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Abstract

A discrete velocity model with spatial and velocity discretization based on
a lattice Boltzmann method is considered in the low Mach number limit. A
uniform numerical scheme for this model is-investigated.: In the limit, the
scheme reduces to a finite difference scheme for the incompressible Navier-Stokes
equation which is a projection method with a second order spatial discretization
on a regular grid. The discretization is analyzed and the method is compared
to Chorin's original spatial discretization. Numerical results supporting the
analytical statements are presented.
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1 Introduction

Lattice Boltzmann methods (LBM) use discrete velocity models of kinetic equations
to obtain approximate solutions of the incompressible Navier-Stokes system. The
idea of LBM rests on the observation that the kinetic and the Navier-Stokes model
are equivalent in the limit of small Knudsen and Mach numbers. See [3, 10] for
reviews on lattice Boltzmann methods and [21] for a review on discrete velocity
models. In recent years, numerous articles on LBM have appeared in which the
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method is analyzed. We refer to the references in the above cited reviews and, e.g.,
to [1, 6, 25]. For connections to kinetic schemes, see [16].

A disadvantage of standard lattice Boltzmann discretizations is that the stiffness
of the kinetic equation in the limit of small Knudsen and Mach numbers is not
taken into account. Since the discretization is fully explicit, very fine time and
space steps have to be used, slowing down the method considerably. To allow for
larger discretization steps, the algorithm should at least be partially implicit. Such
an approach has been successfully used for a large number of kinetic equations
with stiff relaxation terms in fluid dynamic or diffusive limits and has led to the
development of asymptotic preserving methods, see [4, 14, 12, 13, 20, 17, 18]. For
a lattice Boltzmann type discrete velocity model with a diffusive scaling, a scheme
working uniformly in the incompressible Navier Stokes limit, using a semi-implicit
time discretization and leading to a Chorin projection scheme with MAC grid, has
been suggested in [19].

In this work, our starting point is the following: numerically, it has been proven by
many authors that the lattice Boltzmann method yields stable and reliable results for
the incompressible Navier-Stokes equation [23, 11]. Moreover, pressure oscillations
as in the original Chorin method, are not observed although the scheme works on
a regular (collocated) grid. The aim, to extract the reason for this nice behavior,
is accomplished by developing a method based on the LB spatial discretization and
comparing it to Chorin’s original method.

Our approach is based on the observation that the velocity-discrete kinetic equation
is in one-to-one correspondence with a system of moment equations. The system
includes the equations of mass and momentum which yield the Navier-Stokes equa-
tions in a suitable diffusion limit (related to small Knudsen and Mach numbers).
Using essentially the space-discretization of LBM, we automatically obtain a dis-
cretization of the moment system which leads to a new spatial discretization for the
incompressible Navier Stokes equations. The discretization is used together with the
Chorin projection.

As has been investigated in detail for example in [26, 27], the original Chorin space
discretization leads to an alternating error of first order in the pressure. This type
of instability is not seen in the projection method if the MAC grid is used. In this
case a second order approximation of the pressure is obtained without alternating
terms in the error expansion for the pressure at first order. However, one has to
use staggered grids having different locations for pressure and velocity. We mention
that higher order approximation or regularizing methods have been used to avoid
staggered grids and alternating terms in the error expansion (see [26]). It turns out
that the spatial discretization of the scheme presented here is second order for both
the pressure and the velocity, not using grid staggering. However, although the error
in pressure is reduced compared to Chorin’s scheme the errors in velocity are larger.

The paper is organized as follows: Section 2 introduces a lattice-Boltzmann type dis-
crete velocity model and its associated closed moment system. In Section 3 the time



and space discretization of the numerical scheme for the discrete velocity model
is described. Section 4 deals with the low Mach number limit of the discretized
equations leading to the projection method for the incompressible Navier-Stokes
equations with the new spatial discretization. Section 5 contains remarks on the
treatment of the boundary conditions and an analytical investigation of the scheme
following the work in [26]. In particular, the scheme is compared to Chorin’s orig-
inal method. Finally, Section 6 presents a numerical investigation of the second
order convergence for the pressure which has been found analytically. A numerical
comparison with Chorin’s scheme is included as well.

