FORSCHUNG - AUSBILDUNG - WEITERBILDUNG

Bericht Nr. 33

SOME BV_PROPERTIES OF THE

PREISACH HYSTERESIS OPERATOR
{

M.lﬁjﬁ?ate

UNIVERSITAT KAISERSLAUTERN
Fachbereich Mathematik

Erwin-Schrodinger-Strafe

D - 6750 Kaiserslautern

Oktober 1988



Some BV properties of the Preisach hysteresis operator

Martin Brokate
FB Mathematik, Universitat Kaiserslautern

D-6750 Kaiserslautern, West Germany

Abstract.

We discuss mapping and Lipschitz continuity properties of the
Preisach model for hysteresis in the spaces BV[0,1] and

wl,1[0,11.



1. Introduction

The Preisach model for hysteresis [10] essentially consists of
a continuous family of thermostats (i.e. relays with hyster-
esis). It is customarily formalized as an operator W defined by

P

(Wx)(t) = J (Wx)(t) dele) ,
P

mapping an "input function" x: [0,1] » R to an "output func-
tion" Wwx: [0,1] 2 R; here,

2
P = : = }
<p. p (pl’pz) € IR ! p].épz

is the so-called Preisach plane, p is a measure on P, and w’
denotes, for any p ¢ P, the thermostat switching from -1 to 1

if x{(t) reaches p, and from 1 to -1 if x{(t) reaches p,. This

1

model is of special interest in the description of ferro-

2

magnetic materials [9,13]; moreover, it includes several other
formalizations of hysteresis as a special case.

The mathematical properties of the Preisach hysteresis operator
have been studied extensively in [2,4,5,9,12]. In particular,
the Preisach operator is, with the exception of degenerate
cases, not differentiable. It is therefore of interest to find
out the situations in which it is Lipschitz continuous. In the
present paper, we give sufficient conditions for Lipschitz
continuity with respect to the norm of BV{[0,1]. Roughly speak-
ing, the Preisach operator maps BV[0,1] and Wl’l[O,l] into
itself if the measure u has a bounded density, and is Lipschitz

1’1[0,1] if the measure p has a Lipschitz

continuous on W
continuous density; it is Lipschitz continuous on BV[0,1] if

the measure p has a density e of the form e(Pl,pz) = e(pl-pz).



This paper is not intended as an introduction to the Preisach
operator; we refer to [2,5,12] for that matter. We just remark
that the memory or internal state of the Preisach model given

at any time t by

t(p, (WPx)(t)) : p e P!
can be represented by the curve 7 separating the regions where

(WPx)(t) = +1 resp. -1 in the Preisach plane as in figure 1.

Figure 1

The time evolution of this separating curve is studied in [2];
we use it here, too, but mainly in the slightly different
approach of [7], since the latter reduces the "hysteresis part"
of the Preisach operator to the hysteresis operator defined by
figure 2, sometimes called "shaft", which is much easier to
deal with. Therefore, we consider the latter operator first,
namely in section 2 of this paper, and extend the results to

the Preisach operator in section 3.



e

2. BV properties of the shaft

Consider the diagram in figure 2. It shows two boundary lines
parallel to the main diagonal with abscissae * u, the space in
between being filled continuously with horizontal segments. The
direction of possible movement is indicated by the arrows.
Figure 2
The corresponding hysteresis operator Wu has been studied in
detail (and in more generality) in [5], chapter 1. In particu-
lar, it is shown there how to define Wu on the space Regl0,1]
of regulated functions (= completion of the step functions in
the sup norm), and that Wu is Lipschitz continuous on this
space. Moreover, several theorems on mapping and‘continuity
properties of Wu in different function spaces are stated,
among them the Lipschitz continuity of Wu in W1’1[0,1] and
BVI[0,1], the former also being a special case of a result in
[11], elaborated in chapter 6 of [56]. The aim of this section
is to provide a simple proof (which seems to be new) of the

w1,1

result and a full proof of the BV result, along with some
lemmata which might be of interest.

Returning to figure 2, we may look upon it as defining a family

gu(‘aY) of piecewise linear curves by

gu(x,y) = minfix+u, maxix-u,ytt.

Here, gu(x,y) is the output value corresponding to an input
value x, 1f we start at the level y, which is the old output
value.

It is then clear that the following definition gives the

correct output, if the input is a step function.



=

2.1 Definition

Let x: [0,1] 2 R be a step function with values X; on
successive intervals Ii’ 1£€i4n, and let Y, € R. For u20 we
define Wu(x,yo) to be the step function on [0,1] with values

y. on I., where
i i

y. = gu(xi’y'—l) ’ 1£i4n,

gu(x,y) = mini{x+u, maxix-u,yt?. a

Obviously, this definition does not depend upon the choice of

the partition.

