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Abstract :

In this paper we continue the study of p-groups G of square order p?" and
investigate the existence of partial congruence partitions (sets of mutually
disjoint subgroups of order p™) in G. Partial congruence partitions are used to
construct translation nets and partial difference sets, two objects studied
extensively in finite geometries and combinatorics.

We prove that the maximal number of mutually disjoint subgroups of order p™
in a group G of order p2" cannot be more than (p” ! -1)(p-1)"! provided
that n > 4 and that G is not elementary abelian. This improves a result in [6]
and as we do not distinguish the cases p=2 and p odd in the present paper,
we also have a generalization of D. FROHARDT s theorem on 2-groups in

(4]

Furthermore we study groups of order p®. We can show that for each odd
prime number, there exist exactly four nonisomorphic groups which contain at
least p+2 mutually disjoint subgroups of order p3. Again, as we do not dis-
tinguish between the even and the odd case in advance, we in particular obtain
D. GLuck's and A. P. SPRAGUE's classification of groups of order 64 which
contain at least 4 mutually disjoint subgroups of order 8 in [5] and [13]
respectively.
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1. Introduction

Let G be a finite group and IH = {Hl, —_ Hr} a nonempty set of r nontrivial
subgroups of G. We say that IH satisfies the maximality condition, if

(1) H;H; = G for all i 7 j.
The elements of IH are called components.

If in addition the order of G is s2, the number r of components is at least 3
and

(2) IH;| = s for all i=1,...,r,

then IH is called a partial congruence partition of order s and degree r in G
(for short an (s,r)-PCP in G).

A direct consequence of the definition of an (s,r)-PCP H is

(3) H; 1 H; =1 for all i#j in H.

Partial congruence partitions are studied extensively by many authors ( see e.g.
[1,3,4,5,6,7,8,10,11,13]) because of their close relation to translation nets.
The reader who is interested in :the geometric background is refered to
[2,6,7,8,10,11,12,13 ]. Further applications of partial congruence partitions in
mathematics, e. g. the construction of certain partial difference sets, are
discussed in [1,12], where one can also find a lot of further references.

As in [6,7,12] we define
(4) T(G) := max{rs s +1 : there exists an (s,r) -PCP in G }

It is easy to see that a partial congruence partition of order s in G cannot
contain more than s+1 components and it is well known that equality holds if
and only if G is elementary abelian, thus in particular the order s is a power
of a prime. As T(G) < T(P) for any Sylow subgroup P of G (see [4,6,11,12]),
we are mainly interested in studying PCPs in p - groups. The elementary abelian
case is well known:

If G is elementary abelian of order p?™, then

(5) T(G) = pP +1.

We are therefore going to investigate p- groups which are not elementary
abelian and deal with the following problem:

How large can be the degree r of a partial congruence partition in a group G
of order p?™ provided that G is not elementary abelian ?



The following theorem shows that r will be considerably smaller than in the
elementary abelian case.

(1.1) Theorem :

Let n > 4 and let G be a group of order p?". Assume that G is not elementary
abelian. Then

n-1 _
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p- 1
Example:
Let G be elementary abelian of order 3%, then T(G)= 82 by (5). Let K be any
group of order 3% which is not elementary abelian, then T(K) < 13.

Theorem (1.1) is an improvement of a result on p-groups of odd order in [6].
If p=2, we obtain a known result on 2-groups which was proved by D. FrRO-
HARDT in [4]. Similar to [4] our proof of (1.1) proceeds by investigating
carefully the interplay between the components of a PCP in G and (4(Z(G)),
the largest elementary abelian subgroup of the center of G. However, our
proof is not just a generalization of that in [4]: In his proof, D. FROHARDT
uses in several steps the fact that a finite 2-group G contains at least
4_1-|G[ elements of order at least 4 provided that G is not elementary abelian
(see [4, Lemma 1]). As the analogue is not true in p-groups of odd order
and as we do not distinguish between the cases p=2 and p odd, we have to
use other methods and therefore give implicitely a new proof of the special
case when p=2.

We will see that p-groups of exponent p are more difficult to handle than
other p-groups (this becomes clear in (1.8) below). On the other hand, p-
groups of exponent p are also a source for many interesting examples: In [7]
some series of so-called large translation nets are constructed with partial
congruence partitions in such groups. Furthermore, we will see that all groups
G of order p® with odd p and T(G) > p+2 have exponent p. We prove

(1.2) Theorem :

Let G be a group of order p® and let O := Q;(Z(G))={xeZ(G) | xP=1).

If T(G) 2 p+2 = (p2 1 -1)(p-1)"1 + 1, then | Q| = p> and one has one of the
following cases: -

(1.2.a) G is elementary abelian and T(G) = p> +1.

(1.2.b) p is odd, G is isomorphic to E(p3)xEA(p3) and T(G) = p+2.

(Here E(p3) and EA(p3) denote the extraspecial group of order p3 and
exponent p and the elementary abelian group of order p°> respectively.)



(1.2.c) p is odd, G is isomorphic to the unique special group of exponent p
with center of order p3 and T(G)=p?+1.

(1.2.d) G is isomorphic to <{a,b,c,u,v,x | all generators have order p; [a,b]=u,
[b,c]=v, all other commutators are equal to one )
and T(G) =p+2.

Again most of the results are new in the odd case while partial congruence
partitions in groups of order 64 were studied by D. GLuck and A. P. SPRA-
GUE in [5] and [13] respectively. Their result is covered by our investi-
gations.

The particular interest in 2 - groups arises from the fact that certain Hadamard
Difference sets can be constructed by using (2", 2771y - PCPs (see J. DILLON
[3], where the problem of classifying all groups G of order 2™ with T(G) =
2" 1 was posed). We shall therefore summarize the consequences of (1.1) and
(1.2) for the particular case p = 2:

Theorem (D. FROHARDT, D. GLUCK, A.P.SPRAGUE) :

Let G be a group of order 2" with n > 3 and assume that there exists a
(2",2n_1) - PCP in G. Then G is elementary abelian or G is isomorphic to the
group in (1.2.d) (with p=2).

However, as mentioned in the abstract and above, partial congruence partitions
in general are of certain interest in mathematics.

We remark that all groups of order p* with at least three mutually disjoint
subgroups of order p? are classified in [ 6, section 4 ].

