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Introduction

The aim of this article is to give a survey on recent results about moduli spaces for
curve singularities and for modules over the local ring of a fixed curve singularity.
We emphasize especially the general concept which lies behind these constructions.
Therefore, the article might be useful to the reader who wishes to have the leading
ideas and the main steps of the proofs explained without going into all the details.
We also calculate explicit examples (for singularities and for modules) which illustrate
the general theorems.

Following the general philosophy explained below, we give a slightly different ap-
proach to the construction of moduli spaces for modules as in [GrP 2] such that it
exactly fits into this general frame. Moreover, because of the new results about quo-
tients of unipotent group actions from [GrP 1] we can extend the result of [LaP] about
generic moduli for plane curves with fixed semigroup < p, ¢ > to the non-generic case
by fixing a Hilbert function of the Tjurina algebra.

A general method for constructing moduli spaces is the following:

1. One starts with an algebraic family X — T with finite dimensional base T' which
contains all isomorphism classes of objects to be classified. This is usually, but
not always, a versal deformation of the “worst” object.

2. In general T will contain analytically trivial subfamilies and one tries to interpret
these as orbits of the action of a Lie group or an algebraic group acting on 7.
In fact, we start with a (infinite dimensional) Lie algebra £ which is usually the
kernel of the Kodaira-Spencer map of the family X — 7. In the cases we are
going to consider we are able to reduce this to an action of a finite dimensional
Lie algebra L such that the orbits of L (or rather the group ezp L are the
isomorphism classes of an object.

3. If it happens that there is an algebraic structure on the orbit space M = T/G
such that the G-invariant functions on T are the functions on M, then M is the
desired (coarse) moduli space. But usually this is not possible and one needs a
strification T' = UT, such that T,/G has this property. The stratification will
be defined by fixing certain invariants of the objects to be classified.

We shall discuss three special moduli problems:
The classification of irreducible plane curve singularities with semi-group (p, q) (cf.
[LaP]), with semi-group (2p,2q,2pq + d) (cf. [LuP]) and the classification of torsion
free modules of rank 1 on the local ring of an irreducible curve singularity (cf. [GrP
2]). A basic ingredient is a criterion for the existence of a geometric quotient of a



unipotent group action (cf. [GrP 1]) which we have to discuss first.

We give an outline of the arguments in all three cases and explain the main steps
of the constructions. For complete proofs we refer to [LaP], [LuP], [GrP 1] and [GrP 2].



1 Geometric quotients of unipotent group actions

Let K be a field of characteristic 0.

Let G be an algebraic group acting algebraically on an algebraic variety X. If Y is an
algebraic variety and 7 : X — Y a morphism then 7 : X — Y is called geometric
quotient, if

1. = is surjective and open
2. (W.Ox)G = Oy

3. 7 is an orbit map, i.e. the fibres of 7 are orbits of G.

If a geometric quotient exists it is uniquely determined and we just say that X/G
exists.

By a general result of Rosenlicht which holds for arbitrary algebraic groups there
exists an open dense G-stable subset U C X such that U/G exists if X is reduced.
But U is not uniquely determined and it is not at all clear how to construct such an
open subset.

If G is reductive and X = SpecA, A of finite type over K then A® is of finite
type over K and X — SpecAC is a geometric quotient iff all orbits are closed and
have the same dimension. The Hilbert Mumford criterion for “stable” points ([Mu])
is the basic tool for the construction of moduli spaces in global algebraic geometry.

In singularity theory the groups are almost never reductive. In our applications
the groups are unipotent. Furthermore it may happen that the ring of invariants A¢
is not of finite type. But even if A is of finite type and if all orbits have the same di-
mension (they are closed since G is unipotent) it may happen that X/G does not exist.

An analysis of “bad” examples suggested the following definition of stability which
we proposed in [GrP 1].

Definition: Let G be a unipotent algebraic group, Z = Spe¢A an affine G-variety
and X C Z open and G-stable. Let 7 : X — Y := SpecA® be the canonical map.
A point € X is called stable under the action of G with respect to A (or with
respect to Z) if the following holds:

There exists an f € A% such that 2 € X; = {y € X, f(y) #0} and 7 : X; - Y; =
S pecA? is open and an orbit map.
If X = Z = SpecA we call a point stable with respect to A just stable.



Let X°(A) denote the set of stable points of X (under G with respect to A).

Proposition 1.1:
1. X*(A) is open and G-stable
2. X*(A)/G exists and is a quasiaffine algebraic variety

3. If V. C SpecA® is open, U = 77} (V) and 7 : U — V is a geometric quotient
then U C X°(A)

4. If X is reduced then X*°(A) is dense in X.

The aim of this chapter is to describe effective criteria for stability, i.e. to give
sufficient conditions for the existence of a geometric quotient in terms of given coor-
dinates of X and a given representation of G in Aut(X). These criteria are easier to
formulate in terms of the Lie algebra of G.

Let L = Lie (G). If G is unipotent then L is nilpotent and the representation of
G — Autk(A) induces a commutative diagramme:

G =% AutK(A)

ezp | T ezxp
L — Dery'(A)

Here Der!(A) is the set of K-linear nilpotent derivations § of A (6 is nilpotent
if for any a € A there is an n(a) such that §**(a) = 0).

The best results are obtained for free actions or for abelian L. In these cases we
obtain necessary and sufficient conditions for the existence of a locally trivial geomet-
ric quotient.

