we have that E[u;(X)] < E[us(X)] for all X € X and therefore

inf{neR : E[uy(X +n)] > A} >inf{neR : E[us(X +n)] > A}
for any A € R which concludes the proof. O

A gimilar result for optimal expected utility risk measures can be found in Proposi-
tion 4.1ll We denote by pi°? SR and pior SR the dynamic risk measures which are defined

by (DynRM(t)) and w](“?;o SR or w?to)r SR respectively.
6.23 Corollary. For u el it holds that

(i) (p{Ob/nor SR)td is acceptance consistent if oy, () < 0u,,,(z) for allt € I and all v € R.

(1) (p:()b/nw SR)td is rejection consistent if oy, () > u,,, (x) for all t € I and all x € R.

Proof. The proof for pi°® SR follows from [132, Corollary 5.4].

We show that g, () < 0u,,, (x) implies acceptance consistency for pi" SR The case of
rejection consistency works analogously.

From Proposition we know that if g, (z) < ou,,,(z) for all z € R, then u; = g o uzq
for a strictly increasing concave function g. Thus it follows from Proposition that

OGS () < iP5 () for all e M.
As this applies to all t € I, we conclude that (p°" S®),cs is acceptance consistent. O

We exemplarily illustrate the results from this section for the consistency properties of
the dynamic entropic risk measure as outlined in Proposition To this end note that
(pS™)ses is a special case of the utility-based shortfall risk measure for

w(z) = —(1 - exp(—z)).
Yt

If we assume that
Y2y foralltel, t<T,
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then, due to Proposition the sequence of the rejection sets
NE = {pe Mue = (3 > (u) > 0}

is locally recursively measure convex, thus (pf™ ) is rejection consistent due to Theo-
rem Moreover, for exponential utility we know that

V¢ =0y foralltel t<T,

thus rejection consistency of (p§™ ) follows immediately from Corollary [6.23] The case
of acceptance consistency can be derived similarly.
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CHAPTER (

Recursively composed risk measures

In accordance with the literature and for the sake of a simpler notation, we consider
discounted financial payoffs X € L?(Q,F,P) and a finite time horizon T > 0 in this chapter.
On the one hand we then choose a discrete-time approach to measure risk by recursively
recalculating conditional risk on a small time grid [tx,tx.+1) in order to finally assign a
value to the overall recursive risk of a financial position X at finitely many time steps
tel={ty=0,t1, ..., txy =T}. On the other hand we follow a continuous-time approach
where we take the solution of a backward stochastic differential equation (BSDE) as the
recursive risk of X at any time t € I = [0,7']. Our goal is to bring these approaches together,
and to study convergence from the discrete-time approach to the continuous-time approach.
Rosazza Gianian has shown in [12I Proposition 20| that a dynamic risk measure
(Pt)te[o,T] can be identified as a conditional g-expectation and thus is the solution of a
BSDE if (pt)eo,r] is a strictly monotone time consistent dynamic convex risk measure in
a Brownian setting and if py satisfies a certain boundedness condition. We have seen in
Chapter [] that dynamic risk measures such as V@R, AV@R and OEU are not time consis-
tent in general. One can, however, construct time consistent dynamic risk measures in dis-
crete time (DDRMSs) by composing rescaled one-period risk measures by (ComRM]). This
relation allows us to compare composed risk measures with corresponding g-expectations
which represents a major advantage for interpreting dynamic risk measures: The char-
acteristics of g are related to properties of the respective dynamic risk measure and the
functional g which could also depend on preferences of the investor and on parameters
linked to the evaluated financial position, is easy to interpret, see [121]; the risk evaluation
by composed DDRMs, on the other hand, is well understood in any single time interval.
The main contribution of this chapter is the implementation of composed scaled risk
measures as proposed by Stadje [126] and the distinction between this approach and the
concept of Romanovski [120]. We provide a theoretical explanation for our new numerical
results on the convergence behavior of the different approaches and point out that our
results indicate that risk measures can be divided into two groups: Whereas risk measures
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of the form
pN(X) = E[-X]+b(N)o(X),

need additional scaling when recursively composed, risk measures of the form
PM(X) = E[-X] +b(N)o*(X),

are perfectly suited for convergence from a discrete time setting to a continuous time
setting without further scaling; where o(X) is the standard deviation of X and b: R, - R
includes the predetermined parameter A € R. We start this chapter with an exemplary
presentation of the convergence behavior of certainty equivalents in Section where we
encounter the exact same two groups of functionals with respect to convergence in time.
Furthermore, this chapter contains the following sections: In we present a first naive
approach of composed risk measures, an alternative scaled composition of risk measures is
shown in and we illustrate the convergence properties of both approaches in [7.4]

7.1 Two classes of Arrow-Pratt approximation for certainty
equivalents

The common definition of the Arrow-Pratt approzimation (APA) is inseparably linked to
the concept of certainty equivalents. Following [81, Section 3.4|, we now consider a random
variable Y = k(u + X), with E[X] = 0 (thus X is called pure risk) and let g(k) denote
its associated certainty equivalent C,(k(u + X)), that is the sure amount that makes an
investor indifferent between investing in Y, or receiving the sure gain C,(Y), i.e., it verifies:

Efu(k(p+X))] = u(g(k))

for any utility function u. APA helps us to understand the characteristics of certainty
equivalents for small risks. We make use of this concept when it comes to examining the
behavior of utility on time grids of decreasing length; here, that is £k — 0. Clearly, we
observe g(0) =0, and we get

E[(u+X)u (k(p+X))] =g'(k)u' (g(k))
so that ¢’(0) = pu, and
E [+ X)%" (k(u+ X))] = (9 (k)" u” (g(k)) +g" (k) (9(k)),
which implies (©)
. B «"(0
g"(0) = (0)

Using a Taylor expansion of g around k = 0, we obtain that

E[X?].

Culk(+ X)) = b = S K0(0)E[X?],

where o(z) is the absolute risk aversion as defined in Section [3.2] This is the APA for
certainty equivalents. It states that the certainty equivalent for a small pure risk is ap-
proximately proportional to its variance. As the size k of this risk tends to zero, its certainty
equivalent tends to zero by k2.
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EQUIVALENTS

7.1 Example. Let us consider certainty equivalents of a financial position (X;) and let
us restrict our view on a time step t — t + h, i.e., we define Cy, on [t,t + h] as follows:

Cutt LA(Fren) = LAH(F) 0 Cus(Xisn) = u ™ (B [u(Xpen)]), where B[ X]:= E[X | F].
The Arrow-Pratt approximation is then:
Cut(Xeen) = u™ (Br [u(Xeen)])

= u‘l(Et[u(Et[XHh]) + ' (B[ Xpn]) (Xpen = Ee[ Xpsn])
+ %UH(Et[XHh])(XHh - Et[Xt+h])2:|)

=yt (U(Et[Xt+h]) + u (B[ Xeon]) Be[ XKoo = By Xpin]]

=0
+ %UN(Et[XHh])Et [(Xt+h - Et[Xt+h])2] )
=Vari[Xein]
1 1,
= E¢[ Xpen] + m (§U (Et[Xt+h])Va7“t[Xt+h])

L ELX)
2 (w(Eo[ Xien]))

If we take X as a geometric Brownian motion

2
%u"(Et[th])Vart[XHh]) .

dX; = pdt + cdWy,

this approximation takes the form:

"

1
Cut(Xtsn) = ph+ 5 (%) (uh)o®h+o(h?).

Thus, for exponential utility u(x) = %(1 —exp(—yx)), the APA of the certainty equivalent
on [t,t +h] is:
1
Cut(Xisn) = ph - 5702h +o(h?).
We notice that in the previous example Cy, +(X;.p,) converges to Cy(X¢) by the factor

h. But there is another class of certainty equivalents for which speed of convergence for

h—0is Vh:

7.2 Example. We consider the A-quantile CE, which is a certainty equivalent in the sense
of Kreps and Porteus [96], on a small time step [¢,t + h] defined as:

mg/\) : L2 (Fpen) = LA(F) : my(Xpap) = ess sup{my € L*(F;) : P(~Xpn+my <0 | Fp) < A}

91



CHAPTER 7. RECURSIVELY COMPOSED RISK MEASURES

If we assume the financial position (X;) to be a geometric Brownian motion dX; = udt +
odWy, ie., Xin ~ N(ph, o), then, as shown in Remark the A-quantile CE takes
the form

m™ (Xpin) = ph + oVR® (1 - \).

Comparing Cy, ¢(X¢4p) from Example to mg)‘)(XHh) from Example , we observe
different convergence behavior for A — 0. This may surprise readers who are familiar with
convergence results for recursive utility. In the upcoming sections we point out how this
finding strongly relates to the results from [126] for dynamic risk measures.

7.2 Composed risk measures and g—expectations

We consider the following stochastic differential equations for the continuous time setting
of risk evaluation: Take the backward stochastic differential equation

-dY; = g(t,Y,Zy)dt — ZydWy,

(BSDE)
Yr = X,

for all ¢t € [0,T], where we refer to Section for technical assumptions on g that ensure
a unique solution (Y%,Z;)tr, and the forward stochastic differential equation

dSt = /LStdt + O’Stth,

(FSDE)
S() =S,
for all ¢ € [0,T'], that is a Black-Scholes model which implies that logarithmic returns follow
a normal distribution with expectation y and variance o2. Together we call this a forward
backward stochastic differential equation:

S() =S,
dS; = pSdt + oS dWy,

LT o O (FBSDE)
Yr = ®(Sr),

_d}/t = g(t,}/t,Zt)dt - thWt>

for all t € [0,T].

