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Abstract

A popular model for the locations of fibres or grains in composite materials
is the inhomogeneous Poisson process in dimension 3. Its local intensity func-
tion may be estimated non-parametrically by local smoothing, e.g. by kernel
estimates. They crucially depend on the choice of bandwidths as tuning pa-
rameters controlling the smoothness of the resulting function estimate. In this
thesis, we propose a fast algorithm for learning suitable global and local band-
widths from the data. It is well-known, that intensity estimation is closely
related to probability density estimation. As a by-product of our study, we
show that the difference is asymptotically negligible regarding the choice of
good bandwidths, and, hence, we focus on density estimation.

There are quite a number of data-driven bandwidth selection methods for
kernel density estimates. cross-validation is a popular one and frequently pro-
posed to estimate the optimal bandwidth. However, if the sample size is very
large, it becomes computational expensive. In material science, in particu-
lar, it is very common to have several thousand up to several million points.
Another type of bandwidth selection is a solve-the-equation plug-in approach
which involves replacing the unknown quantities in the asymptotically optimal
bandwidth formula by their estimates.

In this thesis, we develop such an iterative fast plug-in algorithm for es-

timating the optimal global and local bandwidth for density and intensity

1l



estimation with a focus on 2- and 3-dimensional data. It is based on a de-
tailed asymptotics of the estimators of the intensity function and of its second
derivatives and integrals of second derivatives which appear in the formulae
for asymptotically optimal bandwidths. These asymptotics are utilised to de-
termine the exact number of iteration steps and some tuning parameters. For
both global and local case, fewer than 10 iterations suffice. Simulation stud-
ies show that the estimated intensity by local bandwidth can better indicate
the variation of local intensity than that by global bandwidth. Finally, the
algorithm is applied to two real data sets from test bodies of fibre-reinforced
high-performance concrete, clearly showing some inhomogeneity of the fibre

intensity.
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Zusammenfassung

Ein populédres Modell fiir die Lokation von Fasern oder Kérnern in Verbund-
materialien ist der inhomogene Poisson-Prozess in Dimension 3. Seine lokale
Intensitéatsfunktion kann durch lokales Glatten, z.B. durch Kernschétzer, nicht-
parametrisch geschétzt werden. Diese Schétzer hidngen wesentlich von der
Wahl der Bandbreiten als Kontrollparameter fiir die lokale Glattheit der resul-
tierenden Funktionsschétzer ab. In dieser Arbeit schlagen wir einen schnellen
Algorithmus vor, mit dem geeignete globale und lokale Bandbreiten aus den
Daten gelernt werden konnen. Bekanntlich hdngen Intensitétsschétzer eng mit
Schétzern fiir Wahrscheinlichkeitsdichten zusammen. Als ein Nebenprodukt
unserer Untersuchungen zeigen wir, dass der Unterschied im Hinblick auf die
Wahl guter Bandbreiten asymptotisch vernachlassigbar ist, und daher betra-
chten wir im grofiten Teil der Arbeit Dichteschétzer.

Fiir Kerndichteschétzer existieren bereits eine Reihe von Verfahren zur
datengetriebenen Bandbreitenselektion. Kreuzvalidierung ist ein populérer
Ansatz, der oft zur Bandbreitenwahl eingesetzt wird. Wenn der Stichprobe-
numfang sehr grofl ist, wird dieses Verfahren allerdings sehr rechenaufwendig.
In den Materialwissenschaften hat man es iiblicherweise mit sehr grofien Stich-
proben (Tausende bis Millionen von Punkten) zu tun. Ein anderer Ansatz zur
Bandbreitenwahl nutzt asymptotische Approximationen fiir den Fehler, opti-

miert sie bzgl. der Bandbreite und ersetzt in den resultierenden Ausdriicken



die unbekannten Groflen durch Schétzer (plug-in).

In dieser Arbeit entwickeln wir einen iterativen, schnellen Plug-in Algorith-
mus zur Schétzung der optimalen globalen und lokalen Bandbreiten fiir Dichte-
und Intensitétsschatzer, insbesondere in den Dimensionen 2 und 3. Er basiert
auf einer detaillierten Asymptotik fiir die Funktionsschétzer, fiir ihre zweiten
Ableitungen und fiir Integrale der zweiten Ableitungen, die in den Formeln fiir
die asymptotisch optimalen Bandbreiten auftauchen. Aus dieser Asymptotik
ergibt sich fiir den Algorithmus die exakte Anzahl der Iterationsschritte sowie
die Wahl von gewissen Tuningparametern. Sowohl fiir globale wie auch fiir
lokale Bandbreitenwahl reichen weniger als 10 Iterationen aus.

Simulationsstudien zeigen, dass der Intensitétsschitzer mit datengetriebener
lokaler Bandbreite lokale Variationen in der zugrundeliegenden wahren Inten-
sitdtsfunktion deutlich besser zeigt als der entsprechende Schétzer mit datengetriebener
globaler Bandbreite. Schliellich wenden wir den Algorithmus auf zwei reale
Datensétze an, die von Testkorpern aus faserverstirktem Hochleistungsbeton

stammen, und finden eine deutliche Inhomogenitét in der Faserintensitét.
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Chapter 1

Introduction

1.1 Non-parametric intensity estimation for
inhomogeneous Poisson processes

Point processes are random processes for which a set of points are randomly
distributed in time or geographic space. A very important point process is
the Poisson point process for which the numbers of points in any two non-
overlapping regions are independent. An intensity function which may depend
on time or the location governs the distribution of the points. Non-parametric
statistical tools such as kernel estimation have been used to estimate the fea-
ture of the intensity. Kernel estimation has been applied to regression and
probability density over many years. A very crucial parameter for getting a
good estimate which is also the only one is the smoothing parameter or band-
width which controls the smoothness of the estimated intensity. When the
bandwidth is too large, it smooths away the important features of the under-
lying structure. When it is too small, the resulting estimate is too rough and
may contain features which are only noise of the underlying process hence can

be a hindrance to data analysis.



Kernel estimation of probability density functions and regression functions
are well studied. For choosing the crucial bandwidth parameter a subjective ap-
proach was adopted at the beginning of kernel estimation literature. Later, var-
ious data driven methods were developed for choosing the bandwidth for a more
effective and objective way. Examples include least squares cross-validation
and solve-the-equation plug-in approach. An overview of bandwidth selection
can be found in Jones et al. (1996) or in Heidenreich et al. (2013). It has been
shown that the variability of bandwidth obtained from cross-validation is much
larger than that of plug-in, see Park and Marron (1990). For the particular
problem of kernel intensity estimation, Diggle (1985) and Diggle (2014) pro-
pose a data-adaptive bandwidth selection based on the assumption of a Cox
process, which we discuss in more detail in Section 1.2.

The mean integrated squared error (mise) criterion is a common way for
measuring the error in the estimation. Asymptotically, mise is approximated
by asymptotic mean squared error (amise). Through minimising the amise
with respect to the bandwidth h, we can have an optimal bandwidth formula.
However, the formula is expressed in terms of some to-be-estimated quantities
such as the second derivative of the density function in case of density esti-
mation. The idea of plug-in is to replace the unknown terms by their own
estimates. In the optimal bandwidth formula for kernel density (regression)
estimation, the unknown term is the integral of the second derivative of the
density (regression function). For estimating the integral, Hall and Marron
(1987) and Jones and Sheather (1991) consider using a kernel estimator with a
bandwidth which is different from that for estimating the density. Gasser et al.
(1991) consider an iterative algorithm for estimating the bandwidth for kernel
regression, where the iterated bandwidth converges to a value close to the one

which minimises the mean (integrated) squared error after several iteration



steps. Engel et al. (1994) discuss how to choose suitable tuning parameters in
the iterative algorithm for desired properties of the estimator for dimension 1.

In this thesis, plug-in approach is applied to intensity estimation of point
process. Following Gasser et al. (1991), an iteration algorithm for estimating h
is considered, and the asymptotic behaviours of the kernel estimates and those
of the iterative bandwidth A for global and h () for local are derived.

The main competitors of our method discussed in the literature are Diggle’s
approach, which is tuned to Cox processes, and general resampling methods, in
particular cross-validation and bootstrap. They provide estimates of mise(h)
as a function of h and then optimise w.r.t. to h. This necessitates to calculate
kernel estimates for many different values of h. For resampling methods like
the popular bandwidth selection by cross-validation (compare, e.g., Brockmann
and Marron (1991)), already the estimation of the mise(h) at a given value h
requires the calculation of many kernel estimates. For smaller data sets this is
computationally feasible. However, for many applications in material science,
in particular for fibre directions in a uCT image of fibres in concrete, we have to
deal with several thousands up to several million points. Therefore, resampling
methods may be computationally quite expensive.

By contrast, for the iterative algorithm proposed in this thesis we only have
to calculate a small (depending on dimension, a single digit or a bit larger)
number of kernel estimates. We develop some theories, which show that the
algorithm arrives at the best possible approximation already after a known
finite number of iterations.

In a recent paper, Cronie and van Lieshout (2016) propose a bandwidth
selection algorithm which in spirit follows Diggle’s approach but in contrast to
all other methods including ours does not try to choose h by minimising an

approximation of mise (h). They observe that expectation of the sum of the



inverse intensity evaluated at the points of the process lying in the observation
window coincides with the window size and therefore is known. Then, they
choose h such that the estimate of the expectation, which we get by replacing
the intensity with its kernel estimate, is as close as possible to the window size.

Diggle’s approach might still be feasible for larger samples as he also fo-
cuses on estimating the asymptotic mean integrated squared error. However,
his method is based on the assumption of a Cox process and only allows to
choose a global bandwidth parameter . The same remark applies to the algo-
rithm of Cronie and van Lieshout (2016) due to the summation over the whole
observation window. However, we know from the theory of non-parametric
kernel estimates, that optimal bandwidths for estimating a function p(z) at a
given location z depend on the local characteristics of the function, in partic-
ular on its curvature, i.e. on the square of the second derivative, as we shall
see below. Where the curvature is high, small bandwidths are appropriate
whereas large bandwidths are better suited for rather flat parts of the func-
tion. Therefore, we are also interested in a method allowing for data-adaptive
selection of good local bandwidths h(z) which can be achieved by the same
kind of approach as the global bandwidths.

Note that the algorithm of Cronie and van Lieshout (2016) in principle
could be extended to local bandwidth selection at a location x by considering
a local window centred at z instead of the whole observation window. How-
ever, choosing the size of such a local window is a problem which has to be

investigated in future research.



1.2 A leisurely introduction to kernel
intensity estimates

In this section, we introduce some basic notions on point processes and the kind
of estimates which are the focus of interest of this thesis. We strongly rely on
the exposition of Diggle (2014), Chapters 5 and 6. To keep notation simple,
we only consider dimension d = 1 here, but the concepts are straightforwardly
generalised to d > 1.

We recall the definition of inhomogeneous Poisson processes with intensity
function p(x),x € R. It is characterised by the following three properties,

where N (I) denotes the number of points in an interval I C R:

P1: If I,..., 1, are disjoint intervals, then N (Iy),..., N ({,,) are indepen-

dent.
P2: N () is Poisson distributed with parameter [,y (z)dz.

P3: Given N (I) = n, the n points of the process lying in I are i.i.d. with

density
1
ANx) = —————pn(x).
(®) Jrn(y)dy @)
Note that these properties imply
.. EN([z,z +dz])
Hiw) = A, dx '

Analogously the second-order intensity function is given by

_ . EN([z,z +dz]) N ([y,y +dy))
pa (2,y) = dx%ryn—m dzdy

As the Poisson parameters of N (/) in P2 depend on the location of I, such a
process is not stationary. To achieve stationarity for modelling purpose, it is
frequently assumed that p (x) itself is random. This results in a so-called Cox

process characterised by



CP1: M (z),x € R, is a stochastic process satisfying M (z) > 0.

CP2: Given M (z) = p(x),x € R, the random points form an inhomogeneous

Poisson process with intensity function p (z).

If the process M (z) is stationary, then the Cox process is stationary too, i.e.

we have
. EN([z,r +dx]) . EN([z,z+dz]) N ([y,y +dy])
dl;igno dz = dx%}irynao dxdy =t2(r—y)

for all z,y € R, i.e. the inhomogeneity averages out if we take expectations
w.r.t. the random intensity functions M (x). In that case, the so-called K-

function is given as

k@:@lm@m

,u
Diggle (2014), Section 5.3, considers estimates of the realised value p(x) of

M (z) of the form

N ([z — h,a + 1)
2h ’

fi(w, h) = h >0,

i.e. he considers the point density in a small neighbourhood of x. The perfor-
mance of the estimate mainly depends on the tuning parameter, the so-called
bandwidth h. For choosing h, Diggle calculated the mean-squared error w.r.t.
randomness of the point process as well as the randomness of the intensity

function M (z) as a function of h:
mse (h) = E (i (z,h) — M (z))”.

Note that, due to the stationarity of the Cox process, this does not depend on x.
Diggle derived a formula for mse (h) or, more precisely, for that part of mse (h)
depending on A, which only depends on pu, k (h) and an integral of 1 (s). Those

quantities all can be estimated such that an estimate of mse (h) can be derived



and minimised w.r.t. h. Diggle recommends to plot this estimate and choose
h visually in a range where this function is small and (usually) flat - compare
Diggle’s (2014) discussion of his figure 5.1.

Diggle also points out the relationship of /i (z, h) to general probability den-
sity estimates of the Rosenblatt-Parzen type (compare, e.g., Silverman (1986)).
To illustrate this fact, let us assume now that we observe the point process in
a finite interval, say [0,1]. Let N = N (][0, 1]) denote the number of points,

and X1,..., Xy € [0, 1] their locations. Then,

N

N
Zih ohatn) (XG) =Y Ky (v — X;),

j=1
where K, (u) = +K (%) and K (u) = $1j_141) (u). The latter is called the
rectangular kernel in kernel density estimation. It is well-known (compare Sil-
verman (1986)) that the performance of the estimate is improved for smoother
kernel functions provided they satisfy K (u) > 0 and [ K (u)du = 1.

Note that from P3, Xy,..., Xy are i.i.d. with probability density

1
ANz)= ——ul(x
() l,u(y)dyM()

and

. 1

Az, h) = I —(x Z Ky (z —
is the usual kernel estimate for the density of Xq,..., Xy given the value of N.
Note also from P2, that N is Poisson distributed with parameter fo y)dy =

it and, hence, N is the maximum likelihood estimate of fi.

1.3 Local mean-squared error expansions

One of our main goals is quality inspection for given specimen of composite

materials like fibre-reinforced concrete. Part of that problem is investigating



the distribution of fibre locations for a given test volume. We model those
locations as a realisation of an inhomogeneous Poisson process observed in the
given volume. Whether the corresponding intensity function u(x) is fixed or
- more likely, due to the manufacturing process - random is not so much of
interest if we want to judge the reliability of a given test body under stress.
For that purpose, we want to estimate the given realisation well, using a kernel
estimate fi(x, h), which depends on the choice of bandwidth parameters.

Let Xi,..., Xy denote the points of an inhomogeneous Poisson process

with intensity p(x) which lie in the unit interval [0, 1]. Let

i
Then, A(z),0 <z < 1, is a probability density on [0, 1], and given N, the X;

u:/l,u(x)dm:EN, and /\(:p)zﬂ(x).

are i.i.d. with density A. We write again
N
i, h) =Y Ky(z— X;).
j=1

Following Diggle (2014), we first consider the rectangular kernel. Note that
for asymptotic expansions of function estimates we need that the sample size
increases. As here N is random, the corresponding assumption is EN = g —
oo. Hence, as pu is, then, increasing too, we consider the invariant standardised

mean-squared error for the asymptotic expansion

% mse ji(x,h) = % E(fi(z, h) — ,u(a:))Q.

Proposition 1. Assume that A(z) is twice continuously differentiable, and the

second derivative \'(x) is Holder continuous with exponent 8 > 0, i.e. for all

x,z and some cyg > 0
N (2) = N'(2)] < exlz — 2|°.
Then, we have for i1 — oo, h — 0 such that ph — oo

L @) (NN e (B s
— pr— - 1-
2 mse [i(z, h) Sih + ( 5 h*+0 p + O(h™™), 0<x<

8



Proof. To avoid discussion of boundary effects, we assume throughout the
proof that h is already small enough such that [x —h, z+h] C (0,1). As usual,
the mse decomposes into variance and squared bias. We first consider the bias

where we use

X 1 1 z+h
Ei(x, h) = ﬁEN([x —h,x+h]) = %/ ) w(s)ds.

Note also that from the Holder condition on A we get
1" (2) = 1" (@)| < em pilz — 2|’ < cq ph?

for all x — h < z < x + h. Using a Taylor expansion of p and ffh tdt =0, we

get

bias (e ) = B peh) — p(o) = 5 [ (u(s) — u(a))ds

I p'(x) + O(uh”)

= 5 [ (W= IO (),

Iy 1 (@) + O(h?) ,
h2
= gﬂ”(fﬁ) +O0(i h**7)

Now, looking at the variance, we have from P2

var i h) = %}ﬂv&r N(lw — b,z + B])
- #E N(jx —h,z+h]) = %Eﬂ(z; h)
_ %(,u(x) + bias 4z, b))
= %[)\(x) +O(h?)] = %#(x) +O(h)

using the bias expansion and p”’(x) = g ' (x) = O(q).

Combining both terms, we have

1 h? 2
msefi(z, h) = var ji(x, h)+bias*fi(z, h) = %u(aj)vL(E,u”(x)) +O0(ih)+O(ah*t?),

which concludes the proof. n



Corollary 1. Under the assumptions of Proposition 1, the mse-optimal band-
width is given asymptotically by

— 9 Mz) 1
S W

Proof. The result follows from setting the derivative of

to 0. ]

Now we replace the rectangular kernel with a general kernel function K (u) >

0 satisfying

1 1
K: K(u) =0 for |u| > 1, / K(u)du =1, / uK (u)du = 0.
-1 —

1
The last assumption is, e.g., satisfied if K is symmetric around 0.

The key to the mse expansion now is Campbell’s formula (compare The-
orem 3.1.2 and the following remarks in Schneider and Weil (2008)). As the
point processes which we are considering are simple by Lemma 3.2.1 of Schnei-
der and Weil (2008), i.e. they do not allow for multiple points at the same
location, and as the set of points of our Poisson process in the whole space is

countable, we have

Lemma 1. Let g : R — R be an integrable function, and let X1, X,, ... denote

all the points of our inhomogeneous Poisson process. Then,

BY o) = [ gl

If Xy,..., Xy denote the points which lie in the unit interval [0, 1] then we

conclude from the lemma

o0

£ g(x,) Ezg () = [ s ds = [ gu)s
"~ (1.1)

10



We also need a corresponding result for calculating second-order moments.
For that, we use that the second factorial moment measure of a Poisson process
is just the product of the intensity measure with itself by Corollary 3.2.4 of
Schneider and Weil (2008). Hence, we get from Theorem 3.1.3 of Schneider
and Weil (2008)

Lemma 2. Let g : R Xx R — R be an integrable function, and let X1, Xs, ...

denote all the points of our inhomogeneous Poisson process. Then,

EZ Z 9(X;, X;) / 9(y, 2)u(y)p(z)dydz.

J=1i=1,i#j
If we restrict our attention to the points X1, ..., Xy lying in [0, 1], we get from
the lemma
N N
EZ Z 9(Xi, X;) = EZ Z (X, X;5)L0,1)(Xi) Lo, (X5)
j=1i=1,i#j j=1i=1,i#j
= [ 2@ ten unt:)dydz

_ / 9(y. 2)(y)p(=)dydz. (1.2)

Theorem 1. Under the assumptions of Proposition 1 and if (K) holds for the

kernel, we have for i — oo, h — 0 such that ph — oo

1 . A(x) X’(x) 4 448
— = 7 1
2 mse fi(z, h) i QK+< 5 h VK—FO(M)—FO(h ), 0<az<l,

with the known constants, depending on K only,
1 1
Qk = / K?*(u)du, Vi = / uw? K (u)du.
—1 —1
Proof. As h — 0, we may again assume that it is already small enough such
that h <z <1 — h such that we do not have to worry about boundary effects

in the following calculations. As in the proof of Proposition 1, we investigate

11



bias and variance separately. For the bias, we have

bias fi(z,h) = E j(x,h) / Kp(x —s)(u(s) — pu(x))ds

_ /Khx—s ( ()(s—x)+'u()+20(ﬁhﬁ) (3—x)2>ds

_ /_1K<t)( ((a)th 4+ 1) +20(’1h6) t2h2) dt

2

h ih?
= A (@)Vic + O h**7) = =X () Vic + O(1 1**7),

where, for the first line, we use Campbell’s formula (1.1) with g(z) = Kj(z—2)
and the fact that K and, hence, K}, integrate to 1. For the second line, we use
Taylor expansion and Holder continuity as in the proof of Proposition 1. For

the third line, we substitute ¢ =

K such that the first term vanishes.

For the variance, we first consider the second moment

E i*(x,h) = E Z Kp(z — Xi) Kp(x — Xj)

= E) Ki(x Z Z X)) Kn(z — X;).

i=1,i

For the first term, we get by Campbell’s formula (1.1) and substituting ¢t = =

EZKE(:B—Xj) = / K2(z — s)p(s)ds = %/1 K2(t)u(z — ht)dt

plx)

_ /K2 #) + O(ah)dt = 2 Qe + O(),

where the second line follows from the mean-value theorem, p/'(z) = pN(z),

the boundedness of A" and |t| < 1. From (1.2), we have
N N
IEZ Z Kp(z — X)) Kp(z — X;) = / / Ky(z — s)Kp(x — 2)p(s)pu(z)dsdz
=1 i=1,i#j
- (/ Kz — s)p(s)ds ) = (E j(z,h))".

12



Therefore, we get

var (e, h) = Ei(e. ) — (B (. )" = 2o, 1 o)

Combining the bias and variance expansions, we get
mse fi(x,h) = var j(z,h)+ bias®i(z, h)
1 h? 2
— )@+ 0G) + (i + O ) |
which implies the asymptotic expansion of the mean-squared error of ji(x, h).

m
In the same manner as Corollary 1, we get

Corollary 2. Under the assumptions of Theorem 1, the mse-optimal band-

width s
Qr ()

OV e

=i =

Note that the mse expansion of Theorem 1 has been stated already without
proof in Cowling et al. (1996). Unfortunately, we were not able to get a copy of
the long version of the paper, mentioned in the publication, from the authors.

Therefore, we gave here our own proof.

1.4 Optimal bandwidth conditional on N

The asymptotically optimal bandwidth h, (x) of Corollary 2 depends, among
other quantities, on the unknown i = EN, where N = N ([0,1]). It is well-
known that for a sample of i.i.d. data with density A (x) and given size N, the

asymptotically optimal bandwidth has exactly the same form with N replacing

fL:
ha (@) ~ o5



(compare, e.g., the analogous derivation in Section 2.2 for the case of dimension

d = 2). Hence, we have for random N

w6~ () -1 ()

as, from P2, N is Poisson distributed with parameter ji, and, therefore,

N N 1 1
E—=1 var— = 72varN = TQEN =
M H M H

=] =

Alternatively, as

o () (o ()

we could also write the asymptotic equivalence of h, (x) and h, (z) in the form

SEMEAC

or

he(z) = ha(z)+ O, (N*%N*%)

i

= he(x)+ 0, (N’lo

For dimension d = 2, we analogously get, compare (2.3), (2.4),

hai () = hai (2) + Oy (N7F) i = 1,2,

for the two bandwidths involved in the two-dimensional kernel estimates.

As we shall see later in the thesis, the approximation error of, e.g., N -3
for d = 2, is negligible compared to the difference between asymptotically
optimal and optimal bandwidth (compare, e.g., Corollary 6) as well as to
the difference between the asymptotically optimal bandwidth and its plug-in
estimate (compare the derivation in Chapter 6). Therefore, for the purpose of

bandwidth selection, it does not matter if we consider h, () or h, (). As the

14



latter contains the unknown parameter ji, which anyhow would be replaced by
its maximum likelihood estimate N, we prefer to immediately condition on NV,
treat it as given and work with h, (z). One might also argue that we know
N anyhow and, therefore, should use this information in finding an optimal

bandwidth for the particular sample at hand.

1.5 Outline of the thesis

In Chapter 2, the kernel estimates for the intensity function of an inhomo-
geneous spatial Poisson process for general dimension d will be introduced.
The asymptotic approximations of the mean-squared error and the integrated
mean-squared error are derived under assumptions of smoothness of the inten-
sity and kernel function. The formulae for asymptotically optimal local and
global bandwidths for d = 2 will be derived. All subsequent analysis will be
done for d = 2 from Chapters 2 to 5. The case of d = 3 will be discussed in
Chapter 7. We show that the amse (amise) and mse (mise) are asymptotically
close when the sample size N goes to infinity. Based on this, we also show how
close optimal (for finite sample size) and asymptotically optimal bandwidths
are.

In Chapter 3, following Engel et al. (1994), we present an iterative algo-
rithm for selecting the bandwidths automatically from the data based on the
formulae of the asymptotic optimal bandwidths and plug-in estimates for the
unknown quantities. Then, we present the asymptotics of the kernel estimates
for the intensity itself and the second derivatives of the intensity with random
bandwidths. However, the number of iteration steps and the choice of vari-
ous tuning parameters will be left unspecified and discussed in Chapter 6. In

later chapter, a more careful analysis of the asymptotics of estimates of the

15



second derivatives of the intensity function will be done to facilitate choosing
the tuning parameters.

