


ON A COMBINATORIAL PROBLEM IN 

GROUPTHEORY 

Dirk Hachenberger 

Preprint No 208 

UNIVERSITÄT KAISERSLAUTERN 

Fachbereich Mathematik 

Erwin-Schrödinger-Straße 

6750 Kaiserslautern 

November 1991 



._ 

Abstract: 

- 1 -

1 

On a Combinatorial Problem in Group Thepry 

Dirk Hac~enberger 
Fachbereich Mathematik der Universität Kaiserslautern 

Erwin - Schrödinger Straße 

D - 6750 Kaiserslautern 

In this paper we continue the study of p - groups G of square order p 2 n and 

investigate the existence of partial congruence partitions ( sets of mutually 

disjoint subgroups of order pn) in G. Partial congruence partitions are used to 

construct translation nets and partial difference sets, two objects studied 
extensively in finite geometries and combinatorics. 

We prove that the maximal number of mutually disjoint subgroups of order pn 
in a group G of order p 2 n cannot be more than ( pn - 1 - 1) ( p - 1)- 1 provided 

that n ~ 4 and that G is not elementary abelian . This improves a result in [ 6] 

and as we do not distinguish the cases p = 2 and p odd in the present paper, 
we also have a generalization of D. FROHARDT' s theorem on 2 - groups in 
[ 4]. 

Furthermore we study groups of order p 6 . We can show that for each odd 

prime number, there exist exactly four nonisomorphic groups which contain at 

least p + 2 mutually disjoint subgroups of order p 3 . Again, as we do not dis

tinguish between the even and the odd case in advance, we in particular obtain 
D. GLUCK' s and A. P. SPRAGUE' s classification of groups of order 64 which 

contain at least 4 . mutually disjoint subgroups of order 8 in [ S] and [ 13] 
respectively. 
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1. Introduction 

Let G be a finite group and ll-I = { H 1 , ... , Hr} a nonempty set of r non trivial 
subgroups of G. We say that 1H satisfies the maximality condltion , if 

( 1 ) Hi Hj = G for all i i j. 

The elements of ll-I are called components. 

If in addition the order of G is s 2 , the number r of components is at least 3 

and 

( 2) 1 Hi 1 = s for all i = 1 , ... , r , 

then ll-I is called a partial congruence partitlon of order 11 and degree r in G 
( for short an (s,r) - PCP in G). 

A direct consequence of the definition of an ( s ,r) - PCP IH is 

( 3) Hi n Hj = 1 for all i =/ j in IH. 

Partial congruence partitions are studied extensively by many authors ( see e. g. 
[ 1, 3 , 4, S, 6, 7, 8, 10, 11, 13] ) because of their close relation to translation nets. 
The reader who is interested in , the geometric background is refered to 

r 2, 6, 7, 8 , 10, 11, 12 , 13]. Further applications of partial congruence partitions in 

mathematics, e. g. the construction of certain partial ilifference sets, are 

discussed in [ 1, 12], where one can also find a lot of further references. 

As in [ 6, 7, 12] we define 

( 4) T(G) := max { r :!:: s + 1 : there exists an (s,r) - PCP in G } . 

lt is easy to see that a partial congruence partition of order s in G cannot 
contain more than s + 1 components and it is well known that equality holds if 

and only if G is elementary abelian , thus in particular the order s is a power 
of a prime. As T(G) .s: T(P) for any Sylow subgroup P of G (see [4,6,11,12]), 

we are mainly interested in studying PCPs in p - groups. The elementary abelian 
case is well known: 

If G is elementary abelian of order p 2 n, then 

(5) T(G) = pn+t. 

We are therefore going to investigate p - groups which are not elementary 

abelian and deal with the following problem: 

How large can be the degree r of a partial congruence partition in a group G 
of order p2

n provided that G is not elementary abelian ? 



; 
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The following theorem shows that r will be considerably smaller than in the 
elementary abelian case. 

( 1.1) Theorem : 

Let n 2 4 and let G be a group of order p 2 n. Assume that G is not elementary 

abelian . Then 
pn- 1 _ 1 

T( G) s ......_ __ _ 
p - 1 

Example: 

Let G be elementary abelian of order 38
, then T(G) = 82 by (5). Let K be any 

group of order 38 which is not elementary abelian, then T( K) s 13. 

Theorem ( 1.1) is an improvement of a resul t on p - groups of odd order in [ 6 ]. 

If p = 2, we obtain a known result on 2- groups which was proved by D. FRO

HARDT in [ 4 ]. Similar to [ 4] our proof of ( 1.1) proceeds by investigating 
carefully the interplay between the components of a PCP in G and 0 1(Z(G)), 

the largest elementary abelian subgroup of the center of G. However, our 

proof is not just a generalization of that in [ 4]: In his proof, D. FROHARDT 

uses in several steps the fact that a finite 2 - group G contains at least 

4- 1·IG1 elements of order at least 4 provided that G is not elementary abelian 
( see [ 4, Lemma 1] ). As the analogue is not true in p - groups of odd order 

and as we do not distinguish between the cases p = 2 and p odd, we have to 

use other methods and therefore give implicitely a new proof of the special 

case when p = 2. 

We will see that p - groups of exponent p are more difficult to handle than 

other p - groups ( this becomes clear in ( 1. 8) below ) . On the other hand, p -

groups of exponent p are also a source for many interesting examples: In [ 7] 
' some series of so - called large translation nets are constructed with partial 

congruence partitions in such groups. Furthermore, we will see that all groups 

Gof order p 6 with odd p and T(G) ~ p+2 have exponent p . We prove 

( 1.2) Theorem: 

Let G be a group of order p6 and let 0 := 0 1 (Z(G)) = < xe Z(G) 1xP=1 >. 
If T( G) 2 p + 2 = ( p3 - 1 - 1) ( p - 1 t 1 + 1, then 1 0 1 ~ p3 and one has one of the 

f ollowing cases : 

(1.2.a) G is elementary abelian and T(G) = p3 + 1. 

(1.2 .b) p is odd, Gis isomorphic to E(p3 ) x EA(p3 ) and T(G)=p+2. 

( Here E(p3 ) and EA(p3 ) denote the extraspecial group of order p3 and 

exponent p and the elementary abelian group of order p 3 respectively.) 
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(1.2.c) p is odd, G is isomorphic to the unique special group of exponent p 

with center of order p 3 and T( G) = p 2 +1 . 

(1.2.d) Gis isomorphic to < a,b,c,u,v,x 1 all generators have order p; [a,b]=u, 

[b,c]=v , all other commutators are equal to one ) 
and T(G) = p+2. 

Again most of the results are new in the odd case while partial congruence 

partitions in groups of order 64 were studied by D. GLUCK and A. P. SPRA

GUE in [ S] and [ 13] respectively. Their result is covered by our investi

gations. 