7.2.1 Discrete-time approximation of BSDEs

In the following W is a standard Brownian motion and u, o, g are valued respectively in R"
and R. We know from Section that we can construct time consistent risk measures by
choosing a suitable driver g for (BSDEJ). In order to solve , we have to numerically
approximate the solution. For this concern, given a discrete time grid I = {t; € [0,T] : t =
kh = k%, 0 <k < N}, we consider a discretization of as presented in Bouchard
and Touzi [23]:

N
}/;ki-l

- }/;ﬁiv = _g(tka YN

tr

ZiVh+ ZY AW, (7.1)

k
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where we use the notation AWp,q = Wt]:+1 - Wt];[. (FSDEJ) leads to the final data }N/T =
®(S7), and, in order to approximate the forward component, we use a standard Euler
scheme

SN

Do = Sty = 1t Si )+ o (t, S5 ) AW

This leads to Y} = ®(S7)) which is needed in addition to (7.I) for the discretization
of (BSDE). Since, given (Y;,,,,Zt,.,), there are no F;, -measurable random variables
(Y., Z4,, ) which satisfy (7.1]), we refer to the following backward procedure for the definition

of the discrete-time approximation (Y;¥,Z )i which was given in [23]:

YN =2(Sr),
Z =0,
1
2 = SE[YY, AWt | 7.
YN =E[YY | F, ]+ ha(t, Y. ZY).

The equality for ng was acquired by multiplying by AWj,1 and taking conditional
expectation with respect to JF;,. The representation of Ytiv follows from by taking
expectation with respect to Fy, .

Briand, Delyon and Mémin |26, Theorem 2.1] show that under certain assumptions
(Ytiv 7Zt]Z ) from (7.I), which is based on M-dimensional random walks W converging
to the M-dimensional Brownian motion W underlying (BSDE]), converge to the solution
(Y,Z) of (BSDE]). This result is the foundation of the numerical implementation in Sec-
tion [.4l

7.2.2 A recursive construction of time consistent risk measures
At this point we want to introduce a construction of a time consistent DDRM (p°™)cs
from an arbitrary DDRM (p;)es. The recursive construction of the composed risk measure

(ComRM) is defined as

PE(X) = pry (X) = =X

Com Com (COHIRM)
ptk (X) = ptkitk+1 (_ptk+1 (X))ﬂ tk S tk]\]_la

where py, 1., is the restriction of p, to L*(F,.,).

7.2.3 Composed value at risk

Generally, for time-independent levels \; := X, (V@R} )y is not time consistent as shown
in Cheridito and Stadje [36, Example 3.1] and in [69, Example 11.13]. However, (VQR))se;
is acceptance and rejection consistent; see [136, Example 2.4.7]. In this section we consider
the time consistent composed value at risk in the sense of :

ComV @R} (X):=VaR} (X)=-X

N ) N (ComV@R)
ComVQR; (X):=VaAR; , (-ComVQR; (X)), tp<tpy_,-
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Suppose we wish for (7.1)) to represent ComV@R. Under this numerical approximation Ytﬁ )
conditional on F, is normally distributed with mean Y;iv - g(tg, Y;iv ) ZtZZ )h and standard

deviation vh ‘Zt]Z ‘ This fact implicates some nice properties of ComV@R as shown in the
following remarks.

7.8 Remark. (i) VQR corresponding to a normally distributed financial position X with
variance o2(X) is
VAQRMX) =E[-X]+0(X)®1(1-)),
where ®~! is the inverse cumulative distribution function of the standard normal

distribution; see Remark

(ii) V@R is subadditive for normally distributed financial positions if A < 0.5; see Em-
brechts, McNeil and Straumann [56, Theorem 1], and Remark [A.6]

(iii) Typically, return rates of well diversified portfolios of profit and loss distributions of
large companies are not very different from normal, as pointed out in the analysis of
the S&P 500 in [55, pages 11-12 and page 29].

The following remark is to justify why ComV@R is assumed to be nearly coherent if
we consider a large number N of time steps.

7.4 Remark. 1. The price dynamics of the underlying asset are given by a geometric
Brownian motion with drift:

dSt = uStdt + O'Stth,
SO =S,
where W; is a P-Brownian motion.

2. S is log-normally distributed with parameters

E[St] = sexp(ut),
and
Var[S;] = s* exp(2ut) (exp(oQt) -1).

Therefore, in small time steps h, S changes by an amount that is “nearly normally”
distributed with mean fSh, i = p— %02 and standard deviation 0Sv/h. Thus the loss
involved in the asset is locally “nearly normal” on a small time grid; see Remark

3. V@R is subadditive for normally distributed random variables, see Remark (ii),
and therefore VAQR of the loss involved in the asset is locally “nearly coherent”.

4. (ComRM) inherits subadditivity of V@R, thus also ComV@R is “nearly coherent” if

we consider a large number of time steps.

We set Yt]]\vf = —-X. By discretization (7.1]), we then get

ComVaR (V) =vY

tnN?
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and

ComV@R (YN)=VaR) , (-ComVaR (VY))
B[V | P ]+ 07 (-0 |2, [V (7.3)

Comparing (7.3) and (7.2), we conclude that by choosing the driver

O 1(1-)
gV (1 y2) = TN

Vh

we should get a dynamic risk measure in continuous time (CDRM) corresponding to
ComV@R. But, due to [126, Proposition 5.1], ComV@R with given constant level A does
not generally converge to a BSDE solution for N — oo if it is not properly rescaled. This
is intuitively obvious because of the form of ¢V ®®(t,y,2): If we insert gV ®® in (7.2), it can

easily be seen that:

gV@R(t,y,z) —o00 as N — oo.

We follow up on this in Section where we consider composed scaled risk measures as a

robust alternative to (ComRM)).

7.2.4 Composed average value at risk

Due to [69, Example 11.13|, (AV@R?t)tEI is not time consistent for time-independent
levels A\ = A and we therefore rather consider the composed average value at risk in the
sense of which inherits the coherency property from all the AV@QRs used for the
composition. Note again that discretization leads to normally distributed Y;iv . As
shown in Remark for normally distributed financial position X with variance o(X)
we have:

Ay o Tl +U(X)ex eI (1-M)?
AVORN(X) =E[-X]+ T2 p( — )

which means that we get
1 ( d1(1-N)?
exp |-
V2 P 2
Comparing (7.4) and (7.2), we conclude that by choosing the driver

1 \\2
(-G

ComAV@QR) (YN)=E[YN |Fiy, ]+ |2

tN-1

NEA ) . (T4)

1
AV@R

t,y,2) = e
g7 " (ty,2) W
we get a CDRM corresponding to ComAV@R. However, also ComAV@R with given con-

stant level A does not generally converge to a BSDE solution for N — oo if it is not rescaled,

and

AV@R(t

g ,2) > 00 as N — oo.

Instead, we suggest to choose ComScaAV@R as introduced in Section [7.3]
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7.2.5 Composed entropic risk measure

The entropic risk measure for normally distributed X with variance o?(X) is
ent 1 2
p(X) = ~E[X] + 570 (X).

Note that this coincides with the APA of the certainty equivalent from Example for
the exponential utility function u(z) = %(1 —exp(—vx)) with time-independent parameter
e =7 > 0. If we wish for (7.1)) to represent ComENT, we get:

ComENTN

tN-1

1
(Yix) =BIYY | Fo ]+ 57V ar(Yig | Fin ] (75)
and the comparison of (7.5 and (7.2)) leads to the driver

1
gENT(tayaz) = 5’722'

This is in line with Barrieu and El Karoui [I3] Proposition 6.4] which, for the sake of
completeness, we state again at this point.

7.5 Proposition (Proposition 6.4 from [13]). The dynamic entropic risk measure (pf™)ser

with time-independent parameter v = v > 0 is solution of the following BSDE with the
quadratic coefficient g"NT(t,2) = %'yzQ and terminal bounded condition:

1
~dpf™(X) = §7Zt2dt — ZidWy,
pFI(X) = -X.

We note that the entropic risk measure for normally distributed random variables is of

the form
pN(X) = E[-X]+b(N)o*(X),

and that no constraint on g or additional scaling of the composed risk measure is necessary
to ensure that (ComENT} ); converges to a continuous-time risk measure (pfnmg)te[o,T].
We further note that the known fact that p®® is a more conservative risk measure the
bigger the parameter v can also be seen from the form of ¢g: The bigger v, the bigger g
and thus the more conservative p°*9; see Section [2.5]

For a fixed risk aversion parameter + > 0, the dynamic entropic risk measure is time
consistent; see Remark

7.3 Composed scaled risk measures and g—expectations

Stadje [126, Proposition 5.1] shows that under certain conditions all one-period coherent
risk measures explode in the limit of the number of time steps IV if they are not properly
rescaled. This happens for the following reason: First, note that the standard deviation
of the increments of the Brownian motion which is used to model X is of order v/h. Since
V@R and AV@QR are risk measures of the form

P (X) = E[-X] + b(\)o (X),

96



7.3. COMPOSED SCALED RISK MEASURES AND G-EXPECTATIONS

as the size of the time steps goes to zero by the factor h, the involved risk X in the
according time interval goes to zero by the factor v/h. Intuitively, one could say that in
our framework the risk of, say a loan default happens in [tx,tx.1] decreases by a factor
v/h which is smaller than the decrease of time when we consider increasingly small time
intervals. Consequently, BSDE-drivers g of order ﬁ do not converge to corresponding
composed risk measures for N — oo, where N is the number of time steps; see Section
for numerical evidence of this. It is therefore necessary to introduce another construction
of time consistent risk measures.

Following [126], page 14|, we present a scaled construction of time consistent risk mea-
sures from arbitrary risk measures p;, . To this end we introduce scaled one-period risk
measures pg, ¢, by:

1
Vh

for any F;,,,-measurable X. Broadly speaking, py, ¢,,, is the sum of the conditional ex-
pected value of —X and the original risk measure py, 1, , which is taken of the (variance-

independent) value ﬁ(X -E[X | F,]) and is additionally multiplied by h to ensure

convergence for N — oco. Note that, if p;, is positively homgeneous, py, .., takes the form:

Pt () = E[=X | Fo ]+ h prgsus ( (X ~E[X| ﬂm)

Pt (X) = E[-X | Fo, 1+ VI py e (X -E[X | F D)

and, if =X ~ N (p,0?), then — (X - E[X]) ~ N (0,0?). In this form py, 4,,,(X) is the esti-
mated value of the risk X at the end of the considered time interval given the information
at the beginning of the interval plus the scaled risk of a deviation of the risk from its
expected value.

