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B-SPLINE SURFACES WITH KNOT SEGMENTS

Frank Weller

ABSTRACT. This report presents a generalization of tensor-product B-spline sur-
faces. The new scheme permits knots whose endpoints lie in the interior of the
domain rectangle of a surface. This allows local refinement of the knot struc-
ture for approximation purposes as well as modeling surfaces with local tangent or
curvature discontinuities. The surfaces are represented in terms of B-spline basis
functions, ensuring affine invariance, local control, the convex hull property, and
evaluation by de Boor’s algorithm. A dimension formula for a class of generalized
tensor-product spline spaces is developed.
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1. INTRODUCTION

Tensor-product B-spline surfaces are a powerful tool in design and approximation
of free-form surfaces. Their flexibility arises from non-uniform knot spacing, which
allows an adaptation of the knot lines to a particular problem. Discontinuities of
the first (second, etc.) derivative can be introduced through multiple knots. One
disadvantage of the traditional tensor-product approach is that the knot lines always
extend across the whole domain rectangle, either from left to right or from top to
bottom.

This report proposes a surface scheme in which the endpoints of knots may lie in
the interior of the domain. These knots are called knot segments and knot rays, as
opposed to knot lines. As in the traditional scheme, tensor-products of univariate
B-splines are used as basis functions. However, these bivariate B-splines are not
required to share the same, global knot vectors. Some knot sharing between basis
functions whose supports overlap is necessary to obtain a nicely behaved scheme. This
leads to the notion of semi-regular collections of B-splines. Semi-regularity ensures
linear independence of the B-splines (thus making them a true basis instead of just
a spanning set), affine invariance, and the strong convex hull property. A surface
constructed from a semi-regular basis can be evaluated by multiple application of de
Boor’s algorithm.

The spline spaces mentioned so far are defined synthetically by a collection of
spanning functions. A different, analytical approach to spline spaces chooses some
partition of the domain and then considers piecewise polynomial functions that have
a certain smoothness across the edges of this partition. For computations in such a
space, it is important to know the dimension and a base or spanning set. A collection
of B-splines induces a partition A, which in turn defines a spline space S(A). This
space is possibly larger than the span of *B. For a certain class of semi-regular bases,
it can be shown that B spans the whole space S(A). In this sense, semi-regular bases
are complete.

The remainder of this report is structured as follows. Section 2 reviews univariate
and bivariate, tensor-product spline spaces, generalizing the latter to allow knot
segments and knot rays. Section 3 defines semi-regularity and proves some properties
of semi-regular bases. Section 4 investigates the dimension of certain partition-defined
spline spaces and demonstrates the above-mentioned completeness of semi-regular
bases.



2. SPLINE SPACES

Splines are piecewise polynomial functions. The polynomial pieces are separated by
knots. In the univariate case, the pieces are also called segments. Each segment is
defined over an interval, and the knots are discrete points on the real line.

Definition 2.1. A knot vector is a vector X = (z,,...,z,) € R* that satisfies z; <
-+ < z,. We call the numbers z,,...,z, the knot values of X. The multiplicity
mult(z;) of z; is the number of times that the value z; appears in X .

A (univariate) spline function or spline curve of degree d over knot vector X
s a function s : R — R such that

(1) s restricted to each half-open interval [z;,z;1,) is a polynomial of degree d,
(2) s is d — mult(z;) times continuously differentiable in each knot value z;, and
(3) s vanishes outside the interval [z,,z,).

The (univariate) spline space Sy(X) of degree d over X 1is the linear space of all
spline functions of degree d over X.

We use the term “knot value” to distinguish the univariate case from the bivariate
case, where the knots are line segments.

A widely-used basis for univariate spline spaces is formed by univariate B-splines.
They can be defined in many ways, for example:

Definition 2.2. Let X be a knot vector. The normalized univariate B-splines
NE(X|z) of degree d over X are given by the recursion formula

1 T
NY(Xz) o= { L 12 € lozin) i=l..me1
0 ,else
NY(X|z) = — L NE-Y(X|g) + —H1 =% Nd-l(X|z) ,i=1,...,n—d—1
Titd — T4 Titd+1 — Tit1

The B-splines N¢(X|z),..., N¢_,_;(X|z) form a basis of the space S4(X), provided
that no knot value has multiplicity d + 2 or more. (In that case, at least one of the
B-splines is identically zero. After removing the zero functions, one obtains a basis
of the space.)

The represention

s(2) = N (X o)

of a spline function s in terms of this basis is called the B-spline representation of s.
The coefficients b; are called control points. The following properties, among others,
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have made B-splines a representation of choice in modern CAD/CAM systems (see,
e.g., [Far87, HL93].)

e Local control: The support of N¢(X|z) is contained in the interval [z;, Z;1441)-
A change of the control point b; affects only the part of s over this interval.
This facilitates interactive design of free-form curves.

o Affine invariance: The B-splines partition unity over the interval [Zgq41, Zpn_q)-
Applying an affine transformation to the image of this interval is equivalent
to applying the same transformation to the control points.

e Strong convex hull: B-splines are non-negative. Together with their bounded
support and partition of unity, this implies that s(z) lies in the convex hull of
d + 1 consecutive control points for any fixed = € [Ta41, Zn—a)-

e Numerically stable evaluation by de Boor’s algorithm. This algorithm starts
with d + 1 control points and successively forms convex combinations in order
to compute the function value s(z). The weights that are used in the convex
combinations depend only on z and on the knot vector X (cf. [dB72].)

The above three properties of the B-spline representation can be inferred from
de Boor’s algorithm.

In practical applications, only the restriction of s to the interval [Z441,Zn—4) is
considered. It is common to use the first and last knot values with multiplicity
d + 1 and to extend the restricted spline continuously to the right endpoint z,_4

(= Tp—d41 = -+ = T,) of the domain interval. In this case, the first and last control
points are interpolated:

s(z1) =b1 and s(zn):= lim 5(z) = bp-g-1
I<I::
A bivariate spline function consists of polynomial pieces that are defined over
polygonal regions. The pieces meet with a certain smoothness across the edges of

those regions. In this report, we are particularly interested in the case when all edges
are parallel to the coordinate axes.

Definition 2.3. Let Q C R? be bounded by a simple polygon. A domain partition
or simply partition A of ) consists of three finite sets C, E, V and a function
mult : E — NU {oo} such that

(1) C contains open, simply connected polygonal regions, called cells,

(2) E contains the polygon edges (open line segments) of all cells c € C, called
knot edges

(3) V contains the endpoints of all edges e € E, called vertices,

(4) CUEUYV is a partition in the point-set sense of the closure Q2 of 2, and

(5) mult(e) = oo if and only if e is a subset of the boundary of 2.
We call mult(e) the multiplicity of edge e € E. A partition A is called rectangular
if each knot edge is parallel to one of the coordinate azes.
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In a rectangular partition, a vertex v can be incident on 2, 3, or 4 edges. Corre-
spondingly, we call v a 2-, 3-, or 4-vertex.