In the remainder of this introductory section we summarize the basic tools we
need to prove (1.1) and (1.2). They are more or less implicite in [6, sections
2 and 3] so that we do not need to prove everything. Beside these results we
use only basic facts from the theory of p-groups, which can be found in [9,
chap. M ]. ‘

We start with some upper bounds for the cardinality of sets of subgroups sa-
tisfying the maximality condition (1) :

(1.3) Proposition :

Let G be a p- group and IH a set of r subgroups of G. Assume that IH satis-
fies (1). Let n(G) be an epimorphic image of G and assume that n(IH) :=
{n(H)| H ¢« H } is a set of nontrivial subgroups of n(G).



Then n(IH) satisfies as well the maximality condition and
M@ onien| = rip-1) +1.
(As usual, ®(X) denotes the Frattini subgroup of a p-group X.)

Proof :-

The first assertion is clear as n(IH) by assumption is a set of nontrivial sub-
groups of G and as n(H)n(K) =n(HK) = n(G) for any two different components
H and K in IH. By (1) different components of n(IH) lie in different maximal
subgroups of 7n(G), hence, by assumption, 1n(G) contains at least r different
maximal subgroups. The Frattini subgroup @®(n(G)) of 7n(G) is by definition the
intersection of all maximal subgroups in n(G), whence the maximal subgroups
of the factor group V:= n(G)/(D(n(G)) are in one-to-one correspondence to
the maximal subgroups of 7(G). As V is elementary abelian, the number of
maximal subgroups of n(G) is by duality equal to the number of one- dimen-
sional subspaces of V (regarded as vector space over the Galois field GF(p) of
order p). The above inequality follows now immediately from the fact that V
contains (| V[-1)(p-1)"! different one- dimensional subspaces.

(1.4) Corollary:

Let IH and G be as in (1.3) and let X be a proper normal subgroup of G. As-
sume that HX/X is a nontrivial subgroup of G/X for all H in IH. Then

|Gl|o(G)N X
I X || ®(G)]|

% plp=li#i .

Proof:

By [9, chap. III, 3.14] we have (I)(G/X) = (D(G)X/x, which is isomorphic to
(D(G)/(‘p((;)mx. Hence "D(G/X)l = |d(G)|-10(G) NX|™ . Now apply (1.3) with
the natural epimorphism n: G — G/x. 0

Sets of subgroups of p-groups satisfying the maximality condition were first
studied by D. JUNGNICKEL in [10,11]. There such sets are called generalized
partial congruence partitions with parameter t provided that there exists a
component of order p' and that this is the maximal order a component can
have. The situations where Theorem. 4.9 of [10], a result on the maximal size
of generalized partial congruence partitions, is used in [6] can indeed be
handled with variations of (1.4). In the present paper we will use (1.4) instead
of the deeper result in [10].



We continue with a factorization lemma of [6]. Its applications (1.6), (1.7) and
(1.8) below are indispensable in studying PCPs. They were for example very
useful in determining all groups G of order p* with T(G)=3. Proofs, further
applications and generalizations of (1.5) can be found in [6, section 3].

(1.5) Factorization lemma :

Let G be a group of order s2, X a nontrivial normal subgroup of G and IH an
(s,r)-PCP in G (with r=3 by definition). Assume the validity of

(6) X = (HNX)(KNX) for each pair of subgroups H,K (H#K) in H.

Then the order of X is a square, say |X| =n? and the order of the factor
group G/x is (8/,)2. Furthermore {HOX : H « IH} and {HX/X : H « IH}
are (n,r)- and (8/,,r) -PCPs in X and G/x, respectively.

In particular, r < min{T(X),T(G/x) }.

(1.6) Application:

Let G be a p- group of order p?® and H a (p™,r) -PCP (r>3) in G consisting
only of abelian components. Then (6) holds with X = Z(G) and X = Q4 (Z(G)).

Furthermore, if one of these groups is nontrivial then
r < p[n/2]+ i.

(Here [x]:= max {ke NU {0} :k < x } for any rational number x.)

(1.7) Remarks:

Let G be a p- group of order p2® and H an (p™,r)-PCP in G.

(i) If Z(G) or O (Z(G)) is not of square order, then IH contains at most two
abelian components by the previous lemma.

(ii) Let X ¢ {Z(G), Q(Z(G))}. If IH contains exactly two abelian compo-
nents, say H and K, then H and K still factorize X that means
X = (HNX)(KMNX) remains valid. But H()X and K(]X do not need to
have equal order and likewise X does not need to have square order.



(1.8) Application :

Let p be an odd prime number and let G be a group of order p2". Assume
that the class of G is 2 and that the derived subgroup G' of G is elementary
abelian. Let IH be any (pm,r)- PCP in G. Then (6) holds with X =0,(G).

Moreover, if r > p[n/2]+ 1, then G has exponent p.

We close the introduction with a very useful argument (see [4, Lemma 2]).
For any nonempty subset X of a group G we denote by XG = {x8 |xe X,
g <G} the union of the conjugacy classes of elements in X.

(1.9) Lemma :

Let G be a group of order s2 and let H be an (s,r) - PCP in G.
Then |H® () K€ |=1 for any two different components H and K in HH.



2. The proofs of Theorems (1.1) and (1.2)

The proofs of (1.1) and (1.2) proceed in several steps. We use the notation
Q := O4(Z(G)). Note that Q # 1 for all nontrivial p - groups.

General assumptions :

Let G be a group of order p?® which is not elementary abelian. Assume that
n > 3 and that G contains a (p®,r)-PCP H with r > (p®~!-1)(p-1)"1.

In particular, we have r>4.

(2.1) | ®(G)| < p~.
Proof :

If we use (1.4) with X=1, then, by our general assumption on the number r of
components, we obtain immediately that

|0(G)| < [G]-(r(p-1) +1) J7' < pn*t

Since |®(G)| is a power of p, we have the desired result.

(2.2) G is nonabelian.

Proof:

Assume that G is abelian, then each component of IH is abelian. As G is not
elementary abelian by assumption, Q is a proper subgroup of G. We may there-
fore apply (1.6) with X :=Q which is equal to Q,(G) in this case and obtain

T(G) < p[n/2]+ 1. But this is a contradiction to T(G) 2 r > (p® '-1)(p-1)"1
and n> 3.