2 A Lattice-Boltzmann type Discrete Velocity Model
and the Associated Moment System

The basic kinetic model is given by the Boltzmann equation

W rvvp=a0) (1)
which describes the evolution of a particle density f(x,v,t). The left hand side
of (1) represents free transport of the particles while the right hand side describes
interactions through collisions. The difference between continuous and discrete ve-
locity models is the structure of the phase space X' x V. In the classical Boltzmann
equation, the space part X is a subset of R? and the velocity domain V is the full
space R3. For discrete models we have
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In our particular example, we consider a two-dimensional model (d = 2) with nine
velocities (N = 9)
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and cp = 0. In the discrete case, the v-dependence of the particle distribution
f(x,v,t) is uniquely determined through N functions

Cs

filx,t) = f(x,¢e;,t) i=0,...,N—1

which are called occupation numbers. Macroscopic quantities like mass—, momentum-
or energy density are obtained by taking velocity moments of f. If 9 is any v-
dependent function, we denote the discrete velocity integral by
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Then, mass and momentum density can be written as

N-1
P(X, t) = (f(X,V,t)> = Z fi(xa t)
= g
pu(x, t) = (vf(x,v,t)) = Z cifi(xat)'

1=0

In lattice Boltzmann applications, the collision operator J(f) in (1) is typically of
BGK-type

) = ==(f = 1), Q

The parameter 7 > 0 is called relazation time and f°7 is the equilibrium distribution.
In the isothermal case, f¢9 depends on f through the parameters p and u which are
calculated according to (2). For the standard D2Q9-model [22] with 9 velocities, we
have

Frtpusv) = p (14 3uev = Sl + Gasv)?) 1),

where f* is defined by
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The equilibrium distribution is constructed in such a way that

(J(f)) =0 and  (vJ(f))=0

which reflects conservation of mass and momentum in the collision process.

In order to obtain a relation between the kinetic equation (1) and the incompressible
Navier-Stokes system, we introduce the diffusive scaling x — x/¢, t — t/€? together
with a rescaling of velocity u — eu (see [24, 8, 2]). Under these transformations, (1)
turns into

U 4 IDf = (f ~ 19, ) 4)

where D = v.V has been used as abbreviation for the space derivatives. In our
exemplary case, (4) consists of nine equations for the occupation numbers fo,..., fs.
In order to get closer in notation to the Navier-Stokes system, we transform (4) into



an equivalent set of moment equations (see also [19, 9] for a similar approach). Based
on the v-polynomials
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3lv|]? —4)w 3lv[? ~4)v
i) = O 8 Prfy) = BV
9jv[* — 15[v[2 + 2
By(v) = A

we obtain an invertible linear mapping f — Pf defined by

Pf=(Pof),....(Ff)"

Applying P to equation (4) results in an equivalent set of equations with a differential
operator which is still linear and hyperbolic

(5 + 1PPP ) B =~ (B — P T(prcu). )

In order to write (6) in a more explicit form, we introduce names for the moments.
Note that (Fyf) = p and (P;f) = pu; for # = 1,2. The second order moments form

a symmetric tensor
@:<@19m)20&ﬁ uw»
012 Oy (Pof) (P5f)

and for the remaining moments we set
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The first two equations in (6) are those of mass and momentum conservation

Op+ divpu =0

Oipu + div@+—£—\7 =0 ™
174 - 32 p=u.
Here, the divergence is applied to the rows of ©. The equation for @ is
2 1 1
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Finally, the third and fourth order moments satisfy
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Altogether, we obtain a hyperbolic system with stiff relaxation terms. The diffusion
limit of the above system is straightforwardly determined. From the momentum
equation in (7) we conclude that Vp tends to zero as e — 0. Hence, p approaches
a constant p (which is the Boussinesq relation in the isothermal case). Writing
p = p(1 + 3e2p), equation (7) transforms into

) 1
Op + — divu = —divpu
3e2

1 (10)
opa + div E@ + Vp = —3e29;pu.
For € — 0, equation (8) yields in lowest order
1 2
5@:u®u— —3—T~S[u]. (11)

Since (9) decouples completely from the other equations (in lowest order) and since
2div S[u] = (A + V div)u, we obtain from (10) and (11) the incompressible Navier-
Stokes equations as limiting system

diva =20

12
oyu + divu®u+Vp:§Au. (12)

The Reynolds number is related to the relaxation time by Re = 3/7.

We remark that (7), (8) and (9) can be viewed as a relaxation system for (12). Since
LBM is a particular discretization of (4) and since a discretization of (4) automati-
cally turns into a discretization of the moment system under the transformation P,
we conclude that LBM can be viewed as a relaxation method for the incompressible
Navier-Stokes system [16].

