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Abstract 
Approximating illumination by point light sources, as done in many professional applications, sujfers from the 
problem of the weak singularity: Numerical exceptions caused by the division by the squared distance between 
the point light source and the point to be illuminated must be avoided. Multiple importance sampling overcomes 
these problems by_combining multiple sampling techniques by weights. Such a set of weights is called a heuristic. 
So far the estimators resulting from a heuristic only have been analyzed for variance. Since the cost of sampling 
is not at all constant for different sampling techniques, it is possible to find more efficient heuristics, even though 
they may hove higher variance. Based on our new stratification heuristic, we present a robust and unbiased global 
illumination algorithm. By numerical examples, we show that it is more efficient than previous heuristics. The 
algorithm is as simple as a path tracer, but elegantly avoids the problem of the weak singularity. 

1. Introduction 

Simulating light transport in a physically correct way has 
become a mainstream feature in movie production and in­
teractive rendering systems. However, many approximations 
are used to make the algorithms simpler, faster, and more 
robust. On the other hand more precise approaches like e.g. 
bidirectional path tracing or the Metropolis light transport 
algorithm are too complicated for use in professional pro­
duction and not sufficiently efficient. 

Based on our new stratification heuristic, we present a ro­
bust, faster, and very simple global illumination algorithm 
that is suited for production as weil as interactive rendering. 
The new algorithm is easily implemented in any ray tracing 
system and benefits from orthogonal techniques as e.g. the 
photon map. 

2. The new Global Illumination Algorithm 

We first introduce the new global illumination algorithm (see 
figt1res 1 and 5) in order to illustrate its simplicity: 

1. Generation of Point Light Sources: ldentical to the pre­
processing of the instant radiosity algorithm [Kel97] or a 
very sparse global photon map [JenOl], a set (y j,Lj)f=0

1 

of M point light sources is created. In terms of bidirec­
tional path tracing this corresponds to tracing light paths 

starting from the lights and storing all the points y j E R3 

of incidence with the radiance L j . 

2. Shading: Similar to a path tracer, an eye path is started 
from the Jens incident in pointx0 from direction O>Q . Start­
ing with i = 0, we sum up the contributions for the current 
point x; until the eye path is terminated: 

a. Shadows: The contribution of the j-th point light 
source is 

w(.x;,y j )fr( ffix, ,y1 ,x;, ro;)G(.x;,y j )V (x; ,yj )Lj , (1) 

where 

( ). {l G(x; ,yj) < t (2) 
w x;,yj .= 0 eise · 

The direction mx,,y1 points from x; to Yj· ro; is the di­
rection from where .x; has been hit, and the visibility 
V (.x; , yj ) is either 1, ifthe two points are mutually vis­
ible, or zero otherwise. Obviously a shadow ray for 
determining the visibility only has to be traced if the 
geometry term 

. cos+ 0x, · cos+ 0y1 
G(x;, yj ) .= II . ...:. ·11 2 < t 

x, Y1 2 
(3) 

for some threshold parameter t > 0. By appropriately 
choosing the threshold t numerical exceptions caused 
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1. Generation of point light sources 2.a. Robust shadowing 2.b. Shading by scattering 

Figure 1: Principle steps of the unbiased robust global illumination algorithm as a simple comic: In the first step a set 
(y j, L j )f=o 1 of point light sources is generated. Hitting x; from direction 0>; in the second step, the highlighted areas show 

the domain, where the geometry tenn G(x;, ·) is below the threshold t = 0.5. In step 2.a. shadow rays towards the point lights 
outside this domain are traced. This is robust, because numerical exceptions by the inverse squared distance in G cannot occur. 
In order tobe unbiased, step 2.b. continues the eye pathfrOm x; by scattering a ray. While the ray hits the domain, we continue 
with step 2.a, otherwise the eye path is tenninated. 

by the denominator of G efficiently are avoided. The 
positive cosine cos+ 0xi is the scalar product between 
the unit direction incident in x; and the surface normal 
in x;, which is set to zero, if the cosine is less than 
zero (analogous for cos+ 0y1). Light sources that are 
hit directly contribute Le(x;, -ro;) in addition. 

b. Scatter: In order to account for the contribution of the 
cases G(x;,yj) 2 t, i.e. for all techniques, which had 
guaranteed zero weight in the previous step, we trace 
only one ray into a random direction yielding the next 
vertex x;+I along the eye path on the scene surface S. 
If G(x;,X;+J) < t then the eye path is terminated, oth­
erwise i is incremented and we continue with step (a), 
whose result is attenuated by the color of the bidrec­
tional reflectance distribution function fr. 