The particular interest in 2 - groups arises from the fact that certain Hadamard 
Difference sets can be constructed by using ( 2°, zn - i) - PCPs ( see j. DILLON 

[3], where the problem of classifying all groups G of order 220 with T(G) ~ 
2n - t was posed ). We shall therefore summarize the consequences of ( 1.1) and 

( 1.2) for the particular case p = 2: 

Theorem ( 0. FROHARDT, 0 . GLUCK , A.P.SPRAGUE): 

Let G be a group of order 220 with n ~ 3 and assume that there exists a 

(2°, 2n- t) - PCP in G. Then G is elementary abelian or G is isomorphic to the 

group in (1.2.d) (with p = 2). 

However, as mentioned in the abstract and above, partial congruence partitions 

in general are of certain interest in mathematics . 

We remark that all groups of order p 4 with at least three mutually disjoint 

subgroups of order p2 are classified in [ 6, section 4 ]. 

In the remainder of this introductory section we summarize the basic tools we 

need to prove (1.1) and (1.2). They are more or less implicite in [ 6. sections 

2 and 3] so that we do not need to prove everything. Beside these results we 

use only basic facts from the theory of p - groups, which can be found in [ 9 , 

chap. III]. 

We start with some upper bounds for the cardinality of sets of subgroups sa

tisf ying the maximality condition ( 1 ) : 

( 1. 3) Proposition : 

Let G be a p - group and IH a set of r subgroups of G . Assume that lH satis

fies (1). Let l')(G) be an epimorphic image of G and assume that 110H) := 

{ lJ ( H) 1 H e lH } is a set of non trivial subgroups of 11( G). 

: 
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Then 1]( ll-l) satisfies as well the maximality condition and 

J11<G)/ <I>< 11 <G))J 2: r<p-1) +1. 

(As usual , <!>(X) denotes the Frattini subgroup of a p - group X. ) 

Proof: · 

The first assertion is clear as 11(IH) by assumption is a set of nontrivial sub

groups of G and as 11(H)11(K) = 11(HK) = 11(G) for any two different components 
H and K in ll-l . By ( 1) different components of 11(IH) lie in different maximal 

subgroups of 11(G) , hence , by assumption, 11(G) contains at least r different 

maximal subgroups. The Frattini subgroup <I>(11(G)) of 11(G) is by definition the 

intersection of all maximal subgroups in 11(G), whence the maximal subgroups 

of the factor group V : = 1J( G)/ (1>( 11 ( G)) are in one - to - one correspondence to 

the maximal subgroups of 11( G) . As V is elementary abelian, the number of 

maximal subgroups of 11(G) is by duality equal to the number of one - dimen

sional subspaces of V ( regarded as vector space over the Galois field GF( p) of 

order p). The above inequality follows now immediately from the fact that V 

contains ( i V 1 - 1) ( p - 1) - 1 different one - dimensional subspaces. ll 

( 1. 4) Corollary: 

Let IH and G be as in ( 1.3) and let X be a proper normal subgroup of G. As

sume that HX/ x is a nontrivial subgroup of o/x for all H in ll-l . Then 

Proof: 

IGl \ <I>(G) n xl 
IXll<I><G) I 

2: r(p - 1)+1. 

By [9 , chap. III , 3.14] we have (l>(G/ x) = <l>(G)X/x. which is isomorphic to 

<I><G i <I> (G) n X · Hence J<r><G/ x)I = l(l>(G)l·l(l>(G) n x l- 1
. Now apply (1.3) with 

the natural epimorphism 1J : G ____,. G/ x. n 

Sets of subgroups of p- groups satisfying the maximality condition were first 

studied by D. ]UNGNICKEL in [ 10, 11]. There such sets are called generalized 

partial . congruence partitions with parameter t provided that there exists a 
component of order pt and that this is the maximal order a component can 
have. The situations where Theorem . 4.9 of [ 10] , a result on the maximal size 

of generalized partial congruence partitions, is used in [ 6] can indeed be 
handled with variations of (1.4). In the present paper we will use (1.4) instead 

of the deeper result in [ 10]. 
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We continue with a factorization lemma of [6]. lts applications ( 1.6), ( 1.7) and 

( 1.8) below are indispensable in studying PCPs. They were for example very 
useful in determining all groups G of order p 4 with T(G)::?. 3. Proofs, further 

applications and generalizations of ( 1.5) can be found in [ 6, section 3]. 

(1.5) Factorization lemma : 

Let G be a group of order s2, X a non trivial normal subgroup of G and Il-I an 

(s,r)- PCP in G ( with r::?. 3 by definition). Assume the validity of 

(6) X = ( H n X)( K n X) for each pair of subgroups H, K (Hi K) in Il-I. 

Then the order of X is a square, say 1X1 = n2 and the order of the factor 

group G/x is (S/n)2. Furthermore {ttnx: HE Il-I} and {HX/ x: HE IH} 

are (n,r)- and ( 8/n ,r) - PCPs in X and G/ x, respectively. 

In particular, r ~ min { T(X), T(G/x>}. 

( 1.6) Application: 

Let G be a p - group of order p2n and Il-I a ( pn, r) - PCP ( r ::?. 3) in G consisting 
only of abelian components. Then (6) holds with X = Z(G) and X = 0 1 (Z(G)). 

Furthermore, if one of these groups is nontrivial then 

r ~ p["/2] + 1. 

(Here [x]:= max {kE INU {O} =k ~ x} for any rational number x.) 

(1. 7) Remarks: 

Let G be a p - group of order p2n and IH an ( pn,r) - PCP in G. 

(i) If Z( G) or 0 1 ( Z( G)) is not of square order, then IH co ntains at most two 

abelian components by the previous lemma. 

(ij) Let X E { Z(G), 0 1(Z(G))}. lf Il-I contains exactly two 

nents, say H and K, then H and K still factorize 

X= (HnX)(KnX) remains valid. But ttnx and Knx 

abelian compo

X that means 

do not need to 

have equal order and likewise X does not need to have square order. 
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( 1. 8) Application 

Let p be an odd prime number and let G be a group of order p2 n. Assume 

that the class of G is 2 and that the derived subgroup G' of G is elementary 
abelian . Let Il-I be any (pn , r)- PCP in G. Then (6) holds with X =01 (G). 

Moreover, if r > p[ n/2] + 1, then G has exponent p. 

We close the introduction with a very useful argument ( see [ 4, Lemma 2] ). 

For any nonempty subset X of a group G we denote by xG ·- { xg 1 x E X, 

g EG} the union of the conjugacy classes of elements in X. 

( 1. 9) Lemma: 

Let G be a group of order s 2 and let Il-I be an ( s,r) - PCP in G. 

Then 1 HG n KG 1 = 1 for any two different components H and K in Il-I. 
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2. The proof s of Theorems ( 1.1) and (1.2) 

The proofs of (1.1) and (1.2) proceed in several steps. We use the notation 

0 == 0 1(Z(G)). Note that 0 i 1 for all nontrivial p- groups. 

General assumptions : 

Let G be a group of order p 2 n which is not elementary abelian. Assume that 
n ~ 3 and that G contains a (pn, r) - PCP IH with r > ( pn -1- 1) ( p - 1)- 1 . 

In particular, we have r ~ 4. 

(2.0 1<l>(G)1 s pn. 

