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Abstract.

As shown by Krasnosel'skii, the classical Preisach model
allows to construct a hysteresis operator W between spaces of
real functions of time. This construction, via the definition
of a measure pu in the so-called Preisach plane, is recalled.
Characterizations in terms of p are given for several mapping
and continuity properties of W in various function spaces, for
the invertibility of W and for the corresponding mapping and
continuity properties of the inverse.



§ 1 Introduction

The mathematical investigation of hysteresis models is still
largely open, except for the rather special case of
plasticity, despite of their obvious importance in applica-
tions. However, a remarkable effort in this direction is to be
acknowledged to the Soviet school, cf. the monograph [6]; and
interest in this subject has been spreading also among western
mathematicians in the last few years.

It was already in 1935 that the physicist Preisach proposed in
[9] a mathematical model for representing ferromagnetic
hysteresis; this then became popular among scientists and
engineers [2,3,7,8,12], and was also used for modeling other
hysteresis phenomena. In fact, this model has an appealing
geometrical interprétation, which also allows to perform
efficient numerical computations. Actually it can be regarded
as the most satiéfactory’ mathematical model of hysteresis
currently available.

The key idea of the Preisach model, also known as the
independent domain model, consists in representing a general
hysteresis loop by "adding"™ several elementary rectangular
loops. Following Krasnosel'skii and Pokrovskii, compare e.g.
[5,6], this construction is formalized here by defining a
hysteresis operator acting between spaces of time—dependent
functions, which correspond to the input and the output of a
system with hysteresis. The formulation is presented in
section 2, where the baéic definitions of - elementary
hysteresis opera“tor (or “"delay") wp, of the Preisach plane P
and of the Preisach operator W are introduced. The latter is
obtained by integrating the elementary operators w, with
respect to a measure u defined in P.

The main aim of the present paper is to investigate the
relationship between the propertiés of the measure u and those
of the corresponding operator W. In an effort to make our
presentation as complete and self-contained as possible, also
some results of [5,6,11] are reported here (with or without
proof), aside several original ones:; this shall be pointed out
at each occurrence.

In section 2 the construction of the operator W is recalled
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and a characterization of the case in which it operates in
CO([0,T]), 0<T<«~, is given. In section 3 it is proved that
under the only condition that W operates in c°([0,T]), it is
also continuous with respect to the uniform topology of
CO([0,T]). This result was already stated in [6] and
independently stated and proved in [11]. Our present argument
is different from that of [11]; it is based on the analytical
representation and treatment of the curve B(t), which in the
Preisach plane separates the two phases characterized by Wp=-1
and Ww,=1 respectively. We also analyze in detail the
properties of B(t), which have an interest in themselves and

can also be exploited in the numerical approximation, cf.

.[10].

In sectionv4 the cases in which W‘is uniformly continuous or
even Lipschitz continuous in ¢€°([0,T]) are characterized in
terms of the corresponding measure u; these results are
already included in [6)], the second one 'without proof.
Furthermore, necessary and sufficient conditions on i are
given for W to operate and have weak continuity properties in
the Holder spaces CO/A([0,T]) with 0<axél, in the Sobolev
spaces W1/P(0,T) with 1ép<e, and in c9([0,T]) ~ BV(0,T), where
BV denotes the space of functions with bounded variation.
In section 5 the case in which W is invertible is
characterized in terms of u; it also turns out that W is
one-to-one if and only if it is onto. Finally, necessary and
sufficient conditions on p are given for W™l to operate and to
be weak star continuous in the spaces C©9/*([0,T]), wl.P(0,T)
and C€°([0,T]) ~ BV(0,T), as well as to be Lipschitz continuous
in ¢c9([o0,T]).
In section 6 we extend W to functions which depend also on
space, not only on time. If 0 < BN is a Euclidean domain and
u = u(y,t) is a carathéodory function, we set

(R(u)l(y,t) = [W(u(y,-))](t)
and extend the mapping and continuity properties of W and its
inverse to corresponding properties of W and its inverse in
spaces of vector valued functions such as
co(n;co(lo,T1)), Wr/P(0;CcO([0,T]1)), LP(0;cO/2([0,T])),
LP(a;wl/P(0,T)) and LP(0;CO([0,T]) ~ BV(0,T)).



These results do not exhaust the properties of the Preisach
operator. For instance a question, which is not considered
here, is how W changes as u changes in the space of measures
on the Preisach plane. This question arises if one wants to
identify the measure p, which is of interest in applications.
Some results concerning the identification problem can be
found in [1,4], but several questions are still open.

The Preisach model is also well-behaved for coupling with
various partial differential equations, cf. [11], and this
looks as an interesting area of research.



I

Lt ]

§ 2 The Preisach hysteresis operator

An elementary hysteresis operator formalizes the input-output-
behaviour of the rectangular loop as depicted in figure 2.1,
with switching thresholds Py and Py-

lry

1

—_—— e ————

Figure 2.1

Definition 2.1
The Preisach (half-) plane P is defined by

P=d((p, p,) ¢ h2 t p. £ p.
172 1 2

For any p ¢ int(P) = ¢(p ¢ P: Py < Py} the elementary
hysteresis operator W, maps an Xx ¢ c [0,T]) and an 3 = -1 or
1 to a function

yp = wp(xl'ﬂ) : [OIT] 2 {-1,1%,

defined in the following way:
-1, if x(0) £ Py
Y,(0) =3 n, if p, < x(0) < p,
1, if x(0) a Py

For t x 0, we set

At =47 : 0 41T £ t, x(1) =

and define

Py ©OT xX(T) = p2>

Y, (0) , if AL =0
yp(O) = {=1 , if A_ = 0 and x(max At) =,
1 , i1f A_ = 0 and x(max At) = Py



Note that Y, is well defined and depends measurably upon t, p

and 1. a

We state the main properties of the elementary hysteresis

operators wp.

Proposition 2.2

Let p ¢ int(P). Then wp has the following properties for all
arguments in their respective domains:

(1) Causality: If X, = X, in [0,t], then
’ [wp(xl,n)](t) = [wp(xz,n)](t).

(ii) Rate independence: If s: [0,T] » [0,T] is a monotone
homeomorphism, then

[w,(x, M1 () = [ (x o s, mI(s(t)).

(iii) Transition or semigroup property: If t, ¢ t;, then
[wp(xln)] (tz) = [WP(X(t1+‘ ) ’ [WP(X,T])] (tl))](tz-tl) hd

(iv) Piecewise monotonicity: If x is either non~increasing
or non-decreasing in some interval I ¢ [0,T], then so
is wp(x,n) in the same interval I.

(v) Order preservation: If x, < x

1 2
then

in [0,t] and n, ¢ “2'

[w,(x;,0)1(£) £ [w, (x,,1,)] ().

(vi) BV-regqularization: The function wp(x,n) is piecewise
constant, and

2T

— < 42
U(xlpz-pl) !

Var[wp(x,n)] £
where for any x ¢ €°([0,T]) and any h>0 we set

w(x,h) = suptr ¢ R: ltl-tzn £ r => |x(t1)-x(t2)|4h).

(vii) Boundedness in BV: If x c’CO([O,T]) ~ BV(0,T), then

2
Pa=Py

Var[wp(x,n)] £ Var[x] + 2
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Proof: Properties (i) - (v) follow immediately from definition
2.1. The last two properties are consequences of the following
facts: First, if the function wp(x,n) has a jump at t>0, the
next jump occurs only after x has gone from Py to p, Or con-
versely; second, the number of such oscillations of x between
Py and Py is finite, as x is uniformly continuous.

We remark that, for any reasonable choice of function spaces X
and Y, the elementary hysteresis operator W, X » Y is dis-
continuous. Also, for ease of exposition we so far excluded
the case Py = Py i.e. a switch without memory. We will return
to this point at the end of this section.

We now introduce the Preisach hysteresis operator.

Definition 2.3

Let p be a finite Borel measure on int(P), let S denote the
set of all Borel measurable mappings on int(P) with values in
{-1,1). Then the Preisach operator W maps any x ¢ Co([O,T])

and any n ¢ S to the function W(x,n) : {0,T] » B defined by
[(W(x,n)]l(t) = J [WP(X,n(P))](t) au(p).
int(pP)

Note that the argument in the integral above is Borel measur-
able.

We can immediately extend the basic properties of wp in

proposition 2.2 to the Preisach operator.

Proposition 2.4

Let y be a finite Borel measure on int(P). If we replace v,

by W in 2.2, then the properties of causality and rate inde-
pendence and, if u=0, also of piecewise monotonicity and order
preservation remain true. The semigroup property has to be
modified in the following way:

(iii') If t1 < t2 and 1 ¢ S, then
[W(X,ﬂ)](tz) = [W(X(t1+'),ﬂ1](t2-t1),
where n, ¢ S is given by nl(p) = [wp(x,n(p))](tl).



The BV-properties are, if 1ux1 denotes the variation of u:

(vi') BV-regularization: For any x e Co([o,T]), if
1

Ly(x) = Ty s

1 int(p) Y(X/Py=Py)

then W(x,n) ¢ BV(0,T) for all n ¢ S, and

Var[W(x,n)] £ 2L1(x)-T + 21l (int P).

daipl(p) < =,

(vii') Boundedness in BV: If

F2 int{P) Pa=Py
then W(-,n) maps C°([0,T]) ~ BV(0,T) into BV(0,T) for
all »n ¢ S, and '
vVar[w(x,n)] £ 2L1Var[x] + 2141 (int P).

diul(p) < =,

Proof: This is immediate from proposition 2.2 and definition
2.3. |

The next theorem asserts that the output function W(x,n) is
continuous if and only if the measure p of each horizontal
and vertical line is zero.

Theorem 2.5

Let g be a finite Borel measure on int(P). Then W(-,n) maps
c®(10,T1) into c®([0,T]) for any n ¢ S if and only if

bl (L{r,1)) = 0
for any r ¢ B and i ¢ (1,2}, where

L(r,i) = {(p e P: pi=Tr}.
Proof: We shali just prove the "if"-part, the converse being
obvious. Let us fix any £ ¢ [0,T]. For any p ¢ P such that

Py ™ x(€) and Py * x(€), there exists a »:x0 such that

Py
on g,

*» x(t) and Py, = x(t) if 1t-€1 £ ». Hence, by the assumption

lim [w _(x,7)] = [w_(x,%)] (%) 4 - a.e. in P,
t-f P P

therefore
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lim [W(x,n)](t) = [W(x,n)] (E)
t-t

by Lebesgue's dominated convergence theorem, since prl £ 1
and p is finite.