Definition: A geometric quotient 7 : X — Y is locally trivial if an open cover-
ing {Vi}ier of Y and n; > 0 exist, such that #=1(V;) £ V; x A¥ over V..

We use the following notations:
Let L C Der!(A) be a nilpotent Lie-algebra and d : A — Homg(L, A) the differen-
tial defined by da(8) = é(a). If B C A is a subalgebra then [ B :={a € A|§(a) € B
for all é € L}.

Theorem 1.2: Let A be a reduced noetherian K-algebra and L C Dery(A) be
a finite dimensional abelian Lie algebra. The following conditions are equivalent:

1. There exists an open subset U C SpecA’ such that SpecA — U is a locally
trivial geometric quotient.



2. AdA = Ad [ AV and Homg (L, A)/AdA is flat over A.
2’. There are z,,...,2, € A,b1,...,0,, € L such that

- rank (6;(z;)) is locally constant and equal to the orbit dimension of the
action of L.

= d&(.’l:]) = 0 for all Z,]
3. There is a filtration F*(A) such that

- 0= F1(A) C F°(A) C FY(A) C ... and A = U;egF'(A),
- §F(A) C Fi"Y(A)for all i € Z and 6 € L,
- Homg(L,A)/AdF‘(A) is flat over A for all :.

3’. There are z;,...,z, € A,81,...,6,, € L and 14,...,7x € {1,...,n} such that

-l1€u € ... <u=n
- E(s) :=rank(éi(z;));<i, is locally constant and E(k) is the orbit dimension
of the action of L

- déi(z¢) € Y, Adz, for all i and £ < ¢,.

Vsir—l

4. SpecA = UsesD(f),S C AL and for f € S there is a sub-Lie algebra LW CL
such that

- L) RK A_f =L Qg Af
- HY(LW, A7) =0

Proof: (1) implies (2) is proved in [GrP 1] Theorem 4.1.
(2’) resp. (3’) is the same as (2) resp. (3) expressed in coordinates.
(2) implies (3) using the filtration defined by F°(A) = AL, Fi(A) = [ F*=1(A).
(3) implies (1) follows from theorem 4.7 in [GrP 1].

Corollary 1.3: Let A and L be as in the theorem and let F*(A) be a filtration
of A such that §F(A) C F*"1(A) for all ¢ and all § € L. Let SpecA = UU, be the
flattening stratification of SpecA defined by the A-modules Homg (L, A)/AdF*(A).
Then U, is invariant under the action of L and U, — U,/L is a geometric quotient.

If the Lie algebra L is nilpotent but no longer abelian we need some extra condi-
tions on a central series of L to obtain a stratification as in the corollary:



So, let A be a noetherian K-algebra and L C Der®'A a finite dimensional nilpotent
Lie algebra. Suppose that A = U;czF(A) has a filtration

F*:0=F"'(A)C F°(A)C F{(A)C ...

by subvector spaces F*(A) such that

(F) §Fi(A) C Fi=1(A) for alli € Z and all § € L.

Assume, furthermore, that

is filtered by sub Lie algebras Z;(L) such that

(2) (L, Z;(L)] 2 Zj4a(L)for all j € Z
The filtration Z, of L induces projections

7;: Homg (L, A) - Homg(Z;(L), A).
For a point ¢t € SpecA with residue field x(t) let
ri(t) := dimyyAdF (A) @4 k(t)  i=1,...,k,
k minimal such that AdF*(A) = AdA
8j(t) := dimyymi(AdA) @4 k(t) j=1,...,¢
(sj(t) is the orbit dimension of Z;(L) at t).
Let SpecA = UU, be the flattening stratification of the modules
Homg(L,A)/AdF'(A), i=1,...,k

and

HOTTLK(ZJ'(L),A)/ﬂ'j(AdA), ] = 1,...,€.

Theorem 1.4: U, is invariant and admits a locally trivial geometric quotient
with respect to the action of L.

Remarks:
1. The functions r;(t) and s;(t) are constant along U,.

2. Let z1,...,2, € A, b1,...,6, € L satisfying the following properties:
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- there are vq,...vx, 0 <1y <...< Vg = n, such that dz,,... ,dzu‘_ generate
the A-module AdF'(A);

- there are pro, ..., pte, 1 = po < p1 < ... < pg such that é,,,...,6n € Z;(L)
and Z;(L) C 5 Aé;. Then

247

rank(éa(xﬁ)(t))ﬂSW = Ti(t)’ t1=1,...,%
rank(6a(zg)(t))asy; = 8i(t), 1 =1,...,4L

Hence the U, are defined set theoretically by fixing rank(da(zs)(t))s<ui,t =
1,...,k and rank(éa(zs)(t))a>u;»J = 1,...,£. But notice that the U, carry a
unique, not necessarily reduced, analytic structure with respect to the flattening
property and which is defined by the corresponding subminors.

The key lemma to prove these theorems is the following:

Proposition 1.5: Let A be a commutative K-algebra and 6y, ...,6, € Der!(A)
and zy,...,z, € A satisfying the following properties:

1- [(5,',5]'] € E Aé,
v=1
2. det(6i(x;)) is a unit in A

3. For any k = 1,...,n and any k-minor M of the first & columns of (6;(z;)) we

have
§(M) € Ad(z,)
v<k
6
(with the conventions zp=0and § = | : |).
bn

Let L C ) Aé, be any K-Lie algebra such that é;,...,8, € L, then Allzyy... 2] =
=1

A and z,,...,r, are algebraically independent over AL,

The proposition implies that SpecA — SpecAl is a (trivial) geometric quotient
with fibre K™. In particular, AX = A/(z,,...,,) is of finite type over K if A is of
finite type and every point of SpecA is stable.