3 The Numerical Scheme: Spatial and temporal dis-
cretization

To obtain a spatial discretization of the moment system (7), (8) and (9), we use
a first order upwind method for the operator D = v -V in (6). This choice is
motivated by the lattice Boltzmann method where the upwind approximation is



combined with an explicit Euler discretization for the time derivative. To get a
proper treatment of the stiff pressure-velocity coupling, however, we choose a semi-
implicit time discretization instead of the explicit one (see also [19]). In the limit e —
0, a projection scheme for the incompressible Navier Stokes equations is obtained.

Before we describe the discretization of the moment system, let us first show how the
lattice Boltzmann method is obtained in this context, see also [5]. The discretization
of D= v -V is taken as

(DLF)06 o) = 1 (6,v,8) = [ (= b, v, 1), (13)

Together with an explicit Euler discretization of the time derivative and an evalua-
tion of the collision operator at a shifted x-position, (4) turns into

fx,v,t+ At) ~ f(x,v,t) + é}»f(f(x,v,t) — f(x = hv,v,t))

€n
_ “%(f — Fe4(p, eu))(x = hv, v, 1)

Setting At = €%, h = ¢, v = ew and transforming the space variable x — x + WAt
yields for the occupation numbers

fi(x + wiAt’t+ At) e fi(xvt) = “;l_“ (fi(x’ t) — fieq(p(xvt)veu(xvt)))

which is the standard discretization in LBM (see [22, 6, 1]).
To describe the effect of the discretization (13) on the moment system, we introduce
the vectors
M = Pf = (/)a PU1y PUY; G')113 G;)127 @22) q1, 42, S)T

and

M = Pfeq(p‘/ Eu) = (pv PUL, PU2y /)U%, PULU2, pu%v Oa 0, O)T‘
Using (13) to replace D in (6), the discretized moment system can be written in the
compact form

oM 1 1
L L IPDPTIM = - (M = M99,
ot + ¢ D Te2 (M )

If {e;: i =0,...,8} are the standard unit vectors in R?, we can write the contribu-
tion of M; to the equation for M; as

1 ;
ZEi : <PDhP“1>M7e7 = iei . (P%(Mj(x,t) - Mj(x — hV))Phle]). (14)
. € 1
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With the abbreviation g; = P~'e;, (14) can be transformed into

%e,- : (PDhPJ) Mje; = 215 <MJ(X, t)di; — (Pi(v)g; (V)M (x ~ Vh)>)

1 8
== (Mj(x, t)di; — ; Pi(Ck)gj(ck)Mj(x - ckh)>.

Hence, the contribution of M; to equation 7 can be written as a finite difference
stencil with the general form

1 |~Pigiles)  —Pigj(es)  —Pgj(er)
5 —Pigj(c1) &5 — Pigj(co) —Pigj(es)| . (15)
~PFgj(es)  —Pgj(ca)  —Pigj(cs)

In particular, for each space derivative in the moment system (7), (8) and (9) a
corresponding stencil is found. The discretization of z1 and zs-derivatives occurs in
three different ways. For divpu in the mass conservation equation as well as for Vp
in the momentum equation the following stencils appear

IR U RO FERY: SN W IS 1
dr1  12h 10 1 dre  12h 1 -4 -1

They also occur in the momentum equation to approximate 0, ©11, 0z, 022 and in
equation (8) for 0y, pu1, 05, pus. The derivatives of O19 as well as pujuy are always
discretized by

“1 0 1 1 0 1
5‘3—@&% 0 0 of, %zﬁ 0 0 0. (17)
T1 “1.0 1 T2 10 —1

These stencils also appear in (8) for 9y, pua, Oz, pus and Or, 2, 05,91 The remaining
derivatives in the moment system turn out to be approximated by

=101 1 1 1
0 1 0 1
1 -1 0 1 T2 ~1 -1 -1

We remark that each stencil is second order accurate. In fact, the stencils can be
viewed as convex combinations of standard central difference approximations. For
example, the d;,-stencil in (16) can be written as

-1 01 s =101 000 0 00

1 1{1 4 1
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Up to now, we have investigated the approximations of the space derivatives appear-
ing in the moment system. However, if we consider, for example, the discretized mass
conservation equation, we find that apart from M; = pu; and M3y = pus also the
other variables My, M3, ..., Mg contribute. Of course, this contribution is of higher
order in the discretization parameter h and the appearance of such terms is not sur-
prising since we started with a first order upwind approximation (13). As example,
we mention the contribution of p to the mass conservation equation (i.e. i =7 =0
in (15)). Evaluating (15), we find up to a constant factor

T T
o |~ w4 = —hA + O(h%)
L S |

which is the standard nine-point stencil for the Laplacian. If we keep all terms which
appear in that way and which are of first order in h, we obtain: the modified equation
of the finite difference approximation (i.e. the equation which is approximated to
second order accuracy). The modified equation corresponding to (7) is

