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1. INTRODUCTION

Stationary models have always been the main focus of interest in the theoretical
treatment of time series analysis. For several reasons autoregressive models form
a very important class of stationary models: They can be used for modeling a
wide variety of situations (for example data which show a periodic behavior),
there exist several efficient estimates which can be calculated via simple algorithms
(Levinson—Durbin algorithm, Burg-algorithm), the asymptotic properties including
the properties of model selection criteria are well understood.

Frequently, people have tried to use autoregressive models also for modeling data
that show a certain type of nonstationary behaviour by fitting AR-models on small
segments. This method is for example often used in signal analysis for coding a signal
(linear predictive coding) or for modeling data in speech analysis. The underlying
assumption then is that the data are coming from an autoregressive process with time
varying coefficients.

Suppose we have some observations {Xi,... , X7} from a zero mean, autoregressive
process with time varying coefficients aq(-),... ,a,(-). To get a tractable frame for
our asymptotic analysis we assume that the functions a; are supported on the interval
[0,1] and connected to the underlying time series by an appropriate rescaling. This
leads to the model

P
Xth -+ Zai(t/T)Xt—i,T = U(t/T) &t t=1,...,T, (1.1)

=1

where the ¢,’s are independent, identically distributed with E ¢, = 0 and var(e;) = 1.
To make this definition complete, assume that Xy,...,X;_, are random variables
from a stationary AR(p)-process with parameters a;(0),...,a,(0) . As usual in
nonparametric regression, we focus on estimating the whole functions «a;, although,
strictly speaking, the intermediate values a;(s) for (¢t —1)/T < s < t/T , are not
identifiable. This time varying autoregressive model is a special locally stationary
process as defined in Dahlhaus (1997). However, for the main results of this paper
we only use the representation (1.1) and not the general properties, like an analogue
of Cramér’s representation, e.g., of a locally stationary process.

The estimation problem now consists of estimating the parameter functions
a;(-).  Very often these functions are estimated at a fixed time point to/T
by fitting a stationary model in a neighborhood of ty, e.g. by estimating
ar(to/T),... ,a,(to/T) with the classical Yule-Walker (or Burg-) estimate over
the segment Xy _n7,...,Xi4n7r wWhere N/T is small. This method has the
disadvantage that it automatically leads to a smooth estimate of a;(-). Sudden
changes in the a;(-), as they are quite common e.g. in signal analysis, cannot be
detected by this method. Moreover, the performance of this method depends on
the appropriate choice of the segmentation parameter N. Instead, in this paper we
develop an automatic alternative, which avoids this a priori choice and adapts to
local smoothness characteristics of the a;(-).
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Our approach consists in a nonlinear wavelet method for the estimation of the
coefficients a;(-). This concept, based on orthogonal series expansions, has recently
been entered in the nonparametric regression estimation problem due to Donoho and
Johnstone (1992), and has been proven very useful if the class of considered functions
to be estimated exhibits a varying degree of smoothness. Some generalizations
can be found in Brillinger (1994), Johnstone and Silverman (1997), Neumann and
Spokoiny (1995) and Neumann and von Sachs (1995). As usual, the unknown
functions, i.e. a;(u), are expanded by orthogonal series w.r.t. a particularly chosen
orthonormal basis of [5[0,1], a wavelet basis. Basically, the basis functions are
generated by dilations and translations of the so-called scaling function ¢ and wavelet
function v, which are both localized in spatial position (i.e. temporial, here) and
frequency. These basis functions, unlike most of the “traditional” ones (Fourier,
(non-local) polynomials, etc.), are able to optimally compress both functions with
rather homogeneous smoothness over the whole domain (like Holder or Ls-Sobolev)
as well as members of certain inhomogeneous smoothness classes like L,-Sobolev or
Besov B, with p < 2. Note that the better compressed a signal is (i.e. being
represented by a smaller number of coefficients), the better performs an estimator of
the signal which is optimally tuned w.r.t. bias-variance trade-off. A strong theoretical
justification for the merits of using wavelet bases in this context has been given
by Donoho (1993): It was shown that wavelets provide unconditional bases for a
wide variety of these inhomogeneous smoothness classes which yields that wavelet
estimators can be optimal in the abovementioned sense.

To actually achieve this optimality there is need for non-linearly modifying traditional
linear series estimation rules which are known to be optimal only in case of
homogeneous smoothness: There the coefficients of each resolution level j are
essentially of the same order of magnitude, and the loss due to a levelwise
inclusion /exclusion rule, as opposed to a componentwise rule, is only small. However,
under strong inhomogeneity, not only the coefficients of each fixed level might
considerably differ in their orders of magnitude but also have significant values on
higher levels to be included by a suitably chosen inclusion rule. Surprisingly enough,
this is possible by simple and intuitive schemes which are based on comparing the
size of the empirical (i.e. estimated) coeflicients with their variability. Such nonlinear
rules can dramatically outperform linear ones for the mentioned cases of sparse signals
(i.e. those of inhomogeneous function classes being represented in an unconditional
bases).

In this work, we apply these locally adaptive estimation procedures to the particular
problem of estimating autoregression coefficients which are functions of time. In
a first step, the empirical wavelet coefficients are derived as a solution of a least
squares minimization problem, before, secondly, soft or hard thresholding is applied.
We show that in this situation our nonlinear wavelet estimator attains the usual near-
optimal minimax rate of Ly-convergence, in a large scale of Besov classes. The full
procedure requires consistent estimators for the variance of the empirical coefficients.
In particular, a consistent estimator of the variance function is needed (cf. Section 3),
e.g. the squared residuals of a local AR-fit.

Finally, with this adaptive estimation of the time-varying autoregression coefficients,
we immediately provide a semiparametric estimate for the resulting time-dependent
spectral density of the process given by (1.1). An alternative, fully nonparametric
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approach for estimating the so-called evolutionary spectrum of a general locally
stationary process (as defined in Dahlhaus (1997)) has been delivered by Neumann
and von Sachs (1997), which is based on nonlinear thresholding in a two-dimensional
wavelet basis.

The content of our paper is organized as follows: While in the next section we describe
details of our set-up and present this main result, in Section 3 the statistical properties
of the empirical coefficients are given. Section 4 shows the finite—sample behaviour of
our procedure applied to two typical (simulated) time—varying autogressive processes.
Section 5 deals with the proof of the main theorem. The remaining Sections 6 — 8
collect some auxiliary results, both of own interest and in this particular context used
to derive the main proof (of Section 5).

2. ASSUMPTIONS AND THE MAIN RESULT

Before we develop nonlinear wavelet estimators for the functions a;, we describe
the general set-up. First we introduce an appropriate orthonormal basis of
L,[0,1]. Assume we have a scaling function ¢ and a so-called wavelet ¢ such
that {21/2¢>(21. — k) ez U {2j/21/)(2=7. — k)}i> tkez forms an orthonormal basis of
Ly(R). The construction of such functions ¢ and 1, which are compactly supported,
is described in Daubechies (1988). It is well-known that the boundary-corrected
Meyer wavelets (Meyer (1991)) or those developed by Cohen, Daubechies and Vial
(1993) form orthonormal bases of L;[0,1]. In both approaches Daubechies’ wavelets
are used to construct an orthonormal basis of [3[0,1], essentially by truncation
of the above functions to the interval [0,1] and a subsequent orthonormalization
step. Throughout this paper either of these bases can be used, which is denoted by
{Subhern Ut istucr, - where gu(2) = 2/26(2'e—k) and thj(x) = P/26(2a—k)
and with certain modifications of those functions that have a support beyond the
interval [0,1]. It is known that #I; = 2/ | and that #I? = 2! for the Cohen,
Daubechies, Vial (CDV) bases, whereas for the Meyer bases, #1f = 2'+ N for some
integer N depending on the regularity of the wavelet basis. For reasons of notational
simplicity, in the sequel we restrict to treat the CDV bases, only.