In Chapter 4, we show the asymptotics for the integrated mean-squared
error estimates with random bandwidths for d = 1. The proofs follow those
in Engel et al. (1994). Such asymptotics and proofs are generalised to d =
2. Those asymptotics are necessary for choosing the tuning parameters and
number of iterations steps for the global iteration in Chapter 6.

In Chapter 5, we show the asymptotics for the local mean-squared error esti-
mates with random bandwidths. Those asymptotics are necessary for choosing
the tuning parameters and number of iteration steps for the local iteration in
Chapter 6.

In Chapter 7, those asymptotics presented in previous chapters are gener-
alised to d = 3. Another set of tuning parameters for d = 3 will be chosen
based on the asymptotics.

In Chapter 8, the algorithm presented in Chapter 6 is applied to some
simulated 2 dimensional data sets. The fibre locations projected onto a plane

obtained from concrete test bodies are analysed.

16



Chapter 2

Kernel intensity estimates and

optimal bandwidths

In this chapter, we introduce kernel estimates for the intensity function of an
inhomogeneous spatial Poisson process. We derive asymptotic approximations
of the mean-squared error and the integrated mean-squared error which re-
sult in formulae for asymptotically optimal local and global bandwidths. We
also investigate how close optimal (for finite sample size) and asymptotically

optimal bandwidths are.

2.1 Mean squared error and mean integrated
squared error

We consider an inhomogeneous Poisson process with intensity function p () on
R?. Let Xi,..., Xy be the points of the process lying in the unit cube [0, 1]d.
We condition on N and treat it as a given number due to the discussion in

Section 1.4.

17



Given N > 1, Xy,..., Xy are i.i.d. on [0, 1]d with density

where

o = / / x)dxy - - - dzg.

As A (z) is a probability density on [0, 1] , we may estimate it by the common
Rosenblatt-Parzen kernel estimate in dimension d. For the moment, we allow
for different bandwidths in the coordinate directions, but not for adaptive
smoothing into other directions. Let hq,...,hy > 0 denote the bandwidths
and H = diag (hq, ..., hg) the corresponding d-dimensional bandwidth matrix
and that in particular I1¢_ hy = detH. Let K : R? — R be a kernel function

satisfying
Assumption 1. K (u) >0, [+ [ K (u)duy - dug = 1.
Assumption 2. K has a compact support, say [—1,+1]".

The latter assumption is for convenience only to simplify notation in the
proofs. It may be relaxed to requiring that K (u) — 0 for ||u| — oo fast
enough. In particular, we could use the Gaussian kernel, i.e. the probability
density of the d-variate standard normal distribution.

Using the rescaled kernel

1 _ 1 Uy Uq
K = K(H YW =——K|—,..., =
1 () = G K () T g (hl’ ’ hd) ’

we define the estimate A (z, H) of A (z) as

1 N
_NZKH

7j=1

We first derive an asymptotic expansion for the mean-squared error
. . 2
mse (z, H) = E(A(x,H)—A(x))
= var\ (z, H) + bias’ (z, H) .

18



This result is well-known for d = 1 and common knowledge for d > 1, but we
could not find a version of the latter in the literature which suits our particular

needs. We make the following regularity assumption on A (z):

Assumption 3. A (x) is a twice continuously differentiable probability density
with support [0, 1]d, and the second partial derivatives

82

o (2) = 5
iUl

A(z)

are Holder continuous with exponent 8 > 0, i.e. for some C >0
A () = A ()] < Cllz =y

for all z,y € [0,1]".

Moreover, we make the following symmetry and standardisation assump-

tion on the kernel K (u):

Assumption 4. K (u) is symmetric around 0 in the following sense

/ wK (u)du; = 0

forall =1 <wu; <1,j#4, and alli=1,...,d, and appropriately scaled and

/---/U?K(u)dul---dud:VK

that for some Vi >0

fori=1,....d.

Assumption 4 is, e.g., satisfied if K (u) is a product kernel, i.e. for a kernel

K :R—>R,
d

K (u) =[] K1 (w),
=1

where [tK; (t)dt =0, [#*K; (t) dt = V. Moreover, we use the notation

QKI/-~~/K2(u)du1~-dud.
19



For consistency of the kernel estimate S\(w, H), we need that h; — 0,1 =
.,d, for N — oo with appropriate rates. We assume that the speed of
convergence of the bandwidths is the same for all 7, i.e. for some sequence

by — 0 for N — oo, we have
Assumption 5. z% — B;, for some constants 0 < B; < o0, =1,...,d.
Theorem 2. Let the Assumptions 1, 2, 3, 4, 5 be satisfied. Then

a) bias) (z, H) = 1VKZZ Lhiii () + O (b?\fﬁ), and

b) varA (z, H) = v (QrA(z) + O (by)) =0 <Nbd 1) for all z € (0,1)%.

Proof. As we consider z in the interior of the unit cube, and as hy,...,hg — 0
for N — oo, we may assume that N is large enough and that h; < z; <
1—h;i=1,...,d. As K has support [—1, +1]d and, hence, Ky has support

[—h1,hi] X -+ X [=hg, hq], we do not have to worry about boundary effects.

a) As Ky is a probability density, we have

biasA (z, H) = EX(z,H)— \(z) =EKp (x — X1) — A(2)

:/ /KH;E_Z M=) = A(2)) dz - - dzg

- /_OO"'/_OOK(U)(A(:E—Hu)—A(x))dul...dud

substituting u = H~! (z — 2). Using a Taylor expansion up to order 2,

we get with 0 <0 <1

biasA (z, H)
/ /K { T 9 (z) + (Hu)TV2)\(x—9Hu)Hu}du1~--dud,
T
where VA (z) = (8%1)\ (x),..., %A (a:)) denotes the gradient, and

o2
A0 = (5 @) =0,
Ox;0x; 1<i,j<d ’ Ish=d

20



denotes the Hessian of A (x). The first term in the bias expansion vanishes

due to Assumption 4 which in vector form reads

/---/K(u)udul---dud:O.

For the second term we have, using Hélder continuity of A;; ()

’uTHT (VA (z — 6Hu) — V*X (z)) Hu|

ij=1

IN

d
> hih luiu| C |0 Hul)”

ij=1

d
< O hihy | Hul’ =0 (bfjﬁ)

ij=1
as |u;| < 1,4 =1,...,d, for u in the support of K, and as 0 < 6 < 1,

using h; = O (by),i =1,...,d, from Assumption 5. Therefore, we have
. 1
biasA (z, H) = 5/---/UTHTV2)\(x) HuK (u)duy - - - dug + O (b?\;“ﬁ)
1 d
_ 2 248
= SV z; PN () + O (037
using Assumption 4.

As Xi,..., Xy are i.i.d. given N, we have

. 1
varA (z, H) = NvarKH(:c—Xl)
1 1
— NEK?, (x — X;) — ~ (EKy (z — X1))%.

The second term is of order % and, as we shall see, negligible compared

to the first one, as, from a) and due to by — 0

EKy (v — X1) = A(2) + biasA (z, H) = A (z) + O (b%) = O (1).
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So, we have to investigate

EKZ (2 — X)) = /---/Kz,(x—Z)A(Z)dzl---dzd

1 2
= detH/”./K (u) A(z — Hu) duy - - - dug

again substituting u = H~! (z — z). By a Taylor expansion of order 1,

we have with 0 < 0 < 1

1
EKIQ-[(I_Xl) = detH/H./KQ(u)dul...dud)\(x)
| R
detH/"'/K (w)uT HTVA (z — §Hu) duy - - - dug

Qi (@) 1 d
a detH +detHO ;hk

as VA (x) is continuous on [0,1]% and, hence, bounded, and the range of

integration is the support of K, i.e. [—1, +1]d. Note that from Assump-

tion 5

d
0(Sih) 0@y
detH detH

such that finally we get b).

Corollary 3. Under the assumptions of Theorem 2,

a)

3 _ 1 4+p
mse\ (z, H) = amse (x, H) + O <Nb§lvl> +0 (bN )
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with asymptotic mean-squared error

J 2
1
amse (z, H) = NgeiH/\ (x) + ZV]% (Z h i (x)) :
i=1

b) Let wy (x) = Hle Lin,1-n, (z;) be the indicator function of the interior

hyper-rectangle [hy,1 — hy] X - - - x [hg, 1 — ha] of [0,1]%. Then, the mean-

integrated squared error over this region is
. . 2
wised (H) = B [ [ (Moo ) =2 @) wn () do o
1
= ami +0 +0 (05
amise (H) (Nb e ) N
with

d 2
1
aise (H) = 2 vz [ f (Z 2y <x>) o+ da,
=1

Proof. Part a) follows immediately from Theorem 2 and the bias-variance de-

composition of mseA (z, H). Note that from the proof of Theorem 2, the re-
mainder terms can be chosen uniform with respect to h; < z; < 1 — h;,i =

1,...,d. Therefore, integrating the relation a) results in

1 4+
mlse)\ / /amse z, H)wy (z)dxy - - - dog+O (Nbd )—l—O <bN >

N
2
As \(z)and A (z),i=1,...,d, are bounded on [0, 1]* and, hence, (Zz RN (x )) =

O (b%,) uniformly in x, we get, using
d

/01.../01(1—wH(x))dg;1~-dxd:1—H(1—2hi):O(bN),

that

/ / x)dxy .- dxd:/ol"'/OIA(x)dxl"'dxd+O(bN)=1+O(bN),
/01"'/01 (izd;h?/\u(x))QwH(x)dxl---dxd
/01.../01 (Zd:h?/\ii(x))del"'dxd—l—O(b?v),
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Hence, we have

1

1 1
/ = / amse (z, H) wy () dzy - - - dry = amise (H)+O (ﬁ) +0 (bﬁﬂ)
0 0 Nby

which implies the assertion as § < 1. 0

Note that our definition of mise) (-, H) neglects the intensity estimates
close to the boundary where boundary effects may lead to different convergence
rates. However, for N — oo, h; — 0,7 = 1,...,d, this modification becomes

negligible and has no effect on the asymptotic mean integrated squared error

amise (H).

2.2 Optimal asymptotic bandwidth

We now focus on the case d = 2 to keep notation as simple as possible. For

the function arguments, we now write (1, ZL‘Q)T € R? eg.

1
aise (.1’1, T, H) = NiKh A (.1’1, $2) + ZVI% (h%)\ll (1}1, .1’2) + h%)\gg (.1'1, 1'2))2 .
1he
This is of the form
4 Ly
Nhyhy 4710077202

To minimise it, we set the partial derivatives with respect to h; and hy to 0O:

—m + (Blh% + thg) Bihy = 0 (2.1)
1762

———— + (B1hi + Bsh3) Bohy = 0.
Nh1h§+(11+ 22) 2ho
Multiplying these equations by h; respectively hy and subtracting the second

one from the first one results in

0= (Bih? + Byh3) (Byh? — Byh2) = B2hi — B2k}
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and, hence,

B
hy = hy %. (2.2)
2

Plugging this relation into (2.1) results in

B B A
(Bl + BQM> By Mh? =

| B, Bs] N
Writing B; = s; | By|, s; = sgnB; = sgn\;; (1,22),1=1,2, and p = ‘gj, we
get
6 ¢ A
(81 + s2) s1phy = (1 + s182) phy = N’

i.e. for 5189 >0
A5 1 1
N ps (1+ s15)5
Plugging in the expressions for A, B;, p, we then have for the asymptotically

hy

optimal local bandwidths, using also (2.2),

1
e 1 1 [Agg (21, x0) |12 1
hal ($1> .’172) = Qll()\g (xla x2) _ll = ( - 2)|i 19 (23)
N V2 (A (1, 22) 72 (1 + 5152)°
1 1
o 1 A1 (g, x0) |12 1
h’a? (331, .TQ) = QI;(Aé (xla Z'Q) _ll = ( - 2)|i 1 (24)
Ns V[? |)\22 (%1,%2”12 (1 +$182)6

Note that our argument only works if Ajj (21, 23) A2 (21, 22) > 0, which, e.g.,
holds if A (z1,x2) is locally convex or concave around (x1,xs), i.e. the Hessian
of X (x1,x2) is non-negative or non-positive definite respectively.

If 5189 < 0, ie. if Ay (21, 22), Aga (21, 22) have opposite signs, A (z1,x2)
has a saddlepoint-like behaviour around (x1,x2) which is rather the exception
than the rule. Therefore, we consider only locations (x1, z3) where s;s9 > 0 in
the following. If s;s5 < 0, i.e. s189 = —1, then the dominant term in the bias
expansion of Theorem 2 vanishes for suitable hy, hy. For getting asymptotically
optimal bandwidths for this situation, a more detailed investigation of the

remainder term of order O (b?\fﬁ ) in that expansion would be necessary.
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Turning now to the choice of global bandwidths, the asymptotic mean

integrated squared error is in the case d = 2

Qr

amise (H) = Nk,

1
+3 (hiLn + 203h3 115 + halss)

with
1,1
Iy = VI%/ / ek (21, 2) Mg (1, o) doydag, k0 = 1,2
0o Jo
Setting the partial derivatives with respect to hq,hs to 0, we get

Qx

Nk, + Ry + hhily = 0 (2.5)
2

@ R Ios + h3holiy = 0

Nh1h2+ 22 + 2l12 = L.

Multiplying these equations by h; respectively hy and subtracting the second

from the first one results in

1
R4 — hily = 0 hy = by (A1) 2
1411 — hgloo = U == No = Ny [—22 . (6)

Plugging these relation into (2.5) results in

I I

il (1 + ;2) B — %.

15, (I1115)?
Note that by the Cauchy-Schwarz inequality, |[15] < (1'11[22)% with equality
only if Agg (71, 22) = A1 (21, 22) a.e. for some ¢ € R. Therefore, the term in
brackets only vanishes for Agg (21, 22) = cAi1 (21, 22) with some ¢ < 0, which is

a very special case which we exclude as part of the following assumption which

also requires that Ay (z1,x2) and gy (21, 22) do not vanish a.e.:

Ly, Ioo, A/ Tia1oe + T2 # 0.

Then, we get

o=

By — Qi (52) 1
1 — 1 Fn
Nes \In (v Ii1 1 + 112)
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Using (2.6) and defining

1 1
Ak[ = / / )\kk (xl,.fg) )\M (.Tl,l’g) dI1d$2,kZ,£: 1,2,
0 JO

such that I, = VZA, we get for the asymptotically optimal global band-

widths

=

Qx\* (Az\* 1 1)
o () e ()
1 Vi Au ( Api oy + A12) s \N 20

- (&) () == ()
hey — () (2u (=) . 2.8
: <Vf3 M) (Rihg + Ap)® \ N 2

We summarise the above derivations in the following theorem.

[

Theorem 3. Let the assumptions of Theorem 2 be satisfied, and let d = 2.

a) The bandwidths hay, heo minimising amise (H) of Corollary 8 are given

by (2 7), (28) Zf AH, AQQ, \/AHAQQ + A12 75 0.

b) The bandwidths he (x1,22), hee (T1,x2) minimising amse (x1, 2, H) of

Corollary 3 are given by (2.3), (2.4) if M1 (1, 22) Ao (x1,29) > 0.

The asymptotically optimal bandwidths, hence, are locally and globally of
order N~5. The following corollary gives the rates of approximation of mse
and mise by their asymptotic equivalents for this case. It follows immediately

from Corollary 3.

Corollary 4. Let the assumptions of Theorem 2 be fulfilled for d = 2, and let

hiN%—>ci>Of0rN—>oo,i:1,2. Then for N — oo,
a) mse\ (1,29, H) — amse (x1, 29, H) = 0 (N‘%),

b) mise (-, H) — amise (H) = o (N%).
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The next result states that the asymptotically optimal bandwidths of The-
orem 3 approximate the finite-sample size optimal bandwidths for N — oo.
Let ho; (21, 22), he; denote for ¢ = 1,2 the bandwidth minimising mse (z, H)

and mise\ (+, H) respectively.

Corollary 5. Let the assumptions of Theorem 3 be fulfilled. Then,
a) ho; (x1,%9) = he; (T1,22) + 0 (N_%), i=1,2, for all z1,29 € (0,1);
b) hos = hai + 0 (N—%> =12

Proof. We only prove a), as b) can be shown analogously with a bit more no-
tation. First we remark that Nhg; (1, 2) cannot converge to 0 or oo. Oth-
erwise, by Corollary 3, N Smse\ (21,29, Hy) — oo with Hy being the diagonal
matrix with entries hoy (21, x2), hoo (1, z2). Let H, denote the diagonal matrix

with entries hqy (21, %2), heo (21, 22) correspondingly. Then by Corollary 4
Nimsel (x1, 29, Hy) = Niamse (x1,29,Hy) +0(1) = C >0

for N — oo, using that by Theorem 3, Nt hyi (r1,29) = ¢; > 0,7=1,2, and
the expression for amse (z1, x5, H) from Corollary 3. Hence, if Nimse\ (21,29, Hy) —

oo for large enough N, we would have
mse\ (21,29, Hy) > mse\ (21,22, Hy)

in contradiction to the definition of Hy. So, we have Nohg (1, x5) — ¢? for
some ¢ > 0,1 =1,2.

Hence, we have from Corollary 4
mse\ (21,29, Hy) = amse (x1, 22, Hy) + 0 (N_%> ,
mse\ (x1,29,H,) = amse(x1,22, H,)+ 0 (N_%> )
Subtracting the first from the second relationship, we get
mse\ (21, 22, Ha)—msej\ (x1, 22, Hy) = amse\ (21, x2, Ha)—amsej\ (z1, 22, Hy)+o0 (N_%> )
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The left-hand side is non-negative as Hy is mse-optimal, and the difference on
the right-hand side is non-positive as H, is amse-optimal. We conclude that

both differences have to be 0 up to terms of order o (N _%>, in particular
amse (x1, 2, H,) — amse (21, x2, Hy) = 0 (N_§> . (2.9)

From a Taylor expansion of amse (1, x5, H) around H,, we get with § =

(517 62>T7 5% = hOi (x17«r2) — R ((L’l,.]}2> , 1= ]_7 2

amse (1, 29, Ho)—amse (x1, 29, H,) = v} amse (1, z9, H,) 5+%5Tvzamse (:rl, x9, fI) 0,
(2.10)

where Vj,, V2 denote gradient and Hessian with respect to h = (hy, hg)T, and

H= (1—-0)H,+0H, for some 0 < # < 1. As H, minimises amse, the gradient

in the first term on the right-hand side is 0. H is a diagonal matrix with entries,

say, h1, he which also satisfy N%Bi — ¢; > 0,i = 1,2. From Corollary 3, we

get for the elements of the Hessian

9? 2Qk A (x1, 2)

2 amse (x1,29,H) = — NWh, +VE (Sh%/\fl (x1,22) + h3 11 (21, 22) Aaa (21, arg)) ,
1 1
02 2Qk A (z1,x
T (z1,22,H) = W +VE (W31 (21, 2) Ao (21, ) + 3h3AZ, (21, 72))
0? 2QK A (z1,x
BT amse (11,19, H) = W + 2VghihoAir (21, m2) Aoz (21, 22) .

By the assumptions of Theorem 3, these terms are all greater than 0, and for
hi = h;,i = 1,2, they are of order N~3. Hence we get from (2.9) and (2.10)
for some ¢ > 0

o(NE) =clgl* N,
ie.

7o (21, 32) — he (21, 22) || = 0 (N’§>

which implies the assertion. [
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2.3 The case of smoother intensity functions

For later use, we briefly discuss in this section how the previous results change
if we assume more smoothness about A (z). It is well-known from Stone (1984)
seminal work that optimal bandwidths mainly depend on sample size, dimen-
sion and smoothness, i.e. assumed degree of differentiability, of the function

to be estimated. In particular, we replace Assumption 3 now by

Assumption 6. \(z) is a four times continuously differentiable probability

density with support |0, 1]d.

Moreover, we augment the symmetry Assumption 4 on K by
Assumption 7. [+ [w}K (u)duy---dug =0 fori=1,...,d.

Then, we get an improved rate for the bias expansion in Theorem 2.

Proposition 2. Let the assumptions of Theorem 2 and Assumptions 6 and 7

be satisfied. Then,
blas/\ (x,H) ——VKZh2 i —|—O(b4)

Proof. We write \; (z) = %/\(x), Nijie () = amiaaTia%)\(x) and Ajjre () =

84

0%, 50w (x). We now can extend the Taylor expansion of A (x — Hu) in

part a) of Theorem 2 to order 4:

d d
1
Az —Hu)—A(z) = — E hiuiAi () + 5 E hiuihju; A (x)
i=1

3,j=1
1 d
1,5,k=1
1 d
- Z hiuihjujhkukhgug)\ijkg (l‘ — GHU)
1,7,k f=1

for some 0 < 6 < 1. If we multiply this by K (u) and integrate with respect

to u, then the first term on the right-hand side vanishes due to the symmetry
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Assumption 4 on K. Analogously, the third term vanishes by Assumptions 4
and 7, and the components with ¢ # j in the second term also vanish. As, by
Assumption 6, A is bounded, as K has compact support and as |h;hjhighe| <

4 ke, the fourth term is O (Zle hf) = O (b}y) from Assumption 5. O

As the dominant term in the bias expansion does not change by assuming
more smoothness of A\, the asymptotically optimal bandwidths do not change.
However, the approximation rate of the mse by the asymptotic mse improves,
and we have the following analogue of Corollary 4. Recall that now we consider

d = 2 only.

Corollary 6. Let the assumptions of Corollary 4 and Assumptions 6 and 7 be

satisfied. Then, for hiNs — ¢; > 0,7 =1,2, we have for N — oo
a) mse\ (1,29, H) — amse (1,29, H) = O (NT) ,
b) mise (-, H) — amise (H) = O (N_%> .

Proof. From Proposition 2, we have as in Corollary 3 the mse expansion

. 1
mseA (z, H) = amse (z, H) + O | — | + O (b%) .
Nby

From the assumption on h;, we have by N § — ¢ > 0 such that

1 . L
0<N—bN) +0 (%) =0 (NF).
b) follows as in the proof of Corollary 3 from a). O

Note that we could get better rates of convergence by using higher-order
kernels if Assumption 6 is satisfied. However, for those kernels we would have
[ [uZK (u)duiduy = 0, i.e. K has to assume also negative values. This
might lead to negative estimates ;\({L‘l,xg) of the positive function A (zq,x2).

Therefore, we do not investigate this direction further. We have to impose
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Assumption 6 due to different reasons below: we need kernel estimates of the
second derivatives A1y (21, x2), A2 (71, 22), and for this we assume that they
are twice continuously differentiable, i.e. Assumption 6. Finally, we also get
better approximation rates of the optimal bandwidths by the asymptotically

optimal ones, i.e. the following analogue of Corollary 5.

Corollary 7. Let the assumptions of Corollary 5 and Assumptions 6 and 7 be
satisfied. Then,

a) ho; (z1,22) = he; (21, 22) + O (N_i> i =1,2, for all z1,29 € (0,1);
b) hOi:hai‘i‘O(N_i) ,i: 1,2

Proof. The proof proceeds exactly as the proof of Corollary 5, except that we
use the rate O <N _%> instead of o (N _%> for the approximation of mse by

amse. In particular, we get
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Chapter 3

Data adaptive bandwidth
selection by the plug-in

approach

In this chapter, we use the formulae for the asymptotic optimal bandwidths
and plug in estimates for the unknown quantities to get an iterative algo-
rithm for selecting the bandwidths automatically from the data. Subsequently,
we investigate the asymptotic behaviour of the kernel estimates with random
bandwidths. Note that the algorithm depends on the choice of various tuning
parameters which we leave unspecified for the moment. A rule how to choose
them requires a more careful analysis of the asymptotics of estimates of the
second derivatives of the intensity function which will be done in subsequent
chapters. To keep notation simple, we only consider d = 2 here. The necessary

adaptation to higher dimensions will be discussed later.
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3.1 An algorithm for automatic bandwidth
selection

In this section, we extend the ideas of Engel et al. (1994) to higher dimen-
sions and formulate iterative procedures resulting in estimates h respectively
h (x1, z2) for the globally respectively locally optimal bandwidths hg, ho (21, z3).
For this purpose, we use estimates of hg, h, (21, 22) by (2.7), (2.8) respectively
(2.3), (2.4). As those depend on unknown quantities involving, in particular,
the second derivatives of A (z1,x2) respectively the integrals Ay, k, 0 = 1,2,
and, in the local case, also A (x1,z) itself, we need an iterative procedure
which we formulate below.

First, we have to briefly discuss how to estimate gy (1, 22) respectively Ay,

k,¢ = 1,2. For the second derivatives, we use as usual the second derivatives

of the kernel estimate \ (1,29, H), i.e.

S 32A 1 N 82 Il—X‘l ZEQ—X'
A H) = —A H) = K J !

N
. 1 - X. — X,
22 (I1,$27H) = —h?)ZKQQ (xl ]17 2 ﬂ) )

Nl 2 I s

N
o 1 T — X1 12— Xjo
Alg(xl,xQ,H) = WZKH hl ! ) h2 ! )a

K (u1,us) denote the second derivatives of the ker-

2
where Kkg (Ul, UQ) = m

nel function, k,¢ =1, 2.