Then, the recursive construction of the composed scaled risk measure (ComScaRM) is

pg\(r)mSca(X) = ey (X) =-X
p%omSca(X) = ﬁtk,tkﬂ (_pg:flsca(X))v b SThy_y-
7.6 Example. (a) If we want the discretized BSDE ((7.1)) to represent a composed ver-
sion of V@R in the sense of (ComScaRM)), we get:
ComScaV@R) (YN)=E[Y,N|F\,] (7.6)
1

_— (_yN_ YN
+h(V@RtN1,tN(\/E( Y;N E[ Y;5N|~7:t1v1])))

1 _
=E[YN | Fiyy] +h(ﬁ(¢ 1(1—A>\Ziiwﬁ))
=B[N | Fiy ]+ @7 (1= N) |20

tN-1

(ComScaRM)

| A, (7.7)

where we assumed (nearly) coherency of ComScaV@R as justified for ComV@R and
we made use of the fact that —-Y;\ ~E[-Y,Y | 7, _,] conditional on F,_, is normally

distributed with mean 0 and standard deviation v/h |Zt]>f\,f1 ‘ The comparison of ((7.6])
and ([7.2)) leads to the driver

Q _
GRR (ty,2) = 11 - M) J2].
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This is exactly what we hoped to get: A driver g%’t%}e which is independent of the

size of the time step h and therefore can’t “explode” as h — 0. gé/t%}e can be viewed

as the continuous-time analog of the discrete “driver” characterizing the one-period
risk. Tt is actually a driver of the form ¢(¢,y,2) = alz|, where a is some constant.
This is in line with the theory of discrete BSDEs: Any time consistent nonlinear
expectation corresponds to a driver of this form; see Cohen and Elliott [3§].

(b) Equivalently, if we want the discretized BSDE ([7.1)) to represent a composed version

of AV@R in the sense of (ComScaRM)])), we get:
ComScaAVQRY (YN)=E[YY | Fiy ]
+ \/EAV@RtN_l,tN (_Y;]]}]/ - E[_Ytjjg ’ ftN—l])

1 O (1 -\)?
= E[Y;ﬁ]]\\i | ftN—l] + )\\/ﬁ eXp (_T |Zt]>[\f71

| h.
(7.8)
The comparison of (7.8)) and (7.2)) then leads to the driver

L ( <I>‘1(1—>\)2)|Z|
— exp[-2 T )y,
A2 P 2

AV@R
Gstadje (1:Y52) =

which again is independent of h.

(c) We remark that scaling is not necessary for the dynamic entropic risk measure since
the composition (ComRM)) already converges to a continuous-time version of p™*. At
this point note that [I26, Proposition 5.1] only includes coherent risk measures. We
therefore assume that there exist two classes of risk measures in terms of convergence
from a discrete-time composition to a continuous-time dynamic risk measure just like
we see in Section for certainty equivalents on small time grids.

Note that in the previous sections we have not found a “dynamic (A)V@R in continuous
time”, but rather figured out CDRMs which correspond to time consistent DDRMs which
are composed by the initial static risk measures. Thus the initial risk measures and the
obtained CDRMs are related, but since the construction of the time consistent risk mea-
sures is a backwards composition of one-period risk measures, the resulting risk measures
are not directly comparable to the initial risk measures.

7.4 Numerical analysis of the convergence of composed (scaled)
risk measures and g—expectations

The numerical approximation of the solutions to BSDEs in this section is based on [23]
and [80)]. In this context, we also refer to Douglas, Ma and Protter [52] and Ma, Protter and
Yong [99]. Hereby, the simulation of the backward component Y is possible due to the fol-
lowing result: Under standard Lipschitz conditions, the pair (Y,Z), which solves the BSDE,
can be expressed as a function of the forward process S, i.e., (Y3,Z:) = (u(t,S:),0(¢,St)),
t <1, for some deterministic functions v and v. This is the general idea of the algorithm

we use, see also Listings [A.T]
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1. Using a standard Euler approximation scheme, we generate M Monte Carlo paths of
the forward process S{Z which are used in the further steps of the algorithm:

SN

te+1

- SN = pSTh+ 0 S AWy,

k
S,fg =s.
2. From [23, Remark 3.1] we know that
B[V, AWeit | 7] = BV, AWiir | 5]

and
E[YY

te+1

| Ful = E[Y),

Lk

| SP].

Therefore we can represent (VY Zt]Z ) by a projection on a finite basis of functions:

t )

}/iiv = O Pk, Zt]Z = kalﬁ

where py = pk(SgZ).

3. (BSDE) solver:
Following [80], for every backwards step ty,1 — tx we solve a least squares problem
(3 Picard iterations) to attain oy, ;. This leads to an approximation of Ytiv and
ZgZ which yields an approximate solution of the discretized (BSDE):

YN =V = -t Y 20 Y+ Z) AW

4. (ComRM), (ComScaRM) solver:
For every backwards step we use a projection on the same finite basis aj as in our
(BSDE) solver to get an approximation of Ytjkv . Having the expected value of Yt]kV the
calculation is given by (ComRM) or (ComScaRM), respectively, e.g.,

COmSC@V@Ri\fv,I(Yti\VT) = E[YZX | ftN—l] + \/ﬁV@RtN—lytN (—Y;]]:,] - E[_}/;]]:]f | }—th]) .

We refer to [80] for a more comprehensive description of the BSDE approximation and for
results on error estimations due to the approximation. In the upcoming examples, which
are inspired by Romanovski [120], we consider portfolios with the following payoffs:

1. Smooth payoff: X := —In(Sp + 1),
2. Call: X :=—-(S7-100)",
3. Barrier payoff: X :=-70-1(g, 135

The barrier payoff is either 0 or -70 in contrast to the other payoffs which react “more
smoothly” on changes in S7. We set Sy = 100, i = 0.06, o = 0.2, T' = 0.5 and the level of
(average) value at risk at A = 0.05. To make optimal use of our computational resources and
to minimize numerically caused fluctuations in the results, we take the following number
of paths of the underlying:
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Table 7.1: Number of paths.

number of time steps N || paths of underlying M

2 - 256 100,000

512 50,000

We use a Hermite polynomial base of degree 9 in order to get results that are best
comparable to [120} Section 3.2]. In order to ensure repeatability of our results, we initialize
MATLAB’s random number generator using the seed 1. We then calculate CDRMs via
g-expectations at ¢t = 0 as:

-X
pI(X) = E[-X]=Yy ",

and also present composed scaled DDRMs at t = 0:

ComRM (X)

0§ gomScaRM (X) )

or p
Following the theoretical insights from the previous sections for value at risk and average
value at risk, we consider how composed risk measures converge to risk measures from
g-expectations for different portfolios.

As a first result, we consider the 1 - A = 0.95-quantiles of the M simulations for Sp
for N time steps together with the (average) value at risks of the respective payoffs in
Table [[.2]

Table 7.2: Quantiles and risk measures.

St Call Barrier payoff || Smooth payoff

N || 0.95-quantile || V@R | AV@R || V@R | AVAQR || V@R | AV@R
2 121.89 21.89 | 27.43 0.00 5.60 4.81 4.85
4 124.60 24.60 | 31.24 0.00 | 14.70 4.83 4.88
8 126.73 26.73 | 34.11 0.00 | 22.40 4.85 4.90
16 127.70 27.70 | 35.67 0.00 | 28.00 4.86 4.92
32 128.12 28.12 | 36.78 0.00 | 31.50 4.86 4.92
64 128.45 28.45 | 37.16 0.00 | 32.20 4.86 4.93
128 128.49 28.49 | 36.74 0.00 | 32.20 4.86 4.92
256 128.74 28.74 | 37.14 0.00 | 33.60 4.86 4.93
512 128.81 28.81 | 37.13 0.00 | 32.90 4.87 4.93
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Table [7.2] shows that both, V@R and AV@QR, converge to rather constant values for
increasing N. Note that generally VQ@R<AV@QR and that for the barrier payoff we have
that VQR=0 whereas AV@R>0 which is intuitively obvious due to the definition of AV@R;

see Example (b).

7.4.1 Approximation results for composed risk measures and unscaled
g—expectations

In this section we consider composed risk measures and g-expectations as presented in
Section The results give numerical evidence for the theoretical insight that the naively
obtained BSDE drivers for value at rigk

o (1-A
gV@R(tava) = # |Z|

Vh

and average value at risk

AV@R(

“171 _ \)\2
g _M)M

1
1,Y,2) = ———e€Xx
v:2) N 2mh p( 2

do not imply CDRMs that converge to composed risk measures as N — oo; see Table [7.3]
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Table 7.3: Composed risk measures and risk measures from g-expectations.

Call Barrier payoff Smooth payoff
N pgomV@R ng@R pgomV@R ng@R pgomV@R ng@R
2 27.83 35.71 4.54 7.00 4.86 4.95
4 28.83 62.38 9.52 67.11 4.87 5.09
8 29.53 87.97 12.10 249.49 4.87 5.29
16 29.87 256.06 12.07 3.97-103 4.87 5.57
32 30.20 1.20-10° 13.61 9.15-10° 4.87 5.88
64 30.32 4.75-10% 12.59 2.16-10° 4.87 15.06

128 29.88 5.39-10'3 11.01 3.35-1013 4.87 4.43-10°
256 29.83 1.42-10%2 11.17 1.82-10%3 4.87 4.04-1013

512 29.80 9.72-10%3 10.51 6.37 103 4.87 7.00-10%6
Call Barrier payoff Smooth payoff
N p(C]JomAV@R pgAV@R pgomAV@R pgAV@R pgomAV@R pgAV@R
2 36.05 46.74 13.48 10.07 4.91 5.04
4 36.26 82.96 25.05 120.30 4.92 5.21
8 37.03 253.11 31.71 446.67 4.92 5.45
16 36.83 852.84 34.78 2.41-10* 4.92 5.89
32 37.45 2.88-10° 37.46 3.15-10° 4.92 9.64

64 37.52 5.46 - 1010 39.73 1.96- 101! 4.92 5.33-103

128 36.57 6.87- 107 40.09 3.49- 107 4.92 9.48 - 1010
256 36.88 2.34-10%7 44.44 4.32-10%8 4.92 7.61-10"
512 37.79 8.16-10* 43.23 2.05-10% 4.91 6.48 - 1037

7.4.2 Approximation results for composed risk measures and scaled g—ex-
pectations

In this section we pick up an idea from Romanovski who proposes to replace the size of
the discrete time steps h = % by the constant 7' in gV ®® and ¢g*VeR from Section in
order to make the drivers “constant regardless of time scaling” ([120, pages 14, 16]). The
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resulting driver for value at risk is
1(1-))
VT

M (ty,z) =

YRomanovski | z |

and for average value at risk we get

AV@R _
YRomanovski (t,y,z) -

171 _1)2
exp (_u) 2],

1
N 2nT 2

Table 7.4: Composed risk measures and risk measures from g-expectations - Romanovski.

