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Abstract

In this paper the existence of translation transversal designs which is equiva-
lent to the existence of certain particular partitions in finite groups is studied.
All considerations are based on the fact that the particular component of such
a partition (the component representing the point classes of the corresponding
design ) is a normal subgroup of the translation group.

With regard to groups admitting an (s,k,X)- partiton, on one hand the already
known families of such groups are determined without using R.BAER's,
O.H.KEGEL 's and M. SuzuklI's classification of finite groups with partition
and on the other hand some new results on the special structure of p- groups
are proved.

Furthermore, the existence of a series of nonabelian p-groups of odd order
which can be represented as 'translation groups of certain (s,k,1) - translation
transversal designs is shown; moreover, the translation groups are normal sub-
groups of collineation groups acting regularly on the set of flags of the same
designs.
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1. Introduction

(1.1) Definition :

A finite incidence structure IE := (P,B,I) is called transversal design with
parameters 8, k and A (short: (s,k,A) -TD ), if the following axioms are
fulfilled :

(1.1.1) There exists an equivalence relation ~ on the pointset P of IE satisfying
(a) p~gq, if and only if p=q or p and q have no block in common ;

(b) each equivalence class (or point class) consists exactly of s points
and 2 < s <|P|;

(c) any two points p and q from different point classes are joined by
exactly A =1 blocks.

(1.1.2) Each block contains exactly k > 2 points.

(1.1.3) Each block meets every point class (in exactly one point by (1.1.1)(a)).

Unless otherwise stated we will always assume that IE is a simple incidence
structure which means that different blocks are incident with different point
sets. Therefore the simplicity of IE yields k = 2, provided that A = 1. In this
case [E is called a complete bipartite graph.

T.BETH/D. JUNGNICKEL / H. LENZ [ 4] contains many results on the existence
of transversal designs. In the following we summarize some basic combinato-
rial properties of (s,k,X)- TDs, which all can be proved by applying simple
counting arguments.

(1.2) Combinatorial properties of (s,k,A)-TDs :

Let IE = (P,B,I) be an (s,k,A)- TD with v:=|P| points and b:=|B]| blocks.

(1.2.1) There exist exactly k point classes and v = sk.
(1.2.2) Each point lies on exactly r : = s\ blocks.
(1.2.3) b = s,

In many papers the existence of transversal designs IE and their dual struc-
tures, the so -called (s,k,\)-nets, is studied under the assumption that IE
admits certain automorphism groups ( if A =1, also the term collineation group
is used). In D.JUNGNICKEL's survey [16] many further references on this
topic can be looked up. We will deal with an important special class of trans-
versal designs in this paper:



(1.3) Definition :

A translation transversal design with parameters s,k and A ( short: (s,k,\) -
TID ) is an (s,k,2) - TD admitting an automorphism group G which

(1.3.1) acts regularly (sharply transitively ) on the set P of points
and with
{1.3.2) BN B® ={} or B=B® for all blocks B in B and all g in G

induces a parallelism on the set of blocks.

By (1.3.1) the orbit of each block leads to a partition of P. Therefore, the
parallel classes are exactly the orbits of blocks under G. The automorphism
group G is called a translation group of IE.

Already many authors have studied intensively translation transversal designs
(cf. [5, 9, 15, 21, 22, 23, 24, 25]). Theorem (1.5) of R.H. ScHuLrz [23, 25]
says that the existence problem of TTDs is equivalent to a combinatorial
problem in group theory. ( All results from group theory applied in this paper
can be looked up in B. HuppeERT [13].)

(1.4) Definition :

Let G be a group of order v = 4. A set H := {N} U { H{,H,, ..., H. } of
r+1=sX + 1 nontrivial, pairwise different subgroups of G is called an (s,k,}) -
partition in G, provided that the following properties are satisfied :

(1.4.1) IN| = s.

(1.4.2) |Hil=k forall i21,2;,.. 5

(1.4.3) INNH;l =1 for all i=1,2,...,r.

(1.4.4) For each x in G- N there exist exactly A > 1 subgroups in IH
containing x.

(1.4.5) v = ks.

The elements of IH are called components. For obvious reasons we call N the
particular component of IH.

In [23, 25] the definition of an (s,k,\)- partition is more general. However,
as only being interested in transversal designs, in the present paper we assume
that (1.4.5) holds.



(1.5) Theorem (R.H.ScHULZ) :

An (s,k,)\) - translation transversal design with translation group G exists, if
and only if G admits an (s,k,)\) - partition.

Sketch of proof :

If H:={N} U{Hy,H,, ..., H. } is an (s,k,)\) - partition in a group G, then
(1.5.1) E(H) := (G, {H;x| x< G ,i=1,2, ...,r}, ¢)

is an (s,k,\) - TTD with translation group G. The action of G on IE(IH) is in-
duced by right-multiplication. The point classes are the right cosets of the
particular component N in G.

Conversely, let IE = (P, B,I) be an (s,k,A) - TTD with translation group G.

We choose a basepoint p, in P, the r blocks By, B,, ... ,B, incident with p,
and the point class P, containing p,. It is not difficult to see that the setwise
stabilizers N of P, and H; of B; for i = 1,2, ...,r form an (s,k,X) - partition
in G

- 0

Due to the equivalence above, the structure of a translation group G of an
(s,k,\) - TTD is very restricted. The families of groups which admit an (s,k,Xx) -
partition and therefore can be represented as a translation group of a trans-
lation transversal design, are known. The classification of these families was
performed by R.H. ScHuULZ and M. BILIOTTI/ G. MICELLI in the papers
[5, 23, 25 ]. Furthermore, in [ 5, 9, 15, 21, 22, 23, 24, 25 ] many series of examples
are constructed. This shows that the theory of translation transversal designs
is well developped. The following simple, but important observation, upon
which all considerations of this paper are based, however, is new.

