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Abstract

This paper deals with domain decomposition methods for kinetic and
drift diffusion semiconductor equations. In particular accurate coupling
conditions at the interface between the kinetic and drift diffusion domain
are given. The cases of slight and strong nonequilibrium situations at the
interface are considered and numerical examples are shown.

1 Introduction

Semiconductor device simulations are usually done on the basis of drift diffusion
or hydrodynamic equations. However in view of the ongoing miniaturization
of semiconductor devices a more accurate modelling of the physics seems to be
necessary. This is achieved by kinetic semiconductor equations. We refer to the
books of Markowich et al. [16] and Selberherr [18] for a detailed description
of semiconductor equations and further references. However, it is in general
not necessary to model the whole region in the device by the computationally
expensive kinetic equation. Only in particular sensitive regions, where the
solution is far away from an equilibrium state, as for example in boundary
layers, kinetic equations have to be employed. In the remaining regions of
the device the usual drift diffusion equation may be valid, and will lead to
sufficiently accurate results.

Domain decompositon methods are a natural tool to design in this case accu-
rate numerical codes with reasonable computation times solving both types of
equations in their respective domains. This can be achieved similiar to the field
of gas dynamics, where domain decomposition methods have lead to the devel-
opment of hybrid codes for kinetic and hydrodynamic equations. Examples can
be found in [3, 15].

The general aim is to approximate the global kinetic solution by the solution
of the domain decomposition problem, computed with the hybrid code, as ac-
curately as possible, saving in this way a considerable amount of computing



time. Once the locations of the kinetic and drift diffusion domains in the de-
vice are known, the main point of the problem is to obtain the correct coupling
conditions at the interface between the two regions.

In the present paper the physics of the semiconductor device is assumed to be
described by a kinetic transport equation. We restrict here to kinetic semicon-
ductor equations with a linear collision term and given electric field. However
the following analysis should be extendable to nonlinear equations and selfcon-
sistent treatments of the electric field.

In section 2 we state the physical problem and the equations describing it. In
section 3 we state coupling conditions for equilibrium situations at the inter-
face. Using the equality of fluxes, a condition that is due to Maxwell in the
gas dynamics case and to Marshak in the radiative transfer case, or simply the
equality of moments at the interface and an O(e?) approximation of the dis-
tribution function, where € is the mean free path, one obtains correct results.
These conditions are proven to yield O(e) approximations for a model situation.
In section 4 nonequilibrium situations at the interface are considered. Using
asymptotic analysis similiar to the usual boundary layer considerations as, e.g.,
in Bardos et al. [1] and Bensoussan et al. [2] for neutron transport, Cercignani
[4] and Sone and coworkers [19] in the gas dynamics case and Poupaud [17],
Golse/Poupaud [8] and Yamnahakki [20] for semiconductor equations, we de-
velop accurate coupling conditions in this case by an analysis of the interface
layer between the two domains. This leads to kinetic linear half space problem.
The essential point is then to find a fast approximate solution procedure of the
half space problem. This will be discussed in the appendix. It is an extension of
the work done in Golse/Klar [7] and related to the so called variational meth-
ods, see Loyalka [14] and Golse [6] for gas dynamics and Larsen, Pomraning [13]
in the radiative transfer case. In section 5 we show some numerical results for
a one dimensional model problem. As one can see in the simulations the devel-
oped coupling conditions lead to a very accurate approximation of the kinetic
solution by the solution of the domain decomposition problem.

2 The Basic Equations

We consider a domain D; in R? representing the semiconductor device geometry.
Dy is divided into two not overlapping subdomains D and Dy, D1 U Dy = Dy
with smooth boundaries 0D, 3D, 3D, and the interface I = 0D, N 0Ds.

The basic description of the physics in the device is given by the following linear
semiconductor Boltzmann equations in D;,7 = 1,2 with mean free paths ¢;

Oufit (0~ Vafi + B-Vofi) + Qi) = SM, (1)

€
where f; = fi(z,v,t) are the distribution functions of the electrons in D;, z €
D;,v € B3, t > 0. See e.g. Markowich et al. [16] for a discussion of these
equations.



E = E(xz,t) is the electric field multiplied by the absolute value of the elemen-
tary charge and divided by the effective mass.