Call Barrier payoft Smooth payoff
N || pComVOR | s || pCOMVOR | i | pOOmVER | R
2 27.83 24.71 4.54 4.14 4.86 4.86
4 28.83 27.91 9.52 14.44 4.87 4.86
8 29.53 29.03 12.10 21.93 4.87 4.86
16 29.87 29.62 12.07 25.97 4.87 4.86
32 30.20 29.90 13.61 27.01 4.87 4.86
64 30.32 30.17 12.59 27.22 4.87 4.87
128 29.88 30.21 11.01 28.69 4.87 4.87
256 29.83 30.37 11.17 30.57 4.87 4.87
512 29.80 30.94 10.51 32.93 4.87 4.87

Call Barrier payoff Smooth payoff
N | poomaver | pofNn, o || jcomavar | ok || comaVar | LoAER
2 36.05 31.24 13.48 5.81 4.91 4.92
4 36.26 35.62 25.05 22.81 4.92 4.92
8 37.03 36.65 31.71 35.78 4.92 4.92
16 36.83 37.32 34.78 41.84 4.92 4.92
32 37.45 37.64 37.46 41.69 4.92 4.92
64 37.52 38.27 39.73 41.63 4.92 4.92
128 36.57 38.21 40.09 47.34 4.92 4.92
256 36.88 38.80 44.44 53.71 4.92 4.92
512 37.79 41.23 43.23 64.38 4.91 4.92
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Figure 7.1: Composed risk measures and risk measures from g-expectations - Romanovski.
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------ ComV@R - barrier payoff

— gV@R - barrier payoff
ComV@R - smooth payoff
gV@R - smooth payoff
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--- ComAV@R - call

—gAV@R - call

------ ComAV@R - barrier payoff

— gAV@R - barrier payoff
ComAV@R - smooth payoff
gAV@R - smooth payoff

| |

| | |
2 4 8 16 32 64 128 256 512

N

Table [7.4] displays p§omVeR (,ComAVAR) anq poRemanovsii (pIRemanovsii) for N = 2 to
N =512 time steps. Figure graphically displays the results from Table We plot
g-expectations with solid lines and composed risk measures with dotted lines. The results
for the call are shown in blue, the results for the barrier payoff in red and the smooth
payoff is displayed in green. Figure indicates that the way of subsequently scaling
the respective drivers g as proposed by Romanovski [120] only works for payoffs that are
“smooth enough”™; see the results for call and smooth payoff which confirm the results
from [120, Section 3.2|. For the barrier payoff, however, pgomV@R and pgKg}}anovski do not

approach, but rather diverge for greater N. This weakness is also discussed in Figure [7.3
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below.

7.4.3 Approximation results for composed scaled risk measures and g—ex-
pectations

Let us now consider how the composed scaled dynamic risk measures from Section
converge to CDRMs solving the corresponding BSDEs. In more specific terms, we calculate
composed risk measures in the sense of Stadje [126] and the corresponding solutions to
BSDEs with respective drivers, i.e., we compare

pOComScaV@R (X)

to pgéft?%e(X) with

Var -1
gStadje(t’y>Z) = (1 - )‘) |Z| )

and we compare

pgomScaAV@R(X)

AV@R . .
to pYStadie (X') with driver

1 1(1-))?
AV@R

R(ty,2) = = Ny,
gStadJe( yZ) )\mexp( 9 |Z|

for the smooth payoff, the call and the barrier payoff.

105



CHAPTER 7. RECURSIVELY COMPOSED RISK MEASURES

Table 7.5: Composed scaled risk measures and risk measures from g-expectations - Stadje.

Call Barrier payoff Smooth payoff
N pGomScaVaR pgg’g‘ge pGomScaVaR pgggge pGomScaVeR pgsvt?}}je
2 21.68 18.04 16.46 2.57 4.79 4.79
4 21.97 20.11 16.49 7.80 4.79 4.79
8 22.16 21.06 16.46 11.37 4.79 4.80
16 22.19 21.56 16.26 13.48 4.79 4.80
32 22.23 21.81 16.17 14.49 4.80 4.80
64 22.15 21.96 16.14 14.82 4.80 4.80
128 22.17 22.02 16.50 15.09 4.80 4.80
256 22.16 22.07 17.06 15.62 4.80 4.80
512 22.27 22.17 16.36 15.82 4.80 4.80
Call Barrier payoff Smooth payoff

N || pGomScarvaRr pgg‘;%f; pGomScaAVOR pgag;@;: pGomScaAVOR pggzgf;
2 27.92 22.03 42.58 3.49 4.82 4.83
4 26.29 24.75 24.39 11.53 4.82 4.84
8 26.63 25.83 22.21 17.24 4.83 4.84
16 26.79 26.39 22.80 20.44 4.83 4.84
32 26.81 26.66 22.76 21.58 4.83 4.84
64 26.63 26.86 24.82 21.87 4.83 4.84
128 26.73 26.92 25.03 22.66 4.83 4.84
256 26.79 27.01 27.49 23.78 4.83 4.84
512 27.23 27.31 25.11 24.86 4.83 4.84
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Figure 7.2: Composed scaled risk measures and risk measures from g-expectations - Stadje.

25 T T T T T T T
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--------------- —gV@R - call
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..................................................... ComScaV@R - smooth payoff
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10 - -
5 [ |
0 | | | | | | |
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N
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| |

|
2 4 8 16 32 64 128 256 512

0 | | | |
N

Tableand Figureshow pgomScaVaR (,ComScaAVAR) 5y pgggc%e (pggt\ggj?) for N =2
to N =512 time steps. Again, we plot g-expectations with solid lines and composed scaled
risk measures with dotted lines, and the results for the call are shown in blue, the results
for the barrier payoff in red and the smooth payoff is displayed in green. We observe
a much improved convergence for an increasing number of time steps N from discrete-
time composed risk measures to their corresponding continuous-time g-expectations in any
tested payoff if we compare Figure to Figure

In Figure[7.3| we zoom in on the V@R-based risk measures for the barrier payoff.
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Figure 7.3: V@QR-based risk measures for the barrier payoff.

T T T T T T

—gVaRr

------ ComV@R

| |—gV@R (Romanovski)
ComScaV@R

gV@R (Stadje)

2 4 8 16 32 64 128 256 512

Firstly, note that the solid blue line displays the g-expectation at ¢t = 0 for the naive
approach when we do not consider scaling ComV@R or ¢gV®R, respectively. Obviously,
the corresponding CDRM p9 gtveR “explodes” for bigger N which gives numerical evidence
for [126, Proposition 5.1] as V@R is a coherent risk measure for Gaussian random variables.
Further, note the clear difference in the convergence behavior for an increasing number of

time steps IV of Romanovski’s approach to the scaling as proposed by Stadje.

7.7 Remark. We have seen the necessity of scaling composed risk measures or the corre-
sponding BSDE-drivers g in order to ensure convergence of pcomRM to pY for an increasing
number of time steps. We, however, strongly recommend to scale composed risk measures
as proposed by Stadje [126] as subsequently scaling g as proposed by Romanovski [120)]
does not imply convergence for non-smooth payoffs; see Figure The decisive effect of
scaling dynamic risk measures, however, is getting the factor Vh in the representation of
ComRM to h. With this insight, one might study alternative ways of scaling ComRM, for
example, consider

PSR (X) =y (X) = -

ComSqua

(ComSquaRM)
ptk7tk+1 ( ptk+1 (X))7 tk' < tk‘N_17

pCoquua(X) _

with
ﬁtkatk+1 (X) = E[_X | Ftk] +h (ptk,tk+1 (X - E[X | }—tk]))Q .

For risk measures of the form
P(X) = E[-X] + b\ (X),
we get

Com$ 2
t]\(fmll qua( ) = E[Y;f];r[ | ftN—l] +h (ptN-l,tN (Yt]]X - E[YZX | *7:1‘/1\1-1])) )
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and the corresponding BSDE-driver is

ggquared(tvy>z) = b(>\)2hz2.

For the same parameter setting as before, composed squared risk measures and the corre-
sponding g-expectations at ¢ = 0 are displayed in Table [7.6]

Table 7.6: Composed risk measures and risk measures from g-expectations - squared.

