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Abstract

Numerical Godeaux surfaces are minimal surfaces of general type with the smallest possible
numerical invariants. It is known that the torsion group of a numerical Godeaux surface is cyclic
of order m < 5. A full classification has been given for the cases m = 3, 4, 5 by the work of Reid
and Miyaoka. In each case, the corresponding moduli space is 8-dimensional and irreducible.
There exist explicit examples of numerical Godeaux surfaces for the orders m = 1,2, but a
complete classification for these surfaces is still missing.

In this thesis we present a construction method for numerical Godeaux surfaces which is based
on homological algebra and computer algebra and which arises from an experimental approach
by Schreyer. The main idea is to consider the canonical ring R(X) of a numerical Godeaux
surface X as a module over some graded polynomial ring S. The ring S is chosen so that R(X)
is finitely generated as an S-module and a Gorenstein S-algebra of codimension 3. We prove
that the canonical ring of any numerical Godeaux surface, considered as an S-module, admits
a minimal free resolution of length 3 whose middle map is alternating. Moreover, we show
that a partial converse of this statement is true under some additional conditions. Afterwards
we use these results to construct (canonical rings of) numerical Godeaux surfaces. Hereby, we
restrict our study to surfaces whose bicanonical system has no fixed component but 4 distinct
base points, in the following referred to as marked numerical Godeaux surfaces.

The particular interest of this thesis lies on marked numerical Godeaux surfaces whose torsion
group is trivial. For these surfaces we will study the fibration of genus 4 over P! induced by the
bicanonical system. Catanese and Pignatelli showed that the general fibre is non-hyperelliptic
and that the number % of hyperelliptic fibres is bounded by 3. The two explicit constructions of
numerical Godeaux surfaces with a trivial torsion group due to Barlow and Craighero-Gattazzo,
respectively, satisfy h=2.

With the method from this thesis, we construct an 8-dimensional family of numerical Godeaux
surfaces with a trivial torsion group and whose general element satisfy h = 0. Furthermore, we
establish a criterion for the existence of hyperelliptic fibres in terms of a minimal free resolution
of R(X). Using this criterion, we verify experimentally the existence of a numerical Godeaux
surface with h = 1.
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Notation

Let X be a smooth projective complex surface, and let D, D’ be divisors on X. We use the
following notation:

D~ D D and D’ are linearly equivalent

D=D D and D’ are numerically equivalent

Pic X the Picard group of X

Tors X the subgroup of torsion elements of Pic X

HY(X,0x (D)), or simply H(X, D) the ith cohomology group of the sheaf Ox (D)
h'(X,0Ox (D)), or simply h*(X, D) the vector space dimension of H*(X,Ox (D))

x(Ox (D)) the Euler-Poincaré characteristic of Ox (D), that is
WO(X, 0x (D)) — hL(X, Ox (D)) + h3(X, Ox (D))

Kx a canonical divisor of X

pg(X) the geometric genus of X, that is h(X, Ox (Kx))

q(X) the irregularity of X, thatis h' (X, Ox)

P (X) the nth-plurigenus of X, that is h%(X, Ox (nKx))
forn>1

K(X) the Kodaira dimension of X

If X is clear from the context, we will often write py, ¢, Py, x and K2 instead of p,(X), ¢(X),
Po(X), x(Ox) and K%.

Throughout this thesis, all considered rings will be commutative and unitary. Let A be a
Noetherian ring, and let I C A be an ideal. If M is a finitely generated A-module, we set:

depth(Z, M) the length of any maximal M -sequence in [
anny M the annihilator of M
projdim4 M  the projective dimension of M

For amap ¢: F — G between free A-modules, we write:
rank(¢) the rank of ¢
I;(¥) the jth determinantal ideal of 1)
I(w) Irank(w) (¢)

If d is a matrix representing 1), then rank(v)) is the same as the size of the largest non-vanishing
minor of d. By abuse of notation, we sometimes write rank(d) instead of rank(v)).
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1 Introduction

In the study of algebraic surfaces throughout the last centuries, complex surfaces with geometric
genus p, = 0 and irregularity ¢ = 0 have always been of a particular interest. Around 1870,
Max Noether posed the question whether every surface satisfying p, = ¢ = 0 is rational. A first
negative answer was given by Enriques in 1894. Enriques considered a surface of degree 6 in
IP3 passing doubly through the edges of a tetrahedron. The normalization is then a non-rational
surface with the desired invariants. Shortly afterwards, Castelnuovo presented his celebrated
rationality criterion stating that a surface is rational if and only if P» = ¢ = 0, where P>, denotes
the second plurigenus, and another example of a non-rational surface with p, = ¢ = 0 ([Cas96]).

In the 1930s, the first examples of surfaces of general type with p, = ¢ = 0 were constructed
independently by Campedelli and Godeaux ([Cam32], [God34]). Campedelli constructed a sur-
face with p, = 0 and K 2 = 2 as the minimal model of a double cover of P? branched along a
curve of degree 10 having a specific configuration of singularities. Godeaux considered a quin-
tic surface Y in P on which the cyclic group of order 5 acts without fixed points. Then Y is a
surface of general type with K& = 5, p;(Y) = 4 and ¢(Y') = 0 and the smooth minimal model
of the quotient is a surface of general type with K? = 1 and pg = q = 0. In honor of their work,
minimal surfaces of general type with p, = 0, and hence ¢ = 0, are nowadays called numerical
Godeaux surfaces if K? = 1 and numerical Campedelli surfaces if K* = 2.

In 1977, Gieseker showed the existence of a quasi-projective coarse moduli space 9, y,
parametrizing isomorphism classes of minimal models of surfaces of general type with K2 = q
and x = b ([Gie77]]). Having a complete description of 9, ; for as many types of (K 2 x)isa
constant aspiration in algebraic geometry. A first natural question is for which values of (K2, x),
there exists a minimal surface of general type with these invariants, and hence a non-empty
moduli space. Although there is no general answer to this question, the numerical invariants of
a minimal surface of general type X satisfy several well-known inequalities:

e K% >1land x(Ox) > 1,
o K% < 9x(Ox) (Bogomolov-Miyaoka-Yau-inequality),
e K2 > 2x(Ox) — 6 (Noether’s inequality).

If the surface X is irregular, that means ¢(X) > 0, a further restriction is given by Debarre’s
inequality stating that /' g( > 2x(Ox) in this case. This shows, in particular, that the numerical
Godeaux surfaces are exactly the minimal surfaces of general type satisfying K? = y = 1.
Thus it is fair to say that numerical Godeaux surfaces are the surfaces of general type with the
smallest possible invariants.

From the beginning of the 1970s, several steps towards a complete classification of these
surfaces have been achieved. Miyaoka showed that the group H?(X, Z) s = Tors X is cyclic
of order < 5, where Tors X is the torsion subgroup of the Picard group of a numerical Godeaux
surface X ([Miy76]). For a surface with a non-trivial torsion group of order m, the original
construction due to Godeaux generalizes to the following: There exists a finite étale covering
Z — X of degree m corresponding to Tors X. Construct first the cover surface Z and realize
X then as the quotient. Using this method, Reid gave a complete description of the canonical
ring of a numerical Godeaux surface X with Tors X = Z/5Z, Z/4Z and Z/3Z ([Rei78]]). In
each case, Reid showed that the moduli space of these surfaces is irreducible and 8-dimensional.
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Figure 1.1: The geography of minimal surfaces of general type

In the 1980s, Barlow constructed numerical Godeaux surfaces with Tors X = 0 and Tors X =
7./27 ([Bar82])). The surfaces with a trivial torsion group were also the first examples of simply
connected numerical Godeaux surfaces. Since then there have been further examples of numeri-
cal Godeaux surfaces with Tors X = Z /27 ([Bar85l], [Wer94], [Wer97], [Cou09], [KLP10]) and
trivial torsion group ([CG94]), but a complete classification for these surfaces is still missing.

The main subject of this thesis is a construction method for numerical Godeaux surfaces based
on homological algebra and computer algebra. The construction arises from an experimental
approach by Schreyer ([Sch05]]). The basic idea of this approach is to study the canonical ring

R(X) = P H(X,Ox(nKx))
n>0

of a numerical Godeaux surface X as a module over a polynomial ring S. More precisely, let
7o, T1 be a basis of H*(X, Ox(2Kx)), and let yo, . . ., y3 be a basis of H*(X, Ox(3Kx)). We
will show that R(X) is a finitely generated S = k[zg, z1, Yo, . - . , y3]-module for any numerical
Godeaux surface X. Thus, geometrically, we study the canonical model X ., = Proj(R(X))
of X via its image under the finite morphism X..,, — Proj(S) = P(22,3%).

In Chapters 3, 4 and 5 we prove some general results on the canonical ring R(X), considered
as an S-module, and its minimal free resolution. These statements provide the theoretical foun-
dation for our construction which we present in Chapters 6, 7 and 8. In doing so, we restrict
our study to numerical Godeaux surfaces whose bicanonical system has no fixed component
but four distinct base points. We refer to these surfaces as marked numerical Godeaux surfaces.
Note that the torsion group of any such surface is of odd order. But anyway, our main interest
lies in numerical Godeaux surfaces with a trivial torsion group.



Besides the theoretical results, one of the major features of our method is that we can compute
explicit examples of numerical Godeaux surfaces. Let us briefly explain this by means of the
following diagram:

X X U Xean © P(22,34, 4%, 53)
f \g | \cp
R Pl x P3 <------ P(22,3%)

X denotes a marked numerical Godeaux surface and 7w: X — X4, is the birational morphism
onto the canonical model of X. The map g is a product rational map induced by the linear
systems |2K x| and |3K x| and is birational onto its image W C P! x P? ([CP0O], [Pig00]). The
bicanonical system induces a fibration f : X — P! of genus 4, where X is the blow-up of X at
the four base points of |2K x|.

We focus on the morphism ¢: X, — P(22,3%) and the image Y C P(22,3%). Via our
construction we obtain in the first place only the surface Y which is a birational model of the
canonical model X .,,. However, we develop an algorithm for determining the defining relations
of Xean C P(22,3% 4% 53) from a (given) minimal free resolution of R(X) as an S-module.
Hence, we obtain the canonical model X, and the different birational models Y and W and
we can study the geometry of these surfaces explicitly via computer algebra.

Now let us assume that Tors X = 0. The general fibre of f is non-hyperelliptic and a complete
intersection curve of type (2, 3). However, hyperelliptic fibres may occur and Pignatelli showed
that the number £ of hyperelliptic fibres (counted with multiplicity) is < 3 ([P1g00]). The two
explicit constructions of torsion-free numerical Godeaux surfaces due to Barlow and Craighero-
Gattazzo, respectively, satisfy h = 2. We believe that these surfaces are rather special and that
the general elements of the moduli space of torsion-free numerical Godeaux surfaces satisfy
h=0. Up to now, the existence of surfaces with h = 1 has been unknown.

Throughout this thesis we establish several new relations between Schreyer’s original ap-
proach and geometric properties of X such as the order of the torsion group or the existence
of hyperelliptic curves in the bicanonical system |2K x|. One main result of this thesis is the
existence of an 8-dimensional family of torsion-free numerical Godeaux surfaces whose general
element has no hyperelliptic bicanonical curves. Furthermore, we develop a criterion for the ex-
istence of (smooth) hyperelliptic bicanonical curves which allows us, in particular, to determine
the number of these curves from the first syzygy matrix of a minimal free resolution of R(X)
as an S-module. Moreover, using this criterion, we compute an explicit example of a numerical
Godeaux surface (defined over a field with characteristic p > 0) satisfying h=1.

We end this introductory part by giving an outline of the chapters and results of this thesis:

In Chapter 2 we briefly introduce most of the notation which will be used throughout this
thesis such as minimal free resolutions, canonical modules, and minimal and canonical surfaces.

Chapter 3 then focuses on numerical Godeaux surfaces. It is known that the canonical ring
R(X) of a numerical Godeaux surface X is generated in degree < 6. We refine this statement
by showing that R(X) is generated in degree < 5 and describe a minimal set of algebra genera-
tors. Afterwards we consider the canonical ring R(X') as a module over the polynomial ring S
introduced above. We show that the morphism ¢: X, — Y is the normalization of Y. At the
end of Chapter 3, we will see that a minimal free resolution of R(X) as an S-module has length
3 and determine the Betti numbers of R(X).

In Chapter 4 we present our main theorem on the canonical ring of numerical Godeaux sur-
faces. We prove that the canonical ring R(X), considered as an S-module, admits a minimal free
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resolution whose middle map is alternating. This result can be seen as a generalization of the
celebrated structure theorem of Buchsbaum and Eisenbud for Gorenstein ideals in codimension
3 ([BE77]) and the proof of our statement is based on similar ideas.

In Chapter 5 we prove a partial converse of the structure theorem of Chapter 4. We first
show that any finitely generated graded S-module having a self-dual resolution as described in
Chapter 4 supports, under some additional (ring) condition, the structure of a Gorenstein ring.
Afterwards we show that, under some further mild assumptions, the corresponding scheme is the
canonical model of a numerical Godeaux surface X. Furthermore, we explain how a complete
set of defining relations of R(.X) (as a ring) can be obtained from the S-linear relations.

One important ingredient for our construction is that the elements xg, 1 € S form a regular
sequence for R(X ). In Chapter 6 we show that modulo this regular sequence the minimal free
resolution of R(X) splits into a direct sum of three exact sequences. Restricting to marked
numerical Godeaux surfaces then, we give an explicit description of these three complexes.
Furthermore, we call a minimal free resolution of R(X) standard if the middle map is alternating
and the complexes are of a particular fixed form modulo xg, 1. We will show that the canonical
ring of any marked numerical Godeaux surface admits such a standard resolution.

In Chapter 7 we present and explain the individual steps of our construction. We will see
that constructing S-modules R having a standard resolution is basically equivalent to choosing
a line in a complete intersection  C P!! and a point in some vector space. More precisely,
our construction depends on pairs of the form ([, p), where [ is a 2 x 12 matrix representing a
line in @ and p is a point in a vector space V(I). In particular, we can assign such a pair to any
standard resolution of R(X). The variety @ is defined by four quadrics of rank 6 which are the
Pfaffians of some skew-symmetric matrices of size 4. We present a method for finding lines in
@ and study also some local properties of the corresponding Fano scheme of lines F} (Q).

To decide if a pair (I, p) results in the canonical ring of a numerical Godeaux surface X, we
use the statements from Chapter 5. If this is the case, we assign to the pair ([, p) the isomorphism
class [X] € 9y ; and speak of an admissible pair. In Chapter 8 we characterize and identify
(admissible) pairs which lead to isomorphic surfaces. The identification part is mainly done by
introducing appropriate group operations on the parameter space of the matrices / and the vector
spaces V(1). Furthermore, we give some criteria which allow us to determine the order of the
torsion group of X from a given standard resolution of R(X). Finally, we use our construction
to show the existence of an §-dimensional family of numerical Godeaux surfaces having a trivial
torsion group which Schreyer’s experimental results already suggested. The proof of this result
is based on the fact that we can construct one such surface with our method which will be verified
in Chapter 11.

In Chapter 9 we briefly recall the classification results on numerical Godeaux surfaces with
torsion group 7 /57 and Z/3Z due to Godeaux, Miyaoka and Reid, respectively. For every
member X of the 8-dimensional family of Z/5Z-Godeaux surfaces we give an explicit descrip-
tion of the first syzygy matrix of R(X) as an S-module. In particular, we will see that such a
surface is a marked numerical Godeaux surface. Furthermore, in both cases, we deduce some
properties on the standard resolutions of the corresponding canonical rings.

In Chapter 10 we restrict our attention to torsion-free marked numerical Godeaux surfaces.
We show that our finite birational morphism ¢: X.., — Y C P(22,3%) is not an isomorphism
if there exists a (smooth) hyperelliptic bicanonical curve. Furthermore, we give an explicit
characterization of the existence of such curves in terms of a standard resolution of R(X).

The aim of Chapter 11 is to present some explicit computations with MACAULAY?2 ([GS]]). In
particular, we construct a marked numerical Godeaux surface (defined over a finite field exten-
sion over Q) having a trivial torsion group and no hyperelliptic fibres. Furthermore, we verify
by an explicit computation the existence of a torsion-free numerical Godeaux surface (defined
over a finite field) having exactly one hyperelliptic bicanonical curve.



2 Preliminaries

The aim of this chapter is to introduce the main objects and tools which are used throughout the
thesis. We start by describing minimal free resolutions and Betti numbers. Then we introduce
the notion of *local rings and *canonical modules. At the end of the chapter, we give a brief
introduction to algebraic surfaces, where the main focus lies on surfaces of general type.

Notation 2.0.1. Throughout this thesis, k denotes an algebraically closed field unless otherwise
stated. When dealing with surfaces, we will often assume that k = C.

2.1 Minimal Free Resolutions and Betti Numbers

In this section we state some well-known results on minimal free resolutions and syzygies which
can be found in [EisO3]]. Let S = k[to, ..., ] be the graded polynomial ring in 7 4 1 variables
with deg(t;) = a; > 0 fori = 0,...,r. If a; = 1 for all 4, then we call S standard graded.
Let M = @, My be a finitely generated graded S-module, and let my,...,m, € M be
homogeneous generators of M with deg(m;) = b;. Sending the canonical basis vectors of the

free module Fy = P j S(—b;) to the m;, we get a surjective map of degree 0

0+ M + Fy.

The kernel M; of this map is again a finitely generated graded S-module. We call the elements
of My syzygies on the generators m; or syzygies of M. Continuing this procedure with the
module M yields an exact sequence

O M<—Fy+F <+ - F+Fi1+ . 2.1

We call its free part
Fo—F -« F+— F1+ -

a (graded) free resolution of M. By abuse of notation, we also call every sequence as in (2.1 a
free resolution of M.

Theorem 2.1.1 (Hilbert’s Syzygy Theorem). Let M be a finitely generated graded S-module.
Then M has a finite graded free resolution

e+ Fi -~ Fyp 1 F,+0
of length m < r + 1 with finitely generated free modules F.
Proof. See [EisO3l, Theorem 1.1 and Exercise 1.1.2. ]

A free resolution of a finitely generated S-module M is in general not unique. However, we
obtain uniqueness up to isomorphism if we are working with minimal free resolutions:

Definition 2.1.2. Let m = (¢o,...,t,) € S. We call a complex of free graded S-modules

5
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minimal if for every ¢ the image of d; is contained in mF;_; .

One can show that a free resolution is minimal if and only if a minimal set of module gen-
erators is chosen in every step of the construction of the free resolution. In particular, such a
resolution exists. Furthermore, a minimal free resolution can be computed from any free resolu-
tion. In the following, M will always denote a finitely generated graded S-module. In view of
the following result we will often speak of the minimal graded free resolution of M.

Theorem 2.1.3. If F and G are two minimal free graded resolutions of M, then there exists a
graded isomorphism of complexes F — G which induces the identity on M.

Proof. See [Eis13l, Theorem 20.2. ]

One of the most important features of this result is that the number of generators of a given
degree in each module of a minimal free resolution does only depend on the module M and not
on the resolution.

Definition 2.1.4. Let F be the minimal free resolution of M. We write

F; = @ S(—g)Pes M.
J

Then the numbers 3; (M) are called the (graded) Betti numbers of M. We simply write j3; ;
for §; ;(M) if M is clear from the context.

The Betti numbers of M can be represented in a table, called the Betti table of M:

Nl O 1 - m
0 |Boo Bi1 - Bmm
1 | Boar Bz - Bmmst
S 50,5 ﬂl,lJrs e ﬁm,ers

There exists a characterization of these numbers using the functor Tor. Note that k is the
residue field S/m. The module Tor; (M, k) is the ith homology module of the complex F @ k.
Since F is a minimal free resolution, every map of the complex F ® gk is zero and Tor; (M, k) =
F; ®s k. By the Lemma of Nakayama the number of minimal generators of F; in degree j is
then dimy Tor; (M, k);.

Proposition 2.1.5. For M as above we have
6i,j == dimk TOI‘i(]\I7 k)] .

There exist several connections between the Betti numbers of M and its Hilbert function
respectively Hilbert series. Recall that the Hilbert function Hyy: Z — Z of M is defined by
d +— dimy M. The Hilbert series of M is the formal Laurent series

Uy (t) =Y Hy(d)t? € Z[[t,t7]].
deZ

First of all we can express the Hilbert function of M in terms of the Betti numbers:
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Proposition 2.1.6. If {3; ;} are the graded Betti numbers of M, then the alternating sums B; =
Zizo(_l)lﬂm’ (together with the Hilbert function of S) determine the Hilbert function of M
via the formula

Hy(d) =) BjHs(d — j).
JEZ

If S is standard graded this reduces to the formula

r+d—j
Hy(d) = ZBJ< , )
JEZ
Moreover, the values of B; can be deduced inductively from the Hilbert functions Hy; and Hg
via the formula

Bj = Hy(j) — Y BeHs(j — k). 22)
k:k<j

Proof. See [Eis03]], Corollary 1.10. L]

Note that the Hilbert function of M does in general not determine the Betti numbers of M.
The next statement expresses the Hilbert series of M as a rational function in ¢ depending only
on the alternating Betti numbers and the weights of the polynomial ring:

Theorem 2.1.7 (Hilbert, [EisOS], Theorem 1.11). Let M and Bj be as above, and set p(t) =
> ez Bjtj . The Hilbert series of M is given by the formula

onm(t)

[T;(1 —te)

We end this section with a result relating free resolutions and regular sequences. Regular
sequences play an important role in homological algebra and satisfy various nice properties.
The one we are mainly interested in is the fact that free resolutions stay exact modulo regular
sequences, or more precisely:

W (t) =

Proposition 2.1.8. Let M be a finitely generated S-module with free resolution
F,:Fy<F1 -+ F;, <0

Let s = s1,...,8; € S be an M-regular sequence. Then F, @ S/(s) is a free resolution of
M ® S/(s) = M/(s)M as an S/(s)-module.

Proof. See [BHO8]|, Proposition 1.1.5. O

2.2 Canonical Modules and Gorenstein Rings

Later we will see that our basic object of study is a *local ring which is a Gorenstein ring. A
*local ring is the graded counterpart of a local ring. We hereby use the notation introduced in
[BHYS]|. For proofs and further details, we refer to Section 1.5 and 3.6 of [BH98|. Throughout
this section A = @ ;. Aq will denote a graded ring.

Definition 2.2.1 ([BH98], Definition 1.5.13). A graded ideal m of A is called *maximal, if every
graded ideal that properly contains m is equal to A. The ring A is called *local, if it has a unique
*maximal ideal m. A *local ring A with *maximal ideal m will be denoted by (A, m). The
*dimension of such a ring, denoted by *dim A, is defined as the height of m.
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Notation 2.2.2. We call a graded ring A a positively graded k-algebra if
1) A= ®d20 Ad,
(i) Ay =k.

Throughout this thesis, we tacitly assume that each positively graded k-algebra satisfies the
additional property:

(iii) A is finitely generated over k.

Example 2.2.3. Let A be a positively graded k-algebra, and let m = a>1Ad- Then m is the
unique *maximal ideal of A. Hence every positively graded k-algebra is *local. In particular,
the graded polynomial ring S of Section [2.1]is *local.

Notation 2.2.4. Let M and N be graded A-modules. An A-module homomorphism f: M — N
satisfying f(My) C Ny, for all d will be called homogeneous of degree i. In the case i = 0, we
simply call f homogeneous. Let M((A) be the category of graded A-modules, whose objects
are graded A-modules and whose morphisms are homogeneous A-module homomorphisms. We
denote the group of A-module homomorphisms between M and N which are homogeneous of
degree i by Hom;(M, N). The module *Hom (M, N) = @, Hom;(M, N) is a graded sub-
module of Hom 4 (M, N). Note that Hom 4 (M, N) = *Homu (M, N) if M is finitely gener-
ated. By *Ext’y(—, N) we denote the ith right derived functor of *Hom 4 (—, N) in Mq(A). If A
is Noetherian and M is finitely generated as an A-module, then *Ext% (M, N) = Ext% (M, N).

Using the *Ext-modules we will now introduce the notion of a *canonical module:

Definition 2.2.5 ([BHO8]|, Definition 3.6.8). Let (A, m) be a Cohen-Macaulay *local ring of
*dimension d. A finitely generated graded A-module C is a *canonical module of A if there
exist homogeneous isomorphisms

“Bxtiy (A/m, C) = {O fori 7 d
A/m  fori=d.

The natural question arises whether every Cohen-Macaulay *local ring A admits a *canonical
module and, if so, whether this is unique. Let (A, m) be as in Definition and let C be a
*canonical module of A. If A has no homogeneous units of positive degree, which is equivalent
to the fact that m is maximal in the usual sense, then we get the following result:

Proposition 2.2.6. Let (A, m) be a Cohen-Macaulay *local ring, and let C' be a *canonical
module of A. If m is a maximal ideal, then C is uniquely determined up to homogeneous iso-
morphism.

Proof. See [BHO8]], Proposition 3.6.9. O

We will see that every Cohen-Macaulay positively graded k-algebra admits a *canonical mod-
ule. A first step towards this result is:

Example 2.2.7 ([BHOS8], Example 3.6.10). Let A = k[to,...,t,]| be the polynomial ring over
k with deg(t;) = a; > 0, and let m = (to,...,t,) € A be the *maximal ideal of A.
The minimal free resolution of A/m is the Koszul complex K(to,...,t,). From the self-
duality of K(to,...,t,) we see that *Ext% (A/m, A) = 0 for i # r and *Ext’(A/m, A) =
A/m(3 %o a;). Hence

“Extly(A/m, A(= ) a;)) = A/m
j=0

and A(—>_7_ a;) is the *canonical module of A.
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Note that in this example the *canonical module is easy to describe since it is simply a shift
of the ring A. Cohen-Macaulay *local rings fulfilling this property have an equivalent important
description:

Proposition 2.2.8. Ler (A, m) be a Cohen-Macaulay *local ring with *canonical module w 4.
Then the following conditions are equivalent:

(i) A is Gorenstein.
(ii) wa = A(a) for some a € 7.
Proof. See [BH9S], Proposition 3.6.11. OJ
The number a from Proposition [2.2.8] is uniquely determined by A if m is maximal (in the

usual sense). If A is a positively graded k-algebra with *canonical module w4, we define the
a-invariant of A as

a(A) = —inf{i | (wa); # 0}.

Hence, for a Gorenstein positively graded k-algebra we have
wa = A(a(A)).

In Example we have seen that any positively graded polynomial ring over k has a
*canonical module. The following result shows that any Cohen-Macaulay positively graded
k-algebra admits a *canonical module:

Proposition 2.2.9. Ler (A, m) be a Cohen-Macaulay *local ring with *canonical module w 4.
Furthermore, let ¢ : (A,m) — (B,n) be a ring homomorphism of Cohen-Macaulay *local
rings satisfying

(i) v(Aq) C By foralld € Z,
(ii)) ¢(m) Cn,
(iii) B is a finitely generated graded A-module.

Then wg exists and
wp = *ExtYy (B, wa),
where t = *dimA — *dimB.
Proof. See [BH9S]|, Proposition 3.6.12. O

Remark 2.2.10. Note that the isomorphism above is an isomorphism of B-modules. Given any
A-module N, the module *Hom 4 (B, N) (and hence also *Ext’y(B, N) for any 7) has a natural
structure as a (graded) B-module. Indeed, for b € B and f € *Homyu (B, N), we define b - f as
the homomorphism which sends an element ¢ € B to f(bc).

At the end of this section, we state a result relating the minimal free resolution of a positively
graded k-algebra with the minimal free resolution of its canonical module:

Proposition 2.2.11. Let A = Kklto,...,t,] be as in Example and let B be a positively
graded k-algebra. Furthermore, let ¢: A — B be a ring homomorphism satisfying the proper-

ties of Proposition Assume that B has a minimal free resolution (as an A-module)
0B+ Fy+Fi+ -« F 0,
witht =*dimA — *dimB and F; = P; A(—j)Pui. Let dg o = max{j | B;; # 0}. Then

a(B) =a(A) + dB.A.
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Proof. First note that B is a Cohen-Macaulay A-module since
depth(m, B) = depth(n, B).
Hence *ExtY (B, w4) = 0 for i # t. Using Proposition this implies that
0+ wp < "Homy(Fy,,wa) + *Homa(F—1,wa) < -+ < "Homy (Fp,ws) < 0

is a minimal free resolution of wpg which shows the claim. ]

2.3 Minimal and Canonical Surfaces

In this section we introduce the main geometrical objects of this thesis: minimal and canon-
ical surfaces. We also introduce the canonical ring of a surface and recall some well-known
statements on surfaces of general type. The definitions and results are mainly extracted from
[Bea96|, [Bom73|] and [BHPVdV15].

Notation 2.3.1. Throughout this section X denotes a smooth projective complex surface.

To begin with, let us introduce the notion of (—1)-curves and minimal surfaces.
Definition 2.3.2. A curve C' C X is called a (—1)-curve if C =2 P! and C? = —1.
Definition 2.3.3. We call X minimal if X does not contain any (—1)-curves.

Any smooth surface X' is birational to a minimal surface which we call a minimal model
of X’. Hence, when studying (smooth) surfaces up to birational equivalence, a first step is to
determine all minimal models in a given birational equivalence class. Whether there exists a
unique minimal model in a fixed equivalence class depends on the Kodaira dimension of the
surfaces in this class:

Definition 2.3.4. Let D be a divisor on X, and let ¢,,p|: X --» P" be the rational map
associated to the linear system |nD|, n > 1. The Kodaira dimension of D, denoted by x(D), is
defined as follows. If hO(X ,nD) > 1 for some n > 1, then we define

k(D) = max dim ¢y, p|(X).

Otherwise we set k(D) = —oco. For D = Kx we call k(X)) := k(Kx) the Kodaira dimension
of X.

Remark 2.3.5. Note that by definition x(X) € {—00,0,1,2}. The Kodaira dimension is a
birational invariant of X. Hence, while studying surfaces up to birational equivalence, we can
subdivide the class of surfaces with respect to their Kodaira dimension. Any surface X with
£(X) > 0 admits a unique minimal model. Thus, for these surfaces it is sufficient to classify
minimal surfaces.

Definition 2.3.6. A surface X with x(X) = dim X (= 2) is called a surface of general type.
Otherwise we call X a surface of special type.

Next we introduce two further birational invariants of a surface - the plurigenera and the
canonical ring.

Definition 2.3.7. Let n > 0. We call the linear system |nK x| the nth pluricanonical system
of X. The number P, = h%(X,nKx) is called the nth plurigenus of X. We denote the
corresponding rational map, if it exists, by

Gn: X ——» P71,



2.3 Minimal and Canonical Surfaces 11

Definition 2.3.8. The canonical ring of X is the graded C-algebra

R(X) =P H(X,O0x(nKx)).
n>0

If K(X) = —oo, then R(X) = C. In 1962, Mumford proved that for X being of general type,
the canonical ring is a finitely generated graded C-algebra. The main part of his proof is to show
that [nK x| is base-point-free for sufficiently large n. We call any divisor with such a property
semi-ample.

Theorem 2.3.9. The canonical ring of X is a finitely generated C-algebra. For k(X) > 0, we
have

dimR(X) = r(X) + 1.
Proof. See [Mum62]. O

Note that the question whether the equivalent statement holds in higher dimensions has been
an open problem for many decades. However, recently it has been proved that the canonical ring
of any smooth projective variety of general type is finitely generated (see [BCHMI10]).

Now let us restrict our study to surfaces of general type. There exists a sufficient condition
for X being of general type in terms of the canonical divisor of X:

Proposition 2.3.10. If K x is ample, then X is of general type.

Proof. As K x is ample, there exists an integer n > 0 such that n K x is very ample. Therefore,
the rational map ¢,, is a closed embedding and hence k(X)) = 2. O

The converse of this statement is in general false. For example, if X is a minimal surface
of general type containing a curve C' with KxC' = 0, then there exists no integer n such that
the rational map ¢,, is an embedding. The irreducible curves on X satisfying KxC' = 0 are
completely characterized:

Definition 2.3.11. A curve C' C X is called a (—2)-curve if C = P! and C? = —2.

Proposition 2.3.12. Let X be a minimal surface of general type, and let C C X be an irre-
ducible curve. Then K xC = 0 if and only if C'is a (—2)-curve. Furthermore, these curves form
a finite set and are numerically independent.

Proof. See [Bom73]], Proposition 2.1. OJ

From now on, we restrict our study to surfaces of general type. In this case, the canonical ring
defines again a surface:

Definition 2.3.13. Let X be a surface of general type. We call the projective surface X qn =
Proj(R(X)) the canonical model of X.

The canonical model depends only on the birational equivalence class of X . It is a normal sur-
face having (at most) rational double points as singularities. We can obtain the canonical model
from the minimal model of X by contracting the finitely many (—2)-curves on the minimal
model. In particular, if X is minimal, we obtain a birational morphism

m: X = Xean

which is a minimal resolution of singularities.
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Remark 2.3.14. The singularities of X4, are also known as canonical singularities, Du Val
singularities or simple surface singularities. All these notions are equivalent in dimension 2.

In the following we want to study the rational maps associated to the pluricanonical systems
on X.q.n. To do this, we first have to extend the definition of a canonical divisor to normal
projective surfaces:

Definition 2.3.15. Let V' be a normal projective surface. Being normal implies that the sin-
gular locus Sing(V) consists of at most finitely many points. Let V.., = V'\ Sing(V'). Then
Vreg 18 @ smooth surface and has a canonical divisor Ky, , which is a Weil divisor. Since
codim(Sing(V), V') > 2, the divisor Ky, corresponds to a (unique) Weil divisor on V', which
we call the canonical divisor of V, denoted by Ky .

Let V be as in the previous definition. Since V is projective it admits a dualizing sheaf wy
(see [Har77]], L. Section 7). Then wy = Oy (Ky ). Note that in contrast to a smooth surface,
the canonical divisor on V' may not be Cartier, or equivalently, wy may not be invertible.

Definition 2.3.16. Let X be a minimal surface of general type with canonical ring R :=
R(X) = D,,>0 Bm. and let n > 1. We define the nth Veronese subring of R as

R™ = B Rum.

m >0

Then the inclusion R C R induces an isomorphism of schemes Proj(R) = Proj(R(™).
Furthermore, the subring

RM=RrcRr

m>0

is again a graded Noetherian ring and the corresponding scheme

X .= Proj(RI)

can

is called the nth canonical image of X. The inclusion R" C R induces a rational map
Knt Xean == X(EZTL

For any n > 1, the rational map ¢,,: X --» PP»—1 factors through the canonical model X ,:

Furthermore, by Bombieri’s famous theorem on pluricanonical maps, we know that the nth
canonical image is isomorphic to the canonical model for n large enough:

Theorem 2.3.17. Let X be a surface of general type with canonical model X .qy,. Then

Fint Xean — XU2

can

is an isomorphism for all n > 5.

Proof. See [Bom73]], Main Theorem. O
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Let us summarize some of the main properties of the canonical model which will be used
throughout this thesis:

Theorem 2.3.18. Let X be a minimal surface of general type with canonical model X .o,,. Then
(i) Xcan is a normal projective surface, birational to X,
(ii) Kx,,, is Cartier and ample,

(iii) Xcan has only canonical singularities,

(iv) HY(X,O0x(mKx)) = H*(Xean, Ox.,,, (mKx.,,,)) for every m > 0.

Proof. See [Rei85], Chapter 1 and [Matl13]], Chapter 1. ]

Next we study the canonical ring of minimal surfaces of general type with ¢ = 0. It is known
that the canonical ring of these surfaces is Gorenstein:

Theorem 2.3.19. Let X be a minimal surface of general type. Then R = R(X) is Gorenstein if
and only if ¢(X) = 0.

For the sake of completeness we will prove this result here. The proof relies on local coho-
mology and some results of Goto and Watanabe. Let us first introduce some notation:

Definition 2.3.20 (see [GW78]], Chapter 5). A positively graded k-algebra R fulfills the condi-
tion (#) if there exists do > 0 such that for all d > dy the dth Veronese subring R(® is generated
by R4 over Ry.

Remark 2.3.21. Note that if R = Ry, = @, H(Y,L®") is the section ring of an ample
line bundle £ over a projective variety Y, then R satisfies the condition (f). In particular,
the canonical ring R(X) = R(Xcun) of a minimal surface of general type satisfies (4) and

WX = R(X)(1) = Ox,,, (1) (see [GW78]], Notation 5.1.7).

Lemma 2.3.22. Let X and R be as in Theorem|2.3.19, Then R is Cohen-Macaulay if and only
ifq=0.

Proof. Assume first that R is a Cohen-Macaulay ring. Then depth R = dim R = 3 implies that
H{(R) =0forall i <2, where m = @, Ra. The result follows now from the fact that

Hl(X7 OX) = Hl (XCQ'V“ OXcan) = H\’%I(R)O = 07
and hence ¢ = h'(X,Ox) = 0.
Now we assume that ¢ = 0. First notice that ¢ = 0 implies that

hl (Xca"“ OXcan (nKXcan)) - hl(X7 OX(TLKX)) =0 (23)

for all n € Z. Indeed, for n > 2 and n < —1 this is clear from the proof of Proposition [2.3.26]
below. The case n = 0 is the assumption and the case n = 1 follows from Serre duality. To
prove that R is Cohen-Macaulay of depth 3 it is enough to show that H: (R) = 0 fori < 2. The
exact sequence relating local and global cohomology

0 — HY(R) = R — ) H*(Xcan, Ox..,,(n)) = Hy(R) = 0
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and the fact that R =2 @ H°(Xcan, Ox.,, (n)) yields H2(R) = HL(R) = 0. The vanishing of
H2(R) follows now from (2.3) and

H\’?l(R) = @ Hl (Xcan7 OXcan (n)) = @ Hl (Xca,n, OXca,n (nKX(;an>)' D

It remains to show that R(X) is also Gorenstein under this assumption. For this we use the
following two statements:

Lemma 2.3.23. Let R = Ry ¢ be as in Remark|2.3.21} and let wg be the *canonical module of
R. Then wp = @ 47 H* (Y, wy (n)) and wy = wg, where wy is the dualizing sheaf of Y .

Proof. See [GW7§], 5.1.8. O

Lemma 2.3.24. Let R = Ry, be as in Remark[2.3.21|and assume that R is Cohen-Macaulay.
Then Ry 1 is Gorenstein if and only if wy = L®" for some n € Z.

Proof. See [GW78], 5.1.9. O

Note that in the latter case wr = R(n). Applying thisto R = Ry yields:

cansWXcan

Lemma 2.3.25. Let X and R be as in Theorem [2.3.19, If R is Cohen-Macaulay, then R is
Gorenstein with wg = R(1).

Proof. Follows directly from Remark[2.3.21]and Lemma [2.3.24 O

Combining Lemma|2.3.22|and[2.3.25] we see that R(X) is a Gorenstein ring if and only if ¢ = 0
which proves Theorem[2.3.19

We end this section by stating a well-known formula for the plurigenera of a minimal surface
of general type:

Proposition 2.3.26. Let X be a minimal surface of general type. Then

forn =0,
Pn:hO(X,O_){(TLKx)) =4 Dy forn =1,
(5) K% +x(Ox) forn > 2.

The proof of this formula is a direct consequence of the Riemann-Roch theorem for surfaces
and Mumford’s vanishing theorem:

Theorem 2.3.27 (Mumford’s vanishing theorem for surfaces). Let D be a divisor on a smooth
projective surface X. If D is semi-ample with Kodaira dimension k(D) = 2, then

h(X,0x(=D)) =0foralli < dim X.

Recall that we call a divisor D on X semi-ample if, for some m > 1, the linear system [mD)| is
base-point-free. By a further result of Bombieri, we know that the canonical divisor of a minimal
surface of general type is semi-ample:

Theorem 2.3.28. Let X be a minimal surface of general type. Then |mK x| is base-point-free
forallm > 4.

Proof. See [Bom73], Theorem 5.2. L]
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Proof of Proposition[2.3.26] The statement is trivial for n = 0, 1. So let us assume that n > 2.
Applying the Riemann-Roch theorem to O x (nK x) yields

WOx(nx)) = ()% +x(0x).

Thus, it remains to show that x(Ox(nKx)) = h%(X,Ox(nKx)). By Serre duality we have
h*(X,0x(nKx)) = h%(X,0x((1 — n)Kx)), where the right-hand side is zero since the
canonical divisor of a minimal surface of general type is nef and big. Furthermore, applying
Theorem [2.3.27]to the semi-ample divisor (n — 1) Kx, we obtain

Y X, 0x(nKx)) = h' (X, 0x((1 —n)Kx)) = 0. O






3 Numerical Godeaux Surfaces: Basics

In this chapter we study the canonical ring R(X) of a numerical Godeaux surface X and give
the basic idea of our construction method. First we will consider R(X) as a C-algebra and
determine the degrees of a minimal set of homogeneous algebra generators. Afterwards we take
the 6 generators of lowest degree and study R(X) as a module over the algebra S generated
by these elements. We show that R(X) is a finitely generated Cohen-Macaulay S-module and
compute the Betti numbers of R(X). Furthermore, we show that the corresponding morphism
of projective schemes Proj(R(X)) — Proj(S) is finite and birational onto its image. Let us
first recall the definition of a numerical Godeaux surface:

Definition 3.0.1. A minimal surface X of general type is called a numerical Godeaux surface
if K% =landp, = q = 0.

Throughout the whole chapter, X will denote a numerical Godeaux surface, and X 4, =
Proj(R(X)) the canonical model of X . Furthermore, we assume that k = C.

3.1 The Bi- and the Tricanonical System

In our construction we use some classical results on the bi- and the tricanonical system of a
numerical Godeaux surface which we will briefly recall here. Let us start with a more detailed
study of the bicanonical system. We write

2K x| = [M[+ F,

where M denotes a generic member of the moving part and F' the fixed part of |2K x|. Note that
| M| is a pencil by Proposition [2.3.26

Proposition 3.1.1. If M is generically chosen, M is reduced and irreducible. Moreover, M and
F' satisfy one of the following conditions

(i) F'=0,
(ii) KxF=0,F>= -2 M?>=2 MF =2,
(iii) KxF =0,F?> = -4, M?> =0,MF = 4.
Proof. See [Miy76], Lemma 6. O

The proposition shows that the fixed part of |2K x|, if non-empty, is supported on the (—2)-
curves of X. As these curves are contracted by the morphism 7: X — X4, we get the
following consequence for the bicanonical system on the canonical model:

Corollary 3.1.2. |2Kx,,, | is free from fixed components and its generic member is irreducible.
Next we focus on the tricanonical system.

Proposition 3.1.3. |3K x| has no fixed part.

Proof. See [Miy76], Proposition 2. O



18 3 Numerical Godeaux Surfaces: Basics

Miyaoka also studied the question whether a point on X can be a base point of both the bi-
and the tricanonical system.

Proposition 3.1.4. Let | M| denote the moving part of |2K x|. If M is generic, then M contains
no base points of |3Kx|.

Proof. See [Miy76], Proposition 3. O
Corollary 3.1.5. Let M be the generic member of |2K x,,, |- Then |3K x.,, | has no base points
on M.

Proof. See [Miy76]], Corollary after Proposition 3. O

Remark 3.1.6. Combining the previous statements, we conclude that no base point of |3K x|
(respectively of |3Kx,,,|) is a base point of |2K x| (respectively of [2Kx,,, |). Hence, for a
base point P of |3K x| there exists a unique divisor D € |2K x| which contains P. Furthermore,
Miyaoka showed that every base point of |3K an| is simple and that P is a base point of
13K x| if and only if P = D Ds, where Dl, Dy are two distinct effective curves which are
numerically equivalent to Kx_ with Dy +D; € |2Kx.,,, |- The last fact gives indeed a very
precise description of the number of base points of [3K x/|.

