DIPOLYNOMIAL MINIMAL BASES AND LINEAR SYSTEMS IN AR-REPRESENTATION

J. Hoffmann and D. Prätzel-Wolters Fachbereich Mathematik Universität Kaiserslautern D-W-6750 Kaiserslautern, Germany

April 10, 1995

Abstract

This paper deals with a module theoretic approach to the dipolynomial matrix parametrization of discrete-time behaviour systems as introducted by Willems [1991]. Canonical minimal lag representations for these behaviours are constructed which are tighter than the corresponding polynomial representations.

1 Introduction

Matrices of rational functions play an important role in the description of the input/output behaviour of linear systems via transfer functions (matrices). With the introduction of minimal bases of rational vector spaces Forney [1975] gave elegant algebraic solutions for problems in the context of the input/output behaviour of linear systems; for example, problems of realization and invertibility of linear systems.

For the algebraic description of the state space approach and the system description via polynomial matrices (introduced by Rosenbrock [1970]) modules over the polynomial ring are the relevant structures.

The foundation for the module theoretic treatment of linear systems has been layed in the pioneering chapter 10 of the book of Kalman et al. [1969]. Within the algebraic theory of linear systems, developed in the last twenty years, very important contributions are due to Fuhrmann (cf. Fuhrmann [1976], [1977], [1991]). His approach, originally developed for a better understanding of the concept of strict system equivalence, was extended over the years to a systematic treatment of a variety of problems for state-space-, transfer-function-and polynomial system matrix representations of linear systems.

In the last years Willems developed in a series of papers ([1986a], [1986b], [1987], [1988], [1991]) a general theory of dynamical behaviour systems. In this framework it is shown that every discrete-time, linear, time-invariant complete behaviour system has an autoregressive (AR-) representation, where the representing matrix is dipolynomial (cf. Willems [1991]).

In our paper we consider some aspects of a module theoretic treatment of those sytem representations over the ring of dipolynomials F [s, s^{−1}]. In particular, we extend the concept of polynomial minimal bases for modules and rational vector spaces (cf. Forney

1

2 PRELIMINARIES 2

[1975], Münzner and Prätzel-Wolters [1979], Kailath [1980]) to the dipolynomial case. We proceed as follows:

Section 2 contains some preliminaries concerning the ring of dipolynomials and dipolynomial matrices.

In Section 3 we introduce dipolynomial minimal bases for rational vector spaces and dipolynomial modules and compare these bases to the existing polynomial concepts. Furthermore, we characterize the dipolynomial minimal basis transformations and derive canonical dipolynomial minimal bases in echelon form.

In Section 4 we apply the results of Section 3 to discrete-time AR-systems. In particular, we identify the dipolynomial minimal module bases as the minimal lag descriptions (cf. Willems [1991]) of the associated behaviour system. This way the canonical form constructed in Section 3 is shown to be a trim canonical form for the dipolynomial matrix parametrization of AR-equations. It coincides with a (modified) canonical representation given in Willems [1991].

2 Preliminaries

Let F denote any field, F [s] the ring of polynomials in the indeterminate s, F (s) the field of rational functions and F [s, s^{−1}] = {α_Ls^L + . . . + α_ℓs^ℓ : L, ℓ ∈ Z, ℓ ≤ L, α_k ∈ F for k ∈ {ℓ, . . ., L}} (2.1) the ring of dipolynomials with coefficients in F resp. . Observe that F [s, s^{−1}] is the ring which is obtained by localization of F [s] at S := {s^k : k ∈ N}, which is a submonoid of the multiplicative monoid of F [s] (see e.g. Jacobson [1989]); in particular this means that all elements of S are units in F [s, s^{−1}].

It is well known that F [s] is an euclidean ring with respect to the degree-function

deg : F [s] −→ N α_Ls^L + . . . + α_ℓs^ℓ −→ L (2.2)

The units in F [s] are the nonzero constants α ≠ 0, α ∈ F . Modifying (2.2) for F [s, s^{−1}] in the following way:

ddeg : F [s, s^{−1}] −→ N α_Ls^L + . . . + α_ℓs^ℓ −→ L − ℓ (2.3)

one obtains:

Lemma 2.1 (F [s, s^{−1}], ddeg) is an euclidean ring. The units in F [s, s^{−1}] are the elements of the form αs^d, d ∈ Z, α ∈ F, α ≠ 0.

We skip the easy proof; note that the second statement holds by construction of F [s, s^{−1}]. Moreover, the following characterization of irreducible elements in F [s, s^{−1}] is straightforward:

Lemma 2.2 q(s, s^{−1}) ∈ F [s, s^{−1}] is irreducible if and only if q has a representation of the form q(s, s^{−1}) = s^kp(s), where k ∈ Zand s ≠ p(s) ∈ F [s] is irreducible in F [s].

Note that deg(s^L) = L for L ∈ N, while ddeg(s^L) = 0 for L ∈ Z. We denote by F^{g×q}[s] resp. F^{g×q}[s, s^{−1}] the set of g × q polynomial resp. dipolynomial matrices. The units in the rings F^{n×n}[s] resp. F^{n×n}[s, s^{−1}] are called unimodular matrices. A matrix R ∈ F^{n×n}[s](F^{n×n}[s, s^{−1}]) is unimodular iff det R is a unit in F [s](F [s, s^{−1}]).

3 Minimal bases

To every rational k × n-matrix G(s) ∈ F^{k×n}(s) is associated the F (s)-vector space V_G := F^{1×k}(s)G(s), and there holds dim_{F (s)} V_G = rank_{F (s)}G.

Conversely there exists for every F (s)-vector space V ⊂ F^{1×n}(s) with dim_{F (s)} V = k a matrix G(s) ∈ F^{k×n}(s) of F (s) − rank k such that V = V_G. Matrices G(s) of full row rank are called bases for the vector space V_G. Analogously there are associated free F [s] − (F [s, s^{−1}]−) modules of vector polynomials (-dipolynomials) M_G := F^{1×k}[s]G(s) (M̃_G := F^{1×k}[s, s^{−1}]G(s, s^{−1})) to every polynomial (-dipolynomial) k × nmatrix G(s) ∈ F^{k×n}[s](G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}]). Observe that

dim M_G = rank_{F [s]}G(s), dim M̃_G = rank_{F [s,s}−1_]G(s, s^{−1}) (3.1)

Matrices G(s)(G(s, s^{−1})) with F [s] − (F [s, s^{−1}]−) linear independent rows are called bases for the modules M_G(M̃_G). For those basis matrices we have

M_{G1} = M_{G2} ⇔ ∃T (s) ∈ F^{k×k} [s] unimodular s.t. G_1 = T G_2 M̃_{G1} = M̃_{G2} ⇔ ∃T (s) ∈ F^{k×k} [s, s^{−1}] unimodular s.t. G_1 = T G_2

The extension of the scalar degree functions deg and ddeg to the vector case associates degree-structure to submodules M ⊂ F^{1×n}[s] and M̃ ⊂ F^{1×n}[s, s^{−1}]:

deg : F^{1×n}[s] −→ N α_Ls^L + . . . + α_ℓs^ℓ −→ L , ddeg : F^{1×n}[s, s^{−1}] −→ N α_Ls^L + . . . + α_ℓs^ℓ −→ L − ℓ The pioneering work of Forney [1975] on minimal bases for rational vector spaces initiated a series of papers on minimal bases and their relations to controltheoretic constructions. In this section we extend the concept of minimal bases to the dipolynomial case. For a dipolynomial matrix G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}],

G(s, s^{−1}) = g_1(s, s^{−1}) . . g_k(s, s^{−1}) = α^1_{ν1} · s^{n1} + . . . + α^1_0 · s^{n1 −ν1} . . α^k_{νk} · s^{nk} + . . . + α^k_0 · s^{nk −νk} (3.2)

the numbers

ν_i := ddeg g_i(s, s^{−1}), i ∈ k (3.3a)

ν := k∑ i=1 ν_i (3.3b)

are called the dipolynomial indices and the dipolynomial order of G.