(2.3) If |Z(G)| > p™ then n=3, p is odd, G is isomorphic to E(p3)xEA(p>)
and T(G) =p+2 (this is case (1.2.b)).

Proof :

We assume first that H(Z(G)) := {HZ(G)/Z(G)l He¢H} is a set of nontrivial
subgroups of G/Z(G)- An application of (1.4) with X:= Z(G) shows

(7) 1Z(G) | < p27- | (G NZG) ] [0(G | - (r(p-1)+1)"

As trivially |®(G)NZ(G)|-|0(G) |1 < 1 and r > (p™" ! -1)(p-1)"! by assump-
tion, we obtain |Z(G)| < p™*! from (7), thus |Z(G)|< p™, a contradiction.



Therefore there exists a component N in IH satisfying NZ(G)= G. Thus N is a
normal subgroup of G. The factor group G/N is isomorphic to a factor group
of Z(G) and therefore abelian. Thus the derived subgroup G' of G is contained

in N. As Y' < G’ for every subgroup Y of G, we obtain by (3) in particular
that H is abelian for all H in H-{N}.

Furthermore, it is clear that HZ(G) is a proper subgroup of G for any other
component H in IH-{N}. Otherwise we would have G'< N(\H =1, thus G is
abelian. But this is a contradiction to (2.2).

An application of (1.6) with X :=7Z(G) and the partial congruence partition
IH-{N} of order p™ and degree r-1 yields

(8) (p"_i-l)(p—l)_isr—lsp[n/2]+1.

(Observe that r-12>3 and that 1 #Z(G) by (2.2) is a proper subgroup of G.)

Now (8) implies n=3, hence G is a group of order p®. Since the left hand and
the right hand side are equal in (8), we see that r=p+2. As the order of Z(G)
by (1.6) is a square, G is nonabelian and |Z(G)| > p™ = p3 by assumption, we
obtain that |Z(G)| = p*.

Now H-{N} is an (p3, p+1 ) - PCP consisting only of abelian components.
Applying once more (1.6) we see that () is of square order, hence
Q| ¢ {p%,p*}. Moreover, N(1Q is nontrivial as N is normal in G. Thus all
components have nontrivial intersection with , so that we obtain [Q]| 2
(p+2)(p-1) + 1 = p% + p- 1 > p2, hence Q is of order p? and Q = Z(G).

In particular, we see that G is isomorphic to Nx EA(p3). As G is nonabelian by
(2.2), the component N has to be nonabelian. Moreover, as G/N is elementary
abelian, the Frattini subgroup ®(G) of G is contained in N. Now for any sub-
group X of G we have ®(X) < ®(G) by [9, chap. IIl, 3.14]. Hence, again by
(3), ®(H) =1 and H is elementary abelian for all H in H-{N}.

Now H(Q):= {HQ | H e H-{N} } is exactly the set of maximal subgroups in
G containing Q (note that |H( Q| =p? for all H « H-{N} by (1.5) and (1.6)).
As XY =Q for different. members X and Y in IH(Q)), an easy counting argu-
ment shows

(9) HQi:(P+1)(PS"p4)+p4=p6 = |Gl.

' HelH-{N}
Since HQ is elementary abelian of order p°® for all H in IH - {N}, equation (9)
implies that G is of exponent p. In particular N is a nonabelian group of order
25

p2 and exponent p. Thus p is odd and N is isomorphic to E(p the extraspe-

cial group of order p> and exponent p.
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It remains to show that G:= E(p3)xEA(p3) indeed contains p+2 mutually dis-
joint subgroups of order p3:
In generators and relations G can be written as

{a,b,u,v,x,y | all generators have order p; [a,b]= y, all other commutators
are equal to 1 ).

As p is odd and G has class 2, we can use that the commutator mapping
[...1: GxG — G’ is bilinear and skew - symmetric with respect to the Galois
field GF(p) of order p, that is
(10) [g.,h] = [h,g]—1 and [g>*,h]=[g,h]* for all g,h in G and all A ¢GF(p).
Furthermore,
% = oRhnk -(3) : .
(11) (gh) = g2h*[g,h] '2/ for all g,h in G and all X in GF(p)
X PP -

(here (3)=2""2A(x-1).

It is easy to show that any element in G can uniquely be written in the form

a“bBu“v"xEy" with o,B,¢,v,E,1 ¢ GF(p). We refer to this as the standard
presentation.

(12) Define H; := {abl,xy',uvl > for i in GF(p),
H_ = <{bx,v,uy) and
N := <av,b,y).

We claim that IH:= {N,H_} U {H;lie GF(p)} is an (p3,p+2)-PCP in G:

Using the presentation of G, it is easy to see that N is isomorphic to E(p3)
and that all other subgroups are elementary abelian of order p>. We use now
(10) and (11) to write elements of H; ( i« GF(p)), H_ and N in standard pre-

sentation and obtain:

(e al

H, = {(ab)™(xy)®(uv)Y| «.B, v ¢ GF(p)}

= {2 P T u¥ vl TP y 1B = i(g)la,B,Y ¢ GF(p)},
H_ = { 6% vPx*yY | a,B,y¢GF(p)},
N ={a*bPv*yY| o,B,y ¢ GF(p)}.

Now is not difficult to verify that IH satisfies (3), which proves (2.3). We skip
the easy calculations.

From now on we assume that |Z(G)| < p™. In (2.4), (2.5) and (2.6) we there-
fore deal with the cases |Q] = p™, |Q]=p™~ ! and |Q]| < p™ 2 respectively.
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(2.4) If |Q] = p" then n=3 and, depending on whether |®(G)|=p3 or
|®(G)| = p2, we have one of the following cases :

(i) p is odd, G is a special group of exponent p with center of order
p3 and therefore isomorphic to

{a,b,c,x.y.z | all generators have order p: [a.bl=x, [a,c]=y,
[b,c]=2z, all other commutators are equal to one ).

Furthermore T(G) = pZ+1. (This is case (1.2.c).)
(ii) p is any prime number, G is isomorphic to

{a,b,c,u,v,x|all generators have order p; [a,c]=u, [b,c]=v,
all other commutators are equal to one ).

Furthermore T(G) = p+2. (This is case (1.2.d).)