We now present an extremely useful geometric interpretation,
which in fact dates back to the origin of the Preisach model
and has accompanied it ever since. '
Let us fix any (x,n) e c®(10,T]1) x S and set

y,(v) = [wp(x,n(P))](t)-

For any t ¢ [0,T], define

At (t) = 1p ¢ int(p): y,(t) = 13
A (t) = {p ¢ int(P): y,(t) = -1,

Now, from figure 2.1 and the definition of wp it is apparent
how the sets A+(t) and A (t) change in time: As x increases
in time, the boundary of A+(t) moves upwards; as x decreases
in time, the boundary of A (t) moves to the left, compare
figure 2.2.

wh
o, o
///ﬂ .
(x(t) ,x(t))
(x(t) ,x(t))
—d ;
°f
0y =0,
Figure 2.2

Moreover, for any p,p' e int(P), if the following
property holds at the initial time t=0, then it holds for all
t>0:
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if p e A+(t) and p'<4p, then p' e A+(t);

if p e AT(t) and p<p', then p' ¢ AT(t);
here p=p' means plépi and pzépé.
Thus, the boundary

B(t) = sat(t) ~ aa”(t)

is a maximal antimonotone graph, which intersects the main
diagonal P1=P, at the point (x(t),x(t)), see figure 2.3. At
any t, B(t) determines the function p - [wp(X,n(P))](t), hence
also [W(x,n)] (t). Thus, B(t) represents the state of the
system at time t; it can also be viewed as the memory of the
system at time t.

A
p2 _
A (t
B(t) (t)

(X(t) lX(t))

At (v

h 4

Figure 2.3

As x evolves in time, new arcs appearing in B(t) must be
parallel to the axes Py and P, by the construction just given;
any portion of B(t) with a different shape must have been
present in the initial.configuration B(0) determined by 7 and
Xx(0). In the case of a virgin ferromagnetic material, namely
of a system which never experienced magnetization,

B(0) = {p e P: p, = -p, _
It is not difficult to imagine how the Preisach model gener-

‘.

ates continuous hysteresis loops in the input-output-plane.
Let us consider a periodic input x ¢ C°([0,T]) oscillating

between two values x.4x this corresponds to a periodic move-

14%27
ment of B(t) within the triangle A(xl,xz) with vertices
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(xl,xl), (xl,xz) and (xz,xz) in the Preisach plane. The out-
put W(x,n) therefore also is periodic with the same period,
and the area of the loop bounded by the pair
(x(t),[W(x,n)l1(t)), i.e. the resulting hysteresis loop, is
equal to
A(xillxz)(p2 Pq) Qu(r) -

We want_to’close this section with a remark concerning the
main diagonal P1=Pos the boundary of P. If we consider a
measure u concentrated along the main diagonal, being zero at
every single point (which in this case is equivalent to the
condition in theorem 2.5), then the geometric interpretation
yields

[W(x,n)](t) = p({(r,r): rex(t)y = p(i(xr,r): rax(t)?).
This means that the hysteresis operator W degenerates into
a superposition operator. That is only natural since the
main diagonal does not represent memory. On the other hand, an
arbitrary finite Borel measure u on P can be written as
mo= potu,, where Ko is concentrated on int(P) and u, on the
main diagonal; the corresponding Preisach operator is the sum
of a superposition operator and an operator as defined in 2.3.
These considerations also prove:

Corollary 2.6

Let ¢ be a finite Borel measure on P. Then the assertions of
theorem 2.5 hold.
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§ 3 Continuity of the Preisach operator in COLLO,T])

One aim of this section is to prove the following theorem.

Theorem 3.1

Let u be a finite Borel measure on the Preisach plane P. If
Ipt (L) = 0 for every L ¢ P which is a horizontal or vertical
straight line, then the Preisach operator W maps C°([0,T])

into C°([0,T]) and is continous with respect to the uniform
topology.

From theorem 2.5 and corollary 2.6 we see that theorem 3.1
actually characterizes the strong continuity of

W: Co([O,T]) - C°([0,T]). We note as an immediate corollary of
theorem 3.1 and corollary 2.6 a result which is well known for
the special case of superposition operators as well as for
certain integral operators in various function spaces.

Corollary 3.2

The Preisach operator W is strongly continuous on C°([0,T]) if
and only if it maps C°([0,T]) into itself.

Theorem 3.1 has been stated already in [5,6] and proved in
[11] . The considerations of [5,6,11] rest on the geometric
interpretation described in section 2, whereas the bouhdary
‘curve B(t) separating the "+"-region and the "-"-region in the
Preisach plane represents the state of the system. One there-
fore is induced to study the evolution of B(t) in time. ‘_

We now propose - and this is the second aim of this section -
to decompose the Preisach operator W into an input-state map F
and a state-output map E, and actually to use this as an
alternative definition of W (compare the discussion at the end
of this section). It then turns out that F is Lipschitz
continuous, whereas the properties of E obviously depend upon
the measure pu; in particular, E may be smooth. This is
obtained rather directly. The main goal of this section is to
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analyze the operator F, i.e. the time evolution of the
boundary curve B(t), in more detail in order to prove some
of the characterizations given later as well as theorem 3.1.
To give an analytical representation of the curve B(t), it
seems convenient to change to the coordinates
Pa™hy _ P2thy

2 ¢+ VYETz
which are, in fact, the coordinates originaliy used by

u =

Preisach [9], see also [6]. A given boundary curve will be
written as v = ¥(u), where v ¢ t for some set ¥; later we will
write v = ¥(t)u to include evolution in time, so that

v: [0,T] - Y. '

Definition 3.3
Let

{¥: ¥ e C°([0,o)), ¥ vanishes at +=}
*1 tb: ¥ ¥, ¥ has bounded support and is Lipschitz

continuous with Lipschitz constant <41}

&>
i

{¥: ¥ e *o' and there exists ‘uk’keN such that

a0, 1lim u,.=0, u <u, if u,.x0,

Uk X k+1“Yk k
wn[ul,-) = 0, ¢|[uk+1,uk] is a straight line of
slope either +1 or -1:.

Let 4_ and d1 p denote the distances corresponding to the

’
norms

PN _ = max ty(u)l
ua0
¥ = v PYYP 1 4p oz oa,
1,0~

For o,¥ ¢ *o’ we say as usual that e¢<v if ¢ (u) € ¥(u) for all
um0. We define that e¢<y, if ¢<4¥ and ¢(0) < ¥(0).

Obviously, ¥ « ¥, ¢ ¥,. It will turn out that ¥ is the set of
reachable internal states, if we fix w°=o. We will use A2
since it is simpler to deal with. At last, L is defined in
order that (Wo,n-uﬂ) is a separable Banach space which

contains everything of interest.
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We will obtain the time evolution F of the internal state by
a completion argument, analogous to the definition of a
hysteron of first kind in [6]. First, we give an analytical
representation of the motion of the straight lines which form
the boundary curve.

Definition 3.4

Define G: R «x t, » ¥, by
G(x,¥) (u) = min{x+u,maxix-u,v(u)r.
This means that one projects graph(¥) in the v-direction onto
the cone
Ko(x) = {(u,Vv): x-u £ v £ x+uys,
see figure 3.1.

K (x)
O
G(x,V¥) ]

V,G(x, %)
¥ (0)

v

‘\\\ u

Figure 3.1

Comparing with the geometrical interpretation of the Preisach
model in section 2, one easily is convinced that G(x(t),?o)
gives the correct internal state at time t for an initial
state ¢°, if x e C°([0,T]) is monotone. |

We state some properties of the mapping G.

Lemma 3.5 ‘
(i) We have G: R x t, > t,, G: R« ¥ - ¥,
(ii) G(x,,G(x,,¥)) = G(x,,¥)
for all x,,X, ¢ R, v e ¥, with ¥(0) € x, éx, or
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¥Y(0) » xX. = X_.

1l 2
. P .
(iii) If Xy £ X, and wl £ wz, then G(xl,wl) £ G(xz,wz),
if X, € X, and wl < ¥or then G(xl,wl) £ G(xz,wz):
this holds for all X5 0%, ¢ B and all wl,wz e ?o.
(iv) G(x,¥)(0) = x for all x ¢ R, v ¢ Y-
(v) ‘ G(v(0),¥) = ¥ “for all ¥ e ?1.
i - P4 - -
(vi) uG(xl,vl) G(xz,wz)uw < max{lx1 le,uwl w2u~>
for all X)X, ¢ B and all wl,wz e Yo.
Proof: The justification of (i) - (v) is straightforward. To

prove (vi) we observe that for all ua0
IG(xl,wl)(u)-G(xz,wz)(u)| =

= |min{(x. +u,max{x -u,wl(u)>) - min{x.+u,max{x -u,wz(u))>|

1 1 2 2
£ max<|x1-x2|,|maX(x1—u,¢1(u)) - max(xz-u,wz(u)>l)
£ mak(lxl—le,max<|x1—x2|,|w1(u)-w2(u)|>>.

We describe the evolution of the internal state for a piece-

wise monotone continuous input.

Definition 3.6
Set
Cgm([O,T]) = {X: X ¢ C°([0,T]), X is piecewise monotone:.

o .
For any x e Cpm([o,T]) and ¥y ¢ ?1 we define

F(x,?o): {o, T] - ¢

1
by
F(x,¥]) (0) = G(x(0),¥,)
F(x,¥]) (t) = G(x(t),F(x,¥))(t;)), 1f tyctét; .,
where 0 = to < ... £ty =T is a partition such that
xl[ti,ti+1] is monotone.

The definition of F(x,wo) does not depend on the choice of the
partition (ti), by properties (ii) and (iv) of G in lemma 3.5.
One immediately obtains the Lipschitz continuity of F:
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Proposition 3.7
The mapping F of definition 3.6 can be uniquely extended to a
Lipschitz continuous mapping

F: c2([0,T1) x ¥, — c%([0,T1): (¥ ,n-n,))

1
with
- £ - -
uF(xl,wol) F(xz,woz)u £ max(nxl xzum,w01 *oz"m’
: o
for all Xq,X%, ¢ c (fo,T]) and all ¢01,¢02 e Yl, where we take

for ¢ = F(x,wo) e C°([0,T];To) the standard norm

neuy = sup u¥(t)w .
te[0,T]

Proof: Let ¥_ ¢ ¥,, X ¢ C;m([O,T]) with partition (t,), then
F(x,wo) is continuous in (ti’ti+1) and at t=0 by lemma 3.5,
(vi). Furthermore,

tiiT F(x,¥,) (t) = G(x(ti).F{x.vo)<ti))

F(x,¥]) (%)

by lemma 3.5, (vi) and (v), since x(ti)
by (iv) applied to F(x,¥ ) (t;)

(F(x,%,) (£;)) (0)
G(x(ty) F(x,%,) (t5_1)).

i
Therefore, F maps C;m x’?l into C°([0,T];*o). For the
Lipschitz continuity, consider X)X, ¢ Cgm([o,T]) and

Yor' %02 ¢ Y- Again, by lemma 3.5 (vi)
nF(xl,wol)(O)—F(xz,woz)(O)Hw £ max<|x1(0)-x2(0)l,nwol-w02n¢>,
i+1]
uF(xl,wol)(t)-F(x2,¢02)(t)nm =
= uG(xl(t),F(xl,wol)(ti))-G(xz(t),F(xz,woz)(ti))uw

4 max(lxl(t)-xz(t)I,uF(xz,wol)(ti)-F(xz,woz)(ti)un>,

and for all t e (ti’t

so the asserted inequality follows by induction on i.
Since C;m([o,T]) is‘dense in Co([O,T]), the proposition holds.
: _ » .