Following Gasser et al. (1991), in the iteration we use larger bandwidths for
the estimates of A\gy (21, 22) than for the estimates of A (z1, x2). More precisely,
for some inflation factor N? p > 0, if we use hy, hy for S\(xl,xQ,H), then

we use NPhy, NPhy for estimating Mg (21, 22), i.e. we consider the estimate
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Akt (21,22, NPH). We discuss appropriate choices for p later.

If we are interested in the local bandwidths, we nevertheless have to start
with global bandwidths first and switch to local ones later in the iteration.
The reason is rather large variability of At (1,29, NPH) for the initially small
bandwidths which would lead to instability of the algorithm. For the integrals
Ayp appearing in amise, this effect is not important as the variability averages

out by integration. For A.,, we use the estimates

A 1 1 ~ A

Akg (NPH>I/ / )\kk ($1,$2,NPH) )\g@(ﬂ?l,l'g,NpH>U(£C1,$2)d$1d$2,k,€:1,2,
0o Jo

where v (x1,25) is a weight function integrating to 1 which we introduce to
avoid boundary effects.

In the following ﬁl(j), k=1,2, H® denote the global bandwidths and the
corresponding diagonal bandwidth matrix in the ¢th step of the iteration, and
fL,(f) (x1,22),k =1,2, H® (21, z2) denote the corresponding local quantities in

later steps of the iteration. We also use the abbreviations

A = Ay (Nﬂlf[(i)) kl=1.2,
5‘1(;2 (x1,22) = w <5L’1,332, NeH® (x17372)) ko 0=1,2,

A@ (11, 20) = b\ (xl,:cz, HO (5517172)) :

Step 0: We initialise the algorithm by choosing fL,(CO) = \/1_N’ k=1,2.
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Step 1: For i =1,... 4", iterate

1 A (= i
o _ (QK > (Aéz N 1
1= 2 -1 ’
NVZ Al orrrun
(VAGPAE D +a5™)

=

Step 2: Set H) (xy, x5) = HW). Fori = i*+1,...,j*, assuming Ay (1, ©3) Aoa (21, T2) >

0:
oo L3 @-1) 13

7 (3) QAU (11, 19) \° Aoy (w1, 72)
) = INVZ ” =

" )\gzl—n (21, 72) b
(@ > (i A (o , X >
hg)(ﬂﬁl,lé) = hg)(flh,-’ﬂz) w

Moo (1, 29)

3.2 Asymptotics of kernel estimates with
data-adaptive bandwidth

The global and local bandwidths, derived from the data in the last section, de-
pend on estimates of the density and of its second derivatives \;; (z1,x2),7 =
1,2. As a preliminary result, we briefly investigate the asymptotic mean-
squared error of the kernel estimates A; (x1,22, H) for deterministic band-

widths. In the following, we write

0 0 .
)\i (.Z'l,l'Q) = aq})\(ﬂﬁ,l’g) ,Ki (ul,u2) = au‘K(ul,UQ) , 1= 1,2,

for the first-order partial derivatives. We assume about the kernel that:
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Assumption 8. K 1is twice differentiable on [—1,+1]2 with bounded second
derivatives, and satisfies the boundary conditions K (£1,us) = K (uy,+1) =0,

Ky (£1,ug) = Ky (ug,£1) =0 for all =1 < ug,uy < 1.

Proposition 3. Let the assumptions of Theorem 2, Assumptions 6 and 8
be satisfied. Assume, moreover, that the fourth-order partial derivative of

A (x1,z2) are Holder continuous with exponent > 0. Then, fori=1,2

a) BN (21,9, H) = N (21, 22) + 2V 30 hgg— i (21, 22) + O <b§v+ﬁ> :

b) var\;; (x1,29,H) = m (QZIZ()\ (z1,22) + O (bN)) with Q% = ffoZ (u1,uz) dujdus.
Proof. We consider only 5\11 (x1, 29, H), as the arguments for 5\22 are the same.

a) As in the proof of Theorem 2, a) we have

. 1
EMi (21,29, H) = EK
11 (71, 72, H) R 11(

x1 — X1 w2 — Xio
hq ’ ho

1 1 1
= F/ / Kll (ula u2) A (xl - hluh To — hQUQ) duldu2.
1J-1J-1

Using integration by parts twice and, in particular, e.g.,

0
—A (56'1 — hiuy, w9 — h2u2) =—hi\ (551 — hiuy, z9 — h2U2) )

8u1

we get
. 1 1,1
EA; (1‘1@27 H) = h_/ / K, (U1, UQ) A1 (5131 — hiuy, o9 — h2U2) duydug
1J-1J-1
1,1
= / / K (ul, U,z) )\11 (1'1 — hlul, To — thg) duldUQ
—-1J-1

as the constant terms in the integration-by-parts relations vanish due to
Assumption 8. Using the same Taylor expansion arguments as in the
proof of Theorem 2 with \{; instead of A\, we get

) 07

' Ox?

2
R 1
E)\H (1]1, T2, H) = /\11 ([El,l’g) + §VK E h /\11 ([El,l’g) + O (b?\?—ﬂ) .
i=1
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b) As Xi,..., Xy are iid.,

3 1 1 1 — X1 19— X
varn (o1,25, ) = gver (h?hQK“ ( Ry 12))
1 x _Xll $2—X12
= — —EK?
Nh(lih% " ( hl ’ hQ >
! ! 21— Xu 372—X12)}2
N E K ’ .
N { hil))hQ H ( hy ho
As in the proof of Theorem 2, b), the second term is of order O (%) and

therefore negligible as from part a)

E

1 K., (xl — X1 29— Xio

hih o h ) 1 (o1,22) +0 (b) = O (1)

For the first term, we use the same Taylor expansion argument as in the

proof of Theorem 2 b) to get

1 x1 — X1 xo — Xpo
—EK?
B ( hy 7 hy )

1 T1 — UL T2 — U2
= K3 A duyd
h?h% // 11( Iy ) hy ) (u17u2) U1AU2

1
= hoh //K121 (u1>u2) A (1'1 - h1U1,$2 — thg) duldu2
1702

1
= n (//K121 (u1, ug) duydugA (1, 22) + O (hy + hg)) )
1n2

In the following, we impose a Lipschitz condition on Kj;.
Assumption 9. K;; is Lipschitz continuous with constant L;;,i = 1,2,
| Kii (u) = Kii (v)] < Lig |u — v
for all —1,u,v < 1.

This condition could be relaxed to Holder continuity with exponent 0 <

B < 1, but for ease of notation we choose g = 1.
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We now consider random bandwidths hy, hy which may depend on the data
(Xj1,Xj2),j =1,...,N. We assume the following conditions which we later

on guarantee to hold by construction:

Condition 1. hy, hsy € [#ﬁ,d} for some fixed § < %

Condition 2. For some v > 0 and deterministic 1,82 > 0, by — 0, m =

O (].), hl = 6sz (]. + Op (N_’Y)) ,i = 1,2

In particular, from Condition 2 we have h; — 0, i = 1, 2, Z—; — % >0. H

again denotes the diagonal matrix with entries hy, ho.

Proposition 4. Let the assumptions of Proposition 3 and Assumption 9 be

satisfied and additionally Conditions 1 and 2. Then, fori =1,2,

. _ 1 [log N
Nii (xh T2, H) = i (Ih xz) + 0 (b?v) +0p (N Vb?v) +0p (OéNb?‘V N )

for any sequence an > 0 with any — 0 and % =0 (ay).

Corollary 8. Under the conditions of Proposition 4, fori=1,2,

R _ log N
Aii (21, 29, H) = Nij (1, 72) + O (b%V) +0p <N Wb?V) T or (Wb%) '

Proof. The conditions of Proposition 4 are satisfied for ay = \/b;T;N’ and
1 logN _ log N
anV N T UN- [

Proof. Proof of Proposition 4:

a) Let

11 (H) ://Kll 1 _Ul’fEQ—UQ )\(Ul,UQ) duldu2.
ha ha
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From the proof of Proposition 3 a), which works for random hy, hs too,

1 1 — U To—U
ai | o (P ) A dudu

1
= ? / / Kll (ubu?) A (xl - h1u17x2 - h2U2) dulduz
1

we have

= //K (ul,u2) )\11 ($1 — hlul, Ty — h2u2) duldug

= )\11 (.%‘1, xz) + = VK Z h )\11 (l’l, 1'2) -+ O <h%+ﬁ + h§+ﬁ>

7 a 2
using substitution, integration by parts and a Taylor expansion. From
Condition 2,

1

h3_fL2M11 (H) = /\11 (Ih .I'Q) + O (b?\/) + Op (N_’Yb?\a .
1

We now consider

1 1 N €T X1 x X
Mi (21,20, H)———p11 (H) = ——— K R | Y J2>— H}
e T Nh%hQ;{ 11( - - s ()

To get rid of the technical problems caused by the randomness of hq, ho,
we approximate them by deterministic bandwidths from an equidistant
grid. For some 7 > l to be chosen later, let By . be an equidistant grid
in [0, 2} of width N~7. Then, for any h; satisfying Condition 1, there is
ah; € By . with ‘hi — }_li‘ < N7, i =1,2. Note that h; is still random.

By Assumption 8,

N
1 1 — X1 To — X,
N;{KH( SR ﬂ)_“”(H)}:SN(hl’hQ)

1

is uniformly bounded. Moreover, from Condition 2,
1 1

Whs  Bbh (1+ 0, (N-)"  BiBabk

using that the dominating term in (1 + o, (N~7))*is 140, (N~7) and a

(140, (N77))

Taylor expansion for m =140, (N77). Hence,
. 1 1+o0,(N77)
i (21,02, H) = ——p11 (H) + —=3=5—>SN (h1, ha) .
11 (71, 29, H) h?h2,u11( ) 5?525?\/ N (1, ho)
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So, we have to investigate Sy (hy, k). First, note that with h;, i = 1,2,

as above
1Sn (ha, ho)| < Sy (ha, ha) |+ |Sw (R, ho) — Sy (ha, ha)| -

The first term is bounded from above by

1 .
SN ZSUP{|SN(51752)|;W—N_T <b;<O+N",b; € Bnyyi= 172}~

Note that Sy (b1, b2) is a mean of, by Assumption 8, bounded, random
variables as here by, by € By, are deterministic. Moreover, ESy (b1, b2) =
0 from the proof of Proposition 3 a). Let C' denote an upper bound on
| K11 (u1,uz2)|. Then , the summands of Sy (by,by) are bounded by 2C,
and their variance is bounded by 4C2. Let an > 0, ay — 0 for N — oo

such that /5~ = O (ay). Then, from Bernstein’s inequality, we have

N
for0<e<1
N 1 [logN
pr (O&N m ‘SN (bl,b2>’ > 6) = pr <|SN (bl’bQ)‘ > a ]gv €>
_Ne21 logN
S exp oc?v N

aC 1 [logN 2
5 €an S +4C

2log N

for some suitable constant A > 0 and all large enough N, as, for N — oo,

anN

L, /le% — O (1). As By, is a finite set with less than N*" elements,

we have with By, = By 1 |z = N0+ N™7| C By

2VN
N N
pr (OéN Tog NN > 6) < Z pr (QN Jog N |Sn (br, b2)] > E)
biba€BY
i ¢?log N
< Wen{ -5

2
= exp{logN(%— Aeaz )} — 0
N
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for N — oo as any — 0 and, hence, the factor of log N becomes negative

for large enough N. Therefore, we have independent of the choice of 7
1 Jlog N
SN1 =0, | — )
N,1 D N N
For the second term, we use from Assumption 9 with |21], |22 <1
21 %9 21 %9 21 21
Ku (2 2) - Ka (25 2)| < Lut|2 -2+ |22
‘ 11(51’52) 11(b1 bz)' 11{ b byl by by }
by —by|  |by— b
S Lll | : ’ ! + | = ’ 2 .

As |z] < 1 holds for 21 = 1 — Xj1,22 = 22 — X2 and, in the integral

22 zZ2

defining pi11, 21 = o1 — uq, 22 = T3 — Uy, and as A (ug, ug) integrates to 1,

we get as |hi — Bi‘ < N7

S (h1, ha) — Sy (i, ha)|

1 1
2L — — N
" {mm * hzhz}

IN

1 1 —T
- ZL“{h%(HO(N—T))+h§(1+0(N‘T))}N
11 N
= 2L11{6_%+5_§} b2 (14 0, (N=7))* (1 + O (N-7))

(140, N77)+O(N))

IN

C—
N7b3,
for some suitable constant ¢ > 0, using Condition 2. Combining this

with the bound on ‘SN (Bl, ﬁg) ‘, we get
Sy (h1,he)] < sy + ‘SN (h1, ha) — Sy (ha, }_12)‘
1 [log N 1 N
= Op (a N ) +O (—NTI)?V> +OP (—N"rb?v) .

From Condition 2, we then have

1 _ Sy (ha, ha) Sy (h1, ho) _
it ) = o v ey )

0 ( 1 ) N ( N7 ) N 1 log N
= — op | —+ op | ——1/—— |-
N ) ToA\NTE ) T oot VTN
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As 7 was arbitrary, we now choose 7 = 4. Then, as ; 1/N is bounded, we
N

have
1 1
= =0 (1)
1.8 B
N7y <bN\/N>
and
= O ()
N7V, N
such that

1

1 log N _
h3h25N (h1, h2) = op (aNb4 VN ) +0 (by) + 0, (N7BY) -
1 N

¢) Combining a) and b), we get finally

N 1
M (21,20, H) = 3hy (p11 (H) + Sn (ha, b))
1742
1 log N
= )\11 ((L’l, {EQ) + O (b?\f) + Op (N_Vb?v) + Op (—4 08 )
CYNbN N
The same arguments analogously hold for 5\22 (1,29, H).
O

The amse also depends on A (z1, 25) which for a plug-in method we also have
to replace by an estimate with data-adaptive and, hence, random bandwidth.

We have analogously to the last two results:

Proposition 5. Let the assumptions of Proposition 4 be satisfied. Then

. 1 flog N
)\($1,I’2,H) = )\(1’1,1'2) + O (b?\[) + Op (N—Vb?\[) +Op <m gT)

for any sequence an > 0 with any — 0 and % =0 (ay).

Corollary 9. Under the conditions of Proposition 4,

R 3 log N
A, as, H) = A(ay,22) + 0 (W) + 0, (N783) + 0, (m‘%) |
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Proof. Proof of Proposition 5: The proof is more or less identical to the proof

of Proposition 4, and we only briefly discuss the differences.

a) Instead of py; (H), we consider

u(H>=//K D17 T2 72N N (g, ug) dundus.
hq ho

Instead of Proposition 3, we have to refer to Theorem 2 for the bias and

variance expansion for deterministic bandwidth, and we do not need the

integration-by-parts argument to finally get

1
hihy!

(H) = A(z1,22) + O (by) + 0, (NTbY) .

b) We decompose A (1, x3) into

N
Q 1 1 $1—X‘1 xQ—X'
A = H YK : 2) _u(H
(x17x2> h]_hglu( )+ Nh1h2 — { ( hl 3 h2 ) M( )}

1
hihs

(H) + Sy (hy hs).

hihy!

K is uniformly bounded and Lipschitz continuous as Ki;, such that
Sy (b1,b9) is a mean of bounded random variables again. We get by

exactly the same arguments as in the proof of Proposition 4 b)

1 1 log N _
i S (h1, ha) = o, (W \/ T) +0 (b?\/) + 0p (N vb?\f) ,

where, in the last step, we may choose 7 = 3 instead of 7 = 4.

¢) The final result follows again from combining a) and b).
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Chapter 4

Asymptotics for integrated
mean-squared error estimates

with random bandwidths

For estimating the integrated mean-squared error as a function of the band-

widths, let us recall from Corollary 3 that the asymptotic approximation is

Qx| V : 2
amise (H) = W{i[‘[ + IK // (Z hZQ)\“ (fEl,Ig)) dﬂfldCEQ.
i=1

Hence, we have to investigate

h;l/\/;\i (ZL‘l,ZEQ,H)dxldI'Q

and

h%h%//;\n (I17$2,H) ;\22 (l‘l,xg,H) dl’ldﬂfg.
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First note that in calculating [ [ A2 (z1, 2, H) dz1dz,, we can avoid integra-

tion by using, e.g.,

//5\%1 ($1,$2,H)d$1d$2

N
1 T — X1 12— Xjo r1 — Xi w2 — Xio
= — K J 2K dzd
N2h?h§i§1// 11( hy Iy ) 11( hy B ) r1dT2
N
1 X —Xa Xio — Xio
= — E K K J J dud
N2h?h2ij:1// 11 (u,v) 11 (U+ hl , U+ h2 ) udv

_ 1 iL Xj = Xa Xjp— Xop
N2h2hs H hi  hy

1,j=1

by substitution and denoting by Li; (z,y) = K1 * K11 (z,y) the convolution

of Ky, with itself which may be calculated in advance:

Ly (z,y) = //Kn (u,v) K11 (x — u,y — v) dudo.

The same argument holds for the integral of ;\32 with Loy = K99 ¥ K99 and for

the integral of 5\11;\22 with Ly = K1 * Ko9.

4.1 The one-dimensional case

We start with investigating one-dimensional kernel density estimates as this
is more suitable for a first exposition of the ideas. In higher dimensions the
notation becomes more involved.

We prove an analogous result to Proposition 1 of Engel et al. (1994). As
the proof of Engel et al. (1994) is very sketchy, we give our own proof us-
ing sometimes different arguments, in particular using Hoeffding’s exponential
inequality for means of bounded random variables and some properties of U-
statistics. We could not follow every detail of the proof of Engel et al. (1994),

e.g. they refer to Lemma 3.1 of Hall and Marron (1987) to get bound on a
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doubly indexed sum with full range for the two indices, but Hall and Mar-
ron (1987) only consider a summation over i # j, i.e. omitting the diagonal,
and this is crucial for the derivation of their results (compare our Lemma 5,
where we prove a version of that part of Hall and Marron’s lemma which we
need). Our modified proof leads to slightly different rates of the remainder
term which, however, is not relevant for the application of the proposition.
First let us introduce notation and assumptions. Xy, ..., Xy are i.i.d. with

values in [0, 1], having density A (z). The kernel density estimate is

N
- 1 z— X
/\(w’h):N_hZK( 2 )
=1

and the corresponding estimate of the second derivative \” (z) is

N

. 1 r— X,

X’(x,h)z—ZlQ( )
Nh3 ‘= h

with Ky (u) = K” (u). We want to derive an asymptotic expansion of

/ (X” (z, h))2 do

for random, in particular for data-dependent, bandwidth h. We make the

following assumptions:

Assumption 10. \ is 4 times continuously differentiable on [0,1], and the 4th

derivative \Y is Holder continuous with some exponent 3 > 0.

Assumption 11. K (u) is a kernel function with support [—1,+1] which is
non-negative, twice continuously differentiable with Lipschitz continuous sec-

ond deriwative K" and satisfies
K (£1) = K’ (£1) = 0.
As notation, we use Ky = K” and Vi = [«*K (u) du.
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Proposition 6. Let h be a sequence of random bandwidths which can be ap-

proximated by a sequence by of deterministic bandwidths such that
h=by(1+0,(N7))
for some v > 0. Then,
. 2
/ (X’ (z, h)) dz

— /(X’ ) dx + Vi /X’ x) daby + Nb5 /K2 )du + Ry

with remainder term

B log N 1 log N N—3
Ry = o (b%)+o, <N by + Vo )+Op (N—bjlv> +0p (Ng—b?v> +0p (N—b;”V) :

Before starting with the proof let us remark that this expansion coincides

with some slight differences in the o- and o,- terms, due to the techniques of
proof, with Proposition 1 of Engel et al. (1994). Note that in their formulation
the last term of Ry is missing, but it can be inferred from (1.3) of their proof

and is of order o, (N+)N>
Proof. We introduce
1 1
v(z,h)= ﬁ/KQ(U)A(x_hU)dU/: ﬁu(m,h).
Note that for deterministic b, v (z,b) = EX” (z,b) which immediately follows

from substitution. p (z,h) corresponds to p1; (H) in the proof of Proposition

4. Now, we decompose
. 2
/ (X’ (z, h)) de = E (h) +2M (h) + V (h)

with

fre
M(h) = /y X' (z,h) — (x,h)}dx
/( h) — v (z, h))de
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a) We first derive an asymptotic expansion for v (z, k). Integration by parts

implies, using Assumption 10,

v(z,h) = l/K’(u))\’(gv—hu)du:/K(u))\”(alz—hu)du
= /K {)\” — hu\" (z) + %thQ)\(‘l) (x) +0O (h2+5)} du
= N (2)+ VK/\ ) (z) h* + O (h**P)
by Taylor expansion and using Assumption 11 on K. Note that from
the first line and boundedness of K, \” we have that v (z, h) is uniformly

bounded in z and h. If we approximate the random A by the deterministic

by from our assumptions, we have

vz, h) —v(z,by) = %VKW) (z) (h? —52)+0(\h2—b |- max (h, bN)>

_ %VK)\(A‘) (z) - (h+by) (h— by) +o(\h2—b |- max (h, bN))

As \@ (z) is uniformly bounded, max (h, by) = max (by (140, (N™)) ,by) =
by (140, (N77)), and h+ by < 2max (h,by), |h —bn| = by - 0, (N77),
we get

v (2, h) — v (x,by)| =0, (BXN77).
b) As the next step, we look at E (h). Using boundedness of v (z,b) and a)
E(h) - /(V (2, 1) — v (2, by) + v (2, by))* da
_ / v (2,by) dz + 0, (BN )
— / (X' (x) + %VK/\@) (z) b3 + o0 (bfv)) 2 dz + o, (bxN77)
= / (V' (2))* dz + Vi / X' (z) X (z) da - by + 0 (by) + 0, (AN ),
i.e. E(h) is the dominant term of [ (5\” (x,h))Qd:p as an estimate of

J V' (@))* da.
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¢) For any deterministic b, we have, using v (z,b) = EN (z,b)

. 1 r— X
_ " —
EV (b) = /var)\ (z,b)dx = oo /V&TKQ( ; >dx

as N (x,b) is a sum of i.i.d. random variables. Hence using that EK (

=) -

BEN' (x,b) = b%v (x,b) and that v is bounded

EV (b) = Nlbﬁ/EK2< )d ——/ (x,b)d
_ N—bﬁ//zg( . )Mu)dudﬁo(%)
_ ﬁ//K@(v)A(m—bv)dxvarO(%)
_ Nb5// ) — boX (z) + (b))dxdv+0<%>
_ W/Kg(v)dm()(ﬁ)

by a Taylor expansion, using the differentiability conditions on A and

that it integrates to 1.

d) Now, we consider the remainder term V' (b) — EV (b). Note that

V(b)) = N%G/Z (Kg( X') —b3u(x,b)> <K2 (“:_b)(f) —b%(:c,b)) da

i,j=1

1 N -1
= ypn (b)+WUN (b),
where
1 & x 2 1 &
Wy (b) = — / (Kg ( > b’y (a:,b)) de ==Y QX))
o e

is a mean of i.i.d. random variables, and

Un (b)

= NN-D) ;/( ( ) - b3v(x,b)) <K2 (beJ) - b%(z,b)) dz

= _1 ZRb 17

l#]
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is a U-statistic with symmetric kernel R, (z,2) (compare Chapter 5 of

Serfling (1980)). First, we consider Wy (b). Substituting u = z_ij, we

get
@) = [ (Ka(w) = ¥ (X + bu, b)) du £ CL S,

due to boundedness of Ky and v. Applying Hoeffding’s inequality (com-
pare the lemma in Section 2.3.2 of Serfling (1980) for the one-sided ver-

sion), we get for any sequence ay > 0

2Ne?
pr(aN|WN(b)—EWN(b)|Ze)gg.exp<_ € >_>0

a3,4C?

if % — 00, and, then, Wy (b) — EWy (b) = o, (ﬁ) In particular, for

N

— VN

AN = g N> W get
1 log N
7 (W ) =BV ) = o, (220

For the second component Uy (b), we decompose as in the proof of

Lemma 5, a),

Ry (X1, X5) =b {L2 (@) —EL, (%) }—Rb (X1)— Ry (X2)

with Ls (2) = K3 % K3 (2) and

Ry(u) = /b%(x,b){[@ (QC;“) —b?’y(:c,b)}dx

= /641/ (u+0bz,0) K5 (2)dz+ O (bﬁ)

_ / BN (u+ bz) Ky () dz + O ()

substituting z = *3*, using boundedness of v (x,b) and the expansion
of v (z,b) from a), where the latter implies v (z,b) = N’ (z) + O (V?)
uniformly in z. Using a Taylor expansion of \” and uniform boundedness

of \®)
Ry (u) = b* / Ko (2) {N" (u) + bzX" (u) + O (b°) } dz + O (b°) = O (b°)
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as, from Assumption 11, [ K5 (2)dz =0 = [ 2K, (z) dz. Hence, 5 R, (u)
is bounded, and we also have ER;, (X;) = 0. Using again Hoeffding’s

inequality, we have with | Ry (u)| < ¢ and ay > 0

N
1 2N €2
( N_Z: ) SQ'GXP{‘W}

and with ay = 13{5\/

1 & log N
W;Rb(Xj):0p< m>‘

Hence, we have

U 0) = 5O 0) +0, (5.

where Uy (b) is also a U-statistic with kernel

Ab(x—z):b{Lz (g;;z) ~EL, (@)}

We set 0, (x) = EAy (v — Xa), ¢ = varly, (X1), ¢ = varA, (X; — X3).