Definition 2.4. Let A be a rectangular partition of Q C R. A functions : R? — R s
called a (generalized) tensor-product spline of degree d, x d, over A if s satisfies:

(1) The restriction of s to any cell c € C 1is a polynomial of coordinate degree
dy X s

(2) over any vertical (horizontal) edge e € E, s is d, —mult(e) times (d, — mult(e)
times) continuously differentiable,

(3) s is right and top continuous, i.e.

lim s(z + h, y) = lim s(z,y + h) = s(z,y) for all (z,y) €R®
h>o o
and .
(4) s vanishes identically over the exterior of 2, R? \ Q.

A linear space consisting of such spline functions is called a (generalized) tensor-
product spline space of degree d; x d, over A. The space Sq,xq,(A) that contains
all splines of degree d, x d, over A s called the maximal tensor-product spline
space of degree d, x d, over A.

If an edge e has multiplicity mult(e) > d; + 1 (or mult(e) > d, + 1, respectively,)
we interpret Condition (2) to mean that s may be discontinuous over e. In particular,
this applies to the boundary edges of A, which have multiplicity oo. It should be
mentioned that one can define other, quite different classes of bivariate spline spaces.
One commonly used class uses polynomial pieces of some total degree d over triangular
cells, with all interior edges having the same multiplicity.

Due to their application in free-form surface design, bivariate spline functions are
also called spline surfaces. In keeping with the terminology of traditional tensor-

product B-spline surfaces, we collect collinear edges into line segments, which are
then called knots.

Definition 2.5. Let A be a domain partition of 2 € R?. A knot K of A is a closed
line segment such that

(1) K 1is the union of some edges from E and some vertices from V and
(2) K has mazimal length.

A knot K 1is said to have constant multiplicity if all its edges have the same
maultiplicity, i.e. if mult(e;) = mult(e;) for all ey,es C K, e1,e3 € E. A partition A
15 said to have constant multiplicities if each knot of A has constant multiplicity.

We will have to differentiate between three types of knots, depending on whether
their endpoints lie on the boundary or in the interior of 2. A knot is called a knot
line if both its endpoints lie on the boundary, a knot ray if one endpoint lies on the
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boundary and the other lies in the interior, and a knot segment if both endpoints
lie in the interior.

A traditional tensor-product B-spline surface of degree d, x d, is defined in
the form

s(z,5) = 33 by N« (X |z) N3 (Y Iy) (2.1)

i=1j=1

where the first and last knot values of X and Y have multiplicity d; + 1 and d, + 1,
i.e.

Ty =+ = Td,+1 Tm+1 = = Tmtdy+1

Y1 =" = Ydy+1 Ynt+1 = °°° = Yntdy+1

In this scheme, s(z,y) is a linear combination of the bivariate tensor-product B-
splines N;(X|z)N;(Y|y). The linear span of these functions is a bivariate spline
space. It is called the tensor product of the univariate spaces Sy, (X) and Sy (Y).
The spanning functions are linearly independent, provided that no knot value of X
(of Y') has multiplicity more than d; + 1 (more than dy, + 1). Local control, affine
invariance, and the strong convex hull property are inherited from the univariate
B-spline representation. The knot vectors X and Y are global in the sense that they
are shared by all basis functions. We call X the horizontal and Y the vertical knot
vector.

The traditional tensor-product spline spaces form a subclass of the maximal tensor-
product spline spaces of Definition 2.4. This subclass is characterized by partitions
A in which all knots are knot lines of constant multiplicity. The knots lie on the lines
defined by the equations

z—z;=0 , i=d;+1,....,m+1

and

y—yi=0 , j=dy+1,...,n+1

where z;, y; are the knot values of the global knot vectors.

On the other hand, any spline space Sy, xq4,(A) is a subspace of some traditional
tensor-product spline space: Extend each knot segment and knot ray of A to a knot
line, and assign to each edge e the maximum multiplicity that occurs along the knot
on which e lies. The resulting partition A has only knot lines of constant multiplicity,
and Sy, x4, (A) is a traditional tensor-product spline space. The transition from A to
A introduces new edges and increases multiplicities of old edges, so every spline from
Sd,xa,(A) is also in Sy x4,(A). One consequence of this subspace inclusion is that
any generalized tensor-product spline can be represented in traditional B-spline form.
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Thus, it can be stored and processed by CAD/CAM systems, and communicated
using standard data exchange formats.



3. COLLECTIONS OF TENSOR-PRODUCT B-SPLINES

The fact that in the traditional B-spline surface scheme all knots are knot lines is a
consequence of using global knot vectors X, Y which are shared by all basis functions.
This section discusses schemes in which the basis functions have individual knot
vectors. In the most general case, we take some finite collection

B = {Bi(z,y) = N=(XD|z) N (Y Oly)}

of tensor-product B-splines By and form linear combinations of them. We will always
assume that all By are of the same degree, d; x d,. The knot vectors of By are
X® = (8 . ,x‘(,’:)Jrz) and YO = (48 | y,(,f)H). For ease of notation, we discuss
only the case when d; = dy = d. All results in this section generalize to the case
d; # d,.

Our general scheme does not guarantee linear independence nor partition of unity
over the domain rectangle. In fact, the proper domain may not even be rectangular.
By “proper domain” we mean the support of B, which we define as

supp (B) := |J supp (Bx)
BreB

where
supp (By) := {(:c,y) € R? : Bi(z,y) # 0}

is the support of Bx. Some restrictions on ‘B are necessary to achieve a nicely behaved
scheme.

We are interested in collections B that have rectangular support. The support of
an individual tensor-product B-spline By is a rectangle whose sides are parallel to
the coordinate axes. If the support of the whole collection B is rectangular, the sides
of this rectangle, too, must be parallel to the coordinate axes.

B induces a domain partition of supp (B) in the following way: Each By partitions

its own support by knot edges that lie on the lines z —J:Sk) =0 and y——y(-k) = 0, where

J
:cgk) and yﬁ-k) are the knot values used by Bi. We define the multiplicity of an edge to

be the multiplicity with which By uses the corresponding knot value. The partition A
that is induced by ‘B is obtained by superimposing the individual partitions of all B.
In this new partition, some of the edges from the By may be split where they cross
knots from other individual partitions, and new vertices may arise in the intersection
points. The multiplicity of an interior edge e of A is the maximal multiplicity of all
edges from the B; that contain e. Finally, we assign multiplicity oo to all boundary
edges of A. Obviously, A may contain knot segments and knot rays, and the knots
need not have constant multiplicities.

As in the case of univariate B-splines, we want to exclude the zero function from our
spanning set. Also, we will not allow any Bj to “jump” over knots which are induced
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by other functions from 8. If a knot runs through the support of Bx, then we require
B to use the corresponding knot value with the maximal possible multiplicity.

Definition 3.1. A collection B of tensor-product B-splines is called non-degener-
ate if all By € B satisfy the following conditions:

(1) By is not identically zero.