Remark 3.8
(1) Later on in lemma 3.19 we will see that for v = F(x,wo)
we also have ¥(t) ¢ ¥;, if ¥ ¢ ¥,, as well as ¥(t) ¢ ¥

(ii) F cannot be continuous w.r.t. x in Lp—norm, p<=», because
needle~like variations of the input with arbitrarily
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small LP-norm can change the state permanently by a
fixed magnitude.

(iii) From the definitions of G and F it is clear that Lip-
schitz continuity will be the optimal regularity of F.

The semigroup property of G extends to F.

Lemma 3.9
Let x ¢ ¢c°([0,T]), ¥, ¢ t,, set ¥ = F(x,¥ ). Then
v(t)(0) = x(t) for all t=0
¥v(t+s) = F(x(-+t),¥(t)) (s) for all t,sa0
(with slight abuse of notation).

Proof: For piecewise monotone x, it follows from lemma 3.5.
Passing to the limit, we obtain it also for arbitrary x,
since F is continuous by proposition 3.7.

The cone K, from definition 3.4 and figure 3.1 preserves its
meaning for arbitrary continuous inputs:

Iemma 3.10

Let x ¢ c°([0,T]), ¥, ¢ t,, set ¥ = F(x,¥_ ). Then for all t we

have:

(i) v(t): [0,») » R is Lipschitz continuous with Lipschitz
constant not larger than 1.

(ii) graph(v(t)) « Ko(x(t)) , 1l.e.
x(t)-u € ¥(t)u £ x(t)+u for all ua0.

(iii) "If ¥(t)U lies on the boundary of Ko(x(t)), then v¥(t)
is identical with that boundary up to U":

x(t)
x(t)

v(t)O+0 => x(t)
¥(t)O-0 => x(t)

¥(t)u+u for all u e [0,1]
¥(t)u-u for all u e [0,T].

Proof: Let X, ¢ C;m([O,T]) with X X uniformly. Then (i)

holds for o= F(xn,wo) by lemma 3.5, (i), and also for v,
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because wn(t) =2 ¥(t) uniformly on [0,«] by proposition 3.7.
Since ¥(t) (0) = x(t) by lemma 3.9, the rest is now a direct
consequence of (i). o

The order preserving properties of G extends to F.

Lemma 3.11

Let x ¢ C°([O,T]), Vo ¢ Yy, set ¥ = F(x,wo). Let x be monotone
on some interval I ¢ [0,T]. If t,s ¢ I, then x(t) <& x(s)
implies ¥(t) € ¥(s), and X(t) < x(s) implies ¥(t) < ¥(s).

Proof: This is immediate from 3.5, (iii).

Lemma 3.12 :

o .
Let XX, ¢ c([o,T]) gnd wol’woz e Yl with Xy £ X, and
wol £ *oz‘ Set wl = F(xl,wol) and wz = F(xz,woz). Then

¥ (t) € ¥, (t) for all t ¢ [0,T], and if X, (t) < x,(t) for some
t, then ¥, (t) <« v, (t). '

Proof: If x, and x, are piecewise monotone, it follows from
lemma 3.5, (iii) and (iv). If not, take piecewise linear

interpolates x such that x. - x., uniformly and

1n'*2n in i
X1n £ Xont and note that F is continuous by proposition 3.7
and that ¥, (t)(0) = x,(t) by lemma 3.9.

a
We investigate the input-state map F in more detail, in order
to get properties which will be used in section 5. (A reader

who is mainly interested in the definition of the Preisach
operator W may jump immediately to theorem 3.24.)

Definition 3.13

Given x e C°([0,T]), associate with it the quantities

m(t) = min x(s) , M(t) = max x(s) ,
t£s84T tés<LT

d(t) = 3 (M(t)-m(t))

as well as closed regions A(t), K(t), S+(t) and S_(t) whose
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definition is immediate from figure 3.2.

V‘
M(t)
)
]
|
|
|
m(t) .
i
- \ ->
d(t) N\ u
s _(t)
Figure 3.2
Lemma 3.14
The functions m,M,d: [0,T] » B in definition 3.13 are _
continuous, m(T) = M(T) = x(T), 4(T) = 0, m is nondecreasing,

M and d are nonincreasing. If tas, then K(t) > K(s) and
A(t) < A(s).

Proof: Immediate from the continuity of x.

As it is intuitively obvious, the cone K(t) has the following
property: The portion of graph ¥(t), which lies within K(t),
will remain unchanged for the rest of the time.

Lemma 3.15
Let x ¢ ¢c°([0,T]), v, o ¥
and

17 set v = F(x,vo). For t ¢ [0,T]

N

K(t) = ¢(u,v): u a d(t), M(t)-u
we have:

v £ m(t)+us

(1) If (u,¥(t)u) e¢ K(t), then ¥(s)u = ¥(t)u for all s a t.
(ii) If (u,¥(s)u) e¢ int(K(t)) for some s a t, then
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¥(T)u = ¥(t)u for all 1 a t.

Proof: For sxt, define a comparison input % by ®=x in [0,t],

b4 M(t) in [s,T], R»x and % monotone in [t,s8]. If

v F(x,wp), we have by lemma 3.12 that Pa¥ and in particular
¥(s)u £ ¥(s)u = max{M(t)-u, ¥(t)us.

The assumptions of (i) and (ii) both imply that the max is

attained at ¥(t)u and therefore w(s)u £ ¥(t)u. Bounding x from

below, the reverse inequality is obtained. This proves (i)

directly and reduces (ii) to (i).

The next lemma states that the variation of ¥(t) in time takes
place within the set A(t) v S,(t) v S_(t) from figure 3.2 and
sweeps at least the triangle A(t).

Lemma 3.16

Let x c‘Co([o,T]), Wo e ?1, set v = F(x,wo). Then we have for
all t ¢ [0,T]:

(i) For all s,8 = t, the region between graph(¥(s)) and
graph(¥(8)) is contained either in A(t) v S,(t) or in
A(t) v S_(t).

(ii) If M(t) > m(t), then there exists Sn7 Sy a t such that
¥(sp) < ¥(sy) and ¥(s ) (0) = m(t), ¥(sy)(0) = M(t).

Proof: Let s,5 a t. Since by lemma 3.15, graph(W(S))’and
graph(¥(s)) coincide in int(K(t)), there is a common entry
point (u,v) ¢ aK(t) with : '

u = infiw: (w,¥(s)w) ¢ int(K(t)):?

= infiw: (w,P(s)w) ¢ int(K(t)):.

Because of‘the Lipschitz bound 1 for ¥(s) and ¥(8) and because
of lemma 3.10, (i) is proved. To prove (ii), choose sm,s'M a t
M) = M(t). If, say, Sy £ Sh’ define a
comparison input % by %=x on LO,sM] and 8 = M(t) on [sM,T].
Then ¥ = F(®,¥,) = ¢ and in particular ¥(s ) € ¥(s ) = ¥(s

with x(sm) = nmn(t), x(s

M)'
o

We now describe formally, how the corners of graph(¥(T)) are
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formed by the movement of the straight lines. For any given
point (u,¥(T)u) ¢ graph ¥ we want to denote by 1(u) the last
time this point is touched by a straight line.

Definition 3.17

Let x ¢ c®(lo0,T]), ¥y e ¥
3.13 and 3.15. We set
u, = infiu: ua20, (u,wo(u)) e int K(0)?,
and define 1: [0,=) - [0,T] by 1(u) = 0 if u>u,,
l1(u) = sup¢s: ¥(T)u = x(s)+u or ¥(T)u = x(s)=-u}
if u<u,. o

17 ¥ = F(x,wo). Let K(t) be as in

Lemma 3.18
Let x ¢ ¢c®([0,T1), ¥, ¢ ¥,, ¥ = F(x,¥)). Then for any U0 we
have

¥(t)u = ¥(T)u ,
for all ual and t » 1(0). In particular, ¥(t)u = wo(u) for
all uau, and all ta0. Moreover, ¥(1l(Q)) restricted to [0,0] is

a straight line of slope +1 or -1 for all a0.

Proof: On (u,,=), all ¥(t) coincide with Wo by lemma 3.15 (ii)
and definition of u,. Let now Q€u,. Since ¥: [0,T] = (wo,u~um)
is continuous, it is enough to prove the first assertion for
T at x 1(0). In this case, we have

¥(T)U-0 < m(t) <€ x(T) £ M(t) < ¥(T)0+q,
because x(T) = ¥(T) (0), ¥(T) has Lipschitz constant 1 and the
definition of 1(01) . Therefore, (u,¥(T)u) ¢ int(K(t)) for all
ual and we obtain ¥(t)u = ¥(T)u from lemma 3.15, (ii).
The second assertion follows directly from lemma 3.10, (iii).

a]

It now turns out that the evolution defined by F leaves
invariant the internal state sets ¥, and ¥.

Proposition 3.19

Let ¢ = F(x,wo), where wo e Y
v(t) e ¥
ta0.

1 and x ¢ C°([0,T]). Then

, for all ta0. If ¥ e ¥, then also ¥(t) ¢ Y for all

~
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Proof: Lemma 3.18 implies v¥(t) e ?1. Now let wo e Y. Since
obviously ¥(0) ¢ ¥, it is enough to show ¥(T) ¢ ¥. We want to

construct a monotone decreasing sequence (uk} such that

w(T)I[uk+l,uk] has slope +1 or ~1. Since we already know from
lemma 3.18 that ¥(T) has the required form on [u,,=] with u,
from definition 3.17, we may set u,=u,. We define t, = 1(u
and with 4 from definition 3.13

= d(t t

1)
uy k-l) ' x = l(uk) , k= 2,
If we assume for definiteness #'(tl)u1 = '#(T)u1 = x(tl)-u1
then we can visualize the sequences as in figure 3.3.

vﬂ\

M(O) M(tl)

M(t2) M(t3)

N

V///// u3 u2 ‘ul u
m(tl) = m(t2)

Figure 3.3

Since (ul,w(tl)ul) e aK(0), we have x(tl) = M(tl) = M(0) and
W(tl)u = x(tl)-u for u e [0,u1] from lemma 3.18, also
m(t1)+u1 a ¢(t1)ul. If u, 140, then by
definition of t1 = l(ul) we have m(t1)+u1 A \o(tl)ul and there-
fore u, = d(tl) 4 u,.
for u e [uz,ul], we have W(T)'[uzfull = W(tl)l[uz,ull by |
lemma 3.15, (i), which has slope -1. Again if u,>0 we have, by
definition of t2 = 1(u2), that \P(T)u2 = x(t2)+u2 = 'P(tz)u2 as

=0, we are done. If u

Furthermore, since (u,?(tl)u) e K(tl)

well as x(tz)'= m(tl) = m(tz). Continuing in this manner, by
~induction we obtain a sequence tuy b, with the slope
¢(T)I[uk+l,u

k ¢ N or is strictly decreasing, In the latter case,'<tk) is

k] as required, which either has uk=0 for some

increasing to some limit, and since by construction
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Uppp = AE) = F Xty ) -X(E)

the continuity of x implies that tu,» converges to zero.