The proof of this proposition is done by induction on n. The condition (3) guaranties
that the elements of the first column of (6;(z;)) are already in AY and furthermore
this property can be kept during the induction.

Condition (3) is satisfied in our application, even a stronger one:
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3. 8(8i(xk)) € 3, Ab(z)) k=1,...,n

i.e. the derivative-vector of each element of the matrix (8;(x;)) is an A-linear
combination of earlier columns.

We conjecture that in case of a free action the condition (3) of the proposition
can be omitted.

Conjecture: Let L C Der!(A) be a nilpotent Lie algebra of dimension n
and é;...,6, € L,zq,...,2, € A such that det(é;(z;)) is a unit. Then there are
Y1,...,Yn € A such that A = AL[y,,...,y,] (equivalently H!(L, A) = 0).

Remark: If we would require in the conjecture z; = y;,z = 1,...,n then this
conjecture is equivalent to the Jacobian Umkehrproblem.

2 A moduli space for plane curve singularities
with semigroup (p, q) '

We assume that K = C. We follow the advice of the introduction:

1. The “worst” object is the singularity defined by z? 4+ y?. A versal deformation
of z? + y? fixing the semigroup (p,q),p < ¢ and ged(p,q) = 1, is given by

F(w,y,Z) =zl +y' + Z anP-m":iyj’
(1,5)€B

where
B={(i,j) |ig+jp>pe,i<p—-2,j < q-2}.

Let T = {Tiq+jP—Pfl}(i,j)€Ba X = SpecC[I]([z,y]]/F, and F; € C [[z,y]]
given by Fy(z,y) = F(z,y,t) T = SpecC[T]. Then the family X — T has the
following properties:

1.1 X — Tis a versal deformation of SpecC|[z, y|]/z?+y? fixing the semigroup
(p,q)-

1.2 Every plane curve singularity with semigroup (p, q) is represented in this
family, i.e. there is a t € T such that the given singularity is isomorphic

to X; = SpecC[z, y]]/(F}).

2. The Kodaira-Spencer map of the family X — T is given by



- 2. The Kodaira-Spencer map of the family X — T is given by
oF OF
p: Derc €Izl — Clmlle. sl (F. 5. 57 )

p(6) = class (6F) = class ( Z 6(7",-q+jp_pq)xiy"> ‘
(i,j)€B
The kernel of the Kodaira-Spencer map is a Lie algebra £ which is a finitely
generated C[T']-module and has the following property:

2.1 For t,t' € T the singularities X; and X, are isomorphic iff ¢ and ¢’ are

in the same integral manifold of £, i.e. T/L is a classifying space for all
singularities with semigroup (p, ).
T has a natural C*-action defined by degT, = —a. This C*-action is
induced by the C*-action on C[[z,y]]/z” + y? given by degz = ¢ and
degy = p in order to keep F' homogeneous. The induced grading of
L C DercCIT] is defined by deg% = a. One can show that L is gener-
ated as C[T]-module by homogeneous vector fields {8,} with the following
properties:

2.2 There are homogeneous vector fields 8,944, € L for (a,b) € BY := {(p —
2—14,q—2-7j)| (z,7) € B} such that
- {bag+tp}(ap)eBv generate L as C[T]-module
- degéb, = a
- 6a(Tp) = épv(Tyv), where a¥ = pqg—2p—2q —a fora € Z

S8l € X CITI,
v>a+p

Remark: C[T][[z,y]]/(4£/2E) is a free C[T]-module of rank x. The multipli-
z! By
cation by F defines an endomorphism of this module. The module admits a

base {u,} represented by quasihomogeneous polynomials of degree a such that

uoF' = Z‘Sa(Tﬁ) “UB+pgq-
B

This determines the Lie algebra Lo by 8, = ), 64(73)0/01 and the action of Lo. -
B

One has to compute the matrix of the endomorphism of C[T]([z, y]]/(%E ,%%)

given by multiplication with F' (with respect to the basis {u,}). For this pur-
pose there exists a fast algorithm which has also been implemented (cf. [LaP],
appendix with B. Martin).
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Let Lo be the Lie algebra generated by {6aq+tp}(ap)eBv as Lie algebra and
L = [Lo, Lo], then Lo is finite dimensional and solvable and L is nilpotent
Lo/ L = Céy, by is the Euler vector field. Because the C[T]-generators {8,} of £
are in Lo, Lo and £ have the same integral manifolds which are the orbits of the
action of Lo. This implies that the action of the kernel of the Kodaira-Spencer
map L is induced by the action of the algebraic group Gy := exp Lo with the
same quotient T'/L = T/Go.

3. The grading of C[T] induces for each a > 0 a filtration F*(C[T]), where F:(C[T]
is the C-vector space generated by all quasihomogeneous polynomials of degree
> —(a +1ip),p > a > 0. Similarly, we get filtrations H? = H?(C|[[z,y]])

on C|[[z,y]] by defining H? to be the ideal generated by all quasihomogeneous

polynomials of degree > a+np. The Hilbertfunction of the Tjurina algebra
of Xy, C|[z,y]]/(F:, 0F;/0z,0F;/dy), with respect to H? is by definition the

function 72(t),

n — 7. (t) := dimcC|[z,y]]/(Fi, 0F;/0z,0F;/dy, H)

Notice that 77'(t) = 7(X}), the Tjurina number of X; if n is big and 72(t) =
dimcC [z, y]]/H? (hence independent of t) if n is small.