Op + divpu = fl—Aer $ div dive |k
e 2 (19)

depu + dive + —-1-.-Vp = ',L(A + 2V div )pu+ Edivc;) h
32 6e 6

Similarly, equations are obtained for ©,q and s. Note that the additional terms
have a stabilizing effect because they act as artificial viscosity. In the original lattice
Boltzmann approach, this viscosity is partly compensated by a negative viscosity due
to the explicit Euler discretization of the time derivative and partly it is combined
with the physical viscosity in the Navier-Stokes equation (which is possible since
(A + 2V div)pu has the correct structure). In this way, second order accuracy of
LBM is obtained. Since we want to avoid the explicit time discretization but still
obtain a second order accurate scheme, we neglect all stencils (15) which do not have
counterparts in the moment system. With this step, we focus only on the interplay
between the stencils (16), (17) and (18). Another possibility is to start with a second
order upwind discretization of D instead of the first order approach (13) (compare
here for example [14]).

To introduce the time discretization, we will not replace the space derivatives by
their finite difference approximations (16), (17) and (18) but restrict to the spatially
continuous case to avoid confusion. Of course, the complete scheme is obtained by
combining both space and time discretizations.

Introducing the momentum vector m*(x) = pu(x, kAt) and the pressure variable p*
by p(x, kAt) = p(1 + 3e?pF(x)), we define p**! and m*+! based on a semi-implicit
discretization of (7)
pk%—l . pk . —A_l;rdlv mk+1
3pe? (20)
m* = mF — At(divOF + pvpkth)



Inserting m*+1 into the pressure equation yields a Helmholtz problem
3N pyr_ Lo ool 36y
(A - ZEE) Pt = AL divm® — div dlv—p;@ = xgP (21)

We remark that the discretization of the second order operators A and div div is
automatically given by a composition of the discretizations (16), (17) and (18). As
time discretization of (8), we choose

2At At At m® m) !
k+l _ ok 481 k+1y , Bt 4 - Al k+1
C] = 7 Sm* ] + 3 Q 7 (@ (-——p ) (22)

Finally, equation (9) is treated according to
At O 2013\° At At
k+1 ko ; 22 12y k+1 k+1
T =9 €2 div (2@12 @11) 6 Vs 2rd

k1 ok 44t divgtt! - At k1

ST =gt
€2 e2r

which again leads to an elliptic problem (with « = 7/At)

- 472¢? A) g5+ = e2a S dreta .
6(1 + €2a)? 1+ € (1 + e2a)?

472 . R @22 2@12 k
+ (1 + €2a)? div div (2@12 O11

The elliptic problems for p and s, which result from the semi-implicit treatment, can
be solved by an iterative procedure. The remaining equations for m, ® and q are
explicit.

4 The discretization of the incompressible Navier-Stokes
equations

The discretization of the moment system described in the last section tends, as
e — 0, to a Chorin type projection method for the incompressible Navier-Stokes
equations. Since p — p in that limit, we have m = pu — pu and the momentum
equation in (20) yields

aF = ok — Atdiv 208 - AfVpHH, (23)
p
The Helmholtz equation (21) for the pressure turns into

1
Apktt = Zl“t divu® — div div 5@’“ (24)

10



Both (23) and (24) are combined with the limit of (22)
}:@Hl N W S %{S[ukﬂl (25)
p

For (23), this implies

At

. . . 2
uf = uf — Atdive® @ uf = AtVpEt 4 —%*- div S[uk]- (26)

By construction, each differential operator in (26) is composed of derivatives from
the original moment system for which we have derived the discretizations (16), (17)
and (18). If Dy, D, denote the approximations in (16) and Dy, Dy those in (17), we
find for the pressure gradient and the convective term in (26)

l?lu% + D2U1U2> ' (27)

5 Dip : Sk ook
= - } D == o,
Vp <+ Gp ( ) , divua®@u ¢ Du"®@u Dy + Dol

Dyp

The viscous term is of the form

2Df‘u1 + f)%ul + Dnguz\) : (28)

. Tu= [0 2 S
2div S[u] & Lu (DlDzm + D2uy + 2D3uy

Under discrete divergence-free condition, Du = 0, a reorganization yields

(213%“1 + Djuy + D2D1u2> o (D‘f*ul + D}y

D%U‘Z + D%’u.g

: 3 . D1 Dy, Dy Dy
Dy Douy + D¥uy + 2D3uy )+[ i tie

where [, -] denotes the commutator. Since both Dy Dy and Dy Dy are second order
accurate approximations of the mixed derivative 0y, Jy,, the commutator vanishes
in the order of accuracy of the method

[le)g,DJ)g] u = O(h?).