Proof :

Assume that |Q[=p™ (note that then O =Z(G)). As in the proof of (2.3) any
subgroup X of G satisfying XQ =G is normal in G and has therefore nontrivial
intersection with Q. As [Q| = p™ and |G| = p?®, X cannot have order p".
In particular each component H in IH intersects () nontrivially. Hence
{HO/QI He¢H} is a set of nontrivial subgroups of G/Q. An application of (1.4)
with X :=Q shows

t<lo@l-le@Nnal ! = oG oG N al < p22-lal - (r(p-1+1 )" < p.

Therefore ®(G)(1Q = ®(G), hence ®(G) < Q. As furthermore G is nonabelian by
(2.2), this shows that G is nilpotent of class 2.

Before going on, we give a short outline of the further proof of (2.4):

By counting nonabelian components of IH we can deduce a lower bound for
the order of the derived subgroup G' of G. As G’ < ®(G), we therefore obtain
likewise a lower bound for |®(G)|; more precisely we prove that |G'|, |®(G)]
e {p"~1,p"} (see (2.4.a)). After having handled the case |G'| = p®~ ! in (2.4.b),
we can assume that G is a special group, that is ®(G)= G'= Z(G) (see (2.4.c))
and may apply some ideas of [6, section 5].

(2.4.2) - |G'],]®(G)]| « {pm~ 1, p"}.

If nis odd, then [Q] is not a square and remark (1.7)(i) shows that IH cannot
contain more than 2 abelian components. Therefore H' is nontrivial for at least
r-2 components. We obtain

(13) IG'| 2 (r-2)(p-1) +1 2 p?~1 - p + 1

1

and therefore |G'| =z p"~! as |G'| is a power of p and as n23.
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If n is even, for instance n =2k, then the number of abelian components in IH
is at most pX+1 by (1.6). Therefore the number of nonabelian components in
H is at least r - p¥-1, we have

(13") G| 2 (r-1-pX)(p-1) +1 2 pn~1 - pk*1 4 pk
If k>2, then n-1 =2k-1 > k+1 and we have |G| > p“_1 as before.

Finally assume that k=2 and n =4. If IH would contain pZ+1 abelian compo-
nents, then {HMQ | He IH, H'=1 } would be a (complete) congruence partiton
of ), that is

o= U (HNa)

He¢IH,
H abelian

By (3) any other component would intersect () trivially, thus, as H[] Q > 1 for
all H in IH, there do not exist any nonabelian components in IH and therefore
r= p2+1. But this is a contradiction to r>pZ+p+1. The PCP IH can therefore
contain at most p? abelian components and after counting again, we see

(13") |G| =2 (r-p2)(p-1) +1 > p2
and therefore | G'| 2 p3, if n=4.

Altogether we have |G'| = p"~! for all n23. As G’ is a subgroup of ®(G), we
obtain now |G'|, |®(G)| « {p™ ', p™} by (2.1), hence (2.4.a).

(2.4.b) If |G'|[=p™ !, then n=3, ®(G)= G' and G is isomorphic to the group
in (2.4) (ii) above. Furthermore T(G) = p+2.

Assume that |G'| = p"~ 1. As r(p-1) +1 > p™~ !, there exists a component N in
IH which intersects G' trivially. As a consequence, N is abelian and NQ is an
abelian maximal subgroup of G (observe that G' is a maximal subgroup of Q
and that N(\Q is nontrivial, whence [N[Q| =p).

Let H be any other component of IH-{N} and Hy:= H[|NQ. By using (1) and
the fact that NQ is abelian and maximal in G, we obtain that Hy is an abelian
maximal subgroup of H. Hence Hy is normal in H and in NQ and as HNQ =G,
we see that Hy is a normal subgroup of G. Thus we may apply (1.4) with
X := HN:

{KHN/HN | Ke IH} is a set of nontrivial subgroups of G/HN and
(14) | ®(G) + ®(G)NHy!| < p2 [Hyl 1 (r(p-1)+1 )7! < p2.

(Observe that Hy has order p™~ 1) We have that |®(G): ®(G)(Hy! ¢ {1,p}.
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If ®(G) < Hy < H, then any component different from H intersects ®(G) trivi-
ally and is therefore elementary abelian. Using (1.6) and the fact that the
abelian component N intersects () in a subgroup of order p, we obtain, that
Q| = p2 hence n=2, a contradiction.

We conclude that Hy (1 ®(G) is a maximal subgroup of ®(G). Since H has
been choosen arbitrarily in IH-{N} this holds for all components different
from N. Thus, again with (3), we have |®(G)|< p2. By using (2.4.a) and n=3,
we see that |®(G)|zp™ ! > p2 Thus equality holds everywhere and we obtain
|®(G) | = p2, ®(G)=G' and n=3.

Furthermore, as N intersects ®(G) =G’ trivially, we see that ®(N) =1, thus N is
elementary abelian. Also NQ), which is equal to N®(G), is elementary abelian.

All components different from N intersect ®(G) nontrivially. ( This is clear, if
H is nonabelian. If H is abelian, then |[HNQ| =p2 by (1.7)(ii) and the facts
that [Q] = p2 and INQ| =p. Hence H(Q and ®(G) both are maximal subgroups
of ) and have therefore nontrivial intersection.) Thus r < T(®(G)) +1 = p+2.
By our general assumption we have equality.

Since |Q]=p3 is not a square, IH can contain at most 2 abelian components by
(1.7)(i). Hence there exists a nonabelian component in IH- {N}. Furthermore
HNQ is elementary abelian of order p2 for all H in IH-{N}. Therefore, if
p=2, then any nonabelian component in IH-{N} contains at least 3 elements
of order 2. Thus the nonabelian components are dihedral groups of order 8.
Since each of them contains exactly S elements of order 2, we find an element
c of order 2 in H which does not lie in NQ. If p is odd then we can apply
(1.8) and obtain that G is of exponent p.

Altogether, we can choose an element c of order p in G-NQ and therefore
{c,NQ> = G. Let (a,b,x) be a basis of N where (x> = N(1Q and (u,v) a ba-
sis of ®(G) (regarded as vector spaces over GF(p)). The element c induces by
conjugation a linear mapping on N®(G). If w ¢N then w€ = wlw,c] ¢ wG' =
w®(G). As N(®(G) = 1, we see that w€ ¢ N if and only if c centralizes w,
hence if and only if w ¢ N(1Q =<{x>. Without loss of generality we can assu-
me that a€ = au and b€ = by ( note that a 'a€ = [a,c] and b 1bc = [b,c]
have to be linearly independent in ®(G) since G’ = ®(G)).