(2) Let K be any horizontal (vertical) knot of the partition A that is induced by
B. Let K lie on the liney —yo =0 (z —zo = 0). If K divides the support
of By, into two rectangles of non-zero area, then the knot vector Y*) (X*)) of
By contains the knot value yo (z¢) with multiplicity

r:= min mult(e)
ecE
eCK
eCsupp(By)
Condition (1) is equivalent to demanding that no By € ‘B uses a knot value with
multiplicity d + 2.
The following definitions lead to collections B for which the surface can be evalu-

ated by multiple application of the univariate de Boor’s algorithm. As we shall see,
this implies linear independence and partition of unity.

Definition 3.2. A non-degenerate collection B of tensor-product B-spline functions
15 called horizontally regular if there erist knot vectors

X= (zla"'axm+d+l) and
YO = onitbign) ¢ . 3= heeamtdsl

where the first (last) d +1 entries of all Y*) are the same knot value Ymin (Ymax) with
multiplicity d + 1, such that

B = {N:(X|2)N;(YOly) } (3.1)

i=1,....,mi3=1,....n(%)

Vertical regularity is defined analogously with knot vectors X©) and Y. B is said
to be globally semi-regular if it 1s horizontally or vertically regular.

The partition induced by a globally semi-regular basis can have knot segments
and knot rays. However, they must all run in the same direction, either vertical or
horizontal. The following definition localizes the semi-regularity condition. In each
cell c of the partition, it considers only those By that are relevant for c. By “relevant”
we mean that By does not vanish identically over c.

Definition 3.3. Let B be a finite collection of tensor-product B-splines, and let A be
the domain partition induced by B. ‘B is called locally semzi-regular if the following
conditions hold:

(1) supp (*B) is rectangular.



(2) For each point (z*,y*) € supp (B) which lies in a cell of A, either

(a) there exist knot vectors X = (zy,...,Zoq42) and Y = (ygi), e ,y§2+2 ,
1=1,...,2d + 2, such that

Tagp1 < 3* < 2gyp and

: . (3.2)
y§21<y'<y§'+)2 forall :=1,...,d+1

and

{BeB:(z",y") € supp (B)} = {N(X[z)N;(YOly)}

R - +1(33)

(b) there erist knot vectors XU) = (x(f),...,xg,)ﬂ), j=1.4,2d+ 2, and

Y = (y1,...,Y2d+2) for which conditions analogous to (3.2) and (3.3) are
satisfied.

A B-spline B, € B either vanishes identically over a cell, or it is non-zero over
the whole cell. Therefore, the set of B-splines in Equation (3.3) is the same for all
points (z*,z*) of a cell. Note that the “choice” between Conditions (2a) and (2b)
is made individually for each cell. This allows us to combine horizontal and vertical
knot segments in one partition.

Corollary 3.1. Any globally semi-regqular set B is locally semi-regular.

Proof. W.l.o.g., let B be horizontally regular with knot vectors X, Y®). First, we
note that supp (B) = [Z1, Zn+d+1) X [Ymin, Ymax) iS rectangular. Next, consider some
point (z*,y*) € supp (B). If this point does not lie on a knot, then z* must lie
strictly between two consecutive horizontal knot values z;+ and z;.,,, say. Since the
extremal knot values z; and z,,44; of X have multiplicity d + 1, at least d + 1 knot
values of X lie to the left of z*, and likewise to the right. The univariate B-splines
over X that are non-zero in z* are exactly Nj-_q(X|z),..., Ni-(X|z). By defining
X := (Ti*_d,- - -, Tirya+1), We can rewrite those B-splines as Ny(X|z), ..., Nay1(X|z).
It follows from the definition of X that Zgy; = ;+ < ¥ < Tyey1 = gy, 50 X
satisfies Equation (3.2). In the same manner, we can construct vertical knot vectors
YO, ..., Y@+ satisfying Equation (3.2) from the vectors Y =9 ... YG)  The
tensor-product B-splines that are non-zero in (z*,y*) are now given as
{N:(X|z)N; (Y Oly) }

ij=1,..,d+1

This shows that B is locally semi-regular. O

Since local semi-regularity includes global semi-regularity as a special case, we will
refer to it simply as “semi-regularity” in the sequel.
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Semi-regular collections 9B allow us to evaluate a surface by multiple applications
of the univariate de Boor’s algorithm. Let B be a semi-regular collection of tensor-
product B-splines, and let s € span (*B) be given by its control points as

S(IZ,y) = Z kak(xa y)
Br€B
Let (z,y) € supp (®B) not lie on a knot edge. Suppose that case (2a) of Definition (3.3)
holds for (z,y), with knot vectors X, Y®). Then, after an appropriate re-indexing of
the control points bx as b;;, we can write

d+1d+1

s(z,y) = Y3 biiNi(X|z)N;(YOly)

i=1j=1

d+1 [d+1
= X (Z biij(Y(i)Iy)) Ni(X|z) (3.4)

i=1 \j=1

d+1
= Y b@N(X)

where we define

d+1
bi(y) == Y bi N;(Y®y) (3.5)

1=1
For each ¢ = 1,...,d + 1, the expression in (3.5) can be evaluated by the univariate
de Boor’s algorithm. Given the b;(y), we see from the last line of Equation (3.4) that
another application of the algorithm yields the value s(z,y). If case (2b) of Definition
3.3 holds for (z,y), the univariate de Boor’s algorithm is first applied over each X®
and then over Y. We have assumed so far that the point (z,y) lies in the interior
of a cell. If it lies on a knot edge, then all By that are non-zero in (z,y) are also
non-zero in the cell ¢ that is incident on the knot and lies above or to the right of
(z,y). Because of this, and because of the continuity condition in Definition 2.4, the

evaluation algorithm can treat (z,y) as a point belonging to c.

Affine invariance and the convex hull property are immediate consequences of the
fact that s(z,y) can be evaluated by de Boor's algorithm. Each b;(y) is a convex
combination of byj,...,b44+1; and s(z,y) is a convex combination of the b;(y), so
s(z,y) is a convex combination of the control points

{bij}.',j.-_l,,_,,dH = {bx : Bk(z,y) # 0}

Setting all control points to 1 shows that the B-splines in 8 form a partition of unity

over supp (B). Since the values Bi(z,y) do not depend on the control points, the
surface scheme is affine invariant. .
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Proposition 3.2. A semi-regular collection B of tensor-product B-splines is linearly
independent.

Proof. Let the spline function

s(z,y) = Z bk Bx(z,y)

BreB

vanish identically over supp (*B). Consider some cell ¢ of the partition A induced
by B. W.lo.g., let the By that are non-zero over c share one horizontal knot vector
X and vertical knot vectors Y1), ... Y@+ The polynomial piece of s(z,y) over ¢
vanishes identically, so for arbitrary fixed y* we have

d+1d+1

0 = ZzbijNi(Xlx)Nj(Y“)ly‘)

i=1 j=1

d+1

= Y u@)N(X|g) forallz (3.6)

where the b;; are the re-indexed control points and the b;(y*) are defined as in Equa-
tion (3.5). Equation (3.6) describes one segment of a B-spline curve. It is well-
known that if this segment vanishes identically, then all corresponding control points

bi1(y*),...,ba+1(y*) are zero. Since y* was chosen arbitrarily, the B-spline curve seg-
ment

d+1 .
bi(y) = 3 b N;(YOly)
j=1

vanishes identically for ¢ = 1,...,d + 1. Again, this can only be the case if all b;;,
fori,7 =1,...,d+ 1, are zero. Looking at all cells of A, we see that each control
point by of s(z,y) must be zero. This proves that the set B = {B} is linearly
independent. [0

Any knot edge e of A is induced by some Bi € B, and it is clear that e must lie
in the closure of supp (Bg). If e is a boundary knot edge, the supports of all B that
induce e lie on one side of e. In a general collection B, this may also be the case
for interior knot edges. The following lemma shows that if B is semi-regular, each
interior knot edge is induced “from both sides.”