(1.6) Proposition:

Let G be a finite group and let H := {N} U {H;,H,, ..., H.} be an (s,k,x)-
partition in G. Then the particular component N is a normal subgroup of G.

Proof :
Because of (1.4.1), (1.4.2), (1.4.3) and (1.4.5) we obtain
(1.6.1) G = NH; for all i= 1,2, ...,r.

Now let x and g be any elements of N and G respectively. We assume that
x& = g7 lx g does not lie in N. Let H be one of the A components in IH - { N }
containing x&. Applying (1.4.3) and (1.6.1) we can represent g uniquely as g = nh
whereby ne¢N and he¢H. Additionally with (1.4.3) we obtain

(1.6.2) xE ¢« NENH=NPNH-=N'NnH=-N'NH' = (NP =1



and therefore x8 = 1. This is a contradiction to our assumption that x& is not
an element of N and as x and g were chosen arbitrarily in N and G respecti-
vely, we conclude that the particular component N is a normal subgroup of G.

An immediate consequence of Proposition (1.6) is

(1.7) Corollary :

All components of IH-{N} are pairwise isomorphic.
Proof :

As NH = G for all H in H- {N}, we deduce that the factor group G/N S NH/N
is isomorphic to H/HﬂN' Applying (1.4.3) we therefore get that G/N is iso-
morphic to H. Since this is true for all components H in IH-{N} we obtain
the aimed result.

A further consequence of (1.6) is that the particular component N by right-
multiplication acts regularly on each point class and on each parallel class of
blocks of the translation transversal design IE(IH) corresponding to IH (cf.
(1.5.1)). Therefore all TTDs belong to the class of the so-called classregular
transversal designs. ( Reference is made to [5, section 4] and [7, section 5],
where such designs with parameter A =1 are considered in connection with
translation transversal designs. )

In the following section, using essentially (1.6), we want to determine the
(known) families of finite groups which admit (s,k,)\)- partitions. Our proof
of the classification is much more elementary than the proof given in [5, 23,
25 1.

In section 3 we prove some new results about the structure of p-groups with
(s,k,)) - partition. Furthermore, applying some basic facts from group theory,
it is not difficult to classify all 2-groups which can be represented as trans-
lation groups of translation transversal designs. We obtain that every TTD ad-
mitting a 2- group as translation group which is not elementary abelian, is a
complete bipartite graph.

Finally a concrete example will be presented in section 4. In this connection
we take up a theme of D. JUNGNICKEL [15]: For each odd prime power q we
construct a (g%,q,1 )-translation transversal design IE with nonabelian trans-
lation group G, furthermore admitting an automorphism group K of IE acting
regularly on the set of flags (incident point-block pairs ) of IE and con-
taining G as a normal subgroup. We will also show that all TTDs with non-
elementary abelian 2- group G as translation group admit a flag regular auto-
morphism group containing G as a subgroup.



2. The families of groups admitting an (s,k,\) - partition

(2.1) Definition:

Let G be a finite group. Any nonempty set ¢ of nontrivial subgroups of G
satisfying

(2.24) UV =1 for any two different elements U and V in o
and
(2.2:2) U u = @G

Ueo

is called a partltion1 of G . The elements of ¢ again are called components of
the partition.

The following lemma of R.H. ScHuULz [25] shows that a finite group with
(s,k,)\)- partition also admits a partition. The proof is included.

(2.2) Lemma:
Let H := {N} U { Hy,H,, ..., H.} be an (s,k,\) - partition in a group G.
Furthermore, for x in G-N let My := (| H. Then
He H
xeH
(2.2.1) M:= {N} U {Mx | x ¢ G-N } is a partition in G.
Proof :

If y is an element of M, [) (G-N), then by definition of M,, any of the A
components of IH containing x also contains y. As likewise, by definition of
IH, exactly A components of IH contain y, we see that the set of x- and y-
components in IH coincide and we obtain M, =M,. Hence, for any pair x,y «
G-N we have M, (1 M, = 1 or M, = M,. Of course the groups M, are nontri-
vial subgroups of G and have trivial intersection with N. Furthermore, by
definition of IH, it is obvious that G is covered by IM which finally shows that
M is a partition of G.

It is very important to observe that the particular component N of IH is also
a component of IM. In the case A = 1 we have IM = H. Evidently, due to (2.2),
results on groups admitting a partition can be applied to study the existence
of translation transversal designs. Finite groups with partition were first
studied by R. BAER in [1]. In further papers, R.BAER, O.H.KEGEL and
M. Suzuki [ 2, 3, 17, 26 ] were able to classify all such groups. The following
main theorem of their investigations is a deep result.

1: Sometimes the term nontrivial partition is used.



(2.3) Theorem ( R. BAER, O.H.KEGEL, M. SUZUKI ):

Let G be a finite group admitting a partition. Then G belongs to one of the
following families of groups :

(2.3.1) G is a p- group, |G| = p% and H,(G):= {xe G | xP # 1 ), the Hp-uub-
group of G is a proper subgroup of G.

(2.3.2) G is a Frobenius group, i.e. G has a proper subgroup H satisfying
HEMN H =1 for any g in G- H.

(2.3.3) G is a Hughes - Thompson group (short: HT - group ), i.e. G is
neither a p - group nor a Frobenius group and there exists a prime
factor p of | G| such that the H, - subgroup of G has index p in G.

(2.3.4) G is isomorphic to X4, the symmetric group of degree 4.

(2.3.5) G ist isomorph zu PGL(2,pf), the projective linear grdup of degree 2
over GF( pf) for some pf > 4.

(2.3.6) G is isomorphic to PSL(2,pf), the special linear projective group of
degree 2 over GF(pf) for some pf: 4.