Thus G is isomorphic to

{a,b,c,u,v,x| all generators have order p; [a,c]l=u, [b,c]=v,
all other commutators are equal to one ).

In order to conclude the proof of (2.4.b) it remains to show that T(G)=p+2:
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First let p = 2. Then the subgroups N := <{a,b,x >, H; := {av,c,u>, Hy :=
{ bu,cx,vy and Hz := {abc,ux > form an (8,4)-PCP in G (this example is
due to A.P.SPRAGUE [13]). We remark that H; and H, are dihedral groups of
order 8, N is elementary abelian and Hj is isomorphic to Z4xZ,.

If p is odd, we may again use (10) and (11) as G has class 2. Again any ele-
ment in G can uniquely be written as a* b°c” u* v¥ x% with «,B,y,u,v,E in
GF(p). Let IH be the following set of subgroups of G:

H; :={ably,cxiv,uvi)> = {a®b *cPy Yy T Briv (iB o,B,v ¢« GF(p)}, i<« GF(p);
H_ := {bc,ux,v>
N :=<{a,b,x>

"

{bdc“quY—(g)xB | o«,B,y ¢« GF(p)} and
{a®*b®x" | «,B,y ¢ GF(p) }.

1

Using the standard presentation of G, it is not difficult to show that H is a
(p3,p+2)-PCP in G (we skip again the details). This proves (2.4.b).

We remark that N and H_ are elementary abelian and all H; are extraspecial
of exponent p.

(2.4.0) If G is special with center of order p™, then n= 3, p is odd and G
is isomorphic to the group in (2.4) (i). Furthermore T(G)=pZ+1.

In order to prove that n=3, it is sufficient to show that IH cannot contain

two components H and K with |[H(1Q|=[K(1Q|=p provided that n> 4 : Be-
cause then we qbtain

p" = 1Ql 2 (r-1)(p%-1) + p 2 (p™ 1 -1)(p+1) + p = p™ + p"~ 1 - 1,
which gives the desired contradiction.

We proceed now as in [6, section 5 ]. For the sake of completeness and as
only the odd case is dealt with in [6], we include the proof:

Let H be a component in H satisfying |HNQ| = p, say H() Q = <(h>. We
choose hy, ..., h,, ; in H such that < hy, ..., h, 4, h >= H. Let x ¢« G - HQ. As
HQ is a maximal subgroup of G, we have G = {x, HQ .

If H would be abelian, then we would have G' = Z(G) = {[x,h;], ..., [x,h, (1>
and therefore |G'| < p"~!. This is a contradiction. (Observe, that a special
group has elementary abelian center and class 2 so that we again may use the

bilinearity of the commutator mapping ).

Thus H is nonabelian and we obtain 1 # ®(H)= H' = H()Q = <h». By Burn-
side's basis theorem (see e.g. [9, chap. IIl, 3.15]) the set {hy,.., h, ,;} above

is a minimal system of generators of H. Without loss of generality let
[hy,h,]1 = h.
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Assume that K is a further component in H-{H} satisfying |[K(Q|= p. By (1)
there exists an element b in K[} (G-HQ). As above G = (b ,HO> and there-

fore G = {[b,hy1, ..., [b,h, 41, [hy,h,]1>. Furthermore, as G is elementary
abelian of order p™, the n- tupel ([b,h;], ..., [b,h, 1], [h{,h,]) is a basis of
G

Now it is not difficult to see that Cg(b), the centralizer of b in G, is (b,Q >
and therefore abelian of order p™*! If we denote by k a generator of ®(K) =
K[ Z(G), we obtain C4(b) N K = {b,k>. This group has order pZ. By using
once more Burnside' s basis theorem, we can choose a minimal set of genera-
tors of K containing b, e.g. let K be generated by b, ks, .., k,_; where
[b,ky 1= k.

If n > 4, then the generator k; exists. Furthermore ky ¢ K—(b,k2> and there-
fore k3 does not centralize b. Since K' = (k> we may also assume that
[b.k3] = k and obtain [b,kok; 11 = [bky] [b,ks1T ' = 1. (Here we have
again used that [-,-] : G x G — G’ is bilinear.) Thus kyk3 ! ¢ Cg(b) N K =
{b,k > and we obtain k3 ¢ {b,ky, k > = {b,k, >, a contradiction to the fact
that k; together with b and k, belongs to a minimal set of generators of K.

This gives the desired contradiction. Hence we indeed have n=3.

If p is odd, then we can use (1.8) to show that exp(G) = p and it is then
clear that G is isomorphic to

(15) <a,b,c,x,y,z | all generators have order p; [a,b]l=x, [a,c]l=y, [b,c] =z;
all other commutators are equal to one ).

This group is investigated extencively in [ 6, section 6 ]. It is proved there that

T(G) = p2+1 for all odd prime numbers p.

It remains therefore to investigate the case p=2. By assumption we have that
QO = Z(G) =G = ®(G) is elementary abelian of order 8 and that IH is an (8,r)-
PCP in G with r>4. We use an argument of A.P.SPRAGUE in [13] which leads
to a contradiction and shall include a proof as this particular case is neither
pointed out explicitely in [13] nor in [5].

The factor group G/Q is elementary abelian of order 8, thus we can think of
the lattice of subgroups of G/Q as the Fano plane over GF(2). Using the same
notation as in (15), let G/E) = {aQ,b0,cO >, [a,b] = x, [a,c]=y and [b,c] = z,
where {x,y,z> = Q. As at most one component meets () in a 2-dimensional
subspace, we have at least 3 components which meet Q in a one - dimensional
subspace and see that IH(Q) := {HQ/Q | He H } contains at least 3 lines of G/Q.
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As r 2 4, we even have that IH((}) contains three lines which form a triangle
of G/Q. (If IH(Q) contains no triangle, then we have only three lines in IH(Q)
and they meet in one point of G/ and any other component corresponds to a
point in G/Q. But as all points are covered by these lines and as r24, we ob-
tain KQ < HQ for some different components K and H in IH, which is a con-
tradiction to (1).)