Thus, L is a second order approximation of the Laplacian. Finally, divu® and the
Laplacian in (24) turn out to be discretized by
divu & Du = Dlu-l_ + DQUQ,
Ap < Lp=DGp = (Df -+ D%) p.

According to (25), the double divergence in (24) splits into two contributions. The
convective part div divu ® u is discretized by DDu ® u where Du ® u is given in
(27). Similarly, the part involving third order derivatives DDS[u]. Altogether, the
discrete versions of (24) and (26) can be written as

- 1 - o T s
K+l o b oAk kook | T k
Lp*Th = :AtDu DDu” @u” + 3DLu

and

. . N . % At »
utt = uf — AtDhu* @ u* - AtGp*tt 4 ey

&

which is a Chorin-type projection method with spatial discretization induced by the
lattice Boltzmann approach.

11



5 Boundary conditions and remarks on alternating er-
rors

In this section appropriate boundary conditions for our method are introduced and
oscillating pressure error terms are discussed. The following investigations are mo-
tivated by the detailed analysis of finite difference schemes for the incompressible
Navier-Stokes equations in [26].

In Chorin’s method [7], the pressure is only first order accurate (with respect to
the spatial discretization parameter h) despite the fact that all finite difference
approximations are second order consistent. As shown in [26], this behavior results
from an interaction of the discretized viscous term in the Navier-Stokes equations
and the pressure Poisson equation. More precisely, the wide stencil for the Laplacian
in the pressure equation essentially decouples the problem into two Poisson problems
on separate sub-grids. Since the sub-problems are subject to boundary conditions
which differ at third order, alternating errors at third order are introduced (i.e.,
error terms are present on one sub-grid and absent on the other). If the Laplacian
in the viscous term is discretized with the standard five-point stencil, as in Chorin’s
method, the application to an alternating function yields contributions of order
1/h%. In this way, the third order oscillating error is brought down to first order.
To avoid this phenomenon, several approaches have been proposed and some of
them are analyzed in [26]. In the lattice Boltzmann induced discretization of the
Navier-Stokes equations described in Section 4, the accuracy of the pressure remains
second order. In contrast to the methods investigated in [26], an amplification of the
alternating error at third order is avoided due to the wide stencil L for the Laplacian
in the viscous term.

To explain the basic principles which lead to the alternating error terms in Chorin’s
method, we consider the Stokes equation in a periodic channel as a model problem.
The extension of the boundary treatment to the new discretization will then be
straight forward.

By neglecting the nonlinear terms in the Navier-Stokes equations, we obtain the
Stokes equation

Jru+ Vp =vAu

. . (29)
divu=0 1inQ, uf,g = W

As in [26], we choose © = (0, 1) x (0, 1) with no-slip conditions u = 0 on the top and
bottom boundaries and periodic conditions in horizontal direction. The pressure p
is determined by the constraint divu = 0, i.e. p has to be chosen in such a way that
the gradient part of the vector field

a=rvAu
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is exactly compensated. Following the notation in [26], the divergence free projection
of a is given by

Pa=a-Vq
where ¢ solves the Neumann-Poisson problem
¥ a X
Ag = diva in £, Y n.a ondn
on

with a normalization condition [, gdz = 0. To get a discrete representation of the
projection operator, we introduce discretizations G and D of the gradient and the
divergence. Then, the discrete divergence-free part Pra of a is obtained by solving

DGq = Da (30)
with suitably discretized Neumann and normalization conditions. Indeed, setting
Pra=a—-Gq
we find, by construction, DPpa = 0.

In Chorin’s method, G and D are based on standard central difference approxi-
mations on the regular square grid Q) = {z;; = (th,jh) : 4,7 = 0,..., N} where
h=1/N. With

1
0
-1

1

1
Dy=—[-1 0 1] and Dy = 57

2h

the discrete gradient acting on a scalar function ¢ is given by

qu)') 1 <q> 1j = Gi-1j

G R ( 1) — +1,7 ¢ 5] .

(G9)is ((DQQ)ij 2h \Gij+1 = gij-1

The weight in the center of the stencil always refers to the point where the stencil
y

is applied.) At points z;; well inside the domain (2 < j < N = 2), the divergence D
acts on a vector field u according to

Du = Dyuy + Dyus.