Accordingly, we can expand a; in an orthogonal series

a; = Y ol ou + 33 8Wva, (2.1)

kel 721 kel

where a?,? = [a;(u)dum(v)du , ,3(';2 = [a;(u)Y;r(u)du are the usual Fourier
coefficients, also called wavelet coefficients.

Assume a degree of smoothness m; for the function a;, i.e. m; is a member of a
Besov class B (C') defined below. In accordance with this, we choose compactly

supported wavelet functions of regularity r > m := max{m;} , that is
(A1) (i) ¢ and @ are C7[0,1] and have compact support,
(ii) fo(t)dt =1, [o)t*dt=0 for 0<k<r.

The first step in each wavelet analysis is the definition of empirical versions of the
wavelet coefficients. We define the empirical coefficients simply as a least squares
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estimator, i.e. as a minimizer of

2

T P ) Jr-1 .
Y [ X + |1 alden/r) + 33 85 ent/T) | Xecir | 0 (22)
t=p+1 i=1 | kel? Jj=l kel

where the choice of j* will be specified below. Since {¢i}r U {tjr}i<j<jr—1;x form a
basis of the subspace Vi« of L3[0,1], this amounts to an approximation of a; in just
this space V.

In the present paper we propose to apply nonlinear smoothing rules to the coefficients

ﬁ;? It is well-known (cf. Donoho and Johnstone (1992)) that linear estimators can be
optimal w.r.t. the optimal rate of convergence as long as the underlying smoothness of
a; is not too inhomogeneous. This situation changes considerably, if the smoothness
varies strongly over the domain. Then we have the new effect that even at higher
resolution scales a small number of coefficients cannot be neglected, whereas the
overwhelming majority of them is much smaller than the noise level. This kind
of sparsity of nonnegligible coefficients is responsible for the need of a nonlinear
estimation rule. Two commonly used rules to treat the coefficients are

1) hard thresholding
sM(BRN) = BT (18R = \)
and

2) soft thresholding
SO = (1B = A), son(B3Y).

To treat these coefficients in a statistically appropriate manner, we have to tune
the estimator in accordance with their distribution. It turns out that, at the finest
resolution scales, this distribution actually depends on the (unknown) distribution
of the X;7’s, whereas we can hope to have asymptotic normality if 2/ = o(T') .
We show in Section 3 that we do not lose asymptotic efficiency of the estimator, if
we truncate the series at some level j = j(T) with 2/(!) < T2, To give a definite
rule, we choose the highest resolution level j* — 1 such that 27"~ < T2 < 27"

i.e. we restrict our analysis to coefficients &5,? (kel),i=1,...,p) and BJ(Q (> 1,

20 <TY? kel;,i=1,...,p). Unlike in ordinary regression it is not possible in the
autocorrelation problem considered here to include coefficients from resolution scales
jup to 2/ =o(T) . This is due to the fact that the empirical coefficients cannot be
reduced to sums of independent (or sufficiently weakly dependent) random variables,
which results in some additional bias term.

Finally, we build an estimator of a; by applying the inverse wavelet transform to the
nonlinearly modified coefficients.

Before we state our main result, we introduce some more assumptions. The constant
C' used here and in the following is assumed to be positive, but need not be the same
at each occurrence.

(A2) There exists some v > 0 such that

lcum, (g;)] < C™(n))'t? for all n,t



(A3) There exists a p >0 with
P
1+ Y ai(s)z* #0 forall [z <1+4p andall s€[0,1].
=1

Furthermore, o is assumed to be continuous with C; < o(s) < Cy on [0,1].

Remark 1. Note that, besides the obvious case of the normal distribution, many of
the distributions that can be found in textbooks satisfy (A2) for an appropriate choice
of 4. In Johnson and Kotz (1970) we can find closed forms of higher order cumulants
of the exponential, gamma and inverse Gaussian distribution, which show that this
condition is satisfied for v = 0. The need for a positive v occurs in the case of
heavier-tailed distribution, which could arise as the distribution of a sum of weakly
dependent random variables.

(A3) implies uniform continuity of the covariances of {X;r} (Lemma 8.1). We
conjecture that the continuity in (A3) can e.g. be relaxed to piecewise continuity.

In the following we derive a rate for the risk of the proposed estimator uniformly over
certain smoothness classes. It is well-known that nonlinearly thresholded wavelet
estimators have the potential to adapt to spatial inhomogeneity. Accordingly, we
consider Besov classes as functional classes which admit functions with this feature.
Furthermore, Besov spaces represent the most convenient scale of functional spaces
in the context of wavelet methods, since the corresponding norm is equivalent to a
certain norm in the sequence space of coefficients of a sufficiently regular wavelet
basis. For an introduction to the theory of Besov spaces B, see, e.g., Triebel (1990).
Here m > 1 denotes the degree of smoothness and p,q (1 < p,¢ < o0) specify the
norm in which smoothness is measured. These classes contain traditional Holder
and Ls-Sobolev smoothness classes, by setting p = ¢ = o0 and p = ¢ = 2,
respectively. Moreover, they embed other interesting functional spaces like Sobolev
spaces W™, for which the inclusions B C W)™ C B", in the case 1 <p <2, and
B CW;r C B it 2<p<oo hold true; see, e.g., Theorem 6.4.4 in Bergh and
Lofstrom (1976).

For convenience, we define our functional class by constraints on the sequences of
wavelet coefficients. Fix any positive constants Cy;, ¢ = 1,... ,p; 7 = 1,2. We will
assume that a; lies in the following set of functions

Fi = {f = Zalk¢lk + Eﬁyk%k ||041.||oo < Ci, Hﬁ”mzplqz < Ci?} ,
k

5k

where
1/q

r af/p
mp,g = E 2% Z |:3jk|p] )

>l | kel;

13..

s=m+1/2—1/p. It is well-known that the class F; lies between functional classes
B (c) and Bl (C'), for appropriate constants ¢ and C'; see Theorem 1 in Donoho
and Johnstone (1992) for the Meyer bases, and Theorem 4.2 of Cohen, Dahmen and
DeVore (1995) for the CDV bases.

To have enough regularity, we restrict ourselves to



(A4) 5, >1 where 3, =m;+1/2—1/p; , with  p; = min{p,, 2}.
In the case of normally distributed coefficients B](-Q ~ N(,BJ(-Q,JZ) a very
popular method is to apply thresholds A\ = o4/2logn , where n is the number
of these coefficients. As shown in Donoho et al. (1995), the application of
these thresholds leads to an estimator which is simultaneously near-optimal in
a wide variety of smoothness classes. Because of the heteroskedasticity of the
empirical coefficients in our case, we have to modify the above rule slightly. Let

JIr = {(], k~) "l <j, 2 <TV? ke ]j} and let Ufjk be the variance of the empirical
coefficient ﬂ;? Then any threshold A;;; satistying

oijry/2log(#Tr) < Aije = O(T 7% /log(T)) (2.3)

would be appropriate. Particular such choices are the “individual thresholds”

Nije = oujry/21og(# )

and the “universal threshold”
AD S0 9 () _ ay
T o og(#Jr), o7 (j%EEL}}T{UJk}
Let Xijk be estimators of A;j; or )\gpi)
minimal condition

(A5) (i) Y Gwear P (X”k < ’yT)\ijk) = O(T"), where n < 1/(2m; + 1) for some
T — 17
(i) Spwesr P (Aip > T4 flog(T)) = O(17).
With such thresholds j\ijk we build the estimator
ai(u) = 3 aldu(w) + 3 SOGY N )w(w), (24)

kel? (4,k)€TT

, respectively, which satisty at least the following

where §0) stands for 6(") or 6§), respectively.