Let now Regl(0,1], the space of regulated functions, denote the
closure of the space of step functions in the space of bounded
measurable functions on [0,1], endowed with the sup norm. One

immediately obtains the Lipschitz continuity of Wu in Regl0,1):

2.2 Proposition

Definition 2.1 yields on operator

Wu: Reg(0,1] x R - ReglO0,1]

with
]
wu(

N € st i o A
X1V ) W (s T, & maxtiix =x,0,, 1¥4517Vgy

for any arguments in the space above.

Proof: The function gu has the property that
= ; - [ - ¢l - - -y I},
o (21)31) g (zziyZ) max z]. 22 ’ yl 32

The result now follows for step functios x, and x, by induc-

1 2

tion and for functions in Regl[0,1] by continuous extension.

For a continuous and piecewise monotone input x: [0,1] =2 R, the



[

output Wux is explicitly given by

W, (x5 )(0) gu(X(O),yo)

Wu(x,yo)(t)

i+l
if 4 = (ti’ is a monotonicity partition for x. Therefore, Wu
maps C[0,1] into itself.

We now want to obtain an estimate of Wux —Wux2 in the norm

1
defined by the total variation. It turns out to be convenient

to consider, along with the function gu, the function

hu(x,y) = X - gu(x,y) ;

which, i1f used instead of = in definition 2.1, yields the
elastic-plastic element studied in [6] and also in [5,81].

The basic lemma is the following.

2.3 Lemma
We have
g (x v ) =8 (59, ¥, I=Dy =y Il + Th (x5 ¥ ) -h (x5, v5) |
= '(xl—xz)—(yl—yz)l

for any Xq1XgyV ¢ R, where

1’2

hu(X,Y) = X - gu(x’Y)~

Proof: One easily computes that

g (x,y)-y mini{x-y+u,maxix-y-u,0?},

u

hu(X’Y) max{-u,minfu,x-y!!.

Both left hand sides are, therefore, nondecreasing functions of

X-y, Sso



'(gu(xl,yl)-yl)—(gu(xz,yz)-yz)' + 'hu(xl,yl)-hu(xz,yz)'

l(gu(xl,yl)-yl)-(gu(xz,yz)-yz)+hu(x1,yl)-hu(xz,yz)'

1

l(xl—xz)—(yl-yz)'-

2.4 Definition

Let x: [0,1] 2 R be piecewise monotone. A partition 4 = ¢ti’

of [0,1] is said to be compatible with x, if XI!I is monotone

for every interval I = (t.,t ) of a4,

1’ 7i+1
We introduce some notation, mostly standard, for the BV
setting. For x: [0,1] = IR and any partition & =v{t0,"-:t }

n

of [0,1] we denote

n-1
Var  (x) = 'E 'X(ti+1) (ti)| ;
1=1
Var(x) = sup*VarA(x) : A partition of ([0,11]1!.
We define
BVIO,1] = ixIx: [0,1] - R, Var(x) <4 +e}

It is well known that BV[0,1] is a Banach space with the norm

uquV = Ix(0)! + Var(x) ,

and we also have
BV[0,1] ¢ Regl0,1] ,
since every monotone function can be uniformly approximated by

step functions. Furthermore,

1

wli'lro,17 = txix e Ll(0,1), % e nl(o,1)!

is a closed subspace of (BV[0,1], - ). The piecewlise linear

i
BV

functions form a dense subset of W1’1[O,1], and for any piece-

wise linear function x: [0,1]1 = IR we have

1
J 1x(t)!Idt = Var(x) = Var
0

Ax)



if the partition 4 = {ti} is compatible with x, so the BV
norm coincides with the standard norm on W1’1[0,1].

We first estimate the variation of Wux —Wux for piecewise

1 2

linear inputs.

2.5 Lemma

Let x,,x, € C[0,1] be piecewise linear, let Yo1' Yoo © R and let

2

the partition 4 be compatible with Xy and X Then

) =W (

1 Y01) W (X9 ¥, ))

VarA(Wu(X

< VarA(Xl*x2)+'hu(Xl,Y01)'hu(X2xY02)l

Proof: We apply lemma 2.3 with the arguments

(xl,xz,yl,yz) =

~

= (x,(t.

i+1 (t

), x

1 )’wu(xl’y01)(ti)’wu(XZ’yOZ)(ti)).

2° 7i+1

Since A is compatible with x, and x for j=1,2 and any i we

1 2’

have

g (Xj(ti+1)’wu(XJ’YOJ)(ti)) )

u Wolxgvg )it

i+1
and consequently

hu(xj(t

))wu(xlyyoJ)(t)) =X(t )’

1 J i+1)“wu(xj"VO\j)(t

i+l i+l

v

We obtain from lemma 2.3

PIW (x50 ) =W (Xou ¥ T0E, 1) = IW (x5 ¥ ) =W (X5,555)3(E;) ]
= '(xl—xz)(ti+1)—[wu(xl,y01)—Wu(x2,y02)](ti)' -

T T Wy (e ) ) mh (xp () W (g, Y ) (8 )
< Tl ()= mxp ) (0 ) 4

+ (=%, (£ ) =W (x5 1) =W (5p,¥5,) (L)1 -

T X ) (g I (g )W (g ¥ ) (s 4y )

Summation over 1 now yields the assertion, since



J=h (x,(0) ). o

)YO] ’yOZ

From this, we will now deduce the Lipschitz continuity of Wu on

whlro,11.