QUA) = [[| (v, 0) (M()fi(v) = M(v) fi(w) du
is the collision operator with
b (—v,—w) = ®(v,w) = ®(w,v) >0

and )
1 v
T

26
where 0 is the temperature of the device. S = S(z,t) models the generation
recombination process. Defining

M(v) =

Aw) = / (v, w) M (w)dw
and
K(f)(0) = [ @(v,w)fi(w)dw

we get
Q(fi)(v) = Alv) fi(v) — M (v) K (fi)(v)-

The global kinetic solution is then defined by the solution of equations (1) in
D; with the initial and boundary conditions

fl(.T,’U,O) = g(‘T’U)M(U)a z € Dy

and
fl(iL',’U,t) = fB(iL',’U,t)M('U),.’L' € 0D; ﬂaDl,’U n(:v) <0,

where n(z) is the outer normal at 9D, at the point = and
fo(z,v,0) = g(x)M(v), = € Do

and
fo(z,v,t) = f(z,t)M(v),z € 0Ds N ODy,v - n(z) < 0.

The interface condition is simply continuity of the distribution functions for
zel

f]_(.’L‘,’U,t) = f2('7"avat)'

The mean free path e = € in Dy is assumed to be small such that an approxi-
mation of the kinetic equation by the drift diffusion equation is valid there, see,
e.g., Poupaud [17] for a mathematical treatment.

This means, fo(z,v,t) is approximated by p(z,t) M (v), where p(z,t) fulfills

Oip + V- (=DVyp + pEp) = S, (2)



with the diffusion coefficient
D= /vihi(v)dv,z' =1,2,3,
where h; is the solution of
Qi) =vM (). [ hiw)A(w)dv =0

and the mobility
uw=D0.
We set in the following @ = 1, i.e. v = D to simplify the notation.

The aim is now to approximate the global kinetic solution by the solution of
the following coupling problem: In D; the kinetic equation (1) is solved with
the above inital conditions in Dy and the boundary condition at 0D; N0D;. In
D, the drift diffusion equation (2) is solved with initial conditions

p(.’E,O) = g(:l:),x € Do
and boundary conditions
p(z,t) = fe(z,t),z € D2 N OD;

Equiping these equations with coupling conditions at the interface I will lead
to a properly stated problem. The solution depends however strongly on the
type of coupling conditions employed. In the next sections we discuss several
possibilities and investigate them.

3 Coupling Conditions for Near Equilibrium States

For equilibrium states at the interface coupling conditions can be straightfor-
wardly obtained. One starts by defining a 'macroscopic distribution function’
approximating the kinetic distribution function in Dy to O(€?). Using an ap-
proximation to O(e) leads without overlapping of the domains to obviously
wrong results, see section 5, Figure 1.

Assuming, as in [1, 2, 17], that fo in D5 is of the form
O perf s
with € = ez and substituting it into the scaled equations (1) leads to
Q") =0 3)
QU == (v VufS + B- Vo fi?) (4)

Therefore due to (3) and due to the properties of the collision kernel, see, e.g.,
Poupaud [17] we obtain

(@, 0,1) = p(a, )M (v).
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This means that the O(e) macroscopic distribution function would be given for
z € Dqy by
fmacro(xa v, t) = p($a t)M(’U).
(4) leads to
1V(@,0,8) = =eh(v) - (Vap(e,t) = Bz, )p(z, ).
Therefore we get for © € Dy
fmacro(xa ’U,t) = p(-’B, t)M(U) - 6h(v) . (pr - E(:I:a t)p) .

as the O(e?) macroscopic distribution function in Dy. Using the latter one, one
obtains the following conditions:

The equality of moments:
Determine p(i,t),Z € I by

/fl(j,'[),t)dfu = /fmacro(jaluat)dv
= /p(f%,t)M(v) — ch(v) - (Vap(d,1) — B(2,1)p(2,1)) dv.
The ingoing function for the kinetic region is given by
f1(2,0,8) = fmacro(E,0,t) = p(2,1)M(v) — €h(v) - (Vop(2, 1) — E(2,1)p(2,1))
for z € I,v-n <0, where n = n(Z) is the outer normal at 9D, at Z.
The Maxwell-Marshak conditions:
Determine p(z,t),# € I by
/ v-nfi(Z,v,t)dv = / V- N fmacro(Z, v, t)dv
v-n>0 v-n>0
= [ venlp(@.)ME) - ch(o) - (Vapldt) ~ B, Op(z, )] dv.

vn

with n = n(Z). The ingoing function for the kinetic region is given as before.

The solution of equation (1) in Dy and (2) in Dy with the initial, boundary and
coupling conditions as above will be called the solution of the coupling problem.
It can be found numerically by a standard Schwarz type iteration procedure:
One determines the coupled solution by solving in turn the equations in the two
domains. In each step the above interface conditions are used. This is repeated
until a stationary state is obtained. See Klar [12] for an investigation of the
coupled solution and of the iteration procedure in a general case.