Call Barrier payoff Smooth payoff
N pgoquuaV@R pggﬁljre 4 pOCc)msquaV@R pggfﬁg‘re 4 pgoquuaV@R pggq@ul;e 4
2 8.24 6.28 2.48 0.32 4.65 4.64
4 7.79 6.72 2.00 0.87 4.64 4.64
8 7.58 7.01 1.81 1.20 4.64 4.64
16 7.47 7.19 1.71 1.43 4.64 4.64
32 7.42 7.28 1.69 1.56 4.64 4.64
64 7.39 7.32 1.67 1.61 4.64 4.64
128 7.39 7.35 1.65 1.61 4.64 4.64
256 7.38 7.36 1.67 1.67 4.64 4.64
012 7.38 7.37 1.63 1.62 4.64 4.64
Call Barrier payoft Smooth payoff

N p(()]oquuaAV@R pggc‘l{l@jg 4 pOCoquuaAV@R pgg;’u%f; J pgoquuaAV@R pggxgg 4
2 8.84 6.63 3.20 0.35 4.65 4.65
4 8.07 6.91 2.34 0.94 4.64 4.64
8 7.70 7.11 1.95 1.26 4.64 4.64
16 7.53 7.24 1.77 1.47 4.64 4.64
32 7.45 7.30 1.71 1.58 4.64 4.64
64 7.40 7.34 1.68 1.62 4.64 4.64
128 7.40 7.36 1.65 1.61 4.64 4.64
256 7.38 7.37 1.68 1.67 4.64 4.64
512 7.38 7.37 1.63 1.62 4.64 4.64

Note that the absolute values of the displayed risk measures for the call and the barrier
payoff in Table appear to be too low for practical reasons; see Table We, however,
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emphasize that, from a theoretical point of view, (ComSquaRM)|) represents a suitable

alternative to (ComScaRM)]) as it provides composed risk measures that converge to the
respective robust g-expectations; in particular, the g-expectations do not diverge for an

increasing number of time steps N as in Table [7.3]
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Conclusion

In the first part of this thesis we considered utility-based risk measures. Since this concept
brings together two initially separate fields of research, namely risk measures and preference
theory, we provided sufficient theoretical foundations and the basic literature on both topics
in Chapters [2] and [3]

The introduction of optimal expected utility (OEU) risk measures in Chapter {4l is a
main contribution of this thesis. We pointed out that OEU perfectly implements our plan
to translate the idea of investors’ utility captured by w to risk evaluations of financial po-
sitions as it is a convex risk measure for most commonly used utility functions, such as
power, logarithmic and exponential utilities and because we were able to relate properties
of u to properties of p“. The fact that OEU strictly distinguishes between “cash” and
“utility” quantities also facilitates interpretation of OEU. We showed that, to the best of
our knowledge, OEU is the only existing utility-based risk measure that is non-trivial and
coherent if the utility function features constant relative risk aversion. We also developed
a method to recover the utility function from a given OEU and provided a dual repre-
sentation of optimal expected utility risk measures. Some exemplary applications of OEU
demonstrating that (a) it attains reasonable values for any characteristics of Bernoulli-type
payoffs, (b) it is sensitive with respect to extreme events, and (c) it also suits for detecting
risks associated with heavy tailed distributions concluded this chapter.

Furthermore, we introduced implied risk aversion as a rating system for retail struc-
tured products based on OEU in Chapter b} The good suitability of implied risk aversion
for classifying RSPs rests above all on the fact that OEU takes into account the entire
distribution (we say that it is fully supported) of a financial position; by contrast, V@R
and AVQR are not fully supported. Whereas standard V@R-based ratings have some sig-
nificant weaknesses with respect to classifying RSPs, implied risk aversion suits for a more
sophisticated view on the risk and return potential of RSPS and is able to aid retail clients
(a) to select the most attractive products from a given universe, and (b) to assess whether a
given product is attractive per se. Moreover, implied risk aversion can easily be interpreted
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in terms of an individual investor’s risk aversion. For comparability reasons, we simulated
payoff profiles of short and mid term warrants on the German blue-chip index DAX® at
their respective maturity date. Due to our theoretical and empirical findings, we suggest
to providers of rating information to implement an alternative rating system for RSPs on
the basis of implied risk aversion. To our knowledge there is no other publication which
proposes to consider the risk parameter of any well-known risk measure to get a neutral
(indifferent) risk evaluation. Another application for this approach might be the calcu-
lation of the permitted proportions of call and put options for a portfolio consisting of a
delta one product and additional options on the same underlying for given RSP-based risk
classes. In this way, investors with a clearly defined risk appetite can, for example, define
portfolio strategies that are aimed at outperforming or protecting a given underlying.

The third part of this thesis focused on time consistency of dynamic risk measures. In
Chapter [6] we set up risk measures on the space of distributions. We showed that OEU
is concave on the space of distributions, and pointed out that, in the literature, this is a
controversial, but also justifiable characteristic of this type of functionals. Following [137],
we presented the theory of acceptance and rejection consistency of dynamic risk measures,
and we slightly generalized Weber’s findings by considering dynamic risk measures with
time-dependent parameters.

Finally, in Chapter [7| we brought together several different studies on convergence
behavior of recursively composed dynamic risk measures in discrete time settings to corre-
sponding g-expectations which can be interpreted as dynamic risk measures in continuous
time. Our main outcome was that we have to distinguish between two classes of dynamic
risk measures with respect to their convergence behavior from discrete to continuous time:
While risk measures of the first class, such as the entropic risk measure, are well suited
for convergence in the above sense, risk measures of the second class must be additionally
scaled in the recursive construction. We proposed an approach for scaling recursively com-
posed risk measures in the sense of [126] and explained why it is preferable to the approach
in [120]. We implemented both, unscaled and scaled recursively composed risk measures
and derived drivers of BSDEs leading to corresponding continuous-time risk measures for
various example cases. Our work on this topic concludes with an illustration of the con-
vergence behavior of V@R~ and AV@R-based composed risk measures for different payoffs.
Remark provides a starting point for further research on recursively composed risk
measures.
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Appendix

A.1 Proofs

A.1 Remark (Under (PH), (C) is equivalent to (S)). We assume that a risk measure p is
positively homogeneous.

1. Convexity implies that:

(X +Y)=p (%2){ + %zy) < %p(QX) 4 %p(QY) = p(X) + p(Y).

2. Subadditivity implies that for any 0 < A < 1:

POX + (1= NY) < p(AX) + p((L = N)Y) = Ap(X) + (1= N)p(Y).

Thus we conclude that, under the assumption of positive homogeneity, (C') is equivalent

to (5).
A.2 Remark (VQR is positively homogeneous). For v > 0:
VAQRMvX) =inf{meR : P(m+~yX <0) <A}
:yinf{EeR : P(T+X<o))gA}
Y 0
-y VAR X)

A.3 Remark (V@R is not subadditive). Consider the example of an investor selling two
options on the same underlying S with the same maturity, namely:

- a call with strike K., at pean and

- a put with strike Kpu at pput,
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such that
P(S < Kput _pput) = P(S > Keall +pca11) =0.0075

and
P(S < Kput - (pcall +pput)) = P(S > Kean + (pcall +pput)) = 0.006.

Set X1 = — ((Kput = S)* = pput), Xo = —((S— Kean)* = pean). Then VQR™(X;) < 0,
V@R (X,) <0, but V@R (X7 + X5) >0

A.4 Remark ((Pinyt)te{o,...7T} is time consistent).

L (P?}lyt)te{ow,T} is recursive:

A () = E[exp (<3 (<2 W Elesp(1X) | Fi]) )
- E[Elexp(-1X) | Fa] | 7]
= Py (X)
2. Recursiveness implies time consistency: Since p; is monotone,

pt(=pt+1 (X)) < pr(=pe+1(Y)) i prar(X) < prea (V)

which, due to recursiveness, leads to
p(X) < pe(Y).

It is easy to proof that time consistency is even equivalent to recursiveness.

A.5 Remark (V@QR for normally distributed X). If X is (continuously) normally distributed
with variance 02(X), V@R equals the quantile function of —X for 1 - X:

VORMX) =E[-X]+0(X)® 1 (1-)).

A.6 Remark (VQR is subadditive for normally distributed positions). Let X ~ N (ux,0%)
and Y ~ N (uy,0%) with corr(X,Y) = pe[0,1]. Then

VAQRMX +Y) = pux + py + \/03( +02 + 2p0xoy®1(1-N)

< px + py +\/a§( +0)2, +20x0y® 1 (1-))

=ux + py +\/ (JX +Uy)2q)_1(1 —A)

= VQRMNX) + VQRMY)

A.7 Remark (Increments of a geometric Brownian motion are nearly Gaussian). Let (St)e[0,7]
be a geometric Brownian motion

dSt = /LStdt + O'Stth,
i.e., for all t, S; is log-normally distributed with

E[S;] = sexp(ut) =mm, Var[S;]=s*exp(2ut) (exp(aQt) -1) =w.
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Then, In(S;) is normally distributed with parameters

&len(1+%) = ot

and

m2
fiy = 1ﬂ(\/ﬁ),
_ ( 52 exp(2ut) )
/82 exp(2ut) exp(a2t)
=In (SO exp(t(p— %02)))

= In(So) + £~ 50°)

and with Ito’s formula
1
dIn(S;) = idt + cdWy,  fii= i — 502.

Thus
(Sren) = (1) ~ N (jieen = 07, — 02) = N (ih,o™h),

since In(Sgp), In(S;) are increments of a standard Brownian motion and therefore sta-
tionary independent. It follows that

Syon— St =S, (Sgh - 1) hrenemal g, 1n(5;jh) ~ N (Siih,S202h).
t t

-1 Y 2
A.8 Remark (AVQRN(X) = pi+ 057 exp(—@(+)) for L =-X ~N(p,0?)). Let =X ~

N(u,0?), Z ~ N(0,1). From Remark (c) we know the representation of AVQR(X)
for continuously distributed X. Then:

AV@QRMX) =E[-X : -X > VQRN(X)]
=E[(p+0Z2): (p+0Z)>p+cd 1 (1-N)]
=pu+0E[Z: Z>d71(1-))]

vol L ( <1>—1(1—>\)2)
= o xp|————7—"—
s a2 P 2

A.2 Data

In this section we present additional data to the RSP ratings from Chapter
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Table A.1: Products with largest implied risk aversion in the

Black-Scholes model.