Lemma 3.3. Let B be a semi-regular collection of tensor-product B-splines and let A
be the partition of supp (B) induced by B. Let e be a knot edge of A with multiplicity
r, and let ¢ be a cell of A such that c is incident on e. Then B contains some B-spline
B that induces e with multiplicity v such that B is non-zero over c.
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Proof. There exists some B-spline B € B which induces e. If B is non-zero over c,
then B = B. Otherwise, B must be non-zero over the cell ¢ that is incident on e
and lies opposite c. W.l.o.g., let e be a horizontal knot edge and let ¢ lie above e.
Let e lie on the line described by the equation y — yo = 0. The local semi-regularity
condition holds for the cell ¢, so

B(z,y) = Ni(X|z)N;(Y|y)

for some indices i, j and some knot vectors X, Y according to Definition 3.3. Fur-
thermore, Y (yl, .+, Yad+2) contains yo as a knot of multiplicity r, so

9 < S Yar-r < Jdvo—r = = Ya+1 = Yo
If r < d, we see that g, is less than y, and the function
B(z,y) = M(X|z)N;(Yy)

is non-zero over ¢ and induces e.

In the case that r = d + 1, we look at the local semi-regularity condition over cell
c. It yields d + 1 B-splines of the form

Bi(z,y) = Ni(XP|z)Ngp  (YP|y) for i=1,...,d+1

which are non-zero over c. (The notation allows different horizontal as well as different
vertical knot vectors. Of course, X() = ... = X(@+1) or Y() = ... = Yy(+]) mygt

hold.) The vertical knot vectors Y = (gﬁ'), .., 5).,) are such that

Yo < Pz < -+ < Bidys

If none of these vectors has y, as a knot with multiplicity 7 = d+ 1, then all g y2d 4o are
greater than yo and all B; are non-zero over é. None of the B; can share a vertical
knot vector with B, since this knot vector would have to contain yo with multiplicity
r. Thus, the B-splines that are non-zero over ¢ must share the common horizontal
knot vector X = X = ... = X(@+1) 354 some vertical knot vectors Y1), . . Y(““)
In particular, Bis based on Y(‘°) for some 7. Bm can be represented over Y, 0,
in contradiction to our observation that B cannot share a vertical knot vector w1th
any of the B;. Therefore, some Y must contain y, with multiplicity r, and the
corresponding B; is our B-spline B. O

Equation (3.3) of the local semi-regularity condition connects the supports of the
basis functions By to the topology of the induced partition A. This implies certain
restrictions on the kinds of topologies that A can assume. The following lemma
illustrates one of these restrictions.

13



Lemma 3.4. Let B be a semi-reqular collection of tensor-product B-splines and let
A be the partition of supp (*B) induced by B. Let Ky, K, be two knots of A such that
Ky and K, ntersect in an interior vertez v = (z9,y0). Then one of the following
holds:

(1) Starting from either endpoint of Ky, the number of vertices on K, from the
endpoint up to and including v is greater than or equal to d + 2.

(2) Starting from either endpoint of K., the number of vertices on K, from the
endpoint up to and including v is greater than or equal to d + 2.

In both cases, multiple vertices are counted with their multiplicity.

Proof. Throughout the proof, we count vertices with their multiplicities. “Vertices
to the right” denotes v itself and the vertices to the right of v, likewise “to the left,”
“above,” and “below.” Assume that K} is horizontal and K, is vertical. It is first
shown by contradiction that K} must have d + 2 vertices to the left or K, must have
d + 2 vertices below. Assume that K}, has less than d + 2 vertices to the left and K,
has less than d + 2 vertices below. Any knot has at least d + 2 vertices, so K} must
extend to the right of v and K, must extend above v. Let c be the cell of A that lies
to the right of and above v and is incident on v.

Since v is an interior vertex, there exists a point P = (z*,y*) € supp (B) which
lies below and to the left of v such that no knot lies between P and v. The following
diagram depicts this situation. Note that v may be an endpoint of K, or K}, although
the two knots are drawn as extending below and to the left of v in the diagram.

K,

W.lo.g., let the B-splines that are non-zero in P share one horizontal knot vector
X and some vertical knot vectors Y as in Definition 3.3. Let r, and r, be the
multiplicities of v as a vertex of K, and K}, respectively.

Consider the B-spline
B(z,y) = Ny, (X|2) N, (Y™]y)
which is non-zero over P. The knot values of X and Y("™*) are grouped around z* and
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y* in the following way:

T L+ BBy, S E8gga € B ST S+ * S Troqdgr S = S Tnayn

Yy <y <<yl < v <y < <y < <),

Since no knot lies between P and v, we see that

To < Zg42 and yo < yz(i:’%

If Y(™) contains yo as a knot value with multiplicity > ry,, then the line segment

a = [Tr,, Tr,+a+1] X {%0}

is a knot of B with multiplicity > 7. In fact, B uses at most r}, vertical knot values
equal to yp, and a has exactly multiplicity r,. Now a and K}, lie on the same line
y — Yo = 0, and both contain the point v, so a is a subsegment of K}. This shows
that K} has d + 2 — r, vertices at the points

(va’ yO)v sy (xd+la yO)

which lie strictly left of v. Counting these points and v with its multiplicity of r,
yields d + 2 vertices, in contradiction to our assumption. We conclude that if B uses
knot value gy at all, then it does so with multiplicity less than r,. Therefore, the
chain

W< Y < S Yndan

Th Eots

contains a strict inequality, and the support of B extends above v. By analogy,
supp (B) also extends to the right of v, so B is non-zero over the cell c.

Since K, has a knot edge immediately above v, and since c is incident on this
knot edge, Lemma 3.3 shows that there is some B, € B that induces the knot edge
with multiplicity r, and is non-zero over c. B, and B cannot be represented over
the same horizontal knot vector, since this would require B to use xo as a knot value
with multiplicity > r,. Likewise, the knot edge of K}, immediately to the right of v
is induced by some By}, € ‘B which is non-zero over ¢, and By, cannot share a vertical
knot vector with B. The three B-splines B, B,, and By, are a contradiction to the
local semi-regularity condition over ¢, which requires that they share a horizontal or
a vertical knot vector. This shows that

(Ib) Ky has d + 2 vertices to the left or K, has d + 2 vertices below.
By symmetry,
(la) K), has d + 2 vertices to the left or K, has d + 2 vertices above,

(ra) K) has d + 2 vertices to the right or K, has d + 2 vertices above, and
* (rb) K} has d + 2 vertices to the right or K, has d + 2 vertices below.
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The statement of the lemma follows from these symmetric arguments. If K} has
less than d + 2 vertices to the left, then (la) and (Ib) show that K, must have d + 2
vertices above and d + 2 vertices below. The same holds, by (ra) and (rb), if K} has
less than d + 2 vertices to the right. So K}, or K, has d + 2 vertices to both sides of
v, counting multiplicities and including v in each count. [

An immediate consequence of this lemma is that all cells of A are rectangular.

