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Abstract

In this thesis, we deal with the worst-case portfolio optimization problem occuring in
discrete-time markets.

First, we consider the discrete-time market model in the presence of crash threats. We
construct the discrete worst-case optimal portfolio strategy by the indifference principle
in the case of the logarithmic utility. After that we extend this problem to general util-
ity functions and derive the discrete worst-case optimal portfolio processes, which are
characterized by a dynamic programming equation. Furthermore, the convergence of
the discrete worst-case optimal portfolio processes are investigated when we deal with
the explicit utility functions.

In order to further study the relation of the worst-case optimal value function in discrete-
time models to continuous-time models we establish the finite-difference approach. By
deriving the discrete HJB equation we verify the worst-case optimal value function in
discrete-time models, which satisfies a system of dynamic programming inequalities.
With increasing degree of fineness of the time discretization, the convergence of the
worst-case value function in discrete-time models to that in continuous-time models are
proved by using a viscosity solution method.
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Zusammenfassung

Diese Arbeit befasst sich mit der Worst-Case-Portfoliooptimierung in diskreten Méarkten.

Zunachst betrachten wir das zeitdiskrete Marktmodell bei vorhandener Mglichkeit eines
Crashs. Im Falle des logarithmischen Nutzens konstruieren wir den diskreten Worst-
Case optimalen Portfolioprozess mit Hilfe des Indifferenzprinzips. Danach erweitern wir
dieses Problem auf allgemeine Nutzenfunktionen und leiten die diskreten Worst-Case
optimalen Portfolioprozesse ab, die durch eine Gleichung ein dynamisches Optimierung-
problems gekennzeichnet sind. Dariiber hinaus wird die Konvergenz der diskreten Worst-
Case optimalen Portfolioprozesse fr verschiedene Nutzenfunktionen untersucht.

Um die Beziehung der Worst-Case-Optimalwertfunktion bei zeitdiskreten Modellen und
zeitstetigen Modellen weiter zu untersuchen, wird der Finite-Differenzen-Ansatz ver-
wendet. Durch Herleitung der diskreten HJB-Gleichung verifizieren wir die Worst-Case
Optimalwertfunktion in zeitdiskreten Modellen, die ein System von dynamischen Pro-
grammierungleichungen erfiillt. Mittels einer Viskosititslosungsmethode wird gezeigt,
dass die Worst-Case-Wertfunktion in zeitdiskreten Modellen gegen jene aus zeitstetigen
Modellen konvergiert, wenn der Feinheitsgrad der Zeitdiskretisierung gegen 0 strebt.
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Chapter 1.
Introduction

In the last few decades, financial mathematics has become an important and rapidly
expanding field of modern science, both in mathematics and economics. One of the
classical problems in financial mathematics is the portfolio optimization problem, that
is, optimizing investments for an investor with a given utility function and a fixed initial
endowment. In order to deal with these problems, we need at first to model the financial
markets with different mathematical models by considering the possible times of the
asset price changes during the time interval. Two kinds of mathematical models, which
are discrete-time financial market models and continuous-time financial market models,
have been developed and actively investigated to attack the portfolio optimization prob-
lem.

The continuous-time models, in which investors are allowed to make investment decisions
at any time, were developed from the 70’s of the last century. Black and Scholes[5] first
used the geometric Brownian motion to model the price processes of stocks in 1973. Sub-
sequently, based on the work of Black and Scholes Merton[33] pioneered the continuous-
time approach to the portfolio optimization problem. He applied classical stochastic
control methods to the optimal terminal wealth problem in the Black-Scholes market.
Since Merton’s pioneering work, many complete theories and powerful approaches [for
instance, Korn[23], Karatzes and Shreve[21]] have been developed to solve the portfolio
optimization problem in the continuous-time setting.

Compared to the continuous-time models, discrete-time models are more preferable from
the computational and practical point of view. For studying the portfolio optimization
problem in discrete-time models, the single-period market is a nature model and has
the advantage of being mathematically simple. Markowitz[31], whose mean-variance
portfolio selection is the most important single-period model, is the definitive refer-
ence on single-period portfolio management. Multi-period models are much more real-
istic than single-period ones. The multi-period portfolio optimization problem has also
been deeply studied. Samuelson[45] obtained the optimal decision for the discrete-time
consumption-investment model with the objective of maximizing the expected utility of
consumption by using the stochastic dynamic programming approach. Duffie[I2] pro-
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vided good treatments of both continuous-time and discrete-time models. The method
of dynamic programming, as well as the martingale method for the optimal consump-
tion and investment problems, were developed in Pliska[41]. Sometimes the Markovian
property is required to facilitate the study of these models. We can also look at the
works by Bertsekas[4], Puterman[44], Bauerle and Rieder[2] about the Markov decision
processes and the applications to finance.

The drawback of the classical stock models is that the model is not able to fully explain
extreme stock price movements, which are often observed at the markets and can cause
large financial losses for investors. To be prepared for such a situation and avoid large
losses for the investor is a desirable goal. Therefore, the modeling of a crash or of large
stock price movements incorporated into the optimal portfolio problem has become an
active research area in financial mathematics. A natural idea to replace the classical
models is the stock price dynamics with a jump diffusion processes(see Merton[35]).
And many of the work done relied on modeling stock prices as 1évy processes(see Aasel[l]
and Kallsen[20]). The approaches in these models only lead to optimal strategies which
hedge a risk coming from the jump possibility over the investment period. In particular,
it is difficult to estimate jump intensities and sizes, moreover, the investor following such
strategies may still suffer large losses during a crash. As a contrast to that, we will take
the so-called crash model which was firstly introduced by Hua and Wilmott[19]. In this
model, it is assumed that only both the maximal number of crashes in a given time
interval and the biggest possible size of crashes are known. More precisely, they distin-
guished between the 'normal times’, where the stock prices are assumed to follow general
Brownian motion, and the ’crash times’, where the stock prices are given by a sudden fall
by an unknown factor which they assumed to be bounded by a known constant. Korn
and Wilmott[29] took up this crash model and first studied the worst-case portfolio op-
timization problem in the continuous-time setting. By an indifference argument they
showed how to derive the worst-case optimal portfolio processes for logarithmic utility.
Korn and Menkens|26] extended this approach to a more general market setting and
Korn[24] extended it to the problems in an insurance context. Korn and Steffensen|28)]
showed that the value function can be found by solving the so-called HJB-system. In
Korn and Seifried[27] a new martingale approach is presented to find an indifference
strategy. Further studies on the worst-case portfolio problem in continuous-time setting
are [50], [10], [T1] and [3] .

In contrast to continuous-time models of worst-case portfolio optimization problems, rel-
atively little work has been done in discrete-time models. Nevertheless, some interesting
real-life problems are not tractable in the framework of continuous-time setting. The
optimal portfolio in continuous-time models is calculated under the assumption that
investors can trade continuously. If trading is possible at discrete points in time only,
these optimal strategies can no longer be implemented. In practice, however, this can
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never be achieved, since trading even on fully electronic systems is only possible at dis-
crete points in time. Furthermore, investors may not want to adjust their portfolio too
frequently because of the so-called transaction costs. This motivates us to consider the
worst-case portfolio optimization problem in discrete-time setting. Furthermore, if the
parameters in the discrete-time financial markets are chosen appropriately, this discrete-
time models can be seen as an approximation of the continuous-time models(for instance,
Black-Scholes model). This observation serves as another reason for the importance of
considering the worst-case portfolio optimization problem in discrete-time setting. The
objective of this thesis is to deal with the worst-case portfolio optimization problem for
discrete-time market models.

Outline of this thesis

Chapter 2 gives an overview of the portfolio optimization problem in continuous-time
models with and without crashes. First of all, we consider the Merton problem in which
the investor aims to maximize her expected utility of terminal wealth in a Black-Scholes
model. After that, we describe the crash model introduced by Hua and Wilmott and
show the optimal worst-case portfolio processes by different approaches.

In Chapter 3 we start by considering the discrete-time financial market model. We define
portfolio strategies and characterize the absence of arbitrage in this market. Next, we
investigate the dynamic programming method for the discrete-time portfolio optimiza-
tion problem and present the corresponding numerical examples.

Chapter 4 describes first the set up of the crash model in the discrete-time financial mar-
ket. In Section 2 we derive the worst-case optimal portfolio processes in discrete-time
for the logarithmic utility function by an indifference argument. After this we turn to
a more general study of the worst-case portfolio optimization problem in discrete-time.
Section 3 is devoted to provide a system of dynamic programming equations and verify
the optimal strategies as a system of difference equations. In section 4 these results will
be applied to the power-utility, log-utility and exponential-utility functions.

In Chapter 5 we turn our focus to establish a new approach, a finite-difference approach.
We first consider the discrete It6 formula introduced by Fujita. In Section 2 the discrete-
HJB equation is derived and the relation between the value function of the discrete-time
portfolio problem and the discrete-HJB equation is investigated. Moreover, we extend
the discrete-time financial market to allow for crashes in the stock price. Our aim is
to solve the worst-case portfolio optimization in discrete-time setting by considering the
discrete-HJB equation. The result is a verification theorem asserting that a so-called
Bellmann system determines the value function. This result and the characterization
of the solution are illustrated by some explicit examples. Some connections between
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discrete-time and continuous-time crash models are considered in Section 4. We show
that, with increasing degree of fineness of the time discretization, the value function in
the discrete-time crash model converges to that of the continuous-time crash model.

Finally, our thesis is complemented by a summary and an outlook on future research at
the end.



Chapter 2.

The worst-case portfolio optimization in
continuous-time

For the portfolio optimization problem in continuous time and in discrete time we have
two different financial market settings. Here we will take a look at the portfolio opti-
mization in continuous time. The market setting in discrete time we will discuss in the
next chapter. In the following we consider the optimal terminal wealth problem in the
Black Scholes market which was first solved in Merton[34]. A more extensive overview
of methods and models in continuous time portfolio optimization can be found in R.
Korn[23].

2.1. The portfolio optimization in continuous-time

Here we state the Merton model[34], which marks the starting point of stochastic control
methods in portfolio optimization.

Let (Q, F, P) be a complete probability space with sample space (2, o-field F and prob-
ability measure P, und let F be a filtration which satisfies the usual conditions. (A
filtration F satisfies the usual conditions if it is right-continuous and Fy contains all
P-null sets of F.) We furthermore assume that (2, F, P) supports a one-dimension
standard Brownian motion W = (W (t)):>0 with respect to F und fix a finite time hori-
zon T' > 0.

We consider the financial market consisting of a riskless bond and one risky security.
The price dynamics of the bond, denoted by B, and the price dynamics of the stock,
denoted by Sy, are given by
dBt = T‘Btdt (21)
dSt = ;LStdt—FO'Stth

with constant market coefficients 1 > r and the volatility o # 0.
Let > 0 be the investor’s initial wealth. We assume that 7 is a self-financing trading
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strategy and the strategy 7 is admissible for the initial value . We denote the set of
all admissible strategies on [¢t,T] with X (¢) = = by A(t,z). Here, we call the portfolio
process (m) self-financing if the wealth process X (t) corresponding to an initial capital
x satisfies the following stochastic differential equation

{ dX(t) =rX(t)dt + X (t)m(t)(n — r)dt + w(t)o X (t)dWy,

X0~ 2 (2.3)

The portfolio process will be called admissible on [t,T] if it is self-financing and has a
non-negative wealth process.

So the portfolio problem asks for a self-financing strategy (m) in a suitable class A of
admissible trading strategies which maximizes the expected utility

J(z;m, ) = E (u(X(T))) (2.4)
for some terminal time 7" and the utility function u . Let
V(t,x) = sup J(x;m) (2.5)
TeA

be the value function of the portfolio optimization problem. Merton [34] used the so-
called Bellman principle:

V(t,x) =sup E (V(6,X(0))) (2.6)

meA

where 6 is a stopping time taking values in [t,T]. The Bellman principle which allows
us to transform the original problem into two subproblems works well in a discrete time
setting. In the continuous-time case, Korn[25] considered the Hamilton-Jacobi-Bellman
equation ( HJB equation) by using the It6 formula. The corresponding HJB-equation

has the form
sup{ 37 m0 e Voo (1, @) + ((r + 7' (1 = 7)) Vi (t,2) + Vi(t, @) = 0, (2.7)
i 2.7
V(T,x) = u(x)

One can show that under certain conditions this equation has a unique solution and this
solution is indeed our value function V. For example, if U = %:ﬂ, we obtain the optimal
strategy (7*) in a setting with only one stock as

1 pu—r
(t) = —— 2.8
0= =t (28)
and for example, if U = log x, the optimal strategy (7*) is given by
) =12 (2.9)

2
o
The form of the optimal trading strategies are illustrated in Figure Note that the
optimal portfolio strategy 7*(¢) is constant.
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Figure 2.1.: The optimal trading strategies 7 for the power utility function in a Merton
type market

2.2. The worst-case portfolio optimization in continuous-time

A drawback of the standard geometric Brownian-motion-based models is that the model
is not able to fully explain extreme stock price movements, which are often observed at
the markets. Sudden price falls of the whole market, so-called crashes, are not incorpo-
rated into the standard continuous-path framework.

A natural idea to replace the Brownian motion is the stock price dynamics with a jump
diffusion[37] or to consider price proceses which are driven by 1évy processes(see kallsen
[20]). Since in these models the distribution of the jump times and sizes is known to
the investor, this leads to optimal strategies which hedge the risk coming from the jump
possibility on average over the whole period. In particular it is difficult to estimate jump
intensities and sizes. Motivated by the desire to be able to model market crashes, Hua
and Wilmott [19] introduced their so-called crash model. The stock prices are assumed
to follow geometric Brownian motion in normal times. The crash feature of the stock
price at a crash time is given by a sudden fall by an unknown factor, which they assumed
to be bounded by an explicitly known constant, but the true distribution of the jumps
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remains unknown. Subsequently Korn and Wilmott [29] used the framework of Hua and
Wilmott where they focus on the uncertainty of the number, time and height of possible
market crashes and optimize over the worst-case bounds of the trading strategies. They
assume that the stock and bond dynamics in normal times are given by

dBt = ’I“Btdt,Bo =1 (210)
dS; = pSidt + oSidwy, So = ;1 (211)

with constant market coefficients ¢ > r and ¢ # 0. At a crash time 7, which is modeled as
a stopping time, the stock suddenly drops by a relative amount of £ with 0 < k < k* < 1.
Here, k* is assumed to be the biggest possible crash height. In a crash scenario (7, k),
we have

S(r) = (1 — k)S(r—) (2.12)

No assumptions are made about the distribution of the crash time or height. Moreover,
the investor is assumed to expect the worst-possible crash scenario to occur. Let X™
be the wealth process corresponding to the portfolio process 7(¢) and the initial wealth
of x. Instead, the idea is to find the trading strategy which performs the best in the
worst-case scenario.

Definition 2.1: Let U be an utility function. The worst-case portfolio optimization
problem can be expressed as follows:

sup inf E(U(X™(T))) (2.13)

rEA Tk

where the final wealth X™(T") in the case of a crash of size k at time 7 given by
X™(T) = (1 —n(r)k)X™(T) (2.14)

with X7 (T) the wealth process in the standard crash-free market model and is given as
the unique solution to the stochastic differential equation

dX™(t) = X™(t)(r+7(t)(u—r))dt + 7(t)o X™(t)dw,
X™0) = =z

This worst-case portfolio optimization problem could be formulated: For every admissi-
ble trading strategy m, determine the crash time 7 and size k& which yields the minimal
expected utility at terminal time. This is the so-called worst-case bound for the strategy
w. The optimal trading strategy is then defined to be the trading strategy with the
maximal worst-case bound. The optimization problem is hence a version of Wald’s max-
imin model ([51]) which means that the investor chooses a strategy at first and presents
this strategy to her opponent market who chooses the crash scenario. In Korn and
Menkens[26] and Korn and Seifried [27] we can see an overview of different approaches
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to this type of problem.

The worst-case portfolio optimization problem in continuous time has first been studied
in Korn and Wilmott[29] for logarithmic utility. Since at most one crash can occur it
is straightforward to argue that after the occurrence of the crash the investor should
invest according to the optimal strategy in the Merton model. Korn and Wilmott used
the indifference strategy to solve this worst-case portfolio problem, where they found a
portfolio process that makes the investor indifferent about two extreme cases:

e A crash of maximize size k* happens immediately.
e No crash happens at all.

In the log-utility case, this can be done by solving the equation
Ellog(X [ (T)] = Vo(t, (1 = w*(t)k)z) (2.15)

in which the worst-case optimal strategy 7 satisfies the following differential equation

0.2
7 (t) = 5 (L= Tk ((t) - ) (2.16)

with the obvious final condition
m(T)=0 (2.17)

Then the optimal strategy is given by the solution to this ordinary differential equation
up to the crash time. After the crash, the investor invest according to the standard
crash-free market model. Korn and Willmott showed that for any other strategy 7 there
exists one crash scenario in which 7* performs better. 7* is indeed optimal.

Theorem 2.2: [29] In the log-utility case, the portfolio process m* such that the corre-
sponding expected log-utility after an immediate crash equals the expected log-utility given
no crash occurs which is given as the solution ©w* of the differential equation

R(0) = (1= mOR) ) (- r) — (o) + ()

2 o
©T) = 0

and satisfies

0<7 < —
= _k

18 an optimal portfolio process for the worst-case problem.
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Figure 2.2.: The optimal trading strategies for log utility function with and without crash
possibility

Figure illustrates the worst-case optimal strategy n* and the crash-free optimal
strategy in a Merton type market mg. Note that the worst-case optimal portfolio process
7* is a nonconstant process which is decreasing with time. And even at the initial time
t = 0 the optimal strategy in the presence of crash is below the crash-free strategy .

Korn and Wilmott [29] extended these results to n > 1 crashes. It can be shown that
the strategy 7* in the presence of n crashes is given as the solution of

02

2k

(7" (1)) = (1= 7™ (k") (" () — 7"~ (1)) (2.18)

with the obvious final condition
7 (T) =0 (2.19)

This approach is extended to a more general market setting by Korn and Menkens
[26]. They extend these results to power utility and changing market coefficients after
the occurrence of a crash by deriving a dynamic programming equation for the value

10
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function. The price dynamics of the bond and the risky asset after the crash scenario
(7, k) are then assumed to be given by
dBy(t) = ri1Bi(t)dt, Bi(1) = By(T) (2.20)
dS, (t) = ulSl(t)dt + 01S1(t)dwt, S (T) = (1 — ]{Z)So(T) (2.21)

with constant market coefficients rq, u; and o1 # 0 after the crash.
We denote by

(1 —r1)?
Uy = ~
1=1r1+ 20%
and )
-7
Wy — g 4 (1O 2o)
204

the utility growth potentials in the respective markets. Then it allows them to show
that the crash hedging strategy 7" is given by the solution of the differential equation

(00)?
2

(n (1)) = — (1= T ()

(mM(t) = 75 (t))* + ¥1 — W) (2.22)

with final condition
7MT) =0

This strategy makes the investor indifferent between no crash occurrung at all until
the investment horizon and the immediate worst possible crash, we have to compare
the markets before and after the crash. Note that the equation [2.22] reduces to the
equation [2.16]if the market coefficients do not change after a crash. The optimal portfolio
strategy before the crash for an investor who wants to solve the worst case portfolio
optimization problem is given by

7*(t) = min{z"(t), 73}

A more detailed discussion of the effects of changing market coefficients after a crash
can be found in Korn and Menkens [26].

Presently, there are also two other approaches to solve this kind of problem: a control
approach as used in Korn and Steffensen [28] and a martingale approach as chosen in
Korn and Seifried [27].

Korn and Steffensen interpret the worst-case setting as a game between the market and
the investor. While the market is allowed to choose a crash sequence, the investor chooses
the portfolio process. The stock price dynamics are modeled by

dSt == HStdt + O'Stdwt - k?Stht (223)

11
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where NV, is a process which counts the number of the crashes. They derive a system of
inequalities that they call the HJB-system and thereby obtain optimality of the worst-

case portfolio process. For V € C1? we define the differential operator L™V by

L7V (t,2) = Vi(t, 2) + Vit ) (r + 7t — 1)) + %Vm(t, )

and for n € N we define the value function V"(t.z) by

V™(t.x) = sup inf  EUX™(T
(t.x) e T (U(X™(T)))

Theorem 2.3: [28]

o Assume that v°(t,x) is a classical solution of

sup L™V(t,z) = 0
TEA(t,z)

(T, z) = Ulx)
which is polynomially bounded, and that

PO(t.x) =arg sup L™Y(t,z)
TEA(t,x)

is an admissible control function. Then we have
VO(t.z) = O(t, )
and the optimal control function exists and is given by

w0 (t.z) = p°(t, x)

e Forn € N and every function v* € C12, define the sets A (t,x) and AL(t,x) by

A (t,r) = {m:mre A0 LV (tx)}
Al(t,r) = {m:meA0<

V"t 2(1 — k7)) — 0" (t, )}

(2.24)
(2.25)

respectively. Assume that there exists a polynomially bounded C2-solution of

0 < sup [L™0"(t, )]

e A (t,x)

0 < sup [Vt (1 — 7k*)z) — v™(t, x)]
neAl (t,z)

0 = sup  [L™0"(t,x)] sup [v" (¢, (1
e Al (t,x) meAl (t,z)

v (T,xz) = U(x)

12

—mk™)x) —v"(t, )]
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and that
P(ta) = arg sup LTV a)
meAl (t,z)
0"(t,z) = sup[" (s, (1 —7k*)XT(s)) —v"(s, X" (s)) < 0]
s>t

where X™(t) = x and s is astopping time, is a pair of admissible control functions.
Then
V™(t.x) = v"(t,x)
and the optimal control functions exist and are given by
T (t,x) = p"(t,x)
T (t,x) = 0"(t,x)

In Korn and Steffensen [28] expilcit examples are solved when the utility function is the
negative exponential utility function or of the form U(x) = %:ﬂ, v £ 0. With the help
of the Bellman system , we can drive an ordinary differential equation for the optimal
strategy 7"*(t)

(1= 7™ (0)k) (= 7)(x"™* () — 7" (1))

— on)2
_(1 72)( 0) ((Fn’*(t))2 _ (ﬂ_nfl,*(t))Z)

T =

(7™ (1) =

o (T) = 0
One can show via induction that its solution satisfies

0<a™(t) <7 L) <. 7*9(t)

is unique.