(2.3.7) G is isomorphic to Sz(q), the Suzuki group with parameter q, where
q= 22m+1 > 8.
This theorem is applied in [ 5, 23, 25 ] to classify all families of groups ad-

mitting an (s,k,\) - partition:

(2.4) Theorem (R.H.ScHuULZ, M. BiLioTTI / G. MICELLI) :

The groups of the families (2.3.1), (2.3.2) and (2.3.3) are exactly the finite groups
admitting an (s,k,)) - partition for suitable parameters s, k and A.

The proof of (2.4) given in [ 5, 23, 25] essentially proceeds as follows :

The known partitions of the groups in (2.3.4) - (2.3.7) are investigated, and,
as the cardinalities of the components of these partitions do not fit with the
parameters of an (s,k,\) - partition, these groups can be excluded.

Hence, besides the classification (2.3), the subgroup structure of the groups in
(2.3.4) - (2.37) is also used. In O.H. KEGEL [18] all partitions of finite
groups with nontrivial Fitting - subgroup can be looked up. Applying Proposition
(1.6), we are able to exclude these groups having only knowledge about their
nontrivial normal subgroups. E.g. the groups in (2.3.6) and (2.3.7) do not even
have to be considered as automorphism groups of translation transversal
designs, as it is well known that these families consist of simple groups.



It seems to be that the families of groups admitting an (s,k,)- partition can
be classified without using the deep, complete classification of R. BAER,.O. H.
KEGEL and M. Suzuki. In the following we will show that in order to prove
(2.4) it is sufficient to apply some results from R. BAER [ 1, page 333 - 359 ].

(2.5) Definition :

A partition ¢ in G is called normal, if
(2.5.1) H® ¢ o for all H in ¢ and all g in G.
Consequently, in normal partitions, we have

(2.5.2) H=H® or H(1 H® =1 for all H in ¢ and all g in G.

As most of the results in [1] are formulated for normal partitions, yet we are
not able to apply them to the partition IM induced by an (s,k,)\)- partition
IH (cf. (2.21)), since in general IM is not normal. The following method of
O.H. KEGEL shows how we can use IM to construct a normal partition in G.
In particular, any group G with partition likewise admits a normal partition
(cf. also [1, remark subsequent to the proof of Satz 4.7 ]).

(2.6) Lemma:

Let G be a group with (s,k,A) - partition IH and particular component N. Then
G also admits a normal partition containing N as component.

Proof :

Analogous to (2.2.1) let IM be the partition of G which is induced by IH. For any
automorphism o of G, the set M* := { U¥| Ue M} likewise is a partition of
G. In particular, for any g in G, M® = {U8 | U¢ M } is a partition in G. Now let

(2.6.1) M = U M8
ge¢G

and for a in G-{1} let

(2.6.2) u, := n y.
YeM
acyY

We consider

(2.6.3) o(H) :={ U, | aeG-{1}}

and show that o(IH) is a normal partition of G which contains the particular
component N, as N is a normal subgroup of G:

Now let U, be any subgroup in o(IH). We assume that 1 # x is an element of
U,. By definition of U, we obtain



(2.6.4) u, = Ny = Ny = u,
Ye M YeM
aeY x€Y

(observe that x lies in any subgroup in M containing a). Furthermore, as mE
for any g in G is a partition of G, we see that the components containing
x are exactly the components containing a. Hence we obtain U, = U,. In par-
ticular, for any a, b in G- {1}, we have U, = U, or U,() U, = 1. Therefore
o(IH) is a partiton in G. The normality of o(IH) now follows immediatly from
the fact that

(2.6.5) ué = N Y8 = N Y = Uug
YeM Ye M
aeY aBeY

holds for all U, in o(IH) and all g in G.

Before applying the results of [1] to o(IH), we have to mention that trivially

(2.7) the particular component N is a so- called o(IH) - admissible normal
subgroup of G.

(If o is a normal partition of G, then a nontrivial subgroup K of G is called
¢ - admissible, if for any component U of ¢ we have U < K whenever
un K > 1).

Two cases still remain to be considered :

1. o(IH) contains a component X which is equal to its own normalizer
in G, i.e. Ng(X) :={ge G| X8 = X} = X.

2. The normalizer of any component X of o(IH) contains X properly.

(2.8) Case 1:

Assume that there exists a component X in o(IH) satisfying Ng(X) = X. Of
course X is different from the particular component N of IH. By the normality
of o(IH) we have that X{) X8 = 1 for all g in G- X. Hence G is a Frobenius
group and belongs to family (2.3.2). By the famous Theorem of Frobenius (cf.
[13, chap. V, 7.6 1), the set

K := G~(gL€JGXg—{1})

is a normal subgroup of G. K is called the Frobenius kernel of G and X is

called a Frobenius complement of K in G. Furthermore, having N (| X& = 1 for
all g in G, the particular component N is a subgroup of the Frobenius kernel K.
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(2.9) Case 2:

Assume that the normalizer of every component X of o(IH) contains X proper-
ly. An application of Satz 5.1 from R. BAER [1] implies the following facts:

- All elements x in G-N have the same prime order, say p. Consequently,
the H, - subgroup of G is a proper subgroup of G and a subgroup of the
particular component N .

- G is either a p-group with |G| 2> p2 or a HT - group and therefore belongs
to one of the families in (2.3.1) or (2.3.3). In the latter case one further-
more obtains [G : N ] = p and N = H,(G), i.e. the particular component
N is equal to the H, - subgroup of G and therefore, by definition, is
generated by all elements in G having different order from p.