In the following we show for a model situation that these coupling conditions
lead to a correct approximation in case of near equilibrium situations.

We consider the stationary kinetic equations

L0 Vit B-Vof) + 5 QU = SM, )

€;



with € D;,7 = 1,2 The mean free paths are ¢; = e = €. The stationary drift
diffusion equation is for § =1
S

Vi (=Vap+ Ep) = 5. (6)
with z € Dy. We restrict to a slab z € Dy = [4,B], A < 0,B > 0. The sub-
domains are D; = [A,0], Dy = [0, B]. The boundary conditions are f(A4,v) =
paM(v),v1 > 0, p(B) = pgM(v),v1 < 0. The electric field is of the form
E(z) = (Ey(x),0,0). Equation (5) in D; is coupled to equation (6) in Do by
one of the above coupling conditions. fi; and p denote the coupled solution in
the respective domains. The reference solution is the global stationary kinetic
solution, i.e. the solutions f1, fo of the kinetic equation (5) in D; and Dy with
f1(0,v,t) = f2(0,v,t). We denote the global solution by f(z,v,t),z € Dy. One
can then prove:

Theorem 1

The solution of the coupling problem for the stationary equations (5) and (6)
with one of the above coupling conditions at the interface is an O(e) approxi-
mation of the global stationary kinetic solution in the whole domain, i.e.

|fi(z,v,t) — f(z,v,t)] < Ce,z € Dy
lp(z,t) — f(z,v,t)| < Ce,z € Dy

where C is some constant.

We need a trivial lemma:

Lemma 1

Let p(z) be the solution of the drift diffusion equation (6) in Dy = [0, B] with

the Dirichlet boundary data p(0) at z = 0 and pp at z = B . Then the value
0.p(0) is given by

9zp(0) = p(0)(E1(0) - G) + H

-1
B _ B T

G = (/ e_E(m)da:'> , E(z) :/ Ei(z")dz'
0 0

_ B _ T
H = Gppe P® 4 @ / e B 5(2Vda!, §(z) = % / S(a")da’
0 0

with

and

Proof of the Theorem:
We restrict to the Maxwell-Marshak conditions. They give together with the
Lemma

[, _ nfa(0,0)dv = p(0)C +eZ(p(0)G ~ H) (7)
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with

C= v M(v)dv, Z = v1hy (v)dv
v1>0 v1>0

and for v1 <0

f1(0,0) = p(0)M(v) — €h1(v)(0zp(0) — E1p(0)) (8)
= p(0)(M(v) + €h1(v)G) — ehi(v)H.

From (7) we obtain

p(0) = (C +eGZ)7? (/v v1 f1(0,v)dv + eZH) .

1>0

Substituting this into (8) a short calculation gives for v; < 0 the following
reflecting boundary condition for the kinetic part of the coupled solution

f1(0,v) = €f1(0,v)b(v)+ (Bl(fu,v') + eBg(v,v')) fl(O,v')dU'—I—eg(U)—FO(eZ)

v >0
with

VA
b(’U) = —GE,

1
Bi(v,v') = v'lEM('u),

G
Ba(v,v') = Ullahl(v)’

9(0) = (ZM(v) ~ () H.

Considering now the kinetic equation in D; with the fixed boundary conditions
pa at A and the above reflecting boundary condition at 0, we observe that the
approximation of this kinetic problem for small € by a drift diffusion equation is
similar to a problem in neutron transport, that has been treated in Bensoussan
et al. [2], section 3.6.

A straightforward extension of the results obtained there leads to an O(e) ap-
proximation of the kinetic solution f; in Dy with the above reflecting boundary
conditions at 0 by a drift diffusion equation with the following boundary con-
dition at x = 0:

B10:p(0) + (B2 + b)p(0) — B1E1(0)p(0) +g =0

with

U1 1 , , I
=~ Juew © -5 M
/vl<o C [hl(v) C Ju>o v1 M (v)hi (v )dv] dv
1
- TC v1hy(v)dv



By, = —/ u M (v")Ba(v,v")dv' dv,
v1<0 C Ju>0

e
_ /MO vl (v)dv
_ [g + é » Ulhl(v)du] H-— g/vlhl(v)dfu,

b= —/MO 2 b(o) M (0)do = —Gg [ B = Gg.

