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Abstract

We discuss the portfolio selection problem of an investor/portfolio manager in
an arbitrage-free financial market where a money market account, coupon bonds
and a stock are traded continuously. We allow for stochastic interest rates and
in particular consider one and two-factor Vasicek models for the instantaneous
short rates. In both cases we consider a complete and an incomplete market
setting by adding a suitable number of bonds.

The goal of an investor is to find a portfolio which maximizes expected utility
from terminal wealth under budget and present expected short-fall (PESF) risk
constraints. We analyze this portfolio optimization problem in both complete and
incomplete financial markets in three different cases: (a) when the PESF risk is
minimum, (b) when the PESF risk is between minimum and maximum and (c)
without risk constraints. (a) corresponds to the portfolio insurer problem, in (b)
the risk constraint is binding, i.e., it is satisfied with equality, and (c) corresponds
to the unconstrained Merton investment.

In all cases we find the optimal terminal wealth and portfolio process using the
martingale method and Malliavin calculus respectively. In particular we solve
in the incomplete market settings the dual problem explicitly. We compare the
optimal terminal wealth in the cases mentioned using numerical examples. With-
out risk constraints, we further compare the investment strategies for complete
and incomplete market numerically.
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1. Introduction

1.1. Problem formulation

Financial markets, in which financial securities are traded, have been vastly grow-
ing during the last decades. So over the last years the question of optimal invest-
ment has become more and more important. The financial securities, sometimes
called financial assets, can be divided into two main classes: risk-less assets (for
example money market account) and risk-bearing assets (for instance bonds and
stocks).The money market account is an interest-paying bank account. A bond
is a security that promises its holder regular coupon payments and/or repayment
of the principal, at a fixed maturity date. A stock is a security that represents
the ownership in a corporation and thereby is linked to the corporation’s profits
or losses.

We consider a financial market in which a money market account, n bonds
and a stock are traded. Omne of the problems of mathematical finance is the
problem of an investor or a portfolio manager, endowed with an initial wealth
x, who wants to invest in the financial assets provided at the market so as to
maximize his/her expected utility from terminal wealth X (7"). The problem can
be formulated in mathematical terms as follows:

max E(U (X (7))). (1.1)

pEA(z)
Here, ¢ refers to the vector of the fractions of wealth invested in different secu-
rities (it describes the trading strategy of an investor), X (T') = X¥ (T is the
portfolio value at 7" when following ¢ and starting with X (0) = z, A (x) defines
the admissible set of trading strategies when the initial wealth is =, [E denotes
the expectation with to respect the physical probability measure P and U is a
utility function. We will consider a power utility function:

Ulx) = ? for v € {(—o00,1) \ {0}} and = > 0,

where we set U (0) = —oo for v < 0.
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Consider a portfolio manager who is not willing to take on arbitrary risk . In-
stead, he/she chooses the trading strategy only among strategies that allow an
acceptable risk. We measure risk by a so-called expected short-fall risk defined
by

E° [3(T) (X (T)~q) ],
where Q € M¢€, hereby M¢ denotes the set of equivalent martingale measures
with respect to P, g is the pre-set short fall level and 5 (T') is the discount factor.

Then the risk is incorporated in the optimization problem as a constraint and
Problem (1.1) is modified as:

max E|U (X (T
max B{U (X (1) .

s.t. EX[B(T) (X (T)—¢q)" | <6 (risk constraint),

where 0 € R = [0, 00) is the upper limit of the investor’s risk. Let us call the
agent following this strategy Expected Shortfall Portfolio Manager (ES-PM).

Note that § = oo corresponds to the optimization problem (1.1), let us call
this agent Merton Portfolio Manager (M-PM), while the case § = 0 corresponds
to the so-called portfolio insurer problem, i.e. the risk constraint is X (7') > ¢
and we call this agent Portfolio Insurer Portfolio Manager (PI-PM).

1.2. Background on portfolio optimization

The modern theory of optimal portfolio management began with Markowitz’s
work [46] in 1952. This theory tries to understand how financial markets work,
how they should be made more efficient and regulated to facilitate the economic
activities. The theory of optimal portfolio management has become an increas-
ingly mathematical area of research. Markowitz’s idea, in his work [46], was to
consider the trade-offs between the mean returns and the covariance of stocks
in the one period model to judge investment strategies on stocks. His approach
became famous because of being simple and thus being applicable to high dimen-
sion, and it is still used. Sharp (see [58]) used Markowitz’s ideas and determined
the correlation of each stock and the market.

One-period models are static models: The investment strategies are fixed at
the beginning of the investment period and the results are observed at the end



1.2. Background on portfolio optimization

of the investment period. Merton (see [48], [49]) introduced a way how to solve
the continuous-time portfolio optimization problem. He managed to reduce the
problem to a control problem which could be solved by stochastic control method-
ology. Merton considered also the personal preferences of the investor, which is
characterized by the utility function, and under some assumptions including con-
stant market parameters he derived a closed form solution of this problem.

The martingale method to portfolio management in complete markets was in-
troduced by Harrison & Kreps [31]. It was later developed by Harrison & Pliska
(see [32], [33]) in the context of option pricing. The martingale approach on the
utility maximization problem in a complete market was first studied by Pliska
[54] and it was extended by Karatzas et al. [40], Cox & Huang (see [10], [11]),
Cvitanic & Karatzas [13], to mention but a few. Xu [64] introduced the applica-
tion of duality methods to the portfolio optimization problem. This method goes
back to Bismut [8]. In the case of an incomplete market, the utility maximization
problem was treated by Karatzas et al. [41], Kramkov & Schachermayer [44],
Cvitani¢ et al. [14] among others, using the martingale approach and duality
methods. Ocone & Karatzas [53] introduced the techniques of Malliavin calculus
to derive optimal trading strategies.

The portfolio optimization problem in the view of stochastic term structures
for the interest rates was first inferred by Karatzas et al. [40] and Karatzas [39].
In these papers the stochastic process of interest rates is not specified, hence lead-
ing to the general non explicit results for the optimal portfolio process. Later
on, one-factor term structure models for the interest rates were used to obtain
a closed form solution for optimal policies, e.g. the Vasicek model by Bajeux-
Besnainou & Portain [4], Sgrensen [62], Korn & Kraft [42], Bajeux-Besnainou
et al. [3], Horsky [36]and Hainaut [30], and Cox-Ingersoll-Ross (CIR) model by
Deelstra & Koehl [17, 16] and Kraft [43].

The starting point of portfolio optimization problems that incorporate risk
constraints was the work by Markowitz [46]. He studied an optimization prob-
lem in a discrete time framework. He considered the variance of assets as a risk
measure. One of the drawbacks of this measure is the consideration of positive
variations of assets as a risk rather than a profit. In a continuous-time Black-
Scholes framework Basak & Shapiro [6] investigated the utility maximization
problem with Value at risk (VaR) and expected short-fall (ESF) as risk con-
straints. The literature dealing with portfolio optimization problem with risk
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constraints in a Black-Scholes market include the papers by Emmer et al. [20],
Lakner & Nygren [45], Grecksch et al. [24], Basak et al. [5] and Damitrasinovic-
Vidovic et al. [19]. Hainaut [30] discussed the same problem with interest rates
modeled by one-factor Vasicek, and VaR as a risk measure in a complete mar-
ket using the martingale approach. For the incomplete market case Gundel &
Weber [27] investigated the utility maximization problem with risk constraint.
They prove the existence and uniqueness of a probability measure that solves
part of the dual problem.

1.3. Main results

There are two main approaches for solving portfolio optimization problems:
Stochastic control and martingale methods. We used the martingale method.
The martingale approach is mainly based on two steps. The first step is the
static optimization problem which deals with the determination of optimal ter-
minal wealth. The second step is the dynamic problem which deals with the
derivation of the admissible trading strategy that generates the optimal termi-
nal wealth. The static optimization problem can be solved using a Lagrangian
approach. This approach is a two-step optimization process. The first step is
the primal optimization problem that deals with the computation of the optimal
terminal wealth candidate which still depends on the Lagrange multipliers and
Q € Me€. The second step is the dual optimization problem that is concerned
with the determination of the Lagrange multiplier/s and Q € M¢.

Most literature on portfolio optimization assumes that the interest rates are
deterministic. This is very far from the reality, more specifically from a long
term investment point of view, the interest rates are stochastic. The models for
the interest rates can be classified into forward rate and short rate models. For
the details about interest rate models we refer for example to Brigo & Mercurio
[15]. We consider short rate models and we have listed some of the popular ones
in Section 2.1. To overcome the restriction of the deterministic interest rates
many attempts have been made to solve portfolio optimization problems in a
framework that allows interest rates to be stochastic. Using stochastic control
methods Korn and Kraft [42] have studied the case where short rates follow a
one-factor Ho & Lee and a one-factor Vasicek model. Deelstra et al. [17] and [16]
investigated a portfolio optimization problem using the martingale approach in
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a complete market and considered the short rates to be modeled by a one-factor
CIR. Béuerle & Rieder [7] investigated the portfolio problem by allowing the drift
and the interest rates to depend on an external continuous-time Markov-chain
process. Hainaut [30] studied a portfolio optimization problem that incorporates
risk constraints measured in terms of VaR and the short rates following a one-
factor Vasicek model.

VaR measures the probability of a loss and ignores completely the magnitude
of a loss. As a consequence, although the probability of extreme losses is pre-
specified, a large loss may exceed the loss for the unconstrained optimization
problem. One of the risk measures that take the magnitude of a loss into ac-
count is the expected short-fall (ESF) also called expected loss (EL). First, in the
context of a complete and arbitrage-free financial market, i.e. when the number
of uncertainties is equal to the number of risk-bearing traded assets, we discuss
the portfolio optimization problem with an ESF constraint under a pre-set level
0 and allowing the interest rates to be stochastic. In particular, interest rates
are modeled by a one-factor Vasicek model. The problem of M-PM was studied
for example Korn & Kraft [42] and [30]. We derive the trading strategies for the
cases of ES-PM and PI-PM using Malliavin calculus.

Financial markets are generally incomplete, i.e. the number of random sources
is greater than the number of risk-bearing traded assets. This implies that the
set M€ is composed of infinitely many elements. So, the portfolio optimization
problem in the case of an incomplete market is considerably more difficult. It was
studied, in continuous-time and the using martingale approach, for example by
Karatzas et al. [41] who used the idea of completing the market by introducing
additional fictitious risk-bearing securities. He & Pearson [34] and Kramkov &
Schachermayer [44] proved the existence and uniqueness of Q* € M that solves
the dual problem for the given Lagrange multiplier. But the question remains,

how does Q* € M¢ look like?

Based on the absence of arbitrage and putting some restrictions on the market
price of risk, we also address the question above. We consider an incomplete
financial market composed of a money market account and a stock with interest
rates described by the one-factor Vasicek model. We derive explicitly the mea-
sure Q* € M¢° that solves the dual problem and we provide the optimal trading
strategy for the case of M-PM. We discuss further the portfolio optimization
problem in this incomplete market for the cases of ES-PM and PI-PM: We solve



1. Introduction

the dual problem and then give optimal portfolio processes.

One-factor models of interest rates have some drawbacks in general, for exam-
ple a perfect correlation of interest rates of different maturities, however large
the difference in maturities is. For more details about interest rate models see
[15], [60], [50], among others. We relax this assumption by considering next the
interest rates to be described by a two-factor model, more precisely a two-factor
Vasicek model.

We examine the portfolio optimization problem in a financial market consist-
ing of a market account, two bonds and a stock, i.e. a complete market, with
interest rates modeled by a two-factor Vasicek model. We compute explicitly
the optimal trading strategy for the case of M-PM. We investigate moreover the
portfolio optimization problem for the cases of ES-PM and PI-PM and derive
the investment strategies that generate the optimal terminal wealth.

We extend our findings to an incomplete market with a money market account,
one bond, a stock and a two-factor Vasicek model for the interest rates. We
calculate the Q* € M¢€ that solves the dual problem. After getting Q* € M€ the
techniques are applied as for the case of a complete market to solve the dynamic
optimization problem. We then derive the optimal terminal wealth for M-PM,
ES-PM and PI-PM, and compute their corresponding trading strategies.

1.4. Thesis outline

We conclude this introductory part by giving the structure of the thesis. This
work is divided into 6 chapters:

Chapter 2 starts with the description of the financial market: It gives some
definitions, assumptions and theorems that are needed to construct the market
models. We discuss briefly the risk measures. Then the portfolio optimization
problem for the unlimited and limited risk, in terms of the risk constraint, is
stated. To solve this problem we use the martingale approach which is discussed
in Section 2.3.
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Chapter 3 deals with the review of the utility maximization problem first with-
out a risk constraint and second in the presence of limited expected shortfall risk
in the case of a Black-Scholes market, i.e. when all the market parameters are
constant (including the interest rates). This problem has been studied and the
closed form solutions were obtained, e.g by Basak & Shapiro [6]. We present
their results in this chapter for a quick reference and comparison.

In Chapter 4 we investigate the expected utility maximization problem when
the interest rates are allowed to be stochastic. In particular, we consider a one-
factor Vasicek term structure model for the interest rates. This problem for the
case of a complete market and without a risk constraint was addressed for in-
stance by Hainaut [30] and Korn & Kraft [42]. Hainaut [30] further embedded
VaR in the portfolio optimization problem. We study the same problem with
the limited ESF risk constraint in a complete market. We present the trading
strategies using Malliavin calculus. We further discuss in this chapter the cor-
responding problem in the general case of incomplete financial market. One of
the main challenges in this market using the martingale approach, is to solve
one part of the dual problem, which is concerned with the determination of
Q* € M° that minimizes the Lagrangian function. Under a condition on a so-
called asymptotic elasticity Kramkov & Schachermayer [44] proved the existence
and uniqueness of Q* € M¢€ for the case of M-PM but they did not show how it
looks like. Under some assumptions on the market price of risk, we provide in
this chapter the explicit solution of Q* € M*°. We treat furthermore the cases of
ES-PM and PI-PM in the incomplete market. Some of our main results are given
in the Sections 4.2, 4.3 and 4.4. This chapter is concluded by numerical examples.

In Chapter 5 we start by pointing out some weaknesses of one-factor term
structure models for the interest rates. Then our results in Chapter 4 are ex-
tended to a two-factor term structure model for interest rates. More precisely, we
consider a two-factor Vasi¢ek model for interest rates. We consider both complete
and incomplete financial markets and examine the utility maximization problem
for the cases of M-PM, ES-PM and PI-PM. We obtain the corresponding optimal
terminal wealth and optimal policies in both complete and incomplete markets.
Our results are stated in the Sections 5.1, 5.2, 5.3 and 5.4. This chapter is
concluded by numerical examples as well.






2. Financial market and portfolio
optimization problem

2.1. Financial markets and stochastic interest rates

We consider an arbitrage free financial market where n + 2 assets are contin-
uously traded over a fixed finite time-horizon [0,7]. The uncertainty in this
market is modeled by a complete probability space (2, F,P). We denote by
F = (F (1)o7 the augmented filtration generated by an (m + 1)-dimensional
standard Brownian motion

WP (8) = (WF (1), WE (1) = (W (1), Wi (6), W5 ()

under the probability measure PP, where T indicates a transpose. We assume
that F = F (7). It is assumed further that all stochastic processes are adapted
to F and all stated processes are well defined. Moreover, we assume throughout
this thesis that all equalities as well as inequalities hold P-almost surely.

One of the assets is a risk-free money market account (M) following the dif-
ferential equation

dM (t) = M (t)r (t)dt, with M (0) = 1. (2.1)
As a result,
M (t) = exp (/0 r (s)ds) ) (2.2)

where r is the instantaneous interest rate, usually called short-term interest rate
or spot interest rate, at which the money market account accrues. From Equa-
tions (2.1) and (2.2) it means that investing a unit amount in the money market
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account at time 0 yields the value exp (fot r (s)ds) at time ¢. The amount (3 (¢,T),

at time t that is equivalent to one unit of currency payable at time 7' given by

Bt T) = ]\]\44—8 — exp (— /t 5 (s)ds) (2.3)

is the discount factor. From a general point of view, the interest rates r (t) are

modeled by
r(t)=g(tY (1)

. (2.4)
dY () = p, (£,Y) dt + 0, (£, Y) dWE (1),

where W is an m-dimensional Brownian motion under the probability measure
P, g : R? — R is a deterministic function, ¥ with values in R? is the vector of
interest rate factors in the normal form, p, with values in R? is the drift of inter-
est rate factors and o, with values in R%™ is a root of the variance covariance
matrix of the interest rate factors in the normal form. It is assumed that p, and
o, are regular enough to guarantee existence and uniqueness of a strong solution
to (2.4).

Throughout this work, we consider the case d = m. If m = 0, we have constant
interest rates. For m = 1, we have a class of one-factor models of interest rates
including:

e Ho-Lee model [35]
dr(t) = a(t)dt + o.dW, (t)

e Vasicek model [63]

dr (t) =a(b—r(t))dt + o.dW, (t)

e Cox-Ingersoll-Ross (CIR) [12]

dr(t) =a(b—r(t))dt+ o./r (t)dW, (t) (2.5)

e Hull-White (extended Vasicek model) [37]

dr (t) = a(t) (b(t) — r(t)) dt + o, () AW, (1)

10
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e Hull-White (extended CIR model) [37]
dr(t)=a(t)(b(t) —r(t))dt+ o, (t) /7 (t)dW, (

In the case m = 2, we obtain a class of two-factor interest rate models, for
example

e Two-factor Vasicek model
r(t) =gt Y (t) =060+ 61Y1(t) +02Y2(t) with
dYy (t) = (v — b1 Yy () — bi2Ya (t)) dt + o1dW ()
dYs (t) = (v — b1 Y1 (t) — baoYs (t)) dt + oodWs (1)

where all the coefficients are constants.

e Two-factor CIR model
r(t)=g(t,Y (1) =00+ 61Y1(t) +62Y2(t) with
dYy (t) = (v — bi Yy (t) — bioYa (¢ dt+01\/TdW1 t)
dYs (t) = (v — by i () — baoYa (1)) dt + 02/ Ya (£)dW; (t)

where all the coefficients are constants.

There are extended versions with non-constant parameters and even interest rate
models of more than two factors but these are not discussed here. We refer the
interested reader to [15], [65] and [60], among others, for details about the inter-
est rate models.

We have n + 1 risky investment opportunities at the market as well, which
can be n bonds and/or one stock, whose price processes P (t) € R™! satisfy the
stochastic differential equation (SDE)

dP (t) = P () (u(t) dt + o (£) dWF (1)), P(0)=peR, (2.6)

where 1 (t) € R™™! is the vector of instantaneous mean returns of the risky assets
and o (1) € RHDx(m+1) s the volatility matrix of the risky assets . We assume
here also that 4 and o are sufficiently regular to ensure existence and uniqueness
of a strong solution to (2.6). We can write p and o in matrix form as:

1 m
l’LBl O-Bl U UBl O
: o 0 : : :
M_(MB)_ : anda—(B )_ i oo
Hs U, Osr 0§ og, - op, 0
1
s Og, '+ 0% Os

11
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respectively and oo ' is assumed to be non-singular.

Definition 2.1 A zero coupon bond (which will be called here only bond) with
maturity T is a security which guarantees its holder a unity amount of money to
be paid on the date T.

Among the risky assets, we have n bonds in the market and the price of each
bond at time ¢ € [0,7] maturing at finite time 7; > T" is denoted by B (¢, T;) or
simply B;, for 1 < i < n. Throughout this thesis, we assume each bond price
to dependent on the interest rate only, independent of liquidity risk, default risk
or any other factors. The price process of each bond B; is assumed to evolve
according to the following SDE

dB; = B; (g, (t,Y)dt + of, (t,Y)dW} (1)),

where ug, (t,-) : R™ — R is the drift rate of the bond B; under the physical
probability measure P and op, (¢,-) : R™ — R™ is the volatility of the bond B;
due to the vector Y = (Y (£)),o ) of m interest rate factors.

The remaining asset (risky asset) is a stock and the price process at time
t € [0,7] of a stock is denoted by S (t). It’s dynamics are considered to follow
the SDE

dS (t) = S (t) (us (t) dt + ag, (t) W, (t) + o5 (t) AW (1)) |

where og, € R™ is the volatility of the stock with respect to WY, and o5 € R is
the volatility of the stock with respect to WE.

Assumption 2.2 We assume that ug = (upg,, - - ,/ULBn)T and pg take the form

KB <t7 ) = B +7”<t) Ly,
ps (t) = s +r(t),

where i € R™ and fis € R are constants, and 1,, denotes the n-dimensional
vector whose entries are all equal to 1.

Remark: We need this assumption to be able to compute [ j (¢) dt later. If the
structure of y () is known, for most results deterministic j (¢) should be possible.

12
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We consider an investor or portfolio manager endowed with an initial wealth x
to be invested in the financial assets provided at the market. He/she is allowed
to trade continuously during the investment period. We denote the fractions of
wealth invested in the bonds and a stock at time ¢ € [0,T] by ¢p (t) € R™ and
os (t) € R, respectively. ¢ (t) := (pp(t), s (t)) is a stochastic process. It
follows that the fraction of wealth invested in the money market account is given

by (1 — (t)T ]1n+1>- Before we give the wealth process of an investor, let us
first make some assumptions which will be considered throughout this thesis.

Assumption 2.3 e The market is frictionless.

e The investor has no knowledge about the future prices of the securities.

The portfolio process o (t) is self-financing.

e Money is invested only in bonds, stock or money market account.

There is no consumption during the investment period.

The assets are perfectly divisible.

Putting the assumptions above into consideration, the wealth process of an
investor at time ¢ € [0, 7], represented by X (¢), under the probability measure
P is ruled by the following stochastic differential equation

dX (t) =dXM (t) + dX P (t) + dX° (t)
=(L—p" (#)Lop1) X ()7 (t) dt
+ X (1) b (1) (s (1) dt + o (1) dAWE (1))
+ X (1) s (1) (s (8) dt + o5y (£) AW, () + 05 (1) dW (1)),

where XM XB and X° denote the wealth in the money market account, bonds
and the stock, respectively.

Definition 2.4 The (n + 1)-dimensional stochastic process ¢ (t) is called port-
folio process if it fulfills the following conditions: It is self-financing with

o ¢ (t) is Fi-measurable,

13



2. Financial market and portfolio optimization problem

T
o [l ®IP dt < .
0

The wealth process X (t) is a process controlled by the portfolio process ¢ ().
This means that the wealth process of an investor is driven by his/her trading
strategy.

Definition 2.5 A self-financing portfolio process ¢ (t) is called an arbitrage op-
portunity, if the corresponding wealth process satisfies

e X (0)=0,
e X (T)>0,

o P(X(T)>0)>0.

Of course, the investor’s hope is to find a portfolio process such that his/her
terminal wealth is non-negative for sure and strictly positive with some positive
probability without any investment (zero initial wealth). In other words, an ar-
bitrage opportunity is the opportunity of making some money without risk.

The prices (P (t)),¢(o7) of financial securities are said to fulfill the no-arbitrage
condition if there is no arbitrage opportunity.

Definition 2.6 A probability measure Q on (2, F) is called an equivalent mar-
tingale measure with respect to P, if Q ~ P and P is a martingale under Q with
respect to a given numeraire.

We denote the set of these equivalent martingale measures by M¢. The follow-
ing theorem, so-called Fundamental Theorem of Asset Pricing, relates the no-
arbitrage condition to the existence of equivalent martingale measures as studied
for example by Harrison and Pliska [32].

Theorem 2.7 (Fundamental Theorem of Asset Pricing) :
For the prices (P (t)),c.r) of financial securities in a market modeled on a finite
probability space (2, F,P) the following are equivalent:

14



2.1. Financial markets and stochastic interest rates

(i) (P (t))cpr satisfy no-arbitrage condition,
(ii) Me # 0.

If the numeraire is the money market account, as in our case, a probability
measure Q € M€ is a so-called "risk-neutral” probability constructed such that

B lro=220) =epd =3 [l0G)IFas - [€T v {21

where the vector
O(t) = (6. (1), 05 (1)) = (6L (1) -+ .0 (1) 05 () € R™!

solves
(@) —r#)Loa) =0 ()O (1)

and its components are interpreted as the market prices of risks due to the m
interest rate factors and a stock, respectively.