2.6 Proposition

The operator Wu: Wl’1[0,1] x R = W1’1[O,1] is Lipschitz

continuous, and for any x Wl’l[O,l] and Yo1°' Y02 © R we

1°%2

have

Ilwu(x W Y € lix. =-x_| + 2

_ . | - |
1'Y01) "W (550705 Ty 17 %2 By Y01 Y02

Proof: It suffices to prove the inequality for piecewise linear

functions X11Xpe We have

lwu(xl’yOI)(O)—WU(XZ’YOZ)(O)I = Igu(xl(o)’y01)—gu(xz(o)’y02)I’

and for any partition 4 compatible with Xy and X, we conclude

from lemmata 2.5 and 2.3 that

Var (N (X g )W (g yg ) I AW (g, ¥ 1 E0D W (35,95 ) ()
< VarA(xl—X2)+|(Xl(o)‘xz(o))‘(Y01‘Y02)|+'Y01‘Y02'
€ Ixymxplpyt2lyg 7Yy,

This proves the result, since an arbitrary partition A can

always be refined to a partition compatible with Xy and Koo

The Lipschitz constants in proposition 2.7 are best possible,
as simple examples show; of course; they depend upon the way
one treats the constant functions in the BV norm.

If we want to know the output Wu(x,yo) only at finitely many



points, we may replace x by a suitable chosen interpolate x:

2.7 Proposition

Let x € C[0,1] and v, € R, let & = ‘ti) be a partition of
{0,1]. Then there exists a refinement Ao of A such that, for
all refinements A of Ao’ the piecewise linear interpolate x
of x on s satisfies

wll(x’yo)(ti) = Wu(X:Yo)(ti)

for all grid points ti of 4.

Proof: Assume u>0; otherwise Wu is the identity operator. We
also may assume that

osc{x;I}) < 2u
for all I = [ti,ti+1], ti € A, where osc(x;I) denotes the

oscillation of x on the set I. To obtain Ao from A, for each

= . . jo1i . . A >
I [tl’t1+1] adjoin riss, € I to 4, where
x(ri) = min x , x(si) = max X.
I I

We now prove inductively that, for any refinement A of AO with

piecewise linear interpolate x of x on 4, the output values

-~

A = S g = A
yi( ) Wu(x,yo)(ti) ’ ti € ’

do not depend upon the special choice of Z. Firstly, we have

vol8) = W (x,y )(0) = g (x(0),y_) = g,(x(0),y ).
On the interval I = [ti’ti+l]’ two cases may occur:
Case 1. We have

2) - ' < x v (4
yi( )-u < X(ri) x(si) < yi( ) +u
The the curve (;(t),;(t)) with ;(t) = Wu(;,yo)(t) never hits
a boundary line for t € I (compare figure 2), and
8) = y.(8) .
Yi+1( ) yl( )



Case 2. The curve (x(t),&(t)) hits a boundary line for some
t € I. Since osc(x;I) < 2u, the curve can hit only one boundary

line, and it is easy to check that

=]

(4) = x(s.) - u, or

.
§i+1 i

(

=R}

y ) = x(ri) + u ,

i+1
depending on whether the curve hits at the right or at the
left. This completes the induction step and proves the lemma,

since we may choose a sequence (xn,An) having the properties

above, with X 2 x uniformly, and apply proposition 2.2.

2.8 Lemma

For any X 11X, € c{0,1] n BV[0,1] and any Y01 Y02 € R we have

Var(wu(xl’yOI)—Wu(XZ"VOZ))
£ Var(X2~X2) + 'hu(Xl(O),YOI) - hu(Xz(O),YOZ)'
Proof: Let 4 = <ti> be a partition of [0,1]. According to

proposition 2.7 we may choose a refinement 4 of & such that

wll(x‘)"vo\])(tl) = wll(x]’}YOJ)(tl)

v

for j=1,2 and any ti € A, where Xj is the piecewise linear

interpolate for Xj on 4, Applyving lemma 2.5 to (xl,x on 4, we

o)

obtain

VarA(Wu(xl,yOI)—Wu(xz,yoz))

= Var (Wu(xl,y01

A )—wu(X

21Y02))

)-W (x
u

in

))

VarK(Wu(X

1'Y01 2'Y02

Var;(xl—xz) + 'hu(xl(O),yOI)—hu(xz(O),yoz)'

IN

IN

Var(x,-x,) + 'hu(xl(O),y01)-h (XZ(O),YOZ)'

1 u



In order to generalize a result concerning Wu on C[0,1] to
Reg[0,11, the following device has been developed in [5], p.
44, For x € Regl0,1], one interprets the output Wux as restric-
tion of the output WUXA for some continuous input XA, which
interpolates the discontinuities of x in a suitable way. This
is possible since x has an at most countable number of discon-
tinuities, and the right resp. left sided limits x{(t+) and

x(t-) exist for all t ¢ [0,1], see [3], p. 16ff.

