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Introduction
This thesis is motivated by the industrial production process of nonwoven materials consisting of hundreds,
even thousands of endless, slender fibre filaments that are entangled due to a stochastic perturbation. These
random entanglements on the one hand stabilise the material while on the other hand there are holes of
varying size that crucially influence the key properties of the final product: For instance when nonwovens
are used as filter material for air, water, or oil, the bigger the holes on average the coarser the resulting
filter would be, and vice versa. Besides filter properties, one might be interested in elasticity, tearing
strength, sterility, liquid repellence, absorbance capacity, and so on. In daily life, one finds nonwovens in
hygiene products such as baby wipes or tissues, in medical products such as wound dressings or one-time
scrubs/bedsheets, and clothing. See [KMW09] for an introduction from the point of view of mathematical
modelling and [AF12] for a comprehensive compendium addressed to a wide readership of manufacturers,
engineers, and users. Famously, during the SARS-Cov-2 pandemic the demand for filter materials used in
medical masks skyrocketed, once the immediate danger had been comprehended by the public. Therefore,
many companies adjusted their existing machines in order to satisfy the sudden demand.

Even though there are different production methods to consider, our original motivation comes from
production of so-called melt-blown nonwovens, but some of the illustrating pictures relate to spunbound
nonwovens. Both methods start with thermoplastic polymer and polymer melt is continuously extruded
through nozzles or spinnerets. Then, the fibre filaments are stretched, swirled, and entangled by turbulent
air flow. To name one of the differences between these aerodynamic methods: For meltblown nonwovens
one uses a hot air flow first and cooling flows afterwards, whilst in the spunbound process the fibre filaments
are simultaneously swirled and cooled and also might hit at a deflector. The fibre filaments lay down on a
moving conveyor belt and are further processed. A general physical model for dynamics of fibre filaments was
presented in [MW06; MW07]. See also [HM05; KMW09] for context and further information. In particular,
we want to bring a consequence of an inextensibility assumption to the readers attention: The extensibility of
the solidified/solidifying fibres is negligible and due to the constant extrusion speed, we can assume that the
velocity vectors are normalised to length one, see [KMW09, p. 944] and [KMW12a, Section 2]. This is the
model implemented in the software package FIDYST1 by the department Transport Processes of Fraunhofer
Institute for Industrial Mathematics ITWM in Kaiserslautern. FIDYST produces simulations of realistic fibre
dynamics, which are used in machinery design and parameter optimisation. See Figure 1 for a few illustrations.
The quality of the simulations comes at the cost of both high computational effort and memory storage,

due to the amount of physical details. These difficulties have been circumvented by considering surrogate
models that describe fibre filaments just on the conveyor belt instead of the full dynamic. The idea is
to adjust parameters of the surrogate model in such a way that the simulated trajectory can be treated
as an isolated representative fibre from experimental data. Then, the calibrated surrogate model can be
used to simulate hundreds of fibres at once to obtain a whole web and possibly proceed with simulations
using FIDYST. The software package SURRO3, again developed by the Transport Processes department of
Fraunhofer ITWM, is a tool to simulate virtual fleeces, see Figure 2. For sake of completeness, we point the
reader also to [Lin+17; Str19]. Overall, the aim there is to understand numerical behaviour of the complex
model by analytic investigation of the spatially discretised equations, e. g. existence and uniqueness results
for solutions, complemented with the numerical experiments.

Surrogate models considered in these applications build upon a system of stochastic differential equations
with stochastic forces representing turbulent air flow. The first one was proposed in [Göt+07] modelling a
dynamic on a nonmoving conveyor belt. Henceforth, various other models have been suggested that provide
additional features: From the basic fibre lay-down model, which could alternatively named ‘spherical velocity
Langevin model’, one obtains trajectories that already share several common features with the physical
filament paths. But those trajectories are just continuous, not differentiable, which is not true for these
physical paths. To mirror reality more closely, so-called ‘smooth’ models were proposed in [KMW12b]. We
are very careful to call the ‘smooth’ models in thesis smoothed models instead, for the simple reason that
1Fiber Dynamics Simulation Tool
2Copyright for all these pictures belongs to Fraunhofer ITWM. I am very grateful for the permission for usage in this thesis.
3Software Surrogate Model
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viii 0. Introduction

(a) Angled view on full spunbound process (b) Simulated web on conveyor belt moving from left to right