Besides the basic results developped in [1 ], the proof of Satz 5.1 essentially
proceeds using the Theorem of Frobenius and the Theorem of Hughes/
Thompson [12] concerning the structure of H, - groups. In any case, by the
Theorem of Hughes / Thompson and Kegel [12, 19], we obtain that the parti-
cular component N of an (s,k,\) - partition always is nilpotent. ( As mentioned
in [1, 19], the proof of Satz 5.1 can be simplified using this result.)

In order to complete the proof of Theorem (2.4) we finally have to show that
the groups in (2.3.1) - (2.3.3) really do admit (s,k,\) - partitions for certain
A 21z

Considering (2.9) it is not difficult to see that o(IH) is equal to IH provided
that G is a Hughes - Thompson group. In this case all components of o(IH) - {N}
are cyclic of order p whence o(IH) is an ( |N|,p,1 )- partition in G. The
results in [ 1] furthermore imply that { HP(G)} U{<x> 1| xeG- HyG) }
is the only partition in a HT - group G. Hence the parameter A\ necessarily is
equal to 1. Examples of HT - groups and further results on TTDs admitting
such a translation group can be looked up in R.H. ScHuLz [ 22].

Let G be a p-group admitting a partition. By (2.2.1) we obtain that |G| 2 p2
and that H,(G) is a proper subgroup of G. If we choose a maximal subgroup
N of G containing H,(G), then, by definition of HP(G), we see that
H:={N}U{<{x>|xe¢G-N}isan (IN|],p,1)-partition in G.
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In the following section we will continue studying the structure of p-groups
with (s,k,A) - partition and in section 4 we will give examples in nonabelian
p-groups of odd order, where the particular component does not have index p
in G.

Finally, let G be a Frobenius group with Frobenius kernel K and a Frobenius
complement X. Then ¢ := {K} U { X8 | g ¢« G} is a (|IK|, | X|, 1)~ partition
in G. This partition is called the Frobenius pa!'i‘.ltion2 of G. (A Frobenius group
has a unique Frobenius partition, cf. [ 13, chap. V, 8.17 ].)

This finally proves Theorem (2.4).
It is an interesting question to deal with, whether a Frobenius group admits
(s,k,)\) - partitions different from the Frobenius partition. This problem is

considered by R.H. ScHuLz, A. HERZER, M. BiLiorTl and G.MICELLI in
[5,9, 21, 241].

(2.10) Theorem (R.H. ScHuULZ ) :

Let H be an (s,k,A) - partition in a Frobenius group G with particular com-
ponent N. If N is a proper subgroup of the Frobenius kernel K, then K is a
p - group. '

We have already seen in (2.8) that the particular component N of an
(s,k,2) - partiton IH in a Frobenius group is a subgroup of the Frobenius
kernel K. Evidently, if N =K, then IH is the Frobenius partition, and necessarily
the parameter A is equal to 1. In order to proof Theorem (2.10), R.H.ScHuULZ
applies a basic, but very important argument from R. BAER [1] regarding
the commutator of two elements lying in different components of a partition
in a group G. (A similar argument is used to prove Lemma (3.1) in the fol-
lowing section.)

In [5, 21 ] some series of (s,k,1) - partitions in Frobenius groups with K pro-
perly containing N are constructed. Examples, where X > 1 can be looked up in ‘
[9, 24 ]. In some of the series the Frobenius kernel is elementary abelian, but
there are also other examples (cf. [5,9]). The methods of all these con-
structions are based on an idea of A. HERZER [8].

The possible parameter pairs (s,k) of a Frobenius partition are determined in
D. JUNGNICKEL [15] and the possible parameter pairs (s,k) for TTDs with
A =1 can be found in D. JuNGNICKEL [ 16, 6.3.4 ].

2:In [1 ] o is called minimal Frobenius partition. Here we use the same ter-
minologie as in [13].
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3. On the structure of p - groups admitting an (s,k,\) - partition

In this section we continue investigating the structure of finite p- groups
G admitting an (s,k,)\) - partition IH. Let N be the particular component of IH.
Applying R. BAER's Satz 5.1 from [1] in (2.9), we have seen that

(3.1) H,(G) = { x ¢ G| xP# 1> is a proper subgroup of N.

The proof of this fact contains an important basic idea and is therefore pre-
sented in the following :

As N is a normal subgroup of G (see (1.6)), there exists an element x # 1 in
N N O4(Z(G)), where Q(Z(G)) = { x ¢ Z(G) | xP =1 > is the largest elemen-
tary abelian subgroup of Z(G). Analogous to (2.2.1) let IM denote the partition
in G induced by IH. Let h be any element from G- N. Furthermore, let H and
K be the components in IM containing h and hx respectively. Due to the choice
of x and h, we obtain that N, H and K are three different components of IM.
Furthermore, as x ¢ Q(Z(G)), we see that (xh)? = xPhP = hP. Therefore, the
element hP lies in K (| H = 1 whence we obtain hP = 1. As h was arbitrarily
chosen in G-N, this holds for any h in G- N and shows the validity of (3.1).

Taking advantage of the idea presented in the proof of (3.1), it is not difficult
to see that :

(3.2) If Hy(G) # 1 then Z(G) < N.

Therefore, we have :

(3.3) If there exists a component H in H-{N } with H( Z(G) # 1,
then G is of exponent p.

(3.1) in particular implies that all components in IH - { N } have exponent p.
In the special case where p = 2 this shows that each component in H- {N }
is elementary abelian ( since each 2- group of exponent 2 is elementary abe-
lian). Using once more the normality of N in G and some elementary facts
about the theory of p- groups we are able to show that this holds in any case :

(3.4) Theorem :

Let IH be an (s,k,)\) - partition in a p-group G with particular component N.
Then the Frattini subgroup ®(G) is a subgroup of N and each component in
IH-{N } is elementary abelian.
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Proof :

Assume that there exists a component H in IH-{N} which is not elementary
abelian. Then, with (1.7) we obtain that no component in IH- {N } is elementary
abelian. Therefore, the Frattini subgroup ®(H) of H is nontrivial for any H in
H -{ N }. Let |®6(H)| = p™ with m > 1 (observe that m is constant for any H
in H-{N} cf. (1.7)). As ®(U) < O(G) for any subgroup U of G, using (1.4.3)
and (1.4.4), we get the following lower bound for the cardinality of ®(G):

(3.4.1) (106G -1 )% =2r(p™ - 1), where r = [N| 2.

