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Abstract

In this report we treat an optimization task, which should make the
choice of nonwoven for making diapers faster. A mathematical model
for the liquid transport in nonwoven is developed. The main atten-
tion is focused on the handling of full and partially saturated zones,
which leads to a parabolic-elliptic problem. Finite-difference schemes
are proposed for numerical solving of the differential problem. Paral-
lel algorithms are considered and results of numerical experiments are
given.
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1 Introduction

It is shown in Alt and Luckhaus [1] that mathematical models of the lig-
uid transport in multilayered nonwoven leads to an elliptic-parabolic equa-
tion since this problem becomes elliptic in the region of saturation. In the
parabolic region equation is of nonlinear degenerate parabolic type and it can
lead to a nonlinear convection-dominated diffusion equation, at least in some
parts of the domain. In our model the convection is due to the gravity. Ef-
fects of multilayered liquid transport are also included into our mathematical
model.

This paper deals with numerical methods for solving problems described
above. Finite-difference schemes are proposed for 1D and 2D problems and
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algorithms for the realization these schemes are investigated. Parallel numer-
ical methods are given and results of numerical simulations are discussed.

The rest of the paper is organized as follows. At first we present the math-
ematical formulation of the problem in Section 2. Finite-difference schemes
for 1D problem are investigated in Section 3. In Section 4 numerical methods
for 2D problems are described. Parallel numerical algorithms are considered
in Section 5.

2 Formulation of the Problem

We consider the non-stationary filtration problem

Ml(wl)% = V(Kl(wl)V@l(wl)) in Ql X (O,T], (21)

wy(z,0) = wyo(x) in (2.2)

@ (wy) = q(t) on 0Qp x [0,T], (2.3)
Kl(wl)V@l(wl) =0 on 89\8QD X [O,T],

L

where [ = 1,2,... L, L is the number of layers, 2 = U (); is a rectangular
=1

bounded domain in IR? with a boundary 99, and dQp is a regular subset of

00). Here w; represents the saturation (or water content), ®;(w;) = Pj(w;)+x

is the piesometric head for the [th layer, P, represents the pressure. We also

require the pressure and the flux to be continuous on the interior boundaries

0P, 0P 1 (w
Ki(w) 8’51"’) = Kl+1(wl+1)$ on 0%, (2.4)
P(w) = Piyi(wi) (2.5)

Functions K (w), P(w) approximate the known experimental data or are ob-
tained from literature. In our numerical experiments we have used the per-
meability function K;(w) defined by

w n
Ki(w) = kl(a) *, (2.6)
where m; represents the porosity. The pressure Pj(w) is defined as follows

P(w) = —pl(l—(%)"f”) for w > wy, (2.7)
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hm + Pl(wﬂl)

P(w) = —hn+ 2 w(2wg, — w)
ol
PI
+ﬂw(w —wy) for w < wy,
Woy

where p;, wo;, by are given parameters. We assume that initial data is such
that
0 <wpl(z)<my, 1=1,2,...,L.

In general we will require functions K (w) and p(w) to satisfy the following
conditions

0, MZO for w > 0,

Ky (w) o
) =0,
)

K;(0
dp(w
dw

> 0 for w> 0.

Then it is easily proved that problem (2.1) — (2.5) defines a monotone space
operator, this guarantees the boundedness of the solution

0 < wyz,t) <my inQ x[0,T]. (2.8)

We see that the mathematical model (2.1) —(2.5) is described by a degenerate
nonlinear parabolic equation. It leads to the finite speed of propagation of
disturbances to undisturbed region (see Lions [18], Alt and Luckhaus [1]). It
is well known that non degenerate parabolic equations possess a smoothing
property and even Ly data yield a smooth solution. This property is not valid
for degenerate parabolic equations.

The equation (2.1) becomes elliptic in the region of saturation, where p >
0,w; =my :

V(kVP) =0. (2.9)

Hence in general the equation (2.1) (and (2.9)) is an elliptic-parabolic equa-
tion. We include into equation (2.1) both of these cases by defining

M(w) = my for0<w, <my, p<O0,
Mi(w)) = 0  forp>0, w,=my.

The aim of this paper is to construct efficient numerical algorithms for solv-
ing nonlinear degenerated elliptic-parabolic problems. The error analysis of
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finite-difference and Galerkin schemes for singular parabolic and elliptic-
parabolic problems are well developed know. The study of convergence began
with the papers by Jerome and Rose [14], Rose [25,26] and was improved by
Nochetto [21,22]. The most complete results are given by Nochetto and Verdi
[23].

Schemes which are proposed in our paper can be investigated by using these
methods and the method of convergence analysis of nonlinear non-stationary
parabolic problem given by Ciegis [5]. We note that in all such error estimates
the approximation error is multiplied with the stability constant e“? and
this makes these estimates of little value for practical comparing of their
accuracy. This fact is stressed by Johnson, Rannacher and Boman [15] where
methods for aposteriori estimation of stability constants are proposed for the
Navier-Stokes problem. Hence this subject deserves further investigation and
application of the method of computational experiment is one of the most
promising approaches. We deal with two dimensional problems but our goal
is to propose such schemes which can be effectively used for three dimensional
problems, as well.

3 One Dimensional Problem

In this section we shall consider finite-difference schemes for one dimensional
case of problem (2.1) — (2.5). As was stated above problem (2.1) — (2.5) in-
cludes various phenomena, such as nonlinear degenerated diffusion equation,
nonlinear convection-dominated diffusion equation and singularity of elliptic-
parabolic problem. Numerical solving of all these problems requires special
attention. We shall give such analysis in this section.