From Lemma A in Section 5.2.1 of Serfling (1980), we have

4(N —2) 2
NN - TN ®

varUy (b) =
By the same argument as in the proof of Lemma 3 b),

b/LQ <xzz>)\(z)dz:bQ/Lg(u))\(x+bu)du:O(b6)

uniformly in z, i.e. |, (X;)| is a random variable bounded by ¢ - 8% for
some ¢ > 0, which implies ¢; = O (b'?). From Lemma 3, b) and ¢), we

have

X - X X - X
G = b?varLs (%) < bQEL% (%) =0 (b4)

such that we conclude

B b12 b4
varUN (b) =0 (W) + @ (m) )
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and, therefore, by Chebyshev’s inequality

1~ 1 1
50 0=0:(75) +0: (5w)
and, correspondingly,

b%UN (b) =0, <ﬁ> % (b%v) |

Together with the bound on Wy (b) — EWy (b), we finally conclude

V() —EV (b) = O, (ﬁ) t+o, (%) to, <1O%V> |

For general random bandwidth h, we decompose V (h) into V (h) =
V (h) + (V (h) — V (R)), where

Vh) = N1h6 / / K2 (w_;“)wmudx_% / V2 (2, h) da
_ ﬁ//z{;(v)x@—hv)dxdv—%/ﬁ(:@,h)dx.

Note, that for deterministic h = b, we have V (b) = EV (b). Using the

same expansion as in c), we also have for random h

V(h):NLhS/Kg(v)dwop (NLh‘l)

As h satisfies h = by (1 + 0, (N~7)), we have for m > 1

W= by (140, (N7))" =03 (1+0, (N7))
1 1 _1+0p(N_W)

hm b (140, (N77)) by

using a Taylor expansion of 1+rz for the last argument. We conclude
V) = — [ K2 do(1+0,(N))+0, N
(h) = VB 2 (W) dv (1+0, (N77)) + 0, NOL +0p NOL
1 / 9 N— 1
= — | K5(v)dv+o <—>—|—O (—)
NbY, 2 P\ NBY, P\ Nby,
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It remains to study Vg (k) = V (k) — V (h). We decompose it into

Vo (h) = Vo (b) + (Vo (h) = Vo (bw)) ,
where, from d),
Vo (by) =V (by) —EV (by) = O, (Nibﬁ‘v) +o, (%) +o, (10827]37) )
We split
Vo (h)=Vo (bn) = (Vo (h) = Vo (bn)) (Lgin—byizbwv—y + Lijnbyl<byn—3) -
As |h — by| = byAn with Ay =0, (N77), we have for all e > 0, ay >0

pr (an [Vo (h) — Vo (bn)| Ln—by sonn—3 > €) < pr (Lgnosyisonn—y = 1)
= Ppr (bNAN 2 bNNify)

= pr (NWAN > 1) — 0,
as N7An = o, (1). Hence,

(Vo (h) = Vi (b)) 1[5} = 0p (L) |

an

As in the proof of Proposition 4, b), we approximate h by h € By -,
where By, is a grid of finitely many points which are N~ apart for

some suitably large 7 > 0. Let
By, =By, N (bN —byN7T =N by +byN7 + N*T) )

Note that B?VJ is part of an interval of length bounded by cgby for some
constant c¢g > 0 and large enough N, such that the number of points in

BY, satisfies | B}, .| < cgN7by.
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If |h — by| < byN~7 and as |h — h| < N7, we have h € BY ., and

Vo (h) = Vo (ON)| Ljn—by|<bn N}

IN

Vo (R) = Vo (R)| 1{jph—by|<oxn—y + sup Vo (b) — Vo (bn)]

beBY, ,

IN

?

sup { |V (8) — Vo (B)

bbe [by —byN~7 = N~",by +byN "7+ N7, [b—b| <N~}

+ sup Vo (b) — Vo (b))
beBY .

= 51+ S89.
For 7, N large enough,

s < sup {‘VO (b) — Vo (b)
N~ 2L
< 2L- —
B B3 (1—2N-7)°  N7b§

using |V (b) — Vo (b)| < |V (b)) =V (b)| +E |V (b) — V (b)| and the Lip-

b, b>by (1—2N77),|b—b| < N7}

(1+O0(NT))

schitz property of V' (b) from Lemma 4 below.

For getting a bound on sy, we decompose as in d)

1 N -1

Vi(b) = N VN (0) + SN OV (b)
and, as EUy (b) = 0,
Vo) = o (W ()~ EWy () + S L0 1)

1 N -1

WWN,O (b) + WUN (b).

Using ‘B?VJ‘ < ¢gN7by and again Hoeffding’s inequality as in d), we get

2

with ay = Tog N

pr <aN sup [Wno (b)| > e) < ¢gNTby sup pr(ayn |Wypo(b)| > €)

beBY , beBY ,

2N ¢
< 2¢gN7byexp (_a2—4€c2)
N
2

= 2cpbyexp (T log N — % (log N)Q) — 0
c
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for N — oo such that

log N
sup |Wno(b)| =0 ( )
beBy . | 0 ( )| p \/N

and the first component of s, is

1 1
— b b
i [ o (0 g o ()
1 1
= 5w W O g Wvo ()
N,t

as, forb € By, b>by (1 —N77)— N7 and, hence, for large enough 7,

b° (by (1= N=)—=N-7)
1
= = (1+0(1)).
by
Finally, we have to study
N-—-1 1 1
o b:;}%) WU (b)_@UN (bN)'
N-—-1 1 — 1 1
< — |Un (b) — Un (b S b
S N b;;gTbe\UN( ) = Un (0n)| + =7 b:;iﬁ 7% b%,\UN( N)
N-1)(1+0(NT"
- W DOFOIT) up 0w )~ Un (o)
N beBY ,
(N-1)(14+O(N))

as, for 7, N large enough, by (1 —2N77) < b < by (1 +2N77) for all
b€ By,
From d), the second term satisfies

R igvaﬂ)) Uy (bx)] = O, (ﬁ) to, (%) |
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For the first term, we use from Lemma 5 with ¢ > 1, ay = by (1 +2N77),

an = by (1—2N™) = ay (1 - lfg—N) —ax(1—O(N™))

E(Uy (b) - Ux ()" < ¢ (bWN)Qq (1+2N")* N2

b\ .,
< ¢|l—=) N
< (%)
for some suitable constant ¢, not depending on N, and all b,b € [a, ay].

Following Engel et al. (1994), we choose an arbitrary p > 0, to get

1
pr <N1+7b?v— sup |Uy (b) — Un (by)| > 6]\”’)

Bo
N beBY,

2
T NN 2q 29 \T2qp
< ¢gN"by sup pr |Un (b) — Uy (by)[? > €N
beBY . by
1 N+ 2
< ¢gNToyN~>®¥— sup E ( [Un (b) = Un (bN)|)
e bEBY, . by

cpC _
ZNT 2arpy — 0

if ¢ is chosen such that 2gp > 7. For the second inequality, we have
used Markov’s inequality, and for the third one the bound derived from

Lemma 5. We conclude for arbitrarily small p > 0

1 NP
0,00 [Un (b) — Un (bw)| = 0, N, )
N,T

_a
In particular, this term is of order o, (%) for p < %
N

Together with bound on w5 [Wao (b) — Wi (by)
N

and on ﬁ |UN (bN)l,

we finally conclude

sz = sup [Vo(b) — Vo (bn)]

beBY ,

5 o)t ()
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and we get the same asymptotic rate for Vg (h) — V4 (by) as, for suitably

large 7, s1 is asymptotically negligible compared to s,, and

(Vo (h) = Vo (b)) Lyjn—by|zbx N1
is asymptotically negligible too.

Together with the expansions of V (k) and V; (by), we conclude

Vi(h) = V(h)+Vo(bn)+ (Vo (h) = Vo (bn))

1 / ) 1 N—3
= K3 (v)dv+ O (—) +o (—)
N3, 2 P NB, PN,

o log N o (logN)
"\nNz ) T\ VN )T

It remains to discuss M (h) which follows the same line of arguments as

for V' (h) with some simplification. First note that for deterministic b
EM (b) =0

asv (x,b) = EX’ (z,b). For studying the remainder term M (b)—EM (b) =

Xa’) — Bz, b)} v(w,b)de

M (b) as in d), we write

M) = ﬁ/i{m (3“"
- )

as a mean of i.i.d. random variables with mean 0 by the definition of

v (z,b). Substituting 7% = u, we get
Ry (2)
. i/{KQ w) — B (= + bu, )} v (= + bu, b) du
= bg/{K2 =N (z4+bu) — O ()} (N (2 + bu) + O (b%)) du
= / {K3 (u) = 0*N' (2) = b"uX" (2) + O (b°) } (N (2) + buX" (2) + O (b?)) du

- & / [y (u) + 0 (%)} N (2) + bud (2) + O (1) } du
0 (1)
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using the expansion of v (z,b) from a), a Taylor expansion of A (z) and

for the last step [ Ko (u)du=0= [uKj, (u)du from Assumption 11.

Hence, | Ry (z)| is uniformly bounded in z and b by some constant, say .
Therefore, we may use Hoeffding’s inequality for means of i.i.d. bounded
random variables (compare, e.g., the lemma in Section 2.3.2 of Serfling

(1980) for the one-sided version) and get for ay > 0

prian|M (1) > = pr (\M<b>| > —)

Ne?
< 26Xp{—m} —0
if & — oo, and in that case, we have ayM (b) = o, (1) or M (b) =
N
op ().

It remains to study M (h) for random h, which can be traced back to
the behaviour of M (by) as for V' (h) in e). We decompose

M (h) = M (bx) + (M (h) — M (by))
and then split the second term into

(M (h) — M (bn)) (Lgn—brizbx N} + Lin-byl<byN-1}) -

By the same argument as in ¢), the first term is asymptotically negligible.
For the second term, we again approximate h by h € B} N and we get

for ay = lc\)gﬁN, for Wthh = (log N)* = oo holds,

an [M (k) — M (bN)| Ljn—py|<byN-7}

< ansup{|M (b) — M (b)|;

?

bbe [by —byN~V = N7, by +byN7+NT],[b—b| < N7}
+any sup |M (b)|+ an |M (by)].
beBy .
From the discussion above
) log N
anM (by) =0, (1) ,i.e. M (by) = o0, (%) :
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Using again Hoeffding’s inequality and the same argument as for the
supremum of W (b)| as in e),
2
pr <aN besggT |M (D)| > 6> < 2cpby exp {TlogN ~ 52 (log N) } — 0
ie.
1 log N

s 001 =o (32) = ()
too. Finally, we conclude with the help of Corollary 10 below, that for
|b—b| < N7 with b,b > by (1 —2N7)

VN N-T

an | M (b) — M (b)| <L10 N

(1+O(N7)) =0

for large enough 7. Combining all terms, we get for N — oo

=)

M(h):op<

g) Combining the expansions for E (h), M (h), V (h), we finally have

/ (5\” (x, h)>2d:c

= / (V' (x))* da + Vi / N (x x) dabiy + o (b%) + 0, (bR N77)
1 N—3 log N
b [ K @du+ 0 (_) ror (30 )+ e
Nb?v/ 2 (4] PANBL ) PANGY ) P\ N,
o (logN)
p \/N .
O

Lemma 3. Let the assumptions of Proposition 6 be fulfilled, and set
L() KQ*KQ /KQ K2 'LL—’U)d

a) [uFLy(u)du =0 for 0 < k <3, [u'Ly(u)du = 6 ([ u?K, (u)du)2 =
24.
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1) EL, (355) = 0 ().
) L3 (3%) = 0 (1),

Proof.  a) From Assumption 11, we have, using integration by parts for the
last two terms, [ K (u)du = K'(1) — K'(=1) = 0, [uKs(u)du =
— [K'(u)du = K (—1) — K (1) = 0. Substituting w = u — v, we then

have

/L2(u)du://Kg(v)Kg(u—v)dvdu://KQ(U)KQ(w)dwdvzo
/ wly () du = / / WKy (v) K (1 — v) dvdu

_ //(v+w)K2(v)K2(w)dwdv:0

/ WLy (u)du = / / (v +w)? Ky (v) K (w) dwdv

= / 2K2 dw/K2 dU"‘/” K2 /KQ
—|—2/ng (w) dw/sz (v)dv
=0

and, analogously, as all factors of the form [ K5 (v)dv or [vK; (v)dv

vanish,

/ WLy () du = / / (0 + W) Ko (v) K (1) dwdo = 0
/

u*Ly (u = // v +w)t Ky (v) Ky (w) dwdw

= /QKQ()d/ w? K (w) dw

and, again by integration by parts, using Assumption 11,

/UQKQ(u)du:—Q/uK’ u—z/K
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b) By a Taylor expansion up to order 4, we have for 0 < 6 < b,

3
1 1

_ ON(0) () 20 14y (4) !

Az+bu) = Egzob)\ (z)g!u +b*A (z+6u)4!u

3
1
= > VAV (2) U o)
=0

uniformly in u € [-2,2], 0 < z < 1, as A¥ is bounded. Substituting

r—z

b

EL, (@) - //L2 <x;2))\(9:))\(z)dxdz

= b//LQ(u)/\(z—i—bu)du/\(z)dz
= b/)\(z) {Zbg/\(g) (Z)%/UKLQ (u) du+0(b4)}dz

_ow).

u= , we have, using a) for the last equality,

c) Substituting u = 7, v = 7, we have for some C' > 0,

EL2 (¥> - //Lg (?)A(z))\(z)dxdz
. / / L2 (u — v) A (bu) A (b) dudw

2
< C-bmaxL;(w) (max)\ (u))

~ 0

as A is bounded and L, has a bounded support.

Lemma 4. Under the assumptions of Proposition 6,

nqm—v@ﬂgL.K;“m<a5<L

m

for some suitable constant L > 0 and b,, = min (b, B).
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Proof. Throughout the proof, C' denotes a generic constant which may assume

different values. We write

1 2 1 &
V() = /(b3G(w b)) dz, G (z,b) _Ng (2,D)
—X.
g; (.CC, b) = K2 (xfb]) — 631/ (.CE, b) .
Due to Lipschitz continuity of A,

|b31/ (z,b) — b*v (2,0)|
= ‘b/Kz(u))\(:v—bu)du—b/Kg(u))\(x—bu)du

< C.‘b—b’+b‘/K2(u){)\(x—bu)—)\(a:—bu)}du

< C-|b—1

as K, is bounded and b < 1. Due to Lipschitz continuity of Ky

(57 e (5| seteuf

as =, X; € [0, 1]. Hence, uniformly in j and

[o—9]

<C-
bm

W

‘gj (,b) — gj(x,5)|§0-—

and, then,

|G(9:,b)—G(x,b)]§C’-u.

Note that K, and v are bounded, such that G (x,b) is bounded too, such that

we also have

|G? (z,b) = G* (z,b)| = |G(x,b)— G (2,b)] |G (x,b) + G (z,b)]
[o—?]
< C- PR

m
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Finally, we get

_ 1 _
V(b)) -V (b)] < ﬁ/lGQ(x,b)—Gz(:c,bﬂdx
1 1
+ TG /GQ(x,b)dx
O [N [ I
S pe O sC T
using the mean-value theorem for the function 7 76 O]

Corollary 10. Under the assumptions of Lemma 4

M (b)—M ()| <L- ’bbg b{,0<b,5§1
for some suitable L > 0.

Proof. As v (x,b) is uniformly bounded in x, b, which follows from the proof of

Proposition 6, a), using boundedness of K and \”, we get from
1
M (b) = ﬁG (x,b) v (x,b)dx

with G as in the proof Lemma 4
1

prey - < [

1 _
+/b3G(x b) |V (,b) — v (x,b)| dz
[ P |

R B

m m

G (x,b) — —G (z,0)|v (z,b) dz

< C-

where, for the first term, we use the same arguments as in the proof of Lemma

4 and for the second term boundedness of G (z,b). O

Lemma 5. Let the assumptions of Proposition 6 be satisfied. Let for some
ay > 0 with a% = O(N™) and Nay — oo, the bandwidths b,b satisfying

ay =ayn (1 —O(N™)) <b,b<ay. Then, for ¢ > 1 and some ¢ > 0
E (Uy (b) — Uy (b)) <c(“N) N2
N N N :
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Proof. The proof follows the same line of argument as the treatment of Si; in

the proof of Lemma 3.1 of Hall and Marron (1987). Recall that

Uy (b) = m ; Ry (X, X;)

with
Ry (X1, X2)

= () e (e () e () oo

As X3, X5 are independent, ER;, (X, X3) = 0, and we even have

E{Ry (X1, Xo) | Xo} = 0=E{R, (X1, X5) | X1}.

a) Let Ly (2) = [ K> (u) K3 (2 — u) du be the convolution of K, with itself.
As K has support [—1,+1], Ly has support [—2,+2]. Note that, using

the same notation as in the proof of Proposition 6,

- X .
EK, (xfbl) = BEX (2,b) = bv (2,b).

r—v

b

/K2 <$;u>K2 (x;v)dx:b/Kg <z—u;U>K2(z)dz:bL2 (“;”)

Due to independence of X7, X5,

X, - X X X
bEL, (%):/EKQ (x ; 1>IEK2 (x ; Q)dx:bﬁ/u2(x,b)dx.

Writing
Ry (u) = /b31/ (,b) {Kz (x > “) — W (a, b)} da

which satisfies ER;, (X1) = 0, we get the decomposition

Ry(X1,X3) = b {L2 (%) —EL, <¥)} — Ry (X1) — Ry (X)

= Ab (X1 - X2) - Rb (Xl) - Rb (XQ) .

Moreover, substituting z = and using symmetry of K,
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b) Using Lipschitz continuity of Ky and X, Xy € [0, 1], we have for some

constants c, ¢

pra (B572) o (252
x— X3 r— X1 r— Xo

K - K - K

Jlea (557 ) = (557 o (572 )
1‘—X2 x—XQ

;e - K _

() - (75)

K5 <£L‘—bX2> d:E+/|ﬂZ—X2|

(b+) <265 [b -]
N

IN

IN
o

< ¢

substituting z =

xbe_2 respectively z = I*_le Noting that Ly (%) _

0 for | X; — Xs| > 2ay if b < ay, we also have

Xi— X\ - [(Xi—-X - X, - X
‘bLQ (T> L, (T)‘ <26 b} Ao sy (_) .
N N

Note that from substituting v = ﬁ, v ==

an
X1 —X r—z
El[_2,+2} ( 1aN 2) = //1[_27+2} ( an > A(.ZL‘)A(Z) dzxdz

= ay / / 1o 49 (u —v) A (anu) A (anv) dudv = O (a?v)

as A is bounded. Hence, we have
1Ay (X1 — X)) — A (X1 — Xy)| < 252—% b — b {1[_2#2] (Xla;NX"’> +0 (a?\,)} .

c¢) From the proof of Proposition 6, a), we have
‘u(m, b) — v (x,l_))‘ = %VK })\(4) (:c)| : ‘62 — l_)2| + 0 (a%)

for b,b < ay, and therefore, with some constant ¢ > 0, using b> — b*> =

(b—1b) (b+10),

v (%,b) — v (2,b)| < can [b—b| + 0 (a}).
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For getting an upper bound on |R;, (X;) — R (X1)|, we decompose

[ v, (I ‘le) By (2.5) Ko (‘” ‘BXl)
a?’v/}y(x,b)—y(x,g)‘ ‘KQ (x ‘le)
s [ v ()] ‘KQ(
{cad [b—B] +o0 aN:}/WKQ(x Xﬂ)‘
—m%/&M—Xﬂw%—gbm

3
éaly [b—b] + o (a%) + = |b—b|
N

dx

IN

IN

IN

_ay 7 6
= c—oé2 |b—b|—|—0(aN)
N

with suitable constants ¢, ¢, ¢, where we have used boundedness of v (z, b),
x, X1, Lipschitz continuity of K, and, for the last inequality, substituted
U= % Note, from ay < b,b < ay, ay — ay = ayO (N77), the first
term in the second last line is o (a%;) too. The same inequality also holds

for the expectations, such that we finally get
a3
IRy (X1) — By (X3)] < NM—H+0( %) -

Combining this with the inequality for A, (X; — X3) from b), we finally

get for some ¢ > 0

| Ry (X1, Xo) — Ry (X1, X))

=] {1 () w0 @) f o (a8)
N N
X — X
= O (N_V) {1[2,+2] (—laN 2) +0 (a?\,)}

as [b—b| < ay—ay =ayO0 (N7), % = % (1+O(N7))and o (a%) =

IN

ayo (ay) = o(ay N77).
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d) Using the abbreviation py = we write

2
N(N-1)’
Un (b) = Un (B) = px > (R (X, X;) — R (X X)) = pv > Dij.
i#j i#]
Then, for any q¢ > 1,

EUyv®) ~Uv ()" =p D EDij D,

0171, 5i2qFT2q
Following Hall and Marron (1987), we rearrange the sum with regard to
the number m of different indices in {i1, ji, ..., 2, Jog}, m = 2,...,4q.
In the m-th group, there are at most ¢,N™ terms for some constant c,
depending only on ¢. Note also, that in the groups m = 2¢ + 1,...4q,
all expectations are 0, as, in this case, at least one index, say w.l.o.g. 7y,

only appears once, and then

EDjjy - Diggjoy = E (]E {Dim [ X1 Xigy Kooy Kigg qu} Diyjy -+ Diijéq)
= E(E{Dij,|Xj,} Dirj -+ Dinyjo,) =0

as D, j, is independent of Xy, k # i1, 71 and E{R; (X;, X;)|X;} = 0 for

LF .

Using the upper bound on |D;;| from the end of ¢), we conclude for some

constant ¢
E (Uy (b) — Uy (0))* < ¢+ p2 Z N™O (N727)
where 7),, is a bound on

EH (1[ 2,42] (X — X )+O(@?v)>

for i1, j1, ..., %24, Joq from group m, i.e. containing exactly m different

indices.

Write 1;; = 1_2 42 <X1_NXJ'>, and use 1fj = 1;; for all £ > 2. For m = 2,

as iy # je, we only have the case where i; = -+ =19, # j1 = -+ = Jag.
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and the expectation is
E (liljl + O ((I?V))Qq = Eliljl + O (CL?V) . Eliljl = O (a?\,)

as, from b), E1;; = O (a%) for i # j. We conclude 1y = O (a%). By
the same argument, the dominant term in the expectation is always

E1;,;, - 14,5, For given m, this results in an m-fold integral of a prod-

uct of indicator functions 1j_5 4 (Z’“ajvze> with respect to A (21), ..., A (2m)-
Substituting u; = ;—]’“V, this becomes a{} times the m-fold integral of the
product of indicator functions 1;_y ;9 (us, — ug) with respect to A (anuy),. . .,
A (anty,). As X is bounded and the indicator functions are bounded with
bounded support, this integral is O (1), and, therefore, n,, = a%O (1),
and we finally have
2q
E (Uy (b) = Ux (0))*" = p2Y N™aR0 (N721)

m=2
2q

< Y (Naw)" 0 (N)

m=0

= oo (v b

L

from the formula of the geometric sum. As py = O ( NQ) and Nay — 00,

2q
the right-hand side is 250 (N727).

4.2 The two-dimensional case

We now study the analogous two-dimensional problems where we have to derive

asymptotic expansions for
Aié://)\iz’ (w1, 02, H) Ao (21, T, H) dz1dy
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for 7,/ = 1,2 with random diagonal bandwidth matrix H. We need the follow-

ing assumptions:

Assumption 12. \ is 4-times continuously differentiable on [0, 1]2, and the

partial derivatives of order 4 are Holder continuous with some exponent 5 > 0.

The kernel K has to satisfy the previous assumptions 1, 2, 4, 7, 8, 9, which

we state again as following:
Assumption 13. We make the following assumption for the kernel:

i) K(uy,us) is a non-negative kernel function on [—1,+1), integrating to

1.

it) K is twice continuously differentiable, and the second-order derivatives

2 . . . .
Ky (uq,uz) = %K (u1,us), i = 1,2, are Lipschitz continuous.

iii) K and its first-order derivatives K; (u) = 52K (u) satisfy the symmetry

conditions

CL) K(:l:LUQ) = K(ubil) = 07
K;(£1,up) = K; (uy,£1) =0, i = 1,2, for all =1 < wuj,us < 1.
b) [wK (u)du; =0 for alluj, j #i,i=1,2.

¢) [ JulK (u)dugduy = Vi, i = 1,2, [ [w?K (u)duiduy = 0, i =
1,2.

Note that from iii)a), we in particular have

//KH (1, ) dusdus :/(K1 (+1,u5) — K1 (—1, up)) dup = 0

and, analogously, [ [ Kz (u1,us) duidus = 0 too.
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Theorem 4. Let Assumptions 12 and 13 be fulfilled. Let hy and hy be se-
quences of random bandwidths which can be approximated by sequences of de-
terministic bandwidths converging to 0 with the same rate such that for some

0<by —0(N— o0)
hi = Bibn (1+ 0, (N77))

for some v > 0.