Proof: 

If we use (1.4) with X= 1, then, by our general assumption on the number r of 

components, we obtain immediately that 

1 <!>( G) 1 s 1 G 1 • ( r ( p - 1) + 1 ) )- 1 < pn + 1. 

Since 1<l>(G)1 is a power of p, we have the desired result. [] 

( 2.2) G is nonabelian . 

Proof: 

Assume that G is abelian, then each component of IH is abelian. As G is not 

elementary abelian by assumption, 0 is a proper subgroup of G. We may there
fore apply (1.6) with X == O which is equal to 0 1 (G) in this case and obtain 

T(G) s p[nlz]+ 1. But this is a contradiction to T(G) ~ r > (pn - 1 -i)(p-1)- 1 

and n ~ 3. [] 

( 2.3) 

Proof: 

If IZ(G)j > pn then n=3, p is odd, Gis isomorphic to E(p3 ) x EA(p3
) 

and T(G) =p+2 (this is case (1.2.b)). 

We assume first that IH(Z(G)) := { HZ(G>/ z(G) 1 H EIH} is a set of nont rivia l 

subgroups of G/ Z(G). An application of ( 1.4) with X := Z(G) shows 

(7) IZ(G)j s p 2 n·l<I>(G) n Z(G) l·i<I>(G)j- 1 · ( r(p - 1) +1t 1
. 

As trivially l<I>(G)nZ(G)l·i<I>(G)l- 1 s 1 and r > (pn- 1 - 1)(p - 1)- 1 by assump

tion, we obtain IZ(G)j < pn+t from (7), thus IZ(G)l s pn, a contradiction . 



- 9 -

Therefore there exists a component N in IH satisfying NZ(G) = G. Thus N is a 

normal subgroup of G. The factor group G/N is isomorphic to a factor group 

of Z(G) and therefore abelian . Thus the derived subgroup G' of G is contained 

in N. As Y' s G' for every subgroup Y of G, we obtain by (3) in particular 
that His abelian for all Hin IH - {N} . 

Furthermore , it is clear that HZ(G) is a proper subgroup of G for any other 
componen t H in IH - { N} . Otherwise we would have G' s N n H = 1, thus G is 
abelian. But this is a contradiction to (2.2). 

An application of (1.6) with X : = Z(G) and the partial congruence partition 
IH - { N} of order p 0 and degree r - 1 yields 

( 8) 

(Observe that r-1 :2: 3 and that 1 iZ(G) by (2.2) is a proper subgroup of G.) 

Now (8) implies n = 3, hence G is a group of order p6 . Since the left hand and 

the right hand side are equal in (8) , we see that r=p+2. As the order of Z(G) 

by (1.6) is a square , G is nonabelian and 1Z(G) 1 > p 0 = p 3 by assumption, we 
obtain that IZ(G)I = p 4 . 

Now IH - { N} is an (p3 , p + 1 ) - PCP consisting only of abelian components . 

Applying once more (1.6) we see that 0 is of square order, hence 

IOI e {p2 , p 4 }. Moreover, Nno is nontrivial as N is normal in G. Thus all 

components have nontrivial intersection with 0 , so that we obtain 101 ~ 

(p+2)(p - 1) + 1 = p2 + p - 1 > p2 , hence 0 is of order p 4 and 0 = Z(G). 

In particular, we see that G is isomorphic to N x EA(p3 ). As G is nonabelian by 
( 2.2), the component N has to be nonabelian. Moreover, as G/N is elementary 
abelian, the Frattini subgroup <I>(G) of G is contained in N. Now for any sub

group X of G we have <I>(X) s <l>(G) by [ 9, chap. III, 3.14 ]. Hence, again by 

(3), <l>(H) = l and His elementary abelian for all Hin IH-{N}. 

Now JH(O) := {HO 1 H e IH - {N}} is exactly the set of maximal subgroups in 
G containing 0 (note that IH n ol = p 2 for all H e ll-1 - {N} by (1.5) and (1.6)). 

As xnY = 0 for different. members X and Y in IH(O) , an easy counting argu

ment shows 

( 9) 
1 

U HOl = (p + 1)(ps-p4)+p4 = p6 = 1GI . 
H EIH - {N} 

Since HO is elementary abelian of order p5 for all H in IH - {N}, equation (9) 

implies that G is of exponent p. In particular N is · a nonabelian group of order 
p3 and exponent p. Thus p is odd and N is isomorphic to E(p3 ) , the extraspe

cial group of order p3 and exponent p. 
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lt remains to show that G: = E(p3 ) x EA(p3 ) indeed contains p + 2 mutually dis

joint subgroups of order p 3 : 

In generators and relations G can be written as 

< a , b, u, v, x , y 1 all generators have order p; [ a, b] = y, all other commutators 

are equal to 1 ) . 

As p is odd and G has class 2, we can use that the commutator mapping 
f., .1: G x G ~ G' is bilinear and skew - symmetric with respect to the Galois 

field GF(p) of order p, that is 

(10) [g,h] = [h,gr 1 and [gA.,h]=[g,hf' for all g , h in G and all AEGF(p) . 

Furthermore, 

(11) (gh)A. = gA. hA. [g,h] - (~) for all g , h in G and all "A in GF(p) 

( here (;) = 2- 1 "A("A-1) ). 

lt is easy to show that any element in G can uniquely be written in the form 
acxbßuµvvx l;y"YJ with Q'. ,ß,µ, v,~,7J E GF(p). We refer to this as the standard 

presentation. 

( 12) Define Hi · - < abi , xyi , u vi > for i in GF(p) , 

H= . - < hx , v, uy ) and 

N ·- < av , b,y ) . 

We claim that iI-f:= {N,H= } LJ {Hiji E GF(p)} is an (p3 ,p+2)-PCP in G: 

Using the presentation of G, it is easy to see that N is isomorphic to E(p3 ) 

and that all other subgroups are elementary abelian of order p 3 . We use now 

(10) and (11) to write elements of Hi ( i E GF(p)), H= and N in standard pre

sentation and obtain: 

Hi = {(abi)cx(xyi)ß(uvi)Yj Q'. , ß , y E GF(p) } 

= {acxbicxuyviyxß yiß - i (~)I Q'. , ß,y E GF(p)} , 

H
00 

= { bcxuyvßxcxyy 1 Q'.,ß,yEGF(p)}, 

N = { acxbßvcxy Y 1 Q'. , ß, y E GF(p)}. 

Now is not difficult to verify that IH satisfies (3), which proves (2.3). We skip 

the easy calculations. [) 

From now on we assume that 1Z(G) 1 s p". In (2.4), (2.5) and (2.6) we there

fore deal with the cases 101 = p", 101 = p" - 1 and 101 s p" - 2 respectively. 
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( 2.4) If 1 0 1 = pn , then n = 3 and , depending on w hether 1<!>(G) 1 = p 3 or 
1<l>(G) 1 = p 2 , we have one of the following cases : 

Proof : 

( i) p is odd, G is a special group of exponent p with center of order 
p 3 and therefore isomorphic to 

( a ,b, c ,x ,y, z 1 all ge nerators have order p ; [a ,b] =x, [a ,c] =y , 

[ b , c] = z, all other commutators are equal to one ) . 