This gives
92p(0) — p(0)(£1(0) — G) — H = 0.

as the boundary condition for a drift diffusion approximation of f; in D;.

Considering now the global kinetic solution in [A, B] we know that it is ap-
proximated to O(e) by the global drift diffusion equation, see [17]. However,
the solution of the global drift diffusion equation in D; is in Dy equal to the
solution of the drift diffusion equation in D; with the above boundary condition
at 0. This can be seen by an easy calculation.

Therefore finally we get an O(e) approximation of the global kinetic solution by
the coupled solution in D;. The corresponding property in Dy is then obvious.

This result shows, that the equality of moments or fluxes is appropriate for near
equilibrium situations at the interface. If this is not the case, they might give
wrong results as shown in section 5.

In the next section we develop accurate however easy to handle coupling con-
ditions for this case.

4 Coupling Conditions for Nonequilibrium States

In contrast to section 3 non equilibrium situations might prevail here at the
interface between the two domains. We use here not only an O(e?) approxi-
mation in the bulk of the device, but also on the boundaries and interfaces to
develop the correct conditions. This includes an analysis of the interface layer
between the two domains. We concentrate in this section on the interface layer
neglecting the boundary layers.

Proceeding similarly as in the usual boundary layer treatment, see the references
in the introduction, one assumes the macroscopic distribution function in Do
to be the same as in the last section plus an additional interface layer term



concentrated around the interface I with a thickness of the order of a mean free
path:

fmacro(T,v,1) 9)
= P, )M() - eh(v) - (Vaplot) - Bla, (1) +x (Lsai0,2)

!
+ e)z(y—,ai,v,t) + 62W(.T,’U,t) + 62W(g,a,~,v,t),
€ €

where £ € Dy. y and 4,7 = 1,2 are interface layer coordinates given by the
following: Let & be the point on the interface closest to . The coordinate
along the normal to the interface is ¢/, i.e. © = & + n(%)y’, where n(z) is the
outer normal at D1 at £ € I. The interface itself is parametrized by «;, i.e.
% = Z(an, a2), where the ; depend on the point z. See, e.g., [4],[19] for details
on boundary layer coordinates.

Requiring that the kinetic equation in D, is fulfilled by facro to O(€?), i.e.,

1
fatfmacro + (U . va:fmabcro + E(.T, t) : vvfmacro) + EQ(fmacro) (10)
= eSM + O(€?),

we obtain the following equations by substituting fy,acro from (9) into (10) and
comparing terms of the same order in e:

Up to order e~ 1 we get the following halfspace problem at &
v-ndyx + Q(x) = 0. (11)
with x = x(y, a;,v,t), y € [0,00) and n = n(Z). To order 1 we obtain

v Va(p(z,t)M(v)) + E(z,t) - Vo(pM) (12)
= Q(h(v) - [Vap(z,t) — E(z,t)p(x, t)])

and another halfspace problem at the interface point Z with y € [0, 00):

2
v-ndyX + E(&,)Vyx + > v+ Veila,x + Q(X)
=1

Remark that equation (12) is fulfilled since Q(h) = vM (v).

0. (13)

To order € we must have
O (pM) —vV4(h(Vgp — Ep)) — EVy(h(Vzp — Ep)) + QW) = SM (14)

and a linear half space problem for W must be fulfilled. Equation (14) is
solvable, if the drift diffusion equation is fulfilled by p(z,1).

Assuming continuity of the distribution functions at the interface to O(€?), i.e.,
forzel

fi1(&,0,t) = fmacro(&,v,t) + O(€?), (15)



we obtain from (9) that the sum of the ingoing functions for the half space
problems for v - n > 0 has to fulfill

x(0, o, v,t) + €x(0, i, v, t)
= fi(&,v,t) — p(&,8) M (v) + eh(v) - (Vup(d,t) — E(&,1) - p(&,1)) + O()

The splitting of this sum into x(0,a;,v,t) and x(0,a;,v,t) is arbitrary. We
choose,

x(0, i, v, 1) = f1(2,v,8) = p(2,8) M (v) + eh(v) - (Vop(d, 1) — E(2,1) - p(%,1)) (16)

and
X(Oaaiavat) =0

for v -n > 0, since the following becomes simpler for this choice. Moreover, the
asymptotic values of the halfspace problems must fulfill

X(OO, a4, 0, t) + 6)2(007 a5, U, t) = Oa
since the interface layer term should vanish in the bulk.