Finally we like to impose an additional condition on the matrix D being defined by
(7.4) in Section 7.1. Basically, this matrix is the analogue to the p x (7' — p) matrix
((Xie—m))imps1... Tim=1,.., » @ arising in the classical Yule-Walker-equations, which
describe the corresponding least squares problem for a stationary AR(p)-process

{X:}.

Here, we assume additionally that
(A6) E|(D' D) = 01—

for some 6 >0 .

Theorem 2.1. (1) Assume (A1) through (A5). Then

aslelg. {]E (Hdz - Cli”%Q[OJ] A C)} =0 ((log(T)/T)le/(sz_H)) .



(ii) If in addition (A6) is fulfilled, then
SZE {E”CLA" - ai“%g[m]} =0 ((1og(T)/T)2mz‘/(2m¢+1)) ‘

Remark 2. Even without (A6) we can show that D'D is close to its expectation ED' D,
and hence Auin(D'D) is bounded away from zero, except for an event with a very
small probability. To take this event into account, the somewhat unusual truncated
loss function is introduced in part (i) of the above theorem.

Remark 3. In our estimator (2.4) we restricted ourselves to a fixed primary resolution
level [, that is [ does not change with growing sample size T'. In principle, we could
allow [ to increase with T at a sufficiently slow rate. This was already considered,
e.g., by Hall and Patil (1995) in a different context. We expect the same rate for the
risk of our estimator (2.4) as long as 2/T) < TY/(27+1) which can be shown similarly

to methods in Hall and Patil (1995).

It is known that the rate 7'-27/(27+1) s minimax for estimating a function with degree
of smoothness m in a variety of settings (regression, density estimation, spectral
density estimation). Although we do not have a rigorous proof for its optimality in
the present context, we conjecture that we cannot do better in estimating the a;’s.
Analogously to Donoho and Johnstone (1992) we can get exactly the rate
T=2mi/(2mit1) By the use of level-dependent thresholds A®)(j, T, ;). These thresholds
however would depend on the assumed degree of smoothness m;, and it seems to
be difficult to determine them in a fully data-driven way. In a simple model with
Gaussian white noise Donoho and Johnstone (1995) showed that full adaptivity can
be reached by minimization of an empirical version of the risk, using Stein’s unbiased
estimator of risk. Because of our really strong version of asymptotic normality we
are convinced that we could attain this optimal rate of convergence in the same way.
Let us however note that the “log-thresholds” are much easier to apply, with only
the small loss of a logarithmic factor in the rate. The surprising fact that a single
estimator is optimal within some logarithmic factor in a large scale of smoothness
classes can be explained by the methodology quite different from conventional
smoothing techniques: Rather than aiming at an asymptotic balance relation between
squared bias and variance of the estimator, which usually leads to the optimal
rate of convergence, we perform something like an informal significance test on the
coefficients. This leads to a slightly oversmoothed, but nevertheless near-optimal
estimator.

3. STATISTICAL PROPERTIES OF THE EMPIRICAL COEFFICIENTS

Before we prove the main theorem in Section 5, we give an exact definition of the
empirical coefficients and state some statistical properties of them.

First note that our estimator, as a truncated orthogonal series estimator with
nonlinearly modified empirical coefficients, involves two smoothing methodologies:
one part of the smoothing is due to the truncation above some level j*. Whereas
such a truncation amounts to some linear, spatially not adaptive technique, the more
important smoothing is due to the pre-test like thresholding step applied to the
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coefficients below the level 7*. This step aims at selecting those coefficients which are
in absolute value significantly above the noise level and sorting the others out.
From the definition of the Besov norm we obtain that (cf. Theorem 8 in Donoho et

al. (1995))

sup { > }E:Iﬁé?lQ} = 0(27¥"™), (3.1)

w€F >tk

where 5; = m;+1/2—1/min{p;,2} . Hence, our loss due to the truncation is of order
T=2mil(@mitl) if 5% §s chosen such that 272" = O(T'~2mi/(2mi+1)) = According to
our assumption that s; > 1 , it can be shown by simple algebra that j* with
2771 < TY? < 277 is large enough.

A first observation about the statistical behavior of the empirical coefficients is stated
by the following assertion.

Proposition 3.1. Assume (A1) through (A4), and (A6). Then
(i) B@y —ap)? = 017,

(@) BB -8 = o)

hold uniformly in i, k and j < j*.

In view of the nonlinear structure of the estimator, the above assertion will not be
strong enough to derive an efficient estimate for the rate of the risk of the estimator.
If the empirical coefficients were Gaussian, then the number of O(27") coefficients
would be dramatically reduced by thresholding with thresholds that are larger by

a factor of \/2log(#Jr) than the noise level. If we want to tune this thresholding

method in accordance to our particular case with non-Gaussian coefficients, we have
to investigate the tail behavior of them. Hence, we state asymptotic normality
of the coefficients with a special emphasis on moderate and large deviations. To
prove the following theorem we decompose the empirical coefficients in a certain
quadratic form and some remainder terms of smaller order of magnitude. Then we
derive upper estimates for the cumulants of these quadratic forms, which provide
asymptotic normality in terms of large deviations due to a lemma by Rudzkis, Saulis
and Statulevicius (1978), see Lemma 6.2 in Section 6.

It turns out that we can state asymptotic normality for empirical coefficients B](Q with
(7, k) from the following set of indices. Let, for arbitrarily small 6, 0 < 6 < 1/2,

Tr=A{GR[F>1"j<j kel}.
Proposition 3.2. Assume (A1) through (A4). Then
P((BY) — 8 /o > 2) = (1 — ®(2)) + o(min{l — &(z), d(x)}) + O(T)

Pi
uniformly in (j, k) € Jr,x € R for arbitrary A < co.

We now derive the asymptotic variances of the B(Q’s. For simplicity of our notation,
again, w.l.o.g. restricted to the treatment of the CDV—bases, we identify ©y,... ,¥a



(Az?j* ) with ' '
Bty brat, i,y . ,;zw i1, ,¢* 1 and 017, ..., 0 with
~ (i)

Q- ,&;21, 51(12)7 . ,ﬁl O 5*)_1 Lyee- ,ﬁ _12i% 1> respectively.
Furthermore, let

e

(s, k) is the local covariance of lag k at time s € [0,1] (cf. Lemma 8.1).
Proposition 3.3. Assume (A1) through (A4) and (A6). Then

+o(T™Y), (3.3)

-2
p

Z Jexp(iAg)

exp(tAk) dA. (3.2)

var(fV) = 7 (A_IBA_ )

p(u—1)+i,p(u—1)+3

where

Ap(u—l)—}—k,p(v—l)—}—l = /¢u ¢U 3 k— l) d
Bo(u—1)+hpv-1)+ = /I/Ju 3),(s)o?(s)e(s, k — 1) ds .

Furthermore, AT'BA™!' > E~! | where
Eyuctyiptoenyin = [ Uul)iu(s)(0%(s) els. k — 1) ds.

The eigenvalues of E are uniformly bounded.