The iterated operator L = DG appearing in (30) is then the wide Laplacian

1
. 0
L=— - . :
GE |t 0 401 (31)
0
1



At points z;; next to the boundary (j = 1 or j = N — 1), the original operator Ds
is, according to Chorin’s approach, replaced by
hk 1
iV =_— o and DMV == |0

2h |y 2 |

For the velocity field u, the discrete operator
(DDu)ij = (Drw)y + (D ua)yj g € {L,N -1}

still approximates the divergence since u = 0 on the boundary so that (D(j)u)ij =
(Du);;. However,

1
) 0

LW =pWg=D D +DMDy=—-1[1 0 =3 0 1
4h2 0
0

now has the interpretation as a discrete Laplacian with an incorporated boundary
condition. Indeed, (L(V)q);; = (DM a);; can be rewritten in terms of the undisturbed
operators (Lq);; = (Da);; together with the condition

(D29)i0 = (a2)io

which is a second order accurate approximation of the Neumann boundary condition
%’; = a - n at the lower boundary. (Similar considerations apply to the upper
boundary.)

Finally, in boundary points, the z1-derivative of the divergence is deleted completely

(DY) = 0 for j € {0,N}) and the zy-derivative is obtained from the half-sided
difference

=1
1 4
D2,hs = —2—5 *—3 (32)
0
0

by deleting the central weight. The equation (L(@q); = (D®a);p based on the
iterated operator

L = pO®¢g = pOp, + D' D,

can again be interpreted as (Lq);o = (Da); but now with the boundary condition

h
(BDayq — Bag)ip = E,)“(Dlqu — Dia1)ip-

14



Here, B is the linear interpolation operator

1

QI o=

=1+ 0(h%) (33)

o= oo |

so that B(Daq — ag) also approximates the Neumann condition.

Before we apply the construction of the boundary stencils to the discretization in-
duced by the lattice Boltzmann method, let us briefly comment on the mechanism
which introduces alternating errors (see also [26]). An important observation is that
the wide Laplacian (31) involves either even layers (j = 0,2,...,N), or odd layers
(7 =1,3,...,N —1) but does not mix in between them (we assume for simplicity
that NV is even). Since the boundary stencils L(!) and L(N=1) respect this separation,
the Poisson problem on the odd sub-grid decouples completely. (Here, we assume for
simplicity that the integral normalization is discretized separately on each sub-grid.
Moreover, the accuracy of the integration rule is assumed to be at least fourth order
which again simplifies the argument.) To analyze the solution of

(Lgoaa — Da)ij =0 j=13,...,N-1
(Dagodd — a2)ij =0 Jje{1,N -1}

with the discretized integral normalization, we assume an expansion of the form

(34)

Godd = ql + hally + h2q( + b3y + o). (35)

Inserting (35) into (34), performing a Taylor expansion and considering equal orders
in h, we find equations satisfied by the coefficients. In lowest order, the original
problem

g

T2

Aq? = diva, =agy on 09, / ¢ dz =0 (36)
Q

is recovered. Due to the second order accuracy of the stencils in (34), the equations
(1) 3, . o w6 ; :
for g,4q and ¢4y are homogeneous so that q.44 = q5qq = 0 because of unique

solvability. In second order; we find qéd)d as solution of

Ag® :£<§:El+ 03@) 1 (64 +‘(‘9“42) 40

6\ oz ' 9z3 ) 3\azt " ar
dg® ; agq(‘” 2 T e
= e 108 2) gz = 0.
2 6 0a3 MO /g ¢
Altogether, we obtain the expansion
Godd = dogy + a5y + O(hY). (38)




In the next step we can solve the problem on the even sub-grid which uses ¢,qq in
the boundary conditions

(Lgeven — Da)ij =0 7=0,2,...,N

1
§ (DZQeven - aQ)i,—l + 3(DQQeven - a2)i,1 (39)

1
3

(a corresponding condition applies on the upper boundary). The coefficients in

h
(D2godd — a2)i2 + —3"(D1D1qeven — Diya1)ip

Qeven = Qeggzén + hqg\lrzan + hQQe(:%%n + hgqg?n)en + 0("'4)'
are determined with the same procedure as above. It turns out that qé?,%n = q(()g)d is
the solution of (36) and q&zn solves

gV 1 (620 Ha
L g _ifoqa” oa /(1) =
Aq 0, B 1 ( P . on 012, Qq dr = 0.

In general, the solution to this problem is non-trivial. However, if a = vAu and
¢ = p are related to a smooth solution of the Stokes equation, a compatibility
condition assures that 82q(0)/6:1:% = Qai/0z; so that, in fact, qé\l,zm = 0 (basically,
the Stokes equation implies Vp = vAu on the boundary so that the compatibility
relation follows by applying an additional zi-derivative).