Figure illustrates the worst-case optimal strategy 7*!(¢) and the crash-free optimal
strategy in a Merton type market my for power utility function. They look very similar
to the optimal portfolio processes of Figure The optimal portfolio process is a
nonconstant process which decreases with time.

In contrast to the dynamic programming approach, the martingale approach to the
worst-case portfolio problem is based on martingale optimality arguments and the idea
that the market acts as an opponent to the investor. Korn and Seifried [27] generalizes
the results by considering the worst-case portfolio problem as a controller-vs-stopper
game. They set the process W™(t) by

W™ (t) = VO(t, 1 — n(t)k*) X" (t) (2.26)

13
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0.8 T T T T T T T T T

{(t)

0.7 —71-0

0.6 - .

05 .

risky fraction pi
o
N

0.2 4

0.1 4

0 1 1 1 1 1 1 1 1 1

Time t

Figure 2.3.: The optimal trading strategies for power utility function with and without
crash possibility

for t € [0,7] and W™(c0) := VO(T, X™(T)). To construct an indifference strategy &
which turns the process W7 (t) into a martingale we obtain the ordinary differential

equation
1— 2
2k*
for & and then show that this is sufficient for o to be an indifference strategy. The
optimal strategy in the pre-crash market for the worst case portfolio problem is given

by the indifference strategy 7. After the crash, the Merton strategy 7% = T=7)e? -

(1= 7Ok (7 () — 7™ (1)) (2.27)

The worst-case portfolio optimization problem has also been considered in other sit-
uations: Hua and Wilmott[19] considered worst-case option pricing in a discrete-time
setting. Korn[24] applied the worst-case modeling approach in the investment for Insur-
ers. Menkens[32] considered the worst-case problem given the probability of the crash.
Desmettre, Korn and Seifried[I1] analyzed the worst-case consumption portfolio opti-
mization problem over an infinite time horizon and also considered the robust worst case
optimal investment with respect to the choice of the maximum crash size[10]. Belak and

14
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Sass[3] considered the worst-case portfolio optimization problem under transaction costs.
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Chapter 3.

The discrete-time model and the portfolio
optimization in discrete-time

3.1. The discrete-time market model

A discrete time financial model is built on a finite probability space (2, F, P) with sam-
ple space Q, o-algebra filtration F = (F¢)¢=o,.. v and the probability measure P. The
o—field F; usually models the events which can be observed up to time t. From now on
we asume that Fy = 0,Q, Fr = P(Q) and Yw € Q, P(w) > 0.

The market consists of two financial assets, whose prices at time t are given by the
non-negative random variables By, Sy, measurable with respect to F;. The asset B =
{By;t =0,1,...,T} is the riskless asset and we have By = 1. If the return of the riskless
asset over time is equal to r, the price of the riskless asset evolves as

BtJrl = (1 + ’l“t)Bt = (1 + T)n (31)

There is a risky security processes S;, where S; is a non-negative stochastic process for
each t = 1,2, ..., . The the price of the risky security S; evolves according to

Siv1=(1+ Ry)S; (3.2)

where Ry is the return process corresponding to the price process S; and we could
equivalently write
St+1 = RtSt (33)

with Ry =1+ Rt and R; > 0 P-almost surely.
We assume that the random vectors Ry, ..., R are independent identically distributed
sequences of random variables.

Definition 3.1: A trading strategy is defined as a (F;)-adapted stochastic process
¢ = (¢?, 1) where ¢¢ denotes the number of shares of asset i held in the portfolio at
time t.

17



Chapter 3. The discrete-time model and the portfolio optimization in discrete-time

Remark 3.2. Note that the components ¢! is allowed to be negative. In particular
#?Y < 0 implies that a loan is taken such that we receive the amount |¢?] at time ¢ and
pay back the amount (1+7)[¢?| at time ¢ + 1. If ¢} < 0 this corresponds to a short sale
of the asset.

The value z := (;5830 + d)(l)So is called the initial value of ¢.
The wealth process X; corresponding to ¢ with initial value x is defined by

X = ¢/Bi + 61 S
Denote by X;_ the wealth process at time t before trading, then we have
Xi— = @)1 B+ ¢_15
and the wealth process at time ¢ after trading follows
Xiy = ¢y Bi + ¢, 5

Definition 3.3: A strategy is called self-financing when the following equation is
satisfied for all t € {0,1,...,7 — 1}

G0 B+ 6118 = 0B+ 6,5
Remark 3.4. The self-financing equation can be equivalently expressed as
Xiy1 — X = ¢)AB; + ¢ AS;

Definition 3.5: Let ¢ be a self-financing trading strategy with corresponding wealth
process X (t) > 0 P—a.s. for all t, then the process m; with

__as,
t X,
is called a self-financing portfolio process.

The fraction of wealth invested in the bond is given by

®9 By
e T Ty

Then the self-financing condition implies

Xiy1 = Xi+ ¢0AB; + ¢FAS;
= Xi+ ) Bir + ¢p Se(Re — 1)
= Xy + Xy(mir + m(Ry — 1))
= Xi(1 - pif +mr + mRy)
= Xt(ﬂg(l—l—r)—l—mRt)
= Xt(wg(l—l—r)—l—mRt)
= XA +7)+m(R—1-7)) (3.4)
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This recursive formula is important for the wealth evolution which will be used in the
following.

From the remark borrowing and short-sale is allowed but the wealth process must
be positive at all times.

Definition 3.6: A self-financing strategy 7 or a self-financing portfolio process is ad-
missible if the corresponding wealth process satisfies X; > 0 for all ¢.

We denote by A(x) the set of admissible portfolio processes.
As usual we have to eliminate the arbitrage opportunities in the financial market.

Definition 3.7: A self-financing portfolio strategy = is called an arbitrage opportu-
nity with the following property for the initial capital zg <0

XF =20 <0,P(X}>0)=1,P(X}>0)>0.

Amarket model is arbitrage free, if no arbitrage opportunities exist.

An arbitrage opportunity is an investment strategy which leads to a positive profit with
a positive probability. In real markets such arbitrage opportunity exists but it disappear
soon after it is found by traders. Therefore, the absence of the arbitrage opportunities
is our main asumption in the market.

Remark 3.8. The absence of arbitrage opportunities in market models is also charac-
terized by the existence of the equivalet risk-neutral measure or martingal measure. This
equivalence is very improtant for the pricing and hedging contigent claims in complete
markets.

In the following we present two special cases of the discrete-time model.

3.1.1. Binomial model

The binomial model or Cox-Ross-Rubinstein model is an important special case of the
discrete-time model. We shall begin by recalling the Bernoulli process. The stochastic
process {Y;;t = 1,2, ...} is said to be a Bernoulli process with parameter p if the random
variables Y; are i.i.d. and

P{Y; =1} =1—P{Y; =0} =p € (0,1)
The underlying sample space €2 consists of all the sequences of the form
w=(0,1,0,0,1,1,...)

We consider our securities market model which features just a finite number 7" of periods.
Now each state w has T' components and the probability measure is given by

P(w)=p"(1—-p)""
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Let the process {N;;t =1,2,...} be defined as Ny = Y] + Y + -+ + Y}, then

fo;_yw__<t>ﬁq1_py_n

n
We consider the market with only one risky asset whose price is S; at time ¢, and a
riskless asset whose return is r over the period of time. S; is modelled as follow:

Sir1 = St Ry (3.5)
where R; are i.i.d. and such that

p_lu with probab. p
P71 d with probab. 1—p

Then we have the representation
Ry =uY:+d(1-Y:)
Then the price of the risky asset is given by
Sy = SouMNtd' N

and .
P(St = SQ’U/NtdtiNt) = <n>pn(1 — p)tin

Remark 3.9. e In this binomial market model the no-arbitrage condition is satisfied
only when the model parameters satisfy:

d<l4+r<u

Otherwise there would be an arbitrage opportunity.

If 1 +r < d, we can invest the stock price through a credit at time 0 and get a
positive profit in the future time. This is called the arbitrage opportunity.

If 1 4+ r > wu, investing a bond via a stock short selling is also such an arbitrage
opportunity.

e [t is possible to approximate the price process of the Black-Scholes-Merton model
in continuous time by the price process of the binomial model in discrete time when
we choose the suitable parameters u, d and p. This approach has been suggested
by Cox and Rubinstein[8]. And the detail about the weak convergence in financial
market can be found in Prigent[43].

A particular choice of parameters in the binomial model is given by

u=exp(ocVAt), d=exp(—ovVAt)
L 1p— %02
P=573

which are proposed by Cox[7].

VAL, 14 r =exp(r:At)
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3.1.2. Discrete Black-Scholes model

In the standard Black-Scholes-Merton market model it is assumed that the stock price
evolves according to

dBt = T‘Btdt
dSt = MStdt-FO'Std’U)t

where W, is a Wiener process.
Here we consider a discrete approximation to this continuous time model. If we take a
time step At , the dynamic processes of the bond price and the stock price satisfy

Bt+At = Bt exp(rAt)
1
Strar = Srexp((n— 50'2)At + o(wirar — wy))

In this case R; has a lognormal distribution. Let z; = log(R;) = log( Sfil) then we have

where ji = (i — 302)At, & = oV/At and Z; = % is a sequence of standard normal
ii.d. random variables.

3.2. Portfolio optimization in discrete-time

In this section we introduce the classical portfolio problem in discrete time of maximizing
the expected utility of terminal wealth.

By the self-financing property the recursive expression of the wealth process X; with
respect to portfolio strategy m; is given by:

Xt+1 :Xt((1+7‘) +7Tt(Rt— 1—7“)) (37)
Then we obtain the final wealth process Xp as following

Xy = Xo((L4+r)+m(Ro—1=7))--(1+7)+7r-1(Rr—1 —1—71))
T—-1

= 2 [J(A+r)+m(R—1-7))

t=0

with the initial wealth Xg = z.

Definition 3.10: Let a function v : D — R be strictly concave, strictly increasing and
continuous on D, then w is called a utility function.
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Example 3.11: e the log-utility function. u(X) = log(X) and D = (0, c0).
e the power utility function. u(X) = %X” with 0 <y <1 and D = (0, 00).

e the exponential utility function. u(X) = —e=% with @ > 0 and D = R.
<

Note that for an arbitrage strategy m the expectation of the utility of the terminal
wealth is not necessarily defined. Hence the investor maximizes the expected utility of
his investment under the constraint that the expectation is finite.

Definition 3.12: Let u(-) be a utility function, and X7 be the wealth process. The
portfolio problem in discrete time is to calculate

Vo(t,z) = sup )E(u(XéF)) (3.8)

with

Xt =X

A'(z) = {m € A(z) | E(u(XF)) < oo}
and to find an admissible strategy 7* s.t. E(u(X%)) = Vp.

We denote by Vy(t, z) the value function of the optimization problem in discrete time.

3.2.1. Dynamic programming

Now we investigate at first the one-period utility maximization problem. Then the
formulation of the one-period utility optimization problem is given by :

Vo(z) = stlrpE(u(x(ler—l—ﬂ(R— 1-1)))) (3.9)

In order to get the well-defined A’(z) we assume two cases:
e D =R, uis bounded from above.

e D=(0,00), E(R) < o0.
By the Jensen’s inequality we have

Eu(zl+r+nm(R—1-1))))

IN

u(EBx(l+r+n(R—1-1))))
((z(1+r+7E(R—-1-1))))
< Cl4+z(1+r+7E(R—1-71)))

u

with C' € R.
since w is concave, the utility function u(x) can be bounded from above by an
affine linear function ¢(1 4+ ) which imples the second inequality.
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For the one-period utility optimization problem of

Vo(x) :sng(u(x(l—f—Tﬂ-W(R— 1-71)))) (3.10)

we want to show that the existence of the optimal portfolio strategy 7* is equivalent
to the absence of arbitrage opportunities. The similar proof of the following theorem is
shown in Foeller and Schied[16] and Baeuerle and Rieder|[2].

Theorem 3.13: Let u ba a utility function which satisfies the assumption, then it holds:

e There are no arbitrage opportunities if and only if there exists a measurable func-
tion ™™ such that E(u(z(1+r+7"(R—1-71)))) = Vo(x).

e There exists at most one maximizer if the market model is non-redundant.
e The function Vy(x) is strictly increasing, strictly concave and continuous on D.

Remark 3.14. A financial market is called non-redundant only when there exists no
asset which can be replicated by a linear combination of the other assets.

Now we focus on the multiperiod extension of the portfolio optimization problem in
discrete time. Suppose we have the utility function u : (0,00) — R. From the theorem
above we state the following assumption on the financial market which is used through-
out this section.

Assumption:
e The market is arbitrary-free.
o E(||R¢|]) < oo for all t.

In the discrete-time model, the multi-period portfolio optimization problem can be
writen as:

Volt,o) =  sup  B(u(X]) (3.11)

T, Tt4+1," »TT—1

7w = (7, Te41, -+ - ,Tr—1) is the optimal control sequence.
When we are faced with such a sequence of decisions, the method called dynamic pro-
gramming may reduce the computational difficulties. The dynamic programming idea for
the portfolio optimization problem in discrete time is already introduced by Pilska[41].
The main idea of the dynamic programming is that the optimal decision to make now
should be consistent with the intention to act optimally in all future periods. If we know
the optimal strategy starting at time ¢ + 1, then the problem of determination of the
optimal strategy at time ¢ can be reduced to one-period problem. That means dynamic
programming can simplify a multiperiod decision problem by breaking it down into a
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sequence of one-priod problems.
In the case of our optimal portfolio problem, let us define Uy(z) as the optimal value
process with
U(z) = sup {E(u(XT)) | Fi}. (3.12)
T
Ui(z) is a F; measurable random variable.
When t =T, we have

Ur(z) = u(z), (3.13)
and t <T
Ui(z) = ms.l.l.ng{E(u(X%)) | Fi}

= S}rlp{E(UtH(XtH(Wt))) | Fi}-

t

Then from the equation (3.4) we can get the following dynamic programming equation
for the sequence m, ..., mp

{ Ui(z) = S}rltp{E(UtH(x((l +r)+m(Re—1-7)))}

3.14
Ur(z) = u(x). (3.14)

Now we state some properties of the optimal value processes U(x). We use the formu-
lation in Baeuerle and Rieder[2] and refer to the same book for the proof.

Lemma 3.15: Let u(-) be a utility function, then for the multiperiod terminal wealth
problem it holds: The optimal value function Uy(x) in each stage are strictly increasing,
strictly concave and continuous.

Theorem 3.16: [2] The value function can be computed recursively by the dynamic
programming equations

{ Ui(z) = sup{E(Ups1(z((1 +7) + m(Re — 1 —1)))) } (3.15)
Tt .

Ur(z) = u(x)

and there exist mazimizers m; of Uy(x) and the strategy (w§,--- ,m5_y) is optimal for

the portfolio optimization problem.

The dynamic programming equation can be used to compute an optimal solution
to the problem by computing the optimal value functions Uy(z) in a backwards
recursive manner. Based on the first-order necessary conditions and the strict con-
cavity of function U(z) we obtain maximizers 7} of Up41, and the portfolio strategy
(mg, -+ ,my_y) is optimal for the optimization problem. The dynamic programming
provides a bonus: you have a solution for all possible values of the initial wealth x.
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For some utility function, the portfolio optimization problem (3.8]) can be solved rather
explicitly.

Power utility:
Let us suppose that the utility function in problem (3.8]) is of the form

u(x) = ;x”’

with 0 <y <1, z € [0,00)
Then the one-period optimal value function U(x) satisfies

Ulz) = Ei?){E(u(x((l—i-r) +m(R—1-7))))}
— swp (BC @ 4r) +7(R-1-m))
TEA(x) v
= laﬂ sup {E((1+7r)+7a(R—-1-7))"}
T reA(z)

Here we define a function P, := sup {E((1+7)+m(R:—1—7))}.
meA(x)
From the dynamic programming equation (3.14)) we have that

when ¢t = T, we have

Up(z) = ixv (3.16)
and fort =T — 1
Ur_1(z) = E:E{E(UT(x((l + 1)+ m(Rp—1 —1—7))))}
_ E?%{E(i(x(u + 1)+ (Rroy — 1= 1))}
_ }va sup {B((1+7) +7(Rpoy —1=1)')
- Lop,

Then, the optimal strategy mp_; = arg Pr_; is the optimal solution of Pr_1(x).
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and fort =T —2

Ur—a(z) = sup{E(Ur—(z((1+7)+7(Rr2—1-7))))}

T —2

= sup {E(,ly(w((l +r)+m(Rro—1-7)))Pra(z))}

T —2

= flyxVPT_l sup{E((1+7r)+n(Rr—2—1—-1))"}

T2

1
= —2"Pr_Pr_,
~

we can get the optimal strategy mr_o = arg Pr_o.
and so on, we can conclude that the optimal value function in power utility are given by

T—1
Ui(x) = %x” I Ps

s=t
Ur(x) = %x'y

(3.17)

and the optimal portfolio strategy 7 is the optimal solution of P;.

Therefore if the return of the stock price R; are identically distributed for all ¢, then
m; = m is independent of t.

If we assume that we have one stock and the price process of the stock follows the
binomial model as described in section 3.1.1. Then we have that

I with probab. p
*7 1 d with probab. 1—p

then
P = Se%)l]{E((l +r)+m(Ry—1—7))"}
= s {0+ = L=t () =1 =)0 )

Let k = ﬁ, then the optimal portfolio strategy is of the form

. (1+47r) pru—1—r)"—(1—=p)Fl+r—d)F-

T r—d -1 A-prarr—am O

In the standard continuous-time Black-Scholes-Merton model from the chapter, the op-
timal portfolio strategy in the case of power utility is of the form

mi(t) = — KT (3.19)
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where p is the drift of the stock, o is the volatility and r. is the risk-free interest rate in
continuous time.

Because the Black-Scholes-Merton model can be approximated by the binomial model
if we choose the parameters of the binomial model appropriately, we expect that the
optimal portfolio strategy in binomial model converges to the expression in

continuous time. If we define:

u = exp(ocVAt), d=exp(—oVAt)

1 1p—30?
p=—-+ fuvAt, 1+ 7r = exp(r:At)
2 2 o
then by using the taylor series expansion for the exponential function exp(At) we can
obtain .
. H—Tc
1 (At) = —— 2
AltrﬁJﬂ( ) 1—v o2 (3.20)
Logarithmic utility:
Here we assume that the utility function in porblem ({3.8)) is given by
u(z) =logx
Then the one-period optimal value function U(z) satisfies
U(x) = sup {E(u(z(1+r)+m(R—1-1))))}
meA(x)
= sup {Flog(z((1+r)+n(R—1-71)))}
TEA(z)
= logz+ sup {Elog((1+7r)+n(R—1—1))}
w€(0,1]
Here we define a function P, := sup {Flog((1+7r)+m (R, —1—1r))}.
mEA(T)
From the dynamic programming equation (3.14) we have that
when ¢t =T, we have
Ur(z) =logx (3.21)

and fort=T -1

Ur-1(z) = :EPI{E(UT(JU((l +7)+m(Rr-1—1-7))))}
= Tfj;lg{E(log(w((l +1)+m(Rro1 —1-7))))}
= log + sup {Flog((1+7) + (Rr—y =1 -r))}
~ g+ Pra
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we can get the optimal strategy mp_1 = arg Pr_1 is the optimal solution of Pr_q(x).
and fort =T — 2

Ur—s(z) = sup {E(Ur—2(@((1+7)+m(Rr—2 —1-7))))}
= 7fu_p {E(og(z((1+7r)+7(Rp—2—1—1)))+ Pr_1)}
— logz + Pr_y + sup {Elog(1 +7) + 7(Rp_s — 1 - 1))}

= logx+ Pr_1+ Pr—s

we can get the optimal strategy mp_o = arg Pr_o.
and so on. We can conclude that the optimal value function in the case of log utility is

of the form
T—1

Ui(z) =logz+ > P
s=t
Ur(z) =logz

(3.22)

and the optimal portfolio strategy m; is the optimal solution of P;.

Therefore m; = 7 is also independent of ¢ if the return of the stock price R; are identically
distributed for all ¢. Specially in the binomial model as described in section 3.1.1, we
have that

P, = seu[(f))l]{Elog((l +7r)+m(R—1—r1))}
= sel[lopl]{log((l +r)+mu—1—7r))p+log((l+7r)+n(d—1—7r))(1—-p)}

then the optimal portfolio strategy is given by

. (A+r)pu—-d+d-1-1)
T T w—-1-n1+r—4d (3:23)

The optimal portfolio strategy in the case of log utility in the standard continuous-time
Black-Scholes-Merton model is given by

-7

) =B (3.24)
o

where p is the drift of the stock, o is the volatility and r. is the risk-free interest rate in

continuous time.

If we define the same parameters as following:

u=exp(ocVAt), d=exp(—ovAt)

513 VAL, 1471 =exp(rcAt)
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we can get

. * H—="e
] At) = 2
Sy (At) p (3.25)

Exponential utility:
The utility function in this case is given by

u(z) = —e

for some 6 > 0.
Then the one-period optimal value function U (x) satisfies

U) = sup {E(u((l+7)+7(R-1-7))))}

7€[0,1]

= sup {E(76—9z((1+r)+7r(R_1_r)))}
wel0,1]

= sup {B(—fr(tn)—ben(R-1-r)yy
w€[0,1]

— e 0x(14n) sup {Exe—éde_l_”)}

w€[0,1]

Comparing to the examples of the log-utility and power-utility, the situation for the
exponential utility is totally different. The separation of the term with respect to x and
the term with respect to 7 in the optimal value function is not possible. Therefore, we
consider no longer the portfolio strategy 7, but the amount of money which is invested
in the risky stock at a time with the notation m; X;.

