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A Numerical Method for Computing Asymptotic States and
Outgoing Distributions for Kinetic Linear Half-Space Problems

by FRANCOIS GOLSE and AXEL KLAR

Abstract

Linear half space problems can be used to solve domain decomposition problems
between Boltzmann and aerodynamic equations.
A new fast numerical method computing the asymptotic states and outgoing distri-
butions for a linearized BGK half-space problem is presented. Relations with the
so-called variational methods are discussed. In particular, we stress the connection
between these methods and Chapman-Enskog type expansions.

1 Introduction

The Boltzmann equation and the more classical gas dynamics equations (such as Euler or
Navier-Stokes equations) are used to model hypersonic gas flows. Numerical simulations
of such flows are useful in the design of space vehicles, especially in understanding the
behavior of the early phases of reentry flights.

Such flows are usually far from any kind of local equilibrium states: real gas effects
(and the so many different degrees of freedom involved such as rotational and vibrational
energies) as well as the importance of chemical reactions in the energy balance on the
vehicle surface demand that variants of the Boltzmann equation be used as first principle
equations instead of the Euler or Navier-Stokes equations. However, when the mean
free path of molecules becomes small, all numerical methods for the Boltzmann equation
become exceedingly espensive in computing time. Therefore, gas dynamics equations
should be used whenever possible — in other words, near local equilibrium states in
situations where the local mean free path is small and outside of shock and boundary
layers. These considerations prompt the use of domain decomposition strategies, where
the Boltzmann equation is to be solved only in regions others than those mentioned above.
Once the regions described by the gas dynamics equations are determined, the next ma-
jor problem is the matching of the Boltzmann domain with the Euler or Navier-Stokes
domain. This question is far from being an easy one, as the equations to couple and the
numerical schemes used to solve them are of very different nature. For numerical work
on the coupling of Boltzmann- and gas dynamics equations, see (among other references)
Bourgat et al. [3] , Lukschin et al. [16]. A more refined approach to find the correct
coupling conditions is given for example by Illner and Neunzert [12].



The problem that we address in this article is to find as explicit as possible and yet
accurate matching relations between the kinetic and gas dynamics regions. We confine
our investigations to the case of an ideal gas, since our problem seems open even in this
case. Yet, it is beyond doubt that some of the methods and ideas used here could be
adapted to more realistic models.

As a general principle, the matching can be done by modelling the interface region by a
transition layer where some “intermediate equation” (e.g., the linearized Boltzmann equa-
tion) is solved, see Golse [9] and Klar [14]. We assume this layer to have slab symmetry,
that is, the particle distribution is constant on surfaces parallel to the interface. (This
is generically the case whenever the curvature of the interface is small compared to the
reciprocal of the mean free path). Hence, the space coordinate reduces to x, the distance
to the interface. After scaling it like £, where € is the order magnitude of the mean free
path, one has to solve the following equation

(vi +u)0pp+ Ly = 0 with z€[0,00) and v = (vi,vs,v3) € R?
0(0,v) = k(v), v1+u>0

where v is the component of the bulk velocity normal to the interface, L the Boltzmann
operator linearized around some local Maxwellian and k the distribution function com-
puted in the Boltzmann region. This problem should be solved at each interface “cell” or
“mesh”. A direct solution by any kind of iterative method seems much too expensive to
do this. In fact, one is not really interested in the full solution: the only objects of interest
are the asymptotic states, i.e. (00, v) and the outgoing distribution ¢(0,v), v + u < 0.
Indeed, the correct boundary conditions for the gas dynamics equations and the ingoing
densities at the boundary of the Boltzmann region can be written in terms of those quan-
tities only.

We shall describe in this paper a numerical procedure which computes just those quantities
by using a Chapman-Enskog type expansion to approximate the solution. The method is
seen to converge very fast numerically. It seems to give accurate results when compared
to the available explicit solutions in some special cases and to results obtained by more
direct simulation schemes. This numerical procedure is inspired by the work of Ringeisen
[18], originally aimed at solving the one-speed transport equation with isotropic scattering
with full line geometry; in this special case, Ringeisen was able to give a convergence proof
for his method, while pointing out that it should be valid in more general contexts. The
first step of our method in the special case u = 0 is shown to be equivalent to the so-called
variational methods developed by Cercignani [4], Golse [10] and Loyalka, Ferziger [15] and
used for determining the slip boundary coefficients for the Navier Stokes equation. For
other approaches to the numerical solution of the above half space problem we refer to
Aoki, Sone [1], Coron [7], Siewert,Thomas [19] and for a mathematical investigation to
Arthur, Cercignani [2], Cercignani [5], Coron et al. [8], Greenberg et al. [11] and Siewert,
Thomas [19].