Remark 4. The above form of A and B suggests different estimates for the variances
of 6%) and therefore also for the thresholds. One possibility is to use (3.3) and plug in
a preliminary estimate (0%(s) may be estimated by a local sum of squared residuals).
Another possibility is to use a nonparametric estimate of the local covariances c(s, k).
However, these suggestions require more investigations.

4. SOME NUMERICAL EXAMPLES

Before proving our main theorem we want to apply the procedure to two simulated
autoregressive processes of order p = 2, both of length 7' = 1024 = 2'°:

XnT + afl(t/T)Xt—l,T + Clg(t/T)Xt_ZT =&, t= 1, e ,T 5

where the ¢; are i.i.d. standard normal, i.e. E ¢, = 0 and var(e;) = 1. In both
examples, the autoregressive parameters a; = a;(t/T'),1 = 1,2, are functions which
change over time, i.e. our simulated examples are realizations of a nonstationary
process which follows the model (1.1).

In the first example, a;(u) = —1.69 for v < 0.6, a1(u) = —1.38 for u > 0.6, whereas
az(u) = 0.81 for all 0 < u < 1, i.e. the first coefficient is a piecewise constant function
with a jump at u = 0.6 and the second coefficient is constant over time. This gives
a time—varying spectral density of the process {X; s} which has a peak at x/9 for
t < 0.67 and at 47/9 for t > 0.67 (see Figure 1, bottom right plot).
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LS-solution fora_1

0
-1
) 05 1
Time
Wavelet estimator
0
-1
-2
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Time
True function a_1
0
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-2
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Time

LS-solution for a_2
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0 0.5 1
Time
Wavelet estimator
0 0.5 1
Time
True function a_2
0 0.5 1

Time

AR-spectrum by LS-solution
1

(0]
€05
|_

0
-0.5 0 0.5
Frequency
AR-spectrum by wavelets

0
-0.5 0 0.5
Frequency
True AR-spectrum

0
-0.5 0 0.5
Frequency

FiGURE 1. Example 1: LS-solution, wavelet threshold estimator and
true function for aq, ay and resulting AR(2)-spectrum.
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We have applied our estimation procedure using Haar wavelets and fixing the scale of
our least squares (LS—) procedure to be j* =5, i.e. A = 32. Afterwards we feed the
resulting solution &, for each i = 1,2, a vector of length A (cf. also equation
(7.2) ) into our fast wavelet transform, apply hard thresholding on all resulting
wavelet coefficients ﬁ](;c) on scales j = 0,...,4 and apply fast inverse wavelet transform
up to scale 10, our original sample scale. Hereby, we use a universal data—driven
v/2 log A—threshold based on an empirical variance estimator of the finest wavelet
scale j* — 1 = 4.

In Figure 1 we show, for a; (left column) and ay (middle column), in the upper
row the solution & of the LS-procedure (without performing non-linear wavelet
thresholding), for comparison upsampled (interpolated) to scale 10. In the middle
row the non-linear wavelet estimators (on scale 10) is shown, and in the bottom row
the corresponding true function, all on an equispaced grid of resolution 7'~1 = 2719
of the interval [0, 1]. In the right column, by grey-scale images in the time-frequency
plane, we plot the resulting time—varying semiparametric spectral density, based on
the respective (estimated and true) autoregressive coefficient functions. Note that
the darker the scale the higher the value of the 2 — d object as a function of time and
frequency.

Note that although the number of samples used for denoising by non—linear wavelet
thresholding is comparatively small (A = 32 only), this second step delivers an
additional significant contribution, which differs in its smoothness considerably from
the LS—solution alone.

We did not try different threshold rules, which possibly could improve a bit on the
denoising. We found that the simple automatic universal rule is quite satisfactory,
also as it is in accordance with the theoretically possibly range of thresholds as given
by (2.3). Of course, in one or the other realization we observed that randomly one of
the coeflicients contributing only by noise was not set to zero, which, not surprisingly,
had some disturbing effect on the visual appearance of the estimator in particular of
the constant autoregressive coefficient. Also, both in this and the next example we
did not observe any significant difference between using hard or soft thresholding.

Our second example is a slight modification of both our first example and the one to
be found in Dahlhaus (1997): Again, the second autogressive coefficient is constant
over time, however the first one shows a smooth time variation of different phase and
oscillation between the imposed jumps at © = 0.25 and uv = 0.75. This was achieved
by choosing a1(u) = —1.8 - cos(1.5 — cos(4n - u + 7)) for u < 0.25 and for u > 0.75,
and aq(u) = —1.8 - cos(3 — cos(4r - u + 7/2)) for 0.25 < u < 0.75, whereas again
az(u) = 0.81 for all 0 < u < 1.

A simulation of this process with 7' = 1024 is shown in Figure 2. It is the same
realization that was used for the estimation procedure. Clearly one can observe the
instationary behaviour of this process.

Here, we chose as wavelet basis a (periodic) Daubechies’ with N = 4 vanishing
moments, i.e. filter length 2N = 8, and we chose A = 64, i.e. 7* = 6. Note
that for this specific example we replaced wavelets on the interval by a traditional
periodic basis simply for reasons of computational convenience, as our chosen example
is periodic with respect to time. However, we do not expect a big difference in
performance between these two bases. In Figure 3 we have plotted again the LS—
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FIGURE 2. Example 2: Realisation of a stretch of length 7' = 1024.
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FiGURE 3. Example 2: LS-solution, wavelet threshold estimator and
true function for aq, ay and resulting AR(2)-spectrum.
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solutions, the estimators based on wavelet hard thresholding with the same universal
threshold rule as before, and the true functions, both for a;, ay and for the resulting
time—varying autoregressive spectrum.

For both examples we have restricted ourselves to one typical realization because our
simulations showed a surprisingly small variation between different samples.

5. PROOF OF THE MAIN THEOREM

To simplify the treatment of some particular remainder terms which occasionally arise
in the following proofs, as e.g. in the decomposition (7.5), we introduce the following
notation.

Definition 5.1. We write
Zr = O(nr),

if for each A < oo there exists a C'= C(A) such that
P(|Z7| > Cyr) < CT™.

(If we use this notation simultaneously for an increasing number of random variables,
we mean the existence of a universal constant only depending on \.)

Proof of Theorem 2.1. We prove only (ii). The proof of (i) without the additional

assumption (A6) is very similar, because the stochastic properties of the B](-Q’s are

then nearly the same. The only difference is, that we cannot guarantee the finiteness
3()

of moments of the 3;,’s, and therefore we need the truncation in the loss function.

(1)

Using the monotonicity of 5(')(3‘1; ,.) in the second argument we get

~() X i) 2
(6935 Aiw) = 8Y)
(B = B + (VB ardiae) — B
B _ ~ I Aijr < yrdi _
(8BS Arde) = B + OB CT72 og(T) — B2,
if ’YT)\ijk < )\ijk < CT_1/2\/10g(T)
(8B, T flog(T) — B + (B2,

if \iji > CT=Y/2 /log(T)

=

IA
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which implies the decomposition

Elldi — ai]®

< ZE(&gli)_agk)) + Z E(é ]kv)‘wk 2+ Z Z ]k
k

(4,k)E€TT i>i* kel;
gzmwwﬂﬁf

+ 3 EEY(BY Ar k) — BY)?
(7,k)eTT

+ 3 E@VBY, cr log T) - B4)?