Here we denote that 7; = m X}, then define the function P;(z) as following

Py = sup {E(e 00+ m(R-1-r)yy (3.26)
TER
Because the utility function is bounded from above, we have that the supremium of the

equation ((3.26|) exists.
From the dynamic programming equation (3.14)) we have that
when ¢t = T, we have

Ur(e) =~ (3.27)
and fort =T -1
Ur—1(z) = sup{EUr(z((1+7r)+mp_1(R—1-71))))}

Tr—1
= Ssup {E(—efex((1+7')+ﬂ'T—1(Rflfr)))}

Tr—1
= _679:13(1+7') sup {E(efeﬁ'T_l(RflfT))}

Ar_1€ER

_ —6_933(1+T)PT,1
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then we can get the optimal strategy nmp_1 = arg Pr_1 .
and fort =T — 2

Ur—2(z) = sup{EUr-1(z((1+7r)+7mr2(R-1-71))))}

TT_2
= sup {E(_e—Hx(l-i-r)((1+r)+7rT_2(R—1—r))PT_1)}
TT_2
Tr_2€R

— _6—91‘(1+T)2PT_1PT_2

then we can obtain the optimal strategy nr_o = arg Pr_s.
and so on, we can conclude that the optimal value function in exponential utility are of
the form

T-1
Ui(w) = —e 00 T Py

s=t
Ur(z) = —e 9

and the optimal portfolio strategy 7 is the optimal solution of P;.

(3.28)
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Chapter 4.

The worst-case portfolio optimization in
discrete-time

4.1. The discrete-time crash model

In this section, we specify the discrete-time worst-case market model and formulate the
worst-case optimization problem in discrete time. This model is an extension of the
discrete-time market model and allows for a crash in stock prices. As in the worst-case
market model in continuous time introduced by Hua and Wilmott [I9] and taken up by
Korn and Wilmott [29], we consider a market consisting of a risk-less bond and one risky
security with prices in normal times given by
{ Biyi=(1+7r)B;, Bo=1 (4.1)
St+1 = StRy, So = s0 .
with constant market coefficient r, and independent and identically distributed random
variables R;. We assume that the mean of the stock return E(R;) exceeds the risk-less
return factor of 1 + r, i.e.

Assumption (M): Mean stock return exceeds the risk-less return.

E(R;)>14+7r>0. (4.2)

At the crash time T, the stock price can suddenly fall by a relative amount &k € [0, k*],
where 0 < k* < 1 (the biggest possible crash height) is given. Then, in a crash scenario
(1, k) we have

Sry1=01-k)S; . (4.3)

Moreover we fix the terminal time T" > 0. Let further F;, t = 0,1, ..., T be the filtration
generated by the stock price. We then call a real-valued, F;-adapted stochastic process
a portfolio process. As usual, this process describes the fraction of the investor’s total
wealth X (¢) that is allocated to the stock at time ¢. The corresponding position will
then be hold until time ¢t + 1 where a possible reallocation happens. Obviously, 1 — 7,
equals the fraction of wealth invested in the risk-less asset.
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Let X (t) be the wealth process corresponding to the self-financing portfolio strategies
mt, then we have the wealth process at a crash time 7 by the following lemma.

Lemma 4.1: The wealth process X,+1 at crash time T corresponding to the trading
strategy mr is given by
Xepi=0+r—m(r+k))X; (4.4)

Proof: Let ¢ = (¢°,4!) be the trading strategy, then

Xrp1 = ¢0Bryg + 971541

VOB 41 + rSria

VOB (1 +7) + LS, (1 —k)
1—7m) X (1+7)+m X (1 —k)
= X ((1+7r)—7(r+k))

O]

Therefore for a possible crash scenario (7, k) with ¢ < 7 < T the dynamics of the wealth
process are given by

Xit1 = Xe((I+r)+m(Re—1—71)) tel0,7r—1U[r+1,T-1  (4.5)
Xey1 = (I+r—m(r+k)X,

where x > 0 denotes the initial wealth. We will call a self-financing portfolio process
admissible if the corresponding wealth process X (t) stays non-negative. We denote this
by m € A(z).

In the following sections, we first restrict ourselves to the case that at most one crash
can occur within the investment period [¢,T]. Details how to extend our results to the
general case of at most n crashes by an iterative procedure will be given later.

Let us point out that the optimal portfolio process after the crash has happened coincides
with the optimal one in the crash-free setting. Thus, we only have to consider portfolio
processes where the final wealth X7 in the case of a crash of size k at time 7 < T — 1 is
given by

T7—1 T-1
Xr =2 [[((+r) +m(Re—1=r)x(+r—m-(r+k)* [] (Q+r)+77(Re—1-7)) (4.7)
t=0 t=7+1

with 7} being the optimal strategy in the crash-free setting if such a strategy 7; exists.
To relate the latter one to a corresponding optimization problem in discrete time, let
u(.) be a utility function (i.e. a strictly concave and increasing differentiable function)
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and X[ be the wealth process. Then, the portfolio problem in the crash-free setting is
given by its value function

Vo(t,z) = o )Et’”(U(X”(T)) (4.8)

where we simply assume that there is no crash possibility at all. For our considerations
in the following, we make the fundamental assumption from now on:

Assumption (O): Ezistence of an optimal admissible portfolio.
We assume that for each pair (¢,2) € [0,T] x (0,00) there exists an optimal admissible
deterministic portfolio process 7* in the sense of

Volt,z) = E¥ (uw(X™ (T))) - (4.9)

This assumption is in particular satisfied for all the examples considered in this article.
Further, it is satisfied if the stock price can attain only a finite number of possible prices.
However, this is not the definite collection of all examples where this is the case.

To introduce the worst-case problem in the crash setting, the worst-case bound for
the expected utility from using 7 before the crash is defined as

W(t,z,7) = BN (u(XT)) (4.10)

in

t<T<TO0<k<K*
where we already assume that after the crash an optimal portfolio process in the crash-
free setting is followed. The worst-case portfolio problem in discrete time then is
to calculate

Vi(t,z) = sup W(t,z,7) (4.11)

reA(x)

and to find an admissible strategy 7* such that W (¢, z,7*) = Vi(t,z). We denote by
Vi(t,z) the value function of the worst-case portfolio optimization problem.
As motivated by Korn and Wilmott [29] in continuous time, there are two competing
effects, a high crash loss if a high portfolio process is chosen and a bad performance
if a low one is preferred. To cope with this, they show how to derive the worst-case
optimal portfolio strategy by an indifference argument. In the next section, we look for
an optimal portfolio strategy by using a similar indifference principle in the worst-case
portfolio problem in discrete time in the case of log utility.

4.2. Indifference strategies
In this section, we consider the special case of the logarithmic utility function:

u(x) =In(x),z >0 (4.12)
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of course, still under Assumptions (M) and (O). In this case, we have the following
representation of the value function in the discrete-time crash-free model

VOt,z) =In(z) + (T — ) E4*(In(1 4+ r + 7* (R — 1 — 1)) (4.13)
with the corresponding optimal portfolio strategy

7* =arg sup {E"(In((1+7r)+7(R—1-7)))}. (4.14)
TeA(x)

We make the assumption which is e.g. satisfied in the binomial model setting (see e.g.
Kroner [30]):

Assumption (L): Constant log-optimal portfolio.
The stock price model in the crash-free setting admits a unique positive optimal constant
portfolio process 7* in Equation (4.14)).

Remark 4.2. As 7, is independent of R; and all the R; are independent and identically
distributed, we can in the following often drop the index ¢ in R; when only expectations
are considered. Note that due to the independence of R; of the past price history, R = R;
is also independent of every choice of an admissible portfolio process ;. As the expected
value in Equation is independent of (¢,x), Assumption (L) mainly can be seen as
a reformulation of Assumptions (O) and (M).

Before solving the above worst-case portfolio problem in discrete-time, we consider at
first the following two extreme strategies.

e If the investor chooses to use the optimal strategy in the crash-free setting 7%*,
then the worst-case scenario is given by a crash of maximal height £*. From the
representation of the final wealth X7 we can easily verify that the exact crash time
has no impact on the resulting value function. Therefore, we obtain the following
worst-case bound from the worst crash scenario happing immediately:

VOt +1,2(1 + 7 — 7% (r +k))) (4.15)
= In(z) +In(14+r -7 +k)) + (T -t —1)E(n(l +7r+7"(R—-1-71)))

e If the investor chooses 7y = 0 before the crash, the worst-case scenario is that no
crash happens at all. Then the worst-case bound equals

In(z)+ (T"—t)In(1 + ) (4.16)
The Comparison of the worst-case bounds of and above leads to the following

conclusions: Which one of the above strategies yields a better worst-case bound depends
on the left investment time T" — ¢. If the remaining investment time 7" — ¢ is big enough,
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the worst-case bound of the first strategy is better. Then a strategy which takes more
risk leads to a better worst-case bound when T' — ¢ is big. When the remaining invest-
ment time T — ¢ is small, the pure bond strategy yields the higher worst-case bound.
Therefore a strategy which is more risk averse delivers a higher worst-case bound when
T —t is small. That means that an optimal strategy should take decreasing risk with
the decrease of its remaining investment time. Accordingly, one can easily infer that a
constant portfolio process can not be optimal with respect to the worst-case criterion.

4.2.1. Indifference strategy: Optimality

From the conclusion above we devote to look for a portfolio strategy that could balance
between good performance of the final wealth process when no crash happens and a
corresponding loss when a crash happens. Thus we search for a portfolio strategy which
makes the investor indifferent between two extreme cases:

e The crash of maximal size k* happens immediately.
e No crash happens at all.
This is exactly the indifference principle from Korn and Wilmott [29].

Remark 4.3. We consider in this section only the positive portfolio strategies 0 < m; <
7%, The one reason for this is that the strategy which attain negative values would
be dominated by its positive part in the worst-case sense. Additionally, if we take any
portfolio process ™ > 7%, we have the worst-case bound which satisfies
Wt ,xz,m) = inf E(u(X7
(t,2,m) 1<r<T0Sk<K* (u(X7))
7—1

- tST<TiB£k§K* Blule E)((l +r)+m(R—1-=7))*(1+r—m(r+k))

T-1

« I (@+n)+a™ER-1-m))

t=7+1

As the utility function wu is strict increasing, the high portfolio strategy 7 > 7% at the
time of the crash leads to a decrease of the total wealth as well as the optimal portfolio
strategy 7%* brings a higher utility from the final wealth. Therefore,

W(t,z, ) < W(t,z, 7).
That means, 7°* leads to a better worst-case bound than any portfolio process m > %%,

Before we explore how to derive the optimal strategy of the multi-period portfolio opti-
mization in discrete-time, we consider first the single-period case.
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Proposition 4.4: 1. The optimal portfolio process my for the single-period worst-case
portfolio optimization equals 0 .

2. The optimal portfolio strategy above satisfies the indifference principle.

Proof:

1. In the one-period worst-case portfolio problem, the worst-case scenario is a crash
with maximal size k* for every positive my > 0. Then the worst-case bound of mg
satisfies:

E(In(X1))
E(n(zx(1 47— m(r +k%))))
= In(z) +In(1 47— 7mo(r + &*))

Because the utility function In(x) increases in x, we have
In(14+7r—mo(r+&*)) <In(l+r)

Therefore the pure bond strategy leads to a better worst-case bound. We can
conclude that the pure bond strategy my = 0 is the optimal portfolio strategy in
the one-period worst-case portfolio problem.

2. The expected utilities of the final wealth for strategy m; = 0 corresponding to the
two extreme cases above satisfy the following representations:

e A crash of maximal size k* happens immediately
E(n(X1)) =In(z) + In(1 +r — m5(r + £%)) = In(z) + In(1 + r)

e No crash happens at all
E(n(X1))=In(z)+ En(14+r+mp(R—1-7))) =1In(x) + In(1 + )
These two representations are coincident with each other. Therefore the optimal

portfolio strategy in the one-period worst-case portfolio problem satisfies the in-
difference principle .

O]

We now turn to the multi-period setting:
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Proposition 4.5: Under Assumption (L), there exists a portfolio process m* which sat-
isfies the indifference principle if there exists a solution to the equations

N 1+7r 1+7r N
Tey1 = r+ _(r+k* — ;) (4.17)

B (47" (R1=n)) = E(n(l4r+mf (R-1-1)) g < < T — 1

*

mr1 = 0
with
0<m <7% te{0,1,...,T -1} (4.18)

and 7 being the optimal portfolio process in the crash-free model in discrete time.

Proof: The expected utility of the portfolio process 7* corresponding to the case that a
crash of maximal size k* happens immediately satisfies:

VOt 4+ 1, 2(1+r — ) (r+k)) (4.19)
=In(z)+In(1+7r -7 (r+k))+ (T —t—1DE®)(In(1+r+7*(R—1—1))).

The expected utility for the portfolio process n* that corresponds to the scenario that
no crash happens at all has the following form:

T-1
EG (In(X7))(z) =In(z) + Y B (In(l +r +75(R—1-1))) . (4.20)

s=t

Having these two equations, we now prove the claims of the proposition via backward
induction on the time ¢. For ¢t =T — 1, the form of 7} follows from Proposition 1. We
thus consider the

Start of the induction with t=T-2:
The equality of the expected utilities of Equations (4.19) and (4.20) is equivalent to

In(1 47 — w_o(r + k%)) + B2 (In(1 + 7 + 75 (R — 1 — 1))
= BT=29(In(1 4+ 7+ 75 _o(R—1—7))) +1In(1 +7) .

Collecting all expectations on the right side of the equation and then applying the
exponential function leads to

147 —7h o(r+ k) =(1+7)exp (E(T_Q’”) (In(1+7+ 75 o(R—1—7)))
BT (N1 4+ 7 (R—1— r)))) .

Dividing both sides of the equation by r + k* followed by a division by the exponential
function term of the right-hand side and shifting all terms to the right side yields the
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required form of Equation (4.17). For this, also note that 7n7_, = 0 then appears
implicitly on the left side.
We can now continue with the

Induction step ¢t + 1 — t:
The equality of the expected utilities of Equations (4.19) and (4.20) is equivalent to

m(1+r—7(r+k))+ (T —t—1D)E®(In(1+r+7(R—1—-7r)))
T—1
=Y E®(In(l+r+ai(R-1-1))).

s=t

By induction we now have

In(l4+r—7r+k)+ T —t—1D)E®(In(1+r+7(R—-1-7)))
T—1
=B (Il +r+af(R-1-7)+ > E® (Il +r+ai(R-1-r))
s=t+1
= E®)(In(1+r+ 7 (R—1—7r)))
FES) (In(1 47 — 7 (r 4+ k) + (T — t — 2)ESD) (In(1 + 7 + 75 (R — 1 — 1))

which yields

In(1+7r—af(r+ k) + ES(n(l +r+7*(R—1-r)))
=B (In(1+r+ 7/ (R—1—7) +In(1+7 — 7} (r + &)

Collecting the In-terms on one side, the expectation terms on the other side of the
equation, applying the exponential function, and then solving for 7, ; yields the desired
recursive formula

147 147

- r+ k* _(r+k*

In(1+r+7*(R—1-7)))—E(In(14+r+n; (R—1-7)))

— )= el )

*
Tyt1

for all 0 <t < T — 1. If now there exists a solution 7* to the recursive equations above,
the deterministic strategy n* satisfies the indifference principle by construction

o) (m(j(g,i*)) = Vo(t + 1L z(14+r—m/(r+£%))) . (4.21)
L]

Remark 4.6. a) Existence of an indifference strategy: It remains to prove the
existence of a solution to the recursive equations

" 1+7r 1+7 *
Tiy1 = r—}—k*_(’l"—{—k*_ﬂ-t)
ePn(tr+7(R—1-r))=E(In(l4r+rf(R-1-1)) ( < ¢ < T — 1

(4.22)

*

* j—
mr_y = 0
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with
0< mf <7 . (4.23)

For this, note that for 7} = 0, the right hand side of Equation has the form

1 +k7; —( 1 +]: )P (177 (R=1=r))) = B(in(14r+f (R=1-r))
r 4+ k* r+ k*

and for 7/ = 7*, we obtain the right hand side of Equation (4.22) as

J <0<y,

1+r 1+7r e ok N
e Gy T =T 2

Moreover, the right hand side of Equation (4.22) is increasing for 7} € [0, 7*]. Therefore,
by continuity there exists a solution 7} of Equation (4.22)).

Even more, by the above considerations there exists a unique deterministic portfolio
process m; solving Equation (4.22)). To see this, note that 7._; = 0 is obviously de-
terministic. As then by induction the left-hand side of Equation is always deter-
ministic, we get the existence of a constant (and thus deterministic) value 7} solving
Equation by using the argument given above to show the existence of a solution
as it in particular works for a constant.

b) For the portfolio strategy 7* that satisfies the indifference principle, the representa-
tion of the worst-case bound if a crash happens at time 7 immediately with ¢t < 7 < T
is given by:
EY(VO(r +1, )N(;f*(l +r—mi(r+k%))))
= EWWX™ ) +In(l+r—a(r+k)+ T —7-1DE(n(l+r+7(R—-1-r))).

As the indifference principle is satisfied for all ¢, we have

T—1
EX (VU + LXT (147 —7i(r+£)))) = B (I(XT)) + > E(ln(l+r+7i(R—1-71)))
T—1 T-1
= In(x)+ Y _E (1 +r+a(R-1-r)+ > E (1 +r+ri(R-1-7))

= BUO(n(XF) = VOt + La(l 47— w4 k)

Therefore, we have exactly the same expected worst-case bound for all possible times of
the crash. By the indifference principle, the exact crash time is no longer important for
the investor.

As the next step, we prove that the deterministic strategy 7* uniquely determined by the
Equations (4.17) indeed solves the worst-case portfolio optimization problem in discrete
time (4.11)).
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Theorem 4.7: (Worst-case optimal portfolio process for logarithmic utility in discrete
time)

Under Assumption (L), in the log-utility case, the deterministic portfolio strategy uniquely
determined by the Equations (4.17) is optimal for the worst-case portfolio optimization
problem in discrete time [{.11]

Proof: Assume that there exists an admissible portfolio process m with a better worst-
case bound than the strategy n* which satisfies the recursive equations .

From the explicit form of Vo(t + 1,2(1 + r — m(r + k*))) it must satisfy that m < 7}
almost surely to have a higher worst-case bound if a crash happens immediately.
Furthermore, the expected utility for the portfolio process 7 corresponding to the sce-
nario if no crash happens at all satisfies:

T—1
EGT(In(XF)) =In(z) + > E(n(l+7+m(R—1-1)))
= T—1
<In(z)+E1+r+m(R-1-7))+ > El+r+r(R-1-1))).
s=t+1

The inequality is a consequence of the strictly increasing function E(In(1+ 7+ 7 (t)(R —
1—7))). If the portfolio strategy 7 leads to a higher worst-case bound than 7* in the no-
crash scenario, then there exists a smallest deterministic time ¢, witht+1 <t,, <T-1
so that

E(ln(1+r+m,(R-=1-7))>E(n(l1+r+m, (R-—1-71))), (4.24)
because 7* has the same worst-case bound in the no-crash scenario according to the

indifference property of 7*.

We first want to show that E(ln(1+7r+7ms(R—1—7))) < E(In(1+r+7i(R—1-71))),
when E(mg) < E(nf) fort <s<T —1.

If E(ns) < E(m}), the concavity of the log utility function implies for any such

In(l+r+7ns(R—1—7))—In(l+r+7n,(R—1-71))
<W'(l+r+m(R=1-7r)(R—1—7)(ms —72) .

*

+ is deterministic and that R is

Taking the expectation on the both sides, noting that
independent of both 7} and 75, we have

Eln(l+r+7ns(R—=1-7))—E(ln(l1+r+7m;(R—1-1)))
<E(W'(Q+r+m;(R-—1-r)(R—1-r))E(rs— %) .

Note that the validity of this relation is implied by the facts that 7* is a deterministic
strategy and that 7} and 7y are both independent of R.
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Using the optimality of 7* in the crash-free setting, 7} < 7* leads to
EW'(l+r+ai(R—1-7)(R-1-71))>0.
Therefore, if E(ms) < E(n}), we obtain
Eln(l+r+7mn(R—1-7))) —E(ln(1+r+7(R—1-71))) <0.
Hence, the inequality
E(ln(l+r+m,(R-1-7))) > E(In(1+r+7;, (R—1-1))) (4.25)

implies E(my,,) > E(7} ).
The worst-case bound at exactly this time t,, if a crash happens at t,, immediately
satisfies:

ESD (Vo(tm + 1, X (147 — m,, (1 + k%))
B (In(XT ) + E(In(L + 7 — m,, (r + k%)) + (T =ty — DE(In(L + 7+ 7 (R — 1 — 1))
B »’0)(
Et)(

< (X7 )+ (1l +r— B(m,,)(r + k%) + (T — ty — DE(In(1 + 7+ 7 (R—1—1)))
< In(X7 )+ W +r— B} )(r+ k%)) + (T —ty — DE(In(l +7+ 7 (R—1-1))) .