3.1 Nonlinear degenerated diffusion

We consider the problem

ou 0 Op(u), .
% = pgk@=5 ") i (a,)x (0,7 (3.1)
u(x, O) = uo(x) in (aa b),

u(a,t) = g1(t), u(b,t) = g2(t) on [0, T].

Here k(u) is a nonnegative diffusion coefficient which vanishes for v = 0, i.e.,
k(0) = 0,¢(u) is a given function with ¢'(u) > 0. Let assume that initial
data is such that 0 < wo(z), g1(t), g2(t) < Up. The maximum principle for
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parabolic equations implies that a solution of (3.1) also satisfies the same
bounds

0 <u(z,t) <Upy in (a,b) x (0,T]. (3.2)

We also note that the problem (3.1) defines a monotone operator, i.e., if
we take two different initial functions ugi(z) > we2(z) on [a,b], then the

respective solutions u;(z,t) and us(z,t) satisfy

uy(z,t) > us(z,t) in [a,b] x [0,T]. (3.3)

Though the last result is known, we present its simple proof, as this analysis
will be useful for investigation of finite-difference schemes. First we rewrite
the equation (3.1) in the form

ou  *®(u)
E (3:4)
where u
2(w) = [ k(E¥(©de. (3.5)

Let define H(£) = ®~1(¢) for real £&. Then it follows from (3.4) that function
v = ®(u) is a solution of the equation
O0H(v) 0%*v

We have from (3.5) and from the assumptions on functions k(u), ¢(u) that
®'(u) > 0. Hence initial data vg;(z) = ®(uy;) satisfy the same inequality

vo1(z) > oo ().

Let define function Z(z,t) = vi(z,t) — vs(z,t), which is a solution of the
following problem

0 0*Z
s H ) = H(m) = 25

Z(z,0) = Zp(z) >0
Z(a,t) =0, Z(b,t) =0

in (a,b) x (0,77, (3.7)
in (a,b),
on [0,7].

Since H(v) is also a monotone nondecreasing function and

H(vy) — H(v,) = H'(#)Z,

we get that Z(z,t) > 0.
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Both properties (3.2) and (3.3) are very important in describing a solution of
problem (3.1) hence we would like that a discrete solution of finite-difference
scheme also be positive, bounded by Uj,; and monotone. In order to preserve
the monotonicity we restrict to fully implicit backward Euler finite-difference
schemes.

There are many finite-difference and finite-element schemes proposed to ap-
proximate the degenerate parabolic equation (3.1) (see Samarskij [27], So-
colovsky [28], Ciegis [4] and the citations contained therein).

We consider two finite-difference schemes. First we discretize the x —t region
by choosing difference grids. Let wy, be a space grid in the interval (a, b)

wp={zi:x;=a+ih, i=12,...,N—1}, zxy =b,
and w, be a time grid
wr={tp:ty=n1, n=1,2,... K, tx =T}.

We denote a discrete function U = U(z;,t,). For simplicity of notation we
suppress the subscript ¢ and superscript n if no confusion is possible.

The first scheme is obtained by the balance method (see Samarskij [27])

atU 8 ( i40. 5(U)8a:90(U)) in Wh; (38)
= ug(x) in Wh,
U(? = gl(tn)a UN = 92(tn) in Wr.
Here K;95(U) = 0.5(k(Ui11) + k(U;)) and we use the following notation of
discrete derivatives
Ut = (U"-U"1)/r,
0. U; (Uis1 = U)/h, 0:U; = (U; — U; 1) /h.

The second finite-difference scheme is obtained by approximating the equa-
tion (3.4):

0U = 0,0, 2(U) in w. (3.9)
Using the assumptions on functions k& and ¢ and applying the discrete max-
imum principle we prove that solutions of both schemes (3.8) and (3.9) are
nonnegative and bounded

0<U(z,t) <Upy in @p X ws.

Theorem 1.The finite difference scheme (3.9) is a monotone scheme.
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Proof . We rewrite equation (3.9) in the form
0:H(V) = 050,V (3.10)

where V' = ®(U). Let assume that we have two solutions of (3.10) with
different initial data vg;(z) and wvga(z), such that

vo1(2) > vo2(z) on wp,.

We prove that Z(z,t) = Vi(z,t) — Va(z,t) > 0 by using the method of
mathematical induction. Assume that

Z(z,t;) >0 forj=0,1,...,n— 1 (3.11)
From (3.10) we have

AW (2) = HVE(@) _ 5 5 7n 4 H(V(z)) - H(Vy " ()

Applying the mean value theorem we get
H'(V"Z" — 18;0,Z™ = H'(V™ 1) 2™,

and the desired inequality Z™ > 0 follows from the discrete maximum prin-
ciple and the assumption (3.11). O

We can not prove that difference scheme (3.8) is also unconditionally mono-
tone. For this scheme function Z(z,t) = Uy(z,t) — Us(z,t) satisfies the fol-
lowing equation

0:Z = 05(K(U1)0:0(Z2)) + 05(K'(U)0a((U2)) Z).-

The convective term on the right side of the equality for general data may
violate the maximum principle.

We compute the discrete solution of nonlinear finite difference schemes (3.8),
(3.9) using the Newton method. At each iteration we solve a system of linear
equations with a tridiagonal matrix. The iterative method can be applied
directly to the degenerated nonlinear discrete problem and no regularization
of the problem is needed.

Some iterates may violate the positivity and boundedness of the solution,

S
hence we include post-processing of the iterates U of the Newton method

U:=0 if U<0,
U=Uy i U>Uyy.
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These solution limiters are absent after convergence of iterations.