T
Assumption 2.8 We assume that [ ||© (t)||* dt < oo, P-almost surely.
0

Definition 2.9 The financial market above will be called complete if n = m,
and incomplete if n < m.

If we are in the case of a complete market, © (¢) can be determined uniquely
which is equivalent to the uniqueness of Q € M¢. But for the case of incomplete
market, © (t) can not be determined uniquely.

According to the Girsanov Theorem [26], the processes defined by

W (1) = (W;-Q (t)> - W (®) *{97» (s)ds
WE Wy (t) + f Bs (s) ds
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2. Financial market and portfolio optimization problem

are Brownian motions under the probability measure Q € M¢. This will help
us to change from a world of physical probability measure P to the equivalent
martingale measure Q € M. Now, the price processes of the n bonds and a
stock under Q € M* are given by

dB; (t) = B; (t) (r(t)dt + of (t,Y)dW2 (t)) and
ds (t) = S (t) (r (t)dt + i, (t) AW2 (t) + o5 (t) AW (1)),
respectively with 1 <17 < n.
dX (t) =dXM (t) + dX P (t) + dX* (t)
=(1—¢" (t)Lnp1) X (t)r () dt
X () g ) (r(t)dtl, + op (t) dW,2 (t))
X (8) s (1) (r (8) dt + 0, () AW (1) + o (£) dWE (1))
=X (t)r(t)dt
X () (5 (1) (1) + 05 (D) oL, (1)) AW (1)
X (£) s (£) 7 (£) AWE (1)
Applying It6’s rule on the product of the processes 3 (t) and X (t) yields:
d(B(t) X () =B (t) X (t) (v () o5 (1) + @s (1) o5, (£)) AW, (2)
LB ()X (1) s (B s (£ AW (2).

which can be written in integral form as

(2.8)

B(T) X (T) =X (0) + / B(1)X (1) (0} (1) o (1) + s () ol (£)) AW (2)
T / B(1) X (1) ps (t) o5 () AW (1)

0) + / B X (1) " ()0 (1) dW (1)
" (2.9)

The deflator H (T') for the cash flow paid at T is defined by
H(T):=B(T)2°(T)

exp{—/T(t)dt—%/|@(t)th—/@T(t)dWP(t)}.
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2.2. Risk constraints

2.2. Risk constraints

Risk, in layman’s terms, is the possibility of harm or loss. Financial risk refers
to the possibility of a monetary loss associated with investments. Financial risk
is divided into the following ”general categories”: Market risk, Exchange risk,
Credit risk, Operational risk and Interest rate risk, among others. The unifying
theme for each category is that risk requires both exposure and uncertainty. If
a bank decides not to loan to a business that is likely to default, there is also no
risk for that bank because the bank has no exposure to the possibility of loss.
If a bank already knows that a loan will default, there is no uncertainty and
therefore no risk.

Why do we need risk measures in finance?

For instance in the modern portfolio selection theory: maximizing return for a
given level of risk or minimizing risk for a given level of return, the decision
depends on the risk measure used. Now the goal is to have a universal definition
of a risk measure. Theoreticians have given a number of properties that a risk
measure might or might not fulfill. Before we come to that let us first give the
risk binary relations.

Definition 2.10 Risk ordering: The binary relations -, > and ~, where
e X ~ Y means that X is at least as risky as Y,
o X =Y means that X is strictly riskier than Y and

o X ~Y means that X and Y are equally risky.

Definition 2.11 Let x be some vector space of random variables that contains
the constants. The numerical representation of risk binary relations -, > and ~
15 a function p : x — R such that VX,Y € x

e XZTY e p(X)2p(Y)
e X >Y & p(X)>p(®Y)
e X~Y & p(X)=p(Y)

FEvery such function p will be called risk measure.
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2. Financial market and portfolio optimization problem

Empirically, risk depends on the probability of occurrence of loss and the amount
of potential loss. So, that is why we try to measure risk in terms of moments or
quantiles. In the mean-variance principle of Markowitz [47], variance is consid-
ered to be a measure of risk. One of the drawbacks of variance as a measure of
risk is that it considers the positive deviations as a risk, which are rather gains.
To avoid this problem, the downside risk measures which are only based on nega-
tive deviations are considered, for instance the so called ”lower partial moments”
studied by Fishburn in 1977 [21]. The lower partial moments are measures of
shortfall or downside risk which consider only negative deviations from a target.
The lower partial moment of order k is computed as follows:

q
(0= [ la=20"dF ().
where F'is the distribution function of the random variable (wealth) X, ¢ € R
is the target (of wealth) below which the deviations are measured as risk and
k € Ny is a measure of the relative impact of small and large deviations.

If £ = 0, we have what is known as shortfall probability:

mai= [ a=x"aF0= [ fx i

where F' is the distribution function of random variable X and fx is its density
function. Shortfall probability corresponds to the widely known Value at Risk
(VaR) as a risk measure which is defined as

VaR, (T) := F' (1 — )
where Fr(v) = P(I' <v) / fr(t

I''=(q—X) €x,0<a<1, Fris the distribution function of I' and fr is its
density function. VaR, can be interpreted as the maximum loss with some pre-
specified probability « over a given time horizon. VaR has been a very popular
risk measure, one of the reasons being that it is easily understood. However, it
has some limitations, e.g. it focuses mainly on the probability of loss and ignores
completely the magnitude of loss. One alternative which puts the magnitude of
losses into account is a so-called Expected Shortfall (ESF) (it corresponds to the
case of k = 1) defined by

q

ESF (L) = p1y (X) = / Tfr (t) dt

—00
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2.2. Risk constraints

ESF is interpreted as the average magnitude of the losses over a given time hori-
Zon.

Different people have different attitudes towards risk, but the above mentioned
risk measures do not put the investor’s preferences into consideration. The pref-
erences are characterized by the utility function which is defined below.

Definition 2.12 A function U : (0,00) — R which is strictly concave, twice
continuously differentiable and satisfies the Inada conditions:

U (0):=1lmU' (z) = +oo and U (c0):= lim U (z) =0,

z—0 T—00

15 called utility function.

An example of a risk measure which takes the preferences into account is the
so called Expected Utility Loss (EUL) defined by

EUL(T) = E[U ().

EUL can be interpreted as the investor’s average utility from the magnitude of
losses over a given time horizon.

Artzner et al. [2] proposed desirable properties a risk measure should have,
those given in the definition below. The risk measures which fulfill these prop-
erties were named coherent risk measures.

Definition 2.13 A mapping p : x — R is called a coherent risk measure if for
all X, Y € x it satisfies

e Monotonicity (M): if X <Y, then p(X) > p(Y).
e Cash invariance (CI): if m € R, then p(X +m) = p(X) —m.

o Convezity (C): p(YX +(1=7)Y) <yp(X)+ (1 =7)p(Y) for
0<~y <L

o Subadditivity (SA): p(X +Y) < p(X) +p(Y),

where x C L (Q, F,P).
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2. Financial market and portfolio optimization problem

Note that, X,Y are considered to be discounted here. We refer to [2] for the
discussion and interpretation of the above properties. A risk measure which
fulfills properties (M) and (CI) is called monetary risk measure (for details you
can see [22] by Follmer and Schied). VaR, EL and EUL are monetary risk
measures. A monetary risk measure that satisfies property (C) is called convex
risk measure. VaR is not a convex risk measure (in general) because it doesn’t
fulfill property (C) for all distributions of losses [22]. As a consequence it is not
a coherent risk measure. EL and EUL are convex risk measures but not coherent
risk measures because they fail to satisfy the condition (S).

2.3. Portfolio optimization problem

Definition 2.14 A self-financing portfolio process @ is called admissible for the
initial wealth x > 0, if the corresponding wealth process satisfies X (t) > 0 for all
t € [0,T]. Let us denote the set of admissible portfolio processes by A (x).

Optimization without risk constraints
The aim of an investor with initial wealth = is to choose a portfolio process ¢,
from the admissible set A (), that maximizes his/her expected utility from the
terminal wealth X (7"). Now, the portfolio optimization problem is formulated

B max (U (X (7).
peA(@) (2.10)
where A(z) ={p e Az) |E[U(X(T)) ] <oo}.

We restrict ourselves to the admissible set A () because the expectation exists.
But it can be equal to infinity.

There are two main approaches that can be used to solve the portfolio optimiza-
tion problem (2.10), namely the martingale and the stochastic control approach.
In this work we use martingale methodology. The martingale approach is mainly
based on the decomposition of the portfolio problem (2.10) into two problems:

(i) The static optimization problem consisting of determination of the optimal
terminal wealth and
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2.3. Portfolio optimization problem

(ii) the representation problem that deals with finding a trading strategy that
replicates the optimal terminal wealth.

Static optimization problem

The static optimization problem, as we have mentioned before, is concerned
with the determination of the optimal terminal wealth. More precisely: An
investor endowed with initial wealth x > 0 has to find the terminal wealth
that maximizes his/her expected utility. Here the Lagrange approach is applied
which is composed of a primal and a dual problem. Before we state the static
optimization problem, let us first give a remark that helps to construct the budget
equation.

Remark 2.15 Any terminal wealth X (T'), for a given initial wealth x > 0, has
to satisfy the budget constraint:

dQ

B3 (1) X (1)) =& |5 (1) (dfp)Txm} < vQ € M-,

since by (2.8) (B (1) X (t)),c07) s a Q-supermartingale.

Now, we can state the static optimization problem as follows:

cnax E (U (X (T))]
dQ

st E {5 (T) ( dIP’)TX (T)] <z (budget constraint), (21

where
B:={X(T)>0|X(T) Fr-measurable,E[U (X (T))]” < oco}. (2.12)

We employ the Lagrange approach to solve the problem (2.11) with the La-
grangian function L defined by

L QX ()= B U (X () +y (e =) () X))

dQ

— B |0 (X (1) -8 (1) (@)TX 1)+ e o

where y is the Lagrangian multiplier. The function L is constructed by penalizing
the objective function of the problem (2.11) with its constraint. The problem
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2. Financial market and portfolio optimization problem

(2.11) is equivalent to the primal problem (2.14), where we have the optimization
problem without a constraint. With the Lagrangian approach we first solve the
primal optimization problem and then its dual optimization problem which are
stated below.

Primal problem:

U (y,Q) := X(jlp)gg(x) L(y,Q,X(T)) for y>0 and Qe M  (2.14)
Dual problem:
®(X(T)):= min L(y,Q X (T)) for X(T)eB(x). (2.15)

y>0,QeMe

In the case of an incomplete market, the set M*® is composed of infinitely many
elements, where in the dual problem we have to find y* > 0 and Q* € M€ that
minimize the Lagrangian function L (y, Q, X (T)) for a given X (T') € B(x). But
for the case of complete market the set of equivalent martingale measures is a
singleton, i.e, M = {Q}, and we only have to find y* > 0 that minimizes the
Lagrangian function L (y, X (7)) for a given X (T) € B(z) to solve the dual
problem. Let us denote by [ the inverse function of the derivative of the utility
function U (as defined in 2.12). I : (0,00) — (0, 00) is continuously differentiable,
strictly decreasing and satisfies

lim /() =0 and lim/ (z)= oo.
T—00 z—0

The function V' defined by
Viy) = max[U(z) —ay] = U (I (y)) =yl (y) forall y € (0,00)  (2.16)

is the Legendre transform of —U (—x) (see for example Karatzas et al. [41]).
The function V is strictly convex, strictly decreasing, continuously differentiable
and satisfies

V (y) = —1I(y) forall y € (0,00),

V' (0) := hir(l] V' (y) = —co, V' (00):=lim V' (y) =0

Yy Y—00

(2.17)

and it has the following bidual relation:

U(z)=min(V(y)+azy) =V (U/ (x)) + 22U (z) for all z € (0,00).

y>0

From (2.16) and (2.17) the following inequalities hold (see Karatzas et al. [41]
and Cvitanic et al. [13], among others)

U(I(y)>U(x)+y[l(y)—x] for all z,y € (0,00) (2.18)

22



2.3. Portfolio optimization problem

’

V (U/ (x)) <V(y)—= [U (x) — y] for all z,y € (0,00). (2.19)

In our case we consider

V)= max [U(X(T)) - yX (7).

We define the value function

w(r):= max E[U(X(T)). (2.20)

X(T)eB(x)

To exclude the trivial case we assume that

u(x) = X(%gg(x)E U (X (T))] < oo for all z € (0,00). (2.21)

We define for the dual optimization problem

o) =2 |v (1) (F) )] = v - (222

where U is defined in the Equation (2.14) for Q € M°€ fixed or in the case of a
complete market.

Following the idea of Kramkov & Schachermayer [44], we state the following
theorem that gives the solution to the static optimization problem (in other
words, the solution to the primal and dual problems) in the case of a complete
market.

Theorem 2.16 (Complete market case) :
Let U be a utility function as in Definition 2.12, consider a complete market, i.e.,

M ={Q} and assume that the condition (2.21) is fulfilled. Denote by u (x) and
v (y) the value functions

u(x) = X(Ym)géc(m)lﬁl U (X (T))], € (0,00). (2.23)

o) =2 |V (s (j%))} ye(0,00). (2.24)

Then we have:
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2. Financial market and portfolio optimization problem

e The functions u (x) and v (y) are conjugate and u inherits the properties of
the utility function U stated in Definition 2.12.

e The optimizer X* (T') € B (z) in (2.23) exists, is unique and satisfies X* =
L(yB(T) (#)7):

where x € (0,00) and y € (0,00) are related via v’ (y) = —.

e The following hold true

!

u (x)=E [U/ (X~ (T))] for all x € (0, 00)

v (y) =E [ﬁ () (%)T v (yﬁ (T) (%)Tﬂ for all y € (0, 00)

Proof: sece Kramkov & Schachermayer [44] O

Now we drop the case of M® being necessarily a singleton {Q} and consider a
general case of an incomplete market. Kramkov & Schachermayer [44] considered
a certain class ) (y) of supermartingales defined by

V(y) = Y2>0:Yy=yand XY = (B(t) X ()Y (t))ogth
| is a supermartingale, for all X € B (1),

with ) (1) being a class of supermartingales extending the class of density pro-
cesses of equivalent martingale measures Q € M°. In their setting (Kramkov &
Schachermayer in [44]) a further enlargement of the set M€ is necessary for the
general case, but in our setting this enlargement is not necessary as shown by
Kramkov & Schachermayer [44].

The value function of the dual problem in the case of an incomplete market is
defined by

QeMe

=il (om () )] vewoo. o

Before we state the theorem that proves the existence and uniqueness of the
solution of the static optimization problem in the case of an incomplete market,
let us first give the definition of the asymptotic elasticity AF.
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2.3. Portfolio optimization problem

Definition 2.17 The asymptotic elasticity of a utility function U is defined by

/

AE(U) = ;plggo sup x[[]](g)

and U is said to have ”a reasonable asymptotic elasticity” if AE (U) < 1.

The notion of the asymptotic elasticity was introduced by
Kramkov & Schachamayer [44].

Theorem 2.18 (Incomplete market case) : Suppose that a utility function
U has a reasonable asymptotic elasticity, i.e.

/

AFE (U) = limsup 2U ()

< 1.
T—00 U (517)

Then

o u(x) < oo, forallz € (0,00) and v (y) < oo, for all y € (0,00).
The value functions u and v defined below are conjugate:
(y) = supu(x) —ay], y € (0.50)
u(z) = inf [v (y) + zy], = € (0,00).
y>0

The value function u is continuously differentiable and the value function
v 1s strictly convex on {v (y) < oo} and they satisfy

u' (0) = glclir(l) u (z) = o0, v (00) := xlggo v (y) = 0.

e Ifu(y) < oo, then the optimal solution Q* € M° to the dual problem (2.25)
exists and is unique. The optimal solution

X(T) =1 (y*ﬁ (1) (%)T) € B(x), for all 2 € (0,00)

to the primal problem (2.20) exists and is unique, where v (y) + zy attains
its minimum at y* and y* = u’ (z).
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2. Financial market and portfolio optimization problem

Proof: sece Kramkov & Schachamayer [44] O

From Theorem 2.18 we know that there exists a probability measure Q* € M*
which solves the dual problem (2.25) and which is unique.

Now the question is, how we can calculate Q* € M*® in (2.25)7

This question will be answered in Chapters 4 and 5 after specifying the model
for the stochastic interest rates. Once the optimal Q* has been found, the in-
complete markets case can be handled similarly to the complete markets case.

Representation problem
After finding the optimal terminal wealth in the static optimization problem,
we now have to find the portfolio process that replicates that terminal wealth.
We use Malliavin calculus to solve the representation problem as studied also in
[53]. The definitions and some necessary basics of Malliavin calculus are given
in Appendix A.

If the conditions of Theorem A.7 on a discounted optimal terminal wealth
B (T) X*(T) are fulfilled, then the process 3 (T) X* (T') can be represented as in
Equation (A.17). Let us call this representation Clark-Ocone representation. To
obtain the trading strategy that replicates the optimal terminal wealth X* (7',
we compare the representation of 8 (7") X (7)) in the Equation (2.9) with Clark-
Ocone representation of 4 (7") X* (T') which is also a task that will be discussed
in Chapters 4 and 5 after specifying the model for the stochastic interest rates.

Optimization with a risk constraint
The optimal portfolio strategy that replicates the maximum expected utility from
terminal wealth without consideration of a risk constraint may lead to extreme
positions and as a consequence the optimal terminal wealth may not exceed
even the initial wealth with a high probability. That is undesirable e.g. for a
pension fund manager. The idea to this situation is to embed the risk quantity
into the portfolio optimization problem. We consider the risk quantity to be
measured in general by the function p (X (T') — ¢), which is a function of the
terminal wealth X (7) to fall below a preset level ¢ > 0. Let us call it shortfall
risk. Shortfall risk might be Value at Risk, Expected Shortfall risk or Expected

26



2.3. Portfolio optimization problem

Utility Loss as given in Section 2.2. The most convenient way to embed risk into
our optimization problem is to impose the shortfall risk constraint in addition
to a budget constraint, requiring shortfall risk to be maintained under some
pre-specified level § > 0, i.e

p(X(T)—q) <0

Then the dynamic optimization problem with risk constraint can be stated as

follows:
max E[U (X (7))
peA(Z)
st. EC[B(T)X (T)] <z (budget constraint) (2.26)

p(X(T)—¢q) <d (risk constraint),

where A (z) is as defined in (2.10) and Q is the equivalent martingale measure
w.r.t. P. The static optimization problem corresponding to the dynamic problem
(2.26) is stated as follows:
E[U (X (T
cpax EU(X(T))]
st. EQ[B(T) X (T)] <z (budget constraint) (2.27)
o

p(X(T)—q) < (risk constraint),

where B (x) is as defined in (2.12).

The solutions to the problems (2.26) and (2.27) will be discussed in Chapter 3,4
and 5 after specifying the utility function, interest rate model and risk measure
used.
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3. Portfolio optimization with
deterministic interest rates

In this chapter we consider an arbitrage free financial market where a risk-free
money market account M and a risky asset S are continuously traded over a fixed
finite time-horizon [0, T]. Their respective prices (M (t)),co 7 and (S (t)),co.m
evolve according to the following equations

dM (t) = M () rdt, with M (0) = 1, (3.1)

dS (t) = S (t) (udt + osdW" (t)), with S (0) =s > 0. (3.2)

Here r is the interest rate of money market account and it is assumed to be
constant throughout this chapter, p is the drift of the stock, og is the volatility
of the stock and W¥ is a standard 1-dimensional Brownian motion on a complete
probability space (Q,F,[P). We denote by F the augmented filtration generated
by W¥. 1 and og > 0 are also assumed to be constants.

As a result from Equation (3.1) and the interest rate being constant, we can
identify the price of the money market account at time t € [0, 7] as

M (t) = exp{rt}, t €0,T].

B(t) = ﬁ = exp {—rt} will denote the corresponding discounting factor. The

price process of the stock in Equation (3.2) is under the physical probability
measure P.

From a variant of the Fundamental Theorem of Asset Pricing (compare The-
orem 2.7) there exists a risk-neutral probability measure Q € M¢°, where M*®
is the set of equivalent martingale measures as in Definition 2.6. Q = {M°*} is
constructed as in Equation (2.7) and it is characterized in this case by

dQ

1
d_]P F)= Ze (t) = exp {-59%& — edVVIFD (t)},
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3. Portfolio optimization with deterministic interest rates

where 6 := ’;—? is the market price of risk which is also a constant.
The deflator H (T") for the cash flow paid at T is defined by

H(T):= p(T)Z°(T)

1
= exp {—TT — 502T — Qaw*® (T)}

Remark 3.1 We are in a complete market because the number of uncertainty is
equal to the number of risky assets and as a result M€ is singleton, i.e. M =
{Q}, see [9] (Meta-theorem 8.5.1).

According to the Girsanov Theorem the process
Wet)=WwF () +6t

is a Brownian motion under Q.
The price process of the stock under Q is given by

dS (t) = S (t) (rdt + osdW @ (t)). (3.3)

We consider an investor endowed with an initial wealth = to be invested in a
money market account and/or a stock. He/she is allowed to trade continuously
during the investment interval [0, 7']. We denote the fraction of wealth invested in
the money market account and the stock by ¢y, and ¢g, respectively. It follows
that ¢y = 1 — @g. The wealth process of an investor at time ¢t € [0, 7], denoted
by X (t), under the probability measure P is ruled by the following stochastic
differential equation

dX (t) =dX™ (t) + dX5 (t)
= (1 =g () X (¢) rdt
+ X () @s () (pdt + o5dWF (1)),
where XM and X* denote the wealth in the money market account and the
stock, respectively.
Using the Equations (3.1) and (3.3) the wealth process X (¢) can be transformed

to
dX (t) = X (t) (rdt + ps (t) o5dW2 (1)) . (3.4)

Equation (3.4) describes the wealth process under the probability measure Q.
By applying It6’s rule on the process 5 (t) X (t) and then integrate, it gives

d(B(t) X (1) = B(t) X (t) s () osdW (2)
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3.1. Merton optimization problem

and thus

BIOX(D)=X0)+ [BOX s oW (). (33

3.1. Merton optimization problem

The objective of an investor, given initial wealth = > 0, is to select a portfolio
process ¢ from the admissible set A (z) (as in Definition 2.14) that maximizes
his/her expected utility from the terminal wealth X (7"). We will restrict our-
selves to the power utility function with a risk aversion parameter ~:

Y

Ulx) = = for v € (—o0,1) \ {0} and = > 0. (3.6)

Now, the dynamic optimization problem is formulated mathematically as

soefl(a:) Y
(3.7)

where A (z) = {gp cAz) | E

N —
((X(T)) > ] <OO}_
Y
Without any additional restriction, for instance risk constraints, the portfolio
optimization problem (3.7) in the continuous-time market model was first solved
by Robert C. Merton in [48] using a stochastic control approach. That is why
we call it here Merton optimization problem. The martingale approach for solv-
ing the continuous-time portfolio optimization problem was introduced by Pliska
(see [54]), Karatzas, Lehoczky and Shreve (see [40]), and Cox and Huang (see

[10]). We solve Problem (3.7) using the martingale approach which consists of a
static optimization and a representation problem as explained in Chapter 2.

Static optimization problem
The static optimization problem can be stated as follows:

st. EQ[3(T)X (T)] <z (budget constraint),
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3. Portfolio optimization with deterministic interest rates

where

B(z) =

{X (T) > 0| X (T) Fr-measurable, E

Theorem 3.2 Consider the utility function U as given in (3.6) and assume that

max E[U (X (T))] < oo for all x € (0,00). (3.9)

X (T)eB(z)
Then the solution for the Optimization Problem (3.8) is given by
X*(T)=1(y"H(T)), (3.10)

1

where y* € R is obtained through x =E[H (T) I (yH (T'))] with I (z) = z7-1.

Proof: We can use Theorem 2.16 since we have the assumption (3.9). The
existence and uniqueness of the solution are guaranteed by Theorem 2.16. We
prove here only the optimality of the solution. From Problem (3.8) and the
definition of X* (7') we have

E[H (T) X* (T)) = E[H (T) I (yH (T))
—E |H(T) (yH (T))77] =z (3.1)
Let X (T) € B(z) be arbitrary. Then
E[U (X" ()] LE[U (7 (5" H (T)))
> B [U/(X (1) + U (I (yH (T))) (I (yH (T)) = X (T)
LU (X () +yH (T) (I (yH (T)) - X (T))]
LEU (X (7)) +y {E[H (T) (41 (T))] - E[H (T) X (T))}
EU(X (1)) + y_{z=B[H (D)X (D)}

>0 >0

[[en
=

S E[U(X(T))].