2.10 Definition

Let A = | be an at most countable subset of [0,1]. Set

b
aJ Jed

b=1+ 3 279,
jed

and choose the transformation T: [0,b] - [0,1], defined below,
with the following properties:

(i) T is absolutely continuous and nondecreasing,

(ii) T(O0) = 0, T(b) =1,
(iii) Ij 1= T_l(<aj>) is an interval of length 2—J,
(iv) T—1(4t5) is a single point for t £ A.

To achieve this, define the left endpoint of Ij to be the real

(¥

number

J keJ,a, <a
k )

and set

T(s) = v(T)dr ,

O =

where v=0 on the union of the Ij and v=1 elsewhere.



2.11 Definition

Let A = {aj}jeJ and T be as in definition 2.10. For any

x € Regl0,1] we define XA : {0,b] o R by

(1) xAle 1s the linear interpolant for the values x(aj—)

and x(aj+) at the endpoints of Ij’ x(a) at the midpoint

of 1.,
J
(11) XA(S) = x(Ts) otherwise.
For any z ¢ Regl0,bl] we define zR: (0,11 2 R by
(i) ZR(aj) = z{(r), if j € J and r is the midpoint of Ij’
s R _ -1 .
(1i’) 2z (t) = z{T “t), otherwise.

As stated in [5] in a slightly different way, the following

properties hold.

2.12 Lemma

In the situation of definitions 2.10 and 2.11, the following
assertions are true for any x € Regl[0,1] and =z € ReglO,bl:

(i) We have A e Reg[0,b] and 2R e Regl0,11.

(11} If A includes all discontinuity points of x, then
x" e Ccl[o,bl.

(iii) We have

Var(xA) = Var(x) , 1if x e BVI[0,1]
var(z®) € var(z) , if z e BVIO,bl.
(iv) We have for any Vo € IR
. _ A R
Wu(x,yo) = [wu(x ayo)]
Proof: The mappings x |— XA and z I— zR are linear and

continuous on Regl0,1] resp. Regl[0O,b) and map step functions

- 13 -



to regulated functions. This proves (i) and also (iv), since
(iv) holds for step functions, and Wu is continuous by proposi-

tion 2.2. The proofs of (ii) and (iii) are elementary.

As remarked in [5], p. 46, the output Wux has bounded variation
if we exclude the case u=0 where Wu is the identity operator.
This is a byproduct of proposition 2.7, compare also proposi-

tion 2.2 in [2].

2.13 Lemma

The operator Wu maps Regl[0,1] x R into BV[0,1], if u>O0.

Proof: Let Y, € R. Consider the case where x € C[0,1] is piece-
wise linear. The number of changes of the monotonicity direc-

tion of Wux is obviously bounded by 1+w(x;2u)_1, where

w(x;h) = supir: lt-s! < r => Ix(t)-x(s)! <« ht,
Therefore we have

-1y,

Var(W (x,y_)) € 2ix¥ - (2+(x;2u)

Applying proposition 2.2, this inequality extends to any
x € C[0,1], since

w(x;h) = w(;;h+2"x—;"w).

For arbitrary x € Regl0,1], lemma 2.12 yields the assertion.

We conclude this section with the statement of Lipschitz

continuity of wu in BV[0,1].



2.14 Theorem

The operator Wu: Bv[0,1] x R - BV[0,1] 1is Lipschitz

continuous, and for any X11X, € BV[0,1] and any Yo1'Yg2 € R

2

we have

v )W

X 7 £ lx,-x | - |
X19¥0q) "W (X5, ¥00) gy Xy =Xp gy * 21¥517Y02

Proof: Let A consist of all points where X, or x, are discon-
tinuous. Applying lemma 2.8 to x? and xg, repeated use of lemma
2.12 yvields

var(wu(xl’y01)-wu(X2’y02))

£ Var(x,-x,) + I|h (Xl(o)’yOI)_h

2 u (x,(0),¥55) 1

1 u
From this, the assertion follows, using lemma 2.3 in the same

way as in the proof of proposition 2.6. 8]



3. BV properties of the Preisach operator

As already mentioned in the introduction, there are various
ways to define the Preisach operator. Nevertheless, one always
has to consider the time evolution of the boundary curve

depicted in figure 1. If one takes the natural coordinates

_ PamPy _ Pty
u = ) V= T
then a particular boundary curve may be written as v = ¢{(u),

and it turns out that the boundary curve ¢ = ¥(t) at time t

is related to the operator Wu from section 2 by
v(t)u = Wu(x,¢o(U))(t) )

if ¢0 is the initial boundary at time t=0. This motivates the

following definition of the Preisach operator.