(5,k)eTT

(7,k)eTT

+ > ( ik > CT™ 1/2\/logT)

(7,k) GJT

+> > (8 jk
J>5* kel

By (i) of Proposition 3.1 we get immediately
Sy = 0(T™). (5.2)
Let (j,k) € Jr. We choose a constant 7ijx such that
§0) B,y A 6(2 if - ﬁ(l) .
(B.y1Aijk) = B, 1 > Vigks
898, 9rh) < B, i B = By < v
(W.Lo.g.,we assume 5(')(%]'k + ﬂ](z),’yT)\ijk) > ﬂj(;c))

Let ny = CT'?/logT for some appropriate C. Then we decompose the terms
occurring in the sum S5 as follows:

St = BI (i < BY = 85 < nr) (BVBE vr k) — BY)?
Sis = BI (—nr < B = 85 < i) BVBE, v di) — B3
and

Ség = R (@;Q - 61(2| > T]T) (5(')(3;;3,7T)\2-]~k) — 5;2))2
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Using Proposition 3.2 we get, with 5](2 ~ N(ﬁ;?, Z]k) due to integration by parts
w.r.t.

Siy = —/ [1 (visr < @ < nr) (VB + 2, vrAiji) — 5](-33)2] d{r (BJ(Q - > fﬂ)}
= [{P (B - B = o) [1 (i < @ < nr) (BB + w70 hie) — B
+ P (B = B > viir) (6D(BF + viiwr 1 hise) — B
< OT{ JAP (€5 - 85 > 2)¥a [1 (i < & < nr) (608 + 2,9 hize) — B)7]
+ P (&5 = B > vi) (8V(BE + vigr yrhin) — 81}
+0(T™)
= CrEI (v < €5 = B < ne) (SV(ER  vedin) — B + O(T7)
for some Cr — 1. Analogously we get
Stz < CrBI (=nr <€) = B < i) BV Ardize) = B + 017,
Finally, we have for any 6; with 0 < é; < ¢ and 6 as in (A6) that
. ~(; i 1—2/(2-}-51 i 2/(2-}-51) _
Sis < (PUBR = 81> nr)) (EI6Y (B v hige) = B P1) = O(T™),
which implies
(i i)\ 2 i i) 2 - .
E (8985, vrdie) = 83) < CrE(8D(E5) vrhin) = B1) + O(T7). (5.3)

From Lemma 1 in Donoho and Johnstone (1994) we can immediately derive the
formula

B(ER N - 40)" < € (shur () (1) + minisde )
Tijk (5.4)

where ¢ denotes the standard normal density. This implies, by Theorem 7 in Donoho

et al. (1995), that

S EEOER v — 89
(Jk)GJT

) O(T%#%)“%\/log@w 5 min{<ﬂ§?>2’”““’“)2})

(]}k)EfTvT
= O ((log(T)/T)?m/2met1)).

Therefore, in conjunction with (5.3), we obtain that

S E(8V(BD,vrhin) - %) = 0 ((og(T)/ Ty /CmD) - (5.5)

(4, k)GJT
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Further we get, because of |§()(8,) — 8] < A, that

S BB v — 69’

(G.k)eTT\Tr

(i )\ 2 .
< > [2E (ﬁ]('k) — 5 )) + 20y Xiji)? |
(i k) €T\ Tr

= #(Ir\JIr) O(T 'logT).

If we choose 6 in the definition of Jr in such a way that § < 1/(2m; +1) , we obtain,
by #(Jr\ Jr) = O(T°) , that

>, E (5(')(3]('277T)\¢jk) - 5;”)2 =0 (T_Zmi/(zmi+1)) : (5.6)
(k) €T\ Tr

By analogous considerations we can show that
Sy = O ((log(T)/T)2m:/ 1)) (5.7)
From (7.14) and (7.22) we have
BY — 89 =0 (T—W log(T') + 273/27-1/2 log(T)>,

which implies by (A5)(i) and Lemma 8.2 that

Ss = O (T_l(log(T))Q) Z P <X”k < ’YT)\ijk)

(jvk)ejT
~(; i _ 2/(2481) 1 ~(; Dy 2/(2H5)
+0 % (P - 8 > o oe(n)) T (A — )
(jvk)EJT
= 0 (T—Qmi/(2m¢+l)) . (58)
The relation
5'5 =0 (T—Qm,‘/(Qmi-I—l)) . (59)
is obvious, due to (A5)(ii). Finally, it can be shown by simple algebra that
56 = O(Q—?j*gg) — O(T—Qmi/(zmi-i-l))’ (510)

which completes the proof. [
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6. ASYMPTOTIC NORMALITY OF QUADRATIC FORMS

In this section we list the basic technical lemmas which are necessary to prove
asymptotic normality or to find stochastic estimates for quadratic forms. First, we
quote a lemma that provides upper estimates for the cumulants of quadratic forms
that satisfy a certain condition on their cumulant sums. This result is a generalization
of Lemma 2 in Rudzkis (1978), which was formulated specifically for quadratic forms
that occur in periodogram-based kernel estimators of a spectral density. We obtain
a slightly improved estimate, which turns out to be important, e.g., for certain
quadratic forms with sparse matrices.

We consider the quadratic form

nr = —IT AKT ;
where

Xy = (Xy,...,X7)

A = ((aj)); iy, 10 @j = aji-
Further, let
!
fT = KT‘4ZT7
where Y = (Y1,...,Yr) is a zero mean Gaussian vector with the same covariance

matrix as X .

Lemma 6.1. Assume EX; =0 and, for some v > 0,

T
sup { > Jeum(Xy,, ... ,th)|} < CHUN™ for all T and k= 2,3, . ..
1SU T | 4y,... t1=1
Then, for n > 2,

cumy(nr) = cumy,(ér) + Ry,

where

(i) leum,(ér)| < var(ér)2"*(n — 1)![)‘TaX(A))‘maX(COU(XT))]n_2
() R < 2772C%((20))" max{|a|} A A,

A= Ymaloa}, (A = msax{ZlasA}-

t

The proof of this lemma is given in Neumann (1996).

Using the above lemma we obtain useful estimates for the cumulants, which can be
used to derive asymptotic normality. For the reader’s convenience we quote two basic
lemmas on the asymptotic distribution of 7. The first one, which is due to Rudzkis,
Saulis and Statulevicius (1978), states asymptotic normality under a certain relation
between variance and the higher order cumulants of ny. Even if such a favorable
relation is not given, we can still get estimates for probabilities of large deviations on
the basis of the second lemma, which is due to Bentkus and Rudzkis (1980).



18

Lemma 6.2. (Rudzkis, Saulis, Statulevicius (1978))

Assume for some Ap — 0

1)+
cumy, <7]T/\/UCW T]T)‘ < nAn — for n=34,...
P( (nr — Enp /\/var nr) >$)

I — @z

Then

holds uniformly over 0 < x < vp, where vy = O(A}/(S‘%W))_

Lemma 6.3. (Bentkus, Rudzkis (1980))

Let "
N H
lcumy,(nr)] < (%) Tg for n=2,3,...
Ar
Then, for >0,
22
P(tnpr > z) < exp|—
iz o) S e O Hy + (x /A ")) 02m)/ ()]
< P (~37) if 0<a< (Hp7Ap)t 0+
= Lo (SHBn ), e (A0

7. DERIVATION OF THE ASYMPTOTIC DISTRIBUTION OF THE EMPIRICAL
COEFFICIENTS

7.1. Preparatory considerations. Before we turn directly to the proofs of the
Propositions 3.1 through 3.3, we represent the empirical coefficients in a form that
allows to recognize easily the nature of every remainder term. Note that throughout
the rest of the paper, for notational convenience we now omit the double index in the
sequence {X; 7}, i.e. in the following let X; := X; 1.