The equalities 1, 3, 4 and 5 follow from the form of X* in (3.10), U' (I (z)) = =,
linearity of expectation and Equation (3.11), respectively. The inequalities 2 and
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3.2. Optimization under bounded expected shortfall risk

6 are result of Equation (2.18) and the budget constraint, respectively. U

Representation problem
For the representation problem we have to find the trading strategy that gener-
ates the optimal payoff X* (7).

Theorem 3.3 Suppose all the conditions of Theorem 3.2 are fulfilled. Then:
(a) The optimal wealth X* (t) at any time t € [0,T] is given by
X (0) = ()71 (H ()71 ers 10 () v en,
where y* is given as in Theorem 3.2 and
M7 (t,T) = (r + %02) (T —1),
VI (4,T) = Ge?) (T—1).

(b) The portfolio process ©* (t) € A(z) at any time t € [0,T] that replicates
the optimal wealth X* (t) is given by

vt () =(ps (1), ¢ ())
¥ (

0
where t) = :U_s and @y (1) =1 — @5 (1).
Proof: See for example Ocone & Karatzas [53]. O

3.2. Optimization under bounded expected
shortfall risk

In this section we consider an investor whose aim, given initial wealth z, is to
find a portfolio process ¢ € A (z) that maximizes his/her utility function (power
utility function as defined in (3.6)) from terminal wealth in the presence of both
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3. Portfolio optimization with deterministic interest rates

a budget and a risk constraint. In particular, the risk quantity is measured here
by present expected loss, i.e.

p (X (T) —q) = E® [3(T) (X (T) — )] <4, (3.12)

where g > 0 is a pre-specified benchmark or a shortfall level and § > 0 is a bound
for the present expected loss. Then, the dynamic optimization problem reads as

e E {@]

st. B2[B(T) X (T)] <

i (3.13)
E® [B(T) (X (T)—q)"] <6 (risk constraint),

(budget constraint)

where A (z) is as defined in (2.10). The dynamic problem (3.13) can be as well
splitted into the static and the representation problem.

Static optimization problem
The static optimization problem corresponding to the dynamic problem (3.13)
is stated as

(3.14)

where B () is as defined in (2.12).

Remark 3.4 If 0 = oo, it means the risk constraint has no bound, in that case
we are faced with the Merton optimization problem, as studied in Section 3.1.
If 6 = 0, the risk constraint corresponds to X (T') > q. Then the optimization
problem (3.14) is transformed to

xebw {w}

s.t. EQ[B(T) X (T)] < «
X(T) >q.

(3.15)

This is a so-called portfolio insurer problem.
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3.2. Optimization under bounded expected shortfall risk

The minimum value of the risk bound ¢ such that the risk constraint can be
satisfied was studied by Gundel and Weber (see [29]) and the maximum value of
the risk bound ¢ such that the risk constraint holds with equality is given by the
risk of the Merton portfolio.

Theorem 3.5 (a) If 6 € (é, 3), then the solution to the optimization problem
(3.14) is given by

X(T) = f(y H(T),y, H(T)),
where
(1)1 , for zp < g7
f(x,22) = ¢q Jfor Tt <mp <@+
1

(1 —x9)7= 1, forxy > @' + 1o,

and yi,y5 > 0 solve the system of equations

EH(T) f(yiH(T),y:H (T))] ==

E[H(T) (f (y;H (T),y;H(T)) —q)7] = 6. (3.16)

The optimal terminal wealth X* can be rewritten as

XT) = G (D)7 iy 0t )
Y1 -

B vl —v3

1
Oy
vl —v3

(b) If 6§ = 3§ and qE[H (T')] < x it holds § = 0. Then the optimal terminal wealth
to problem (3.14) is given by

XPHT) = fer (" H(T))

where

q , for x > ¢!

frr(x) = {(x)vll , forx < g

and y*! solves the equation E[H (T) fp; (yH (T))] = .
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3. Portfolio optimization with deterministic interest rates

Proof: See [25]. O

Representation problem
We have now to derive the trading strategies * (t) = (% (1), %, (1)) and
e (t) = (5 (t), ohf (t))T that replicate the optimal terminal wealth X* (T)
and XPT(T), respectively, from Theorem 3.5. This is done in the following
theorem.

Theorem 3.6 Consider all the conditions of Theorem 3.5. Then:

(a) The optimal wealth X* (t) and XTT (t) at any time t € [0,T] are given by

X* (1)
— (y1)7T (H (1) ers MO (E5) VI 4 6 (g3 (1))

)
+ e MDD 4 (& (d5 (1) — @ (d5 (1))
1 () VD) 4 g (a8 (1)

N
(v =) (H (1) e D

and

1 1 1 2
= (yPI)T (H (1) 7T e M EDH () VICT) g (gP (1))
e MDD g (2 (1))

where
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3.2. Optimization under bounded expected shortfall risk

O )+ M
ds (t) = i (i) T JVEET),
VH(t,T) 1 -
In (L) + M (,T)
TH(D) :
! H
dl (t) o ((?/T—?E)H(t)) M (t’T) VH (t T)
T VH(t,T) o (317)
m( C )+ M (¢, T)
5 B (yf—yS)H(t)) ol 7
dy (1) = - T T VI,
H
df (t) i (o) + M) VI (t.7)
VH(t,T) 1—7 Y
In (=& + M (t,T)
Pl (1) = () VI (L, T).

MH (t,T) and V (t,T) are as in Theorem 3.3, and ® (-) is the standard-
normal probability distribution function.

(b) The trading strategies that replicate the optimal wealth X* (t) and X1 (t)
. * * * T
are given by * (1) = (9% (1), 03, (1)) and "1 (t) = (9§ (1), 4 (1))
respectively. Hereby
0 0 —MHET)+IVART) ) d5
| fae * (@ (d3 (1))
(1-7)os (Y =D X*(t)os
Jae T (1 (00)
(y =1 X*(t)os ’
pu () =1 — 95 (t),
0 fge=M" CTIH3VIT) 4 @ (dFT (1))
+ )
(1=7)os (v =1 XPL(t)os
war (1) =1—0g" (¢).

P (t) =

@S()

Proof: See [6] or [23]. O
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4. Portfolio optimization with a
one-factor Vasi¢ek model

In the previous chapter we discussed the portfolio optimization problem under
deterministic interest rates. This has the advantage that closed form solutions
can be easily obtained. However, the assumption of deterministic interest rates is
far from the real world, especially for long term investments. In this chapter we
analyze portfolio optimization problems in which the interest rate dynamics of
the economy is described by a one-factor Vasicek model. The presentation of the
problem with one-factor Vasicek term structure without risk constraints and in
a complete market goes back to Hainaut (see [30]) but we use Malliavin calculus
to derive the optimal trading strategy of the investor. In this chapter we study
also the portfolio optimization problem without risk constraints in an incomplete
market. Furthermore, we investigate the problem of portfolio optimization in the
presence of risk constraints in both a complete and an incomplete market.

Financial market models

We consider an arbitrage free financial market where a money market account
M (a saving’s account), a (zero) coupon bond B and a stock S are contin-
uously traded over a fixed finite time-horizon [0,7]. The uncertainty in this
market is modeled by a complete probability space (,F,P). The augmented
filtration generated by a 2-dimensional standard Brownian motion: W (t) =

(WE(t), WE (t))T under the probability measure P is denoted by F.

The dynamics of these securities at time ¢ € [0, 7] are modeled by the following
stochastic differential equations (SDEs):

dM (t) = M (t)r (t) dt (4.1)
B (t, T) ~-B (t'T“) [MB (t, T) dt + o <t, T) dW? (t)} (4.2)
dS (t) = S (t) [ps (t) dt + o,5dW, (t) + o5dW5 (t)], (4.3)
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4. Portfolio optimization with a one-factor Vasicek model

where:

e 7 (t) is the interest rate or the return of the money market account,

B <t, f) is the bond price at time ¢ € [0, 7] with maturity T>T,

® /ip (t,f) is the drift of the bond price at time ¢ € [0,7] and from the

Assumption 2.2 up (t,f) = i + 7 (t), where [ip is a constant.

e op(t) =05 <t, T) > 0 is the volatility of the bond price at time t € [0, 77,

e L () is the drift of the stock price at time ¢ € [0, 7] and again from the
Assumption 2.2 ug (t) = g + 7 (t), where jig is a constant.

e 05 > 0is the volatility of the stock price and it is considered to be constant,

e 0,5 is the correlation of the stock price and the interest rate, and it is also
considered to be constant.

The dynamics of the interest rates r (¢) are assumed to be stochastic and we
consider in particular, throughout this chapter, the one-factor Vasicek model
whose dynamics are characterized by the following SDE:

dr(t) =a (" —r (1)) dt+ o.dW, (1), (4.4)

where the constants a, b°, o, are the speed of the mean reversion, the level of
mean reversion with respect to the probability measure P and the volatility of
the interest rate r (), respectively.

We can rewrite the dynamics of the bond and stock prices in the matrix form

B(t,T)\ (us(t.T op (t,T) 0\ (dWE(2)
(2) - () () 2) ()
—A
Therefore .
A1 — (_i’j’i g) with op = o5 (). (4.6)

40



Remark 4.1 Note that the number of uncertainty is equal to the number of risky
assets. Therefore, we are still in a complete market.

Due to the absence of arbitrage and completeness of this financial market, there
exists a unique equivalent martingale measure with respect to P denoted by Q,
i.e. under QQ the discounted prices of securities are martingales, and characterized

by
(%) ~220=e0 (=3 [10wla- [ 6 @av W), @

where the vector © (t) = (6, (t),0s (t))" is composed of the market price of risk
of the bond (6, (t)) and the market price of risk of the stock (g (¢)), which are

given by

@(t)z(g;(éD:A ( ( ) (Z;t)

(tT is (4.8)
. UB oB
us(t)=r(t) _ o, r(t)) o5 (g_3)>
gs gs gs oB
Let us define . . ~
e s =r(t) _fis (4.9)
os 0s
The processes
t
WO () = WP (1) + / 6, (u) du, for ¢ € [0,T] (4.10)
0
W (1) = WE (¢ /95 ) du, for ¢ € [0,T], (4.11)

from the Girsanov Theorem, are Brownian motions with respect to the proba-
bility measure Q. Therefore, the dynamics of 7 (¢), B (t, T > and S (t) in terms

of Brownian motions W@ and Wg are then given by:

=a(O%(t)—r (1)) dt+o.dW2 (1),

dr (t) =aq (bP — Ur‘gvﬂ_@) - (t)) dt + o, (der (t) + (97“ (t) dt) (412)
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4. Portfolio optimization with a one-factor Vasicek model

where b2 (t) = b — UTGTTU) is the mean reversion of r () with respect to the
probability measure Q and will be denoted by b (t) in order to ease the notations.
That means we have a Hull-White model under Q (extended Vasicek with a and
o, being constants)

dB (t, T)

= 1z (tf) dt + o (tf) AW (t)

——L = ug (t)dt + o5, dWE (t) + o5dWE (t)
= pg (1) dt + og,d (W,‘,@ (t) — /0 t 0, (u) du>
+osd (Wg (t) — /O Y () du + 22 /0 0, (u) du>

gs

(4.14)

=7 (t)dt + o5 dW2 (t) + o5dW (1)

Remark 4.2 (a) Following Musiela and Rutkowski [50] the bond price volatil-
ity in the Vasicek model is a deterministic, bounded and continuous func-

tion op = 0p <,T> [0, 7] — R which is defined by

OB (t,f) = —0,n (t,f) ,
n (t,f) = % (1 — efa(fft)> .

Therefore, the dynamics of the bond price under the probability measure Q
in Equation (4.13) are given by

dB (t, T) =B (t, T) (r (t) dt — o,n (tf) dw @ (t)) .

where

(b) The market price of risk is also a deterministic, bounded and continuous
function © : [0, T] — R? which is given in (4.8).
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Remark 4.3 The stochastic differential equation ( 4.15) that characterizes the
dynamics of the stochastic interest rate under the probability measure P in the
Vasicek model:

dr(t) =a (b" —r (1)) dt + o, dW, (1) (4.15)

has the unique solution

t
r(t)=r0)e®+b" (1—e ) +e o, / e dW? (u). (4.16)
0

We can define a unique deflator H (¢, s) at time ¢, for a payment at time s > ¢
as

) =5 g
—o (= [Trean— [lowlPa- [CeTwaw w).
(4.17)

with (3 as defined in (2.3) and Z®© as in (4.7). For t = 0 we write

H(s) = exp (—/Osr(u)du—%/OS||@(u)||2du—/OS@T(u)dWP(u)).
(4.18)

Let us now consider an investor who initially has the wealth x > 0. We denote
the fraction of wealth invested in the money market account, bond and stock
at time ¢ € [0, 7] by the vector ¢ (t) = (¢ar (), 05 (1), s (t) ", with @a (t) for
the money market account, ¢p for the bond and ¢g for the stock. According
to Assumptions 2.3 it follows that the fraction of wealth invested in the money
market account is given by (1 — ¢g () — s (1)).

The wealth process of an investor at time ¢ € [0, 7], denoted here also by X (),
under the probability measure Q (using the Equations (4.1), (4.2) and (4.14))
follows the SDE:
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4. Portfolio optimization with a one-factor Vasicek model

dX (t) =dXM (t) + dX P (t) + dX° (t)
=1 —¢p(t) —ps () X (t)r(t)dt
+ X (t) e (t) (r (@) dt = o (1,T) W2 (1))
+ X (t) s (t) (r (t) dt + 05, dW2(t) + 05dW§ (1))
=X () r(t)dt —pp (t) X (&) r (1) dt — s (1) X () r (1) dt
Dm0 () dt — X (1) pp () o (8.T) dW2 (1)

X () on (¢ (4.19)
X (8) ps ()7 (8) dt + X (1) s (t) 05,dW2 (1)
X () st

)

Ps
t) s (t) osdW2 (1)

( [r (t) dt + s (1) o5dW§ (2)
-+ ( s(t)ogr — g (t) omn (tf)) dw @ (t)] ,

where XM, X B and X? refer to the wealth invested in the money market account,
the bond and the stock, respectively. Applying the same procedures as used for
(2.8) and (2.9) on the process 5 (t) X (t) gives

ABEX (1) =B X (1) (s (W) 50 — o (o (4.T) ) W2 (1)

(4.20)
+B(1) X (1) s (t) o5dW§ (1)

(4.21)

4.1. Optimization without risk constraints in a
complete market

In this section we focus on the portfolio optimization problem without risk con-
straints as studied in Section 3.1, but under the one-factor Vasicek model of
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4.1. Optimization without risk constraints in a complete market

interest rates. The dynamic and the static optimization problems in these set-
tings are stated as in Section 3.1.
The dynamic optimization problem is stated as in (3.7):

)

max IE[
f)/

pEA(x)

(M)_] <OO}' (4.22)
g

The corresponding static optimization problem is stated as

st. EQ[B3(T)X (T)] <z (budget constraint),

where A (z) = {gp cA(x) |E

(4.23)

The following theorem characterizes the optimal terminal wealth, denoted by
X*(T), and the trading strategy, denoted by the vector

" (1) = (93 (1), 95 (1), 05 (1)), that generates X* (T).

Theorem 4.4 (i) The solution to the static optimization problem (4.23) is
given by

1

X(T) =y H(T)",
with y* obtained through

E|y7 (H(T)71 | =, ie. (y)71 =

(ii) The optimal wealth X* (t) at any time t € [0,T] is then

X*(t) = (y) 77 (H ()75 ers M P @D+ 3(25) v,
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4. Portfolio optimization with a one-factor Vasicek model

Here,
T 1
M7 (t,T) = / (7“ (t) e =D 4 pF (1 - e_a(s—t)) + 3 l© (s)HQ) ds,
t

VI, T) = /t [(o,n (5, T) + 6, () + 6% (s)] ds.
(4.24)

(iii) The trading strateqy that replicates the optimal terminal wealth X* (t) is
given by

" (1) = (03 (1), 05 (1) , 95 (1) ", where
1

* 1 QS (t) oSy
QOB (t) = — — Yorn (tu T) - 97‘ (t) 9
P Vo (t’ T) ( 78 ) (4.25)
ot (1) = ﬁeiit) nd

Proof:

(i) From Theorem 3.2 it suffices to verify that E [U (X*(T"))] < oo, for all z €
(0, 00).

The inequalities 1 and 2 hold because of the budget condition and y* €
(0, 00), respectively.
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4.1. Optimization without risk constraints in a complete market

(ii) From the Equations (4.7) and (4.21), It6’s lemma implies that the process
(H (1) X (1)o7 Is an F (¢)-martingale, i.e.

H(t)X*(t) =E[H (T) X* (T) | F(t)]. (4.26)

From (4.26) we have

X*(t)=E [Z—QX* (T) | ]-'(t)}
— 5 | (b)) |7 0]
_ e | ]EIT&))” | F(t)]
- s [ (M) )

Equality 1 above holds because of the adaptedness and the Markov property
of (H (t)),c(o,7)- From Equation (4.17) we know that

%:exp (—/tTr(u)du—%/tT||@(u)||2du—/tTGT(u)dWP(u)).

By Remark 4.3 we get

/tTr(s)ds

T T s

= / (r()e 0 4 b7 (1 — e M) ds + / / o " TAWY (u) ds
t t t
T

T
— / (r()e =D + b7 (1 — e 7)) ds + (Tr/ n (u, T) dWF (u),
t t
(4.27)
where n (u,T) = fuT e~ T=9)ds = %M The last equality of (4.27)

follows from the Fubini theorem for stochastic integration (see Theorem
64 in [55]). Hence ftTr(s) ds is normally distributed and since O (t) is
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4. Portfolio optimization with a one-factor Vasicek model

(iii)

48

deterministic, it follows that
H (T) H
—n (L) ~ (M t,T VHtT>. 4.28
2 (G ) ~ X (a7 1) VT (4.28)
Hereby M (¢t,T) and V¥ (¢,T) are as given in (4.24).

We use Theorem A.7 and set F' = [ (T) X*(T) to compute the opti-
mal trading strategy ¢* (t) but we have to verify first that the process
B(T)Z® (T) X*(T) € Dy 4, where Dy ; is as in Definition A.2. Let us first
show that (r (¢),6, (t),0s(t))" € (D)* (D is as defined in the Definition
A.2) in order to use Proposition A.4 and the chain rule of Lemma A.5.
From Remark 4.2 we know that 6, (t),0s (t) € D. From Equation (4.4) we

have
dr(t)=a (b (t) —r (t))ldt + 0. dW2 (1). (4.29)

-~

—sp (t,7)
Observe that p, and o, satisfy the conditions stated in Proposition A.4
and hence r (t) € D. From the Equation (4.16) we have

rt)=r0)e*+b2@1) (1—e ) +e "o, /Ot e dWR (u). (4.30)

Using Theorem 3.18 and Corollary 3.19 in [18] yields

Dyr (s) = Dy (7“ 0)e ™ +b%(t) (1—e ™) +o, /05 emlsm gy (u))

=D (O’T/ e~alsm g2 (u))
0

= O'T/ Dte*a(sfu)dwp (u) + O.Tefa(sft) _ O'reia(57t)7
t

(4.31)
for s € (t,T]. Using the same argument as above it follows that

([ ras [ a@arge). [ oseang (S>)T .

with
Dt/T (s)ds = | D )ds—/tTareaStds—ar (t,7),
Dt/OTe,, /Dt W (s)+0,(t) =0, (t) and
Dt/OTesdeS /Dtes $) AW () + 05 (£) = 0 (1).



4.1. Optimization without risk constraints in a complete market

The chain rule in Lemma A.5 yields

B(T) Z° (T) X* (T) = (y*)7 (H (T))7T € Dy.

Now we can use representation (A.17) of Theorem A.7 for the process
p(T) X (T).

6(T) X* (T) = E2 [ (T) X* (T)] + / ES (D, (8 (T) X* (T)) | F (1)) W2 (1).

0

(4.32)
Since D, (© (t)) = 0 from the definition of the Malliavin derivative and
© (t) being a deterministic function.

Dy (6(T) X™(T)) =5 (T) Dy (X*(T)) + X*(T) Dy (5(T))

s ansx@smo(- o)

=B(T) Dy (X™(T)) + X™(T) B(T) (=ovn (t,T))
(4.33)
from the product and chain rules. By using again Lemma A.5 gives

D (X" (T)) = D, ((y" H ()77

- ) D, 1) (H (1)

= —— (y'H (1)7" x

ZDt (- /OTMs) dser+3 [ "o ()P ds - / "o (s) awe ))

_ ﬁ (" H (T))7 (—Dt (/OTT(S) dsel) ey (t))

1 . 1
= —7 —3 (y"H (T))>1 (—n (t,T)e; — O (t))
(4.34)
where e; = ((1)) Combining all together we finally obtain

Dy (6(T) X™(T))

(arn (0 T)er+ 207 <t>) B(T) (v H (T))77
(4.35)
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4. Portfolio optimization with a one-factor Vasicek model

Substituting the value of D, (5 (1) X* (T")) from the Equation (4.35) in the
Equation (4.32) and comparing it with (4.21) gives the result.

U

4.2. Optimization with bounded expected shortfall
risk in a complete market

In this section we focus on the portfolio optimization problem in the presence
of risk constraints as discussed in Section 3.2, but we treat the problem under
the one-factor Vasicek model of interest rates. Hainaut (see [30]) studied the
same problem considering VaR as a risk measure. However, VaR measures the
probability of losses and ignores the magnitude of losses. We consider here the
expected loss, in particular present expected loss as presented in (3.12), which is
an alternative of the risk measures that put the magnitude of losses into account.
The dynamic optimization problem is stated as in (3.13):

X (7))
max E {M]
peA(z) Y
Q : (4.36)
st. EX[B(T)X (T)] <z (budget constraint)
E?[B(T)(X(T)—q)"] <6 (risk constraint),
where A () is as defined in (2.10).
The corresponding static problem reads as
2l
max B [(X ) }
eB(x Y
(4.37)

st. EC[B(T) X (T)] <z
E° [5(T) (X (1) —q) ] <94,

thereby B (x) is as defined in (2.12). The static portfolio insurer problem can be

also stated as (T
max E [M]
X(T)eB(z) v

st. EC[B(T) X (T)] <z
X(T) =g,

(4.38)
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4.2. Optimization with bounded expected shortfall risk in a complete market

as given in Remark 3.4. Adding stochastic interest rates changes the deflator
H (T'). But Theorem 3.5 remains valid since the optimal terminal wealth X* (7")
is given as a function of H. The solutions to the problems (4.37) and (4.38) are
restated in the next theorem.

Theorem 4.5 Let q be a fixed benchmark and x be an initial wealth of an in-
vestor. 3
(a) If 6 € (é, 5), then the solution to the Optimization problem (4.37) is given by

X(T) = f(yiH (T),y;H (T)), (4.39)
where )
(w1)7T , foray < g7t
f(x1,m2) = q JJor Tt <y <@
(21 — .Tg)ﬁ , for xp > @771 + a4,

and yi,y5 > 0 solve the system of equations
E[H(T)f(yiH(T),y,H(T))] ==«
E[H(T)(f (yiH(T),y:H(T)) —q)"] =0.

(b) If 6 =6 and qE [H (T)] < x it holds § = 0. Then the optimal terminal wealth
to the problem (4.38) is given by

(4.40)

XPNT) = fer (v H(T)),

where

frr(x) = {(x)“’_l , Jorx < ¢

q , forx > ¢!
and y*'! solves the equation E[H (T) fpr (yH (T))] = .