Furthermore T(G) = p 2 +1. (This is case (1.2.c) . ) 

(ii) p is any prime number , Gis isomorphic to 

( a , b , c , u , v , xl aIJ generators have order p ; [a ,c] = u , [b,c] =v, 
all other commutators are equal to one ) . 

Furtherm.ore T(G) = p+2. (This is case (1.2.d) . ) 

Assume that IO l= pn (note that then 0 = Z(G)). As in the proof of (2.3) any 

subgroup X of G satisfying X 0 = G is normal in G and has therefore non trivial 
intersection with 0 . As 10 1 = p" and 1G1 = p 2 n , X cannot have order p". 

In particular each component H in IH intersects 0 nontrivially . Hence 

{HO/ol H EIH} is a set of nontrivial subgroups of G/ o. An application of (1.4) 
with X := 0 shows 

1 :-:;; l<I>(G) l · l <I>(G) n o1 - 1 = l<I>(G) : <I>(G) n 0 1 :-:;; p 2"·101- 1 - ( r(p - 1)+1 )- 1 < p . 

Therefore <l>(G) n 0 = <l>(G) , hence <l>(G) :-:;; 0. As furthermore G is nonabelian by 
(2.2) , this shows that G is nilpotent of dass 2. 

Before going on, we give a short outline of the further proof of (2.4): 

By counting nonabelian components of IH we can deduce a lower bound for 

the order of the derived subgroup G' of G. As G' :-:;; <l>(G) , we therefore obtain 

likewise a lower bound for 1 <I>(G) I; more precisely we prove that 1G'1. l<I>(G)I 
E {p" - 1 , pn} (see (Z.4 .a)). After having handled the case IG'! = pn - i in (2.4.b), 

we can assume that G is a special group, that is <l>(G) = G' = Z(G) ( see (2.4.c)) 

and may apply some ideas . of [ 6 , section 5 ]. 

If n is odd , then 10 1 is not a square and remark (1.7) (i) shows that IH cannot 
contain more than 2 abelian components . Therefore H' is nontrivial for at least 

r - 2 components. We obtain 

(13) 1G' 1 :<: ( r - 2) ( p - 1) + 1 :<: p" - 1 - p + 1 

and therefore 1 G' I ~ pn - 1 as 1 G' I is a power of p and as n ~ 3 . 
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If n is even, for instance n = 2k, then the number of abelian components in Il-I 
is at most pk + 1 by (1.6). Therefore the number of nonabelian components in 

Il-I is at least r - pk - 1 , we have 

( 13 ') 

If k > 2, then n - 1 = 2k - 1 > k + 1 and we have 1 G' 1 ~ p" - 1 as before. 

Finally assume that k = 2 and n = 4. If Il-I would contain p 2 + 1 abelian compo

nents, then { H n 0 1 H E Il-I' H' = 1 } would be a ( complete) congruence partiton 

of 0, that is 

o= U (tt n o ). 
HE Il-1, 

H abelian 

By ( 3) any other component would intersect 0 trivially , thus, as H n 0 > 1 for 

all H in Il-I, there do not exist any nonabelian components in lH and therefore 

r = p 2 + 1. But this is a contradiction to r > p 2 + p + 1. The PCP Il-I can therefore 

contain at most p2 abelian components and after counting again, we see 

(13") 1 G' I ~ ( r - p2 ) ( p - 1) + 1 > p2 

and therefore 1 G' I ~ p3 , if n = 4. 

Altogether we have !G'I ~ p"- 1 for all n~3 . As G' is a subgroup of <D(G), we 

1 1 1 ( 1 { n-1 n} obtain now G' , <DG) < p , p by (2.1) , hence (2.4.a). 

(2.4 .b) If 1 G' I = pn - 1 , then n = 3, <D(G) = G' and G is isomorphic to the group 

in (2.4) (ii) above. Furthermore T(G) = p+2. 

Assume that IG'I = pn- 1. As r(p - 1) +1 > p"- 1 , there exists a component N in 
Il-I which intersects G' trivially. As a consequence, N is abelian and NO is an 

abelian maximal subgroup of G ( observe that G' is a maximal subgroup of 0 

and that Nno is nontrivial, whence 1Nno 1 = p ). 

Let H be any other component of Il-I - { N} and HN: = H J) NO. By using ( 1) and 

the fact that NO is abelian and maximal in G, we obtain that HN is an abelian 

maximal subgroup of H. Hence HN is normal in H and in NO and as HNO = G, 

we see that HN is a normal subgroup of G. Thus we may apply ( 1.4) with 

X:= HN: 

{ KHN/~ 1 K E IH} is a set of nontrivial subgroups of G/ HN and 

( 14) 

(Observe that HN has order pn- 1. ) We have that i<D(G): <D(G) n HN I E {1 , p}. 
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If <I>(G) :-;; HN ~ H , then any component different from H intersects <I>(G) trivi

ally and is therefore elementary abelian. Using ( 1.6) and the fact that the 

abelian component N intersects 0 in a subgroup of order p , we obtain, that 

10 1 = p 2 • hence n = 2, a contradiction. 

We conclude that HN n <I>(G) is a maximal subgroup of <l>(G). Since H has 

been choosen arbitrarily in Il-1 - { N} this holds for all components different 

from N . Thus , again with (3), we have l<I>(G)I:<;; p 2 . By using (2.4.a) and n ~ 3, 

we see that 1<!>(G)1 ~ p 0 
-

1 ~ p2 . Thus equality holds everywhere and we obtain 

1<I>(G) 1 = p 2 , <l>(G) = G' and n = 3. 

Furthermore, as N intersects <l>(G)=G' trivially, we see that <I>(N) = 1, thus N is 

elementary abelian. Also NO, which is equal to N<I>(G), is elementary abelian. 

All components different from N intersect <l>(G) nontrivially. ( This is clear, if 

H is nonabelian . If .H is abelian, then 1Hn01 = p2 by ( 1. 7) (ii) and the facts 

that 1O1 = p3 and IN n o 1 = p. Hence H no and <!> (G) both are maximal subgroups 

of 0 and have therefore non trivial intersection.) Thus r :-;; T( <!>( G)) + 1 = p + 2. 

By our general assumption we have equality. 

Since 101 = p3 is not a square, Il-1 can contain at most 2 abelian components by 

(1.7)(i). Hence there exists a nonabelian component in Il-1- {N}. Furthermore 

Hn NO is elementary abelian of order p 2 for all H in Il-1 - { N}. Therefore, if 

p = 2, then any nonabelian component in Il-1- { N} contains at least 3 elements 

of order 2. Thus the nonabelian components are dihedral groups of order 8. 

Since each of them contains exactly S elements of order 2, we find an element 

c of order 2 in H which does not lie in NO . If p is odd then we can apply 

( 1.8) and obtain that G is of exponent p. 