Corollary 3.5. Let B be a semi-regular collection of B-splines, and let A be the
partition induced by B. Then A has no interior 2-vertices, and all cells of A are
conver.

Proof. Every interior vertex v is an intersection point of two knots K, and K,. Since
B is non-degenerate, v cannot have a multiplicity of more than d + 1 on K} nor K,.
By Lemma 3.4, one of the knots must have at least one more vertex on both sides of
v, and v is incident on at least 3 knot edges.

In order to be non-convex, a cell ¢ must have some vertex v which forms a strictly
concave corner of c. This is only possible if v is a 2-vertex, so v cannot be an interior
vertex of A. Since supp (*B) is convex, v cannot be a boundary vertex, either. We
see that all cells of A are convex. O
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4. A DIMENSION FORMULA

Spline spaces of total degree d over triangulations and other non-rectangular par-
titions have been studied widely in the literature (see, e.g., [DM83] and references
therein.) Determining the dimension of these spaces and constructing bases for them
can be extremely difficult, depending on the underlying partition.

The tensor-product spline spaces in Section 3 were defined through basis functions,
so the dimension and a basis are trivially known. We want to compare them to the
maximal spline spaces Sy, x4, (A) defined by rectangular partitions A. As in Section
3, only the case d; = d, = d is discussed. The results generalize to d, # d,.

If the partition A is induced by a collection B of tensor-product splines of degree
d x d, then all By € ‘B are splines over A, and span (*B) is a subspace of Syxa(A). It
is an interesting question whether this subspace inclusion is proper, or whether the
two spaces are equal. In the latter case, B is a basis of Syx4(A). In the former case,
span (B) does not make full use of the flexibility that the partition allows, and one
might wish to use the maximal space Syxq4(A) instead.

This section derives an upper bound on the dimension of spline spaces Syxq(A) over
a certain class of rectangular partitions. If A is induced by a semi-regular collection
B and if all its interior knot edges have multiplicity 1, then A belongs to this class.
It is shown that in this case the upper bound is equal to the number of B-splines in
the collection. This means that the upper bound is the exact dimension of Sgxa(A),
and that B is a basis of this space.

The upper bound is developed with the technique of smoothing cofactors and con-
formality conditions. This technique was developed independently by Wang [Wan75]
and by Schumaker [Sch79]. A short revision of the technique is given here. The
interested reader is referred to Chui and Wang [CW83] for a more detailed discussion
and proofs.

Let py(z,y) and py(z,y) be two polynomials over R? that meet with continuity
C" over some line, and let that line be described by the equation ¢(z,y) = 0 where
¢(z,y) is a polynomial of degree 1. Then the polynomial £"*! divides the difference
of p; and p,, i.e.

p—p=0"q (4.1)

for some polynomial g(z,y) over R*>. Chui and Wang call #*! the smoothing factor
and ¢ the smoothing cofactor of p, —p;. Note that the knot edge determines £(z, y)
only up to a constant factor. The smoothing cofactor depends on the particular choice
of £. The sign of ¢ depends on the order of p, and p,:

P2—D1 = [H(—Q)

In order to determine the sign uniquely, we will always choose p; to lie on that side
of the knot edge where ¢(z,y) is negative.
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Consider a bivariate spline s(z,y), and suppose that some fixed ¢(z,y) has been
chosen for each knot edge. Then s(z,y) is determined completely by the smoothing
cofactors of all knot edges and by one of the polynomial pieces, say po.

Let v be an interior vertex of the underlying partition A. Let py,...,p, be the
polynomial pieces that are incident on v, and let the line ¢;(z,y) = 0 contain the
knot edge that separates p; from p;;; for i = 1,...,n. The indices are understood in
a cyclic fashion, such that p,;; = p;. Let qy,..., ¢, be the corresponding cofactors,
then by going once around v we see that

n

EK:'HQ:':ZM—P:‘H =E:Di—2p¢=0 (4.2)
=1 =1

=1 i=1

Equation (4.2) is called the conformality condition corresponding to vertex v.
Note that it depends on the required order 7 of smoothness across the i*® knot edge.
This order is assumed to be the same for all knot edges.

The set of smoothing cofactors of a given spline satisfies the conformality conditions
of all interior vertices. On the converse, if we choose p, and a set of smoothing
cofactors which solve the system of conformality conditions, the underlying spline
space contains a unique function s(z,y) that has these smoothing cofactors and is
identical to po over a certain cell. Thus, the dimension of the spline space is equal to
the dimension of the solution space of the conformality conditions plus the dimension
of the polynomial space from which py is taken. The system of conformality conditions
can be transformed into a linear system of equations whose variables are the monomial
coefficients of the smoothing cofactors. A lower bound on the rank of this system
will yield an upper bound on the dimension of the solution space.

Smoothing cofactors and conformality conditions are now employed to derive an
upper bound on the dimension of certain tensor-product spline spaces. We consider
only spaces Sgxq(A) where A is a rectangular partition whose interior edges have
multiplicity 1, so adjacent polynomial pieces always meet with smoothness C4~!.
Each knot segment must have at least d + 2 vertices. Furthermore, we require that
statement (1) or (2) of Lemma 3.4 hold for each pair of knots that intersect in an
interior vertex. As we know from Section 3, this condition implies that A cannot
have any interior 2-vertices. Note that partitions induced by semi-regular bases fulfil
all of these conditions.

Let p, and p, be two adjacent polynomial pieces of s(z,y) € S that are separated
by a vertical knot edge. We shall choose all smoothing factors in the form ¢(z,y) =
(z — z0)? (or £4(z,y) = (y — yo)? for horizontal edges.) Then

ri(z,y) — pa(z,y) = (z — 20)%q(z, )

is a polynomial of coordinate degree d x d, so ¢(z,y) must be constant in y. Likewise,
q is constant in z if the knot edge is horizontal.
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P4 P3 P3

y—y0=0 y41 ——— y—y0=0

P1 y2) Y D)

z—z0=0 ) r—20=0

FIGURE 4.1. polynomial pieces around a vertex

Consider now a 4-vertex v = (zg,yo) of A with polynomial pieces p;, ps, p3, and
p4 as on the left-hand side of Figure 4.1. Due to our global ordering of adjacent
polynomial pieces, Equation (4.1) becomes

p—p = (z-20)'0(y)
p—ps = (y—%) ')
ps—ps = —(z—20)'as(y)
pi—p = —(y—0)'e(z)
and the conformality condition is
(z = 20) (01(y) — a3(¥)) + (¥ — %0)* (g2(2) — qa()) =0