Definition 3.1 A matrix G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}] is called a dipolynomial minimal basis of a F (s)-vector space V ⊂ F^{1×n}(s) if

(i) G is basis of V (ii) The dipolynomial order of G is minimal among all dipolynomial bases of V 2

Associated with G(s, s^{−1}) as in (3.2) are the highest row coefficient resp. lowest row coefficient matrix

[G]^r_h := α^1_{ν1} . . α^k_{νk} ∈ R^{k×n} ∋ [G]^r_ℓ := α^1_0 . . α^k_0

(3.4)

A matrix G(s, s^{−1}) with [G]^r_h and [G]^r_ℓ of full row rank is called row proper. Theorem 3.2 (dipolynomial minimal vector space bases) Let G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}] as in (3.2) be a dipolynomial basis of V = F^{1×k}(s)G(s, s^{−1}). Then the following conditions are equivalent:

(i) G is a dipolynomial minimal basis for V (ii) (a) The greatest common divisor (gcd) of all k ×k-minors of G is a unit in F [s, s^{−1}] (b) rank_F [G]^r_h = k and rank_F [G]^r_ℓ = k (iii) (a) G is nonsingular modulo p(s, s^{−1}) for all irreducible dipolynomials p(s, s^{−1}) ∈ F [s, s^{−1}] (b) Let f(s, s^{−1}) = (f_1, . . ., f(n_k)) the vector of all k × k-minors f_i of G. Then

ν := k∑ i=1 ν_i = ddeg(f) (iv) If y = xG is dipolynomial, then

(a) x is dipolynomial (b) For x(s, s^{−1}) = (x_1(s, s^{−1}), . . ., x_k(s, s^{−1})) with x_i(s, s^{−1}) = β^i_{τi}s^{ki} + . . . + β^i_0s^{ki−τi} there holds

ddeg(y) = max_{i:xi≠0}(k_i + n_i) − min_{i:xi≠0}(k_i − τ_i + n_i − ν_i) (3.5)

(predictable degree property) (v) For all d ≥ 1

dim_F V_d = ∑ i:ν_i≤d (d − ν_i) (3.6)

where V_d := {y(s) ∈ V ∩ F^{1×n}[s] : deg(y(s)) < d}. Furthermore the following conditions are equivalent: (ii)(a), (iii)(a), (iv)(a) and

(c) G(s, s^{−1}) is a basis of M̃_V := V ∩ F^{k×n}[s, s^{−1}]

Proof:

The structure of the proof is as follows: (ii)(a) (c) ⇕ ⇕ (iii)(a) ⇔ (iv)(a) (i) (v) ⇒ (i) (ii)(b) ⇔ (iv)(b) ⇕ (iii)(b) The proofs for (ii)(a) ⇔ (iii)(a) ⇔ (iv)(a) ⇔ (c) are easily adapted from the corresponding proofs for the polynomial case given in Forney [1975] using the characterization of irreducible dipolynomials in Lemma 2.2; also the proof of (iv) ⇒ (v) and the implication (v) ⇒ (i) is straightforward following that reference. (ii)(b) ⇔ (iii)(b):

Let N be any k × k-submatrix of G and [N]^∗_h([N]^∗_ℓ) the corresponding submatrix of [G]^r_h([G]^r_ℓ). Then

det N = det[N]^∗_h · s^n + . . . + det[N]^∗_ℓ · s^{n−ν} where

n := k∑ i=1 n_i and ν := k∑ i=1 ν_i Hence (ii)(b) is equivalent to the existence of submatrices N_1 and N_2 of G such that det[N_1]^∗_h ≠ 0 ≠ det[N_2]^∗_ℓ , which is equivalent to (iii)(b). (ii)(b) ⇒ (iv)(b): There holds

y = xG = [y]_hs^b + . . . + [y]_ℓs^e (3.7) with

b := max_{i:xi≠0}(k_i + n_i), e := min_{i:xi≠0}(k_i − τ_i + n_i − ν_i) Let [G_i]_h([G_i]_ℓ) denote the i-th row of [G]^r_h([G]^r_ℓ); then

[y]_h = k∑ i=1 [x_i]_h · [G_i]_h, [y]_ℓ = k∑ i=1 [x_i]_ℓ[G_i]_ℓ where

[x_i]_h = { 0 , k_i + n_i < b β^i_{τi} , k_i + n_i = b and [x_i]_ℓ = { 0 , k_i − τ_i + n_i − ν_i > e β^i_0 , k_i + τ_i + n_i − ν_i = e The full rank property of [G]^r_h and [G]^r_ℓ implies [y]_h ≠ 0 ≠ [y]_ℓ. (iv)(b) ⇒ (ii)(b):

Assume rank[G]^r_h < k. Then there exist x_i ∈ F, i ∈ {1, . . ., k}, (x_1, . . ., x_k) ≠ (0, . . ., 0) such that k∑ i=1 x_i[G_i]_h = 0 (3.8)

Let i_0 an index such that ν_{i0} = max{ν_i : x_i ≠ 0}; furthermore let

x(s, s^{−1}) := ( x_1 · s^{ni0 −n1} , . . ., x_k · s^{ni0 −nk} ) and ĝ(s, s^{−1}) = x(s, s^{−1})G(s, s^{−1}) = k∑ i=1 x_ig_i(s, s^{−1}) · s^{ni0 −ni} Then because of (3.8) ddeg ĝ(s, s^{−1}) < ν_{i0} ; however max i:x_i≠0 (k_i + n_i) = max_{i:xi≠0}(n_{i0} − n_i + n_i) = n_{i0} and min i:x_i≠0 (k_i − τ_i + n_i − ν_i) = min_{i:xi≠0}((n_{i0} − n_i) + (n_i − ν_i)) = min_{i:xi≠0}(n_{i0} − ν_i) = n_{i0} − ν_{i0} Thus max i:x_i≠0 (k_i + n_i) − min_{i:xi≠0}(k_i − τ_i + n_i − ν_i) = ν_{i0} contradicting (iv)(b). The proof for [G]^r_ℓ is completely analogous. (i) ⇒ (ii):

See the reduction algorithms below.