We remark that theorem 38.2 in [6] gives a description similar
to lemma 3.19.

We can also prescribe precisely the support of ¥(t), which
obviously cannot decrease in time.

Lemma 3.20

For any ¢ ¢ *1 we denote by uM(¢) the maximal point in the
support of ¢. Let v = F(x,wo) with wo e ¥, and x e C°([0,T]).
Then

uM(w(t)) = max(uM(wo), ozgit Ix(t)i» .

1

Proof: Since obviously
uy(G(#,¥)) = maxd{uy, (¥ ), 1 Fi}

the assertion holds for t=0, and it is enough to prove it for
t=T. The construction in the proof of proposition 3.19 shows
that uM(W(T)) > uM(wo), so the semigroup property of F implies
that uM(W(t)) does not decrease in time. If x is piecewise
monotone, the assertion follows from the definition of F. In
general, let X, * X with X, ¢ Cpm’ then for Wn = F(xn,wo) we
have uM(wn(T)) - maX(uM(wo),nxuu> and wn(T) -+ ¥(T) in ?1, sO
uM(¢(T)) £ max(uM(wo),uxnw>. Since always Ix(t)! £ uM(w(t))
and the latter does not decrease, 1xi P4 uM(W(T)). This ends
the proof. o
If we have two inputs Xy and Xy then it is immediately clear
that Wl(t) " vz(t) if xl(t) ™ xz(t), where Wi = F(xi,¢o).
However, for the characterization of injectivity of W the
following stronger property of F is needed.

Proposition 3.21
Let x,,%, ¢ ClO,TI, ¥_ ¢ ¥, ¥; = F(x;,¥,). If ¥ (T) = ¥,(T)
then there exists a t ¢ [0,T] such that

wl(t) < wz(t) or wz(t) < wl(t).
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Proof: The idea of the proof is to look at the corner, where
¥, (T) and ¥,(T) branch (as seen from the right), and to

investigate its formation. By Mi' 1i ... we denote the func-
tions and sets from definitions 3.13 and 3.17 corresponding to
X - Set

u, = sup{u: ua0, wl(T)u > wZ(T)u).

Then 0 « u, £ » by lemma 3.19. Set t = max{ll(uo),lz(uo)>,
assume that t = ll(uo)' By lemma 3.18 we have
Wl(s)u = ¢2(s)u = ¢v(T)u Vaua u, Vs at,

and wl(t)l[o,uol is a straight line of slope +1 or -1, assume
it to be +1. Then wl(t) 4 wz(t), since wz(t) e Tl. If

xl(t) < xz(t), we are done; let us assume xl(t) = xz(t) and
derive a contradiction. Set Mo = max<M1(t),M2(t)) and

do = max(dl(t),dz(t)), see figure 3.4. We have Mo < xl(t)+2uo
by definition of 11, 12 and ug, and therefore also do <u,.

Yoo =9, (t)

Xl(t) = x2(t)

A 4

Figure 3.4

Now for u e [d,,u ] we have (u,¥, (t)u) e Ki(t), and from
lemma 3.15 we conclude
wl(T)u = Wl(t)u = wz(t)u = ¢2(T)u

for all u e [do,uol, which contradicts the definition of u,.

The special structure of the set ¥ of attainable internal

states renders the distance d almost equivalent to the

1,p v
uniform distance, yielding a certain amount of continuity of F

in the Wl’p-norm.
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JLemma 3.22

We have ¢ - ¢ in ("i',d1 p) for 1 € p <« if and only if ¢ > o
A [
in (¥,d_) ana uM(tn) - uM(o), where uM(o) again denotes the

largest point of the support of ».

Proof: Let ¢, 2 ¢ 1n (?,dl'p). Between uM(¢n) and u(¢n),

lef-e'l =1, therefore
luM(¢n)-uM(¢)| 4 uyﬁ-o'ug,

and obviously o 2 ¢ in w-n_. For the converse we note that
P P ‘

oﬁ - 0 in L ([uM(o),w)). In L ([O,uM(¢)]) the sequence <¢ﬁ>

is bounded, therefore ¢ﬁ - ¢' weakly. Since

Ieﬁl £ 1= 1e'l a.e., the convergence is strong.
Q
Lemma 3.23
o - .
Let x_ e C ([0,T]), ¥ ¢ ¥. If t -t in [0,T], x - X in

o ~
¢ ({o,T]) and won - wo in (?,dl'p), 1 &€ p < =, then

F(x ¥ ) (t)) » F(x,¥ ) (t) in (%,dl’p).

Proof: Set *n = F(xn,won)(tn), ¢ = F(x,wo)(t)._Lemma 3.22
implies won - wo uniformly and uM(won) - uM(wo); From proposi-
tion 3.7 we have ¢ uniformly, and from lemma 3.20 we

obtain uM(¢n) - uM(¢). Again by lemma 3.22 we finally conclude

o2 @ in (Yy,d ). o

1,p

We may summarize the continuity properties of the mapping F.

Theorem 3.24
The mapping F from definition 3.6 defines a unique Lipschitz-
continuous (with Lipschitz constant 1) mapping

F: c°(l0,T1) x ¥ » c®(lo0,T1:(¥,d,)).

Also, the mapping (t,x,wo) I— F(x,wo)(t) is continuous from
[o,T1 x c°([0,T)) x (@,dllp) to (%,dl’p) for all 1 € p < =.
Moreover, ¥ is the set of internal states which can be reached
from wo=o, i.e.

Univ.-BiDk
Kaisersla\ﬂe"“
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¥ = (F(x,0)(t) : t e [0,T1, x ¢ c®([o,T])>.

Proof: For a given ¢ ¢ Y one can easily define an input x
whose local maxima and minima produce the corners of e.

All other assertions have already been stated and proved in
propositions 3.7, 3.19 and lemma 3.22.

This completes the first part of this section.

We now define the state-output map E and discuss some of its
properties. As E 1 F must correspond to the hysteresis
operator W defined in 2.3, it is clear that E should measure
the sets of switches, which are in the same position, i.e. the
.sets above ;nd below an internal state curve v e TO:

. \P(u) ® ®
E(¥,u) = c, J S dwp(v,u) + c_Jf J du(v,u),
0 == : o v(u)
where c, and c_ are the values taken on by an individual

switch (in section 2 we assumed c,=1, c_=-1). This description
makes apparent the analytical properties of E; formally it
1eads to difficulties if one wants to consider measures which
are not absolutely continuous or which are only locally
finite. To treat an infinite but locally finite measure (e.g.
the Lebesgue measure without restrictions on support), one
simply fixes a reference state wu and a reference output value
y, = E(wu,u). The other problem is harder; if the measure of a

u
boundary curve graph(v¥) ¢ A, x R is not zero, then one has to

know the state of the switc;es on the boundary curve. This
means that one has to decide how a switch with, say, an upper
threshold Py behaves subject to an input with local maximum
exactly equal to Py Does it switch or not? The situation is.
inherently ambiquous, the decision made implicitly in defini-

tion 2.1 is arbitrary. However, as already stated in section

2, if the measure of some set tp, = const} or (pl = const) is .

not zero, then the output y=y(t) is in general a discontinuous
function. Therefore, in the continuous case this ambiguity.
does not matter. We state the relevant assumption, already
given in theorems 2.5 and 3.1, formally in (u,v)-coordinates.

0
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Definition 3.25

Let
‘MU = {u: g locally finite Borel measure on h+ x Ry
M = du ¢ M_: Iul(l\+ x B) < =
M, = (gt e M: o » 0),

We say that u ¢ M_ has property (Pl), if tp1(L) = 0 for all
straight lines L with slope 1 or -1.

Property (Pl) means that the measure of the graph of all
possible boundary curves ¢ ¢ ¥ is zero on the portion where

le'l = 1. We now define E in a convenient way, ignoring the

exact history of the boundary itself.

Definition 3.26

Let c_ ,c_ ¢ R with ¢, = c_ be the two values attained by each

individual switch. For ¥ ¢ To and g ¢ M we set
E(v,n) = c+-u(((u,v): u20, v <v(u)r +
+ c_-u(¢(u,v): u=0, ¥(u) € vi.

Clearly, if u is absolutely continuous with density
e ¢ Ll(h+xh), we can write definition 3.26 in the form

@ ‘P(u) © @«
E(vy,u) = c, S S e(u,v) dvdu + c_f S e(u,v) dvdu.
0 == o ¥(u)

For gt ¢ M_ \ M we fix ¥y ¥, Y, ¢ R, set E(¥,, ) =¥, and
define E(¥,u) for v e ¥, by the signed difference
E(v,n) = Y, + (C+-C_)[u(A+(*:Wu)) = M(A_(Wrwu))],
where
A+(W,¢M) = {(u,v) : u=0, wu(u) € v < ¥(u)?
A_(v,wu) = {(u,v) : u=0, ¥(u) «€ v « wu(u)).

For u ¢ M this is equivalent to definition 3.26 if we define
Y, to be E(Wu,u) from that definition. In the following, we
mainly ignore the case u ¢ M_ \ M, since it only complicates
the exposition.

The following order preserving property of E is obvious.
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Lemma 3.27
In the situation of definition 3.26 let u e M, and wl,wz e ?O
with wléwz. Then

E(wl,u) 4 E(wz,u) if c_ € c,

E(¥ ,4) » E(¥,,H4) if c_»c,
Also E(v,u) = 0 for all v ¢ *o if e_ = o0, c, = 0.
Proof: Omitted. a

It turns out that continuity of E in the Wl'p-norm is charac-
terized by property (Pl)'

Jemma 3.28
Let 4 ¢ M_, E as in definition 3.26. Then u has property (Pl)
if and only if

E(-, 1) ¢ (¥,a; ) - R

“1,p
is continuous. ‘

Proof: The "if"-part is obvious. For the other part, assume
(Pl) holds. Let wn » ¥ in (?,dl’p). We have

IE(Wn,u) - E(v,un)1 £ |c+—c_|-|u|(Rn)

where Rn denotes the region between graph(v¥) and graph(wn).
From lemma 3.22 we conclude that R, is contained in the
¢-neighbourhood of graph(wl[o,uM(w)]) with

¢ = nw—wnnw + luM(W)-uM(wn)l, which converges to zero for
n » =, Since (Pl) holds, also Iul(Rn) 2 0.

We now compose E and F to define the Preisach operator.

Definition 3.29
For x ¢ C°([0,T]), M e M and wo e ¥
operator W by

[W(x,u,wo)](t) = E(F(x,wo)(t),u).