Expressing the smoothing cofactors g; in terms of their monomial coefficients, which
are denoted by g¢; ,, and expanding the smoothing factors into a sum yields

0 = (z—20)*(@1(¥) — 6®)) + (¥ — W)’ (¢2(z) — qa(x))

- (B ©)tea) (Eiwo-oom)
i @; (3 yu(_yO)d—u> (g(qz'" - q4,u)-""")
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.: 3 (d)(—xo)““‘(qx,u_—qa,u)z"y"

u,v=0 4

L (d)(-yo)d_"(‘h,u — Qau)T"y”

= 3 (@)oo~ a0+ () o - o)) o

Since this equation must hold for all z and y, we have

(Z) (—20)" (10 — Gs0) + (5) (=%0)" " (@21 — qas) =0 (4.3)

for all u,v =0,...,d. Considering only the cases where v = d or 4 = d, we obtain
the 2d + 1 homogeneous linear equations

d
(u) (_zo)d_u(ql,d - Q3,d) + (q2,# - q4»#) =0 y M= 0» SRR d-1 (44)

d
(quy = qa’y) + (1/) (_y())d.—y(qu - Q4,d) = 0 y vV = 0, v oy d i 1 (4.5)

(91,4 — g3,4) + (924 — q4a) =0 (4.6)

If v is a 3-vertex, we obtain similar equations. The difference is that the non-
existent smoothing cofactor and its coefficients are missing. For the vertex shown on
the right-hand side of Figure 4.1, this cofactor is g¢4. The following discussion will not
distinguish between 3-vertices and 4-vertices when this is convenient. Equations will
be written in the form which they take for 4-vertices, with the understanding that
some of the variables may be zero in the case of 3-vertices.

We shall examine the homogeneous linear system of equations A that contains all
equations of types (4.5), (4.4), and (4.6) from all interior vertices of A. The variables
of A are the coefficients g;, of the smoothing cofactors. A is a subsystem of the
system that is obtained by collecting all equations of type (4.3). Therefore, its rank
is a lower bound on the rank of the larger system.

The following argument will be used in determining the rank of A. If A is a
block-triangular matrix

A *
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where each A, is a rectangular block, then the rank of A can be estimated by

rank A > 3 rank A;
=1
If each block A; has full row rank, equality holds and A has full row rank, too.

Let Q be the set of variables of .A. Suppose that we can partition .A into non-empty
subsystems Ay, ..., Ay and @ into non-empty subsets @, ...,Q, such that for all
J > 1, the equations in A; do not use any variables from Q);. If we sort the equations
and variables such that .4; comes before 4;;; and Q; comes before Q;;;, then the
corresponding matrix A is block-triangular, with block A; corresponding to .4; and
Q.

We will sort the equations and the variables of our system A in such a way that
the corresponding matrix is block-triangular. Some of the equations are transformed
by adding multiples of other equations. In particular, we will identify subsystems .A;
for which the variables in @); do not appear in any other equation. It is clear that the
corresponding block A; can take any position in the ordered sequence A,,..., Ay.

To determine the subsystems .4;, the equations and variables are first sorted such
that they become grouped by knots and by degrees p, v. Let K be an interior
horizontal knot that consists of m knot edges. We denote the smoothing cofactors of
these knot edges by ¢y, ..., ¢n, numbered left-to-right. The number of conformality
conditions along K is m — 1, m, or m + 1, depending on whether K is a knot line,
knot ray, or knot segment. These conforma.hty conditions involve q,..., g, as well
as the smoothing cofactors of the vertical knot edges that meet K. We number the
vertices of K from left to right, starting with 0 for the left endpoint and ending with
m for the right endpoint. In the i*® vertex, the smoothing cofactors of the knot edges
that meet this vertex from below and above are denoted by g, and g;, respectively.

For each vertex of K, we consider the linear equations of type (4.4). They contain
coefficients of degree d from vertical knot edges and coefficients of some lower degree
u from the knot edges of K. Let z; denote the z-coordinate of the i*" vertex, then
these equations take the form

d L. _
(qi+l,p. - Qi,p) -+ (“) (—'zi)d “(g,-'d - Qi,d) =0 y B = 0) -y d—1 )

1,....,m—1 if K is a knot line, (4.7)
t=140,....,m—1orl,...,m if K is a knot ray,
0,. if K is a knot segment

(Some g, or g;, may be missing if K has 3-vertices. Also, go, and gm+1,, will be

missing for i = 0 and ¢ = m.) If we group these equations and their variables by the
degree pu, then the subsystem of A corresponding to one group has a matrix of the
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form

1 left endpoint
-1 1 0
-1 1
. vertices 1,...,m —1  (4.8)
0 -1 1
\ -1 } right endpoint
m variables?l,“, w5 man

The first (last) row of this matrix is missing if the left (right) endpoint of K is a
boundary vertex. Let A; denote the block shown in (4.8). For a knot line or a knot
ray, Aj has full row rank m — 1 or m, respectively. We use A; := A] as a block for
our block-triangular matrix. If K is a knot segment, the first m rows of A} have full
rank. However, the whole block cannot have full row rank, since it has m + 1 rows
and only m variables. In this case, we replace the last equation by the sum of all
m+1 equations. The variables g; , cancel out in this sum, and the resulting equation
contains only coefficients of type g, ,and g, 4:

> ( )(‘mi) (g, ,—Tia) =0

i=0 \HK ’

The first m equations of A form a block of full rank m. We let A; be that block. The
new equation in the last row of A; is sorted seperately from A; and will be treated
later.

In this way, we obtain a block A; which uses the variables g, ,,...,gmu. No other
equation of the system .4 contains any of those variables. Therefore, our grouping
leads to a block-triangular structure for the horizontal variables of degree 4 < d. For
each horizontal knot segment, we have d equations

m d ~ B
Z(u)(_‘ri)d “(gi,d-qi’d)=0 5 HZO,...,d—l
1=0
& > (—zi)*(g; 4 — Tia) = O y Ly (4.9)
o

left over.

For each vertical interior knot K of A, Equation (4.5) yields subsystems of the
form (4.8). For each degree v, the block A, has row rank m — 1 in case of a knot
line and m otherwise. We determine the block A; in the same way as above, and
add the m first equations to the last equation in case of a knot segment. As before,
the variables ¢;,,...,¢m., Which are now associated with vertical knot edges, are
exclusive to A;.
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Collecting the (m + 1)* equations that correspond to one knot segment and all
degrees v, we obtain the following analogon of Equation (4.9):

m

Z(—y,-)"(?,-'d = ?i,d) =0 y V= 1, Gwiay d (410)

i=0
where y; is the y-coordinate of the i** vertex of K and the coefficients 7,4 and
7,4 are associated with the knot edges to the left and right, respectively, of this
vertex. We transform Equation (4.10) further, using the equations of type (4.6) that
are associated with the vertices of K. Multiplying those equations with the factors
(—y:)” yields

(=%0)” (=14 + (90,0 — 90a)) = O
(—%:)” ((gid — giv10) + (Tia—Tig)) = 0 , i=1,....m—1

(=Ym)” (@ma+ (Ima— Ima)) = O

forallv =1,...,d. (Note that the first and last equations do exist, since K is a knot
segment.) Adding these equations to (4.10) we obtain

m-—1
(—90) q1a — > (—¥)" (@i — Gi+10) — (~Ym)’qma =0 , v=1,...,d
= (4.11)

Note that both Equations (4.9) and (4.11) contain only coefficients belonging to
vertical knot edges.