2.1. Contribution 

As we will show in the next section, our new algorithm can 
be considered as a variant of bidirectional path tracing, es­
pecially a variant of stratified sampling. lt has important ad­
vantages: 

1. lnstead of variance, we will analyze the more impor­
tant efficiency: Despite potentially higher variance, the 
new scheme is more efficient than any known bidirec­
tional path tracing algorithm, but as robust and unbiased. 
This results in shorter rendering times for the same image 
quality. 

2. The actual implementation exposes the simplicity of a 
path or distribution ray tracer, thus it easily is incorpo­
rated into any production ray tracing software. Moreover 
even realtime ray tracers [WKB*02, BWS03] can beim­
proved with the new technique. 

3. Opposite to similar approaches like e.g. instant radios­
ity [Kel97], the numerical problem of weak singularities 
caused by the inverse squared distance in the geometry 

term G is avoided in a very elegant way, which keeps the 
algorithm unbiased and makes it numerically robust. 

Besides the clarity of the unbiased robust algorithm, it is 
obvious how to extend the method by orthogonal tech­
niques (see section 4.2) like e.g. the photon map for caus­
tics [JenOl], importance sampling for point light sources 
[War91, Kel98, WBS03], or the discontinuity buffer [Kel98] 
to only name a few. 

3. Analysis of the Algorithm 

As we will show in the subsequent analysis, the simple al­
gorithm belongs to the dass of bidirectional path tracers and 
such is based on profound theory. The key to the efficiency 
of our new heuristic is to consider the support of the single 
sampling techniques, which never has been done before: Al­
though our new heuristic may not have optimal variance, it is 
more efficient than other heuristics (see section 4.1). In fact 
the new algorithm is a stratification technique. 

We briefly recall the basics of bidirectional path tracing 
(for the full details see [VG95, Vea97]) and then introduce 
the new algorithm as the stratification heuristic. 

3.1. Bidirectional Path Tracing 

For bidirectional path tracing, the global illumination prob­
lem has tobe formulated as a path integral. We use the prod­
uct area measure dµt(i) = nr=odx; on the surface s of the 
scene for all paths i of length e in the path space 

Pt = {i = XQX] .. • Xi 1 Xj ES} . 
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The radiance contribution 

0 0 
f s 

fs G 

G 

f(x) = We ·G· fr ·G· fr ·G·Le 

of a path x E Pt is the product of the radiance Le of the 
light source, the sensor responsitivity We, the bidirectional 
reflectance distribution functions fr at the vertices, and the 
geometry tenns G between all pairs of subsequent vertices 
of the path. The path integral fonnulation of the color/ of a 
pixel then is 

I = E r f(x)dµ e(x) = r f (x)dµ(x) . 
f = l}pl }p 

The bidirectional path tracing algorithm generates sam­
ples of the path space by first generating a light and an eye 
path. Then all vertices of both paths are detenninistically 
connected by shadow rays (dashed lines) in order to deter­
mine the contribution. 

\ 

c. \ 

Q _____ C) 
------- ::-;~ --v 

Consequently a path of length f can be generated by f tech­
niques with the associated probability density functions 

Pe,o.Pe,1.····Pe,e-1 : Pe-> R6 
that are detennined by which vertices detenninistically are 
connected. 

\ 

c. \ 

Combining all the path generation techniques by a set of 
weights 

wt,o,we,1, ... ,we,e- 1 : Pe -> R;j , 

i.e. a heuristic, yields the multiple importance sampling es­
timator 

1 n t- 1 f(x · ·) r J(x)dµe(x) ~ ;; E E we,i(xi) (~1 ·) , (4) 
}pt j = I i= O Pe,1 1,1 

where Xi,j is generated according to the density Pf,i· lt can 
compensate for the weaknesses of a single technique, like 

e.g. the ovennodulation of the geometry tenn G. The esti­
mator (4) is unbiased, if for all possible paths x E Pt with 
contribution f (x) # 0 the weights sum up to one, i.e. 

e- 1 
[, we,i(x) = 1 , 
i= O 

and if a path cannot be generated by a technique then the 
weight must be zero, i.e. we,i(x) = 0 for Pt ,;(x) = 0. 