Starting with a basis G(s) ∈ F^{k×n}(s), one obtains a dipolynomial minimal basis by the following 3 steps:

(a) Multiply each row of G by the least common multiple of the denominators to make G dipolynomial

(b) Reduce the resulting matrix to a basis of M̃_V = V ∩ F^{k×n}[s, s^{−1}]

(c) Reduce further to obtain full rank highest and lowest coefficient matrices

Algorithm performing step (b):

This algorithm proves the implication (i) ⇒ (iii)(a) of Theorem 3.2. Let G(s, s^{−1}) be given in the form (3.2). Define:

Ḡ(s, s^{−1}) = ḡ_1(s, s^{−1}) . . ḡ_k(s, s^{−1})

= diag(s^{−(}n^{1 −}ν^{1 )}, . . ., s^{−(}n^{k−}ν^{k )})G(s, s^{−1})

Let ϵ(s) resp. δ(s) denote the gcd of the k × k-minors of G resp. Ḡ. Then

δ(s) = s^{−ρ}ϵ(s) where ρ := k∑ i=1 (n_i − ν_i) (3.9)

If ϵ(s) is a unit in F [s, s^{−1}] then nothing has to be proved because of Theorem 3.2 (iii)(a) ⇔ (c).

Assume ϵ(s) is not a unit in F [s, s^{−1}]. Then by Lemma 2.2 ϵ(s) has an irreducible polynomial factor p(s) ≠ s, which in view of (3.9) is also a factor of δ(s). Hence, modulo p, Ḡ does not have full rank. By applying Algorithm 2 in Forney [1975] we can replace a row ḡ_{i0} of Ḡ by a row ḡ of polynomial degree strictly less than that of ḡ_{i0} . Since ḡ is a linear combination of the rows of Ḡ and the coefficient of ḡ_{i0} in this linear combination is not equal to zero, the resulting matrix G̃(s, s^{−1}) is also a basis and G^′(s, s^{−1}) := diag(s^{(n1−ν1 )}, . . ., s^{(nk−νk )})G̃(s, s^{−1}) is a dipolynomial basis of lower dipolynomial order than G(s, s^{−1}), since

ddeg(ḡ) ≤ deg(ḡ) < deg(ḡ_{i0} ) = ddeg(ḡ_{i0} )

Algorithm performing step (c):

This algorithm provides a proof for the implication (i) ⇒ (ii)(b) of Theorem 3.2. Assume rank[G]^r_h < k and let ĝ(s, s^{−1}) be constructed as in the proof of Theorem 3.2, (iv)(b) ⇒ (ii) (b). Replace row g_{i0} by ĝ(s, s^{−1}) to obtain a basis Ĝ(s, s^{−1}) of V_G of lower dipolynomial order. Iterate until rank_F [G]^r_h = k. If rank[G]^r_ℓ < k proceed analogously to the case rank[G]^r_h < k.

In view of condition (v) of Theorem 3.2 it is clear that the dipolynomial indices do not depend - up to ordering - on the specific minimal basis but only on the vector space V . Hence one can define:

Definition 3.3 The dipolynomial indices (ν)_V = (ν_1, . . ., ν_k) and the dipolynomial order

ν_V = k∑ i=1 ν_i of a k-dimensional F (s)-vector space V ⊂ F^{1×n}(s) are the dipolynomial indices

resp. the dipolynomial order of any dipolynomial minimal basis of V (in descending order). 2

Replacing the F (s)-vector space V ⊂ F^{1×n}(s) by free F [s, s^{−1}]- submodules M̃ ⊂ F^{1×n}[s, s^{−1}] the notions of bases, dipolynomial indices and dipolynomial order are defined completely analogous to the vector space setting. Without proof we state: Theorem 3.4 Let G(s, s^{−1}) in the form (3.2) be a dipolynomial basis of the F [s, s^{−1}]- module M̃_G = F^{1×k}[s, s^{−1}] · G(s, s^{−1}). Then the following conditions are equivalent:

(i) G is a minimal basis for M̃_G (ii) rank_F [G]^r_h and rank_F [G]^r_ℓ = k (iii) Let f(s, s^{−1}) = (f_1, . . ., f(n_k)), where the f_i are the k × k-minors of G, then

ν := k∑ i=1 ν_i = ddeg(f)

(iv) For y = xG with x(s, s^{−1}) = (x_1(s, s^{−1}), . . ., x_k(s, s^{−1})) and x_i(s, s^{−1}) = β^i_{τi} s^{ki} + . . . + β^i_0s^{ki−τi} there holds

ddeg(y) = max_{i:xi≠0}(k_i + n_i) − min_{i:xi≠0}(k_i − τ_i + n_i − ν_i)

(predictable degree property) (v) For all d ≥ 1 we have

dim_F Ṽ_d = dim_F {y ∈ M̃_G ∩ F^{1×n}[s] : deg(y) < d} = ∑ i:ν_i≤d (d − ν_i)

It should be mentioned that the equivalence of (i), (ii) and (iii) is stated in Willems [1991], however, derived there in a quite different manner.

Again condition (v) in Theorem 3.4 shows that the dipolynomial indices only depend on the module M̃. Hence we can also introduce the dipolynomial indices

(ν̃)_{M̃} = (ν̃_1, . . ., ν̃_k), ν̃_1 ≥ . . . ≥ ν̃_k and the dipolynomial order

ν̃_{M̃} = k∑ i=1 ν̃_i of a k-dimensional submodule M̃ ⊂ F^{1×n}[s, s^{−1}] as the indices resp. order of any dipolynomial minimal basis of M̃.

For polynomial modules M ⊂ F^{1×n}[s] polynomial minimal bases, indices (ν)_M = (ν_1, . . ., ν_k), ν_1 ≥ . . . ≥ ν_k and order ν_M = k∑ i=1 ν_i are defined and analyzed in Münzner and Prätzel-Wolters [1979].

The following results summarize some properties of the different polynomial and dipolynomial concepts. Their proofs are straightforward consequences of the characterizations of minimal bases in Forney [1975], Münzner and Prätzel-Wolters [1979] and this paper.

Theorem 3.5 Let V ⊆ F^{1×n}(s) a F (s)-vector space. Then there holds:

(i) Every Forney-minimal basis of V is also a dipolynomial minimal basis. (ii) Every dipolynomial minimal basis G(s, s^{−1}) of V in the form (3.2) with n_i = ν_i for i = 1, . . ., k is also a Forney-minimal basis.

(iii) Forney indices (order) and dipolynomial indices (order) of V coincide.