From the explicit form of the wealth process X;,,, we obtain:

tm—1
B (I(XE,)) =In(@) + ) E(n(l+r+m(R-1-1).

s=t
By E(In(14+r+7ms(R—1-7))) < E(ln(l+r+7i(R—1—7r))) for all t < s < ¢, we get

tm—1
B (n(XT)) <In(z) + Y BE(n(l+r+al(R—1-7)) = B (In(X7)) .

s=t
thus,
B (Vo (tm + 1, XT (1471 —m, (r+k%))))
< B (In(XT)) +In(1+7 = B(x, )(r + k) + (T =t — DE(n(1+ 7+ 7 (R— 1 1))
= EYI(Voltm + LXT (L7 —m (r+£%)) .

As we have exactly the same expected worst-case bounds of the optimal strategy 7*
for all possible times of the crash, we get a contradiction to our assumption that the
admissible strategy 7 delivers a higher worst-case bound than 7*. O

Remark 4.8. 1. From the explicit form of the equations and the above theorem
we can conclude that there only exists one optimal portfolio strategy in our model.
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2. For a constant portfolio process which often play an important role in portfolio
optimization problem, we can also introduce the optimal constant portfolio strategy
7 as shown in [Korn, Wilmott][29]. The worst-case bound of the crash that happens
immediately before the time horizon T is given by:

E®)(In(X7))
= In(x)+ (T —t—1)E(In(l4+r+7(R—1—-7))) +In(1+7r—=n(r+ k"))
By taking the first derivative of the right hand side of the above equation with
respect to 7 and setting this derivative equal to zero, we have

n

Ri—1—r
T—-t—-1 i
( );1+T+7T(Ri—1—’r‘)p

r+k*
1+r—mn(r+k*)

Therefore the constant portfolio process 7 satisfies

R—-1-7r )= r+ k*
l+r+a(R—1—7) 1+r—a(r+k¥)

(T —t—1)E( (4.26)

4.2.2. Numerical example

Example 4.9: (The binomial setting)
To illustrate the performance of the worst-case optimal strategy compared to the crash-
free optimal strategy, we assume that the stock price process follows the binomial model
with parameters 0 < d < 1+ r < u (the up- and down-multipliers of the stock price)
and 0 < p < 1 (the probability of a multiplication of the stock price by w at time t).
Then, the optimal portfolio 7* in the discrete-time crash-free model is given by

- Q+rplu—d+d—1-r1)

e (u—1-=r)(1+r—ad) ' (4.27)

The indifference quations (4.17)) read as

. L+ L+r oy E(In(14r4+7* (R—1—r))) = E(In(1+r+m} (R—1—7)))
Tiy1 = —( —m)e k

r+ k* r+ k*

_ 1+7r B ( 1+7r B 7_‘_:)eln(%)*p—l—ln(%)*(l—p)
r+ k* r+ k*

_ 1+ _( 1+7r _W*)(1+r+7~r*(u— L—7r)P1+r+7%(d—1 —r))fzgg)
r+k ke V(4 rtaiu—1—7)PA 47 mi(d—1—7)P

with

* j—
w1 =0.
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= crash 7,

03l = crash-free =

risky fraction

Time t

Figure 4.1.: The optimal trading strategies 7} with and without crash possibility

Remark implies the existence of a unique solution 7} of Equation which we
compute numerically. Figure shows that 7} is decreasing with time for the choices
of r = 0.05, u = 1.4918, d = 0.67, p = 0.5375, k = 0.05 and T" = 10. Hence, in the
multi-period case the investor always has a positive position in the stock, but decreases
it to protect against losses when the time horizon is approached. Only in the last single
period, she invests everything in the bond. Furthermore, 7 is always smaller than 7,
but the difference is getting smaller as the investment horizon 1" becomes bigger. <

Example 4.10: (The binomial setting for jump model)

In order to show that our techniques can extend to much more general situations. We
consider here the case of discontinuous asset prices. We assume that the risk-free bond
By and risky stock process .S; are modeled as

By = ¢" By, By =1
Sy = So(1+n)NW, Sy =sg

where N(t) is the standard poisson process with parameter \t.
Then the price dynamics of the bond and the stock with respect to the poisson process

are given by
dBt = BtT’dt,
dSt = St’f]dN(t)

Therefore, the wealth process X (¢) with the self-financing portfolio process 7(t) satisfies
the following stochastic differential equation

dX™(t) = X™(t)(1 — m(t))rdt + X™(t)m(t)ndN (¢) (4.29)
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with the initial wealth value X (0) = =.
Let 11,15, -+ , T be the successive jump times until time ¢, the Equation (4.29) is

then solved as
N(t)

X7 () = gelo(1-m(s))ds [T +nGm) .
i=1
In the case of logarithmic utility function we obtain the following expected utility of the
final wealth

T
E(ln X™(T)) = Ina + E(/O (1 — 7 (s))ds) + ATE(In(1 + 7(Txer)n))

then we can get an optimal admissible deterministic portfolio process

* /\77 -T

which is drived by solving the portfolio optimization problem mjgi) E(In X7(t)).
TEA(T

By using the theorem of the law of small numbers it can be shown that the stock price
movements in binomial model converge to the log-poisson jump model as n — oo.Let us
choose the appropriate parameters of the binomial model by

u=1+mn, d=1
t
l+i=en, p=i,
n
then we have the limit of the optimal portfolio 7* with the Equation (4.27) as n — oc:

. e An—T
lim 7* = ,
n—00 N

which is consistent with the optimal portfolio strategy 7, for the jump model above.
Now we can drive the optimal worst-case portfolio strategy for the jump model. Defining
the same parameters in binomial model, we have

erAt erAt (erAt + 7~T*(1 +n— erAt)))\At(erAt + 77'*(1 _ e’r‘At))l—)\At
TNt = erAt 1 4 |+ _(erAt 14k _Trt)(erAt + 7Tt*(1 +n— erAt)))\At(erAt + 7r;*(1 _ erAt))lf)\At )

and for At — 0 we obtain the ordinary differential equation of the optimal worst-case
portfolio process for the jump model

uri

B 1+mn
k*

(m)' = ( )(T(W;n—ﬂi‘)Jr/\loglJrﬂ;nn

).
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4.2.3. Generalizations: An arbitrary number of possible crashes

So far we limited the maximal number of the crashes only to one. We can extend this to
an arbitrary upper bound for the number of crashes by a backward induction principle.
In such a situation of at most n crashes of size k € [0, k*], we have the following theorem:

Theorem 4.11: If we allow for at most n crashes of size k € [0,k*] in the discrete-
time market model with the logarithmic utility function, then under Assumption (L) the
deterministic worst-case optimal portfolio process m)(t) if still at most n crashes can
appear is given by the following system of equations:

R+ = - (D - m) (4.30)
E(ln(1+7'+7r;f71(t+1)(R—l—'r)))—E(ln(l—l—r—Hr;(t)(R—l—r)))’ O<t<T—1

*

exp
m(T—-1) = 0
with

0<mi(t) <mi_q(t) -

Here, 7r; (t) denotes the worst-case optimal portfolio process if still at most j crashes can

occur. Note further that above we used the notation m(t) = 7*.

Proof: The proof is done via induction on 7, the maximum number of crashes. Forn = 1,
all assertions follow from Proposition [4.5] Let us therefore assume that the above claims
are satisfied for n — 1. Then, the expected utility of the portfolio process corresponding
to the case that a crash of maximal size £* happens immediately satisfies:

Vit +1,2(1 47 — 75 () (r + kY))) (4.31)
T-1

= (@) +In(+r-m@r+E)+ > EC Il +r+7 (s)(R-1-7)) .
s=t+1

Using this, we obtain the form of Equations similar to those in Proposition
The reason for the constraints 0 < 7 () < 7;_;(¢) follows from our general Assumption
(M) and the form of the proof of Theorem The rest of the proofs for existence and
optimality is totally similar to the case of n = 1. O

4.3. Dynamic programming

In the previous section we showed how to derive the optimal portfolio strategy for the
discrete-time worst-case problem by an indifference approach in the case of the loga-
rithmic utility function. For general utility functions u(z), the above methods of proof
cannot be imitated directly as they very much benefited from the additive form of both

45



Chapter 4. The worst-case portfolio optimization in discrete-time

the value function in the crash-free setting and the expected utility of the final wealth
under the assumption of no crash. This, however, is only valid for the logarithmic utility
function. We thus present a different approach in this section.

Indeed, we focus on the worst-case portfolio problem in discrete time for general util-
ity functions by applying the dynamic programming approach. The main idea of the
dynamic programming approach in portfolio optimization in discrete time is to break a
multi-period decision problem up into a sequence of one-period problems. It will help
us to reduce the difficulty to verify the optimality.

We only give the basic case when at most one crash can occur within the investment
period [t,T]. Extending our results to the general case of at most n crashes by an
iterative procedure is notationally cumbersome and will be omitted.

Still, the worst-case portfolio problem in discrete time under the threat of a
crash is defined by its value function:

Vi(t,z) = sup inf B (u(X™(T))) . (4.32)

Tty T —1 T

To implement the procedure using the dynamic programming principle in the case of
our worst-case portfolio problem, we denote by U;(z)the worst-case optimal value
function at time t as well as by U;(x) as the crash-free optimal value function
at time ¢. The dynamic programming equation for the discrete-time crash-free model
has the form of

Ure) = ulw)
Orle) = sup(E(Uhar(a((1+7) +m(R-1=0) | F)} . (43)

To motivate a dynamic programming equation for the worst-case problem in the crash
model, let U(z) denote the value function when still one crash is possible. Noting that
the main principle of dynamic programming for the discrete-time optimization problem
is that the optimal decision to make now should be consistent with the intention to act
optimally in all future periods, we transfer this to the crash setting. If we know the
optimal worst-case portfolio process starting at time t+ 1, then the determination of the
optimal worst-case portfolio process starting at time ¢ can be reduced to a one-period
problem. In the one-period worst-case portfolio problem at time ¢ there exist only two
possible crash scenarios. The first one is that the crash happens immediately at time
t. In this case, the value function U}(x) satisfies the following dynamic programming
principle

Ulz) = sup E(Ugp1 (x(1 + 7 — m(r + k) | Fo) (4.34)

7

If no crash occurs in the next period the representation of the value function U?(z) is

given as
U (x) =sup E(Ups1(z(1 +r+m(R—1—7))) | Fr) . (4.35)
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By combining these two cases we can heuristically derive the worst-case optimal value
function U;(x) based on the worst-case optimal value function Uyi1(z):

U(z) = supmin{EUii(z(1+r+m(R—-1-71)))|F), (4.36)

Tt
BT (w(1+7 = m(r + k) | F) b -
The value of Uy(x) at time ¢t = T satisfies (see also Proposition [4.14))
Ur(z) =u(z) .

Therefore, the dynamic programming equation for the worst-case portfolio optimization
problem under the threat of a crash is given as

Ur(z) = u(z)
Ut(l‘) =

(4.37)

sup min{ E(Upy1(x(1 + 7+ m(R—1—7))) | Fo), EUp1(x(1 +r — m(r + k%)) | Fo)} -

Tt

Of course, by this heuristic derivation, we have not shown any kind of optimality. This
has to be proved separately. However, if this is shown then by using this dynamic
programming equation , we can compute the optimal worst-case portfolio strategy
and the worst-case optimal value function Uy(z) in a recursive way.

Our main aim now is to prove the following theorem that justifies our heuristic approach

Theorem 4.12: (Verification Theorem)

Let u be a utility function. We further assume that the Assumptions (M) and (O) are
satisfied together with Assumption (D):

Let the value function U; be concave, strictly increasing and continuously differentiable
i x, and let the function

f(m) =EUga(zQ+r+n(R—1-71))|F), t=0,1,...,T —1 (4.38)
be strictly increasing on [0, 7] with the mazimum of f(m) attained in 7}, the optimal

deterministic portfolio process in the crash-free setting.

Then there exist unique deterministic mazimizers 7y of the value function which can be
computed recursively by the dynamic programming equation

Ur(z) = u(z) (4.39)

Ut(.%') =

supmin{ E(Upy1(z(1+r+m(R—1-1))) | ft),E(UtH(m(l +r—m(r+k%)) | F)},

e

such that the portfolio strategy ™ = (n§j,- -+ ,mr_) is optimal for the worst-case portfolio
problem.
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Remark 4.13. Of course, Assumption (D) is a strong requirement, but will be satisfied
in all our examples presented below.

4.3.1. The characterization and the optimality

Before we give the proof of the verification theorem, we will show how to construct the
candidates for the optimal strategies appearing in the verification theorem. Afterwards,
we show that these candidates are indeed the optimal solutions of the worst-case portfolio
problem in discrete time .

The optimal strategy 77._; for the single-period worst-case portfolio problem is derived
as in the log-utility case.

Proposition 4.14: The optimal portfolio process mr_1 equals 0 for the single-period
worst-case portfolio optimization of the terminal time T.

Proof: In the single-period worst-case portfolio problem at time 7' — 1, the worst-case
scenario is a crash with maximal size k* happening immediately for every positive mp_1 >
0. Then the worst-cse bound of mpr_; satisfies:

BT (w(Xr))
= E(u(l’(l—l—?“—ﬂT_l(T-l-k*))) | ]:T—1>
= w(x(l+r—nap_1(r+k)))

Because the utility function u(z) decreases in mp_;, we have
u(z(l4+r—mp_1(r+£%))) <u(l+r)

Therefore the pure bond strategy leads to a better worst-case bound. We can conclude
that the pure bond strategy mr_1 = 0 is the optimal portfolio strategy for the single-
period worst-case portfolio problem at time T — 1.

O

Remark 4.15. If we consider the optimal value function Ur_;(x) at time T'—1 by using
the dynamic programming equations we have that

UTfl(a?)
= sup min{E(Ur(z(1 +r+a7r_1(R—1-71))) | Fr-1),

E(ﬁT(x(l +r—mp_1(r+k%))) | Fr-1)}
= sup min{E(u(z(1+r+7mp_1(R—1—1))) | Fr_1),

TT—1

E(u(w(l +r— 7TT_1(7“ + k*))) ‘ JT"T—l)}
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For any mp_1 > 0, we obtain

sup min{ E(u(z(1 +r+mr_1(R—1—71))) | Fr-1),

E(u(x(l +r—ap_1(r+k))) | Fr-1)}
= sup u(x(l +7r— 7TT71(7" + k*)))

TT—1

Therefore,

Ur—i(z) = sup u(@(l+r—mra(r+k7)))

Tr—1

< ule(l+7))

Thus mp_1 = 0 is the optimal strategy which delivers the best worst-case bound by
dynamic programming equations. This result is coincident with the optimal strategy
from the above Proposition.

Next we want to show that the candidate for the optimal strategy obtained as a solution
to the dynamic programming equation 4.39| exists.

Lemma 4.16: Under the assumptions of Theorem[].13, there exists a portfolio process
m; which satisfies
E(Ut+1(l‘(1 +r—+ W:(R —1- T))) | ft)
=EU1(z(L+r —7/(r+ k%)) | Ft)

for all x>0 and all t € {0,1,....,T —1}.
Proof: Let us start in defining the functions

fm) = EUm(z(1+r+n(R—1-7))) | F),

g(r) = EUgi(z(l+r—7m(r+k%)) | F) =Upr(z(L+r —7(r + k%)) .

As it can easily be shown (by induction using the dynamic programming equation)
that Upyq(x) is a strictly increasing function, we have that g(m) is a strictly decreasing
function.

By Assumption (D), the crash-free optimal portfolio strategy 7} yields the maximum of
the function f(m). If now the investor chooses the pure bond strategy m = 0, we have

£0) =Uppa(z(1 + 7)), 9(0) = U (z(1+7)) .

If the optimal strategy 7* in the crash-free model is not worst-case optimal, the value
function under the crash-free model is better than the value function of the crash model,
if not, the two value functions are at most equal. Therefore, we get

9(0) > f(0) . (4.40)
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If the investor chooses the optimal deterministic strategy in the crash-free model 7}, we
have

fa ?((le(ﬂﬁ(l +r+ 7 (R—1-1)))) [ F),
9(77) = Ua(z(1+r =7 (r +£%))) .

The worst-case scenario of this optimal strategy 7} at time ¢ + 1 is given by a crash of
the maximum size k* which leads to the worst-case bound of

Oar(w(1 47— 7 (r + k")) .
Thus, we obtain the following inequality:
E(Ugi1(zQ+r+7(R—1-1)))) | F) > Ut+1(az(1 +r—7;(r+k))).

Hence, we arrive at

(7)) =z g(7f) - (4.41)
The two Inequalities and imply the existence of a unique deterministic
portfolio process 7} € [0, 7;] for all ¢ € {0,1,...,T — 2} with

E(Upa(z(1+r+ 7 (R=1=7))) | Fy) = E(Upa(z(1 + 7 — 7 (r + k) | Fo)

which is what we wanted to show.

Now let us get back to consider the right side of the value function
supmin{ E(Usy 1 (x(1+r+m(R—1—7))) | Fr), E(Uprq1 (x(1+r—me(r+k%))) | Fo)} . (4.42)
e

Lemma above yields that the supremum in (4.42) is attained for the smallest 7
which satisfies

EUp(zQ+r+m(R—=1—=1)) | F) > E(Up1(z(1 +r —m(r + k%)) | Fr)
or the portfolio strategy 7 with the biggest m; with
EUi(z(l+r+m(R—=1—=1) | F) < E(Uis1(z(1 4+ r — me(r + k%)) | Fo) .

The value functions E(Uyy 1 (x(1+r+m:(R—1-7))) | Ft) and E(Up1 (z(1+r—mi(r+k*))) |
Fi) are both continuous, therefore we obtain the supremum when we have the equality

EUpi(z(l+7+m(R—1-7)) | F) = E(Upra(e(L +7 — m(r + k%)) | Fo) -

In Lemma [4.16] we already showed the existence of those portfolio strategies along the
dynamic programming equations and derived how to construct the candidates of the
optimal portfolio strategies. In the following we show that the derived candidates are
indeed the optimal solutions of the worst-case portfolio problem in discrete time.
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The proof of Theorem [{.12: Assume that there exists an admissible portfolio
process m = (my, -+ ,mp_1) with a better worst-case bound than the portfolio process
m* = (m},--- ,m5_,) obtained by the dynamic programming equation as proved by
Lemma We show the non-existence of such a portfolio process 7 via backward
induction in time.

t=T—1:
Here, we must have mp_; = 0 = 7}, due to Proposition

t=3je{0,1,..,T -2}

Now we assume that the portfolio process (mj,--- ,mr_1) leads to a better worst-case
bound than (ﬂj, oo, mp_q), and (mjq1, -+ ,mr—1) has the same worst-case bound as
(7r;-‘+1, --+,m5_4). Then, as we have

E(Uj1(x((L+7) =75 (r + k) | F3) = EUjsa(2((L+7) + 75 (R =1 —1))) | Fj) ,

we must have both strict inequalities

EUjn(z((M+7) —mi(r+ k) [ F5) > EUjn(z((1+7) = mj(r + 7)) | Fj(4,43)
EUjn(z((M+7r) +mi(R=1-r) [ Fj) > EUjn(z((1+7)+m;(R—1-71))) (FH)

Due to the fact, that both 7; and 77}‘ are F-measurable, the first inequality leads to

Ui (2((1+7) = mi(r + k) > Uja(a((1+7) = 75 (r + k7))

and thus to
Ty < Tr (4.45)

almost surely (see also the argument for Uy(z) being increasing in « at the beginning of
the proof of Lemma|4.16]). As the function f(m;) as defined in Lemma is increasing,
we obtain

EUjpi(x((T+7) +mj(R=1=7))) | Fj) < EUja(e((1+7) + 75 (R—1-7))) [ Fj)

which is in contradiction to the strict inequality (4.44]). Thus, the assumption of the
existence of an admissible portfolio strategy 7 yielding a bigger worst-case bound than
m* is proved to be wrong. O

4.3.2. Numerical examples

We present some examples of the solution of the worst-case portfolio problem via the
dynamic programming equation to illustrate our theory with the most popular utility
functions.
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Power utility
Let us start to consider the case of power utility
1
u(aj)zix’n 7<17 77&0
gl

To apply our just obtained results, we have to check if indeed all assumptions of The-
orem [4.12] are satisfied. For this, we first look at the crash-free setting. By using the
corresponding dynamic programming equations, one can directly show that we have

O(x) = ix”’h(t) (4.46)
with
ht)=(E(Q+r+7(R—r—1))"" (4.47)

where the constant portfolio process 7* is determined as the solution of the maximization
problem
E((l+r+7a"(R—-r—-1))= sup E((l1+r+7a(R—r—-1))7) .
TE(—00,00)
By the general assumption (O) on the market model, the supremum is indeed attained.
Due to the multiplicative form of the wealth process and the independence of the returns
R; from the past price evolutions combined with the identical distributions of R; ~ R,
the optimal portfolio process has to be a constant one. Further, by Assumption (M), we
have
>0,

We next consider the form of the value function of the worst-case problem and claim
that we have )
Ui(x) = =2V H(t) (4.48)
Y
for a suitable positive, deterministic and decreasing function H(t) with H(t) < h(t).

Starting from Urp(z) = 27 /v and using 7;._; = 0, we have
Ur—1(z) = (1 +r)"27 /v

which constitutes the start of the induction on T'— ¢ with ¢ = 1. Let us assume that we
have proved the representation (4.48)) for t — 1. We will now prove it for . We then have

Up_i(x) = sup min{EUpr_p1(z(1+r+mr_o(R—1—1))) | Fr—s),

T —t

E(Ur—ip1(2(1L+7 — mr_(r + k%)) | fT—t>}

.,
= L supmin {H(T —t+ DE((L+7+ 7 (R—1— 1)) | Fr),

Y Tt

WT =t + 1)1 41— mpa(r + k)} = :f:H(T )
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Note that the supremum in the equation above is independent of x and is given by a
deterministic function of time as — again — the randomness in the optimization prob-
lem is only given by R which is independent of Fr_;. Note that the maximum of
E((1+7r+mr_(R—1—r))"| Fr_)is attained for the crash-free optimal portfolio pro-
cess T* and the function increases in 7 on [0, 7*]. For the second term h(T — ¢+ 1)(1 +
r — mr—i(r + k*))7 the optimal portfolio value would be zero and decreases in 7. As,
however, h(T'—t+1) > H(T —t+ 1), the optimal value 75._, has to be in [0, 7*].As the
two functions containing 7p_; are identical for all times ¢ < T — 1, but their multipliers
H(T —t+1), (T —t+ 1) are larger than their counterparts at the next time step, we
have also proved that the value of the supremum is bigger at time T — ¢ than at time
T —t+ 1. Thus, we have

0<H(T—t)<H(T—t+1)

where the positivity is implied by the positivity of all ingredients of the optimization
problem and the fact that it has a positive lower bound which is attained for choosing
(T —t)=0.