Remark: We introduced the filtrations F? and H} for different a because the
general theory works for arbitrary a but in some cases a good choice of a gives bigger
strata (cf. Theorem 2.1(3) and the examples at the end of this section).

There is only a finite range of n such that 77'(¢) can vary with . We usually identify
72 with the finite tuple of values which might vary with ¢. Moreover, if 4 € IN, we
also write u for the constant function on IN.

If § € L is a homogeneous vector field then deg§ > p. This implies that § Fi C
Fi-'forall 6§ € L.
Let k be minimal such that dF¥(C[T]) generates C[T]dC[T] over C[T] and consider
the following filtration of L induced by the filtration of C[T]:

L= Z}(L) > Z3(L) 3,...,2 Z(L) D Zi(L) = {0},

Z3(L) := the Lie algebra generated by {6, }aes,, where S; = {a | Tov € FF=*, a # 0}.
Since deg 6, = a > p if a # 0 we obtain [L, Z}(L)] C Z,,(L).

11



Some pictures might be helpful:

g+i+3 1+

wie

A\

ZE;

N\

N

p—2 P p—2 P

The monomials z'y?, (z,j) any point of the rectangle {: < p —2,; < ¢ — 2}, are a

C-basis of the Tjurina algebra C [[z, y]]/(z? +y?) of X,. The monomials in the shaded
region B = {(¢,7) | ig+ jp > pq,t < p—2,j < ¢ — 2} correspond to deformations of
Xo with fixed semigroup (p, ¢). They occur as coefficients of the parameters T, of the
versal base space T for such deformations. The T, are indexed by a = ip+ jp — pq if
z'y’ is the coefficient of T, (this is unique since gcd(p,q) = 1). Hence the (increasing)
filtration of C[T], F?, is generated by those T, such that the coefficients z'y’ belong
to a strip as indicated above. Note that the degree of the T, decreases at most by
p (= min {p, q}) if we go from F! to Fi*1, the different choices of a,0 < a < p, means
just a shift of the starting point. '
BY ={(p—-2-4i,9—2-7)| (i,j) € B} is just the mirror of B at the centre
of the rectangle. The vector fields é, which generate the Lie algebra L are in-
dexed by the weights @« = aq + bp of the points (a,b) € BY. The (decreasing)
filtration Z2 of L is given by dual strips, indexed in a complementary manner:
b0 € 28 & Tov € FF' 0V = pg—2p— 29 — @, i.e. Z_; is the mirror image
of F}.
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The second picture shows the (decreasing) filtration H? of C|[[z,y]], H! is gener-
ated by all monomials above and on the dotted line. Hence () is the number of
monomials in the shaded region which are linear independent modulo (F}, dF;/dz,dF;/dy, H!),
for t = 0 these are all monomials.

Let {U2} now be the flattening stratification on T' = SpecC[T] corresponding to
F? and Z;. Notice that each UZ is a locally closed, not necessarily reduced subvariety
of T.

Now we can apply theorem 1.4 and obtain that U2 — UZ2/L is a geometric quotient.
Moreover, Lo/L = C* acts on U2/L and U2/L = U2/L, is a geometric quotient of
Us by Lo. For t € T define ef,) = (e§(t),...,ef(t)) € N**' by

e;(t) = Tank(&a(Tﬂ)(t))BS;-Sip,i =1/ T )

Theorem 2.1: Let T be the base space of the versal deformation with fixed
semigroup of SpecC [[z,y]]/(z” +y?) and {U?}, the stratification of T' defined above.
The following holds:

1. ¢* is constant on U? and takes different values for different a. The scheme
structure of U? is defined by the corresponding minors of (64(73)). Moreover,
e2(t) = u(X;) — 72*(¢). In particular, ex(t) = p(X;) — 7(X:), where u(X;) =
p = (p—1)(¢ — 1) is the Milnor number and 7(X;) the Tjurina number of the
curve singularity X, = SpecC|[z, y]]/(F?)-

2. Let e = (ey,...,ex) € IN**! and let U® denote the unique stratum such e*(¢) = e
for t € U® and assume that U? is not empty. The geometric quotient U2/L is
quasiaffine and of finite type over C. It is a coarse moduli space for the functor
which associates to any complex space S the set of isomorphism classes of flat
families (with section) over S of plane curve singularities with fixed semigroup
(p, q) and fixed Hilbert function 7 (t) = p — e of the Tjurina algebra.

3. Let T, .. be the open dense subset of 7" defined by singularities with minimal
* Tjurina number 7,,;,. Then there exists an a such that 7%, = U2 for a suitable

a. In particular, the geometric quotient T, . /L exists and is a coarse moduli
space for curves with semigroup (p,q) and Tjurinanumber 7pin. T, ../L is
locally isomorphic to an open subset of a weighted projective space.