3.1 Definition

Let p» be a finite Borel measure on [0,») x IR, let
woz [0,») > R be Lipschitz continuous with Lipschitz constant
not greater than 1 and with compact support, let C 1C_ € R.

Then for any x € Regl0,1] we define the Preisach operator W
by

(Wx)(t) = Wix,m, ¥ )(t) = E(¥(t),n) ,

where

(v(t))u = Wu(x,wo(u))(t) ,
E(e,p) = c u(tveo(u)t) + c_u(ivae(u)t) ,

if ¢: [0,=) > IR is Borel measurable.

Several comments on this definition are in order. First, for
continuous inputs it yields the operator considered in [2],

section 3. This can be checked from the definitions and basic

- 16 -



continuity properties. In particular, for any fixed t, the
boundary curve ¥(t) is then Lipschitz continuous, a fact which
carries over to inputs x € Regl0,1] because of lemma 2.12,.
Therefore, E(¥(t),u) is well defined. Second, the operator W
coincides with the operator defined via elementary thermostats
if and only if the measure p, seen in (u,v)-coordinates, satis-
fies Ipl(L) = 0 for every straight line L of slope 1 or -1;
this condition also characterizes the continuity of W on

clo,117.

If one writes the Preisach operator W as in definition 3.1, it

is natural to split the measure p in the following way.

3.2 Proposition

Let # be a finite nonnegative Borel measure on R+ x R. Then we

have for any measurable set @ ¢ R+ x IR

H(Q) = [ v(u,Qu) dn(u) ,

where 7 is the projection of p onto m+,

m(A) = p(A x R) ,

if A € m+ is a Borel set,

Qu = {v € R: (u,v) € Q}F ,

v(u,B) is a certain real-valued function defined for

and v
any u e R+ and any Borel set B ¢ R with the properties
u Il— v(u,B) is 7m-measurable

B I— v(u,B) is a Borel measure.

Proof: This is a basic result in probability theory, related to
the existence of a conditional probability distribution, so we

sketch the arguments briefly. For a Borel measurable set B ¢ R,

- 17 -



one obtains u !|— v(u,B) as the Radon-Nikodym derivative of

the measure p_(A) := u(AxB) with respect to 7. Thus, v(u,B) is

B
determined 7-a.e. for fixed B. Defining a countable generator G

of the Borel c-algebra on R by finite unions, intersections and
complements of open intervals with rational endpoints, one
obtains a finitely additive set function B I— v{(u,B) on G
for any u except from a 7m-null set. This can be shown to be a
measure B |-— v(u,B) on the Borel algebra, yielding in turn

a measure K on R+ x R, if we set

Q) = [ 1«'(u,Qu) dn{u) ,

which must be equal to ¢ since it coincides with 2 on sets of

the form @Q AxB. o

0o

Proposition 3. enables us to write the Preisach operator in

the form

{(Wx)(t) C+V(u,‘V4¢(t)u’)'+ c_V(u,<VE¢(t)u}) dn{(u) ,

il
O =

and if we define f: m+ x R by

flu,z) = v{u,tvizt) ,
we obtain the following result, a generalization of the

representation in [7].

3.3 Proposition

In the setting of definition 3.1, assume that p20. Then we have

W(X,ﬂ,vo)(t) = (c —c_)f(u,Wu(x,wo(u))(t)) dm(u) +

+

O~ g

+ c_u(m+ x R} ,

where

f(u,z) = v(u,tv € R: v < zlt) ,



and the measures 7 and v(u,*) are obtained from ¢ as in propo-

sition 3.2.

Proof: This is immediate from definition 3.1 and proposition

3.2. a

For the case of an absolutely continuous measure p, this
representation is due to [7]. It shows the Preisach operator W
as a combination of a superposition érocess and the family of
hysteresis operators described in figure 2. If p is concen-
trated on {u=0+¢, then W is a superposition operator; if p is
the one-dimensiconal Lebesgue measure concentrated on some line
4u=uo’ for uo>0, thenrw is the operator Wu of figure 2. (We
tacitly extend definition 3.1 to the o-finite case.) Some BV
properties of Wu are given in the previous section; for BV
properties of the superposition operator defined by f, we refer
to the survey paper (11, section 8 and 9. The results presented

in [1] motivate the following definition.

3.4 Definition

Let ¢ be a finite nonnegative Borel measure on m+xm, let v,n,f

be as in propositions 3.2 and 3.3. We say that u has property

(Ll)’ if
If(u,z

)=-f(u,z,) ! £ L, (u)lz, -z,

1 2 f 1 72

, 2 : - i -
for any Z1129 € R and any u20, where Lf. m+ R+ is some func
tion with

S Lf(u) dn(u) < o |
0

We say that p has property (Lz), if moreover f is differen-

tiable almost everywhere w.r.t. z, and also

- 19 -



|sz(u,z 2)'

)—sz(u,z £ Lf(u)lzl-zzl

1

for almost all Z12y € R and any u20.