The Newton method can be applied to the difference scheme (3.9) rewritten

in the form
0H(V) = 0;0,V.

But since (H')"}(0) = 0 for degenerated problems, some regularization of
the problem is needed in this case. One interesting realization of iterative
method with such regularization is proposed by Jager and Kacur [13], and
Kacur et al. [17] . Analysis of the asymptotic behavior of a discrete solution
near the wave front is given in Ciegis [4].

At the end of this section we present results of numerical experiments.

Ezxample 1 .VWe solve the problem (see also numerical experiments in Kaéur
et al. [17], Ciegis [4])

ou  O*um™ |
a = 922 in 2 x (O,T)
A solution of this problem was given analytically by Barenblatt [2] as follows:
1 m—1 T 1
Ulz,t) = (t+ 1) " m {1 — N Vma,
(2.0) = (¢ + {1 g s ()

Here, a; = a for a > 0 and a, = 0 for a < 0. We have used the following
initial and boundary conditions

u(z,0) = U(z,0),
u(0,t) = U(0,t), wu(bt)=0,

and b was taken sufficiently large to contain the support of u for ¢t < T. We
also include results obtained by the algorithm S4 which is defined by Kacur
[17]. We present results for the case m = 6.

Comparing results for finite difference schemes (3.8), (3.9) and algorithm S4
at T = 5 we obtain the following Table 1. The Ly error norms are given,
where 7 and h are the time and space steps, respectively. In all experiments
we have used 7 = h.

The obtained results show that monotone scheme (3.9) gives a slightly better
accuracy than scheme (3.8). Difference scheme (3.9) and algorithm S4 have
the same accuracy and are practically different only in iterative methods. The
number of iterations was two for algorithm S4 and 2 — 4 iterates in average
for the scheme (3.9).

We note that algorithm S4 is an explicit scheme for our model problem. We
obtained the same results with only one iterate. Hence this scheme, as all
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h Scheme (3.8) | Scheme (3.9) | Algorithm S4
0.1 0.0454 0.0207 0.0203
0.05 0.0280 0.0121 0.0119
0.025 0.0154 0.0072 0.0070
0.0125 0.0065 0.0059 0.0058
Table 1: Ly error norms for the Example 1
Method T |h=7/2|h=7/4|h=17/8
Algorithm S4 | 0.1 | 0.0245 | 0.05314 | 1.3091
0.05 | 0.0128 | 0.6779 | 1.7664
Scheme (3.9) | 0.1 | 0.0252 | 0.0133 | 0.0132
0.05 | 0.0103 | 0.0071 | 0.0086

10

Table 2: Ly error norms for the Example 1 with different combinations of T
and h

explicit schemes, requires time steps 7 for which the front of the solution
moves not more than to one space mesh point. In Table 2 we present the Lo
error norms at 7' = 1 for different combinations of 7 and h.

3.2 Convection-dominated diffusion equation

There we consider finite-difference schemes used to approximate convection
terms of the problem(2.1). Let assume that we solve a problem with L layers.
Let Q5 = Qu U Qo U ... U Qg be a space grid, where €, is a uniform grid
in ; with space step h = h,

O ={eizi=a+ihy, i=1,2,...N,—1}, zy = b,
The interior boundary points are included into Qj twice, since a; = b;_; for

1 =2,3,...L. Hence the total number of grid Q points is Ny + Ny + - -- +
Np + L.

We consider two approximations of the equation (2.1). The first scheme is

obtained by using the upwind technique to handle the convective term
ml(’)tT/Vl = 8538z<I>l(Wl) + 8zKl(Wl) il’l th, (312)

where

2w = [ K(©F©)d
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The continuity conditions at interior boundary points are approximated by

Pl(VVl(le)) = Pl+1(VVl+1(m0))’ l= 1a2a---aL_ 1’ (313)
1

E(hlmlath(le) + Ry 1My 0eWiga (20)) (3.14)
= 0. @111 (Wig1(20)) — 0:8(Wi(2w,))

+hi 410 K(Wiy1(20))-

The second scheme is obtained by using a central differences approximation
of the convective term

ml(?tVVl = 85;6_,;@[(1/1/1) + 8%K(Wl) on th, (315)
there
8%W = (W(Ilfﬂ_l) — W(m,_l))/2h
The continuity condition (2.4) is replaced by

1
i(hlmlatvvl(wm) + Py 1mip10:Wig1(20)) = 0pPiy1(Wiga(20))(3.16)

1
—0:2(Wi(zm)) + 5 [Kis1(Wira(21))
+ K111 (Wi (@o)) — Ki(Wi(zy,)) — Ki(Wi(z,-1))]-
It is well known (see, e.g., Thomas [29]), that the approximation error of

(3.12) is of order O(7+h), while the difference scheme (3.13) approximates the
differential problem (2.1) on the uniform space grid with the order O(7+ h?).

On the other hand a solution of the upwind scheme (3.12) satisfies the max-
imum principle, if we assume that &’'(u) > 0 for u > 0. This condition is very
important for multilayered liquid transport problems, as was stated above.