1 e define the Preisach

If we Keep wo or u fixed, we also write W(x,u) (t), W(x,wo)(t)

or even (Wx)(t). o

©
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It is easy to see that the operator W defined in this way also
has the properties of causality, rate independence and transi-
tion from proposition 2.2, if they are formulated in the
obvious way. We state the order preservation and piecewise
monotonicity property explicitly.

Proposition 3.30

4 and c; are the switching
values at the right resp. left threshold.

Let pu ¢ M_, u»0, let c,2c_, where ¢

i p4
(1) If X, < X, 1 £ *oz'

W(xl,wol)(t) ' W(xz,woz)(t). for all t ¢ [0,T],

and Wo then we have

o
where Xy1X%, ¢ c ([o,T]) and wol'woz e *1'

Let moreover x e C°([O,T]), wo e ?1 and I < [0,T] an interval.

(ii) If x is monotone on I (i.e., either nondecreasing or
nonincreasing on I), then so is Wx, and x(s) £ x(t)
implies (Wx)(s) 4 (Wx)(t) for t,s e I.

(iii) If Wx is strictly monotone on I, then so is x, and
(Wx) (s) ¢« (Wx)(t) implies x(s) < x(t) for t,s e¢ I.

Proof: Assertions (i) and (ii) immediately follow from the
corresponding properties of F and E in lemmas 3.11, 3.12 and
3.27. To prove (iii), set v = F(x,¥,) and consider the case
that Wx is increasing. We show that for any s<t, the function
x has a unique maximum on [s,t] at r=t. Indeed, if there is a
maximum at r<t, then ¥(t) € ¥(r), by comparison with the input
® which is equal to x on [0,r] and constant on [r,t], and
therefore (Wx)(t) € (Wx)(r), contradicting the assumption

that Wx is increasing.

In order to prove theorem 3.1, we restate it in the terminol-
ogy of this section.

Theorem 3.31
Let p e M_ and wo e ?1. If u has property (Pl), then defini-
tion 3.29 yields a continuous operator

w: c®(1o,T) » c°(lo,T1).
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Proof: Let x e C°([0 TI), ¥ = F(x,¥ o) - BY Theorem 3.24, the
map ¥: [0,T] - (¥, d ) is continuous, therefore

Wwx ¢ c° ([0,T]) by lemma 3.28. Suppose now X, X in

c® ([0,T]). Since u = Bo=H_ with p 20, u_=»0, and E is linear
with respect to u, we may assume u=20. We set

X =X + - .
n X anlw

Then x; > x uniformly, and F(x_,¥_)(t) - F(x,¥,) () in
(TI‘,d1 p) for all t by theorem 3.24, and again
r

(Wx;)(t) - (Wx)(t) pointwise in t by lemma 3.28. Since W is
order preserving by proposition 3.30 (i), this convergence is
monotone; we also have Wx , WX e c® ({o,T]), and Dini's

theorem implies Wx » Wx uniformly. The same holds for

X_ =X - #1X-X [ and Wx £ Wx £ Wx then implies

n n
Wx = Wx uniformly.

We again comment on the relationship between the two
different definitions of the Preisach operator in this and
in the previous section. Definition 2.3 is slightly more
general than definition 3.29, because it admits more general
initial states, but usually this is no real advantage. Dis-
regarding this aspect, both definitions are equivalent for
piecewise monotone inputs if the measure u has property (Pl),
and the separate continuity proofs then show that they yield
the same operator W: C°([O,T])_9 C°([0,T]). If p does not
satisfy (P ), then the two definitions are not equivalent,
and nelther one defines an operator from c© ([0, T]) 1nto
itself.
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§ 4 Further continuity properties

In this section we discuss various continuity properties of
the Preisach operator W.
It was already proved in [6], theorem 38.3, that the following

property of the measure u characterizes the uniform continuity
of W in ¢c®([o0,T]).

Definition 4.1
Let u ¢ M. We say that u has property (P,), if
tul (graph ¥) = 0 for all v ¢ 11.

One can express the modulus of continuity of

E(-,u): (wl,d.) -» R by means of the following quantity.

Definition 4.2

For any g ¢ M and ¢>x0 we define
x(c,u) = sup Ipl(N(¥,c)),

¢c¢1

where

N(¥,c¢) = {(u,v): ua0, ¥(u)=¢c < v & ¥(u)+c?

Lemma 4.3
Let p e M, . Then we have for all ¢x0
|c+-c_l-a(c,u) = sup 1E(¢, g)-E(¥,u)1: ¢,¥ ¢ ?1 and
ne—vu £ 2¢.

Proof: The proof follows directly from the definition of E.

Theorem 4.4

Let y ¢ M. Then the following statements are equivalent:
(1) 4 has property (Pz).
(ii) E(-,n) : (?l,d.) + R is uniformly continuous.

(iii) w: C°([0,T]) - C°([0,T]) is uniformly continuous.
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Proof: The part "(i) e (iii)"™ was already proved in [6], p.
254 f.; we shall restate that argument in our terminology.
We may assume ua0. To prove "(ii) => (iii)" we note that for
X1.%, ¢ C°([O,T]) and wi = F(xi,wo) we have for all t

H(Wx) ) (£)=(Wx,) (€)1 = 1E(¥, (£), W) -E(¥, (), 1) 1,
uwl(t)-wz(t)u' £ "x1°x2".

by theorem 3.24. .

Next, we prove " (i) => (ii)". If E is not uniformly

continuous, then by lemma 4.3 and the definition of «(c,u)

there exists an 7130 and sequences wn e Y cnlo with

u(N(wn,cn)) = 21 )y 0.

1’

Choose M>0 with u([M,=) x R) £ 3, set K =[0,M] x R. For a
subsequence and some V¥ e ?1, wn - ¥ uniformly on [0,M]. Then
K n N(wn,cn) ¢ K n N(w,cn+u¢-¢nnm),

H(K ~ N(¥ ,c)) =1,
SO

#(K n graph(v)) = lim u(K A N(w,cn+n¢-wnu.)) > 7,
NYbe

and (i) does not hold. The implication "(iii) => (i)" is again
proved indirectly. Let ¥ ¢ ¥, which u(graph(¥)) > 0. For some
Mx0, with K = [0,M] x B also u(K ~ graph(¥)) > 0. Since ¥ is
dense in (Tl,dw); for every ¢30 one can find o, ¢ ¥ with

oc(u) < ¥v(u) <« oc(u)+c for all u=0. Moreover this can be done
in a way such that on [0,M]

¢, = F(xc,¢o)(tc), ¢€+c = F(xc+c,¢o)(tc)

for some X, e Co([O,T]) and tc e [o,T].
This implies

F(W(x +e)) (B)-(Wx ) (t) 1 = u(K ~ graph(¥)) > O,
therefore W is not uniformly continuous.

In a similar manner one characterizes the Lipschitz
continuity of W in C°([0,T]).

Theorem 4.5

Let 4 ¢ M. Then the following assertions are equivalent:
(1) There exists an L with

L]
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«(e,n) £ Le
for all ¢x0, where a is given in definition 4.2.

(ii) E(-,n) : (t,,d,) = B is Lipschitz continuous.

(iii) w: c°(ro,T1) » c®([0,T]) is Lipschitz continuous.

Proof: The equivalence of (i) and (ii) is clear from lemma
4.3. The implication (ii) => (iii) again follows directly from
theorem 3.24. For the reverse, if u=0 and
1750,

€

one constructs ¢, ¢ ¥, x

|E(¢1,u)-E(¢2,u)| 3 Lne

¢ o ;
for some ¢ ,¢, ¢ Y., 1 ¢ € ([o,T1),
ttio with the properties

. € .
m1n<¢1,¢2) £ £ ®q £ m1n(¢1,¢2>,
€ [»
o7 = F(xy,% ) (t ), |
03 = F(x;,wo)(tc) on a large enough compact set,
€ _ . ¢ _ € _ o f ' -
where ¢, = ¢ + 2¢ + "°1 ¢2um, X, %, + 2¢ + Ho e 0 .

Then one easily checks that

I(Wxi)(tc)-(Wx;)(tc)l A Luxi—x;

if ¢ is small enough. o

',

The equivalence of (i) and (iii) in theorem 4.5 was already
stated in [6], section 38.6, without proof.

We formulate the most important special case of theorem 4.5
separately. -

Corollary 4.6

Let 4 ¢ M have a bounded density f with support in [0,M] x R.
Then

nW(xl,u)-W(xz,u)uw £ |c+—c_|-M-ufn¢-ux -X

17%2"

for all X 0%, € C°([0,T]).

Proof: We use lemma 4.3 and definition 4.2 directly, noting
that 1ui(N(¥,c)) & 2Mnfn_. o

We remark that one could obtain corollary 4.6 immediately from
proposition 3.7 and the definition of E without further
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analysis. This is one of the attractive features of the
decomposition of section 3.

We will now consider boundedness and continuity properties of
W in spaces other than C°([0,T]). We first formulate an
auxiliary lemma, which will enable us to conclude weak star
continuity of W from boundedness of W.

Lemma 4.7
¢c Xand S, ¢ X

Let X, Sl' 82 be metric spaces such that S1 5
with continuous injections. Let f: X » X be continuous and
such that it maps relatively compact subsets of S1 into
relatively compact subsets of Sz' the compactness being here
with respect to the topologies of S1 and S,. Then f: S. - S2

2 1

is continuous with respect to the topologies of S, and S..

1 2

Proof: Fix any Xx e S1 and any sequence tx ¢ sl> such that

X, =X in Sl; then the set {f(xn)) is relatively compact in
Sz; therefore f(xnp) - w in 52 for some w ¢ 82 and some sub-
sequence. By continuity of f in X we also have f(xnp) 2 f(x)
in X; thus w=f(x). As the limit does not depend on the sub-

sequence, the whole sequence f(xn) converges to f(x) in Sz.

In section 5 we will establish the continuity of the inverse
of W. Since the lemma needed there is similar to the one just:
proved, we present it at once.

Lemma 4.8

Let X, Y be metric spaces, let f: S8 » Y be continuous and

§ ¢ f(X) be dense in Y. Also assume that for any relatively
compact set K ¢ ;, the set f_l(K) is relatively compact. Then
f(X) = ¥, and if moreover f is injective, then f_l: Y » X is

continuous.

Proof: Fix any y ¢ Y and let the sequence ty, ¢ Y converge to
y. Then for any choice of x, ¢ f_l(yn), the sequence (xn> is
relatively compact, hence Xpe @ X for some subseduence X0
and some x ¢ X. Since f is continuous, we have f(x) = y. So £

is surjective. Let f now be injective. Fix any y ¢ ¥ and any
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sequence <y ¢ Y» with Y ? Y- By the same argument as above
we conclude that f—l(yn) » X = f-l(y), since x does not depend
on the subsequence. o

In order to obtain bounds on Wx in various norms, we want to
estimate the oscillation of Wx. To do this, we have to relate
the variation of the internal state, already described in
lemma 3.16, to the measure .