Remark 3.6 Contrary to Forney-minimal bases the maximal degree of the k × k- minors of a dipolynomial minimal basis can be smaller than the order ν. Equality holds only in the case when there exist columns j_1, . . ., j_k of [G]^r_h and [G]^r_ℓ such that the matrices formed by them are nonsingular, i.e. det [G]^{j1,...,jk} h ≠ 0 ≠ det[G]^{j1,...,jk}_ℓ Consider the example

W (s) = ( s 1 s + 2 s^2 + 2s s + 1 2s^2 + 1 )

Then

rank[W ]^r_h = rank ( 1 0 1 1 0 2 ) = 2 The 2 × 2-minors of W are −s, s^2 − 3s − 1 and s(s^2 − 4s − 3) which are R[s]-coprime, hence W is a Forney-minimal basis with indices ν_1 = 2, ν_2 = 1 and order 3. However, there does not exist a 2 × 2-minor of dipolynomial degree 3 although there exists one of polynomial degree 3. The reason is that for j = (j_1, j_2) = (1, 3) det[W ]^j_h ≠ 0 while det[W ]^j_ℓ = 0. 2

Let G(s) ∈ F^{k×n}[s] with rank_{F [s]}G = k. As before we associate with G the F (s)-vector space V_G := F^{1×k}(s) · G(s). Furthermore, we define M̃_{VG} := V_G ∩ F^{1×n}[s, s^{−1}] and M_{VG} := V_G ∩ F^{1×n}[s]. Thus F^{1×n}(s) ⊃ V_G ⊃ M̃_{VG} ⊃ M_{VG} On the other hand, let M_G := F^{1×k}[s]·G(s) resp. M̃_G := F^{1×k}[s, s^{−1}]·G(s) the polynomial resp. dipolynomial F [s]- resp. F [s, s^{−1}]-modules associated with G. Then F^{1×n}[s] ⊃ M_G ⊂ M̃_G ⊂ V_G Now one can easily derive conditions for the equality of the polynomial resp. dipolynomial structures in the above inclusions.

Theorem 3.7 Let G(s) ∈ F^{k×n}[s] with rank_{F [s]}G = k.

(i) G is a Forney-minimal basis for V_G iff G is a polynomial minimal basis for M_G and there holds

M_G = V_G ∩ F^{1×n}[s] = M_{VG} (3.10) Furthermore, the following conditions are equivalent to (3.10):

(a) The gcd of the k × k-minors of G is a unit in F [s] (b) G is nonsingular modulo p(s) for all irreducible polynomials p(s) ∈ F [s] (c) G is basis for M_{VG} (d) All left divisors of G are unimodular elements of F^{k×k}[s] (ii) G is a dipolynomial minimal vector space basis for V_G iff G is a dipolynomial minimal basis for M̃_G and

M̃_G = V_G ∩ F^{1×n}[s, s^{−1}] = M̃_{VG} (3.11)

Conditions (ii)(a) , (iii)(a), (iv)(a) and (c) of Theorem 3.2 are equivalent conditions for (3.11).

(iii) Assume G is in the form (3.2) with n_i = ν_i for i = 1, . . ., k.

Then G is a dipolynomial minimal basis of M̃_G iff G is a polynomial minimal basis of M_G and

M_G = M̃_G ∩ F^{1×n}[s] (3.12)

(iv) G is a dipolynomial minimal vector space basis for V_G iff G is a dipolynomial minimal basis for M̃_G and there holds:

M_{VG} = M̃_G ∩ F^{1×n}[s]

Proof:

(i) Münzner and Prätzel-Wolters [1979] (ii) Obvious (iii) ” ⇐” Since G is a polynomial minimal basis, we obtain rank[G]^r_h = k. Assume rank[G]^r_ℓ < k. Then there exists 0 ≠ x_0 ∈ F^{1×k} such that x_0[G]^r_ℓ = 0. Moreover, x := x_0 · s^{−1} ∈ F^{1×k}[s, s^{−1}]\F^{1×k}[s] and xG ∈ F^{1×n}[s]. Hence xG ∈ M̃_G ∩ F^{1×n}[s], but xG ∉ M_G. Thus G is a dipolynomial minimal basis (Theorem 3.4 (ii)).

”⇒^{′′} Let G a dipolynomial minimal basis. Then G is a polynomial minimal basis. Obviously, M_G ⊆ M̃_G ∩ F^{1×n}[s]. Let x ∈ M̃_G ∩ F^{1×n}[s]. Then there exists y ∈ F^{1×k}[s, s^{−1}] with x = yG ∈ F^{1×n}[s] and [x]_ℓ = [y]_ℓ · [G]^r_ℓ ≠ 0. Since [G]^r_ℓ is of order 0, x polynomial implies y polynomial, and thus (3.12) holds.

(iv) ”⇒” If G is a dipolynomial minimal basis of V_G, we obtain by (ii) M̃_G = V_G ∩ F^{1×n}[s, s^{−1}]. Then

M̃_G ∩ F^{1×n}[s] = (V_G ∩ F^{1×n}[s, s^{−1}]) ∩ F^{1×n}[s] = V_G ∩ F^{1×n}[s] = M_{VG}

”⇐” We show: M̃_G = V_G ∩ F^{1×n}[s, s^{−1}]; the statement then follows with (ii). Obviously, M̃_G ⊆ V_G ∩ F^{1×n}[s, s^{−1}]. Let x ∈ V_G ∩ F^{1×n}[s, s^{−1}]. Then there exists y ∈ F^{1×k}(s) such that x = yG ∈ F^{1×n}[s, s^{−1}]. Let k ∈ N such that s^kx ∈ F^{1×n}[s]. Then s^kx = (s^ky)G ∈ V_G ∩F^{1×n}[s] and, by assumption, there exists z ∈ F^{1×k}[s, s^{−1}] such that s^k · x = z · G. Thus, x = (s^{−k}z)G ∈ F^{1×k}[s, s^{−1}]G = M̃_G.

The proof of the following corollary is an immediate consequence of Theorem 3.7. Corollary 3.8 Let G(s) ∈ F^{k×n}[s], rank_{F [s]}G(s) = k. Then:

(i) v_i(M_G) ≥ ν̃_i(M̃_G) ≥ v_i(V_G) for i = 1, . . ., k (ii) v_i(M_G) = ν̃_i(M̃_G) for i = 1, . . .k ⇔ M_G = M̃_G ∩ F^{1×n}[s] (iii) ṽ_i(M̃_G) = v_i(V_G) for i = 1, . . ., k ⇔ M̃_G = V_G ∩ F^{1×n}[s, s^{−1}]

Examples:

(i) Let G_1(s) = ( s 1 s + 2 s^2 + 2s s^2 + s s^2 ) , rank[G_1]^r_h = 2 = rank[G_1]^r_ℓ and the gcd of the 2 × 2-minors is s. Hence G_1(s) is a polynomial minimal basis of M_{G1} , a dipolynomial minimal basis of M̃_{G1} and a dipolynomial minimal basis of V_{G1} , however not a Forney-minimal basis, because the gcd of the 2 × 2-minors is not a unit in F [s].

(ii) Let G_2(s) = ( s 1 s + 2 s^2 + 2s s^2 + s s^2 + 1 ) , rank[G_2]^r_h = 2 = rank[G_2]^r_ℓ and the gcd of the 2 × 2-minors is 1. Hence G_2(s) is Forney-, dipolynomial and polynomial minimal basis for V_{G2} , M̃_{G2} and M_{G2} , resp. . 2 We close this section with the characterization of dipolynomial minimal basis transformations and some results concerning canonical dipolynomial minimal bases in echelon form.