13



Proof:

1. t € U2 iff rank (64 (Tﬁ)(t))a<a+.p =:1i(t) (a = 0 excluded)

and rank (8,(T3)(t))aes; =: si(t) are constant (remark 2 after Theorem 1.4).
But since 6,(T3) = 85v(T)) (o = 0 included) we have sx = eg,...,51 = €x1
and r; = maz{0, e; — 1}. It is also clear that the scheme structure required by
the flattening property is given by the minors. For ¢t € U? consider the induced

C-base {u;(t)} of Cllz,y]l/ (52, 53), wi(t) F(z,y,t) = 25( i) (1) j4p4(1) (as in
the remark 2.3). This implies by definition of 7(t), e (t) p(X) — ().

2. This follows from the fact that U/ is locally a versal family for singularities with
fixed semigroup and Hilbert function and that U?/L is a geometric quotient.

3. Is proved in [LaP].

Example: p=5,¢=11
1. The versal deformation of z° + y'! fixing the semigroup (5,11) is given by
F(z,y,T) =
L4y Tz + Ty + Toaly® + Ty +
Ts z° y6 + Typ 22 y9 + Ty3 2° y7 + Tys z° y8 + Ty 2® y9

B = {(1’9)’(2’7)’(3’5)1 (278)’(3a6)’(2’9)’(3’ 7)?(3’8)’ (3’9)}
BY = {(0,0),(0,1),(0,2),(1,0),(0,3),(1,1),(0,4), (1,2), (2,0)}

2. The following vector fields generate the kernel £ of the Kodaira-Spencer map
(these can be computed using the algorithm given in [LaP]).

bo = Tighk+2Ng% +3T55 +... + 28Tz

& = Agk+Bn+ 05+ Dy—Egl=+18T 52—
b0 = 2Toze—+ (3T + ThT2) 5= + Dm +13T13 52—
bn = Tizto +2Dgp + Cf + 12T

bis = Bzi +8Tezi-

bie = Agp+ Tzl

_ 3

_ 3
621 = 2T2 Tsa

_ 3
622 - Tl 3Tss

14



with A = 2T, — Tl, B =3T3 — £T\Ty, C’ =T1T7 + EThT%,
D = 8T — —T1T7 + XT2T} E=13T3 - T Tia + T2T3T8 &
= 113 T3T2T2

For the ﬁltratlon F! of C[T] we choose a = 5, i.e. Fi: = (Ty | « < 5(1 +
Z)) (we omit the index Cl) FO = (T],Tz,T;g),Fl = (Tl,Tg,Ts,T'{, Tg),F2 =
<Tl’ T27 T3) T77 T87 Tl2, Tl3>a F3 _= <Tl, TZ, T37 T77 TB, Tl?a Tl3$ T18)7 F4 = <T1a ceey T23>'
The minimial 7 such that dF" generates C[T]dC[T] is 4, hence £k = 4. The
stratification {U,} is given by fixing the rank of (6,(73)) s<s(i+1) for e = 0,...,4.

a>0

Calculation shows:

STy T T5T7 +

112

Uy = {t € SpecC[T] | rank(6,(Tp)(t)) =6} = {t | 7(X;) = 34}
= {t | Q(t) = (1’2,4a576)} = {t I 4t§ - 3tlt3 3 t¥t2 '-Ié 0}
with e;(t) = p(z¢) — 79%(t).We have Uy = T,,,...
U2 = {t l g(t) = (1»2,3,475)}
= {t|4t3 — 3t1t3 — t2t, = 0 and A(t) # 0 or B(t) # 0}
Us = {t]|e(t)=(1,1,3,4,5)},
= {t|4t '—3t1t3—tt2— ()= (t)=0and
D(t)(2t2C(t) — t1D(t) — C(#)(C(2)(3ts + tatz) — 2t,D(t)) # 0}
U4 = {t I Q(t) = (17152’3a4)}
= {t] A(t) = B(t) = t:(9t:C(t) — 11D(t)) = 0 and
C(t)? =t E(t) # 0 or D(t)* — (57)*E(t) # 0}
Us = {t |§(t):(1’17232v3)}
= {t| A(t)= B(t) =C(t)* — t:E(t) = D(t) — 2t:C(t) = 0 and ¢, # 0}
Us = {t | e(t) =(0,0,1,2,3)}
= {t‘tl:t2:t3:t7=t820,t13#0}
Ux = {t|e(t)=1(0,0,1,1,2)}
= {tltl:...:tSZO,tlg,:O&ndtlg#O}
U8 = {t | Q(t) = (0’0,0, 152)}
= {t|t1=...=t13=Oandt187£0}
Us = {t | Q(t) = (0,07(),0’ 1)}
= {t|t1=...=t18:0andt23750}
UIO = {t | E(t) = (0’0’0,070)}
= {0}

Ul/L = D(2T2A - TIB) - PI'Oj C[T1T2T37 y] = ]P?l:2:3:10)7 y= ATS — BT,

15



Conclusion: The space of plane curves with semigroup (5,11) ist stratified into
ten strata Uy,..., U)o, corresponding to the different values of the Hilbert function
75 of the Tjurina algebra; U, is the Tpin- and Uy the 7p,q.-stratum. The quotients
U;/ L exist and are a coarse moduli space for such singularities with corresponding
fixed value of 7.

Remark:

1

It is not always possible to choose a = p for the filtration to obtain 7’ ;. as one
stratum in the corresponding stratification. In the case p = 13, ¢ = 36 we have
to choose a =9 (cf. [LaP]).

. In the < 5,11 >-example we have U, U U3z = {t | rank(é.(73))(t) = 5} = {t |

7(X:) = 35}.
The geometric quotient U; U Us/L does not exist (cf. [LaP]), i.e. fixing 7 is not
enough, it is necessary to work with a finer stratification.