Theorem 3.1.7. Every base point of the tricanonical system |3K x| is simple and the number b
of base points is given as follows:

#{t € HX(X,Z)ors | t # —t}
5 .
Proof. See [Miy76], Theorem 2. OJ

b=

Note that for numerical Godeaux surfaces H?(X,Z)ors = Tors X = Hy(X,Z), where
Tors X is the torsion subgroup of the Picard group of X. Bombieri showed that the order
of the torsion group of a numerical Godeaux surface is less than or equal to 6. Miyaoka refined
this result in the following way:

Theorem 3.1.8. The torsion group of X is cyclic of order less than or equal to 5.
Proof. See [Miy76], Lemma 11 and Remark after Theorem 2°. OJ
Combining these two statements we obtain the following important result:
Theorem 3.1.9. As above, let b denote the number of base points of |3K x|. Then
0 if TorsX 2 0orZ/2Z,

b=41 if Tors X =7/3Z or Z/4AZ,
2 if Tors X = Z/5Z.

Proof. See [Mi1y76], Theorem 2’. L]

Later we will use this characterization and Lemma below to determine the torsion
group of our constructed surfaces.

Lemma 3.1.10. Assume Tors X # 0 and let T € Tors X be a non-trivial torsion element. Then
(X, Kx+7)=1, h"(X,Kx +7) =0.

Proof. See [Rei/8]], Lemma 0.3. L]
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Lemma 3.1.11. Assume that |2K x| has no fixed part and has (2K x)? = 4 distinct (simple)
base points. Then the order of Tors X is odd. In particular, for the number b of base points of
|3K x|, we find that

e b=0ifand only if Tors X = 0,
e b=1ifand only if Tors X = 7./3Z,
e b =2ifand only if Tors X = Z/5Z.

Proof. Suppose to the contrary that the order of the torsion group is even, that means Tors X =
ZJ2Z or Tors X = Z/AZ. Let T € Tors X be a non-trivial torsion element of order 2. By
Lemma there exists an effective divisor D € |Kx + 7|. But then |2K x| contains the
double curve 2D and thus, cannot have 4 distinct base points. The second part is an immediate
consequence of Theorem (3.1.9 O

3.2 The Canonical Ring R(X)

This section is devoted to describe the degrees of a minimal set of generators of the canonical
ring of a numerical Godeaux surface X. Recall that by Proposition [2.3.26] the plurigenera of X
are given as

1 for n = 0,
P,=h(X,nKx)=40 forn =1,
(g) +1 forn > 2.

Let g, 21 be a basis of HY(X,2Kx), and let 3o, 31, y2, y3 be a basis of H(X,3Kx).
Lemma 3.2.1. 23, xox1, 27 are linearly independent.

Proof. Suppose that there exist Ag, A1, A2 € C, not all zero, such that )\0333 +Axox1 +)\2:IJ% =0
in R(X). But every quadratic form in two variables decomposes into a product of two linear
forms. Since R(X) is an integral domain, one of the linear factors must be zero. But xq, 21
being linearly independent implies that the coefficients of this factor are zero, and hence that all
A; are zero, contradicting our assumption. O

Since H°(X,4Kx) is 7-dimensional, we can choose zg,...,23 € H°(X,4Kx) so that
x3, x0T1, 73, 20, . - - , 23 is a basis of H?(X, 4K x). Our next task is to give a basis for the vector
space H°(X, 5K x). To start with we consider the natural multiplication map

p: HY(X,2Kx) ® H*(X,3Kx) — H°(X,5Kx).
Lemma 3.2.2. The map i is injective.

Proof. From R(X) = R(Xcun) we get a commutative diagram

HY(X,2Kx) ® H*(X,3Kx) a

HO(X,5K )

~

12

I

HO(Xcan7 2‘Z:()(ca’n) ® HO (Xcan7 SKXcan) HO (XCLI’VLJ SKXcan)
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Since the vertical maps are isomorphisms, it is sufficient to prove that 1z is injective. Let xq, 1
be a basis of H(X,4n,2Kx,,, ). By Corollary we know that the bicanonical system has
no fixed part on the canonical model. Therefore, V (xp) and V(z7) do not have a common
component and the following sequence is exact

<—x5;1\6> OXcan(_QKXcan) (56 51/)
0 - OXcan(_4KXcan) — @ % OXcan — OZ — O,

OXCQ’!L (_QKXcan )

where Z = V(zg) N V(z71). Now tensoring with Ox_,, (5Kx.,, ) and taking global sections we
get a sequence
HO(chma 3KXcan) —
(%0,71) 0
0— @ — H (Xcam 5KXcan)
HO(XCCLTL’ 3KXcan)

which is exact since h°(Xean, Kx.,,,) = b (Xean, Ox.,, ) = 0. Now, since 7, 71 form a basis
for H%(X¢an, 2K x,,,, ), the second map is simply the map i which shows the claim. O

The lemma shows that the global sections z;y; for i = 0,1 and j = 0,...,3 define an 8-
dimensional subspace of H(X,5Kx). Now as h’(X,5Ky) = 11, we can choose sections
wo, w1, ws € HY(X,5Ky) extending these elements to a basis. Since we will use the same
notation for the generators in the rest of this thesis, let us summarize the previous results in one
table:

n | h%(X,nKx) | basis of H(X,nKx)

2 2 To, X1

3 4 Yoy ---5Y3

4 7 mg,moxl,x%,zo,...,%

5 11 oYyo, .-, L1Y3,Wo, W1, W2

From the previous chapter we know that R(X) is a positively graded C-algebra. To describe
the structure of this algebra in more detail we are interested in the highest degree of a minimal
homogeneous system of generators and in the number of such generators for each fixed degree.
By the previous results, the second problem is settled for generators up to degree 5 (the elements
marked in blue in the table above). For the first problem, Ciliberto gave upper bounds for the
canonical ring of surfaces of general type depending on p, and K 2. For example, he showed
that if p, > 1 then the canonical ring is generated in degree < 5. The highest bound applies to
surfaces of general type with p, = ¢ = 0:

Theorem 3.2.3. Let Y be a minimal surface of general type with p; = q = 0. Then R(Y') is
generated in degree < 6.

Proof. See[Cil83]], Theorem 3.5. OJ

By some Hilbert series calculations and the results of Miyaoka in the previous chapter, we
will refine this statement for numerical Godeaux surfaces:

Proposition 3.2.4. The canonical ring R(X) of a numerical Godeaux surface is generated in
degree < 5.

To prove this statement, we consider first the Hilbert series

U(t) = Put" =1+ Z((Z) +1)t"

n>0 n>2
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of R(X). Then ¥(t) has a representation as a rational function of the form

Wi - LB+ =3 44
(t)_ (1—t)3

Recall that no base point of the tricanonical system is a base point of the bicanonical system.
Hence, there exists a form g of degree 3 such that Proj(R(X)/(xo, x1,90)) = 0. Hence R(X)
is a finitely generated module over A = k[xg, x1, o] by Proposition below. Algebraically
this means that z¢, 21, 3o is a homogeneous system of parameters for R(X ). Furthermore, since
R(X) is Cohen-Macaulay, R(X) is a free module over A. Now let us use Theorem [2.1.7)on the
alternating Betti numbers to compute the degrees of the free generators:

(1 —2)%(1 —£3)W(t) = 1+ 33 + 4t* + 3¢° +- 5.

Hence
R(X) = Ag A(-3)2 @ A(—4)* & A(—5)> & A(-8). (3.1)

as A-modules. Choose 91,72, 53 € H°(X,3Kx) so that ¢y, . . ., 93 is a basis of H°(X,3K ).
Then clearly
17y~17y~2a ?j37207 <.y 23, Wo, W1, W2

is a basis of R(X) as an A-module up to degree 5.

Proof of Proposition[3.2.4] By the previous arguments, it remains to show that any element in
R(X) is a polynomial expression in the algebra generators of R(X) of degree < 5. Since we
already know that R(X) is generated in degree < 6, it is enough to show this for any form of
degree 6. So let r € R(X) be an arbitrary form of degree 6. Then we can represent r as an
A-linear combination of the module generators up to degree 4 (since there are no linear forms of

degree 1 in A). Hence r is a polynomial expression in the elements xq, 1, Yo, - - -, Y3, 20, - - - 5 23
which proves the claim. O
So, if § = k[zo, z1,v0,- -, Y3, 20, - - - , 23, Wo, W1, W3] is the weighted polynomial ring with

degrees as assigned before, then there exists a surjection of rings S —» R(X), and hence a
closed embedding

©: Xean = Proj(R(X)) «— Proj(S) = P(22, 3% 4%, 5%). (3.2)

Therefore we can consider X, as a subvariety of a weighted projective space of dimension 12.
Furthermore, using Theorem [2.1.7] and Proposition [2.3.26] we deduce from

4 4 3

(1—2)°1 - )" 1=t - 5)°T(t) = 1 — 615 — 1267 — 1865 — 4¢° + 30620 + 72611 4. ..
that X.., C P(22,3% 4%, 5%) is defined by at least 40 homogeneous relations. Later we will

specify this statement and show that we need exactly 54 defining relations.

Studying this embedding is difficult for various reasons. As a (cyclic) S-module, R(X) has
a minimal free resolution of length 10. While there is the structure theorem for codimension
3 Gorenstein ideals by Buchsbaum-Eisenbud ([BE77]) or the results on codimension 4 Goren-
stein ideals by Reid ([Reil3al]), only little is known for higher codimension. In particular, to
describe the minimal free resolution of a codimension 10 Gorenstein ideal in general seems
hopeless. Furthermore, from a computational point of view, codimension 10 is not very promis-
ing for irreducibility or non-singularity tests. Schreyer’s basic construction idea addresses these
problems:
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Construction 3.2.5 (Schreyer’s idea). We do not consider R(X ) as an algebra but as a finitely
generated S-module, where S C S is a subring chosen appropriately. Geometrically, we study
the image of Proj(R (X)) under the projection into the smaller projective space Proj(.5).

So as a first step of the construction we have to define a subring S such that R(X) is finitely
generated as an S-module. Note that for the computational side a small codimension of the pro-
jected surface is desirable. For the choice of S we use the following geometric characterization:

Proposition 3.2.6. Let B be a positively graded k-algebra, and let f1,. .., fr € B be homoge-
neous elements of positive degree. Then B is a finitely generated A = K|[f1, ..., fr|-module if
and only if fi1, ..., fi have an empty vanishing locus in Proj(B).

Applying this to B = R(X) we have to choose global sections of the pluricanonical systems on
X which have an empty vanishing locus on X 4,. So let

S = k[l'[],xlay()a Y1, yQ)y?)]?

be the graded polynomial ring, where the x; and y; are as before with deg(z;) = 2 and
deg(y;) = 3. The natural homomorphism

f: 89— R(X)

gives R(X) the structure of a graded S-algebra. In the following we consider R(X) as a graded
S-module via the homomorphism f.

Proposition 3.2.7. R(X) is a finitely generated S-module.

Proof. Clear from Remark [3.1.6)and Proposition O

Using the closed embedding in (3.2), we will from now on identify X, with its image in
P(22,3% 4% 53). Now, since R(X) is finitely generated as an S-module, the homomorphism
f: S — R(X) induces a finite morphism of projective schemes

©: Xean — P(22,3%).

As R(X) is aring and an S-module we have ker(f) = anng R(X). Let Sy = S/ anng R(X)
and Y = Proj(Sy) C P(22,3%). Then Y is the image of X, under ¢.

Proposition 3.2.8. (X ., ©) is the normalization of Y.

The proof of this result uses a statement of Miyaoka on the rational map ¢3. Recall that we
denote by ¢,, (respectively k) the rational map associated to the linear system |nK x| (respec-
tively [nKx,,,|). By Bombieri’s Theorem we know that k,, is an embedding for n > 5.
Furthermore, Bombieri showed that x3 is birational except for finitely many choices of tuples
(K2, p,). One exception he stated is the case (K2, p,) = (1,0). However, Miyaoka proved later
that the statement is indeed true for numerical Godeaux surfaces:

Theorem 3.2.9. Let Z C P2 be the image of X under ¢s. Then ¢3: X --+ Z is birational.

Proof. See [Miy76], Theorem 4. O

Now let us prove Proposition [3.2.8}
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Proof of Proposition[3.2.8] We already know that ¢: X4, — Y is a finite morphism. Fur-
thermore, X4, is a normal surface. Hence, by the characterization of the normalization of an
integral scheme, it remains to show that ¢: X4, — Y is birational. Since every pluricanonical
map factors through the canonical model we get a commutative diagram

where 7 and ¢3 are birational. Hence, k3 is birational and, since X, C IP’(22, 34,44, 53), it is
the projection of X4, to P(3*) = P3. Now together with the projection of X, to P(22,3%)
we get the following commutative diagram of integral schemes

On the level of function fields, this corresponds to a commutative diagram

K(Xcan

) = /K(Z)
K(Y)

But this implies that K (X,q,) = K(Y). Hence, ¢: Xean — Y C P(22,3%) is birational and
(Xcan, @) is the normalization of Y. O

3.3 The Minimal Free Resolution of R(X) as an S-module

A first part of the description of R(X) as an S-module is to study its minimal free resolution.
The main result of this section is the following:

Theorem 3.3.1. The minimal free resolution of R(X) as an S-module is of type

S S(—6)° S(—9)3 S(—12)3
@ @ S @
0+ R(X)+ S(—4)* « S(-7'% + S(-10)2 « S(-13)* «o0.
@ @ D @
S(—5¥  S(=8)%  S(=11)f  S(=17)

For the proof of this result we need the notation and results on *canonical modules from
Section Recall that both S and R(X) are *local Gorenstein rings with wg = S(—16) and
wp(x) = R(X)(1). Since we are only dealing with these two *local rings in the following, we
will omit the * if no confusion can arise.

Proposition 3.3.2. R(X) is a Cohen-Macaulay graded S-module.
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Proof. Let m and n denote the graded maximal ideals of S and R(X ), respectively. Since R(X)
is a Cohen-Macaulay ring, we have

depth(n, R(X)) =dim R(X) = 3.

Now the natural ring homomorphism f: S — R(X) satisfies f(5;) € R(X); for all ¢ and
f(m) C n. Hence, since R(X) is a finitely generated S-module,

depth(m, R(X)) = depth(n, R(X)) = 3.

Then the result follows as dimg R(X) = dim S/ anng R(X) = dim R(X) = 3, where the
second equality follows from the fact that S/ anng R(X) — R(X) is integral. O

Now, using the fact that R(X) is Gorenstein, we show that the Betti numbers of R(X) as an
S-module satisfy the following symmetry condition:

Proposition 3.3.3. Let
0+ R(X)«Fy+ ...« F,+0

be a minimal free resolution of R(X) as an S-module, where F; = P~ S(—j)Pa.
Then
Bij = B3—i7—j for 0 <1 <3, 0<j<17and B;; = 0 otherwise.

Proof. First note that the previous statement and the Auslander-Buchsbaum formula in the
graded case imply that

n = projdim R(X) = depth(m, S) — depth(m, R(X)) = 3.

So let
0+ R(X)« Fy+ Fi <+ Fy < F3+0

be a minimal free resolution of R(X). As in the proof of Proposition[2.2.11} applying the functor
Homg (-, ws) yields a minimal free resolution of wg(x):

0+ wpr(x) ¢ Homg(F3,ws) < Homg(Fy, ws) < Homg(F,ws) < Homg(Fp,ws) < 0

On the other hand, as R(X) is Gorenstein, wp(x) = R(X)(1) and, after tensoring with S(—1),
we obtain

0« R(X) + Homg(Fs, S(~17)) « Homg(Fs, S(—17))
< Homg(Fy, S(—17)) ¢ Homg(Fp, S(—17)) ¢ 0,

which is another minimal free resolution of R(X). Finally, since the Betti numbers of R(.X) are
uniquely determined, we obtain the desired equalities

51',]’ = ,33_1'717_]' for 0<i<3,0<7<17and ,31'7]' = 0 otherwise. ]

Notation 3.3.4. If F; is a free module occurring in a minimal free resolution of R(X), we
denote the shift of the dual Homg(F;,wg)(—1) = Homg(F;, S(—17)) from now on by F”.
Furthermore, if f: F; — Fj41 is an S-linear homomorphism given by a matrix «, the dual map

fY: FY, — F} is given by the matrix o'" (with an appropriate shift of the grading).

The main idea of the proof of Theorem is to consider a minimal free resolution of R(X)
modulo an R(X)-regular sequence. Recall from Section that free resolutions stay exact
modulo a regular sequence.
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Lemma 3.3.5. z¢, 1 € S is a regular sequence for R(X).

Proof. Using again the fact that the bicanonical system on X4, has no fixed part, we have
dim R(X)/(xo,z1)R(X) = dim R(X) — 2. The result follows now from R(X) being Cohen-
Macaulay. O

Solet R = R(X)/(zo,z1)R(X) and T = S/(xg,71) = K[yo, .. .,ys] with deg(y;) = 3.
Then we get the following:

Lemma 3.3.6. As a T-module R splits into a direct sum

2
R=@PR®wihR® = f R;.
k=0 J=k
(mod 3)

Moreover, for any minimal free resolution F, of R(X), the complex F, = F, ® S/(xg,z1)
decomposes into a direct sum of three T-complexes Fsk) which are minimal free resolutions of
R"®) as a T-module.

Proof. The statement on the splitting of R(X') and its minimal free resolution is a direct conse-
quence of Proposition [2.1.8| and the fact that the degree of any homogeneous element of 7" is a
multiple of 3. O

As a last step before proving Theorem we compute the alternating Betti numbers B; of
R(X) as defined in Section 2.1 Let ¥(t) again denote the Hilbert series of R(X). Then

(1 =221 = )W (t) = ppex)(t) = Y Bjt?
j=>0
=14+4t* +3t° — 616 — 1217 — &¢8
+ 819 4+ 12410 4 61l — 3412 — 4413 — 417,

Note that the polynomial ¢p(x(t) is symmetric in the sense that the coefficients of tk and
—t17= coincide. This is a further consequence of Proposition m

Proof of Theorem[3.3.1] By the results on the numbers and degrees of the generators of R(X)
as a k-algebra, we know that there are no relations between the generators of degree < 5. Fur-
thermore, using the (known) alternating Betti numbers B; and the symmetry of the (unknown)
Betti numbers, the minimal free resolution of R(X) as an S-module must be of the following
form

S S(—10)%
< S(—6)5+h S(—8)ts &

S(—4)* ® ® S(—11)h
D S(_7)12+l2 S(_9)8+l3 @D

0 R(X)+ S(-5)? « ® — & — S(-12)3 <0,

& S(—8)8+ls S(—10)12+t &

S(—6)n @ @ S(—13)*
@ S(—9)ts S(—11)6+h ®

S(—7)k S(—17)

where [1, [2, [3 are non-negative integers.
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By considering this free resolution modulo the R(X )-regular sequence xg, x1, we show now
that I} = lo = I3 = 0. By Proposition we know that the sequence F, splits into a direct
sum of three T'-complexes which are minimal free resolutions of R* for: = 0, 1, 2:

T T(_6)6+ll
0+— RO <+— ® ® — T(=9)8tHs T(-12)% «—0
T(-6)" T(-9)'
(3.3)
T(—4)* T(—10)%
0+— RMW +— O o T(=7)2h — T(-10)1*t @ «—0
T(=T7)k T(-13)*
34
T(-8)k T(-11)1
0+— R® «— T(-5)3 «—  T(-8)8k +— ® — @ 0
T(—11)6+h T(—17)
(3.5)

If I3 > 0, then the minimality of the free resolution implies that the last (non-trivial) map
of (3.4) has a zero column which is a contradiction. Hence /o = 0. Using the same argument for
the map in the middle of sequence we see that /3 must be zero as well. Then [; = 0 follows
from considering the last map in (3.5). O

Remark 3.3.7. The theorem shows that R(X) is generated in degree < 5 as an S-module. Hence,
this result is an alternative proof of the fact that R(X) is generated in degree < 5 as an algebra.

Corollary 3.3.8. Proj(R() is a finite scheme of length 4 in P>

Proof. We know that R(®) = ®k20 Ray, is a graded ring. Now the proof of Theorem m
implies that B
0 RO T« T(=2)% « T(=3)% « T(—4)> « 0

is a minimal free resolution of RO as a T-module, where we consider the variables y; with
degree 1. Hence, RO is a cyclic T-module whose Hilbert polynomial is the constant polynomial
4. Consequently, Proj(R(®)) C P3 is a finite scheme of length 4. O

From Section [3.2] we know that there exists a surjective ring homomorphism

f:8 = R(X),
where S = k[zo, z1,v0,- -, Y3, 20 - - - , 23, Wo, W1, w2 is the graded polynomial ring as defined
before. In the following, we will determine a minimal generating set of the kernel of f. Let
ro = 1,r1 = 20,...,74 = 23,75 = wg,r6 = wi,r7 = wy which generate R(X) as an

S-module. Theorem shows that there are 26 S-linear relations between these module
generators:

7
0= gmiTs- (3.6)
k=0

Furthermore, for the 28 elements 7;1; € R(X),1 < i < j <7, there exist elements Sijk €S
such that

7
riry = Z Si,5,kTk- (3.7)
k=0

Note that modulo the relations the relations in (3.7) are uniquely determined. Let [x C S
be the ideal generated by the relations in (3.6) and (3.7). Then:
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Lemma 3.3.9. R(X) >~ S/Ix

Proof. Since all generators of [y define relations in R(X), f factors through a surjective ho-
momorphism S/Iy — R(X). On the other hand, as an S-module, S/ is also generated by
70, - . ., 77 and every relation in is also an S-linear relation between the module generators
of S/Ix. Hence, there exists a surjective S-linear homomorphism R(X) — S/Ix which shows
the claim. O

In Proposition [3.2.8| we have seen that ¢: X 4, — Y is the normalization of Y. We end this
section by giving a criterion for ¢ to be an isomorphism. To do so, let us write the first syzygy

matrix d; of R(X) as
4 S
1
D Fl,
( dy ) F}

Proposition 3.3.10. The morphism @: Xcqn — Y is an isomorphism if and only if M =0.

and set M = coker d.

Proof. Let Iy = anng R(X) = anng(cokerd;), and let Sy = S/Iy as before. We have
anng R(X) = anng 1p(x since R(X) is aring. Hence, the sequence

0—-Sy >R(X)—>M—0

is exact, where the non-trivial maps are induced by the ring homomorphism f: S — R(X) and
the projection of Iy onto I}, respectively. This yields an exact sequence of coherent Op(22 34)-
modules .

0— Oy = ¢.0x,,, =M —0

which proves the claim. O

The proposition implies that the coherent sheaf M is supported on the non-normal locus of
Y. Let I’ be the ideal generated by the 7 x 7 minors of d}. Then we have

Supp(M) C V(I') = Proj(S/I') € P(2%,3). (3.8)

Note that we obtain only an inclusion as we are working over a weighted projective space. Later
we will see in explicit examples that this inclusion is often strict.






4 A Structure Theorem for the Canonical
Ring

Let X be a numerical Godeaux surface with canonical ring R(X). Furthermore, let S =
k[xo,x1, Yo, - - . ,y3] be the graded polynomial ring with deg(z;) = 2 and deg(y;) = 3 as in
the previous chapter. We have already seen that the resolution of R(X) as an S-module is iso-
morphic to a twist of its dual. The purpose of this section is to prove a stronger version of this
result. More precisely, we will show that there exists a minimal free resolution of R(X') which
is equal to a twist of its dual up to the sign (—1) in the middle. Let us first introduce some
notation.

Definition 4.0.1 ([BE77]], Section 2). Let A be a commutative ring, and let F' be a finitely
generated free A-module. We call amap f: ' — Homu(F, A(s)), s € Z, alternating if, with
respect to some (and hence any) basis and dual basis of F' and Hom 4 (F, A(s)) respectively, the
matrix corresponding to f is skew-symmetric.

The main result of this chapter is the following.

Theorem 4.0.2. There is a minimal free resolution of R(X) as an S-module of type

Y
0+ R(X)« Fo & 7, &2 FY {5 FY 0,
where 1y is alternating.

This statement can be seen as a modification of the famous structure theorem of Buchsbaum
and Eisenbud for codimension 3 Gorenstein ideals, see [BE77]. Note that we cannot apply their
results directly since R(X) is not a cyclic S-module. As in [BE77], the central ingredient of our
proof is to define a multiplication on the minimal free resolution of R(X') and to show that this
multiplication is commutative.

4.1 Preliminaries

In this introductory part, A will denote a graded commutative ring, and F = (F,,d) a chain
complex of finitely generated free A-modules with F; = 0 for ¢ < 0. We will consider F =
D, Fi as a graded A-module. Note that we have two different gradings on F. On the one
hand, we have the grading coming from homology, that means we say f € F is (homological)
homogeneous of degree i if f € F;. We denote the (homological) degree of f by |f|. On the
other hand, we have the grading coming from A. We denote the degree of any element f € F
which is homogeneous with respect to the grading of A by deg(f).

Definition 4.1.1. By F ® F we denote the chain complex whose degree n component is
i+j=n

with differentials
(fog) =df)eg+ (- fedy)
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for f,g € F homogeneous. Let ;i: F ® F — F be a map of chain complexes. We say that the
map p is homotopy-associative if the chain maps

po(u®idp): F®3 — Fand p o (idp @p): F®? = F
are homotopic. Moreover, we define a map of chain complexes a.: F® F — F ® F by

fog- feog— (-)WHge f

for f, g € F homogeneous. We say that y is homotopy-commutative if the chain map poa: F®
F — F is homotopic to zero.

4.1.1 The Module Homg, (R(X), R(X))

One ingredient in the proof of Theorem is that any non-zero homogeneous Sy -linear ho-
momorphism R(X) — R(X) is already an isomorphism, where Sy = S/ anng R as before.
The aim of this subsection is to prove the following result which implies this statement:

Theorem 4.1.2. R(X) = Homg, (R(X), R(X)) as Sy-modules.
Since we will use similar ideas again, we show this in a more general setting.

Lemma 4.1.3. Let A C B be an inclusion of integral domains with Q(A) = Q(B). If Bis a
finitely generated A-module, then B is a fractional ideal of A, that means there exists 0 # d € A
such that dB C A.

Proof. Let by, ..., b, be module generators of B as an A-module. Then B, considered as an
A-submodule of Q(A), is generated by le, e bT’". But Q(A) = Q(B) implies that for each ¢
there exist a;, d; € A with d; # 0 such that % = %t. Thend = d;-...-dy, satisfiesdB C A. [

The next step is to show that any A-linear homomorphism B — B for domains A C B as in
the lemma above is the multiplication by an element of B. The proof relies on two well-known
results:

Proposition 4.1.4. Let A be a reduced ring with total ring of fractions L. If L is a direct product
of finitely many fields and I,J are A-submodules of L, then every A-linear homomorphism
I — J is the multiplication by an element of L.

Proof. See [HSO06], Lemma 2.4.1. O
Proposition 4.1.5. Let A, L, I, J be as in Proposition Then the natural map

J:p I — Homa(I,J)
is a surjective A-module homomorphism with kernel O :p, I.
Proof. See [HSO06l, Lemma 2.4.2. ]
Proposition 4.1.6. Let A and B be as in Lemma Then B = Hom (B, B) as A-modules.
Proof. Let L = Q(A) = Q(B). From Propositions and we see that

7: B:, B— Homu(B, B)

is surjective with kernel O :;, B. We claim that 0 :;, B = 0. Let § € 0 :1 B. Then §b = 0 for all
b € B. But this implies that ab = 0 for all b € B. Hence a = 0 since B is a faithful A-module.
Thus, 7 is an isomorphism. It remains to show that B :; B = B. Clearly B C B :;, B. Now
letze B:, BC L.Butthenz=2-1¢ B. O
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To apply this statement in our setting we have to verify that B = R(X ) and A = Sy fulfill the
condition assumed above. So let us suppose now that A and B have additionally the structure of
positively graded k-algebras and that B is a finitely generated graded A-module.

Remark 4.1.7. Since B is a finitely generated A-module, Hom4 (B, B) = *Hom4 (B, B) (see
Notation 2.2.4). Furthermore, the isomorphism 7 is compatible with the grading of B and
*Homa (B, B). Indeed, given b € B,,, the homomorphism 7(b) is homogeneous of degree
n and hence 7(b) € (*Homu (B, B)),, = Hom,, (B, B). Thus 7 is an isomorphism of graded
A-modules.

Let ¢ be a homogeneous prime ideal of B, and let 7" be the set of homogeneous elements
in B\g. We denote the graded ring T~!B by By, and the subring of degree zero elements by
By,. With the same notation for A, the proof of Theorem uses the following result on the
homomorphisms of local rings induced by the inclusion A C B:

Lemma 4.1.8. Let q be a homogeneous prime ideal of B, and let p = qN A be the corresponding
(homogeneous) prime ideal of A. If the homomorphism

A(p) = Bg)

induced by the inclusion A C B is an isomorphism and if A, contains an invertible element of
degree 1, then the homomorphism

A, — By
is an isomorphism as well.
Proof of Theorem{d.1.2] 1dentifying Sy with its image in R(X) via the injective homomor-
phism Sy — R(X), we have to show that Q(Sy ) = Q(R(X)). First, the inclusion Sy C R(X)
implies that Q(Sy) C Q(R(X)). Let ¢ = (0) be the generic point of Proj(R(X)) and
p = (0) = ¢(q) the generic point of Y. Since ¢: X 4, — Y is birational, the ring homo-
morphism

‘pg: (SY)p) = B(X)(g)

is an isomorphism. Furthermore, (Sy ), contains an invertible element of degree 1, for example
the element z—g The result follows now from the previous lemma and the fact that R(X), =
Q(R(X)) (and similarly for (Sy),). Consequently, the assumptions of Proposition are
satisfied and R(X) = Homg, (R(X), R(X)) as graded Sy-modules. O

4.2 A Multiplicative Structure on the Minimal Free Resolution
From now on F = (F,, d) will denote a (fixed) minimal free resolution of R(X) as an S-module:

0 R(X) < Ry 7 <2 &8 By 0.

The aim of this section is to define a multiplication on F satisfying various properties needed for
the proof of Theorem4.0.2]

Theorem 4.2.1. There exists a chain map p: F @ F — F such that, writing ab for p/(a @ b), the
following holds:

(i) w respects the grading of S, that is for a,b € F homogeneous with respect to the grading
of S we have deg(ab) = deg(a) + deg(d),

(i) d(fg) = d(f)g+ (=D fd(g) for any f,g € F homogeneous,
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(iii) w is homotopy-associative,

(iv) there exists an element eq € F of degree O which acts as a unit for p on F, that means
eog = g = geg forany g € F,

(v) fg= (—1)|f|'|9|gff0r any f,g € F homogeneous (that means |1 is commutative).

We will prove this statement in several steps. Throughout the rest of this chapter, we use the
following notation.

Notation 4.2.2. By ey, ..., er we denote the canonical basis of the finitely generated free mod-
ule Fy, where e corresponds to the summand S in Fy. Let m; := dg(e;) € R(X). Then
mo, ..., my is a generating set of R(X) as an S-module. By i we denote the (S-linear) multi-
plication map from R(X) ® R(X) to R(X).

Let us first consider the following diagram:

d d ) ) )
0 R(X)® RX)“"(F@F)y — (FOF); < (FQF)y = (FOF)3 ¢ ---

d d d d
0 R(X) L R S O R S 0

where the first row is a complex and the second row is exact. By the comparison theorem for
complexes of projective modules we can lift the map fi: R(X) ® R(X) — R(X) to a map of
complexes p: F ® F — F inducing fi. Furthermore, any two lifts of ji are homotopic.

Proposition 4.2.3. Any chainmap p: F ® F — F which is a lift of [ satisfies properties (i)-(iii)
of Theorem

Proof. The three properties are immediate from the definition of p. Property (i) holds since §;
and d; are homogeneous maps of degree 0 with respect to the grading by S. Property (ii) is just
the commutativity of the diagram above after adding the chain map p. To verify the last property
we have to show that the chain map

p i=po(p®idp) — po (idp @u): F® = F
is homotopic to zero. But p is a lift of the map jio (i ®idg(x)) — fio (idp(x) ®f1): R(X)®3 —

R(X') which is the zero map since R(X) is associative. Thus p is homotopic to zero. O

Remark 4.2.4. Similarly one can check that the map p from Proposition is homotopy-
commutative.

So it remains to show that there is a lift ;1 of i which satisfies also properties (iv) and (v). To
do this, we will first introduce the symmetric square of the complex F as in [BE77]]. Let M be
the graded submodule of F ® F generated by

{fog— (—)9g® £ f,g € Fhomogeneous}.

Since §(M) C M, the module
So(F) = (F®F)/M

inherits the structure of a complex of S-modules (with differentials 9).
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Lemma 4.2.5. Letn > 0 and set V = @y j—p, i<;F; @ Fj. Then
\%4 if n is odd,
So(F), & V@/\Q(Fn/z) ifn=2 mod 4,
VEBSQ(Fn/Q) l'anO mod 4.
In particular, So(F) is a complex of free S-modules.
Proof. See [FSWT11], Theorem 2.9. ]

From the definition of Sy (F) we see that any lift : F @ F — F of i which factors through the
complex S (F) satisfies property (v). Let 7: F @ F — S5(F) be the map of chain complexes,

where each 7; is the canonical projection from (F ® F); to Sy (F);.

Proof of Theorem To begin with, let us consider the following diagram

do®d
R(X)® R(X) 0= =0 Fo® Fy
[ Qg
do
0 R(X) Fy

where o := fio (dy®dp): Fy® Fy = R(X). Fore;®ej —e; ®e; € M C Fy ® Fy we have

ap(e; ®ej —ej @e;) =mymj —mjm; =0

since R(X) is a commutative ring. Thus, ag factors through S2(F)g = S2(Fp) which gives the

following commutative diagram

dp ® do

R(X) ® R(X) Fy® F

Since S2(F)y is free, there is a map By: Sa(F)o — Fp such that vy = dg o Sy. From this, setting

o = Bo o my, we obtain a new commutative diagram
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do®d
R(X) ® R(X) 0= Fo® Fy

Note that for any 1 < 7 < 7 we have
Yo(mo(eo @ €;)) = v0(mo(ei ® eo)) = ao(ei ® eg) = m; = do(e;).
Hence, we can define 3y in such a way that 8y(mo(eo ® €;)) = Bo(mo(e; ® ep)) = e;, and thus,
po(eo ® €;) = po(e; ® eg) = ¢
forall = 0,...,7. By linearity this yields
po(f @ eo) = poleo ® f) = f
for any f € Fy. Next we show that
0 R(X) % Sy(F)o & Sy(F), &2 ...

is a complex. Using the fact that (SQ(F)LS) is a complex of free S-modules we have only to
show that im(d;) C ker(yp). Let h € im(6;). Using the commutative diagram

(F&F)y " — (FOF)

0 T

82 (F)U R S SQ(F)l

we find an element g € (F ® F); such that h = 7y(d1(g)). Then
0(h) = 70(m0(d1(9))) = ao(d1(g)) = A((do @ do)(d1(9))) = 0

since (dp ® dp) o 81 = 0. Thus, im(d1) C ker(qp).

Now, combining this with the previous diagram, we obtain the following commutative dia-
gram:
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0 SQ(F)O & SQ(F)l & SQ(F)Q — ...

id l Bo l
do d1 da

0 R(X) Fy F Fy

where the first row is a complex and the second row is exact. Using the exactness of the second
row, we can extend [y to a map of chain complexes 3: S2(F) — F:

As above, we can choose the maps f3; successively so that
Bi(mi(eo @ g)) = Bi(mi(g ® e0)) = g
forany g € F: If eg ® g € Fy ® F1, then
Bo(d1(m1(9®eo))) = Bo(d1(m1(e0®g))) = Bo(mo(d1(e0®g))) = Po(mo(eo@di(g))) = da(g).

Hence, we can choose (31 so that 31 (71 (eg®g)) = f1(m1(9®eo)) = g and we proceed similarly
fori > 2.

Setting pu; = B; o m; for ¢ > 1, this yields a chain map i: F ® F — F which factors through
B: Sy (F) — F:

2(F)o 2(F)1

Ko By M1

dq
Fy Fy

Bo

Let f, g € F. In the following, we will write fg for 5(7(f ® g)) = u(f ®g). For f = eg we get

eog = p(eo @ g) = B(m(eo @ g)) = g = B(m(g ® o)) = 1(g ® eo) = geo.

Hence, e acts as a unit element for the multiplication. Finally, by the definition of 1, the chain
map  is a lift of the map i: R(X) ® R(X) — R(X):
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(F®F) (FeF),

ﬁ // //

70
/ BO 61
d(] dl
0 — R(X) Fo Fy
This completes the proof. O

4.3 The Induced Chain Map Between the Resolution and its
Dual

By the proof of Proposition [3.3.3| we know that

d\/
0+ wrx)(— 1) « FY <—F2 & FY <—F0 «~0

is a minimal free resolution of wp(x(—1) which is isomorphic to R(X). In this section, we
first construct a chain map between the given resolution and its dual which is induced by the
multiplication map p defined above. Afterwards we show that this map is an isomorphism of
chain complexes. Using this isomorphism, we can finally prove Theorem 4.0.2

Let o: F3 — S(—17) be the canonical projection map. For any 1 < i < 3 we define a map
hi: F; ® F3_; — S(—17) by sending a ® b to o(ab). Moreover, for each ¢, this induces a map

si: F; — Homg(F3_;, S(—17)) = Fy/
a+— la: Fg_z' — S(—17)
b hi(a®b) = o(ab).

Proposition 4.3.1. Define the maps

{si ifi=0,1,
t =

—s; ifi=2,3.
Then
d d d
Fpe——F e e Iy 0
to \L tl \L t2 \L ts \L
dy dy dy
Ey Fy FY EY 0

is a commutative diagram, or equivalently, t: F — F" is a chain map.

Proof. We have to show that for any 0 < ¢ < 2 we have

V
ti o di_|.1 = d3_7; (¢] tz’+1.
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Solet f € F;11and g € F5_;. Then

dy_;(tix1(f))(9) = tiv1(f)(dz—i(9))
= 0o (fd3-i(g))
= b;o(d3—i(9)[f),

1 ifi=0,
0; = e
-1 ifi=1,2,
and where the last equality holds since fdz_;(g) = (—1)DCEDds_i(g)f = d3_;(g)f. On
the other hand, since gf = 0,

0=ds_i(9)f + (=1)*"gdis1(f).

with

Hence

ds_i(tiv1()(9) = Oio(ds—i(9)f) = (—1)f9i0(9d¢+1(f))

Applying this to the three possible values for 7, we see that the last term is always equal to
ti(di+1(f))(g) which proves the claim. O

Our next task is to show that the maps s; are dual to each other with respect to some chosen
bases. Let us first fix some notation.

Notation 4.3.2. If €, ..., €, is any basis of F;, we denote by ¢, the map sending €; to 0 if
j # i and to 1 otherwise. Clearly, €, ..., €} is then a basis of F;Y. We denote by go, . - . , g25,
vg, - - ., V25 and hg, . .., h7 the canonical bases of F, F5 and Fj, respectively.

Then, considering the maps with respect to these bases and its duals, yields the following:

Proposition 4.3.3. Forn =0,...,3 we have

v
Sn = SS—TL
Oy, in terms of the maps t,
Vo
t, = —t3_n.

Proof. 1t is enough to prove the claim for ¢« = 0, 1. Let us start with the case i = 0. Using the
bases given above, we get a representation

7
30(6k) = Z U(ekhi)h;/

=0

for any basis element ej, of Fy. Indeed, we have

7 7
<Z U(ekhi)hz\‘/> (hj) = > olexhi)hi (hj) = olexhy) = (solex))(hy).

=0 =0
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Thus, with respect to the bases eg, . . ., e7 and hz{ ey h}/ we can represent sg by the matrix
U(eoho) te 0'(67ho)
0(60h7) te O’(C7h7)

Similarly, for s3 we have

7
3(hg) = ZU hre;i)e
1=0

for any basis element hy, € F3. Hence, we obtain a representation of s3 with respect to the bases
ho,...,h7and ey, ..., e’ by the matrix

o(hoeg) -+ o(hrep)
o(hoer) -+ o(hyer)
But
eihj = hjei
for any i,j = 0,...,7 since deg(e;) = 0 for all 7. This implies that the first matrix is the

transposed of the second. Hence, identifying iV with h; via the isomorphism F; — F.YV, we
get
sy = 83

Analogously, for s; and s we get representations

81 ‘ 90 e 925 52 ‘ Yo T V25
vy | o(govo) -+ a(gasvo) ond g¢ | o(vogo) ---  o(v2s90)
vy | 0(govas) -+ o(gasvas) 935 | o(vogas) -+ o(v2sgas)

respectively. Again, g;v; = v;g; forany 4,5 = 0,...,25 since deg(v;) = 2 for all j. Hence,

sy = so. O

4.4 Proof of Theorem

Let us consider the middle square of the commutative diagram from Proposition

d
F —2 Fy
ty = —ty to
2l av l —té/odzzdé/otg

BY «—— R
We claim that the following holds:

Proposition 4.4.1. For eachi =0, ...,3, the map t; is an isomorphism.

Before proving this proposition, let us first see how the main theorem follows from this state-
ment.
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Proof of Theorem{.0.2] By Proposition to (or equivalently t1) is an isomorphism. Then
dy :=dy oty lisa homomorphism from Ff/ to Fy. But since

(551" = @)

we have
by’ = (dyoty")

=(t;")" ody

=—dyoty!

= —@.
Consequently,

— v
0 RX)« Fo <& R & EFY 0

is a minimal free resolution of R(X') with alternating middle map as desired. O

It remains to prove that every ¢; is an isomorphism. Note that in the setting of [BE77]] Fy = S.
This implies directly that ¢ is the identity map (lifting the identity on the corresponding rings)
and thus, that each ¢j is an isomorphism. To show this in our setting some additional work is
needed. Again we consider the commutative diagram from Proposition Lett: R(X) —
wr(x)(—1) be the induced S-linear map:

d d d: d.
0 — R(X) Ry Rl B Fy 0
N
“o v, % v, % v, 4 v
0 —— wR(X)(—l) F3 F " Fo 0

Since both complexes are minimal free resolutions, it is enough to show the following:
Proposition 4.4.2. : R(X) — wg(x)(—1) is an isomorphism.

We prove this statement in several steps. First of all we know that R(X) and wp(x)(—1) are
isomorphic R(X)-modules. Let a: wr(x)(—1) — R(X) be such an isomorphism. Then for
¢ := o (1p(x)) we have

wr(x)(—1) ={ac | a € R(X)}.
Furthermore, since ug is surjective and homogeneous of degree 0 we know that ug(hY) = Xe
for some \ € k*. Using this and the following lemma we can show that £ is not the zero-map.
Lemma 4.4.3. so(eg) = to(eg) = hy.

Proof. Recall that s is represented by the matrix

so| eo e ey
hy | o(eoho) -+ olerho)
hY | o(eoh7) -+ olerhr)

Using the fact that e is an identity element for the multiplication the first column is nothing but
(o(hg),...,o(hy)). By the choice of the basis hg, . .., h7, we have o(h;) = 1 fori = 7 and 0
otherwise. O
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Lemma 4.4.4. ¢ is a non-zero S-linear homomorphism.
Proof. Clear since t(1p(x)) = uo(to(eo)) = uo(hy) = Xe # 0. O

Recall from Theorem that every homogeneous Sy -linear homomorphism from R(.X) to
R(X) is the multiplication by a homogeneous element of R(X). We want to apply this result to
the composition « o .

Proof of Proposition First note that, since « is also S-linear, we have
Iy = anng(R(X)) = anng(wrx)(—1)).

Hence ¢ and « are both Sy-linear homomorphisms. But then « o t is a non-zero Sy -linear
homomorphism from R(X) to R(X), and hence the multiplication by a non-zero homogeneous
element of R(X). As t and « are both homogeneous (of degree 0), this implies that « o £ is the
multiplication by some # € k*, and hence an isomorphism. Consequently,  is an isomorphism.