We consider the most important special case.

3.5 Lemma
Let u be a measure with density e € Ll(lR+ x RR), e20.

(i) If

[ ess sup e(u,v) du 4 = ,
0 v ¢ R

then p has property (Ll)'

(ii) If moreover the partial derivative Dve(u,v) exists a.e.

and

I ess sup IDVe(u,V)l du <4 o ,
0 v e R

then p has property (LZ)'

Proof: It is easy to see that the measure 7 from proposition

3.2 has density

p(u) = [ e(u,v) dv ,

-

and that Lf defined by

p(u)Lf(u) = ess sup e(u,v) ,
v € R

with Lf(u) = 0 if p(u) = 0, yields property (Ll) for #, since

%1

plu) (fu,z,)-f(u,2,)) = J e(u,v) dv

Similarly, (Lz) is obtained. |

We now present the main result of this section.

- 20 -



3.6 Theorem

Let W be the Preisach operator of definition 3.1.

(1) If the measure p has property (Ll), then W maps bounded
subsets of BV[{0,1] into bounded subsets of BV[0,1] for
any fixed initial condition ¢O. Moreover, W maps

wl'l10,17 into itself.

(1ii) If the measure p has property (Lz), then for any bounded

1,1

subset B of W [0,1] there is an L such that

uW(xl,¢01)—W( £ L(inx i + u¢01_¢ )

X991 ¥02) gy 17 X2"'gy 02"w

for any X11Xgy € B and any initial condition ¥

2 01'%o2-

Proof: Using propositions 3.2 and 3.3, we may write W as

(Wx) (t) = (c, -c_)

D~ g

(S, W, (x,¥ (u)))(t) dm(u) + c_upl ,

where Su denotes the superposition operator defined by the .
function f, i.e.

(S ¥)(E) = flu,y(t))

for any function y: [0,1] 2 IR. Since the measure u has

property (Ll), for any partition & of [0,1] and any x € BV[0,1]

we get
Var,(Wx) < lc -c_lI 2 Var (s W (x,¥ _(u))) dm(u)
€ lc -c_| 2 Lf(u)VarA(wu(x,¢0(u))) dn(u)
£ |C+_c_| z Lf(“) dnm(u) - (uquV+z-uwoum),

the latter inequality with the aid of theorem 2.14. This,

together with an easy estimate of (Wx)(0), proves the first

1

part of assertion (i). To prove that W maps Wl’ into itself,
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by theorem 4.13 in [2] it is sufficient to show that
k(€¢) £ C¢

with C independent from ¢, where

k(¢) = lc,-c_lsuptu(R, (X, A4¢)): X ¢ R, i=1 or 2} ,
Rl(xl’xz) = {(u,v): u20, X1+u £ v £ x2+u} ,
Ry(Xs2,) = #(u,v): u20, Ajmu £ v o€ A -ul

But because of property (Ll)’

«©

PR (X, 248)) I f(u,x+&+u)-f(u,r+u) dm(u)
0

«©

f Lf(u) dn(u) - ¢ ,
0

IN

and with an analogous estimate for Rz(k,k+€), the proof of (i)
is complete. Now assume that p has property (Lz). We first
consider the superposition operator. Fix any Z1:2, € W1’1[0,1].

If "-"1 denotes Ll—norm, we have

"g—(S z —Slz )H =

dt' u”1 1727 1
1
= g IDZf(u,zl(t))él(t)—sz(u,zz(t))éz(t)| dt
1 1
= é L %u)'z it)—z &t)l Iz it)ldt + é ID g(u,zz(t))lléz(t)ldt
< Lf(u)(uéluluzl—zznm + cluél—ézul)

with some constant C since sz has compact support.

1)

Therefore,

d . ) . )
YAt (SuZ178yzp) Ny Le(w)C, (M i )iz —z gy

with some nondecreasing function C Now take any X11X, € B

o
and any partition A of (0,1). We then have, using the estimate

Jjust derived,



VarA(W(x1,¢01)—W(x2,¢02)) £

|c+—c_| g VarA[SuWu(xl,wOI(u))-SuWu(xz,woz(u))] drm(u)

(LN

w

epmet D) Cp{Var (W, (xg, Yo D VIN (31 ¥, ) =W, (g0 Yoo ) gy

([N

« dm(u)

£ |c+—c_|'C3 J L, (u) dm(u)-(Ix

o Ut 17X gyt Y917 Y02 ")

the latter inequality being true for some constant C3 because

of theorem 2.14, since Xy varies in the bounded set B and we
may restrict the initial conditions ¢Oi to have values 1in a

bounded set containing the support of p. This completes the

proof of the theorem. o

As it is to be expected, theorem 3.6 links properties of the
Preisach operator W to properties of the measure p. In view of
the results included in [1], it seems that the assumptions (Ll)
and (Lz) cannot be weakened substantially, but we do not
attempt to give a complete characterization. Moreover, theorem
9.3 in [1] implies that the superposition operator Su generated
by f=f(u,z) is Lipschitz continuous in BV[0,1] if and only if

f is linear with respect to z; this means that p has constant
density along all lines <u=uo>, respectively along all lines
)-coordinates. The

2

corresponding Preisach operator W then becomes the so-called

parallel to the main diagonal in the (pl,p

Ishlinskii operator. Accordingly, we conjecture that the
Preisach operator is Lipschitz continuous in BV[0,1] if and
only if it is an Ishlinskii operator, the "if"-part being a

direct consequence of theorem 2.14.