Theorem 3.9 Let G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}] be a dipolynomial minimal basis for V_G(M̃_G) of the form (3.2) with ordered dipolynomial indices ν_1 ≥ ν_2 ≥ . . . ≥ ν_k and row-degrees^∗ deg g_i(s, s^{−1}) = n_i, i ∈ k. Let Ḡ = T G, T (s, s^{−1}) ∈ F^{k×k} [s, s^{−1}] unimodular. Then Ḡ is a dipolynomial minimal basis with ordered indices for V_G(M̃_G) if and only if:

t_{ij}(s, s^{−1}) = 0 for ν_j > ν_i (3.13) ρ_{ij} + ddeg t_{ij}(s, s^{−1}) ≤ ν_i − ν_j for ν_j ≤ ν_i (3.14) where

ρ_{ij} = deg t_{ij} − ddeg t_{ij} + n_j − ν_j − min_{j∈n} (deg t_{ij} − ddeg t_{ij} + n_j − ν_j ) (3.15)

Proof:

Let τ_i := min_{j∈n} (deg t_{ij} − ddeg t_{ij} + n_j − ν_j ), i ∈ k. Let further T̃ = diag(s^{−τ1} , . . ., s^{−τk} )T . Then the elements t̃_{ij} of T̃ are of the form t̃_{ij} (s, s^{−1}) = s^{−(nj −νj )+ρij} · p_{ij}(s), where p_{ij}(s) ∈

∗Observe that we now also use the polynomial degree function deg for dipolynomials:

deg : F [s, s^{−1}] ! Z, αLs^L + . . . + αℓs^ℓ ! L

F [s] and p_{ij}(0) ≠ 0 for all (i, j) ∈ k × n for which t_{ij} ≠ 0. Note that deg p_{ij} = ddeg t_{ij} . Furthermore the numbers ρ_{ij} are nonnegative and for every i ∈ k there exists a j_0 ∈ {1, . . ., k} such that ρ_{ij0} = 0.

Assume now that G = T G is a dipolynomial minimal basis with the same ordered indices ν_1 ≥ ν_2 ≥ . . . ≥ ν_k. Then for i ∈ k

ddeg (ḡ_i(s, s^{−1})) = ddeg ( k∑ j=1 t_{ij}(s, s^{−1})g_j(s, s^{−1}))

= ddeg (s^{τi} ( k∑ j=1 t̃_{ij} (s, s^{−1}) · g_j(s, s^{−1})))

= ddeg ( k∑ j=1 t̃_{ij}(s, s^{−1}) · g_j(s, s^{−1})) = v_i

Condition (iv) (b) in Theorem 3.2 gives max j:t_{ij}≠0 (−(n_j − ν_j) + ρ_{ij} + deg p_{ij} + n_j) − min_{j:tij≠0}(−(n_j − ν_j ) + ρ_{ij} + (n_j − ν_j )) = ν_i or, equivalently max j:t_{ij}≠0 (ν_j + ρ_{ij} + deg p_{ij}) − min_{j:tij ≠0}(ρ_{ij}) = ν_i which implies (3.13) and (3.14).

Let conversely T satisfy (3.13) and (3.14). Then

ḡ_i(s, s^{−1}) = s^{τi} ( k∑ j=1 t̃_{ij} (s, s^{−1}) · g_j(s, s^{−1}))

= s^{τi} ( ∑ j:ν_j ≤ν_i s^{−(nj −νj )+ρij} · p_{ij}(s)(α^j_{νj} · s^{nj} + . . . + α^j_0 · s^{nj −νj} )) = s^{τi} ( ∑ j:ν_j ≤ν_i s^{νj +ρij} · p_{ij}(s)(α^j_{νj} + . . . + α^j_0 · s^{−νj} )) (3.14) shows that

ρ_{ij} + deg p_{ij} = 0 for ν_i = ν_j ν_j + ρ_{ij} + deg p_{ij} ≤ ν_j + ν_i − ν_j = ν_i if ν_i ≠ ν_j (3.16) Hence

ḡ_i(s, s^{−1}) = [ḡ_i]_h · s^{τi+νi} + . . . + [ḡ_i]_ℓ · s^{τi} Now [ḡ_i]_ℓ = ∑ j:^{νj≤νi} ρij =0 p_{ij}(0) · α^j_0 =: q_i[G]^r_ℓ (3.17)

where q_i ∈ F^{1×k} and q_{ij} = 0 if j does not appear as summation index in (3.17). Since T is unimodular and upper block triangular, in every block on the diagonal there is at least one nonzero element; hence because p_{ij}(0) ≠ 0 we have q_i ≠ 0 and [q̄_i]_ℓ ≠ 0 with Theorem 3.2, (ii)(b) (Theorem 3.4, (ii)). Thus

[Ḡ]^r_ℓ = q_1 . . q_k [G]rℓ =: Q[G]rℓ (3.18)

However, Q is of the same block structure as T - indeed, the elements in the diagonal blocks coincide. Hence Q is of full rank and thus rank[Ḡ]^r_ℓ = k. On the other hand,

[ḡ_i]_h = ∑ j:^{νj ≤νi} ρij +deg pij =νi−νj [p_{ij}]_h · α^j_{νj} =: w_i[G]^r_h (3.19)

with w_i ∈ F^{1×k} and w_{ij} = 0 if j is no summation index. Again (3.16) shows that the above sum is not empty, and the unimodularity of T gives w_i ≠ 0 and hence [ḡ_i]_h ≠ 0 (again because of the row properness of G). Then

[Ḡ]^r_h = w_1 . . w_k [G]rh =: W [G]rh (3.20)

Analogously as above one concludes rank[Ḡ]^r_h = k. Thus Ḡ is a dipolynomial minimal basis as a consequence of Theorem 3.2, (ii)(b) (Theorem 3.4, (ii)).

Remark 3.10 Contrary to polynomial minimal basis transformations for the modules M_V ⊂ F^{1×n}[s] as characterized in Münzner and Prätzel-Wolters [1979], the dipolynomial minimal basis transformations depend on the degree structure of the particular basis G(s, s^{−1}) which has to be transformed. The numbers n_i = deg g_i(s, s^{−1}) are neither vector space nor module invariants. 2

Theorem 3.9 is a useful tool in determining ”canonical” dipolynomial minimal bases. Given a dipolynomial minimal bases G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}] with ordered dipolynomial indices ν_1 ≤ ν_2 ≤ . . . ≤ ν_k we denote by γ_i the smallest integer, such that the matrix G^h_i which consists of the intersection of columns γ_1, . . ., γ_i of [G]^r_h and rows of [G]^r_h which correspond to indices ≤ v_i, is of full rank. The γ_i are called pivot indices (cf. Hinrichsen and Prätzel-Wolters (1983)).

It is easy to show that the pivot indices are as well vector space invariants as module invariants; the proof essentially follows the line of the proof given in Forney [1975] and is thus omitted.