This paper is organized as follows:
In Chapter 2, where we explain the method for a 1-dimensional model equation, as well



as in Chapter 3, where the 3-dimensional (in velocity) BGK-equation is considered, we
proceed in the following systematic way:

Part 1 introduces the equations;

Part 2 describes the method for computing the asymptotic states and the “albedo oper-
ator” — see the definition below — for u > 0;

Part 3 specializes to the case u = 0 and compares the results with those of the variational
method;

Part 4 discusses the numerical results.

2 A 1-Dimensional Boltzmann Equation

In this section we use a simple stationary 1-dimensional model Boltzmann equation to
describe our numerical procedure. In Chapter 3 this procedure will be applied to the
linearized BGK equation with 3-dimensional velocity space.

2.1 The Equation

Consider the following stationary equation in a half space

(v+u)dpp + p— < M7 > M? = 0
0(0,v) = k(v), v+u>0

with z € [0,00),v € R, u € R. Here we denoted by M the centered, reduced Maxwellian

M = (27r)_%exp(—§) and we define < f >:= [ f(v)dv, if f is integrable. The following
R

proposition recalls the essentials of the existence, uniqueness and asymptotic behavior
results already known for this simple model, see Kaper [13] and Greenberg et al. [11].

Proposition 2.1 If u > 0 then the above problem has Vk € L*((1 + |v|)dv) a unique
solution ¢ € L®(dx, L2((1 + |v|)dv)). If u < 0 there exists again a unique solution once
the fluz [(v + u)w(x,v)M%dv, which is independent of x, is assigned an arbitrary value
m € R.

Moreover ¢(z,v) — AoM? as z — 0o, where Ao € R.

As explained in the introduction, for the purpose of domain decompositions we are inter-
ested only in the asymptotic state A and in the reflected density ¢(0,v),v +u < 0. We
shall call “albedo operator” the linear operator ¢(0,v) — ¢(0, —v — 2u),v +u > 0. We
will now describe a numerical procedure to compute these values.

2.2 The Numerical Method for u > 0

The main idea behind the method is to solve the gas dynamics equations associated to
the model Boltzmann equation and then to use the Chapman-Enskog expansion as an
approximate solution.



Computation of the asymptotic states:
Instead of

(v+u)8x<p+g0—<gpM%>M% = 0,u>0
0(0,v) = k(v), v4+u>0 (2.1)

consider the adjoint equation

—(w+ )i+ p— <Mz >M? = 0, u>0
¥(0,v) = 0, v4+u<O0. (2.2)

Here, according to the proposition above, an additional flux condition is needed. We put
< (W4u)Mip >=1.
The usual form of the above equation is seen by transforming v — —v, u — —u, which

gives

(v+u)8mw+w—<1ﬁM%>M% =0 u<0
Y(0,v) = 0, v+u>0 (2.3)
<W4uyM: > = —1.

This equation will now be solved approximately. We proceed as in the Chapman-Enskog
expansion method. Integrating the equation over the velocity space gives

By < (V4 w)PM? > =0, < vpM? > +udy < YM? >=0.

The macroscopic moment is .
@1 =< wM§ > .

The conservation equation is then
0y < VM2 > +ud0; = 0.
Defining Lt := ¢)— < M2 > M2, one gets, with vM? = L(vMz) and (2.3):
<oMigp>=< L(’UM%)Q/J >=<oMilh>=—0, < UM%(v+u)1/J > .
Here we substitute the zeroth order approximation for v, ¢ ~ ©; M 2
< vM%w > = —0,(< v’M > (:)1) —ud, < vM > 6, = —9,0;.

This results in
u@wG)l — 82@1 = 0, u<0



as an approximate equation for ©; =< Yy M > >. This is the analogue of the gas dynamics
equation for the model considered here. Its solution can be determined exactly up to 2

parameters:
0,(z) = Ae*® + 01 where A,00) € R,u < 0.