Now let |[N| = p® and |H| = ph for H ¢ H-{N}. Then (1.4.3) implies
|G| = p»*h and with (3.4.1) we have

(3.4.2) |®(G) | 2 p"(pm-1) + 1 = pP*™ _ pn 4
As m =1 by assumption and as |®(G)| is a power of p, we even obtain

(3.4.3) | ©(G)| > pn*m,

Next, as N is a normal subgroup of G, we may apply [13, chap. I, 3.14.c ]
to obtain CD(G/N) - (D(G)N/N. Moreover, as GA\J is isomorphic to H and

‘I’(G)N/N is isomorphic to (D(G)/CD(G)HN, we get

(3.4.4) |®(G)| = [®(G)N]| [®(G) : ®(G)(IN ]
= |®(G)NN|| ®H)| =] ®(G) NN | p™.

Using (3.4.3), we now see that |®(G)[) N | > p™ = [N |. Hence the compo-
nent N is a subgroup of ®(G) and due to NH = G for all Hin IH - { N }, in
particular we have H®(G) = G for any H in IH - {N}. But then [13, chap. H, 3.2 ]
implies that G = H, a contradiction.

We therefore conclude that m = 0, i.e. ®(H)=1 for any H in H-{N}. Conse-
quently all components of IH - {N } are elementary abelian. Furthermore, as H
is isomorphic to G/N and as ®(G) is the smallest subgroup of G such that
%(G) is elementary abelian, we finally obtain that ®(G) is a subgroup of N.

While examinating p - groups G with 1 # HL(G) # G one is confronted with a
very difficult problem of group theory, namely Hughes' H, - problem. D.R.
HUGHES conjectured in [11] that [G : H,(G) ] = p always holds provided that
1 # Hy(G) # G. But an example of G.E. WALL [27] disproves the conjecture
(the existence of a nonabelian 5 - group G with H5(G) # 1 and [G: H5(G) ] =
25 is shown in [27]). We do not want to go into further detail here and refer
to T. MEIXNER [ 20], where generalized Hughes subgroups of p - groups are
studied and further results and references on the H, - problem are stated.
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However, Hughes' conjecture is true if p = 2 (see D. R. HuGHEs [10]). We
will use this result to proof Theorem (3.5), where we are going to show that
the finite 2 - groups admitting a partition can completely be characterized :

(3.5) Theorem :

Let o be a partition in a finite 2-group G. Then one of the following cases
holds :

(3.5.1) G is elementary abelian.

(3.5.2) o is a (s,2,1)- partition. In this case the particular component N is
a maximal subgroup of G and equal to H,(G). The translation trans-
versal design corresponding to G is a complete bipartite graph. Fur-
thermore, if H = { 1,h } is a complement of N in G, then nb = n!
for any n in N. In particular, N is abelian.

The proof is simple:

Assume that G is not elementary abelian. Then the exponent of G is greater
than 2 whence H5(G) is different from the trivial subgroup 1. Let N be a
component of ¢ containing a nontrivial element x of ((Z(G)). The same argu-
ment used in the proof of (3.1) shows that H,(G) is a subgroup of N. Hence
1 # Hy(G) # G. Now Lemma 4 of D.R. HUGHES [10] (which is also simple to
prove) says that [G : Hy(G)] = 2. Therefore N = H»(G) is a maximal subgroup
of G and each component H in 6- {N} is cyclic of order 2. In particular, o is
a (IN[,2,1) - partition in G. This proves the first part of (3.5.2).

Let x and n be any elements of G-N and N respectively. Then nx lies in G-N
and is consequently of order 2. We obtain 1 = (nx )2 = nxnx = nn* and there-
fore n* = n~ 1. Hence the inversion of elements in N is an automorphism of N
which finally shows that N is abelian.

We continue with some remarks :

(3.6) Remarks :

(3.6.1) If IH is an (s,k,A) - partition in a 2-group G which is not elementary
abelian, then X = 1 und k = 2. This follows immediatly by applying
(3.5.2) to the partition IM in G induced by IH.

(3.6.2) Let K be an abelian group and let G be the generalized dihedral group
belonging to K, i.e. G is the semidirect product of < a« > with K, where a
is the inversion of elements of K. If K is finite, then G admits a
(1K|,2,1) - partition with particular component N which is isomorphic
to K.
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As k% = k! for any k in K, the order of any nontrivial fixed point x
of o has order 2. Hence, if |K| = | N | is odd, then G is a Frobenius
group with Frobenius kernel N. If the order of K is even, then
- provided that K is not a 2 -group - N = Hy(G) and G is a HT-
group

(3.6.3) The case p= 2 shows that the index [G: N ] of the particular component
N in an (s,k,)\) - partition in G is equal to 2 provided that G is not
elementary abelian. In the next section, we will give an example to il-
lustrate that this does not hold in p- groups of odd order: Any finite
elementary abelian group of odd order can be represented as a com-
plement of a particular component in a suitable (s,k,1)- partition in a
certain p - group which is not elementary abelian.

An application of (3.4) and (3.5) to the situation exposed in Theorem (2.10)
allows the following extension of that result :

(3.7) Theorem :

Let IH be an (s,k,\) - partiton in a Frobenius group G and assume that the
particular component N is a proper subgroup of the Frobenius kernel K of G.