Thus, Assumption (D) is satisfied. We can thus make full use of the claims of Theo-
rem [4.12)

Due to Theorem we have

E(Ugi(x(1+r4+m(R—1=7))) | Fr_t) = E(Upsr(x(1+7r—m(r+k%)) | Fr_e) (4.49)

for the optimal portfolio process in the crash setting. Using the form of the value function
in the crash-free setting, we obtain

E(Upsa(x(1 41— m(r + k%)) | Fr—s)
T—-1
_ i(m tr—m+ k) [[ BQ+r+mi(R—1-r)".  (450)
s=t+1

Applying the dynamic programming equation in E(Upt1(z(1+ 7+ m(R—1—1)))) we
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get

EUn(z(1+7r+m(R—-1-1))) [ F)
= E(supmin{ E(Ug2(x(1+r+m(R—1—7)1+7r+mp1(R—1—1))) | Fes1),

E(Ups2(z(1+ 7+ m(R =1 =) (L+7 = w1 (r + £9))) | Ferr)} | o)
= E(E(Up2(x(l+r+m(R—1-r)(1+r+m 1 (R=1=7)) [ Fip1) | Fr)
= B(B(Upsa(2(L+ 7+ m(R =1 =)L+ 7 =iy (r+ k%)) | For) | F)
= BE(Upa(e(L+r+m(R =1 =) (147 — 7wy (r +K))) | F)

1

= ;aﬂE((l +r+m(R—1-7)"(1+r -7 (r+k))" | F)

T—1
« [[ BEQ+r+#R-1-7). (4.51)
s=t+2
By comparing Equations and the optimal strategy 7} has to satisfy

T-1

Lo ar—me k) [[ EQ+r+7R-1-r)
v s=t+1
1 T-1
= OB (R= =) (w7 ) [T B0 # (R =1 =)
s=t+2

which directly leads to
I+r—m(r+k")El+r+7a(R—1-1))7
=E((l+r+mR—-1-7)A+r—nai(r+k9)) | F).

As we have that E(14+r+ m(R—1—17))” > 0 in the interval [0, 7*], we can transform
this into the following recursive relation for the optimal strategy

E(l+r+#(R—1-r)
Ed+r+n(R—1—r)

1+r 1+7r .

™ )(

Wt+1:T+k*_(T+k*_ t

)3 (4.52)

with

1 =0
where the latter equation follows from Proposition [£.14]
To show the existence of a solution 7} € [0, 7*] of Equation note first that right
hand side of Equation is increasing for 7} € [0, 7*]. However, if we choose 7} = 0
on the right hand side, we obtain (by backward induction starting at time ¢t = T — 2)

1+ 1+ EQl4+r+7)(R—1—7))7 1 .
_ 0< .
T+ k* (r—i—kz*)*( (1+7r) )7 <0< My
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For the choice of mj = @* on the right hand side of Equation we obtain

1+7r (1—|—r
r+ k* r+ k*

—E)=F >

Therefore, there indeed exists a unique solution 7} of Equation [£.52]

To continue our example, we now have to choose a stock price model so that we can
explicitly check the remaining assumptions of Theorem If we assume that the
price process of the stock follows the binomial model (as in the case of our log-utility
example), then the remaining assumptions of Theorem follow immediately. Further,
by calculating the relevant expectation in Equation the crash-free optimal portfolio
strategy 7* is of the form

b _ (I+7) § prlu—1—-r)" =1 —p)rl+r—d-
@-1-n({+r—d  Grlu—1=ro (1= pp(l+r—d))

Thus, we obtain the recursive formula for the worst-case optimal strategy as follows

_ 1+r7(1+r e
N N
*((1+r+7~r*(u—1—r))7p+(1+r+7~r*(d—1—7‘))7(1—]))

(Lramu—L-r)pt A+rtmd—1-r)—p)

*
Tet1

2=

)

which again has to be solved numerically.

risky fraction

Time t

Figure 4.2.: The optimal trading strategies m} with and without crash possibility
Figure compares the optimal trading strategies m; with and without crash possibility

for power utility for the choices of » = 0.05, v = 1.4918, d = 0.67, p = 0.5375, k£ = 0.05
and T' = 10. The worst-case optimal trading strategies 7} is decreasing with time when
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we approach the time horizon. Only in the last single period starting in 7" — 1, the
fraction of risky investments is reduced to zero.

Approximation of the Black-Scholes-Merton Model. Using the above results in
the binomial setting, we now introduce a general time step At with the intention to let it
tend to zero to approximate the geometric Brownian motion model of the stock price in
the Black-Scholes-Merton setting via a sequence of binomial models. For this, we define
the parameters of the binomial model by

w= VA d=e VAt
N 1 1u— 102
147 =™, p:f—i-fMinAt.
2 2 o

For notational simplicity, we will in the following use the abbreviation r for the interest
rate again. With the above choice, it is well-known that this sequence of binomial models
converges weakly to the geometric Brownian motion with parameters x4 and 2.

The recursive formula for the worst-case optimal portfolio process m;, », now has the

form of
erAt erAt . A

7Tt+At: erAt_1+k* _(erAt—l—i_k* ﬂ-t)(B)

with
At | =% oVAL At 1 1”_%02
A = ((e+77(e? —e" ))7(§+§T‘/E)
1 1p— 302 1
+(erAt +77'*(6_0\/E* e'r‘Az&))’y(5 _ 5%\/&))“/ ,
1 1p— 302
B o= (e 4w A ety (4 S VAY
1 1p— 30 1
+(6rAt+7T:(6_gvAt 767"At))’y(§ _ 5%\/&))“/ i

We expect the worst-case optimal discrete-time strategy computed by the dynamic pro-
gramming equations to be close to the expression in the continuous-time model, at least
for small values of At. To check this, we compute

1- F:‘FAt - ﬂ-: 1 1 eTAt * erAt * A
m ——— = lm —— <~ |\~ ™ | 5
At—0 At At—0 At \ \ emdt — 1 4 k=t erdt 14k ") B

T Ao At \\edt i x e ) TR )T ) A0 TBAE
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To examine, the above limit, let A = (4; + Ag)% with

rAt ~x/_ovAt rAt 1 Lp— %02
A = (" +77(e —e ))V(§+§?vAt) ,
At ~f—ovVEE _ratyy L Lp— 307 o
Ay = (e + 7% (e’ —e" ))7(5—57 At) .
o
Using the Taylor expansion of first order for the exponential function and then binomial
series expansion, we have

1 1p—1i0? 1 o?
Ar = o+ 572\/& + (At + 7 (oVAL + 5 At = rAt))
g
1 — 302 -1
_‘_577}*“ 29 oAt + 7(74 )(ﬁ_*)QO_QAt_I_O(AtQ)
g
and
1 1p—1io0? 1 o?
Ay = 3~ 572\/&5 - §V(TAt + 7 (—o VAL + ?At —rAt))
g

1 — 102 -1
+§7ﬁ*u0At + W(%*)Qa%t + O(At?) .
g

Using the binomial series expansion again, we obtain

A = (A4 49 = 14rat+ 7 —nat+ DY 920200 4 0(a2) |

2
1 * (Y=1), 422 2
B = (Bi1+ By)" = 1+rAt+7rt(u—r)At+T(7rt) o“At + O(At?) .
Therefore, taking the limit of At — 0 leads to
lim (B)=1= lim (4
Amy(B) =1= lm (4)
and
. B—-A (=T (e —r)At+ @((Wf)Q — (7))o At + O(At?)
lim = lim
At—0 At At—0 At

= -+ O (- @02 = - o2 a2

This then leads to
T Ay — T 1 1-— _
Jim, P = 1) o -
In particular, the limit on the left hand side of this equation exists and equals dr;. Thus,
the optimal portfolio strategy computed by the dynamic programming equations
converges to the optimal control of the worst-case portfolio problem in continuous time.
Figure illustrates this convergence of the worst-case optimal portfolio process in
discrete time to the worst-case optimal portfolio process in continuous time for decreasing

values of At.
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Chapter 4. The worst-case portfolio optimization in discrete-time

Figure 4.3.: The convergence of the optimal trading strategies m; with crash possibility
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Log Utility

In the log utility case,

it can directly be verified that all assumptions of Theorem are satisfied that do
not depend on the particular choice of the stock price model.
m¢ can then be obtained from the dynamic programming equations by solving the

u(x) = In(x) ,

indifference requirement

with

and

E(Up(z(1+ 7 +m(R—1—-7)))) = EUp1(z(1 + 1 — m(r + k))))

EUpsi (z(1+ 7 —m(r + k%)) | Ft)
T-1

=) +In(l+r—m(r+k))+ > Eh(l+r+i(R-1-r))
s=t+1

EUgi(zQ+r+m(R—1—-1))) | F)

= E(Upsa(z(L 471 +m(R—1—=1))(L+7 =, (r+k*)) | o)
=Inz+Eln(l+r+mR—-1—-7r))+ E(n(l+r—m(r+k)) | F)
T—1
+ > Elm(l4r+a(R-1-r)).
s=t+2

o8
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Chapter 4. The worst-case portfolio optimization in discrete-time

Therefore the optimal strategy =} satisfies the following equation:

Eln(l1+r+7m(R=1-7)))+ E(In(l +r—m(r+ k%)) | F)
=In(l+r—mr+k&)+E(l+r+7(R-—1-1))) .

Due to In(z) being concave and increasing, Assumption (M) yields
Eln(l4r4+mR—-1-71))>0

in the interval [0, 7*]. Then, the recursive formula for the optimal strategy is given by

y Tp—1 =

" 1+7r 1+r . (1Y “(p_1_ N
T = i _ (T e _ 7rt) >l<eXpE(ln(1—&—7‘—1—71' (R—1-7)))—E(In(14+r+m; (R—1-r1))) 0

which is consistent with the result by the indifference approach as shown in previous
section.

Exponential Utility

The exponential utility function is given by
u(x) = —e

for some 6 > 0.

Compared to the examples of log utility and power utility, the situation for the expo-
nential utility is totally different. First of all, the separation of the term with respect to
x and the term with respect to 7 in the optimal value function is not possible already in
the crash-free setting. Therefore, we no longer consider the portfolio strategy m; to de-
scribe the investor’s strategy. Instead it will turn out that the amount of money which is
invested in the risky stock at time t given by 7 X} is the appropriate term. Further, the
exponential utility has a finite slope in x = 0. As a consequence, the optimal strategy
does no longer automatically ensure the positivity of the corresponding optimal final
wealth. On the other hand, this at least does not cause theoretical problems as the
maximization problem of the expected terminal wealth is also well-defined in that case,
which is not allowed in the previous cases of log utility and power utility.

So let us in the following slightly misuse the notation of 7y (and the corresponding opti-
mal values 7f,7}) to now denote the amount of money invested in the risky asset. Then,
in the crash-free setting, it can be shown (via induction) that using the corresponding
dynamic programming equation, we obtain the value function as

T—-1
Ut(x) — ()T H E (efefr;‘(RfT‘fl)(1+r)T—s—1) '
s=t
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Chapter 4. The worst-case portfolio optimization in discrete-time

Here, the values 7} are determined as the solutions of

B (efeﬁf;(Rfr—l)(1+r)T_S_l) — sup -E (efGW(Rfrfl)(lJrr)T—s—l) .

TE(—00,00)

Note that due to the independence of R; of F; and the fact that there is no requirement
on the wealth process X; in the exponential utility case, it is enough to consider the op-
timization problem for constant values 7. Further, due to Assumption (M), the optimal
amount of money invested in the stock will be positive at each time s. Even more, in
the case of » = 0, it is optimal for the crash-free setting to keep the amount of money
invested in the risky asset fixed. Gains and losses of stock investment will then always
be allocated to the position of the riskless investment.

In principle, the shift from the portfolio process to the process of money invested in the
risky asset does not allow a direct application of Theorem[4.12] However, it can be shown
that by dropping the requirement of a non-negative wealth process, one can imitate all
the steps leading to Theorem (compare [24] for the continuous-time case). Thus,
the corresponding dynamic programming equations yields the following relation for the
optimal amount of money invested in the stock:

EUpn(z(1+7) + 1) (R=1=7)) | Ft) = E(Upra(a(1 +7) — m/ (r + k) | F)

with
EUp1(z(147) — mfz(r + k%)) | F)
T-1
_ _679:1:(1+7")T_t69(1+T)T_t_17r;‘(r+k*) H E679(1+T)T_S_17?§(R717r)
s=t+1
and

EUna(z(l+7)+m(R—-1-7)) | F)

= E(Upsa(z(L 471+ (R=1=1))(L+7 = (r+ k%)) | )
T-1
_ _efo(1+r)T_tE(679(1+T)T_t_171';‘ (R*l*T)69(1+T’)T_t_2ﬂ';<+1(7‘+k*)) H E679(1+T)T_S_17?;‘(R717r) '

s=t+2
Therefore we have
E(€—0(1+T)T*t’17r;‘(R—l—r)€9(1+r)T’t’27rj+1(r+k*))

_ 69(1+T)T—t—17r;(r+k*)E(6—9(1+7~)T—i—27~r;+1(R—l—r))

which can be reordered as

69(1+r)T’t*27r;‘+1(r+k*) E(679(1+T)T’t*27~r;‘+1 (Rflfr))

69(1+T)T—t—17r2‘ (r4+k*) E(€—0(1+T)T—t—17rt* (R—l—r))
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Chapter 4. The worst-case portfolio optimization in discrete-time

This results in a recursive formula for the optimal amount of the money ;:

1 | (E(e—9(1+r)T’t’2fr;‘+1(R—l—r))
9(1 +T)T*t*2(r+ k:*) n E(e—ﬂ(l—&-r)T*t*lw;f(R—l—'r))

T = m (L47) +

with
7'[-;"_1 — O .

If we assume that the price process of the stock follows the binomial model, we obtain
the crash-free optimal trading strategy (the amount of money invested in the stock) as
follows (41—r)

p(u—1—r
In =g
01+ )Tt (u — d)

Thus, the recursive Equation for the optimal worst-case strategy is given by
1

O(1 +r)T—1=2(r 4 k*)
6—9(1+T)T’t’27~r;‘+1(u—1—7“) —0(1+7‘)T’t’27~r§+1(d—1—7“)(1 .

7 =

T o= m(l4+7r)+

pte p)).

* h’l( 6—9(1+T)T*t*17r2‘(u—1—7')p + 6—9(1+7‘)T*t*17rf(d—1—r)(1 _ p)
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Figure 4.4.: The optimal trading strategies m; with and without crash possibility

The form of the optimal trading strategies are illustrated in Figure [£.4] for the choices
of # = 0.01,, w = 1.4918, d = 0.67, p = 0.5375, k = 0.05, T = 10, r = 0 and r = 0.05.
The curves for r = 0 look very similar to the optimal portfolio processes in Figure
However, note that, we plot here the amount of money invested in the stock. If we
would plot the optimal portfolio processes, the curve would be irregular and inversely
proportional to the actual wealth processes. The curves for = 0.05 look totally different.
The optimal trading strategy m; in the crash setting is no longer decreasing with the
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Chapter 4. The worst-case portfolio optimization in discrete-time

time as the optimal trading strategy 7} in the crash-free setting is increasing with the
time. The optimal worst-case trading strategy 7} increases first and then decreases until
maturity.
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Chapter 5.
Finite-difference approximations

In this chapter we focus on developing the discrete-time HJB equation to solve the port-
folio optimization problem and try to exhibit a natural correspondence to the continuous
time HJB. The discrete-time HJB can unify the continuous time and discrete time mod-
els by regarding the discrete time setting as the finite difference scheme of the continuous
time setting.

Before we derive the discrete-time HJB equation, we first review the discrete Itd formula
for the simple random walk due to Fujita [I7]. Random walks are used as simplified
models of Brownian motion, of which the It6 formula is famous for the stochastic calcu-
lus and is very useful for the problems in the mathematical finance and stochastic control.

Let Wy be one-dimensional random walk, satisfying Wy = 0 and
Wi=Y1i+Yo+---+Y,
where {Y;}2°, is an independent Bernoulli sequence such that P(Y; = £1) = 1.

Theorem 5.1: (see Fujita [17])
For any f : Z — R, we have

JWe+1) = f(Wy = 1) fWie+1) =2f(Wy) + f(W = 1)

Yig1 + .

fWipr) = f(Wh) =

2 2
(5.1)
For any g : Z x N — R, we have
We+1,t+1)—g(We —1,t+1
gWipr, t +1) —g(Wy,t) = g )29( : )Yt+1
gWi+1,t+1) —2g(Wy,t+1)+g(W, — 1, + 1)

2

With the help of Theorem we immediately obtain
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Chapter 5. Finite-difference approximations

Proposition 5.2: For any f : R — R and any k € R, let By = kW, then we have

f(Bt+k?)—f(Bt—k?)Y f(By+ k) —2f(B;) + f(By — k)
5 t+1 + 5 .

For any f: R — R and any k, u € R, let By = ut + kWy, then we have

f(Biy1) — f(By) = f(Bt+M+k)2f(Bt+Mk)Yt+1
f(Bi+pu+k)—2f(Br+p)+ f(Be + pu— k)

2

Proof: We shall prove both equations by directly using Equation For the first
equation, one has

f(Bt+1) - f(Bt) =

+ f(Be +p) — f(By).

f(Bi+k)—2f(By) + f(B: — k)

f(Biy1) = f(By) —

2
Bi+k)+ f(By — k
= f(Bt+k(Wt+1—Wt))_f( ! )2f( t )
— W7 Yigr = Wi = Wi =1
W7 Y1 =—1

_ f(BtJrk);f(Bt—k)YtH’

so the proof of the first equation is done.
For the second equation, one has

f(Bi+p+k)=2f(By +p) + f(Br +p— k)
2
f(Be+pu+k)+ f(Be+p—k)
2

f(Bty1) — f(Bt) —

— f(Be+p) + f(Bt)

= f(Be+p+ kWi —Wy)) —
{ [Betpth)—f(Betp—k) vy,

9

2
f(Bt'hu—k)gf(Bt‘f‘lH‘k) Vi = —1

)

_ f(Bt+#+k)—f(Bt+M—k)Y
= > 1

5.1. The finite-difference method for the crash-free model

In this section we will show how to apply the discrete It6 Formula for the simple random
walk (Theorem [5.1)) to solve the problem of portfolio optimization.
The approximation to Brownian motion by random walks is already proved by Frank
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Chapter 5. Finite-difference approximations

Knight[22]. A sequence of simple, symmetric random walks uniformly converges to
Brownian motion on bounded intevals with probability 1.
Here, we assume that the stock price process is governed by the following discrete-time
stochastic processes.

St_l,_l - St = St(,u + U(Wt+1 — Wt)) (52)

with constant market coefficients p and o. Wy with Wy = 0 is the one dimension random
walk.
By the self-financing property we obtain the wealth equation

Xt+1—Xt = Xt(T+7Tt([L—T‘)+O'7Tt(Wt+1—Wt))
= Xi(pe + oe(Wipr — Wi))

where 7; are the portfolio processes and py = r + m(u — r), 0 = omy.
We know that the continuous It6 formula satisfies

GOG) = (F (K + 5 (X))t + [ (X)W (53)
where X, satisfies the Ito process dX; = Xy (uidt + oydWy).

We therefore show in Lemma 5.3 that there is a discrete-time analogue.

Lemma 5.3: e Forany f: R— R, we have

f(Xi1) — f(Xy)
_ F(Xt + Xep + Xior) ; f( Xt + Xppr — Xtat)YtH O A+ X)) — F(X)
f(Xe + Xypue + Xyor) = 2f( Xy + Xopr) + f(Xi + Xypr — Xioy)

2

(5.4)

e Forany f: Rx N — R, we have

f(Xt+1,t + 1) - f(Xtat)
F( X+ Xypy + Xyop, t + 1) — f( Xy + Xypy — Xyoy, t + 1)
2
F( X 4+ Xypg, t +1) — f(Xp, 2+ 1)
FXe 4+ Xy + Xpop, t +1) = 2f( Xy + Xppg, t + 1) + f( Xy + Xope — Xyoy, t + 1)
2

Yi1

+ o+ o+

J( Xt +1) — f(Xy,t)
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Proof: From the lemma above, we can immediately obtain

f(Xi1) — f(Xe)
= f(Xig1) = f(Xe + Xepe) + f( X + Xope) — f(Xe)
= f(Xe+ Xe(pe + oe(Wepr = Wh))) — f(Xe + Xipe) + f( Xt + Xepe) — f(X2)
(X + Xopr + Xoor) — f( Xy + Xepy — Xy0r)

= Y,
5 t+1

F(Xe+ Xy + Xpoy) — 2f (X + Xope) + f( Xy + X — Xeoy)
2

+
+  f( X+ Xepe) — f(Xy)

We then obtain the second equation in the assertion from

f Xt +1) = f(Xe,t) = f(Xepr, 6 +1) = f(Xey 0+ 1) + f(Xp, £+ 1) = f(Xp,8) (5.5)

d

From the lemma above we have the discrete It6 formula which satisfies

+ + o+

f(Xip1,t +1) = f( Xy, 1)

f( Xy + Xopy + Xyop, t + 1) — f( Xy + Xypy — Xyoy, t + 1)Yt+1
2

f(Xe + Xepe, t +1) — f( X, 2+ 1)
f(Xt =+ Xt/.Lt + XtO't, t + 1) — 2f(Xt =+ Xt/_j,t, t =+ 1) =+ f(Xt =+ XtO't — XtUt, t =+ 1)
2

f(Xpt+1) — f(Xy,t)

The value function of the portfolio optimization in the discrete time setting can be
computed recursively by the Bellman equation,

V(t,z) =sup E(V(t+1,X[)) (5.6)

Tt

Using the discrete Itd formula above in this Bellman equation we can get

V(ta) = swpB(V(t+1,X7,))

¢

4 t+1) -V — w0y, t+ 1
= supE(V(t,z)+ (x + xpy + oy, t + 1) (z + zpy — oy, t+ 1)
Tt 2
V(x+xpg,t +1) = V(z,t+1)
Ve +ap +xon,t +1) = 2V(z + 2, t + 1) + V(@ + wp — w0y, t +1)
2

Yi1

V(z,t+1)—V(x,t))

66
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where X; = x.