Lemma 4.9
Let g e M_ and c_,c_ ¢ R with c, #c_. We define k: h+ -+ Bk by
K(#) = 1c —c_1-supd u(Ry (A, A+F)): A e R, i=1 or 2},

where Ri(xl,xz) is the vertical resp. horizontal strip

é p, &
Ry € Py £ 2

thus in (u,v) coordinates we have

} in the Preisach plane in (pl,pz) coordinates;

Rl(Al,Az) = {(u,v): ual, A . +u £ v £ A +u?}

1 2
Rz(xl,xz) = {(u,v): ua0, Sh £ Vv 4 Az-u).
Here c_ and c_ are again the values attained by each individ-
ual switch. o

Definition 4.10
For any x e C°([0,T]) and any [tl’t2] ¢ [0,T], we define the
oscillation of x in [tl,t2] by

0o8C X = max x(t) - min x(t) .
[tl'tZ] t e [tl’tzl t e [xl,le

The crucial property of W is given in the next lemma.

Lemma 4.11
Let u ¢ M_ have property (Pl) as defined in 3.25. Then we
have, with k as defined in 4.9,
osc Wx £ k( osc X)
[tl’tzl [tl'tZ]

for all x ¢ ¢°([0,T]) and all [t,,t,] < [0,T].
Proof: If we apply lemma 3.16 (i) with [0,T] replaced by

[tl'tZ]' the assertion follows directly from the definition
of k and W, recalling from figure 3.2 that
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R, (m(t),M(t)) = A(t) v S _(t) and R,(m(t),M(t)) = A(t) « S_(t)

For any v ¢ (0,1], let us_denote as usual by Co’u([o,T]) the
space of Hélder continuous functions with seminorm

IX(t.) =% (t,) |
ixi, i= sup 1 u2 .
tl,t2 e [0,T] ltl-t2|

We then can characterize a boundedness property for W in
Holder spaces.

Theorem 4.12

Let u e M;, assume that (Pl) holds. Let 0 « VirV, £ 1 and
Cx0. Then the following statements are equivalent:
(i) We have
va/Vy
k(f) £ Cj for all $>0.
(ii) We have
u2/u1 . o,V
IwWx1 £ Cixl for all x ¢ C ([o,T1).
v v
2 1
o,v, o,U,

In particular, W then maps C ([0,T]) into C (f[o,T1),

and is sequentially weakly star continuous.

Proof: Let us first prove that (ii) implies that W is
sequentially weakly star continuous. This is a consequence

of lemma 4.7. We set X = C°([0,T]) and take for-si bounded
O,U- .. .

subsets of ¢  "([0,T]) such that W: S, » S, by (ii). We have

only to note that W: X -» X is continuous by theorem 3.1, that

o,v,

c l([O,T]) has a separable predual and therefore, with

respect to the weak star topology, the Si are precompact and
metrizable.

We now prove that (i) implies (ii). Let
o,V
x e C Y([{0,T]). Let us fix any t,,t, ¢ [0,T] with £, < t,.

By léemma 4.11 and (i) we obtain
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I(Wx)(tz)-(Wx)(tl)l 4 osc Wx £

PUS
£ k( osc x) £ C( osc x) 4
Vo,V v, /v v
1172771 _ 2771 _ 2
£ C 'x'ul(tz-tl) = CIX|U1 (t2 tl) ’

therefore (ii) holds.
Let us now prove that (ii) implies (i). First, assume that u
has bounded support. Take any §30 and A ¢ K. To obtain a

bound on u(Rz(A,A+})), we construct a suitable
o,V

x e C  “([0,T]). Now fix a t, with 0 < t, < T and set

x(tl) = A, X(0) = X where X, is such that the support of u
lies above graph(¥(0)). For arbitrary t2 with t1 P t2 < T
consider the corresponding piecewise linear x defined by
x(0) = X, x(tl) = A, x(tz) = A+f and x(T) = x(tz). Fix t2
such that

lxlu1 £ (1+c)}(t2-t1) R

this is possible for any ¢>0 since
-u
1

Ixr = f(t,-t,) '
ul,[tl,tzl 2 "1

1xI . £ Ix1 + IxI . .
By construction of x wa have
I(Wx)(tz)-(Wx)(tl)l = IC+—C_|M(R2(A,A+})).
and with assumption (ii) we may estimate
17
2
I (Wx) (t,)=(Wx) ()1 £ Iquuz.(tz-tl)
v, /v v
271 2
V4 Clxlu -(tz—tl)
1
-U s, /Y v
1] 72771 2
y4 — -
£ C (1+c);(t2 tl) (t2 tl)

v, /v v./v
C(1+¢) 2 1-F 2 1'

which gives the desired bound for u(Rz(A,A+;)) and therefore
proves (i). If pu is finite, but has unbounded support, a
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suitable choice of X, entails
|(Wx)(t2)—(Wx)(t1)| = n|c+—c_|u(R2(A,x+}))

for some 1 with % € 1 £ 1, so the argument above remains
valid.

A similar theorem holds, if we consider the Sobolev spaces
1,p
w'Peo,T).

Theorem 4.13

Let u ¢ M,, assume that (Pl)'holds, let Cx0. Then the follow-
ing statements are equivalent:

(i) We have
K(f¢) £ Ct for all §>o.
(ii) We have
Sg (Wx) (£)1 < cide x(t)1  a.e. in (0,T)

for all x e Wl'l(o,T).

In particular, W then maps Wl’p(o T) into itself for all
1 £ p £ =; moreover, for p>l, W is sequentially weakly star
continuous in W1 p(0 T).

Proof: The last statement again is a consequence of lemma 4.7,

applied as in the proof of theorem 4.12. Now, starting from
(1), (ii) is easily established for any
X e wl’l(o,T) n C ([0 T]); as this space is dense in

1(O,T), it holds in general. For the converse we obtain a
bound on u(Rz(A,A+})) constructing x as in the proof of
theorem 4.12; this time,‘t2 may be arbitrary, and the
corresponding estimate is

t

2

d ‘
I(Wx)(tz)-(Wx)(t1)| £ t! 3T Wx1 ds

1

t
2 3

£ C tjvlag xt ds = C|x(t2)-x(t1)| = Ct}.

L
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Now let us consider inputs of bounded variation. We remind the
reader that by definition

X, X weakly star in BV(0,T)
if and only if

T : T
J ¢ dxn — [ ¢ dx
0 0

for all v e C°([0,T]), these integrals being in the sense of
Lebesgue-Stieltjes. ‘

Theorem 4.14
Let u ¢ M, assume that (Pl) holds. If

L=y —2
p P27P1

diui(p) ¢ =,

then W maps C°([0,T]) ~ BV(0,T) into itself and

Var(Wx) £ 2L Var(x) + 21iul(P)
for all x e C°([0,T]) ~ BV(0,T). Moreover, W is continuous in
the sense that for any sequence tx b in this space, if X, X
strongly in c® and weakly star in BV, then also WXn - Wx
strongly in c® and weakly star in BV.

Proof: Since L<» implies that p is concentrated on int(P), the
first part is already given in proposition 2.4 (vii'). For the
rest, the strong convergence is given in theorem 3.1 and the
weak star convergence follows from lemma 4.7 in the same
manner as in the proof of theorem 4.12, since BV(0,T) has the
separable predual C°([0,T]).

We remark that the convergence of the integral in theorem 4.14
is only a sufficient, but not a necessary condition for the
inequality stated there to hold. To check this, consider a
measure concentrated on the main diagonal Py = Py with bounded
(one-dimensional) density; in this case the hysteresis
operator degenerates into a superposition operator, but the
integral obviously diverges.



§ 5 Inverse Preisach operator

Here we shall determine the conditions, under which there
exists the inverse W-'1 of the Preisach operator W, and study
its properties. In contrast to the second part of section 4,
here geometrical objects to be considered are triangles of the
form

{p e P: A £ Py £ P, £ AZ)
which correspond to sets of switches whose thresholds both lie
between fixed bounds A and Ay We write down a formal defini-

tion in (u,v)-coordinates.

Definition 5.1
For any a

grhg € A with SELIESY we define

A(Al,xz) = ¢ (u,Vv): uao, A, tu £ v £ Ay =utb.

Note that, in the terminology of figure 3.2 and definition
3.13, we have A(m(t),M(t)) = A(t).
If Alsxz, we define A(Al'AZ).= A(Al,xz).

For conﬁenience, we describe at once the setting in which we
will formulate the results of this section.

Assumption 5.2

Let us fix ¥ ¢ ¥ and c,=1, c_=0. Moreover, fix a,b ¢ R with
a<b and let u e M, be a measure with support in A(a,b), satis-
fying property (Pl) in definition 3.25. We then define

X = ix: x ¢ c°([0,T]), a £ x(t) £ b for all t:

Y

{y: y ¢ c(10,T]), 0 ¢ y(t) € u(A(a,b)) for all t».

It is obvious from the definition of W that W maps X into Y.
In the study of the inverse of W and its properties, a key
role will be played by the following condition, which ex-
presses the strict positivity of the measure x in the neigh-

} resp. the

bourhood of the main diagonal (p ¢ P: pl =P,

v-axis <(u v) e h2: u=0:.
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Definition 5.3
Let assumption 5.2 hold. We say that g satisfies the triangle
property (T), if

u(A(§1,x2)) >0 for all‘ a 4 A < A, < b.
We define the function x: Rh_ - B by

x(#) = min¢u(A(rA,A+§)): a € A € b=},
We remark that if (T) holds, then x(}) > 0 for any }x0, since
by property (Pl) the function defined by A 1— u(a(A,r+})) is
continuous. o

Remark 5.4

The triangle property is satisfied, for example, in the
following two cases:

(i) u possesses a density, with respect to the two-dimen-
sional Lebesgue measure, which is strictly positive a.e.
in some right neighbourhood of { (u,v) e 52: u=0}4.,

(ii) u is concentrated on the line {((u,v): u=0: and has an
‘a.e. strictly positive density with respect to the one-
dimensional Lebesgue measure along this line. In this
case, W is a superposition operator of the form
(Wx) (t) = f(x(t)) for some absolutely continous and
increasing function f. . o

The triangle property is linked to piecewise monotonicity
properties of the operator W.

Proposition 5.5

Let assumption 5.2 hold. Then the following statements are
equivalent:

(1) 4 satisfies the triangle property (T).

(ii) We have
E(e,/0) < E(e,u)
for all o 105 ¢ ¥, with o £ oy, which means as before

that *, £ *, and 01(0) < ¢2(0).

(iii) If x ¢ X is strictly monotone on some interval
I < [0,T], then so is Wx on I.
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(iv) If x ¢ X and Wx is monotone on some interval I « [o,T],
then so is x on I.

Proof: We prove the implications (i) => (ii) => (iii) => (i)

and (ii) => (iv) => (i). To prove (ii) from (i), note that
E(ey, m)=E(ey, 1) > u(A(e1(0),9,(0)))

for all ® 00, ¢ Yl with ¢,4¢,. By lemma 3.11 we obtain (iii)

directly from (ii). To prove (i) from (iii), consider an

arbitrary triangle A(Al,xz), define x ¢ X as the linear inter-

polate corresponding to x(0) = Ay X(T/2) = A, and x(T) = a

1 27

and observe that
B(B(rg,r5)) = (W) (T)-(Wx) (3) .