O



5 From Free Resolutions to Numerical
Godeaux Surfaces

Let S = k[zg, 21, Yo, - - ., y3] be the graded polynomial ring as considered in the previous chap-
ters. In this chapter we will consider S-modules R satisfying the following condition:

(¥) Ris a finitely generated graded S-module with a minimal free resolution of type

S S(—6)8 S(—9)8 S(—12)3
® @ @ ®
0+ R+ S(—4)* « S(—72 «— 8(-10)'2 « S(-13)* <0
® @ @ ®
S(—5)3 S(—8)8 S(—11)8 S(—17)

Notation 5.0.1. Let R be an S-module satisfying () with minimal free resolution

0 R & P& & oo

By e we denote the element of R corresponding to the generator 1 of S in Fpy. Let d} be the
submatrix of d; obtained by erasing the first row. By I’ C S we denote the zeroth Fitting ideal
of M = coker d, that is the ideal generated by the maximal minors of d. By the properties of
Fitting ideals, the ideal I’ is independent of the choice of a presentation matrix of M, and hence
independent of the choice of a minimal free resolution of R as an S-module. Furthermore, we
set Iy = anng R and Sy = S/Iy. Finally, we assume that k = C throughout this chapter.

Our aim is to prove a partial converse of the structure theorem for numerical Godeaux surfaces
presented in the last chapter. More precisely, we will show:

Theorem 5.0.2. Let R be an S-module satisfying () which has a minimal free resolution of the
form

av
0 R Fy <& B & FY EUFY o,
where F;Y = Homg(F;, S(—17)) and dy is skew-symmetric. If
(¢) depth(I’,5) > 5,

then R is a Gorenstein ring. Under this condition, let Y = Proj(Sy) and X = Proj(R).
Suppose further that

(i) xg,x1 € S is a regular sequence for R,
(ii) Proj(Sy/(vo,---,ys3)) is empty or O-dimensional,
(iii) Iy is prime,

(iv) X has only Du Val singularities.
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Then X is the canonical model of a numerical Godeaux surface. Furthermore, X is the normal-
ization of Y.

To prove this theorem, we proceed in several steps. First we show that the condition (<)
implies that R carries a unique structure as an Sy-algebra with identity element e. Then, we use
the additional properties (i) - to prove that R is the canonical ring of a surface of general
type. As a last step, we use the Hilbert series of R to deduce that this surface is a numerical
Godeaux surface.

5.1 Preliminaries

Let B be a faithful A-module with distinguished element e € B. In [EU97|, Eisenbud and
Ulrich studied conditions under which B supports the structure of an A-algebra with identity
element e. In case of a finite birational A-module, there is at most one such structure:

Definition 5.1.1 ([EU97]). Let A be a commutative ring, and let B be a faithful A-module with
a distinguished element e € B. Then B is called a finite birational A-module if there is an
element d € A which is a non-zerodivisor on B such that

dB C Ae C B.

If B is a finite birational A-module and carries the structure of an A-algebra with identity ele-
ment e, then the algebra structure of B is uniquely determined by the fact that B is a subalgebra
of Bl[d~'] = A[d™!].

Example 5.1.2. Suppose that A C B are integral domains with Q(A) = Q(B) such that B is
finitely generated as an A-module. Then B is a birational A-module by Lemma.1.3]

Lemma 5.1.3. Let A < B be an injective homomorphism of rings, where B is a finite birational
A-module (with identity element e). Furthermore, let N be a B-module. Then every A-module
isomorphism p: B — N is also B-linear.

Proof. Letd € Aand e € B be as in Definition[5.1.1] that is dB C Ae C B. Note that since ¢
is an A-module isomorphism, the element d is also a non-zerodivisor on N. Now let g, € B
be arbitrary. By assumption, there is an element a € A such that dg = a. Then

dp(gr) = ¢(dgr) = ¢(ar) = ap(r) = dge(r),

and therefore
e(gr) = go(r)

since d is a non-zerodivisor on V. O
5.2 The Induced Algebra Structure
We will show that the condition (<{>) implies that R carries the structure of a (commutative) S-

algebra. This extends a result of Bohning ([B6h05]], Theorem 1.1) on Gorenstein algebras from
codimension 2 to codimension 3:

Theorem 5.2.1. Let R be an S-module satisfying (x) with minimal free resolution

0 R&O B &R & p® peo
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and let e, I' and Sy be as in Notation Furthermore, assume that depth(anng R, S) =
projdimg(R) = 3. If
(&) depth(I’,S) > 5,

then R carries a unique structure of a (commutative) Sy -algebra with identity element e.

Proof. The first step is to show that R is a Cohen-Macaulay S-module. We have

dimg R = dim S/ anng R = dim S — codimanng R
= dim S — depth(anng R, S) = 3,

where the second and third equality follow from the fact that S is Cohen-Macaulay and the last
one holds by assumption. Furthermore, using the graded version of the Auslander-Buchsbaum
formula, we see that

depth R = depth S — projdimg(R) = dim S — 3 = 3.

Thus, dimg R = depth R, and hence R is Cohen-Macaulay.

Next we show that R is a finite birational Sy-module with distinguished element e. The
matrix dj is a presentation matrix (over S) of the module R/Sye. This implies that I’ C
anng(R/Sye), and hence that (I’Sy )R C Sye. Now since R is a Cohen-Macaulay S-module
and depth(I’, S) > 5, we have depth(I’, R) = dim R — dim R/I'R > 2. Hence, there exists
an element d € I’ Sy which is a non-zerodivisor on R. Consequently,

dRQSyeQR

as required. In particular, anng e = anng R.

In the following, X = Spec(.5) is the affine cone over Proj(.S) and
e Y = V(anng R) C X is the closed subscheme of X of codimension 3,

e Z C Y is the closed subscheme of Y defined by (I’ + anng R) with complement U =
Y\Z, and

e R is the coherent sheaf associated to R as an Sy -module.

From the above, we know that the map Sy — R sending s to se is an isomorphism onto its
image Sye. Then, as d] is a presentation matrix of R/Sye, we have R|y = Oy|y.

Now consider the standard exact sequence of local and global cohomology ([Gro67l], Propo-
sition 2.2)

0— HY(Y,R) = H(Y,R) - H*(U,R) = H5(Y,R) — 0.

Suppose that HY(Y,R) = HL(Y,R) = 0. Then H°(Y,R) = H°(U,R) and thus R =
H®(U, Oy|y) as Sy-modules. Using this isomorphism, R inherits the structure of a commuta-
tive Sy -algebra with identity element e. Since the homomorphisms in the exact sequence above

preserve the grading, R is a graded Sy-algebra, and hence a graded k-algebra. Furthermore, the
Sy -algebra structure is uniquely determined since R is a finite birational Sy-module.

So it remains to show that H) (Y, R) and H} (Y, R) vanish. By [Gro67], Theorem 3.8, it is
enough to show that depth(Z, R) > 2. But, since Y is affine,

depth(Z, R) = depth(I'Sy, R) > 2

which proves the claim. O
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Definition 5.2.2 ([Gra96]], Definition 3.1). Let A be a positively graded polynomial ring, and let
B be an A-algebra. Let ¢ = dim A — dim4 B denote the codimension of B. Then B is called a
Gorenstein algebra of codimension ¢ (and twist s € Z) if

B = Ext% (B, A(s))
as B-modules.

Now, if the S-module R in Theorem[5.2.1]admits a minimal free resolution which is self-dual
up to a sign, then R is a Gorenstein S-algebra:

Theorem 5.2.3. Let R be an S-module satisfying (x) which has a minimal free resolution of the
form
di da Vv dy Vi
0 R Fy<— I < F) «+— Fy <0,
where F;¥ = Homg(F;, S(—17)) and dy is skew-symmetric. If depth(I’,S) > 5, then R is a

Gorenstein S-algebra of codimension 3.

Proof. To use Theorem we first have to show that depth(anng R, S) = 3. By [BE73],
as the above complex is exact, we know that depth(I(dy),S) > 3, where I(dY) is the ideal
generated by the minors of size rank(dy') of a matrix representing dy . Hence,

depth(I(dy),S) = depth(I(dy),S) > 3.

Furthermore, depth(I(d;),S) = depth(anng R, S) as the two ideals have the same radical
ideal. The result follows then from the fact that

depth(anng R, S) < projdimg(R) = 3.

So, all assumptions of Theorem are satisfied and hence, R is a finite birational Sy -module

and an S-algebra of codimension 3 (with identity element €). Furthermore, we can identify Sy

with its image in R via the injective homomorphism Sy — R (sending an element s to se).
Applying the functor Homg(—, S(—17)) to the resolution above, we get a complex

day dy=—d
0o R 5 RY 2722 1 9 By - Bxtd (R, S(—17)) - 0

which is exact since depth(anng R, S) = 3 implies Ext%(R,S) = 0 for i < 3. Comparing
these two complexes, we can construct a commutative diagram

v

d
0 Fy S spy 2 . p %R R 0
—idgy ~idpy idp, idg, u
v 4 v —d2 di 3 m
0 F) F) F Fy Ext}(R, S(~17)) —— 0

The graded isomorphism of complexes in the diagram above induces an S-linear isomorphism
u: R — Ext}(R,S(—17)). Now, since u is also Sy-linear, Lemma implies that u is an
R-linear homomorphism. Hence,

R = Exti(R, S(—17)), (5.1)

showing that R is a Gorenstein S-algebra. O
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Remark 5.2.4. We call the condition () the ring condition. Now let Ry and Rs be two S-
modules as in Theorem [5.2.3] satisfying the ring condition. Then, if R; and Ry are isomorphic
as S-modules (and hence as Sy-modules), the Sy -algebras R and Ry are isomorphic as rings

by Theorem[5.2.1]

5.3 Proof of Theorem 5.0.2

Before proving the main theorem of this chapter we need a further preliminary result concerning
the dualizing sheaf for a scheme of type Proj(R), where R is a Cohen-Macaulay graded ring.
But let us first state a result on dualizing sheaves and finite morphisms.

Let f: X — Y be a finite morphism of Noetherian schemes. Recall that f, gives an equiva-
lence from the category of quasi-coherent O x -modules to the category of quasi-coherent f, O x -
modules. Let us denote the inverse functor by~ Then given any quasi-coherent Oy -module G,
the sheaf f'G is the quasi-coherent Ox-module Homy (f.Ox, G

Lemma 5.3.1 (See [Har77], Il Exercise 7.2). Let f: X — Y be a finite morphism of projective
schemes of the same dimension over k, and let wy be a dualizing sheaf for Y. Then f'wy is a
dualizing sheaf for X.

With the help of this lemma we show in the next statement how the canonical module of
a Cohen-Macaulay ring and the dualizing sheaf for the corresponding projective scheme are
related.

Proposition 5.3.2. Let R be a positively graded k-algebra of dimensionn+1 > 2, and let X =
Proj(R) be the corresponding projective scheme over k with dualizing sheaf wx. Moreover,
assume that R is Cohen-Macaulay and let wg be the canonical module of R. Then

WR

1

wx.

Proof. Since R is Cohen-Macaulay there exists a homogeneous system of parameters %o, . . ., ty,
in R such that R is a finitely generated free A = k[to, ..., t,]-module. Furthermore, by replac-
ing the ¢; with suitable powers, we may assume that all elements have the same degree. The
natural ring homomorphism A — R induces then a finite morphism

P: X — P
Then Lemmaimplies that wy = 9)'wpn» and thus
Yowx = Hompn (1. Ox,wpn). (5.2)
On the other hand, since both A and R are Cohen-Macaulay and R is a finite A-module, we get
wr = Homa(R,wa)

by Proposition Considering the associated coherent sheaves and combining with the iso-
morphism in (5.2) yields

w* (‘;}-:2) = m = Hom]lm (w*OwaIP’") = w*an

where 4wpr means considering wp as an A-module. Now applying the functor ~ which is inverse
to ¢, we obtain the claimed isomorphism

wWr = wyx. ]
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We have now all the ingredients for proving the main theorem of this chapter:

Proof of Theorem[5.0.2] By Theorem we already know that R is a Gorenstein algebra of
codimension 3. The scheme Y = Proj(Sy) is a closed subscheme of P = P(22,3%) with
support V' (Iy). Since dim Sy = dim S — codim(anng R) = dim S — 3 = 3, Y is a projective
surface. Using the inclusion of rings Sy C R yields a surjective morphism of surfaces

p: X =Y,

where X = Proj(R). This morphism is finite since R is a finitely generated Sy -module. Hence
v«Ox is a coherent sheaf of Oy-algebras and

Proj(R) = X = Spec(¢+Ox).
Furthermore, by the proof of Theorem[5.2.1] there exists a non-zerodivisor d € Sy such that
Sy[d~'] = R[d7Y]. (5.3)

Hence, ¢ is birational, and since X has at most Du Val singularities ¢: X — Y is the normal-
ization of Y. Furthermore, (5.3) and imply that R is an integral domain. Hence X is an
integral normal projective scheme.

Since R is a finite Sy -module and Sy C R, we know that dim R = 3. Hence R is a Cohen-
Macaulay ring. Applying Proposition[2.2.9]to S and R, we obtain

wr = Ext}(R,ws) = Ext¥(R, S(—16))
as R-modules. Combining this with the isomorphism from yields
wr = Ext3(R, S(—16)) = R(1).
Thus, R is a Gorenstein ring. Sheafifying gives then an isomorphism of O x-modules
wr = O0x(1).

By assumption, all singularities of X are rational double points, and hence Gorenstein of index
1. In particular, X is Gorenstein and admits an invertible dualizing sheaf wx. Furthermore, the
Weil divisor Kx on the normal scheme X (as defined in Section is Cartier and wy =
Ox(Kx). On the other hand, wy = wg by Proposition Hence

wx = Ox(1), (5.4)
and Ox (1) is invertible. Next we want to show that
Ox(1)®" = Ox(n) (5.5)

forany n > 0. Note that, as O x (1)®" is an invertible sheaf and O x (n) is a reflexive sheaf on the
normal integral scheme X, it is enough to show that the two sheaves coincide outside a closed
subset of codimension 2. By assumption we know that Y3, := Y\ (V(xo,z1) U V(vo0,-..,¥y3))
is finite. Then V = ¢~1(Y}) is a codimension 2 closed subset of X. Let U = X\V. Then, for
anyn > 0

Ox(1)*"|v = Ox (n)|u.

Indeed, let p € U be a prime ideal. Then by the definition of the set U, there exist integers
i € {0,1} and j € {0,...,3} such that z;,y; ¢ p. But since R(1),) = R, as R,)-modules,
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the morphism
Ry = R(1>(p) Q- ® R(l)(p) - R(”)(p)

is an isomorphism of R(;,)-modules with inverse given by multiplication with %

J

Letn = P,>¢ n. Now depth(R) = 3 implies Hi(R) = 0 for i < 2. Using the exact
sequence relating local and global cohomology this results to

R= D H(X,0x(n)).

n>0
Using the isomorphisms in (5.4) and (5.5) we obtain
R, = H'(X,0x(n)) = H(X,0x(1)®") = H(X,w{"). (5.6)

Now let 7: X — X be a minimal resolution of singularities. Since all singularities are canoni-
cal, we have Ty = wx and

H(X, ") = HO(X, (")
for all n > 0. In particular,

R=PH(X,w}") = P HOX,wg™).
n>0 n>0

Consequently, R is the canonical ring of the smooth surface X and, since dim R = 3, X is a
surface of general type. Furthermore, H2(R) = 0 implies that

0=EPH'(X,0x(n) =P H'(X,0F") =P H' (X, wF). (5.7)

n>0 n>0 n>0

Hence, X is a minimal surface by [BHPVAVT3]|, Theorem VIL5.3. From the free resolution of
R as an S-module we deduce that

dimy R,, = (Z) 11

for all n > 2 and dimy Ry = 0. Using the formula of the plurigenera of Proposition[2.3.26 we
conclude that X is a minimal surface of general type with K? = 1 and pg = q = 0. Thus, X is
a numerical Godeaux surface with canonical model X. O

Let R be an S-module fulfilling all assumptions of Theorem [5.0.2] Knowing a minimal free
resolution of R as an S-module gives us only the relations of R which are S-linear. However,
we are mainly interested in the ring structure of R which exists by the previous results. As
before, let us choose rq = 1,71 = 29,...,74 = 23,75 = wWo,Tg = Wi,T7 = wso as module
generators for R as an S-module. We want to compute the remaining 28 defining relations of R
expressing the products r;1; € R, for 1 <4 < j < 7, as S-linear combinations of the module
generators (see Lemma[3.3.9). In the following we present a way of determining these relations
using the results from Chapter [d From the proof of Theorem we know that there exists a
commutative diagram
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1 1
0 R S5(F)g ¢—— S(F)1 ¢—— Sa(F)s ¢
idl Bol ﬁll /’72l
d
0 p o FO di Fl do F2

where the second row is exact. Note that we can compute the maps of the first row from the
ones in the second row. By definition, the homomorphism -y maps the canonical basis vec-
tors of So(F)o to the elements r;7; for 0 < ¢ < j < 7. Then, the commutativity of the
diagram above implies that the images of these basis vectors under the homomorphism [ rep-
resent the elements r;7; as S-linear combinations of the module generators rg,...,r7. Con-
sequently, knowing d; and ;, we can compute (a basis for) the homomorphisms of degree 0
in Homg (coker 61, coker d1) with the help of a computer algebra system. Furthermore, any
S-linear homomorphism coker 51 — cokerd; is also Sy-linear. Hence, up to scalars, there
exists exactly one such homomorphism since the Sy-algebra structure of R is uniquely deter-
mined. Choosing the isomorphism sending ey ® ey € Sa(F)g to eg € Fp, gives us the desired
homomorphism [y, and hence the remaining relations.



6 The Minimal Free Resolution Modulo a
Regular Sequence

Throughout this chapter X denotes a numerical Godeaux surface with canonical ring R(X ) and
canonical model X .oy, = Proj(R(X)). Furthermore, S = Kk[xo,z1,Yo,...,ys] is the graded
polynomial ring as defined before.

In Chapter we have seen that the sequence g, z1 € S is a regular sequence for R(X) and
that the minimal free resolution of R(X') as an S-module splits modulo xg, z; into a direct sum
of three complexes. Furthermore, the structure theorem of Chapter [4]tells us that there exists a
free resolution whose middle map is alternating. The aim of this chapter is to consider such a
resolution modulo zq, x1 and to describe the direct summands.

6.1 Preliminaries

Let
do d1 dy v 47 v
0 R(X)«— Fy«— F1 < F) «— F) <0
= F
be a minimal free resolution with d5" = —ds. We will now introduce a notation for the graded

parts of the maps d; and ds which will be used throughout the rest of this thesis.

Notation 6.1.1 (The general set-up). We write

6S(—6) | 125(—7) | 85(-8)
dy = S bo(y) * *
45(—4) a b1(y) c
35(-5) 0 e ba(y)
65(—11) | 125(~10) | 85(~9)
4, _65C6) 0 n b3 (1)
R5CT | " | ) |
85(—8) | ~bs(y)"” Pt 0

Note that the matrices o and b4 are both skew-symmetric. Since there are no elements of degree
1 in S, the maps S(—5)3 < S(—6)% and S(—8)® < S(—9)® are both zero. The red matrices
are the parts of d; and dy which depend only on the variables g, . .., y3. More precisely, for
each i, all entries of b;(y) are linear combinations of v, . .., ys with coefficients in k. By d
we denote the matrix obtained from d; by erasing the first row. We do not assign names to the
matrices indicated by a * since they won’t play a role in the following. For the matrices marked
in blue we obtain the following characterization:
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degree | entries
aep |2 linear combinations of xg, 1
o,n 4 linear combinations of :1:(2), o1, :U%
0 5 linear combinations of z;y;, © = 0,1, 7 =0,...,3

Let us now briefly recall the notation from Chapter 3| Let
R=R® S/(;po’xl) = @R(l)

and

2
F,=F,®8/(z0,21) = PFY

0
considered as T' = K[yo, Y1, Y2, y3]-modules. Setting d; = d; ® T for each i yields

6T(—6) | 127°(—7) | 8T(—8)
4 = T bo(y)
AT(-4) b1 (y)
3T (—5) b2 (y)
67(—11) | 127°(—10) | 8T (-9)
&y — 67°(—6) bs(y)
127(=7) ba(y)
8T (=8) | —bs(y)”

So the minimal free resolutions of the R(?) are of the form:

0 RO C) T(—6) bl T(_9)8erT(—l2)3 —0
0 RO — 7(—4)} ) T(—7)12 ba(w) T(—lO)lQbMTT(—l?))‘l —0

0 R® — T(—5)3 pac) T(_8>5Mt;(_11)6bMTT(—17) —0

Our aim is to describe the above three minimal resolutions explicitly. Later we will use these
results as a starting point for our construction of numerical Godeaux surfaces. More precisely,
we will first construct the individual minimal free resolutions modulo xq, x1 and then, based on
these, the whole resolution.

6.2 The Canonical Ring Modulo a Regular Sequence

In this section we give an explicit description of the canonical ring R(X) and its minimal free
resolution modulo the regular sequence xg,x;. Thereby we restrict our study to numerical
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Godeaux surfaces fulfilling one additional assumption. As in Section [3.1| we write
2K x| = [M[+ F,

where M is a generic member of the moving part of |2K x| and F' is the fixed part. Recall from
Proposition that there are the following possibilities for M and F:

(i) F =0, M?=4,
(i) M?> =2, MF =2, F?> = -2,
(iii) M?2 =0, MF =4, F? = —4.

In the first case, | M| may have 4 base points (possibly infinitely near) or a single double base
point which is then a singular point of M. From now on we assume that our numerical Godeaux
surface X satisfies the following conditions:

() F = 0and|M]| has 4 distinct base points Py, ..., Ps.
We call any such numerical Godeaux surface X a marked numerical Godeaux surface.

Remark 6.2.1. Note that a base point p of a linear system £ on a smooth surface is called
ordinary if the general element of £ is smooth at p and two general elements have different
tangent directions at p. Since (2Kx)? = M? = 4, Assumption (&) implies that every base
point of |2K x| is ordinary.

Remark 6.2.2. Let us see how Assumption (é) fits into the current literature. It is known that
the Craighero-Gattazzo surface, a numerical Godeaux surface with Tors X = 0, fulfills this
condition (see [CPOO], Theorem 5.1). Furthermore, any numerical Godeaux surface X with
Tors X = Z/4Z or 7./57 satisfies F' = 0 (see [CCMLO7]], Corollary 4.4). We will see later that
the bicanonical system of any numerical Godeaux surface with Tors X = 7Z/5Z has indeed 4
distinct base points. In contrast, a surface X with Tors X = Z/4Z cannot have 4 distinct base
points as shown in Lemma[3.1.T1]

Now let us consider the birational morphism 7: X — X_4,,. Then the 4 base points of |M |
are mapped to 4 distinct points under 7. Indeed, since we may assume that M is irreducible by
Proposition M does not meet any fundamental cycle of X. Then |, is an isomorphism
onto its image. By abuse of notation, we denote the 4 image points on X, also by P, ..., Ps.
Note that X4, is smooth at the points Py, ..., P;. Furthermore, an arbitrary element C' €
|2K x| is of the form

C':Co—FZaiEi

with KxCy = 2 and Kx FE; = 0 for all i. Then M E; = 2K x E; = 0 for all ¢ and the 4 base
points are all contained in Cy. Thus [2K x| has also 4 distinct base points.

can

Lemma 6.2.3. The points P, ..., P3s € X q, are mapped to 4 distinct points under o : Xcqn —
Y.

Proof. We have a commutative diagram

X

Xcan

>
©
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Note that ¢ is a morphism since F' = 0. So it is enough to show the statement for ¢ in place
of . Since M is smooth at the base points Py, ..., P3, Bertini’s Theorem implies that M
is nonsingular. Furthermore we know that M is not hyperelliptic by the results of Pignatelli.
Thus M is a smooth non-hyperelliptic curve. Note that here Assumption (&) is crucial. By
Proposition M does not contain any base points of [3Kx|. Let M denote the generic
member of [2Kx,,, |. Recall that we denote the rational map associated to the systems [nK x|
and [nKx_, | by ¢, and k,, respectively. Let

D = ¢3(M) = k3(M) C P?

be the image curve in P3. Note that M does also not contain the base points of |3K x| by
Corollary 3.1.5 Now by adjunction we get K; = (3Kx)|as. Furthermore, since p, = ¢ = 0,
the restriction map

H°(X,3Kx) — H(M, (3Kx)|m)

is an isomorphism. Hence ¢3(M) = ¢3|p (M) = ¢, (M), where ¢ ¢, denotes the morphism
associated to the canonical system | K /|. Now M being non-hyperelliptic implies that ¢, is
an isomorphism. Note that the image curve D is a complete intersection of type (2, 3) of genus
4 in this case (see [Miy76|, Proposition 4). Consequently, the points Fy, ..., P; are mapped to
4 different points in P under ¢3 and therefore also to 4 different points in Y C (22, 3%) under
@. O

Let us denote by po,...,ps the 4 image points of P,,...,P; in P3. Moreover, let J =
?’: J; € T be the homogeneous (saturated) ideal of {pg,...p3} C P3, where J; is the homo-
=0 g

geneous ideal of p; for each i. Our aim is to prove the following result:

Proposition 6.2.4. For each i, R isq Cohen-Macaulay T-module. Furthermore,

RO ~T/J
3
RO = D1/,
=0
R® =~ Ext3 (R, T(~17)).

We will show this statement for every 7-module R() separately. Whenever studying a single
module R we assume for simplicity that the variables y; in T all have degree 1.

Let f: T — R be the natural ring homomorphism induced by f: S — R(X). Then ker(f) =
anny 13 = annp R and thus

Proj(T/annt R) = {po, . ..,p3}.

On the other hand, since d; decomposes into a direct sum of the three matrices by(y), b1 () and

ba(y), we get
anny(1g) = annp(cokerby(y)) = J',

where J' C T is the ideal generated by the entries of the matrix by(y). Hence
PI'OJ(T/J’) = {poa"‘7p3} = PrOJ(T/J) 6.1

Proof of Proposition[6.2.4} Part I. First we show that R(*) = T'/.J" is Cohen-Macaulay. By the
Auslander-Buchsbaum formula we have

depth(R?) = dim T — projdim R® = 1.
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On the other hand, dim R(®) = 1 by (6.1). Hence, R(*) is Cohen-Macaulay. But being Cohen-
Macaulay of dimension 1 implies that

Ho(RY) = H\(T/J') =0,

where m is the homogeneous maximal ideal of 7". Hence .J is saturated, and J = .J' by (6.1).
This shows the first part of Proposition Let us now continue with R(?). Applying the
functor Hom(—, wy) to the minimal free resolution

o X ptr
0 RO « T & 7(=6)° & T(—9)® &= T(~12) 0

yields a complex
0+ Ext3(R©), wr) « Hom(T(—12)%, wr) & Hom(T'(—9)%, wr)
btr btr'

< Hom(T(—6)%, wr) += Hom(T,wr) < 0

which is exact by Proposition 2.2.11] Now, since wy = T'(—12), tensoring with T'(—5) gives
the exact sequence of the form

tr tr
b3 bO

0« Ext3 (RO, T(~17)) « T(=5)3 & T(—8)® + T(—11)% <& T(~17) « 0.
On the other hand, we know that the minimal free resolution of R(®) is of type

— —b by
0+ R® ¢ T(=5)3 & T(=8)8 <% T(—11)% <> T(—17) « 0.

Thus
R® =~ Bxt3 (R, T(~17)).

It remains to show that R(?) is a Cohen-Macaulay 7-module. Again, by the Auslander-Buchsbaum
formula we see that depth(R(?)) = 1. Hence dim R®) > 1. From

2
J=anny R = ﬂ anny(coker b;(y)) C anny(coker by (y))
i=0
we see that
1 = dimT/J > dim T/ annyp(coker by(y)) = dim R
which shows the claim. O

So in particular the first summand of the free resolution of R resolves the ideal of the points
Po, - - -,p3 € P3. Since the finitely many configurations of 4 distinct points in P can be distin-
guished by their minimal free resolution, we can describe this resolution even more precisely:

Lemma 6.2.5. The 4 points py, . .., p3 € P are in general position.

Proof. We have seen that the minimal free resolution of the homogeneous ideal J of the points
Po, - - -, P3 is of type

0 T/J T <+ T(—2)% « T(-3)® < T(—4)% 0.

But there are only finitely many possible configurations of 4 distinct points in P> whose minimal
free resolutions have different Betti numbers:
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0 1 3
0|1 2 1
The 4 points are colinear. ;
3 1 21
1 3 31
01 2 3
11
The 4 points are noncolinear, but three of them 1 2 31
are colinear. 10201
1 45
01 2 3
011 1
No three of the 4 points are colinear, but all lie 1 .
on a common hyperplane. 2 .11
1 3 1
1 2 3
The 4 points are in general position 01 )
P generatp ' 1. 6 83
1 6 8 3
Hence only the last case can occur. O

General Assumption 1. Recall that we consider X o, as a subscheme of P(22,3%, 44 53).
After performing a linear change of coordinates on P(22,3%,4* 53) (or equivalently, an auto-

morphism of K[xo, x1,Y0, - - ., Y3, 20, - - - , 23, Wo, W1, Wa]) if necessary, we assume from now on
that the 4 points Py, . . ., P3 € X q, are mapped to the 4 coordinate points of P3, more precisely
that

po=(1:0:0:0),p1=(0:1:0:0), p2=(0:0:1:0)andps=(0:0:0:1).

In particular, we assume from now on that

3

J=(yy; |0<i<j<3)=()J
=0

where J; = 1(p;).

Before proving the remaining part of Proposition [6.2.4] we first compute the support of the
T-module RV,

Lemma 6.2.6. anny R(Y) = annyp(coker by (y)) = J.
Proof. From the discussion above we know that

anny(coker di) = annp(coker by(y)) = J

and

2
anny(coker di) = ﬂ anny (coker b;(y)).
1=0
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Thus, J C anng(coker by (y)). To show equality it is enough to prove that

V(annT(COker b1 (y))) = {p07 p1>p27p3}‘

Assume that there is a point p; which is not contained in V' (annz(coker b;(y))). Then there
exists an integer n; > 1 such that y;" € anng(cokerb;(y)). Consequently, for each j €
{0, ..., 3}, there is a relation of the form y;" z; = 0 in R, and hence a relation of the form

dj’oito + dj71x1 + y;”zj =0

in R(X), where d;o,dj1 € R(X). Since y;"(P;) = y;" (pi) # 0, all forms z, . .., z3 must
vanish at the point P; € X,,,. But this implies that P, is a base point of [4K x_, | contradicting
Theorem [2.3.28] ]

Using this result, the proof of Proposition for R is a direct consequence of the follow-
ing statement.

Proposition 6.2.7. Let N be a finitely generated graded T-module satisfying the following prop-
erties:

(i) annpN = J = ﬂ?:o J;,
(ii) the minimal free resolution of N is of the following type

0 N«T'«T(-1D)"? «T(-2)"? « T(-3) 0.

Then ;
N @ T/ J;.
i=0

Proof. First we will show that N is a Cohen-Macaulay module. Let m = (yo,...,ys3) be the
homogeneous maximal ideal of T'. By the Auslander-Buchsbaum formula we get

depth(m, N) = depth(m,T") — projdim(N) =4 —3 = 1.
Furthermore, by the second assumption, dim N = dim(7'/ anny N) = 1. Consequently,
depth(m, N) = dim N

and N is Cohen-Macaulay. Using the long exact sequence relating local and global cohomology
we get the exact sequence

0— Hy(N) = N - @ HO(N(d)) = Hy(N) — 0. (6.2)
d

Since depth(m, N) = 1 we know that HO(N) = 0 and HL(N) # 0. For any coherent sheaf F
on P2, we denote the graded T-module @ ;- H°(P3, F(d)) by I'>o(F). Now let us first show
that - B

N = Tso(N).

As Ny = 0 for all d < 0 the sequence (6.2)) yields an injective map N — I'>o(NN). Conse-
quently, it remains to prove that HL(N)g = 0 for all d > 0. Let

d = max{e | H:(N). # 0}.
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Note that the maximum exists by Serre’s vanishing theorem. Let us denote by reg(N) the
Castelnuovo-Mumford regularity of N. Then d + 1 < reg(V) by [Eis03]], Theorem 4.3. But
from the minimal free resolution of N we deduce that reg(N) = 0. Hence d < reg(/N)—1 < 0.
Let n;: p; — IP3 be the inclusion of the closed point p; in P3. Then G; = Ni+Op;, = m is a
skyscraper sheaf on P2 with support at the point p;. We claim that

3

T>0(@Gi) = Too(N).

1=0

First note that 7'/J; = I'>o(G;) for each i follows from the same arguments as for N above.
Now, since all ideals in the support of N are minimal, we can choose for each i € {0,...,3} a
homogeneous element n; € N such that anny(n;) = J;. Let a; = deg(n;). Thus, for each i,
we obtain an injective map of graded T-modules

(T/Ji)(—ai) — N,

and therefore an injective morphism G;(—a;) < N of coherent sheaves on 3. Now since p; is
a point, it is isomorphic to an affine variety. Furthermore, any line bundle on O,, is trivial, and
hence G; ® Ops(d) = G; for all d. Thus, we get an injective morphism G; — N, and hence a
morphism

3
=0

This morphism is again injective since the support of N is the disjoint union of the supports of
the G;. By tensoring with Ops(d), taking global sections and the direct sum over all d > 0, we
obtain a homogeneous homomorphism

3

FZO(EB Gi) < T>o(N) = N.
i=0

But for any d > 0 we have h°(P?, (@_, Gi)(d)) = hO(P3, @2, Gi) = 4 = hO(P?, N(d)) =

dimy N,4. Hence
3
T>o(EP G
i=0

The result follows now from the fact that cohomology commutes with finite direct sums of
coherent sheaves on Noetherian schemes:

1

N.

6.3 A Standard Resolution of R(X)

The aim of this section is to give one possible choice of the maps of the minimal free resolution
of each R(*) and prove afterwards that there is always a minimal free resolution of R(X) with
alternating middle map which is modulo zg, x; the direct sum of the chosen resolutions. We
will call such a minimal free resolution then a standard resolution.

By duality it is enough to specify the resolutions of R(®) and R("). Recall that R") = T'/.J
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with J = (y;4; | 0 <4 < j < 3). So one possible choice for the maps of F(%) is

- (vour wow2 viv2 woys Yiys Yaus)

T(—6)5 (6.3)
—~y 0 —y3 0 0 0 0 0
o —y1 0 0 —-y3 O 0 0
0O w 0 0 0 0 —y3 0O
0 0O w1 —-wn1 y2 -y2 O 0
0 0 0 w O 0 vy -—u
o 0 0 0 0 0
T(—6)° % N op9f (64
-y —ys O
0 —-ys3 O
Y2 Y2 0
0 ¥y -1
-y 0 0
0 0 Y1
0 —Yo 0
0o 0 -
T(—9)3 N7 p(—12)3 6.5)

For F(?) we simply take as maps the dual of the maps above.

For R(M) = @?:0 T'/J; we choose first a minimal free resolution of 7'/.J; for each i and take
then the direct sum. We will only specify a free resolution of 7"/ .Jy (the other cases are chosen
in the same way).

0  y3 —uy (1
-y3 0 Y1 Y2
Y1 Y2 Y3 y2 —y1 0 Y3
T(—4) Q T(=7)>3 T(—10)3 = T(-13)3 <0

Note that the chosen minimal free resolution of R(!) is therefore self-dual (up to a sign).

Now, denoting the three maps (6.3)-(6.5) byﬁo, bs and bY’, and the first two syzygy maps of
the minimal free resolution of R(}) by b; and b4, we get a minimal free resolution of R of the
form

E() B b3 EBT ~
b1 by bir

iy

o _ wro)
0+ R+« Fy F FY 2 L FY«0
(6.6)

Proposition 6.3.1. There exists a minimal free resolution

dtr
0 RX)+ & P& ECFY 0
of R(X) as an S-module such that:
(i) dy = —d,

(ii) modulo x(, x1 the resolution reduces to the minimal free resolution in (6.6).
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Proof. Let us first briefly sketch the idea of the proof. We start with a minimal free resolution of
R(X) whose middle map is alternating. Reducing this resolution modulo z, x1 gives a minimal
free resolution of R. Thus, there exists an isomorphism between this complex and the one in
(6.6). Any such isomorphism gives an isomorphism between the original resolution of R(X)
and another free resolution of R(X ') which has the desired form modulo z¢, 1. Now the (only)
difficult part is to find an isomorphism which preserves the skew-symmetry of the middle matrix.

So let

tr
0 R(X)+ Fp & & FY S FY «0 (6.7)
be any minimal free resolution of R(X) with ell = —es. Then there exists a graded isomor-
phism of complexes
— — b — b b —
0 RO FP e 2 PO 2 FP = FY 0
I N
RO FO b w0 b F0 % 50
0 R Fy Fy Fy Fy 0

inducing the identity map on R(®), where the first row is the first summand of modulo
xo, 1. Applying first the functor Homp(—, T'(—17)) to the diagram above and taking then the
inverse of the chain maps yields a graded isomorphism of complexes

_ _ b _ -t _ bt _
0 R® FP 2 F® « 2 FP 2 FQ 0
0RO ——FP 7 D

between two minimal free resolution of R(?), where the first row is the third summand of reso-
lution (6.7) modulo zg, 1 and with al? = ( éo_)i)_”" for all i. Now let us continue with B().

i

As above, there is a graded isomorphism of complexes

_ _ _ _ bir _
0 RO QI QL O O 0
l a(l)l Q(I)J a(l)l a(l)l
0 1 2 _ 3
_ _ b _ b _ bir
0 RO F) e 2 F 2 F) L Fl 0

inducing the identity map on R(Y). Our aim is to show that there exists a graded isomorphism
between these complexes such that ol = (a{")7" and ol" = (a{")~*". Applying the
functor Hom(—,T'(—12)) and combining the resulting diagram with the original one yields a

commutative diagram

0 1 2 3
(aél))trl (agl))tr (agl))tv (aE’l))hJ
Ja OIS CPELI 2 O b 2%
o ol |
PO B e Hy b
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where all vertical maps are isomorphisms.

Now RO =~ @?:0 T/.J; implies that Homz(R™M, RMW) = R In particular, since R(") =
coker by, there exist uo, - . ., 43 € k* such that

(1) (Dyer _ p ids
p2 and ay*(ay )7 = p2ids

s g ids

Now it is just a straightforward but lengthy computation to see that we can modify the original
isomorphism of complexes so that aél)(aél))t’" = id and agl)(agl))tr = id. Note that this
modification involves the computation of the square roots of p; for each ¢ which is possible
since we assumed k to be algebraically closed.

It remains to put the individual isomorphisms together to an isomorphism of the whole com-
plex. Let

0 0
(0) ag )

1 1 —t —t
oy = a(()) , = ag) ,p=0q and az = ay .

(2) (2)
Qg aj

Then, setting d; = agelal_l and dy = a162a2_1 = alegaﬁ”, the above isomorphisms define a
graded isomorphism of complexes

0 R Fy P FY FyY 0
I A
dy d2 v df v
where, by the definition of the «;, the second row satisfies all required properties. O

Definition 6.3.2. Let R be a finitely generated graded S-module with a minimal free resolution
of the form

dt'r
0 R+ Fo <% B & FY S8 RY o, (6.8)

where the F; are as above. If (6.8) satisfies the two properties of Proposition[6.3.1] we call (6.8))
a standard resolution of R.

Remark 6.3.3. Proposition[6.3.T|shows that the canonical ring of any marked numerical Godeaux
surface admits, possibly after a suitable isomorphism as described in General Assumption 1}, a
standard resolution. Note that such a standard resolution is in general not unique.
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Throughout this chapter X denotes a marked numerical Godeaux surface.

In the previous chapter we described explicitly the maps of the minimal resolution of R(X)
modulo the regular sequence xg, x1. In this chapter we will first focus on the remaining parts of
the maps. Of course we cannot expect to get a complete description of the whole resolution in
general. But we can simplify several entries of the maps and give a nice geometric characteriza-
tion of the relations which are not linear. Afterwards we use this information to set up general
matrices for d} and da and solve the relations d}dy = 0.

7.1 The Relations

In this section we will consider a fixed standard resolution
di da v dir v
0 R Fy<— I« F} «— Fy <0,

where R is a finitely generated graded S-module (for example, R = R(X)). Recall that d} is
the matrix obtained from d; by erasing the first row. Then

65(—6) | 125(=7) | 85(-8)

dy = 45(—4) a b1(y) c (7.1)
35(=5) | - ¢ ba(y)
6S(—11) | 125(—10) | 85(-9)
_ 65(—6) 0 n b3 (y)
- 128(=7) | —n"" ba(y) p 72
88(=8) | —bs(y)" | —p" -

as introduced in Notation All matrices marked in red have the form as defined in Section
We consider the entries of these matrices as the known entries of d} and dy. The matrices
marked in blue are unknown so far and we treat their entries as variables. In the following we
are studying the relations between these variables given by the equation djdy = 0.

By fixing the maps for the resolution modulo zq, z; in Section we fixed also an ordering
on the 4 image points in P3. In general, permuting the points Py, . . ., Ps (respectively po, . . . , p3)
corresponds to a linear change of coordinates on P(22, 3%, 4%, 53) (respectively on P3):

Lemma 7.1.1. Let By = {po,...,p3} C P3, and let G < Aut(P?) = PGL(4,k) be the
subgroup of automorphisms which leave By invariant. Then G = (k*)3 x S,.

Proof. Since PGL(4,k) = GL(4, k)/k* it is enough to show that

G = (k*)* % Sy,
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where G is the preimage of G under the natural homomorphism GL(4,k) — PGL(4,k). We
identify each o € S with the permutation matrix m,, where

@%sz{l if (i) = j,

0 otherwise.

Moreover, we identify~(]1<*)4 with the torus 7" of diagonal matrices in GL(4,k). Then T, Sy are
clearly subgroups of G with 7'M Sy = {id} and every element g € G is of the form ¢ o m,, for
some t € T, m, € S4. But T being a normal subgroup of G implies then

G=Tx8,. O

From now on we assume that the order of the 4 base points is fixed as in Assumption |l| Then
G = (k*)? and every element g = (A1, A2, \3) € G defines an automorphism

P? — P3,
(Po 1 p1:p2:p3) = (Dot A1p1 t Aopa & Azps).
Later we will lift this morphism to an automorphism v, of P(22, 34,44, 53). Then the canonical

model v4(Xcqn) satisfies also Assumption |1 and we will study the standard resolution of the
corresponding canonical ring which is isomorphic to R(X).

Working with the ordered set of points py, .. ., p3, we will now introduce a way of labelling
the entries of the matrices d} and ds which reflects this ordering. For the matrix a we have

Yoyr YolY2 YiY2 YoYys YiYys Y2yY3

Dyp 0 0 O
0 D 0 0
0 0 Dy O

0 0 0 Ds

with Do = (y1 y2 u3).D1=(yo v2 u3).Da=(yo w1 w3)and D3 = (yo 1 ¥2).
Each row of the matrix on the right-hand side of a stands for a point p;, whose ideal is generated
by the entries of the matrix Dy. The element yy is the only variable of degree 3 which is not
contained in this ideal. Hence, we can index the rows of a by the integers £k = 0,...,3. The
matrix above of a has as entries the elements of the minimal generating set {y;y; | 0 <i < j <
3} of J. We label the columns of a by the tuples (¢, 7) for 0 < i < j < 3. Let

N = {(07 1)7 (07 2)’ (17 2)7 (Oa 3)7 (1> 3)7 (27 3)}
be the set of these column indices.

Notation 7.1.2 (The matrix a). Let & € {0,...,3}, and let (¢, j) € N. Then we denote the
entry in row k and column (3, j) of a by ag?. Hence the matrix a is of the form

afd ays iy ayy ) a)
o
N W w Th
Gp,1 %2 %2 Gp3 G135 Qo3
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We prove that if djdy = 0, then 12 out of the 24 entries of a are always zero. More precisely,
we show the following:

Proposition 7.1.3. Let d| and dy be as in (7.1) and (7.2) with dids = 0. Moreover, let k €
{0,....3} and (i,§) € N. If k ¢ {i, j}. then a") = 0.

Remark 7.1.4. To simplify our presentation, we assume that we have given variables aﬁ ; for
arbitrary elements k, 4, j € {0, ..., 3} subject to the condition aﬁ ;= aﬁi.