Altogether, we can choose an element c of order p in G - NO and therefore 

< c,NO ) = G. Let (a,b,x) be a basis of N where <x ) = Nno and (u,v) a ba

sis of <I>(G) (regarded as vector spaces over GF(p)) . The element c induces by 

conjugation a linear mapping on N<I>( G). If w € N then wc = w [ w , c] € w G' = 

w<I>(G). As N n<I> (G) = 1, we see that wc € N if and only if c centralizes w, 

hence if and only if w € N n o = < x ) . Without loss of generality we can assu

me that ac = au and bc = bv ( note that a- 1ac = [a,c] and b- 1 bc = [b,c] 

have to be linearly independen t in <I>( G) since G' = <I> ( G)). 

Thus G is isomorphic to 

< a,b,c,u ,v,xl all generators have order p; [a,c]=u, [b,c]=v, 

all other commutators are equal to one ) . 

In order to conclude the proof of (2.4.b) it remains to show that T(G)=p+2: 
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First let p = 2. Then the subgroups N := < a.b , x ) , H 1 := < av,c , u ) , Hz := 
< bu,cx,v ) and H3 == < abc,ux ) form an (8 , 4) - PCP in G (this ~xample is 

due to A. P. SPRAGUE [ 13] ). We remark that H1 and Hz are dihedral groups of 
order 8, N is elementary abelian and H3 is isomorphic to Z 4 xZ:2 . 

If p is odd, we may again use ( 10) and ( 11) as G has dass 2. Again any ele

ment in G can uniquely be written as aoc b ß cy uµ vv xi; with a: , ß,-y,µ,'J,~ in 

GF(p). Let IH be the following set of subgroups of G: 

Hi == < abiv,cxiv , uvi ) = {aocbioccßuyv0t +ß+i y xiß 1 ct , ß ,y e GF(p)}, i e GF(p); 

H=== < bc,ux,v ) = {bocccxußvy -(~ ) xß 1 ct ,ß , y e GF(p)} and 

N == < a ,'b,x ) = {acxbßxY 1 a ,ß,y e GF(p) }. 

Using the standard presentation of G , it is not difficult to show that IH is a 
(p3 , p + 2) - PCP in G ( we skip again the details). This proves (2.4.b) . 

We remark that N and H= are elementary abelian and all Hi are ex traspecial 
of exponent p. 

( 2.4.c) If G is special with center of order pn, then n = 3 , p is odd and G 
is isomorphic to the group in (2.4)(i). Furthermore T(G) =pZ + 1. 

In order to prove that n = 3, it is sufficient to show that IH cannot contain 

two components H and K with 1H n 01 = 1 K n 0 1 = p provided that n z 4 : Be
cause then we obtain 

pn = 1 0 1 2 ( r - 1) ( pz - 1) + p 2 ( pn - 1 - 1 ) ( p + 1 ) + p = pn + pn - 1 - 1, 

which gives the desired contradiction. 

We proceed now as in [6 , section 5 ]. For the sake of completeness and as 

only the odd case is dealt with in [ 6 ], we include the proof : 

Let H be a component in IH satisfying 1H n 0 1 = p , say H n 0 = < h ) . We 

choose h1, . . . , hn- t in H such that < h1 , ... , hn- l • h ) = H. Let x e G - HO. As 
HO is a maximal subgroup of G, we have G = < x , HO ) . 

If H would be abelian , then we would have G' = Z(G) = < [ x,hi] , ... , [ x, hn - iJ ) 
and therefore 1 G' I 5. pn - 1 . This is . a contradiction. ( Observe, t hat a special 

group has elementary abelian center and dass 2 so t hat we again may use the 

bilinearity of the commutator mapping ) . 

Thus H is nonabelian and we obtain 1 i <I> (H) = H' = H n 0 = < h ) . By Burn
side' s basis theorem ( see e . g . [ 9 , c hap . III, 3.15] ) the s et { h 1, ... , hn- d above 

is a minimal system of generator s of H. W itho ut los s of generality Jet 
[ h1 , h2 ] = h. 
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Assume that K is a further component in IH - { H} satisfying / K n 0 / = p. By ( 1) 

there exists an element b in K n ( G - HO) . As above G = < b , HO ) and there
fore G' = ( [b , h1J. ... , [b , hn - 1], [h1 , h2 ] ) . Furthermore, as G' is elementary 
abelian of order pn , the n - tupel ([b , h1 ], . . . , [b , hn _ 1 ], [h1,h2 ]) is a basis of 
G'. 

Now it is not difficult to see that CG(b) , the centralizer of b in G , is < h . 0 ) 
and therefore abelian of order pn+t. If we denote by k a generator of c.D(K) = 

K n Z(G) , we obtain CG(b) n K = < b , k ) . This group has order p 2 . By using 

once more Burnside ' s basis theorem , we can choose a minimal set of genera

tors of K containing b , e. g. let K be generated by b , k2 , ... , kn - t where 
[b,k 2 ] = k. 

If n ~ 4, then the generator k 3 exists . Furthermore k 3 E K - ( b, k2 ) and there

fore k 3 does not centralize b. Since K' = ( k ) we may also assume that 

[b , k3 ] = k and obtain [b , k 2 k3 - 1 ] = [b,k 2 ] [b, k 3 r 1 = 1. (Here we have 

again used that [ · ,-]: G x G - G' is bilinear.) Thus k 2 k 3 - 1 E CG(b) n K = 

( b , k ) and we obtain k3 E ( b , k2 , k ) = ( b, k 2 ), a contradiction to the fact 
that k 3 together with b and k 2 belongs to a minimal set of generators of K. 

This gives the desired contradiction. Hence we indeed have n = 3. 

If p is odd , then we can use ( 1.8) to show that exp( G) = p and it is then 

clear that G is isomorphic to 

(15) < a ,b ,c , x ,y ,z 1 all generators have order p; [a ,b] = x , [a,c] = y , [b ,c] =z; 

all other commutators are equal to one ) . 

This group js investigated extencively in [ 6 , section 6]. lt is proved there that 

T( G) = p 2 + 1 for all odd prime nu m bers p. 

lt remains therefore to investigate the case p = 2. By assumption we have that 

0 = Z( G) = G' = <I>( G) is elementary abelian of order 8 and that IH is an ( 8 , r) -

PCP in G with r ~ 4. We use an argument of A . P . SPRAGUE in [ 13] which leads 
to a contradiction and shall include a proof as this particular case is neither 

pointed out explicitely in [ 13] nor in [ 5]. 

The factor group G/o is elementary abelian of order 8, thus we can think of 

the lattice of subgroups of G/ o as .the Fano plane over GF(2). Using the same 

notation as in (15), let G/o := ( aO,bO,cO ), [a,b] = x, [a ,c]= y and [b,c] = z, 

wher~ ( x ,y ,z ) = 0 . As at most one component meets 0 in a 2- dimensional 

subspace, we have at least 3 components which meet 0 in a one - dimensional 
subspace and see that IH(O) := {HO/ o 1 H E IH } contains at least 3 lines of G/o. 
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As r ~ 4, we even have that Il·l(O) contains three lines which form a triangle 

of o/o- ( If IH(O) contains no triangle, then we have only three lines in IH(O) 

and they meet in one point of o/o and any other component corresponds to a 
point in G/o- But as all points are covered .by these lines and as r ~ 4, we ob
tain KO ~ HO for some different components K and H in IH, which is a con
tradicti on to ( 1). ) 

Thus without loss of generality we can choose a coordinatization. of G/o and 
H 1 , Hz, H 3 in IH such that H 10 = ( aO , bO ), Hz= ( aO,cO ) and H3 = 

( bO,cO ). Now have a look at H 1onHzO = ( a,O ). As az e H 1 n Hz = 1, we 
see that a has order 2. The same argument shows that likewise b and c have 

order 2. We can therefore present G as in ( 15) ( with p = 2). 