Proof: sce [6]. O
Representation problem

We have now to find the trading strategies that generate the optimal terminal
wealth X (T) and XT1(T).
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4. Portfolio optimization with a one-factor Vasicek model

Theorem 4.6 Suppose all the conditions of Theorem /4.5 are satisfied . Then:

(a) The time-t € [0,T] optimal wealth X° (t) and X1 (t) are given by
X (1)
1 1 1 ~ \2
= ()7 (H (1)) 777 e DTV (a] (1)

and
XPI (Zf)
1 v ¥ \?
= (41T (H ()7 e M DR (ER) VD) g (47T (1))
4+ e MIED+3VIRT) 4 ¢ (dg’l (t)) :
where

& (t) = v VHET),
{0 D e A
gt H
d6 (t) _ _ln (y{H(t)) +M (t’T) +\/JVH (t T)
2 VVHE(,T) o
gt H
& (1) = ln<(y1 vs H(t)> e VEH (¢, T
3()__ VH(t,T) + (7 )7
ln< C )+ M7, T)
5o (vi—v3)H() ) ¥ =
d4 (t) - VH (t,T) - — Vv (t>T)7
y—1 H
dPI( ) B ln (yPIH(t)) + M (t,T) v VH (t T)
1 VH (t,T) 1_/}/ ) 9
y—1 H
dPI (t) _ _111 (yPIH(t)> +M (t7T) n VH (t T)
? VH(t,T) ’

With MH (t,T) and VT (t,T) as in Theorem 4.4 and ® (-) is the standard-

normal probability distribution function.
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4.2. Optimization with bounded expected shortfall risk in a complete market

(b) The portfolio processes at any time t € [0,T] that replicate the optimal
terminal wealth X° (t) and X1 (t) are given by

o (1) = (03 (1), 05 (1), 05 (1) and
PPT() = (D1 (1), 0B (1), 05T (1)

respectively. Thereby

1 0, 1 n(t,T) + 0,
o ()= 2 (o7 4 &) 4 Lo LD L0,

g n (t, T)

ge=MICDHVICT) o (@ (d (1)) — @ (dS (1))

X+ (t) ’
—-ME@T)+ivE®T
(@ (d3 (1) — @ (d3 (1))
X (1) ’
s@&(t)zl—sog() s (1),
gogl(t): 1 ( )+@)+ 1 (Jrn(t,T)j—Gr)X
(t,T) v, 1= n(t,T)
MEET)+5VEET) o @ (dPI( ))
XPI( ) )
51 (t) 1 0s + fs qe—MH(t,T)—&—%VH(LT)X

T 1-qos -1
® (d” (1))
XPI (t)
par (8) =1—5 (t) — 95" (1)

and
(4.41)

Proof:

(a) We give the proof for X° (t), the proof for X7 (t) is similar and it is omitted
here. Applying again It6’s lemma to the Equations (4.7) and (4.21) implies

that the process (H (t) X° (t))te[(] 7 19 F (t)-measurable, that means

H#) X (t)=E[H(T)X°(T) | F(t)]. (4.42)
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4. Portfolio optimization with a one-factor Vasicek model

From (4.39) we can write X° (T) as

XO(T) = (yi H(T) 7 Lo+ qlp+ ((y —y3) H(T)7 1o (4.43)

Hereby
_ ¢! i (A
a= (@ s Lo mom (T <) < 0} ane (4.44)
— q’Y71 |
¢i= {H(T) ~ yi‘—yé‘}
Hence
X° (1) =E [Z—QX‘S o) f(t)}
_E {ZL(? (yiH (T))7 14| F(t)}
o (4.45)
+B [0y 7 )
L E ﬁ%(? (i = 93) H(T) 7 1 | F (‘)}

We compute the conditional expectation of the first term of Equation (4.45)
and the remaining two terms are calculated in Appendix B. We use the
same idea as for the proof of Theorem 4.4 part (ii) of applying the Markov
and martingale property of (H (t))c( 77, and the fact that it is log-normally
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4.2. Optimization with bounded expected shortfall risk in a complete market

distributed.

o [H(T)

H(t)

i | (H (D)7
:(y1>7_ E i H(t) ]lA’F(t)]
e [(H )T (H (D))
-we| S (FE) {un e 17 (t)]

N { ~MH (,1)—/VH (@, T)e< 1 }]

vy H(t)

= (G H (1) 7T E | ers M 0D VT

In Q;I)H\/[H T
{952_ <y1H(t) “n

VVH(@T)
. a1 Y APH (1,T)+ VA T)e 2?

= (y1 H ()7 e 2dx

V2T

1n(y?1;é>)+MH(t,T)
B VVIE (1)

(g H ()75 e M D () VD)

1 % 7(x—17\/VH(t T))2

\/? e 2 dw
T

1n<%> +MH (t,T)
VVH(T)

— (y)T (H ()77 en MR VIO g (48 (¢, H (1))

(b) We prove the statement for ¢* (t). The proof of o'’ (t) is quite similar and
it is omitted here.
Let us define a function 1 as

W (H(T)) :=H (T) X <>
— (y7)7 7 (H(T))77 14+ H (T) qlp
T (H (T)77 1o,

+ (Y1 —¥3)7
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4. Portfolio optimization with a one-factor Vasicek model

with A, B and C' as given in (4.44). From Definition A.8 we can directly
observe (with H (T') playing a role of F' and v playing a role of ¢) that

v—1 y—1 y—1 y—1
w(H(T))ePCd((O,q*)U<q*, 1 )u(q oo))
N Y1 Y1 — Y 1 — Y

The break points are 0, %, % and co. We have shown in the proof of
Theorem 4.4 part (iii) that (r (t),60, (t),0s ()" € (D)*. It follows from
Lemma A.5 that H (T') € Dy ;. Using Proposition A.9 it holds ¢ (H (T')) €
D, ;. Now we are in a position to apply representation (A.17), in Theorem
A.7, for the process 8 (T) X? (T) since Z® (T) 5 (T) X° (T) =+ (H (T)) €
]D)l,l-

B(T) X°(T) =E® [3(T) X° (T)]

v [ B [y (s 1) 30 ) | F] awe (440

since D; (© (u)) = 0,u > t, which follows from © (u) being a deterministic
function.

D, (B(T) X°(T)) = B(T) Dy (X° (T)) + X°(T) Dy (B(T))

T 4.47
=B (T) D, (X°(T)) + X° (T') B(T) D, (—/0 r(s)ds) (4.47)

from the product and chain rules of Malliavin calculus. Applying the argu-
ments and the ideas used for the proof of Theorem 4.4 part (iii) we obtain

D (X°(T) = 1= (oen (1LT) e1 + ©7 (1)) (i (T)77 1

+

(ovn (t,T) ex +O©7 (1) ((y; — v3) H (T))7 1o,
(4.48)

1—7
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4.2. Optimization with bounded expected shortfall risk in a complete market

with e; = (3) Combining Equations (4.47) and (4.48) gives

D, (B(T) X°(T))

=T opn e l i 1

12 (ot e+ 107 (0)) 80 1 (1)1 1
—o.n(t,T)ef(T)qlp

2 (et De+ 20T 0) 50 (i - vy ()

2 (ot Ty 267 () 50 i (1) 7 Ly

-y
—oyn (th) 615( )q]lB
0

1
tT61+ @
1 Y

2 2
2 2

+
+—

< ( ) 615 q]lB
—(am(tT 61+1@ )elﬁ )qlp
1 g

. (arn (t,T) e + i@T ) pg(T —ys) H (T))v%l 1e.

2

After some rearrangements we get

with X° as given in (4.43).

Plugging the value of D, (8 (T) X° (T)) from Equation (4.49) in Equation
(4.46) and comparing it with (4.21), with X (T') replaced by X° (T), we
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4. Portfolio optimization with a one-factor Vasicek model

obtain

os (t)osr — pp (t) own (t, f)

(. Ly o) EEBM X (1) | F (1)

—1_7 < r (t7T)+79T(t>> ﬁ(t)X(S(t>
1 EQ[5(T) (T)qlp | F(t)]

+ po— (opn (t,T) = 0, (t)) 3 (1) X0 (1)

Q 5
ps(t)os = ] iVQS () el (;it))(stT(i)' aul
1 EC[3(T)(T)qlp | F(t)]
BTG TOb ()

We know from the martingale property of (3 (t) X° (t)) reloT]

B(t)X°(t) =E¥[B(T) X°(T) | F(t)].

(4.50)

under Q that

EQ 8 (T)qlp | F(t)] is computed by applying the same arguments used
for the proof of part (a). Solving the system of the Equation (4.50)
simultaneously gives ¢} (t) and ¢% (t), and ¢}, (t) is obtained through

L= ¢p (1) —¢5 ().

4.3. Optimization without risk constraints in an

incomplete market

O

So far in this chapter we have been working in a complete financial market but
the financial market might as well be incomplete. In this and the next section we
turn to the world of incomplete financial markets. More precisely, we consider
a financial market consisting of one money market account M and one stock S

with prices evolving as in (4.1) and (4.3), respectively:

dM (t) = M (t)r (t) dt
dS (t) = S (t) [pus (t) dt + 05,dW, (t) + o5dWy ()] .

(4.51)
(4.52)

The wealth process of an investor under the probability measure P is ruled by
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4.3. Optimization without risk constraints in an incomplete market

dX (t) =dX™ (t) + dX* (t)
= (1= s (1)) X () (1) dt
+ X () @s (t) (ns (t) dt + os,dW (t) + osdWE (1))
where X and X* are as in (4.19).

Remark 4.7 Since our market is assumed to be arbitrage free, from Theorem
2.7 we know that M® # (. We shall identify Q € M¢ by its Radon-Nikodym
derivative Z° (t) € L' (Q, F,P) defined by

70 (1) = (Z%)t:exp{—%/otH@(u)HQdu—/ot@T (u)dWP(u)}.

for some © (t) = (0, (t),0s (1)) solving
s (1) =7 (1) = 0, (1) 75, + s (1) s, (4.53)

0, and Os are interpreted as the market prices of risk due to the interest rate r
and the stock S, respectively.

Observe that © (t) := (0, (t),0s (t))" corresponds to (Q € M¢). Now we have
in the Equation (4.53) two unknowns (¢, and fg) in one equation. So, the values
of these unknowns cannot be determined uniquely, that means the set M€ is
comprised of infinitely many elements. This is then an indication that we are in
an incomplete market. Note also that the deflator g%i)) at time t, for payment at
time s > t defined by

H(s) _B(s)2%(s) _ B(s) (&),

H(t)y  pg)zo@t) () (%

).
s 1 S S
:exp{_/ () du— ||@(u)||2du—/ o (u)dWP(u)},
t t t
(4.54)
where f§(t) = ﬁ, exists but it is not unique as it is the case in a complete
market. According the Girsanov Theorem the processes

v - (1) - (o)

15318
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4. Portfolio optimization with a one-factor Vasicek model

are Brownian motions under the probability measure Q € M¢°. The dynamics of
the interest rates r (¢) and the stock S (t) under the measure Q € M°® are given
by

dr(t) =a (b2 (t) —r (1)) dt + o, dW2 (1)

dS (t) = S (t) [r (t) dt + o5, dW2 (t) + o5dWg (1)] .
Note that the dynamics of the money market account

dM (t) = M (t)r (t) dt

do not change because they do not contain a diffusion term.

The wealth process of an investor in terms of W, or under the probability
measure Q € M€, is described by the following SDE

dX () =(1—ps (1) X () r(t)dt
+ X (t) s (t) (r (t) dt + 05,dW2 (t) + 05dW (t))
=X (t) [7’ (t) dt + g (O'STdW;@ (t) + O'SdWé@ (t))} .

By using It0’s rule on the process 5 (t) X (t), as it is done in Chapter 3, it gives

d(B(t) X (1) =Bt) X (t) s (t) [0s:dW2 (t) + 05dWg ()]  and

B(T)X (T) = X (0)+ /0 Bt) X (1) s (£) osnd W2 (8)

+ [ 80X O s O (). (4.55)

Static optimization problem
The static optimization problem in the case of incomplete market is stated as in
the case of complete market (Problem (4.23)) and it is re-stated below

st. EC[3(T)X (T)] <z (budget constraint),

(4.56)

where B (x) is as in (4.23).
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4.3. Optimization without risk constraints in an incomplete market

We use a Lagrangian approach to solve Problem (4.56) with the Lagrangian
function L defined by

r.0x @) =8| D4y (s (‘fl%)Txm)]
i

e [EOE 50y (d—P)TX<T>+yx} ,

where y is the Lagrangian multiplier. The function L in (4.57) is constructed
by penalizing the objective function of the Problem (4.56) by its constraint. Let
us first solve the primal problem and then its dual problem, which are stated as
follows:

Primal problem:

(4.57)

U(y,Q):= max L(y,Q,X(T)) for ye(0,00) and Q& M° (4.58)

X(T)eB(x)
Dual problem:

O (X (7)) := ye(O,g)i,%eMeL (y,Q, X (T)) for X (T)eB(z). (4.59)

For the case of incomplete markets, the set M€ is composed of infinitely many
elements, as mentioned before, where in the dual problem (4.59) we have to find
y* € (0,00) and Q* € M* that minimize the Lagrangian function L (y, Q, X (7))
for a given X (T') € B(x). But for the case of complete markets the set M€ is
a singleton and we have only to find y* € (0, 00) that solves the problem (4.59)
for a given X (T') € B(x). The solution to the primal problem (4.58) for the
incomplete market looks like for the complete market and is given in the following
proposition without a proof because the proof is exactly as for complete markets
for every Q fixed.

Proposition 4.8 For given Q € M¢, the solution to the primal problem (4.58)
is given by X*(T) = f (y*,Q), thereby

ro@=(rom(F) ) v

and y* € (0,00) solves EQ[3(T) f (y,Q)] = .
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4. Portfolio optimization with a one-factor Vasicek model

By inserting X* (7") and y* from Proposition 4.8 in the Equation (4.57) it gives

g [ 1Q

—rpm) () X ) +ual

B s%)w” e (%) (y*ﬁ o (%)) e

L(y*, QX" (T))

1= dQ\ \7T
= (o (),) o]

Recall from (4.54) and Remark 4.7 that

(4.60)

o) (), =pm 2o -
exp{—/OTr(t)dt—%/OT||@(t)|\2dt—/OT@T(t)dWP(t)}

us (t) - T (t) = HT (t) ogr + 95' (t) gg. (461)

We are now ready to state a theorem that gives the solution to the dual problem
(4.59) for X* (T') and y* from Proposition 4.8.

and

Theorem 4.9 Fory* and X* (T) as in Proposition 4.8, the dual problem (4.59)
18 equivalent to

. 1 — ")/ e o o
min E|—— (y*)7 1 T Z°(T))
O(t)=(0r(1),0s(t)) v ) (8 27(D) (4.62)

s.t. QT (t) ogr + 05 (t) o5 = ﬂg.
Then, the solution to (4.62) is given by ©* (t) = (07 (), 0% (1)), where

d
C% C?S "
% ﬂg O'STQ: (t)
95‘ (t) = _S - —S
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4.3. Optimization without risk constraints in an incomplete market

Proof: The existence and uniqueness of the solution of problem (4.62) is guar-
anteed by the fact that the asymptotic elasticity of power utility function is less
than one and Theorem 2.18. From (4.16)

T
/ r(t)dt
0
T T T t
- / r(0) e dt + / b (t) (L —e ™) dt+ / e "o, / e dWR (u) dt
OT OT . 0 0
:/ r (O) e—atdt + / bp (1 _ e—at) dt + / orn (t, T) dWF (t) .
0 0 0

Hence fOT 7 (t) dt is normally distributed and since © (¢) is deterministic it follows
that

v (/OTr(t)dt+%/OTH@(t)HZdH—/OT@T(t)dWP(t)) ~ N (M V),

0 g ! L
w2 [roeras [ra-emas [Nooral
0 0 0

V =Var lljv (/OTr(t) dt+%/OT||@(t)||2d1t+/0T®T (t)dWP(t))}

— | [l )00 63 0] .

Therefore,

) 1
Ly, QX" (T)=——(y")" T exp {M+ §V} + zy”.

1_
in L(y*,Q,X*(T)) = mi
duin L (y", QX" (1)) win —

v 1
i (y*)w—l exp {M ((9,«, 95) + 5‘/ (Qr, (95)} ,

since the market price of risk corresponds to the equivalent martingale measure
and the term zy* does not depend on Q. As the relation (4.61) has to be fulfilled,
then it acts as a constraint in the following optimization problem.

: V(e 1
@:%%S)E S (y*)7 " exp {M(QT,QS) + QV(QT,GS)H

st. 0. (t)os, +0s(t)os = ps (t) —r(t) = us.

(4.63)
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4. Portfolio optimization with a one-factor Vasicek model

To solve the problem (4.63) let us set first
0, (t) = (1) (4.64)
and then express fg (t) in terms of A (t) as

T ogr (T
os )= 22 - 220

(4.65)

Let us define a function g () as

M (N\) :1% {/OTT (0) e *dt + /OT b (1—e ) dt}
+ﬁ% [/OT(A(t))2dt+/OT <Z_§_%;—Z(w)2dt] :

V()= L _ /OT [(Urn (t,T) + A (1) + (@ - ‘”—Wﬂ dt.

gs (OFS
Now, the problem (4.63) is reduced to the following:
m}ng (A). (4.66)

(i) For v € (0,1) g is minimum, if M (A) + 1V (\) is minimum.

M)+ v () =

2
r@e“+wﬂ—eﬂ+%<u@f+cﬁ_%M®>)

[+
o 1—7 os Os

+ %ﬁ ((am (£, T) + A (1) + (@ - UST—W>2>] dt

gs gs

_. /OTf(A(t),t)dt.
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4.3. Optimization without risk constraints in an incomplete market

So, ¢ is minimum, if A (¢) minimizes f (A (¢),t) for all t € [0, 7.

oN  1—v

os os gs
I8 U TA
+L((orn(t,T)+)\)—US (ﬁ—"s ))] (4.67)
1=~ os \0s  0Og
2 0.

After some reshuffling and making A in Equation (4.67) the subject, we

obtain

osrits — yoson (t,T)
0%+ 02

A*(t) is a candidate minimizer of f (A (t),t). We have to prove that A* (¢)

is a global minimizer of f (A (t),t). Let us use second order condition, i.e.,

we need to show that LA > 0 at A* (t) for all ¢t € [0, T].

N (1) = . (4.68)

o2
PO 4 [ o (.
ON2 1—7 oy  1-—x o?

(4.69)

2 2
:< T4 7 2><1+0§’“>>0.
L=y (1-9) 0g

(i) For v € (—00,0) g is minimum, if M (A) + 3V (}) is maximum. We take
the same steps as for part (i) and we obtain \*(¢), as given in (4.68),
as a candidate maximizer of f (A (¢),t). What is left, is to show that
% < 0 at A\*(t) for all t € [0,7], in order for A\* () to be a global
maximizer of f (A (¢),t). From (4.69) we have

PfrNY (v 7 aér)
e = (5 ) (1 %

2

o
- i+ |1+Z] <o
1—7 1—7 o
S—\ —— N——
<0 >0 >0

After characterizing Q* € M€, by

(ﬁ%)T:z@* (T) = exp{—%/gT o (u)H2du—/0T®*’T (u) AW (u)},
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4. Portfolio optimization with a one-factor Vasicek model

with ©* as in Theorem 4.9, the same procedures as for the complete market are
taken to derive the optimal trading strategy. The following theorem characterizes
the trading strategy that generates the optimal terminal wealth X* (7).

Theorem 4.10 Suppose that all the conditions of Proposition 4.8 and Theorem
4.9 are fulfilled. Then:

(a) The optimal wealth at any time t € [0,T] is
X7 (1)
() (H (1) 7 e M D+ (25) VT ),
where
H* ()= B(t) 2% (1),

M0 T) = [ (r et (1= ) g e () ) .
VH (4.T) = /t (0w (s, T) + 67 ()2 + (63 (5))?] ds,

and Q* € M® as in Theorem 4.9.
(b) The portfolio process that generates the wealth X* (t) is given by

90* (t) _ ﬂS + YOSsrOrT (t7T)
° (1=7) (0% +a3,)

and 9y () =1 — 9% (8).

Proof: The proof is as of Theorem 4.4 part (i) and (iii) with © (¢) replaced
by ©* (), since O (t) and ©* () share the same properties of being continuous,
deterministic and bounded. Using the same argument discussed in Theorem 4.4
for part (a) the result is obtained directly, and for part (b) the representation
(A.17) is used for the random variable 5 (T7') X* (7).

B(T) X* (T) = E2 [§(T) X* (T)] + / EY (D, (8 (T) X* (T)) | F (£)] dW< (t).
(4.70)
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4.3. Optimization without risk constraints in an incomplete market

Using the idea of the proof of Theorem 4.4 we obtain

Dy (B (T) X*(T))
_ L oun e l * T % o* ﬁ (4.71)

Substituting the value of D, (6 (T) X*(T")) from Equation (4.71) into Equation
(4.70) and comparing it with (4.55) gives

50X ()65 075 = (n6.1)+ 26:0) »

1—x 1 (4.72)
EY [8(T) (v H ()77 | F (1)
and
BOX (1) s ()7 = =03 (OB [8(T) (71 (T)77 | F ()] (473

Using Equation (4.72) and the fact that (,8 (t) X* (t)te[o,T}> is a martingale under
Q* results in

x 8l 1 .
Dog = —— (om (t,T) + =6 (1) ) . 474
¢ Oas = (om 01+ 2020 (4.74)
Substituting the value of 6} (¢) from Theorem 4.9 in (4.74) and after some rear-
rangements we obtain the results. 0

Remark 4.11 If we use the Equation (4.73) for the computation of % (t), it
gives the same results.

Proof: From Equation (4.73) and (5 () X* (t))te[O,T] being a martingale process
under Q* we get

1
o (t = 05 (t).
¢s (1) os 1—~ 5 (t)
Substituting the value of 6% (¢) from Theorem 4.9 in (4.3) gives

L fs
* ) =—— 5

1 o5 OrsSits — WUgarn (tv T)

1=~ 0§ 0§ +0ls

s +vyopsoen (t,T)

(I=7) (0% +0k)
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4. Portfolio optimization with a one-factor Vasicek model

[
Note that if S and r are uncorrelated, i.e. for og, = 0, we have ¢% (t) = 1%0%5
S

corresponds to logarithmic utility function.

4.4. Optimization with bounded expected shortfall
risk in an incomplete market

In this section we examine the portfolio optimization problem in an incomplete
market, as studied in Section 4.3, in the presence of an additional risk constraint.
We consider a portfolio manager who wishes to limit his/her expected loss, in
particular present expected loss, as discussed in Section 4.2 and stated below for
a revision.

The dynamic optimization problem:

]

st. R2[B(T) X (T)] < (budget constraint)

i (4.75)
E?[B(T)(X(T)—q)"] <6 (risk constraint),

where A (z) is as defined in (2.10) and ¢ (£) = (¢ar (), ¢s (1)) is a portfolio
process composed of ¢, and g refering to the fraction of wealth invested in the

money market account and the stock, respectively. The differences between the
problems (4.36) and (4.75) are:

e ¢ in (4.36) is composed of ¢y, o5 and pg, while in (4.75) it is composed
of pyr and wg.

e in (4.36) M° is singleton, i.e it can be determined uniquely, while in (4.75)
M¢€ is made up of infinitely many elements, as discussed in Section 4.3.

The corresponding static optimization problem to (4.75) reads as
[(X (T))q
(4.76)
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4.4. Optimization with bounded expected shortfall risk in an incomplete market

thereby B (x) is as defined in (2.12), and its static portfolio insurer problem as

{(X (T))”}
gl

st. ER[B(T) X (T)] <«
X(T)=q

(4.77)

We examine the problem (4.76). For the problem (4.77) it is quite similar and we
will give only the results. We use the Lagrangian approach to solve the problem
(4.76). The Lagrangian function L (y1,y2, Q, X (T")) is defined by

L(y1,y2,Q, X (T)) =

B[ ) () xm-wam) () xm-o7| am
+ Y + y26.

Primal problem:

W (y1, Yo, = max L(y,y,Q, X (T
(Y1, y2, Q) e (y1, 92, Q, X (T)) 479)
for 41,92 € (0,00) and Qe M°.
Dual problem:

O (X (7)) := min L(y1,90,Q, X (T)) for X (T)e€ B(x). (4.80)

Y1 72/26(0»00),(@6/\46

The following proposition gives the solution to the primal problem (4.79) for
y1,y2 € (0,00) and Q € M°.