Next we compute the first approximation v, of 1 by the following equation

(v+u)8zz/11+¢1—@1M% = 0,u<0
1(0,v) = 0 v+u>0, (2.4)
where the solution ©; of the model gas dynamic equation is substituted to < ¥ M 2 > in

(2.3). Notice that < (v +u)ih; M= > is no longer independent, of z.
However, the solution of (2.4) can be given explicitely:

vz, v) = OW(1 —e wu) + XA(e" — e wha), v+u <0
BT 00 + Aewrx v+u>0

where X := Wlwu) We determine ©() and A by

< { 0o bart >~

the closest analogue to < (v + u)M %w > = —1. The v approximation can be iterated.
Consider the equation for the remaining term ¢ — ¢;: With (2.3) and (2.4) it is

o=

(v 4+ )0 (Y — 1) + (¥ — 1) — (< (w—wl)M% >+ <o M7 > —0)M
(W —11)0,0)=0 v+u>0

Defining the first order approximation of the macroscopic moment O, =< Y M 2> —0,

one can derive in the same way as above an approximate equation for ©,, namely

=0,u<0

u8z®2 — 8362 =< wlM% > —0;.

O, is uniquely determined up to 2 Parameters ©2) B. The approximation 1, of ¢ — 1
solves

=

(’U + U)awa + wQ — (@2+ < wlM% > —@1)M =0
Po(0,v) =0, wv+u>0.

Here again O, was used in place of < (¢ — wl)M% >. The 2 parameters O and B are

then determined by
< (U—i-u){ zzg&vl) }Mé > =0.

The next steps of this procedure can be carried through in the same way and produce an
expansion

Yo+t Y,
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with 1
(v +u)0ptp + Yk — (O +g)M2 =0, k=2...n
Yr(0,v) =0, v+ u >0
wk(O, U) 1 _
< (v—i—u){ (00, ) M2 >=0
where .
gk =< Yp_1M? > -0,

and

u@v@k — 6§®k = gg-
Assuming that the series

Y1+ o + Y3+ ...

converges, one can see that it is equal to the desired solution % of equation (2.3) by the
following simple calculation:
Using the above equations and equation (2.4) we obtain

(v+u)0y <1§ wk) + (:i m) — (@1 + i(@k + gk)> M? = 0.

k=2

This gives
(v+u)0, (i%) + (i%) - < (i%) M? > M? =0.
k=1 k=1 k=1

Moreover » 2° ;v satisfies the boundary condition at x = 0 as well as the constraint
required of the solution of (2.3). This means that Y 32, ¢ is equal to .

One only has to transform v and u backwards, v — —v,u — —u to get the desired
approximation of (2.2), ¥(z,v).

The following observation is crucial for the whole scheme: If ¢ is a solution of (2.1) and
1) one of (2.2)

0z(< (v +u)p(z, v)¢(z,v) >)
=< (v+u)(0z0)(z,v)Y(x,v) >+ < (v+u)(0¥)(z,v)p(z,v) >
=< L(p)y > — < L(¥)p >

=< L)y >— <L)y >
=0

In other words, < (v + u)pt > is an invariant in z. Using this invariant we get

< (v 4 u)p(oo,v)h(c0,v) > =< (v+u)p(0,v)(0,v) >



and substituting gives

< (0 4+ u) Ao M3(00, v) > = / (v + u)k(0) (0, v)dv.

v+u>0

Or with < (v + u)M2(z,v) > = 1

Ay = / (v + w)k(0)(0, ) dv,
v+u>0
where

Y (0,v) ~ 1(0,v) +¢2(0,v) + ... +1,(0,v)
E. g. the first approximation v, (0, v) is explicitly

1
~+AX, v+u>0
wl(O,v)z{(’)‘ v+u<0

with X and A defined above.

Remark: The second iteration gives already such a good approximation that usually
there is no need to iterate further.

Computation of the Albedo Operator:

Here we are interested in computing the outgoing density ¢(0,v),v + u < 0 of (2.1).
We proceed in the same way as before, except that now ¢(oo,v) = )\OOM% is known.
Therefore (2.1) can be used directly.

Here again, the gas dynamics equation is u9,0; — 8°©; = 0 but with u > 0. Demanding
that the solution be finite at infinity, one has

0, = Ae" + 0 = 0.

Substituting as before ©; into (2.1) gives

Il
o

(v + u)0pp1 + 1 — @(o?M%
01(0,v) = k), v+u>0

The solution is

(z,v) = e it k(v) + OU(1 — e ) M2,  v+u>0
e oW Ms, v+u<0

©(00,v) = AoM2 gives O) = A\ and therefore ¢1(0,v) = AegM?2,v +u < 0 . Here,
the next iteration step is needed to get the first nontrivial approximation of the albedo
operator. Considering the equation for p—; gives the second-step gas dynamics equation:

U8z®2 — a§®2 =< gOlM% > _)\oo-
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One solves as before

(U+U)8z802+§02—(@2+<g01M%>—)\OO)M% = 0
©2(0,v) = 0, v+u>0,

where O, is substituted into the equation for ¢ — ¢;. This yields ¢s. Iterating this we
end up with an approximation of

o1t on

and in particular
©(0,v) ~ p1(0,v) + ...+ ©,(0,v), v +u < 0.