We compute the discrete solution of the nonlinear finite-difference scheme
(3.12) (or (3.15)) with the Newton method. A system of linear equations

s s s—1 s
AZ=F, W=W+2Z2

must be solved at each iteration, where A is a tridiagonal matrix except the
equations at interior boundary points. In such a point z, we have two values
for our function: 2z; and z;.;. In an interior boundary point two successive
equations can be written in the following form

cizi — biziy1 = fi,

—diy12i-1 — Qi112 + Cip12i41 — big12it2 = fir1-
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N | Scheme (3.12) | Scheme (3.15)
15 0.0195 0.0169
30 0.0116 0.0026
60 0.0064 0.0006
120 0.0035 0.00013

Table 3: Numerical errors for upwind and central differences approximations
of the convective term

We must slightly modify the standard factorization method. After determi-
nation of the factorization coefficients «;_1, 3;_1 such that

Zi-1 = Q1% + PBi-1,
we can rewrite the (i + 1)th equation in tridiagonal form

Qip1 ‘= Qjq1 + Oéz'—1di+1, fi—|—1 = fz’+1 + 5i—1di+1, di—i—l =0.

Only two additional multiplications and additions must be performed at each
interior boundary in comparison with the standard factorization method.

Now we describe some numerical experiments concerning the convection-
diffusion problem (2.1). Our goal is to evaluate the convergence orders for
both schemes (3.12) and (3.15).

Ezample 2. Consider the problem (2.1) with Q having one layer with param-
eters

b=0.12, k =0.01, ng=3.5 p; =0.005,

ny = 5, my = 0.91, Wy = 0_7’ hm = 0.04. (317)

If we take the parameter 7 = 0.001 then the approximation error in time is
negligible in comparison with the space approximation error. In Table 3 we
present errors of the discrete solution at T'= 7,z = 0.04 for different values
of parameter N.

Ezample 3. Consider problem (2.1) with two layers, where the parameters of
the first layer are given by

b=0.06, k3 =0.0001, ng=3.5 p; =0.02,
n,=5 m; =091, wy=0.7, hy=0.04,

and the parameters of the second layer are given by (3.17).
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The most important consequence of the obtained numerical results is that
due to the nonstandard continuity condition (2.5) the approximation (3.16)
proves to be nonconservative. We propose to use the conservative monotone
continuity condition (3.14) instead of (3.16) for the difference scheme (3.15).
Numerical experiments confirmed the efficiency of such a combined difference
scheme (3.14) — (3.15).

3.3 Nonlinear elliptic-parabolic problem

Let us consider problem (2.1) with a region of saturation,

ow, 0 0P, (wy) 0

mlﬁ = %(Kl(wl) ax ) + %Kl(wl) n me-, (318)
o oP, .
(9_:E(Kl(ml)8—a:l) =0 in Qg (3.19)

where Qg is the region of saturation and Qpg, = Q\Qgy.

In order to construct a homogeneous finite difference scheme in 2 we first
replace (3.18) and (3.19) with a new equation

8ul 0 - 8Pl (ul) 0

Ml(ul)a = a—x(Kl(ul) ) + a—xkl(ul) in Q, (320)

where the new coefficients satisfy the conditions

_ ™m; for u; < my,
Mi(w) = { 0 for ;> my; (3.21)
~ . Ki(uw) for u <my,
Kl(ul) N { Kl(ml) for u>mg.

A smooth replacement of K;(u;) near the corner can be considered. We use
the same parameterization (2.7) of the pressure P, = Pj(u) in the region of
saturation, i.e., when u > m;. A physical water content w;(z,t) is defined by

wy(z,t) = min(w(z,t), my).

Then a homogeneous finite-difference scheme is obtained after the approxi-
mation of the generalized differential equation (3.20). For example we apply
the upwind difference scheme for convective terms:

My(U})0,U; = 030,Qu(Uy) + 8, Ki(Uy), (3.22)
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N T P():O P():O]. P0:03
60 | 0.1 3.09 3.36 3.65
60 | 0.01| 2.24 2.21 2.23
120 | 0.05 | 3.07 3.18 3.54
120 | 0.02 | 2.92 2.78 3.30

Table 4: Numbers of iterates for solutions of elliptic-parabolic problem

where
Q) = [ Ri(©P(©)de. (3:23)

The continuity equations at interior boundary points are approximated anal-
ogously. The system of nonlinear equations (3.22) is solved with the Newton
method. At each iteration we solve a system of linear equations with a matrix
of the same structure as in previous section.

We made numerical experiments concerning the efficiency of the proposed
method. The two-layered nonwoven model is used as an example of the
elliptic-parabolic problem. The parameters of the material are the same as in
Example 3. The obtained results are given in Table 4. The averaged number
of iterates needed to fulfill the accuracy ¢ = 1072 is presented for differ-
ent values of the pressure P, prescribed at the boundary Qp. For Py > 0
the elliptic region of full saturation exists. The problem (3.22) is solved for
0<t<T:=10.

We see from the results of the numerical experiments that the number of
iterates depends weakly on the value of pressure prescribed at the boundary.

4 Two Dimensional Problem

In this section we consider finite difference schemes for the 2D problem (2.1).
There are many papers dealing with the 2D nonlinear degenerated diffu-
sion (see, e.g., Berger et al. [3], Socolovsky [28], Rose [25]) and nonlinear
elliptic-parabolic problem (see, e.g., Nochetto and Verdi [23]). We note that
in all of them discretization in time is done by one of the variants of the
Euler method. The obtained nonlinear system is usually solved by the non-
linear Gauss-Seidel method (see Nochetto and Verdi [23], White [30], Zlamal
[31]). In order to get convergence of iterates as fast as the linear Gauss-
Seidel method for a positive definite matrix the convection terms must be
approximated explicitly. An implicit approximation of convection terms and
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application of the Newton method leads to a system of linear equations with
a non-symmetrical matrix. Hence linear algebra part of the realization of
2D difference schemes requires much more computations in comparison with
the 1D finite-difference schemes proposed in Section 3. The situation be-
comes even worse for 3D problems, since the number of iterates increases for
larger systems of linear equations. Our goal is to investigate finite-difference
schemes constructed based on splitting methods. The idea of splitting for
linear and nonlinear parabolic problems is well-known (see Samarskij [27],
Marchouk [19]). A novelty of our work is that we propose splitting schemes
for nonlinear elliptic-parabolic problems.