Then, fori=1,2

i //5‘221 (ZEl,.Q?Q,H) dﬂfleEQ
2 2
2 2 2 a
= //)\zz (l’l, $2) dxldl'g + bNVK / / )\“ (f]?l, .TQ) Z ﬁg @)\u (fEb .1'2) d$1dx2
=1 ¢

Nﬁﬁﬂ4b6 // dulduQ—i-RN”
172

—>
I

A = / / Mt (21,29, H) Ao (1, 22, H) dyday

///\11 ($17332))\22 ($1,$2)d5€1d1‘2

2

V 02 0
2, YK K //Zﬂz {/\11 (w1, 22) 9 2/\22 (z1,22) + Aoz (21, 22) 2 2/\11 ($17$2)}d$1d$2

1

Nﬂ NBE, //Ku (u) K22 (u) durdug + Ry 12,
1

where the remainder terms Ry, ©,¢ = 1,2, are all of the order

_ 1 N log N log N
a2 58120, ) o ) (22 (52

N

Note that the transition from dimension 1 to 2 changes the rate of the variance
part from (NV3,) ™" to (NBS,) ™" whereas the rate of the bias part of the expansion

remains b%;. This is in line with well-known other results on kernel estimates.

Proof. As the proof is completely analogous to that of Proposition 6, we only

formulate the main steps. H, B denote diagonal bandwidths matrices with
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random entries hy, ho respectively with deterministic entries by, by. From

Condition 2, :—]\’] — B; > 0 for N — oco. We also consider only deterministic
P

sequences of bandwidths sharing this asymptotic behaviour, i.e. by, by have the

same rate which is given by by. In particular, we frequently use O (b’fbg) =
O (Vi) k, € > 0.
We introduce
1 .
v; (Q?l, T2, H) = ﬁ K“ (Ul, UQ) A (.1'1 — hlul, Lo — thg) duldu2, 1 = 1, 2
such that for deterministic by, by
Vi (561796’2, B) = Ej\m (SE‘1, T2, B) .
We first consider the integral of A2, (z, 2, H), and split it into

/ / 52, (1, w9, H) dardas = B (H) + 2M (H) + V (H)

E(H) = //l/lz(l’l,l’Q,H)dIldIQ,

M(H) = //V1 ($1,ZE27H) {;\11 ([El,JZQ,H)—Vl (ZL‘l,ZEQ,H)}deleL‘Q
a 2

V(H) = //()\11 (wl;xz,H)—Vl (371,332,H)> dzdx,.

The treatment of the integral of 5\%2 (21,29, H) is completely analogous. For
the integral of A1 (21,29, H) Aos (1,9, H), we discuss it at the end of the
proof.

a) From the proof of Proposition 3, a), we have
1, &0 0
1 (:L'1,ZE2,H) = A1 (;L'1,172) + §VK ;h?aix?An (xl,mg) + Op (b?v+6 (1 + 0p (Ni’y)))

and, then, writing By for the diagonal matrix with entries 1by respec-
tively Boby

2
1 0?
vi (21,22, H) —v1 (z1,72, BN) = §VK E (hi — B7b%) ol A1 (z1,22) + 0p (b?\,'HBN*V)
= op (BANT).
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b) From the boundedness of v (z1,x2, B) and a) we get

2
82
//)\%1 (.’L‘l,mz)d.ljdl? + VK//)\ll ($171'2) Zﬁ?w)\u ($17$2)d1‘1d1'2 . b?\]
i=1 i

+o (b%) +o0p (BAN).

c) Using vy (21,29, B) = E\; (1,9, B), we have for deterministic by, by

1 r1 — X1 29— X
EV(B):W//VMKH< ! , o i, 12>dx1dx2.

Using again boundedness of v (x1, 22, B) and

— X1 12—

X
s 12 :b?b2yl (513'1,372,3)
by b

EK), (xl

we get

EV (B)

1 r1 — X1 w2 — Xq2 1// )
= o | | B daydry — - B)dayd
Nb?bg// 11( by ’ by > r1dT2 N vi (z1, 2, B) dridas
! 1
= b, K} Aay —b — byuy) duydugda d 1
Nb?bz//// 11 (w1, u2) A (1 — bruy, w2 — boug) duydugda; x2+O<N>
1
= m////KIZI (U17U2)>\($17$2)du1du2dxldx2
Nbob ////Kll Uy, U2 { Zb U/z 1 x17x2 +O(b1+b2)}du1dU2dx1dx2
2
0]
(%)

1
= b5b2 //Kll Ul,Ug)dU]dU2+O (Nb5 )

d) To study the asymptotic behaviour of V' (B) — EV (B), we decompose

1 N —1

B)= —— B)+ —— B
with
_ Xj1 2= Xjo\ 3 ’
WN (B) Nb1b2 Z Kll 1 5 b2 b1b2V1 (.%‘1,3?2,3) dxldl‘g
= NZQB (XJ)
j=1
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being a mean of i.i.d. random variables, and

2 r1 — Xii @2 — Xip 3
Un(B) = N(N—l);// <K11< b by ) — bibovy (ml,mQ,B))

— X - X;
Ky (B2 2 A — bibovy (1,22, B) | dzidas
b1 b2
2

= ¥ oD ;RB (Xi, X;)

being a U-statistic with kernel Rp.

o ~X; —X; T T
Substituting u; = = 7 L ouy = mb—f, u = (uy,uz) , Bu = (byuy, bous)

QB (X]) = // (Kll (Ul,’LL2> — b?bgyl (XJ + Bu,B))Qduldug < C, 1 < ] < N

and we can again apply Hoeffding’s inequality, to show

1 log N log N
— (Wx(B)—EWx(B) =0, | —2— | =0, [ —=— | .

For the second component, we decompose

Rp (X1, X5) = biby{Ly (B~ (X2 — X)) —ELy (B™" (X2 — X1)) }

—Rp (X1) — Rp (X2),
where Lo, Rp are defined as

Ly (u) = //Kll (v) K11 (v — u) dvydug, u € R?,

1 —Uu T2 — U
RB (u) = //b%bgvl (wl,l‘g,B) {Kll ( 1b 1, 2b 2) —b%bgyl (1‘1,33‘2,3)}(1331(1]}2
1 2
= //b‘{bgul (u+ Bz, B) K11 (2) dz1dzs + O (b$b3)
- //b;*bgAu (u+ Bz) K11 (2) dzidzg + O (b563) + O (b103)

= blp? / / Ki1 (2) {11 (w) + VT Aiq (w) Bz + O (b +b3) } degdza + O (bY)

= 0(%)
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as from Assumption 11, the integrals of Ki; (z) and of 2K, (2) vanish.
Hence, @RB (u) is bounded, and we also have ERg (X;) = 0, such that

we may again apply Hoeffding’s inequality to get

1 ﬁ:R (X)) (logN)
- (X)) =0
and

1 1 - log N
— B)=— B —
0 )= g0 8o ()

where Uy (B) is the U-statistic with kernel

Ap(z—2) =biby{Ly (B (x — 2)) —ELy (B™' (X1 — X)) } .

We set (g (x) = EAp (r — X3), ¢ = varlp (X1), ¢ = varAg (X7 — X»).

By the same argument as in the proof of Lemma 6, b),

bybs / / Ly (B (z— 2)) A(2)dzdzy = b2D2 / / Ly (u) A (z + Bu) duydus,
O (by)

uniformly in z, which implies ¢; = O (b}¢). From Lemma 6, b), c), we

have
Gy = b%bgvarLQ (Bi1 (X1 — X2>) S b%ngLg (Bil (X1 — XQ)) =0 (b?\;)
such that from Lemma A in Section 5.2.1 of Serfling (1980)
; Y Lo (%

and

1 -~ 1 1
— UnB) =0, (—— ) +0, [~
g () (m) p(Nb@)

and, correspondingly,

1 1 log N
i B) = S .
g ) Op(Nbx)“p(m)
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Together with the bound on Wy (B) — EWy (B), we finally have

1 log N log N
N

e) For random bandwidths hq, he, we decompose V' (H) into
V(H)=VH)+ (V(H)-V(H)),

where

<
E
Il

ﬁ?h%////l(fl (H™" (2 — w)) A (u) duydusdzidz,

—%//V% (21, 29, H) dz1dxs

— ﬁi’hg////l(ﬂ (v1,v2) A (z — Hv) dvydvadzidze
—%//V% (21,29, H) dz1das.

From ¢), V (B) = EV (B) for deterministic B. Using the same expansion

as in c), together with h; = B;by (1 +0, (N77)), 1 = 1,2,

_ 1 N 1

V(H) = m//[(fl (Ul,UQ) duldU2+0p (N—b?v) —l—Op (N—b?v) .

It remains to study Vo (H) =V (H) — V (H), which we decompose as
Vo (H) = Vo (Bn) + (Vo (H) — Vo (By))

writing By for the diagonal matrix with entries S1by and (oby. From

d),

1 log N log N
Vb (BN) =V (BN)—EV (BN) = Op (W) +Op (%)—FOP (]\(;%—bﬁ> .
N 20N

We split

Vo (H) = Vo (Bw) = (Vo (H) = Vi (By)) (Lag + Lay )
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where Ay = {|h1 — Biby| < Biba N7} N {[he — fabn| < B2by N7V} As
in the proof of Proposition 6, e), we have that, due to h; = B;by (1 4+ 0, (N77)),

t = 1,2, the first term of the right-hand side is asymptotically negligible.

For the second term, we approximate h by h from a finite grid B?VJ,
where By ; is defined as in the proof of Proposition 6. In particular, we

have ‘hi —Bi’ <N, 1=1,2. We set

BY: = By, ,N(Biby(1-=N7) = N7 Biby (1+N7)+N77)

% (Baby (1= N77) = N7, by (14 N7) + N7).

Note that B}? satisfies |B}%| < cpN?7b% for some constant cp > 0.
We decompose, with H denoting the diagonal matrix with entries k1, ho,
Vo (H) = Vo (Bx)|1ay < [Vo(H) = Vo (H)[1ay + sup [Vo(B) = Vo (Bw)|

beBY
< Sl + 827

where, with B denoting a diagonal matrix with entries by, by

Si
= sup {|Vo (B) - Vo (B)|;
|bi —bi| < N7, bib; € [Biby (1=N77) =N, Bby 1+ N)+N7],i=1,2}

S Sup{|VO(B)—V0 (B)|,bZ,EZ ZBZbN (1—2N77),|b1—51| SNﬁT,Z: 1,2}
4L

<
= N

(1+0(NT))
from the Lipschitz property of V (B) stated in Lemma 7.

For getting a bound on Sy, we decompose as in d)

1 N -1

B)= —— B)+ ——Ux (B
V(B) N@@WW()+2Nw@UN()

and, with WN,O (B) = WN (B) — EWN (B), using EUN (B) = 0,

1 N -1

B)= —— B) 4+ — —
Vo (B) N@@W%p()+2N@@

Uy (B).
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Using ’BX,2T| < cgN?"b3;, we get from Hoeffding’s inequality as in d) and

using the same argument as in the proof of Proposition 6

log N
sup |[Wno(B)|=o ( )
beBY2 "\ VN

and the first component of Sy is

1 1 log N
sup | —=—Wno(B) — ——=Wno(Bn)| =0 :
beB]’lY\?%_ Nb?bQ N’(]( ) N/BIS/BQZ)?V N70( N) P (Ngb?v>

Finally, we have to study

N -1 1 1
—Un (B) — ———=Un (B

v b [ ) e, O ()

N-1)14+O(NT

< W DUXOND) wp 0w (8) - U (Br)

N beBY2

(N-1)(14+O(N7))

Unx (B

as, for large enough N, 7, Biby (1 —2N77) < b; < Biby (1 4+2N77),
1=1,2, forall b e B]Vi Again, from d), the second term satisfies

S BSO0D y (51—o, (1) o, (252).

For the first term, we use Lemma 8 with ¢ > 1, a;ny = S;bn (1 +2N77),

iy = Biby (1 =2N77),i=1,2,

E(Ux(B)~Uy (B))" < e (%) (1N N

b3\
< e(X) N
< (%)

for some suitable constant ¢, not depending on N, and all b, b with b;, b; €
[ain, ain], © = 1,2. Using the same argument as in Proposition 6, we

conclude for arbitrarily small p > 0

s, U (B) = Uy (Bx)] = oy (i )

3 I+vpp
bN beB%ﬁT N Fbe
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NG > for p < 2. We finally

29 [N)

In particular, this term is of order o, (N

conclude

log N N—3 1 log N
o (zvzbﬁ ) o (Nb?v) o (Nb;lv) “”( VN ) |
N

and we have the same rate for Vy (H) — Vi (By), as Sy is negligible for

large enough 7, and (Vo (H) — Vo (By)) 1 4¢ is negligible, too. Together

with the expansion of V (H) and V; (By), we conclude

V(H) = V(H)+VW(Bny)+ (V(H) -V (BnN))

1 ) 1 N
= g | [ Kb a0, (o) vo (15 )

o log N ‘o (logN)
g ) T U )

For deterministic B, we write

N
1
M (B) = W%ZRB (X5
7=1
where Rp (u) is defined in d). From d), we therefore have M (B) =
log N

Op <%>
To study the behaviour of M (H) for random H, we decompose it as

M (H) =M (By)+ (M (H) — M (Bv)),
where By is defined in e). We split the second term into

M (H) = M (By) = (M (H) — M (By)) (Lag +1ay)

with Ay as in e), and, as there, we conclude that the first term is neg-
ligible. The second term is treated as (Vo (H) — Vo (By))1a, in e) by

approximating hy, he by the closest grid points hy,hy in B N

|M (H) = M (By)| 1ay < [M (H) =M (H)|1ay+ sup |M(B) — M (By)].

beBY
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The first term is again asymptotically negligible for large enough 7 using
the Lipschitz property of M (B) from Corollary 11. For the second term,
we use

sup [M (B) — M (By)| < sup [M(B)|+ |M (By)|,
beBY” beBY2

where M (By) = o, <l<\)/g]iv\/> from the considerations above. Using Ho-

effding’s inequality, noting that EM (B) = 0, and the same argument as

in the proof of Proposition 6, we also get the same rate for the supremum

log N
sup M (B)| = o ( )
beBY, "\ VN

and, finally,

M (H) = o, (logN) .

VN
g) Combining the expansions for £ (H), M (H), V (H), we finally have

//5\%1 (1,29, H)dzdze

32
//)\11 T1, T2 d331d$2+VK//)\11 r1,2) 628 2)\11 (21, v2) dvdaabiy

b b3 —_— K3 (u)dud
+0( N) + Op( ) + Nﬁlﬁ2b?\[ // 11 u1duU
1 N— log N log N
(@) — —_— .
+ p<Nb5>+op<Nb?V>+op<N3b?v>+op< kN>

h) The asymptotic expansion of the integral of A2, (z1, 22, H) is obviously

the same as in g) with 1 and 2 exchanged. The decomposition of the

mixed term is

//5\11 ($1,$2,H) 5\22 (l’l,.fQ,H) d.fCldLCQ = El (H) —M/ (H) +Vl (H)
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=
E
[

//1/1 (l’l,l'Q,H) Vg ($1,$2,H) d.’Elde

M/(H) //ul(ocl,xg,H) 5\22({,61,3?2,[’[)—V2(£U171'2,H)}d$1d272

//y2 w1, @9, H )\11 (21,22, H) — 11 (ml,xg,H)}dxldxg
V' (H) = // [ e H) = v (e, H) Y { B (0, H) = v (20,20, H) s,
Using a), we get analogously to b)
E (H)

///\11 (3717332))\22 (331,332) dzidzs

2 2

b2 2 0
_|_7NVK//Z@? {/\11 (9617372) 87%2/\22 ($17$2) + Aag (1“1, 332) 87%2/\11 (3017902)} dzidzy
+o (b)) +0p (A NT7).
Using v; (l‘hxza ) E)\ii ($1>$273)

EV’ (B)

N
1 z1 — Xi T2 — Xi2 1 — X1 T2 — Xjo
= —— K K dzid
szzllb% //”Z:I COV( 11 ( by ) by ) ; 1A22 < by ) by T1dT2

1 _ _ _ _
- Nbipd //COV <K11 (ml 171)(11 ’ - b2X12) » Koz (xl 171)(11 ’ - b2X12)> dz1des
102

as X;, X; are independent for ¢ # j. Similar to c¢), we conclude

/ 1
EV (B) Nb3b3 //K11 ul,u2) K22 (Ul,UQ) duldUQ—l—O (Nb5 ) .

We decompose as in d)

/ ]. ! N - 1 /
V (B) = w U
with
1 & 2
Wy (B) = NZQB(Xj)vUN(B):mZRB(XiaXJ)
i=1 i#5

Qp(X;) = Zale//{K“< : h =2 b ]2> —b:f’bzl/l(xlaﬂ«“zaB)}

{K22 (ml ™ ]1,:]62 5 ]2> — bybyvg (w1, T2, )}d$1d$2

Ry (X, X;) = //{Ku (ml Xit 12— 0 ’2>—b bovy (a:l,a:g,B)}

- X - X
{K22 (xl b Jla 72 b ]2> —bgbllﬂ ($1;$2>B)}dx1dx2.
1 2
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As in d), we conclude that Q' (X;) is bounded, and, then, from Hoeffd-

ing’s inequality

1 / / B logN | log N
N (Wi (B) - EWy (B)) = o, (N—b?bg> — o, (Nib?v> .

For the second component, we decompose

Ry (X1, Xs) = biby {L; (B~ (X, — X2)) —EL, (B (X, — XQ))}

—Rj5 (X1) = Ry (Xa)

with
L/2 (u) = //Ku(u) Koy (v —u) dvydvg, u € R?
R;B (u) = //b§b1u2 (1,29, B) {Ku <x1b1u17x2bQu2> — b3bouy (zl,IQ,B)}dxlsz

//bgb%z (u+ Bz) K11 (2) dzidze + O (0%

R; (u) = //b?bglll (l‘l,.TQ,B) {KQQ <x1b1U17IQb2UQ> —bgblllz (Il,l‘g,B)}dCcldl‘g

//bg‘bgAu (u+ Bz) Ko (2) dz1dzs + O (b%) .

By a Taylor expansion of Agy respectively Ajq, we conclude as in d), that
@ (R (u) + R (u)) is bounded, and, using that its mean is 0 and
Hoeftding’s inequality,
1 ’ 1 -, log N
— Uy (B) = Uy (B) +o (—) ,
bipd "N bivd N "\ VN
where Uy, (B) is the U-statistic with kernel

!

Ny (z — 2) = biby {L2 (B~ (z — 2)) —ELy (B~ (X, — Xz))} .

An analogous result to Lemma 6 with L replacing Ly follows by exactly

the same arguments, such that we conclude as in d)

1

’ 1 IOgN
B) =0, (-—— e
g () =0 (Nb?v) +O”( VN )
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and, therefore,

/ / 1 log N log N
N

For random bandwidths hy, hy, we decompose V' (H) as V' (H) = V' (H)+

(V' (H) = V' (H)) with

—_/

7
— h4h4////K11 Yz =) Koo (H™' (2 — w)) A (u) dugdusdzidzy

//Vl (xl,xQ,H)I/Q (xl,acg,H)dxldxg
— 1

N
= KH ul,UQ) Koo (ul,uQ) duidus + o () + 0 <>
Nh3h3 / / P\NBS, ) P\ Vg,

! -/

by the same argument as in e). Vy (H) = V' (H)—V' (H) is decomposed

as

/

Vo (H) = Vy (Bx) + (Vo (H) = Vg (Bv))

and it can be shown exactly as in e) that the second term has the same
order as Sy in e). The order of the first term V, (By) = V' (By) —
EV' (By) has already been given above as By is deterministic. We finally

conclude
V' (H) = ! //K u) Koy (u) duydug + O, L) o, (2
= N6163b6 11 22 urdus Nb5 Op NI

log N N <logN>
op | —— op | —— ).
"A\ncg, ) T\ VN

Finally, M’ (H) = Op <1%V> can be shown analogously to f). Combining

the expansions of E' (H), M (H), V' (H) we have

//5\11 (21,22, H) Agg (21, 22, H) dz1das

1
//)\11 (1'1,1'2))\22 (xl,(EQ)dl'ld.’EQ-’-AWS//Kll ('LL) K22 (U) duldu2

2 82

0
NVK//Zﬂ {/\11 (1'1,1'2)8 2)\22 ($1,1'2)+)\22 (:Cl,(EQ)a 2)\11 (1'171'2)}d$1d1'2
_ 1 N—7
w0, 1) o+ (35
log N N (logN)
o, | —— o, | — | .
PANES, P\ VN
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Lemma 6. Let the assumptions of Theorem 4 be fulfilled, and set

Ly (u) = //KH (v) K11 (v — ) dvydo,.

//Lg (u) dugduy = 0,
//uiLg (u) duydug = 0,
//uiujLQ (u) duydug = 0,

//UinukLQ (u) duydug = 0.

b) EL, (Bil (X1 — XQ)) =0 (b?\/[) with by = max (bl, bg)

a) Fori,j,k=1,2

¢) EL (B~ (X1 — X3)) = O (b303).

Proof.  a) Recall that from our assumptions

//K11 (U) duldu2 =0
//uiK (u) duydug = 0,7 =1, 2.

Substituting w = u — v, we then have

/ / Ly (u) duyduy = / / / / K (0) Koy (v — u) dogdvsdurdus
= / / K11 (v) dvydoy / / K11 (w) dwydws = 0

/ / wi Ly (w) duydus = / / / / (v + w;) K1y (v) Ky (w) dvydvgdw; dws = 0

and
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//uiung (u) dugduy = //UinKu (v) dvldvg//Kn (w) dw;dws
—|—//wiij11 (w) dwlde//Kn (v) dvydvy
—|—//viK11 (v) dUldUQ//ijll (w) dwydws
+//ij11 (v) dU]_dUQ//wiK]_l (w) dw;dw,
0

The last relationship is shown analogously.

b) Substituting u; = = Ry = (uy,uz) ', we have

b1

EL, (B (X1 — X,)) = ////L2 "z = 2)) M) A (2) dzidzadedas

= blbg////Lg(u))\(z—i—Bu)dulduz)\(z)dzleQ.

For a multi-index o = (ay, ), a1, e > 0, we use the common notation

2
la| = a1 + ag, a! = aqlag!, u® = uf'ug?  for u € R?,

olel
Dy = WQ for a function g : R* — R.

Then, we have the Taylor expansion of A (z + Bu)
A(z+ Bu) =X (z —i—ZZ Bu)* + O (by) -
(=1 |a| — @ !
Using (Bu)® = b8 uS" b52ug? = b by ' uluy~ for |a| = ¢, the integrals
of the first four terms in the Taylor expansion multiplied with Lo (u)

vanish by a). Hence

c¢) Substituting u; = b , Uy = 2, v , Vg = we have

EL; (B (X1 —X,)) = / / / / L3 (B (z = 2)) A(2) A (2) dzydzadrdas

= b262////L2 u —v) A (Bu) A (Bv) dujdugdvdosg

= O (b%2)

b Y
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as A is bounded and L, has bounded support.

Lemma 7. Under the assumptions of Theorem 4,

o~ 5]

10
bm

,b,b e (0,1)

V(B)-V(B)|<L-
for some suitable constant L > 0 and b,, = min (bl, by, by, Z_)g).

Proof. For abbreviation, we write

1 2
V(B) = //(@G(%JLB)) dzidws,
N

1
G (x1,29,B) = N Zgj (w1, 29, B) ,
=1

T, — X1 To— X
g (37171'273) = K11( . b Jl, 2 b . ) —bi’bzm ($1,Q32,B)~
1 2

From Lipschitz continuity of A, using C for generic constants with varying
values and by = max (bl, by, by, Bg),
‘b:{’bzyl (.%1, 9, B) — Biggyl (1‘1, 9, B) |

ble / / K11 (Ul, 'UQ) )\ ($1 — blul, Tro — b2u2) duldug

- blbg//Kll (ug,ug) A (:1:1 —biuy, Ty — BQUQ) duidus

C ’blbg — 6162‘

IN

+b1by // | K11 (w1, u2)| ‘)\ (z1 — biuy, zg — boug) — A (z1 — by, x — BQUQ)‘ duidus

IN

C b ([ = |+ b2 = ) + C B o= B < € b =

as K11 has bounded support, and as by; < 1. From Lipschitz continuity of
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2

T —le IQ—X]'Q ;Ul—le {EQ—XjQ
K - K = -
‘ 11 ( bl ) b2 11 bl ) bg

< e |P= X - Xi =X w - Xl
- b1 Bl by 62
1 _
= o (b =5+ (b2~ B)")
2
— -

as 1, Ty, X1, X2 € [0,1]. Hence, uniformly in j, 21,29, as byy <1 < b2

19) (21,23, B) — g, (1,20, B)| < C- (bM+ : ) I3
=]
and, then,
G (w1,22, B) ~ G (21,72, B)| < C- o [lo~ ]
As K11, v; are bounded, G (71, 2, B) is bounded to:, and we get
(G2 (1,00, B) — G* (11,20, B)| < C % o — 5]

too. Finally, we have

‘V(B)—V(B” S i//|G2<£IZ'1,.Z'2,B)—CTY2 ($1,$2,B)’dl’1dl‘2

biQ _b6b2 // $1,$27 d$1d$2

¢ o=, . M-8
=B b
o (Ll

le )

<

where we use for i = 1,2, / =6 or 2
|0f —b| O (max (677", 6;71)) |6 — b
b bl

1
Bt — pt

and the boundedness of G2.
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Corollary 11. Under the assumptions of Lemma 7,

1o -2

10
bm

|M (B)— M (B)| < L-

with by, = min (by, by)
for some suitable L > 0.