APPENDIX

WKN | Issuer | Strike | Ask | Underlying | Maturity | VAR | 4o |
UZ63WB UBS 11950 | 0.41 | 11828.86 5 10000 | 15.4231
UZTMT7 UBS 11900 | 0.59 | 11830.62 5 10000 | 15.0835
UZ62LW UBS 12000 | 0.28 | 11829.15 5 10000 | 14.6950
HY7UPK | Hypo Vereinsbank | 11900 | 0.53 | 11831.82 4 10000 | 14.3529
UZTLVT UBS 12050 | 0.18 | 11828.89 5 10000 | 13.6851
UZ693B UBS 11850 | 0.81 | 11829.76 5 10000 | 13.2928
HY7243 | Hypo Vereinsbank | 12000 | 0.24 | 11828.16 4 10000 | 12.5903
UZ6U6M UBS 12100 | 0.11 | 11829.38 5 10000 | 12.3819
XM2HAK | Deutsche Bank | 12000 | 0.32 | 11831.29 5 10000 | 12.2658
GL15JW | Goldman Sachs | 12000 | 0.327 | 11831.26 5 10000 | 11.7561
XM2HAJ | Deutsche Bank | 11950 | 0.47 | 11830.66 5 10000 | 11.5091
XM2HAH | Deutsche Bank | 11900 | 0.65 | 11831.82 5 10000 | 11.0532
XM2HAL | Deutsche Bank | 12050 | 0.22 | 11829.58 5 10000 | 10.9613
HY7244 | Hypo Vereinsbank | 12050 | 0.16 | 11828.96 4 10000 | 10.7327
HY7UPL | Hypo Verecinsbank | 11950 | 0.4 | 11828.59 4 10000 | 10.4227
UZ6SWE UBS 12150 | 0.068 | 11828.16 5 10000 | 10.2577
UZ7CNC UBS 11800 | 1.09 | 11828.09 5 10000 | 10.2328
PS2SLG BNP Paribas 12100 | 0.24 | 11832.04 7 10000 | 10.2182
GL15JY | Goldman Sachs | 12100 | 0.145 | 11831.93 5 10000 | 10.1782

XM2HAM | Deutsche Bank | 12100 | 0.15 | 11830.42 5 10000 | 9.6278
GL15JZ | Goldman Sachs | 12100 | 0.247 | 11828.59 7 10000 | 9.3890
CC67N7 Citi 12100 | 0.25 | 11829.59 7 10000 | 9.3238
GL15JU | Goldman Sachs | 11900 | 0.67 | 11829.52 5 10000 | 9.1773
GL15JX | Goldman Sachs | 12000 | 0.47 | 11827.23 7 10000 | 9.1561
UZ670C UBS 12200 | 0.03 | 11827.14 5 10000 | 9.0899
PS2SLF BNP Paribas 12000 | 0.48 | 11829.9 7 10000 | 9.0124
VZ91QW Vontobel 12125 | 0.21 | 11828.96 7 10000 | 9.0041
VZ91QV Vontobel 12075 | 0.31 | 11831.96 7 10000 | 8.9334
VZ9CZ2 Vontobel 12050 | 0.36 | 11830.44 7 10000 | 8.9283
CN263Q Commerzbank | 12075 | 0.31 | 11831.82 7 10000 | 8.9151
VZ8ZUT Vontobel 12100 | 0.26 | 11830.14 7 10000 | 8.7757
PS2SLH BNP Paribas 12200 | 0.11 | 11830.58 7 10000 | 8.7722
VZ9CZ3 Vontobel 12150 | 0.18 | 11832.04 7 10000 | 8.7207
HY7245 | Hypo Vereinsbank | 12100 | 0.1 | 11825.44 4 10000 | 8.6373

XM2HAG | Deutsche Bank | 11850 | 0.88 | 11827.33 5 10000 | 8.4603
CC8zZ2M Citi 12150 | 0.18 | 11828.98 7 10000 | 8.4280
VZ91QX Vontobel 12175 | 0.15 | 11831.75 7 10000 | 8.3502
VZ8ZUS Vontobel 12000 | 0.5 11832.1 7 10000 | 8.2765
CNOR7K Commerzbank | 12100 | 0.27 | 11831.13 7 10000 | 8.2757
CN263P Commerzbank | 12025 | 0.43 | 11830.44 7 10000 | 8.2651
CC67N8 Citi 12200 | 0.12 | 11832.04 7 10000 | 8.2642
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CNOR7J Commerzbank 12050 | 0.37 11829.59 7 10000 | 8.1950
AP6MBP | Interactive Brokers | 12100 | 0.27 11829.59 7 10000 | 8.0900
VZ8ZUR Vontobel 12200 | 0.12 11829.42 7 10000 | 8.0597
HY7UPJ | Hypo Vereinsbank | 11850 | 0.79 11825.86 4 10000 | 7.9905
CNORT7L Commerzbank 12150 | 0.19 11829.9 7 10000 | 7.8940
CNOR7TH Commerzbank 12000 | 0.5 11829.26 7 10000 | 7.8620
CN263R Commerzbank 12125 | 0.23 11829.28 7 10000 | 7.8004
VZ91QU Vontobel 12025 | 0.43 11827.12 7 10000 | 7.7977
AP6MBQ | Interactive Brokers | 12200 | 0.13 11833.37 7 10000 | 7.7402
PS2SLE BNP Paribas 11950 | 0.66 11830.66 7 10000 | 7.7262
GL15K1 Goldman Sachs 12200 | 0.122 | 11826.48 7 10000 | 7.7042
Vz791QT Vontobel 11975 | 0.58 11830.46 7 10000 | 7.6936
CN263S Commerzbank 12175 | 0.16 11831.17 7 10000 | 7.6734
UZ7LUV UBS 11750 | 1.42 11827.42 5 10000 | 7.6701
VZ791QY Vontobel 12225 | 0.1 11831.07 7 10000 | 7.6400
CC8Z2L Citi 12050 | 0.38 11829.59 7 10000 | 7.6101
XM2HAN Deutsche Bank 12150 | 0.11 11833.11 5 10000 | 7.5726
CN263N Commerzbank 11975 | 0.58 11829.5 7 10000 | 7.5534
VZ79C7Z1 Vontobel 11950 | 0.67 11831.82 7 10000 | 7.4668

A.3 Source codes

In this section we present the source codes used to generate the plots in Chapter [7] Main
parts of the source codes are modified versions of the code which is given in [120]. Firstly,
we calculate M paths of the forward process Sg\k[ with initial value Sy = 100 for a fixed
seed:

Listing A.1: Forward process.

% fix seed
rng (seed );

[X,W] = ForwardProcess(n+1M,T,100);

% Forward process:

%

% This function simulates M paths of the forward process X"N_tk
% using Euler scheme starting at initial value X0 with constant
% drift mu and standard deviation sigma.

function [X,dW] = ForwardProcess(N,M,T,X0,mu,sigma)

h = T/N;
X = zeros (N,M);
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NormlInc = randn (N,M);
NormInc(1,:) = zeros (1 ,M);
dW = sqrt (h)«Normlnc;

X(m,:) = X(m-1,:) + muxX(m-1,:)xh
+ sigmaxX(m-1,:).«dW(m,:);
end % for

end % function

The results in Section have been computed with the following source codes:

Listing A.2: Source codes for Romanovski’s approach.

% Composed RM:

%

% The following code approximates composed VAR and AVAR along the
% simulated underlying asset paths.

%

% Input arguments are R (polynomial degree), M (number of Monte
% Carlo paths of forward process), K (number of one time step long
% Monte Carlo simulations; see function ForwardStepMat), N

% (number of time steps), T (terminal time), al (level of (A)V@R)
% and the options polBase (’lag’ (laguerre polynomial base) or

% ’her’ (hermite polynomial base)) and opt (’var’ (V@R) or

% ’avar’ (AV@R)). We also pass the result X from the forward

% process .

%

% The algorithm returns an estimate of the risk measure at the

% initial time.

function est = ComMeasure(R,M,K,N, T ,aT polBase ,opt ,X)
est = zeros(3,1);

YT(:,:,1) = Phi(X(N+1,:), call 7);
YT'(:,:,2) = Phi(X(N+1,:), barrier ’);
YT(:,:,3) = Phi(X(N+1,:), smooth’);

h = T/N;

Y = zeros (N+1M,3);
Alpha = zeros (N,R+1,3);
Y(N+1,:,1) =YT(:,:,1);
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35
36
37
38
39
40
41
42
43
44
45
46
47
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49
50
ol
52
23
54
29
56
o7
o8
29
60
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62
63
64
65
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70
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72
73
74
75
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Y(N+1,:,1) =YT(:,:,2);
Y(N+1,:,1) =YT(:,: ;

switch opt

case ’'var’
alpha = l-normecdf(norminv(1-aT,0,1)*sqrt (h/T));

case ’avar’
no = 14; % accuracy of the calculation of alpha h

alpha = alp (N, T,aT,no);
end % switch

1 = 2;
r = 0.5;

for m = N:-1:1

Paths=ForwardStepMat (K,h ,X(m,:));
Values (:,:,1) = Paths.*0;
Values (:,:,2) = Paths.x0;
Values (:,:,3) = Paths.*0;

switch opt

case ’‘var’
if m=—N
Values (:,:,1) = Phi(Paths,’call 7);
Values (:,:,2) = Phi(Paths,’barrier ’);
Values (:,:,3) = Phi(Paths, ’smooth’);

else
for i = 1I:M
pComRM = base (R, Paths (:,i)’, 1% ((m+2)/T)" r
,polBase ) ’;
Values (:,i,1) = (Alpha(m+1,:,1)*pComRM") ’;
Values (:,i,2) = (Alpha(m+1,:,2)*pComRM’) ’;
Values (:,i,3) = (Alpha(m+1,:,3)*pComRM’) ’;
end % for
end % if