4.1 LOD scheme for the unsaturated problem

We start from the unsaturated problem (2.1). It is a nonlinear convection-
degenerated diffusion parabolic problem in the whole region 2. This case is
used as a benchmark for the investigation of the efficiency of the splitting
method algorithms. Let €2, be a space grid which is obtained as a product of
two 1D space grids €2, = wg,p X Wyyp. Finally we introduce some additional
notation concerning the time discretization. We denote by

atUn+j/2 — (Un+j/2 _ Un+(j—1)/2)/7_

the discrete time derivative at the jth split time step. We also use the fol-
lowing notation for discrete space derivatives

0,,U = (U(zy + h, z3) — U(z1,22))/h,
8—2U = (U(.’El,.’fz) — U(.’L’l,l’g — h))/h

Then, the Locally One Dimensional (LOD) scheme is given by

mlathn+1/2 = 85:18331QI(I/I/1"+1/2)+6w1Kl(VVln+1/2)a (41)
mlatVI/l"+1 = 61_:28332@1(”/72—!—1)‘

It is easy to prove that

(P1) The approximation error of the LOD scheme is of order O(7 + h);

(P2) The solution of the LOD scheme satisfies the discrete maximum prin-
ciple, i.e., 0 < W™t9/2 < Uy on Qp;

(P3) The LOD scheme is monotone.
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Nz, | Ny | trop tip
60 | 20 | 209 sec | 7 sec
60 | 40 | 410 sec | 7 sec

120 | 20 | 412 sec | 14 sec

120 | 40 | 810 sec | 14 sec

Table 5: CPU times required to solve Example J using the LOD scheme

All these results follow directly from the analysis analogous to that given in
Section 3 for the 1D problem. We are now interested in the implementation
of the LOD scheme. We compute the discrete solution of the LOD scheme
by solving N,, 1D nonlinear convection-diffusion problems at the first split
step and N, 1D nonlinear diffusion problems at the second split step. Each
subproblem is solved efficiently using the algorithm proposed in Section 3.

(P4) The algorithm can be extended straightforwardly to three dimensional
multilayered nonwoven models.

At the end of this section we shall discuss the total amount of computations
required in the implementation of LOD scheme. The ratio of floating-point
operations to one grid node increases approximately twice in comparison with
1D finite-difference scheme.

Example 4. Consider the 2D two-layered nonwoven model problem. Both
layers are rectangular and have parameters given in the Example 3. The
layers are homogeneous in the z, direction. Let Q = (0;0.12) x (0;0.5),0 <
t < T :=100. The Dirichlet boundary conditions are assigned on the interval
Qp = [0.15,0.35].

The discrete time step 7 = 0.1 is used in numerical experiments. Let us denote
by tLop the CPU time in seconds required to solve this problem using the
LOD scheme. Table 5 shows the results obtained with different numbers of
grid points N,,, N,,. We also present the CPU time ¢,p required to solve 1D
discrete problem on the grid w, with N,, points.

4.2 ADI scheme for elliptic-parabolic problem

The method of Section 3.3 for the construction homogeneous finite-difference
schemes for solving elliptic-parabolic problems can not be directly extended
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to the LOD scheme. The main difficulty is that the LOD scheme approxi-
mates the differential equation only in an additive sense. We have following
approximation errors at each fractional time step (see Samarskij [27])

on+j/2 x n+j/2

\I,n-f—j/? —T + U , ]: 1,2’
on+j/2 x ntj/2 9
| = 0Q1), [¥ |=0(r+h),

and additive approximation means that

on+1/2 on+l

v +¥ =0

Hence the LOD scheme can not be used for solving elliptic problems. We
note that many classical approximations, e.g., the explicit Euler method,
give iterative methods for solving elliptic problems.

There are economical difference schemes which also can be used as an itera-
tive method for solving elliptic problems. We call a scheme economical if its
implementation can be reduced to the solution of 1D discrete parabolic prob-
lems. In this section we consider the Alternating Direction Implicit (ADI)
scheme (see Samarskij [27], Thomas [29])

2m18thn+1/2 _ 3513;51Q1(VVIH+1/2)+3z1Kz(VVln+1/2) (4.3)
+ 03,00, QW)

2O W = 85,0, QUWT?) + 8, F (W) (4.4)
+3523z2Q1(VV1n+1)-

At each inner boundary layer, we have slightly different discrete equations:

1 n+j n+j
E[hlmlath +]/2(931Nl) + hl+1ml+16tI/Vl+ﬁ]/2(a:10)] (45)

= 8y, Qua (W (210))
— 0, QU (@18,)) + hug1 00, K (W) (210)

1 n+j— n+j—
5 V410202, Qe (WY ™) + haBey Quea (WY )],
P(W 2 (218,)) = Pea (WP (@1w,)) = 0 (4.6)

for 7 = 1,2. In order to obtain an efficient implementation algorithm it is
convenient to rewrite (4.3), (4.4) in equivalent form. Let

n n T n
V; = Wl + 2—77’1,185:28“:2Q1(Wl )
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The substitution of V;* into (4.3) leads to the equation

Wn+1/2 _ynr . .
L = 95,8, QU)o B, E (W),

2ml
It is easy to see that the same substitution is appropriate at the inner bound-
ary points. Now let

V=W (00,00, V) 0 (). (4)

n+1/2 .