Refining the notation (3.2) by g_i(s, s^{−1}) = α^i_{νi} · s^{ni} + . . . + α^i_0 · s^{ni−νi} = (α^{i,1}_{νi} , . . ., α^{i,n}_{νi} ) · s^{ni} + . . . + (α^{i,1}_0 , . . ., α^{i,n}_0 ) · s^{ni−νi} (3.21) for i ∈ {1, . . ., k}, well call a row proper matrix G ∈ F^{k×n}[s, s^{−1}] with row indices ν_1, . . ., ν_k and pivot indices γ_1, . . ., γ_k in echelon form, if the following conditions hold:

(i) ν_1 ≤ ν_2 ≤ . . . ≤ ν_k (3.22)

(ii) n_i = ν_i for i ∈ {1, . . ., k} and α^{i,γi}_{νi} = 1 (3.23)

(iii) For i, j ∈ {1, . . ., k}, i ≠ j and ν_i ≤ ν_j there holds

α^{j,γi}_{νj} = α^{j,γi}_{νj−1} = . . . = α^{j,γi}_{νi} = 0 (i.e. ddeg (g_{j,γi} (s, s^{−1})) < ν_i) (3.24)

Note that this definition coincides with Forneys definition of minimal echelon bases for rational vector spaces (with a modified notion of row properness) and, up to condtion (ii), also with the definition of polynomial echelon bases for full polynomial submodules M ⊂ F^{1×n}[s] in Hinrichsen and Prätzel-Wolters [1983]. The proof of the following explicit characterization of dipolynomial minimal bases in echelon form is completely analogous to the proof of the corresponding result (Proposition 5.7) in the last mentioned paper. The only modification which has to be considered is the generalization to rectangular basis matrices instead of square ones.

Proposition 3.11 A row proper dipolynomial matrix G(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}], k ≤ n with rows g_i(s, s^{−1}), i = 1, . . ., k, of the form (3.21) and ordered row indices ν_1 ≤ . . . ≤ ν_k is in echelon form iff:

(i) G(s, s^{−1}) is polynomial with n_i = ν_i for i ∈ {1, . . ., k} and

rank α^{1,1}_0 . . . α^{1,n}_0 . . . . α^{k,1}_0 . . . α^{k,n}_0 = k (3.25)

(ii) There exists a k × k-permutation matrix P with entries 1 at (β_j, j) such that for ℓ, j ∈ k ℓ < j and ν_j = ν_ℓ ⇒ β_ℓ < β_j (3.26) and (g^{β1} , . . ., g^{βk} )^c_h = I_k^† (3.27)

(iii) The i-th row of [G]^r_h is of the form (0, . . ., 0, 1_↑ βi , ∗, . . ., ∗), i ∈ k

†(g^{β1} . . . , g^βk )^c_h denotes the submatrix of the highest column coefficient matrix [G]^c_h formed by the columns β1, . . . , βk of [G]^c_h

Remark 3.12 The indices β_i introduced above coincide with the pivot indices γ_i. 2

Theorem 3.13 Every F [s, s^{−1}]-module M̃ ⊆ F^{1×n}[s, s^{−1}] has a unique dipolynomial minimal basis in echelon form.

Proof:

Every dipolynomial minimal basis G of M̃ in echelon form is polynomial because n_i = v_i for i ∈ {1, . . ., k}. Furthermore, by Theorem 3.7 (iii) G is also a polynomial minimal basis for M = M̃ ∩ F^{1×n}[s] and in echelon form as defined by Hinrichsen and Prätzel- Wolters ([1983], Def. 5.5). The uniqueness part of Theorem 3.13 then follows with the corresponding uniqueness result therein (Corollary 5.9). To show existence, let G(s) be a dipolynomial minimal basis of M̃ with

[G]^r_ℓ = G(0) = α^1_0 . . α^k_0 of full rank k

In particular, G(s) is polynomial. Let Ḡ(s) the minimal basis in echelon form of the F [s]-module F^{1×k}[s]G(s). Then Ḡ(s) satisfies the conditions (ii) and (iii) of Proposition 3.11. Furthermore, Ḡ(s) = T (s)G(s) where T (s) is a polynomial unimodular minimal basis transformation. These transformations leave the rank of G(0) invariant: Ḡ(0) = T (0)G(0), rank Ḡ(0) = k, i.e. also (i) of Proposition 3.11 is satisfied and Ḡ(s) indeed is a dipolynomial minimal basis in echelon form.

Remark 3.14 The corresponding result for dipolynomial bases of F (s)-vector spaces follows directly from the characterization of the echelon form in Forney [1975], since a dipolynomial basis in echelon form is a Forney-basis by Theorem 3.5(ii). 2

4 Trim canconical forms for systems in AR-representation

In the recent years J.C. Willems developed in a series of papers a general theory of dynamical systems Σ = (T, W, B) with time axis T ⊆ R, signal alphabet W and behaviour B ⊂ W^T (see e.g. Willems [1986a, 1986b, 1987, 1988, 1991]). In this framework it is shown that every linear time-invariant complete system Σ with time axis T = Zhas an autoregressive AR-representation

B = ker R(σ, σ^{−1}) (4.1a) R(s, s^{−1}) = R_Ls^L + . . . , +R_ℓs^ℓ ∈ R^{p×q}[s, s^{−1}] (4.1b)

Here σ^t : W^T → W^T , w(t̂) → w(t̂ + t), t ∈ T is called the t-shift. The operator

(R^q)Z−→ (R^p)Z R(σ, σ^{−1}) : , t ∈ Z w(t) −→ R_Lw(t + L) + . . . + R_ℓw(t + ℓ) is called a dipolynomial shift operator. If ℓ ≥ 0 then R(σ, σ^{−1}) is polynomial and denoted by R(σ). q denotes the dimension of the signal alphabet space W = R^q, whereas p, the number of equations representing B, is flexible.

For T = Z_+, R, R_+ there are analogous polynomial AR-representations with

B = ker R(σ) resp. B = ker R ( d dt ) where R(s) ∈ R^{p×q}[s] (4.2)

Among all dipolynomial matrices R(s, s^{−1}) satisfying (4.1a) there exist those with full row rank. They are unique up to multiplication from the left by unimodular matrices U(s, s^{−1}). Let

R(s, s^{−1}) = r_1(s, s^{−1}) . . r_p(s, s^{−1}) = α^1_{ν1} · s^{n1} + . . . + α^1_0 · s^{n1 −ν1} . . α^p_{νp} · s^{np} + . . . + α^p_0 · s^{np−νp} (4.3)

n_i, ν_i ∈ Z, ν_i ≥ 0 such a full row rank dipolynomial matrix. Then R(s, s^{−1}) is called a minimal lag description of Σ (c.f. Willems [1991]), if among all full row rank AR-

representations of Σ it has the total lag L_{tot} =^p ∑ i=1 ν_i as small as possible. Because all the

representations R(s, s^{−1}) of Σ are obtained from a particular one by multiplication form the left by unimodular matrices U(s, s^{−1}) the minimal lag descriptions are exactly the dipolynomial minimal bases of the module M̃_R := R^{1×p}[s, s^{−1}]R(s, s^{−1}) characterized in Theorem 3.4 by the conditions

rank[R]^r_h = rank[R]^r_ℓ = p (4.4)

Furthermore, the row degrees (ν_1, . . ., ν_p) are the same for every minimal lag ARdescription of a given AR-system Σ. They coincide with the minimal indices of the module M̃_R. Associated to these indices in a one to one relation are the structure indices (ρ_t)_{t∈}N of an AR-system Σ defined by

ρ_t = the number of ν^′_is equal to t (4.5a)

The characterization (4.4) is also derived in Willems [(1991), Proposition X.5 (”bilaterally row proper”)]. Furthermore, in that paper there is described a uniquely determined minimal lag description which yields a trim canonical form for the dipolynomial matrix parametrization of AR-equations. However, the definition given there is intricate and the existence and uniqueness result is not completely proved. In the following we show that this trim canonical form coincides with the dipolynomial bases in echelon form derived in section 3. This way we obtain a characterization which is easier to verify and to handle and a complete proof of Willems result.