We now return to the study of the time evolution of the bound-
ary curve in figure 1. As an immediate corollary of theorem

2.14 we obtain

3.7 Proposition

The mapping (X,WO) i-2 ¥ defined by

¥({t,u) = Wu(x,w’fo(u))(t)

vields a Lipschitz continuous operator from

BV[0,1] «x Lm(m+) into Lm(m+;BV[O,1]), mapping

wlrlro, 171 « L°(R,) into L“(m+;w1’1[o,1]).

However, viewing v(t,+) as the boundar& curve at time t, it is
more natural to ask for regularity in spaces of functions

v: [0,T] - ¥, where ¥ is a suitable space of boundary curvés.
Basic properties of ¥ and time regularity with respect to the
sup norm have been studied extensively in [2], section 3. The
remainder of the present section is intended as an addendum to
these results. We therefore introduce the relevant notation

without discussion; for this we refer to [2], section 3.

3.8 Definition

We set
Wl = {¢l¢: [0,») 2 R, ¢ has compact support and is
Lipschitz continuous with Lipschitz constant £11%,
On Wl we introduce the distances dl’ d_ and dl,l which corre-

spond to the norm in Ll, L and the seminorm
¢! = J té’(u)! du

We define G: R x ¥, = ¥_ by



G(x,¢)(u) = mini{x+u,maxix-u,é(u)t?,
and define F(X,WO): [0,1] - Wl for any ¢O € ?1 and any

piecewise monotone x € C[0,1] with monotonicity partition

= '
A ti by
F(x,%,)(0) = G(x(0),¥_)
F(x,¥ )(t) = G(x(t),F(x,¥ )(t)), if t e [t ,t, T
u]
Since G is linked to g, from definition 2.1 by
G(x,¢)(u) = gu(xs¢(u)))
one easily checks that, if one extends F to C[O,l]x?l,
[F(x,¢o)(t)](u) = [Wu(x,¢o(u))](t).
We are now interested in continuity properties of F in the
space Wl’l[O,l]. Again, from theorem 2.14 we obtain the
following result.
3.9 Proposition
The definitions in 3.8 vield a mapping
F: wirlro, 1] « ¥, —>w1’1(0,1;(q‘1,d1)).
For any bounded subset B ¢ W1’1[0,1] and any M>0,
’ F: B x (¥, ,d ) - wioleo,1;(%,,d.))
) IM’ e L T |
» is Lipschitz continuous. (Here wlM denotes the subset of ?1
consisting of functions with support in [0,M].)
Proof: For any ¢o € Wl and any piecewise linear x € C[0,1]
one checks that
vit,u) = D0 (x, % (W) 1(t) = [F(x,%_)(t)](u)
N gives a Lipschitz continuous function ¥: [0,1] «x R+ with
- 25 -~ Univ.-oibl. @
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compact support, so VY, € Ll([O,l] x R+) and

t
F(x,¢o) € Wl’l(O,l;(¢1,d1)) as claimed. Now let X 1Xgy € clo,1]

be piecewise linear and ¢01,¢02 € Wl For any partition

M
A = ‘ti, of [0,1] we have

= T WF(x,,¥ ) (t. J)-F(x,,¥ o) (t. )0
¢ ea 1’701 i+1 2’702 i Ll(m+)

«©

= LTI (x), ¥, (u))(t,

t.eda O 1+1)_wu(xz’¢02(u))(ti)| du

J VarA[Wu(x1,¢01(u))—Wu( (u))l1 du

Xos ¥
0 2’702

N

maxi{M, Ix Hm,szﬂw}-(Hxl—x

- 1
1 2'mvt2"¥17 %02 )
the latter inequality being a consequence of theorem 2.14 and
the fact that W =0 for u large enough. For general X4 and Xos

the assertion now follows with a density argument.

The result of proposition 3.9 no longer remains valid if we
replace (Wl,dl) by (Wl,dm), even if we do not vary the initial

state. This is shown by the following counterexample.