Two such heuristics are the power heuristi~ 

[VG95, Vea97] with the weights 

wl?°w (x) ·- P~,;(x) 
f, i .- ~t- 1 ß (-) 

L..i= O Pe,i x 

for 1 :S ß :S: oo and the balance heuristic resulting from the 
special case ß = 1. Compared to the optimal heuristic esti­
mator 11°P1 [Vea97], the variance of a power heuristic esti­
mator llpow is bounded by 

(j2 (llpow) :SC. (j2 ( 11opt) + ~. E ( 11opt) , (S) 

where c = 1 for ß = 1 and c = ~ ( 1 + vif) for ß = 2. This 
means that the balance heuristic is asymptotically optimal. 

The big disadvantage of these heuristics is that all densi­
ties have to be evaluated in order to detennine the weights 
and all samples have to be generated even if their weighted 
contribution is rather small. 

3.2. The Stratification Heuristic 

Shooting shadow rays involves the evaluation of the geome­
try tenn G(x, y) as defined in equation (3). If the two points x 
and y lie closely together, i.e. lly-xll~ becomes very small, 
then numerical problems arise from the geometry tenn by 
either ovennodulation or division by zero. Therefore vari­
ous hacks including clipping the value to a plausible range 
or adding small values to the denominator are used to avoid 
these numerical problems. 

Multiple importance sampling (4), as used in bidirectional 
path tracing, robustly avoids the problem of the weak singu­
larity by suited heuristics. The resulting algorithms are unbi­
ased and do not rely on the just mentioned hacks. However, 
all heuristics known so far require to evaluate all techniques, 
which _make bidirectional path tracing rather inefficient and 
even complicated to implement. 

T<lking a closer look at what is really necessary to avoid 
the problems caused by the weak singularity reveals that 

• in fact technique Pt,i- I is sufficient, if G(x1 ,x2) < t, 
• otherwise we have to proceed with technique Pt,e-2· 

Continuing this scheme along the eye paths yields the 
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a. clipped illumination b. balance heuristic c. stratification by distance d. stratification heuristic 

Figure 2: Effect of the stratification for a single point light source (red dot ): The a.) clipped overmodulation of the geometry 
term as present in the instant radiosity algorithm, the b.) attenuation by the weight of the balance heuristic, removing the 
weak singularity by c.) thresholding the distance to the point light source. Thresholding the geometry term d.) mimics best the 
integrand. A threshold t = 0.5 was used. 

weights 

we,e-1 (i) .- w(xi ,x2) := { 1 G(x1 ,x2) < t 
0 else 

we,e-2(.i) . - (1 - w(x1 ,x2)) · w(x2 ,x3) 

of our new stratificaiion heuristic. Obviously the weights 
sum up to one as required for multiple importance sampling. 
Admittedly, it looks complicated now. However, it proves 
that the simple algorithm, from section 2· is a bidirectional 
path tracing algorithm and consequently is unbiased. 

Contrary to previous heuristics, especially the similar 
looking maximum heuristic, our new heuristic does not re­
quire to sample from all techniques before being able to de­
termine the weights and consequently is more efficient. 

In fact the new heuristic is a stratification method, where 
the technique to use is found by thresholding the geometry 
term. The cost of determining the stratum we are in is negli­
gible, because parts of the integrand are used that have to be 
evaluated anyhow. 

3.2.1. Choice of the Stratification 

As illustrated in figure 1, the stratification heuristic divides 
the integration domain around any point x into a kind of near 
and far field. This is best seen from the radiance integral 
equation 

L(x, eo') 

Le(x, eo') + l f,(eo' ,x,eo)L(y, -eo) cos + 0xdeo 

Le(x, ro') 

+ l w(x,y)fr(eo',x,ro)L(y,-eo)cos+ exdeo (6) 

+ l (1 - w(x,y))fr(eo' ,x, eo)L(y, - eo) cos + 0xdeo,(7) 

where y = h(x, eo) is the closest point hit from x, when shoot­
ing a ray into direction ro: The resulting first integral (6) is 

safely evaluated using point light sources as in step 2.a. of 
the algorithm, while the second integral (7) has to be evalu­
ated by sampling the hemisphere as in step 2.b. in order to 
avoid numerical exceptions . 

The shape of the strata is determined by the weight func­
tion (2) as illustrated in figure 2. Instead of just thresholding 
the inverse squared distance, which causes the integrand to 
be weakly singular, we threshold the whole geometry term 
Gin order to closely mimic the integrand. The threshold pa­
rameter t then determines the size of the strata (see figure 3). 
Choosing 0 '.'::: t < oo avoids infinite variance to be caused by 
the geometry term G. 