We introduce two more notations:
Let ¢(y, a;,v) be the solution of the half space problem (11) at Z with

¢(0, i, v) = k(v)
for v -n > 0. Then we define the asymptotic value
L (k() = @(00, i, 0) M~ (v)
which is independent of v and the Albedo operator
Az (k()lon>0)(v) = #(0, i, v)
forv-n < 0.

Let x(y,;,v,t) now be the solution of the half space problem (11) at the
interface point & with ingoing function

x(0,a;,v,t) = fi1(2,v,1) (17)
for v-n > 0. From (16) and (17) we have

X(OO, a;, U, t) = )2(00, ay, U, t)
—p(&, )M (v) + eLz(h(")) - [Vap(2,t) — E(2,t)p(2,t)|M (v)

From x/(o0, a;,v,t) + ex(o0, aj,v,t) = 0 we obtain

—p(&, )M (v) + €Lz (h(-)) - [Vop(2,t) — E(&,1)p(%,1)| M (v)



This means, p(Z,t),& € I is determined by the condition

p(&,t) = Li(f1(&,-,1)) +eLz(h()) - [Vap(2,t) — E(Z,1)p(, )]
4+ ex(oo, aj,v, )M 1 (v).

Knowing f1,v-n > 0 this is an equation for p(Z,t). Looking at equation (9) and
keeping equation (15) in mind one finds the ingoing function for the Boltzmann
region for € T andv-n <0

fi@v,t) = p(&,t)M(v) — eh(v) - (Vap(2,t) — E(2,1)p(2, 1))
+x(0, @i, v, t) + €x(0, o, v, )
= Az(f1(Z, ", 8)[vn>0)(v) — e[h(v) — Az (h()|v-n>0) (V)]
(Vap(2,t) — E(2,t)p(2,1)) + eX(0, 2, v, 1)

The second equality is due to (16) and the definition of the Albedo operator.
Knowing p this is an equation for f; giving fi,v-n <in terms of fi,v-n > 0. It is
easily handeled in the framework of the Schwarz iteration procedure mentioned
in the last section.

It is now most important to have a fast however accurate enough solution pro-
cedure to find the asymptotic state and the outgoing distribution of the half
space problem. We remark, that solving the whole half space problem, for ex-
ample, by a standard discretization procedure would need a lot of computing
time, in particular, since it has to be solved at each point of the interface. In
the appendix this will be achieved by a generalization of a procedure, we devel-
oped in Golse/Klar [7], leading to easy to evaluate, however accurate coupling
conditions. These conditions yield a considerable improvement compared to
the ones obtained by equalizing moments or fluxes as in section 3.

We mention that in Golse [5] and Klar [11] coupling conditions for the coupling
of the Euler equations to the Boltzmann equation have been developed and
investigated that are also based on the analysis of a kinetic half space problem.
A different approach can be found in Illner/Neunzert [10].

Another remark concerns the situation, when the kinetic domain shrinks to 0
and only the drift diffusion equation is solved in the whole domain. In this
case the outgoing function is no longer needed and the condition on p becomes
a standard slip boundary condition. An extensive treatment of such bound-
ary conditons for the gas dynamic case is given in the work of [18]. Here we
mention also the work of [20] on second order boundary conditions for the drift
diffusion equation. Using these boundary conditions one obtains a good quality
of approximation in the bulk of the device, but obviously no resolution of the
solution in the kinetic regions.

Finally, if higher order conditions are required, one may go to higher order in
the asymptotic expansion. However, this is very tedious and in most cases it
will not be necessary due to other limitations on the accuracy of the solution.
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5 Numerical Results

In this section we investigate the coupling condition proposed in section 4 nu-
merically and compare them to the ones obtained by the equality of moments
or fluxes. The equality of moments or fluxes is straightforwardly implemented.

The coupling conditions based on the half space analysis are approximated by
the following:

p(&,1) = Lg(f1(Z;-,1))
+eLg(h(")) - (Vap(E,t) — E(2,1) - p(2,1)) + X (00, i, v, ) M " (v),

where LE(k(-)) is defined in (27) for arbitrary k& and x%(co,wv,t) is given by
formula (33).

The equation for the ingoing function for the Boltzmann region Dy is explicitely
forv-n<0

f1(&,0,1) = AZ(f1(%, 1) on>0) (v) — €[h(v) = AZ(A()]vn>0) (V)]
{(Vap(2,t) — E(,1)p(2,1)) + ex*(0, i, v, 1)

where A%(k(+)|y-n>0) is determined by (29) for arbitrary £ and x*(0, o, v,t) can
be approximated by 0.