For the coeflicient qg,ln, we recover equation (37) with boundary condition

0 q((e\%()an . aq((fj)d

(91:2 - 61:2
so that also q£32m = qc%)d. Only in third order, we observe a difference between the

solutions on the odd and even sub-grids. While q(()z)d = 0, the coeflicient qum solves

Ag® =0, /Q ¢® dz =0,

dq'3) 1 [0%9 9y 1 {8%2¢® 18%O 50
Oxo 12 oz} - oz 4 o3 +6 81:% on gR%

Combining the solutions on the sub-grids we find the expansion

gis = a0 + B2 + bl + (1IR3 + O(ht)

where ¢, ¢(? solve (36) and (37) and

, 1
+¢8),  §® = 2 (g8~ ¢

1
¢ = 3 (gt + doda 5 (95tn ~ doa

(3)
2 evi

en
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In the case of Stokes (or Navier-Stokes) equation, the Poisson problem is coupled
with the evolution equation for the velocity field u, giving rise to a similar expansion

uy =ul) +h2u?) + hPul? + (-1l + o(h?). (40)
The input a to the Poisson problem is given by vAu where, in Chorin’s method,
the Laplacian is discretized with the usual five-point stencil. Applying this stencil
to (40), the term (—1)7 h3ﬁ§3) yields the alternating contribution

-1
(=17 {h|1 =4 1{a®
~1 -
4]
Since
w1 . ;
L0 02
hil —4 1| =-4dh+h |- =) +0Om
= 1 (g7~ amg) + 00

the source term a in the Poisson equation contains an alternating, first order con-
tribution so that the problem for ¢(!) now has a non-trivial alternating source. This
implies that the approximate pressure p in the Stokes problem is only first order
accurate with an alternating error. (For a more detailed analysis, we refer again to

[26].)

Let us now define boundary stencils for the new discretization derived in Section 4.
The discrete gradient G is always given by Dy, Dy defined in (16). The divergence
D is also composed of these stencils for points inside the domain (j = 2,..., N — 2).
The corresponding Laplacian has the form

1 4 8 4 1
| ~8 4
L=DG=— |8 -8 —36 -8 8 (41)
4 -8 4
1 4 8 4 1

At points next to the boundary, we modify Dy and D5 by deleting boundary weights
giving rise to DY) and LU) = DU@G for j = 1, N = 1. On the boundary itself, we
replace D; by zero (as in Chorin’s method) and choose half-sided differences for Ds.
Although these half-sided stencils do not follow directly from the lattice Boltzmann
approach, there is a natural choice based on the observation that Dy can be written
as convex combination of central differences

Dy=CDy  with C= -

ﬂ141y
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As in Chorin’s method, where D, is replaced by Dgo) (a second order, half-sided
approximation with deleted central weight) we set

=1 -4 -1

o _gpo_ L[ D
0
0

A similar choice at the upper boundary yields DéN) and finally gives rise to L() =
DG for j =0, N.

In contrast to the wide Laplacian (31), the stencil (41) does not decouple odd and
even sub-grids. However, the coupling is not very strong which can be seen if L is
applied to a function which is constant in z, direction. Then, the stencil has the same
effect as (31) leading to the decoupling known from Chorin’s method. Rewriting the
boundary stencils in terms of the interior discretization, we again find two different
realizations of the Neumann boundary condition (which is an important structural
feature for the occurrence of alternating terms). At the lower boundary, we have

e B
[O(qu —ag) — §(D1D1q - D101)] =0
i0

* oh . -
[B(qu ~ ag) (D1D1g — Dla1)] =0

3 30

where B is defined in (33). If the compatibility condition 6%q/8z% = da;/dz; is
satisfied, both conditions differ only in third order, exactly as in the case of Chorin’s
method.

The fundamental difference compared to Chorin’s approach is the structure of the
Laplacian L (28) which is used to discretize the viscosity term vAu. We neglect
second order terms in the definition of L and consider

S D2u1 + D2u1
Lu=|{:} 2 .
v (D%U,Q + D%'U,Q

Granting that u has an expansion as in (40), the Laplacian L does not amplify the
alternating term as the standard five-point stencil. In fact, applying L to h3Aa(®)
(where A is an alternating function with A;; = (=1)7) leads to an alternating term
of the same order

i e

Riaa® = p3a |90 T Er + O(h®).
Al
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In contrast to the five-point Laplacian, the wide stencil L requires a special treatment
at points next to the boundary. As for the boundary divergence, we consider the
participating stencils as convex combinations of usual central differences which are
replaced by half-sided approximations if necessary. For example, Dy defined in (17)
can be written as Dy = CD, with C = }[1 0 1]. Close to the boundary, we
replace Dy by Ds j, defined in (32). Altogether, we set