Let H4 be a fourth component of II-I. If H 4 as weil would correspond to a line 

in o/o. then H 40 would meet at least one line of our triangle, e. g. without 
loss of generality H 4onH10 = ( ab ,0 ) . But as (abw)Z = [b,a] = [a,b] = x 

for any w in 0, the components H 1 and H 4 would have ( x ) in common, a 
contradiction to (3). 

Thus IH(O) contains no further lines of o/o. hence any component H 4 in IH 

different from H1 , Hz and H 3 leads to a point in G/o. As the point H 40 is 

not incident with the triangle by ( 1) and as H10, HzO and H3 0 cover all but 

the point ( abc, 0 ), we see that r = 4 and H 4 0 = < abc, 0 ). 

The definition of the commutators shows now that H1 n 0 = <X>' Hz n 0 = < y > 
and H3 n 0 = ( i ) . Furthermore H 4 n 0 has order 4 and is a subset of { 1, xy, 

xz,yz,xyz} because of (3). Thus tt 4 no = {1,xy,xz,yz }. But this is a contra

diction to ( H40 )Z = < xyz > E H4 n 0 ( note that abcw E H4 for some w in 0 
and that (abcw) 2 =xyz by using the presentation of G). 

Altogether, we have proved that T(G) ~ 3 provided that G is a special 2 -

group of order 64 with center of order 8. The proof of ( 2.4) is now complete. [J 

( 2.5) 

Proof: 

Assume that 101 = pn - 1 . As r ( p - 1 ) + 1 > pn - t there exists a component N in 

ll-I which intersects 0 trivially. Thus NO is a maximal subgroup of G and there
fore normal in G. As NO is isomorphic to N x 0 we see that <!>(NO) = <l> (N). As · 

<I>(N) is a characteristic subgroup of NO we see furthermore that <I>(N) is a 

normal subgroup of G. As nontrivial normal subgroups of G have nontrivial in

tersection with 0 we obtain that <I>(N) = 1, thus N is elementary abelian. 
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We proceed now similar as in the beginning of the proof of (2.4.b) : 

NO is an elementary abelian maximal subgroup of G. Let H be any component 

of IH - { N} , then HN : = H n NO is a normal subgroup of G of order pn - 1 . 

The set { KHN/ HN 1 K E IH } consists of nontrivial subgroups of G/ HN and as 

in (14) , (1.4) yields \<I>(G) : <l>(G) n HNI :<; p 2n·IHNl - 1 ·( r(p - 1) +1 )- 1 < p 2 . An 

application of (1.5) and ( 1.6) together with remark ( 1. 7) (ii) shows that any 

component H which is different from N is nonabelian. (Let HE IH - { N} and 

assume that H is abelian. Then 0 :.; H by (1.7) (ii) and the facts that N is 

abelian and N n 0 = 1. Hence , by (3) , we have K n o = 1 for all Kin IH - {H}. 

The argument of the beginning of the proof shows then that K is elementary 

abelian . Hence IH consists only of abelian components whence 1X n 0 1 is con
stant for all X in IH by (1.5) and (1.6) , this is a contradiction.) Therefore 1 f 

<I>(H) for all H in IH - {N} and HN n cI>(G) is a maximal subgroup of <I>(G) . We 

obtain that \<I>(G) 1 = p2 and r - 1 5: T(<l>(G)) :<; p+1. Thus r :<; p+2 and therefore 
n = 3. By our general assumption we have r = p + 2. In particular <D( G) is ele
mentary abelian. 

The component N intersects Cl>( G) trivially as 

Hence NO = N<I>(G). 

<l>(G) = U Hn<I>(G). 
H Eil-l - {N} 

Now fix a component H in IH - { N}. Let h EH n ( G - N<I>(G)) ' then <h' N<I>(G)) = 

G . Let x be an element of N. If xh E N, then x- 1 xh= [x ,h] E NnG· = 1, hence 

h centralizes X and as NO is abelian this shows that X E N n 0 = 1. Thus no 
nonidentity element of N is centralized by h. As N<I>( G) is elementary abelian 

of order p5 the conjugation of N<l>(G) by h is a linear mapping with respect to 
GF(p). Let n1 , n2 ,n3 and v1 ,v 2 be bases of N and <I>(G) respectively and com

bine them to a basis of NO. As a matrix with respect to this basis , the con

jugation by h on N<I>( G) has the form ( ~3 ~), where * is a ( 3 x 2 ) - matrix over 

GF(p) and E3 and E2 are the identity matrices of order 3 and 2 respectively. 

As the rank of lK is at most 2 it. is not difficult to see that there exists an 
x f 1 in N which is fixed by h . But this leads by the argument above to a con
tradiction, which proves (2.5) . n 

In order to complete the proof s of ( 1.1) and ( 1.2) , we finally show 

( 2.6) 101 > Pn - 2 . 

Proof : 

Assume that 10 1 :<; pn - 2 . Similarly to [ 4] we study the sets 

IA := {H E IH 1 H n 0 = 1 } and /A' := { H E /A 1 H' f 1 } . 
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Since at most (!O I - t)(p-1)- 1 components of ITT intersect 0 nontrivially , we 

obtain 

( 16) a : = 1 JA 1 ~ r . - ( 1 0 1 - 1 ) ( p - 1) - 1 . 

By remark (1.7) (ii) and the definition, JA can contain at most one abelian 

component ( see also [ 4 , step 4 and the subsequent remark] ), whence 

(17) a'==IJA'I ~ a-1 :<: r-1 - (!OI - l)(p - 1)- 1. 

We are now going to determine the orders of G' and <D(G) : · 

Let X be any subgroup of G. Since G' is a normal subgroup of G , we have 

that x·G = { xg 1 X Ex · ' g EG} , the Union of the conjugacy classes of elements 
in X' is a subset of XG n G'. 

Now let HE JA'. Then H' is a nontrivial noncentral subgroup of G', hence 1hG 1 

:<: p for all 1/h in H n G·. If H n G· is of order p , say H n G· = ( h ), then 
1 H'G-{ 1} 1 ~ ( p -1) p ( observe that hg E ( h ) if and only if hg = h). The same 

lower bound for 1 H'G - { 1} 1 holds trivially, if H n G' has order at least p 2 . 

Using (17), (1.9) and r > (pn-i -l)(p - 1) - 1 we obtain therefore 

1 G' 1 :<: ( p - 1) p a· + 1 O n G' I ~ pn - pn - 1 + I O n G' 1. 

As G' is a subgroup of <l>(G) and 1 <l>(G ) I !> pn by (2 .1) , we thus have 

( 2.6.a) G' = ([>(G) is of order pn. 