In the following figures we calculated two examples. The solutions of the kinetic
and drift diffusion equations are determined by a scheme using a straightfor-
ward explicit upwind discretization. To find the coupled solution we used, as
mentioned before, a Schwarz iteration procedure solving in turn the equations
in the kinetic and drift diffusion domain.

The kinetic equation is equation (1) in the slab Dy = [0,1]. We have choosen
a relaxation model for the collision kernel,i.e. ® = 1. The electric field E(z,t)
was choosen equal to (E1,0,0), where E; € Ry and S = 0. The density of the
electrons is shown for a fixed time T such that a stationary state is obtained.

In Figure 1 we consider an equilibrium situation. We take E; = 3. The bound-
ary conditions are f1(0,v,t) = 1,v1 > 0and fo(1,v,t) = 2,v1 < 0. The interface
is choosen at z = 0.5.

We show the global kinetic solution, i.e. the reference solution, with mean
free paths €¢; = 0.01 = €. Moreover the solution of the coupling problem is
shown, i.e., the solution of the kinetic equation with €; in D; and the solu-
tion of the drift diffusion equation in Ds. They are coupled together with the
Maxwell-Marshak condition using a first and second order approximation of the
distribution function in Dy as explained in section 2. The boundary conditions
at x = 1 for the drift diffusion equation are also found by the Maxwell Mar-
shak approximation at the boundary using an asymptotic expansion up to the
corresponding order.
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Obviously the first order approximation is completely wrong as was to be ex-
pected. The other types of coupling conditions, i.e. the equality of moments
and the halfspace conditions, do in this case not differ very much from the

Maxwell Marshak conditions.
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Figure 1: Equilibrium situation - Maxwell-Marshak conditions

In Figure 2 the same kinetic equation is shown but the boundary condition
at z = 0is f1(0,v,t) = v1,v1 > 0. E; was again choosen as F; = 3. The
interface between kinetic and aerodynamic domain is here located at = = 0.02.
The mean free paths are e; = 0.01 = e5. All three types of coupling conditions
at the interface are shown. The boundary conditions at z = 1 for the drift
diffusion equation are derived by the procedure corresponding to the one used
for the coupling condition. In this situation a nonequilibrium situation prevails

at the interface. The advantage of a more exact
clearly seen.
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Figure 2: Nonequilibrium situation - Comparison
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In Figure 3 the same as in Figure 2 is shown however we plotted only the region
around the interface.
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Figure 3: Nonequilibrium situation - Interface region

6 Appendix: Approximate Solutions of Linear Half
Space Problems

In this section we derive approximations for the asymptotic values and outgoing
distributions of the halfspace problem (11) with arbitrary ingoing function and
of problem (13) with ingoing function 0.

Approzimation of the solutions of (11):
The equation under consideration is

v-ndyp+Qp) = 0 (18)
0(0,ai,v) = k(v), v-n>0

with
QP)®) = AW)p(o) = M(0) [ (v, w)p(w)dw

y € [0,00) and n = n(&). In the following we will consider the above problem
at a fixed boundary point Z with normal n = (1,0,0), i.e. we consider

V10 +Qp) = 0 (19)
v(0,v) = k(v), v1>0

We proceed now with the extension of a scheme derived for simple model equa-
tions in Golse/Klar [7].
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Determination of the asymptotic value:
We consider a slightly more general equation introducing a velocity shift :

(vi +u)dyp+Qp) = 0 (20)
©(0,v) = k(v), (v1+u)>0

with u € R. Following, e.g. Greenberg et al. [9] this equation has a unique
solution, if u is bigger than 0. If u is smaller than 0 it is necessary to fix the
flux

/(111 + u)pdv

to an arbitrary constant to obtain uniqueness of the solution. We assume u > 0.
The adjoint equation to equation (20) is

—(vi+u)dyp+Q¥) = 0 (21)
P(0,v) = 0, (v1+u)<0
=1

/(111 + u)(y, v)dv

The reason for considering this equation will become clear in the following.
The condition on the flux is needed in this case to ensure uniqueness due to the
above considerations. We derive now an approximate series for 1):

Shifting velocities v — —v,u — —u we obtain, using the definition of @) and
the fact that ®(—v, —w) = ®(v,w)

(01 + w)By + A(W)(v) — M(v) / B(v, w)p(w)dw = 0 (22)
P(0,v) = 0, (v1+u)>0
/(’1)1 + u)pdv = —1.