In the context of parametric integration, Heinrich [HeiOO] 
proposed an optimal algorithm for the Monte Carlo approx­
imation of weakly singular operators: For smooth function 
classes his algorithm used a similar stratification idea to sep­
arat~ the weak singularity. 

4. Discussion and Numerical Evidence 

The new algorithm units many seemingly isolated tech­
niques in a simple way: Bidirectional path tracing, stratifica­
tion, ambient occlusion and local illumination environments, 
and final gathering and secondary final gathering are all in­
trinsic. 

On the one hand the scattering step 2.b of the algorithm 
could be considered as a secondary final gather [Chr99]. On 
the other hand it can be interpreted in the context of ambi­
ent occlusion techniques [IKSZ03, Neu03]. However, by our 
technique, we do not only scan the hemisphere around one 
point, but the whole vicinity that can be reached by short 
paths. This completely removes the problem of blurry pat- · 
tems in concave comers as it may occur with final gathering 
[Chr99]. 

To summarize, the new algorithm is unbiased, because it 
can be regarded as bidirectional path tracing algorithm, es­
pecially a stratification method. The algorithm is also robust, 
because no numerical exceptions can·be caused by the weak 
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Balance heuristic 

Stratification by 
distance 
t = 0.5 

Stratification heuristic 
t = 0.5 

Stratification heuristic 
t = 1.0 

Area sampling 

1 f _ f(io ,j) 
- '-' w2,o(xo,j) (- ) 
n j = I P2 ,o xo ,j 

Solid angle sampling 

1 f - f(i1 ,j) 
- '-' w2,1 (x1 ,j) (- ) 
n j = l P2, l XJ ,j 

Sum of both terms 

1 f ~ (- ) f(ii ,j ) 
;; J.., J.., W2,i Xi,j ·(i ·) 

j = l i= O P2,1 1,; 

Figure 3: For path length f, = 2 we compare bidirectional path tracing heuristics in a simple scene with a light source on a 
plane. Each row represents a heuristic. The columns show the weighted contributions of sampling the light source by area and 
solid angle, while the third column shows the sum of both terms and the light source. 

singularicy. Like instant radiosity [Kel97] or similar interac­
tive global illumination systems [WKB*02, BWS03], it uses 
efficient area sampling by point light sources, but singulari­
ties are not clipped and averaged away in a biased way. This 
results in an increased image quality. 

4.1. Efficiency and Time Complexity 

Analyzing only the variance cr2 (ri) of a Monte Carlo estima­
tor Tl ignores the cost of realizing the estimator. Therefore a 
complete analysis must consider the time complexity 

whose inverse is the efficiency. T(ri) is the time of one re­
alization of 'll· The variance of our new estimator may not 
optimal in the sense of (5), however, for several reasons its 
realization time is much smaller: 

Cheaper rays: Equating the geometry term G and the 
threshold t allows one to bound the maximum length 

r(x) < J cos+ 0x 
- t 

of the eye rays, where we used cos+ 0y, :S 1. This dis­
tance often is much shorter than the obvious bound deter­
mined by the bounding box ofthe scene. Consequently the 
amount of geometry loaded into the caches remains much 
smaller and less voxels of the acceleration data structures 
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Figure 4: From green to red the color indicates the average 
eye path length per pixel. While green corresponds to the 
minimum length of one, pure red indicates a maximal length 
of 4.657. The maximum path length considered was 5. 

have to be traversed. Without our heuristic it would be 
only possible to bound shadow rays. 

Shorter eye paths: Compared to previous bidirectional 
path tracing heuristics, the eye path length of the strati­
fication heuristic is shorter on the average. Thus less rays 
have to be traced and shaded as can be seen in figures 4 
and 5. 

Less shadow rays: The shorter average eye path length di­
rectly results in a reduced number of shadow rays to be 
shot and a consequently higher data locality. In addition 
many shadow rays do not need to be traced, because of 
the threshold (3) on the geometry term. 

Intrinsic cache coherence: Only in the vicinity of concave 
comers the eye path length slightly increases as illustrated 
in figure 4. Then the ray length is short, which implies 
.that most geometry already is in the processor cache. This 
corresponds to the idea oflocal illurnination environments 
[FBG02], however, our method is unbiased and implicit, 
i.e. does not require an extra implementation for cache 
locality. Working with point light sources, the shadow 
rays can be traced as bundles originating from one point 
[WBWSOl]. Because shadow rays only access the scene 
geometry and do not require shader calls, less cache mem­
ory is required for shader data. 