Now we group the equations of type (4.6) by horizontal knots to obtain a matrix of
the form (4.8). Again, we have a block A; of full row rank m — 1 or m for each knot,
and for each knot segment one additional equation of type (4.9), with x4 = 0. The
blocks use variables from horizontal knot edges, so they do not share any variables
with the equations of types (4.9) and (4.11). They are also variable-disjoint with
each other, since each block corresponds to a different knot.

Finally, we gather the equations of types (4.9) and (4.11) in one large block. The
matrix A of A now has the form shown in Figure 4.2. The last block A contains
d + 1 equations of type (4.9) for each horizontal knot segment and d equations of
type (4.11) for each vertical knot segment. In order to determine the rank of Ay, we
perform a change of variables. The variables used in A,s are the degree-d coefficients
gi,a that belong to interior vertical knot edges. Along each vertical knot with cofactors
q1y---,9m, let

Tm ‘= dmd and
’Yizzqi,d_qi+1,d ) i=1,...,m—1
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FIGURE 4.2. Subsystem A of conformality conditions after sorting

Each +; is the difference of the degree-d coefficients from the two vertical knot edges
that meet in the i*® vertex. Note that the lower endpoint, vertex number 0, has no
v-variable associated with it. Thus, each interior vertex corresponds to a y-variable
unless it is the lower endpoint of a knot. The transition from the g¢; 4 to the y; does
not change the rank of the block.

Let Ay be Ap expressed with respect to the new variables. Equation (4.9) becomes
- .
Z(--’lf'i)u’)’i=0 ) #=0,,d
=

provided that none of the vertices of the associated horizontal knot K} is the lower
endpoint of a vertical knot K,. Otherwise, we will regard the corresponding 7; as an

abbreviation for the sum of all y-variables that occur along K,. The corresponding
matrix

1 1
(o) - () -
(~z0)? -+ (~zm)’

has m + 1 columns. We have required that m > d + 1 for each knot segment. The
first d+ 1 columns of (4.12) form the transpose of a (d+ 1)-by-(d+ 1) Vandermonde’s
matrix, which is well-known to have full rank. The variables 7y, ..., that corre-
spond to the first d + 1 columns are associated with the leftmost d + 1 vertices of
K. Since statements (1) and (2) of Lemma 3.4 hold, these vertices cannot be lower
endpoints of any vertical knots, so 7, ..., are truly variables, not abbreviations.
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This shows that the square block formed by the first d + 1 columns of the matrix has
full rank. Equation (4.11) becomes

0 = (—yo)“i%—i(—yi)“%

m

= ;((_yo)“ . (——yi)u) Yo, K= 17"')d
with matrix
(=y0) = (=y1) = (%) — (~Ym)
: : (4.13)
(=%0)* = (=0)* -+ (~%0)* = (~ym)*

We take the first d columns of this matrix and consider their determinant

(%) = (=v1) -+ (-w) - (-va)

det : :
(=90)* = (=y)* -+ (-w0)* - (—va)*

[ (—n)— (%) -+ (—va)—(~%)

= (—l)ddet
\ (_yl)d - (—yo)d ("'yd)d - (—yo)d
[ 1 0 0

_ (—1)ddet (?J:o) (—yl)':_(_'yo) (—yd)T(—yo)
(w0)? (—v1)—(—wo)? -+ (—%a)® — (—%0)?

1 ; 1

= 1y | W ) o ()
k(yo)" (=n)* -+ (—va)®

£ 0

If we expand the third determinant by its first row, we can see that it is equal
tc the second determinant. The last matrix in the sequence is the transpose of a
Vandermonde’s matrix, whose determinant is non-zero. This means that the first d
columns of matrix (4.13), which form a square block, have full rank. Their variables
Yo, - - -, Ya—1 are associated with the topmost d vertices of a vertical knot segment.
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In order to show that the block Ay has full row rank, we arrange it in block-
triangular fashion. The sub-blocks in this arrangement will consist of the first d + 1
or d columns of matrices of type (4.12) or (4.13), respectively. First, we construct an
ordering K, ..., Ky of all knot segments such that the leftmost d + 1 (or topmost
d) vertices of K; are not intersected by any K; with j > i. We choose K; in the
following way: Let Ky, be a horizontal knot segment such that no other horizontal
knot segment lies at a higher y-coordinate. If the leftmost d + 1 vertices of K,,, are
not intersected by vertical knot segments, let K; := Kiop. Otherwise, let Kere be the
leftmost of the intersecting knot segments. By statements (1) and (2) of Lemma. 3.4,
Kiese has d + 1 vertices above Ki,,. The choice of Ko, ensures that those vertices
cannot be intersected by any knot segments. We let K; := Kjer. In the same way,
we choose K, from the remaining knot segments and so on, until the ordering of all
knot segments is determined.

There is a one-to-one and onto correspondance between our sub-blocks and the knot
segments of A. If we sort the sub-blocks (i.e., the rows and columns of Ay, in which
the sub-blocks lie) according to the ordering K, ..., Ky of the knot segments, we can
see the following: If a y-variable of the i*" sub-block appears in one of the equations
that contain the j** sub-block, then K; and K intersect, and the intersection point
is one of the first d + 1 vertices of K;. Now the ordering is such that this cannot
happen for j > 7, so we have in fact arranged Ay in a block-triangular fashion. Since
each sub-block has full row rank, so has Ay,.

The above shows that the system A has full (row) rank. For each interior vertex,
A has 2d + 1 equations, so

rank A = (2d + 1) |Vi|

where |V;| denotes the number of interior vertices. This rank is a lower bound on
the rank of the complete system of all equations of type (4.3). The variables of this
system are the coefficients of all smoothing cofactors. If |E;| is the number of interior
knot edges of A, then the complete system has (d + 1) | E| variables. The dimension
of its solution space is bounded above by the number

(d+1) |Ef| —rank A = (d + 1) |Ef| — (2d + 1) |Vi]
We obtain the following upper bound on the dimension of the spline space Sgxa(A):

Proposition 4.1. Let A be a rectangular partition whose interior edges have multi-
plicity 1, let each knot segment have at least d + 2 vertices, and let statement (1) or
(2) of Lemma 3.4 hold for any two knots of A that intersect in an interior vertez.
Then the dimension of the mazimal spline space Sgxqa(A) over A is bounded by

dim Sgxa(A) < (d+1)2 + (d+ 1) |Ef| — (2d + 1) |V;] (4.14)
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If the partition A is induced by some semi-regular basis 8, then span (B) is a
subspace of Sgxa(A), and the number |B| of B-splines in B yields a lower bound on
the dimension of Syx4(A). We now proceed to determine |B| from the topology of A.