Because of E(Y;41) = 0 we have that

0 = sup(V(z+zp,t+1)—V(z,t+1)
Tt
n V(e +zp +xop,t+1) =2V (e + xpg, t + 1) + V(e + zpy — xo, t + 1)
2

+ V(z,t+1)—V(x,t))

We define a difference operator ¢ of V(x,t) in discrete time as following;:

"V (t,x)
= V(e+aw,t+1)—V(z, t+1)
V(z+zp +xop, t+ 1) = 2V(x + zpe, t + 1) + V(x + e — zog, t + 1)

* 2

+ V(z,t+1)—V(x,t)

Then, the corresponding discrete HJB-equation with respect to 7, has the form

sup "V (t, )

¢

sup(V(xz(1+r+m(p—r)),t+1) = V(x,t +1)

Tt

+ %(V(:c(l +r+m(p—r)+om),t+1) =2Vl +r+m(p—r)),t+1)
+ V(A +r+m(p—r)—om),t+1))+V(z,t +1) - V(z,t))
-0

V(T,x) = u(x)

Note how the terms in this equation correspond to the terms in the continuous-time
HJB-equation. Thus, we now want to prove the relation between the value function
V(x,t) and the discrete HJB-equation, a so-called verification theory.

Theorem 5.4: (Verification theorem for the solution of the discrete HJB equation) Let
V(t,x) solve the above discrete HIB equation, and

J(t,x, {m}{ ) = B4 (u(XT)) (5.7)

then we have
V(t,x) > J(t,x, {ms}l ) (5.8)

for all x and all available strategy 7. Furthermore, if for all (t,x) there exists a ™ with

7, € argsup({"V (s, X7)) (5.9)

™
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*

forallt < s <T, where X} is the controlled process corresponding to 7k, then we obtain

Vit,x) = J(tz, {3 ) (5.10)
Proof: Since V is a solution of the discrete HJB equation we have
Vt,z) <0 (5.11)
Using the discrete It6 formula we have

V(T,X7r)—V(t,x)
T

= Z(”V(S,Xs)

s=t
. ZT: V(X + Xopis + Vaos, s+ 1) = V(Xs + Xopts — Xs05,5+ 1)

5 Ysn
s=t
After taking the expectation we have
T
EY(V(T,X7) = V(t,z)) =Y _£V(s,Xs) <0 (5.12)
s=t
which leads to V(t,2) > EX*(V(T, X71)) > J(t,z, {ms}] ).
If there exists a 7* with
7, € argsup({"V (s, X7)) (5.13)
then we obtain equality in
T
EY(V(T,X7) = V(t,z)) =Y _V(s,X,) =0 (5.14)
s=t
and thus the claimed optimality of 7*. O

In order to illustrate our theory above we present some examples of this discrete HJB-
equation.

The power utility
We consider the case of power utility

1
U($> = ;x’y77< 1777&0

68



Chapter 5. Finite-difference approximations

In analogy to the continuous-time solution, we try a solution of the form
1
V(t,z) = —f(t)z”
gl

Then the discrete-time HJB equation of power utility satisfies

sup "V (t, )

Tt

_ sup(flyf(t + 1)@+ 7+ (i — 1) — if(t +1)a

¢

S DG+ T+ m(a =)+ 0m) =22 (4 D a(l+ 7+ ma =)
+ if(t—i—l)(x(l—i—r—i—m(u—r)—a7rt))7)+f1yf(t+1)x7—flyf(t):ﬁ)
=0
1 2
V(T,IL‘):;I’

The first order condition with respect to m; satisfies
F+ D@ +r+mlp =) a(n—r)

b S+ D+ T — ) om) e~ 7+ o)

= 2f(t+ D@ +r+m(p =) a(n )
+ fE+ D@7+ m(p 1) —om) T a(p -1~ 0))
=0

The maximization in the discrete-time HJB equation leads to the candidate

1
(1 +r)((Fe) T = 1)
T = U!i M’:’L (5.15)
p—r+o—(G=g) H(p—r—o0)

Inserting m; of the form [5.15]into the discrete-time HJB equation results in the following
equation for f(t)

1 2(14r)o oc—p+r, v
5/t +1)( ] ) (( )P+ =f() (5.16)
’ porto— (T (- =) HTTEO

with final condition f(7") = 1.
Explicit solution via recursive manner yields

27741 +r)Y07

1
(=7 o= (G (u=r =) KTTHT

f@) =1
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From the above form we can infer that f(¢) is strictly positive which implies that V (¢, x)
is strictly concave. Thus we have indeed computed the optimal strategy

(1+ ) (=) 551 — 1)

pu—r+o

T = i
p—r+o—(G=H5) T (w—r—o)

The Log utility
In the case of log utility
U(z) =logz

we guess the following form of the value function
V(t,x) =logzx + f(t)
Then the discrete HJB equation of log utility satisfies

sup "V (t, x)

Tt

= sup(log(x(14+r+m(p—7)))+ f(t+1)— (logz + f(t+ 1))

%(log(w(l +r+m(p—r)+om))+ f(t+1) —2(log(z(1 +r + m(u—1)))
ft+1) +log(z(l+r+m(u—r)+om))+ f(t+1))

log(z) + f(t + 1) — (log(z) + f(t))

0

V(T,x) = log(x)

+ o+ o+

The first order condition with respect to m; satisfies

1
z(l+r+m(p— r))x(M -
1 1 1
* 5(90(1 +r+m(p—r)+ O'7Tt>)$(u —r+o)- 235(1 +r4+m(p— r))x(u -
1
R ey pras ey kGl
=0
The maximization yields the following candidate for the optimal control 7} if (1 —7)? <
o2,

o (p=r)(1+r)

=y gt (5.17)

70



Chapter 5. Finite-difference approximations

Inserting m; of the form into the discrete-time HJB equation we obtain the following
equation for f(t)

0,2

F(t+1) +log(1+7) + %log( )= f(t)

Py s

with final condition f(7') = 0.
The explicit solution of f(t) satisfies

2

£(#) = [log(1 + 1) + ~ log(——2

5 (m)](T —t)

From the above form we can infer that f(¢) is strictly positive, which implies that V (¢, x)
is strictly concave. Thus we have indeed computed the optimal strategy

T = w (5.18)

0% = (u—r)?
5.2. The finite-difference method for worst-case portfolio
optimization

Now we focus on how to use this discrete HJB equation to solve the worst-case portfolio
optimization in discrete-time setting.

We consider the stock price dynamics which are modeled by

Sep1 — St = Se(p+ oW1 —Wy)), t#7
St = (1—k)S,

where (7, k) is crash scenario and W; with Wy = 0 is the one dimension random walk.

Then the wealth process X (t) follows the dynamics

Xt_|_1 — Xt = Xt(T + 7Tt(/1, — 7") + 7Tt0'(Wt+1 — Wt)), t 75 T
Xepi=0+r—m(r+k)X;

We assume that the investor chooses a portfolio process to maximize worst-case expec-
tutility of terminal wealth on the sense of the optimization problem

sup inf Eu(X7F
rEA(z) T€[t,T),k€[0,k*] ( ( T))

Then the value function V1(t, z) satisfies

Vi(t,z) = sup inf
( ) 7|'€A(:L‘) TE[t,T],kE[O,k*]

E(u(X7))
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Now we derive the dynamic programming principle for the worst-case portfolio optimiza-
tion in discrete time.

Proposition 5.5: If u(x) is strictly increasing, then the optimal portfolio process ™ for
the single-period worst-case portfolio optimization equals 0.

The assertion of the Proposition above is trivial by the Proposition

Theorem 5.6: (The dynamic programming principle)
If U(x) is strictly increasing in x, then we have

Vit,z) = sup inf E [VOr+1,(14+7r—m(r+ k%)X, (5.19)
reA(z) TELT-1]

Proof: For the case when at most one crash happens, it is optimal to follow the optimal
portfolio process of the crash-free setting after a crash. Then the value function V; (¢, x)
equals the optimal expected utility of V(7 4+ 1, (1 +7r — (7 + k%)) X,). As Vo(t, z) is
increasing in x, then the woest-case scenario is given by a crash of maximal height £*
when the investor follows a non-negative portfolio process at time 7. Moreover, by the
proposition above we have

EVUT, A+ r —mp_1(r + E*) X))
= EVYT,1+r)XF )
= EVYT,Q+r+np_1(p—r+oc(W; =W )) X% 1)
= E[VO1,XT)
= E(u(XT))

Thus, the case when no crash happens at all is also included in the right hand side of
the equation [5.19, Therefore , the equation

Vit,z)= sup inf E[VO(r+1,(1+7r—n(r+k"))X,)]
reA(x) TELT—1]

is indeed the value function of the worst-case portfolio optimization problem. ]
For each (t,x) € [0,T") x (0,00) we define

M'(t,z) = {m:me€ALV(tz) >0}
M'(t,z) = {r:7ecAV(t+1,2(1+r—m(r+Ek))—Vitz) >0}
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By the dynamic programming principle and discrete HJB equation we can establish a
Bellmann system in the spirit of Korn and Steffensen[28] which satisfies

TeM’ TeM’ (5.20)

min{ sup [VO(t + 1,2(1 +7 — m(r + k))) — V(t, )], sup £FVi(t,z)} =0
{ VT, z) = VYT, z) = u(z)

Therefore, for the case when at most one crash happens , our aim is to show that
the solution of the so-called discrete Bellmann system above is indeed optimal in the
worst-case portfolio optimization problem in discrete time setting.

Theorem 5.7: (Verification theorem for the solution of the discrete HJB equation in the
worst-case setting) Let V(t,x) solve the above discrete Bellmann system , then
we have
Vit z) = sup 1rTle(u(X§5))
s

for all x, all available strategy m and all crash time 7. Furthermore, suppose that for
each (t, ) there exists a ™ such that

*(t,x) =arg sup L"Vi(t,x)
TeM” (t,x)

and a crash time T such that
T*(t, ) = arg i'n>ft{V0(s,:B(1 +r—me_1(r+k))—Vis—1,z) <0}
where

M'(t,x) = {r:me ALVt z) >0}
M'(t,z) = {r:7cAV(t+1,2(1+r—m(r+k))—Vitz) >0}

then the strategy m* is worst-case optimal and the corresponding optimal crash time is

T*.

Proof: Let V1(t,x) be the solution of the HJB equation (5.20)), then we have

sup [VO(t+ 1L, z(1+7r —m(r+k))) — Vit,x)] >0
meM’

sup £V1i(t,x) >0

WeM”

for all ¢.
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Application of the discrete It6 formula gives the equality

Vis+1, X" (s + 1)) — Vi(s, X™7(s))
Xs+ Xsps + Vios, s+ 1) = V(X5 + Xgpus — X505, 8+ 1)

WV%&XWW@y+V(

5 Ysi1

for all t < s < 7. Then we obtain

Vi, X)) = Vit )

T

= ZE”VI(S,XS)

s=t

V(X + X V. 1) — V(Xs + Xops — X 1

Z ( s+ Xspts + Vs0s,8 + ) . ( s T Xshts s0s, 8+ )}/.erl (521)

s=t
Consider the strategy 7* together with an arbitrary 7. 7* € M” (¢, x) implies that
Virz) = Vi(r+1L,z(14+r —ai(r+k))) <0

for the arbitrary .
Inserting this inequality to the equation ([5.21)) yields the inequality

VOr+ 1, X" (1)1 + 7 — 7w (r+k)))
Vir, X,)

v

= Vit,z)+ ) MV(s, X,)
s=t

T

n Z V(Xs + Xsps + Vios, s +1) = V(Xs + Xgus — X505, 5+ 1)
2

Y1

s=t
Since the strategy n* is a pointwise maximizer of
sup 7 Vit,x) >0
m*eM! (t,x)

we can obtain that

VO(T + 1,XW*’T(T)(1 +r—mi(r+k)))
> Vl(T, X:)

Z VI(Xs + Xsps + Vo, s +1) = V(X + Xgpus — Xsos, 5+ 1)
2

Ysi1

s=t

By taking expectation the second term of the right side of the inequality vanishes, leaving
us with the inequality

Vitz) < B {VO(r+ L,XT T (1)(L+r —7i(r+k)))}
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T is arbitrary, then we have
Vit,z) < irT1f E V(T +1, X" (n)1+7r -7 (r+k)}
and
Vit,z) < 8171rp iI7f_lf Et’x{VO(T + 1L, X" (1) +r—7(r+k))}
Now fix the crash time # = 7%, then we have that

VOs+ 1, z(1 4+ 7 —ms(r + k) — Vi(s, )

> 0,t<s<7t* (5.22)
VOr* + 1L, e(1+r —ni(r+ k) - VirHz) < 0

Consider again the equation ([5.21)) we obtain the following inequality
VO + 1, X™ ()1 4 r — 7 (r + k)))

< Vi) + ) V(s X,) (5.23)
s=t

T*

n Z V(Xs 4+ Xsps + Vios,s+1) = V(X5 + Xgus — X505, 8+ 1)
2

Ysi1

s=t
That V1(t,z) is the solution of the HJB equation (5.20) implies that

min{ sup [VO(t + 1, 2(1 +r — m(r +k))) — V(t,x)], sup £V(t,z)} =0
TeM’ TeM!

If "V1i(s,Xs) >0, then m € M’ and from (5.22) gives us

sup [Vo(s +1Lz(14+r—mr+k))) — Vl(s,x)] > 0,
TeM’

for all t < s < 7*. Then we have that

sup V(s x) = 0.
TeM”

This implies
Vs, x) <0.

Therefore , in any case, £7V!(s,x) <0 for all t < s < 7%
Taking expectation on both sides of ((5.23)) to obtain that

Vit z) > B VO + 1, X™ (7)1 47 — 7w (r + k)))}

and
Vl(t, x) > inf Et’x{VO(T + 1L, X" (1) +r—7(r+k))}
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since m was chosen arbitrarily, this implies

Vl(t, x) > supinf Et,x{VO(T + 1L, X" (1) +r—7(r+k)))}

Then we can conclude that

Vit x) = supinf By . {VO(r + 1, X" (1)1 +r — 7. (r + k)))}

O

Characterization of the solution

Let us now apply the verification theorem to construct the value function and the
optimal strategies.

By applying the verification theorem we have to solve

min{ sup [VO(t + 1, 2(1 +r — m(r + k) = Vi(t,2)], sup Vit 2)} =0  (5.24)
weM’ TeM!

Let us first consider the inequality

suAI/;I[VO(t +1Lx(l+r—m(r+k)) = Vit,z)] >0 (5.25)

where

M'(t,z) ={r:7m € M V(t,z) >0}

Since the utility function U is an increasing function and (r + k) > 0 we have that
VOt + 1,2(1 +r — m(r + k))) is a decreasing function of m;, then the supremium of
(5.25]) is attained for the smallest value of 7 which satisfies the constraint in M’ i.e.

Vit x)
= VeQ+r+m(p—r)),t+1)—V(z,t+1)

%(V(SE +ax(r+m(p—r))+aemo,t+1)=2V(z+x(r+m(p—r)),t+1)

Ve+z(r+m(p—r)) —xom,t+ 1))+ V(z,t+1) — V(x,t)
0 (5.26)

v + +

Note that the value function V!(t,x) is concave and increasing, then the equation
{™V1(t,x) is also concave and increasing for 7. Then the smallest value of 7 is at-
tained when holds as an equality. Thus we have the supremium in when
the constraint keeps equality. If the left hand side of the inequality is
equal to zero we have that m; are determined by the set of equations

{ VOt + 1L, 2(1+7—m(r+ k) —Vit,z) =0
Vi, x) =0
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When the left hand side of the inequality (5.25)) is strictly positive, by the complemen-
tarity of the equation (5.24]) in Bellmann system we have that

sup £"V(t,x) =0 (5.27)
WGMU

Ignoring the constraint m € M"” we can compute the candidate for an optimal portfolio
process from this equation as 7.

If 7 satisfies the condition VO(t + 1,z(1 4+ r — #(r + k))) — V1(¢t,z) > 0, then 7 can be
indeed considered the maximizer of ([5.27). Otherwise we have

VOt +1,2(14+7—7(r+k))—Vit,z) <0

We know that the value function VO(t + 1, 2(1 +r — n(r + k))) is a decreasing function
for 7, then @ > # from VO(t + 1,2(1 +7 — #(r + k))) = V(¢t,z). That the function
¢™V1(t,z) is an increasing function of 7 implies that if # ¢ M” then the supremium of
the sup ¢"V!(t,z) = 0 is obtained for the # < 7 which satisfies

TeM"
VOt +1,2(14+7r—7(r+k))—Vit,z) =0

and consequently m and V' are determined by the set of equations

{ VOt +1,2(14+7 —m(r+ k) —Vit,z) =0
Vi, x) =0

Then the (¢, z) space can be decomposed into the set K on which 7* are determined by

{ VOt +1,2(14+7r—m(r+ k) —Vit,z) =0
Vit z) =0

and the set N on which 7* are determined by

sup "Vi(t,x) =0

{ VOt +1Lz(l+r—m(r+k))—Vit,z) >0
TeM

In our examples below, we will show how to solve the set of equations and whether the
set N is empty.

5.3. Numerical examples

We present some numerical examples of the discrete bellmann system in the worst case
portfolio optimization to illustrate our verification theory.
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Power utility

We consider at first the case of power utility
1
Ux)=—-2",7v<1L,y#0
Y

We try a solution of the form
1
V(t,z) = gf(t)sv7

Note that we must have f(7') = 1. The discrete Bellmann system satisfies

{ min{ sup [VO(t + 1,2(1 +7 — m(r + k))) — V(t, )], sup £"Vi(t,z)} =0
TeM’ TeM” (5.28)

We consider at first the set N. With the equation sup £"V1(t,x) = 0 we obtain the
TeM
optimal portfolio strategy

1
1+7" O':M+7" 'ijl
p—rto— (=) (n—r—o)

then we can get that @ = 7%* . If we choose the portfolio strategy as 7, then the worst
case for the investor is an immediate crash happens under the assumption of k > 0.
Therefore we have VO(t + 1,2(1 +r — 7(r + k))) < V1(¢t,z) . Thus in the case of k > 0
we can conclude that the set N is empty.

Now we can only focus on the set K. From the first equation V1(t,z) = VO(t + 1,2(1 +
r—m(r+k))) we can get that

1 F1()
T Y

2=

;=

)7) (5.30)

The discrete Ito formula (7V1(t, z) = 0 leads to

) Otrtmu—r+o)+(Q+r+m(p—r—o0)
_ (5.31)
fHt+1) 2
with the final condition f(T") = 1.
Using this equation ([5.31)) we can obtain the rekursive difference equation from the
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(5.30)
T — T (5.32)
_ fesn 1 ')
= R T T ey ) TR T Rarn
1 i) $(1 APV
r+k fO(t+ 1) i) Ot +2)
1 Q+r+mad(u—r+o)+Q+r+ad(u—r—o))7

- (47— (r+k)7m)1—{ 1)

r+k QI+r+m(p—r+o))+A+r+a(p—r—0))

Then we have that

o1t dr L (trtr®(p—rt o)+ A+t (u—r— o))

1
WHl—;IE—%?¥E‘””(u+r+wﬁufr+a»w+u+r+wﬂufrfﬂﬁ)V

We can show that there exists a solution 7} which is bounded by 0 from below and by
7% from above as shown in the example
From the equation we obtain the following solution for f!(t)

i)y =1

(1+r+ﬂ£‘(u—r+a))7+(1+T+W?(u—r—o))7]T_t
2

fL(t) is always positive for 0 < 7* < 7% which implies that V! (t.z) of the above form is
concave functionin x, as desired. Thus, we have indeed computed the optimal portfolio
process which satisfy

A+r+7%pw—r+0) "+ A +7r+7"%pu—r—o0))
Qtrtmp—rto) + (1 trtmp—r—0)

. 1+r (l—i-r 9
My =——F—(———7
etk r+k

1
)
We know that 77._; = 0 and the optimal portfolio strategy in crash-free model

P (2= T
__ a+ )(iuita) 2 (5.33)

0%
™ 1
p—r+ o — (ST (4~ — o)

Using the difference equation and the final condition 77_; = 0 we can compute the op-
timal strategies m; for t =T — 1,7 — 2, ...,1. Now we consider the following parameters
throughout this section:

w=0.11,r=0.05, 0 =04, k = 0.05, v = 0.5 The form of the optimal trading strategies
with and without crash possibility are illustrated in Figure Note that the worst-case
optimal portfolio process 7* is a nonconstant process which decreases with decreasing
time to maturity T"— ¢t. That means the investor reduces the number of shares of stock
as he approaches the investment horizon in order to protect against losses due to a crash.
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The optimal portfolio 7r*t for power Utility

T T T T T T T

o
©

m— crash =

— crash-free7r0 =

o
©

© o o o
N al (o)) ~
T T T T
1 1 1 1

risky fraction 7

o
w
T
1

0.2 .