Remark (The Maxwell conditions):

The following method was developed by Maxwell [17] to derive approximate boundary
conditions: In order to determine A\, one equalizes the half-fluxes at the boundary and
at infinity, i.e.

[ wrwe@uMia= [ @+u)p(oo,v)Midv
v+u>0 v+u>0

which means .
Ao / (v +u)Mdv = / (v + u)k(v) M3 du

v+u>0 v+u>0
or L
[ (w+u)Mzk(v)dv
)\oo — v+u>0 V > 0.
[ (v+u)Mdv v=
v+u>0

Of course, this equality is in general wrong on the mathematical level but can provide
correct orders of magnitudes. In many applications this method or simply the matching
by equality of moments (i.e. of local macroscopic quantities) are chiefly used to define the
coupling conditions at the interface. They amount essentially to assume that there is no
transition layer between the kinetic region and the gas dynamics region.

Our numerical results show that it seems to be valid for high Mach numbers, whereas for
small or moderate Mach numbers the results differ from those given by the above method.
The Maxwell approximation of the albedo operator is simply

©(0,v) = (00, v) = AcM2, v+ u < 0.

2.3 Numerical Method for v =0

For u = 0, there is some degeneracy in the equation and the method must be changed
slightly. We describe the procedure and show its equivalence to the variational methods
for u = 0.



Computation of the asymptotic states:

The equation is

v82g0+g0—<g0M%>M% =0 (2.5)
©(0,v) = k(v),v>0

Here no additional condition on ¢ is needed, but if ¢ is the (unique) bounded (in z)
solution, then

/Ugo(a;, U)M%dv = 0.

Consider again the adjoint equation

—00yth +h— <YMz > Mz = 0 (2.6)
¥(0,v) = 0 v<0

and choose the constraint < vy M 2 >=1. Transforming v — —v gives

0O+ P— <YMz > M2 = 0
Y(0,v) = 0, v>0 (2.7)
< m/)M% > = -1

According to the above remark, the solution of (2.7) is necessarily unbounded. In fact,
grows linearly in z. Taking this into account, we define

X =1 —aM? +oM?, Qe ¢=x+(z—v)M?2,

which gives

vaxx+x—<xM%>M% =0
x(0,v) = vM?,v>0 (2.8)
< va% > = 0.

According to the proposition above, there exists a unique bounded solution x of this
equation. 1 is given by .
Y=x+(z—v)M2.

The iterative procedure for (2.8) now parallels to the case u > 0: The model gas dynamics
equation is simply 020; = 0 with the solution ©; = ©) (using the boundedness at
infinity). Substituting ©; for < yM 2> in (2.8) gives

e toMr+0001 —e )Mz, v>0
) = oyl v<0



The condition < vMéxl(oo, v) >= 0 being automatically fulfilled, < vx(0, v)M% >=0
gives

v>Mdv
@(1) _ 1110 _ V 2T
o [ vMdv 2
v>0

Further iteration yields x ~ x1 + X2 + ... + Xxn Where, for k = 2...n, x solves

Uaachc"‘Xk_(@k'i‘gk)M% =0
Xk(oav) = 07U>0

<ol My Ju> =0

with 1
gk =< Xk—1M?2 > =04

and
020y, = gi

Taking ¢ = x + (z — U)M% and transforming v — —v we get ¥ ~ Y + ... + 9, as
approximate solution of (2.6). As before, A is computed by

Aoo = /U>0 vk(v)y(0,v)dv

with ¥(0,v) = ¢1(0,v) + ¥2(0,v) + ... + ¥, (0, v).
E. g. the first approximation for ¢ (0, v) is

0, v <0
wl(O,U)Z{ (@g)_i_ru)M%’ ru>0 .

The albedo operator is computed as in 2.2.
We remark that A\, computed in this section is exactly the limit of A\, computed in
section 2.2 as u tends to 0.