Next, we obtain (iv) from (ii). Let Wx be nondecreasing on I.
Assume that there exist s,t ¢ I with s<t and x(t) < x(s). We
then may also assume that x(r) & x(s) for all r ¢ [s,t]. With
¥y = F(x,wo); we then have ¥(t) < ¥(s) by comparison and lemma
3.12, therefore (Wx)(t) < (Wx) (s) by assumption (ii), which is
a contradiction. Finally, we prove that (iv) does not hold if
the triangle property is not satisfied. Take Alzxz with
M(A(AI,AZ)) = 0 and define x ¢ X to be the linear interpolate

corresponding to x(0) = 0, x(T/2) = a X(T) = A Then Wx is

2' 1°

nondecreasing, but x is not monotone.

We remark that the reverse implications in statements (iii)
and (iv) above always hold, as was proved in lemma 3.30, so
the triangle condition is characterized by the statement, that
X ¢ X is (strictly) monotone on a subinternal if and only if
Wx is (strictly) monotone on that interval.

The first result of this section states that the triangle
property is equivaient to the injectivity of W.

Theorem 5.6

'Let assumption 5.2 hold. Then W: X » Y is one-to-one if and
only if u satisfies the triangle property.

Proof: First, assume that (T) holds. Let Xq,X, ¢ X with

X, * X,. Then xl(i) - xz(%) for some t ¢ [0,T], and also

5
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wl(i) " ?2(£) with ¥, = F(x;,¥ ). Now proposition 3.21 implies
that for some t ¢ [0,t] we have either #1(t) V4 Wz(t) or
vz(t) < wl(t). But then, proposition 5.5 (ii) applied to

*, = wi(t) shows that (le)(t) L (sz)(t), so le » sz as
was to be proved.
For the converse, assume that u(A(xl,Az)) = 0 for some Aqlr,.

Fix tl e (0,T) and define X, e X as the linear interpolate
corresponding to xA(O) = Ags xx(tl) - and xA(T) = A, Now
it is obvious that Wx yilelds the same function for all

A e [Al,Az], since WxA is constant on [tl'T] for all such a.
Therefore W is not injective. ' o

The next lemma is in some sense dual to lemma 4.11.

Lemma 5.7

Let assumption 5.2 hold. Then we have, with x as defihed in
5.3,
x( osc Xx) < osc Wx ,
[ty,%,] [t,,%,]

for all x ¢ X and all [tl’tZ] c [0o,T].

Proof: For any x ¢ X and any [tl’tzl' we set ¥ = F(x,wo) and
apply lemma 3.16 (ii) with [t,T] replaced by [tl,t2]. This

yields SnrSM © [tl,tzl with
osc x = x(s,,) - X(s_ )
[t,,t,] " "

and v(sm) £ ¥(s therefore we also have

)
M
H(A(X(S,) ,X(8y,))) € E(¥(s ), u) = E(¥(sp), k)
= (Wx) (5)) - (Wx)(s) -

The assertion now follows from the definition of «x.

The lemma just given allows us to characterize the range of W
and to derive continuity properties of the inverse.

Theorem 5.8
Let assumption 5.2 hold. Then W(X) = Y if and only if u
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satisfies the triangle property (T). In this case, moreover,
W-lz Y » X is continuous with respect to the uniform topology.

Proof: First, let us assume that (T) holds. We want to apply
lemma 4.8 to f=W. To do this, we note that, for every compact
set K ¢ ¥, the set W-l(K) is compact in X by Ascoli's theorem
and lemma 5.7. Moreover, we assert that

(o}
Y o Con([0,T]) <« £(X).

This is true, because for every piecewise monotone y ¢ Y we
may éonstruct explicitly an x ¢ X with y = Wx, if we first
choose x(0) such that y(0) = (Wx) (0) and then proceed from one
monotonicity interval to the next. Therefore, W(X) is dense in
Y, and because of theorem 5.6, W is injective. Lemma 4.8 now
yields that W(X) = Y and that wlis continuous. For the
converse, let us assume that W(X) = Y. We want to show that
(T) holds. We first recall that, if y = Wx is strictly
monotone on some interval I ¢ [0,T], then so is x by proposi-
tion 3.30 (iii). For the interpolate y of y(0) = 0,

y(T) = u(A(a,b)), take x with y = Wx. Since x and y are
increasing,vu(Rz(Al,Az)) 3> 0 for all horizontal strips
Rz(xl,xz) with a £ Ay € Ay € b. Now take any Ay X2 and

t1 e (0,T), and choose y as the interpolate of y(0) = 0,

y(tl) =_u(A(a,x2)), Y(T) = 0. Also take x ¢ X with y = wWx.

By the above, x(tl) = and x is increasing on [O,t1] as

2’
well as decreasing on [tl,T]. Therefore we have for all

Aléxz that

HF(A(}‘llAz)) = Y(tl) - y(t) >0,

if we choose t t1 such that x(t) = Aq

Corollary 5.9

Let assumption 5.2 hold. Then W: X > Y is bijective if and
only if u satisfies the triangle property (T). If so, then

wl: ¥ X is continuous with respect to the uniform topology.

Proof: This is a direct consequence of theorems 5.6 and 5.8.

«

«“
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For the continuity of W T

analogous to those in section 4. Again, we start with Hélder

in other norms, we obtain results

seminorms.

Theorem 5.10
Let assumption 5.2 hold, let o < v

1’72
statements are equivalent:

(i) We have
ul/u2
x(§) = C¢ for all §x0.

(ii) The inverse of W: X 3 Y exists, and we have
_ _ v, /v
W 1y|u < (C 1|y|U y 201
2 1
. o,v,
for all y e Y n C (fo,T]).

o,

1([O,T]) into

In particular, w ! then maps Y ~ C
o,v

X n~nC 2([O,T]) and is sequentially weakly star continuous
with respect to the Hélder norms.

Proof: Since the proof is analogous to the proof of theorem
4.12, we will state it more briefly. To prove (ii) from (i),
note that (i) implies (T) and therefore W is invertible by
corollary 5.9. Moreover, for any t1 £ t2 and any

yeY Co’ul([o,T]) we have, using lemma 5.7 and writing
x = wly,
vy/Vay
Crx(t,)=x(t,)! € x(1x(ty)-x(ty)1) £
€ x( oBc x) & osc Y
[t,,t,] [t,,t,]
v

1
< |y|u1(t2-t1) ,

which implies (ii). For the converse, construct y ¢ Y and
x = W 1y such that

X(0) = a, x(tl) = A+f§, x(tz) = X(T) = A,
Iy () =y (ty) 1 = u(a(r,a+1)),
ly (t,) -y (t)) !

1yl & (1l+¢)
Ul Ul
(t,-t,)

v, € 1, Cx0. The following
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This gives us ,
v
-1 2
p £ IW yt, (t,-t))
2
and, using (ii),
ul/u2
Ct € (1+c)u(s(r,2+4)),
which implies (i). Since W_l: Y - X is continuous by corollary
5.9, the same argument as in the proof of theorem 4.12 yields
that W' is sequentially weakly star continuous with respect
to the Hélder norms.

We also obtain the corresponding theorem for the Sobolev
spaces wl'p(O,T).

Theorem 5.11
Let assumption 5.2 hold, let Cx0. Then the following state-

ments are equivalent:

(i) We have
x(§) = C¢ for all ¢x0.

(ii) The inverse W ! : Y - X exists, and we have

v'%t (W-lY)(t)l < C—llgg y(t)!1 a.e. in (0,T)

1,1

for all y e W (0,T) »~ Y.

In particular, W'-1 then maps‘wl’p(o,T) ~ Y into
Wl'p(o,T) ~ X for all 1 € p £ «; moreover, for p>1, W

is sequentially weakly star continuous with respect to the
l,p

-1

norm of W

Proof: Since property (i) implies (T), by corollary 5.9 it
also implies the existence and continuity of W 1: Y - X.
The proof is now completely analogous to that of theorem
4.13; for the converse one constructs x and y with y = Wx,

lx(tz)—x(tl)l = § and

1Y (E,) =Y (£7) 1 = R(A(A,A%F)) .

)

o
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Let us now consider the BV properties.

Theorem 5.12

Let assumption 5.2 hold, assume that for some Cx0
x(§) = C for all §>0.

Then W ! maps Y ~ BV(0,T) into X ~ BV(0,T), and

1

var(w ly) < ¢~ .vVar (y>

for all y ¢ Y ~ BV(0,T). Moreover, W ' is continuous in the
sense that for any sequence Lty in CQ([O,T]) ~ BV(O,T), if

Yo 2 Y strongly in c® and weakly star in BV, then also

w.lyn » w !y strongly in c® and weakly star in BV.

Proof: Theorem 5.11 implies that

| var (W ly) < c™L.var(y)
for all y ¢ Y w Wl'l(O,T). The inequality remains true for
y ¢ Y ~ BV(0,T), because Wl’l(O,T) is dense in BV(0,T) with
respect to the topology induced by the distance

d(y,z) = w1y-zu 1 + 1Var(y)-Var(z) i,

L7(0,T)

compare [13]). The second assertion again is a consequence of
lemma 4.7 and corollary 5.9.

We end this section with a characterization of Lipschitz
continuity of W-1 in the norm of C°([0,T]). We first state
the inequality which is essential for this result.

Lemma 5.13
Let assumption 5.2 hold, let X1,%, ¢ C°([0,T]). Then we have
n(A(x%,(t),x,(t)) £ 2. sup I(Wx;)(s)-(Wx,) (s)!
0<st

for all t ¢ [0,T].

Proof: The proof will be given after the proof of theorem
5.14.

Theorem 5.14
Let assumption 5.2 hold. Then the following statements are
equivalent:
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(i) There exists a Cx0 such that
x(f) = C¢ for all §xo0.

(ii) The inverse wliy s x exists and is Lipschitz continuous

with respect to the uniform norm.

Proof: If (i) holds, then also (T) holds, therefore W is
invertible by corollary 5.9. Moreover, for all t ¢ {0,T]
and all X0X%, ¢ Co([o,T]) we have

Clxl(t)-xz(t)l 4 x(lxl(t)—xz(t)l
< n(a(x(t),x%,(t)))
€ 2. sup |Wx1)(s)-(Wx2)(s)|,

0<£s4<t

so W1l is Lipschitz continuous with Lipschitz constant 2¢ 1.

For the converse, take any triangle A(a,r+$). It is easy to
construct x,,x, e c®([o,T]) with X1 (T) = A, X, (T) = a+¥,

I Xl—Xz I -

(Wx,) (T) - (Wx,) (T) = nyxz-lenw = p(A(A,2+})).

= § and

From this, assertion (i) follows immediately.