To prove Proposition [7.1.3] we introduce also an indexing on the entries of the matrix p in ds
and analyze the relations given by d}da = 0 which are linear in the unknown entries of a and p.
So let us consider the matrix p and its adjacent matrices in da. We have

—yp 0 —y3 O 0 0 0 0
] 0 0 -3 0 0 0
0 Yo 0 0 0 0 —-y3 0
b3
0 0O v -v1 v -—-y2 0 0
0 0 0 Yo 0 0 Y2 —Y2
0 0 0 0 0O w 0 wn
Es 0 0 0
0O E; 0 0
p
0 0 FEy 0
0 0 0 F;5
_ptr 0
with
0  y3 —u 0  y3 —u
Eo=\|-y3s O n |sEi=1-y3 0 w5 |,
ys —1y1 0O y2 —yo O
0 y3 -—-u 0 v -n
Ey=1-y3 O Yo |, Ez3=|—-y2 O Yo
v Y% 0 v —Y% 0

For each k € {0, ..., 3}, the matrix E}, is the first syzygy matrix of Dy. Let hy 1 < hyo < hy3
be the indices of the three variables of degree 3 which are contained in Dj. From the definition
of the matrix E; we see that the variable Yhy,, does not appear in the [th row of Ef. Then we
choose (k, hy) for k = 0,...,3 and [ = 1,2, 3 as row indices for the entries of p and denote
the set of these indices by L1, that is

L1 ={(0,1),(0,2),(0,3),(1,0),(1,2), (1,3),(2,0),(2,1),(2,3), (3,0), (3, 1), (3,2)}.

Next we continue with the columns of p. The matrix above of p is b3(y) which is the first syzygy
matrix of J = (y;5; | 0 < i < j < 3) € S. We index the columns of b3(y) with the elements

of the set

Lo = 1,2 0,1 1,3 0,1 2,3 0,2 2,3 1,2
2—Y0°2°073°023°1"3
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and say that an element Céd € Lo represents the relation

yc(ydye) - yd(ycye)' (7.3)

Then, by the choice of the set Lo, every relation corresponding to a column of bs(y) is repre-
sented by an element of Ls.

Notation 7.1.5 (The matrix p). Let (k, hy;) € L1 and %4 € Ly. Then we denote the element in
row (k, hy ;) and column ¢ of the matrix p by

(k7hk,l)
pc,d :
(&

Hence, the first row of a column index of p consists of the indices (sorted by size) of the variables
appearing in the corresponding column of b3(y). Note that by (7.3), the variable corresponding
to the first entry has always a positive sign whereas the second entry corresponds to a variable
with a negative sign.

Remark 7.1.6. Note that for any 0 < ¢ < d < e < 3 we have Cved € L9 and df € Lo.

Next we consider those relations given by dds = 0 which are linear in the entries of a and p
and see the advantages from the indexing introduced above. Recall that the matrix of relations
is given by

an — cp?” abs(y) + b1(y)p

eba(y) — ba(y)p™"

ao — by (y)n'" — cbs(y)""

d)dy =
_ ent'r

ep

We will first focus on the 4 x 8 matrix abs(y) + b1 (y)p. By the definition of the indexing, the
rows of this matrix are indexed by k for k € {0,...,3}, whereas the columns are indexed by
¢d € Ly. Let us first express the entries of the matrices b; (y) and b3(y) with respect to these
indices. If k € {0,...,3} and | = (l1,l2) € L1, then

0 ifk#0,
b1(Y)k,t :{ 7h

Y1, otherwise.

Furthermore, for n = (n1,n2) € N and A = Céd € Lo, we have

0 if {n1,n2} # {c,e} and {n1,n2} # {d, e},
b3(Y)nn = —ya if {n1,n2} = {c,e},
Ye if {n1,no} = {d, e}.
Fix an integer k € {0,...,3} and choose 3 different integers ¢, d,e € {0, ..., 3} representing

an index ©¢ € Ly. As above, let hy, 1, hy, 2, hi, 3 be the elements in {0, ..., 3} \ {k}. The entry
in row k and column ¢ of the matrix by (y)p is then given by

3
bl (y)/\[pi‘,d = yh}\f"jp((‘,,d § J) *
lel, € j=1 °

The entry in row k and column ¢ of abs(y) is then given as

k
Z ag“)bg(y)nlc,rd = af(i,e)yc —allya.
neN e
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Putting this together we see that the entry in row & and column A = % of abs(y) + by (y)p is of
the form .
d Yhy, 5 + 0276)2,/(—; - a(}{c@)yd.

e

(kvhk,l)
c

(k,h,3)
pc d )

(k"7hk',2)
,d yhk,g + pc

Yhy, T Pe
In the following, we will denote this polynomial by r;, y which we consider as a polynomial in
the variables yq, . . . , y3 whose coefficients are entries of the matrix a and p. Then the condition
T, » = 0 implies that all these coefficients must be zero. Hence from one polynomial 74\ we
get 4 relations. Using these relations, we are now able to prove Proposition

Proof of Proposition[7.1.3] Let aglg be an entry of the matrix a with k& ¢ {c, d}. The idea is to
find an element A € Lo consistiné of k, c, d with the additional property that k is contained in
the first row of A. Then the equation r; y = 0 is one of the relations and evaluating this will
prove the claim. To begin with, let us sort the three integers k, c, d by size. Since ¢ < d there are
three possibilities

1) k<c<d,
(1) c< k < d,
(iii) c < d < k.
In the first case we know that kf € Lo by Remarkm Hence there exists a relation

k.h k.h k.h
oty i)y, g plties)
d

d d

k k
Yhis T az(:,d)yk - aé,iyc =0. (7.4)

By the definition of the elements Ay, ; we know that k& ¢ {hy, 1, hy 2, hi 3}. Hence the variable y,

appears exactly once in (7.4). This implies that its coefficient ag‘g must be zero. The remaining
cases are proven in the same way. O

As a consequence of this statement, we modify our original set-up for the matrix d} by as-
suming that

W W 0 Wl 0 o
N
0 o) ay 0 0 )
0 0 0 a[():g af’% agg)

Moreover, again by evaluating the relations given by 7 x = 0, we see that several entries of the
matrix p are also zero and that any of the remaining entries can be represented by an entry of the
matrix a. More precisely, we obtain the following nice characterization for the entries of p.

Lemma 7.1.7. Let (k, hy;) € Ly and A = ¢ € Ly. Evaluating the relations given by abs(y) +
bi(y)p = 0 yields

0 ifhig & {c,d},
pliiet) — L) yepy =, (7.5)
‘ —Clgfe) l'fth = C.

Proof. Clear from the definition of the polynomial r;, 5 above. O

Using this lemma, we can assume that



66 7 Constructing Standard Resolutions

N A N
ay) 0 0 0 —ayy afs O 0
0 0 ) 0 af) o0 0 0
0 -y 0o -} o0 0 0 0
o) 0o 0o 0o 0o 0 —afY aff
o | 0 0 alf 0 0 0 aly 0
0 —a) 0 0 0 —a) 0 0
—ayy a0 0 0 0 0 —a)
o 0o 0o 0 ap 0o o 0
o 0o 0o - 0o ) 0o 0
0 0 —af) &% 0o 0 0 —a)
o000 ) e )
Note that we can write the matrix p as
p(©)
p(»
CRE (7.6)
p(3)
_— . k) ) (k)
where each matrix p'*/ has 3 rows whose entries depend only on Wby 1> Yoy o and W s

After proceeding similarly with the relations coming from eby () — bo(y)p!" = 0, we see that
any element of the matrix e is either O or an entry of the updated matrix a (up to a sign). Using
the updated matrices a, ¢ and p, we obtain a new matrix of relations:

i a0 — by (y)n' — cby(y)""
142 =

an—cp” | 0

—enl” 0

ep

Furthermore we reduced the problem of describing 156 unknown entries of degree 2 to describ-
ing only the 12 unknowns
3) 3 3 (2) (2 (2 (1) (1) (1) (0 (0 (0
aég, agg, a((),%v a27§, alé, g2 a§,37 ag,m a((),%a a((),:zn a((),%a a((),%- (1.7)
In particular, we see from the new matrix of relations that if the entries of the matrix a are known,

all the remaining relations are linear in the unknowns and a solution for these relations can be
computed using syzygies.
Now let us recall that a possible entry of the matrix a is a linear combination of zy, z; with

coefficients in k. We will think of these coefficients as Stiefel coordinates:

Definition 7.1.8. Let n < m. We denote by St(n,m) the Stiefel manifold of full rank n x
m matrices (with entries in k.) The entries of a matrix [ € St(n,m) are called the Stiefel
coordinates of [.

We consider St(n, m) as the open subscheme of A™" determined by the condition that at least
one of the n x n minors does not vanish. Furthermore, the group GL(n, k) acts on St(n, m) by
multiplication on the right. The quotient space

St(n,m)/ GL(n, k)
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is the Grassmannian Gr(n, m). Throughout this thesis we are mainly interested in the Stiefel
variety St(2, 12) and use the following notation:

Notation 7.1.9. For a matrix [ € St(2,12), we denote the linear space (spanned by the rows
of ) by [I] € Gr(2,12). Furthermore, considering each row of [ as a point in P*!, the matrix [
defines a line in P!, which we denote by [.

Remark 7.1.10. Let 1,1l € St(2,12). Then
[l1] = [lo] if and only if [} = l5.

Now a general assignment to the variables in (7.7)) gives a matrix [ € St(2,12), and hence a
line [ C P!, On the other hand, let [ € St(2, 12) be any matrix. Taking the elements of the first
row as coefficients of x( and the entries of the second row as coefficients of x; yields 12 entries
for a, and hence also for ¢ and p. In the following, we will denote the corresponding matrices by
a(l),e(l) and p(l), respectively. Our aim is to find assignments to the 12 variables in which
satisfy the given relations, that is the relations coming from ep = 0.

To do so, we consider the product of the updated matrices ¢ and p which is a 3 x 8 matrix of
the form
—gq93 0 g2 0 —q 0 O
g3 —q3 —q2 q2 0 0 0 —q
0O 0 g 0 —qu 0 g O

with

0) (0 3) (3 2) (2
a1 = 03003 — 863055 + 02053,

1) (1 0) (0 3) (3
02 = ool ol + ol
0) (0 1 1 2) (2
0o = ol el el

depending on the 12 variables in (7.7). Let @ = V(qo,...,q3) C P! be the corresponding
projective variety. Then with the notation introduced above, the relations coming from ep = 0
have an equivalent geometric description:

Lemma 7.1.11. Let | € St(2,12) be a matrix, and denote by ¢(l) and p(l) the corresponding
matrices. Then

e(Dp(l) =0=1C Q.

Proof. Clear from the definition of the matrices ¢(1), p(l) and the variety Q C P!, O

Since some of the computations involving the chosen indices were rather technical, let us
briefly summarize the achievements of this section.

Summary 7.1.12 (The entries of degree 2). We have seen that in the general set-up of d} and d
with d da = 0, the 12 entries of the matrix a determine all the other entries of degree 2. Among
all relations coming from djds = 0 there are exactly 4 (quadratic) relations involving only the
variables in (7.7). Furthermore, in Lemma we have seen that solving these quadratic
relations is equivalent to finding a line [ C Q).
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7.2 Finding Lines in Q

In the previous section we have seen that the variety Q C P! plays a central role for describing
or constructing standard resolutions. In this section we study the 4 quadrics qq, . . . , g3 defining
the variety ). We will see that qq, . . . , q3 are Pfaffians of some skew-symmetric matrices. In the
end, we will use the special form of the quadrics to describe a procedure for computing lines in

Q.
Lemma 7.2.1. The variety Q C P! is an irreducible complete intersection.

Proof. Using SINGULAR ([DGPS18])) we see that () is irreducible and that dim ) = 7 = 11—4.
Hence @ is an irreducible complete intersection. 0

If @@ were smooth, it would be a Fano variety of index 4 and would have Kodaira dimen-
sion —oo. However, using SINGULAR again, we compute that () is highly singular with a
3-dimensional reducible singular locus.

7.2.1 Pfaffians

Before studying the single quadratic forms g;, let us briefly introduce the notion of Pfaffians
and some properties. Throughout this section, M denotes a skew-symmetric matrix of order 2n
defined over a commutative ring. It is well-known that det()/) is a square of a polynomial in

the entries of M. We call this polynomial the Pfaffian of M, denoted by pf(M). There is an
explicit expression of pf(M) in the entries of M.

Lemma 7.2.2. Let M be as above. Then

pf(M) = Z Sign(a)milizmisu © Mgy o

(1 2 ... 2n>
g = . . .
N 2n

and A is the set of all permutations in Ss,, with

where

11 < 12,13 < U4y lop—1 < fiop, 01 <13 < -+ <fdop_1.

For example, if n = 2 and

0 miz M1z My
Mo |z 0 ma3 Mg
—m13 —Mma3 0  ma
—mi4s mog —m3zg 0
then
pf(M) = miamas — mizmag + miamos. (7.8)

In the following we will write skew-symmetric matrices in a shorter way, where we omit the
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entries below the diagonal:

0 miz myz miy
0 mo3z moy
0 may

0

Note that for a given polynomial p which is the Pfaffian of a skew-symmetric matrix, there are
in general several skew-symmetric matrices having this polynomial as a Pfaffian:

Proposition 7.2.3. Let M be a skew-symmetric matrix of order 2n. If B € GL(2n,k) with
det(B) = 1, then
pf(M) = pf(BMBT).

Now let us return to our 4 quadrics

(3) (3)
2093 1 01 305 3,

1 (1 0) (0 3) (3
a2 = ap.jayy — ajags + agaars,

4 = o) CONCORNCH M)

(0)
Ap2 — Gg101 2 1 g 207 -

Comparing them with Equation we see that each q; is the Pfaffian of a skew-symmetric
4 x 4 matrix. A possible choice of the matrices is

2 .3
1

0 a@ aj, @ 0 ©) G

, 3 Gp2 Q03 902
3 3
U B T IR IR
0~ O R o |-
0 a3 0 a3
0 0
) (0 (3 0 (1) (2
0 ayi o) ays 0 a5} o) ays
1
2T o o [T (0)
a3 0 aps
0 0

7.2.2 A Las Vegas Algorithm for Computing Lines in Q

Let us now present an algorithm for computing lines which are completely contained in @) =
V(qo,...,q3) € P, The idea of the procedure is the following. First choose a nonsingular
point p of (). Then compute the variety Z = () N T,,Q which is a cone with vertex p over a
surface in PS. Afterwards choose a second point ¢ € Z and compute the line 5g. The correctness
of the algorithm follows then from the following statement:

Proposition 7.2.4. Let p € Q) be a nonsingular point which is also nonsingular for every QQ; =
V(qi). Let g € Q N T,Q with ¢ # p. Then pg C Q.
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Since Q@ = Qo N---NQ3and T,Q = T,Qo N - - - T,Q3, the proof is a direct consequence of the
following lemma:

Lemma 7.2.5. Let p be a nonsingular point of Q;, and let Z; = Q; N T,Q;. Let q € Z; with
q # p. Thenpq C Q.

Proof. Let £ = pg. Suppose that £ is not contained in ). Then we know from Bézout’s theorem
that

zeQ;N

where i(—; Q;, () denotes the intersection multiplicity of @); and ¢ at a point. But this is a

contradiction. Hence ¢ C Q). O

Before settling the question how to find a point p € @), possibly after extending our base field,
let us first make some general observations on varieties defined by Pfaffians. Let M denote a
general skew-symmetric 4 X 4 matrix as in the previous section, and let

A = k[mi2, m13, mi4, ma3, Mag, M3a].

Then V (pf(M)) C Proj(A) = P® is a projective variety. Let 0 # ¢ = (c1,...,¢4)" € k.
Since
"Me=0,

the vector M ¢ has in general three linearly independent linear entries. For example, if ¢4 # 0,
then the first three entries

bo = comi2 + cami3 + camaa,
b1 = —c1mi2 + c3mas + camay,

by = —c1m13 — camag + camay
are linearly independent. Furthermore we have
c1ea pf(M) = e1masby + (camaz — camaza)by + (c3mas + camag)ba.

Hence, if ¢1cq4 # 0, then
(pf(M)) C (bo, b1,b2) C A. (7.9)

We call an element ¢ € k* yielding three linearly independent forms whose ideal contains pf (M)
a random kernel for M.

Remark 7.2.6. The word kernel refers to the fact that

p € V(pf(M)) C P5 <= rank(M(p)) < 4
<= there exists 0 # ¢ € k*: M(p)c = 0.

Furthermore, since any skew-symmetric matrix has even rank we have
p € V(pf(M)) <= rank(M(p)) = 2.

Lemma 7.2.7. Let p,q € V (pf(M)) be two different points such that syz(M (p)) Nsyz(M(q))
is non-trivial. Then pq C V (pf(M)).
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Proof. We have to show that rank(M (Ap+puq)) < 4 forany (X : u) € PL. Since rank(M (p)) <
4 and rank(M (q)) < 4 we may assume that Az # 0. Then

syz(M (Ap + pgq)) = syz(AM (p) + M (q))
2 syz(AM (p)) Nisyz(pM(q)) = syz(M (p)) Nsyz(M(q))
0.

Thus rank(AM (p) + uM (q)) = rank(M (A\p + pq)) < 4. O

Let us return to our variety () C P!, We treat first the case k = Q. For each i = 0,1,2
choose a random kernel ¢; for M; such that the nine linear equations define a 2-dimensional
space A = P2, Then A C Qg N Q1 N Q2 by (7.9) and

ANQ=ANQ3CA=P
——
=Qs3

The variety Q)3 is defined by a quadratic polynomial in P2 and thus is a conic. But finding
rational points on a conic is a well-studied problem. We will use the SINGULAR-procedure
rationalPointConic to choose a point p € Q3. If there exists a rational point (and hence
infinitely many), the algorithm will find one. If there is no such point, the procedure computes a
field extension of Q of degree 2 and chooses a point in this field extension. Let p € Q C P!! be
the corresponding point. If necessary we repeat the procedure above until we get a nonsingular

point p € Q.

As a second step, by Proposition we have to choose a point ¢ € Q@ N 7,Q. We have
T,Q = P" and
Z=QNT,Q CT,Q=P’
has expected dimension 3. Let V(7;) = Q,; = Q:NT,(Q) C P and let M; be the corresponding
matrix such that §; = pf(M;). Next we do a similar trick as before. Choose an integer j €
{0,...,3} and let d; be a random kernel for M ;. By © we denote the 4-dimensional linear
subspace of P” defined by the three resulting linear equations. Then

C;=0NnQ,N---NQ; c O =P

is a curve of degree 8. Intersecting with some general hyperplane H we get a O-dimensional
variety of degree 8, hence 8 points in a P? which are not necessarily defined over the ground
field. We use the SINGULAR-procedure absPrimdecGTZ to separate one of these points,
possibly over a finite field extension of degree at most 8. Let ¢ be the corresponding point in
Q C P'. Then ¢ = pq is contained in Q C P(bl(a) as desired, where Q(«) is a finite field
extension of (Q of degree at most 16. Let us summarize the results from this section:

Proposition 7.2.8. Let k = Q. There is a Las Vegas algorithm computing lines in Q) defined
over a finite field extension of Q of degree at most 16.

Remark 7.2.9. Varying the random kernels in the first step of the algorithm leads to different
conics in P2, and hence we may perform this first step repeatedly to find a conic having a k-
rational point. Thus, in practice, the computed line is usually defined over a field extension of Q
of degree at most 8.

Remark 7.2.10. If k = [F, we use similar ideas but proceed simply by trial and error. First
we choose random kernels for each skew-symmetric matrix M;. This yields 12 linear forms
which are in general linearly independent. We repeatedly choose kernels until we get only 11
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independent linear forms and hence, by the definition of a random kernel, a point p in . Then
by Remark there exist 0 # c¢;1,¢;2 € k* such that M;(p)c;; = 0 fori = 0,...,3,
j = 1,2. Now, by Lemma[7.2.7] as a new random kernel we take random linear combinations of
¢i1 and ¢; 2. This yields in general 11 independent forms. We repeat this until we get 10 linear
independent forms, and hence a line ¢ through p in Q).

7.3 The Fano Scheme of Lines F;(Q)

After having seen how to compute lines in (), we will now study the scheme whose points
correspond to these lines.

Definition 7.3.1. Let X be a projective scheme. We call the Hilbert scheme Hilby4,(X) the
Fano scheme of lines in X, denoted by F;(X).

Let f, be the Hilbert polynomial of an r-dimensional linear subspace of P". Then
Hilby, (P") = Gr(r,P") = Gr(r + 1,n + 1).

Hence, if X C P", then we will consider F;(X) as a subscheme of the Grassmannian Gr(r +
1,n 4 1). In particular, for X = @, we obtain F(Q) C Gr(2,12).

Recall that we have a quotient map St(2,12) — Gr(2, 12). We define the set

St(Q) :=={l € St(2,12) | [I] € F1(Q)}

which is the preimage of F;(Q) under this quotient map, and hence a closed subset of St(2, 12).
Any line ¢ C () gives a point in F;(Q) which we denote by [¢]. Note that, if ¢ = [ for some
l € St(Q), then [¢] = [I] € F1(Q) (see Notation 7.1.9). Moreover, for [ € St(2, 12) we have

[ € St(Q) ifand only if [ C Q.

7.3.1 Generators of F;(Q)

In this subsection we determine defining equations of F}(Q) locally in open sets of an affine
cover of Fy(Q). For the sake of simplicity, we will denote the coordinates of P! now by
to, . .., t11 using the substitution

3) (3) .3) (2 (2 (2) (1) (1) (1) (0) (0) (0
(053,13, 8.3 05303 003, 013, 0113, 00 ] g3 a6 a6) = (o, - t11).

First note that

3
F(Q) = F1(Q:)
i=0

and hence it is enough to describe the Fano scheme of a single hypersurface ();. Via the Pliicker
embedding we can consider Gr(2, 12) as a subvariety of P® with coordinates v; j for 0 < i <
J < 11. Let U; ; be the open set on which the v; j-coordinate is non-zero. Then U; ; = A20 and
we can represent an element of Gr(2,12) N U; ; by a unique matrix in St(2, 12) whose 2 x 2
submatrix with columns ¢, j is the identity matrix. Using the substitution above, the 4 quadratic
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relations are of the form
qo = tol1 — t3ls + tel7,
q1 = t3ts — tol2 + totio,
q2 = tetg — lol11 + tita,
qs = tats — t7lg + tioti1.

Now we replace the variables ¢; by ¢; oxo + 0,171, where 0; 0 and g; 1 are the coordinates
of A?*. We consider the resulting polynomials as homogeneous polynomials in z3, zoz1, 2?7
with coefficients depending on ;0 and g; 1. These coefficients define in total 12 quadratic
homogeneous relations and hence a closed subset W C A?* with St(Q) = Wg N St(2,12).
Then F1(Q) NU; ; C U; ; is defined by these 12 forms in the affine subspace V' (g;0 — 1, 0j,1 —
1,050, 0i1) = A?%, In particular, we see that on every (affine) open set Uij = A F(Q) is
also defined by quadratic polynomials. Furthermore, with the help of SINGULAR we compute
that dim(F,(Q) NU; ;) = 8forall 0 < ¢ < j < 11. Since (F1(Q) N U; ;)i ; is an affine cover
of F1(Q) this implies:

Lemma 7.3.2. The scheme F1(Q) is 8-dimensional.

The next question is whether F (@) is irreducible or not. Unfortunately we were not able to
test the irreducibility with any of the computer algebra systems SINGULAR, MACAULAY?2 or
MAGMA. With the help of the software BERTINI ([BHSWI)) which uses numerical homotopy
continuation methods we computed that F7(Q) is irreducible. However these computational
results are not certified.

7.3.2 Local Properties of F;(Q)

The goal of this subsection is to study Fi(Q) locally. More precisely, we are interested in
conditions under which a line / C (@ leads to a smooth point [¢] of F'(Q)). To begin with, let
us state some preliminary results on normal sheaves and complete intersections which we use in
the following.

Definition 7.3.3. Let X be a scheme over k, and let Y C X be a closed subscheme with ideal
sheaf Z. The sheaf Homy (Z/Z?, Oy) is called the normal sheaf of Y in X and is denoted by
Ny/ x. If X is smooth and Y is a locally complete intersection, then Ny/ x 1s locally free and is
called the normal bundle of Y in X.

Proposition 7.3.4 ([EH16], Proposition 6.15). If Z C Y C X are schemes such that Y is a
locally complete intersection in X, then there is an exact sequence of sheaves

O%Nz/y _>NZ/X 1>./\/’y/X’2.

Moreover, if all schemes are smooth, then o is an epimorphism.

Later we will apply this statement to the varieties £ C Q C P! and show that the morphism
« is surjective if and only if () is smooth along the line £.

Corollary 7.3.5 (J[EH16]], Corollary 6.16). Suppose Z C'Y C P™ are (not necessarily smooth)
complete intersections of hypersurfaces with homogeneous ideals

Iy = (f1, i o) STz = (g1, ,95), fi= Y aijg;.
=1
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If deg(fi) = i and deg(g;) = d;, then
t s
Nyypn = @D Oy (), Nzypn = @D Oz (65)
i=1 j=1
and N5 /v is the kernel of the morphism
o NZ/IP’" — NY/]Pn ’Z

given by the matrix a = (a; ;), where a; j denotes the restriction of a; j to Z.

Let us now apply these results to our setting. Let £ C () be a fixed line. Then there is an exact
sequence
0— M/Q — M/Pll i) NQ/PH ’g

which is the sequence

10 4
0= Ny = P 0u(1) 2 @ 0u(2) (7.10)
=1 =1

by the previous corollary. Hence, as any subsheaf of a locally free sheaf on a smooth curve,
Ny /¢ 18 locally free as well. So in our case, where this curve is isomorphic to P!,

Nyjg = @ Op1(a;)

=1

for some m < 10 and integers a; < 1. Recall that the singular locus of () is a 3-dimensional
reducible variety. So a general line / C () will not meet the singular locus. Let Qg =
@\ Sing(Q) be the open set of regular points of Q.

Proposition 7.3.6. The map « in sequence (71.10) is surjective if and only if Q) is smooth along
(. In this case, N, /q s alocally free sheaf of rank 6 and degree 2.

Proof. The proof is a generalization of the case where £ is contained in a single hypersurface
H (see [EH16], Proposition 6.24). We prove that the morphism of stalks v, is surjective for all
p € £. For this, after a linear change of coordinates, we may assume that £ is defined by the
forms to, ..., t11. We denote the 4 quadratic generators of I(Q) still by qo, . .., q3. Since

(90, ---,4q3) = 1(Q) C I({) = (t2,...,t11)

we can find for each 7 unique linear forms a; ; depending only on Z, ¢; and a quadratic form
h; € (tg, ... ,t11)2 such that

11
4 = Zai,jtj + hi.
=2

By Corollary [7.3.5 the map « is given by the matrix (a; ;) o<i<3, (considered as forms on /).
2<5<11

On the other hand, the Jacobian of () is the matrix

11 dagy, 11 Bagj dhyg Ohg
iz oty Do gty G+ G oo aonn + gt

11 Oazj, 11 Oazj, Ohs Ohs
Zj:Q dto tj Zj:Q oty tj a372+672 a3711+8t11
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In particular, the restriction of the Jacobian to £ is given by
0 0 ap2 --- ao11
(7.11)

0 0 azp -+ ag11

Letp € £ C Q. Then @ is smooth at p if and only if there exists a 4 x 4 minor of (7.11)) which
does not vanish at p. But this is equivalent to the fact that the matrix corresponding to «, has an
invertible 4 x 4 minor, and hence that o, is surjective. O

Thus if £ C Q;q, then

6
Nyjg = P Opi(a:) (7.12)
i=1
is a locally free sheaf of rank 6 and degree 2 = Z?Zl a;. The integers a1, . . ., a, determine the
splitting type of NVy/q:
Definition 7.3.7. Let F = @!_; Op:1 (c;) be a locally free sheaf on P! of rank r with¢; > ... >

¢r. The integers ¢, . . ., ¢, are called the splitting type of F. We call F balanced if |c¢; — cj\ < 1
for all 7, 3.

Returning to our normal bundle N, /q for £ C Qreq, we see that there are only finitely many
possible splitting types for N, Q"

ay a2 a3 a4 as Qg
11 0 0 O O
1 1 0 0 -1
11 1 1 -1 -1
11 1 1 0 =2
11 1 1 1 -3

Note that only the first row leads to a balanced vector bundle on P!. Since being balanced is an
open condition in a family of vector bundles on P! with a fixed rank and degree, we can find an
open set Upy; € F1(Q) such that

2 4
./\/g/Q = @ Opi (1) ® @Opl
=1 =1

for any [(] € Up,. Moreover, with the help of the Las Vegas algorithm from the last section, we
compute a line ¢ fulfilling this property. Hence Uy,; is non-empty.

Now let £ C Qg be aline. The scheme F' (Q) is smooth at the point [¢] if and only if
dimyy F1(Q) = dim T, () 4,
where T, (), denotes the Zariski tangent space to F1(Q) at [(]. We have:

Theorem 7.3.8. Let X be a projective scheme over k and let Y C X be a closed subscheme
with ideal sheaf T and Hilbert polynomial f.
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(i) There exists an isomorphism of k-vector spaces
Ty vy = HO(Y, Homy (Z/T°,0y)) = H(Y, Ny, x)
where Ty [y is the Zariski tangent space to H = Hilby(X) at the point [Y]. In particular,

dimpy H < h2(Y, Ny x).

(ii) If Y C X is a local complete intersection then
dimy) H > h°(Y, Ny,x) — ' (Y, Ny, x).

In particular, if h*(Y, Ny, x) = 0, then H is smooth at [Y] of dimension h° (Y, Ny x).

Proof. [EH16], Theorem 6.21, [Koll3], Theorem 1.2.15. OJ

Using this result, we get the following statement on smooth points of F(Q):

Proposition 7.3.9. Let { C Qreg C Q be a line with normal bundle
6
M/Q = @ O]I"l (a’i)a
i=1

ap > az > ... > ag If ag > —1, then F1(Q) is smooth at [{] with dimy F1(Q) = 8. In
particular, for any line { C Qyeg such that [{] € Uy, the point [{] is a smooth point of F1(Q).

Proof. Using Theorem it is enough to show that h' (¢, Ny /) = 0 which is trivially satisfied
if ag > —1. Moreover, using again Theorem [/.3.8] we have

dimyy Fy(Q) = h%(£,Nyq) = 8. 0
Note that for any £ C Qe C @ we have
hO (6, Nyyq) — P (4, Niyq) = 8. (7.13)

For the sake of completeness, we will also give a formula for the left-hand side of (7.13)) for the
case where £ meets the singular locus of ). Then we have an exact sequence of coherent sheaves

10 4
0— Nyjg — @(’)g(l) e @04(2) — F =0,
=1 =1

where F = coker a. The sheaf F is supported on ¢ N Sing(Q). In particular, if ¢ ¢ Sing(Q),
then F is supported on finitely many points. Splitting the above long exact sequence in two short

exact sequences
10

0—)./\[4/62—)@0@(1) —&—0
=1

and

4
0 &= P02 - F—o.
i=1
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Taking global sections, we obtain

10
0 — HO(£, Nyyq) — H (L, P 0u(1)) — H(L,€)
=1
— H'(6,Nyyg) = 0— H' (£,€) = 0

and

4
0— H(¢,&) — HO(E,@OZ(Q)) — H((,F)
=1
— H'(¢,E) — 0.

Thus
RO, Nijg) — W (6, Nijq) = 8+ (£, F).

7.4 Syzygies of the Matrix a

In Section [7.1] we have seen that we can assign to any matrix [ € St(2, 12) a matrix a(l) whose
entries are linear forms in xg,x;. In this section, we study properties of the module L; =
coker a(l) as a B = k[xo, x1]-module. Our aim is to show that there is an open subset Viensy, C
St(Q) such that for any [ € Viensyz, the module L; has the expected Betti numbers. Then, in the
next section, we will further simplify the relations given by d}d2 = 0 for matrices [ € Vensyz-

A priori, the following Betti tables for L; are possible:

Lemma 7.4.1. Let a: B* < B(—1)% be a homogeneous homomorphism of rank 4. Then the
Betti table of L = coker a is one of the following:

01 01 2 0 1 2 01 2 01 2
0)4 4 0[4 51 o045 . of4s 04 5
o1 1
2 12
3 1
01 2 01 2 01 2 01 2
0/4 62 0[461 0/46. 0461
| 11 2 1
2 1
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Proof. Since rank(a) = 4, the minimal free resolution of L is of the form

0 L+ BY« B(—1)*™ ® 0, (7.14)

where 0 < m < 2 and Zi>2 m; = m are integers. Then, for each choice of m, there are only
finitely many choices for the integers m; such that the above sequence is a free resolution of L.
Indeed, for n >> 0 we have

0 <dimg(L), =4(n+1)— A+ m)n+ma(n—1)+ms(n—2)+---
= (—m+Y_m)n+ (4= (i —1)m)

i>2 i>2

=4-> (i—mi.

i>2

Now distinguishing between the cases m = 0, 1 and 2, we see that there exist only finitely many
choices for the integers m; such that the right-hand side is non-negative. These possibilities are
exactly the Betti numbers as claimed above. Note that the Betti tables in the first row correspond
to minimal free resolutions with m = 0 or m = 1, whereas the Betti tables in the second row
correspond to the possible choices having m = 2. 0

Remark 7.4.2. Note that for any two matrices [1,lo C St(2,12) with [l1] = [l2] € Gr(2,12)
we have rank(a(l;)) = rank(a(l2)). Furthermore, L;, and L;, have the same Betti numbers.
Indeed, [l1] = [l2] implies that there exists an element u € GL(2,k) such that ul; = ls. The
matrix u defines a linear change of coordinates on P! and hence an isomorphism f,: B — B.
Then a(ly) is just the matrix a(l/;), where each entry b is replaced by f,,(b), which shows that
these matrices have the same rank and Betti numbers.

Remark 7.4.3. For a matrix [ € St(Q), we denote the integer m from the proof of Lemma
by m(l). By the previous remark we know that for matrices l1,lo with [[1] = [lo] €
F1(Q) we have m(l1) = m(l2). In particular, for any point [I] € F;(Q) with representative
[ € St(Q) the following is well-defined: m([l]) := m(l). Recall that we represent an element
of U;; N F1(Q) € A%, for 0 < i < j < 11, by a unique 2 x 12 matrix [ whose 2 x 2
submatrix with columns %, j is the identity matrix. For example, if = 10 and 7 = 11, then for
[1] € Uip.11 N F1(Q) C A2, we obtain a corresponding a-matrix

T Zo 0 AoTo + poT1 0 0

a(l) = Aso + s 0 1o + 0 NeZo + pez1 0
0 AsTo + p5T1 AaTo + a1 0 0 AsTo + psT1
0 0 0 Aao + 221 A1Zo + g1 AoTo + foT1

The conditions rank(a(l)) = 4 and m(l) = 2 are open conditions on the coordinates of A2’
(respectively on the Stiefel coordinates of /). Hence there exists an open subset of F;(Q) (re-
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spectively of St(Q)) whose points lead to a-matrices having a full rank and a minimal free
resolution with m(l) = 2. Using the Las Vegas algorithm from Subsection|(7.2.2] we will check
by a computation in Section that this open set is non-empty.

Lemma 7.4.4. Let | € St(Q) be a matrix and assume that rank(a(l)) = 4. Then the Hilbert
polynomial of L; is a constant ;. Moreover, L; is supported at n; points in P* (counted with
multiplicity).

Proof. Since rank(a(l)) = 4 there must be a non-zero 4 x 4 minor of a(l). Hence
dim L; = dim B/ anng(L;) < 1.

This implies that the Hilbert polynomial of L; is a constant n; € N. From the structure theorem
for coherent sheaves on P! we deduce that

k m
L= @0n () o D0y,
i=1 j=1

where s; € Z and (’),,j [p;] 18 a torsion sheaf of degree r; supported on a closed point p; € P!'. On
the other hand, we know that h%(P*, L;(d)) = dimy(L;)q = ny for d >> 0. Hence k = 0 and

nl:er. ]

Remark 7.4.5. Assume L; has a minimal free resolution corresponding to the first three Betti
tables in the second row of Lemma(7.4.1] that is a resolution of type

B(-2)"
0+ Ly + B* < B(—1)% « @ 0 (7.15)
B(=3)*h

for 0 < h < 2. Then, in each case, the Hilbert polynomial of L; is h. Hence El is supported on
h points (counted with multiplicity). We will later observe that this number A is related to the
number of hyperelliptic curves in [2K x|.

In the next section, we will see that we can a priori assume that the matrix c¢ is zero in dj if
and only if the minimal free resolution of L; is of the form (7.15) with h = 0. The following
statement shows that “having a minimal free resolution of this form” is again an open condition

on St(Q):

Proposition 7.4.6. There exists a (non-empty) open subset Voensy, C St(Q) such that for every
I € Vgensyz, the module L has a minimal free resolution of the form

0« L; < B* < B(—1)® «+ B(-3)? 0.

Proof. Similarly as before, it is enough to show first that the property stated above is an open
condition and give then one example fulfilling this property. Here we will only show the open-
ness and refer for examples to Chapter[I1] First recall from Remark[7.4.3|that having a minimal
free resolution corresponding to a Betti table in the second row of Lemma[7.4.1]is an open con-
dition. Hence we assume from now on that m = 2 in (7.14)). In the previous remark, we have
seen that the Hilbert polynomial of L; with a minimal free resolution as in is h. Moreover,
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we compute that the Hilbert polynomial of a module L; with minimal free resolution of type

B(-2)
0L+ B*«B-1)« @ +«0
B(—4)

is the zero polynomial. We show now that, in this setting, having a Hilbert polynomial equal
to zero is an open condition. By the previous proposition, this is equivalent to showing that
the scheme Supp(L;) is empty for I € St(Q)). But, by the definition of the module L;, this is
equivalent to the fact that the 4 x 4 minors of a(l) do not vanish at any point p € P*.

The matrix a(/) has 15 minors of size 4 which we write as a product

4
Ty
x%a:l
My(l) | 2323 |,

xox‘i’

4
L1

where My(l) is a 15 x 5 matrix depending only on the Stiefel coordinates of I. A point p € P!
at which all 4 x 4 minors of a(l) vanish leads to a non-trivial syzygy of the columns of My(1).
Hence, the 4 x 4 minors of a(l) do not vanish at any point of P! if

rank My(l) = 5. (7.16)

Since having a full rank is an open condition, (7.16) is an open condition on St(Q). Thus, on an
open subset of St(Q)) the minimal free resolution of L; is of type

0 L« B* & B(-1)%  B(=3)? « 0

or

OeLleB‘*&B(fl)ﬁe o 0.
B(-4)!

Next we assign to any [ € St(Q) a coherent sheaf on P! by setting

S = ker(a(l)).
Then, on an open subset of St(()), we have
S = Op (—3)2 or §; = Opi1(—2) ® Op1(—4).

In both cases, S; is a vector bundle on P! of rank 2 and degree —6. But only in the first case, S
is a balanced vector bundle. The result follows now from the fact that being balanced is an open
condition in a family of vector bundles on P! with fixed rank and degree. Hence, there exists
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an open subset of St(()) such that for any matrix [ in this set, the module L; has a minimal free
resolution as claimed. We denote the largest open subset of St(()) on which this condition is
satisfied by Veensyz- OJ

Remark 7.4.7. In the next section we will also need some information on the syzygies of the
matrix p(l). With MACAULAY2 we compute that the (updated) matrix p has rank 8. Hence,
replacing the open set from Proposition from the last statement by a smaller one, if nec-
essary, we may without loss of generality assume that rank p(l) = 8 for any | € Viengy,. This
implies that coker p(1) has a minimal free resolution of the form

0 < coker p(l) < B'? « B(—1)® < 0.

Furthermore, we assume from now on that Vepgy, C St(Q) is the maximal open set on which

both open conditions above hold: Hence, if I € St(Q) is a matrix with [ ¢ Viengy,, then L; or
coker p(l) have other Betti numbers than those above.

7.5 Solving the Linear Relations
In this section we study again a standard resolution

dtr
0+ R+ Pyt P& Y S FY 0

as in Section with the general set-up for d} and ds as in and (7.2). Recall that any
matrix [ € St(Q) completely determines the entries of the matrices a, ¢ and p in d} and dy. Our
updated matrix of relations has then the following form

o a(l)o — by (y)n' — cbs(y)”
142 =

—e()nt"

We see that the relations coming from djdy = 0 are linear in the entries of the matrices o, n, c.
So, after arranging the remaining unknown entries in a vector, they give a syzygy of a matrix, say
M(l), whose entries depend only on [. In this section, we will introduce and study the matrix
M(1) under the assumption that L; = coker a(/) has a minimal free resolution of the form

l
0« cokera(l) « B* &Y B(—1)0 « B(-3)? « 0. (7.17)
Recall from Proposition that this assumption is satisfied for each matrix | € Viensyz-

Lemma 7.5.1. Let é: B* < B(—2)'2 be an arbitrary homogeneous homomorphism, and let
[ € St(Q) be a matrix such that L; has a minimal free resolution as in (T.17). Then

im(e) C im(a(l)).

Proof. The columns of & span a subspace of the 12-dimensional k-vector space (B*),. From
the minimal free resolution of L; we compute that dimy(L;)2 = 0. Hence the image of a(l)
contains the vector space (B*), which proves the claim. O

Remark 7.5.2. Note that the previous lemma can be generalized to the following statement. Let

a: B* < B(—1)%and é: B* « B(-2)"?
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be two non-zero homogeneous homomorphisms with rank(a) = 4. Then im(¢) C im(a) if and
only if coker a has Betti numbers as in (7.17) (with & instead of a(l)).

Now let .
d’l‘
0 Re Fp A B & FY S FY 0

be any standard resolution of R whose a-matrix a(/) has Betti numbers as in (7.17). Let ¢ denote
the c-matrix of d;. By Lemma(7.5.1] there exists a matrix ¢; such that ¢ = a(l)t;. Setting

idg —11
ap = idq9 s
idg
e1 = djoq and eg = al_ldgal_”, we obtain another standard resolution

tr
0 R Fy & R EF EFY «0

of R with assigned matrix [ and whose c-matrix is zero now.

General Assumption 2. Let

dtr
0 Re Fp A B &Y S FY 0

be a standard resolution with assigned matrix | € St(Q). If coker a(l) has Betti numbers as in
(7.17), then we assume from now on that the c-matrix of dy is zero. Thus, in this case, a standard
resolution of R has the additional property ¢ = 0.

Later we will see that if the canonical ring R(X ') admits a standard resolution whose a-matrix
has Betti numbers as in (7.17)), then X is a torsion-free numerical Godeaux surface.

Our next step is to see how the condition ¢ = 0 effects our original relations. One consequence
of this condition is that every entry of n can be expressed by the entries of the matrices a and
0. To see this, we will first write the entries of o and n with respect to the indices introduced in
Section

Recall that o is a square matrix of size 6 whose entries are homogeneous of degree 5. We
consider these entries as polynomials in yy, ..., y3 whose coefficients are variables of degree
2. The row indices of o should be the same as the column indices of the matrix a, namely the
elements of the set

N = {(07 1),(0,2),(1,2),(0,3),(1,3), (2, 3)}

Furthermore, since o is skew-symmetric, row and column indices should be the same.

Notation 7.5.3 (The matrix o). Let (r1,s1), (r2,s2) € N. Then the entry in row (71, s1) and
column (732, s2) of the matrix o is of type:

3 (r1,s1) .
Y 0 Oro40ym - Ym,  Otherwise.

{O, if 11 = s1 and r9 = 59,
Furthermore, by the skew-symmetry of o, we have

(ri,s1) _— _ (r2,s2)

r2,52,M T1,51,M

for allm = 0, ..., 3. So in total, the matrix o has 60 unknown entries of degree 2.
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Now it remains to consider the matrix n. Similarly as for the matrix o, every row of n should
correspond to a column of a. Furthermore, the column indices of n should be the same as
the column indices of bs(y). Since the matrix by(y) is skew-symmetric, these indices should
coincide with the row indices of by (y), that is with the elements of the set

L ={(0,1),(0,2),(0,3),(1,0),(1,2),(1,3),(2,0),(2,1),(2,3),(3,0),(3,1),(3,2) }.

Notation 7.5.4 (The matrix n). Let (r,s) € N and (k,l) € L;. We denote the entry in row

(r,s) and column (k, ) of n by n,(:f).