0.1r 4

Time t

Figure 5.1.: The optimal trading strategies m; for power utility function

Only in last single period T' — 1 he reduces his fraction of risky investments to zero.

Log utility
Now let us take a look at the the case of logarithmic utility function

U(zx) =logz
we guesss the following form of the value function
V(t,2) = logz + f(t)

Note that we must have f(7T') = 0.
The discrete Bellmann system satisfies

rEM’ reM” (5.34)

min{ sup [VO(t +1,2(1 +7r — m(r + k) — Vi(t,2)], sup £7Vi(t,z)} =0
{ VT, z) = VYT,z) =logx

Under the assumption of £ > 0 the set of N is empty as in the case of power utility we
have already argued. Now we consider the set K. From the first equation V1(t,z) =
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VOt +1,2(14+7—m(r +k))) we can get that

7= (= (0 — 26+ 1) (53)

The discrete Ito formula (7V1(t, z) = 0 leads to
1
fre+1) = fi@t) = —i(log(l +r+ma/(p—r+0)))+log(l+r+ai(p—r—o))) (5.36)

Inserting the equation (5.36)) into the equation ((5.35]) leads to the equation:

Tl — T (5.37)
= Jlr k(exp(fl(t) — ot + 1)) —exp(fHt+1) — Ot +2)))
= g pamma ATt (A4 b a =)
= r+k(1+ (r+k)m)(1 ((1+7”+7f2k(/£—7"+0))(1+T+7r;*(,u—r_g))) )

Then we have that

. 1+7r 1+7r o A+ r+a7%pu—r+ o)A +r+7%(u—r—0))
T = 7 — o = ™) ; p
r+k ‘r+k I+r+7nf(p—r+o)Q+r+a(p—r—o))

N

)

As shown in example it has a solution 7} which satisfies 0 < 7} < 7%*.
The equation leads to a solution for f1(t)

i) = %(log(l +r+m(p—r+o)+log(l+r+n(n—r—0))(T—1t)

We infer that f!(¢) is always positive which implies that the value function is a concave
function. Thus the optimal portfolio process 7} indeed satisfies the following equation

. I+r 1+r L (I+r+7%pu—r+0o)A+r+7%u—-r—o0))

1
> _(r—i-k —m ) I4+r+nf(p—r+o)l+r+n(p—1r—0)) )?
We already get the optimal portfolio strategy in crash-free model

2= (p—r)?

Using the difference equation and the final condition 77 = 0 we can compute the optimal
strategies 7} for t =T — 1,7 — 2,...,1. Now we consider the same parameters in our
case: u = 0.11, r = 0.05, 0 = 0.4, k = 0.05, The form of the optimal trading strategies
with and without crash possibility are illustrated in Figure [5.2

o
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The optimal portfolio 1r*t for log Utility with and without crash possibility
045 T T T T T T T T

m— Crash 77*1

0.4 F crash-free 7, )

035 4

03 r 7

0.25 1

0.2 4

risky fraction =

0.15 7

0.1r 1

0.05 4

Time t

Figure 5.2.: The optimal trading strategies 7} for log utility function

5.4. Convergence theory

Here we wish to show that the value function obtained from the worst-case HJB equation
in discrete time (the finite-difference scheme) above converges to the value function from
the continuous time HJB equation in the worst-case setting when the time step h — 0.
Let h > 0 be the time step, for all s € [¢t,T], we have s =t + jh, j =0,1,--- ,n. Then
the prices of a riskless bond and one risky security satisfy

{ Bt+h - Bt = ThBt, BO =1
Siin — St = Si(ph + oVh(Wign — Wy)), So = so

where W; with Wy = 0 is the one dimension random walk.
And in a crash scenario (7, k) we have

Srin = (1—kh)S:.
The dynamics of the wealth process is given by

Xion— X = Xi(uh+ oeVh(Wiyp —Wy)) fort €[0,T] and t # 7
Xeon— X, = (rh—m(rh+kh))X,
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where Xo = = > 0 denotes the initial wealth and p; = r + m(pu — 1), 00 = o7y

We denote the value function under the crash model in the discrete time as V;! (¢, z),
and the value function under the crash-free model in the discrete time as V,?(t, x) which
satisfies
VO(t,2) = sup E{V(t + h, X™(t + h))}.
T

Then the discrete differential operator ¢ of the value function V2(t, x) is

VRt x)
= V¥(x+zuh,t +h) — V2(x,t + h) (5.39)
N VO(z + zph + oVt + h) — 2V2(x + zpgh, t + ) + V2(x + zpuch — zopVh, t + h)
2
+ V(x,t+h) = VP(x,t)
where X; satisfies
Xt+h — Xt = Xt(ﬂth + Ut\/ﬁ(WtJrh — Wt)) (540)

Under the time step h we have

f(Xeqn) = F(X0)

(X + Xgpgh + XioVh) — f(Xi + Xepeh — XyoiVh)
= Yiin (5.41)

2
F(Xe + Xypeh) — f(X)

+
n f(Xt + Xt,uth + XtO't\/E) — 2f(Xt =+ XtMth) + f(Xt + Xt/Lth — XtO't\/E)
2

Now we introduce the following notations. For any function g(¢,x), let

g(t,z+h) —g(t,x)

Ayg = Y (5.42)
g(t,z+h) —2g(t,z) +g(t,x —h

atg - Bt 2aitn) ot o
t+h,x)—g(t,x

Aug 9( })L g(t, )

These are respectively the forward first order difference quotient in x, the second order
difference quotient in x and the first order difference quotient in time t¢.
We have the well known It6 formula in continuous time

B OG) = (F (K + 5 (X000t + [ (X)W (5.4)
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where W; denotes a standard Brownian Motion.

Then the equation can be considered as a finite-difference scheme of the Equation
(15.44]).

Fujita and Kawanishi[I8] have already proved the It6 formula for Brownian motion

t ¢
Flun) = fwn) = [ oo+ [ w)ds
using the discrete It6 formula
f(Ze+1) - f(Z - 1) f(Ze+1) —2f(Z) + f(Z — 1)
2 2

by taking an approximation to Brownian motion by random walks. Then we can prove
similarly that the discrete It6 formula (5.41)) converges to the It6 formula in continuous
time , when we take a suitable approximation to Brownian motion by random
walks. Now we want to prove that as h — 0,

0V (t,x)

f(Zi1) = f(Zh) = (Zt+1—Z1) +

. — L™V (t,x) (5.45)
where 1
L™V (t,z) = Vi(t,x) + Va(t,x)(r+m(p — 1))z + §Vm(t, z)rloz?
Proof:
VD)

_ V(z,t+h)—V(x,t) N V(x + peh,t+h) = V(x,t +h)

B h h

N V(x + pch + oVhyt + h) — 2V (2 + pehy t + h) + V(z + ph — 200Vh, t + h)

2h
(Vi3 + Vet + Vel ) (00))

_ (V(x,t+h}3 V@t yi s (V(x+/tth,t+2) V@R y g sy

V(x + ph + opVhyt + h) — 2V (2 + pehyt +h) + V(z + h — 2o0Vh, t + h)
2h

+

1
- §me(t7 x)(gt)2))

where py = (r + 7(p — 7))z and oy = Tox
Because V (z,t) is defferentiable at t, we get by the definition of the derivative that
V(z,t +h) —V(x,t)

84



Chapter 5. Finite-difference approximations

and we assumed that || < K for some constant K > 0, then puh — 0 as h — 0, then
we obtain

V(z + peh,t +h) — V(x,t + h)

li — Vg,

A e )=Vl
thus \%4 h h \%4 h

fjg (L&t 4 1) 2 V@A By g

h—0 h

Now we use the taylor expansions up to second order to achieve that

V(z + wh + oVh,t + h)
(z + peh,t + h) + o VhVy(z + peh, t + ) + (otx/ﬁ)%vm(s, t+ h)
V(z + peh — Jt\/ﬁ,t +h)
(

1
= V(x+ ph,t+h) —oVhVy(x + peh,t +h) + (at\/ﬁ)2§vm(a’, t+h)

X
X

=V

with z + uh < e < 4+ peh + oVh and = + puh < & < z + ph + opVh.

The addition of the two equations above gives us

V(x + peh + opVhyt + h) — 2V (2 + peh, t + h) + V(z + ph — zopVhyt + h)
2h

1 1
= ZVm(a, t+ h)(at)2 + ZVM(S', t+ h)(Ut)2

When h — 0, e — x and & — x. As V(x,t) is twice defferentiable, we obtain that

. V(x + pch + opVhyt + h) — 2V (2 + pehy t + h) + V(z + h — 200Vh, t + h)

i 2h |
- %Vm(az,t)(at)z
thus we get the result —
lim ](17”“")) =L"V(t,z)

O]

Here we will show at first that the value function V,2(¢,z) obtained from the discrete
HJB equation

{ sup "V (t, ) = 0 (5.46)

V(T 2) = u(z)
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converges to the value function V9(¢,x) from the continuous time HJB equation

{ sup L"VO(t,z) =0

VT, 2) = u(z) (547)

when the time step A — 0.

Before we prove the convergence theory, we need the following definition of viscosity
sub- and super solutions.[14]

Definition 5.8: Let O € R be an open set, Q = [to,t1) X O, w € C(Q) , and let
F:[0,T) xOx Rx Rx R xR — R be a continuous function which satisfying

X< X' = F(t,x,r,q,p,X) > F(t,z,7,q,p, X’)
and
q<q = F(t,x,r,q,p,X) > F(t,z,r,¢,p, X)
Let w : [0,7] x O — R be continuous. We can consider the equation
F(t,z,w, Dyw, Dyw, D*w) = 0 (5.48)

1. wis called a viscosity subsolution of the equation (5.48)), if for each (¢,z) € [0,T) x
O and all p € C12([0,T] x O) with ¢ > w satisfying o(t, x) = w(t,z), we have

F(t>l'7807Dt‘PaDa:<P> Di(p) S 0
2. w is called a viscosity supersolution of the Equation (5.48), if for each (¢,z) €
[0,T) x O and all ¢ € C12([0,T] x O) with ¢ < w satisfying p(t,2) = w(t, x), we

have
F(t¢ Z, e, Dt@a DxSOa DQQCSD) >0

3. w is called a viscosity solution of the Equation (5.48)), if it is both a viscosity
subsolution and a viscosity supersolution.

Here in our case we can set that

F(t,x,, Dyp, Dy, fop) = —sup L"p(t, x)
Tt
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Then we have that when D2p > D2/,

F<t7 Z, P, DtSO, DZ‘@? D?g‘P)
= —supL™¢(t,x)

e

1
= —sup(Digp(t, ) + Doiplt, 2) (r + 7(p = 7))o + 5 Dip(t, 2)m 0 a?)
¢

1
< —sup(Dyp(t, ) + Dasp(t, ) (r + 7 — 1))w + S D (t, 2)m*0*a?)

Tt

= F(t,z,9, Dy, Dy, D2¢')
and when Dy > D/,

F(t7 z,p, Dt‘P: Dw(p? D:?:(P)
= —supL7p(t,x)
Tt

1
= —sup(Dip(t,z) + Dyp(t,z)(r+m(p—1r))z + §D§g0(t, z)moa?)

Tt
1
< —sup(De(t, ) + Dagp(t, 2)(r +7(p — 7))z + §D§s&(t, r)m’o’z?)
Tt
= F(t7 z,p, Dt(pla Dx(pv D:%"SO/)

Now we define
(VO*(t,z) = limsup  V(s,y) (5.49)
VO.(t,z) = liminf  V(s, 5.50
(VOu(t.) = lminf Vi(s.9) (5.50)
The basic proof of the viscosity subsolution and viscosity supersolution is shown in
Fleming and Soner[I4]. In our financial market we can show it for our discrete-time
HJB equation as follows.

Lemma 5.9: (V°)* is a viscosity subsolution of the continuous-time HJB equation, and
(V9), is a viscosity supersolution.

Proof: Let (tg,z0) € [0,T) x O, O is a open set with O € Rand w € C2([0, T] x O)(note
that O = O U90) with w > (V9)* be a function satisfying w(to, zo) = (V°)*(to, z0). To
show that (V°)* is a viscosity subsolution of the continuous-time HJB system , we
want to show that
—sup L™w(to, xo) <0
7

From w(to, zo) = (V°)*(to, z0) and w > (V9)*, we can get that (tg, 7o) is a maximizer
of (VO)* —w.
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Now we choose a sequence h with h — 0, then for every h, (V?); —w has a maximun at
(th,xp). We want to show that (t5,xp) — (to,zo) when h — 0.

Since (tp, 1) € [0,T) x O which is compact, the sequence (¢, zy) has limit points (¢, )
. Then, we want to show that (£, %) = (to, z0).

Indeed pick h — 0 and (sp,yn) — (to, xo) satisfying

(VO)*(to, x0) — w(to, w0) = }Lig})[vf?(sh,yh) — w(sn, yn))

By the definition and the maximum properties, we have that
(VO)*(to,0) — w(to,x0) = lm[Vi(sn,yn) — w(sh, yn)
lim [V (tn, 2n) = w(tn, 7))

= (VI)'(t3) - w(i, )

lim
h—0
<

If we assume that the maximum is strict, then we have that (£, %) = (to, o). Therefore
Vho — w has a maximum at (¢p,zp) which tends to (tg,2z¢) when h — 0. This directly
implies

V2(ty + hy Xg, 4n) — w(ty + by Xe, 1)

V2(th + by Xp4n) — Vi (th, 2n) (5.51)

V}?(th, (L'h) — w(th, a:h)

>
w(ty + h, Xy 4n) — w(tp, zp) >

then we can take the supremum and the expectation on the both sides of the Equa-

tion ([5.51]) and obtain that
sup By, o, [W(th + by Xp,48) — w(tn, 21)] > sup By, o, Ve (th + hy Xty 10)] — Vi (ths 1)
T s

By using the dynamic programming principle in discrete time model we have that
sup Ethﬂ?h [V}?(th + h, Xtthh)] = V}?(thv xh)
s

then
sup Ethvxh [w(th + h) Xth+h) - ’U](th, xh)] Z 0

and the application of the discrete It6 formula gives the equality
w(th + h, Xth+h)) — w(th, xh))
= E”w(th, .Z'h))

w(Xp, + Xppn + wpop, ty + h) — w(Xp + Xppp — Xpon, th + h)
2

Since E(W (ty, + h) — W (tp,)) = 0, we have that

(W (tn + h) = W(tn))

sup Ey, 2, [w(tn + h, Xy, 4n) — w(ty, xp)] = sup £ w(ty, x5)) > 0
v

™
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We devide by h and let h | 0, by (5.45])
—sup L™w(to, zo)) < 0

Thus, (V?)* is a viscosity subsolution of the continuous-time HJB equation.
Similarly, (V°), is a viscosity supersolution of the continuous-time HJB equation. O

Using the lemma above we can prove the following theorem:

Theorem 5.10: The value function V}?(t, x) obtained from this discrete HJB system (15.45)
converges to the value function VO(t,x) from the continuous time HJB equation 45'47.
when the time step h — 0, that s

lim VP(s,y) =Vt x
gy n(8:9) (t,x)

Proof: The lemma above implies that (V°)* is a viscosity subsolution and (V?), is a
viscosity supersolution respectively, hence we have that
(VO)* < VO
similarly, (V°), > V°. By a comparison we have
(VO)* < VO < (VO)*
Since by construction we have
(VO*(t,z) = limsup  V}(s,%)

> liminf  V9(s,
T (s,y)—(t,x),h|0 h( y)

= (VO)u(t, )
therefore we get
(VO)* — VO — (VO)*
hence we can conclude that
lim V(s,y) = VOt z
LA n (8, Y) (t, )

O]

Remark 5.11. If the value function VO(t,x) € C1? is the solution of the continuous-
time HJB equation (5.47), the function VO(t,2) € C'? is then the unique viscosity

solution of the HIJB equation (5.47). Therefore, if V,? (t,z) converges to the viscosity
solution of the HJB equation (5.47), we can obtain that V,?(t, x) converges to the value

function VO(¢, ).
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It is well-known that in two following examples of log-utility and power-utility the
continuous-time value functions are sufficiently smooth to apply Theorem Thus,
the discrete-time value functions converge. We will show that in these two examples
even the sequence of optimal strategies will converge, too.

The Log utility. From the above section of numerical examples the optimal strategy
in the case of log utility satisfies

(1= r)(1+rh)

¥ — 5.52
T G (=) (552
If h — 0, we can easy get that
* (lu — T) *
l}}?&ﬂ'h =Ty =7 (5.53)

the optimal strategy in discrete time converges to the optimal strategy in continuous
time.

The Power utility. We have the optimal strategy in the case of power utility in the
following

ovVh—ph~+rh
L (1+ rh)((ih rhlfl—axf) —1) (5,54
h —_ .
ph —rh +ovh — ({Tw)v I (ph —rh — ov/h)

For h — 0, we have that

li
i,
I (1 +7"h)((‘Z;\Lfrhihcj\;}l)7 T 1)
= lim
hO uh —rh + ov/h — (70[7’,5:?\;@)7 T(ph —rh + ovh)
From
. ovVh—ph+rh . o—u/h+rVh
lim = lim =1
hi0 ph —rh 4 ovh hw,u\f_r\f+g
we have that
li
i i
; [(1+ rh) (Bt 7 )
= lim
hi0 [,uh—rh—i—a\/ﬁ (7”[%?;\;@)7 1(uh—rh+a\f)]
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Let A = oYhouhtrh 4y

ph—rh+avh’
(g oL
artry - Lo
v—1 ((u=7)Vh+o)
and
_ [(1+rh><<%> T
lim ovVh—ph+rh
WO [uh —rh + ov/h — (Wimﬁ)v 1(,uh—rh—i—af)]
2 Y — S Gt
= lim A D+ U G A vy
h\LO o L 27'17 _(M T)O—

1 1
M—TJFm—(7_1(A)?m)(ﬂh—7“h+0\f) At (p =1+ 57

1 2= (=)o
Vh(ATT = 1) + (1 +rh) (517 (A) 7 m)

= lim T o
M e B = LA GRS ik rh o oVE) = AT (=) §)
1 —=(p=r)
_ v—1 o
o
_ (w=r)
(1=7)o?
Therefore we obtain
lim 7} = p=r) = *
hl0 (1 —7)o?

the optimal strategy of power utility in discrete time converges also to the optimal strat-
egy in continuous time.

Now we focus on showing that the value function obtained from the worst-case HJB
equation in discrete time above converges to the value function from the continuous
time HJB equation when the time step h — 0.

We consider the discrete worst-case HJB system under the time step h as following

reM’ reM” (5.55)

{ min{ sup [V2(t + 1L, z(1 +r —m(r +k))) — V;}(t,2)], sup "V, (t,2)} =0
Vi (T,2) = V(T 2) = u(x)

and the continuous worst-case HJB system satisfying

TeM’ TeM" (5.56)

{ min{ sup [VO(t,z(1 — kn(t))) — V1(t,2)], sup L"Vi(t,z)} =0
VT, z) = VT, z) = u(z)
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Before we show that the value function V}!(¢,2) obtained from this worst-case discrete
HJB system converges to the value function V!(¢,z) from the continuous time HJB
equation when the time step h — 0, we define

(VH*(t,z) = limsup Vil (s,y) (5.57)
(s,y)—(t,z),hl0

v, t,x) = liminf V! , 5.58
(VH)s(t, 2) (swl (tl’il)th w(5,9) ( )
Here we can also set that

F(t,z,9, Dy, Dy, D) = —min{ sup [VO(t,x(1—kn(t)))=V'(t,x)], sup L"V'(t,x)}
7T€M/ ﬂ-eM//

then we have that

F(t,z, ¢, Dy, Dy, D) = max{— sup [VO(t,z(1—kn(t)))—V'(t,2)],— sup L"V'(t,z)}
TEM’ TeM!

Lemma 5.12: (V1)* is a viscosity subsolution of the continuous-time HJB system .

Proof: Let (to,70) € [0,T) x O and let w € CH2([0,T] x O) with w > (V1)* and
w(to, z0) = (V1)*(to, 20). To show that (V1)* is a viscosity subsolution of the continuous-
time HJB system (5.56]), we want to show that

max{— sup [V°(to, zo(1 — kn(t))) — w(to, z0)], — sup L™w(te,20)} <0
TeM’ reM!

We have

w(to,wo) = (V')*(to, x0)

= limsup  Vil(s,y)
(S,y)%(to,xo) :h«LO

< limsup  sup E(VP(s + h,y(1 + rh — w(rh + k))))
(s,y)—(to,x0),hd0 T

= limsup  sup V(s + h,y(1 +rh — n(rh + k)))
(s,y)—(to,x0),hl0 T

= sup VO(tg, xo(1 — k) (5.59)

the inequality is obtained from the Dynamic Programming Principle (5.19)).
Then we obtain — sup[V%(to, zo(1 — k7)) — w(tp, 0)] < 0. We only have to show that

s
—sup L™w(tg, xo) < 0.
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We can get that (tg,z¢) is a maximizer of (V1)* —w with w(to,xo) = (V1)*(to,r¢) and
w > (V1)*. And from the proof of the Lemma (5.9)) we can have that there exist (¢, )
so that V! — w has a maximum at (¢, ) which tends to (tg, o) when h — 0 , then we
have

Vit (th + hy Xp40) — w(tn + hy Xe, 1)
Vit (th + hy Xg40) — Vi (th, 1) (5.60)

Vhl(tfu :Uh) - W(th, .'Eh)

>
W(th + h‘7 Xth-i-h) - 'Uj(th, l’h) Z

Now we assume that sup " w(tp, zp) < 0.
By taking the supremum and expectation on the both sides of the Equation ([5.60)), we
get

sup By, [w(th + hy Xop 1) — w(th, 1)) > sup By, 0, [Viy (th + By Xy )] = Vi (th, 1)

Ty, T,
Using the assumption and the discrete It6 formula shows that

sup By, 2, [w(th + h, Xy, +n) — w(th, 21)] = sup T w(tn, zp) <0

ey,

Then we have
Vi (th, xn) > sup By, o, [Vi- (th 4+ hy X, o)) (5.61)

Tl'th

From the dynamic programming principle for the worst-case portfolio optimization
we have that

Vhl (th,xp) = sup min{E(Vh1 (th + hy Xp,+0) | Fr)s E(V}?(th +hyxp(14+rh —m, (rh+ k%)) | F,)}

Tty

< sup{E(Vj (th + h, X4, +1))}

7Tth

which contradicts the inequation (5.61)).