Theorem 4.1 (Willems [1991]) For every full row rank dipolynomial matrix R(s, s^{−1}) ∈

R^{p×q}[s, s^{−1}] with associated minimal indices (νi)i∈p and structure indices (νt)t∈N there

exists a uniquely determined integer list

(q^k_t )_{t∈ρk} , k ∈ N_0, 0 ≤ q^k_1 < q^k_2 < . . . < q^k_{ρk} ≤ q (4.5b)

and exactly one polynomial matrix R̄(s, s^{−1}) which is unimodularly left equivalent to R(s, s^{−1}) and satisfies:

(i) If j = q^t_{t̃}

then if i = ρ_0 + ρ_1 + . . . + ρ_{t−1} + t̃ then deg r̄_{ij} = t and r̄_{ij}(s) is monic and if instead i ≠ ρ_0 + ρ_1 + . . . + ρ_{t−1} + t̃ then deg r̄_{ij} < t (ii) If i = ρ_0 + ρ_1 + . . . + ρ_{t−1} + t̃, 1 ≤ t̃ ≤ ρ_t, and j ≠ q^t_{t̃} then if j ≤ q^t_{t̃}

then deg r̄_{ij} < t and if instead j > q^t_{t̃}

then deg r̄_{ij} ≤ t (iii) The matrix

r̄_{11}(0) r̄_{12}(0) . . . r̄_{1q}(0) r̄_{21}(0) r̄_{22}(0) . . . r̄_{2q}(0) . . . . ... . . r̄_{p1}(0) r̄_{p2}(0) . . . r̄_{pq}(0)

has full row rank

Remark 4.2 In Willems [1991] condition (ii) is formulated with the if-conditions ”if j ≤ q^t_{ρt} ” and ”if j > q^t_{ρt} ”, i.e. q^t_{ρt} is taken instead of q^t_{t̃}. Morever, in view of Theorem 3.9 it can be checked that the class of admissable transformations taken into consideration in the above reference is too restrictive. Consider for example: R(s, s^{−1}) = 0 0 s + 1 0 s^2 + 1 p(s) 0 0 0 0 0 s^2 + 1

with p(s) =^2 ∑ k=0 p_ks^k a polynomial of degree 2. Then

[R]^r_h =

0 0 1 0 1 p_2 0 0 0 0 0 1 and [R]rℓ = R(0)

0 0 1 0 1 p_0 0 0 0 0 0 1

Hence R(s, s^{−1}) is a dipolynomial minimal lag AR-representation with structure index list ρ = (0, 1, 2, 0, 0, ...). By Theorem 3.9 every unimodular transformation U(s, s^{−1}) which transforms R(s, s^{−1}) into another dipolynomial minimal lag matrix is of the form U(s, s^{−1}) = u_{11} 0 0 u_{21} u_{22} u_{23} u_{31} u_{32} u_{33}

with u_{11}, u_{22}, u_{23}, u_{32}, u_{33} ∈ R, u_{11} ≠ 0, det ( u_{22} u_{23} u_{32} u_{33} ) ≠ 0 and u_{21} = as + b, u_{31} = c · s + d, a, b, c, d ∈ R. Then R̃(s, s^{−1}) = U(s, s^{−1})R(s, s^{−1})

= 0 0 u_{11}(s + 1) 0 u_{22}(s^2 + 1) u_{22} · p(s) u_{21}(s + 1) u_{23}(s^2 + 1) u_{32}(s^2 + 1) u_{32} · p(s) u_{31}(s + 1) u_{33}(s^2 + 1)

(4.6)

To obtain R̃(s, s^{−1}) in canonical minimal lag description we have to fix the integer lists (q^k_t )_{t∈ρk} , k ∈ N_0. Because ρ = (0, 1, 2, 0, 0, . . .) and R̃(s, s^{−1}) is of the form (4.6) one obtains

q^k_t = 0 for k ∉ {1, 2}, q^1 = 3 and (q^2_1, q^2) is either (1, 2), (1, 4) or (2, 4)

Now assume that R̃(s, s^{−1}) is in canconical form with q^2_1 = 1. Then by condition (i) in the original version of Theorem 4.1, u_{22} = 1. However, condition (ii) requires u_{22} = 0 for both cases q^2 = 2 and q^2 = 4.

If q^2_1 = 2, again by condition (i) u_{22} ≠ 0 but also u_{22} = 0 by condition (ii). Summarizing this example shows that there are dipolynomial matrices for which there does not exist a minimal lag representation satisfying the original condition (ii) in Willems Theorem. 2

We call an AR-respresentation statisfying the conditions (i)-(ii) of Theorem 4.1 a (modified) canonical minimal lag representation.

Remark 4.3 Observe that R(s, s^{−1}) in Remark 4.2 is already a (modified) canonical minimal lag representation with (q^2_1, q^2) = (1, 4).

Furthermore, R(s, s^{−1}) is also in echelon form with high pivot indices γ_1 = 3, γ_2 = 1, γ_3 = 4, which is immediate from Proposition 3.11. 2

The above remark indicates that there is a tight connection between the concept of canonical minimal lag description and the echelon forms. Indeed a further examination yields:

Theorem 4.4 A full row rank dipolynomial matrix R(s, s^{−1}) ∈ R^{p×q}[s, s^{−1}] is a canonical minimal lag representation if and only if R(s, s^{−1}) is a minimal dipolynomial basis in echelon form of the module R^{1×p}[s, s^{−1}] · R(s, s^{−1}).

Proof:

Assume R(s, s^{−1}) is in echelon form with ordered indices ν_1 ≤ . . . ≤ ν_p and high pivot indices {γ_1, . . .γ_p}. Let (ρ_t)_{t∈}N denote the integer sequence defined by (4.5a) and let (q^k_t )_{t∈}N_0 be such that

q^k_t = { 0 if k ∉ {ν_1, . . ., ν_p} γ_{ρ0+...+ρk−1 +t} if k ∈ {ν_1, . . ., ν_p} ∧ t ≤ ρ_k The ordering (4.5b) of the q^k_t is a consequence of the ordering of the high pivot indices γ_{ρ0+...+ρk−1 +1} < γ_{ρ0+...+ρk−1+2} < . . . < γ_{ρ0+...+ρk−1+ρk} for k ∈ {ν_1, . . ., ν_p}. Then it is easily seen that conditions (i), (ii) and (iii) of Theorem 4.1 are equivalent to conditions (ii), (iii) and (i) in Proposition 3.11. Hence R(s, s^{−1}) is a canonical minimal lag representation.