Next we study the equation ao — by (y)n'” = 0 which is one of the equations coming from
dds = 0 under the additional condition ¢ = 0. Then the entry in row k and column (r, s) of the
matrix on the left-hand side is of the form

3
(k n ) ) (r,s) ) (r,s) ) (r,s)
Z an )( 07’7s,my7‘ﬂ) - yhk’lnkqhk?l - yhkegnk’hkg - yh'k,iink,hkﬁ‘ (718)
neN m=0

Corollary 7.5.5. Let (r,s) € N and (k,l) € Ly. If ao — by (y)n'" = 0, then

g =3 alon ). (7.19)
neN

In particular, we can then express any entry of the matrix n by elements of a and o.

Proof. Clear from Equation ((7.18). O

Remark 7.5.6. To obtain the expressions for the entries of n we used the fact that the coefficients
of the variables y,,, for m = hy, 1, hy 2, hi 3 must be zero in (7.18). For m = k we get a further
relation
P =3 "alPor = 0. (7.20)
neN

Hence, altogether, we obtain 24 relations of degree 4. Furthermore, ao — b; (y)n”' = 0if and

only if and are satisfied.

Remark 7.5.7. To simplify the following calculations, we assume that we have given variables
(r1,81)

Oro,40.m forany r1 # s1 € {0,...,3} and ro # s2 € {0,..., 3} subject to the conditions:

olrist)  — g(s1r1)  — (s1r1)  — g(r1,s1)

72,82,M 72,52,M §2,72,M §2,12,M"°

Substituting the entries of the matrix n by the expression in Corollary yields now the
following new matrix of relations

0 ‘an‘o

d\dy =
0o

_ entr

together with the 24 relations from Remark
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Next we study the relations of degree 6 coming from an = 0. Let i € {0,...,3}, and
(k,1) € L;. Then the element in row ¢ and column (%, ) of the updated matrix an is of the form

%) i,h;
f, > an“kl—E:azh,J“

neN
3

§ (l’) okahk,m
- L ]L, J Im hk,m Z’,hiyj,l

m=1

S Sp I o
lh1 Rkm thyal.

j=1m=1

Corollary 7.5.8. Let i € {0,...,3} and (k,l) € Li. Then, modulo the 24 relations from
Remark[7.5.6] we have

f( i) 0 ifi e {k, l},
B g (e

In particular, the equation an = 0 gives 12 additional relations of degree 6.

Proof. 1f i = kori ¢ {k,l}, then the claimed expression follows directly from the definition of

13 152 and the properties of the entries of o from Notation [7.5.3|without any reduction modulo the
relations of degree 4. So it remains to consider the case [ = ¢. Then

oS (@) (K)o ko
() k k,m
Zza7 hl/ak hk m lh1]7

j=1m=1
3 3
_ (@) (k) ihij
== E : E : Qb Ok, }zk,,70khkm7
j=1m=1
3 3
_ (k) v ”LZJ
*_E:“khkm E:ah” kB i
m=1 j=1
_ (k) _
__E:akhkmpkhkm 0. [

Finally, from the equation —en” = 0 we get 18 relations of degree 6 which cannot be reduced
any further. Now let us put all our previous results on the unknown entries of d; and ds and their
relations together.

Summary 7.5.9. We consider d} and d2 with the updated matrices for a,e and p and with the
additional condition ¢ = 0. Then there are in total 72 unknown entries of degree 2: the 12 entries
of the matrix a and the 60 entries in the matrix o from Notation Furthermore, there are
58 relations between these 72 variables, namely the 4 quadratic (Pfaffian) relations qg, ..., qs
and the 54 relations deduced above. In particular, after finding a solution for the 4 quadratic
relations, we get 54 equations which are linear in the remaining 60 variables.

Writing the 60 unknown entries of the o-matrix as a column vector o, we can represent the 54
linear relations as

Mo =0,

where M is a 54 x 60 matrix whose entries depends solely on the 12 variables in the matrix a.
Furthermore, we write M so that the first 24 rows correspond to the relations of degree 4 and
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the last 30 rows to the relations of degree 6. With the help of MACAULAY2 we compute that
rank M = 38.

For | € Viensyz € St(Q), let M(1) be the matrix obtained from M by replacing the a-
variables with the assignment given by [. Hence, M(l) depends only on xp,x; and on the
Stiefel coordinates of . In Chapter |11/ we consider an example with a matrix [ € St(Q) such
that coker M (1) has a minimal free resolution of type

B(—1)2* B(-3)*
0+ coker M(I) « @ < B2« o <o
BSO B(—4)18

In general, after replacing Viensy, by a smaller open subset if necessary, we may assume that for
any | € Viensy, We have rank(M(l)) = 38 and that coker M([) has a minimal free resolution
of the form
B(—3)ms()
S
B(-1)* B(—4)m®)
2 B(—2)% ® 0, (7.21)
B30 B(—=5)"0)
@

0 + coker M(1) +

where the n;(l) are non-negative integers with n3(l) < 4 and ), ., n,(l) = 22. Since the
unknown entries of the matrix o have all degree 2, any possible assignment to these variables
gives an element of the vector space (B(—2)%)3. Now let

V() € (B(-2)%); = k'

be the k-vector space of dimension ng(l) generated by the columns of the homomorphism
B(—2)% < B(—3)"W in (T.21). Hence, V(1) is the kernel of a linear map of vector spaces

K192 MO g 120
where the matrix M’ (1) depends only on the Stiefel coordinates of .

Then an element r € (B(—2)%)3 is a solution of the system
M(l)o=0 (7.22)

if and only if » € V(I). Usually we consider V(I) with a fixed basis and identify it with the
vector space k™), by sending the standard basis vectors of k"3() to the chosen basis vectors.
Hence, using this identification, we will denote in the following by p both the solution vector in
V() and the corresponding point in k3(). Given such a point p, we write the corresponding
solution of the system in a matrix as in Notation and denote this matrix by o(l, p).
Moreover, from Corollary [7.5.5] we know that we can express any element of the general matrix
n in terms of entries of the matrices a and 0. Now Equation with a and o replaced by a(l)
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and o([, p) respectively, defines a matrix n(/, p). Then

a(D)o(l,p) — bi(y)n(l,p)" =0

is a direct consequence from the definition of the matrix n(l, p) and the fact that the entries of
the matrices a(l) and o(l, p) satisfy (7.20).

Proposition 7.5.10. Let | € Viensy, C St(Q) be a matrix, and let p € V(l) be any point. Then
the matrices

0 o(l,p) n(l,p) bs(y)
(1) = and da(l,p) = | n(l,p)"  ba(y)  p(l)
—b3(y)" —p()" 0

satisfy
dy(D)da(l,p) = 0.

Proof. Clear from the previous results in this section and the discussion on the quadratic rela-
tions qq, . - - , q3 in Section O

In Remark we have seen that for matrices [1,ly € St(Q) with [[1] = [l2] € F1(Q), the
modules coker a(l1) and coker a(l2) have the same Betti numbers. For the corresponding vector
spaces V(I1) and V(l2) we obtain the following:

Lemma 7.5.11. Letll, Iy € Vgensyz - St(Q) such that [ll] = [lg] e F (Q) Then V(ll) = V(lg)

Proof. The condition [I1] = [l2] implies that there exists an invertible matrix
Uo,0  Uo,1
u =
uLo U1

such that [ = wuly. Then the matrix M (l2) is the matrix M (l1) with each variable z; being sub-
stituted by ug ;20 + w1 ;21. Hence, coker M(l1) and coker M(l3) have the same Betti numbers.
In particular, the solution spaces V(I1), V(l2) C (B(—2)%)3 have the same dimension and there
exists an isomorphism

Sy - V(Zl) — V(ZQ) O

Furthermore, from any basis of V(I1) we get a corresponding basis of V(l2) by substituting each
variable x; by ug ;o + u; ;21 as above. Hence, we assume that s, maps a chosen basis of V(I;)
to its corresponding basis in V(I5).

Remark and Assumption 7.5.12. Let

dtr
0 RX)« Fo & P & FY EEFY 0 (7.23)

be a standard resolution of R(X). We can assign a unique matrix [ € Mat(k,2 x 12) to the
a-matrix of dy (by writing the coefficients of x( in the first row, and the ones of x; in the second
row of ). Suppose that [ ¢ St(2,12). Then there exists an element (po : p1) € P! inducing a
non-trivial relation between the rows of [. Let I’ C S denote the ideal generated by the 7 x 7
minors of d} as in Notation Then, from the form of d} modulo g, 21, we deduce that the
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vanishing locus of I’ in P(22, 3%) contains the 4 curves

Co = V(p1zo + poz1,y1,¥2,y3), C1 = V(p1zo + pozi, Y0, Y2, y3),
Cy = V(p1o + pox1,y0,y1,y3), C3 = V(p12o + por1, Y0, Y1, Y2),

which implies that depth(I’,S) = dim S — dim S/I’ < 4. Hence, R(X) does not satisfy the
ring condition from Remark [5.2.4] Since, we believe that the canonical ring of any (marked)
numerical Godeaux surface X satisfies this condition, we will assume from now on that the
assigned matrix to any standard resolution of R(X) is contained in St(2,12). In particular, we
can assign to (7.23)) a unique matrix I € St(@). Furthermore, if [ € Vjengy,, then there exists a
unique point p € V(1) such that

d) = d|(l) and dy = ds(l, p).

We call the pair (I, p) the assigned pair to the standard resolution (7.23).

We end this section with a brief discussion on the linear relations of djdy = 0 without the
additional assumption ¢ = O:

Remark 7.5.13. If | € St(Q) such that coker a(/) has different Betti numbers as in (7.17), we
cannot a priori assume that ¢ = 0. In this case, we use the equation

a(l)o — by (y)n'" — cb3(y)" =0 (7.24)

to express every entry of the matrix ¢ by entries of the matrices a, 0 and n. Then the remaining
equations are linear in the unknown entries of o and n and we can represent these relations as

[«

M(1) = 0. (7.25)

n

As before, we denote the corresponding solution space by V(). Then, after choosing a point
p € V(I), we get matrices o(l, p) and n(l, p) by writing the solution of as entries of the
matrices o and n. Afterwards we use Equation to determine a unique matrix ¢ which
satisfies this equation and denote this matrix by ¢(/, p). Then with

a(l) bi(y) c<(,p)
0 o) b2y)

and dz ([, p) as in Proposition[7.5.10| we also get

dll(lvp)dQ(l7p) =0.

di(l,p) =

In particular, to any standard resolution

dtT
0 RX)+ & P& EEFY 0 (7.26)

of R(X) we can assign a unique pair ([, p) with either d; = d/(l) or d} = d/(l,p), and dy =
dQ(Zap)'

Altogether, the results of this chapter show how to construct matrices d} and ds of a particular
form satisfying djds = 0. It remains to show how to obtain a finitely generated S-module R
and a standard resolution of R from this construction:



88 7 Constructing Standard Resolutions

Proposition 7.5.14. Let d: F) < Fy and dy: Fy < F be two homogeneous homomorphisms
satisfying:

(i) dy = dy(l,p) and d2 = da(l,p), and hence d}ds = 0,
(ii) depth(I’,S) > 5, where I is the ideal generated by the 7 x 7 minors of d},
(iii) dg is skew-symmetric,
(iv) dy and dy have modulo x, x; the form as introduced in Section 6.3.
Then there exists an exact sequence
L B Y

40
with d1 = ! , where dgo): S « Fi is a homogeneous homomorphism. Hence, R =

dy

coker d; is a finitely generated S-module admitting a standard resolution.

Proof. First note that the skew-symmetry of do implies directly that there exists a further syzygy
of dy (which cannot be obtained from the columns of (d})!"): First we have

7 > rank(d}) > rank(d}) =7

and -
19 > rank(dz) > rank(dz) = 18.

Then, considering ds over the quotient field L = Q(.S), we deduce that rank(dy) = 18 since
any skew-symmetric matrix with entries in a field is of even rank. Furthermore, the form of d
modulo zo, 1 implies that rank(d}) = 7 considered as a matrix over L. Hence, there exists
exactly one further syzygy defined over L. Multiplying by a common denominator if necessary,
we get a further syzygy of dy defined over S, and hence a complex

tr
S(—k) & Fy <2 Y & S(—17+ k) 0,

where k is chosen minimally. In the following, we will show that k£ = 0.

Let Z = Proj(S/I') and U = P(22,3%)\Z. Then Z is empty or 0-dimensional by assump-
tion. Consider the exact sequence

d/ .
0 M+ Fj <+~ F <~ N+ 0,

where M = cokerd| and N = syz(d]). Let us split this exact sequence into two short exact
sequences:

0+ M+ Fj+ E+0,
d/ .
0 E<+~F < N+«0,

where E = im d). Considering the corresponding exact sequence of sheaves and restricting to
U, the fact that M|, = 0 implies that N, is a locally free Oy-module of rank

19 = rank(F}) — rank(Fy).
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Next we apply the functor Hom(—, S(—17)) to the two short exact sequences above. From
the first sequence we get

0— MY —F)Y - EY
— Ext! (M, S(—17)) — Ext'(F}, S(—17)) — Ext'(E, S(—17))
— Ext?(M, S(—17)).

Now Ext!(F}, S(—17)) = 0, and also Ext?*(M,S(—17)) = 0 since dim M < 1. Hence
Ext!(E, S(—17)) = 0, and we get an exact sequence

0= MY = (F)Y 5 BY - Ext!(M, S(~17)) — 0.

Using this for the second exact sequence we get an short exact sequence

A%

d
0—-E - F — N —0.
Next we consider the following commutative diagram:

Z'\/

0 EY FY NV 0
;
F Fle'—N 0

(7.27)

-V
Now since dy o dY = 0 and F)Y *— NV is surjective, there exists a module homomorphism
h: NV — N which gives commutative square in the diagram above. In particular, we get:

S(=17 + k)
97 ny
0 EY FY — " S NV 0
" lh
F o) LN 0
" "
S(—k)

(7.28)

where ,
S(—k) &L N & NY S S(—17 4 k) « 0

is a complex of S-modules. Now let us take a point p € U. Then, from (F}), = (imd}), and
(EY)p = (imd}),, we get

(F)p = (NY)p @ (F5")p
(Fl)p = Np 5= (Fé)p

Furthermore, for every p € U, the induced (local) map (d2 )p is of the form
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) (E),
N, hy 0
(F)| 0 0

where the local homomorphism h,: (NV), — N, is given by a skew-symmetric matrix. Hence,
we see that the rank of i drops at exactly at the points of U at which the rank of dy drops.
Sheafifying the homomorphism /: N <— NV and restricting to U, we get a morphism

(M)l &L (NV)]y

of locally free sheaves of rank 19 = 2 - 9 4+ 1 which is (locally) alternating. Furthermore, since
rank(dy) = 18 and depth(/(dz), S) > 3, the ideal of the submaximal minors of ¢|;s is of depth
3. Now, after applying the Buchsbaum-Eisenbud structure theorem to ¢|¢;, a straight forward

Chern class computation implies that £ = 0.
40

Finally, setting dgo) =giand d; =

, we obtain a complex
!
dy
dq dy v 4 v
F0<—F1<—F1 FFO 0

which is exact since rank(d;) = rank(dy) = 8, rank(d2) = 18 and depth(I(d;),S) > 3 for
i=1,2.
O



8 A Family of Torsion-Free Numerical
Godeaux Surfaces

Let X be a marked numerical Godeaux surface. In Proposition and Remark we
have seen that we can assign to any standard resolution

dtv'
0 RX)«+ R & Rn&r 8 FY o

of R(X) apair (I,p) with [l € St(Q) and p € V(I).
On the other hand, if

d d dtr
Fo+ F <& Y «— F) <0

is an acyclic complex with di = d/(l,p) and d2 = da(l,p) for some [ € St(Q) and p € V(I)
such that R := coker d; satisfies all conditions of Theorem[5.0.2] then Proj(R) is the canonical
model of a marked numerical Godeaux surface. We then call the pair (I, p) admissible. More
generally, we say that | € St(Q) is admissible if there exists a point p € V(I) such that (I, p) is
admissible. Hence, we can assign to the admissible pair ([, p) the isomorphism class [Proj(R)]
in the Gieseker moduli space 91y ; of numerical Godeaux surfaces. Thus, if we want to calculate
the dimension of our constructed family correctly, we have to identify pairs whose assigned
surfaces are isomorphic.

The aim of this chapter is to study and characterize (different) admissible pairs which lead to
the same point in the moduli space. As in the previous chapter we restrict our study mainly to
matrices which are contained in the open set Viensy,. At the end of this chapter, we count the
moduli of torsion-free numerical Godeaux surfaces which we obtain by our construction.

Throughout this chapter X denotes a marked numerical Godeaux surface with canonical
model X .on,. Furthermore, we assume thatk = C.

8.1 Standard Resolutions and Pairs (I, p)

In the last chapter we have seen that we can assign a pair ([, p) to any standard resolution of the
canonical ring R(X). Of course, we would like to assign such a pair to R(X ). But unfortunately,
a standard resolution of R(X) is only uniquely determined up to isomorphism. The aim of this
section is to characterize pairs which come from isomorphic standard resolutions of R(X). To
begin with, we introduce some notation which will be used in the following:

Notation 8.1.1. For A = (\g,...,\3) € (k*)* we denote by E()\) the 4 x 4 diagonal matrix
with A, ..., A3 on its diagonal. Furthermore, we denote by E()) the 12 x 12 block diagonal
matrix with Agids, ..., A3ids on its diagonal.

Now let )
dT‘
0 RX)+ & & EFY 0

be any standard resolution of R(X) with assigned pair (, p). First it is important to emphasize
that the pair (I, p) only determines the matrices d} and ds of a standard resolution but not the
first row of the matrix dj.
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Indeed, if r: S i) g (—4)* @ S(—5)3 is any (non-zero) homogeneous homomorphism,

then
0« RX) « Fy &2 B &2 pY S gy o,
with
1 rg 15
idy ody =
ids

4% + rd
d;

€1

is another standard resolution of R(X) with the same assigned pair (/,p). In general, however,
different (isomorphic) standard resolutions of R(X) may lead to different assigned pairs:

Proposition 8.1.2. Let

dtr
0 RX)« Fo & R &2 FY S FY 0 (8.1)
be a standard resolution of R(X) with assigned pair (1, p), where | € Viensy, C St(Q) and
pe V(). If
ir
0 RX)+Fy &R EFEF «0 (8.2)
is another standard resolution of R(X) with assigned pair (I',p), then there exist i € k¥,

h = (ho,...,h3) € H :={-1,1}* = (Z/2Z)* and an automorphism

Yyt St(Q) — St(Q)

such that )
' = V(1) andp' = ?p.
Moreover, if any two standard resolutions of R(X) have the same assigned matrix l, then they

also have the same assigned point p € V(l). On the other hand, for any p € k* and h € H
there exists a standard resolution of R(X) with assigned pair (v, (1), D).
’ Iz

Proof. We start by showing the first statement. Since (8.1) and (8.2) are two minimal free
resolutions of R(X), there exists an isomorphism of complexes

d1 da v dir v
RENEIR
0« R(X) Fye P 2 FY et Ry 0

inducing the identity map on R(X'). We use the entries of the maps d; and e; modulo x¢, z1, to
describe the isomorphisms «;. Note that since the last syzygy map is the transpose of the first
one it is enough to consider ag, «; and as. By = we denote the reduction of a matrix modulo
xo, x1 as before. Then, since

d; = €; and &y _1d; = €;@,
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after dividing by a non-zero scalar if necessary, we get

pids pids idg
for some A € (k*)* and ;1 € k*. Then, simply by degree reasons, this implies that

1 T4 T5 idg t1 pideg
ap = E(\) ;o = E(\) and ag = E(\)
1% idg 1% idg t2 idg

where S(—6)6 &L §(—8)%, §(—9)® 2 S(=11)6 and r: S <72 §(—4)* @ S(—5)3 are

homogeneous homomorphisms. Note that this holds for any standard resolution of R(X) re-
gardless whether [ € Viepgy, or not. But now we use the additional property I € Viensy, t0
conclude that t; = 0 and ¢ = 0. First note that coker a(l’) has the same Betti numbers as

coker a(l). Indeed, from
a(l'y = E(\)a(l)

we deduce that a() and a(!’) have the same rank and their corresponding cokernels the same
Betti numbers. Thus, by General Assumption [2| the c¢-matrix of e; is also zero. Now let 046 be
the matrix obtained from «g by erasing the first row and the first column. Then

a(l') bi(y) O , * bi(y) a(Dt
0 e(l') ba(y) 0 = ba(y)

implies that a(l)t; = 0. From the definition of the open set Viensy, in Proposition we know
that coker a(/) has a minimal free resolution of the form

0 + coker a(l) < B* < B(—1)® « B(=3)2 « 0.

Hence, by the definition of the map ¢;, we get a(l)t; = 0 if and only if ¢; = 0. Next we consider
the maps ds and es. From e; = Ozldg()é;l we deduce that

p(l') = EMp(l)
and
p(I)" =p()"E(uA).

Now the particular shape of the matrix p as described in and the fact that rank(a(l)) = 4
imply that £~ = \; for all 7, or equivalently,

N=M=MN=)\=\u (8.3)

Furthermore rank(p(l’)) = rank(p(l)) = 8 which implies I’ € Viensy,. Next we show that
to = 0 by considering the matrix n(l’, p’). We have

n(l',p) =n(l,p) EA)



94 8 A Family of Torsion-Free Numerical Godeaux Surfaces

and

N

n(l', )" = B, p)" + E(A)p(D)t2

which implies that p(/)to = 0. Thus, using Remark(7.4.7, we conclude that to = 0. Putting these
results together, we see that the first 3 matrices of every isomorphism between two standard
resolutions of R(X) are of the form
-1 1 .
1% T4 T5 p ide pidg
ag = E(h) , ap = E(h) and ay = E(h) ,

pids fids plidg

where h = (ho,...,h3) € H, u € k* and r4,r5 are defined as before. Next let us define the
morphism v, ,. The automorphism of A?* defined by

A24 N A24
(..., QE?}O, . gl(-fj).’l, o) = (e 7/~LhiQZ(‘?])'707 . ,,uhiggf])-’l, oY)
induces an automorphism of the open subschemes
Dpn: St(2,12) — St(2,12).

We claim that 7, ,(St(Q)) = St(Q). To prove this, we first define a corresponding automor-
phism of P! which restricts to an automorphism of (). The ring homomorphism

k[a!)] — K[a],

(%)

af’) = phial)

induces an automorphism 7,, ,: P'* — P'! with inverse 7,-1 -1, and satisfying
un(l) = Fup(l) € PH
V/L,h( ) = T,u,h(f) = .

Hence, it is enough to show that 7, ,(Q) = Q. But this is clear, since for any p € Q, we

have q;(7,n(p)) = p2ai(p) = 0 for all i. Hence vy, p, = Dunlsy): St(Q) — St(Q) and
Tuh = Tunlg: @ — @ are automorphisms. Furthermore, by the definition of the isomorphisms

ap and o, we get
l, = I/,u’h(l).

From the form of the linear relations defining the matrix M, we see that there is an invertible
matrix 3, , € GL(54,k) (depending on p and h) such that

M(vun(l)) = Bun - M(1).

Hence, we may assume that V(1) = V(v,, (1)) (and consider these spaces with the same bases).
Then, since o(!',p) = M—go(l,p), we get

, 1
p =—peE€ V).
2 (1)

So, in particular, if we have two standard resolutions of R(X') with assigned pairs (/,p) and
(I,p'), then = +1, and thus p’ = p. To show the last statement of the proposition we just
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reverse the steps above. More precisely, starting with standard resolution (8.1)), we use the
isomorphisms «;, given a fixed ¢ € k™ and h € H, to construct a new standard resolution of
R(X') whose assigned pair is then (v, (1), %p) O

Since 7, 51 @ — Q is a morphism of projective varieties, 7,, ;, is independent of the choice of
1 € k*. Hence we can neglect i and get the following result:

Corollary 8.1.3. The finite group H acts on Q (and hence on F1(Q)) by
HxQ—Q,
(h,p) = Th(p)-

Remark 8.1.4. Later we will show that the torus G = (k*)* acts linearly on Q (and on F1(Q)).
Furthermore, we will see that the action of H on () is just the restriction of the action of GG, when
considering H as a natural subgroup of G.

For any standard resolution of R(X) with assigned pair (I, p) we define the set

Stab(l, R(X)) = {p’ € V(I) | there exists a standard resolution of R(X)
with assigned pair (I,p)}.

Then Proposition shows that if | € Viensy,, then
Stab(l, R(X)) = {p}.

If | € St(Q) is a matrix such that the module L; = coker a(l) has Betti numbers which are
different from those in Proposition[7.4.6| then Stab(l, R(X)) contains in general more than one
point. For example, let us consider the case where coker a(l) has a minimal free resolution of
the form

B(-2)
0 cokera(l) « B* &L B—1)f &  «o0. (8.4)
B(-3)

We will show now that in this case there is a family of standard resolutions of R(X') having
the same assigned matrix [ (or equivalently the same a-matrix) but different assigned points
p € V(1) (or equivalently different o-matrices).

Remark 8.1.5. Let X be a marked numerical Godeaux surface such that the cokernel of the a-
matrix of a standard resolution of R(X') has Betti numbers as in (8.4). In Chapter 10 we will see
that this implies Tors X = 0 and that there is exactly one hyperelliptic curve in the bicanonical
system 2K x|.

Now let B(—1)® £~ B(—2) be the homomorphism corresponding to the first column of the
syzygy matrix of a(l) and let ¢ = (qo, . .., q7)"" € k®. Then, similarly as above, we define
idg Ya idg
o = 1dp,, a1 = id;o , Qg = idq2 and a3 = idgy,
idg —Vq idg

where v, = 51¢'". Then, setting e; = aodlal_l and e = aydaay ! we obtain another standard
resolution of R(X') and an isomorphism of chain complexes:
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d d dtr
0 «—— R(X) Fy¢—— F ¢«—— FY «—— FY 0
[ A A ]
tr
0 «—— R(X) Fpe P2 py Ry 0

From the definition of the isomorphisms a; we see that
0 4 b3yl — ygby | v — g ()" | b3(y)
¢y =dyandez = [ —n' 4 p(I)lr ba(y) p(l) |- (3.5)

—b3(y)" —p()" 0

Hence, the two standard resolutions of R(X) have the same assigned matrix [ € St(Q). Let
V(1) be the solution space, and let p € V(1) such that (I, p) is the pair assigned to the resolution
in the first row of the commutative diagram above. Then for any point ¢ € k® there exists a point
Pq € V(1) such that (I, pg) is the pair assigned to the second row of the diagram. Hence, we have

Stab(l, R(X)) 2 {py | ¢ € k®}.

The following result shows that we get indeed more than one point in Stab(l, R(X)) in this
case:

Lemma 8.1.6. If q1 # q2 € k5, then py, # Dy,

Proof. It is enough to show that any two different elements in k® lead to different o-matrices.
Let us consider the map

g: k8 — Mat(k, 6 x 6),
q— bg’yff — 'yqbgr.
Then g is a group homomorphism since Vg4, 44, = Vg1 + Vg fOrany qi, g2 € k®. From we
deduce that the o-matrices corresponding to two distinct points in k® are different if and only if

g is injective. On the other hand g(q) = bgvé” — (bg'yff)”. Hence it is enough to show that bgvéT

is symmetric if and only if ¢ = 0. So let ¢ € k®. If we write s; = (sq, ..., s5)!", then
Soqo0 - Soqr
Yq =
S50 - 8547

The condition that the 6 x 6 matrix bg’}/ér is symmetric can be expressed by (g) = 15 equations
which are linear in the variables y; and whose coefficients are linear combinations of the entries
of the matrix v,. Now the fact that s; is a non-zero syzygy implies that there exists at least one
j €40,...,5} such that s; # 0. Then by equating the coefficients of the 15 polynomials with
the zero polynomial, it is now a straightforward calculation to see that these coefficients are all
zero if and only if ¢ = 0. O

Note that pg = p. For an explicit example of a matrix /, where coker a(/) has Betti numbers
as in (8.4), we compute with MACAULAY?2 that the solution space V({) is 12-dimensional. For



8.2 AP(V(l)) of Choices 97

a randomly chosen point ¢ € k® we calculate that

Dg =P+ Tq,
where 4 € V(1). Furthermore, we compute that

7“():0,

Tqi+ge = Tq1 T Tgo>
T\ = )‘Tlh

for two randomly chosen points ¢, g2 € k® and A € k which suggests that {r, | ¢ € k%} is an
8-dimensional vector space. Furthermore, our experimental results suggest that

Stab(l, R(X)) = p + {rq | ¢ € k*}.

Unfortunately, up to now we were not able to verify this.

Remark 8.1.7. In a future work we want to study the remaining linear relations for the other
possible Betti numbers of coker a(l). The case which we have described in the last section is
the only one which allows the additional condition ¢ = 0. So far, we have studied some of the
other cases only experimentally. For example in the case (8.4), we can assume that 3 of the 4
rows of ¢ are a priori zero and that the entries of the remaining row depend only on one of the
quadratic forms x3, zox1,23. Similarly as in the previous case, we restrict our study then to
standard resolutions whose c-matrix fulfills this additional assumption.

8.2 AP(V(l)) of Choices

In this section we study first how standard resolutions with assigned matrices 1 and /5 are related
if [l1] = [l2] € F1(Q). Afterwards, we study standard resolutions with a fixed assigned matrix
[ € St(Q) and points A\p € V(I), where p € V(I) and X varies over k*. We will show that the
choice of different representatives of a point in F7(Q) in the first case (respectively of different
representatives of a point in P(V(1)) in the second case) leads to isomorphic rings.

Proposition 8.2.1. Let

dtT
0 RX)+ & & EFY 0 (8.6)

be a standard resolution of R(X') with assigned pair (11, p1), where l1 € Viensy, and p1 € V(11).
Let w € GL(2,k) be arbitrary. There exists a ring R, isomorphic to R(X) which admits a
standard resolution with assigned pair (I, p2), where la = uly, pa = sy(p1) and s,,: V(I1) —
V(l3) is the isomorphism from Lemma Moreover, if R' = R(X') is the canonical ring
of another marked numerical Godeaux surface X' which admits a standard resolution with
assigned pair (uly, sy(p1)), then

Proof. Let us write
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where v is the inverse of u, and consider the ring homomorphism

N

N S = k[x()axlay()a <oy Y3520y - - ,Zg,?,UO,U)l,l,UQ] — R(X)a
o — V0,0T0 + V1,071,
r1 > v0,1%0 + V1,171,

Yj gj, zZj — Ej,wk = Wy

Let I, be the kernel of 7, and set R, := S’/Iu Then R(X) = R,,.
Now let e; be the matrix obtained from d; by substituting every variable x; by ug ;zo+u1 ;21.
Then
OeRUFFgf—lFlﬁFlvﬂFO\U—O (8.7)
is a standard resolution of R,, with assigned matrix Iy € St(Q). Furthermore, from the choice

of the isomorphism
Sy - V(ll) — V(lg)

in Lemma [7.5.11] we see that the assigned point to (8.7) is p» = sy(p1). This shows the first
claim. Finally, let R’ be another canonical ring which admits a standard resolution with assigned
pair (uly, sy (p1)). Then, since the ring R,, has a standard resolution with the same assigned pair,
R, and R’ are isomorphic as S-modules, and hence as rings by Remark Consequently,
R' 2 R, ¥ R(X). O

Remark 8.2.2. This statement shows that if a pair ([, p) with [ € Viensy, and p € V(I) is ad-
missible, then the pair (ul, s,(p)) is also admissible for every v € GL(2,k). In particular,
for matrices in Vgensy, the property of being admissible is invariant under the group action of
GL(2,k). Note that in the proof of Proposition we used the condition [ € Viepsy, only
to apply the isomorphism in Lemma [7.5.T1] Hence, focusing only on the assigned matrices, a
matrix [ € St(Q) is admissible if and only if ul € St(Q) is admissible for every u € GL(2,k).
Thus, we can call a point in F;(Q) admissible if it has an admissible representative in St(Q).

Next let | € Viensy, be some matrix. Assume that there exists a numerical Godeaux surface
X whose canonical ring R(X) admits a standard resolution with assigned pair (/,0). Then the
second syzygy matrix is

0 0 b3(y)
da(1,0) = | 0 ba(y)  p()
=b3(y)" —p()" 0
Thus,
bo(y) O 0
div=1 a(l) bi(y) O
0 e(l)  ba(y)
is a first syzygy matrix for R(X ). But this implies that the surface Y = Proj(S/ anng R(X)) C

(22, 3%) contains the union of surfaces

V(y()? Y1, y?) U V(y07 Y1, y3) U V(y07 Y2, 93) U V(y17 Y2, y3)

which is a contradiction since Y is irreducible. This shows that if a pair ([, p) is admissible, then
p#0.
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Solet 0 # p € V(I). How do the matrices d}(!) and da(l, p) change if we choose the point
Ap instead of p for some 0 # \ € k? Clearly, the matrix d} remains unchanged, whereas

o(l, Ap) n(l, Ap) bs(y) Ao(l,p) an(l,p)  b3(y)
do(l, Ap) = | —n(l,Ap)" ba(y)  p() | = —n(l,p)" baly)  p(l)
—b3(y)"  —p()" 0 —bs(y)"  —p()" O

‘We notice that the matrix

A2o(1, p) An(l,p)  Abs(y)
Ada(L,Ap) = | =X2n(l,p)"" Xba(y) — Ap(])
“Nbs(n)T —Ap(D 0

is simply the matrix da(l,p) with each variable x; (respectively y;) being substituted by Az;
(respectively Ay;). This observation motivates the following result:

Proposition 8.2.3. Let

dtr
0 RX)+ Fp <& 7 & FYEFY 0 (8.8)

be a standard resolution of R(X) with assigned pair (1, p), where | € Vgensy, and p € V(1). For
every A € k* there exists a ring Ry isomorphic to R(X) which admits a standard resolution
with assigned pair (I, \p). Moreover, if R" = R(X') is the canonical ring of another marked
numerical Godeaux surface X' which admits a standard resolution with assigned pair (1, \p),
then R' = R(X).

Proof. The proof of this statement is based on the same ideas as the one of Proposition |8.2.1
Let A € k* and consider the ring homomorphism

m: S — R(X),
zi = (1/ Nz, y; = (1/X)g;,
Zj v Zj, Wiy W

As above, the ring Ry, := S/ ker () is isomorphic to R(X) and Proj(R) ) is a further canonical
model satisfying General Assumption (I} Next let 4; and J2 be the matrices obtained from dy
and dy by substituting every variable x; by Az; and every y; by Ay;. Then do = Ada(l, Ap) and
87 = Ad) (1) as above. Furthermore, by the definition of the homomorphism 7),, there exists a
minimal free resolution of R) of the form

5157‘
0 Ry« Fo & 7 & FY & FY 0 (8.9)
with 65" = —d, but which is not standard. Dividing §; and 5 by A we get a standard resolution

with assigned pair (I, Ap). The second statement is proven exactly as in Proposition O

So as before we conclude that if a pair (/,p) is admissible, with [ and p as usual, then the
pair (I, Ap) is also admissible for every A\ € k*. In particular, for a fixed (admissible) matrix
| € Viensyz» the condition of being an admissible point in V(I) is independent under the action
of k* of V(I). We call a point in Proj(V (1)) admissible if some (and hence any) representative
in V(1) has this property. All in all, we see that for any matrix [ € Viensy,, We have a Prs()—1 of
choices for admissible points p with d} (1)da(l,p) = 0.
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8.3 A Group Action on F;(Q)

In the beginning of Chapterwe have seen that any element g € G = (k*)3 induces an automor-
phism of P2 which fixes the 4 coordinate points of P3. We will now extend this automorphism to
an automorphism of P(22,3%, 44, 53). On the algebraic side, the image of the canonical model
under this automorphism corresponds then to a ring R, which is isomorphic to R(X). In this
section we analyze how the standard resolutions of R(X) and R, are related.

Anelement g = (), ..., A3) € (k*)* induces the automorphism

P(22,3% 4%, 5%) — P(22,3%,4%,5%),
(x[):xl:yO:...:yg:zgz...:wg)»ﬁ(xole:/\Oyoz...:/\3y3:20:...:w2).
Note that in contrast to what happens over P2, for any 1 # 4 € k*, the elements ¢ and ;g define
different automorphisms of (22,34, 44, 53). The image of X4, under this automorphism is

another canonical model of X (fulfilling General Assumption [I). To simplify the following
computations, we assume from now on that the automorphism associated to g is

P(2%,3%,4%,5%) — P(2*,3%,4%,5°),
(1:0::1:1:yoz...:ygzz[):...:wz)r—)(:cozazl:)\%yoz...:)\gyg,:zo:...:wg).
Now restricting py to Xqp corresponds to a surjective ring homomorphism
Mg - S— R(X)7
Zj > Zj, W — Wi,

where R, := S/ ker(1,) is isomorphic to R(X). Let

dtr
0 RX)« Fo & R & FYEEFY 0 (8.10)

be a standard resolution of R(.X) with assigned pair (I, p), where [ € Viengy, and p € V(1). Our
aim is to construct, outgoing from the given standard resolution of R(X), a standard resolution
of Ry. To do this, we proceed similarly as in the previous section.

Let 6, and J-» be the matrices obtained from d; and ds by substituting every variable y; by
yi/A?. Then

6t7'
0 Ry« R & P& F S FY «0 (8.11)
is a minimal free resolution of 12, as an S-module with 5? = —Jdy. Modulo zg, x1, the resolution

above has now a different form, hence it is not standard. But from Proposition [6.3.T| we know
that there is always an isomorphism (of chain complexes) to a standard resolution. Finding such
an isomorphism is however a tedious computation as in the proof of Proposition [6.3.1] We omit
the derivation of the single matrices giving such an isomorphism and present only the results.

Let A = MAgA1Ao)g and p; = )\?. Then we set
\ (0)
(1)

Qp = ao and a1 = al

Aids al?

and define the individual matrices using the indices introduced in Chapter 7]
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The matrices a[()l), oz(lo), agl), a?) are all diagonal matrices. Hence, we will only specify the

(1)

elements on the diagonal. The matrix a; ' is a 4 x 4 matrix and for i € {0, ..., 3} we set
(1) A
(g i = 3

We index the rows and columns of the 6 x 6 matrix a§0) by the elements of

N ={(0,1),(0,2),(1,2),(0,3),(1,3),(2,3)},

and set forr = (ry,7m3) € N

B Hory Porg '

Next we define the 12 x 12 matrix ozgl) whose rows and columns are indexed by

L1 =£(0,1),(0,2),(0,3), (1,0),(1,2),(1,3),(2,0),(2,1),(2,3), (3,0), (3, 1), (3,2)}.

For s = (s1, $2) € L1 we set

(1) A
« = .
( 1 )575 )\51M52
Finally, the rows and columns of the 8 x 8 matrix a§2) are indexed by the elements of the set

I _{1,2 0,1 1,3 0,1 2,3 0,2 2,3 1,2}
2 = 0°2°0°3°0°3>1°3 ("

Let 0 = ¢ € Ly, and let ig be the element in {0, ..., 3}\{c, d, e}. Then we set

(@P)p = 2

9 = —.
Hig
Furthermore, setting
e = aoélafl and €y = 0415204? = 04152041,

the matrices «; induce a graded isomorphism of complexes

01 d2 of

0 R, Fy ol FY FY 0
idl aol a% alll aoll
tr
0 R, Fpel eyt Ry 0

where the second row is now a standard resolution of R,. Hence, we can determine the corre-
sponding matrix [, € St(Q) by considering the a-matrix of e;. To do so, we proceed similarly
as in Proposition The automorphism of A2* defined by
A24 N A24
, . 5 (i 5 (i
(.., QE?}O, cee QZ(-?J, N N )\i)\jg’t('?_])'707 e Ai)\jgz('?])J? o)
induces an automorphism of the open subschemes

Uyt St(2,12) = St(2,12).
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We claim that 7, (St(Q)) = St(Q). As in the proof of Proposition we obtain a correspond-
ing automorphism

Fg: P — P
satisfying

Tg(1) = 7g()
and whose inverse morphism is 7,-1. Hence, it is enough to show that 7,(Q) = Q. Forp € Q
and i € {0,...,3} we have

ql(%g(p)) = #hi,lﬂhi,gﬂhi,gqi(p) = 07

where h; 1, h; 2, h; 3 are the 3 distinct integers in {0,...,3}\{:}. In particular, for p € Q we
have 7,(p) € @ for any g € G. Hence, the restrictions

Vg = Tglse(@): SHQ) — St(Q) and 7y := Tglo: @ — Q

are automorphisms.

Now the definition of the isomorphisms «; implies directly that [; = v4(l). Furthermore,
a lengthy calculation shows that there are invertible matrices 5,0 € GL(54,k) and 5,1 €
GL(60, k) (depending on g) such that

My (1)) = BgoM(1)Bg.1,

where M is the matrix representing the linear relations as defined before. Hence, the matrix
59—1 induces an isomorphism of vector spaces

sg: V(1) = V(vy(l)). (8.12)

Furthermore, comparing the o-matrices of d; and e;, we see that p; = s4(p) € V(v4(1)). Thus,
the (canonical) ring R, admits a standard resolution with assigned pair (v4(1), s4(p)).

Remark 8.3.1. Note that, for any g € G, we have (1) € Viensy, since the matrix v,(1) satisfies
all the open conditions from Proposition and Remark Indeed, since

a(y(D)) = o a(1)(af”) " and p(vy(1)) = af p(D)(af) 7,
we have
(i) ranka(vy(l)) = 4 and rank p(v4(1)) =8,
(ii) the module L, ;) = coker a(v,(l)) has a minimal free resolution of the form

0 < Ly, + B* < B(—1)® <= B(=3)? «- 0.

Remark 8.3.2. The previous arguments show that the multiplicative group (k*)* acts on @ via the
automorphisms 7,. Furthermore, considering the group H from Proposition[8.1.2]as a subgroup
of GG, we see that the restriction of the action to H is exactly as in Corollary

Note that for any u € k* and g € (k*)* we have Ty = Tug- Indeed, if p € Q, then

Tug(p) = NSTg(p) =T4(p) € P,

Writing every element g of the group G = (k*)3 as (Ao, A1, A2, A3) with \g = 1 and \; € k*
for ¢ > 1, we get the following result:
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Corollary 8.3.3. The torus G = (k*)3 acts on Q C P! by

GxQ—Q,

(8.13)
(9:9) = 9.q0:= 74(q)-
Moreover, we get an induced action of G on F1(Q) by setting
g9-f = g, (8.14)

where f € F1(Q) and | € St(Q) with f = [I].

Proof. Clearly, (8.13) is a morphism of algebraic varieties. It remains to show (8.14)) is inde-
pendent of the choice of the representative in St(Q). So let 1,2 € St(Q) with [I1] = [l2]. Then
there exists an element v € GL(2, k) such that [y = ul;. Then from the definition of v, we see
directly

vg(l2) = vg(uly) = uvy(ly).

Hence [v,(11)] = [v4(l2)] and (8.14) is well-defined. O

Proposition 8.3.4. Let

dtr
0 RX)« Fo & & Y S FY 0 (8.15)

be a standard resolution of R(X) with assigned pair (1, p), where | € Viensy, and p € V(I).
Moreover, let R' = R(X') be the canonical ring of another marked numerical Godeaux surface.
Let g € G, and let vy and sq be as above. If R admits a standard resolution with assigned pair
(vg(1), sg(p)), then R’ = R(X).

Proof. From the previous discussion we know that there is a ring R, isomorphic to R(X ) which
has a standard resolution with assigned pair (v4(1), s¢(p)). This implies that R’ = R, by Remark

5.2.4] and hence R(X) = R'. O
(X)

In the previous section we identified pairs (I, p) under the action of k* on V(I)\{0}. More
precisely, we concluded that it is enough to choose points in the quotient space P(V(1)). We
want to proceed in a similar way with the group action of G on F;(Q). Our aim is to define a
quotient of F7 (@) under the action of G' which is again a projective scheme and satisfies some
nice properties. As a first step we want to linearize the group action of G on F} (Q):

Definition 8.3.5 (see [New78], §4). Let GG be an algebraic group. A linearization of an action
of G on the projective scheme V' C P is a linear action of G on k! inducing the given action
on V. A linear action of G on V is an action of G together with a linearization.