This equation will now be solved approximately by solving macroscopic equa-
tions derived by a Chapman-Enskog type procedure: An approximate equation
for

p1(y) = /w(y,v)dv

is obtained in the following way: Integrating (22) gives

By/vﬂpdv + udy /wdv =0. (23)

A short calculation using the selfadjointness properties of the collision operator,
see [17], gives

/’Ulzpdv = /fulszMfldfu = /Q(hl)sz*ldU = /th(zp)M’ldfu
_ —8y/h1(vl +u)p M~ dv.
Approximating now 1 by its mean value, i.e. 1) ~ p1 M gives

/Ulzpd'u =—-D"Oym (24)

15



with D" = [(v1 + u)hidv = D + u [ hydv. Using (23) and (24) we get
udyp1 = D“i?;pl.
This can be solved explicitely with two free parameters A, B € R, yielding
pi(y) = Ae?™ + B.

The first approximation 1 of the solution 1 of equation (22) is then obtained by
approximating ¥ (w) in [ ®(v,w)p(w)dw by pyM(w) and solving the resulting
equation

(v1 +u)Oyp1 + A(v)h —pt M (v)A(v) = 0 (25)
$1(0,v) 0, (v1 +u) > 0.

explicitely. A and B are determined by

@bl(ooalu) _
/(111 + u) { 1(0,) }dfu =-1

the closest analogue to [(vi + u)ypdv = —1 in (22).

The 9 approximation can be iterated: From (22) and (25) we obtain the equa-
tion for the remainder 1 — 1;:

(01 +u)0y (% — 1) + A(v) (4 — 1)
[ @, w)( — w) (v + [ w0} (w)dw — PADIM () = 0,

(¥ —41)(0,v) =0, v1+u>0

Defining ps := [(¢) —11)dv one can derive in a similar way as above an approx-
imate equation for po, namely

uyps — D 02y = / [ / (v, w)ihr (w)dw — p1\v)]| M (v)dv. (26)

p2 is again uniquely determined up to 2 Parameters. The approximation 1 of
1) — 1)1 is then given by the solution of

(v1 + w)Oytha + A(v)h2 — [A(v)p2 + / O (v, w)1 (w)dw — A(v)p1]M (v) =0

P2(0,v) =0, w1 +u>0.

The two parameters in the solution of (26) are determined by the condition
1[)2 (OO, ’U)
v +u dv =10
/( ' ) { ¢2 (Oa U)
Going on one obtains a series

ittt
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with
(v1 + u)Oythr, + M)k — (AM(v)pk + ge)M(v) =0, k=2...n

Y(0,v) =0, v1 +u >0
1/)19(0”0) _
/(”1”){ (o0, ) } ="

91(0) = [ B, w1 (w)dw ~ Aoy

where

and
udyp, — D 8 p = /gk(U)M(U)dU-

Assuming that this series converges, it can be easily seen by summing up the
¥y’s, that the series is equal to the solution 1) of the adjoint equation (22).

Hence one only has to transform v and u backwards, v - —v,u — —u to get
the desired approximation of (21), ¥ (y,v).

Let ¢ be a solution of (20) and 9 one of (21) , then

0y( [ (01 + Wiply,0)ib(y, 0) M )
= [ 1+ @) by )M do + [ (01 + )08, 0) (g, 0) M do
= [Qwyemav— [ Queypm v

— [Qw)em v~ [ QuieMdv
=0.

Using this we get
/(vl + u) (00, v)ih(co, v) Mty = /(m + u) (0, v)1(0,v) M~ dv
and substituting gives

/('01 + u) (o0, v)h(co, v)M tdv = / (v1 + u)k(v)(0,v) M dv.
(v1+u)>0

Or with [(v; +u)9(y,v)dv = 1 and since ¢(oo0,v)M~!(v) is independent of v
ploo, )M @) = [ (on+ wk(e)p(0,0)M " do,
(v14u)>0

where (0, v) is approximated by the series

’lp(O,’U) ~ ¢1(0a’0) + ¢2(O,IU) +...+ wn(oav)

derived above. In this way one obtains an approximation of the asymptotic
value ¢(oco,v)M 1 (v) of equation (20).

17



Taking only the first step of the above procedure, i.e., ¥ = 11 and the limit for
u tending to 0 one obtains after some calculations the following approximation
for the asymptotic value Lj(k(-)) = ¢(oc0, o, v)M~1(v) of equation (18):

_ S0 - nk(v)dv

(k) = 2220 (20
L e [ ey nkde ]
D Jymso M) [k() M) M (w)do |

The first term in this formula is exactly the Maxwell-Marshak approximation.
This shows that actually the Maxwell-Marshak condition is a first approxima-
tion of the asymptotic value of the solution of the halfspace problem.