Next we show 

( 2.6.b) 0 !> <l> (G). 

The set {HO/o 1 H E ITT } consists of nontrivial subgroups of G/ o and satisfies 
the maximality condition ( 1). Hence ( 1.4) yields with X := 0 the following in 
equality 

IO: <l>(G) n O I !> p 2 n · i <I> (G)i - 1 ·( r(p -1) + t)- 1 < p 

and (2.6 .b) follows immediately. 

We are now going to count the cardi nality of S (H ) == HG n<I> (G)-{1} = 

HG n G'-{1 } for Hin /A a bit more carefully. As i<I>( G )l = pn , every compo

nent H intersects <l>(G) nontrivially (otherwise we would have H<l> (G) = G and 

therefore H = G) . We are therefore able to use the same argument as above to 
show that 1 S( H) 1 ~ p ( p - 1) fo r all H in JA ( here we use S( H) instead of 

H'G - { 1} as we now know that S(H) is none mpty eve n if H would be abelian) . 

We follow [ 4] and define 

( 18) IB : = { H E/A 1 IHG n <l>( G )-{ 1}1 = p2 -p} a nd b := IIB I. 
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As mentioned above, IB consists exactly of the components H of /A, where 

1 S( H) 1 is minimal. In order to obtain some information about the cardinali~y b 
of IB, we are going to deduce lower bounds for 1 S ( H) 1 if H E /A - IB: 

Let HE /A-IB and let X:= Hn<I>(G). If Xis of order p , say X= < h ) , then 

IS(H)l~p2 (p-1) since l hGI = 1 (hi)GI for i=1 , ... , p - 1 and by the definition of 

IB. If X has order at least p2 and g E G does not normalize X ( such an ele

ment exists as X $ H and H intersects 0 trivially by the definition of /A ), then 
1 { xY 1 y E < g > } 1 ~ p and therefore 

1 LJ xY j ~ ( 1 X 1 - p- 1 ! X 1 ) p + p - 1 1 X 1 ~ p 2 ( p - 1) + p, 
yE < g ) 

whence trivially 1 S( H) 1 2 p 2 ( p - 1). 

We have therefore IS(H)I 2 p2 (p-1) for all Hin /A - IB. 

Using ( 1.9 ), (2.6.b) and ( 17) w·e now obtain 

p 0 = l<I>(G)I ~ L IS(H)I + IOI 
HE /A 

2 p 2 ( p - 1) ( a - b) + p ( p - 1) b + 10 1 

2 p2 (p - 1) ( r - t - <IOI -t)-(p - 0- 1 ) + p 2 (p - 1) - p(p-02 b + IOI 

2 p 2 (p 0 - LIOI) - p(p - 1)2 b + p 2 (p-1) + IOI 

and therefore a lower bound f or b: 

(19) p ( p -1) b 2 p 0 + p2 - ( p + 1) 1 01. 

If H and K are two different components of IB with < h ) = H n <l>(G) and < k ) = 
Kn<I>(G), then h and k are elements of order p and lie in Z(H) and Z(K) 

respectively ( note that H' = H n <!>( G) = < h ), if H is nonabelian, whence 

H' $ Z(H) as H' is normal in H and thus intersects Z(H) nontrivially ) . Now 

hO i kO. (Otherwise h- 1k E 0 and therefore h and (h- 1k) centralize H, 

whence k. = h ( h- 1 k) . also centralizes H. Since k E Z( K) this yields that k E 0 by 

( 1), a contradidion to the choice of K.) We therefore have that <l>( G >/o 
contains at least b different subgroups of order p. Therefore 1<l>(G)l·I01 - l ~ 
b( p -1) + 1 and this gives a lower bound for b: 

(20) p(p-t)b $ pn+1 101-1 - p. 

Comparing ( 19) and ( 20) we obtain 

0 ~ - pn + 1 101-1 + p + pn + p2 - ( p + 1) 101. 

With 101 : = pm and i : = n - m, after some simplifications, we see 

0 ~ ( Pm - p )(pi - p - 1 ) . 
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By assumption i ~ 2, hence pi - p - 1 > 0. lt follows therefore that pm - p s 0 , 
hence m = 1. 

We have proved 

(2.6.c) 101 = p. 

Furthermore, by (19) and (20), we obtain 

(21) b = (pn-1 -1)(p-1)-1. 

Moreover, we can show 

( 2.6.d) 

By ( 21) and the definition of IB we have 

and thus, with (2.6 .c): 

(22) 

Hence there exists at most one component N in IH - IB, in which case the in
tersection of N with <I>(G) is 0. Our assumption r > (p"- 1 -1)(p-1)- 1 and 

( 22) now imply ( 2.6.d ). 

To conclude the proof of (2.6), we finally have to show that this situation 
cannot occur. We are therefore going to continue the study of the structure 
of G. 

(2.6.e) <I>(G) is elementary abelian. 

Let H be a component in IB and let 1 i X be an element of HG n <I>(G) . Then X 

has order p and Cc( x ), the centralizer of x in G is a maximal subgroup of G 
and therefore contains <I>(G). Hence x E 0 1 (Z(<I>(G))). As {ttG n<I>(G)-{I} / 

H EIB} U {O} by (22) is a partition of <I>(G), we obtain that <l>(G) is elementa

ry abelian. 

( 2.6.f) [ G' , G] = 0. 

Let < h > ·- H n <I>(G) and g E G - CG (h) for some component H in IB . Then 

< h , hg ) is elementary abelian of order p 2 , normal in G and therefore contains 

0. Hence ( h , hg )/ Z(G) is normal in G/Z(G) and of order p whence ( h,hg ) s 

Z2 (G) (where ~(G)/Z(G) ==z(G/Z(G))>. With (22) we see that <I>(G) s Z2 (G), 

hence G /z2 ( G) is elementary abelian. As G · is not contained in 0, we can now 

deduce that G is nilpotent of dass 3. Thus 1 i [ G', G] s <!>(G) n Z(G) = 0 and 

the assertion follows now from the fact that 0 has order p ( see ( 2.6.c)). 

; 
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We are now going to study the action 7t of G on <l>( G) by conjugation : 

As <l>( G) is an n - dimensional vector space over GF(p) , the action rr of G on 

<l>( G) is a linear representation of G. The kernel C of 7t is the centralizer of 

<l>(G) in G. Let B == (v1,V2, . .. ,vn) be a basis of <I>(G) and < vn ) = 0 . By 
(2.6.f) we have vg = v[ v ,g] E vO for all v in <l>(G) and all g in G. Thus, in the 

matrix representation with respect to B, rr( G) consists of ( n x n) - matrices of 

the form ( E~-1 ~ ), where u E GF(p)n - 1 and En - t is the ((n - 1) x (n-t)) -

identity matrix over GF( p). 

In particular we obtain 

(23) l rr ( G ) 1 ~ p" - 1 and 1 C 1 :?. p" + 1. 