Remark 8.3.6. Note that there is in general not a unique linear action of G on k"*! inducing a
given action on V' C P". For example, let G = k* which acts on V = P2 by

G x P? - P?,
()\, [to A tz]) — [)\to : )\_ltl : )\_ltz].

Then, for every ¢ € Z, the linear representation

fi: G — GL(3,k),
A= diag( AT AL AT

defines a linear action of G on k? inducing the given action on V.
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Let us now consider F;(Q) as projective subscheme of p(5)-1 — pos using the Pliicker
embedding of Gr(2,12) (which contains F(Q)). Then the action of G' on P defined by

G x P% — P9,

(g, [ I 2O NI ]) — [ S )\z)\g/\k/\%lp(z) (k) .- ]

1,7°k,m i,7k,m

(8.16)

restricts to the action of G on F1(Q) C P%. Next we want to choose a linearization of this
group action. The linear action of G’ on k% determining the ring homomorphism

k[t ® | = Kkte w ],
1,7k,m

i,5k,m

8.17
t AN, ®-17)
Dk st

T AT

induces the given action on P%5, respectively on F(Q), with A\g = 1 as before. For example,

to) 0 — —t) (0,
0,1°0,3 )\2 0,1°0,3

tay 1y = Aoty (1,
1,2°1,3 1,2°1,3

to) @ = o) @),

0,1°2,3 0,1°2,3
te) ) = Aste) @),
2,371,3 2,3°1,3
1 (8.18)
to) 2 — —to) @
0.8 Xt
tay @ = Aty @),
1,371,2 1,3°1,2

to) 2 — —sto) @
@87 whoe

After having defined a linear G-action on F;(Q) C P5°, we want to construct an appropriate
quotient scheme. This involves some notation from Geometric Invariant Theory (GIT):

8.3.1 Good and Geometric Quotients

In the following we will give a brief overview on (projective) GIT. For proofs and further details,
we refer to [New78)].

Definition 8.3.7. Let G be a reductive group acting linearly on a projective scheme V' C P”,
and let f € klto, . ..,t,] be a G-invariant homogeneous polynomial of degree > 1. Then the set

Vi={veV|f(v)#0}

is an affine open G-invariant subset of V. We say that v € V is
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(i) semi-stable for the action of G, if there exists a homogeneous polynomial f € k[zg, ..., zy]
as above with v € V7,

(ii) stable for the action of G, if for the orbit GG.v of v we have dim G.v = dim G, and if there
exists a form f as above such that G' acts on V; with closed orbits.

Let V = Proj(R) with R = k[to,...,t,]/I(V), and let R® be the graded k-algebra gen-
erated by all G-invariant homogeneous polynomials. Since G is reductive, R is a finitely
generated k-algebra by Nagata’s theorem. The inclusion R“ C R gives a rational map

V --» Proj(R%)

whose locus of indeterminacy is the closed subscheme N of V' given by the ideal Rf =
Do Rg. From the definition of a semi-stable element, we see that V'\ IV is the set of semi-
stable elements in V', and hence open. More generally, we have:

Proposition 8.3.8. The set V'*° (respectively V°) of semi-stable (respectively stable) points of
V' is a G-invariant Zariski-open subset of V.

The open set V*° is the domain of definition of the rational map V --» Proj(R%). Note that
the sets 1% or V* may be empty.

Example 8.3.9. Being semi-stable depends in general on the choice of the linearization of the
action of . Let us consider again the action of G = k* on V = P? from Remark For the
linear action induced by f» there exists no non-constant G-invariant polynomial. Hence R® = k
and V** = (). For the representation fo however, one can easily compute that R = k[tot1, tots)].
Hence Proj(R%) = P! and

V3 ={v=[vg:v1:v2] € P2 | vov1 # 0 or vguve # 0}.

Let us now introduce the notion of good and geometric quotients:

Definition 8.3.10. Let V' C P" and G be as in Definition[8.3.7] and let W be a scheme. We call
amorphism7: V — W a
(1) good quotient of V by G if

(1) 7 is G-invariant, that means 7 is G-equivariant, where G acts trivially on W,

(ii)  is affine and surjective,

(iii) for any affine open subscheme U C W, the induced homomorphism
o) — O(xH(U)“

is an isomorphism,
(iv) if Y is a closed G-invariant subset of V, then 7(Y") is closed in W,
(v) if Y7,Y2 C V are disjoint closed G-invariant subsets, then 7(Y7) N w(Y3) = 0;

(2) geometric quotient of V by G, if it is a good quotient and an orbit space, that means for any
w € W the fibre 7~ (w) is a single G-orbit.

Since any fibre of 7 as in the previous definition is closed, a geometric quotient has the
nice property that every orbit of GG is closed and that the orbits are separated in the quotient.
Unfortunately, not any projective scheme admits a good or a geometric quotient. Restricting to
the open subsets of semi-stable or stable points however, we get one of the central results in
geometric invariant theory:
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Theorem 8.3.11 (Mumford). Let V' C P™ and G be as in Definition|[8.3.7} Then
(i) there exists a good quotient w: V%5 — W and W is projective,

(ii) there exists an open subset W* of W such that 7=(W?*) = V' and W* is a geometric
quotient of V°,

(iii) for vy,vy € V' we have w(v1) = m(v2) if and only if G.vy N G.vg # ),
(iv) an element v € V*° is stable if and only if dim G.v = dim G and G.v is closed in V'*°.

For W = Proj(R%), the restriction 7|yss: V% — T satisfies all the properties of a good
quotient. In the following we denote a good quotient of V*° by V*¢ J G, whereas we denote
a geometric quotient of V* by V*¥/G. Let us summarize the previous results in the following
diagram:

Ve C Vs C 1%
geometricl goodl :
Ve/G  C V)G = Proj(R%)

The theorem shows that the set V%% (respectively V*) plays a central role in finding a good (re-
spectively geometric) quotient. Determining the set of (semi-)stable elements of V' is in general
a difficult problem. Fortunately, the Hilbert-Mumford Criterion gives a numerical criterion for
(semi-)stability depending on 1-parameter subgroups:

Definition 8.3.12. A 1-parameter subgroup of G is a non-trivial homomorphism o : k* — G of
algebraic groups.

Let V' C P™ and G be as above. Note that a 1-parameter subgroup o : k* — G together with
the linear representation G — GL(n + 1, k) induces a linear action of k* on k"*! which can be
diagonalized. That means there exists a basis e, . . . , e, of k”*! such that for all A € k*

)\.ei = )\miei

for some m; € Z. Now let v € P, and let o = ), v;e; be a lift to k"1, Then for A € k* we
have

Ao =0(N).0 =) ANTue.

Definition 8.3.13. With the notation as above, the Hilbert-Mumford index of v and o is
p(v, o) = max{—m; | v; # 0}.

Note that this is well-defined since the right-hand side is independent of the chosen lift of v
and of the basis of k"1

Theorem 8.3.14 (Hilbert-Mumford criterion). Let V' C P™ be a projective scheme on which the
reductive group G acts linearly, and let v € V. Then

(i) v is semi-stable if and only if (v, o) > 0 for every 1-parameter subgroup o of G,

(ii) v is stable if and only if p(v, o) > 0 for every 1-parameter subgroup o of G.
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Now we apply the previous statements to the projective scheme F;(Q) C P on which
the reductive group G = (k*)? acts linearly as defined in (8.17). We want to show that, with
the chosen linearization, F}(Q)® is not empty. Let F}(Q) = Proj(B). The following two
statements rely on some computational results which will be verified in Chapter [T1]

Lemma 8.3.15. The open set of semi-stable elements Fy(Q)** is not empty.
Proof. Recall that a point v € Fj(Q) is semi-stable if there exists a non-constant form f in

BY such that f(v) # 0. From (8.I8) we see that f = t() (2 is a non-constant G-invariant

0,12,3

polynomial in k[t ) ]. Furthermore, by an explicit computation in Chapter |11} we will see
i,7°k,m
that there are points in F(Q) having a non-zero ¢ (2)-coordinate. This implies that f is not

0,1°2,3
contained in the defining ideal of F}(Q) and thus, f € BY is non-zero. Hence, any element in
the non-empty open set

Fi(Q) N Dyt 2)

0,1°2,3
is semi-stable. O
To show the existence of stable points in F(Q) we use the Hilbert-Mumford criterion.

Lemma 8.3.16. The open set of stable elements F(Q)® is not empty.

Proof. Any 1-parameter subgroup o : k* — G = (k*)3 maps an element ) to a diagonal matrix
diag(A\®, A2, \93), where a; € Z are not all zero. Now let v € F(Q), and let & € k% be a lift
of v considered with respect to the canonical basis of k%. Then, using (8.18) again, we get

AT =0(A)( 500 @5+ V(0) @5+ -5 V(0) 2)5++5V0) (2
0,170,3 0,1:0,2 0,1:2,3 0,370,2
YU ()55 V) @), V) (3, )
1,2°1,3 1,371,2 2,3°1,3
_ —a —2a 0 —2a
= (-, AT200) )5 ATEBV0) 250 A V0) @545 A V() (2)5
0,1°0,3 0,1°0,2 0,1°2,3 0,3°0,2
a a Qac
S AUy (1), -, A0 254 ABUE) @35 0).
1,21,3 1,31,2 2,3:1,3

Thus, if v € F1(Q) N D+ (to) 0 to @t @to mta) @te @), then

0,1°0,3 0,1°0,2 0,3°0,2 1,2°1,3 1,3'1,2 2,3°1,3
p(v, o) > max{asg, 2as, 2a1, —ag, —ai, —asz} >0

since at least one of the integers a; is non-zero. Hence,

Fi(Q)n D+(t<o> 0to) @t @t ot ote ) C F1(Q)°

0,1°0,3 0,1°0,2 0,3°0,2 1,2°1,3 1,3’1,2 2,3°1,3

and we will verify computationally in Chapter [I 1] that the open set on the left-hand side is non-
empty. 0

Let us now assume that F; (Q) is irreducible as the computation of BERTINI suggests. Other-
wise, we replace F1(Q) by an irreducible 8-dimensional component.

Theorem 8.3.17. The quasi-projective scheme F1(Q)*/G is a geometric quotient of F1(Q)® of
expected dimension dim F(Q)® — dim G = 5.

Proof. Letm: F1(Q)* — F1(Q)*® // G be the good quotient of F'; (Q))**, where 7 is the restric-
tion of the rational map Fi (Q) --+ Proj(B%), and F;(Q) = Proj(B) as before. Furthermore,
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let us denote the geometric quotient by 7 : F1(Q)° — F1(Q)°/G, where 75 = |, (g)s. From
the previous two lemmas we know that the sets F;(Q)*° and F}(Q)® are not empty. It remains
to show that the geometric quotient has the expected dimension. Let v € F;(Q)® be arbitrary.
Then the orbit G.v is closed in F1(Q)*, dim G.v = dim G and 7, ! (75(v)) = G.v. Hence every
fibre of the geometric quotient 75: F1(Q)® — F1(Q)®/G has constant dimension 3. Thus, using
the properties of a geometric quotient from Definition [8.3.10] we get

dim F1(Q)*/G = dim F1(Q)® — dim G = dim F;(Q) — 3 = 5.

Note that this implies also that dim F1(Q)*® / G = 5. Indeed, by Theorem [8.3.11] (i), the
(irreducible) scheme F(Q)** / G contains the 5-dimensional open subset F(Q)°/G. Thus
dim F1(Q)** J G = 5. O

8.4 Standard Resolutions and Torsion Groups

After having studied standard resolutions of R(X) and their algebraic properties in detail, we
will now focus on the geometric side again. In this section we see how the torsion group Tors X
of a marked numerical Godeaux surface X is determined by a standard resolution of R(X).
Recall from Lemma that there is the following connection between the torsion group
Tors X and the number b of base points of [3K x|

(1) Tors X =0 if and only if b = 0,
(ii) Tors X = 7Z/3Z if and only if b = 1,
(iii) Tors X = Z/5Z if and only if b = 2.
Furthermore, recall that we have a commutative diagram of birational morphisms

™

X Xecan
¢ @
Y
where ¢ is the morphism defined by the global sections zq, 1, Yo, - - . , y3. Thus, any base point

P of |3K x| is mapped to a point (pp : p1 : 0: 0: 0: 0) € Y under ¢. Furthermore, any point in
X (respectively X.4y,) lying over such a point (pg : p1 : 0: 0: 0:0) € Y must be a base point
of |3K x| (respectively |3Kx,,,|). Recall that Y = Proj(S/Iy), where Iy = anng R(X).
Then, since

Vanng(R(X)) = 1/(8 x 8 minors of dy),

we deduce that a point p € P(22,3%) is contained in Y if and only if all maximal minors of
dy vanish at p. Hence, using this and the characterization above, we get the following criterion
relating minimal free resolutions and torsion groups:

Proposition 8.4.1. Let
d1 d2 v A7 Ly
0 R(X) Fy«— F1 <= F)' «— F) <0

be a minimal free resolution of R(X). Let dy = dy ® S/(yo, . .., ys) which we consider as a
B = k[xo, z1]-module, and let Ig be the ideal generated by the 8 x 8 minors of dy. Then
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(i) Tors X = 0 if and only if V (Ig) = 0,
(ii) Tors X = Z/37Z if and only if V(Ig) = {p} C P,
(iii) Tors X = Z/5Z if and only ifV(Ig) = {p,q} CPL withp # q.

Proof. Part (i) is immediate from the previous arguments. To prove part (i7) and (7i), it remains
to show that in the case Tors X = 7Z/5Z the two distinct base points P and () of [3K x| are
mapped to distinct points p = (pp : p1 : 0:0:0:0)andg = (g0 :¢q1 : 0:0:0:0)inY,
or equivalently that (po : p1) # (go : ¢1) € PL. But from the description of the base points of
|3K x| in Remark [3.1.6] we know that P and () are contained in two distinct divisors of |2K x|
which shows the claim. O

Given a standard resolution of the canonical ring of a marked numerical Godeaux surface X,
the last statement gives an easy criterion to determine the torsion group of X. However, from
a constructional point of view, we are interested in conditions which we can impose a priori on
the system djds = 0 and which result then in numerical Godeaux surfaces with a fixed torsion
group. We will see that the matrices a and e of a standard resolution play a central role for these
conditions. To begin with, we establish a relation between the matrix ¢ and the torsion group of
X.

Lemma 8.4.2. Let
dtr
0 RX)«+ B & P& ECFY 0

be a standard resolution of R(X) with assigned matrix | € St(Q). If there is a point p € P!
such that all 3 x 3 minors of e(l) vanish at p, then Tors X = Z/3Z or Tors X = Z/5Z. In
particular, if there are two different points p,q € P' at which all 3 x 3 minors of ¢(l) vanish,
then Tors X = Z/5Z.

Proof. Letp = (po : p1) € P! be a point at which all 3 x 3 minors of ¢(I) vanish. The first part
of the statement will follow from the previous proposition once we show that p € V' (Ig). For
this, recall that p € V(Ig) if and only if all 8 X 8 minors of the matrix

* 0 *
di = a(l) 0 c(l,p)
0 e(l) 0

vanish at p. But every 8 x 8 minor of d; is a product of a 3 x 3 minor of the matrix e(l) with
some other polynomial, and thus every 8 x 8 minor of d; vanishes at p. The second part follows
now directly from Proposition [8.4.1] O

The statement above gives a sufficient condition for the torsion group to be non-trivial. To turn
this into a usable criterion, we would need to show that this condition is also necessary. Even
though we have so far not accomplished this, we believe that this is true for various reasons.
First recall that numerical Godeaux surfaces having torsion group Z/57Z have been completely
described due to the work of Godeaux, Miyaoka and Reid and that there is an 8-dimensional
irreducible family of such surfaces. Later we will study the canonical ring of a general element
X of this family and we will see that X is a marked numerical Godeaux surface. Furthermore,
we are able to give the first syzygy matrix of a minimal free resolution of R(X) as an S-module
depending on the parameters describing the 8-dimensional family. We will see that, independent
of the parameters, the maximal minors of the matrix ¢ vanish at exactly two points. Hence, for
the (classical) Godeaux surfaces the converse of Lemma [8.4.2holds.
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For the 8-dimensional family of numerical Godeaux surfaces with torsion group Z/3Z we
proceed similarly. We first describe the canonical ring with respect to the parameters and com-
pute then explicit examples. We will see that there are marked numerical Godeaux surfaces with
a torsion group Z/3Z and that the computed examples satisfy the converse of Lemma
Having this in mind, we can formulate the following conjecture:

Conjecture 8.4.3. Let X be a marked numerical Godeaux surface, and let

dtr
0 RX)«+ Fp <& P & F S FY 0

be any minimal free resolution of R(X). Then Tors X = 0 if any only if the maximal minors of
the e-matrix of dy have an empty vanishing locus in P'.

Remark 8.4.4. Note that if the condition on the maximal minors of the matrix ¢ holds for one
minimal free resolution of R(X), then it is satisfied for any minimal free resolution and in
particular also for a standard resolution of R(X).

If true, this conjecture gives a direct way of proving the following nice relation between the
torsion group of X and the open set Viengy, € St(Q):

Proposition 8.4.5. Let X be a marked numerical Godeaux surface, and let

dtr
0 RX)«+ Fp <& P &P EFY 0

be a standard resolution of the canonical ring R(X) with assigned matrix | € St(Q). Ifl €
Veensyz then Tors X = 0.

Before giving the proof, we need a result relating the minors of the matrices a and ¢. With the
help of SINGULAR we compute:

Corollary 8.4.6. Let m;(a) be the ideal generated by the i x i minors of a, and let m;(¢) be the
ideal generated by the j X j minors of ¢. Then

V(m3(a)) NQ C V(ms(e) NQ C V(ma(a)) NQ C P

In particular, for any matrix [ € St(Q) we have

V(ms(a(l))) € V(ms(e(l))) €V (ma(a(l))) C P (8.19)

Proof of Proposition[S.4.5] By the choice of the open set Vyensy, in Proposition [7.4.6] the condi-
tion ! € Vigensy, implies that the 4 x 4 minors of the matrix a({) define the empty set in P*. Hence,
from the inclusions of the vanishing loci in (8:19), we deduce that V (m3(e(1))) is empty. The
claim follows then from Conjecture [8.4.3] O
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Recall that for a matrix [ € St(Q) with rank(a(l)) = 4, the module L; = coker a(l) has a
minimal free resolution of the form

0« L; + B* « B(—1)"m0) ® 0 (8.20)

with 0 < m(l) < 2. In Lemma we will show that Tors X = Z/57Z implies that
rank(a(l)) = 4 and m(l) = 0. Furthermore, we will see in Lemma that for numeri-
cal Godeaux surfaces having torsion group Tors X = Z/3Z, we have m(l) < 1. Hence, if
m(l) = 2, then Tors X = 0. Relying on these results, we can give an alternative proof of
Proposition [8.4.5] without assuming Conjecture [8.4.3}

Proof of Proposition I1. For any | € Vengy, the module L; has a minimal free resolution
of type

0 L « B* &Y B(-1)8 « B(-3)? 0.

Hence, m(l) = 2 for any I € Vgensy, and the statement follows from the discussion above.  [J

8.5 Counting the Number of Moduli

In Chapter 7 we have presented a method to construct standard resolutions. The aim of this
section is to put this construction and the individual results from the last sections together, to
obtain an 8-dimensional family of marked numerical Godeaux surfaces having a trivial torsion
group. To do this, we assume that we can compute one marked numerical Godeaux surface
having a trivial torsion group via this construction. The existence of such an example will be
verified in Chapter

To begin with, let us briefly recall some results on the moduli space of surfaces of general
type and the number of moduli.

Theorem 8.5.1 (Gieseker). There exists a quasi-projective coarse moduli space M, for sur-
faces of general type with K? = a and x = b.

Let X be a minimal surface of general type. In the introduction we have seen that K2 =
x(Ox) = 1if and only if K% = 1 and p,(X) = q(X) = 0. Hence the space 9; 1 is a coarse
moduli space for numerical Godeaux surfaces.

Definition 8.5.2. Let X be a minimal surface of general type with K% = a and x(Ox) = b.
The number of moduli of X, denoted by m(X), is the local dimension of the moduli space of
9, at the isomorphism class [ X] corresponding to X.

There exist an upper and a lower bound for the number of moduli of X in terms of the tangent
sheaf of X:
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Proposition 8.5.3. Let X be a minimal surface of general type, and let Tx denote the tangent
sheaf of X. Then

h (X, Tx) > m(X) > h' (X, Tx) — h*(X, Tx) > 10x — 2K%.
Proof. See [[Cat84]], (1.11). O
Applying this to a numerical Godeaux surface we get:
Corollary 8.5.4. Let X be a numerical Godeaux surface. Then m(X) > 8.

In Chapter [TT] we will compute an explicit example of a torsion-free numerical Godeaux
surface with properties as follows:

Theorem 8.5.5. There exists a marked numerical Godeaux surface X satisfying:

(i) The canonical ring R(X) has a standard resolution with assigned pair (l,p) satisfying
l e ‘/gensyz» [l] € Fl(Q)S and p € V(l) = k.

(ii) Tors X = 0.
(iii) The birational model Y C P(22,3%) of Xcan = Proj(R(X)) is smooth. Hence,

X =2 Xen 2Y.

(iv) There are no hyperelliptic fibres in the bicanonical system |2K x|.

In particular, this surface is different from the other existing explicit examples of torsion-free
numerical Godeaux surfaces due to Barlow and Craighero-Gattazzo, respectively.

After replacing Fi(Q) by an irreducible component if necessary, we assume from now on that
F1(Q) is 8-dimensional and irreducible.

In the last chapters we have seen that the canonical ring of any marked numerical Godeaux
surface admits a standard resolution and that we can assign a matrix [ € St(() and a point
p € V(1) to any such surface. Now let

Nmin = min{dimg V(1) | there exists a torsion-free marked numerical Godeaux surface X

having an assigned matrix | € Viensy, With [[] € F1(Q)*} — 1.

From Theorem@]we know that the set on the right-hand side is non-empty and that n,i, < 3.
Furthermore, since the Betti numbers are upper semi-continuous, there exists a non-empty open
subset Vinin € Viensyz such that for all [ € Vinin we have dimy (V(1)) = nmin + 1.

For every | € Vi, the vector space V(1) is a sub-vector space of (B(—2)%)3 = k!?Y of
dimension nni, + 1. Hence, we obtain a map

Vinin — Gr(nmin + 1, 120)

sending [ to V(1). Then the pull-back E’ of the universal subbundle on Gr(nmyin + 1,120) is a
vector bundle on Vi, of rank ny,in + 1 with (E'); = V(1) for any | € Vipiy.

In particular, we can consider a pair (, p), with [ € Vi, from now on as a point in E’, and

call this point admissible, if (I, p) is admissible. Furthermore, since all conditions of Theorem

.0.2| are open conditions, the existence of one admissible pair shows that there exists a non-
empty open subset in £’ of admissible points.
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Recall from Section that being admissible is invariant under the action of GL(2,k) on
St(Q), and invariant under the action of k* on V(1)\{0} for a given admissible matrix [ € Viyip.
Having this in mind, we will use E’ to construct a P"=in-bundle over some open subscheme of
F1(Q) whose fibres are isomorphic to the projective spaces P(V(1)) for [ € Vipin. Let

™ St(2,12) — Gr(2,12)

be the quotient morphism as before. Let I € I' = {J C {0,...,11} | |J| = 2}, and let
[ € St(2,12). In the following we call the 2 x 2 submatrix of [ whose columns are given by the
set I, the Ith submatrix of [, and its determinant the Ith minor of {. For I € T, the sets

Vi = {l € St(2,12) | the Ith minor of [ is non-zero}

form an open cover of St(2,12). The images U; := 7w(V7) form the (standard) open cover of
Gr(2, 12) as considered in the previous section. Furthermore, recall that every point in Uy has a
unique representative in V; whose /th submatrix is the unit matrix. Now let U 1 =UrNFi(Q)
and V; = V; N St(Q). Then, for any I € T, there exists a unique smooth section

U[iﬁ]-)f/[

which maps a point in U7 to its unique representative in V7 introduced above. After replacing
Vin With a smaller open subset if necessary, we may assume that Vi, C 171 for some I € I.
Let Upin € F1(Q) be the inverse image of Vi;, under o;. Then the pull-back of E’ under the
map oy gives a vector bundle on Up, of rank npyiy, + 1. Then B = P(U}E’ ) is the desired
P"min_bundle over Upyip.

Proposition 8.5.6. The minimal dimension is nyin = 3. Moreover, there exists an open sub-
set Unoduli Of the P3-bundle E parametrizing an 8-dimensional family of numerical Godeaux
surfaces with a trivial torsion group.

Proof. By the definition of the open set Vi and the integer nn,i, there exists a marked numer-
ical Godeaux surface X having an assigned pair (I, p) with [ € Vi, (respectively [[] € Upin)
and p € V(I). Let v denote the corresponding point in £. Now since all the conditions from
Theorem are open, there exists a non-empty open subset Upoquii C F whose points define
standard resolutions of the canonical ring of (marked) numerical Godeaux surfaces, and hence
(marked) numerical Godeaux surfaces. Furthermore, from Proposition [8.4.5| we know that all
these surfaces have a trivial torsion group. Hence we obtain a family of torsion-free numerical
Godeaux surfaces parametrized by the (irreducible) open set Upoquii- NOW let us compute the
dimension of this family. First we have

dim Upoquii = dim E = dim Upin 4+ Pomin = 8 + Nmin-

The dimension of the corresponding family of torsion-free numerical Godeaux surfaces is how-
ever lower since we also have to take the action of the 3-dimensional algebraic group G = (k*)3
on F1(Q) into account as explained in Section From the definition of the open set Uy, and
(8.12), we deduce that Uyy;y, is G-invariant. Hence, our constructed family of numerical Godeaux
surfaces has (at most) dimension 8 4+ nyin — 3 = 5 4+ npin. Now let us suppose that ny,;, < 3.
Then we obtain an open neighborhood of [X] € 91, ; of dimension 5 + nyi, < 8 which is a
contradiction to m(X) > 8 by Corollary Hence ngyin, = 3, and F is a P3-bundle con-
taining the open set Upoquii Which parametrizes an 8-dimensional family of numerical Godeaux
surfaces with Tors X = 0. ]






9 Standard Resolutions and the Families
with Non-Trivial Torsion

Throughout this chapter we assume that k = C.

In this chapter we study numerical Godeaux surfaces having a non-trivial torsion group whose
order is odd, that means numerical Godeaux surfaces with torsion groups isomorphic to Z/37Z
or to Z/5Z. These surfaces have been explicitly described and, in both cases, they fill up an
8-dimensional, irreducible component of the moduli space of numerical Godeaux surfaces due
to the results of Godeaux, Reid and Miyaoka (see [Rei78], [Reil], [Miy76])). For each family, we
show how the canonical ring R(X) of a general element X of the family fits into our set-up. In
particular, we will prove that the general element X of the family of surfaces with torsion group
Z/5Z is a marked numerical Godeaux surface.

9.1 The Family of Z/57Z-Godeaux Surfaces

In this section we first recall the original construction due to Godeaux and then state the descrip-
tion of numerical Godeaux surfaces with Tors X = Z /57 by Miyaoka (see [Miy76]]) and Reid
(see [Re178]).

Construction 9.1.1 (Godeaux). Let £ be a primitive fifth root of unity. We define an action of
G = 7/5Z on P} by

(ut,...,uq)
(w1, un, ug, ug) — (Eur, E2us, E3ug, Euy).

Let Y be the Fermat quintic defined by the form uf + u3 + u3 +uj. Then Y is a smooth surface
with K2 = 5, py(Y) = 4 and ¢(Y) = 0. Furthermore, Y is G-invariant and does not contain
the 4 fixed points of the group action. Hence G acts freely on Y and the surface X = Y/G is
smooth with K% = 1 and py(X) = ¢(X) = 0. Moreover, Tors X = m(X) = Z/5Z, where
71(X) is the topological fundamental group of X.

This construction is the basis for a general definition:

Definition 9.1.2 (See [Miy76]], Section 5). Let Y’ be a normal quintic surface in P? with only a
finite number of rational double points. Assume that the cyclic group G = Z/5Z acts freely on
Y. Then the minimal nonsingular model X of Y’ /G is called a Godeaux surface.

The following statement gives a complete classification of Godeaux surfaces and relates them
to numerical Godeaux surfaces:

Theorem 9.1.3. Let X be a numerical Godeaux surface. Then the following conditions are
equivalent:

(i) X is a Godeaux surface,

(ii) m(X) = Z/5Z,
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(iii) Tors X =2 7 /57,
(iv) |3K x| has two base points,
(v) P13y |(X) is a hypersurface of degree 7 in P3.
Proof. See [Miy76], Theorem 4. OJ
Next we state a result on the moduli space of Godeaux surfaces:

Theorem 9.1.4. The moduli space of Godeaux surfaces is a normal unirational variety. It is a
quotient space of a Zariski open subset of A% by a finite group.

Proof. See [Miy76], Theorem 5. O]

In his proof, Miyaoka characterized the normal quintic surfaces Y’ C P2 from Definition
[0.1.2] on which G acts freely as in Construction[9.1.1] In the following, we will briefly sketch
his proof. Let f be the defining equation of Y. Since G acts on Y’ without fixed points, we can
assume that, after a suitable linear change of coordinates on P3, the polynomial f is of the form

5 5 5 5
f=ul +uy+uz+ug+....
The 8 monomials
3 3 3 3,22 2, 2 2 2 2,2
UTUIUL, UTUSUS, U2UIU4, U U2UY, UT U4, UTU2UT, USU3UY, U USUY 9.1

are all the other G-invariant monomials of degree 5. Hence a general surface Y is given by the
G-invariant polynomial

f=fe=ul +ud +u} +uj + coubuzug + cruruius + couguiug + czugugu ©2)
+ 04u%u%u4 + cmﬁt@u% + c(;u%u;gui + 07u1u§ui

with ¢ = (co, ..., c7)!" € A®. Since having at most rational double points is an open condition,
there exists an open subset of A® yielding surfaces as described in Definition Now let f, f’
be two quintic polynomials as in (9.2) such that, for W = V(f) and W' = V(f’), we have

W/G=W'/G.

Then there exists an automorphism v € Aut(P?) and an element g € G (inducing an automor-
phism of P) such that
Y(W)=~(W)andyog=g"oy 93)

for some n € {1,2,3,4}. The claim follows then from the fact that the automorphisms of P3
fulfilling (9.3) form a finite subgroup of Aut(P?).

Next we consider the canonical ring of a Godeaux surface X. So let Y’ be a quintic surface
defined by a G-invariant polynomial f as in (9.2) such that X = Y’ /G. Then
R(X) = R(Y")%,

where R(Y”) is the canonical ring of the surface Y. We will now give a set of algebra generators
for R(X) which is independent of the choice of the parameter ¢ € A®. By the definition of the

group action, a monomial u{* ug?us*uy* € kluy, ..., u4] is G-invariant if and only if

a1 + 2a9 + 3az + 4a4 =0 mod 5.
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Using this characterization, we compute (either by hand or with the help of a computer algebra
system) a basis for all G-invariant homogeneous polynomials up to degree 5:

degree | basis for the invariants algebra generators for R“
2 UIU4, U2U3 U1Uyg, U2U3
3 'U/Q'LL?L, u%u;;, u%u;g, ulu% UQUZ, U§U4, u%u?,, ulu%
4 u%ui, ULU2U3U4, u%u%, ugU4, u;;ui, ulug, u:qu U%U4, u;:,u?l, ulug, 'U;:%UQ
5 u3, u3, ud, uf, 8 forms from (@) ul, u3, uj
Let S be the positively graded k-algebra k[xq, x1,v0, - . ., Y3, 20, - - - , 23, Wo, W1, wo] as defined

before and consider the ring homomorphism

n: S — kluy, ug, us, uql/(f),
2 2
To > ULU4, T1 > UU3, Yo H> UUY, - - -, Y3 > UIUS, 9.4)

3 3 5 5 5
20 7 UgUg, - - -, 3 F2 UTU2, WO F7 Uy, W1 > Us, W2 H> Ug,

which sends the algebra generators of S to the G-invariant polynomials in the right column of
the table above. Let I be the kernel of this homomorphism. Then R(X) = S /I and Proj(S/I)
is the canonical model of X.

Next we will consider R(X) as an S-module, being generated by the elements
17 205 .-y 23, W, W1, W2.

In the following we present a minimal generating set of the S-linear relations between the chosen
module generators of R(X) (depending on ¢ € A®). This allows us to completely determine the
first syzygy matrix d; of a minimal free resolution of R(X) as an S-module. Note that a relation
in R(X) is simply an element of the kernel of 7. For example, we have:

2 2 3
n(Yoys — To20) = ugujuiuy — urususuy = 0,

2 5,2

2, 2 3
n(yoyl - .’ElZl) = U2UL4U3UL — U2UIUIUY = O’
2 5
n(x120 — y1w2) = uyuzug — uzuzug = 0, 9.5)

"7(0195%2/3 + 0233%341 + c3y321 + (cay2 + cey1) 20 + (cs5y3 + cryo)z2 + (coy1 + y2)23
+ l‘l(wo + wi + wg)) = wuousgf = 0.

Note that the relations in the first three rows do not depend on the choice of the parameters
co,.--,c7 €k

From the description of the minimal free resolution of R(.X) in Chapter 3, we know that there
are 6 S-linear relations of degree 6. Hence, it is enough to find 6 relations of this degree which
are linearly independent. The columns of the following matrix represent relations between the
chosen module generators:
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Yoy1  YoY2 — TIT1  YoYs Yive YiYs — ToTT  Yoys

20
21
22

23

—Xg
—T1
—X

—I

Wo
w1

w2

Moreover, the columns are clearly linearly independent. Note that the relations do not depend
on the parameters.

Now for degree 7 we find 12 linearly independent relations which we represent in the follow-

ing matrices:

1 —95%90 —ToT1Y3 —!ﬁ%yl —Z0oT1Y0

20 Y1 Y2 Y3

Z1 Yo Y2 Y3

z2

z3

wo —X1

w1

w2 —Xo

1| —zomiyn —xlys  —adys —xomiy2  1Tiys + caaiy
20 c4Y2 + CeY1
21 C3Y3

z2 Yo Y1 Y3 cs5Y3 + ¢ryo
23 Yo Y1 coy1 + 2
wo —X0 I

w1 X1

[y T

As a last step we determine also 8 S-linear relations of degree 8 which are linearly independent
and which do not result from the relations of degree 6. The following matrix shows one possible
choice for such relations:
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1 T1y; Ty Toyd ha he

20 a:% 041'(2) + Cc1x0x1

21 x% c3roT1 + %x% crToT1 + 023:%

z92 SU% 6013(2) + c5x021

z3 CC%

Wo —Y2 —Y3 Y1 Yo + C3Y3

w1 —Y3 —Yo 2% + 1 Yo

w2 | —Y1 —Y2 Y1 Yo
where

hi = crmoyi + ToYs + caToy1ys + C1IT1Y1Y3,
and
hy = cer1Yg + CoToYoy2 + C5TOY1Y3-

Putting the single matrices together, we obtain a first syzygy matrix d; of R(X).

Next let us draw some conclusions from these technical computations. First we note that the

matrix d; = d; ® S /(x0,x1) is independent of all parameters co, . . ., ¢7. Furthermore, we have
anny(coker di) = {po,...,p3}, (9.6)
where po, . . ., p3 are the 4 coordinate points of P2 as in Chapter 6. Hence the canonical model

Xean = Proj(R(X)) C IP(22,3%, 4%, 53) contains 4 distinct points whose x;-coordinates vanish.
Now using the fact that the fixed part F' of |2K x| is zero for any Godeaux surface (see Remark
6.2.2)), we get the following result:

Proposition 9.1.5. Any element of the 8-dimensional family of Godeaux surfaces is a marked
numerical Godeaux surface.

In particular, the canonical ring of any element of this 8-dimensional family admits a standard
resolution. Now we will consider the a-matrix @ of d;. Since we have only determined the first
syzygy matrix, we cannot assign a matrix [ € St(() to a. But since the rank of the a-matrix and
the Betti numbers of the corresponding module are the same in any minimal free resolution of
R(X), we obtain the following result:

Lemma 9.1.6. Let X be a Godeaux surface, and let

dtr
0 RX)+ Fp <& 7 &R EFY 0 (9.7)

be a minimal free resolution of R(X) as an S-module with a-matrix a. Then rank(a) = 4 and
L = coker a has a minimal free resolution of the form

0+« L+ B*« B(-1)* «0,

where B = k|xo, x1] as before. In particular, if (9.7) is a standard resolution with a = a(l) for
some | € St(Q), then | ¢ Vgensyz, where Viengy, is the open set of St(QQ) defined in Proposition
7.4.6

Proof. 1t is enough to show this statement for the a-matrix @ of the syzygy matrix d; defined
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above. Then

0O 0 —z¢ O O O
_ —x1 0 O 0O 0 O
a pry
0O 0 0 —x9g 0 O
0O 0 0 0 0 —m
and all statements are immediate. O

We end this section by showing that the reverse of the second statement of Lemma [8.4.2] is
true:

Lemma 9.1.7. Let X be a Godeaux surface, and let

dtr'
0 RX) R & Rn& S FY o

be a minimal free resolution of R(X) as an S-module with e-matrix é. Then the 3 X 3 minors of
& vanish at two distinct points p, q € P".

Proof. As before, we may assume that d; is the matrix defined above. But then
N (o2 2
ms(€) = (z51, wori) € B,

where m3(€) is the ideal generated by the 3 x 3 minors of é. Thus, the corresponding vanishing
locus contains the points p = (0 : 1) and ¢ = (1 : 0). O

9.2 The Family of Z/3Z-Godeaux Surfaces

In this section we consider the family of numerical Godeaux surfaces having a torsion group
isomorphic to Z/3Z. Reid showed that the moduli space of these surfaces is 8-dimensional and
irreducible. As before, the idea is to start with a covering surface corresponding to the torsion
group: Take a covering surface of general type Y with invariants K% =3,pg=2andqg =0
on which the cyclic group Z/3Z acts freely, then Y/G is a numerical Godeaux surface X with
Tors X = Z/37Z (see [Rei78]). In the following we will briefly present a refined construction
by Reid using unprojection (see [Reil3bl). For further details on this method and the theory of
unprojections, we refer to [Reil3bl], [Rei00] and [CU16].

Let P = P(13,23,3%) be the weighted projective space with coordinates u;, v;,; for i =
0,1, 2, and let o be the permutation (012) € Ss. Then o acts on the coordinates of IP by

01 Ui = Ug (), Vi 7 Ug(s), t; — tg(i)

which induces an action of G = 7Z/37Z on P. Given a weighted homogeneous polynomial
f € Kklug, vi, t;] we will simply write o(f) for the polynomial f (i), Vs (i), to(;)) and call the
set {f,o(f),a%(f)} the orbit of f.

Now consider the three weighted homogeneous polynomials

fo = —uoto + v1ve — rourus,
go = —votg + r1ugv1 + ULV + SULU2,

ho = —tits + 7“01)8 + sugvg + rlrgu%,
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where 7( is a general weighted homogeneous polynomial of degree 2 with orbit {rg,r1, 72}
and s is a general G-invariant weighted homogeneous polynomial of degree 3. Furthermore, let
W C P be the 4-dimensional variety defined by

fo, f1 = a(fo), f2 = a(f1), 90,91 = 0(90), 92 = 0(g1), ho, h1 = o (ho), ha = o (h1).

Theorem 9.2.1. Let Y C P be the surface obtained by intersecting W with the G-invariant
linear subspace {ug +u1 + us = tg +t1 +ta = 0}. Then Y C P(12,23,3%) is a canonical
surface with pg = 2, K%/ = 3.

Proof. See [Reil3b], Theorem 1.1(A). L]

Furthermore, Reid showed that for general choices of r; and s, the surface Y is smooth and
irreducible and the action of G on Y is fixed point free. Hence, X = Y/G is a numerical
Godeaux surface with Tors X = 7Z/3Z. In the following, we refer to such surfaces simply as
Z/3Z-Godeaux surfaces. Coughlan and Urzua restated Reid’s result as follows:

Proposition 9.2.2. The coarse moduli space of 7./ 3Z-Godeaux surfaces is irreducible and uni-
rational of dimension 8. It is covered by the 9-dimensional parameter space given by the follow-
ing forms for r; and s

2 2
T = a11ui + ajpuiug + axus + bovg + bivr, 1 = o(rg), r2 = o(r1),
s = co(udur + utug + udug) + c3(ugug + utug + uius)
+ da(ugvy + u1ve + ugv) + ds(ugva + uivg + ugvy).

Proof. See [CU16], Proposition 2.2. OJ

Now let

R(Y) - k[“o,u17v07v17v27t07t1]/(f0a fla f2790791792a h07 h17 h2)a

where we have substituted uo by —ug — uy and ¢ by —tg — ¢1. The results of Reid show that
R(Y)% is the canonical ring of a Z/3Z-Godeaux surface X. Now we determine a set of algebra
generators of R(X) = R(Y)€ depending on ay1, a12, ags, by, by, ca, 3, da, ds. To do this, we
first compute generating sets for all G-invariant homogeneous polynomials of R(Y") up to degree
5 and then use the forms defining Y to decide which of the elements are needed for a minimal
set of algebra generators. Unfortunately, these computations are not as straightforward as in the
case of the Z/5Z-Godeaux surfaces.

Since there are no relations in R(Y") of degree < 3 we compute (either by hand or using
SINGULAR) that the polynomials

0o = vo + v1 + v2,
2 2
01 = ugp + uour + uy
form a basis for the invariants of degree 2, and that
Y0 = U1V — UVl — ULV1 + UQV2,
Y1 = UoVo + ULV — UpV1 — ULV2,

2 2
Yo = ugul + uoui,

3 2 3
V3 = up — 3upui — uy
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form a basis for the invariants of degree 3. We choose these 6 polynomials as algebra generators
of degree < 3.

Determining the invariants of degree 4 and 5 involves some more work. First, we com-
pute with the help of SINGULAR bases for the invariants of degree 4 and 5 in the polyno-
mial ring k[ug, u1, vo, v1,v2,to,t1]. Then we use the defining relations of Y and the invari-
ants of degree 4 (respectively of degree 5) given by the products of 6y and 6; (respectively
of 0; and ;) to compute relations between these invariants which depend on the parameter
A = (a1, a12, a2, by, b1, c2, c3, da, dg)t" € AY. We performed these lengthy calculations with
the help of SINGULAR and present only the results here:

Proposition 9.2.3. Let 0y, 01, Yo, - . -, 3 be as above. Furthermore, let

do = u1tp — upty,
01 = uoto + uot1 + uity,
b9 = vou1 + VU2 + V1V,

03 = u%vo + u%vl + 2upuivy + u%vl + U%’Uz
which are invariant forms of degree 4 in R(Y'), and

€0 = v1ty — vatp — vot1 + v1t1,
€1 = voto — v1to + vot1 — vat1,

€9 = 2upuito + u%to + u%tl + 2uguity

which are invariant forms of degree 5 in R(Y). Then, if A € {b1(by — b1) # 0} C AY, the
invariants 0y, 01, o, - . ., 73, 00, . . . 03 and g, €1, €3 generate R(Y)% = R(X) as a k-algebra.

Now let S be the graded polynomial ring k[zo, 1,90, --,Y3, 20, - - - , 23, Wo, W1, Wa| as be-
fore. Furthermore, let A = (CLH, a12, a2, by, b1, c2, c3, da, dg)tr e A? with by (b() — bl) 7& 0. We
consider the ring homomorphism

M S — Kklug, u, vo, v1,va, to, t1]/(fo, f1, 2, 90, 91, 92),

(9.8)
ZT; —r Qi, Yj = Y, Zj > 5j, Wy > €k

and set Ry := S/ ker(ny). Then Ry is the canonical ring of a Z/3Z-Godeaux surface X.