3.10 Example

Set ¢01 = ¢02 = 0. Define x,x, € C[0,1] by
x(t) = x (t) = t 0«1 <41
£ ) 2
_ 1
x(t) = 1-t s E £ t £ 1
_ 1 1. < 1.,
xa(t) =3 , 5 < 1 = 2+z
x (t) = x(t-z) lie 2 ¢ 21
) ’ 2



Then we have

"X—Xz"m = “X—XE“BV =,8
and
1y _ l, .1 _ ~ PR
(Wux)(z) = (Wuxs)(z) = 5 u if O u 5
Moreover, for 0 £ u = %
(W x)(t) = minf{l-t+u l—u? : t 2 1
u’ ’2 ! 2
) - 1
(Wukz)(t) = (WUX)(t—a) ) t = 5te -
This can also be written as
1 1,
| 57U t 5 £ 2u
(W x)(t) =
1-t+u , t-z 2 2u
Now set
b(uyt) = (W x)(t)=(W x ) (t).
1 1 .
For t =2 §+a, 2u = t_§ we obtailn
6&(Uxt+8)"68(u,t) = —&
therefore
sup |6{(u,t+z)—6$(u,t)l 2 g
u20 ’
L. 1 1 .
If we partition 2,1] by 4 = <tn>, tn = §+na, the preceding

considerations yield

N—=

. 1
- a5 =
VarA[sup (Wux Wuxa)] : o

uz0
so F(xz,O) does not converge to F(x,0) in the space
1,1
W (0,1;(Wl,dm)).
If we allow a loss of time regularity, we obtain Lipschitz

in ¢

continuity of F with respect to the distance d1 1 1
)

generated by the seminorm



We need the corresponding property for the mapping G.

3.11 Lemma

For any X11X, € R and any ¢1,¢2 € Wl we have

£ I¢1—¢211 1t l(Wl(O)—wz(O))—(xl_X2)|

Proof: We freely use basic properties of G given in [2],

(0).

section 3. We first consider the case x, £ ¢1(0), X, £ V¥

1 2 2
Setting
¢i(u) = G(xi,wi)(u)—¢i(u) ) u = 0,
we conclude that
, £ < b :
oz(u) £ (0 = 01(u) a.e. in m+,
so
| - | = 4 -9 = -
*1-%, 1,1 é ¢1(u) ¢2(u) du ¢2(0) 01(0)

(¥,00)=9,(0)) = (x;-x,) ,

and the triangle inequality yields the assertion. Now assume

that x, 4 ¥.(0), x, < ¥v,(0). Set

2(
z{u) = G(X1,¢1)(u)—G(X2,¢2)(u)a

and define Ujsu, € R by

2

u. = infiu: x.-u < ¥.(u) < x.+ut
i i i i

If uléu2 (the reverse inequality is treated similarly), we have

z(u) = X17X, , 0 £ u # Uy
z'(u) £ 0 a.e. in [ul,uzl,
z(u) = wl(u)—w2<u) , Uy, £ u.



Since

u

2
J itz (u) 'du

z(ul)—z(uz) = (xl—xz)—(¢1(u2)—¢2(u2))

lll
112
= (xy7x, -(¢1(O)—¢2(0)) - g ¢i(U)-¢é(U) du ,
we obtain
U2 o
'G(xl,vz)—G(x2,¢2)‘1’1 = [ lz2(u)l + [ |¢i(U)-¢é(U)' du
lll Uz

£ '(xl-xz)-(Wl(O)‘¢2(0))l + I"’,/1_10211,1 !

which was to be proved. The cases Xy 2 ¢1(0), X, € ¢2(0) and

X4 N ¢1(0), Xg > ¢2(O) are treated analogously.

From lemma 3.11, we readily obtain the Lipschitz continuity

of F.

3.12 Proposition

The mapping F satisfies

Fr W l0,10 « ¥, > C(0,1;(¢,,d

X N,

1,1

and

In

tel[0,1]
£ x —x i o
xy=xplgy * 21%17%2' 1,1
for any x,,x, € Wl’l[O 1] and any ¥ v € ¥
T2 ! ¢ 01’702 1°

Proof: If x e W1’1[O,1] is piecewise monotone, the continuity

) with respect to t follows direct-

1,1

of F(x,¢o): (0,11 - (‘Pl,d1 1

ly from lemma 3.11. If X 1%,y € W [0,1] are piecewise monotone
with corresponding common partition 4 = {ti’ of [0,1], we

have, using lemma 3.11 again,
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IF(X1,¢01)(t.

1+1)

= Flxga¥po) (bt g1y 4

lc(x](ti+l),F(x1,¢01)(ti)) - G(xz(ti+l)7p(x2,¢2)<ti))'1’1

£ IF(X1’¢01)(ti)_F(Xz’woz)(ti)Il,l +

) (t.

1 (v -
oy =x i+l

)= (x,~x,)(t.)]

2 1 72 i ’

therefore for any t € [0,1]

TF(x;,¥gp) (£) = Flxg,¥pa) (E) 1y | <

’

11N

)-G(x

Var(xl—x2)+|G(X1(0),¢O1

|
2(0)s¥g0) 1y
£ v -~ - - |
£ I X gyt Y017 Y2 1, 1t o1 (0) =¥ (0)
Since the unique Lipschitz continuous extension to Wl’1[0,1]

coincides with F as defined on C[(0,1], the proof is complete.
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