Proof. From the proof of Proposition 3, a), vy (x1, x2, B) is uniformly bounded

in x1,x9, B. We write with GG as in the proof of Lemma 7
1
M (B) = @//G(%JQ,B) b:{)bﬂ/l (21,22, B) dz1d7y
such that

|M (B) - M (B)|

IN

1 _
b?//‘G(ZL’DIQ,B)—G(l’l,IQ,B)’b?leyl (Il,ZEQ,B)’dxlde’g

1 _ o _
+@// ‘G (%1,1‘2, B)‘ ‘b?bQIjl (I‘l,l’g,B) - b?bQIjl (Il,fEQ,B) } dﬂjldl’g

O V2 I
T

using the inequalities for G' and b3byv; from the proof of Lemma 7 and b,, < 1,

bM = max (bl,bg) S 1. ]

Lemma 8. Let the assumptions of Theorem 4 be satisfied. Let the band-
widths by, by, by, by satisfy 0 < ay < bi,b; < an, i = 1,2, for some ay =
any (1 =0 (N™)) and ay satisfying ay = O (N77) and Nay — oo. Then, for
qg=1
— a_?\(fl() (N—2q7)

N?2a ’
where Uy (B) is defined in the proof of Theorem 4, d).

2q

E (Uy (B) — Un (B))

Proof. The proof is analogous to that of Lemma 5, such that we only discuss

the differences. Note that again

Un(B) = NV -1 (]\?_ 1 ;RB (Xi, X;)
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is a U-statistic with symmetric kernel Rp (x, 2), z, 2 € R?, and ERp (X1, X3) =

0, and, more generally,
E{Rp (X1, X3) | X2} =0=E{Rp (X1, X2) | X1}
which is crucial for the argument.
a) In the two-dimensional case, we have

Ly (u) = / / K (v) Ky (v — ) doydos,

1=V

by

T2—V2
ba

1 —Up T2 —U 1 — V1 9 —0
//K11< 1b1 17 2b2 2>K11( 1b1 17 2b2 Q)dl‘ldl’g

Uy — U Uy — V
5152//—’(11 (21722)K11 (21— 1b 1722— 2b 2)dZ1dZ2
1 2

= blbgLQ (B (U — ?J))

and substituting z; = , o =

From the independence of X, X5, we get

blbg]ELQ (B_l (Xl - X2))

X X — X — X
_ //EK11 Ty — 11 To — Aq2 EK., T 21’ X2 22 dzidas
by ba by by

= b6b2//V1 x1, T9, B) dridzs.

Setting

Ap (u—v) = byby {L2 (B’1 (u— v)) —EL, (B’1 (X; — Xg))} ,
we decompose
Rp (X1,Xs) =Ap (X1 — Xs) — Rp (Xy) — Rp (Xa),

where Rp (u) is defined as in the proof of Theorem 4, d), again.
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b) With b, b denoting the bandwidth vectors with coordinates b; respectively

Bi7 L= 1a27

—1_*—12_2l_i2 2i_i2
||B z— B ZH = 2] (b1 51) + 25 <b2 62)

INA
™
——
7N

<>
Q“’_l

S
Cll
S
~
[N}

+
N
>
0‘1\9
| |

S
>~

[\)
~
(Y]
—

IN

using b;, b; > ay. Then, using Lipschitz continuity of K1, we have as in

the proof of Lemma 5, b) for some constant ¢ > 0
[ — 2 —
|bibs L (B~ (Xy — X3)) — bibaLs (B~ (X1 — X)) | < 252—% o3|

As the support of Ly is [2, +2]°, Ly (B™1 (X — X,)) = 0if B™1 (X; — X,) ¢

-2, —1—2]2, and, as b;,b; < ay,i = 1,2, we conclude

\bleLQ (B™H (X1 — X3)) — bibo Lo (B™' (X1 — X2))|
X, — X
S (g) |

an
As )\ is bounded,

X1 —Xo
E1
[~2,+2] ( an )

- ////1[—2,+2} <UIQ;UI>1[—2,+2} <u2a_]\[v2>>\(u)>\(v) duy dugdvy dug
O (ay)

(O —

=w;, 1 = 1,2, and we have
an

by substituting = 2
X1 —X
[Ap (X1 = Xa) = Ap (X1 = Xo)| < 2655 Hb bH{ g (ﬂvz) +0(a§*v)}-

¢) From the proof of Proposition 6, a), we have

)\11 (z1,m2)| + 0 (a?\,)

|V1 (xlaanB)_Vl (xlanaB)‘ S _VKZ‘b2_b2

< cay Hb — bH +o (aN)
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for some ¢ > 0, where we have used !bi —l—Bi‘ = Of(an),? = 1,2, and
|bi — l_)l-’2 < ||b — l_)||2 ,i =1,2. To get an upper bound for |Rg (X7) — Rz (X1)|

we get as in the proof of Lemma 5, with x = (z, xg)T,

/|b£1))b21/1 (ml,xQ,B) K11 (B_l (SL’ — Xl)) — E?EQV:[ (xh:rz,B) K11 (B_l (SL’ — Xl))| d.’E

IN

4
caly b= b + o (a¥) + 23" b1
N

-ajlv 7 8
5 Hb — b|| +o0 (aN)
N
for suitable ¢, ¢ > 0, and, then, also for some ¢ > 0, using a}, = O (N~7),
4
a _
|Rp (X1) — Rz (X1)| < ca—f; 16— 0| + o (ak)
N
= c (1 +0 (N_V)) a’ Hb — BH +o0 (a?VN_V) .
Combining this with the inequality for Ag (X; — X5) from b), we get

X —X
|Rp (X1, X2) — Rp (X1, Xa)| = anO (N77) {1[_2,”}2 (1—2) +0 (a?v)} :

an

Writing as in the proof of Lemma 5 with py = m,

Uy (B) = Uy (B) = PN Z Dij,
i)
then, we get by the same argument as in the proof of Lemma 5
2q
E (Uy (B) — Ux (B))* < p22 S~ N™a20 (N2 p,,
m=2

where 7, is an upper bound on

2q
X, — X.
BT {10 (V) v o) |
(=1

an

As from b),

an

E1 .0 <M> —0(a})

for iy # jy, we can argue as in the proof of Lemma 5 that 1, = a3"0 (1),

substituting ug, = lev, kE=1,....,m,i=1,2, in the m-fold integral of

indicator functions

Zk — %4 . Zkl - Zel Zkg - Z£2
g (27) = B (B2 )t (2225,
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Finally, we have

2q
E(Uy(B) — Uy (B))* = p2y " N™a2a3"0 (N~20)
m=2
6q

a —
= N—Zqo (N727).
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Chapter 5

Asymptotics for local
mean-squared error estimates

with random bandwidths

We now consider a detailed asymptotic analysis of the local estimates of in-
tensity and its second derivatives analogous to the integrated quantities in
the previous chapter. These results are needed for local adaptive bandwidth
selection.

In Proposition 4, we have derived an asymptotic expansion of Nis (21,22, H).
For the purpose of bandwidth selection, the remainder terms have to be some-

what improved which we do in the following local version of Theorem 4.

Theorem 5. Let hy, hy be a sequence of bandwidths satisfying
hi = Biby (1+0, (N77)),i=1,2

for some fixed 51,02 > 0, v > 0 and a deterministic bandwidth rate by — 0
with by = 0, (N™7). We abbreviate Q;; = [ [ K2 (u) duidug, i = 1,2. Under

the assumptions of Theorem 4, we have for i = 1,2 and fized x1,25 € [0, 1]
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with A (z1,x9) >0

82
ox?

2 N7
w10, () o (i) o (o)

Proof. We decompose as before

~

2
1
Nii (21,02, H) = Nji (w1, 29) + §VK Z 53 Aii (21, T2) b?\, + 0p (b?vNﬂ)
/=1

Q

5\11($1>$2,H) = V1(901,$27H)+(5\11($1,$2,H)—V1($1,$2,H)>

= ([L‘17{E27H) +D(H)7
where as in the proof of Theorem 4
1
141 ($1,$2,H) = F//Kn (U1,U2) A (5131 — hiuy, w9 — h2u2) duydug
1

such that, for deterministic B, vy (21,22, B) = E; (21,22, B). In the follow-

ing, we write z = (x1,xs) .

a) From the proof of Theorem 4, a), we have
1 o, O
vi(z, H) = An(2) + 5V ;538—3;?)\11 (2) by + 0, (ANT7).

b) With Lg (u) = Ky1 (B~ (2 — u)) — b3bary (2, B), we have for determin-

istic B
DB = LS LX) = s ()
Nbth, BRI 3y, N A
where Lp (X;),j =1,..., N, are iid. zero-mean random variables with

V&I‘LB (X]) = V&I'KH (Bil (Z — XJ)) = A (Z) Qllble —+ O (b:]sv)

as in the proof of Theorem 4, c¢). Here, we have assumed that b, =

Bibn (1 4+ O (N77)), i = 1,2. Therefore, we have

1
D<B):Op<\/m> )‘(Z)Qll
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Let By again denote the diagonal bandwidth matrix with entries 5;by.
We decompose
D(H) = D(Bn)+ (D(H)—D(Bn))
— VA0, ( T ) (D (H) — D (By))
from b). Now, we follow the same line of arguments as in the investigation

of Vo (H) — Vo (By) in the proof of Theorem 4, e), to conclude that

D (H) — D (By) coincides up to asymptotically negligible terms with

O(N™
s D(B) - D(By) < P s, (8y)
beBY” N
O(1+N
QUL up 153 (B) — S (B
N beBY2

where we have used |b; — B;bn| = O (byN77),1=1,2,forb € B7V2T From
b), we have Sy (By) = 336205 D (By) = O, (\l}—NN), i.e. the first term is

of order O, ( VN ) For the second term, we conclude from Lemma 11

with ay = max (01, f2) by (1 +2N77), ay = max (51, 52) by (1 —2N7)
E (Sy (B) — Sy (By))* = O (biIN—77217) .

As in the proof of Theorem 4, e), this implies

S s |y (B) = S <BN>r=op< — )

N beBY”, mb?’v

Together, we have

N— N—2

which together with a) implies the result.

For A (x1, 29, H), we have the following analogous expansion:
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Theorem 6. Let hy, hoy satisfy the conditions of Theorem 5. Then, under the

assumptions of Theorem 4, we have for fized x1, x5 € [0, 1]

2

1
Aar, 20, H) = A(w1,22) + §VK Zﬁg)\a (21, 22) b + 0p (b?vN_v)
=1

100, () o () 0 (T
X1, — op | —— _—
VAN ) T Wby ) T\ by
Proof. We decompose as in the proof of Theorem 5

~ ~

)\(x17$27H) = M1 (l'l,ﬂfg,H) + ()\ ('rlax%H) — M1 (.Tl,l'g,H))

= W (.Z'l,.CEQ,H)‘FD(H),

where

H1 ($1,$2, H) = //K (U17u2) A (xl — hiuy, w9 — h2u2) duydug

such that, for deterministic B, u; (21, 2, B) = EA (x1, 22, B). In the following,

we write z = (21, x) . O

a) From the proof of Theorem 2, a), we have

2

j (2 H) = A (2) + %VK S 6N (2) B+ 0p (BN

i=1

b) With Mp (u) = K (B7! (2 — u))—bybaji1 (2, B), we have for deterministic

B
1 < 1
D(B) = Mp(X;)=—Txy (B
( ) NbleJZ:; B( J) blbg N( )7
where Mp (X;),j=1,...,N are ii.d. with mean 0 and variance

varMp (X;) = varK (B_l (z — Xj)) = A(2) Qrbiba + O (bi’v)

as in the proof of Theorem 2, b) with b; = S;by (1 +0(N77)), i = 1,2.
Therefore, we have

D(B) =0, (ﬁ) ") Ox.
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¢) Now, we argue as in the proof of Theorem 5, ¢) to get

D (H) = VAN @O, (e ) + (D () = D (B).

where the second term coincides up to asymptotically negligible terms

with
O(N—
s 1D(B) - DBy < L0 1y (8y)
beBY” N
O(1+N7
( 3 ) sup |TN (B)—TN (BN)|
by beBY2

From b), the first term on the right-hand side is O, ( \/]\%;]V) For the

second term we conclude from Lemma 10
E (Ty (B) - T (B))™ = O (BN =171

which implies as in the proof of Theorem 5, c)

[T

1 N~
L up [Tw (B) = Ty (By)| = o ( )
by beBY2 "\VNby

i.e. we have

D (H) = /A (2) QxO, (m;zw) +0p (%M) + o (év—TbN)

which together with a) implies the result.

In the first lemma, we collect some Lipschitz properties needed for the two

subsequent lemmas.

Lemma 9. Let for ay > 0 the bandwidths b;,b;,i = 1,2, satisfying ay =

an (1 =0 (N™)) < b;,b; < ay for some v > 0. Then,
a) Uniformly in w € R?
|K (w) — K (B™'Bw)| = O(N7),
|K1 (w) — Ky (B'Bw)| = O(N7).
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b) With u;,v; defined in the proofs of Theorem & respectively 6

‘/1,» (z,B) — (Z,B)| = 0O (a?\,N—%’)

vi (2, B) — v (Z,B)| = 0 (a?VN_Qﬂ’)

for any z € [0, 1]2 andi=1,2.

Proof.  a) Due to the Lipschitz continuity of K, we have for some ¢*,¢ > 0

and large enough N

|K (w) — K (B™'Bw)| < c{‘l—_— |wl|+‘1—j

as K (w) — K (B~'Bw) has support contained in [—c*, ¢*]” following

—~

from

S

L < Z—% =1+ O(N7) < ¢ for large enough N and suitable
c¢*. For the last assertion, we have used ‘bi - Bi} < ayO (N77) and
“b—fY < Z—JI\\’] =1+ O (N77). The same argument holds for K;; as it also is

Lipschitz continuous and has a bounded support.

As (2, B) = EX(z, B), we get as in the bias expansion in the proof of
Theorem 2, a)

pu1 (2, B) =y (2, B)
= //K ) {A(z — Bu) — X (z — Bu) } duydus

= //K B—B)u} VQ)\(z—Bu+9(B—B)u)(B—B)uduldu2

= 72 b—b)(bg—bg //K uzug)\lg(z—Bu+0(B B) )duldug

i,0=1
= O (CLNN_2’Y)

as Ay is bounded and has a bounded support. Analogously, v, (z, B) =
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EA; (z, B) such that from the proof of Proposition 3, a)

v (z,B)—1n (z, B) = //K (u) {)\11 (z — Bu) — A1 (z — Bu)} duqduy
= 0 (a?\,N—%’)

by the same Taylor expansion argument.

]

Lemma 10. Let the assumptions of Theorem 5 be satisfied. Let for some
ay > 0 with ﬁ = O(1), the bandwidths b;,b;, i = 1,2, satisfying ay =
N

an (1 =0 (N7™)) < b;,b; < ay for some v > 0. Let

Ty (B) = v 3 My (X;)

with

Mp (u) = K (B~ (2 = w)) — bibopus (2, B) .

Then, for q > 1

2q
5\ 24 an
B (1 (8) - T (B)" = 0 (e ).
Proof. The proof is similar to those of Lemma 5 and 8 but requires a somewhat
more careful argument, as a direct analogy of the arguments for the integrated

estimates here would lead to suboptimal rates which are not good enough for

the intended application. ¢ denotes various constants in the following.

a) As in the proof of Lemma 8, d), we write

T (B) =T (B) = + Y D,

where D; = Mp(X;) — Mz (X;),7 = 1,...,N, are iid. zero-mean

random variables. In particular, we have for any ji,..., 5, € {1,...,N}

EDjl"'Dqu =0
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if ji1,...,Jj2q contain more than ¢ different indices such that at least one

index appears only once in the product.

As in the proof of Lemma 5, d), there are at most ¢, N™ terms EDj, - -- D

j2q

with ji, ..., jo, containing exactly m different values, and we have
E (TN (B) TN N2‘1 Z Nmﬂ'm,

where m,, is an upper bound for }]ED]-1 o ‘ in case of m different

]2(1

values in {J1,...,J2}-

To calculate 7, we set {j1,...,J2q} = {k1,..., kn}, where ky # --- #
k.., and we write

D (u) = Mg (u) — Mg (u)

such that D; = D (Xj). Due to independence of X3,..., Xy

[EDj, -+ Djy, |
2q m
= / e /H D (uj;,) H A (ug, ) dug, 1dug, 2 - - - dug,, 1dug,, o
. ,
2q m
= | / e / [Td @) TI* (= Box,) dvk, adog, 2+ - dog,,, 1doy, 2
=1 i=1
2q
S C (ble)m / s / H d (sz) dvkl,ldvklg cee dvkm,ldvkmg
=1
satisfying vy, = B™' (z —wy,), £ =1,...,m, and writing

dv)=K(w)—K (B‘le) — bibopiy (2, B) + bibopy (2, B) .

For the last inequality, we have used boundedness of A. From Lemma
9, we conclude d (v) = O (N~7) (1 + O (a%)) uniformly in b,b and v, as
|bi —l_)z-’ <ay—ay =ayO(N77), i =1,2. We conclude as b; < ay,

i = 1,2, that m,, = @30 (N 277).
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¢) Combining a) and b), we have

o\ \ 29 N72q7 : m _2m
E(Ty (B)—Ty(B))™ = O e N™a3;
m=1
N —2av d "
= O( N2 ) (Na?v)
m=0
N—2av Na2 g+1 1
- o)
N=1 Najy —1
o)
N4

Lemma 11. Let the assumptions of Lemma 10 be satisfied, then

E (Sn (B) — Sy (B>)2q =0 (Nf;\vjm) ’

where

N
1
Sn(B) = + ;LB (X,).
Proof. The proof uses the same ideas as the proof of Lemma 10.

a) Set D; = Lp (X;)—Lg (X;)suchthat Dy, ..., Dy areiid. withED; =0

and
1 &
j=1
Note that for ji, ..., js, containing more than ¢ different indices,

ED; ---D;, =0,

g1’ J2q

and we get as in the proof of Lemma 10, a)

q
C

E (Sx (B) — Sx (B))™" < 75

m
N,

m=1
where now 7, is an upper bound for |EDj1 e qu| in case of exactly m

different values among ji, ..., jag.
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b) We have to calculate 7, and set {k1,...,kn} = {j1,. .., Joq} with differ-

ent ky,...,k,. We write
D(u) = Lp (u) — Lg (u)
such that D; = D (Xj). Then, we have as in the proof of Lemma 10, b)

|]ED]-1---D

J2q }

B |/ /H D u], A (ug,) dug, 1dug, 2+ - dukm,1dukm,2

/ e / H d (Ujl) H A (Z — kal) dvkhldvlﬁ,? . dvk‘m,ldvk,‘mg
=1 i=1

2q

[T

=1

= by

IN

C- (blbg)m dvkl,ldvk1,2 e dvkm 1d1)k 2,

m s

d(U) = KH (U) — K11 (B_IBU) — bil))bgl/l (Z, B) + l_)?l_)gyl (Z, B)
= O(N7)(1+0 (ay))

uniformly in by, by and v from Lemma 9, and we again conclude 7, =

ai"O (N~217) and, finally,

_ 1 4 .
E (S (B) - Sy (B))™ < cyary 2 (Nak)
m=1

< c (Na?\,)qu1 -1
- N2(1+y) Na%, -1

a’
- 0 N
(Nq]\f?qv) '
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Chapter 6

Tuning parameters of the

plug-in algorithm

In this chapter, we finally complete the description of the algorithm for au-

tomatic bandwidth selection. Using the asymptotics of Chapters 4 and 5, we

1

15, but also discuss an alternative.

recommend an inflation factor N” with p =
Then, we illustrate how p together with the asymptotic analysis determines
the numbers of iteration steps in the global respectively local bandwidth selec-
tion algorithm. It turns out that a very small number of iterations suffices as
they already lead to approximations of the optimal bandwidths with remaining
approximation errors caused by unavoidable purely random effects.

The algorithm for data-adaptive selection of global and local bandwidth
parameters described in Section 3.1 depends on the choice of some tuning
parameters: the initial bandwidth values HEO), 1 = 1,2, the inflation factor N”
for the bandwidths of second derivative estimates and the number of iterations
1* respectively j* of the global and local part of the algorithm. In particular,

one may ask why we propose a small and fixed number of iterations. This is

inspired by the one-dimensional case studied in Engel et al. (1994), but will
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be explained in the first section below. In the following section, we discuss the
choice of the inflation factor.

Before we start with the derivation, let us briefly explain why the algorithm
is split into global and local part. The asymptotically optimal local bandwidths
from Theorem 3 are of order N6 globally and locally, and from Corollary
5, we know that they approximate the optimal bandwidths well. So, one
might wonder why we do not immediately start with the local part of the
algorithm with BEO) = \/LN, i = 1,27 This, however, would lead to highly
variable estimates of \; (x1,22), ¢ = 1,2, which are needed in the iteration,
and the algorithm would suffer from pronounced random effects.

We get a much more stable behaviour for the global iterations as we only

have to estimate

Ape = //)\kk (21, 2) Ao (21, 22) drydwg, k, 0 = 1,2,

which suffers less from randomness as integration acts as a smoothing operation
cancelling the effect of the strong local variation of estimates 5\” (21,22, H),
1=1,2.

The algorithm, in particular through the choice of ¢*, is constructed in
a manner such that it uses global bandwidths until the right rate N ~6 s
achieved. Then, it switches to local iterations to improve the constant of the
selected bandwidths.

Let us briefly discuss the choice of initial values. We start with small
bandwidths such that the first estimates involve only a little smoothing and
are close to the data, i.e. the density estimate is not far away from the empirical

measure (which would correspond roughly to a bandwidth choice of order N~1).
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6.1 Data-adaptive choice of global

bandwidths

The numbers * and j* of global and local iterations depend crucially on the
inflation factor N”. In this section, we illustrate this for p = Wthh we shall
recommend for reasons explained in the next section.

We use the following abbreviations

Cx = V2 , My = //Kzz ) Koo (v) duydus, i, £ =
which are known constants depending on the kernel K only. We also write
0? 0?
Lig (k) = //)‘m (71, 22) 25w ($1,$2)d$1d$2+//)\w (w1, 22) 75 Aii (21, 22) dr1das,
Oxy, Ox;,

which are constants depending only on A\. From Theorem 4, we have, using

Bie = B1 528257 as abbreviation,

. L My 1 )
Aig (H) = Ay 5, W Z BELe (k) b3 + R,

where the components of the remainder term are of smaller order than the

second or the third term respectively.

~

Step 1: Starting with izgo) = hgo) = \/iﬁ, we can choose 51 = B = 1, by = \/LN

Then, for p = %

2
A . My, 1 1%
A (NPHOY) = Ay + + ENT 821, (k) (N?by)? + Ry
 (Nea©) G N 2 2 Pkl () (N7 R
My,
= N%B (1+0,(1)) fori¢=1,2,
il

as (N°by)* N = N2i8, = N:N~2 = N2 and (N?by)? = Noi =

1
N
N-8. Therefore, A,y is a constant, the dominant term in the expansion

of Ay (N PH (O)> is the second one. Plugging this into the formula for
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~

L (14 0,1))

ﬁgl), hgl), we get
1
N 1 Moo\ 8 1
hY = o <M22> N
H < My Moy N2 +N5M12>6 ’
1
1 Moy \8 1
- i (i) N (140, (1),
M (v M1 Moy + ]\412)6
1
N 1 M\ 8 1
Y = C;}( “> N~ (140,(1)).
Mz (v M1 Msy + Mis)®

Step 2: Let us denote by Bi(l) the factors depending only on the kernel such that
Y =N (1 + 0, (1)), and by = N~12. Then, the dominant term

in the expansion of Ay (N PH (1)) is again the second one, and
for i,/ =1,2,

2 (140,(1))

B;
BY i =1,2. We get

Au (Nﬂ[iﬂ”) ~ N

with 61(; ) being defined as [3;; with ;
1
M 1\ 8 /ﬁ(l)ﬂ(l) )
5) N (140 (1)),
( M11M22+M12)6

B2 — o
' K(Muﬁé?
3 / 2(1) 5(1)
) ( N H(4o,()

ORI My B
2 - K (1)
Mo 81,

1
vV My Moo + M12) ¢

1) (1 1) 51\ ° 12
as 085 = (8") = (1)
Step 3: Write again hz@ = Bi(Q)bN (140, (1)) with by = N~3. Again the second

term is dominant, and, for 7,/ = 1,2,

. ) M,
Au (NPH(2)> = VN (1+0,(1))

B;

V885 1
N7 (]' + OP (1)) 9

( My Moo + M12>é

T /B 1
N5 (140, (1))
) (v My Moo + ]\412)g
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RONE— Mas 1Y)
1 = Uk B
M1 855

ORI M35
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Step 4:

Write again A\ = 85y (1 + 0, (1)) with by = N~i. Now, the constant
term in the expansion of Ay (N PH (3)> is no longer negligible compared
to the second one. Only the third term is of smaller order as (N?by)* =

N&N~2 = N75. Hence, we have now for i,/ =1, 2

) . M,
R (NPH) =, + 673? (1+0,(1)),
il

and we get

WY = BYINTS (1+40,(1)),

WY = BYINTS (14 0,(1)),

where the constants 51'(4)7 1 = 1,2, depend on Ck, Mig,ﬁfg’),Aw, 1=1,2.

Now, after the 4th step, we have reached the optimal bandwidth order

1

N~75s.