Proposition 4.12 Let q be a fized benchmark, x an initial wealth of an investor
and Q € M°.
(i) If § € (é, 5), then the solution of the primal problem (4.79) is given by
X0 (T) = f (v}, 45,Q), (4.81)
where

d =
fWi,v5,Q) = (yi‘ﬁ (1) (%)) 1a+qlp

(- (52) ) e "
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4. Portfolio optimization with a one-factor Vasicek model

d
A=Ay, y5,Q) = {y’fﬁ (T) (ﬁ) < CJH} )
T

RO dQ ¢!
e e dQ ¢!
c-c<yl,y2,@>—{M)(d—[@);yik_y;},

such that yi,ys € (0,00) solve the following system of equations

E [5 (T) (%)Tf(yljy%@)] =

Bl (F) ¢ onme -] =

(i) If 6 = 6, i.e. in the case of portfolio insurer problem, the solution to the
primal problem (4.79) is given by

Xine (1) = (4", Q) ,

where

_1

f (yPI’@) - (yplﬁ (T) (2%) )v_l 1 ppr + qlger, (483)
T

dQ 71
APT — API (yPI’Q) — {,B(T) (dTP)T < 213] } and
y—1 dQ
e om () )

such that y©'! solves the equation

E {ﬁ (T) (%)Tf (y”,@)] =1z.

Proof: The proof is exactly as for complete markets for every Q € M€ fixed. [J
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4.4. Optimization with bounded expected shortfall risk in an incomplete market

Let us now turn first to the dual problem (4.80) and use v}, 5, and X2 . (T)

mc

from Proposition 4.12. What is left is to find Q" € M¢* that solves the dual
problem (4.80). The Lagrangian function, for § € (é, 5), is given by

) Y
Bee@L i) () )

“E |8 (92) (X3.(7) - ) - yiz - 30
50 (),

- [LORBO i) () sot.0)

~E[1) () (700059~ —via =]

2 o () )

Tk (q”—quvﬁ( )(%%) ]lB]

L (yLyQ’Q Xzénc (T)) - E

(4.84)
=E

v

+ yix + y50.

Remark 4.13 5(T) (%%)T =: B(T) Z° (T) is a log-normal random variable un-
der P:

—~nB(T)Z°(T) ~ N (MH (0r,05), VI (9r,95)> ,

where

M (6,,0,) (7’(0 Je 4+ 0" (1— —“t)+1||@(t)||2>dt and
T

VI (6,.0,) m«{/j( /||®()||)dt+/0 @T(t)dWP(t)]
(o

/ n(t,T)+ 6, (1) + 0% (t)] dt.

We deal with the first term of Equation (4.84) and the remaining other two
terms containing random variables are computed analogously. From Remark

(4.85)

71



4. Portfolio optimization with a one-factor Vasicek model

4.13 it follows

EF”‘”@mﬂnz@wnﬁwuﬂ

)

(o (4.86)
()

where

y—1 H
i > + M (6,,05)

ln( ~
dl :dl (y;emes) - -

_l’_
VH(0,,0s) L=~

VH (67"7 QS)

and ® is the cumulative distribution function of a standard normal random
variable, and then we take the same procedure to calculate for other terms in
(4.84). Therefore,

T I L Y pHL L v VyH
L@%z%ﬂx%@»:qlmwwﬁMﬂWQwa
(]’y x« —MH4LlyH
+ — (P (d3) — @ (d2)) — yige 277 (@ (ds) — @ (dy))
7( ) (4.87)
Y-y 1y A H (2 Py H
’ (ylfy—y? Y- y3> (i —y3)7 7 e M)V ()
+ yiz + y50.
Thereby
In (q;:1> + MH
d2 — d2 (y;;e’r’)eS) = i/ﬁ
In (;it}) + M
d3:d3 (y;y;aer)ef}) = —
(4.88)

VI
d4 = d4 (yT,QT,QS) = dQ + v VH
ds = ds (yf,y;,@rﬂg) =ds —VVH

d6 = d6 (yf,ys,er,ﬂq) = — vi—ys — i Vv VH
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4.4. Optimization with bounded expected shortfall risk in an incomplete market

Now, we can state the optimization problem as follows
min)L(yi‘,yS‘,Z@(T)J(‘s (7))

(0,05 inc
s.t. 07« (t) ogr + 6’5 (t) 05 = /_15'.

The existence and uniqueness of a solution of problem (4.89) is guaranteed by
the reasonable asymptotic elasticity of power utility function which is less than
one and Theorem 5.9 part (iv) in [28]. The optimization problem (4.89) is solved
analogously to Theorem 4.9, by setting first

(4.89)

0r (A1) = A (1)
fis o5\ (t) (4.90)
os os ’

= 05 (Avt) =

We plug the values of 0, (A, t) and 0 (A, t) above in Equation (4.85) to express
M and V in terms of A and ¢.

Now we have to look for the \* that yields the minimum of

L(/\) - L(er ()‘) 795 ()‘)) =L (yLy;?ZQ (T) 7X{5 (T)) .

mc

As far as we know, \* can be only found numerically but cannot be calculated
analytically. Then, we plug A\* into Equation (4.90) and obtain the solution to
problem (4.89).

For the case of 6 = § and from Proposition 4.12, the Lagrangian function is

given by
prexzm) -5 [Kae Dl e (0 (), ¥t - )]

mc

v

(r—1) aQ\ \7 i
- <yp15 (T) (ﬁ) T) 1 arr + 7]131:1]

—yP'E {5 (T) (%) : qlger — x} .

=E

(4.91)
Using Remark 4.13 we get
L@ (1) = ()T e D g (a)
’Yq,y o (4.92)
4 7@ (d§I> . yPIqe—M +35V ) (dQI;I) 7
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4. Portfolio optimization with a one-factor Vasicek model

where

In (Lo ) + M (6,,05)
dit = di" (v, 6,,05) = <y ) - -

+
VH(0,,05) 1=~
In (Lo ) + M%
dgl = d2PI (yPI, 97“7 HS) = \/ﬁ
g (yPI ; 95) _ _ln (ip?) + MH _JE
9 Ty * \/ﬁ *
(4.93)

We state the optimization problem, as (4.89), for the portfolio insurer problem
as follows

VI (6, 05)

min L (y"', Z°(T), X1 (1))

(6r.05) (4.94)
s.t. 0, (Zf) og, + Og (t) Os = [is.

To solve the Problem (4.94) we take the same procedures as for the case of
o€ (é , 6): set 0, (A, t) = X and express g in terms of A and ¢ using the constraint
n (4.94) and then find the minimizer

/\PI

of L (y*1, 29 XFI(T)) = L (6, (\),0s (\) = L7 ()) Like for the case of § €
(é , 5), AP 1 can be only found numerically but cannot be calculated analytically.

We denote the market price of risk and the probability measure that correspond
to AT by ©F and QP! € M*, respectively.

Theorem 4.14 Suppose all the conditions of Proposition 4.12 are satisfied and
we consider the equivalent martingale measures Q* € M¢ and QP! € M€ corre-
sponding to ©* (t) and OFL (t), respectively. Then:

(a) The time-t € [0, T) optimal wealth X2, (t) and XL (t) are given by

mc mc

Xine (1)

wmc

~

= () (H (1) erS M CDHH(ES) VD L g (g2 (1)
Qe M)V I (1T) (P (d3 (1) — @ (43 (1))
(g — y3) T (H (1)) 77 er M T4 (25) Y O B (dS (1))
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4.4. Optimization with bounded expected shortfall risk in an incomplete market

and
Xt (t)
(P (P ()7 e e () e
B (A (1)) + e M7 CTVICT) g (@l (1))

where

=505 )

=50 ()

W 1) = [ (e (e + e (1) as
VI = [ (o 5.+ 00 + 037 (9] s
M (4, T) = /tT (7’ (t) e +bF (1 — ™) + 5 |07 ( )||2) ds,
vt - [ [ T+ 07 (9) 4 (027)° (9] s

S ) + M (L T)

) — o (7 g

+ VH"(,T),
VH (¢, T) L—n &.1)
In (L) + MH" (t,T)
yiH*(t) ’ -
3 (t) = — ( 1 V>H* T +JVE (t,T),
In <L + M"(t,T)
(yi‘—yé‘)H*(t)> ’ e
In <q—) + MU (t,T)
[—u3) H* (1) ’
8 1) = — ) -G,
VI (¢,T) 1—~
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4. Portfolio optimization with a one-factor Vasicek model

In (%) + MHE (t,T)
ap () = —— VAT (0, T),
VHE(4,T) L=
In (%) + MH (t,T)
dyt (1) = ——L 0 +/VH (£,T)
VHPL(4T)

and ® (+) is the standard-normal probability distribution function.

(b) The portfolio processes at any time t € [0,T] that replicate the terminal
T

wealth X2, (t) and XEL(t) are given by ¢* (t) = (i (t), 0% (1)) and
P () = (PhF (1), 5! (t))T, respectively. Thereby
. Lo 1 65()
t) =
ps (t) -7 og +’y—1 s X
_MH? 1y H*
ge~ M EDH3VIT) (@ (df (1)) — @ (df (1))
Xie (t) ’
G () =1 630, )
1 68T (¢ 1 6ET (¢ _apHPI 1y HPT ‘
QDEI (t) _ S ( ) S ( ) M tT)+5V (t,T)><

1-5 o5 -1 og
o (d (1))
XPL(t)

et (1) =1—95" (1)

and

Proof: After specifying ©* (t) and ©F7 () the proof is as of Theorem 4.6, except
with © (¢) replaced by ©* (t) and O (¢). O

4.5. Numerical examples

Let us conclude this chapter with numerical examples. Table 4.1 shows the pa-
rameters considered. Figure 4.1 plots the profiles of the optimal terminal wealth
of different portfolio managers depending on the deflator H (T') (as given by
(4.18)) in a complete market. The managers considered are the Expected Short-
fall Portfolio Manager (ES-PM), Portfolio Insurer Portfolio Manager (PI-PM)
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4.5. Numerical examples

Table 4.1.: Table of parameters
a 0.4077 | pg | 0.02 | v | 0.5
oF [0.0212 | g | 0.03 |z |1
o. |0.0457 | T |10 |q |0.95
osr | —0.015 | T | 12

3

2,
S
>

1,

2

Figure 4.1.: Terminal wealth for § = 0.1.

and Merton Portfolio Manager (M-PM), with their optimal terminal wealth de-
noted by X%, XPT and XM respectively. The upper limit of ES-PM’s risk §

is set to 0.1. Before we compare the performances of these managers let us
first separate H (T) into three regions: H (T) € (0, q;j] (i.e. good state),
1

H(T) € (qtl, q::l*} (i.e. intermediate state) and H (T) € (%, oo> (i.e.

Y1 Y1=Y2 Y1=Y2
bad state). In the good state M-PM outperforms both ES-PM and PI-PM. In
the intermediate state ES-PM behaves like PI-PM. In the bad state PI-PM out-
performs both ES-PM and M-PM, because PI-PM totally insures himself/herself
against any losses. In the same region ES-PM partially insures himself/herself
against losses and M-PM is totally exposed to all losses. If the value of ¢ is in-
creased, then the behavior of ES-PM tends to M-PM as it is shown in the Figure
4.2 when 0 is set to 0.2. If ¢ is decreased, then the behavior of ES-PM tends to
PI-PM.
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4. Portfolio optimization with a one-factor Vasicek model

3 ——
L B XPI
_XM

2L N

g | |

<
1k |
| | | | | | | |

Figure 4.2.: Terminal wealth for § = 0.2.

The profiles of the optimal terminal wealth in an incomplete market case look
similar to the complete market, since considering an incomplete market changes

the value of H (T') and the optimal terminal wealth are given as functions of
H(T).

Figures 4.3 - 4.8 depict the optimal trading strategies as functions of time ¢
in both complete and incomplete markets without risk constraint. ¢}, .., ¥5 co»
©% o and ¢p ., denote the optimal fractions of wealth invested in money market
account M, bond B, stock S and risky assets R (i.e., ¢% ., = 1 — ¢} ,) respec-
tively in the complete market case. @i ner 95 e and Pk ;. vefer to the optimal
fractions of wealth invested in M, S and R (i.e., 9% ., = 1 — @} ;,.) Tespectively
in an incomplete market case. In Figure 4.3 we set v = 0.7 and o5, = —0.25. We
can see that o} ., as well as g, . increase and ¢}, ., as well as ¢}, ;. decrease
as t increases. The increase and the decrease get sharper as ¢t tends to 1. This
figure illustrates that in a complete market money is borrowed from M and S,
and invested in B, whereas in an incomplete market the positions of an investor
in M and S are positive as it is clearly shown in Figure 4.4. If v = 0.7 and
osr = 0.25, Figure 4.5 reveals that B and S are more attractive than when og,
is negative, i.e., more money is taken from M and invested in B and S.

If v = =20 and o5, = —0.25, Figure 4.6 shows that ¢}, ., as well as ¢},
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w
()

DO
)

—
]

-10

Trading strategy ¢
()

-20

-30

*

— YM,co
1 QO*B,CO
- Spg,co
1 907\/[,1'710

*
SOS,inc

time ¢

Figure 4.3.: Optimal trading strategies for v = 0.7 and og, = —0.25.

1

5 0.8

)

2

5 06

204

5

%

H 0.2
0

*

N YMm Jinc
*

N SDS,inc

time ¢t

Figure 4.4.: Optimal trading strategies in an incomplete market for v = 0.7 and

OSr = —0.25.
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50 ”

40 | Mo
5 30| | ¥Be
>, 20 |- | (lO*S,co
%D SOM,inc
< 107 | — Sog,inc
% 0
2 o0 f
T -20) 1
H 30 a

40 | i

-50 \ \ \ \

0 2 4 6 8 10
time ¢t

Figure 4.5.: Optimal trading strategies for v = 0.7 and og, = 0.25.

increase and ¢} ., ¥5,., as well as g ;. decrease as t increases. The increase or
decrease of fractions of wealth get sharper as t tends to 7. We can see further that
©iine 18 always greater than ¢ ;... Moreover, the differences in the fractions
of wealth in both complete and incomplete market are smaller than for the case
of v = 0.7. For comparison of the fractions of wealth invested in risky assets in
the case of complete and incomplete market Figures 4.7 and 4.8 show ¢}, ., and
©Rine for v = 0.7 and og, = —0.25, and v = —20 and o5, = —0.25.
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Trading strategy ¢

1.2 .
— YM,co

Lr 1= QO*B,CO

0.8 |7 ¥5e0
’ - gp?\/[,inc

0.6 — PSinc

04

02F i

0.2 ! ! ! ! !

0 2 4 6 8 10

time ¢

Figure 4.6.: Optimal trading strategies for v = —20 and og, = —0.25.

Trading strategy ¢

*

(pR,CO
*
SOR,inc

25

20 |

15

10

time ¢

Figure 4.7.: Optimal trading strategies for v = 0.7 and og, = —0.25.
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- @ﬂi{,co
1.2 N
N (pR,znc
% L[
g
0.8} |
%
Q0 - |
A=
E 04|
00 2 4 6 8 10

time ¢

Figure 4.8.: Optimal trading strategies for v = —20 and og, = —0.25.
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5. Portfolio optimization with a
two-factor Vasi¢ek model

In this chapter we extend the results of the previous one-factor to the two-factor
Vasicek model. Recall that in the previous chapter we considered the interest
rates to be described by the one-factor Vasicek model. Before we go further, let us
first motivate two-factor models of interest rates by pointing out some drawbacks
of the one-factor models in general. In one-factor models, the interest rate r ()
is the principal coordinate with which the yield curve can be characterized and
which in turn characterizes bond prices. Recall from the previous chapter that
the Vasi¢ek model assumes the evolution of 7 (¢) to be given by the stochastic
differential equation

dr(t) =a(b—r(t))dt+ o.dW, ().
Then, the bond price at time ¢ € [0, 7] maturing at time T is given by
B(t,T)=exp{m (t,T)—n(t,T)r(t)}
and the continuously compounded spot rates are given by

t,T)—n(t,T)r(t)
T—1t

R, =™ —a(t,T)+b(t,T)r (1),

where n (t,T) is as given in the Remark 4.2 and
2

m(LT) = %/tT(n(u,T))zdu—ab/tTn(u,T)du.

Now, if we consider a payoff depending on the joint distribution of two such rates,
of different maturities (77 and T5), at time ¢ < T; < T5, then the correlation
between these two rates is computed as

Corr (R (t,Th), R (t,11))

=Corr(a(t,Ty)+b(t,TV)r(t),a(t,T2) +b(t,Tz)r (t)) = 1.
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5. Portfolio optimization with a two-factor Vasicek model

That means, in particular that even if T} < T (say Th =t + 1,75 = t + 30)
interest rates are perfectly correlated. Thus all bonds are perfectly correlated.
Therefore, a shock to the interest rate curve is transmitted equally and almost
rigidly through all the maturities. In the real world, interest rates are known to
exhibit some decorrelation. If correlations play a more relevant role, or if higher
precision is needed, we need to use multifactor short rate models.

Jamshidian and Zhu in [38] (table 1), in their empirical study using JPY, USD
and DEM as data, showed that, under the objective measure, the one-factor
model can explain from 67.7% to 75.8% of the total variations.The two-factor
model can explain from 83.9% to 91.2% of the total variations, whereas the
three-factor model can explain from 93% to 94.3%. Rebonato in [56] (table 3.2)
carried out a related study on the UK market and came up with more optimistic
results, that a one-factor model can explain 92.17% of the total variations and
a two-factor model already explains 99.10% of the total variations, whereas a
three-factor model explains 99.71% of the total variations.

What is done with one-factor or two-factor models can be extended to three or
more-factor models. But as the factors of the model are increased, the analytic
tractability of the model is usually much reduced. In this chapter we consider a
two-factor model: The two-factor Vasicek.

We will investigate in this chapter the portfolio optimization problem with
and without risk constraint in both a complete and an incomplete market in the
view of a two-factor Vasicek model of interest rate.

The complete financial market model

We assume that the uncertainty in the market is modeled by a complete prob-
ability space (Q,F,P). F denotes the augmented filtration generated by a 3-
dimensional standard Brownian motion

T_

WE () = (WE (), WE @) = (WF (1), W5 (£), WE (1)

under the probability measure P, with WF (¢) = (WY (t), W5 (t))T. The compo-
nents of W¥ (¢) are assumed to be independent.
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We consider an arbitrage free financial market where a money market account
M (a saving’s account), two bonds By and By, with the maturities 77 and T, re-
spectively, and a stock S are continuously traded over a fixed finite time-horizon
[0,T]. We assume that 71,7y > T and T} # Ts.

The price dynamics M (t) of the money market account at time ¢ € [0, 7] are
modeled by
dM (t) = M (t)r (t) dt, with M (0) =1, (5.1)

as in the previous chapters, which results into

M (t) = exp </Otr (s)ds) , (5.2)

and the discounting factor

B(T) = ]\]\j((,?) ~ exp (— /tTr(s)ds). (5.3)

As we have mentioned before, throughout this chapter we will consider the in-
terest rate r (t) in Equation (5.2) to be modeled by a two-factor Vasi¢ek model,
described by

r(t) =e + €Y (t) + eYa(t)

where €, €, and €, are constants, and Y] (t) and Y3 (f) are factors given by the
following system of SDEs

dY (t) = \(zﬁ’ (t) — b1 Y1 (t) — bi2Ya (t)) dt + o1 dWY (1)

J/

-~

—uP

dYs (t) = (V5 (t) — b Y1 (t) — boaYa (1)) dt + o2dW5 (1) .

J/

-~

—ut

bi1 bi2
B—
<521 bas
has strictly positive eigenvalues a; and ay to guarantee the mean-reversion of the
factors Y; (¢) and Y3 (¢).

We assume that the matrix

By Ito’s formula, the price processes B (t,T1) and B (t, T,) of the bonds B; and
By, maturing at time 77 and T5 respectively, evolve according to the following
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5. Portfolio optimization with a two-factor Vasicek model

SDEs (see [65])

dB (t, Tl) = B (t, T1> [MB (t, Tl) dt + 011 (t, Tl) dI/ViP> (t) + J12 (t, Tl) dWZIP (t)}
dB (t,Ty) = B (t,T5) [pon (t, 1) dt + 021 (t, To) AWy (t) + 092 (¢, To) dWy (t)]
(5.4)
where
1 (0B (t,T1) 0B (t,T1) 0B (t,T1)
H1B (t7TI) _B (t, Tl) I ot Ky 3Y1 Ko 61/2
L1 (020°B (t,Th) | 03B (1, Th)
B (t,T}) | 2 6Y12 2 6Y22 ’
—aB (ta TZ) PaB <t7 TZ) ]P’aB (ta T2>
t,T5) =
Hap (1, 12) B(t,T) | ot My, TR Ty,
L1 [RPB(LT)  3OB(T)
B (t, Ts) | 2 8Y12 2 8Y22 ’
. 01 0B (t, Tl) . 02 0B (t, Tl)
o (t,11) “BLT) ovi o2 (t,T1) = BT oY,
01 3B (t, Tg) (D) 8B (t, Tg)
T5) = T5) = .
o (6T =gy oy, don ) = 5as Ty,

Another asset we have in the market is a stock S. Its price process S (t) at
time ¢ € [0, 7] is assumed to be determined by

dS (t) = S (t) [pg (t) dt + o15dWY () + o25dWy (t) + osdWy (1)] - (5.5)

We refer to pf () as the drift of the stock under the probability measure P and
the constants o5, 095 and og as the volatility of the stock w.r.t. W{, W¥ and
WE, respectively. Recall from Assumption 2.2 that

g (8,Th) = flup + 1 (1)
pop (t,1s) = fiop + 1 (1)
pg (t) = fus +7(t),

with fi15, iop and fig considered to be constants. Note that fiyp, jiop may also
be allowed to depend on 17, T5.

Remark 5.1 Due to the assumption of the arbitrage free financial market and
Theorem 2.7 we know that M¢ # (). We shall characterize Q € M by its
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Radon-Nikodym derivative A (t) € L' (0, F,P) defined by

79 (t) = (2%) :exp{—%/ot

for some © (t) = (01 (t),0 (1), 04 (t)) ! solving

B = 0, (t) o1 (t,T1) +(§2( t) o (t,T4)
/123 él (t) 0921 (t Tg) + 02( )0'22 (t T) (56)
,l_Lg:él(t)O'lg—i-QQ( )025+95()

where 0y (t), 05 (t) and g (t) are interpreted as the market prices of risk due to
the factors Y1, Yo and the stock S, respectively.

N . . . T .
Note that © (t) = (91 (t),62(t),0s (t)) corresponds to Q € M. In the system

the Equations (5.6) we have three unknowns (6y, A, and fs) and three equations.
So the values of these unknowns exist and can be determined uniquely, if the

volatility matrix
t Tl) t Tl)

o (1, 12 (1,
o) = |on(tTo) on(tT) |
g18 028 gs

0
0

is non-singular, which implies we have one equivalent martingale measure Q with
respect to the probability measure P and that means we are in a complete market.

According to the Girsanov Theorem,

B @@ (t) WF (¢ +f0t§1 (s)
We) =Wl |=|Ws)+ fo 02 (s)
W (t) WE(t) +f0 fs (s) ds

are Brownian motions under the probability measure Q. The dynamics of the
interest rate factors Y; and Y5 under the measure Q are given by

Ay (1) = (in — biyYi (t) — biaYa (1)) dt + o dW2 (1)

dYs () = (7 — b Y1 (1) — basYa (£)) dt + ood Wi (1) and (5.7)
r(t) =é+ali(t)+aYs(t),
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5. Portfolio optimization with a two-factor Vasicek model

bir bio
ba1 a2
The strictly positive eigenvalues a; and ay of the matrix B assumed above guar-
antee the mean-reversion of the canonical factors r; (t) and 75 (¢) in Equation
(5.8) as well. The two-factor Vasicek model in its normal form (Equation (5.7))
seems to be over-parametrized. To avoid this over-parametrization, the model
(5.7) can be transformed to its canonical form (see for example [61]):

t)
)dt +dW2 (1) and (5.8)

where 1y, 5, €y, €1, €5 and matrix B = ( ) are considered to be constants.

dry (t) = —ayr (1) dt + dWE (
dry (t) = (—agry (t) — agrs (1)
r(t) = 8o + 6171 (t) + dara (1),

where a; > 0,a9; > 0,a9 > 0,9, 01 and o are constants and the process Wwo (1)
defined by

o (wEe\ wE@ - fbs)ds
We = | W | = (W5 O+ fyb:(9)ds
W () Wg (t) + fot Os (s)ds

is a Brownian motion under the equivalent martingale measure Q wr.t. the
probability measure PP, characterized by

79 (t) = (%) :exp{—%/ot

~ Thus, the price processes of the bonds By and B under the probability measure
Q are described by

o (s

/O "OT (s) aW* (s)} (5.9)

dB (t,T ” :
BTN (1) dt -+ 6y, (. T2) AR (8) + 615 (1. T) AWE (1) and

B (t,T1)

B(t. T, A :
BT o (1) it + o (1, o) W (0) + 6 (8, To) WE (1)

B <t7 T2)
where

1 S 5.10

on (t,1;) = Ca (51 - a2al2 2) (1- eial(TFt)) Y

. a2152 (e*C’«Z(Ti*t) _ e*al (Tift)) and
a9 (a1 — ag)

0
Gi2 (1, T;) = -2 (1 — e_‘”(Ti_t)) for i={1,2}.
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The price process of the stock under Q can be transformed to

ds (t) = S (t) [r (t) dt + G15dW2 (t) + Ga5dW (1) + G5dW 2 (t)] . (5.11)

The deflator H (T) for the cash flow paid at T is defined by

ooz,

:Xp

{ }exp{—%/OT o t)HZdt—/OT@T(t)dWP(t)}
{ ﬁ——/”@
= (60

QATéT@ynwww},
where O (¢ (t)).