Y(m,:,1) = quantile(Values(:,:,1),1 —alpha);
Y(m,:,2) = quantile(Values(:,:,2),1 —alpha);
Y(m,:,3) = quantile(Values(:,:,3),1 —alpha);
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88
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119
120
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"avar’
if m=—N
Values (:,:,1) = Phi(Paths,’call 7);
Values (:,:,2) = Phi(Paths,’barrier 7);
Values (:,:,3) — Phi(Paths, ’smooth’);
quantiles (:,1) = quantile(Values(:,:,1),1 -alpha);
quantiles (:,2) = quantile(Values(:,:,2),1 -alpha);
quantiles (:,3) = quantile(Values(:,:,3),1-alpha);

es = zeros(M,3);
for i = 1:M
tmp = Values(Values(:,i,1)>=quantiles(i,1)
5105
es(i,l) = sum(tmp)/length (tmp);
tmp — Values(Values(:,1,2)>—quantiles(i,2)
15,2);
es(i,2) = sum(tmp)/length (tmp);
tmp = Values(Values(:,i,3)>=quantiles(i,3)

1,3);
es(i,3) = sum(tmp)/length (tmp);
end % parfor
else
a = Alpha(m+1,:,:);
es = zeros(M,3);
for i = 1:M
pComRM — base (R, Paths (:,i)’,1%((m+2)/T)" r
,polBase) ’;

vals (:,:,1) = (a(:,:,1)*pComRM") 7;
VaR(:,1) = quantile(vals(:,:,1),1 —alpha);
tmp = vals(vals (:,:,1) >=VaR(:,1),:,1);
es(i,1) = sum(tmp)/length (tmp);

vals (:,:,2) = (a(:,:,2)*pComRM") 7;
VaR(:,2) = quantile(vals(:,:,2),1 —alpha);
tmp = vals(vals(:,:,2) >=VaR(:,2),:,2);
es(i,2) = sum(tmp)/length (tmp);

vals (:,:,3) = (a(:,:,3)*pComRM”) ’;
VaR(:,3) = quantile(vals(:,:,3),1 —alpha);
tmp = vals(vals (:,:,3) >=VaR(:,3) ,:,3);
es(i,3) = sum(tmp)/length (tmp);
end % for
end % if
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121 Y(m,:,1) = es(:,1);
122 Y(m,:,2) = es(:,2);
123 Y(m,:,3) = es(:,3);
124 end % switch

125

126 A = base(R,X(m,:) ,1*((m+1)/T)"r,polBase) ’;
127 Alpha(m,:,1) = (A\Y(m,:,1)7)"’;
128 Y(m,:,1) = (Alpha(m,: ,1)xA’);
129 Alpha(m,:,2) = (A\Y(m,:,2)7)"’;
130 Y(m,:,2) = (Alpha(m,:,2)xA’);
131 Alpha(m,:,3) = (A\Y(m,:,3)’7)’;
132 Y(m,:,3) = (Alpha(m,:,3)xA’);
133

134 |end % for

135

136 |est (1) = Y(1,1,1);
137 |est (2) = Y(1,1,2);
138 |est (3) = Y(1,1,3);
139
140 |end % function
141
142
143 |% BSDE solver:

144 |%

145 |% The following code approximates the BSDE solution wusing the
146 |% regression based MC method

147 (%

148 |% Input arguments are R (polynomial degree), M (number of Monte
149 |% Carlo paths of forward process), N (number of time steps),
150 |% T (terminal time), the options polBase (’lag’ (laguerre

151 |% polynomial base) or ’'her’ (hermite polynomial base)) and opt
152 (% (’'var’ (V@GR) or ’avar’ (AV@R)) and aT (level of (A)V@R).

153 |% We also pass the results X and W from the forward process.
154 |%

155 |% The algorithm returns the estimate of YN 0.

156
157 | function est = BSDESolver (R,M,N, T, polBase ,opt ,X,W,aT)
158
159 |est — zeros(3.,1);

160 |Y = zeros (N+1M,3);

161 |Z = zeros (N,M,3);

162 |Beta = zeros (N,R+1,3);
163 | Alpha = zeros (N,R+1,3);
164
165 |YT(:,:,1) = Phi(X(N+1,:), call ');
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haT);

YI'(:,:,2) = Phi(X(N+1,:), barrier ’);
YT(:,:,3) = Phi(X(N+1,:), smooth’);
b = T/N;
1 = 2;
r = 0.5;
1 = 3;
Y(N+1,:,1) =YT(:,:,1);
Y(N+1,:,2) =YT(:,:,2);
Y(N+17:73) :YT( 7. 73)7
for m = N:-1:1
pBSDE = base (R,X(m,:), 1*((m+1)/T)"r,polBase)’;
for o = 1:3
for i = 1:1;
b(1,:,0) = Y(m+1,:,0)+hxF(Beta(m,: ,0)*pBSDE’ ,opt
A = |[pBSDE, repmat (W(m+1,:)’,1,R+1).%«pBSDE|;
coeff (:,0) = A\(b(1,:,0))";
Alpha(m,: ;0) = coeff (1:R+1,0);
Beta(m,: ,0) = coeff(R+2:end,0);
end % for
Y(m,:,0) — (Alpha(m,: ,0)*pBSDE’);
Z(m,:,0) = (Beta(m,:,0)+*pBSDE’);
end
end % for
est (1) =Y(1,1,1);
est (2) = Y(1,1,2);
est (3) = Y(1,1,3);
end % function
TITTTTIIISISSTSSITTTTTTTTTTIISSSISIISIIISTSTSISISTTITTTTISSTSo

% Additional Functions:
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211 (YWTTTSTITTTSSTT TSI TTSS ST T TSI TT TSI TTTSSTTTTSSTTISSTT TS
212
213
214 |% Simulating paths from each point:

215 |%

216 |% This functions performs K one time step long Monte Carlo

217 |% simulations of forward process X starting at X0, where X0 can
218 |% be a vector, in which case function ForwardStepMat performs
219 |% K simulations from each point in XO0.

220 |%

221 |% A matrix of simulated values is returned with each column

222 |% representing paths from one of those points in X0. Other

223 |% required input data is the size of the time step h.

224
225 [function X = ForwardStepMat (K,h,X0,mu, sigma)
226
227 |X = repmat (X0,K,1);
228
229 |NormlInc = randn (K, length (X0));
230 [dW = sqrt (h)*NormlInc;

231 |muVal = repmat (muxX0,K,1);

232 |sigmaVal = repmat (sigma*X0,K,1);
233
234 | X = X + muValxh 4+ sigmaVal.xdW;
235
236 |end % function
237
238
239 |% BSDE terminal function:
240
241 | function [outphi]| = Phi(XT, payoff)
242 |[a,b] = size (XT);

243 |outphi = zeros(a,b);

244 for i = 1:a

245 for j = 1:b

246

247 switch payoff

248 case ’'call’ % call —option

249 outphi(i,j) = max(XT(i,j)-100,0);
250 case ’barrier’% barrier —payoff
251 if XT(i,j) > =135

252 outphi(i,j) = 70;

253 end % if

254 case ’'smooth’% smooth payoff

255 outphi(i,j) = log(XT(i,j)+1);
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end % switch

end % for
end % for

end % function

% Evaluating polynomial basis:
%
% The following code returns a k + 1 by length(x) matrix with the
% first k base polynomials evaluated at x/d, multiplied by
% exponential weighting. It supports two different polynomial
% bases, Laguerre and Hermite polynomial bases, through the
% choice of parameter opt, accepting arguments lag (Laguerre
% polynomial base) or her (Hermite polynomial base).
function [ L | = base(k,x,d,opt)
x = x/d;
L = zeros ([k+1,length(x)]);
L(1,:) = 1;
w = exp(-0.5xabs(x));
switch opt
case ’lag’
if k >= 2
L(2,:) — (1-x);
end % if
for j = 3:(k+1)
(i) —wor ((26(j=2)+1=x) #L(j ~1,5) =(j -2)+L(j -2 ,:))
/(i-1);
end % for
case ’her’
if k >= 2
L(2,:) = x;
end % if
for j = 3:(k+1)
L(J 7:) - W*(X*L(J _17:)_(j _1)*L(J -2 7:));
end % for
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end % switch
end % function

% BSDE driver :

%

% Given a specific value of parameter opt a driver for the BSDE
% is returned, solution of which is the driver for continuous

% VAR, or the driver for continuous AV@R.
function [outF]| = F(z,opt,T,aT)
switch opt

case ’‘var’
outF = norminv(1-aT,0,1)*xabs(z)/sqrt(T);

case ’‘avar’
outF = exp(-norminv(1-aT,0,1)"2/2)/(sqrt(2*pixT)x(aT))

xabs(z);
end % switch
end % function
% Function that computes alpha for AV@GR
function erg = alp(N,T,aT n)
if mod(n,2) =—
n=n-1;
end
eta = 10" -n;
h = T/N;
syms z;
nmlinv(z) = —sqrt(2)*xerfcinv (2%z); % Equivalent to ‘norminv’
k—(1-eta);
ergebnis = vpa(l/((k)*sqrt(2«pixh))sexp(-nmlinv(1-k)~2/2)
-1/((aT)xsqrt (2« pixT))*xexp(-nmlinv(1-aT)"~2/2));
for i = n:-1:1

if mod(i,2) — 1
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while (ergebnis < 0)
k = k-etax10"(i-1);
ergebnis=vpa(l/((k)xsqrt (2« pixh))*exp(-nmlinv(l1-k)"~2/2)
-1/((aT)*sqrt (2« pixT))*xexp(—nmlinv(1-aT)"~2/2));
end

else

while (ergebnis > 0)
k = ktetax10"(i-1);
ergebnis=vpa(l/((k)*sqrt(2+«pixh))xexp(-nmlinv(l-k)~2/2)
-1/((aT)xsqrt (24« pi«T))*exp(-nmlinv(1-aT)"~2/2));

end
end
end
erg = k;
end

To compute the results in Section we have used the following source codes:

Listing A.3: Source codes for Stadje’s approach.

% Composed scaled RM:

%

% The following code approximates composed VAGR or AV@R along the
% simulated underlying asset paths following Stadjes approach.

%

% Input arguments are R (polynomial degree), M (number of Monte

% Carlo paths of forward process), K (number of one time step

% long Monte Carlo simulations; see function ForwardStepMat), N

% (number of time steps), T (terminal time), aT (level of (A)V@R)
% and the options polBase (’lag’ (laguerre polynomial base) or

% ’her’ (hermite polynomial base)) and opt (’var’ (V@R) or ’avar’
% (AV@R)). We also pass the result X from the forward process.