If conversely R(s, s^{−1}) satisfies the conditions of Theorem 4.1, then it suffices to show that the indices (q^{ν1}_1 , . . ., q^{ν1}_{ρν1} , . . ., q^{νp}_1 , . . ., q^{νp}ρ_{νp} ) coincide with the pivot indices of R(s, s^{−1}). However, by conditions (i) and (ii) of Theorem 4.1 the i-th row of [R]^r_h is of the form (0, . . ., 0, 1, ∗, . . ., ∗) with 1 at position q^{νi}_{t̃} , if i = ρ_0 + . . . + ρ_{νi−1} + t̃, hence q^{νi}_{t̃} = γ_{ρ0+...+ρνi−1+t̃} by the definition of the high pivot indices.

Remark 4.5 (i) In the cases T = Z_+, R_+, R one obtains all representations of B = B(R), R polynomial of full row rank as in (4.2), by polynomial unimodular left multiplications. Now the minimal lag descriptions as defined in Willems [1991] coincide with the polynomial minimal bases of the module M_R = R^{1×p}[s] · R(s), and the associated (rectangular) bases in echelon form (cf. Hinrichsen and Prätzel-Wolters [1983]) yield a trim canonical form for the polynomial matrix-parametrization of AR-equations.

(ii) Given a discrete-time linear time-invariant complete behaviour, one can always find a polynomial AR-representation for this set of trajectories. Hence the question arises whether it is sufficient to restrict the representation of such behaviours to polynomial matrices and to regard only polynomial unimodular transformations. However, in view of Corollary 3.8 (i) this leads to longer minimal lag descriptions.

(iii) So far we have given a system theoretic interpretation to the polynomial resp. dipolynomial minimal module bases by identifying them as the minimal lag descriptions of the associated behaviours. However, the corresponding vector space constructions are also neatly connected with system theoretic concepts.

For T = Z(Z_+, R_+, R) a system Σ for the form 4.1 (4.2) with R(s, s^{−1}) ∈ F^{k×n}[s, s^{−1}](R(s) ∈ F^{k×n}[s]) of full row rank is controllable if and only if all left divisors of R(s, s^{−1})(R(s)) are unimodular elements of F^{k×k}[s, s^{−1}](F^{k×k}[s]). By Theorem 3.7 (ii) (Theorem 3.7 (i)) this is equivalent to the module identity M̃_R = V_R ∩ F 1×n[s, s−1](M_R = V_R ∩ F 1×n[s]), hence the minimal basis in echelon form for modules M̃ ⊂ F^{1×n}[s, s^{−1}](M ⊂ F^{1×n}[s]) which are saturated in their rational extensions give rise to a parametrization of all controllable AR-systems over

T = Z(Z+, R+, R). Furthermore Willems [1991] defines the controllable part of a

given system Σ with behaviour B(R) as the largest controllable linear time-invariant complete subsystem of Σ and shows that this subsystem has the behaviour B(R̃) where R̃ is left prime and related with R by R = F · R̃, det F ≠ 0, F dipolynomial resp. polynomial.

Now the reduction algorithm for step (b) in the proof of Theorem 3.2 constructs such a factorization of R. Hence, starting with B = B(R) and interpreting R as a basis of the vector space V_R, we obtain:

• Reduction of R to a basis of M̃_{VR} (M_{VR} ) corresponds to the construction of the controllable part of B(R) • Reduction of R to a module basis of M̃_R (M_R) corresponds to the construction of a minimal lag description of Σ

5 CONCLUSION 20

(iv) The reduction algorithm given in Hoffmann [1993] realizes the transformation of a given AR-representation of B into a minimal lag description. This algorithm performs a unimodular transformation of the lowest coefficient matrix to full rank. An algorithm for the highest coefficient matrix can be obtained analogously (note that an elementary step of this algorithm is I + s · B with B nilpotent; this transformation is polynomial unimodular and hence can be also be used for the reduction to minimal lag descriptions in the case T = Z_+, R_+, R). Hence the associated Matlab program in Hoffmann [1991] can be applied for the reduction.

(v) The McMillan degree Mm(Σ) of a system Σ = (Z, R^n, B(R)) of the form 4.1 is defined (c.f. Willems [1991]) as the dipolynomial degree of the vector (f_1, . . ., f(n_k)) formed by all k × k-minors f_i of R. By Theorem 3.4 this McMillan degree coincides with the dipolynomial order of the module M̃_R. 2

5 Conclusion

The purpose of this paper was to provide a module theoretic framework for the investigation of linear time-invariant complete behaviour systems as introduced by Willems [1991].

Our starting point was a generalization of the concept of polynomial minimal bases to the case of dipolynomial matrices and the investigation of minimal basis transformations and canonical forms.

A control theoretic interpretation for the minimal dipolynomial bases and a trim canonical form for the dipolynomial matrix parametrization of AR-equations was obtained. Moreover, we showed that the incorporation of dipolynomial concepts for the system representation in discrete time results in tighter minimal lag descriptions.

References

[1975] Forney, G.D.: Minimal bases of rational vector spaces, with applications to multivariable linear systems; SIAM Journal on Control, 13, 493-520

[1976] Fuhrmann, P.A.: Algebraic system theory: An analyst’s point of view; J. Franklin Inst., 301, 521-540

[1977] Fuhrmann, P.A.: On strict system equivalence and similarity; International Journal on Control. 25, 5-10

[1991] Fuhrmann, P.A.: A polynomial approach to Hankel norm and balanced approximations; Linear Algebra and its Applications, 146, 133-220

[1983] Hinrichsen, D. and Prätzel-Wolters, D.: Generalized hermite matrices and complete invariants of strict system equivalence; SIAM Journal on Control and Optimization, 21, 289-305

[1991] Hoffmann, J.: Kontrollierbarkeit und Beobachtbarkeit dynamischer Systeme - ein algebraischer Zugang; Diplomarbeit, Fachbereich Mathematik, Universität Kaiserslautern

REFERENCES 21

[1993] Hoffmann, J.: Algebraic aspects of controllability for AR-systems, submitted [1989] Jacobson, N.: Basic Algebra; W.H. Freemann and Company, New York [1980] Kailath, T.: Linear Systems; Prentice Hall [1969] Kalman, R.E., Falb, P.L. and Arbib, M.A.: Topics in mathematical system theory;

McGraw-Hill, New York [1979] Münzner, H.F. and Prätzel-Wolters, D.: Minimal bases of polynomial modules, structural indices and Brunovsky-transformations, International Journal on Control, 30, 291-318 [1970] Rosenbrock, H.H.: State space and multivariable theory; Wiley-Interscience, New York [1986a] Willems, J.C.: From time series to linear system - Part I: Finite-dimensional linear time invariant systems; Automatica, 22, 561-580 [1986b] Willems, J.C.: From time series to linear system - Part II: Exact modelling;

Automatica, 22, 675-694 [1987] Willems, J.C.: From time series to linear system - Part III: Approximate modelling: Automatica, 23, 87-115 [1988] Willems, J.C.: Models for dynamics; Dynamics reported, 2, 171-269 [1991] Willems, J.C.: Paradigms and puzzles in the theory of dynamical systems; IEEE Transactions on Automatic Control, 36, 259-294