A moduli space for irreducible plane curve sin-
gularities with semigroup (2p,2q, 2pq + d)

. The “worst” object is the singularity defined by (z? + y?)? + z*y?,aq + Bp =

2pq +d,a < p. A versal deformation of (zP + y?)% + z%yP, fixing the semigroup
(2p,2q,2pq + d),p < q,9cd(p,q) = 1 and dodd, is given by

Flz,y, H, W) = (z"+y* + Z(i,j)GBo Hiq+jp—pq$iy_j).2 + z%y®
' + z(z‘,j)eBl Wigtip-2p 'y,

Bo = {(2,7),iq+ jg > pg,i <p—2,j < q—2},
By ={(%,7),iq+ jp > 2pg + d,i < p,j < 6}
U{(Z,7),ig+Jjp>2pq+d,i <7,j <6+gq}

with v, é defined by v < p, v¢+6p = 3pg—q—p+d. Let H = { Higtjp—qp}(i.j)eBor W =

{I/Viq+jp—2pq}(i,j)eBn T := SPCCC[H_,_W_],X = SpecC[ﬂ,ﬂ] [[17, y]]/F. The
family X — T has the following properties:

1.1 X — T is a versal deformation of Spec C|[[z,y]]/(z? + y?)? + z°y” fixing
the semigroup (2p, 2¢,2pq + d).

1.2 Every plane curve singularity with semigroup (2p, 2¢, 2pg+d) is represented
in this family.
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1.3 The group pq of d — th roots of unity acts on T via F(Az, NPy, h,w) =
NPIF(A y, Ao h, A ow) for A € pg.

14 dimT=2(p—1)(q—1)—p—q+2+ [g]

2. The Kodaira-Spencer map of the family X — T is given by
p: DercCH, W] — C[H, W]z, y]}/(F, 5, 5)
p(6) = class (6 F)

=class (22 + '+ Y, Higtip-pe®'y’) 3. OSHigajp-pe'y’

+ E 6u/iq+jp—2pq$i?/j)-
('VJ)GBI

The kernel of the Kodaira-Spencer map is a Lie algebra £ which is a finitely
generated C[H, W]-module and has the following property:

2.1 For t,t’ the singularities X; and X; are isomorphic iff for a suitable A €
pd Aot and t' are in the same integral manifold of £, i.e. T/L/pq is a
classifiying space for all singularities with semigroup (2p, 2q,2pq + d).

2.2 It is always possible for (z,b) # (0,0) to obtain a unique decomposition

xabe = (xp + 37+ Z Hiq+jp—pqzi?/j) Z qua:jz;b_pqxiyj
(i,7)€Bo (i,7)€Bo
w OF OF
a+pb 1
+ E Digsio-2pe® meOd(a_x’a_y)‘
(11.7)EB1
This defines vector fields 8,45 Of the kernel of the Kodaira-Spencer map
by Sgatpp(Hs) = FEP* and 8yaqpm(W,) = DI°¥P*. L is generated as
C [H, W]-module by the vector fields {é,}.

These vector fields have the following properties:

- [61, 61n] = 2 C [£7 _w]‘Ss
s>l4m

-b=0ifl>2pg—2p—2q

-6(Wp)=0ifm<l+d

- if (a+a, B+b) or (a+a—p, B+b—q) € By then bugyin(Witagitp) = —70a-

Now it is not difficult to see that
- aq+ bp < pg — q implies (a +a,8+b)or (a+a—p,B+b+q) € B
- (4,7) € By and ig+ jp > 3pq + d — q implies (¢,7) = (a + a,3 + b) or
(2,7) = (a¢+a—p,B+ b+ q) for a suitable (a,b).
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From these properties we deduce that already

{61}16L7L= {8:aQ+bpa(a+aaﬂ+b)or(a+a_p’ﬂ+b_q)E Bl}

generates L as C[H,W]-module. Now for £ € L we know that &,(Wyyq) =
qu and 8,(W,,) = 0if m < £+d. This implies that {é,}ser, and {W[+d}15L

satisfy the properties of proposition 1.5.

This implies that T — T/L is a geometric quotient and in particular

T/L = SpecC[H,W'] with W' = {Wigsjp-2pq}ii)eBss B2 = {(5,5) €

By,ig+jp—2pg—d ¢ L}.
Notice that dimT/L = (p —2)(q —2) +[1] — 1. We obtain as in section 2:

Theorem 3.1: C(”_2)("-2)+[§]'1/,ud is a coarse moduli space for families of plane
curve singularities with semi-group (2p,2q, 2pq + d). The Tjurina number of all these
singularities is constant and equal to 7 = p— (p—1)(¢— 1), where u = (2p —1)(29 —
1) +d.

For details of the proof see [LuP]. Note that we did not need to stratify in this case.

4 A moduli space for torsion free modules of rank
1 over the local ring of an irreducible curve
singularity

Let R be the local ring of an irreducible curve singularity and R = C[[t]] the normal-
ization of R. Let Mod(R) be the category of torsion free rank 1 R-modules, c the
conductor of R,é = §(R) = dimcR/R be the é-invariant, and M = M ®g R/torsion.

Lemma 4.1

1. Any M € Mod(R) is isomorphic to some fractional ideal M’ such that R C
M' C R and dimcR/M' = dimcM /M.

2. Let M,M' C R be two fractional ideals such that dimcR/M = dimcR/M'.
Then M ~ M’ iff there is u € R* such that uM = M’.