Approzimation of the outgoing distribution:
We consider equation (19) directly. Now the asymptotic value ¢(oo, v) is known
from the above procedure. We derive for (19) in the same way as above the
macroscopic equation

85 pP1L = 0.

The solution is p1 = B, B some constant since p; must be finite at infinity.

Then the first approximation ¢; of the solution of (19) is obtained by solving

v10yp1 + A(v)p1 —prM(v)A(v) = 0

01(0,v) = Ek(v),v; > 0.
This gives
—2@), —2@),
o1y, v) =4 ¢ k(v) + B(l—e 1" )M(v), v1 >0 (28)
BM(v), vy <0

To obtain ¢1 (0o, v) = (00, v) we have to put B equal to ¢(oco,v)M 1. Hence,
we get for v; < 0 from (28)

¥1 (07 U) = ()0(007 U)'

This can be approximated by the method derived above. To obtain in this
way the first nontrivial approximation of the outgoing distribution we have to
iterate the procedure once more: Considering the equation for ¢ — 1, i.e.

010y (@ — 1) + A(v) (@ — 1)
([ 2w~ e + [ (w,w)pr)dw ~ A@)pIME) =0

one derives the second step gas dynamics equation:

—Daipg = /[/@(U,w)gol(w)de(v) — (00, v)A(v)]dv.

18



As before ¢ — 1 is then approximated by the solution @9 of
01,02 + A©)p2 — ()2 M (0)
+ [ 0w, 0)p1(w)dwM ) ~ X@)p(oo,)) = 0
@Q(O’U) = Oa ’U1+U>0,

with @2(oco,v) = 0. Hence, solving this equation we obtain for vy < 0 the
approximation (¢1 + ¢2)(0,v) for the outgoing distribution ¢(0,v) of (19).

Approximating the asymptotic value ¢(o0o, a;,v) of (18) by LE(k(-)) yields in
this way the following approximation for the Albedo operator of equation (18):

AL (E()on>0)(v) = ¢(0, i, v) = LE(k(-)) M (v) (29)
w-n (w-n)?
+ M) /w.n>0 w - nA(v) — v - nA(w) [®(v,w) - DX(w) ]

[k(w) — LE(k(-)) M (w)]dw.
for v-n < 0.

Approzimation of the higher order halfspace problem (13):
We consider finally the second relevant half space problem for x(y,a;,v,t) at
the interface point Z, namely

2
v-ndyX + E-Vox + > v Vaile,x +Q(R) = 0 (30)
=1

x(0,;,v,t) = 0, v-n>0,

where E = E(&,t) and n = n(%) and x = x(y, a;,v,t) is the boundary layer
function defined in section 4 that solves (11) with ingoing function

g(z,v,t) = f1(Z,v,t) — p(,t) M (v) + O(e).

for v-n > 0. A rough approximation procedure for this equation will be given
in the following:

We start by approximating x(y, a;,v,t) by the above procedure. Remarking
that x (oo, a;,v,t) is equal to 0 formula (28) gives

A(v)

vn Yg(q . 0
g vt) ~d € 9(Z,v,t), v-n> ' 31
X(y Y ) { O, v.n<0 ( )

Putting this into equation (30) we obtain an approximate equation for x(y, a;, v, ).
With the same procedure as before we derive an approximate equation for

p(yaaiat) = f)z(yaaiavat)dv:

2
Dajp = anC(y, aiat) + Z vmai - /UaaiX(ya (&7 ’U,t)dU (32)

=1
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with D as before, E = [ E - vh - ndv and the mean value

C(yaai:t) :/x(y,ai,fu,t)d'u :/ e_%yg(javat)dv'

v-n>0

Solving (32) with p(0,#) = 0 and the requirement of boundedness at infinity
gives p(y, a;,t) and in particular the following approximation for x(oo, @, v, t)

)Za(O0,0Ai,'U,t) = p(OO,OAZ',t)M(’U) (33)

1 2 (w - n)? R .
_BM(U); /w o Ve D16 0,1) = (2 1) M ()

x*(0, aj,v,t) = p(0, a3, t) M (v) = 0 is then the first approximation of ¥ (0, a;,v,t)
forv-n <0.

Obviously here a more sophisticated approximation could be performed at the
expense of obtaining conditions that are more difficult to treat from a compu-
tational point of view.
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