%

% The algorithm returns an estimate of the risk measure at the

% initial time.

function est = ComMeasure(R,M,K,N, T ,aT polBase ,opt ,X)

est=zeros (3,1);

136




21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
20
51
02
53
o4
95
26
57
28
99
60
61
62
63
64
65

A.3. SOURCE CODES

YTI'(:,:,1) = Phi(X(N+1,:), call 7);
YT(:,:,2) = Phi(X(N+1,:), barrier 7);
YI'(:,:,3) = Phi(X(N+1,:), smooth’);

h — T/N;
Y = zeros (N+1M,3);

Alpha = zeros(N,R+1,3

Y(N+1,:,1) =YT(:,:
Y(N+1,:,1) =YT(:,:
Y(N+1,:,1) =YT(:,:
switch opt

case ’'var’
alpha = aT;

case ’avar’
alpha = aT;

end % switch

1 = 2;
r = 0.5;

for m = N:-1:1

Paths = ForwardStepMat (K, h ,X(m,:));
Values (:,:,1) = Paths.*0;

Values (:,:,2
Values (:,:,3
switch opt

case ’'var’

) = Paths.x0;
) = Paths.x0;

if m—N

Values (:,:,1)
Values (:,:,2)
Values (:,:,3)

else
for

= Phi(Paths,’call 7);
= Phi(Paths,’barrier ");
— Phi(Paths, ’smooth ”);

i=1:M
pComRM = base (R, Paths (:,i)’, 1% ((m+2)/T)" r

,polBase) ’;
Values (:,i,1) = (Alpha(m+1,:,1)*pComRM") ’;
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) xpComRM” )

Values (:,i,3) = (Alpha(m+1,:,3)*pComRM’) ’
end % for
end % if
for 147134
Y(m,i,1) = (1/K)ssum(Values(:,i,1))+sqrt(h)
*(plantile(\/ahles(. i,1)-(1/K)*sum(Values(:,i,1)),1-alpha);
Y(m,i,2) = (1/K)*sum( Values (:,1,2))+sqrt (h)
*quantile(VaJues(. i,2)-(1/K)*sum(Values(:,i,2)),1-alpha);
Y(m,i,3) = (1/K)*sum( Values (:,1,3))+sqrt (h)
*quantile(VaJues( ,1,3)=(1/K)*sum( Values(:,1,3)),1 —alpha);
end % for
case ’avar’
if m = N
Values (:,:,1) = Phi(Paths,’call 7);
Values (:,:,2) — Phi(Paths,’barrier ’);
Values (:,:,3) = Phi(Paths, ’smooth’);
for i=1:M
quantiles (i,1) = quantile(Values(:,i,1)

—(1/K)*sum( Values (:
quantiles (i,2) = quantile(Values(:

—(1/K)*sum( Values (:
quantiles (i,3) = quantile(Values(:

—(1/K)*sum( Values (:
end % for

es = zeros (M,3);

for i = 1:M
tmp=Values(Values (:
—(1/K)*sum( Values (:

i,1)

7i 71)) 71_a1pha);

,1,2)

7i 72)) 71_a1pha);

,1,3)

7i 73)) 71_a1pha);

i,1))>=quantiles(i,1),i,1);

es(i,l) = &un(Unp—kl}K)*&nn(\Qﬂues(:,i,l)))

comes(i,1) = (1/K)*sum(Values (:

tmp=Values ( Values (:
(1/K)*sun1(VaJues(.

i,2)

/length (tmp);
;i,1))+sqrt (h)
xes (1,1);

2))>=quantiles (i,2),i,2);

717
es(i,2) = sum(tmp—(1/K)*sum(Values(:,i,2)))

comes(i,2) = (1/K)xsum(Values (:

tmp=Values(Values (:,1,3)
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—(1/K)*sum(Values (:,1,3))>=quantiles(i,3),i,3);

es(i,3) = sum(tmp—(1/K)*sum(Values(:,i1,3)))
/length (tmp);

comes(i,3) = (1/K)*sum(Values (:,1,3))+sqrt (h)

xes(i,3);
end % for
else
a = Alpha(m+1,:,:);
es = zeros(M,3);
for i = 1:M
pComRM = base (R, Paths(:,i)’,1%((m+2)/T)" r
,polBase) ’;
vals (:,:,1) = (a(:,:,1)*pComRM") 7;
VaR(:,1) = quantile(vals (:,:,1)
—(1/K)*sum(vals(:,:,1)),1 —alpha);
tmp = vals(vals (:,:,1) = (1/K)*sum(vals (:,:,1)
>=VaR(:,1),:,1);
es(i,1) = sum(tmp—(1/K)*sum(vals (:,:,1)))
/length (tmp);
comes (i,1)=(1/K)xsum(vals(:,:,1))+sqrt(h)
xes (1,1);
vals (:,:,2) = (a(:,:,2)*pComRM") 7;
VaR(:,2) = quantile(vals (:,:,2)
—(1/K)*sum(vals(:,:,2)),1 —alpha);
tmp = vals(vals(:,:,2) = (1/K)*sum(vals (:,:,2))
>=VaR(:,2),:,2);
es(1,2) — sum(tmp—(1/K)ssum(vals (:,:,2)))
/length (tmp);
comes (1,2)=(1/K)*sum(vals (:,:,2))+sqrt (h)
xes(i,2);
vals (:,:,3) = (a(:,:,3)*pComRM’) ’;
VaR(:,3) = quantile(vals (:,:,3)
—(1/K)*sum(vals(:,:,3)),1 —alpha);
tmp = vals(vals(:,:,3) - (1/K)*sum(vals (:,:,3))
>=VaR(:,3),:,3);
es(1,3) = sum(tmp-(1/K)*sum(vals (:,:,3)))
/length (tmp);
comes (1,3)=(1/K)*sum(vals(:,:,3))+sqrt(h)
xes(i,3);
end % for
end % if

Y(m,:,1) = comes(:,1);
Y(m,:,2) = comes(:,2);
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156 Y(m,:,3) = comes(:,3);
157 end % switch

158

159 A = base(R,X(m,:) ,1*((m+1)/T) r,polBase) ’;
160

161 Alpha(m,:,1)=(A\Y(m,:,1) ") ’;
162 Y(m,:,1)=(Alpha(m,:,1)xA’);
163 Alpha(m,:,2)=(A\Y(m,: ,2) ") ’;
164 Y(m,:,2)=(Alpha(m,:,2)xA’);
165 Alpha(m,:,3)=(A\Y(m,:,3) ") ’;
166 Y(m,:,3)=(Alpha(m,:,3)xA’);
167

168 |end % for

169

170 jest (1) = Y(1,1,1);

171 |est (2) = Y(1,1,2);

172 |est (3) = Y(1,1,3);

173

174 |end % function

175

176

177 |% BSDE solver:

178 |%

179 |% The following code approximates the BSDE solution using the
180 |% regression based MC method

181 |%

182 |% Input arguments are R (polynomial degree), M (number of Monte
183 |% Carlo paths of forward process), N (number of time steps),
184 |% T (terminal time), the options polBase (’lag’ (laguerre

185 |% polynomial base) or ’'her’ (hermite polynomial base)) and opt
186 |% (’var’ (V@R) or ’avar’ (AV@R)) and aT (level of (A)V@AR).

187 |% We also pass the results X and W from the forward process.
188 (%

189 |% The algorithm returns the estimate of Y'N 0.

190
191 | function est = BSDESolver (R,M,N, T, polBase ,opt ,X,W,aT)
192
193 |est = zeros(3.,1);

194 |Y = zeros (N+1M,3);

195 |Z = zeros (N,M,3);

196 |Beta = zeros (N,R+1,3);
197 | Alpha = zeros (N,R+1,3);
198
199 [YT(:,:,1) = Phi(X(N+1,:), call 7);
200 |YT(:,:,2) = Phi(X(N+1,:), barrier ’);
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YI'(:,:,3) = Phi(X(N+1,:), smooth’);
h = T/N;
1 = 2;
r = 0.5;
I = 3;
Y(N+1,:,1) = YT(:,:,1);
Y(N+1772) *YT(:7:72);
Y(N+1,:,3) =YT(:,:,3);
for m = N:-1:1
pBSDE = base (R,X(m,:), 1*((m+1)/T)"r,polBase)’;
for o = 1:3
for i = 1:1;
b(1l,:,0) = Y(m+1,:,0) + h«xF(Beta(m,: ,0)*pBSDE’ , opt
A = [pBSDE,repmat(W(m+1,:)’,1 ,R+1).xpBSDE]|;
coeff (:,0) = A\(b(1,:,0));
Alpha(m,: ,0) = coeff (1:R+1,0);
Beta(m,: ,0) = coeff(R+2:end,0);
end % for
Y(m,:,0) = (Alpha(m,: ,0)*pBSDE’);
Z(m,:,0) — (Beta(m,:,0)*pBSDE’);
end
end % for
est (1) =Y(1,1,1);
est (2) = Y(1,1,2);
est(3) = Y(1,1,3);
end % function

YRTT TSI ITIIITTITSTI TSI TSI TSI ITT TSI ITITSI TSI ITITSITTITTISITTIS o
% Additional Functions:
YITTTTIIITI TSI ITITI TSI ITT TSI ITT TSI FIITSI TSI ITITITTITTTSITTIo
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BSDE driver:

Given a specific value of parameter opt a driver for the BSDE
is returned, solution of which is the driver for continuous V@R,
or the driver for continuous AV@R.

In contrast to the BSDE driver function used in the approach of
Romanovski, this function is independent of T.

function [outF| = F(z,opt,al)

switch opt

case ’‘var’
outF — norminv(1-aT,0,1)*abs(z);

case ’avar’
outF = exp(-norminv(1-aT,0,1)°2/2)/(sqrt(2*pi)*aT)
xabs(z);

end % switch

end % function
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