Equivalence to the variational approach:

If u = 0 the first step of our method is equivalent to an approach developed by Cercignani
[4], Golse [10] and Loyalka-Ferziger [15] to compute the slip coefficients in the boundary
conditions for gas dynamic equations. The variational method is based on the observation
that for u = 0, in addition to < vM2¢(z,v) > the quantity < vL=*(Mzv)p(z,v) > also
is an invariant (with respect to z ) of the half-space equation , where L is defined as
Lip == y— <YM > > M3. This is particular to the case v = 0. We recall the result of
this variational procedure shortly and refer the reader to the literature cited above for
more details:

10



©(0,v) is assumed to be equal to CM:? for v < 0, C a constant s.t. J (0, v)M%dv =0,
i.e.
[ vk(v)M2dv

_v>0
¢= J vMdv

v>0

Then with L '(vM?) = vM? one computes

< UQQD(O,U)M% > = <ol t(vM
= <ol '(vM

Or in other words

/ v2k(v)M%dv + / v’CMdv =< v’ M > Ao = Mo

v>0 v<0
[ v*Mdv
Ao = /UQk(U)M5dU+ / vk(v)Midv”?OUTdv
v>0 v>0 >0

To see that our method yields the same equation we only have to remember the definition
of ©()) and ;. Then

Ao = /vk(v)(v—i-@g))M%dv

v>0

= / vk(v)Y1(0,v)dv.

v>0

This is exactly the asymptotic value obtained by the first iteration step of our iterative
method for u = 0.

Equivalently, our approach uses an extension to general u of the well-known invariant
L~'(vM?) in the case u = 0.

2.4 Results

We used k(v) = vM 2 to get for u = 0 the usual velocity slip coefficient, see Cercignani
[6]. The asymptotic values for u = 0 are computed as 1.2533 for the Maxwell method
described in the remark at the end of section 2.2, 1.4245 for the first step or the variational
method and 1.4348 for the second step.

We compare these values with the calculations of Sone/Onishi [20], who found for the
velocity slip coefficient the value 1.01619 which has to be multiplied by v/2 to get 1.4371.
The same result can be found also in Cercignani [6], where the constant for the slip

11



coefficient has to be multiplied by \/g .

The results for © > 0 are shown for the Maxwell method and the first two steps of the
method in Figure 1.

FIGURE 1: ASYMPTOTIC VALUE
1.6 T T T T

2.Step —
1.Step -----
Maxwell -----

0.2 1 1 1 1

The computation of the albedo multiplied by M =% in the case u = 0 is shown in Figure 2
where we computed the true outgoing distribution by numerical integration of a formula
to be found e.g. in Cercignani [4]. Figure 3 shows the albedo for v = 1 multiplied by
M~3. We calculated the ’true’ solution for u = 1 by a direct computation using a stan-
dard iteration scheme.
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Figure 2: Albedo u=0

1.6 T T T
T .
12 _
l — -
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Figure 3: Albedou=1
2 T T T
"True" —
2.step -
1l.step -----
15 1
1k
0
-0.5 1
_l 1 1
-4 -3 -2 -1 0 1

For a comparison of these results see Coron [7], where the asymptotic values were com-
puted by a spectral method.
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3 The 3-Dimensional BGK Equation

Here the linearized form of the BGK equation will be considered, i.e. the usual colli-
sion operator of the linearized Boltzmann equation is replaced by a projection operator
describing the relaxation to a Maxwellian.

3.1 The Equation

Consider
(01 + u)dep + ¢ — TP K =0
©(0,v) = k(v),v; +u >0,
where
3 2 2
-3 -3
[IBCK .= M: << (pM% > —i—Z < (pviM% > v+ < @%M% > [v] 5 ) ’
i=1

z € [0,00],v = (vi,v2,v3) ER}u e R, < f>= [ f(v)dv, M = (2%)*% exp (—@)
R3

The existence and uniqueness theory as well as the asymptotic behavior are summarized
in the following proposition, see Arthur and Cercignani [2], Siewert and Thomas [19] or
Greenberg et al. [11].

Proposition 3.1 If u > ¢ = \/g then the above problem has Yk € L*((1 + |v|)dv) a
unique solution ¢ € L®(dz, L2((1 + |v])dv)).

If 0 < u < c it has a unique solution if [ vip(oo, U)M%dv is fized to 0.

4 conditions are to be fixed, if —c < u < 0. 5 conditions are needed, if u < —c.

The treatment can be simplified by splitting the BGK-equation into two parts, the shear
flow part, which is after some manipulations equivalent to the equation treated in section
2 and the heat transfer part (see Cercignani [6]). The latter is governed by

(vi+u)dp+p—Ilp = 0 (3.1)
e(0,v) = k), vi+u>0

where

1 1 1 w2—=3 1 [v*-3
[Mp:=M2 (< oM? >+ <vioM? > v+ < @ 3 M2>T.