The cost of the light path generation remains the same for 
our new algorithm, however, since eye rays are cheaper, eye 
paths are shorter, and less shadow rays have to be shot, the 
new algorithm is more efficient than previous bidirectional 
path tracing algorithms and in addition benefits much more 
from speedups in tracing rays. Because cache requirements 
are minimal, the efficient use of the processor cache is in­
trinsic to our algorithm and does not require extra care while 
coding. 

2 +:s· 

+ (~f · 

Figure 5: Visualization of the contributions made by the dif­
ferent strata fort = 0.5, which are identi.fied by the eye path 
length. Note that the images have been ampli.fied for display, 
i.e. the contribution vanishes in an exponential way. 
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Figüre 6: Comparison of the relative rendering time of the power heuristic with ß = 2 in red, balance heuristic in green, and 
stratification heuristic in blue at identical image quality. The top row shows the measurements for the office scene and the 
bottom row for the conference room. Timings on the left are pure Monte Carlo, while on the right we used the more efficient 
interleaved sampling, i.e. the method of dependent tests. While it is not clear, whether the balance or power heuristic is better, 
the stratification heuristic reliably outperforms the classical heuristics. 

4.1.1. Numerical Evidence 

In figure 6 the relative running time is compared at identi­
cal image quality for the stratification heuristic, the power 
heuristic, and the balance heuristic. Obviously the perfor­
mance of the power or balance heuristic depends on the 
scene and none of them is a clear favorite. 

For the experiments in the left column of figure 6 we used 
a bidirectional path tracer, where for each sample an inde­
pendent light and eye path have been generated. Due to the 
shorter eye paths, the stratification heuristic is competitive, 
but does not always beat the classical heuristics. For the mea­
surements in the right column, the biclirectional path tracer 
has been improved by dramatically reducing the number of 
lights paths by interleaved sampling [KHOl]. While the re­
alization cost now has been decreased by the same constant 
time for all heuristics, clearly the stratification heuristic ben­
efits most from reusing light paths and reliably is faster than 
the classical heuristics. 

4.1.2. Choice of the Threshold t 

As can be seen, the performance ofthe stratification heuristic 
depends on the choice of the threshold parameter t . Unfortu­
nately, this parameter depends on the given scene, which can 
be easily seen by a short thought experiment: By shrinking or 
enlarging a scene also the stratification of the path space and 
thus the threshold t has to be resized. Note that this is intrin­
sic to heuristics, as e.g. the power heuristic, whose weights 
are based on the ratio of the probability densities. Neverthe­
less our experiments indicate that usually t ~ 0.3 results in 
the fastest rendering times. 

4.2. Extensions 

For clarity and brevity we only introduced the basic algo­
rithm in section 2. For completeness we now inclicate the 
obvious extensions by orthogonal techniques: 

Efficient multidimensional sampling: In order to verify 
the convergence rates the images have been computed 
using pure random sampling and interleaved sampling 
[KHOl]. Efficiency can be further increased by applying 
quasi-Monte Carlo and randomized quasi-Monte Carlo 
sampling methods [Ke102, KK02a, KK02b] . 

Caustics: Some caustic paths cannot be captured efficiently 
by any path tracing algorithm [KK02a] , however, these 
easily are complemented by a caustic photon map. 

Shadow computation: The techniques of Ward [Wai91] 
and Wald [WBS03] can be used for reducing the num­
ber of shadow rays. The shadows also could be computed 
using various algorithms on graphics hardware. 

Discontinuity buffer: lt is straightforward to apply the 
cliscontinuity buffer [Kel98] for faster but biased anti­
aliasing. 

Non-blocking parallelization: Our method is a Monte 
Carlo algorithm and as such trivial to parallelize. By 
the high coherency our algorithm in addition benefits 
from realtime ray tracing architectures as introduced in 
[WKB*02, BWS03] and improves their image quality. 

5. Results and Conclusion 

By considering efficiency, i.e. both variance and realization 
time, we introduced a faster global illurnination algorithm. lt 
has been shown that the new Monte Carlo algorithm in fact 
is a stratification method that as well can be considered as 
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a multiple importance sampling heuristic. Consequently it is 
an unbiased and robust way to get rid of the problem of the 
weak singularity. Its implementation exposes the simplicity 
of a path tracer and the resulting images do not show the 
artifacts of current state-of-the-art rendering techniques. 

Finally the combination of occlusion maps and shadow 
buffering by the stratification heuristic can yield more real­
istic hardware rendering algorithms. 
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