Then the factor group KA\] is elementary abelian and, if K is a 2 - group, then
K is elementary abelian.

Proof :

The first assertion follows immediately from (2.10) in combination with (3.2).
Therefore, let K be a 2- group. It is easy to see that the set {N } U { H() K|
He H -{N} } forms an (s,1,\) - partition in K where 1 = |[H () K | and H is
any component of IH- { N }. Assume that K is not elementary abelian. Then
by Theorem (3.5) we obtain that 1= 2. As G is a Frobenius group, each com-
ponent H in H-{ N } likewise belongs to this family; its Frobenius kernel is
H( K. Due to properties of Frobenius groups each complement of H() K in
H by conjugation acts fixed - point - freely on H()K. Because of |H1K| = 2
the automorphism group of H( K is trivial. Hence, we obtain H = H(1K and
therefore G =K. But this is a contradiction.

We are now going to state a basic, but useful induction argument :
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(3 8) Lemma and Definition :

Let G be a finite group and let H = {N } U { Hy, Hy, ..., H,. } be an (s,k,A)-
partition in G with particular component N. If X is a proper subgroup of N
and normal in G, then, as a multiset, Hy := {N/x} U {LIX/X | Ue H-{N}} satis-
fies the properties (1.4.1) - (1.4.5) with parameter triple ( sIXI™k, aAlxXD).

As UX/X and V)s/x might be equal for even different components U and V of
H - { N}, Hy in general is not an (sIX|™Y,k, A X])- partition in G/x =2

Therefore Hy is called a generalized (s|X| ! k, 3| X|) - partition. Again, N/x
is denoted particular component of Hy.

Proof:

It is simple to see that the properties (1.4.1), (1.4.2), (1.4.3) and (1.4.5) are
satisfied. In order to verify (1.4.4), we have to show that exactly A|X| mem-
bers of {UX/X | Ue H } contain each element aX in G/X— N/X. Now aX e
UX/X, if and only if the intersection U()aX is not empty. Furthermore, for
all x in X the element ax lies in exactly X components of IH. Now, if x # y,
the elements ax and ay do not lie in a common component of HH. (Otherwise
we would obtain 1 # (ax) '(ay) = x 'y ¢« X (| H for one component H in H-
{N}. As X is a subgroup of N, that would lead to a contradiction of (1.4.3).)
This yields that the number of components U in IH satisfying U(laX # { } is
exactly A|X]| and it therefore finally proves (3.8).

The classification of groups admitting an (s,k,)\) - partition shows that the
particular component N is always nilpotent. Therefore, if N is not elementary
abelian, N always contains a nontrivial characteristic subgroup X satisfying the
assumptions of (3.8).

It is remarkable that the results (1.6), (1.7), (3.1) - (3.4) remain valid for
generalized (s,k,)\)- partitions (this can be seen immediately by considering
once more the proofs; the essential fact is that the underlying group G is
covered by partitions). A generalized (s,k,\)-partition corresponds to a
translation transversal design which is not necessarily simple.

We conclude this section with some further remarks on the structure of p-
groups admitting an (s,k,)\)- partition. As the case p= 2 is completely settled,
from now on we assume that p is odd.

3: The author thanks Professor Dr. Ralph- Hardo Schulz for this hint.
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(3.9) Remarks :

Let G be a p-group of odd order and let IH be an (s,k,\) - partition in G
with particular component N.

(3.9.1) The center of G is elementary abelian.

(3.9.2) The commutator group G' is equal to the Frattini group ®(G).

Proof :

(3.9.1) follows immediatly from R. BAER [1, Lemma 2.1] and is moreover valid

for all p- groups ( the proof proceeds using the idea already presented in the
proof of (3.1)).

If G is abelian, the statement (3.9.2) follows from (3.9.1). Assume therefore that
G is nonabelian. In p- groups the commutator group is always a subgroup of
the Frattini group. Hence, by (3.4), we have that G' is a subgroup of the par-
ticular component N. Applying (3.8) to X = G' we obtain that {UX/X | U e H}
is a generalized (s|X| ', k,AIX| )- partition in G/G'. As G/G- is abelian, we
furthermore from (3.9.1) obtain that this factor group is even elementary abe-
lian (observe that (3.9.1) remains valid for generalized (s,k,)\) - partitions ).
Hence ®(G) is a subgroup of G' and we get the aimed result.

Next, a sufficient condition for G having exponent p is proved.

(3.9.3) If G has class at most 2, then the exponent of G is equal to p.

Proof :

If G is abelian, the assertion follows from (3.9.1). We may therefore assume
that G has class 2. Then G' is a subgroup of the center Z(G) of G and by
(3.9.1) elementary abelian. By (3.1) it is enough to show that all nontrivial
elements of the particular component N have order p. Let therefore n and x
be any elements of N and G - N respectively. We apply the commutator for-
mulas from [13, chap. III, § 1 ]) to this special case and obtain

P
nP = (nxx )P = (nx)P x P [x !, nx ](2).

As nx is not an element of N and as p is a divisor of (g), we obtain nP = 1,
the desired result. G

We continue with a sufficient condition for Z(G) being a subgroup of the par-
ticular component N:
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(3.9.4) If N is abelian, then G is elementary abelian or Z(G) < N.

Proof :

Let z be an element of Z(G) and H any component of IH-{N}. By (1.4.3) there
exist uniquely determined elements n of N and h of H such that z= nh. As
H is abelian, we see that n = zh™! lies in the centralizer of H in G. Due to
the assumption that N is abelian, we have that n centralizes NH = G and
therefore n lies in the center of G. The same argument shows that likewise h
lies in Z(G). Altogether, we may conclude that Z(G) = (N(Z(G)(HMNZ(G)). In
particular | H() Z(G)| is constant for all H in IH-{N}.