Now let us consider R) as an S-module being generated by 1, 2, . . ., 23, wp, w1, ws. In con-
trast to the Godeaux surfaces considered in the last section, it was computationally not feasible
to determine a general first syzygy matrix of R depending on the parameter A € A% We
found one general S-linear relation between the module generators of Ry by studying the alge-
bra generators of degree 2 and 3 (which are completely independent of the choice of ). We see
that

07 — 973 — 3293 — 3 =0
in klug, u1, vo, v1, v2, to, t1]. Hence we get a relation of the form

23— 9y3 — 3yays —y2 =0 (9.9)

in R for every A € A%. Using this, we get a weaker version of Lemma for an element X
of this 8-dimensional family of Z/3Z-Godeaux surfaces:

Lemma 9.2.4. Let X be as above, and let

dtr
0 RX)« Fo & R & FY EEFY 0 (9.10)
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be a minimal free resolution of R(X) as an S-module with a-matrix a. Then for the minimal
free resolution of L = coker a

we have m < 1. In particular, if X is a marked 7./ 3Z-Godeaux surface and (9.10) is a standard
resolution with assigned matrix | € St(Q), then | & Viensys.

Proof. Let A € AY such that R(X) = Ry. Since (9.9) is a non-zero relation in Ry, there must
be a non-zero relation in R(X) of degree 6 only depending on the algebra generators of R(X)
of degree 2 and 3. Now let us consider the minimal free resolution of R(X). We may assume
that this relation is in the generating set of the 6 S-linear relations of degree 6. But this implies
that the 4 x 6 matrix & of the first syzygy matrix d; has a zero-column and the claim follows. [J

By computing examples over finite fields, we find several A € A such that

anny(coker di) = {Po, .- ., D3}, 9.11)

where o, ..., ps are 4 distinct points in P? and X, = Proj(R(X)) C P(22,3%,44 5%) is
smooth at the corresponding points in X.,,. After performing a suitable linear change of co-
ordinates on IP(22, 34, 4%, 53), we may assume that these 4 points are mapped to the coordinate
points of P3. Hence, we can compute a standard resolution of R(X) and study the properties of
the matrices a and e. In each of the examples, the 3 x 3 minors of ¢ vanish at exactly one point.
Hence, these calculations support Conjecture [8.4.3]






10 Torsion-Free Numerical Godeaux
Surfaces and Hyperelliptic Fibres

In this chapter we will focus on numerical Godeaux surfaces having a trivial torsion group. We
will show that the existence of smooth hyperelliptic bicanonical curves implies that the mor-
phism ¢: X, — Y is not an isomorphism. Furthermore, we will establish relations between
the minimal free resolution of R(X) as an S-module and the existence of hyperelliptic curves
in the bicanonical system |2K x|.

Recall that we write the bicanonical system as
2Kx| = [M|+ F,

where F' denotes the fixed part and M is a generic member of the moving part of |2Kx|. In
[CPOO], Catanese and Pignatelli described the curves in the bicanonical system and the induced
fibration for a numerical Godeaux surface X with Tors X = 0 or Tors X = Z/2Z. Their
results distinguish between the different possibilities for (F2, M?) and some configurations of
the base points of | M|. Here, we restrict our study to numerical Godeaux surfaces satisfying the
following condition

(*) F = 0and | M| has 4 base points (possible infinitely near).

Note that any marked numerical Godeaux surface clearly fulfills this condition.

Throughout this chapter X denotes a numerical Godeaux surface with Tors X = 0 fulfilling
condition ().

10.1 Preliminaries

In this section we first study the fibration f induced by the bicanonical system |2K x| and then
state the results by Catanese and Pignatelli on the fibres of f. By X (respectively )/(;;L) we de-
note the blow-up of X (respectively of X4,) at the (smooth) base points of |2K x| (respectively
of |2Kx,,,|). Then we have a commutative diagram

X P X
T T
B
XCCLTL XC(ITL

where 3 (respectively B ) denotes the blow-up morphism and 7 (respectively 7) is a contraction
of (—2)-curves. Now let us consider the rational map X --» P! induced by the bicanonical
system. As X satisfies condition (x), the only points at which this rational map is not defined
are the 4 base points of 2K x|.
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Hence, we get an induced morphism from the blow-up X to P!

- B
X

f

such that f is a fibration of genus 4. In his thesis, Pignatelli described the curves in [2K x|:
Lemma 10.1.1. Ler C € |2Kx|. Then one of the following holds:

(i) C is embedded by wc and ¢3(C) = ¢u. (C) is the complete intersection of a quadric and
a cubic. Moreover, if ¢, (C) is reducible, it decomposes into a union of two plane cubics
intersecting (with multiplicity) in three points.

(ii) C'is honestly hyperelliptic and ¢3(C) = ¢u, (C) is a (double) twisted cubic curve.
Case (i) is the general one.

Proof. See [Pig00], Lemma 2.3.1. O]

Note that we call a Gorenstein curve C' honestly hyperelliptic if there exists a finite morphism
C — P! of degree 2. Note that this definition does not require that C' is smooth or irreducible.
A complete characterization of such curves is given in [CFHR99]:

Lemma 10.1.2. An honestly hyperelliptic curve C of genus p,(C) = g > 0 is isomorphic to
a divisor Cg4 o in the weighted projective space P(1,1, g + 1) not passing through the vertex
(0,0, 1), and defined by an equation of type

w? + ag+1(x1, x2)w + bygra(x1, x2) = 0.

It follows that every point of C'is either nonsingular or a plane double point, and that C'is either
irreducible or of the form C = Dy + Dy with D1 Dy = g + 1. The projection ¢: C — P! is
a finite double cover, and the inverse image of any point x € P! is a Cartier divisor Z C C
which is a 0-dimensional scheme of length 2. In other words, Z is either two distinct nonsingular
points of C, a nonsingular point with multiplicity 2, or a section through a planar double point

of C.
Proof. See [CEFHR99], Lemma 3.5. L]

Notation 10.1.3. In the following, we will call a smooth honestly hyperelliptic curve simply a
hyperelliptic curve.

Next we study the rational map
Y= o X P3: X --» P! x P3,

where ¢,, denotes the rational map defined by |nK x| as before. This map factors through the
canonical model. Let 121 denote the corresponding map on X,,,. Since |3K x| (respectively
13K x.,..|) has no base points, the only points at which v (respectively ¢) is not defined are the
base points of [2Kx|. Setting W = 1)(X) = ¢)(Xean) € P' x P3, we obtain a commutative
diagram
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Proposition 10.1.4. Both maps 1 and 1[1 are birational. Furthermore, if the fibration induced
by the bicanonical system on X has a honestly hyperelliptic fibre, then g is not an isomorphism.

Proof. See [[CPO0]. ]
Pignatelli showed the following result on the number of hyperelliptic fibres of f:

Theorem 10.1.5. The conductor divisor of the normalization of W' is supported on the honestly
hyperelliptic fibres of f. If h is the number of the honestly hyperelliptic fibres of f (counted with
multiplicity as curves in the conductor divisor), then 0 < h < 3. Furthermore, f cannot have 3
distinct hyperelliptic fibres.

Proof. See [Pig00], Theorem 3.2.1 and Proposition 4.3.1. O

Using the Segre embedding we can identify W with its image W’ in P”. Note that the em-
bedding is given by the sections w;y;, for i = 0,1 and 5 = 0,...,3. Now, let L denote the
subsystem of the linear system |5Kx,,, | spanned by these 8 global sections. Then we have a
diagram

- /8 ’5KXcan’

Xcan can

x[8] C P10

12

where X5 ——> W' is the corresponding projection from X 5] to P7. As a next step we want to
show how our map ¢ : Xeq, — Y C P(22,3%) fits into this diagram. Let v : Y --» P7 be the
rational map defined by the forms z;y;. Then the right-hand side of the previous diagram looks
as follows

X[S} C IP)lO

|5KXCG”L |
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Suppose that there exists a honestly hyperelliptic fibre C,, of f, where p € P!. Then the
restriction of §: 5(:;1 — W to C}, is a finite morphism of degree 2. Hence, the non-normal
locus of W contains a curve. Now let us consider the finite birational morphism ¢: X0, — Y,
which is the normalization of Y. In the following we will prove that also the morphism ¢ is not
an isomorphism if there exists a smooth hyperelliptic fibre of f. But in contrast to the morphism
g, the restriction of ¢ to a hyperelliptic curve is not a degree 2 cover, but the resolution of one
double point.

So let C' € |2K x| be a hyperelliptic curve. Then C'is irreducible by Lemma and
hence C' does not meet any of the (—2)-curves of X. Thus, we can identify C' with its image in
Xean- Since g(C) = 4, the g4 on C is uniquely determined. Let Ky be the divisor representing
the hyperelliptic class. Then |3K(| = | K| and we have the following diagram

C

|K0 ¢wc = ¢3|C

Pl ¢ V3 PS

where v3 denotes the 3-uple embedding of P! into P3. The image D = ¢,,.(C) C P?is
a rational normal curve of degree 3 and ¢,,.: C — D is a finite degree 2 covering ramified
at 2g + 2 = 10 points. Let G = ¢(C) C Y, then ¢, factors through G' and we obtain a

commutative diagram
M@‘

boe G (10.1)

S

Theorem 10.1.6. The curve G has exactly one singular point with multiplicity 2. The morphism
¢|+ C — G is the resolution of this singularity. Moreover, G is an honestly hyperelliptic curve
of genus p,(G) = 5.

C

D

To prove this theorem, we will first embed the three curves of Diagram in three different
projective spaces such that the images of C and G are contained in rational normal scrolls. Then
we show that the morphism ¢, corresponds to the restriction of a birational transformation
between these scrolls.

10.2 Rational Normal Scrolls in Dimension 2

Let us briefly recall the definition and some properties of rational normal scrolls in dimension 2.
Let £ = Opi(a1) ® Opi(a2) be a locally free sheaf of rank 2 with 0 < a1 < ag and az > 0. We
consider the corresponding P'-bundle

m: P(&) — P,

which is a rational geometrically ruled surface. The invertible sheaf Op(g)(1) is generated by its
global sections and defines a morphism to projective space:
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Definition 10.2.1. We call the image of P(£) under the morphism
ji P(E) — P4 =P(H(P(E), Ope) (1))
a rational normal scroll of type a1, as, denoted by S(aq, as).

Note that d = a1 + az + 1. Furthermore, in [Har13] it is shown that S(a1, a2) C P9 is an
irreducible non-degenerate surface of minimal degree, that means

deg(S(a1,a2)) = codim(S(ai,a2)) + 1 = a1 + as.

If ay > 0, then Op(g)(1) is very ample and S(a1, ag) is isomorphic to P(E). In particular,
S(a1,az) is smooth. If a; = 0, then S(0, az) is singular and j: P(£) — S(0, ag) is a resolution
of singularities.

The Picard group of P(€) is generated by the class of a fibre L = [7*Op1(1)] and the class of
a hyperplane section H = [j*Opa(1)] with

L?=0,LH =1,H? = a1 + as

(see [Har77]], V.2). In the case where j is an isomorphism, we denote the generators of the Picard
group Pic(S(ai,az2)) by L and H as well. Furthermore, in the following we will denote both
the divisor and its class by L (respectively by H), by abuse of notation.

There is an alternative (equivalent) geometric description of rational normal scrolls which we
will briefly explain. Let a1, a2 be two integers with 0 < a1 < ag, a2 > 0, and setd = a1 +as+1.
In P¢ we choose two complimentary linear subspaces W, and W, of dimension a; and as,
respectively. Let v;: P* — W; be the a;-uple embedding of P! into W;. The image of P! under
v; is a rational normal curve C; of degree a;. Note that if a; = 0 then (] is simply a point. The
surface swept out by the lines

V1 (t) 1) (t)

for t varying over P! is a rational normal scroll S(ay,az). If a; = 0, then S(0,a2) C P2+l js
the cone over a rational normal curve Co C P92 of degree as.

Proposition 10.2.2. Let 1 < a1 < ag. Then:

(i) The rational normal curve C; C S = S(a1,az) occurring in the construction explained
above is the unique rational normal curve of degree < as on S (other than the lines of the
ruling of S). In particular, it is uniquely determined by S. We call this curve the directrix

of S.

(ii) The image of the scroll S = S(a1, as) under projection from a point p € S is projectively
equivalent to S(a1 — 1, ag) if p is contained in the directrix of S, otherwise, the image is
projectively equivalent to S(ay,as — 1).

Proof. See [Harl3]], Proposition 8.20. O

Let S(a,as) C Pa+a2tl be a rational normal scroll, and let vy, ..., V14,5020, - -5 V2.4,
denote the coordinates of P*172F1 Then the ideal of S(a1, az) can be generated by the 2 x 2
minors of a 1-generic 2 X (a; + a2) matrix of linear forms

ho -l |loo - loa
1,0 la;—1 | 2,0 2,a2-1 , (10.2)

Lha - e |l - loa
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lio - lia—1

such that the 2 x 2 minors of define a rational normal curve of degree a;

i o lia,

)

in the linear subspace
Wi =V (30, 13-ia,_,) C P2+

of dimension a;, and such that the linear spaces W; and W5 are complimentary (see [Harl3]],
Chapter 9). Hence, any rational normal scroll is a determinantal variety. Furthermore, any such
matrix as in (10.2) is conjugate to the matrix

V1,0t Vla -1 | V20 - V2a,-1

V1,1 vt Ulay | V21 V24

10.3 A Criterion for Hyperelliptic Fibres

Now we return to the study of hyperelliptic curves. Eisenbud showed that any hyperelliptic
curve C of genus g > 2 is isomorphic to a curve on a rational normal scroll. To recall the precise
statement, let again K denote the divisor on C corresponding to the unique linear system g3 on
C'. As a consequence of the Riemann-Roch theorem the complete linear system |(g + k) K| is
very ample if and only if £ > 1. If we write C}, for the image of C' under the corresponding
embedding, then Cj, C P9+?* is a non-degenerate, nonsingular curve of degree 2¢ + 2k.

Theorem 10.3.1. The curve Cy, C P972F is a divisor of type 2H — (2k — 2)L on the scroll
S(k—1,9+ k).

Proof. See [Ei1s80], Theorem 3. ]

We will apply this result to our given hyperelliptic curve C' C X, of genus 4 and the linear
system |6 K. Let

dtr
0 RX)« & P& F S FY 0

be a minimal free resolution of R(X), and let a be the a-matrix of d;. After applying a linear
change of coordinates if necessary, we may assume that

C = Proj(R(X)/(x0)).

Recall that ‘6K0| = ‘QKC‘ = ’(6KX)|C}. Furthermore, since h! (X, Ox(nKy)) = 0 for all
n, the sequence

0— H(X,0x((n—-2)Kx)) = H(X,0x(nKx)) = H*(C,0c(nKx|c)) = 0
is exact. In particular, this implies that

R(X)/(x0) = D H(C, Oc(nKx|c)).

n>0

From the exact sequence above we compute that h°(C, O¢(6Ky)) = h°(C,Oc(6Kx|c)) = 9.
Hence, there are 6 relations between the 15 global sections

23, {z12;}o<j<s: {yi; bo<icj<s € H(C, 0o (6Kp)).

These relations are given by the first 6 columns of d; := d; ® S/(z0):
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1 yoyr + a1z ... yoys + ae?

20

ao

<3

wWo

w1 0

w2

where ap = a ® S/ (o). Note that the entries of the first column represent a set of generators of
R(X) as an S-module. Now recall that the image of C under the projection to IP? is a rational
normal curve whose ideal is generated by 3 quadrics fy, f1, fo. Hence, these forms are among
the relations of degree 6 in R(X)/(xo) and after multiplying with a suitable invertible matrix
from the right, we get the following relations

L (fo fi folfo i N

20

z3

Lemma 10.3.2. rank(dp) = rank(ag) = 3.

Proof. Since Tors X = 0 by assumption we know from Proposition [8.4.2) that the vanishing
locus of the 3 x 3 minors of e is empty, where e is the e-matrix of d;. Then from the inclusions
in (8.19) we know that also the vanishing locus of the 3 x 3 minors of a is empty. Hence, there is
no point p € P! with rank(a(p)) = 2. Now assume that rank(ag) < 3. This implies that every
3 x 3 minor of rank(ag) vanishes, and hence that every 3 x 3 minor of a vanishes at p = (0 : 1)
which is a contradiction. O

Now this lemma implies that there exist an element Z € {2, ..., 23} and elements o¢, 07,08 €
{yiy; | 0 <@ < j < 3} such that the global sections

3 _ .3 .2 ) _ .2 )
00 = 212,01 = 21,02 = ¥Yp,03 = Y1,04 = Y3,05 = Y3,06,07,08

form a basis of H(C, O¢(6Ky)).

Next let us consider the curve D C P3. The invertible sheaf Op(2) is very ample. Fur-
thermore, every global section of Op(2) is the restriction of a global section of Ops(2), and
hence H°(P3, Op(2)) is 7-dimensional. As a basis of H°(IP3, O (2)) we can choose the global
sections g, . . ., og (considered as elements of H°(P3, Op(2))).

As alast step we have to consider the curve G = ¢(C) C P :=P(2,3%) <4, 4o.....ys>- The line
bundle Op:(6) is very ample and H°(P’, Op/(6)) is 11-dimensional, where the global sections
93*;’, vy, = 0,1,7 = 0,...,3, form a basis. Using these global sections, we can embed I’ in
P9, On the other hand, the three quadratic forms fy, fi, fo are among the defining equations
of G. Thus, the global sections o1, . . ., g (considered as elements of H(G, O(2))) define an
embedding G < P7 with image G'.
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All these morphisms fit into a common commutative diagram:

. ;- so) .
70
13K, | G (Ul:;’:gg) e
o - - - (10.3)
M (o2 - o) 5
223 Vg

]Pﬂ

By Theorem the curve C5 is contained in a rational normal scroll S(1,6) C P®. The
curve Dg C P9 is a rational normal curve of degree 6. The morphism 75 is the restriction of
a projection 7 from the line V (us,...,us) C P® to a complimentary space V (lo,11) = P°,
where [ and [; are linear forms. Hence, 75 factors through the projection from the point I'g =
(1:0:...:0) € P to P7 and the projection from 'y = (1:0:...:0) € P7

(uo,...,us) (u1,...,us)
to V(lp,11) = ]P’?u2 ug)? whose corresponding restrictions are the morphisms 79 and 71. This

implies that the curve G’ is contained in the cone over Dg C PS with vertex I'; € P7, hence in a
rational normal scroll S(0,6) C P”. Since Tors X = 0, the curve G' does not contain any point
at which all the y; vanish. Thus, by the choice of the sections o, . . ., 03, the curve G does not
contain the vertex of S(0,6). The ideal of the rational normal curve Dg C P9 is generated by
a 1-generic matrix of linear forms of size 2 x 6 . Hence, by the previous discussions, there are
linear forms my, . . ., ms in the variables ug, . .., ug such that the scroll S(1,6) C P8 is defined
by the 2 x 2 minors of the matrix

lO mO e m4
ll ml e m5
with directrix C; = V(myg, ..., ms5) = V(us,...,us). We can summarize the previous discus-

sions as follows:

Proposition 10.3.3. The morphism 1 is the restriction of the projection from the point I'g on
the directrix C1 of S(1,6). Hence T is the restriction of a birational map S(1,6) --+ S(0,6).
Furthermore, the morphism 1 is the restriction of the projection from the vertex I'1 of the cone
S(0,6) to IPS,

Now from ((10.3]) we see that the commutative triangle
Co

N

T9 el (10.4)

s

Dg
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is just the isomorphic “lift” of the triangle (10.I). Hence it is enough to prove Theorem
for the morphism 79: Cy — G'.

Remark 10.3.4. Since 15: Co — Dg is a finite map of degree 2, the inverse image Z, of any
point p in Dg (respectively G) under 71 (respectively 7¢) is a 0-dimensional scheme of length
< 2. Note that Proposition[10.3.3|implies that the length of the inverse image of a point p € Dg
under 77 is the number of intersection points (counted with multiplicity) of the line through I'y
and p with the curve G'.

Proof of Theorem[10.1.6] Since G’ does not contain the vertex of S(0,6) we will identify G’
with its preimage under the resolution of singularities j: P(Op1 @ Op1(6)) — S(0,6) which
is the blow-up of the vertex I';. Note that the surface P(Op1 & Op1(6)) is the 6th Hirzebruch
surface Xg. The exceptional divisor of this blow-up is a curve B with B ~ H—6L. Leta,b € Z
such that G’ ~ aH + bL. From Remarkwe know that 1 < a < 2. Furthermore, we have

0=G'B=(aH +bL)(H — 6L) = b.

Hence G’ ~ H or G’ = 2H. In the following, we will show that the first case cannot occur.
First let Z; — S(1,6) be the blow-up of I'y € S(1,6). Then the induced birational morphism
Zy — 5(0,6) factors through X — S(0,6), where the induced morphism Z; — X is the
contraction of a (—1)-curve. Furthermore, since C does not contain Iy, we can identify C with
its isomorphic image in Z;. Then G’ is the image of this curve under the morphism Z; — Xg.
In particular, 79: Cy — G’ is a birational morphism. Hence, G’ = 2H. Now let £ be any
line through I'y intersecting the curve C'5. Suppose that ¢ intersects Co in two points (counted
with multiplicity). Then, since S(1,6) is defined by quadrics, Bézout’s Theorem implies that
¢ C S(1,6). In particular, ¢ is the unique line of the ruling through the point I'y. This implies
that the curve G’ has exactly one singular point ¢q. Furthermore, ¢ is either a node if ¢ intersects
(5 in two distinct points, or a cusp otherwise. Hence, G’ is an honestly hyperelliptic curve with
pa(G') = 5. O

Remark 10.3.5. Note that we can deduce the number of singular points of G’ C Xg and their
types also directly from the genus formula. Indeed, we have

24(G") — 2= Kx,G' + (G')> = (—2H + 4L)(2H) + (2H)*> =8

which implies p,(G’) = 5.

Proposition 10.3.6. Let X be a marked numerical Godeaux surface. If there exists a hyperel-
liptic curve C' € |2K x|, then the finite birational morphism ¢: Xcqn — Y is not an isomor-
phism. More precisely, for every hyperelliptic curve C' € |2K x|, there exists a unique point
q € p(C) CY suchthatY is not normal at q.

Proof. As before we identify C' with its isomorphic image in X,,. Suppose to the contrary that
¢: Xean — Y is an isomorphism. But then also |, is an isomorphism of C onto its image
G C Y. But this is a contradiction to Theorem [10.1.6] In particular, the point g € G C Y is a
non-normal point of Y. O

The last step of this chapter is to translate these results to (algebraic) properties of the minimal
free resolution of the canonical ring R(X). In the following, let X be a fixed marked numerical
Godeaux surface (with Tors X = 0), and let

dtr
0 RX)« Fo & R &R EFY o0

be a minimal free resolution of R(X) as an S-module with a-matrix a.
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Lemma 10.3.7. If there exists a hyperelliptic curve C € |2K x|, then there exists a point ¢ € Y
at which the 7 x T minors of d} vanish.

Proof. In Proposition[I0.3.6)we proved that if C' is a hyperelliptic curve, then there exists a point
g € Y at which the morphism (Oy ), = (¢+Ox.,., )q is not an isomorphism. Now recall that
we have an exact sequence of Oy -modules

0— Oy — (¢:0x,,,) — M =0,
where M = coker d}. Consequently,
q € Supp(M) C V(7 x 7 minors of d;) C P(22,3%)

which shows the claim. O

Let 0 # & € H°(X,2Kx), and let p be the corresponding point in P!. We denote the
bicanonical curve Proj(R(X)/z) € |2K x,,,,| by Cp. If C}, is a hyperelliptic curve, then Lemma
implies that rank(a(p)) = 3. Now we show that the converse of this statement holds as
well. This gives a complete characterization of the existence of hyperelliptic curves in terms of
the a-matrix of dy:

Proposition 10.3.8. Let p € P! such that the curve C,, is smooth. Then, C,, is hyperelliptic if
and only if rank(a(p)) = 3.

Proof. After alinear change of coordinates we may assume that p = (0 : 1). Let us suppose that
rank(a(p)) = 3. Recall from Lemmathat the image D of Cj, under ¢3: Xcon, — PPisa
complete intersection of type (2, 3) if C), is not hyperelliptic, or a twisted cubic curve otherwise.
Hence, it is enough to prove that the ideal of D contains two linearly independent quadrics. To
show this, we proceed similarly as in the proof of Lemma[10.3.2] The condition rank(a(p)) = 3
implies that rank(ag) = 3, where agp = a ® S/(z¢). Now let us consider the first 6 columns of
di=d1 ® S/(l'o)

1 || yoy1 +1? ... yoys + apxd

20

ao

23

After multiplying with a suitable invertible matrix from the right, we can assume that the rela-
tions are of the form

1| fot+Box? i fo s fo S5
20
agp
23
where fo, ..., f5 do only depend on the variables ¥, . .., y3 and By € k. The submatrix of dg

corresponding to the last 5 columns of the matrix has rank < 3. Hence, after a further column
operation on the last 5 columns, we obtain a new matrix of relations:



10.3 A Criterion for Hyperelliptic Fibres 135

1 || fot+Boxd fi o 3| fa F5

20

<3

Hence, among the defining relations of C), there are the two linearly independent quadrics fa, f5
depending only on vy, . . . , y3 which shows the claim. O

As a final result, we establish a relation between the open set Viensy, € St((Q) and the exis-
tence of hyperelliptic bicanonical curves:

Corollary 10.3.9. Let X be any marked numerical Godeaux surface, and let

dtT
0 RX)+ & P& EEFY 0

be a standard resolution of R(X) with assigned matrix | € St(Q). If | € Viensyy, then Tors X =
0 and |2K x| contains no (smooth) hyperelliptic curves.

Proof. From Proposition we already know that [ € Vgensy, implies that Tors X = 0. But
| € Viensy, implies also that the vanishing locus of the 4 x 4 minors of the matrix a(l) is empty.
Thus, |2K x| has no hyperelliptic curves by Proposition|10.3.8 O

Remark 10.3.10. The results of this section can be generalized to the case of an irreducible (not
necessarily smooth) honestly hyperelliptic curve C' with p,(C) = 4:

The definition of an honestly hyperelliptic curve and Lemma[10.1.2]imply that C' is a reduced
irreducible Gorenstein curve. Then, for every n, the sheaves O¢ (K ¢) and O¢(nKj) are invert-
ible, where K is defined as before. Using the Riemann-Roch theorem (for singular curves) we
get h'(C,0c(K¢)) = h°(C, Oc(3Ky)) = 4 and h°(C, Oc(nKp)) = 2n — 3 for n > 4. From
the factorization O¢(6K) = Oc(Kp) ® Oc(5K() we obtain a multiplication map

pu: H(C,0c(Ko)) ® H°(C, Oc(5Ko)) — H(C, Oc(6Ky)).
Furthermore, using the base-point-free pencil trick, we obtain an exact sequence
0 = Oc(4Ky) — HO(C,0c(Kp)) @ Oc(5Kg) — Oc(6Ko) — 0.
Taking global section we get a sequence
0 — H(C,0c(4Ky)) — H(C,0c(Ky)) @ HY(C, Oc(5Ky)) — H°(C, Oc(6Kq) — 0

which is exact since h!(C, Oc(4Ky)) = 0. Hence, the multiplication map p is surjective.

Now let V = H°(C, Oc(6Kjp)), and choose bases sg, s1 € HY(C, Oc(Kp)) and to, ..., ts €
H°(C,0¢(5Ky)). Then we obtain a 2 x 7 matrix M (O (Ky), Oc(5Ky)) of linear forms on
P(V') whose entry in row ¢ and column j is s; ® t; € V. As C is reduced and irreducible,
M(O¢c(Ky),Oc(5Ky)) is a 1-generic matrix of linear forms whose 2 X 2 minors vanish on the
image of C under the embedding C' — P(V') (see [Eis05]], Proposition 6.10). Now the variety in
P(V) =2 P8 defined by the 2 x 2 minors of M (O¢(Ky), Oc(5Ky)) is a rational normal scroll of
degree 7 which is smooth since p is surjective, and hence isomorphic to S(1,6). Then, as in the
smooth case, the image of C' under this embedding is a divisor on S(1,6) linearly equivalent to
2H — 2L. Proceeding along the same lines as for a smooth curve, we obtain the corresponding
results for an irreducible honestly hyperelliptic curve C, where the morphism ¢|c: C — G
from Theorem[I0.1.6]is now a birational morphism resolving a singularity of multiplicity 2.






11 Explicit Examples with Macaulay2

In this chapter we present some explicit examples of our computations of marked numerical
Godeaux surfaces. First we construct an example with torsion group Z/5Z and one with torsion
group 7 /37 using the ideas from Chapter@ Then we use our methods to compute, in each case,
a standard resolution, the associated matrix in St(Q)) and check that Conjecture [8.4.3| holds for
these examples.

Afterwards we focus on numerical Godeaux surfaces having a trivial torsion group. We
present the main parts of our construction and the corresponding Macaulay2-procedures. Fur-
thermore, we want to verify all the assumptions we have made throughout the last chapters, in
particular the existence of the non-empty open set Vgensy, € St(Q) and the non-emptiness of
the set of stable points F(Q)°. Afterwards we calculate an explicit example of a torsion-free
marked numerical Godeaux surface X having no hyperelliptic bicanonical curves. After that
we will briefly sketch the construction of the simply connected Barlow surface and verify com-
putationally that this surface contains two distinct hyperelliptic fibres. In the end, we present
an example of a numerical Godeaux surface (over a field with characteristic p > 0) having one

hyperelliptic fibre.

11.1 An Example with Torsion Group Z/5Z

In this section we give an explicit example of a numerical Godeaux surface with torsion group
Z./57. As a first step, we use the results from Section to compute the canonical ring of such
a surface as an invariant ring under a free action of G = Z/5Z. Our procedures are contained
in the Macaulay2-file numGodeauxZz5 which we load at the beginning of our session. They
work over a finite field k = I}, or over k = Q. However, from the proof of Proposition[6.3.1} we
know that the calculation of a standard resolution may involve the computation of some square
roots. If these square roots are not contained in k, we cannot compute a standard resolution over
the base field.

To simplify the computations and to avoid coefficient growth we give an example over the
finite field F197. Recall from Section that we have to compute a quintic surface Y/ C P3
depending on 8 parameters on which G acts freely. Afterwards we compute algebra generators
of R(Y')Y = R(X). Note that the invariants of R(Y”’) up to degree 5 do not depend on the
quintic Y. So we compute them as a first step:

il : load "numGodeauxZ5.m2"

i2 : kk = 22/197;

i3 : invZz5 = computeZ5Invariants (kk);
i4 : invz5
o4 = | vu_lu 4 u 2u_ 3 v 2u_472 u_372u_4 u_1"2u_3 u_lu_2"2

u_2"3u_4 u_3u_4°3 u_l1u_3"3 u_1"3u_2 u_4°5 u_3"5 u_2"5 |
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Next we compute a G-invariant quintic surface Y/ C P3 depending on a parameter r € A%,
Note that the definition of a Godeaux surface requires that Y’ is normal having at most finitely
many rational double points. For the sake of simplicity, we restrict our computations to smooth
quintic surfaces.

i5 : r = random(kk"1,kk"8)

05 | 16 49 -71 97 =78 —-43 -69 34 |

i6 : —— compute the corresponding quintic surface Y’
IY’ = computeInvariantQuintic(r);

i7 : gens IY'

o7 = Ju_175+u_275+27u_1u_2"3u_3-20u_1"2u_2u_3"2+u_3"5

-1l6u_272u_3u_4"2-82u_1lu_3"2u_4"2+9%u_1lu 2u_4"3+u_4"5 |

Next we determine the canonical ring R(X) by computing the kernel of the homomorphism
n: S — Z/I(Y') as in (9.4):

i8 : IX = canonicalRing(IY’);
08 : Ideal of Sbig

19 : betti gens IX

09 = total: 1 54

12
18
12

W 00 J o Ul WD BE O
(&)

Note that the number and degrees of the ideal generators of (X)) are exactly as deduced in
Proposition[3.3.9

Next we consider R(X) as an S-module being generated by the elements 1, 2o, . . ., 23,

wop, w1, wy. We compute a first syzygy matrix d; of R(X) as an S-module, or equivalently,
a (minimal) generating set for the S-linear relations in R(X ). The relations of degree 6 and
7 are simply the generators of the ideal (X ) in the corresponding degrees. Furthermore, we
know that there are 8 S-linear (independent) relations of degree 8 which we can compute from
the 18 generators of degree 8 of I(X). Note that there are 10 relations in degree 8 which
are not S-linear expressing the different products z;z; € R(X) as S-linear combinations of
1, 2z0,..., 23, wp, w1, wz. Knowing the first syzygy matrix we can easily compute a minimal
free resolution of R(X) = coker d; with Macaulay?2 and verify that R(X') has Betti numbers
as shown in Theorem [3.3.1k

110 : F = minimalResolution (IX);



11.1 An Example with Torsion Group 7,/57 139

ill : betti F

o 1 2 3
oll = total: 8 26 26 8
0: 1
1:
2:
3:
4: 4
5: 3 6
6: 12 .
7: 8 8
8: 12 .
9: 6 3
10: 4
11:
12:
13: . . ..
14: . . .1

Next we compute a minimal free resolution having a skew-symmetric middle matrix. From
Theorem [4.0.2] we know that such a resolution always exists. Furthermore, we can use the
proof of Theorem to construct this resolution outgoing from the given resolution. So, if
F, denotes the given minimal free resolution, then G, = Hom(F,, S(—17)) is also a minimal
free resolution of R(X) by Proposition Hence there exists an isomorphism of chain
complexes:

dy da ds
0 ¢—— R(X) FO F1 F2 F3 0
NEPEPEE
dgr dg dir
0 ¢—— R(X) — ng ng Flv FOV «—0

Now we use Macaulay? to calculate such an isomorphism. More precisely, we compute first
the module Homg(coker dy, coker df). This module must have a non-zero homogeneous ele-
ment of degree 0 which we take as our isomorphism t(y. Afterwards we can lift ¢ to an iso-
morphism of complexes t,: F, — G,. Furthermore, we showed in Chapter {4] that there exists
an isomorphism ¢, satisfying t{" = —to and Y = —t;. Choosing such an isomorphism, we
compute a skew-symmetric minimal free resolution as in the proof of Theorem {.0.2] with our
procedure skewsymmetricResolution:

112 : Fskew = skewsymmetricResolution (F);

As a last preliminary step we want to compute a standard resolution of R(X). Our program
standardResolution follows the (constructive) ideas of the proof of Proposition
The output of this procedure is either a standard resolution of R(X) or an error message if we
cannot compute a standard resolution over the chosen base field.

il3 : Fstand = standardResolution (Fskew);
il4 : dl = Fstand.dd_1;

8 26
0l4 : Matrix S <-—— S
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il5 : d2 = Fstand.dd_2;

26 26
0l5 : Matrix S <-—— S

il6 : d3 = Fstand.dd_3;

26 8
0l6 : Matrix S <--- S
i17 : dlxd2 ==
ol7 = true
118 : —— verify that the second matrix is skew-symmetric

d2 + transpose (d2) ==
0l8 = true

119 : —-- verify that the third matrix is the dual of the first
dl - transpose (d3) ==

0l9 = true

Having found a standard resolution, we can compute the assigned matrix [ € St(Q) and the
matrix a(l) from the first syzygy matrix d;:

i20 : 1 = assignedMatrix (dl)

020 = {2}y | 0 000 -14 0000 -14 0 0 |
{2y 1 -1 00 0 0 000-10 0 0 |

i21 : —- compute the a-matrix of dl
al = d1°{1..4}_{0..5}

021 = {4} | O 00 -14x_0 0 O |
{4y | -x_1 00 0 00 |
{4y 1 0 0 -14x_0 0 00 |
{4y 1 0 00 0 0 -x_1 |

4 6
021 : Matrix S <-—-- 'S

Next we see that the minimal free resolution of the module coker a(!) is of the form as claimed
in Lemma[9.1.6] Note that the variables x(, z; have degree 2 in the polynomial ring S which is
the reason for the degree “jumps” in the Betti tables below:

i22 : betti res coker al

Now we check that the 3 x 3 minors of the matrix ¢(/) vanish indeed at two distinct points as
shown in Lemma
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i23 : —— compute the e-matrix of dl
el = d1°{5..7}_{6..17};

3 12
023 : Matrix S <-——- S
i24 : me3 = minors(3,el);
i25 : decompose me3

025 = {ideal x , ideal x }
0 1

Recall that every base point of |3K x| is contained in a unique divisor of |2K x|. The two points
in the vanishing locus of the 3 x 3 minors of ¢(I) (considered as points in P!) define exactly
these divisors:

i26 : use Sbig;

i27 : base3K = ideal mingens (IX + ideal(y_0..y_3));

i28 : netList (decompose base3K)
+ ___________________________________________________________
\ 5 2

028 = |ideal(x , x +w , 2z , 2 , 2 , 2 , W + W , W , VYV , YV ;e
\ 0 1 2 3 2 1 0 1 2 0 3 2
+ ___________________________________________________________
\ 5 2
|ideal(x , w , 2z , 2z , 2 , 2 , W, X +W , VY,V ,9Y, V)
| 1 2 3 2 1 0 1 0 0 3 2 1 0
o

Let us now consider the birational morphism ¢: X, — Y C P(22, 34). Recall that we have
an exact sequence of Op(y2 34y-modules

0= Oy = ¢.0x,,. —>J\7—>0,

where M = cokerd|. We expect that the induced morphism Oy, — (¢+Ox,,, )p is not an
isomorphism at the image points of the base points of |3K x| and the base points of [2K x|,
hence that these points are contained in Supp(M). Since

Supp(M) C V(7 x 7 minors of d})

we first check that the points are contained in the vanishing locus on the right-hand side:

i29 : dl1’ = dl1°{1..7};

i30 : I’ = minors(7,dl’);
131 : netList (decompose I’)

Fom +
031 = Jideal (x , v , VY, ¥V ,» ¥ I
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Next let us verify that the base points of |[2K x| and |[3Kx,,,| are smooth points of X4,
whereas their image points in Y are all singular points. Due to the singularities of the weighted
projective space, we cannot determine smoothness directly via the Jacobian criterion. To remedy
this situation, we first embed X, (respectively Y) in a standard projective space. From Theo-
rem[2.3.17| we know that the rational map corresponding to |5Kx,,,,| gives a closed embedding
of X.qn into the projective space P51 — P10, The image of X4, under this embedding is the
surface Proj(Rl) (see Definition[2.3.16).

To embed Y in a projective space we simply embed P = P(22,3%) in a standard projective
space. We know that the invertible sheaf Op(6) is very ample. Thus, we can embed P in P" 1,
where n = h%(P, Op(6)) = dimy S¢ = 14. We denote the isomorphic image of Y under this
embedding by Y:
i32 : R5 = kk[v_(0)..v_(10)1;
i33 : —— compute the 5th-canonical morphism and the

—— 5th-canonical image in P"10
(IX5,psi5) = fifthCanoncialModel (IX);
i34 : —-- compute the images of the base points of |2K_X| (list 12)
—-— and |3K_X| (list 13) in P"10
(12,13) = imageOfBasepoints (psib);
i35 : jacIX5 = jacobian IX5;
i36 : codim IX5

o036 = 8

137 : —-- check that all base points are smooth

Q

apply (12,i->rank (jacIX5 % i) == 8)
037 = {true, true, true, true}
138 : apply(1l3,i->rank (jacIX5 % i) == 8)

038 = {true, true}

Now we check that the image points in Y are singular points of Y:
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i39 : —- compute the image Y in P = P(272,374)
IY = ann coker dl;

039: Ideal of S

140 : S6 = kk[t_(0)..t_(13)1;

i41 : —- embed in P"13 via the ample sheaf O_P (6)
(IY' ,phi6) = embedInProjectiveSpace (IY);
i42 : (12',13") = imageOfBasepoints (phib6);

i43 : jaclY’ = jacobian IY’;
i44 : codim IY'
o044 = 11

i45 : —- check that the image points are not smooth

[

apply (12’ ,i->rank (jacIy’ % i) == 11)
045 = {false, false, false, false}
i46 : apply(13’,i->rank (jacly’ % i) == 11)

o046 = {false, false}

Finally we compute the birational model W C P! x P3 introduced in Section m To do so,
we first compute the image of the rational map Y --» P7 given by the global sections TiYj-

The image surface W’ is contained in 1/173(]?1 X IP’3), where 11 3: P! x P3 — P7 is the Segre
embedding. Hence, the surface W is the inverse image of W’ under v 3.

i47 : S13 = kk[x_0,x 1,y _0..y_3,Degrees=>{2:{1,0},4:{0,1}}1;

148 : —-- compute the model W in P"1 x P"3
IW = bihomogeneousModel (IY) ;

048 : Ideal of S13

149 : —-- compute the number and degrees of the generators of IW
tally degrees IW

049 = Tally{{0, 7} => 1}
{1, 2} =>1
{1, 5} =>1
{2, 3} =>1

We see that the set of generators of the ideal of W contains exactly one form depending only on
the variables vy, . . . , y3. This form defines the birational tricanonical model of X, in [P3. Note
that its degree is 7 = (3K x)? — 2 since |3K x| has two base points (see also Theorem .
Furthermore, we can compute whether W is smooth or not by testing smoothness in every of the
8 affine charts V; ; = D (x;y;) covering P! x P3.

150 : isSmoothBihomModel (IW)

o050 = false
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11.2 An Example with Torsion Group Z/3Z

As a next example we consider a numerical Godeaux surface X with torsion group Z/37Z. All
procedures are contained in the Macaulay2-file numGodeauxZ3 and work over a finite field
or the rational numbers. However, to avoid coefficient growth, we work again over a finite field.