As in Chapter 4 we wﬂl con81der a complete and an incomplete market setting.

(5.12)

e In the complete market setting (Sections 5.1, 5.2) we allow investment in
S, B1, By, M and thus, © is the unique solution of

fup =0y (t) 611 (6, T1) + 0 (t) 612 (¢, T1)
fiap = 01 () 621 (1, Ts) + Oz (t) 625 (1, T) (5.13)
fis = 0y (t) 15 + 0y (1) G5 + O () Gs.

e In the incomplete market setting (Sections 5.3, 5.4), we do not allow in-
vestment in By and thus, © will be a solution of

(5.14)

We begin with the complete market case and consider an investor or a portfolio
manager endowed with a positive initial wealth = at time ¢ = 0 for the investment
in the assets in the financial market. The fractions of wealth invested in By, By
and S at time ¢ € [0, T are denoted by the vector ¢, (£) = (¢1 (), P2 (), os (1)
whose first component is for By, second for Bs and the third for S. Accord-
ing to Assumption 2.3, the fraction of wealth ¢y, (¢) invested in M is given by
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5. Portfolio optimization with a two-factor Vasicek model

(1 — ()T ]].3). The wealth process of an investor at time ¢ € [0, 7], denoted
by X. (t), under the probability measure Q, is governed by the following SDE:

dX, (t) = dX™M (t) + dXP' (t) + dX P2 (t) + dX° (t)
— (1= ® 1) X () r (1)t
X (1)@ (8) (7 (8) dt + 611 dWE (1) + G12d W (1))
X (8) @ (8) (7 (8) dt + 62 dWE (1) + G0d WS (1))

X, () $s (1) (7« (t) dt + 615dWE (1) + G25dW2 (t) + 65dW (t))
( A

(@5 () G1s + @1 (£) 61y + P (£) 621) AW (1)

(@s (t) Gas + @1 (t) 612 + s (1) 622) AW (1) ,

(5.15)
where XM (t), X P (t), XP2 (t) and X (t) refer to the amount of wealth in the
money market account M, bonds B; and By, and the stock S, respectively. By
applying Ito’s rule to the process 3 (t) X, (t) we get

d(ﬁ(t)XC(t)):X (t) B(1) (Ps (1) G1s + @1 (£) 611 + Bo () 6o1) AW (}5)
Xo (1) B(t) (ps (t) Gas + @1 () 612 + P2 () 622) AW (1)

)
X (8) B (t) ¢s (1) 65dWE (1)

and thus

B(T) X (T) =

X, () B(t) (@s () 615 + @1 () 611 + s (1) 51) AW (1)

X, (1) B(1) (s (£) 6as + @1 (1) 12 + B (£) 622) AW (1)

+ + +
S— S— o— X
3 3 5]
o

X, (1) B(t) ps (1) 55dWE (1) .
(5.16)
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5.1. Optimization without risk constraints in a complete market

5.1. Optimization without risk constraints in a
complete market

In this section we investigate the portfolio optimization problem without risk
constraints in a complete market, as studied in section 4.1, but under the two-
factor Vasicek model. The dynamic and static optimization problems in these
settings are stated as in Section 4.1 and we will consider the assumptions and
definitions made therein.

The Dynamic portfolio optimization problem is restated as

g & (Ze0)

pEA(T) 0
2 dQ ‘
st. EX[B(T)X.(T)|=E |5(T) P X.(T)| <z (budget constraint),
T
R X (5.17)
with Q given by © as in (5.13).
Static optimization problem:
X, (T))"
el
X.(T)eB(x) 0 (518)
J .
s.t. E Q =z,

where

B(z) = {Xc (T) > 0| Xc(T) Fr-measurable, E {@

- oo}
Proposition 5.2 The solution to the static optimization problem (5.18) is given

by )
X2 (7) = (w (1) (jj%) ) , (519)
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5. Portfolio optimization with a two-factor Vasicek model

with y* obtained through

Proof: The proof is as of Theorem 3.2 since the optimal terminal wealth is given
as a function of deflator. We only have to replace H (T') by H (T') = §(T) (%) :

T
O

Before we state a theorem that gives a trading strategy which replicates the
optimal terminal wealth X} (T"), let us first find a more tractable representation

of fOTr(t) dt. Let
A= (a1 0) AT = <d11 C~L12) W (1) = WlQ (1)
az az)’ A9y Go2)’ " WQQ (1)
R(t) = (rl (t)) , 0= (§1> and P (t) = R(t) e, for s > t fixed.

Using Ito’s lemma and (5.8) on P (¢) we obtain

AP (t) = (AR (1) 9 + AR (1) dt
_ pAls) <_ AR (1) + dw;@> + AR (1) dt
_ €A(t_s)dW7£@
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5.1. Optimization without risk constraints in a complete market

Thus,

/OTR (t)dt = /OT R(0) e Adt + /OT AN (1= e—A(T_u)) dW;@ ().

We transform A to its Jordan canonical form by choosing a non-singular matrix

P .= (pn P12) with its inverse denoted by P~1 := <Z?11 P12} guch that
P21 D22 P21 D22
A O

— plAp —
J:=P AP_(k: o

) . It follows that A= PJP!,

and consequently
= Pe’P.

If Ay # Ao, then the columns of P are eigenvectors of A and & = 0. If \; = )\,
then k£ might be zero, but it can also happen that k& # 0, in which case P might
be chosen so that k = 1. We consider A\; # Ay and define

e Mt 0
A(t) = ( O €—>\2t> .

T T .
/ Pe 'P7IR(0)dt + / AT = e/ P~ aw 2 (t)
0

\
| |

_ /T PA(t (0)dt+/T AT (I = PA(T = t) P1)dW 2 (¢).
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5. Portfolio optimization with a two-factor Vasicek model

Finally, we obtain

/oTr(t)dt B /OT 50‘“*/T §TPA(T —t) P R (0)dt

0

T

i /T §TA™ (I — PA(T —t) P~)dW2 (1)

T T
:/ 5Odt+/ §TPA(T —t) P7'R(0)dt
0 0 (5.20)

i /T STA (I — PA(T —t) P~ dWFE (t)

where 6, () = (93 (tg) and WP — (%ﬁ)

0, (t
e I N VI
where
fi1 (6, T) =a11 — (@11p11Pa1 + G12p21D11) e~ M(T—t)
— (G11p11Pa1 + G1opaapar) e 2T,
fi2 (6, T) =a12 — (an1puibrz + Gr2p21P12) e M(T—)
— (G11p12P22 + A12P21D22) e—/\2(T—t)7
for (t,T) =gy — (@pupi + daoparprr) e MY
— (Gp1p12Por + Ggoprapar) e 2T Y,
Jo2 (£, T) =a92 — (G21p11D12 + G22P21P12) e~ M(T=1)
— (A1 p1aPaz + GgoparPaz) €2 TY.
Note that

WF(t) =0T PA(T —t) PP R(0) + 0T A~ (I — PA(T —t) P71) 6, (¢)

does not depend on 6, since fOT r(t)dt is considered under P.

Representation problem
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5.1. Optimization without risk constraints in a complete market

Theorem 5.3 Suppose all the conditions of Proposition 5.2 are satisfied and we
consider the equivalent martingale measure Q. Then:

(a) The time-t € [0,T] optimal wealth is given by
Xe(t) = ()7 (B ()7 ers () Ve,
Here,
N d@
H@) =800 =
(t) =B (1) ( dP) :
5 T
MH(t,T):/ ((504—# H@ >ds,
t

VE(1,T) = /ST [((ﬁAl (I—PA(T —s)P") +06] (s))2 ! (5)] ds.

(b) The portfolio process at any time t € [0,T] that replicates the terminal
wealth X7 (t) is given by @7 (1) = (2] (£), 05 (), 05 (1)) where

)

(3'22 (t T2> (’yFl (t T) +01( ) &15?5 (t)> ,

C(1-9)G T, T) s
F oy 51505 (1)
sz(t)_(l— O'zltTQ (PYFltT_'_el() %)
0'11 (t Tl) ~ é (t) 5'2
R TTo A G R s S)
o1 (8, T)) Gao (8, Th) 61505 (1)
(1) om (t.T3) G (. 0. T) <7F1 (6T +6: (1) - =5 >
N 10 n
#5 (f) = T—as ™
eh () =1—5 () 1s,
(5.22)
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5. Portfolio optimization with a two-factor Vasicek model

where
Fy(t,T):=0fuut,T)+ afn (t,T)
Fy (t,T) :=01f12 (£, T) 4 02 fo0 (t,T)
G (t, 11, Ty) = 612 (t, Th) 621 (t, 1) — oo (t, 1) 611 (¢, T1) .
Proof:

(a) As proved in Theorem 4.25 part (i), with (H (¢)) o 7 replaced by <I:[ (t))

A~

since <H (t)
process.

) o is also a lognormally distributed, martingale and Markov
te0,T

(b) Using the same argument as for the proof of Theorem 4.25 part (iii) it
can be observed that (r(t),6; (t),60:(t),0s(t),)" € (D)*. This implies
from Lemma A.5 that H (T) X (T) € Dy ;. Now we can apply the Clark-
Ocone formula under change of measure (Theorem A.7) to the process
p(T) Xz (T):

B(T)X:(T) =E®[3(T) X; (T)]

+ / ) X2 (1)) | F ()] dw® (1)

0

/OTE [ T) X* (T /D@T()dw@()m()]dvv@()
(5.23)
Moreover,

/ " go {5 (T) X* (T) / DO () W () | .F(t)] AW (1) =0 (5.24)

because © (u) is deterministic, and the Malliavin derivative of a determin-
istic function is zero.

The product rule of Malliavin calculus and Proposition 5.2 yield

Dy (B(T) XZ (1))
= X, (T )Dtﬁ )+ B(T) DtX*< )
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5.1. Optimization without risk constraints in a complete market

Using the chain rule of Malliavin calculus on 5 (7") and the last equality of
Equation (5.20) gives

th(T)):—ﬁ(T)Dt/O r (u)du = —B(T /Dtr
— B(T)6TA (I~ PA(T —1) PV,

since 6" A7 (I — PA(T —t) P7!) is deterministic.
We apply again the chain and product rule to

(v5(1) (%), )" and obtain

oforn(8)) - on(8)
o[ rwran= [ ol f[[omartw)
i n(®))

(5TA—1 (I—PA(T—t)P ) es+67 (t)) ,

(5.26)

where e = <(1) (1) 8) . Inserting Equations (5.27) and (5.26) into Equation
(5.25) gives
Dy (8(T) XZ(T))

_ (T sTa-1(7_ _ -1 LA
_(1_75/1 (I-PA(T—-t)P )e3+1_7@ (t))x

5(1) (w (1) (%) )

Plugging Equations (5.28) and (5.24) into Equation (5.23) results in

(5.28)

B(T) X; (T) =E%[B(T) X (T)] +

: * )\
E [5 (T) (y B(T) (@) | F ()

(5.29)

AW (2).
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5. Portfolio optimization with a two-factor Vasicek model

From Corollary 2.9 in [40] we have that

B8 X2 (1) =E® |5(T) (y*B(T) (%) ) [F®).  (530)

Using Equations (5.30) and (5.29), the process (7)) X*(T) can be ex-
pressed as

B(T) X; (T) = EX[B(T) X (T)] +

/OT (Lf A= AT ) P e 0T <t>) 51 X; (1) W (1),

[
(5.31)
By using the value of A™' (I — PA(T —t) P7') in (5.21) and comparing
the expressions of 5 (7') X (T') in (5.31) and (5.16),follows the results.

5.2. Optimization with bounded expected shortfall
risk in a complete market

We will study in this section the portfolio optimization problem in the presence
of a bounded risk constraint in a complete market setting as discussed in Section
4.2, but we will consider the two-factor Vasicek model rather than one-factor
Vasicek used in Chapter 4.

The dynamic and static optimization problems in this setting look like those of
Section 4.2 or Section 3.2, since these optimization problems depend partially on
the deflator H (T"), but not on its structure and changing the model of interest
rates, modifies the structure of the deflator H (7). Let us consider the assump-
tions made in Section 4.2 and recall below the dynamic and static optimization
problems.
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5.2. Optimization with bounded expected shortfall risk in a complete market

The dynamic optimization problem:
X. (1))
s B [0
peA(z) g
s.t. E2[B(T) X, (T)] <z (budget constraint)
E2 [5(T) (X (T) —q) ] <6 (risk constraint),

(5.32)

with A (z) as defined in (2.10).

The static optimization problem:
g
max [ {—<XC (7)) ]
X (T)eB(z) y
st. EQ[B(T) X (T)] <z
E° [B(T)(X(T) —q) ] <6,

(5.33)

B (z) is as defined in (2.12).

The static portfolio insurer problem:
X, (1))
max E {Q]
X (T)eB(zx) ¥

s.t. E9 BT X ()] <z
X (T)zq

(5.34)

~—

The optimal terminal wealth for the problems (5.33) and (5.34) are of the same
form as in Theorem 4.5 and Theorem 3.5 for the same reason mentioned above,
that the change of interest rate model, modifies the structure of the deflator
H (T) and the optimal terminal wealth X* depends on the outcome of H (T'),
but not on its structure. We restate below a proposition that characterizes the
solutions of the problems (5.33) and (5.34).

Proposition 5.4 Let q be a fived benchmark and x an initial wealth of an in-
vestor. (i) If § € (8,9), then the solution of the problem (5.33) is given by

XN(T)=f (zﬁw;ﬁ@) , (5.35)
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5. Portfolio optimization with a two-factor Vasicek model

where

. d0 7T
T

- * % M) _ d(@ q’Y_I
c eyl ! dQ ¢!

(
¢ = (y1.05,Q) = {WT) (%)T g yftlyz} |

such that yi,ys € (0,00) solve the following system of equations

B(T) (%) f(yhy%@) =
T

E

B(T) (%) (f (yl,yz,@ —q>_ = .

E

(i1) If § = 0, i.e in the case of portfolio insurer problem, then the solution to the
problem (5.34) is given by

XPHT) = £ (471.Q).
f (yPI,Q> = (ypfﬂ (T) (%) > 7 1 4pr + qlger, (537)
T
N d@ v—1
APT — API <yP17@> — {ﬁ(T) (dTP’)T < quI } and

g dQ
ST < B(T) (dTP)T} ,

where
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5.2. Optimization with bounded expected shortfall risk in a complete market

Representation problem:
The following theorem gives the trading strategies that generate the optimal
terminal wealth X? (T) and X! (T) in Proposition 5.4.

Theorem 5.5 Suppose all conditions of Proposition 5.4 are satisfied and we
consider the equivalent martingale measure Q. Then:

(a) The time-t € [0, T) optimal wealth X? (t) and X' (t) are given by

i) (f 0) e o (0 )
+€7MH(tT)+% (t,T) (CD (d5()) Cb(dg(t)))

1

i — )7 (H () e VIO s (] (1)

and

XPI (t)
=y ()" M DS () VI g (P (1))
X efMH(t,T)+%Vﬁ(t,T) « d (dgl (t))

)
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5. Portfolio optimization with a two-factor Vasicek model

where
In (-Z—) + M7 (t,T) .
dc{ (t) — <y1H(t)) + - Y VHa (t,T),
VH(t,T) 7
In(-22) + MA@, T .
dy (t) = — <y1H(t)>A +/VH(t,T),
VE(t,T)
1n< A > + M (t,T)
4 (t) = — (vi-43) 0 +\/VE(t,T)
3 - I )
VHE(t,T)
In *qtl >—|—MH t,T
d5 (t) _ <(y1 —yg)H(t) ( ) B ry VH (t T)
! it 1—vy o
VH(t,T)
In (—£=) + M (t,T) .
4’ (1) = <y’”H“)>A + VR @),
VA (1, T) -
In (L) + M2 (t,T) .
dy' () = - <yPIH(t)>A +\/VE (£, T).
VH(t,T)

Thereby H (t), M™ (t,T) and VZ (t,T) are as given in Theorem 5.3 and
O (-) is the standard normal probability distribution function.

(b) The portfolio processes at any time t € [0,T] which replicate the optimal
terminal wealth X? (t) and X! (t) are given by

G (t) = (& (1), 5 (), % (1) and
ol (t) = (Wfl (t), ph (1), oLt (t))T respectively,

where
o] (1) = (=02 (YR (1) + 61 (1)) + 6 (7B (1T) + 02 (1) ) R (4, T T3, T)
+ 05 (t) (592015 — G dag) (NS (¢, T, T1, Ty) + 1S (t, T, T1, Ty))
+ <622 (él () — F (4, T)> — bm (e} (1) — Fy (t, T))) BT, T, Ty)
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5.2. Optimization with bounded expected shortfall risk in a complete market

- ('VFl (t,T) + 0, (t)> NS (¢, T, T, Ty) — <é2 (t) + > (757T)> ny (t, T, Ty, Ty)

+ (&22 (fyFl (t,T) + 6, (t)) _ b (’ng (t,T) + s (t))) T2\ (4,7, Ty, )

022

0
- Er) e (522015 — G1625) (R (¢, T, 10, To) + 1S (¢, T, T1,T>))
22
= 22 (o (0 () + Fy (17)) + 6 (82(8) = B2 (17)) ) B (6, T. T3, T3)
22
59505 (t
L2050 (a0, 1y T T),
22
Os (t
90?9 (t) — %5022 (N6 (t T Tl,TQ) + h (t T T17T2))
e (8) = 1= 2 ()" 1,
o1l (t) =

(—&22 (fyFl (t,T) + 6, (t)) + 6 <7F2 (t,T) + b, (t))) NPT (LT, Ty, T)

+ 05 () (622615 — G dag) (RYT (¢, T, Ty, To) + 1S (1, T, Ty, T))

+ (&22 (él (t) — F (¢, T)) - (@ (t) — Fy (t, T))) W4, T, T, )
! (t) =
— (VB (L) + 00 (1) NET (47,10, T) = (8 (1) + P (1,
+ (6 (VR (1) + 80 (1) = 6t (7B (1) + B3 ¢ ))
GLE

092

=782 (50, (0 (1) + By (1T)) + 61 (B0 ) = P (0,7)) ) A (0,7, 73, T3)

022

)) KL (4, T, T, T)

ERPL (4T, Ty, Ty)

(622615 — G21625) (R{ (¢, T, 11, T») + " (¢, T, T1, T3))

4 03050 (i 7y ) 4 0,7 T T)

092

fs ()&
9051 (t) = %322 (Ngl (t7 Ta Tla TQ) + h§I (t7 T7 Tla TQ)) )

ont (1) =1—=@" (1) L.
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5. Portfolio optimization with a two-factor Vasicek model

Where,

N (¢, T, Ty, T) =

1

(1 - ’Y) (&22611 - &12&21)’

h({ (t, T, Tla TQ) =
ge M EDHVICT) o (& (d (1)) — @ (d5 (1))

NS (¢, T, 11, Ty) =

(1 —7) X2 (t) (622011 — 012091) ’
1

(1—7)022’

B (t, T, Ty, Ty) :=

ge M EDHVICT) o (& (d (1)) — @ (dS (1))
)

022

(1= X2(t

NPL (. T Ty, Ty) == — .
v L1 (1 — ) (622011 — G12021)

_ A 1y/H
R U 0)

RPL (4, T, Ty, Ty) = _ 7
v LT2) (1 =) XPL(t) (622611 — G12021)
1

N (4, T T, Ty) = —

2 ( ! 2) ( )022011

qe —MH T+ 1VH(tT)cI) (dPI( ))
(1_ )Xf]()am ’

and Fy (t,T) and F5 (t,T) as in (5.22).

RET (¢, T, Ty, Ts) =

Proof:

(a) See the proof of Theorem 4.6 part (a) and Theorem 5.3 part (a).

(b) We will prove only the case of ¢ (t), i.e., § € (0,0). For the optimal
portfolio insurer trading strategy o7 (t), i.e. in case § = 4, it is proved
analogously. We use the same idea used to prove Theorem 4.6 part (b) and
Theorem 5.3 part (b). Note that H (T') X? (T) € Dy, from the proof of
Theorem 5.3 part (b) and Proposition A.9. Therefore, we can apply The-
orem A.7 to B(T) X?(T). The Clark-Ocone representation under change
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5.2. Optimization with bounded expected shortfall risk in a complete market

of measure of 3 (T) X? (T) reads as
B(T)X(T) = EC [5(T) X (T)]

4 / ES (D, (5(T) X2 (T)) | F (t)] dW (1)

- /OT Dy [ﬁ myxi [ D6 (e | J-"(t)] W ().

(5.38)
The third term in (5.38) is equal to zero since O (u) is a deterministic

function, as we have seen in the proof of Theorem 5.3. In Proposition 5.4,
for the case of § € (Q , 5), the optimal terminal wealth is given by

X <T>=<ym (1) (%) ) Latals
T

+ (@r—yswm (fl%) ) 1.

Thus,

() (w; ~4) B(T) (fl%) ) 1.

In the following we use Proposition A.9 to compute the Malliavin derivative

of B(T) X2 (T):

1

Dy (8(1) X2 (1)) = Di | 5(T) (mm (ﬁ%) ) L,

1

+Di(3(T)qls) + Dy | B(T) (@r—ysmm (%) ) 1

(5.39)
We compute first the Malliavin derivative of the first term of (5.39) by

using the same idea as in the proof of Theorem 5.3. In particular, from

105



5. Portfolio optimization with a two-factor Vasicek model

Equation (5.28) we get

D, (5 (7) (yi‘ﬁ (1) (%) ) m) -

ﬁ (75TA_1 (I-PAT—t)P")es+6O7 (t)> X (5.40)

5(1) (y*ﬁ (1) (ﬁ%) ) L

es as given in (5.27). The second and the third term of Equation (5.39)
are calculated analogously.
Thus,

D, (8(T) X (T))
:ﬁ <76TA‘1 (I—PA(T—t)P ) es+67 (t)) X

5(1) (gm (1) (fl%) ) 1,
4 (5.41)

—§TATT(I-=PANT-t)P ") B(T)qlp

1 T 4-1 —1 AT
—i-E(’y(S AN (I=PA(T—1)P V) es+6 (t))x

5(1) <<yr ) B(T) (fl%) ) 1.

After some re-arrangements of Equation (5.41) we obtain

Dy (B(T) X2(T)) =
ﬁ (fyéTAfl (I—PA(T —t)P V) es+ oer (t)> B(T) X2 (T) (5.42)
1

~ i (AT I AT =) P e 107 (1) 5 (T) gl
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5.2. Optimization with bounded expected shortfall risk in a complete market

Therefore,

B(T)X2(T) = E2 [8(T) X2 (T)]

c
T

0 ﬁ (7514—1 (I-PA(T—t)P ) es+07 (t)) x
B2 [8(1) X2 (T) | F (1)] dV° (1) (543)

_ /OT ﬁ (514*1 (I-PA(T—t)P')es+07 (t>> x
EC[B(T)qlp | F ()] dWe ().