Now HC f G holds for every H in IB, otherwise ( h ) = H n <l>(G) is centra

lized by H and C and therefore ( h ) ~ 0 , a contradiction. Thus we have that 

{ HC/ c 1 H E IB} satisfies the maximality condition ( 1) and ( 1.4) together with 
(21) yield 

ICI~ p2"1<l><G> n cll<I>(G)l- 1 (b<p-1) +1)- 1 = p" +1. 

(Observe that <f>(G) ~ C as <f>(G) is abelian.) 

Using ( 23) we obtain 

(24) l rr ( G) 1 = p" - 1 and 1 C 1 = pn + 1. 

Furthermore, by the definition of C and the fact that <l>(G) is an abelian maxi

mal subgroup of C , we see that C also is abelian. As 1 H n <l>( G) J = p and HC t 

G for all H in IB we have that H n C has order p 2 for every H in IB. Thus 

{ HC 1 HE lB } is exactly the set of maximal subgroups of G containing C. 

lt is easy to see that C is elementary abelian, otherwise <f>(G) = 0 1 (C) and 

H n c is cyclic for al 1 H in IB and therefore all H in IB contain < xP 1 X E c >' 
which is a group of order p. But this is a contradiction to ( 3). 

Together with the following observation we will be able to conclude the proof 

of (2.6): 

For each K in IB Jet XK : = K n C . As C is normal in G, the subgroup XK is 

normal in K. Since C is abelian, we obtain that both K and C are subgroups 

of NG(XK) , the normalizer of XK in G. As XK is not normal in G and as KC 
is a maximal subgroup in G, we indeed have equality 

( 25) NG(Knc> = KC for all Kin IB. 
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Hence S(XK) := { x.,f 1 g e G }, the set of subgroups in G which are conjugate 
to XK, has cardinality p . lt is clear that S(XK) consists of subgroups of C . 

Assume that all members of S(XK) are mutually disjoint for all K in IB. By 
using (1.9), we then obtain 

p 0 + t - 1 = 1 c 1 - 1 ~ I ( 1 X 1 - 1 ) = b p ( p 2 - 1 ) 

K E IB XE S(XK ) 

= ( pn - 1 _ 1) p( p + 1) = pn + 1 + pn _ p2 _ p, 

which is a contradiction to n ~ 3. 

Therefore there exists a component H in IB such that S( XH ) is a set of sub

groups of C which are not mutually disjoint. Moreover, all members of S(XH) 

have a one - dimensional subspace in common. 

We choose such a component Hin IB and a basis (v 0 ,v1,v2 , ... , v0 ) of C 

such that ( vo,v1 ) =Hnc, ( vn ) = 0 and ( v1 , v2 , ... ,v
0

) = <l>(G) (in particu

lar ( v1 ) = Hn<I>(G) ). Let g e G- HC. The one - dimensional subspace of XH 

= H n c which is fixed by the conjugation with g is of course not <V 1 > ( note 
that HC = H<l>(G) is exactly the c~ntralizer of ( v1 ) in G ). Without lass of 

generality we may therefore assume that v0 commutes with g. Furthermore, by 
(2.6 . f) and the fact that O= ( v 0 ) , we may assume that v1g = v1 vn. 

Next we show that v 0 lies in the center of H: 

Let t denote the action of G on C by conjugation. As C is abelian, C lies in 
the kernel of -r. Since <I>(G) :s: C, we have that kernel(t) :s: kernel(rr) = C , hence 

kerneHt) = C . The image t(G) is therefore isomorphic to G/c, hence elementa
ry abelian of order pn - 1. Now for any h in H we have 

v0 1:(h) = v0 h = v0 [v0 ,h] e v0 ( H n G· ) = v0 ( v1 ). 

If v0 h = v0 v1 for some h in H , then , with g as above, v0 1:(h) "t:(g) = v0 hg = 

(v
0

v1)g = v
0

v
1

vn. But t(G) is abelian, whence also v
0
1:(h)t(g) = v0 1: (g )t( h) = 

v g h = v h = v v This is a contradiction and therefore v0 is indeed an element 0 0 0 1. 

of the center of H. 

This finally leads to a contradiction which proves (2.6): 

As also g and C centralize v0 , we see that G = ( g, HC ) :s: CG(v0 ) and there
fore v0 e Z(G). But this not possible by the choice of H . u 

Theorems ( 1.1) and ( 1.2) are now completely proved. 
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3. Concluding remarks 

We conclude this paper with some remarks: 

A partial congruence partition is called maximal , if it cannot be enlarged by 

adding a further component. Most of the K.nown examples of maximal PCPs 

contain at least one normal component ( see [ 6, 7]). Partial congruence parti

tions with at least one normal component are very interesting objects which 

are studied from a geometric and a group theoretic point of view in [ 8] and 

[ 7 ] respectively ( the reader is refered to [ 8], where the connection of such 

PCPs to translation nets with transitive directions is discussed) . This situation 
bccurs also in our examples which prove (1.2.b) and (1.2.c): 

The proof of (2 .3) shows, that each PCP in E(p3) x EA(p3) ( the group in 

( 1.2.b)) of maximal possible degree p + 2 contains a normal component which is 

isomorphic to E(p3 ) ( see e . g. the concrete example in (12) ). The partial con

gruence partitions in the special group of order p6 , exponent p and center of 
order p 3 ( see ( 1.2.c)) constructed in [ 6 , section 6] likewise contain one nor

mal component. 

The group G in ( 1.2.d) is the only example known to the author where the 
PCPs of largest possible degree do not contain any normal component. ( This 

can easily be shown by using (1.7) and the fact that there exists an elementary 

abelian component intersecting <l>(G ) trivially. We do not want to go into fur

ther detail here . ) 

The group G = E(p3) x EA(p3) in (1.2.b) is also quite interesting because of 

the following reason: As far as the author knows it is the first example of a 
maximal PCP containing a normal component which has degree not of the 
form pk + 1 ( for a suitable positive integer k). All maximal PCPs constructed 

in [ 7] have a degree of this form. 

We finally want to mention that we do not know any example of a group G 
of order p2 n with n ~ 4 satisfying T(G) = (p 0 -

1 -1)(p - 1)- 1 ( equality in the 

statement of Theorem (1.1) ) . Starling with r = (pn - 1- l)(p-1) - 1, the proof of 

(1.1) shows that a lot of further cases would have to be investigated. lt seems 

therefore to be suggestive to look for examples in groups of order p 8 ( the 

case n = 4 ) first. 

The constructions in [ 7] show, that for small n there exist examples of groups 
G of odd order where T( G) comes quite close to the bound in ( 1.1): 
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For any odd prime number p there exists a nonabelian group X of order 

p 8 satisfying T( X) ~ p2 + 1. ( Note that T( X) ~ p 2 + p + 1 by ( 1.1)) . 

- For any odd prime number p there exists a nonabelian group Y of order 

p 12 satisfying T(Y)~ p 4 + 1. (Note that T(Y) ~ p 4 + p3 +p2 +p+1 by (1.1)). 

If p = 2, then again by a construction in [ 7], there exists a nonabelian group 

Z of order 212 satisfying T(Z) ~ 9. (By (1.1) we have T(Z) ~ 31.) 



·-
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