3. For any M € Mod (R),M C R and dim R/M = d we have t** R C M.
For a proof cf. [GrP 2J; it is easy, use M C M ®g Quot(R) = C((t)).

Definition: Let M € Mod(R) and R C M’ C R such that M ~ M'. We define
I'(M) := {v(m'),m' € M'}, (v the valuation of R) and §(M) as the number of gaps

18



in ['(M).

Remark: TI'(M) does not depend on the choice of M'. T'(M) is a T'(R) set.
§(M) = dimc M /M. In analogy to singularities, we may consider I'(M) as the
“topological type” of M.

The aim is now to classify all torsion free rank 1 modules with fixed value set
I. Let R, = C[[t°,t°*,...]] and M € Mod(R) then M € Mod(R,). We first solve
the problem for Mod(R,). It is easy to see that R* acts on the classifying space for
Mod(R.). The fixed point scheme will then be the solution for Mod(R) since these

points correspond to R. modules which are also R-modules.

Let T' = {70,71,-- -y, 6c+1,.. 0=y <m<...<wu <c

k _
1. The “worst” object in Modr(R,) is the monomial module My = 3 t" R, +t°R.
1=0
A versal deformation of M, fixing I is the C [A][[t%,t°t?,. . ]]-module

Mr =3 mCR[te, ¢+, )] + t*C (8] € C[AJ[[#]),

1=0

with
A = {Njlager
I = {(4j),0<i<kj>0,5+%¢T}
m; = tV+ ZH—%QI‘ A‘.jtj-H"

Let T = SpecC[)\] and X = Spec C[A][[t¢,t°*?,...]] be the trivial deformation
of R.. Mr is a coherent Ox-module, which is flat over T and its restriction M,

to the fibre X, = Spec R.,t € T, is an element of Mod (R,).

1.1 My is a versal deformation of M, fixing the value set T'.

1.2 Every R.-module with value set I' is represented in this family, i.e. there
is a t € T such that M, is isomorphic to the given module.

2. The Kodaira-Spencer map of the family Mr is given by

p : DercC[)] — Eztém[[tc'mu,“.]](Mr,.Mr).

Because Mr C C[)][[t]] is embedded it factors through the Kodaira-Spencer
map of the embedded family.
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DercC [A] = Homcpjee,te+1,..(Mr, C[A][[t]]/Mr) 6= ¢s
and s(m) =class of §(m), where § is lifted to C[A][[t]] by é(¢) = 0.

2.1 Now one can prove that the Kernel of the Kodaira-Spencer map L is the
Lie algebra generated as C [A]-module by the vectorfields {é;}1<e<c—1
k

Se= 3 heijpes With heij = Nijoe = 3 Mi—m—tMitvio
(4,5)€l v=i+1
(with the convention A\j; = 0if j <0, ;0 =1).

Remark:

(1) heij=0if £ >3
(2) hji;=1if (3,5) € 1.

c-1
Furthermore L := Y C§, is an abelian Lie algebra.
£=1

2.2 It is not difficult to see that for ¢,¢’ € T the modules M; and M, are
isomorphic iff they are in the same integral manifold of £, i.e. in the
same orbit under the action of L.

2.3 C[)] admits a C*-action defined by deg A;; = j. The vector fields
d; are homogeneous of degree-£. Let I'c C I' be the maximal semi-
group acting on I' and a = mult(I'o\{0}). For the sub Lie algebras
LO := S Cé;and LY := ¥ C§;, we have H'(LM,C[)A]) = 0 and

c i>a i<a

HY(LW,C [A)X) = 0.

3. Consider now the filtration F*(C[)]) := the C-vector space generated by all
quasihomogeneous polynomials of degree less than (z + 1)a.
If § € LO then 6F' C F='. Let T = SpecC|[)\] = UU, be the flattening
stratification of the C[A]-modules Homc(L©®,C[A])/C[A]ldFiC[\]. We may
apply corollary 1.3 and obtain that U, — U,/L® is a geometric quotient. Since
HY(LO®, C[AX?) = 0 we obtain that U, — U,/L is a geometric quotient.

Remark: For ¢t € T let E(t)(n) := rank (6:(Xi;)(t));<n, then E(t)(va) is constant
along U, for all v. More precisely, let d be maximal such that d € I' and r =
(r1,...,7g)) such that E(to)(va) =r,—1,v =2,..., [¢] 4+ 1 for some to € U, then

a

telU, <= E(t)(va)=r,, 1/=2,...,[d]+1
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Let E(t) := (E(t)(2a),...E(t)([¢] + 1)a)). We also write U, instead of U,. The
invariants E(t) which describe the stratification {U,} can be interpreted as follows:

Remark: For M € Mod(R), the ring Endr(M) dominates R, we have R C
Endp(M) C R, and M is an Endg(M)-module. We assume that M C R and define
a filtration End*(M) of R by

End"(M):={g€ R|gM,; C M,; for all 1}

where M,,; = M N C[[t',t*,... ]| + C[[t"*,t"*+*1, . ]]. End"(M) is independent
of the embedding of M into R. The function E(t) has the following interpretation:

E(t)(n) = dimcR/End"(M,),

where M, is the module corresponding to t € T, i.e. E(t) is the Hilbert function of
R/Endg(M) with respect to the filtration End*(M).