For the remaining steps, the main term of the bandwidths will always be

of optimal rate N _%, and, hence, the inflated bandwidths for the second-

derivative estimates will be of order N2 N~s = N1z, Now, the remainder

terms in Proposition 4 and 5 for the local case and in Theorem 4 for the global

case become relevant.

We first consider the situation where we are only interested in a global

bandwidth. Then, the remainder terms of Theorem 4 for bandwidth rate

NPby = NsN~5 = N™1z are

Ry i

= o (NH) 40, (NONE) +.0, (NF) 4o, (%) o, (1o]gvzv)
(3
= 0 (Nf%) +o, <N’7N7é) +o, (%) ,
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1,/ = 1,2, and, correspondingly,

) My, 1 Vi o= L
R (H) = Mo+ =20 (—= ) + 253" 821 (k) O (N78) + Ruy,
Z<) ‘ Bie (\/N> zkzlﬁk E() < ) Mt
logN)

= Ay +0O (N_%> +op (N_VN_%> + 0, (W

= Aty (7).

Step 5: From the expansion of iL§4), they satisfy Condition 2 of Proposition 4

and the subsequent expansions with by = N ~5 and v = 0. Hence,

1

rn () = v (0) =O<N_%) + 0, (N_6>, and

(Am>8 1
An <\/ A11A22 + Am) °

As\ ® 1 . .
- <A_i) (VAR + As) (10 (87F) +ar (v

which implies

o=

)

o=

WP = b (140 (N78) 0, (V7))
_ hﬂ<1+()0v%))(1+opﬁv%))

and, analogously, we have the same relation for izé5), hao.

[

Step 6: As 14+ O (N*%> + 0, (N*%> = (1—1—0 (N*é>> (1+0p (]\7*6))7
satisfies Condition 2 with by = N5, v = %. Hence, ry () = ry (%

@) <N‘é) + 0, (N_%>, and, as in Step b,
Bfﬂ:hm<1+()cvf)—%%(AF%>>J::L2

1

Step 7: 2%(6) satisfies Condition 2 with by = N75, v = %, such that

i) = o (3) =0 (3 ) oy (N1) o, ()



and we have

) 1 log N
A = hy, (1+O (N—a) +o, (Ogﬁ)) L i=1,2.

Further iterations do not improve the rate with which i%(?) approximates

i, as the term o, (N TN _é) will stay negligible compared to o, <1‘\)§§[) ,

i.e. the algorithm can stop here.

6.2 Data-adaptive choice of local bandwidths

Now, we consider the situation where we are interested in local bandwidth
selection. We start with 4 steps of global iteration with p = % such that the
optimal bandwidth rate by = N =% is reached. From Theorems 5 and 6 we

have for i = 1,2

N 1 /
A (1,20, NPH) = X2 (21, 22) + O (NZpb?V) + 0, —)3> + 7y ()

A(x1, 20, H) = )\(:Ul,a:Q)—l—O(b?V)—FOp( ! )+7’N(7)
)

with

2 Nrer N2 N~
rv (7)) = op (bNN ) +o0p —\/Nb +0, —\/Nb
n N
= o (NINTE) 40, (NN

<m> O (W)

1
12

A2 (xb 132) + Ry (7)

A (21, 72)

o=

5\ (351,3727[{)

)\?1 (Il,IQ,NpH)



with

IS

By () = O (N78) 40, (N"H) 40, (NN 7)o, (NEN"F) 20, (N7IN7).

Step 5: As we use fzzw for the kernel estimates here, we have as in Step 5 of
the global iteration v = 0 and Ry (v) = O (N’%> + o, <N*%), which

implies
W (@1, 22) = hat (21,5) (140 (N78) +0, (N7F))
and, analogously, for %5) (21, 22) and hgs (21, x2).

Step 6”: As in Step 6 of the global iteration, we now have v = %, and Ry () =
O (N_%> + 0, (N_%> which is the fastest possible rate as the second
term in the definition of Ry () does not depend on 7. Further iterations

would not improve the approximation, and we stop with
BEG) (I‘l, 132) = hm‘ (l’l,Ig) <1 + O (N7é> -+ Op <N7i>> .

Let us close the discussion with a remark on situations where a mixed local-
global bandwidth selection is advisable, even if we are interested in locally
optimal smoothing. If A (z1,x2) is close to 0 and flat, i.e. A\ (21, 22) = 0,
i = 1,2, too, then the local bandwidth BEZ) (z1,x9) of the algorithm become
quite unstable. The optimal bandwidths should be quite large in these regions
but due to random variations the crucial factor, for e.g. © =1,

1

12

5\22 (‘Tl; T2, Npﬁ(f—l) (x17 x?))

5\2 (xla X2, ]f[(éil) ($1,$2)) N N
A% <x1, To, NPHUED) (14, 3:2)>

may assume small and large value alike. In this case, it is recommendable to

stick with a good global bandwidth in those regions, i.e. to use iz§7), 1=1,2,
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where (ml, T, I:I(4)> and

Nii (xl, Za, NPFI(4)> ‘ are below some constant, say,

Cy, in a neighbourhood

U (x1,22) = {(ul,uQ)T lur — x| Jug — 22| < 5}

of (z1,35)". B.g. we could check if

min {5\ (u, 1{1(4)) ,
uelU(z1,22)

as a criterion if we proceed with the local bandwidth optimisation or not.

5\“' (U, NPH(4))

,i:1,2} > e

We combine the results of our discussion into the following theorem.

Theorem 7. Under the assumptions of Theorem 4, we have that the algorithm
of Section 3.1 obtains the following rates for approximating the asymptotically

optimal bandwidths for inflation factor N = Nis.

a) W7 = ha, (1+0 (N*%> +o, (%V)) =12,
b) ﬁgﬁ) (21, 22) = hgi (21, 22) (1 +0 (N_é> + O, (N_i>> yi=1,2.

Further iterations do not improve these rates. In case b), we have to switch

from the global to the local part of the iteration after j steps.

6.3 The inflation factor

In this section, we argue why we have chosen p = % and discuss some al-
ternatives. Note that, from the derivation in the last section, the number of
iterations of the plug-in algorithm crucially depends on the choice of p. We
again first consider the case where we are only interested in suitable global
bandwidths.

From Theorem 4 and its proof the two main terms of the approximation

error AM — Ay are the bias term, which is of order O (N?°b%,), and the variance
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term, which is of order O ( ) if we use the inflation factor N” for the

1
N(N#by)°

bandwidths of the estimates Aig. Let us assume that we already have reached
the optimal rate by = N~s. Then, the bias and variance term are O (NQP_%>

respectively O ( Nﬁp) i.e. the first term increases with p, the second decreases

with p. Balancing both terms requires 3 1 _2p=06p, ie p= 24, which would

If we start the plug-in algorithm again with EEO) = \/LN’ 1t = 1,2, then

with inflation factor N21 we need 8 steps for reaching the optimal bandwidth

N

result in both error terms being of order O (+5) = O (N -

1

15, and we have ;%(8) =

rate N6 by the same kind of derivation as for p =
BON-E (1+ 0, (1)) for some constant B® i =1,2. In the next, now the 9th,
step we have to take into account the remainder terms as in Step 5 of the
previous section. Again, we have by = N _%, and now, the bandwidth used for

second derivative estimates is of order NPby = N2a N5 = N"31 = N75. In

that case the remainder terms of Theorem 4 are

Bya =0 (N_%> +op (N‘”N‘i> +0, (%) +0, (N—%N—%>
“+o (logN) +o0 (M)
"\ VN P\ N
= o0 <N7i> + 0, (Nng*i) + 0, (%)

and

e (H) = A+ 0O (N7H) 40, (N ZNi)+op(

= Ai+rn(7).

)

Step 9: As, now, le(-g) satisfies Condition 2 with v = 0, we have ry () = rn (0) =
O (N_i) + o0, (N_i) and

1

A22 a: (@)8 ( ! )é(l—i—m\r(o))
All V A11A22 =+ A12 All \% A11A22 + A12
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which implies

W = hgy (1 +0 (N‘i> +o0, (N—%>)

and analogously for izég), ha2. Hence iLZ(-g) are a better approximation to
hei, 1 = 1,2, than 1328) as the latter provides an approximation only up

to a factor of order 1+ o, (1).

=

Step 10: As h( ) satisfies Condition 2 with v = 1, we have ry (v) =0 (N*

1
4’
on () +on (S7) = 0 (V1) o (37 e we have

. log N .
h(lo):hl(1+O<Ni>+0p(— 1 =1, 2.
7 al \/N ) )

Further iterations do not improve the approximation rate of ﬁglo) further,

)+

so the algorithm stops here.

For the local bandwidth selection with inflation factor N i, we have again

ol

)\22 (331,3027NPH)
5\11 (21,29, NPH)

a2 (x17x2> 2
a2 <x17x2)

o=

X6 (21,75, H) =\ +ry (1),

(21, 72)

1

where now with p = 5;

[un

(1) =0 (N7H) 40, (NTINH) 40, (NH).

Step 9’: For the first local iteration step with N7 = Ni, we have v = 0 and
ry (7) =7y (0) =0 <N_i> + 0p (N_i>, which implies

iLEg) (21, 22) = hai (1, 22) (1 +0 (N_i> +op <N_i>> i=1,2.

Step 107 Similar to Step 10, v =1, ry (y) = O (N’i) +op (ng

) , and we stop

with
13510) (71, 22) = hai (71, 72) (1 +0 (Ni%) +0p <N7%>) =12
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We summarise our findings to

Proposition 7. Under the assumptions of Theorem 4, the algorithm of Section

3.1 achieves the following rates for inflation factor NP = Noai

a) h{"” = hy; (1 +0 (N*i) + 0, (I%V» vi=1,2.
b) B0 (21, 22) = has (21, ) (1 +0 <N*i> 10, <N*%>> i=1,2.

In case b), we have to switch from the global to the local part of the iteration

after 8 steps.

The inflation factor Nzt provides a better approximation of the asymp-
totically optimal bandwidths compared to N le, as the deterministic part of
the approximation factor is O (N ’i> instead of O (N ’é>. However, recall
that we are really interested in the mise respectively mse-optimal bandwidth
ho; respectively hg; (21, z5) from Corollary 7, which coincide with asymptoti-
cally optimal bandwidths h,; respectively hg; (21, 22) only up to an error term

1

of order O (N _Z>. Therefore, it makes no sense to try to approximate the

asymptotically optimal bandwidth better than that. Note that for p = we

L
247

get from Proposition 7 and Corollary 7, e.g.,

R0 = <h0i+O<N—i>> <1+O<N—i> o, (@%))

- ho,-+0(N—%> i=1,2,

120

and, using that h,; is of order N‘é, for p = 1 i}f.” = hgy; + O (N_%>, too.
Therefore, for approximating, both choices of p finally lead to the same ap-
proximation error of the optimal bandwidth.

We prefer p = % due to two reasons. On the one hand, the algorithm re-
quires fewer iterations for achieving an approximation rate of h,; which cannot
be improved further. On the other hand, from the discussion at the begin-

~

ning of this section it achieves that the random part of A;; — Ay is of minimal
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achievable order O (ﬁ) =0 (ﬁ), which leads to more stable estimates.
We have to pay for it with a larger bias order O (sz—§> =0 (N’%> instead
of the balanced rate O (N_%). Note that by Corollary 5, O (N_%> almost
is the rate of the difference h,; — hg;, if A is only twice continuously differen-
tiable, such that in this case, a further improvement of bias is not worthwhile.
However, for four times continuously differentiable A, which we have assumed
in our derivation, h,; — hg; is of order O (N f) by Corollary 7. Nevertheless,
we prefer a slightly more biased, but less variable and more stable estimate,
ie. p= %

Analogous arguments hold for preferring p = % for the local part of the

algorithm.
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Chapter 7

Bandwidth selection for spatial

data (d = 3)

In this chapter, we give an overview over the plug-in method for bandwidth
selection in dimension d = 3 which, together, with d = 2, is related to the kind
of applications from material science which motivated this thesis. The results
can be easily extended to arbitrary dimension d.

Note that for a diagonal bandwidth matrix H in dimension d with entries

hi, ..., hq satisfying (compare Theorem 4, e.g.)
hi =Biby (1+0,(N77)),i=1,...,N,

the variance component of the asymptotic mse and mise expansion is of order

O ( N})d ) whereas the squared bias component is of order O (b};) independent
N

of d. This follows from Corollary 3. So, the asymptotic mse and mise increase
with d. The approximation results, which are the justification for the plug-in

algorithm in dimension d = 2, change accordingly, but can be used in exactly

the same manner as in d = 2. Technically, the main reason is the observation

that in substituting u; = #-*,4 =1,...,d, which is a main tool in the proofs,

we get a factor hy-...-hg =0 (bﬁ{,) before the integral w.r.t. uq, ..., us which
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takes care of the dimension-dependent increase of the factor m =0 (N—i%>

in the mse and mise-expansions.

7.1 Approximation results in dimension d = 3

Recall that for general dimension d, we have considered the kernel estimate
. 1 X
Az, H) = NZKH (z — X;)
j=1

with
1

Kn(w) = 307

K (H 'u)
with 2, u € R? (compare Section 2.1). In Corollary 3, we have derived asymp-
totic approximations for the mean-squared error and integrated mean-squared
error. They allow the calculation of asymptotically optimal bandwidths A1, ..., heg
and corresponding local bandwidths hay (), ..., heg (), z € (0,1)% which are
the basis of the plug-in algorithm. In the following, we discuss the main results
which justify this algorithm for d = 3. Their derivation is largely identical to
the case d = 2, and so, we only discuss the proofs as far as they differ from
dimension d = 2 which has been extensively discussed in the previous chapters.
The only relevant difference between the cases d = 3 and d = 2 is the fact,
that the formula for the asymptotically optimal global bandwidths becomes a
bit more complicated as, in dimension 2, some terms are cancelling which is

no longer true in higher dimensions. Recall from Corollary 3, that

3 2
1
amise (H) = NEQQH*ZVI%/(Z@A“ (x)) dz
i=1

Q 1
_ K - 2172
= NdetH 1 g_: it e

with
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Here and in the following, we write [---dz as a shorthand notation for
f f f -+-dxidredzrs. To minimise amise (H), we set the partial derivatives

w.r.t. hy, he, hs to 0 and get the following system of polynomial equations:

: Q
> hiIyhidetH = WK,e =1,2,3,
k=1

or, equivalently, using Iy = Iy,

Rk

hzllfll + h%hg[lg + h%hg[lgg = m, (71&)
Qx

hylos + hihTis + hyhilos = NdotH! (7.1b)
Qx

hg.[gg + h%hg[lg + h%hglggg = NdetH (71C)

Subtracting (7.1a) from (7.1b) respectively (7.1c), dividing by h{ and setting

h3 h3

u:h—%,v:h—%,weget

[22162 + IQgU'U — [131} = ]11, (723)

[33'112 + IQg'U/U — [12U = [11, (72b)
which implies

122u2 + ]12U = 1331)2 + 1131). (73)

Now, set w = g—gv +u, le u=w— g—gv, and plug it into (7.2b) such that

I
I330% + v (w — %v) — 119 (w — ﬁv) = 11,

23

i.e. the quadratic term cancels, and

[11 o 112133U

T
w = 23
Iyzv — Iho
such that
_ Tiolzz,, _ Isz 2 4 ILialss
S _ @ B [11 Ty v 123[2321 + Ta v
I3 Iyzv — Iy

2 2
Iy — I33v . Ay — Aszv

= . 7.4
Iysv — 1o A23U - A12 ( )
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Plugging this into (7.3), we get
I (I — 133112)2 + Iy (In3v — I12) (I11 — I330%) = (I330% + L130) (Iagv — Ip)*,

i.e., taking into account that I, = VZAk, Vi > 0, v solves the polynomial

equation of degree 4

> apt =0 (7.5)

with coeflicients

apgy = (A11A22 — AfQ) Ay,

a; = (Aj1A93 — AjaAg3) Ago,

az = 2(Aj2A130M93 — Aj1AgoAss),
az = (AiaAsz — AizAag) As,

Ay = (A22A33 - A§3) Ass,

where, in particular, ag,as > 0 by definition of A, and the Cauchy-Schwarz
inequality.

Finally, we use h3 = uh? h3 = vh? and plug it into (7.1a) to get

Qx
Naohd

This implies the first part of the following result which is analogous to Theorem

Vfg (A1 + Ajpu + A13U) hil =

3. The second part for the local bandwidths follows exactly as in dimension
d = 2. Note that the polynomial equation for v may be solved rather precisely

by using solvers like the MATLAB routine “solve”.
Theorem 8. Let the assumptions of Theorem 2 be satisfied, and let d = 3.

a) The bandwidths hgi, hea, hes minimising amise (H) of Corollary 3 are
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given by

Qx 1 1
VI% v/ uv (All + A12U + Alg?]) ]V7

ha2 - \/Ehala

ha?) = \/Ehal )

where v solves (7.5) and u is given as a function of v by (7.4), provided
(7.5) has a positive solution for which u > 0 and Ay + Ajou+ Ajzv > 0,

too.

b) The bandwidths hay () , haa (x) , hes (x) minimising amse (x, H) of Corol-

lary 3 are given by

=

Qx ‘H?:1 Aii (l’)‘ 1
B (2) = <5 L
o Vi ) Ao ()2 3N

where k = 1,2,3, provided sgnhy, (x) = 1,k = 1,2,3, or sgnhg (z) =
1,k=1,2,3.

Let us briefly discuss the condition on the signs of Ay (x) in part b). It also
appears in the analogous Theorem 3, but in higher dimensions it seems to be
more and more restrictive. Let us briefly discuss why this condition appears.

With A = Qg (x),B; = Vi () ,i = 1,2,3, the amse is of the form

A1 3 3
amse (v, H) = NP + ZSQ with P = Hhi>5 = E Bih?.
=1 i=1

Setting the partial derivatives w.r.t. hq, ho, hg to 0 results in

SByh} = k=1,2,3.

NP’
Subtracting the 2nd respectively 3rd equation from the first implies

S (Bihi — Bsh3) = 0= S (Bzh3 — Bshj) .
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If S # 0, then Bih? = Byh3 = Bsh? and S = 3B;h?, such that

A
Moreover, we can replace ho, hy in P by %hl, k = 2 respectively k = 3,

and we get the formula in b). If S = 0, on the other hand, which only may
happen if not all B;, i.e. all \; (z), have the same sign, we are in a degenerate
situation where the bias term in amse (z, H) vanishes. Replacing h; by ch; for
¢ > 0, we then have

1,, A
—c' 5% = — 0
Nep ¢ NAP

amse (z,cH) =

for ¢ — oco. This does not imply that very large bandwidths are recommend-
able, but it means that we would have to take higher-order terms in the bias
expansion into account which are negligible in the usual amse formula (i.e. in
the case where S # 0). A detailed examination of this case is beyond the scope
of this chapter. Let us just mention that the assumption of b) covers situations
where A (z) is locally convex respectively concave at x which will usually hold
for most points.

For the further discussion, it is important to note that the positive solution

of (7.5), if it exists, is an explicit, though complicated function of ay, ..., a4.

This follows from the subsequent steps: Substituting v = v+ iz—z and dividing
by ag4, (7.5) becomes the reduced equation v* + pv? + qv +r = 0, where p, ¢, r
are polynomials in Z—i, 1 =0,1,2,3. Euler’s solution is representing the solution
v as a linear combination of |/y;,i = 1,2,3, where y;, y2, y3 are the solutions

of the cubic equation

Z/3+py2+(p2—47")y—q2:0_

This cubic equation can be brought into reduced form by substituting y =

y—i—%p, resulting in a cubic equation 4*+3py+2q = 0, where p, ¢ are polynomials
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in p,q,r. Finally, by e.g. the Cardano formula, the solutions ¥, 7., y3 are
functions of p, g involving polynomials and cubic and square roots (compare,
e.g., Arnold (1965), or any other textbook on calculus).

From Theorem 8, the optimal bandwidth rate for d = 3 is N 7. Together

with Corollary 3, we get the following analogue of Corollary 4:

Corollary 12. Under the assumptions of Theorem 8, let N7 — ¢; > 0 for

N — o0, 1 =1,2,3. Then, for N — oo,
a) msel (z, H) — amse (2, H) = o (N#),
b) miseA (-, H) — amise (H) = o (N*%).

Analogously to Corollary 5, we also have for the mse and mise optimal

bandwidths hg; (z) , hei, i = 1,2, 3:

Corollary 13. Let the assumptions of Theorem 8 be satisfied. Then,
a) ho; () = hei (x) + 0 (N_%> i=1,2,3, for all z € (0,1)°,
b) hoi = hai + 0 (N#) =123

If we assume that A\ is four times continuously differentiable, we have the

analogue of Corollary 6:

Corollary 14. Let the assumptions of Corollary 12 and Assumptions 6 and 7

be satisfied. Then, for hiNT = ¢; > 0,7=1,2,3, we have for N = oo

a) mse) (z, H) — amse (z, H) = O <N*%>,

5

b) mise (-, H) — amise (H) = O <N*7>.

Beyond differentiability conditions on A (x), we also need various regularity
and in particular symmetry conditions on the kernel function K (u) analogous

to Assumption 13. We collect them as
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Assumption 14. i) K(u) is a non-negative kernel function on [—1, +1]3,

integrating to 1.

it) K is twice continuously differentiable, and the second-order derivatives

Ky (u) K (u), i =1,2,3, are Lipschitz continuous.

= 2
Ou;

iti) K and its first-order derivatives K; (u) = 52K (u) satisfy the symmetry

conditions

a) K (£1,u9,u3) = K (uy, £1,u3) = K (uy,ug, £1) = 0,
Ki (ﬂ:l,UQ,Ug) = Kz (Ul,:ljl,’u?,) = Kz (Ul,U,Q,:l:]_) = 0, 1= 1,2,3,

for all =1 < wuq,ug,us < 1.
b) [wK (u)du; =0 for all uj, j #1i,i=1,2,3.

¢) [ulK (u)du= Vg, [uK (u)du=0,i=1,2,3.

For reference, we also formulate the 3-dimensional version of Assumption

12:

Assumption 15. \ is 4-times continuously differentiable on [0, 1]3, and the

partial derivatives of order 4 are Holder continuous with some exponent 5 > 0.
We have the following analogue to Proposition 3:

Proposition 8. Let the assumptions of Theorem 2, Assumptions 14 and 15

be satisfied. Then
) T\ — )\ 1 3 p29° 2+8
i) BAi (2, H) = Nig (2) + §Vie Sy 2 Xis (2) + O (bN ) ,

i) varh; (v, H) = W}MH (Q%N (x) + O (by)) with Q% as in Proposition 3.
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7.2 Asymptotics for amise and amse
estimates involving random bandwidths
in dimension d = 3

In this section, we formulate the 3-dimensional analogues of the results of

Chapters 4 and 5. As those, we denote by
Ape = /;\kk (x, H) \e (0, H) da

the estimates of Ay, 1 < k, ¢ < 3, which, by Theorem 8, determine the asymp-
totically optimal global bandwidths. The estimates of the second derivatives
Ae (z, H) are given by

~ 82 .
e (2, H) = @)\(x,H)
]
N
1
Nh?detHjZ_; w(H ™' (z=X;), 12,3,

where Ky (u) denotes the second derivative %K (u) of the kernel.
£

First note that as in Chapter 4 we may write, e.g.,

. 1
Au = NgIZH; 2 / K (H ™ (= X3)) K (H (2 = X5)) do
= N2h5h2h3 /Kll Kll (Xi_Xj)+u> du

1
= — L X, — X)),
NQh?thg ”2;1 11 ( J ))

where Ly, = K1 * K1y again denotes the convolution of Ki; with itself, i.e.
we have the same kind of relation used in the proof of Theorem 4. We get the

following analogue of Theorem 4.

Theorem 9. Let the Assumptions 14 and 15 be fulfilled. Let hy, hs, hs be

random bandwidths satisfying for some B; > 0, i = 1,2,3, and a deterministic
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sequence 0 < by — 0 (N — o0)
hi = Biby (1+0,(N77)),i=1,2,3

for some v > 0. Then, fort1=1,2,3

3
. 0?

/=1

W/ du+ RNM, (76)

and, for i # £

=>

il

N () Mg () o+ B2, VK/Z@{ i} @aQM( ) e (2 )882 M (& )}dx

( )du—f—RNzg, (77)

_|_

1
K. K
N (13535 52 8207, / wA

where the remainder terms Ry 4,1, 0 = 1,2,3, are all of the order

_ 1 N log N log N
Ry = o (by)+0, (b3 N~7)+0 < >+0 (—)—l—o —— | +o (—)
(x)+op (NN )+0p | g ) +or Noy ) P\ N ) P\ VN

Similarly, we have the following analogue of Theorem 5:

Theorem 10. Under the assumptions of Theorem 9 with h; = B;by (1 + o, (N_V)) =
1,2,3 again, where in particular by = o, (N~7), we have with Qy; = [ KZ (u) du,i =
1,2,3, for all z € [0,1)° satisfying X (x) > 0

3
. 1 02 _
/=1 y4

)~ ) )

We also need the following analogue of Theorem 6.