Thus without loss of generality we can choose a coordinatization of G/Q and
H;, H,, H3 in H such that H;Q = <{aQ,bQ), H, = CaQ,cQ > and Hz =
<{bQ,cOQ>. Now have a look at H{QOMNH,QO = <a,Q>. As a® ¢ H; [) Hy = 1, we
see that a has order 2. The same argument shows that likewise b and c have
order 2. We can therefore present G as in (15) (with p= 2).

Let Hy be a fourth component of H. If H; as well would correspond to a line
in G/Q, then HyQ) would meet at least one line of our triangle, e.g. without
loss of generality HyQ(H;Q = {ab,Q>. But as (abw)? = [b,a] = [a,b] = x
for any w in Q, the components H; and H; would have (x> in common, a
contradiction to (3).

Thus IH(Q) contains no further lines of G/Q, hence any component H, in HH
different from H;, H, and H; leads to a point in G/Q. As the point H,Q is
not incident with the triangle by (1) and as H,Q,H,Q and H3Q cover all but
the point {abc,() >, we see that r = 4 and H;Q = {(abc, Q).

The definition of the commutators shows now that H;(1Q = {x>, Hy[1Q = {y>
and H3NQ = <{z). Furthermore H4NQ has order 4 and is a subset of {1,xy,
xz,yz,xyz} because of (3). Thus Hy(1Q = {1,xy,xz,yz }. But this is @ contra-
diction to (H,0)? = {xyz> ¢ Hy (1Q (note that abcw ¢ H, for some w in Q
and that (abcw)? =xyz by using the presentation of G).

Altogether, we have proved that T(G)< 3 provided that G is a special 2 -
group of order 64 with center of order 8. The proof of (2.4) is now complete.

(2.5) Q| # p=-1,
Proof:
Assume that [Q| = p?~!. As r(p-1)+1 > p™~! there exists a component N in

IH which intersects Q trivially. Thus NQ is a maximal subgroup of G and there-
fore normal in G. As NQ) is isomorphic to Nx() we see that ®(NQ)= O(N). As
®(N) is a characteristic subgroup of N(O we see furthermore that ®(N) is a
normal subgroup of G. As nontrivial normal subgroups of G have nontrivial in-
tersection with () we obtain that ®(N)= 1, thus N is elementary abelian.
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We proceed now similar as in the beginning of the proof of (2.4.b):

NQ is an elementary abelian maximal subgroup of G. Let H be any component
of H-{N}, then Hy := H (1 NQ is a normal subgroup of G of order p™ L
The set {KHN//HN | K« H } consists of nontrivial subgroups of G/HN and as
in (14), (1.4) yields | ®(G) : ®(G)NHy| < p?*-[Hyl 1 (r(p-1)+1 )7* < pZ. An
application of (1.5) and (1.6) together with remark (1.7)(ii) shows that any
component H which is different from N is nonabelian. (Let HeIH-{N} and
assume that H is abelian. Then ) < H by (1.7)(ii) and the facts that N is
abelian and N(] Q = 1. Hence, by (3), we have K(1Q =1 for all K in H-{H}.
The argument of the beginning of the proof shows then that K is elementary
abelian. Hence IH consists only of abelian components whence |X{ Q]| is con-
stant for all X in IH by (1.5) and (1.6), this is a contradiction.) Therefore 1 #
®(H) for all H in H-{N} and Hyn(1®(G) is a maximal subgroup of ®(G). We
obtain that |®(G)|= p? and r-1 s T(®(G)) < p+1. Thus r< p+2 and therefore

n=3. By our general assumption we have r= p+2. In particular ®(G) is ele-
mentary abelian.

The component N intersects ®(G) trivially as ®(G) = U HN®(G).
HeH-{N}
Hence NQ = NO®(G).

Now fix a component H in IH-{N}. Let heH (| (G-N®(G)), then <h,N®(G) > =
G. Let x be an element of N. If xP ¢ N, then x !x"= [x,h]¢ N(1G' = 1, hence
h centralizes x and as N() is abelian this shows that x ¢ N (] Q = 1. Thus no
nonidentity element of N is centralized by h. As N®(G) is elementary abelian
of order p°® the conjugation of NO(G) by h is a linear mapping with respect to
GF(p). Let ny,n5,n3 and v;,v, be bases of N and ®(G) respectively and com-
bine them to a basis of NQ. As a matrix with respect to this basis, the con-
jugation by h on N®(G) has the form (%3 E ), where * is a (3x2)-matrix over
GF(p) and E3 and E, are the identity matrizces of order 3 and 2 respectively.
As the rank of * is at most 2 it is not difficult to see that there exists an
x#1 in N which is fixed by h. But this leads by the argument above to a con-
tradiction, which proves (2.5).

In order to complete the proofs of (1.1) and (1.2), we finally show
(2.6) Q] > pm~2,

Proof :
Assume that 1Q| < p™~ 2. Similarly to [4] we study the sets

A:={HeH|HNOQ =1}and A" :={He¢A|H #1}.
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Since at most (|Q] - 1)(p-1)"! components of HH intersect O nontrivially, we
obtain
(16) a:=|Alz=r-(al-D(p-n1.

By remark (1.7)(ii) and the definition, /A can contain at most one abelian
component (see also [ 4, step 4 and the subsequent remark]), whence

(17) a:=|Alz2a-12r-1-(0Q] - D(p-1L

We are now going to determine the orders of G' and ®(G) :-

Let X be any subgroup of G. Since G’ is a normal subgroup of G, we have

that X'G = {x8 | x ¢X', g<G}, the union of the conjugacy classes of elements
in X' is a subset of X9 NG

Now let He/A'. Then H' is a nontrivial noncentral subgroup of G', hence |hS]|
> p for all 1£h in H(1G'. If H[|G' is of order p, say H(1G = <h)», then
|HG-{1}| = (p-1)p (observe that h® ¢ <h)> if and only if h&= h). The same
lower bound for |H'C® -{1}| holds trivially, if H()G has order at least pZ.
Using (17), (1.9) and r > (p™~ 1! —1)(p-1)_1 we obtain therefore

Gl 2 (p-tpa’ + QNG| 2 p7 - pn~t + QN G
As G' is a subgroup of ®(G) and | ®(G)| = p™ by (2.1), we thus have
(2.6.a) G' = ®(G) is of order p".
Next we show |

(2.6.b) Q < O(G).