If v > ¢ we need no additional condition. For 0 < u < ¢ one condition is needed. For
—c < u < 0 two conditions and for u < —c three conditions are necessary.

14



The asymptotic state is

23 1
QD(OO,’U) = (aoo +booU1 +COO|U| 5 )Mi.

The numerical scheme we developed in Section 2 will now be extended to this case to
compute Gso,y boo, Coo-

3.2 Numerical Method for v > 0
We consider (3.1) with the condition
< v1p(o0, v)M% >= 0,

if 0 < u < ¢ and without any condition if © > ¢. The adjoint equation is

—(v1+u)o+9y—IIyp = 0, u>0
Y(0,v) = 0, v+u<0 (3.2)

with 2 conditions if 0 < u < ¢, respectively all 3 conditions if v > ¢ out of the full set of
relations

1 1
< (’01 + u)l[JM% V1 > = 1
vf? 1

We transform again v — —v,u — —u and consider

(v +u)o+y—Ilyp = 0, u<O
Y(0,v) = 0, vi+u>0 (3.3)

with 2 resp. 3 conditions out of the full set of relations

1 -1
<(U1+U) U1 ’lﬁM%>: —1
[v? -1

By the usual Chapman Enskog procedure one can see that the macroscopic moments
o =3
3

approximately solve the stationary linearized Navier-Stokes equations associated to the
BGK collision kernel:

pLi=< YM? >, iy = < npM? >, 0, = < YM?E >

Op(ur +up;) = 0

4
ax(@1 + p1 +uus — amgul) =0
8$(3u@1 — 2up1 — 58$®1) =0

15



These can be solved exactly up to 5 free parameters p{!), u{), ©() A, B:

(e 9] oo !

pi(z) = P + AyeMT + Byt
u(z) = —ul) + AeM® 4 Bete®
O1(z) = Gg? + A’Yle)‘lx + B’Y2€’\2ac

where

1 4 1 )
70:_Ea7i:§)‘i+(a_u>a 1=1,2

—_ - _ 1 _ _1 2
)\,—40<27u u+( 1)"(9u +<u> + 390) , =1,

with A\; <0, if u < —cand A\; > 0,if —c < u <0 and )\, < 0, forall v < 0. We define

2
O <pgg _ uy, + @QWT—?’) M
2_3
T; = <%+v1+%|v|2 )M%
X, = T+Nw+u) ! i=1,2

The first approximation v; for ) can now be calculated from

[l
2

)Mz = 0 (3.4)
P (0,v) = 0 v+u>0

(v1 + w)Opth1 + Y1 — (p1 + wv + ©4

as

eMTAX Ty + e**BXyTy + S

if vi+u<0

(1 — e mm)SW + AX Ty (eM* — e7750) + BX,Th(eM — ¢~ 75w)
if v4+u>0

P (z,v) =

We determine A, B, p(Y), ul), %) by the following 5 conditions if u < —¢, and by 4
conditions out of the following 5 and the requirement A = 0, s.t. p;,u;,©; are finite at
infinity, if —c <u < 0:

1 —1
<eratiiea ) e
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The further iteration steps are done in the same way as indicated in section 2.2., ending
up with 1 ~ 1 + ...+ 1, where 1, solves for k = 2...n the equations

| 2

-3 v -3
I SO (H ))M;:O

(v1 + w) Ot + i, — (Pk + ukvr + O v 5 5

Yr(0,0) =0, v1 +u >0

1 0
< (v + u)M% v | Y(z,v)>=1 0
v[? 0

and

By (uge + upy) = gt

(
4
0u(Ok + i+ wui — Z0sur) = g2
(-

Op
g

50,0 + 3uOr — 2up) = 3g,(c3) - 2g,(cl)
=< hp_ M3 > —Pk-1
gl(f) =< ¢k71U1M2 > —Up1

3) 2 -

v
gy =< wk—l‘

3.1
M2 > —0O_;.

By transforming v — —v and u — —u backwards we get an approximation for the solution
Y(z,v)of (3.2). The invariance in z of

< (vy +u)p(z,v)Y(z,v) >

established as in section 2 and that of

1
< (v + u)M% v | p(z,v) >
[v/?
gives us the equations we need to determine
> =3, 1
©(00,v) = (Ao + Coo 5 YMz for0<u<c,
|v]* —

©(00,V) = (Goo + boo¥1 + Coo )M% foru > c.