[N])
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Theorem 11. Under the assumptions of Theorem 10, we have for fived x €

(0,1)°

~

M H) = @)+ 3Vie D B () B+ o, (BN )
=1
1 N~ N
+vV A () QxO, <—\/N—b§v> + 0, <—_Nb§>\,> + O, ( —Nbﬁ’v) :

7.3 Tuning parameters of the plug-in

[N])

algorithm in dimension d = 3

The plug-in algorithm in dimension 3 uses the same kind of iteration as in
dimension 2 (compare Section 3.1). We start with initial guesses for the global
bandwidths iL](CO), k = 1,2,3, and choose an inflation factor N? for the kernel

estimates of second derivatives. We use the abbreviations
A = A (NeAD) . k=123,
MV @) = we (2 NP (@), K =1,2,3,
AD () = A (x J7(0) (x)) ,
where H® H® (z) as usual denote the diagonal bandwidth matrices with
entries fALS) respectively iL,(;) (), k = 1,2,3. Then, the algorithm starts with
iteratively improving the global bandwidths. If we are interested in local band-

width optimisation, then we switch from a certain point (after i* iterations)

on to the iteration improving local bandwidths.
. ey . 7 (0) 1 o
Step 0: Choose initial bandwidths h;’ = TN k=1,2,3.

Step 1: (global) For ¢ = 1,... 4", iterate:
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Find solution 9@ of 3, déi_l)vf =0, v > 0, with &g_l) given by the

equations following (7.5) with /AX,(f[l) replacing Ay Calculate

M R (59)°

a(l) - A(, 1) A(< 1) 9
AG Do — AG
%
i Qx 1
hY) =

NVE Ja@o® (]\gilfl) n Agl;l),a(i) 4 A&%’;l)@(i))
by = VaOhy,
By = Vo@n?,

» o » o 1
h<l) prmnd maX{h(l)7—}’ h(Z) :mln{h(l)y_} )k: 1727 3
¢ FoyN ¢ Fr2

Step 2: (local) Set H) (z) = HW). For i = i* +1,...,j*,

N7 Ly 361
ili(f) (x) = (QK/\(Z_Z) (m)) ! ‘H4=1 A (5‘71) 1
NV, i 1 i o Ai_ Ai_
" )‘l(ck ! (z) {3;(C ) (s§ Yoy sg Yy sé U)}

k=1,2,3, where §§i71) = sgnﬂéfl) (x),0=1,2,3.

L
14

?

i

Let us first discuss the choice of p. In dimension 3, the bias term of Age — Apo
is of order O ((N"bN)Q) by Theorem 9 if we choose the bandwidth N*by for

calculating Aps. Correspondingly, the variance term, i.e. the 3rd term in the

1

—N(prN)7>. Assuming, that by is already of

expansion of Akg, is of order O <

optimal order N _%, the bias term becomes O (N 2”_%) and the variance term

2

&5, and

0] (ﬁ) Balancing both terms would lead to % —2p ="Tp,ie. p=

both error terms would be of order O (N _%>.

However, as discussed in Section 6.3, we prefer to concentrate on keeping

1 _ 1 : _ 1
m—\/—ﬁ, l1.e. p—14.

the variance term small which leads to the condition
In the following, we choose therefore the inflation factor N¥ = N .
We now follow the arguments of Section 6.1 without describing all the

details. We use ¢k for some constants with changing values throughout the

127



iteration, which are functions of 3y, 55, f3 and various known functionals of the

kernel K.

Step 1:

Step 2:

Step 3:

Step 4:

We start with iz,(ﬂo) = \/LN’ k=1,2,3,1ie. by from Theorem 9 is \/LN too.

L the dominant term in the expansions (7.6), (7.7) in the 3rd

For p = e

one, and as NPby = N_%, we get

A = o uN? (140, (1))

Plugging this into the formulae for iz,(gl), we use that the solution of (7.5)

.. . . . ~(0 .
is invariant w.r.t. rescaling of the coefficients a,(c ), i.e. we may replace

them by %3&(0) =a% =01 (1+0,01 . such that ¥V = O, (1). The
N© Yk k P P

same holds for 4V, as from (7.4) and the asymptotic approximation of

~

A,(C(?, numerator and denominator are both of order N2. Hence, fAL,(:) is of

order { L }% — N—7.

N-N2

For i = 1, we have by = N=7 and NPby = N~11, such that

AD = N2 (1+ 0, (1))

Rlen

1
and ﬁ,gm is of order { L }7 =N~

N-N2

With by = N=11 and N°by = N~7, we have

A2 = N (1+ 0, (1))

=

and fL,(f’) is of order {ﬁ} — N-7.
With by = N~7 and NPby = N~i1, we have

A = VN (1+ 0, (1))

[un

and lAz,(f) is of order { 1 }7 — N1,

N-

2
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Step 5: With by = N=i1 and N?by = N~7, we have
AW = A 1 1
ke = Mo+ cre (14 0p (1))

as now the constant term is no longer negligible. The bandwidth approx-

imation /Az,(f) has now reached the optimal rate N -7,

For the further iterations, we have to take into account the remainder terms

Ry ke of (7.6), (7.7), which with by = N=7 and Nfby = N1t are

Bxge=0(N7H) 40, (NIN7F) 4o, (%) ,

and, correspondingly,

Au(H) = Mt O (N7F) 40, (NNH) 40, (ng)

VN

= Apet+rn(y).

Step 6: fL,(CS) satisfies the approximation assumption of Theorem 9 with by = N~7

and v = 0 such that ry (y) = O (N_%> +0p (N_%), and we get

iL](CG) = hak (1

Step 7: We now have by = N_%,y = %Such that ry () = O <N_%>—|—op <N_%>,

and
W = b (140(v ) 10, (V)

Step 8: Now by = N7, = 2 such that ry (7) = O (N’%) + 0, <N*

e
N~
&
=

o,

i = ha (140 (N7F) 40, (N 7))
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Step 9: Now by = N~7,7 = 2 such that ry (v) = O (N‘#) + o <1‘\)/g§[) as now

N-YN~7 = N~* is of smaller order. Therefore, further iterations do not

improve the approximation quality, and we stop with

W = hy <1+0(N%>+o,, (%))

We now turn to the local bandwidth selection. After i* = 5 global steps we
have attained the optimal rate by = N ~7. From Theorem 10 and 11, we have

with bandwidths of order NPby = N~ 11 respectively by = N -7

N (0, NOH) = A (2)+0 (N73) 4.0, (N71) 40y (7).

B, H) = @) +0(N ) +0,(NF) 41y (7)

with

with

Ry (y)=0 (N’%) + 0, (N’i> + 0, (N’%N”) .

Step 6’: Using iL,(f), we have as in Step 6 by = N*%,fy = 0, such that Ry (v) =

O (N_%) +op (N_%>, implying

=
=

WO () = hay (2) (1 +0 <N—

)

) +op (N
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=

Step 7’: With ﬁ,(f) (x), we have by = N~7,y = % such that Ry () = O (N_

0, (N*i)
WD (@) = ha (2) (140 (N72) +0, (N1)).

Step 8’: Here, the term o, <N’%N_'Y> =0p <N’%> is negligible to the unavoid-

)+

able term O, (N _i>. Therefore, further iterations do not improve the

approximation quality.

We summarise the discussion in the following result which is the analogue of

Theorem 7.

Theorem 12. Under the assumptions of Theorem 11, we have that the plug-
in algorithm at the beginning of this section obtains the following rates for
approximating the asymptotically optimal bandwidths with the inflation factor
NP = N1,

a) b :hak<1+ ( >+op<l‘%v)>,k::1,2,3.
) = hak()<1+0< >+OP<N*i>>,kz:1,2,3.

Further iterations do not improve these rates. In case b), we switch after

b) b

A

5 steps from the global to the local iteration, i.e. i* =5, 5% = 2.

It may happen during the iteration that there is more than one positive
solution 9 of the polynomial equation of degree 4 for which also the corre-
sponding @ > 0. If this happens prior to the last step of the iteration, i.e.
in local bandwidth selection always, then it does not matter which solution is
chosen. The ambiguity of solutions does influence only a constant factor of the
intermediate bandwidths, but not the rates which are all that counts here. We
prefer to choose the larger one of both solutions to make the algorithm auto-

matic. If we use the algorithm for global bandwidth selection and if more than
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one solution appears during the last step 9, then we recommend to look at the
different resulting vectors of bandwidths and choose that one for which hyhohs
is largest. This should lead to a smoother appearance of the final intensity

estimate.
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Chapter 8

Application to simulated and

real data

In this chapter, we consider simulated and real data in 2 dimension (d = 2).

The kernel function used is quartic kernel:

2 2 2
K (u.0) (1) A =u®) (1 =0, Jul < 1]l <1
U, v) =
0, otherwise,

so that

1l
Vi = //uQK(u,U)dudv
-1/

1,1
Qr = / Kz(u,v)dudv
—1J-1

1\* ot 4 4

_ (1_) / / (1) (1 - )" dudv
6 —1J-1

25

49°
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8.1 Simulation results for the mixture
bivariate normal distribution
Samples were generated from the following distribution:
X =(1-W)Xy+ WXy,

where X is a bivariate normal distribution with mean ( 0.5 0.5 ) and co-

2
09

variance matrix . Similarly, X; is a bivariate normal distribution
0 op
. . [0l O .
with mean | (.75 0.75 | and covariance matrix . 0p and o1 will
0 o}

be specified later. W is a Bernoulli random variable such that W = 1 with
probability w and W = 0 with probability 1 — w. Observations outside of
[0, 1] were rejected. The total sample size was N = 500.

We chose w = 0.75 and 0§ = 07 = 15 to illustrate how the bandwidth
changes as the iteration proceeds. The iterated global bandwidths shown in
Tables 8.1 and 8.2 illustrate that the iterated bandwidth becomes steady after
7 steps for global case and 6 steps for local case. Note that in Figure 8.1, the
bandwidth at the point (0.75,0.75) in the local iteration steps (from step 5
onwards) decreases first and becomes steady afterwards. Probably it is due to
the fact that at the point (0.75,0.75) at where the peak is located, the second
derivatives of the intensity function A\i; (z,y) and Ags (z,y) attain a very high

value. Therefore, the algorithm chooses a relatively smaller bandwidth to

accommodate this feature.
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Iteration step ¢ h((ltl) h((g
0 0.04472136  0.04472136
1 0.07110748  0.07343927
2 0.08994116  0.09747116
3 0.09833928  0.108044528
4 0.10254668  0.11285674
5 0.10489176  0.11490613
6 0.105874438  0.11606366
7 0.10670693  0.11649906
8 0.10722224  0.11666709
9 0.10734786  0.11681582
10 0.10743845  0.11682822
11 0.10748641  0.11680769
12 0.10752665  0.11682475
13 0.10755093  0.11679476
14 0.10754256  0.11681992
15 0.10755222  0.11680228

Table 8.1: Iterated global bandwidths for observations generated from a 2-
dimensional normal distribution as specified in Section 8.1 with o¢ = 01 = 1—12

and w = 0.75.

Iterated global bandwidth

o o o o o
° = o =S ° e
& < & 3 [ =

o

o

a
T

Iterated local bandwidth

o
o
5

0

10

Number of iterations

15

0

5

10 15

Number of iterations

Figure 8.1: Plots of the iterated global bandwidths izgt) and local bandwidth
hgt) (0.75,0.75) for observations generated from a 2-dimensional normal distri-

bution as specified in Section 8.1 with o9 = 01 = 1—12 and w = 0.75.

Next, we conducted a Monte-Carlo study. We generated M = 200 samples

with each sample having the sample size N = 500. For pure global bandwidth

selection, there are 7 iteration steps. For the local case, the first 4 steps will be
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Global iteration step ¢ hétl) hl(fz)
0 0.04472136 0.04472136
1 0.07110748 0.07343927
2 0.08994116 0.09747116
3 0.09833928 0.10804453
4 0.10254668 0.11285674

Local iteration step ¢ | A% (0.75,0.75)  h% (0.75,0.75)
5 0.08720507 0.09686396
6 0.07960701 0.09037397
7 0.07524026 0.08601521
8 0.07287823 0.08635201
9 0.07272479 0.08579517
10 0.07277950 0.08578627
11 0.07273217 0.08581165
12 0.07277762 0.08577490
13 0.07273078 0.08582061
14 0.07278107 0.08576696
15 0.07272592 0.08582843

Table 8.2: Iterated global and local bandwidths at (z,y) = (0.75,0.75) for
observations generated from a 2-dimensional normal distribution as in Figure
8.1.

global iteration steps followed by 2 local iteration steps. For each sample, the
estimated intensity using the global or local bandwidths at the points (z,y) =
(0.5,0.5), (%, %) , (%, %) , (%, %), and the squared difference between the true
intensity and estimated intensity Fg = <5\G (r,y) — A (z, y)>2 for pure global
case and Fj = <;\L (x,y) — X (=, y)>2 for local case were computed. The whole
process was repeated for M = 200 times and we computed Eg = ﬁ 224:1 Eg )
and F; = % 224:1 E(Lk) to compare the performance between global bandwidth
and local bandwidth.

From Table 8.3, it seems that generally the intensity estimated by local
bandwidth is better than the one by global bandwidth. In some cases, £
is even much smaller than Eg. On the other hand, there are some occasions

in which £} are a bit larger than Eg, but most of which are the samples in

which there are some invalid local bandwidths showing 0, NaN or infinity due
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(w] Gw [ 0505 [ GD [ GH [ G3
o0 = 13 Eg=19688 | Eq=14.0260 | Eg=0.0215 Eq = 0.5160

s | =5 | Ep=213%4 Er,=13532 | E;=0.0290x | Ep=0.4704%
i oo=1 | Eq=02564 | Eg—15.6275 | Eq=0.0400 | Eg—0.4384
o1 = % Ep, = 0.4874x B =13849 | EpL=0.0334x | Ep=0.3769

00 = 3 Eq=02956 | Eg=487982 | Eg = 0.0590 E¢ = 1.5306

o1 = % Ep =0.3615x | FEp=238801 | Ep=0.0275% | Ep=2.3907x

Table 8.3: The difference between the true and estimated intensity by global
bandwidth (E¢) and local bandwidth (E,). Those E;, marked with * indicated
that at least 1 sample has local bandwidth equal to 0, NaN or infinity. Those
E}’s are computed by ignoring those samples. Please refer to Table 8.4 for the
number of samples with local bandwidths = NaN, zero or infinity out of those
200 samples.

w] @y  [0505) ]G3 ]G3 ]G]
0 = 5 = o1 0 0 70 4

8 op=Lo =2 | 48 0 | 133 | 0
go=10 =% 54 0 | 131 | &9

Table 8.4: Number of samples with local bandwidths = NaN, zero or infinity
out of 200 samples.

to numerical issues. The numbers of such samples are tabulated in Table 8.4.
Tables 8.5 and 8.6 show the corresponding statistics with w changed to %
Figure 8.2 shows the scatter plot of the points generated from a bivariate

normal distribution with oy =

5 = o1 and w = 0.75. Note that at the region

where there are almost no points generated (e.g. =z > 0.7 and y < 0.5), the
local iteration cannot proceed as A (z,y,H) is 0, leading to a sudden drop in
the kernel estimate. At the peak where there is a high variation of intensity,
e.g. (x,y) = (0.75,0.75), the estimate by local iteration is closer to the true

intensity than the global iteration.
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(w] @y [ 0505 [ @D [ G [ (3
00 = 13 Eq =7.9731 Eq = 8.2182 Eqc = 0.0685 Eq = 0.2406

L o= E; = 4.4406 E; = 4.4976 E; = 0.0827x E; =0.1615x%
2 [ gg=1 Eq = 0.9142 Eq = 13.5416 E¢ = 0.0458 Eq = 0.2257
o] = % Er, =0.8799 Er, =5.3731 Er, = 0.0564x* Er, =0.2515

oo = L E¢ = 0.7081 Eq = 44.8710 E¢ = 0.0832 Eq =0.9734

o1 = 1% E;, =08110x | Ep=16.1661 | E;=0.0708« | Ep = 1.2096%

Table 8.5: The difference between the true and estimated intensity by global
bandwidth (E¢) and local bandwidth (E,). Those E;, marked with * indicated
that at least 1 sample has local bandwidth equal to 0, NaN or infinity. Those
E}’s are computed by ignoring those samples. Please refer to Table 8.6 for the
number of samples with local bandwidths = NaN, zero or infinity out of those
200 samples.

(wl  (wy) (0505 ](53) ] G3) [(G35)]
00 = 35 = 01 0 0 27 23

1og=1%o =% 0 0 136 0
0'0:%70'1:1—16 2 0 128 16

Table 8.6: Number of samples with local bandwidths = NaN, zero or infinity
out of 200 samples.

We conclude that the bandwidth selection algorithm usually works quite

well, where the local method is considerably better where the true underlying

3 3
401

intensity function has a high curvature, i.e. at ( ), as it is to be expected
considering the asymptotic mean-squared error approximation.

The local bandwidth selection causes sometimes numerical problems, in
particular at points where the intensity function is close to 0 and where we
have no or few observations in the neighbourhood. For stability, it would
be advisable to modify the algorithm such that the local iterations are only

applied to locations with not too few data in an appropriate neighbourhood,

and, otherwise, the optimal global bandwidth will be used.
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Figure 8.2: True intensity, estimates by local bandwidth and global bandwidth

for a mixture bivariate normal distribution, oy = 01 = %7 w = 0.75.

8.2 Simulation results for a bivariate normal

distribution with large correlation

500 observations were generated from a bivariate normal distribution with

0.5 1 08
: . : 144 144 : .
mean and covariance matrix , i.e. the correlation co-
0.5 08 1
: 144 144

efficient between the first and second component is 0.8. 200 samples were
generated. The differences between the estimated intensity and true intensity
at the points (0.4,0.4), (0.45,0.45), (0.55,0.55)and (0.6,0.6) are tabulated in
Table 8.7. At the point (0.5,0.5) where the intensity function has the largest

second order derivatives, the local bandwidth performs much better than the

139



| (z,y) | (0.4,0.4) | (0.45,0.45) | (0.5,0.5) | (0.55,0.55) | (0.6,0.6) |
Eg | 10.3390 | 43.0134 | 68.1889 | 41.7772 | 12.4429
Ep | 126652 | 31.9088 | 42.0751 | 30.7512 | 15.3291

Table 8.7: Difference between the estimated intensity and true intensity. True

. S L N . 0.5 :
intensity is a bivariate normal distribution with mean < 0.5 ) and covariance

108
i 144 144
matrix 0g 1 .

144 144
Estimate by Estimate by
(w.y) | Truevalue | ) b1 bandwidth | local bandwidth
(0.4,04) | 17.1631 15.7835 14.6840
(0.45,0.45) | 31.2732 25.5565 26.4292
(0.5,05) | 38.1972 32.2037 34.6547
(0.55,0.55) | 31.2732 26.2438 27.6993
(0.6,0.6) | 17.1631 12.8752 11.8492

Table 8.8: True values of the intensity function and the estimates for a bivariate

e 0.5 . &y 2
normal distribution with mean < 0.5 and covariance matrix | 4 14 ).
: 144 144

global bandwidth does. However, at the points (0.4,0.4) and (0.6,0.6) which
are a bit far away from the peak, the local bandwidth performs slightly worse
than the global bandwidth does. The true values of the intensity function and

the estimates from a typical sample are tabulated in Table 8.8.

8.3 Application to concrete fibres projected
onto 2 dimensional plane

Data sets of fibre locations of several concrete test bodies were provided by
the engineering partner, Daniele Casucci, of the research group GrK 1932.

See also Casucci (2018). The image processing software MAVI developed by
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Fraunhofer ITWM was used to extract the fibre locations. The plug-in algo-
rithm was applied to estimate the intensity of fibre locations projected onto 2
dimensional plane. Both global and local bandwidth iteration algorithms were
deployed. Figures 8.3, 8.4 and 8.5 show the scatter plots and kernel estimates
for the fibre locations projected onto x —y,  — z and y — z planes of a concrete
test body. For each scatter plot, there are three graphs showing the kernel
estimates by global and local bandwidths. For local bandwidth iteration, re-
call that we need to start with 4 steps of global iteration and switch to local
iteration on 5th step. Sometimes the global iteration will lead to a situation
where Ay (x,y, NPH) and Aoo (x,y, NP H) have opposite signs violating the as-
sumptions of our theoretical results. We could not proceed the local iteration
and continue the global iteration instead for those local steps. The graph with
the title “Estimate by local and global bandwidth” shows the kernel estimate
for which the local iteration cannot proceed and global iteration proceeds in-
stead for those local steps. It is of interest to note that in Figure 8.4 which
contains the graphs for x — z plane, the kernel estimates by local bandwidth
can better indicate the variation of the fibre intensity than the one by global
bandwidth. Along the close-to-zero z-coordinate (approximately z = 0.15),
the kernel estimate by local bandwidth shows that there is a particularly high
concentration of fibres as illustrated in the scatter plot. Along the close-to-one
z-coordinate (approximately z = 0.85) the kernel estimate by local bandwidth
shows that there are two sharp peaks and a trough where the fibre intensity is
particularly low as illustrated in the scatter plot. Clearly, the kernel estimate
by global bandwidth cannot indicate that along z = 0.85, the fibre intensity is
relatively low compared to the neighbourhood. In Figure 8.5, along the close-
to-one z-coordinate (approximately z = 0.9), the fibre intensity is more or

less constant. The estimate by local bandwidth shows a flat portion while the
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estimate by global bandwidth shows that the intensity changes continuously
along 2z = 0.9 probably due to over-smoothing.

However, when the fibre intensity is too low, the local iteration fails to
proceed. In fact, at the point (z,z) = (0.4,0.5), the estimate iy (z, z, N?H)
and \go (x,z, NPH) are of opposite signs after 4 steps of global iterations.

Figures 8.6, 8.7 and 8.8 show the same graphs for another test body. As
before, the local iteration can better indicate the variation of intensity than the
global bandwidth can. Note that in all plots, the intensity estimates become
small close to the boundary. That is purely due to the well-known boundary
effects for function estimates based on local smoothing. The estimate pretends
that there are no data outside [0, 1]2 though they only are not observed. In its
current form, our method does not give reliable results close to the boundaries.
As a remedy, we could use special asymmetric boundary kernels (compare,
e.g., Section 4.4 of Hérdle (1990), for the regression problem). For purely
global bandwidth selection, this already should suffice if the number of points
close to the boundary is small compared to the whole observation region. For
local bandwidth selection, however, we would have to modify the algorithm
to include boundary kernels as the resulting kernel estimates have a different
kind of asymptotics near the boundary. Of course, for N — oo and h — 0,
the boundary effect will become smaller, but it is a problem for finite sample
sizes except for situations like that in Sections 8.1 and 8.2 where all data are

well in the interior.

142



0.4

0.3

0.2

0.1

0.3 0.4 0.5 0.6 0.7
X

Estimate by local bandwidth

/;II;:;::&""%“ \

(X5

SN
I

i

0.8

0.9

1

Estimate by global bandwidth

OO
(S
ARSSELY
N‘“o'o’o“ P
(/)
7

/;;;0\“"0,%"0'0
// ;;/I/'::‘ K ?‘: “‘ M\
MO0
I'"% 8“\“\\\\\

%

4

s
08

,ﬁ%t\‘\%‘;’/;v \

Figure 8.3: Scatter plots, kernel estimates by global and local bandwidths for
the fibre locations projected onto x — y plane, test body 1
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Chapter 9

Conclusion

In this thesis, we have developed an iterative plug-in algorithm for bandwidth
selection for kernel intensity estimation. In Chapter 2, we derived the asymp-
totic expressions for the mean squared error (mse) and mean integrated squared
error (mise). From them, we derived, for d = 2, the asymptotically optimal
bandwidth for local and global cases and proved that the difference between
the bandwidth minimising the mse respectively mise and the one minimising
the asymptotic mse respectively asymptotic mise is up to o (N ’é>. In case of
smoother intensity function, the difference is even up to a smaller rate.

In Chapter 4, we derived the asymptotics for the integrated mean-squared
error estimates with random bandwidths. In particular, we have derived the
asymptotic expansions for Ay, = [[ Ak (1,9, H) Ao (x1, 9, H) dx1dxe, K, 0 =
1,2 for d = 2. Such expansions are utilised to choose the tuning parameters for
the iterative algorithm. In Chapter 5, we derived the asymptotics for the local
mean-squared error estimates with random bandwidths. In particular, we have
derived the asymptotic expansions for 5\1-]- (x1,29,H),i=1,2 and A (1,29, H)
for d = 2. In Chapter 6, based on the asymptotic expansions derived in Chap-

ters 4 and 5, we recommend an inflation factor N* with p = % because the
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algorithm requires fewer iteration steps and it leads to more stable estimates.
Choosing p = i leads to a better approximation of the asymptotically optimal
bandwidths but it does not lead to a better approximation of the mse-optimal
bandwidth. Moreover, choosing p = i leads to more iteration steps. There-
fore, we have chosen p = % Based on them, we determined the number of
iteration steps in the global and local bandwidth selection algorithm. Only a
small number of iterations suffices. In Chapter 7, the asymptotic analysis and
tuning parameter selection were repeated for d = 3.

In Chapter 8, the iterative bandwidth selection algorithm was applied to
some simulated data sets. As expected, the local bandwidth can better indicate
the variation of point intensity than the global one. However, special attention
is required when only a few points are present. In this case, local bandwidth
iteration cannot proceed and optimal global bandwidth will be used.

In the short future, the data analysis for 3 dimensional data sets will be

done to complete the scope of this thesis.
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