The set {HQK)] He H } consists of nontrivial subgroups of G/Q and satisfies

the maximality condition (1). Hence (1.4) yields with X := O the following in-
equality '

0 : @GN al < p? @ (rip-1 1) <p
and (2.6.b) follows immediately.

We are now going to count the cardinality of S(H) := HEN®(G)-{1} =
HS G -{1} for H in /A a bit more carefully. As | ®(G)| =p"™, every compo-
nent H intersects ®(G) nontrivially (otherwise we would have H®(G) =G and
therefore H=G). We are therefore able to use the same argument as above to
show that [S(H)| 2 p(p-1) for all H in /A (here we use S(H) instead of
H'G-{1} as we now know that S(H) is nonempty even if H would be abelian).
We follow [ 4] and define

(18) B :={ He/A | [HEN ®(G)-{1}] = p2-p } and b:= |BJ.
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As mentioned above, IB consists exactly of the components H of /A, where
IS(H)| is minimal. In order to obtain some information about the cardinality b
of IB, we are going to deduce lower bounds for |S(H)| if He A-IB:

Let He /A-IB and let X := H(1®(G). If X is of order p, say X = <h), then
IS(H)|2p2(p-1) since |h®| = | (hi)€]| for i=1,..., p-1 and by the definition of
B. If X has order at least p2 and g ¢ G does not normalize X ( such an ele-
ment exists as X < H and H intersects () trivially by the definition of /A ), then
I{ XY |y e<g>}|=2p and therefore

| U X2 (Ix1-pUXI)p +p ' IXI = p2(p-1) + p,
yelg>

whence trivially |S(H)| 2 pZ(p-1).

We have therefore |S(H)| > p2(p-1) for all H in /A-IB.

Using (1.9), (2.6.b) and (17) we now obtain

pP = (G = D [SH)| + |a
He /A

> pZ(p-1D(a-b) + p(p-1b + Q]
= pZ(p-1) (r - 1= (la] -1)-(p-1y1 ) + p2(p-1) - p(p-1)?b + |Q]
> p2(pm~1-1Ql) - p(p—])zb + p2(p-1) + Q]

and therefore a lower bound for b:

(19) p(p-1)b = p™ + pZ - (p+1)] Q.

If H and K are two different components of BB with <h>=H[)®(G) and <k )=
KM ®(G), then h and k are elements of order p and lie in Z(H) and Z(K)
respectively (note that H = H(1®(G) = <h», if H is nonabelian, whence
H < Z(H) as H' is normal in H and thus intersects Z(H) nontrivially ). Now
hQ # kQ. (Otherwise h™'k ¢ QO and therefore h and (h 'k) centralize H,
whence k=h(h 1k). also centralizes H. Since ke¢Z(K) this yields that keQ by
(1), a contradiction to the choice of K.) We therefore have that (D(G)/Q
contains at least b different subgroups of order p. Therefore |®(G)|-1Q|~ ! =
b(p-1) +1 and this gives a lower bound for b:

(20) plp-1)b < p*1 Q|1 - p.

Comparing (19) and (20) we obtain -
0:=-pr*ljqlt+p+p"+p2-(pr1)Q].

With [Q|:= p™ and i:= n-m, after some simplifications, we see

0z (pP=piip'~p~1}k
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By assumption i > 2, hence p'- p -1 > 0. It follows therefore that p™ -p < 0,
hence m=1.

We have proved
(2.6.c) Q| = p.

Furthermore, by (19) and (20), we obtain
(21) b= (p* 1 -1(p-1)1
Moreover, we can show

(2.6.d) r=b+1=(pr 1-1)(p-1)"1+1.

By (21) and the definition of IB we have lHUIB( HGﬂ(I)(G)— {1})' = p”-p
€
and thus, with (2.6.c):

(22) G = U (H°New) U a.
HelB

Hence there exists at most one component N in IH-IB, in which case the in-
tersection of N with ®(G) is Q. Qur assumption r > (p” ! -1)(p-1)"! and
(22) now imply (2.6.d).

To conclude the proof of (2.6), we finally have to show that this situation

cannot occur. We are therefore going to continue the study of the structure
of G.

(2.6.e) ®(G) is elementary abelian.

Let H be a component in IB and let 1 # x be an element of HE (N ®(G). Then x
has order p and Cg(x), the centralizer of x in G is a maximal subgroup of G
and therefore contains ®(G). Hence x ¢ O (Z(®(G))). As {HGﬂd)(G)—{l} |
HeB} U {Q} by (22) is a partition of ®(G), we obtain that ®(G) is elementa-
ry abelian.

(2.6.f) [G, G]=qQ.

Let <h> := H[) ®(G) and g ¢« G-Cg(h) for some component H in IB. Then
{h,h®) is elementary abelian of order p%, normal in G and therefore contains
Q). Hence <h’hg>/Z(G) is normal in G/Z(G) and of order p whence {h,h8) <
Z5(G) (where ZQ(G)/Z(G) =:Z<G/2(G)>). With (22) we see that ®(G) = Z,(G),
hence G/Zz(G) is elementary abelian. As G’ is not contained in (), we can now
deduce that G is nilpotent of class 3. Thus 1 7 [G', G] < ®(G)[) Z(G) = O and
the assertion follows now from the fact that () has order p (see (2.6.c)).
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We are now going to study the action m of G on ®(G) by conjugation:

As ®(G) is an n-dimensional vector space over GF(p), the action m of G on
®(G) is a linear representation of G. The kernel C of =m is the centralizer of
®(G) in G. Let B := (vy,v5,. . .,v,) be a basis of ®(G) and <v,> = Q. By
(2.6.f) we have v& = v[v,g] « vQ for all v in ®(G) and all g in G. Thus, in the
matrix representation with respect to B, m(G) consists of (nxn)-matrices of
the form (Ef(l)‘1 u), where u ¢ GF(p)““1 and E_ _, is the ((n-1)x(n-1)) -

1
identity matrix over GF(p).