Theorem 4.1: Let R. = C[[tc,t*!,.. ]|,r € Z*,k = [¢], and U, the stratum
such that E(t) = r for t € U,. The geometric quotient U, /L exists, is a quasiaffine
algebraic scheme and a coarse moduli space for flat families of torsion free R.-modules
with fixed value set I and fixed Hilbert function of R./End(M) with respect to the
filtration End®*(M). The same holds for the local ring R of an arbitrary irreducible
curve singularity if we replace U, by the fixed point scheme UF" of U, with respect
to the natural action of R*. -

For a complete proof see [GrP 2].
Example: We construct in detail the stratification {U,} of the space of torsion

free R.-modules of rank 1 with fixed value set I', and for each stratum we determine
the quotient for the example

R=R,=CJ[[t5,..],c=8,
I'=To={0,2,4,6,8,9,...},k = 3.

Recall that T'g is the maximal semigroup contained in the set I, a = smallest

non-gap (# 0) of I'g,d = biggest gap of ' and k = [].
We have:

I'={(0,1),(1,1,(2,1),(3,1),(0,3),(1,3),(2,3),(0,5),(1,5), (0, 7)}.
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The matrix H(A) = (he,ij(A)) of the coefficients of the vector fields éy,. .., d7 is:

[1...1

—A11lo1
Ao1 — A
1

—'/\21/\11 _A31A21 —A21/\03 - /\12)‘01 —/\31/\13 - /\23/\11

A1 — A1 Az — Aa; Aoz — A13 A3 — A3
1 1 —A21d01 —A31 11
Ao1 — Az A1 — Az

1 1

We have m([p) = 2,d =T.

Let T = SpecC[A] = UU, be the stratification constructed before. Then for
r € {(3,5,6),(2,4,5),(3,4,5),(2,3,4)} we have U, # 0.

Uryss6) = {A A1 — Ain — Az + Asp # 0}
Ury345 = {A A1 — A — Az + Asp = 0,2X11 — dor — Agg # 0}
Ury2a5) = {A A1 — Ann — A2 + As1 = 2011 — don — Ao =0,
2X31 — Aoz — A2z + (Ao1 — A1) (A1 Aa1 — Ao Az1) # 0}
Ury2,34) = {1 — A — A1+ As1 = 201 — dor — Agy =0,
2M13 — Aoz — Azz + (A1 — A1) (AiAsi — Ao Aar) = 0}
let Ly := Cé; + Cés + Cés + Cé7, then
Cll = O [hor, Aus, Aos, Aur)
and
CAI* = C[Ai1, Aa1, As1, Aaa, Azs, As)
A1 = Aun—Aa
A21 = An —Aa
Aa1 = a1 — Ao
A3 = A3 — Aoz — Aor(Arrdor — Mirar) + 323 (Aor — A1)
Aa23 = Az — Aoz — Aor (A1 dor — A21Aa1) + 3AG (An + Aor — Az — Aar)
Ais = A5 — Aos — (AorA2r — M1Asr)Aos + Aor(As1 — o1 )( A1z — Aoa)

+A01A11(A23 — Aoz) — %)\(2)1(/\23 — Xo3)
+ polynomial in Aoy, A11, A21, Aa1.
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We have

P} | C[A]Ll =
4 | C[f\_]bl =
b | C[AI =

Let Ul‘,; =

01",(3,5,6)
0[‘,(3,4,5)
Ul",(2,4,5)

Ur (2,34
Ur,3s6)/L

g
Ur,345)/L

h
UI‘,(2,4,5)/L

Ur (2,34)/ L

(21 — /_\21)5583 + (A1 — Aa1 + 5\21)57?5 + (2h13 — Agz — 5@17\31)5?;
(A1 = Aar + /—\21)57(3;

0

©(Ur,),¢ : Ur = Ur/L; = SpecC[)] be the quotient map and Lo =
K(Sz + K54 Then

{3 A = Aa1 + Aa1 # 0}

{2 A1 = Aa1 + Xa1 = 0,2X; — Ay # 0}

{3 M1 = Aa1 + a1 = 201 — Azg = 0,2X13 — Az — A2, Ag; # 0}
{2 M1 = Aa1 + a1 = 201 — Az = 2Xa1 — Aoz — A2, s = 0}

Urese)/bo b
§PCCQ[)\11,_)‘21, Ast, A13(An = Aa1 + Az) — A2a(2A11 — Ao,
A1 — Az + An

Ur@as)/Lo, L .
Spec ClAin, Aa1, Azz, Mis(2A11 — A21) — Ai3(2M13 — Aaa) — A}
(A1 + Aa1) + Adslw

2211 — An
Ur 2,45/ Lo
SpecC [;\11, /_\13, :\23]2x13_:\23_3:\gl

DF,(2,3,4) — SPBCC[/_\H, 5\13]

Remark: Let V := Ur (3,45 UUr,34,5)- Then V = {) € Ur | orbit dimension at A
is 5} and even I'(Endr(M,)) = {0,2,4,8,9,...} is constant on V. It can be shown
that the geometric quotient V/L does not exist, neither in the algebraic nor in the
analytic category.

Conclusion: The space of torsion free R-modules, R = C[[t?,1, .. .]] is stratified
into four strata, corresponding to the four different values of the Hilbert function
of R/Endr(M). The quotients of these strata by L are coarse moduli spaces for R-
modules (torsion free, rank 1) with value set I and Hilbert function the corresponding
value. On the union of two of these strata the orbit dimension of L is constant but
the quotient does not exist.
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