Although it is essential for our procedure to have a multiresolution basis, i.e. empirical
coefficients from different resolution levels, it turns out to be easier to analyze the
statistical behavior of such coefficients coming from a single level. Since the empirical
coefficients of the multiresolution basis can be obtained as linear combinations
of coefficients of an appropriate monoresolution basis, we are able to derive the
asymptotic distribution of them.

Since both {¢[17 ey ¢l,217 ¢11, Ce ,¢17217 Ce 7’1/)]‘*_171, Ce 7¢j*—1,2j*_1} and
{bj*1,...,¢;s 2»} are orthonormal bases of the same space Vj«, the minimization of
(2.2) is equivalent to that of

2
T

Sl X+ ij S a it/ T)| Xosi | (7.1)

t=p+1 i=1 | kel®,
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Assume for a moment that D'D is positive definite, which is indeed true

with a probability exceeding I — O . The solution a =
(&;Pl,... ,&52)1,... ,&;-PA,... ,&;@A)' . A = #ID = 27" | can be written as the
least squares estimator
a = (D'D)'D'Y (7.2)
in the linear model
Y = Da + v, (7.3)
where
Y = (Xp+17 7XT)17
SN Gn(EIN GG bl
no_ _ ¢>J*1(p JXpir o G (FF) Xz $iea(7) Xpr1 - ¢>J*A(T)
S PN PN VSIS
a = (aﬁl)l,... 70452)17--- ,aﬁl)A,... ,ayf)A)'
and

v = (pttse )
The residual term in (7.3) can, for t =p+1,...,T , be written as

7 = Xi — (Dajy
= = ai(t/T)Xmi + & + Z Y o« *kqﬁj*k (t/T)X:—i zp:Ri(t/T)Xt—i + &,

=1 =1 kEIO 1=1

where

Ri(u) = )+ >« *k¢y*k =-> > ﬂm%k

kEIO J23* kel

With the definitions

P ; 1 4 !
S = (ZRZ(}% ptl—is« - 7ER2 XT 2)

and
e = (€pg1s---,67),
we decompose the right-hand side of (7.2) as
& = (D'D)'D'Da + (ED'D)™'D'e + [(D'D)™" — (ED'D)™'| D'e + (D'D)™'D'S
= a + T1 + T2 + Tg. (75)
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Because of the abovementioned relation between the two orthonormal bases of Vjx,
there exists an orthonormal (A x A)-matrix I' with

(¢ll7"' 7¢l,2171/)117"' 71/)1,217"' 7¢j*—1,17"' 71/)j*—1,2j*—1)l = F(¢j*17"' 7¢j*A)I'
This implies
on
$in1 :
(i) () 1,21

(O{j*17... ,O{]*A) = (O{j*l,... ,OZ]'*A ’I7Z)ll

IO

%‘*—1,2]*—1

Hence, having the least squares estimator (&gi)l, . ,&;QA) according to the basis
{¢j*1,...,¢ixa}, we obtain the least squares estimator in model (2.2) as
i ~(i) 7 (i (i (i ! ~ (i ~() '
(59, o G0 B0 e B B B9 ) = T (a0 a0)

In other words, every empirical coefficient BJ(Q which is part of the solution to (2.2)
can be written as

B;;g) = F;’jk&7 (7.6)
where ||I';jk|li, = 1. (Analogously, &g,? =1".a.)
7.2. Proofs of the Propositions 3.1, 3.2 and 3.3.

Proof of Proposition 3.1. For notational convenience we write down the proof for

3(0) ~ ()5

empirical coefficients ﬂ . only. The proot for the ay;’s is analogous.
According to (7.5) we have

B9 = B0 + 1L 4 T Ty 4 T T (7.7)
From (i) and (iii) of Lemma 8.3 we conclude
E(I, 1) = D (ED'D)™ Cov(D'e)(ED' D)™ T
< T lZIED D) Cov(D'e) ||, = O(T™). (7.8)

The vector T';;; has a length of support of O(2/"~7), which implies

ZI it < ITaella/# ] (Tie) # 0} = 020672, (7.9)

We have, by Taylor expansion of the matrix (D'D)~! | Ty = Ty + Ty, where
Ty = (ED'D)"'((ED'D) — D'D)(ED'D)™'D'e

and

T2l = O (|(ED' D) 3I(ED' D) — D' D3| D'ell2) -
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Using (i) of Lemma 8.3, (8.8) and (8.9) we get
[T21]leo < [I(ED'D)TH|GI(ED' D) — D' Dljoo | D'e| oo
= 0 (2721 log(T)). (7.10)

Since we have enough moment assumptions, we obtain the analogous rate, but
without the logarithmic factor, for the second moment of I';;T5; , i.e.

E(I' I )* = O (277927 17?) . (7.11)
Further, we have

Ty = O (227772 log(T)) . (7.12)
Using (i) of Lemma 8.3 and (i) of Lemma 8.4 we get

I(D"D) 2 < [(ED"D)™ 2+ (D' D) —(ED'D) M|z = O(T™") + O(27 2T~ /log (1),

which yields, in conjunction with Lemma 8.5, that
PiTs = O (I(D'D) [ D'S]le)
-0 <(2_j*min{g;‘} + T—1/22_]'*min{mi—l/Q—l/(Qpi)}) log(T))
= O(r7'*) (7.13)
for some 7 > 0. Now we infer from (7.7), (7.8) and (7.11) through (7.13), which are

in part O-results rather than estimates for the expectations, that
E1() (B — B))*) = 017,

where )y is an appropriate event with P(Qg) > 1 — O(T~") for A < co chosen
arbitrarily large. This implies in conjunction with Lemma 8.2, with 0 < é; < ¢,
that

c 2l 7 (e 7 1 2/(2+61) c _ 1 _
E1(0) (8% - 85)7) < (BIBY - BRP™) (P(Qg) Y@+ = oY),

which finishes the proof. [

Proof of Proposition 3.2. It will turn out that the asymptotic distribution of Bj}j —ﬂﬁ)
is essentially determined by the behavior of I',,, Th. By (7.9), (7.10), (7.12) and (7.13)

from the proof of Proposition 3.1 we infer that
DTy + Ts) = O (2777277 log(T) + T71/7%) (7.14)

for some k > 0.
First, note that the process {X;r} admits an MA(oo)-representation

Xth = Z’Vt,T(S)éft—s (715)

s=0
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with
> sup{|yr(s)|} < C for all T
o t.T

see Kiinsch (1995).

Now we turn to the derivation of the asymptotic distribution of I'};;Th. It is clear
that, because of the M A(oco)-representation of the process, I'l;, Ty can be rewritten
as Y.y, Auveuey for some symmetric matrix A = A(z, 7, k). In the following, without
writing down the explicit form of this matrix, we derive upper estimates for ||A|co

and A =Y, max,{|A..|}.

We have
VIV S o lz@ WD) (ED'DY) L T,
t=p+1 (=1 ’
= > thgt_l_swt(l,s)], (7.16)
l,s t
where

will,s) = 7u-i(s zm TV (ED'D)T), oy, Tie)e

If we write the expression in brackets on the right-hand side of (7.16) as 3_,; Vsz €;,
we obtain, by sup,{|(T'sz)u|} = O(270"=9/2) that

[Wlee = O (77" sup{lrei()}272) (7.17)
We can also rewrite wy(l, s) as

LUt(Z, 8) = —’yt_l(S) Z(Fuk)v E ((]EDID)_ )
which implies, by Zv |(F2]k)v| = 0(2(]*—])/2) and by Et ¢]*u(t/T) _ 0(2_]*/2T) 7
that

¢jou(t/T),

v,p(u—1)+1

S sup{|iWil} = X sl )] = 0271, (7.18)

Because of (A3), the summation over s does not affect the rates in (7.17) and (7.18),
and so does not the (finite) sum over [. Hence, with the notation of Lemma 6.1, we
obtain

[Allo = O(T7'27/2), (7.19)
A = 0277 (7.20)

Let (j,k) € Jr . Using Lemma 6.1 we obtain
leumy, (T, T)| < CoT = (nh) 22 (11 2012)m2, (7.21)
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which implies by Lemma 6.2
P (£ 1) o > ) = (1 = ®(x))(1+ o(1)) (7.22)

uniformly in 0 < z < gy, kK X T” for some v > 0. This relation can obviously be
extended to x € (—o0, k7).