Now let |Z(G)| = p® and |[NNZ(G)|= p® and therefore |H N Z(G)| = p2~P for
all Hin H - { N }. We assume that Z(G) is not a subgroup of N. Using
(1.4.3) and (1.4.4) we obtain

ApP(p2 P -1) = X|Z(G) - (NNZGN]| = r(p®~ P -1) = XIN| (p2~P -1)

and as by assumption a > b, we see that p? = |N|. But then N is a proper
subgroup of Z(G). Therefore N centralizes the component H whence H, because

of NH= G, is a normal subgroup of G. This implies that G is isomorphic to
NxH. Hence G is abelian and therefore by (3.9.1) elementary abelian.

Induction and a combination of (3.8) and (3.9.4) show :

(3.9.5) If N is abelian, then every nontrivial group of the lower central
series of G is a subgroup of N.

Proof :

Trivially the assertion is true, if G is abelian. If G is nonabelian, then by
(3.9.4) Z(G) < N. Now we use (3.8) with X:=Z(G) and consider the generalized
(s1Z(&)I™ ', k, X 1Z(G)]) - partiton { UZ(G%(G) | Ue H } in (yZ(G)- As (3.9.4)
is also applicable to generalized (s,k,\)- partitions and as G is nilpotent, the
procedure is finished after a finite number of steps and the statement follows
by induction.

R.H.ScHuULZ [ 25] contains a construction of (s,k,)\)-partitions in elementary
abelian groups. A very large spectrum of parameters is covered with this con-
struction.
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4. Translation transversal designs with flag regular automorphism groups

In this section we assume that the parameter A is equal to 1. Again let
H:={ N} U{H,| x ¢« N} be an (s,k,1)- partition in a group G and
analogous to (1.5.1) let IE(H) = (G,{Hg | He H-{N},g ¢G },¢ ) be the trans-
lation transversal design corresponding to H.

As all components in IH- { N } by (1.7) are pairwise isomorphic, it is suggestive
to deal with the following question :

(4.1) Problem :

Does there exist a subgroup I' of the automorphism group of G satisfying the
following properties ?

(4.1.1) N'=N for any t in T.

(4.1.2) I' acts regularly on the set H- {N }.

Assuming that G admits such an automorphism group I, it is not difficult to
see that I' induces a collineation group on IE(IH). We even have :

(4.2) Proposition :

The collineation group D of IE(IH) which is generated by G and T acts as a
flag regular automorphism group on IE(IH). lL.e. for any two incident point -
block - pairs (py,By) and (p,,B5) there exists a unique element § in D satis-
fying (py,By)" = (p,S,Blg) = (p2,B5). Moreover, G is a normal subgroup of D and
D is isomorphic to a semidirect product of G with T.

Proof :

For any x in G the collineation induced by x on IE(IH) is also denoted with x.
In defining

(4.2.1) g(x’t) t= (gt for all g in G and

(Hg)(x’t) := H" (gx)* for all H in H-{N} and all g in G,

D:= GxI with multiplication

(4.2.2) (x,t)(y,p) := (x yri,tp)

becomes a collineation group of IE(IH). Using (4.2.2) it is not difficult to see
that G is a normal subgroup of D.
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Now let (x,Hx) and (y,Ky) be any two flags of IE(IH). Furthermore, let t be
the unique element in T' satisfying H' = K. A simple calculation shows that
the collineation (x_lyt ,T) maps the flag (x,Hx) onto the flag (y,Ky). Hence

D acts transitively on the set of flags of IE(IH). Moreover, as by (1.2) the
number of flags of IE(IH) is equal to

rv = sAv = |IH-{N}||G| = |Gx T,

we obtain likewise the regularity of the action of D. |

From this aspect, Frobenius groups in connection with translation transversal
designs were studied first by D.JUNGNICKEL in [15] :

(4.3) Proposition :

If G is a Frobenius group and IH the Frobenius partition of G, then the inner
automorphism group of G induced by the Frobenius kernel N just leads to an
action on IH satisfying (4.1.1) and (4.1.2). Hence any translation transversal
design induced by the Frobenius partition of a Frobenius group admits a flag
regular collineation group.

In the following example we construct a series of nonabelian p - groups of odd
order which can be represented as translation groups of translation transver-
sal designs admitting a flag regular collineation group. For that purpose we
use a method of [6].

(4.4) Example :

Let q be an odd prime power and let GF(q) denote the Galois field of order q.
We introduce a multiplication on the set G := { (a,b,c)| a, b,c ¢ GF(q) } of
triples over GF(q):

(4.4.1) (ai,bl,Ci)(az,bz,Cz) = (a1+ a2,b1 +b2, CytCr — azbl ).

With help of the formulas

(4.4.2) (a,b,c)™' = (-a,-b,-c-ab)
and
(443) [(ai,b1,cl), (az,bz,Cz)] = (0,0,a1b2 - azbi)

it is simple to show that G is a nonabelian group of order q> and class 2.

Now let N := { (0,b,c) | b,c ¢ GF(g)}. By definition of the multiplication in
G, we have that N is a subgroup of G. Furthermore, (4.4.3) shows that N con-

tains the commutator subgroup G' of G. Hence N is even a normal subgroup
of G.
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(4.4.4) For p and p in GF(q) let
f G —> G,
(a,b,c) — (a, pa+b,—2—1pa(a—1) +ua+c).

o’

Using again the multiplication in G, it is not difficult to see that fo,. is an

automorphism of G. Moreover, because of f, , f. , =f .. ,.,, we have:

(4.4.5) I:={f,,|e,ueGF(q } is a subgroup of the automorphism
group of G.