Since B is semi-regular, each cell of A supports exactly (d + 1) B-splines. On the
other hand, each By € B that is sufficiently remote from the boundary is non-zero
over at least (d + 1)? cells. (We are still considering the case where all interior knot
edges have multiplicity 1.) Functions that use the boundary kncts with multiplicity
> 2 are in general non-zero over less than (d+1)? cells. In order to treat these cases,
we expand each boundary knot edge into d pseudo-cells and assume that after the
expansion all knot edges have multiplicity 1. Likewise, the four corner vertices are
expanded into d x d pseudo-cells. Figure 4.3 shows pseudo-cells and the numbers of

(d+1) | 2(d+1) d(d+1)
supp (B)
(d+1) | 2(d+1) d(d+1)
d 2d d? (d+1)d (d+1)d
2 4 2d 2(d +1) 2(d +1)
1 2 d (d+1) (d+1)

FIGURE 4.3. Pseudo-cells associated with boundary edges and a cor-
ner vertex

B-splines that we count for each of them. Each boundary knot edge expands into d
pseudo-cells with a B-spline count of

zd:z'(d +1) = 1d(d + 1)?

=1

For the d? pseudo-cells of a corner vertex, we count

o9

t

d
iy j=1d*(d+1)?
1 j=1

B-splines. If we include the pseudo-cells in our count, then each B-spline is non-zero
over at least (d + 1)? cells.
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C1 v y—yo=0

Co

z—zo9=0

FIGURE 4.4. An interior 3-vertex

Interior 3-vertices increase our cell count. Consider the left endpoint v = (zo, %o)
of knot K in Figure 4.4. The B-splines that are non-zero over ¢, must share one
horizontal knot vector X = (z,,...,Z2442), so they are given as

{By(z.9) = NXIDN,(YOW)}
where X = (z1,...,ZT2a42) is such that z4,; = zo. Out of the vertical knot vectors
Y®, only Y(@+1 has y, as a knot value. For i = 1, the B-splines B;; do not induce the
knot edge between c; and c;. When we said that B ; is non-zero over > (d+1)? cells,
cy and c3 were counted as one single cell, so we need to increase the count by 1. The
knot edge that bounds ¢, to the right in Figure 4.4 must lie on the line £ — 2442 = 0,
since otherwise it would have to be induced by some B-spline that is non-zero over c;
and does not share the knot vector X. Thus supp (B;;) does not extend to the right
of ¢y, and K increases the cell count of B;; by exactly 1. Analogous considerations
fori =2,...,d (but not ¢ = d + 1) show that K increases the cell count of B;; by
exactly ¢, for all j =1,...,d+ 1, so in total we get

d
(d+1)) i=1d(d+1)
$=1

more cells per interior 3-vertex.

Whenever some By is non-zero over more than (d + 1)? (pseudo-)cells, there exists
a knot K such that K intersects the interior of supp (Bx) and the intersecting part of
K is not induced by Bj. Because of Condition (2) of Definition 3.1 (non-degeneracy,)
this can only be the case if an endpoint of K lies in the interior of supp (Bg). This
endpoint is an interior 3-vertex, and we have increased the cell count appropriately.

We have counted for each By the number of (pseudo-)cells over which it is non-zero,
and for each (pseudo-)cell ¢ the number of B-splines that are non-zero over c. The
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two counts must equal, so we have

(d+1)?|B| + 1d(d + 1) |V4|
= (d+1)?|C| + 43d*(d + 1)? + Ld(d + 1)? | Ep|

& |B|=|C|+d*+ 3d(|Ep| — Vi) (4.15)

where |C| denotes the number of genuine cells of A, |Eg| the number of boundary
edges, and |V3| the number of interior 3-vertices.

Each cell is incident on at least 4 knot edges. Each interior 3-vertex increases the
edge count of one particular cell by 1. On the other hand, each interior knot edge is
incident on two cells, each boundary edge on one cell. Therefore,

4|C| + |Vs| = |Eg| + 2| E4|

where |E;| is the number of interior knot edges. We can use this to eliminate |C|
from Equation (4.15):

B8] = :(Esl+2|Ei| - |Va]) +d* + 3d(|E| — |V4])

= ;1B +d* + §(2d + 1)(|Es| - [V3]) (4.16)

Each edge is incident on 2 vertices. There are as many boundary vertices as there
are boundary edges. Four of the boundary vertices are 2-vertices, the others are
3-vertices. Thus, we have

2(1E1l + |EBl) = 4|Va| + 3|V3| + 8 + 3(|Ep| — 4)

& 2|Ef| =4|Vi| +3|Vs| + |EB| — 4

where |V4| is the number of 4-vertices. Solving for |Eg| and substituting into (4.16)
yields

|B| 3 |Erl +d® + §(2d +1)(2|Er| + 4 — 4|Va| - 3|V3| = |V3))

= (d+1)|Ef|+d*+2d+1—(2d+ 1)(|Va| + |V3])

= (d+1)|E/|+@+1)?-(2d+1) |V (4.17)

This lower bound on the dimension of Sgxq4(A) is equal to the upper bound derived
in Equation (4.14).

Proposition 4.2. Let B be a semi-reqular collection of B-splines of degree d x d. If
all interior edges of the domain partition A induced by B have multiplicity 1, then

B is a basis of the mazimal tensor-product spline space Saxa(A) over this partition,
and

dim Sygyg(A) = (d+1)* + (d+ 1) |Ef] — (2d + 1) |V
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where |Ey| is the number of interior edges and |V;| is the number of interior vertices
of A.

Proof. Since ‘B is semi-regular, both the upper bound in Equation (4.14) and the
lower bound in Equation (4.17) hold for Sy4x4(A). The two bounds are equal, so
they give the exact dimension of the space. Furthermore, dim Sgx4(A) equals the
dimension |*B| of the subspace span (*B). The two spaces must therefore be identical,
and B is a basis for them. O
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5. CONCLUSION

Semi-regular collections of B-splines lead to a generalization of the traditional tensor-
product spline spaces. They consist of individual tensor-product B-splines, all of the
same degree d, x d,, but using individual knot vectors. A certain amount of knot
sharing between the B-splines is described by the semi-regularity condition. As a
result, the collections are linearly independent and possess some favorable properties
of the traditional B-spline surface scheme. A spline function represented over a semi-
regular basis can be evaluated by de Boor’s algorithm. The representation is affine
invariant, and the strong convex hull property holds. Conversion to the traditional B-
spline representation is possible for purposes of data exchange and for compatibility
with existing CAD/CAM systems.

The main advantage of semi-regular bases lies in the increased flexibility of the
knot structure. Knot segments and knot rays allow a truly local knot refinement. It
is possible to model derivative discontinuities which are locally confined by virtue of
the chosen basis.

Semi-regularity imposes some topological restrictions on the resulting domain par-
tition A. In particular, all cells must be rectangular. If all interior knot edges have
multiplicity 1, then the semi-regular basis spans all possible spline functions over A.
In this case, the dimension of the spline space can be determined from the topology
cf the partition.
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