Substitution of V; into (4.4) leads to the equation

n+1 n+1/2
W' =V
T

= 817‘2 81»‘2 Ql(VVIn—H) :

le

We need to investigate these equations at the inner boundary points. Since

the equality
hy hiya

hi+hir R+ R

holds, we get two equations

VVanrl (mth ) - V;n+1 (mlNl )

hl[le - - 85728$2Ql(1/vln+1 (xlNl))] (48)
Wt (z19) — Vi (2

sy TR T @0) o 00 (Wit @) =0,

Praa (Wi (010)) — ROV (a1w)) = 0. (49)

We solve the system of nonlinear equations (4.8) — (4.9) using the Newton
method. The corrections at each iterate

s+1 S
zj = Wl($1N1,932j) - Wl(xle x2j)’
s+1 s+l

Zj = Wl+1($10,$2j) - Wl+1(3310,332j)

satisfy the following system of linear equations

hi(=a;zj-1 + ¢z = bjzj11 — fj) (4.10)
+hl+1(—Aij_1 + C]Z] - Bij+1 - F]) = 0,
D]ZJ—d]ZJ :Ej, j:(];]-)"')N{ltz' (411)

Then, solving Z; from (4.11) and substituting the obtained equalities into
(4.10) we get a system of linear equations with tridiagonal matrix for the
unknowns z;.
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Remark 1. The substitution formula (4.7) can be replaced with a computa-
tionally more simple one

Vln+1/2 _ ln—|—1/2 T VVln+1/2 _ V;n — 2Wl"+1/2 _ Vl" (4.12)

It is well known that the ADI scheme approximates the differential problem
(2.1) with second order in time, i.e., ¥ = O(72 + h?), and it is uncondi-
tionally stable in the linear case (see, e.g., Thomas [29]). Due to the last
property the ADI scheme is also used as an iterative solver of elliptic prob-
lems. This method is known in the literature as the Alternating Direction
Iterative method.

Let us assume that there exists a region of saturation Qgy(t). In order to
construct a homogeneous finite-difference scheme in €2, we follow the analysis
given in Section 3 and replace equations (2.1) and (2.9) with the new equation

8114 . 0 ~ 8Pl(ul) 0 -
Ml(ul) ot = —6331 (Kl(ul) 81’1 )+ 8331 Kl(ul) (413)
0 ~ aH(’U,l)
+ax2(Kl(ul) B2, ) on Q2x(0,T].

Then, we extend the ADI scheme to the generalized problem (4.13) in the
following form:

m—22 bl — 8@18w1Ql(Ul,:1/2) +8x1Kl(UlT,L:1/2) (4.14)

2T
+ai2 aa:z QI(UZLS—I)’

n+1 n+1/2
lUl,s - Ul,s

o = QUL+ 0 KU (415)

+8532 8332 Ql(Ul?}erl)

m

for s =1,2,..., where

n . n+1
Un — Ul lf Ul,s S ml,
LT U UR > my,

Uly = Ul'. Equations (4.14), (4.15) define the outer iterative method (or
elliptic iterations), while the Newton method for solving (4.14), (4.15) defines
inner iterations (or nonlinear iterations).

In this section we have demonstrated the basic approach how to construct ho-
mogeneous economical finite-difference schemes for solving multidimensional
elliptic-parabolic problems.
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Let us mention two main limitations of the proposed method. Firstly, the
ADI scheme is monotone only conditionally. Let A\; and A2 be eigenvalues of
the discrete operators L; and L, which are used in the definition of splitting
scheme (4.3), (4.4). Then the stability function of the ADI scheme is given
by

q= (1 + %7’)\1)(1 + %T)\g)
(1 — %7’)\1)(1 - %7’)\2)'

(4.16)

We see, that |g| < 1 unconditionally for A;, A, < 0 but ¢ > 0 only if

T < 2/max|\;|.
J

Such a relation can be very restrictive for many problems, since A\; = O(h™2).

Remark 2. The behavior of the stability function (4.16) is quite similar to
the behavior of the Crank-Nicolson scheme stability function

RO
100+ )

Both stability functions differ only in terms of order O(7?).

Note that a possibility for the solution of the ADI scheme not to satisfy the
discrete maximum principle follows directly from the substitution formula
(4.12).

Secondly, the extension of an ADI scheme to the 3D problems is possible,
but the scheme is only conditionally stable with 7 = O(h?).

4.3  Stability-correction scheme for elliptic-parabolic
problem

Here we consider one more economical splitting scheme. It also approximates
the differential equation in the classical sense and has stability properties
similar to the backward Euler scheme.

We approximate the generalized elliptic-parabolic problem with the following
Stability-Correction (SC) scheme:

Ulr,ljl/z T Ulr,ls—l n+1/2 > n+1/2
my = 05,0, QuUpy ") + 00, Ki(Uyy ") (417)

T
+az_v28w2Ql(Uly,Ls—1)’

Un+1 n+1/2

m—t—t— = 00,00, QUUL") — 00,00, QU] ). (418)
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Nzl sz tSC

60 | 20 | 960 sec
60 | 40 | 2176 sec
120 | 40 | 1625 sec

Table 6: CPU times for the SC scheme

Inner boundary layer points are treated similar to the analysis of the ADI
scheme.

In order to obtain the efficient implementation algorithm we use the substi-
tution .