We compare (5.43) and (5.16), and we obtain Equations (5.44), (5.45) and
(5.46) below, which we have to solve simultaneously for ¢ (), () and

s (1)
g (t)Xf (t) (90(55* (t) o1s + 3 (t) o1 + ‘Pg (t) &21)
= (RET TR @)E BMXIDIFO]

o (RT) 16 (0) B B(T) g | F (1),

BOXE (1) (9 (1) das + & (6) 12 + 25 (1) 622)
= (RED+RO) B BOXIDIFO]

(BT 16 () B2 [B(T) g | F (1),

B(1) X2 (1) (1) 65 = 0s (B [5(T) (X2 (T) + qls) | F (D] (5.46)
Solving Equation (5.46) for ¢% (t) we get

Os (t) 6
0% (1) = %522 (NS (¢, T, Ty, To) + 1S (¢, T, 11, T»)) - (5.47)

Substituting (5.47) in (5.45) and (5.44), and solving them simultaneously
for ¢ (t) and 3 (t) gives the result.

O
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5. Portfolio optimization with a two-factor Vasicek model

5.3. Optimization without risk constraint in an
incomplete market

In the previous sections of this chapter we have studied the portfolio optimiza-
tion problem in a complete market, but as we have mentioned in Chapter 4 a
market might as well be incomplete. Now, we turn to the world of an incomplete
market in this and the next section of this chapter. The aim of this section is to
analyze portfolio optimization problem without risk constraints in an incomplete
market when the interest rates are described by the two-factor Vasicek model.

We consider a financial market composed of a money market account M, a
bond B; and a stock S, whose dynamics under the probability measure P are
described by (5.1), (5.4) and (5.5), respectively:

dM (t) = ( ) (t) di
dB (t,Ty) = B (t,TY) [MB t,Th)dt + on (8, T0) dWY (t) + oua (¢, Th) dWY (1)]
dS (t) = S (t) [us (t) dt + o15dWY (t) + oo5dWy (t) + osdW (1)] -
(5.48)
Note that from Definition 2.9 we are in an incomplete market.

Remark 5.6 At this financial market (composed of M, By and S), as in (5.14),

we have ) .
fup =01 (t) 011 (8, Th) + 02 (t) 612 (¢, T1)

T T A (5.49)
= ‘91 (t) o15 + @2 (t) 025 + 05 (t) og.

A A A A T A
A vector O (t) = (01 (t),05(t),0s (t)) correspond to Q € M¢. In the system

of Equations (5.49) we have three unknowns (6; (t), 6 (t) and s (t)) and two
equations. So, the values of these unknowns cannot be determined uniquely,

which means the set M¢® is composed of infinitely many elements. Q e Me will
be characterized by its Radon-Nikodym derivative Z© (t) € L' (Q, F,P) defined

by
78 (1) = (%) :exp{—%/ot /OtéT (u)dWP(u)}.

Note that the differences between Section 5.1 and this section are:

ol
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5.3. Optimization without risk constraint in an incomplete market

e In Section 5.1 we considered a financial market composed of the assets M,
B4, By and S while in this section we consider a market with assets M, B;
and S.

e In Section 5.1 M°* is singleton, whereas in this section M*® is made up of
infinitely many elements.

These differences are severe, since we now have to deal with an incomplete mar-
ket and to find an optimal ©* by the dual problem. This should serve as an
example how incomplete market may be modeled and solved. Now O is a solu-
tion of (5.49).

We consider again an investor endowed with initial wealth x > 0 for the
investment. We denote the fractions of wealth invested in the assets at time
t € [0,7] in the market by the vector pime (t) = (par (t),¢1 (1), 05 ()", with
o (t), p1(t) and g (t) corresponding to M, By and S, respectively.

The wealth process of an investor at time ¢ € [0, 7], denoted by Xi,. (t), under
the probability measure Q € M°® (using Equations (5.1), (5.10) and (5.11))
follows the SDE:

AXine (t) = dXM (1) + dX P () + dX5 (1)
=1 =1 (t) = s (t) Xine (t) r (t) dt
F Xone (8) 1 (1) <7~ () dt + 61,dWE (1) + 612d W2 (t))
4 Xine (1) 05 (1) (1 () dt + 615dWE () + G25dW2 (t) + G5dWE (t))

X (1) (95 (1) 15 + 01 (1) 60) AW (1)
+ Xine (t) (s (1) 625 + @1 (1) G12) AW (1)
+ Xine (1) [7” (£)dt + s (£) GsdWE (1)

(5.50)
where XM (¢), XB1 (t) and X7 (t) are as given in (5.15). By applying Ito’s rule
on the process 3 (t) Xin. (t) we get

45 8) Xine () = Xine () (1) (o5 (6) s + 1 (6 0) W (1)
+ Xine () B(8) (95 (1) Gas + 1 (1) 612) AW (2)
+ Xine (1) B (1) 5 (1) 65dWE (1)
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5. Portfolio optimization with a two-factor Vasicek model

and thus
T )
(1) X (1) = Xine O+ [ X (05 (2) (s () s+ 01 (9 30) AW 1)
0
T .
b [ K0 (0) (05 (1) s + 1 1) 12) AW 1)
0
T .
+ [ X018 (005 (055078 (1),
0
(5.51)
The aim of an investor is to choose a portfolio process from A (z) which max-
imizes the expected utility of his/her terminal wealth Xj,. (7). The dynamic
and the static optimization problems are constructed as in the case of a com-

plete market (see (5.17) and (5.18)), with X, (7") in (5.17) and (5.18) replaced
by Xinc (T)

Before we state a proposition that gives the optimal terminal wealth, let us
first recall the primal and dual problem for the terminal wealth Xj,. (T').

Primal problem:

G <y,@) ‘= max - L (y,@,ch (T)) for y >0 and Q e M-,

Xinc (T) EE

where L is the Lagrangian function defined by

L (y Q, Xine (T)) —FE

M —yp(T) <@> Kine (T) +ya

and constructed as in (4.57).

Dual problem:

& (Xpne (7)) := min L(y,(@,XmC(T)> for Xine(T) €B(z). (5.53)
y>0,QeMe

For a given @ € M, the solution to the primal problem (5.3) is similar to the
case of complete market and it is restated in the following proposition.
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5.3. Optimization without risk constraint in an incomplete market

Proposition 5.7 For Q € M, the solution to the primal problem (5.3) is given
by Xine (T) = fine (y*, Q), where

1

fone (v,Q) = (y*ﬁ (1) (fl%) ) (5.54)

thereby y* > 0 is obtained through

(y*)>T

(5.55)

If we plug the value of X7 . (7T') in (5.52), after some rearrangements, we get

1—

L (y*,@> E {TV (finc (y",@))v + ya;} : (5.56)

We have now all the ingredients to state a theorem that gives a solution to the
dual problem (5.53) for X7 . (7) and y* from Proposition 5.7.

wmc

Theorem 5.8 Fory* and X},.(T) as given in Proposition 5.7, the dual problem
(5.53) is equivalent to

O(t)=(01(),02(t),0s5(t)) v
(5.57)

since there is one to one correspondence between © and Q e M¢ together with
Remark 5.6. Then, the solution to the problem (5.57) is given by ©* (t) =
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5. Portfolio optimization with a two-factor Vasicek model

(0% (1), 05 (1), 05 ()" corresponding to Q* € M®, where

. fip 012 hy (1)
07 (t) = ~ + — ’
1(t) 11 011 ha (1)
. hy (1)
05 (t) = T (1) and
i 0151 5150 % hy (t
9; (t) _ & B a}slfm i (OAIS?H _ %) 1( ) with
O0s 05011 05011 hs (t)
b Oi12flip s [ 015012  Oas oi1siip (015012 Oag
1 () = = = |\ == = | T == — —
011 0s \ 05011 0gs 05011 05011 (OF

+7 <51f11 (t,T) 2 —O1f12 (8, T) 4 2 fo1 (t,T) ? — 02 fa2 (1, T)) and
o1 1

2 A 2
By (t)— 012 1+ 015012_g _
o11 05011 gs ( )
5.58

Hereby 61,09, f11 (£, 1), frz (t,T), for (£, T) and foo (t,T) are as given in (5.21).

Proof: We have

ﬁ(/jr(t)dwr%/j

:ﬁ{/oTéodt—i—/oTuP(t)dt—l—%/oT
V:Var[ljfy(/T (t)dt + = /H@

:ﬁ{/j{(fA‘l(I—PA(T—t)P‘l)+9T() + 0% (t }dt

O (t)

2dt+/0TéTdW“” (t)) ~N<M, \/V)

ow|’

Therefore,

B[22 (o (1,@)) 2]

1—n T M *o. . )
:T(y)w M3 +yx_.g@l(t),eg(t),ﬁs(t))-

(5.60)
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5.3. Optimization without risk constraint in an incomplete market

Thus, we minimize the function g under two constraints since the relations in
Equation (5.49) have to be fulfilled

on 9 (90 (.82 (1) .65 (1))
st 0y (t) 611 (8, T0) + 0y (1) () 612 (8, TY) = i (5.61)

01 (t) 615 + O (1) 625 + O (t) 65 = fig.

We reduce the problem (5.61) from minimizing in three dimensions to one di-

mension by expressing the two variables in terms of the remaining variable: we
set

0> (1) = A (1)
A fup G012\ (1)
= 0 A(t ,t = = - ~ )
1 (A (1), 1) - P (5.62)
és (A () 1) = /fs _ UAls/le + (U}Siﬁz . UA23> A1),
og 05011 05011 0s
and the function g in (5.60) can be described in terms of A as
g (V) = LDy MOV ey
g
where
T P 1 R 2
M= [ 12 [ o+ glene.of
o 1—
V(A=
T . 2
/ — {(514 (I—PA(T—t)P7)+0] (A1) ,t)) + 02 (A (1) ,t)} dt.
o (1=7) 5.6
Now the problem (5.61) is reduced to:
m}ng (A). (5.64)
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5. Portfolio optimization with a two-factor Vasicek model

i) For v € (0,1) ¢ is minimum, if M (\) + 1V ()\) is minimum.
g 2

AHM+%VQ%:

(fT%;{%+uﬂo+%Hé@u%@W+
%(117) <<5TA_ (1= PA(T —t)P7) +6/ (A(t),t))2+éfé (A(t),t))] dt
::/O fON(t),t)dt.

So, ¢ is minimum, if A (¢) minimizes f (A (¢),t) for all ¢ € [0, 7.

af <)‘7t) _ 7 AT a
= _1_7@ @ﬂ®m%ﬂ
T

+ 0s (M 1) Oy ()\,t)]

+

= 0.
(5.65)
where . )
~ 00, (\, 1) — g1z
Or, (AN t) = ——= = o |
ar (A1) B ( 1 )
) _on
A 00 (A, t) .
Oy (A1) i = ———~ = 1
)\( ’ ) OA 015012 O2s
(573&11 - E)
After some rearrangements we find that
hi (1)
A (t) = ) 5.66
0= (5.66)
Hereby
ha (1) = 571312213 _Bs (57}5?12 B %) L &Als,?lB (&}5?12 B @)
011 0s \ 05011 0s 05011 05011 gs

712 — 02 f22 (t, T))
011

+7 (51f11 ¢, T) Z—i —01fr2 (8, T) 4 02 for (¢, T)
(5.67)
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5.3. Optimization without risk constraint in an incomplete market

and

~ 2 ~ ~ ~ 2
ha (1) = (‘f”) +14 (M - %> . (5.68)

011 05011 os

A*(t) up to now is a candidate minimizer of f (A (t),t) for all t € [0, 7.

We now have to show that A* (¢) is a global minimizer of f (A (¢),t) for all

t € [0,T]. We use the second order condition, as we have done in Chapter
I ON))

4, i.e., we need to show that 5353~ > 0 at A* (¢) for all ¢ € [0, T].

Pf 1) S 012 2+1+ 015012 029 2
8)\2 1—’}/ 5’11 6’56’11 (3'5

n o (512)2+ 1+ (515612 _ @)2 (5.69)
(1—7)* | \ou 05011 0s

(i) For v € (—00,0) g is minimum, if M (A) + 3V (}) is maximum. We take
the same steps as for part (i) and we obtain A\*(¢), as given in (5.66),
as a candidate maximizer of f(A(¢),t). What is left, is to show that
% < 0 at X\*(¢t) for all t € [0,7], in order for A*(¢) to be a global
maximizer of f (A (¢),t). From (5.69) we have

*f (At 2 519\ 2 7150 5a5\
f(2 ) _ < v + v 2) (?12) 11 < A155712 - 0}5)
O\ L=y (1-7) o1 0s011  Os

Substituting the value of A\* back into Equations (5.62), we obtain the
result.

O

Representation problem:
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5. Portfolio optimization with a two-factor Vasicek model

Theorem 5.9 Suppose all the conditions of Theorem 5.8 are satisfied. Then:
(a) The time-t € [0,T] optimal wealth is given by
Xo (1) = ()7 (H ()7 e M D () V),

Thereby
. (p dQr
=505 )
) T T A
M (t,T):/t §0ds+/t ,up(s)ds—i—§/0 10 (s)||ds,

VI (t,T) = /T [(514*1 (I—PA(T—s)P7')+657 (s))

(b) The portfolio process at any time t € [0,T] that replicates X[, (t) is given
* * * * T
by Pinc (t) = (@M,inc (t) ) Sol,inc (t) ) SOS,'inc (t)) ’ where

1—7 012 012
. 1 0%(t 5.70
(pS,inc (t) = 1 SL )7 ( )
-7 Os

Y

@I,inc (t)

Hereby
Fy(t,T) =61fu1 (t,T) + 02fn (t,T),

F2 (t, T) = 51f12 (t, T) + (52]022 (t, T) .

Proof: After specifying Q* € M in Theorem 5.8, the same procedures as for
the case of a complete market are taken to prove this theorem (see the proof of
Theorem 5.3). Using Equation (5.31) and replacing X (T) and Q by X, (T)
and Q*, respectively, then § (T) X .(T) can be expressed as

A1) X5 (T)
YT 41 -1 —1 T X
+/O (ﬁa AN (I-PANT-t)P )e3+1_7@ (t))

B (1) Xie () AW ().

EY [3(T) X, (T)]

mc

S

(5.71)
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5.3. Optimization without risk constraint in an incomplete market

Comparing (5.71) with (5.51) we obtain

1 B(,T) o7 (1) s (1) 015 + 1 (1) 011
T Y F2 (t, T) + 9; (t) = ©Ys (t) 5‘25 + ®1 (t) 512 , (572)
! 0 0% (1) s (1) s
and thus
. 165 (1)
N0 ——
@S,mc( ) 1 — v O
and
. . 1 .
Ps,inc (1) 015 + 1 (1) 611 = R (vF (8, T) + 67 (1)) (5.73)
. . 1 .
Psinc (1) O25 + 1 (1) 12 = e (vE2 (6, T) + 05 (1)) - (5.74)

We can use either (5.73) or (5.74) to find ¢7 ;. (). Using (5.74) results in

1 7F2 (ta T) + 6‘3 (t) i Spg,inc (t) 6-25

’Y—l 012 012

@T,inc (t) =

Remark 5.10 If we use Equation (5.73) for the computation of ¢7,..(t), it
gives the same results.

Proof: From the Equation (5.73) we have

1 (’yFl (t7 T) + QT (t)) N QD*S,inc (t) 5-15

Line (1) = - - 5.75
Spl,znc( ) 1 — v 011 611 ( )
Using the values of ¢} ;. and ¢, from (5.70) we have to show that
L B (ET)+605(t) 1 05(t)0as
L= 012 . L= 65612* A (5.76)
L -~ o1 l—v dson
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5. Portfolio optimization with a two-factor Vasicek model

Plugging the values of 05 (), 05 (t) and 6% (¢) from (5.58) in (5.76) we get

1 (8, T) + A @) (FET) s | Gih(t)
012 012 ha (t) 011 65 ot ha ()

n ( O1s Oz (ﬁs B &15,1713)
0s 05011

05011 05012

O1s 025
e
05011 05012

N— "

05011 05012

1 612\ > 615012 Gas\ 7\ hi (¢
4 (A12> +1+<A15A12_Ais> 1 (1)
012 o11 05011 g ho (1)

- L [’y (F2 tT)— (Fy (t,7)) ‘f”) - ‘313’;‘13}

012 011 011

_ vFy (t,T) B (vFy (t,T)) _ 1B n ( 018 025 ) (@ _ O1sfliB

Os

1 612\ 615012 Gas\°\ hy (¢
b <A12) +1+(AISA12_ALS) 1 (1)
012 o011 05011 s ha (t)

=0.

The last equality holds from the definitions of F} and F3 in Theorem 5.3, h; and

hy in Theorem 5.8.

05011

n 1 (012015 _ 025) (ﬂs) e <<31251s _ U2S> O15M1B
012 05011 gs 0gs 012 05011 og 05011

)

5.4. Optimization with bounded expected shortfall

risk in an incomplete market

In this section we focus on the portfolio optimization problem in an incomplete
market with risk constraints in the two-factor Vasicek model of interest rates. We
will consider the market model studied in the previous section. In what follows,
we review the dynamic and the static optimization problems as given in Section
5.2, with the difference that M€ is not a singleton as in Section 5.2. It is rather

made up of infinitely many elements.
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5.4. Optimization with bounded expected shortfall risk in an incomplete market

The dynamic optimization problem:
Xinc T K
max E [M}
peA(z) v
s.t. E2[B(T) Xine (T)] <z (budget constraint)
E [B(T) (Xine (T) —q)"] <6 (risk constraint),

with A (z) as defined in (2.10) and Q € M°.

The static optimization problem:
, v
max [ {—(ch (7)) ]
XinC(T)GB(LB) ’y
s.t. EQ[B(T) Xine (T)] <
E® [B(T) (Xine (T) —q) "] <6,

(5.78)

B (z) is as defined in (2.12).

The static portfolio insurer problem:

‘ ¥
max E [—<ch (7)) ]
Xine(T)EB(2) 7y

s.t. B2 [B(T) Xipe (T)] <
Xine (T) > q.

(5.79)

The optimal wealth for problems (5.78) and (5.79) are as in Theorem 4.5,
Theorem 3.5, Proposition 4.12. We restate below a proposition that characterizes
the solutions of the problems (5.78) and (5.79) for a sake of revision.

Proposition 5.11 Let q be a fized benchmark, x an initial wealth of an investor
and Q € M°. (i) If § € (é, (5), then the solution of the problem (5.78) is given
by

X (T) = fine (y’f s, @) : (5.80)
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5. Portfolio optimization with a two-factor Vasicek model

where

Jine (?Jfa Ya, Q) = (yfﬁ (T) <C;%) )711 1a+4qlp
T
+ ((yi‘ —y3) B(T) <%) )M 1c,
T
A=A(y1.Q) = {m) (j%) < qy}
4 N
i3, Q) = {q;; <B(T) (%)T < yl‘ﬂ__lyz} . and

(
= (vi3.Q) = {MT) (fl%)T i Z/thlys}’

such that yi,ys € (0,00) solve the following system of equations

(5.81)

B(T) <Z%) Jine <y17y27@> =
T

E

B(T) (il%) <fmc <y1,y2,(@> - CJ)? =J.

E

(11) If § = 4, i.e in the case of the portfolio insurer problem, the solution to (5.79)
s given by

XEHT) = fue (v71,Q).

. dC 1
fine (fﬂ@) = <y”ﬁ (T) (%) ) Larr + qlger, (5.82)
T

R dQ -1
APT — API ((UPI,@) =< B(T) (%) < Z?} , and
T

where
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5.4. Optimization with bounded expected shortfall risk in an incomplete market

We use the same idea as in Section 4.4 to solve the dual problem below for the

optimal terminal wealth X? . (7T) as given in the Proposition 5.11, for the case

of XL (T) it is done analogously.

wmc

Dual problem:
@ (Xp, (1)) := min L(Q X5, (7)), (5.83)

where

5 v 8
L(@xtm) =5 | Tl >(f§> X4, (7)

. (fmc (yl,yz,@)) (ﬁ) )

s (1) (‘fl}%) (fine (v1:95.Q) —a) —yia —y;5]
T

’Y

o1 dQ
=E 5 (15( )<dIP>> ) 14

| U

—E

v Q
i q yqvﬂ()() .
v
(=D —n)Y, . — @) )7
ve |( - ) i~ ) (ﬁ(T> (@) »
+yf:1;+y§5.

Remark 5.12 5 (7)) < @>T s a log-normal random variable under P:

—m{ﬁ <%) }~N( H(0,,0,,6,) VH(el,ez,es))
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5. Portfolio optimization with a two-factor Vasicek model

where MH (91,92,93) = 1_—7]\/[ (01,92,95> and VH (91,92,65) = 1_77‘/(61,92,93)

~

with M (01,02,05) and V (01,02,05) as given in (5.59).

Therefore,
A 1-— o o 10 v \2
L(Q X0, (1)) = T (yp)77 em M HE Y )
Y
q

2 (@ (ds) — 8 (dy)) - yige MV (@ (ds) — @ (da))

N ((yi‘ (1-7) ; ys (1 + 7))) (5 — )77 M)V g (4)

+ yfx + y;é =L (‘91,02,05) ,

where

In (222) + mH —
dl = dl (yik791792705) = ( yi/% + 1 jf}/ VH’
v—1 H
qyf >+M
VVEH ’
In ( ¢ > + MH

Y1 —Y5

d3:d3 (y;y;?el?eQaeS) = \/ﬁ )

dy =dy (y7,6h,02,05) :=dy + VVH,
d5 = d5 (y;;y;791762705) = d3 -V VH?
In ( o ) +MH

Yi—us _ 0 JyH
VVEH 1—vy

ln<
dy = dy (3/;91792,95) =

(5.85)

d6 = d6 (yiay;glyeres) =

We state the following optimization problem with the relations (5.49) considered
as constraints.

min L (601,05, 05, X, (T))

(601,02,05) inc
s.t. 011 (t, Tl) 91 (t) + 019 (t, Tl) 02 (t) = ,alB (586>
0'1591 (t) + 0'2592 (t) + 0'505 (t) = ﬂs.

To solve the problem (5.86) we use the same procedure as used to prove Theorem
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5.4. Optimization with bounded expected shortfall risk in an incomplete market

5.8 by setting first
H1B o1z (t,T1) A (1)

=0, (\t) = o (LT1) T o 1) and (5.87)

ils o15iB 015012 (1, T1)  09s
O (N t) =25 — — = A(t).
s (A1) os ogon (t,Th) * (03011 (t,Th) os ®)

Then, problem (5.86) is reduced to
m}n L(\). (5.88)

As far as we know, the solution A\* to the problem (5.88) can be only found
numerically but can’t be calculated analytically. Then, we plug \* in Equation
(5.87) and obtain the solution of the problem (5.86). We summarize all together
in the following theorem.

Theorem 5.13 Consider the problem

min L (917 927 95’7 Xzénc (T))
©0=(01,02,05)

s.t. 011 (t,Tl) 61 (t) + 012 (t, Tl) 92 (t) = ,alB
0'1501 (t) + 0'2592 (t) + 0’595 (t) = ﬂs.
Then, the optimal solution is given by ©* (t) = (0% (t), 05 (t), 0% (1)), where
B o1z (t,T1)
07 (t) = — A,
(1) on (t, 1)  on(tTh)
05 (t) =X\ and
. fis O15H1B 015012 (t,Ty)  02s ) .
Og(t) = — — - + A"
5 () os  ogon (t,Th) (05011 (t,Th) og(t)

For the case of § = § and from Proposition 5.11, the Lagrangian function is
given by
(X"T)" e dQ
R e T (— | XP(T) -
Ly (s () X7 —e)

(=1 ( pr dQ T q’
T (y 6 (T) <E)T> ]lAPI + 7]13PI]

—yPE {5 (T) (dQ)T qlger — x] .

L(QX[N(T)) =E

wmc

=E

dP
(5.89)
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5. Portfolio optimization with a two-factor Vasicek model

Using Remark 5.12 we get

(@ Xlii( )) :1_77 (yPI)“f S — wMH+ ( 7)2VH*<I)(de)
q" o P PI_—MH+LVH & Pl (5.90)
+7<I>(d2)—y qe 2 @(d3),

where

n (Zor ) + MY (01,02,05)
VI (6,,0,,05) R
In (qW 1) + M

yP

dg)l - dQPI (yP1701a02795) = \/ﬁ )

~y—1
PI PI PI In (L{yPI > + MH
d3 :d3 (y 701a02795) = /_VH
(5.91)

We state the optimization problem, as (5.86), for the portfolio insurer problem
as follows

di" = di" (y"™, 01,02, 05) =

o

(93101;155 L (61,605,605, Xie (T))

s.t. 011 (t,Tl) 491 ( ) + 012 (t,Tl) 92 (t) = ,alB (592>
01561 (t) + 09505 (t) + o050y (t) = Ug.