2

Remark that b°1° =0 for 0 < u < ¢ since we imposed the condition
< v1p(00,v)M?2 >= 0 on the solution ¢ of (3.1). The first equation is

< (v1 +u)p(oo,v)h(co,v) >=< (v1 + u)(0,v)p(0,v) >

17



Moreover we use 1 equation for 0 < u < ¢ (respectively 2 equations for u > ¢) out of

1 1
<(vi4u)[ mn M%go(oo,v) >=<(n+u)| ©n M%q)(O,v) > .
0] o]

Here we substitute ¢(oco, v) as above and ¢(0,v) = k(v), v, +u > 0.

The reflected density (0, v),v; + u < 0, that is needed in the last equations, is approxi-
mated by the Maxwell method (see the remark below). The function (0, v) is taken from
the above approximation. For instance, the first approximation ¢4 (0, v) for (0, v) is:

61(0,v) = 0, if vu+u<0
BT AXI\ T+ BXy T + SO, if v +u>0

where X;,T;,i = 1,2 and S{}) are the quantities defined above after transforming v —
—v,u — —u. Using the constraints in equation (3.2), in particular

1 1
< (v1 + u)w(oo,v)M% vy >=11
v[? 1
provides the desired equations for o, bso, Coo-
Remark (The Maxwell Method):
Out of the full set of relations
1 1
(v1 +u)p(oo,v) | v | M2dv (3.5)
v1+u>0 |’U|2
1 1
= / (Ul + U)k(’l}) () M5d1)
v1+u>0 ‘U|2

we choose two conditions if 0 < u < ¢, and all three conditions if u > ¢ to find the
asymptotic states

23
oc,t) = (o +exl "2

and

23
p(oo,v) = (aoo + boo¥1 +coo‘v‘ 5 M:.

respectively. The Maxwell approximation of the reflected density is simply
©(0,v) = (00, v), v1 +u <0

where (00, v) is obtained by the equations above.

18



3.3 The Numerical Method for v =0

Asymptotic states:

We want to determine the asymptotic state ¢(oo,v) = (aoo + COOWT*E;) M3 of

N+ —lp = 0
0(0,v) = k(v),v1 >0 (3.6)
< le%<p(x,v) > =0

If ¢ is the unique solution bounded in z, then < vy (|v|? — 5)M2p(z,v) > must be 0 or
equivalently < vl\v\QM%go(:r, v) > = 0. The adjoint equation is

-0+ -1y = 0 (3.7)
¥(0,v) = 0 if v <O0.

We choose the constraints

The transformation v — —v gives

v+ -1y = 0
¥(0,v) = 0, v >0 (3.8)

1 1 -1
<ol ot = ()

As in section 2, since there is no bounded solution of (3.8), one has to look for solutions
with linear growth in the variablle x. ) )
Defining x := ¢ — z(|v|> = 5)M 2 + vy (Jv|> = 5)M2 + v; M2 gives

vidzx+x—lx = 0
x(0,0) = v ([v2=5)M? +v,M2,v; >0 (3.9)

1 1 0
U <|v|2>"M2 > = (o)

There exists a unique bounded solution x of this equation according to proposition 3.1.
The function v is then given by

W=x+z(v]>=5)M2 — v (Jv]> = 5)Mz —v; M2.

We follow the same strategy as in part 3.2 to get the iterative solution of (3.9). The first
~ 2
approximate equations for p; : =< wM% >, U =< vle% > 01 =< MT_?’M%w > are
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8xU1 =0
aw(@1 + ,01) = 0
9?0, = 0

with the bounded solutions p; = p{)), u; = u{), ©; = ©). Substituting this into (3.9) as
in section 3.2 gives the solution
SO ifv; <0

Xl(.’IZ',’U) = { e—f—l(vl(‘v|2 _ 5) +’U1)M% +Sc(>é)(1 — 67%), if’Ul >0

with S = (p() — uDv; + @QWT_?’)M%. S is determined by

< ”1<|v1\2) { o) }M% - (8)

Y =0 and p{) and ©() are determined by the condi-

o0

—~

The conditions on x; (00, v) give u
tions on x1(0,v).

Further iteration gives x ~ x1 + X2 + ...+ X» and
1
Y =x+ (z(jv]* =5) —vi(Jv]* = 5) — v;) Mz=.

After transforming backward v — —v one arrives finally at the iterative solution of (3.9).
Using the invariance in & of < v,¢(z, v)1h(z,v) > and < v2M3p(z,v) > determines the

: . _ [o[2=3\ 7 s 1 .
coefficients a., and ¢y in ©(00) = (G + Coo 5 )M 2 according to

< v1p(00)(00) > = < w19 (0)¢(0) >
and
< vlfulM%go(oo) >=< vlfulM%gp(O) > .