Recall that
BY — 8% = 1T+ O (7.23)

holds for some k > 0. Therefore we have for arbitrary A < oo that
P (£l 1) o — CT™" > 2) — OT
< P (B - BN /0w > 2) < P (000 05+ CT ™ > z) + CT7,
which implies
P(£(BY - B ok > ) = [L = 0@)](1+0(1) + O (|0(x) — @(x + CT™)])
+0 (|@(z) = ®(x — CT)|) + O(T7Y).  (7.24)
Fix any ¢ > 1. For z < ¢ we have obviously
|®(z) — ®(x+ CT™7)| < CT™"¢p(0) = ol — ®(x)). (7.25)

For ¢ <z < (2\log T')'/? we obtain by a formula for Mill’s ratio (see Johnson and
Kotz (1970, vol. 2, p. 278)) that

®(x) — Bz + CT™)| < CT~"o(x)
< OT " (1 - 12) "= ()

< OT " (1 - 61—2)_ (1= 0(2)) = ofl — d()). (7.26)

The third term on the right-hand side of (7.24) can be treated analogously.
For z > C(2\logT)/? we have obviously

P (B = 8 o > 2) = O(T™) = (1 = @(@))(1 + (1)) + O(T),
(7.27)
which completes the proof. [
Proof of Proposition 3.3. Because of KT} =0 we have
Cov(Ty) = EIVT] = (ED'D)~* Cov(D'e)(ED' D)™,
which implies by (ii) and (iii) of Lemma 8.3 that
| Cov(Th) — FT'GF Y| = o(T71),

where

F = ({T/¢j*u(5)¢j*u(3)c(5,k — 1) ds}pu—1)+kp(v—1)+1)
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and
G = T [ drma(s)smls)H(s)els, k= D) dshyupysisooiy)
This yields
| Coo(TTy) — TF'I'TGI'TF1T|,
= ||Cov(I'T)) — AT'BA™ Yo = o(T71).
Further, due to (6.13) we have
E(I, (T2 + Ts))* = o(T71),
which proves the first assertion (3.3).
The matrix ( i é ) is non-negative definite which leads with Theorem 12.2.21(5)

of Graybill (1983) to A"'BA~! > E~! . Furthermore, we have with z € C~?
2

vBr = /01/_7;|A(3,)\)|2(02(3))‘1 dAds

<[]

Y Tpu-1)+4u(s) exp(iAk)
%
= 2nC|z|?,

Y Tpu-)+rthu(s) exp(irk)
u,k

2

d\ds

which implies that the eigenvalues of £ are uniformly bounded. [

8. APPENDIX

In order to preserve a clear presentation of our results, we put some of the technical
calculations into this separate section. We assume throughout this section that the
assumptions (A1) through (Ab) are satisfied.

Let ZnT = CO‘U((Xt_LT, Ce 7Xt_p7T)I) .

Lemma 8.1. By (A3), with some constants Cq,Cy > 0,
(i) Amax(Ztr) < Cy and Apin(Xe7) > C1 4 o(1) , where the o(1) is uniform in t,
(ii)  there emists some function g, with g(s) » 0 as s — 0, such that

1y —1

”EthT - Et27T|| S g( 2) fOT all t17t27T7

(iii) (s, k —1) is uniformly continuous in s and

T}I_,IE, cov(Xeir, Xeeko) = (s, k —1).
tfT—s

Proof. Completely analogously to the proof of Theorem 2.3 in Dahlhaus (1996) we
can show that X; 1 has the representation

Xur = [ explia)ASz(\) dé)
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with
sup [45:(0) = A(t/T, N[ = o(1)

where £()) is a process with mean zero and orthonormal increments,
4300 = =S el =N,

with y; (1) given by the MA(oo)-representation (7.15), and

A(s,\) = f/(_ ( + Zi:a] ) exp —L)\J)) .

Then

ks

cov(Xosr, Xioa) = [ explid(k =D)AL, 2 (WAL (=) dA

-

Since A(s, A) is uniformly continuous in s, this is equal to
/W exp(iA(k — D) A(s, V[P dA + o(1) = e(s,k — 1) + o(1), for t/T — s,

which implies (iii). Analogously, we get (ii). Furthermore, we have for z =

(21,...,2,) €CP

¥ = /

=/Wmmw>
Under (A3) there exist constants with C; < |A(s,A)| < Cy uniformly in s and A,
which implies (i). O
Lemma 8.2. Assume additionally (A6) and let 0 < 6; < 6. Then
(1) Ela — ot = 0(1),
(i)  EIB — BRI = 0(1)
hold uniformly in ¢, k and 7 < j*.

2

sexp(—iAg) AL p(A)| dA

2

Y4
23 25 exp(=idj)| A + le]?o(L).

i=1

Proof.
(i) In this part we derive estimates for the moments of ||D’e|| and ||D'S||, which will
be used later in this proof.
Using the M A(oo)-representation of {X;} we can write (D'e),w—1)+% as a quadratic
form ¢'Ae for some A = A(p, k), where ¢ = (er,... ,e1,60,6-1,...)" is an infinite-
dimensional vector according to the MA(oo)-representation of {X;}. Since, however,
the proof of Lemma 6.1 does not depend on the dimension of the matrix A, we can
apply this lemma also to this infinite-dimensional case.
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We obtain, using the notation of Lemma 6.1, that
11 - O (Q_J*/ZT) 9

max{lax|} < | 4]l = O (27/%),
which implies
‘cumn((D'e)p(u_l)_l_k)‘ < C'n(n!)2"'2WT(2]'*/2)”_2 for n>2.

Since E(D'e)pw-1)+x = 0, we get, for even s, that

|
E |(Dle)p(u—1)+k

=0 (z 11 |cumij<<D'e>p<u_1)+k>|) < O

r=1 i],... ,’L’rl 21+—|—2r:7’L, Z'] 21

Now we obtain, with A = O(27"),

s/2
E[[D'e|* = E(Z(Dle);(u—l)—}—k)

u,k

< (Ap)FtY E(D"€)p(umryk

u,k

= 0 ((An/ max{B(D' )1y}
= 0 (2l (8.1)

Now we treat the quantity || D'S|| in an analogous way. (D'S)pu-1)4+ is a quadratic
formin X = (Xyq,...,Xr)" with a matrix A, which satisfies, according to (8.11),

0 (S loru /I Sio/1))

0 (; @ qﬁj*u(t/w@ th/T)?)