Proof of lemma 5.13: The proof is based upon a close inspec-
tion of the internal states wl(t) and wz(t), where

vy = F(xi,wo) for i=1,2. Fix any t ¢ [0,T]. For xl(t) = xz(t)
the assertion is trivial, so let us assume that X, (t) « X, (t).
We can interpret the difference (sz)(t)-(le)(t) as the
signed area between graph(wz(t)) and graph(wl(t)). Since
A(xl(t),xz(t)) is contained in that area, if wl(t) £ wz(t),
then

R(A(X, (£) ,%,(£))) & (Wx,) (t)-(Wx,) (£),

and we are done. The situation is more difficult if

wl(t)u AN ¢2(t)u for some ux0, and the estimate above obviously
is no longer valid. We introduce the following notation
(compare figure 5.1):

infi(u: ua0, ¥, (t)u > ¥, (t)uy,

Uy,

u* inf(u: usu,, wl(t)u = wz(t)u),
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A = A(x,(t),x,(t)),

D1 t(u,v): 0 € u £ u,, *1(t)“,4 v 4 wz(t)u) - A,
D2 = {(u,v): u, € u £ ux, vz(t)u £ v £ Wl(t)u);

Because xl(t) - xz(t) and because supp(wi(t)) is bounded,
0 £u, € u* £ =,

v

Figure 5.1

Now obviously
(Wx;) (t) - (Wx, () = u(a)+u(Dy)-u(Dy)+m_,

where m_ represents the contribution from the region where
u > u*. The idea of the proof is to find an s ¢ [0,t] with
(*) (wxl) (s)-(wxz) (S) > “(Dz)-mw'

This would be enough to prove the lemma, since then
p(a) = [(Wxy) (t)=(Wx,)(t)] - u(Dy) + u(D,) - m,
£ [(Wx,) (£)=(Wx,) (£)] + [(Wx,(s)-(Wx,)(s)].

Let us prove (*). We consider the region D, and assume that

i 2
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u* £ min(uM(wl(t)),uM(wz(t))>, where Uy is defined in lemma
3.20, so that aD2 consists of lines with slope 1 or -1 only,
as in figure 5.1. (The proof is analogous if also horizontal

portions appear.) We set
P* = (u*l‘pl(t)u*) = (u*lwz(t)u*)

P* = (u*, ¥, (t)u*)

(u*, ¥, (t)u*),

and observe that both curves graph(wi(t)), restricted to

[u,,u*], consist of at least two arcs of different slope, as
is implied by the definition of u,
Let T4 be the second arc of qraph(wi(t))l[u*,u*], counted from
left to right, and let Qi = (ui,wi(t)ui) be the right endpoint
of v.. (It may happen that Qi = P* for one or both i.) We now

i
set

and ux,

s = max411(u1),12(u2)>.

where li(ui) denotes the time where the arc T4 is formed on
graph(wi(t)), i.e. the last time Qi is touched by a straight
line, according to definition 3.17. We claim that s satisfies
(*). For this, assume without loss of generality that
s = 11(u1). From lemma 3.18 and the construction in the proof
of proposition 3.19 it is easy to see that

¥, ()

max(wl(t),¢1)

wz(s) £ maxcwz(t),o*) on [0,u2]

¥,(8) = ¥, (t) on [u,,=), |
where ¢, and ¢, are the straight lines with slope -1 through

1 *
Q and P,, respectively. Since the measure px is nonnegative,

this implies (*), and the proof is complete.

There is a more explicit version of the condition for g in the
previous theorems. (This observation is due to Stefan Luck-
haus.)

Lemma 5.15
Let assumption 5.2 hold, let Cx0. Then the following state-
ments are equivalent:

(i) We have

8

«
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x(§) = C} for all ¢ > 0.

(11) The measure u, restricted to the main diagonal, satis-
fies
o u = Cx,
where A is the one-dimensional Lebesgue measure.

Proof: To prove (ii) from (i), consider any interval I = [a,b]
on the main diagonal and approximate it by a sequence of
triangles

D =

n
n —

- i p-
A(ci_l,ci) ' c; =a + n (b-a).

i=1

Then u(Dn) — u(I) and u(Dn) 2 C(b-a). The converse is
obvious.

One therefore re;lizes that the continuity properties of w'l
characterized by condition 5.15 (i) are linked to the super-
position part of the Preisach operator.
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§ 6 Properties of W and W_l in spaces of vector valued
functions

Here we shall be concerned with the properties of the
hysteresis operator W and of its inverse wl (if it exists)
in the case that the input function depends not only on time,
but also on another variable, typically representing space.
So we introduce a Euclidean domain Q « hN, whose generic point
will be denoted by y in order to avoid confusion with the
previous use of the letter x; however, conforming to standard
notatidn in the theory of PDE's, we will write u for the input
function. In a general way, given any "memory operator"

H: c°(lo,T]) — c®(lo,T)),
for any function u: 0 x [0,T] — R we set

[H(u)] (y,t) = [H(u(y,-))] (t)
for all (y,t) ¢ 2 x [0,T], for the moment without specifying
any regularity assumption. In this approach, the space
variable y only plays the role of a parameter. The non-local
dependence involves just the time variable; there is memory
but no space interaction. Of course, this formulation may not
be completely satisfactory for some application.
The results we shall present in a moment are intended to be
applied for either H=W or H = W—l, whence the initial
conditions have been prescribed. Note that also the initial
conditions may depend on y, and hence must satisfy natural
regularity conditions, such as measurability for example.
We set

Q=10=x (0,T)
and introduce the set of Carathéodory functions
M(Q:Co([O,T])) =4¢u: Q- R 1 y 1— u(y,t)
is measurable for all t, £t 1— u(y,t) is continuous
in [0,T] for almost all y:.
We consider the following function spaces, all Banach spaces
endowed with natural norms:

w''Po,1:1P(n)) = tP(a;wl'P(o,m))

{u: u e Lp(Q),%% e 1P(Q)y . 14pée,

)
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tP(0:c%(l0,11)) = {u: u e M(0;c%(L0,T1)),5 wu(y, )2 ay < w},
Q

u u,%% e P(a;:;c°(1o0,m))?, lépée=,

{u: u e Lp(Q;Cof[O,T])):

w'P(a:c®(r0,m))

w*Pa:;c%(ro,m))

-(N+
i) “u(ylr ')-u(yZl *) "2 ) “yl_yz I (N }\p)dyldYZ £ x},
QxQ :

1l £ p<=, 0 £ A £1,
W (a:c%(10,T))) = tu: u e LT(0:c°(l0,T])),

A

ess sup (uu(yl,-) - u(yz,-)ux . uyl-yzn- ) < =3,

0 < A £ 1.

We recall that W’'“(a;c®([0,T]) coincides with the Hélder
space ¢c°'*(0:c%(10,T1)).

Lemma 6.1
Let H: C°([0,T]) — C°([0,T]) be continuous. Then

[(H(u)] (y,t) = [H(u(y,-))] (t)
defines an operator

H: M(n:c®((0,T])) — M(a:c°(lo0,T])).
Proof: It is sufficient to note that y I1-— u(y,:) defines a
measurable mapping from Q to C°([0,T]) for any

ue M(0:;c°(10,T1)). o

Proposition 6.2

Let X be a Banach space which can be embedded continuously in
c®(1o0,T1), let H: c®(lo,T1) — c°([0,T]) be continuous. If H
operates and is bounded in X, then ﬁ operates and is bounded
in IP(0;X) for all 1<p4e.

Proof: The proof is straightforward and therefore omitted.

Due to the results of sections 3, 4 and 5, proposition 6.2 can

be applied for H = W or H = W ', and either
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X =¢c%™lo,T1) , O0O<cx<£1, or

x=w'Po, ) , 1<4&p<e«, or

X = ¢2([0,T]) ~ BV(O,T).

Proposition 6.3

Let H: C°([0,T]) — C°([0,T]) be continuous. Then H operates
in ¢°(a;c®(l0,11)).

Proof: Omitted. : o

Proposition 6.4

Let H: C°([0,T]) — C°([0,T]) be Lipschitz continuous. Then
the following assertions hold:

(1) H operates and is Lipschitz continuous in Lp(o;co([o,T]))
for 1 € p £ «,

~

(ii) H operates and is bounded in Wx’p(Q;Co([O,T])) for
04 Aé&1l1l, 1 ép € =,

Proof: Omitted. ‘ ’ ' a

- Acknowledgements

This paper was partially written during visits of the first
author at CNR, Pavia, and at Universita degli Studi di Trento,
and of the second author at Universitédt Augsburg.



(TS

- B -

References

[1]

(2]

[3]

(4]

[5])

[6]

(7]

(8]

(9]

G. Biorci and D. Pescetti, Analytical theory of the
behaviour of ferromagnetic materials, Il Nuovo Cimento
7 (1958), 829-839.

J.A. Enderby, The domain model of hysteresis. Part 1:
Independent domains; Part 2: Interacting domains,
Trans. Faraday Soc. 51 (1955), 835-848; 52 (1956),
102-120.

D.H. Everett, A general approach to hysteresis. Part 1
(with W.J. Whitton); Part 2 (with F.H. Smith): Develop-
ment of the domain theory; Part 3: A formal treatment
of the independent domain model of hysteresis; Part 4:
An alternative formulation of the domain model, Trans.
Faraday Soc. 48 (1952), 749-757; 50 (1954), 187-197;

50 (1954), 1077-1096; 51 (1955), 1551-1557.

K.H. Hoffmann, J. Sprekels and A. Visintin, Identifica-
tion of hysteresis loops, J. Comp. Phys. (to appear).

M.A. Krasnosel’skii and A.V. Pokrovskii, Modeilinq
transducers with hysteresis by means of continuous
systems of relays, Soviet Math. Dokl. 17 (1976),
447-451.

M.A. Krasnosel’skii and A.V. Pokrovskii, Systems with
hysteresis, Nauka, Moscow 1983. In Russian, English
translation in preparation.

D. Mayergoyz, Mathematical models of hysteresis, Phys.
Rev. Letters 56 (14 April 1986), 1518-1521.

L. Ne¢el, Théorie des lois d'aimantation de Lord
Rayleigh, Cahiers de Physique 12 (1942), 1-20; 13
(1943), 18-30.

E. Preisach, Uber die magnetische Nachwirkung, 2. far
Physik 94 (1935), 277-302.



(10]

[11]

[12]

(13]

- 56 -

C. Verdi and AVisintin, Numerical approximation of
the Preisach model for hysteresis, Preprint of I.A.N.
del C.N.R., Pavia (1988).

A. Visintin, On the Preisach model for hysteresis, Non-
linear Analysis 9 (1984), 977-996.

J.G. Woodward and E. Della Torre, Particle interaction
in magnetic recording tapes, J. Appl. Phys. 31 (1960),
56-62. ‘

G. Anzellotti and M. Giaquinta, Funzioni BV e tracce,
Rend. Sem. Mat. Padova 60 (1978), 1-21.