More precisely

(oo + 1200, = /Ulk(v)z/)(o,v)dv (3.10)

v1>0
Uoo + 2000 = / v2k(v) M2 du (3.11)
v1>0
+ / vfgp(O,v)M%dv

v1<0

For ¢(0,v),v; < 0 we substitute again the expression obtained by the Maxwell method.
The coefficients are, in this case, determined by the first and third equation in (3.5).
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The value of 9, (0, v) needed for the first iteration step is calculated as

w(O’U)_ 0, ifvy <0
P70 80 4 (0 ([o]2 = 5) + )M, if v, >0

o0

o=

with SO = (o) + Q=3 013,

Comparison with the variational method:

Here the variational method can be summarized as follows:
We use the invariance in z of

< vlle%go(a:, v) > and < v L7 (v (v — 5)M%)g0 >
together with L™ (vy(|v|2 — 5)M2) = vy (Jv|> — 5) M2. This yields
< vfM%qJ(oo,v) > =< vfM%gJ(O,v) >
and . .
< vi(Juf* = 5)M2p(00,v) > = < vi([v|* = 5)M2¢(0,v) > .
©(0,v),v; < 0 is again the reflected density provided by the Maxwell method as above,
©(0,v) = k(v),v; > 0 and ¢(00,v) = (aeo + COOWT_s)M%. This gives the 2 equations

Uoo + 20 = / v2(0, U)M%dv + / vfk(v)M%dv (3.12)
v1<0 v1>0
and

1000 = / v2(|v]? = 5)¢(0, v) Midy + / (o2 = 5)k()Mdv  (3.13)
v1<0 v1>0
To show that this prescription is equivalent to our method, we observe that equation
(3.12) is exactly (3.11). By adding (3.12) to (3.13) the latter is transformed into

O + 1200 = / v2(0,v)((Jv|> — 5) + I)M%dv
v1<0
+ [ (P = 5) + Dk(w) MEdv
v1>0

which is, after some manipulations,

2 _ 1
= / vy (,og)) + @&)M%) Mz2k(v)dv

v1>0
+ / V2 (([v]? = 5) + 1) M3 k(v)dv
v1>0
= /vlk(v)wl(o,v)dv.
v1>0
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This is the desired result: indeed this last equation is the same as (3.10) with ¢(0,v) ~
¥1(0,v) in the first step.

3.4 Results

Choosing the incoming function k(v) = v (|v|2 — 5)M2, one finds that the asymptotic
value ¢4, is the usual temperature slip coefficient if v = 0. This value has been computed
e.g., by Sone/Onishi [20] as 1.3027 which must again be multiplied by /2 to get 1.842.
Other computations and references can be found in Cercignani [6].In particular, we com-
puted the values for u = 0:

Maxwell 1. Step/Variational 2. Step
oo —1.567 —2.059 —2.098
%° 1.567 1.821 1.839

For 0 < u < c the values of a and “* are shown in Figure 4 and 5 .
For u > ¢ @oo, boo, % are shown in Figure 6,7,8.

FIGURE 4: ASYMPTOTIC VALUE a
-0.2 T T T T T T
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FIGURE 5: ASYMPTOTIC VALUE c/2

2 T T T T T T

2.Step —
1.Step ——--
Maxwell -----

FIGURE 6: ASYMPTOTIC VALUE a
0.5 T T T T T T T T T T

2.Step —

A 1.Step -
045 - Maxwell -----

0.35 -

0.25 -

0.2 -

0.1

1.2
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FIGURE 7: ASYMPTOTIC VALUE b

-0.3 T T T T T T T T T T
-04 -
05 - _
-0.6 - 4
07+ _
08 .
09 - -
2.Step —
7 1.Step -
1F Maxwell ----- 1
1.1 y 1 1 1 1 1 1 1 1 1 1
1.2 14 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4
u
FIGURE 8: ASYMPTOTIC VALUE c/2
12 T T T T T T T T T T
2.Step —
1.Step ----
11+ N Maxwell ----- i
l - -
09 B
0.8 B
0.7 B
0.6 - -
05 1 1 1 1 1 1 1 1 1 1
1.2 1.4 1.6 18 2 2.2 2.4 2.6 2.8 3 3.2 3.4

Remark: To compare the results obtained here with the ones in Coron [7], ao and by
should be multiplied by ¥2 and €= by ¥2 - /6.
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