In particular we obtain
(23) I (G)| < p»~1and |C| = po*1,

Now HC # G holds for every H in IB, otherwise <h) = H[®(G) is centra-
lized by H and C and therefore <h) =< ), a contradiction. Thus we have that
{Hc/cl H ¢ BB} satisfies the maximality condition (1) and (1.4) together with
(21) yield

ICl < p22 [0(G)NCID(G) ! (bp-1) +1)1 = p+t
(Observe that ®(G)<C as O(G) is abelian.)

Using (23) we obtain
(24) (@) | = p™~1 and |C| = p™*1,

Furthermore, by the definition of C and the fact that ®(G) is an abelian maxi-
mal subgroup of C, we see that C also is abelian. As |H[1®(G)|= p and HC #
G for all H in BB we have that H(\C has order pZ for every H in IB. Thus
{HC| He B } is exactly the set of maximal subgroups of G containing C.

It is easy to see that C is elementary abelian, otherwise ®(G)= (;(C) and
H(\C is cyclic for all H in BB and therefore all H in B contain {xP | x ¢« C),
which is a group of order p. But this is a contradiction to (3).

Together with the following observation we will be able to conclude the proof
of (2.6):

For each K in B let X := K(]C. As C is normal in G, the subgroup Xy is
normal in K. Since C is abelian, we obtain that both K and C are subgroups
of Ng(Xk), the normalizer of Xk in G. As Xk is not normal in G and as KC
is a maximal subgroup in G, we indeed have equality :

(28) Ng(K()C) = KC for all K in IB.



- 22 -

Hence S(Xg):= {XKgl g ¢« G }, the set of subgroups in G which are conjugate
to Xk, has cardinality p. It is clear that S(Xg) consists of subgroups of C.

Assume that all members of S(Xyg) are mutually disjoint fdr all K in IB. By
using (1.9), we then obtain

prrt-t=ici-12 > > (IXI-1)=bp(p?-1)
K ¢IB XeS(Xg)

= (p2~1-1)p(p+1) = pr*lepn-p2-p,

which is a contradiction to n > 3.

Therefore there exists a component H in BB such that S(Xy ) is a set of sub-
groups of C which are not mutually disjoint. Moreover, all members of S(Xg)
have a one-dimensional subspace in common.

We choose such a component H in BB and a basis (v_,,vy,v5,. . .,v,) of C
such that {Vo,V1>=HMC, {Vn> = Q and <{vq,vy,. . .,v,> = ®(G) (in particu-
lar <v{> = HN®(G)). Let g ¢ G- HC. The one - dimensional subspace of Xy
= H()C which is fixed by the conjugation with g is of course not {v;> ( note
that HC = H®(G) is exactly the centralizer of {v;> in G). Without loss of
generality we may therefore assume that v, commutes with g. Furthermore, by
(2.6.f) and the fact that Q=<v,>, we may assume that v,& = v,v,,.

Next we show that v, lies in the center of H:

Let t denote the action of G on C by conjugation. As C is abelian, C lies in
the kernel of t. Since ®(G)<C, we have that kernel(t) < kernel(m)= C, hence
kernel(t) = C. The image t(G) is therefore isomorphic to G/c, hence elementa-
ry abelian of order p®~!. Now for any h in H we have

vot(h) = Voh = vo[vg,.h] ¢ vo(HﬂG') = vo vyl

If voh = vovy for some h in H, then, with g as above, vot(h)t(g) = vohg =
(vov1)® = vovyv,. But 1(G) is abelian, whence also vot(h)t(g) = vot(g)t(h) =
vogh = voh:vovt. This is a contradiction and therefore v, is indeed an element

of the center of H.

This finally leads to a contradiction which proves (2.6):

As also g and C centralize v,, we see that G = (g , HC) < Cg(vg) and there-
fore v, ¢ Z(G). But this not possible by the choice of H. ,

Theorems (1.1) and (1.2) are now completely proved.
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3. Concluding remarks
We conclude this paper with some remarks:

A partial congruence partition is called maximal, if it cannot be enlarged by
adding a further component. Most of the known examples of maximal PCPs '
contain at least one normal component ( see [ 6, 7]). Partial congruence parti-
tions with at least one normal component are very interesting objects which
are studied from a geometric and a group theoretic point of view in [8] and
[ 7] respectively (the reader is refered to [ 8], where the connection of such
PCPs to translation nets with transitive directions is discussed). This situation
occurs also in our examples which prove (1.2.b) and (1.2.c):

The proof of (2.3) shows, that each PCP in E(p3)x EA(p3) ( the group in
(1.2.b) ) of maximal possible degree p+2 contains a normal component which is
isomorphic to E(p®) (see e.g. the concrete example in (12)). The partial con-
gruence partitions in the special group of order p6, exponent p and center of
order p3 (see (1.2.c)) constructed in [6, section 6] likewise contain one nor-
mal component.

The group G in (1.2.d) is the only example known to the author where the
PCPs of largest possible degree do not contain any normal component. (This
can easily be shown by using (1.7) and the fact that there exists an elementary
abelian component intersecting ®(G) trivially. We do not want to go into fur-
ther detail here.)

The group G = E(p3)x EA(p®) in (1.2.b) is also quite interesting because of
the following reason: As far as the author knows it is the first example of a
maximal PCP containing a normal component which has degree not of the
form p¥+ 1 ( for a suitable positive integer k). All maximal PCPs constructed
in [7] have a degree of this form.

We finally want to mention that we do not know any example of a group G
of order p2™ with n > 4 satisfying T(G) = (p™ '-1)(p-1)"! ( equality in the
statement of Theorem (1.1)). Starting with r = (p® 1-1)(p-1)"!, the proof of
(1.1) shows that a lot of further cases would have to be investigated. It seems
therefore to be suggestive to look for examples in groups of order p® (the
case n =4) first. A

The constructions in [ 7] show, that for small n there exist examples of groups
G of odd order where T(G) comes quite close to the bound in (1.1):
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- For any odd prime number p there exists a nonabelian group X of order
p® satisfying T(X) = p2 + 1. ( Note that T(X) < pZ+p+1 by (1.1)).

- For any odd prime number p there exists a nonabelian group Y of order
p!? satisfying T(Y)=2 p* + 1. (Note that T(Y) < p*+ p3+pZ2+p+1 by (1.1)).

2, then again by a construction in [7], there exists a nonabelian group

If p-=
Z of order 2'? satisfying T(Z) = 9. (By (1.1) we have T(Z) < 31.)
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