= O(T(Q—j*min{;‘}_I_T—1/22—j*min{m¢—1/2—1/(2pi)})) — O(TI/Q)

A

and, by (8.10),
J4lm = 0 (272 T IR = 027
Therefore, we get by Lemma 6.1 that Z
[eum, ((D'S)yumnya)| < CT()ZIT(2)"2 for n > 2,
which implies, in conjunction with E(D'S),-1)+r = O(ﬁ) = O(T"?) , that

E||D'S| = O (27/21/?) . (8.2)
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(ii) According to (7.5) we have & — a = (D'D)~'(D'e + D'S) , which yields that
E|F — BRI = BN (@ - o)™

_ ) ) 2461
E([[(D'D) 2 (I|D"ell2 + [|12'S]2))

IN

246y

+
(2 +51)(2+5)) ~ 315

IA

@WDDVWHﬂ%%(<MﬂM+HUﬂD
- 0 (T—(2+61)) O ((Qj*/2T1/2)2+61)
= O((@"PT)Hh) = 0(1),
0
Lemma 8.3. Let j* = j*(1') — oo and j* = o(1'). Then

O IED e = 01,
) NED'DY — (T [ 6ieul()smuls)e(s, k= 1) dshyuoneintonys) oo = o7,
(i) | Cov(D'e) —{T/%ws%m@aﬁk@k—ﬂﬁhwnmmawmm=0@)

hold uniformly in u,v, k, 1.

Proof.
(i) Let M = T Diag[My, ..., Ma], where M, = ¥, for any t with t/T € supp(dj*).
Because of M~! = T~ Diag[M;",... , M}"] we get by (i) and (ii) of Lemma 8.1 that

M oo = O(T7). (8.3)

Further, we have, by j* = j*(T') — oo and j* = o(T), that

(EDID - M) (u 1)+kp(v—1)+l
= Z Pjul </5J v( ) [(E)e = (Mu)u]
t=p+1
Z (z)] u ¢] U( ) - T(Suv (Mu)kl
t=p+1

hold uniformly in u,v, k,l. Since ¢;», and ¢;», have disjoint support for |u —v| > C,
we get (ED' D)y =0 for |k — 1] > Cp. Therefore we obtain by (8.4)

IED'D — M|w = ofT). (8.5)
Because of (8.3) and (8.5) there exists a Tj such that

|M~Y*ED'D — M)M~Y?|| < C <1 forall T >T,.
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Therefore, by the spectral decomposition of (I + M~Y*(ED'D — M)M~/?) the

following inversion formula holds:
(ED'D)™ = [MY? (1 + M7VED'D — M)M~Y?) M|

M2 l[ + f:(—1)5(M—1/2(ED'D - M)M—l/Z)S] M=Y2 (8.6)

which implies (i).
(ii) It can be shown in the same way as (8.4) that

IED'D) — ({T [ du()dsmul)els, k= D dshyturyshpteys)lloo = o(T), (8.7)

which implies analogously to (8.6)

I(ED'D)™ — (T / B5mu(3)85m(5)e(s, k= 1) dshytumyenpto-nyr) o
= |(ED'D)" ;< D)*[(ED'D — ({...)ED' D) [loo = o(T7).

(iii) Obviously we have
ED'e = 0,

which implies
cov ((D'é’) (u=1)+k> (Dle)p(v—l)—l—l)

= Z ¢] *u ¢] v( )E€ e Xs— 1 X

s,t= p+1

= Z Givul ¢’J (7 )]E52EX5 kXt

- T/gZ)j*u(s)gb]—*v(s)az(s)c(s,k ~1)ds + ofT).

The corresponding result in the |[|.||c-norm follows from the same reasoning leading

o(85). O
Lemma 8.4. It holds that

) |('p)? - ®'D)y|_ =0 (zf*/ZT—S/Z,/log(T))
(i) ||D'ell} = O (2" T'log(T)).

Proof.
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(i) First, observe that by (A2) and the MA(oo)-representation of {X;},

T

Z leum (X, ..., Xt,)|
tg,...,tkzl
T t
= Z cum Z Ve, (1 1)Esyy - Z Ve, (T k)Es
tg,...,tkzl $1=—00 Sp=—00
t1 T
< D Y It =9 (e — )| curng ()]

§=—00 {2,...,tp=sV1

supflcumn(e) 1y 3 6 32 e =)

t=sVv1

k-1

IA

< CHF(ENT,
We see that
(D'D)p(u-1ytkp(o-1)+1 = E Giru(t/T)bjuu(t/T) Xk Xiy
t=p+1
is a quadratic form with a matrix A satistying, in the notation of Lemma 6.1,
1Alle = O(27), A = O(T).
This implies by Lemma 6.1 that

leun, ((D'D)purysbpto-1y41) |
< Cr(nl) ()T

- n! 1+(142) HT
= 5 KR_Q 9
T

where Hy < 27°T, Ap < 277",
Hence, we get by Lemma 6.3 that

$2
P (|(D’D)p(u—1)+k,p(u—1)+l — (ED' D) p(u—1)tk,po—1)+1] > l’) < exp <—CW)

for 0 <z < (HZIF—MZT)U(HQW) )
Since (Hpt Ap)Y/ (420 < 25/ 0+2) P47/ (1427) 5 97727112 we get

(D' D)ptu=1)+kp(o-1)+1 — (ED"D)pu1)srp(o-1)+1 = 0 <2j*/2T1/2\/ 10g(T)) :

Since ¢jx, and ¢;», have disjoint support for |u —v| > C, we immediately obtain

|D'D — ED'D||o = O (2] /2T1/2\/10g(T)) (8.8)
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which yields, in conjunction with (i) of Lemma 8.3,

I(D'D)™" = (ED' D)™ oo

[o0)

< ED'D) oo Y- (I1D'D — ED' Dlloo|(ED' D)™ |oc)

s=1

— O(T™0 <2j*/2T1/2M T‘1>
= 0 <2j*/2T—3/2\/@)‘

(ii) From similar arguments we obtain

which implies (ii).

Lemma 8.5. It holds

(D'e)yuiyon = O (T2 flog(T)) (8.9)

||DIS||§ — 6 (T2(2—2j*min{:;¢} 4 T—l:z—j*min{?mi—l—l/p.,;})1Og(T)) )

Proof. Because of our assumption m; + 1/2 —1/p; > 1 we get

and

18] oo

TV(R;)

0 (Z 217 mgx{|ﬂ§z)|})

izi*

) (Z 2j/22—j3i) -0 (2—j*(mz‘—1/pi)) (8.10)

i25*

BELDD |ﬂ§33l)
k

iz5*

¥ 2 (S160)
k

1/p
pi) 2j(1—1/pi))
Ji>g*

Z 9i/29=jsi 2]’(1—1/1%)) -0 (2—j*(m,‘—1)) :

23"
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which implies
T
- IE t/T - ”RiH%Q[o,l]

=1
Z/ Ri(1/T) + Ri(u)| | Ri(t/T) = Rifw)| du
t— 1)/T
. —1
= O (I7NR e TVl 1))
- 0 (T—12—j*(2mi—1—1/pi)) ‘
Since we know from Theorem 8 in Donoho et al. (1995) that

IR o = X S IBRP = 0 (2797%),

J>i* ok

we have that

T3 (R:(t/T)) = O (2—21*;‘ + T—lz—f"@mz‘—l—l/m)). (8.11)
t=1
Now,
(D"S)pu-1y4r = Z Giru(t/T) X kZXt i1i(t/T)

t=p+1

_ 6(2f*/2,/1og(T)) S SR,

t/T€supp(¢;*y) =1

which implies

wwzzéw%wwi_( > 'me

t/TEsupp(¢ )

~ ™ P A A

— 02 M) LY ( > RMTV) TQ‘]
i=1 u=1 \t/T€supp(d;*,)

— 6 (T2(2—2j* min{s;} 4 T—12—j*min{2m,;—1—1/pi}) IOg(T)) )
U
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