Furthermore, N is fixed elementwise by I'. Now we define

(4.4.6) H:={(a,0,0) | ac GF(q) } and

(4.4.7) H, = f, (H)={(a,pa,-2"'pala-1) +pa)| ac GF(q) }.

A simple calculation shows that

(4.48) H:={ N} U{H,, | o ¢ GF(q) } is a (g%,q,1)- partition in G.

Let T := IE(IH) be the translation transversal design corresponding to IH. By
(4.4.7) and (4.2) the group of collineations of T generated by G and I acts
regularly on the set of flags of T.

We conclude our investigations with a further example concerning groups of
even order :

(4.5) Example :

Let G be a finite group with abelian subgroup N of index 2 in G. Assume that
there exists a complement X := {1,x} of N in G. For all n in N let nX = n 1,
hence G is a generalized dihedral group. As already remarked in (3.6.2), the set
of complements of N in G together with N form an (|N|,2,1 ) - partition H
in G where N is the particular component. For any a in N, we define the
following mapping :

g, if geN
(4.5.1) I, G— G,g — {xab,if g=xb ¢ G-N.

Once more, a simple calculation shows that t, is an automorphism of G. More-
over, by the fact that 1,1, is equal to 1., the set T := { 1, | a ¢« N } is a
subgroup of the automorphism group of G and isomorphic to N. The definition
of these automorphisms shows that N is fixed elementwise by I' and that T
acts regularly on the set of complements of N in G.
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Hence, by (4.2) the incidence structure IE(IH) is a complete bipartite graph
admitting both, a collineation group acting regularly on its flags and a trans-
lation group acting in the manner of (1.3). We finally mention that any parti-
tion in a 2-group which is not elementary abelian by Theorem (3.5) leads to
such a complete bipartite graph.



- 23 -

References

10.

1.

12.

13.

14.

15.

16.

R.BAER, Partitionen endlicher Gruppen, Math. Z. 75 (1961), 333 - 372.
R.BAER, Einfache Partitionen endlicher Gruppen mit nicht-trivialer
Fittingscher Untergruppe. Arch. Math. 12 (1961), 81- 89.

R. BAER, Einfache Partitionen nicht - einfacher Gruppen, Math. Z. 77 (1961),
1-37.

T. BETH, D. JUNGNICKEL und H.LENZ, " Design Theory ", Cambridge Univ.
Press, Cambridge, 1986.

M.BILIOTTI und G. MICELLI, On translation transversal designs, Rend. Sem.
Math. Univ. Padova 73 (1985), 217 - 229.

D. HACHENBERGER, Constructions of large translation nets with non-
abelian translation groups, (1991) to appear in Designs, Codes and Crypto-
graphy.

D. HACHENBERGER und D. JUNGNICKEL, Bruck Nets with a transitive
direction, Geometriae Dedicata 36 (1990), 287 - 313.

A. HERZER, Endliche nicht - kommutative Gruppen mit Partition © und fix-
punktfreiem m™ - Automorphismus, Archiv Math. 34 (1980), 385 - 392.

A.HErRZER und R.H.ScHuLz, Some new (s,k,\)-translation transversal
designs with nonabelian translation group, J. Geom. 35 (1989), 87 - 96.

D. R. HUGHES, Partial difference sets, Amer. J. Math. 78 (1956), 650 - 674.

D.R. HUGHES, A problem in group theory (research problem), Bull. Amer.
Math. Soc. 63 (1957)., 209.

D.R.HUGHES und J.G.THOMPSON, The H,~ problem and the structure of
H, - groups, Pacific J. Math. 9 (1959), 1097 - 1102.

B. HupPpPERT, "Endliche Gruppen 1", Springer, Berlin- Heidelberg- New
York, 1967.

D. JUNGNICKEL, On difference matrices, resolvable transversal designs and
generalized Hadamard matrices, Math. Z. 167 (1979), 49 - 60.

D. JUNGNICKEL, Transversal designs associated with Frobenius groups,
J. Geom. 17 (1981), 140 - 154.

D. JUNGNICKEL, Latin squares, their geometries and their groups. A survey,

in " Coding Theory and Design Theory 0" (Ed. D.K.Ray-Chaudhuri),
Springer (1990), 166 - 225.



1%

18.

19.

20.

21.

23.

24.

25.

26.

27.

- 924 -

O.H.KEGEL, Nichteinfache Partitionen endlicher Gruppen, Arch. Math. 12
(1961), 170 -175.

O.H.KEGEL, Aufzdhlung der Partitionen endlicher Gruppen mit trivialer
Fittingscher Untergruppe, Arch. Math. 12 (1961), 409 - 412.

O.H.KEGEL, Die Nilpotenz der H, - Gruppen, Math. Z. 75 (1961), 373 - 376.

T. MEIXNER, Verallgemeinerte Hughes - Untergruppen endlicher Gruppen,
Archiv Math. 36 (1980), 104 -112.

R.H. ScHULZ, Transversal designs and partitions associated with Frobenius
groups, J. f. d. Reine u. Angew. Math. 355 (1985), 153 - 162.

R.H.ScHuULZ, Transversal designs and Hughes- Thompson groups, Mitt.
Math. Sem. GieBen 165 (1984), 185 - 197.

R.H.ScHuULZ, On the classification of translation group - divisible designs,
Europ. J. Comb. 6 (1985), 369- 374.

R.H.ScHuULZ, Transversal designs with A > 1 associated with Frobenius
groups, Res. Math. 12 (1985), 401 - 410.

R. H.ScHuULZ, On translation transversal designs with A > 1, Arch. Math. 49
(1987), 97 - 102.

M.Suzuki, On a finite group with a partition, Arch. Math. 12 (1961),
241 - 254.

G.E. WALL, On Hughes’ Hp - problem, Proc. Internat. Conf. Theory of

Groups (Canberra 1965) New York 1967, 357 - 362.