To begin with, we use the results from Section to compute the canonical ring R(X).
Recall that this construction depends on the choice of a parameter A € A®. As a first step we

want to find an element A € A? such that Proj(R) /(xo, 1)) consists of 4 distinct points, where
Ry = R(X) is defined as in (9.8).

il : load "numGodeauxZ3.m2"

i2 : kk = 2Z/97;

i3 : invZ3 = computeZ3Invariants (kk);

i4d : while(
r = random(kk~1,kk"~9);
Y = computelnvariantSurface (r);
(IX,1m) = computeBasePoints (Y, mat);
not (length(lm) == 4)) do();

i5 : r

o5 =] -6 19 =12 =48 1 2 11 -43 9 |

From Lemma we know that the images of the 4 base points of |2K x| in P? are in general
position. Hence, there exists an automorphism v of P(22,3* 4% 53) such that the image points
of the corresponding points in v(Proj(Ry)) are the 4 coordinate points of P3. After applying
this automorphism, or algebraically after replacing 2, by an isomorphic ring, we compute a
minimal free resolution of the canonical ring as an S-module as explained in the last section.

i6 : IX = computeAutomorphism(IX, 1m);
i7 : F = minimalResolution (IX);

i8 : betti F

o 1 2 3
o8 = total: 8 26 26 8
0: 1
1:
2:
3:
4: 4
5: 3 6
6: 12 .
7: 8 8
8: 12 .
9: 6 3
10: 4
11:
12:
13

—
iy
=
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If there exists a standard resolution of R(X) being defined over the field Fy7, the procedure
skewsymmetricResolution computes one as explained in the last section. Otherwise, an
error message is printed:

19 : Fskew = skewsymmetricResolution (F);
110 : Fstand = standardResolution (Fskew);
111 : dl1 = Fstand.dd_1;

8 26
oll : Matrix S <-——— S

il2 : d2 = Fstand.dd_2;

26 26
0l2 : Matrix S <——— 5

Having a standard resolution of R(X), we compute the assigned matrix [ € St((@) and the
matrix a(l):

i13 : 1 = assignedMatrix (dl)

ol3 = {2}y | 0 -29 29 13 -29 29 -38 38 -33 -38 38 7 |
{2y | 32 0 0 320 0 O 0 -330 0 =33 |

i14 : al = dl1°{1..4}_{0..5}

ol4d = {4} | 7x_0-33x_1 38x_0 O -38x_0 0 0
{4} | -33x_0-33x_1 O 38x_0 O -38x_0 0 |
{4} | O 29x_0 -29x_0 O 0 13x_0+32x_1 |
{4y 1 0 0 0 29x_0 -29x_0 32x_1

Next we compute the Betti numbers of the module coker a(/) and see that they are of the form
as claimed in Lemma[0.2.4}

il5 : betti res coker al
01 2
0l5 = total: 4 5 1
4: 4 .
5: . 5 .
6: . . 1

Finally we verify that Conjecture [8.4.3]is satisfied in this example, that means that the 3 x 3
minors of the matrix ¢(l) vanish precisely at one point:

116 : el = d1°{5..7}_{6..17};
il7 : me3 = minors(3,el);
118 : decompose me3

0l8 = {ideal x }
0

This point (considered as a point in P) defines the unique divisor in |2K x| containing the base
point of 3K x|:
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119 : use Sbig;

i20 : base3K = ideal mingens (IX + ideal(y_0..y_3));

i21 : netlList (decompose base3K)
+ ________________________________________________________
| 5 2
021 = |ideal(x , — 48x +w , 2 , 2 , 2 , 2 , W , W + W, VY,
| 0 1 1 2 3 1 0 2 0 1 3
+ 77777777777777777777777777777777777777777777777777777777

Next we compute the matrix d} and the vanishing locus of its 7 X 7 minors:

i22 : d1’ = d1°{1..7};

i23 : I’ = minors(7,dl’);
i24 : netlist (decompose I’)
Fmm +
o024 = |ideal (x , Vv , V , YV , vV )I
| 0 1 2 3 0 |

The output shows that the morphism Oy, — (¢+Ox.,,)p is an isomorphism except possibly
at the points in the vanishing locus of the ideal I’. As in the example of the Z/5Z-Godeaux
surface from the last section, we compute that the base points of |2K x| and the single base
point of |3K x_,, | are smooth points of X,,. However, in this example, the surface Y is smooth
at the corresponding image points of the bicanonical base points but singular at the image of
the tricanonical base point. Since these calculations are performed exactly as in the last section,
we won’t present the Macaulay?2-results here. In the end we compute the birational model
W C P! x P3 and test this surface on smoothness:

i25 : —-- compute the image Y in P(272,374)
IY = ann coker dl;

025 : Ideal of S
i26 : S13 = kk([x_0,x_1,y_0..y_3,Degrees=>{2:{1,0},4:{0,1}}1;
i27 : IW = bihomogeneousModel (1Y) ;

027 : Ideal of S13
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i28 : tally degrees IW

028 = Tally{{0, 8} => 1}
{1, 3} => 1
{1, 5} => 1
{2, 2y => 1

As in the previous section, there is exactly one bihomogeneous polynomial among the generators
of the ideal of W depending only on the variables yqg,...,y3. This polynomial defines the
birational image of the canonical model in P3. In this case, the degree of this polynomial (or
equivalently, of the corresponding surface in P3) is 8 = (3K x)? — 1 since |3K x| has a single
base point. At the end of this section we compute that the surface W is not smooth:

129 : isSmoothBihomModel (IW)

029 = false

11.3 Examples with a Trivial Torsion Group

In this section we present the implementation of our construction method of numerical Godeaux
surfaces developed throughout this thesis and give some examples. Let us briefly recall the main
steps of this construction: The first step is the computation of two homogeneous homomor-
phisms

dy: Fy <+ Fi, do: By + FY

such that
(i) djds =0,
(ii) ds is alternating,
(iii) modulo zg, z1, the matrices d} and dy have the form as chosen in Section

As a second step, we use these matrices to compute a standard complex

dtr
Fo & p & FY S RY o, (11.1)

Finally, if R := cokerd; satisfies all the properties of Theorem then Proj(R) is the
canonical model of a numerical Godeaux surface.

In Chapter we have seen that the computation of two matrices d} and ds as above is equiv-
alent to choosing a matrix | € St(()) and a point p in a vector space V(). Furthermore, in
Subsection we described a Las Vegas algorithm for computing lines in (), and hence ele-
ments of St(Q).

We have implemented our construction using the computer algebra system Macaulay2. Up
to now, these procedures can be performed over any finite field ¥, When working over the field
k = Q, the procedures are also applicable except for the procedure which computes lines in
Q. According to the Las Vegas algorithm from Subsection for k = Q, we first have to
choose a point in a conic, and then a point in a O-dimensional variety Zg of degree 8. In general,
this variety does not have any k-rational points. But of course Zg has rational points in some
finite field extension of degree at most 8. Hence, to choose a point in Zg we need to compute an
absolute primary decomposition of the corresponding ideal. As far as we know, such a procedure
is not implemented in Macaulay2 up to now. But there exists an efficient implementation in
the computer algebra system SINGULAR.
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Soin the case k = Q, we first compute with the help of SINGULAR a line in () which is defined
over a number field Q(«) of degree at most 16, and then use our programs in Macaulay?2 to
finish the construction.

Let us now present the individual procedures by computing an example over a finite field.
As a first step we have to introduce several variables representing the unknown entries of the
matrices di and dp. We consider first the case where we assume a priori that the matrix ¢ is
zero. Using the results from Chapter[7] we only have to introduce variables for the entries of the
matrices a and 0. For the sake of simplicity, we also introduce variables for the entries of n —
then our program will compute the substitution of every variable in n as in Corollary and
we do not have to do this manually. This initialization is done by our Macaulay2-program
globalVariables:

il : load "numGodeaux.m2"
i2 : kk = 2Z/317;

i3 : setRandomSeed(11);

i4 : (A,B) = globalVariables (kk);
7 26

04 : Matrix SR <—-—- SR
26 26

o5 : Matrix SR <--— SR

For example, the initial a-matrix of A is of the form:

i6 : —— the a-matrix of A
astart = A"{0..3}_{0..5}
_(0,0,2) 0 a_(0,0,3) 0 0 |
a_ 0 a_(1,1,3) 0
_(2,0,2) a_(2,1,2) 0 0 a_(2,2,3)1
0 a_ a_ a_(3,2,3)]

o v Ow

(3,0,3) (3,1,3)

As a next step, we construct the complex modulo g, x; as described in Section[6.3] Then,
putting the first two syzygy matrices of this complex and the matrices A and B together, we
obtain the general set-up for the matrices d} and dy as introduced in and (7.2). Afterwards
we compute a minimal generating set for the relations coming from djds = 0. These steps are
performed by the following Macaulay2-procedure:

i7 : (rel2,subsl) = setupMarkedGodeaux (R);

The matrix rel2 contains a minimal set of relations coming from the equation djdy = 0. The
computation shows that there are in total 58 relations as described in Summary

i8 : betti rel2

0 1
08 = total: 1 58
0: 1
1:
2 .
3: 28
4: .
5: 30
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Among the 28 relations of degree 4 there are the Pfaffians qo, .. ., g3 which we have studied in
Section

i9 : —— the 4 Pfaffians
pfaffrel = rel2_{24..27}

a_(0,0,1)a_(0,0,2)~a_(1,0,1)a_(1,1,2)+a_(2,0,2)a_(2,1,2)|

The second output of the program setupMarkedGodeaux is a matrix subs1. Every entry
of this matrix corresponds to a variable of the underlying polynomial ring (possibly being sub-
stituted by other values using the relations coming from d}ds = 0). During the construction
we update this matrix iteratively. That means, if we have found a possible assignment for the
variables in a or o, we substitute the corresponding entries by these values. As a last initializing
step we set up the 4 skew-symmetric matrices from Section [/.2| whose Pfaffians are qq, . . ., q3:

i10 : Ms = setupSkewMatrices(rel2);

Now we compute a random line in () (and a representative in St((Q)) with the help of the Las
Vegas algorithm from Section Since we are working over a finite field we do this simply
by trial and error as explained at the end of Section Hence, the runtime of this procedure
strongly depends on the characteristic of the base field.

ill : time (subsline,randline) = pickLine (Ms);
—— used 404.33 seconds

il2 : randline
ol2 = {2} | -113 64 11 26 37 3 -89 -117 -131 -53 1 0 |
{2} | =71 =91 62 55 100 41 -61 -57 -33 =142 0 1 |

Note that the assumption ¢ = 0 is only valid if the a-matrix of d} has rank 4 and if the cokernel
module has the Betti numbers

Our program pickLine checks if these conditions are satisfied. Next we verify that the com-
puted matrix [ is contained in the open subset Viensy, € St(Q) from Proposition and
Remark [7.4.7}

il3 : al = sub(astart, subsline);
i14 : betti res coker al

012
0l4d = total: 4 6 2

4

0 ~J o U b
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115 : pstart = B"{6..17}_{18..25};
il6 : pl = sub(pstart,subsline);

117 : betti res coker pl

01

ol7 = total: 12 8
7: 12

8: 8

Thus, the matrix [ satisfies all the required open conditions, and hence | € Viensys.

Next, we want to verify that the point [{] is a stable point of F(Q) under the linear action of
G = (k*)3 defined in and (8.18). According to the proof of Lemma8.3.16]it is enough to
show that the respective coordinates of the corresponding point in IP%° are non-zero. But, by the
definition of the Pliicker embedding, these coordinates are the 2 x 2 minors of /. In our example,
we see that all the 2 x 2 minors are non-zero. Hence, [I] € F1(Q)°.

118 : gens minors (2, randline)

0ol8 = [-72 115 -103 69 -137 -56 -114 -60 74 -69 18 44 -52 -50 -51

151 7 150 -117 18 -119 -80 37 139 -143 46 -155 -105 -38 52

-117 -131 =53 1 |

1 66
0l8 : Matrix SR <--- SR

As a last step we compute a solution of the linear relations given by djds = 0 which is done
by our program pickSection. This procedure computes first the remaining linear relations,
chooses then a basis of the vector space of solutions V (1), and picks a random point in this space
in the end:

119 : time (subspoint,randpoint) = pickSection (subsline);
—-— used 0.459521 seconds

i20 : —-—- the number of the rows of the chosen point is the
—— dimension of the solution space
randpoint
020 = | =12 |
| 112 |
| =120 |
| 146 |

4 1
020 : Matrix SR <-—-- SR

Thus, there exists a matrix [ € St(()) such that the vector space V(1) is 4-dimensional as claimed
in Section[7.5] Now, we are able to compute a standard resolution:
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i21 : Fstand = standardResolution (subspoint);

i22 : betti Fstand

o 1 2 3
022 = total: 8 26 26 8
0: 1
1:
2:
3:
4: 4
5: 3 6
6: 12 .
7: 8 8
8: 12 .
9: 6 3
10: 4
11:
12:
13: . . ..
14: . . 1

The procedure standardResolution computes first the matrices d) (I) and da(l, p), where
(1, p) is the pair chosen before. Then the program computes one additional syzygy of the matrix
da(l, p), transforms this to the required form modulo x¢, z; and concatenates the resulting row
vector with the matrix d}(l). All properties of the maps of a standard resolution are checked
again by this procedure. We present this for some of the properties:

i23 : dl = Fstand.dd_1;

8 26
023 : Matrix S <-—— S

i24 : d2 = Fstand.dd_2;

26 26
024 : Matrix S <-—— S

i25 : d3 = Fstand.dd_3;

26 8
025 : Matrix S <-—— S
126 : dlxd2 ==
026 = true
i27 : (d2 + transpose(d2) == 0, dl - transpose(d3) == 0)
027 = (true, true)
i28 : (rank(dl) == 8, rank(d2) == 18)
028 = (true, true)

Now let us verify that the assumptions from Theorem are satisfied for R := cokerd;.
First we verify that R satisfies the ring condition. Let I” denote the ideal of the 7 x 7 minors
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of d}. Recall that R supports the structure of a ring if depth(I’,.S) > 5, or equivalently if
dim S/I" < 1.

129 : verifyRingCondition (dl)
029 : true

Hence, R is a Gorenstein ring by the proof of the first part of Theorem[5.0.2] Next let us compute
the defining ideal Iy of the surface Y C P := P(22, 3%):

i30 : —-- compute the image Y in P = P(272,374)
IY = ann coker dil;

030 : Ideal of S

i31 : —-- verify that Y is a surface
dim (1Y) ==

031 = true

Now set Sy = S/Iy. By Theoremwe have to verify that x, 1 is a regular sequence for R
and that Proj(R/(yo, ..., y3)R) is empty or O-dimensional. Since R is Gorenstein (and hence
Cohen-Macaulay) it is enough to show that dim R/(xg, x1)R = dim R — 2. Furthermore, since
the morphism ¢: Proj(R) — Y corresponding to the inclusion Sy C R is finite, it is enough
to show that Proj(Sy /(zo, x1)) is O-dimensional and that Proj(Sy /(yo, y1,y2,y3)) is empty or
0-dimensional. These two checks are performed by our procedure verifyAssumptions:

i32 : verifyAssumptions (dl)
032 = true

Now it remains to show that [y is prime and that Proj(R) has at most finitely many rational
double points. These conditions are (computationally) not as easy to Verify as the last ones. Of
course, if Y is a smooth surface, then Proj(R) is smooth as well. Indeed, since ¢: Proj(R) —
Y is finite and birational by the proof of Theorem @ then Y being smooth implies that ¢ is
an isomorphism. To determine whether Y C P is smooth or not, we first embed Y in a
standard projective space P'3 as in Section We denote the isomorphic image of Y under
this embedding by Y”:

i33 ¢ S6 = kk[t_(0)..t_(13)1;

i34 : IY’" = embedInProjectiveSpace (IY);
034 : Ideal of S6

i35 : codim IY'

035 = 11

But now the codimension of Y’ in this standard projective space is much higher than the one
of Y in the weighted projective space IP(22, 3%) and testing smoothness for varieties of a high
codimension is again computationally difficult. This problem was one motivation for a new
smoothness-test developed by Bohm and Friibis-Kriiger (see [BFK18]]). The massively parallel
implementation of this algorithm (see [BDF™18]]) verifies that the surface Y is indeed smooth.
Hence Proj(R) =Y.

As a last step we compute the surface W C P! x P3 from the surface Y as in the last sections.
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i36 : S13 = kk[x 0,x_1,y_0..y_3,Degrees=>{2:{1,0},4:{0,1}}1;
i37 : IW = bihomogeneousModel (1Y) ;

138 : tally degrees IW

038 = Tally{{0, 9} => 1 }
{1, 6} => 2
{1, 7} => 3
{2, 5} => 8
{2, 6} => 3
{3, 4} => 10
{4, 3} => 3
{5, 3} => 2
(7, 21 => 1

We see that the set of generators of the ideal of W contains exactly one form depending only on
the variables g, . . ., y3. The degree of this form is 9 and it defines the image of Proj(R) in P3.
As a last computation we check whether W is smooth:

139 : isSmoothBihomModel (IW)
039 = true

Now, in contrast to the situation in the previous sections, where we presented examples having
a non-trivial torsion group, the surface W C P! x IP3 is smooth.

11.3.1 A Surface with no Hyperelliptic Fibres

The previous example showed that there exists a ring R and a standard resolution of R defined
over the finite field F3;7 fulfilling all the required properties of Theorem But of course
we want to show that our construction yields a numerical Godeaux surface X over C. Using the
implementation of our Las Vegas algorithm in SINGULAR we compute a line in () defined over
Q(«), which is a field extension of Q of degree 8. We use this line to start our construction in
Macaulay?2:

il : load "numGodeaux.m2"

i2 : kkl = QQ;

i3 : V = kkl[u];

i4 : -- the minimal polynomial of the field extension

minf = 71148218536494892800xu"8-267905284785328397760xu"7

-191663543691355381443%xu"6+660717755665025167872xu"5
+1148693036616534958317u"4+340130423478253176036*u"3
-416450846724240829045%u"2-279258661204766681124%u
-44344622837306452725;

i5 : —-— define the number field kk = Q(alpha)
kk = toField(V/minf);

i6 : (A,B) = globalVariables (kk);
i7 : astart = A"{0..3}_{0..5};

i8 : (rel2,subsl) = setupMarkedGodeaux (R) ;
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19 : load "linel.txt";

110 : subsline = updateRelations(linel);

The file 1inel.txt contains a matrix [ € St(Q) representing the line in ) computed by
SINGULAR. The procedure updateRelations computes the updated matrix of variables
subsline as explained in the example over Fs;7.

Next we check that the matrix [ is contained in the open set Vensy, € St(Q):

i1l : al = sub(astart,subsline);
i1l2 : betti res coker al
01 2

0l2 = total: 4 6 2

4. 4 |

5: 6

6:

7 .

8: 2

113 : pstart B {6..17}_{18..25};
il4 : pl = sub(pstart,subsline);

115 : betti res coker pl

01

0l5 = total: 12 8
7: 12

8: 8

Now we determine the solution space V(1) which is done by a syzygy computation. Naturally,
over the rational numbers or over a number field, the intermediate coefficient growth is a prob-
lem. As a result, compared to the 0.5 seconds over the field F'3;7, this procedure takes now more
than an hour. To ease the computations further on, we choose a point in Q* and not in Q(a)*,
and compute the corresponding solution in V(1):

116 : randpoint = sub(matrix{{-99},{81},{117},{63}},SR)

ol6 = | =99
[ 81 |
| 117 |
| 63 |
117 : time subspoint = computeSection(randpoint,subsline);

—— used 5789.08 seconds

The computation of the standard resolution involves the calculation of the syzygies of the 26 x 26
matrix da(l,p) having entries in the polynomial ring Q(«)[zo, 1, Y0, ---,y3]. In the chosen
example the calculation finishes after several hours:

118 : Fstand = standardResolution (subspoint);
—-— used 31639.9 seconds

119 : dl = Fstand.dd_1;
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8 26
0l9 : Matrix S <-—— S

i20 : d2 = Fstand.dd_2;

26 26
020 : Matrix S <-——'8S

Having a standard resolution, we want to verify that R := coker d; supports the structure of a
ring:

i21 : verifyRingCondition (dl);

021 : true

Hence, R is a Gorenstein ring by Theorem Next we compute the surface Y C P(22, 3%)
which is defined by the ideal Iy» = anng R = anng(coker d;). Now, since R is a ring, we have

anng R = anng 1p,

where the ideal on the right-hand side is usually easier to compute:

iz2z2 : dl’

dl"{1..7};

i23 : d1o0

dl~{0};

i24 : IY = time ideal mingens ideal (d1l0xsyz(dl’));
—-— used 4947.85 seconds

024 : Ideal of S
Now we verify the assumptions (z) and (iz) of Theorem [5.0.2}

125 : verifyAssumptions (dl)

025 : true

Let us assume for a moment that Y is a smooth surface. Then Proj(R) is smooth as well and
R is the canonical ring of a numerical Godeaux surface X defined over the number field Q(«).
Furthermore, for X 4, = Proj(R) we have

Y & Xogn = X.

Hence, X is a marked numerical Godeaux surface. Furthermore, since the assigned matrix
I € St(Q) satisfies I € Viensy, we know that Tors X = 0 by Proposition Furthermore,
if the birational model of X in P! x P3 is smooth, then the bicanonical system of X has no
(honestly) hyperelliptic fibres by Proposition However, checking smoothness of the
surface Y or its isomorphic surface Y/ C P'3 over the number field directly is not feasible due
to the high codimension and the intermediate coefficient swell. In the following we will argue
that Y is smooth using a reduction modulo a prime.

Let K = Q(«), and let Ok be the ring of integers of the number field K. The surface
Y = Proj(S/1ly) is defined over K and we can consider Y as a family of varieties )} over
Spec(Ofk ), where the generic fibre ) is isomorphic to Y and the special fibre ), over a closed
point p € Ok corresponds to the reduction modulo p. We call the fibre ), a specialization of
Y. Now let p be a prime in O such that

OK/}J = IFIM
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where p is a prime number. Furthermore, by replacing Y with its isomorphic surface Y/ C P'3,
we may assume that Y is a subscheme of a (standard) projective space. Now taking the flat
closure of Y in projective space over the local ring of p yields a flat family of surfaces over
Spec(Ok ) whose generic fibre over the point Spec(K) is Y, and whose special fibre is a
surface Y}, defined over [F,,. Now, since being smooth is an open property, if the special fibre Y,
is smooth, then sois Y.

So we have to find a prime ideal p € Spec(Og ) such that Ok /p = F),. Using the characteri-
zation of prime ideals in O, it is enough to find a prime number p € Z such that the minimal
polynomial minf of « has a linear factor (of multiplicity 1) modulo p. Using SINGULAR we
compute that for p = 197, we have

minf = (u+ 36) - fo mod p,

for some polynomial f of degree 7. Hence, we take as a prime ideal p = (197,u + 36).
Reducing the computed standard resolution ¥, modulo p, we obtain a standard resolution over
[F,, whose assigned pair is just the reduction of the chosen pair over K. Hence we can apply our
construction to this pair and compute the surface in P(22, 3%) and its isomorphic image in P'3:

il : load "numGodeaux.m2"
i2 : kk = 7272/197;
i3 : —- the reduction of the chosen line over K modulo (197,u+36)

lmod = matrix{{-6, -4, -2, -2, -6, -1, 4, -3, -2, 5, 2, 0%},
{-53, 16, -88, -12, 76, 71, 67, -48, 71, 0, 74, 94}};

i4 : —-- the reduction of the point over K modulo (197,u+36)
pointmod = matrix{{-99},{81},{117},{63}};

i5 : subspoint = solveRelations (lmod,pointmod) ;
i6 : Fstand = standardResolution (subspoint);

i7 : dl = Fstand.dd_1;

i8 : IY = ann coker dil;

i9 ¢ S6 = kk[t_(0)..t_(13)1;

110 : —-- compute the isomorphic image of Y in P"13
IY’ = embedInProjectiveSpace (IY);

0l0 : Ideal of S6

We have verified that Y is indeed a smooth surface with the help of the algorithm from [BDF " 18].
Thus, from the discussion above we deduce that Y is a smooth surface over the number field
K. Furthermore, modulo p, we compute that the corresponding surface in P! x P3 is smooth.
Hence, using similar arguments as above, we conclude that the surface W C P! x P3? defined
over K is smooth. Let us summarize the results of these computations:

Summary 11.3.1. There exists a marked numerical Godeaux surface X defined over a number
field K with

(i) Tors X =0,
(i) X =Xean =Y,
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(iii) the bicanonical system |2K x| has no hyperelliptic fibres.

In particular, this surface is different from the Barlow surface and the Craighero-Gattazzo surface
- the other existing examples of torsion-free numerical Godeaux surfaces.

Note that so far we have only computed the surface Y C P(22,3%) and the S-module R =
coker d; which supports the structure of a ring. Now we use the ideas introduced at the end of

Chapter E] to compute the remaining defining relations (over IF),) of R as a ring, and hence the
canonical ring R(X):

ill: Sbig = kk([x 0,x_1,y_0..v_3,z_0..z_3,w_0..w_2,
Degrees=>{2:2,4:3,4:4,3:5}1;

112 : IX = canonicalRing(dl);

i13 : betti IX

0l3 = total:

[y
(@)
N

12
18
12

OW 00 J o Ul WDNE O

11.3.2 The Barlow Surface

In this subsection we construct the canonical ring R(X) of the Barlow surface and compute a
standard resolution of R(X). Recall that the Barlow surface was the first example of a simply
connected numerical Godeaux surface. Let us first briefly sketch the construction due to Barlow.
Hereby we follow the description given by Lee in [Lee0O1]].

In Section (9.1 we have seen that there is an 8-dimensional family of Godeaux surfaces where
each surface is given as the quotient of a quintic in P* under a free action of the group Z/5Z.
In this family there is a 4-dimensional subfamily in which the corresponding quintic is the de-
terminant of a symmetric 5 X 5 matrix. These symmetric determinantal quintics were studied
by Catanese in [Cat81]]. The corresponding Godeaux surface is then called a determinantal
Godeaux surface. Moreover, in this 4-dimensional family there exists a 2-dimensional subfam-
ily in which the group action of Z/5Z on the (symmetric determinantal) quintic can be extended
to a group action of the dihedral group Ds. Using a twist of this action, Barlow realized a simply
connected numerical Godeaux surface as a quotient of such a quintic. Furthermore, since this
twisting works for the whole subfamily, this construction shows the existence of a 2-dimensional
family of simply connected numerical Godeaux surfaces.

In the following we briefly recall the description of a symmetric determinantal quintic 3 C P?
and the definition of the action of D5 on ¥. Let u, . .., us denote the coordinates of P3, and let
¢ be a primitive fifth root of unity as in Section Then the group D5 = (b, a) acts on P3 via

b: (up :ug :us:ug) — (§UI,§2U27§3U3>§4U4)7 (11.2)
a:

(ug :ug:us:ug) — (ug:us:ug:ug).
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A quintic in P2 which is invariant under this action of Ds is the determinant of the symmetric
matrix
0 ajul agu2  au3  aju4g

ajul asu aqus asug 0
A= auy aguz asus 0  asui |,

asuz asug 0 agll Aq4U

a1y 0 asu] aqus  asusg
where ay, . .., ag € k are parameters.

Example 11.3.2 (See [LeeOl], Example 1). Setting a; = ... = ag = 1 in the above matrix A,
we get the quintic

Y ud 4 ud 4 ul + uf + 5(urug — uguz)(urul + udug — uduz — ugul) = 0.

A generic surface 3 has 20 nodes. Let o: A — ¥ be a double cover which is branched over
these nodes. Then there exists the following diagram (see [LeeOl1l]], p. 900)

A/ (b) B =A/{b,a0)

X=A/{bo
/(b,0) (11.3)
where X is a determinantal Godeaux surface and B is a determinantal Barlow surface.

So we can realize the canonical ring of a Barlow surface as the invariant ring under the twisted
action of D5 on Y. The double cover A is explicitly described in [Cat81]] and [Rei81]]: let A be
the matrix from above. Furthermore, let

R =Cluy,...,ug,v0,...,05]/1,
where deg(u;) = 1, deg(v;) = 2 and I is the ideal generated by

Z A; jvj, (5 relations of degree 3)
j (11.4)
vjv, — Bj k., (15 relations of degree 4)

where B, is the entry in row j and column £ of the adjoint matrix of A. Then
A = Proj(R) C P(1%,2°)

is a smooth surface of general type with p; = 4, ¢ = 0 and K }2, = 10 (see [[Cat81]], Proposition
2.11). Moreover, A is a double cover of the quintic surface in P? defined by det(A).

Having settled the theoretical background we can now compute the Barlow surface X. For the
calculation of a quintic surface > and a double cover A we adapt the results and Macaulay2-
scripts of [BvBKS12]. In [BvBKS12] a quintic determinantal surface with parameters

ag=ax=a4=a5=1, a3 =ag = —4

is considered which corresponds to the special surface in [Bar85]. We take the same parameters
and perform our computations over the field F52; which contains a fifth root of unity:
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il

i2

i3

i4

o4

load "determinantalBarlow.m2"

kk = 27/521;
-— a fifth root of unity in kk
xi = (25)_kk;

—-— compute the double cover in P(174,275)
Idelta = doubleCover (kk,xi);

Ideal of Z

Next we compute the canonical ring R(X) as the invariant ring of Z/I(A). We verify that the
bicanonical system of the Barlow surface has indeed 4 distinct base points as shown in [[CP0O0].
Afterwards we compute an automorphism of P(22, 3%, 44, 53) which maps the 4 base points to
the “’standard” position as explained in the previous sections:

i5

i6

i7

o7

IX = canonicalRingBarlow (Idelta);

—-— compute the base points of |2K]|
base2K = ideal mingens (IX+ideal (x_0,x_1));

—— verify that there are 4 distinct base points
length (decompose base2K) == 4

true

As before, we compute now a minimal free resolution of R(X) =2 §/I(X) as an S-module and
see whether R(X ) admits a standard resolution over F52;:

i8

i9

i10

il1l

oll

i12

0l2

F = minimalResolution (IX);

Fskew = skewsymmetricResolution (F);
Fstand = standardResolution (Fskew);
dl = Fstand.dd_1;

8 26
Matrix S <--- S

d2 = Fstand.dd_2;

26 26
Matrix S <--- S

Having a standard resolution, we compute the assigned matrix [ € St(@) and the Betti numbers

of coker a(l):

i13 1 = assignedMatrix(dl)

ol3 = |-102 0 235410 -51 51 -51 2 -2 -2 |
|-51 51 =51 2 2 -2 235 0 -102 0 -1 -4 |

i14 al = d1°{1..4}_{0..5};
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i1l5 : betti res coker al

012

0l5 = total: 4 6 2
4: 4

5: 6 .

6: 2

In [CPOQ], Catanese and Pignatelli showed that the bicanonical fibration of the Barlow surface
has two hyperelliptic fibres (counted with multiplicities). We can verify that there are indeed two
distinct hyperelliptic fibres C; and Cs over the field F50;. Moreover, we compute that the two
hyperelliptic curves are smooth and irreducible. Hence, Proposition[I0.3.8]implies that there are
two points in P! at which the 4 x 4 minors of the matrix a(l) vanish, but which are not contained
in the vanishing locus of the 3 x 3 minors. The fibres over these two points in P! are exactly the
two hyperelliptic curves.

il6 : mad4 = minors (4,al);

117 : decompose ma4

0l7 = {ideal(x + 45x ), ideal(x + 220x )}
0 1 0 1

118 : ma3 = minors(3,al);

119 : decompose ma3

0l9 = {ideal (x , x )}
1 0

Next we compute the vanishing locus of the 7 x 7 minors of d}. Recall that we have the inclusion

Supp(M) C V(7 x 7 minors of d}),

where M = cokerd). The algebraic set on the right-hand side contains always the image of
the 4 base points of |2K x|. Since the two hyperelliptic fibres in the Barlow surface are smooth,
there are two additional points in V(7 x 7 minors of d}) by Lemma|10.3.7

i20 : d1’ = d1°{1..7};

i21 : I’ = ann coker dl’;

i22 : netlList decompose I’
e +

022 = |ideal(x , v , v , X , ¥ ) |
| 1 3 2 0 0
e et ettt LT T +
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e AWHH)iid +
\ 3 2 |
|ideal (106x + v , v -y , x + 45x , y - 118y , yv - 118y ) |
\ 1 3 2 3 0 1 1 3 0 3
o +
\ 3 2 |
|ideal (197x + vy , v -y, x + 220x , yv + 234y , y + 234y )|
\ 1 3 2 3 0 1 1 3 0 3
o +

The two additional points in the vanishing locus of I’ are the singularities of the images of
the hyperelliptic curves under ¢ as shown in Proposition[TI0.3.6] Furthermore, these points are
singular points of the surface Y. We believe that these are the only singularities of Y. We also
compute the images of the hyperelliptic curves under the tricanonical morphism X, — P2 and
verify that these curves are twisted cubic curves:

i23 : —— the ideal of the surface Y in P(272,374)
IY = ann coker dl;

i24 : pthypl = ideal (x_0+45*x_1);
125 : pthyp2 = ideal (x_0+220*x_1);
i26 : T = kk([y_0,v_1,y_2,v_31;

i27 : —— compute the images of the hyperell. fibres in P"3
Dhypl = fibreInP3 (pthypl);

i28 : Dhyp2 = fibreInP3 (pthyp2);
i29 : (genus (Dhypl) == 0, genus (Dhyp2) == 0)
029 = (true, true)
i30 : (betti res Dhypl, betti res Dhyp2)
012 012
030 = (total: 1 3 2, total: 1 3 2)
0: 1 . . O: 1 . .
1: . 32 1: . 32

The image of a (general) bicanonical curve is a complete intersection of type (2, 3):

i31 : ptgeneral = ideal (x_0+196*x_1);
i32 : Dgeneral = fibreInP3 (ptgeneral);
i33 : genus(Dgeneral) == 4

033 = true
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i34 : betti res Dgeneral
012
034 = total: 1 21
O: 1 .
1: 1
2: 1.
3: 1

Finally, we compute the birational model W C P! xP3 and verify that IV is singular as expected:
i35 : S13 = kk[x_0,x_1,y_0..y_3,Degrees=>{2:{1,0},4:{0,1}}1;
136 : IW = bihomogeneousModel (1Y) ;

i37 : tally degrees IW

037 = Tally{{0, 9} => 1}
{1, 4}y => 1
{1, 5} => 1
{2, 3} => 3
{3, 2}y => 1

138 : isSmoothBihomModel (IW)

038 = false

11.3.3 A Surface with one Hyperelliptic Fibre

At the beginning of this section we have constructed a numerical Godeaux surface X with
Tors X = 0 whose bicanonical system has no (honestly) hyperelliptic fibres. We have seen
that the cokernel of the a-matrix a(l) of a standard resolution of R(X ) has a minimal free reso-
lution of type

0 + cokera(l) « B* « B(—1)% « B(=3)2 «0,

where B = k[x(, z1] as before. Furthermore, the vanishing locus of the 4 x 4 minors of a(l) is
empty in this case.

On the other hand, in the example of the Barlow surface, we have seen that the corresponding
matrix a(/) has a minimal free resolution

0 < coker a(l) + B* « B(—1)® « B(=2)? + 0

and that the vanishing locus of the 4 x 4 minors of a(l) consists of 2 points in PL.

From the characterization in Proposition we know that for constructing a torsion-free
numerical Godeaux surface with exactly one hyperelliptic fibre, we have to choose a matrix
[ € St(Q) such that the 4 x 4 minors of a(!) vanish at exactly one point (with multiplicity 1).
Furthermore, by Remark and the discussion after Proposition [8.4.5] we are interested in a
matrix [ € St(Q) such that the module coker a(l) has a minimal free resolution of the form:

B(—2)!
0 < cokera(l) < B*«+ B(-1)°«+ @  <«0. (11.5)
B(-3)!
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There are several possibilities for computing such a matrix [ € St(Q). The first one is that
we simply use the Las Vegas algorithm to compute random lines in () and stop if we have
found a line such that one presentation matrix [ € St(Q) (and hence any) fulfills the required
property. The other possibility is to start with the matrix [ associated to the Barlow surface. The
corresponding line has two distinguished points in P! determined by the points in the vanishing
locus of the 4 x 4 minors of a(l). Recall that the Las Vegas algorithm computes first a point
p €  and then a line in () through this point. So we can take one of these special points in
P! and start the second part of the Las Vegas algorithm with this point. Then the output is a
(presentation matrix of a) line having in general a minimal free resolution as in (11.3).

il : load "numGodeaux.m2"

i2 : kk = Z7Z/521;

i3 : (A,B) = globalVariablesC(kk);
i4 : astart = A"{0..3}_{0..5};

i5 : (rel2,subsl) = setupMarkedGodeaux (R);

Note that the procedure globalVariablesC works in almost the same manner as the pro-
cedure globalVariables from the first example of Section The only difference is
that we do not assume that the c-matrix of d; is zero. Thus, the starting set-up depends on the
unknown entries of the matrices a, 0, n and ¢. Next we choose a line in ) which intersects the
assigned line of the Barlow surface in the special point corresponding to the point in P! given by
(z0+45z1) (see output 017 in Section|[11.3.2). We verify that the cokernel of the corresponding
a-matrix has the desired Betti numbers:

i6 : 1 = matrix {{-259, -21, 189, -23, -254, -232, -172, -175,
89,-103, 1, 0}, {-130, -201, 71, 8, -65, -242,
-24, 25, 4, 221, 0, 1}};

i7 : subsline = updateRelations (1l);
i8 : al = sub(astart,subsline);
i9 : betti res coker al
012
09 = total: 4 6 2
4. 4 .
5: 6
6: 1
7 .
8: 1
010 : ma4 = minors (4,al);
111 : decompose ma4
0ll = {ideal(x - 50x )}
0 1

The last step of the construction is the computation of the solution space V(1). The procedure
pickSectionC works similar as in the case ¢ = 0. However, to compute a solution space of
the smallest possible dimension, we perform some preliminary calculations to decide which of
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the entries of the matrix ¢ can be set to zero a priori as mentioned in Remark Note that
these computations depend on the choice of the matrix /. After that we choose a random point
in the solution space V(1) and compute a standard resolution:

il12 : (subspoint, randpoint) = pickSectionC (subsline);

113 : ——- a point in a 12-diml solution space
randpoint
0l3 = | 14
| 127
| 229
| 41
| -143
| 116
| 185
| =159
| 195
| 137
| =118
| 168

12 1
0l4 : Matrix kk <-—— kk

i1l5 : Fstand = standardResolution (subspoint);
il6 : dl = Fstand.dd_1;

38 26
0l6 : Matrix S <-—-- S

il7 : d2 = Fstand.dd_2;

26 26
o0l7 : Matrix S <-—-- S

Next we verify the first assumptions of Theorem([5.0.2]as in the example of a numerical Godeaux
surface having no hyperelliptic fibres:

118 : verifyRingCondition (dl)

0l8 = true
118 : verifyAssumptions (dl)
0l8 = true

il9 : IY = ann coker dl;

Hence, R := cokerd; has a ring structure and Proj(R) is a surface. Next we compute the
vanishing locus of the 7 x 7 minors of d}:

i20 : d1" = d1°{1..7};
i21 : I’ = ann coker dl’;

122 : netlList decompose I’
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e +
| 3 2 |
022 =|ideal(33x +vy , v —-vy , vy + 234y ,y + 234y ,x - 50x )|
| 1 3 2 3 1 3 0 3 0 1]
o +
|[ideal(x , v , V , V , X ) |
| 1 0 |

We see that there is one additional point in the vanishing locus. We compute that the curve G| =
Proj(Sy /(zo — 50z1)) C Y has arithmetic genus 5 and exactly one singularity ¢ € G; C Y.
Furthermore, we verify that g is the only singular point of Y. Let us also compute the image of
G1 C Y under the projection from Y to P3:

123 : ptspecial = ideal (x_0-50xx_1);

i24 : Dspecial = fibreInP3 (ptspecial);

i25 : ptgeneral = ideal (x_0-33xx_1);

126 : Dgeneral = fibreInP3 (ptgeneral);

i27 : (genus Dspecial == 0, genus Dgeneral== 4)
027 = (true, true)

128 : betti res Dspecial

012

028 = total: 1 3 2
0O: 1 . .

1: . 3 2

i29 : betti res Dgeneral

01 2

029 = total: 1 2 1
0: 1 .
1: . 1

2: . 1 .

3: 1

We see that the image of the special curve is a twisted cubic curve, whereas the image of some
random curve is a complete intersection of type (2, 3). In the end we compute the surface W in
P! x P3:

i30 : S13 = kk[x 0,x_1,y_0..y_3,Degrees=>{2:{1,0},4:{0,1}}];
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i31 : IW = bihomogeneousModel (1Y) ;

i32 : tally degrees IW

032 = Tally{{0, 9} => 1}
{1, 6} => 5
(2, 4} => 4
{2, 5} => 3
{3, 3} => 3
{3, 4} => 3
{4, 3} => 2
{5, 2} =>1

i33 : time isSmoothBihomModel (IW)
—— used 396.951 seconds

033 = false

From the proof of Theorem [5.2.1) we know that R admits a unique structure as an Sy -algebra.
Furthermore, from the number and degrees of the module generators of R as an S-module we
deduce that R is generated in degree < 5 as a k-algebra. Hence, the description of the defining
relations of the canonical ring of a numerical Godeaux surface from Lemma holds also
for the ring R. Hence we can use our algorithm canonicalRing to compute the remaining
defining relations of R (as a ring). Recall that this algorithm relies only on Lemma[3.3.9]and the
ideas of Chapter 4] Thus, we assume that all statements of Chapter 4 remain true if we replace
the canonical ring R(X) by our computed Gorenstein S-algebra R of codimension 3 which can
be checked in detail. Moreover, we plan to transfer these results to an even more general setting
in a future work.

i34: Sbig = kk([x_0,x_1,y_0..y_3,z_0..z_3,w_0..w_2,
Degrees=>{2:2,4:3,4:4,3:5}1;

i35 : IX = canonicalRing(dl);

136 : betti IX

0 1
036 = total: 1 54
0: 1
1:
2:
3:
4: .
5: 6
6: 12
7 18
8: 12
9: 6

We claim that the surface Proj(R) is smooth. To verify this, it is enough to check smoothness
at the preimages of the one singular point of Y. We compute that there are two distinct points
po, p1 € Proj(R) lying over the singularity ¢ € Y. Since these two points are not contained in
the singular locus of the weighted projective space P(22,3%, 4%, 53), we can verify directly that
Po, p1 are smooth points of Proj(R) by computing the rank of the Jacobian matrix of Proj(R)
at these points. Thus, Proj(R) (considered over the algebraic closure of F52;) is the canonical
model of a torsion-free numerical Godeaux surface X having exactly one hyperelliptic fibre.
Furthermore X = X.,, = Proj(R).
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We end this section with the following conjecture which is suggested by our computational
results:

Conjecture 11.3.3. Let X be a marked numerical Godeaux surface with Tors X = 0. Further-

more, let
dtr
0 RX)+ R & Rn& 8 FY o

be a standard resolution of the canonical ring R(X ) with assigned matrix | € St(Q). Assume
that coker a(l) has a minimal free resolution of type

B(-2)"
0 + cokera(l) + B* « B(-1)® « @ 0.
B(-3)*"

Then h is the number of hyperelliptic fibres of the bicanonical fibration (counted with multiplic-
iry).






12 Outlook

We end this thesis by giving a brief outlook on further applications of the presented construction.

In Chapters 7 and 8 we restricted our study mainly to standard resolutions whose assigned
matrices are contained in the open subset Viengy, © St(@). We have shown that such a standard
resolution leads to a (marked) numerical Godeaux surface X having a trivial torsion group.
Furthermore, we have seen that the existence of (smooth) hyperelliptic curves in the bicanonical
system of X is completely determined by the a-matrix a of a standard resolution of R(X), and
thus by the choice of the matrix [ € St(@). Recall from Proposition that, for p € P!, a
smooth bicanonical curve C), is hyperelliptic if and only if rank(a(p)) = 3. In a future work,
we want to establish further relations between the a-matrix and the existence of base points of
3K x|. In Lemma|8.4.2| we have already seen that if there is a point p € P* with rank(a(p)) < 2,
then |3K x| has a base point and that the unique bicanonical curve containing this base point is
the fibre C},. We expect that the converse of this statement is also true and that we obtain a similar
classification result as for hyperelliptic curves, that means: a bicanonical curve C), contains a
base point of |3K x| if and only if rank(a(p)) = 2. Furthermore, we expect that our construction
gives us also the (known) families of numerical Godeaux surfaces with torsion group Z/3Z and
Z/5Z, respectively. To see this, we first have to identify subsets V3, V5 C St(Q)) whose elements
lead to numerical Godeaux surfaces with torsion group Z/37Z and Z/5Z, respectively. Then we
have to compute the (minimal) dimension of the vector spaces V(1) for matrices in these subsets.
In explicit examples, we have seen that for [ ¢ Viensyz, the dimension of the solution space V(1)
is in general much higher than for [ € Vgensy,. But in this case, there are the non-trivial sets
Stab(l, R(X)) C V(l) (see Lemma[3.1.6) whose points lead to isomorphic standard resolutions
of R(X) and which we have to consider in the dimension count at the end.

A further application of our method is the construction of Godeaux curves. A Godeaux curve
C' is a curve of genus 4 marked with an effective divisor ¥ such that 3% = 2K . Reid studied
such a curve assuming that C'is a complete intersection of type (2,3) in P2 and ¥ = pg+. ..+ p3
being the sum of the 4 coordinate points of P, Hence, a general bicanonical curve of a surface in
our constructed 8-dimensional family of torsion-free numerical Godeaux surfaces is a Godeaux
curve. More generally, we can modify our method by considering a finitely generated S’ =
k[x1, Y0, Y1, Y2, y3]-module R’ having the same Betti numbers as R(X) (as an S-module). By
computing explicit examples with Macaulay?2, we have seen that the construction of a standard
resolution of R’ works basically in the same way as for R(X). But, instead of choosing a line
in the complete intersection Q C P!, we only have to choose a point in (). Our aim is to get a
more detailed description of the solution spaces and to compute the moduli of Godeaux curves
which we obtain with our modified construction.

Finally, a further extension is to drop the general assumption that the 4 base points of |2K x| =
| M | are all distinct. To obtain an applicable construction in this case, we first have to describe
the possible configurations of the images of the base points in P* and the minimal free resolu-
tion of the canonical ring modulo z, 21 as in Chapter [6] and then adapt the original set-up of
the matrices d} and d2 modulo zg,x;. Then, in particular, our construction should also yield
numerical Godeaux surfaces with torsion group Z/27Z or Z/47Z.
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