Therefore we have that
sup £ w(tp, xp) >0

We devide by h and let h | 0,

—sup LTw(to, r9)) < 0
T

Thus, (V1)* is a viscosity subsolution.
O

Lemma 5.13: (V1), is a viscosity supersolution of the continuous-time HJB system .
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Proof: Let (to,70) € [0,T) x O and let w € CH2([0,T] x O) with w < (V1!). and
w(to, x9) = (V1)«(to, o). To show that (V'1), is a voscosity subsolution of the continuous-
time HJB system (/5.56|), we want to show that

max{— sup [Vo(to,xo(l — km(t))) —w(to,xo)], — sup L™w(tg,z0)} >0
TeEM’ reM!

By (5.59)) we have

w(to, zo) = (V1).(tg, z0) < sgrp VO(to, zo(1 — kmy)) (5.62)

If the equality holds we have

max{0, —sup L™w(to, z¢)} >0
™

then we are done. Therefore, it is left to show that

— sup L™w(to, x0) > 0
T

under the assumption of

w(te, zo) = (V1).(t, 20) < sgp VO(to, zo(1 — km)) (5.63)

From the difinition of w we have that (tg,xo) is a minimizer of (V!)* — w and from the
proof of the Lemma (5.9) we can obtain that there exist (¢,zp) so that V,? —w has a
minimum at (¢, z;) which tends to (t9,z9) when h — 0. Then we get

Vi (thy ) — w(th, on) < Vir(tn + hy Xty 1n) — w(tn + hy Xey 1)
w(th + b Xpyen) — w(th,zn) < Vi (th + b, Xyqn) = Vi (th, 2n) (5.64)

By taking expectation on the both sides of the Equation (5.64]), we get
By [W(th + by Xoy 1) — w(tn, 21)] < By ap Vi (tn + hy Xpin)] — Vi (tn, 20)
Let us now assume that we have

sup " w(tp, xp) >0

7rth

under the assumption of

(Vhl)(th, xp) < sup V,?(th + h,zp(14+rh —m, (rh + k%)) (5.65)

Tty
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Using the assumption and the discrete Ito formula shows that

sup Ey, 2, [w(th + hy Xt 1) — w(th, 21)] = sup T w(tn, zp) > 0

Tl'th 7Tth

Then we have
Vit (th, x1) < sup By, o, [ViH (tn + hy Xo, 11 (5.66)

7Tth

The dynamic programming principle for the worst-case portfolio optimization |4.39 im-
plies that

Vi (b, wn) = sup min{ BV, (tn+h, Xy, ) | Fo,), E(V) (ththy aon(1rh—my, (rh+k%)) | Fi, )}

7Tth
The assumption

(Vi) (t, n) < sup V(ty + h, 2y (1 + rh — m, (rh + k7))

Wth
leads to

Vhl (thv xh) = sup Etha$h [Vfg (th +h, Xtthh)]

71'th

which contradicts (5.66]).
Therefore, we must have
Cw(ty,zp) <0

under the assumption of
(Vi) (thyzn) < Vi (th + hyzp(1+1h — m, (th + k*))) (5.67)
Deviding the Equation [5.67| by h and let h | 0, we get

—sup L™w(tg, zg)) > 0.

Thus, (V1)* is a viscosity supersolution.

Using the lemma above we can prove the following theorem:

Theorem 5.14: The value function V;}(t, z) obtained from this worst-case discrete HJB
system converges to the value function V1(t,x) from the continuous time HJB
equation when the time step h — 0, that is

lim Vi(s,y) = Vit z
(o)L n(s:9) (t,x)
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Proof: The lemma above implies that (V1)* is a viscosity subsolution and (V!), is a
viscosity supersolution respectively, hence we have that

(Vi < vt
similarly, (V!), > V1. By a comparison we have
(VY < vl < (VY),
Since by construction we have
(VH*(t,z) = limsup Vi (s, %)

(s,y) = (t,2),h 0

> liminf Vi (s,
2 it g Vi (509)

= (Vu(t, )
therefore we get
(Vl)* — Vl — (Vl)*
hence we can conclude that

lim Vi(s,y) = Vit z
(o) n(s:9) (t,x)

O]

Remark 5.15. From the Remark we can also obtain that if Vh1 (t,z) converges to
the viscosity solution of the HJB equations l) then Vhl(t,a:) converges also to the
value function V1(t, z).

Now we want to study this convergence theory numerically to determine the optimal
strategy in discrete time when the time step h — 0 and compare them to the optimal
strategies in continuous time.

The Power utility
The discrete Bellmann system of the power utility satisfies
min{ sup [V(t + h,z(1 +rh — m(rh + k))) — V(t,z)], sup £7Vh(t,2)} =0
weM’ TeM!
VYT, z) = VT, z) = a7
(5.68)
Then form of the optimal strategy follows

T rhtk o \rhtk N (rhtmy ((p—r)h+ovVh) Y +(L+rhtnf ((p—r)h—ovVh))Y

{ Thy = birh _ (Lirh £y (Utrhtn® (=)t VR + (4 rhtn® (n=rh—o VR y5

(5.69)
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with the optimal portfolio strategy in crash-free model

(1+ rh)((Dzpictrh )= )

70— %‘TZ*”f# (5.70)
ph —rh +ovh — (;T%)W—l (uh —rh — ov/h)
When h — 0, applying the taylor series we have that
T, — T o2 pw—r
li t+h h:_ 1— 1 — 75 k* * 2 kal

the optimal strategy of power utility in discrete time converges also to the optimal strat-
egy in continuous time.

The convergence of the optimal portfolio 7r*t for power Utility
07 T T T T T T T T T

0.6

o
o

©
~

o
w

— 77*1 in continuous-time

risky fraction 7

— 7r*t (h=1) in discrete-time

0.2 7* (h=0.5) in discrete-time
— drr*t (h=0.1) in discrete-time
0.1r
0 1 1 1 1 1 1

Time t

Figure 5.3.: The convergence of the optimal trading strategies m; for power utility func-
tion

The convergence of the optimal trading strategies for power utility is illustrated in Fig-
ure [5.3l From the figure it is showed that the lines of optimal worst-case portfolio pro-
cesses in discrete-time are below the blue line of optimal worst-case portfolio processes in
continuous-time. In the presence of crashes the investor who trades in discrete-time plays
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safer and reallocates more wealth from risky assets to riskless bonds. The worst-case
optimal portfolio process in discrete-time goes nearly to the optimal one in continuous-
time as the number of trading times goes to infinity.

The Log utility
From the above section the discrete Bellmann system in the case of log utility satisfies

TeM’ TeM (5.72)

min{ sup [VP(t + h,x(1 + 7 — m(r + k))) — Vi(t,2)], sup 7V} (t,2)} =0
VT, z) = VT, z) = log

Then the optimal strategy follows

rr, = Lrh _ (Lirh *)((1+7"h+7r°*((u—r)h+<f\/ﬁ))(1+rh+7r°*((M—T)h—U\/ﬁ)))%
thh = rhtk - Arhdk o TN (Lprhery ((n=r)htoVR) (L+rhtw (i=r)h—ovh)) (5.73)
p_p =0
with the optimal portfolio strategy in crash-free model
0« _ (p—r)(A +7h)
= 5.74
T o (u e -7
When h — 0, using the taylor series we have that
T, — T 2 —
lim ot "h = % ey — B2 (5.75)

hl0 h 2k* o?
the optimal strategy in discrete time converges to the optimal strategy in continuous

time.
The convergence of the optimal trading strategies for the log utility function are showed

in Figure [5.4]
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The convergence of the optimal portfolio 1r*t for log Utility
035 T T T T T T T T T

0.3

0.25 1
S
5 02 i
3]
g
20.15 s 7%, i CONtiNUOUS -time .
[}
= e 7% (h=1) in discrete-time
01+ w*t(h:0.5) in discrete-time
— 7r*t(h=0.1) in discrete-time
0.05

Time t

Figure 5.4.: The convergence of the optimal trading strategies 7} for log utility function
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Chapter 6.
Conclusion

In this chapter we summarize the main contributions of this thesis as well as discuss the
possible problems which might be subject of future research.

First, we turn to the introduction of the discrete-time model for stochastic control taking
into account system crashes in Chapter 4. Our task is to make the decision in respect of
the worst-case scenario which can be an immediate crash of maximum size or no crash
at all. In Section 2 we derive an optimal portfolio strategy 7* which makes the investor
indifferent between an immediate crash and no crash at all in the case of the logarithmic
utility function.

VOt +1,2(1 + 7 —#2(t)(r + k%)) = EG?) (In(XF)) ()

In order to extend these results to general utility functions, we use the classical discrete-
time method, dynamic programming method, which simplifies a multiperiod decision
problem by breaking it down into a sequence of single-period problems. The optimal
portfolio process is derived by computing the optimal value function in a backward
recursive way:

EUp1(z(Q+r+m(R—1—=1) | F) = E(Ups1(z(1 +r — m(r + k%)) | Fo).

We demonstrate the usefulness of dynamic programming by solving the examples of
power-utility, log-utility and exponential-utility functions explicitly. The optimal worst-
case portfolio process 7* in the case of logarithmic utility by this recursive equation is
identical with the one by indifference approach. Furthermore, the optimal worst-case
portfolio process n* for the explicit power-utility function is showed to convergent to
the expression in the continuous-time model, if we approximate the stock price process
of the Black-Scholes model by the stock price process in a binomial model by choosing
appropriate parameters in the discrete-time model.

In order to further study the limit behavior of the optimal value function in the discrete-

time crash models, we establish a new approach, the finite difference approach, in Chap-
ter 5. Applying the discrete-Itd formula for the simple random walk we derive the
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discrete HJB-equation for the discrete-time portfolio optimization problem by consider-
ing the stock price as a stochastic process which follows the random walk. The discrete
HJB equation can be seen as a finite-difference approximation scheme of the continuous
HJB equation. By the discrete HJB equation, we verify the optimal value function V'
for worst-case portfolio optimization problem in discrete time, which satisfies a system
of dynamic programming inequalities. In order to investigate the connection between
the discrete-time and continuous-time crash models, a viscosity solution method is used
to prove the convergence of the worst-case value function in discrete-time to that in
continuous-time. We prove that the limit of the upper semi-continuous envelope V*
and the limit of the lower semi-continuous envelope V, are a viscosity subsolution and
a viscosity supersolution of the continuous-time HJB system respectively. Furthermore,
the convergence of the optimal portfolio processes is also proved and illustrated in the
explicit examples of log utility and power utility.

There are still many possible problems with the worst-case portfolio optimization in the
discrete-time setting which are worth to research. Our problem can be extended to the
problem including the possibility for consumption. With the existence of the transaction
costs some most successful continuous-time portfolio choices are no longer implemented,
which makes it promising to derive worst-case portfolio theory in discrete-time setting
under the transaction costs.
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Appendix A.

Basic definitions of probability theory for
financial mathematics

The aim of this appendix is to recall some main concepts of Probability Theory as they
are needed for financial mathematics. We follow [46] and [25] in our exposition.

We consider a probability space (2, A, P).

Definition A.1l: An increasing family F = {F;}ie7 of o-algebras Fy, ie. Fs C Fy,
s,t € T for all s < t, is called a filtration. (2, A, F, P) is a filtered probability space.

The o-field F; usual models the information available at time ¢. Thus, we can determine
the value of a given random variable X; at time ¢, if and only if X; is F;-measurable.

Definition A.2: A family of R"-value random variables {X;}c7 is called stochasic
process. If X(t) is Fy-measurable for all ¢t € 7, then X is adapted to a filtration F.

The usual choices for T are T = [0,00), or T = [0,7] with 0 < T < 0.

Definition A.3: Support that X is R-valued random variable with X > 0 or E | X |<
oo and that F C A is a o-algebra. A F-measurable random variable Y :  — R is an
F-conditional expectation of X, if

E(1rY) = E(1pX)
for every F' € F.
Noptation: Y = BE(X | F), Y = E(X | Y1, , V) if F=0o(Y1,---,Y;) = F).

Proposition A.4: Let J C R be an open interval, X : Q@ — J in L' and ¢ : J — R
convez, then E(X | F) is J-valued and if p(X) >0 or in L', then

P(E[X | F]) < Elp(X) | F]

Let a set of times T € [0, 0] and a filtered probability space (2,4, F, P) be given.
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Definition A.5: A random variable 7 :  — 7 |J oo is called stopping time w.r.t. F
if
T<tekF

for all t € T. 7 is bounde if P(7 < ¢) =1 for a constant ¢ and finite if P(7 < o0) = 1.

The above definition means that by using only the available information we can decide
wether we stop or not, i.e., the event that we have stopped before or at ¢ is an event of
the o-algebra F;.

For our purposes the most important example of a stochastic process is the Brownian
motion.

Definition A.6: A (standard) Brownian motion W = (W}),c(o,7 is a stochastic
process satisfying

o Wy =0 P-as,

e (independence of Increments)
W; — Wy is independent of W, — W, - - W5 — Ws, for 0 < sp < s, <5<t

e (stationarity of Increments)
Wy —Ws ~ N(0,t—s), i.e., is normally distributed with mean 0 and variance ¢ — s,
t>s2>0,

e (Continuity of Paths) W is continuous, i.e.e, t — Wj(w) is continuous for all w € Q.
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Derivation of CRR model parameters

Goal: Establish weak convergence of discrete-time CRR model against the continuous-
time Black-Scholes model, when we take the limit as n tends toward infinity.

Black-Scholes Model:
For interest rate r € R, trend parameter p € R, volatility ¢ > 0, the stock price of the
Black-Scholes model is given by

2
St = Soexp((u = )t + o W)

where W = (W;)¢cpo,1] is a standard Brownian motion.
CRR model:
The stock price of a CRR model with N time periods satisfies

SN IYN SQ HYk 5

where YV, | Y are iid with P(Y,N =u) =1-P(Y,N =d) =p € (0,1).

Consider
lo Sy _ log(Y'N
g(SN )_ Og( n )7
n—1
then we have
SN
an = E(log(S]\? ) = E(log(YnN)) =plogu+ (1 —p)logd,
n—1
and
N
e = Var(og(—) = Var(log(V;Y)) = pllogu)? + (1 p)(logd)® — E*(log(¥,"))
n—1

Note that with
N . D k=1 log(Yk —nan

o = bzv[
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where A = T/N. we can rewrite

b
SN = Spexp(—Xp + nA™N)

VA A

Then a Donsker type theorem can be used to show that in distribution
'~ Waa

for N large enough.
Therefore, if we choose p, u, d such that

b
o= u-1/20% =W (B.1)

JA A

we can get in discribution
SN ~
n ~ nA

where S, A is the Black-Scholes stock price at ¢t = nA.
In Equation there are three unknown variables u, d and p, but only two equations.

Cox, Ross and Rubinstein(CRR,1979) suggested u x d = 1. It means ”the jump sizes
compensate each other”. The parameters are

u = exp(cVA),d = exp(—oVA)

Jarrow and Rudd(JR, 1983) suggested ¢ = 1/2. It means ”equal probability for up and
down jumps”. The parameters are

u = exp((u — %JQ)A +oVA),

<p(( — 50*)A ~oVE)

d=

@

N

p:
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Viscosity solutions

This appendix is to introduce the notion of viscosity solutions and to state some funda-
mental results. We refer to Pham[39] and Fleming and Soner[I4] in our exposition.

We consider the following function. Let O C R™ be open and let
F:OXxRxR"xS" =R

be continuous. The function F' is assumed to satisfy the following ellipticity condition:
Forallz € O,r € R, g€ R™ and M, M’ € S™,

MSM,:>F(ZL',T‘,C],M) ZF(:E7T7(]7M/)

For time-dependent problems, a point in R™ must be understood as a time variable ¢
and a space variable x. Furthermore, the function F(¢,z,r,p,q, M) must satisfy the
following parabolicity condition:for all ¢t € [0,T), x € O, r € R, p,p' € R, ¢ € R™ and
M e S™,

p<p = F(tz,nrpqM)>Ftzryp, qM)

Let us now consider a function w € C12([0,7)) x O and assume that w satisfies the
following second-order differential equation

F(t,z,w(t,z), Dyw(t,z), Dyw(t, z), DXw(t,z)) = 0 (C.1)

for each (t,x) € [0,T) x O.
And let ¢ € C12([0,T)) x O be another smooth function and (¢,z) € C*2([0,T)) x O be
a maximum point of w— . In this case, the first- and second-order optimality conditions

imply:
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where the first equality holds if £ > 0.
By the ellipticity condition and parabolicity condition we have

F(Ea i‘v w(ﬂ j)a Dt@(fa j)a ngp(f, j)v D?@(ﬂ j))
< F(t,z,w(t,z), Dyw(t, ©), Dyw(t, Z), Diw(t, ©))
0

In order to make sence of the inequality
F(t,7,w(t, ), Dip(l,7), Dop(t, 7), Di (1, 7)) <0
we only need w to be upper semi-continuous. Similarly, we only need w to be lower

semi-continuous if w — ¢ attains a local minimum at (¢, ).

The above arguments lead to the notion of viscosity solutions. We assume that w is
locally bounded and define its upper semi-continuous envelope w* and its lower semi-
continuous envelope w, by

w* = limsup w(t,x)

(t2)—(t,2)
wy := liminf w(t,x)
(tz)—(t,2)
respectively.
Definition C.1: Let w : [0,7) x O be locally boounded.
e w is a viscosity subsolution of equation if
F(Ea Z, w*(ﬂ j)a Dt‘p(fa i)7 DI(P(Ev j)v D?@(ﬂ ZZ')) <0

for all (£,z) € [0,T) x O and for all ¢ € C12([0,T)) x O such that (,7) is a local
maximum point of w* — .

e w is a viscosity supersolution of equation if
F(1,2,w.(1,7), Dup(t,7), Dpp(l,7), D} (1, 7)) 2 0

for all (£,2) € [0,T) x O and for all ¢ € C12([0,T)) x O such that (¢,7) is a local
minimum point of w, — .

e we say that w is a viscosity solution of equation if it is a viscosity subsolution
as well as a viscosity supersolution.

Remark C.2. Without loss of generality we can asume that w*(¢,Z) = ¢(t,Z) and
w(t,T) = ¢(t, ) respectively.Then (f,7) is a local maximum(resp. minimum) of w* —
p(resp. wi — ).
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Now we want to state the stability property of viscosity solutions. This property shows
that if the viscosity solution w” of approximate equations depending on h are uniformly
convegent as h — 0, then the limiting function w is a viscosity solutions of the limit
equation. We use the formulationin in Fleming and Soner[14].

Lemma C.3: (Stability)
Let w" be a viscosity subsolution (or a supersolution) of

Fh(t,z,wh(t, z), Dpw"(t, 2), Dyw"(t, ), D2w"(t, z)) = 0

in ([0,T)) x O with some continuous function F" satisfying the ellipticity condition and
parabolicity condition. Suppose that F" uniformly converges to F, and w" uniformly
converges to w. Then w is a viscosity subsolution (or a supersolution) of the limiting
equation.

In order to prove uniqueness of viscosity solutions we define the second-order superjet
J%Tw*(t,7) of the upper semicontinuous envelope w* of w at (,7) to be the set of all
(p,q, M) € R x R™ x 8™ such that

lim sup m[w*(ﬂ z)—w(t,x) —p(t —1t)
(t,2)—(t,7)

(g, —2) — 5(M(T — ),z —2)] <0

and the second-order superjet J?~w, (%, %) of the lower semicontinuous envelope w, of
w by
J27_'UJ*(E7 j) = _J2’+(_w*)(_ .’i)
*

t
We define the closure J>w* (£, z) of the superjet J>Tw* (¢, Z) as the set of all (p, q, M) €
R x R" x 8" for which we can find a sequence (t;,x;,p;,q;, M;)jen such that t; €
[0,T),z; € O and (p;,qj, M;) € J>Tw*(£,7) for all j € N and

lim (tjﬂrj’ w*(tj’ wj)ﬂpj’ qj7Mj) = (f, @w*(ﬂ T),p,q, M).

J]—00
The closure J%~wy(t, %) of J>~w.(t,z) is defined analogously.
Then we state the following theorem which is the main tool in proving uniqueness of
viscosity solutions.

Theorem C.4: (Ishii’s Lemma) Let u be an upper semi-continuous function on [0,T)) x
O, let v be a lower semi-continuous function on [0,T)) x O and let ¢ € C1H22(]0,T)? x
R™xR™). Suppose that (to, so, To,yo) s alocal maximum of u(t,z)—v(s,y)—o(t, s, x,y).
Then for each € > 0 there exist M, N € S™ such that

(Dt¢(t07 S0, 20, y0)7 Dx¢(t07 50,20, yO)a M) € j2’+U(t0, xO)a
(=Dsé(to, 50, 20, Y0), —Dyd(to, S0, 20, Y0), N) € J*>~v(to, o),
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and
M 0
( 0 _N > < D ,¢(to, 50,20, y0) + (D3 ,é(to, s0, T0, Y0))*-
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