Vi* =Ul" + —05,00, Qu(U]")

my

in (4.17) and

V;n-{—l/Z — Uln+1/2 + Uln _ V—ln
in (4.18). It is well known that the approximation error of the SC scheme is
of order O(7 + h?). The stability function of the SC scheme is given by

_ 1+ 7')\1)\2
T A= —m)

It is easy to see that 0 < ¢ < 1 holds unconditionally for A; < 0.

Remark 3. The extension of the SC scheme to 3D problems is obvious, since
only an additional stability correction step must be added with respect to x3
coordinate.

At the end of this section we describe some numerical results. Consider a
2D two-layered nonwoven model. We choose 2 and the parameters of the
model as in Example 4. The Dirichlet data P = 0.3 is assigned on {2p, hence
there exists the region of saturation {P > 0}. Elliptic iterates were computed
with accuracy 2 - 1072. Table 6 shows the CPU times tg¢ required to solve
the given problem. These results can be compared with CPU times given in
Table 5 for the LOD scheme which is used as a benchmark in this paper.

We see that the proposed difference scheme works efficiently for computing
the numerical solution of elliptic-parabolic problems.

5 Parallel Numerical Algorithms

In this section we consider parallel version of the SC scheme. Our main goal
is to focus on algorithms targeted for parallel computers with distributed
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memory or for clusters of workstations. Hence we will use message-passing
models of parallel computation in our numerical experiments, in particular
MPI and PVM models (Geits et al. [9], Gropp, Lusk and Skjellum [12]).
We will give much attention to the investigation of parallel performance of
our algorithms. It is well known that for parallel computers with distributed
memory the most important characteristic is the ratio of computation to
communication times. Let T, be the time which is needed to communicate
n floating point numbers. It can be estimated by

Tcomm =s+rn, (51)

where s is the latency or startup time, r is the inverse rate of the commu-
nication (Freeman and Phillips [8]). We note that s >> r for many parallel
computers with distributed memory, e.g., clusters of workstations.

5.1 Parallel version of the SC algorithm

To parallelize the SC algorithm we must distribute the data across the pro-
cessors. Let us assume that we have p processors. Let T be the time required
to solve a given problem with the best serial algorithm and 7}, be the time
required to solve the same problem with a parallel algorithm on p processors.
Then, the speedup for p processors is usually defined as

Sp T
P

In order to obtain high speedups we must preserve a good computation and
communication load balancing among processors. Here we assume that the
processors are homogeneous. The work load balancing problem for solving
3D heat equation with the LOD scheme on non-homogeneous cluster of work-
stations is considered in Ciegis, Simkevicius and Wasniewski [6].

Several approaches are possible for the decomposition of €2, (see Gropp, Luck
and Skjellum [12]). In the first decomposition the computational domain is
sliced into slabs and computations on each slab are handled by different
processes. We choose the direction z; for such a decomposition.

As an alternative, a two-dimensional Cartesian decomposition of the compu-
tational domain €2, can be used.

At least three factors must be taken into account to select between these two
alternatives:

e the possibility to get a good load balancing of computations;
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e the minimization of data communication time;

e the topology of the computer.

The last factor mostly depends on the details of the underlying hardware.
We do not investigate this problem. The extensive literature on this subject
exists (see Gilbert, Schreiber [10], Mehrotra et al. [20]).

Let us consider the other two factors. Using formula (5.1) for the estimation
of the communication time we get that data communication in 1D decompo-
sition takes roughly

Tip,comm = 2(5 +7Ny,) (5.2)

time. Let us assume that p = m? and let there be m processors in each of
the directions. Then, with exception of the processes on edges of the domain
Qp,, the time of communications in one iterate in 2D decomposition is given

by
) 1 29 .
2D,COMM s+ 7‘\/_

see Gropp, Luck and Skjellum [12]. Two important consequences follow from
these estimates.

The first result is that the communication algorithm is serial in the 1D de-
composition case and no speedup is obtained by enlarging the number of
Processors.

The second implication is that the communication startup time is twice larger
in the 2D decomposition case. We note that the latency times for clusters of
workstations are very large. Hence, the total time spent in sending a mes-
sage is largely determined by the startup time unless the messages are very
long, i.e., the number of grid points in one direction is large. In view of the
goal to minimize the data communication time we give priority to the 1D
decomposition.

Now we consider the load balancing of computations. The class of problems
we are dealing with has non-uniformly distributed computational require-
ments. Firstly, more iterates are performed during the first splitting step in
the z; direction in comparison with the second splitting step. Secondly, the
number of iterates is not the same for different grid layers. Hence, again
the 1D decomposition enables us to obtain a uniform workload distribution
among all p processors during the first splitting step, which is the most work
consuming.

Remark 4. 1D decomposition is also more convenient if a load balancing of
computations must be obtained on non-homogeneous cluster of processors.
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5.2 Parallel algorithm for solving equations (4.17)

In this section we consider algorithms for parallel implementation of the first
splitting step of the SC scheme. In the case of 1D decomposition the second
splitting step (4.18) constitutes N; tridiagonal systems distributed over p
processors. The entire matrix of any tridiagonal system is stored in the same
processor and no data transfer is needed.

The simplest parallel implementation of the SC scheme can be obtained by
using pipelining (see Ortega [24], Demmel, Heath and Vorst [7]). The forward
factorization sweep is started by one processor with only one system. As
soon as this processor is finished with its part of forward factorization for the
first system it sends the information to its neighbor and starts the forward
factorization sweep for the second system, while the second processor starts
working on its part of the first system. Thus after p — 1 steps all processors
will be active. The backward factorization sweep is similar. Hence the total
amount of computation is not increased in comparison with the best serial
algorithm. We note two main drawbacks of the algorithm. Firstly, the load
balancing decreases with the increased number of processors. Secondly, such
algorithm requires sending N, data messages from each processor during
realization of one iterate. Hence it is not efficient on parallel computers with
distributed memory due to high start-up times.