To solve (5.92) we take the same steps as for the case of § € (8,0): set 65 (A, t) =
A(t) and express 0; and fg in terms of A\ and ¢ using the constraints in (5.92)
and then find the minimizer A7 of

LX) = L (61 (N),05(N),0s (X)) = L (61,065,605, X2 (1)) .

wmc

Like for the case of § € (4,8), AP! can be only found numerically but cannot be
calculated analytically. We denote the market price of risk and the probability
measure that correspond to A*! by ©77 and QP! € M¢, respectively.

Representation problem

Theorem 5.14 Suppose all conditions of the Proposition 5.11 are fulfilled and
we consider the probability measures Q* € M¢ and QP! € M®. Then:
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5.4. Optimization with bounded expected shortfall risk in an incomplete market

(a) The time-t € [0, T) optimal wealth X2, (t) and XEFL(t) are given by

mc mc

1nc()
() (1) e D (YA L g (g8 (1)
Lo -MET (D) +LVET (T (CID( ) ( ))

1 v 2 *
+ (g —y5) 7T (H (1) era M e () VIO L g (a3 (1)

and

XPL() = ()T (P (1) 7 e D () VD
PI 1 PI
) (de (t)) + 6—MH tT)+iVH " (,T) « ® (dgl (t)) :

where

=505 )

o =p0 (%)

M (t,T):/tTdoder/tT ()ds+1/ 1% (s)|%ds,
VHE (t,T)

— /tT [(514—1 (I—PA(T —s)PY) 46T ()" + (673 (S)} ds,

PI T T 1 r 2
M (t,T):/ 60ds—|—/ MP(S)d8+§/ H@PI(S)H ds,
t t 0

VI (4,7

B / T (OTAT (1 = PA(T =) P7) 0777 (5))" + (677) 5 (5) ds,
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5. Portfolio optimization with a two-factor Vasicek model

& (1) = In (g ) + M7 (1)
5 (1) =

v VE (T,
VI (,7) 1—v
In (qu—(t)) S+ ME(4,T)

ORE

VH (th) + \% % (taT)v

q"/—l H*
111 <(yf—y§)H*(t)> + M (ty T)

5 (t) = — +/VHE (1,T),

VE (1,7)
In <q—> + MH (t,T)
T—u3) H* (1) ’
& (1) = —— 1) _ Y TR,
VH* (t,T) =~
In (efrgs ) + MH™ (4,T)
ar(f) = —- 0 + VT,

VHE (4, T) L=~

~y—1

In p[q# + MHPI (t T)
y HPI() ’
dy' (t) = — ( VH>PI T +/VHT (L, T),

and ® (+) is the standard normal probability distribution function.

(b) The portfolio processes at any time t € [0,T] which replicate the optimal
terminal wealth X? . (t) and XL (t) are given by

wmc wmc

T
Spgnc (t) = (@?\/],inc (t) ) Spiinc (t) ) cpg',inc (t)) and
T

respectively, where
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5.4. Optimization with bounded expected shortfall risk in an incomplete market

ol () = 1 <7F1 (t,T) + 0 (t))-i- 1 <7F1 (t,T) + 0 (t))><

Y — 1 6’11 1-— Yy 6-11

qe—MH*(t,T)—&-%VH*(t T) (<I> (d5 (t)) _ P (dg (t)))
anc( )

¢5S,inc (t) o1s

T
1 0% (t 0
=75 (57) 52 <§r )

g DD (@ (1) - @ (80)),

anc (t)

()0(]5\4,1'710 (t) = (1 - 90(1§,mc (t) — SOS,mc (t>) )
(5.93)

At - L (BED IO L (GRED ),

o 1—7v o

ge= M @DV D) g (g2 (1))
XPI()
P8 ine (1) 015
- 6u
et = 7= (B1) + L (B9
L=~ \ o5 y—1\ o0s
ge M DV T g (2T (1))
XPI (Zf) )

Phtime ) = (L=l () — 05t (1)) .
(5.94)

Proof: After identifying Q* € M¢ and QP! € M¢ we take the same steps as
for the proof of Theorem 5.5 and obtain the results. 0
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5. Portfolio optimization with a two-factor Vasicek model

Table 5.1.: Table of parameters
g | 0.02 | o1 | —0.25 | 67 | 0.002 | ayp | O T |10
ﬂZB 0.03 0929 0.25 52 0.0109 a921 —0.0134 T1 12
iis | 0.05 | os [0.20 |aj|0.1086 | ay | 0.0942 | T |15

5.5. Numerical examples

We conclude this chapter with numerical examples. Table 5.1 shows the pa-
rameters considered. Figures 5.1 - 5.3 depict the optimal trading strategies as
functions of time ¢ without risk constraints in a complete market. ©7 .., 3 .,
DG cor P o A0A PR ., represent the optimal fractions of wealth invested in bond
By with maturity 7T}, bond By with maturity 75, stock S, money market account
M and risky assets R (i.e., 9k, = 1 — ¥} ,), respectively. In Figure 5.1, the
risk aversion parameter v is set to 0.7 and it can be seen that as the residual time
horizon (1" — t) reduces, ¢i ., and ¢k, increase, while ¢}, ., and ¢j ., decrease.
Figure 5.2 reveals that for v equal to —20 the differences in the optimal trad-
ing strategies reduce (in other words, the aggressiveness of an investor reduces)
compared to Figure 5.1 but their profiles remain similar. Figure 5.3 shows that
©5 o 18 NOL equal to zero.

Figures 5.4 and 5.5 display the optimal trading strategies as functions of time
t without risk constraints in an incomplete market for v = 0.7 and v = —20
respectively. ¢ ;.. ©5ines hrine a0d ©f 4, denote the optimal fraction of wealth
invested in bond B; with maturity 77, stock S, money market account M and
risky assets R (i.e., Pk ine = 1 — @hrine) Tespectively. Figure 5.4 as well as 5.5
illustrate that an investor in an incomplete market reduces his/her positions in
the risky assets and increases his/her position in M as the residual time horizon
reduces. If we compare an investor in a complete market with an investor in an
incomplete market by the amount of money invested in R, we find that the one
in a complete market is more aggressive than the one in an incomplete market.

128



5.5. Numerical examples
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time t

Figure 5.1.: Optimal trading strategies for v = 0.7 in a complete market.
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Figure 5.2.: Optimal trading strategies for v = —20 in a complete market.
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5. Portfolio optimization with a two-factor Vasicek model

15 "
_(pS,CO

9. 10 i
>
20
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E 0 ]
D0 |
=
z
H 51 i
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time ¢

Figure 5.3.: Optimal trading strategies for v = —20 in a complete market.
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Figure 5.4.: Optimal trading strategies for v = 0.7 in an incomplete market.

130



5.5. Numerical examples

- @T,inc
5 1 ()Of,i‘rm
S @Q/I,znc
Gb)o - (IDR,inc
ey |
=
—
47
o0
=
3
£
&

time ¢
Figure 5.5.: Optimal trading strategies for v = —20 in an incomplete market.
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6. Conclusion

We conclude this thesis by giving a summary of what we have done in this work
and provide an outlook.

6.1. Summary

We have investigated the expected utility maximization problem with limited
present expected short-fall (PESF) risk when the interest rates are considered to
follow a one-factor Vasicek term structure model in a complete market. We used
the martingale approach to solve this problem. We computed the optimal trading
strategies using Malliavin calculus. We studied further the same problem with
limited present expected short-fall risk constraint and without risk constraints in
the general case of an incomplete market. In particular we solved the dual prob-
lem explicitly for the optimization problem without risk constraints, i.e, Merton
portfolio optimization problem. We derived the trading strategies using Malli-
avin calculus as well. We provided numerical examples to compare the behavior
of the portfolio managers in both complete and incomplete financial markets.

We examined further the expected utility maximization problem without risk
constraints and with limited PESF risk when the interest rates are allowed to be
modeled by a two-factor Vasicek model. We solved the dual problem explicitly
for the Merton optimization problem. We obtained the optimal policies in all
cases using Malliavin calculus. We illustrated the behavior of portfolio managers
in a complete and an incomplete market using numerical examples.
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6. Conclusion

6.2. Outlook

In this work we considered PESF as a risk measure, which is in general not a
coherent risk measure. This work might be extended to considering coherent risk
measures, for example, conditional value at risk. We assumed the Lagrangian
multipliers to exist which solve the budget and risk constraints with equality
and we supposed deterministic market prices of risk in this thesis. Further work
might be to relax this restriction and allow stochastic market prices of risk.

The Vasicek model for interest rates has been criticized for permitting negative
interest rates, but it has turned out that in the presence of economic crisis interest
rates may be negative. When there is no economic crisis interest rates are always
positive and therefore the interest rates should be described by a model which
does not allow negative values, for example, the Cox-Ingersoll-Ross (CIR) model
whose dynamics are as given in (2.5):

dr(t) =a" (0" —r (1)) dt + op\/r (t)dW] (1),

for t € [0, 7], a®,b*, 0, > 0 and 2a"0F > o,. Let us consider a complete financial
market described in Chapter 4, i.e., with the money market account M, bond
B (maturing at 7' > T') and stock S. We provide some details in Appendix C.
Considering two-factor CIR model for interest rates in a complete market case
the portfolio optimization problem can be solved for a suitable choice of the form
of market prices of risk. In an incomplete market case, in order to solve the dual
problem (2.15) we need to know the distribution of H (¢) for ¢t € [0,7] and it
is not known when the interest rates are modeled by CIR. So, the further work
might be to provide good numerical solution to find Heyg (t) for ¢t € [0,T].
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A. Malliavin calculus

In this section we give some definitions and necessary basics of Malliavin calculus
that are needed for the solving of dynamic optimization problems. We refer
the interested reader for more details about Malliavin calculus to Nualart &
Pardoux [51] and Ocone [52], among others. We recall first the definitions of the
gradient operator D and the class Dy ;. These are applied on the probability space
(Q,F,Q) and the Brownian motion {W2(t):¢ < T}. We denote by F (t) the
augmented filtration generated by W<€ (¢). € is represented here as the Wiener
space, denoted by Cq ([0,T7]), of continuous functions

w: [0,T] — R such that w (0) = 0, equipped with the uniform topology.

Let S denote the set of all random variables F' : Cy ([0,7]) — R of the form
F =¢(b,...,0,), where ¢ (z1,...,2,) = > a,z® is a polynomial of degree n

a=1
and 6, = fOT fi (1) dW @ (t) for some deterministic function f; € L2 ([0,T]).
We define the Cameron-Martin space H as follows

"= {v:[o,:r] SR () :/ths)ds,w&:/0T<v<s>>2ds<oo}.

The derivative of a random variable
T
Fw)= [ f,@mawe (A1)
0
in the direction v € H (note that H C Cq ([0,T])) with
t
10 = [ gts)ds, (A2)
0

g € L*([0,T)) is defined as follows.
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A. Malliavin calculus

Definition A.1 Let F' € S of the form (A.1) and v € H of the form (A.2).
Then the directional derivative D, F of a random variable F' at the point w €
Co ([0,T7]) in the direction vy is defined by

d

DyF () = 2 [F(w+ )]
¢ F( » (A.3)
T C +ey) — F(w)
e—0 €
provided the limit exists i.e.
Td(VF) , . .
DLF (@)= (VF @) Do = [ T (05 @)

0 (A.4)

_ /0 "D ()4 (1) d.

Let us assume that there exists ¢ (t,w) € L*([0,T] x Cy ([0,T])) such that
D.F (w) = f0T¢ (t,w) g (t)dt. Then F is differentiable and we set D F (w) :=
Y (t,w). Now DF is called the Malliavin derivative of F'.

Let ||-]|;> denote the (L?[0,T])"-norm (n > 1) i.e., for ¥ = (¢y,...,9%,) €
(L2 [0, 77)"

i =3 [ vty (A5

and |-| is reserved for the Euclidean norm on R”™.
We introduce now a norm |-, , on the set S as

NS
-

IFlL, = (E[IFP + (IDFI3) ) (A.6)

for each p > 1.

Definition A.2 We define Dy, as the Banach space which is the closure of S

under the norm |-, , and D := (o, Dy .

Remark A.3 D.F is well-defined on Dy, (see Lemma 2.1 in [59]).

The following proposition is proved in [57] Proposition 8.3.
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Proposition A.4 Forn € N we consider the n-dimensional SDE

dY (t) = p(t,Y)dt +o (t,Y)dW (t), t €]0,T], Y (0) =yo € R, W (t) € RY.

(A.7)
w and o are assumed to be measurable R™ and R™%-valued functions which are
continuously differentiable and satisfy

0 0
sup —ui (t,y) + =—o0i (t,y D < 00, A.8
te[0,7T],ycR™ (‘aykz ( ) Oy ! ( ) ( )
sup (|pi (t,0) 4+ 045 (¢,0)]) < 00 (A.9)
te[0,7)
forik=1,---,n, j=1,---,d. Then (A.7) has a unique continuous solution

(Y () sejo.r) which satisfies Yk (s) e D,

DY (s) =@ (6Y) + [ DY () (00, ¥) du

5 ) | (A.10)
+ /t DtY Z (aya'j (uv Y)>T dw’ (u)

fort €10,s], and DY (s) =0 fort € (s,T]. 0, denotes here the Jacobi matriz,
i.e., (ayu)ij = %m, and o.; is the j" column of .

Lemma A.5 Let F = (Fy,--- ,F,)" € (D)" with values in R™. Let also ® €
C'(R™) be a real-valued function and assume that ® (F) € L*. If ' (F) € L9
for some ¢ > 1, then ® (F) € Dy, and

n

Oy
D@ (F) = F)DF; (). A1l
@(F) =3 55 (F) DR (A11)
Proof: See the proof of the Lemma 2.1 in [53]. O

Theorem A.6 (Clark-Ocone formula) Let F' € Dy be Fr measurable. Then
T
F =E|[F] —1—/ E[(D.F) | F (t)] dW (t) (A.12)
0

and 1t follows that
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A. Malliavin calculus

t
BIF|F () ~EIF+ [ E(DF) | FEIWE, (A1)
0
fort €[0,T].
Theorem A.7 (Clark-Ocone formula under change of measure) Let F' €

Dy, be F (T) measurable, © (t) = (01 (t),--- 0, (1)) € (D1.1)" be progressively

measurable bounded process and

EQ[|F|] < oo (A.14)
EQ ( ' |DtF|2dt> ] < 00 (A.15)

EC|F)| (/OT ( OTDtG)T (u) dW (u) + /OT 0" (u) DO (u) du) dt) 2 < 00,
(A.16)

(%)T:Z(T) = exp —%/Tﬂ@(s)llzds—/TeT (5) W™ (s)

0

Then ZF € Dy, and

F=EQ[F] + /0 ' I [(DtF —F /t ' DO (u)dw® (u)) y ]-"(t)] dW@(Zl?)

fort €10,T).
Proof: See the proof of Theorem 2.5 in [53]. O
Lakner & Nygren in [45] proved that the formula (A.17) is also applicable to

the piecewise continuously differentiable function and below we give its definition.

Definition A.8 A function ¢ : (a,b) — R is called piecewise continuously dif-
ferentiable if the following conditions are fulfilled:
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(i) ¢ is continuous in (a,b);
(ii) There exist finitely many points a = ¢y < ¢1 < -+ < Cpy1 = b(m >0)
such that ¢ is continuously differentiable on (¢;,civ1) fori € {0,--- ,m},

we call these points beakpoints of ¢;

(i4i) The function ¢ is bounded on every compact sub-interval of (a,b), where

b the derivative of p inx , ifx € (a,0)\{c1, -+ ,cm}
' 0 cifee{e, - em})

(iv) The limits
lim p(z) lim ¢(x)

r—a+ r—b—
a:li}(lz’l-&- Y (I) xlilglf ¥ (l’)

exist;

(v)

If lim ¢ (z) = oo, then lim ¢ (z) = oo

r—a+ r—a+

and if lim ¢ (z) = oo, then lim ¢ (z) = occ.

z—b— T—b—
The class of piecewise continuously differentiable functions is denoted by PC* (a, b).

Proposition A.9 Suppose we have a function @ and a random variable F', s.t.
—00 < a <b< oo, p € PC' a,b) with breakpoints cy,...,c,, F € Dy, and
Q(F € (a,h) = 1.
If

EC [l (F)| + ||« (F) DF|

] <oo
L2

and
Q(Fe{c,...,cn})=0

Then ¢ (F) € Dy, and
Dyp (F) = ¢ (F) DiF.

Proof: See the Appendix in [45]. O
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B. Proof of Theorem 4.6 part (a)

We compute here for the second and third terms of the Equation (4.45), i.e.,

B | Grots | 70 ad B[ T 01 - @) 101 F 0

with B and C as given in the Equation (4.44). We apply the idea used for the
computation of the first term.

1 . For the second term, it holds

E {%q]ljg | .F(t)]

=E

IN

H(t) q]l{ @Y=l H(T)

VT H® S H@D)

}!f(t)

— ]E qe—MH(t,T)—\/VH(t,T)I]l

m(L) <1ne_MH<t,T>_¢mz§n< -1 ) }

vTH() (vi-v3)H®
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B. Proof of Theorem 4.6 part (a)

—E qe—MH(t,T)—\ /VH(t,T)x]l

- gy =1 H
lt\<£{’yT(lw)+MH(t,T) In ( (yf_yS)H(t))HW (1)
_ >_
WHen VVEGT)

1 <ny(t) ) +MH (¢,T)

VVH@,T)
1 CvHG Y JUH _z?
—q o M) —/VH D)z =5 1.
2
In L +MH (t,T)
(vi-v3)H®
VVH(¢,T)

_1 (yIH(t>>+M (t,T)

VVH (t,T) 9
_ emMADHLvEer) NG
= qe 2 — e 2 dx
V2T

| o— 7L )L mH T
(yf—y%)H(t)
a VVH(i.T)

= qe M EDITVIT) o (@ (df (¢, H (1)) — @ (d (¢, H (1)) .

2. For the third term, we obtain
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Finally we get

2
= ((y; — ) H (t))77 T MAWD)+5(125) VI WT) o

o enmH (o)
(vi—vs)H(®)
B VVH 1) )
1 (s- 25 VVEED)

e 2 dax
V2T

1 1 ~

—0oQ0

(g} — y))7 T (H ()77 er s D () VI g (a8 (1, H (1))
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C. Optimization with CIR

In this appendix we study portfolio optimization when the interest rates are
modeled by a one factor Cox-Ingersoll-Ross (CIR) model whose dynamics are as
given in (2.5):

dr(t) =d" (" —r(t))dt+o.\/r (t)dW, (t),

for t € [0,7T], a®, V¥, 0, > 0 and 2a*b" > o,. Let us consider a complete financial
market described in Chapter 4, i.e., with the money market account M, bond
B (maturing at 7" > T') and stock S The dynamics of the securities under P are
modeled by:

dM (t) = M (t)r (1) dt,
dB (t, T) =B (t, f) [,UB (t, :F) dt + o, (t, :F) AL (t)] ,
dS (t) = S (t) [ps (t) dt + o,.5dW, (t) + 05dWy ()],

where
o (t,f) = —o,n” (t,f) r(t),
~ 1 ]P) J—
P (t, T) _ sinh 7 (? t)
78 cosh 78 (T' — t) + 30F sinh 7% (T — t)
(a” + 202)°
5 .

We assume that the market prices of risk associated to the interest rates to be
given by 6, (t) := 6,4/r (t) and the one associated to the stock to be given by
Os (t) :==0g — C;—SSTHM/T (t), where 6, and 0 are constants. We denote the vector

of market price of risk by
0, (t)
t) = .
@C]R ( ) (93 (t))

and 7 =
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C. Optimization with CIR

The state price density process Z9¢1% (t) at time t € [0,T] corresponding to
Ocir (t) is characterized by

Z9CIr (1) = <d%;>m>t exp <——/ 1©c1r (u)||? du—/ Ok (u) AW (u ))

where Qcrr € M. We define the deflator Horr by

HCIR (t) L= ﬁ (t) Z@CIR (t)

— e (- [ rwau—g [ e @iFdi- [ 6l wan? W),

with (3 (t) := exp (— fo du)
Due to the Girsanov Theorem the process

- (t):(%ggj: = f@ W) e o]

is a Qcrr—Brownian motion.

The dynamics of r (t), B (t, f) and S (t) under Qg are ruled by

dr (t) = a®err (B0e1r — 1 () dt + o,/7 (H)dW 2R (1)
dB <t, T) B (t, T> [r (t)dt + o (t T’) dWQerr (1 ]
dS (t) = S (t) [r () dt + 0,sdW2CIR () + 0gdW R (1)]
where
oSern (tf) = —o,nlin (tf) r(t),

Qcrn (t T> B sinh 7Qc1r (T — ¢)
") 7Qeir cosh TQerr (T —t) + %b@cu% sinh 7Qcrr (T — )’

qQcir + 203)%
2 b

+Qcrr — (

]P’b]P’

aQcrr — 4F +0,, pRcrr — E )
a* + o,

The wealth process X (t) of an investor under Q¢;g is ruled by

dX (t) = X (t) [r (t)dt + ¢ (t) o%CR (¢) dW IR (1)] (C.1)
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where

o (1) = (Ugcm (t7) o )

Osr 0s

and ¢ (t) = (ii Eg), with ¢p (t) and g (f) denoting the fraction of wealth

invested in B and S respectively.
From It6’s lemma

p(T) X (T) = X (0) + /0 X () Bt " () otorm () dwiem (). (C2)

Considering the interest rates to be modeled by CIR, the Problem (4.22) (without
risk constraints) was studied by Deelstra & Koehl [17] and Kraft [43]. For the
Problem (4.37), its solution (denoted here by X&;r (T)) looks similar to the
one given in Theorem 4.5 with H (T) replaced by Herg (T), since the optimal
terminal wealth depends on the deflator and changing the model for the interest
rates, modifies the deflator.

Proposition C.1 If all conditions of Theorem 4.5 part (a) are satisfied with
H (T) replaced by Horr (T), then the optimal trading strategy at any time t €

[0,7] is given by C1R (t) = (957 (), 0§77 (1)), where

SﬁgIR (t) — ECcrn [RB (ta T) ‘ ‘F] _ O'Sr(ngR (t>

B(t) Xégp (1) 057" (1) o™ (1)
| EQm [Ry (¢, T) | F]

)

CIR

s = T Xen 1) 0s
Thereby
oty = LD XD,

{(7 —62) /t Vo (w)m (t,u,r) du + 7/t 0,7 (t,u,r) dW2CIR (y) 4+ 0, (t)}
- ﬁﬁ (T) qlpe; g%

{(2 —6?) /t ' V(W) (tu,r) du + 0, / m(t,u,r) dWECrR (u) + 6, (t)} ,
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C. Optimization with CIR

2

Rs (t,T) = B(T) Xern (T) / 7 (t,u,r) (QSHT _ 5,0 r (u)) du

1—~ os Og
5 T
N B(T) Xer (T) {7/ os5ibr (t,u,r) dWGR (u) — 05 (t)}
Y — 1 t 0s
1 T 9 er 2 92
+——=8(T)q / 7 (t,u,r) ( I/ (“)> du} Loern
v —1 : 0s Os

r O-Srer
[P ) WG () = 0 0)| Lo
os

u qQcir qQcrrpQcir 03 1 y
{/ (‘ 2 ‘( 2 ‘§)r<s> )}

Proof: We use the same idea as for the proof of Theorem 4.6 part (b) and the
result by Alos & Ewald [1] for the computation of the Malliavin derivative of

/7 (t) and r (¢) for t € [0,T):

u QcrIr Qcrr}pQcir 2 1
Dt T(“):ﬂ—(t’uvr) ::&exp / _a - a4 b _& ds s
2 ¢ 2 2 8 ) r(s)
Dyr (u) = 2+/r (u)w (t,u,r), for u > t.

Using representation (A.17) to 8 (T) X5 (T) gives

(C.3)

B(T) Xbyn (T) = B [.(T) X2, (T)] + / ESern ¢ (1, T) | F (t)] dWSern (t),
(C.4)

where

£(,T) = (Dt (5(7) XEy (1) = 8T Xey (1) [ DOy ) aioers (u)) .
C.5

(C.
Applying chain and product rules of Malliavin derivative, and using (C.3) t
(C.5) and then comparing (C.4) with (C.2) gives the result.

O —

O
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