S DiDyu +ﬁgéDgh Uy .
L(J)u"=<~1 LT 2 Y 2hs , e {l,N —1}.
( )i D1 Dyuy + DyC Dy sty ij JEd J

This modified stencil now again amplifies an alternating term but only by one order

n ) 4 0
LA = - —aB) 4 01).
h a.’L‘g ( )
Consequently, a second order alternating contribution appears in the calculated
pressure and adds to the second order error already present giving rise to a second
order accurate scheme. (The amplification can even be avoided altogether by using
D; py based on twice the grid size. Then, the approximate second zy-derivative

operates only on the even sub-grid and thus is unaffected by alternating terms.)

Motivated by the analysis of the lattice Boltzmann induced discretization, we can
set up other schemes with a similar behavior but with simpler stencils. We just use
the feature of a wide Laplacian in the discretization of »vAu to avoid amplifications
of high order alternating terms. For example, to simplify the numerical effort, one
may use, instead of L, the stencil L - with appropriate boundary modifications -
to approximate the viscous term. Another possibility is to use the wide five point
stencil (31). As with the LB-induced discretization, h3A4(® is not amplified inside
the domain and at most by one order next to the boundary so that second order
schemes in velocity and pressure are obtained.

6 Numerical investigations

Our numerical test problem is taken from [26]. The periodic channel problem (29)
is initialized with the velocity field

ur(wy, 29) = 62o(1 = @y) + 16(2xy — 623 + 423) sin(2rz1) /27,
up (w1, T2) = —16(22 — 223 + 23) cos(2nz1)

which relaxes to plane Poiseuille flow for ¢ — oo. Errors due to time integration
are kept small by using very small time steps. The results obtained with Chorin’s
method and the LB-induced discretization are presented at ¢ = 1. As mentioned at
the end of the previous section, we consider a simplification of the method described
above, using the stencil defined by (31) instead of L. (With L instead of L, the same
behavior is observed.) The orders of convergence of the pressure for the different
methods are given in the following table:
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N Chorin
16 | 1.2321

32 | 0.5694 (1.11)
64 | 0.2703 (1.07)
128 | 0.1311 (1.04)

LB-based
0.2473
0.0650 (1.93)
0.0158 (2.04)
0.0031 (2.34)

Chorin (filtered)
0.6655
0.1604 (2.05)
0.0359 (2.16)
0.0065 (2.47)

Table 1: Absolute pressure errors (¥1073) (and estimated convergence rates)

First order convergence for the pressure is found with Chorin’s method in contrast
to the second order convergence with the lattice Boltzmann based method. This is
in accordance with the analytical considerations, since wide Laplacians are used to
discretize the viscous terms in the velocity equation. We mention that second order
convergence for the pressure can also be obtained with Chorin’s method if filtering of
the pressure is used, see [26]. However, filtering introduces additional errors so that
Chorin’s scheme including filtering shows a larger error than the LB type method.

The convergence of velocity is second order in both cases, as shown in table 2.

N Chorin LB-based
16 | 0.8561 3.6406
32 | 0.2141 (2.00) | 0.9249 (1.98)
64 | 0.0582 (1.88) | 0.2215 (2.06)
128 | 0.0125 (2.21) | 0.0444 (2.32)
Table 2: Absolute velocity errors (x1073) (and estimated convergence rates)

Here, the absolute errors of the LB method exceed those of Chorin’s method by a
factor four. This loss of resolution is due to the fact that a wide stencil of size 2h
is used to approximate the viscous term instead of a usual five-point stencil as in
Chorin’s method.

7 Conclusions

Starting from a Lattice Boltzmann type discrete velocity model with the diffusion
scaling, a relaxation system for an equivalent set of velocity moments is derived.
A simple upwind discretization of the kinetic equation, similar to the one used in
the original Lattice Boltzmann scheme, gives rise to a spatial discretization of the
moment system. A semi-implicit time discretization which respects the stiffness of
the problem then leads to a Chorin-type projection method for the incompressible
Navier-Stokes equations as limiting system. In contrast to Chorin’s original method,
second order convergence of the pressure is observed. This improvement is related
to the use of wide stencils in the velocity equation. On the other hand, wide stencils
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reduce resolution so that absolute errors in velocity are larger compared to Chorin’s
method although both schemes are second order accurate in velocity. The analytical
results are based on an analysis of alternating error terms and are supported by
numerical investigations.
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