We use a modification of Wang’s subtracting Gaussian elimination algorithm
(see Johnson, Saad and Schultz [16], Golub and Loan [11]). The algorithm
consists of four phases.

In the first phase a forward factorization sweep is performed with no in-

terprocessor communication. In the kth processor the forward elimination is

carried out on local equations in order to eliminate the sub-diagonal elements

U; = ’)/,'Uik +aUii+06; i=10+1,... 0. (54)

The standard Gaussian elimination formula must be changed for equations
at the inner boundary layer points. Let us denote these two equations

Cj-1Uj1 = BjUj = Fj, (5.5)

—PiUjs — AjUj 1 + C3U; — BjUj1 = Fj. (5.6)

Assume that the factorization (5.4) is carried out for ¢ < j — 2. Then we get

from (5.5)
B . Fi

) B'— = )
Cioy VT g,
Equation (5.6) is modified before the forward elimination step

— j7j—2Uik — A;Uj_l + CjUj — BjUj—|—1 = F]I,

Qaj1 = Yj-1=0.
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where
A; :A]’+.Pjaj_2, F]I = .F}"F.Pjﬁj_}

We obtain the following factorization coefficients

a._B]’ ﬂ:F;+A;ﬂ]—1
J D’ J D )
Py,
"y]' = %, D= C] — A;-Oéj_l.

Remark 5. The last processor carries out the forward elimination in the op-
posite direction. The factorization algorithm is simplified for the first and
the last processors, since v; = 0.

In the second phase a backward elimination is carried out to eliminate
the super-diagonal elements in rows i1 — 1 through ¢, + 1 for processors
k={2,3,...,p — 1}. These p — 2 processors compute in parallel and no in-
terprocessor communication is required. After this phase the system of linear
equations is given in the following form

Ui = 1iUsy, + 06U, + @i

In the third phase the processors communicate the first and the last equa-
tions to the master processor. After implementation of the same backward
factorization as in the second phase we get an independent tridiagonal system
of p — 1 equations

U, — BiUi, = i,

—AJU1171+U,J—B]U :Fjia j:2;"'ap_2a

ij+1
_Ap—lUip_g + Uip—l = Fp—l-

This system is solved using a standard Gaussian factorization algorithm and

the vectors {U;,,j = 1,2,...,p — 1},{Uj; 41,5 = 1,2,...,p — 1} are broad-

casted to all processors.

In the last phase all processors calculate their part of solution simultaneously
with no communication between processors.

We note that after the implementation of these four stages each processor
also has a solution corresponding to the first and the last equations of its
neighbors, respectively. Hence a new iterate will start without additional
communication between processors.

Remark 6. The total amount of computation of the parallel Gaussian elimina-
tion algorithm is increased twofold in comparison with the serial factorization
algorithm. But this drawback is not very important since the factorization
in the first splitting step takes less then 2% of the whole computation time.



5 PARALLEL NUMERICAL ALGORITHMS 26

5.3 Block-version of the parallel algorithm

Modern computers are classified as non-uniform memory access machines. In
distributed memory machines or clusters of workstations each processor has
its own local memory which presents the upper level of memory. The aggre-
gate off — processor memory of all other processors presents the lower level of
the memory hierarchy. High performance on such machines can be obtained
by minimizing time-consuming accesses to the lower level of memory. A gen-
eral approach to ensure this goal is to use block-partitioned algorithms. A
well-known example is given by the LAPACK library.

In order to reduce the frequency of communication between processors, each
phase of the parallel factorization algorithm is implemented on a block of
M systems. It is typical for LAPACK routines that a larger block size re-
sults in greater load imbalance. There is no such dependence of load balance
on the block size in our case. But a straightforward implementation of the
block version of parallel factorization algorithm increases the total amount
of computations, as the same number of iterates is implemented for all M
systems. Therefore a tradeoff between increased work and communication
startup costs can be controlled by varying the block size.

We use a more complex implementation of the block parallel factorization
algorithm. The block size is defined to be N,. A vector is used to store
the information on systems which must be solved during the realization of
nonlinear iteration phase.

5.4 Performance of the parallel algorithm

Here we will present some results of numerical experiments. Computations
were done on a cluster of workstations which consisted of up to 5 processors.
Table 7 gives computational time T and speed-up S, as a function of the
number of processors, while keeping the grid sizes fixed at N; = 280, Ny =
100. The Example 4 was used as a test problem.

It is also interesting to investigate the scalability of the parallel factor-
ization algorithm. Table 8 shows the speed-up as a function of the num-
ber of processors, while keeping the matrix size per processor fixed at
Ni1/p =50, Ny = 100. /clearpage

5.5 Conclusions

Numerical methods for the simulation of liquid transport in multilayered non-
wovens are developed. The fully and partially saturated zones can be treated.
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P Tc | Sp E,
2| 1594 sec | 1.78 | 0.89
3| 1128 sec | 2.52 | 0.84
4| 912sec | 3.12 | 0.78
5| 812sec | 3.5 | 0.70

27

Table 7: Computational time and speed-ups for a discrete problem of the fixed

size.

p| Sp Ey
21170 | 0.85
31240 0.80
41295 |0.74
513.45 | 0.69

Table 8: The speed-up obtained when the matriz size per processor s fired.

The corresponding parallel algorithms are discussed. These algorithms can

be used as a base for design optimization of hygiene products.
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