Figure 1: Some simulations done with FIDYST2

‘smooth’ is a quite loaded term and should come with context to make sense. These smoothed models
could be viewed as the first truly manifold-valued model with state space being the Cartesian product of
an Euclidean space and a corresponding sphere. P. Stilgenbauer discovered that the original version of that
new model was not complete and he determined a missing term ensuring that the process really stays on
the state manifold. See [Sti14, Section 1.8.1] and for the industrial application see [Mar13, Chapters 4
and 6] as well as [Gro+14]. Moreover, macroscopically the fleece looks as two-dimensional as the conveyor
belt, whilst the nonwoven material reveals spatial structure on closer inspection. This structure includes
e. g. a certain distribution of angles between fibre filament and it is in turn linked to important properties
like permeability. So, a realistic three-dimensional fibre lay-down model is required to incorporate a certain
anisotropicity of the velocity directions. For instance, see [KMW12a, Section 4] for the basic fibre lay-down
model and [KMW12b, Section 4] for the smoothed model.

Until now, the region of deposition of the fibre filaments was either the plane or three-dimensional space.
We contribute the option to consider a large class of Riemannian manifolds instead. One could therefore
say that we bring geometric surrogate models to the table. For a simple motivation, one could imagine a
sagging conveyor belt or a belt running over a cylindrical roller at the deposition region. In actuality, the
macroscopic geometric phenomena arising due to the production process look a bit different. The recently
published paper [HMW21] adapts the three-dimensional anisotropic fibre lay-down model in such a way that
it captures a geometric feature of nonwovens produced via the airlay method: The material shows sigmoidal
contour planes, see [HMW21, Figure 1]. Furthermore, very thick layers of nonwovens are produced to serve
as insulation material for the building industry. These layers slope up forwards as material accumulates. In
this thesis, we don’t restrict ourselves to a specific geometric side condition from applications, we rather look
at fibre lay-down models on a finite-dimensional, connected, complete4 Riemannian manifold. This manifold
is abstract in the sense that it is most of the time not embedded into a larger Euclidean space. Compared
to the equivalent, but cumbersome point of view that P. Stilgenbauer adopts in his PhD thesis, we use the
intrinsic notions of modern differential geometry.

We focus on the long-time analysis of surrogate models. Specifically, we are interested in exponential
convergence to equilibrium with known rates. The significance is put in simple words in [GK08]: ‘The
faster this convergence is, the more uniform the produced textile will be.’ Meaning that homogeneity
of the real nonwoven material is related to the theoretical topic of hypocoercivity. See [Vil09] for the
famous synoptic article on the phenomenon where the name ‘hypocoercivity’ is firmly established. As
hypocoercivity is particularly challenging to show for the degenerate models we are interested in, we employ
a powerful hypocoercivity method that is functional analytic by nature. A in-depth discussion on the history
4Compare to Remark 1.2.16.
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(a) Graphical interface with 2D fibre web
(b) Angled view on web with individually coloured fibres revealing spatial
structure

(c) Top-down view on web with individually coloured fibres

Figure 2: Some simulations done with SURRO2

of that method with its multiple iterations, extensions, and applications is covered in Section 1.1. Of
course, long-time behaviour of stochastic dynamics is a flourishing field and impressive results have been
achieved for related equations with wildly different approaches. We cover some particularly noteworthy
results in Section 1.1, but that exposition can not be exhaustive due to the sheer amount of material.

In the following, we summarise the results of this thesis:
Overall, we open geometric modelling perspectives for various fibre lay-down models and Langevin-
type models in other applications.

We slightly shift the focus when thinking about the antisymmetric part of the Kolmogorov backwards
generators of fibre lay-down dynamics to semisprays. Even though in the case of Riemannian manifolds
the natural choice of such a semispray is the well-known and frequently used geodesic spray, semisprays
could be a good starting point for further generalisations e. g. Lagrange spaces.

We extend preexisting results on hypocoercivity of both Langevin equation and spherical velocity
Langevin equations from [GS14; GS16; Sti14] to the abstract manifold situation. We discuss existence
of a properly associated Hunt process and infer from hypocoercivity 𝐿2-exponential ergodicity. These
results given in Chapter 2 have been published before in [GM22].

We establish the very first hypocoercivity result for a variation on the isotropic smoothed fibre lay-
down models. A publication of the results from Chapter 3 is in preparation.

We propose in Chapter 4 a new modelling technique for anisotropic models which is based on the
notion of stratifolds due to Matthias Kreck. With that we can give a rigorous geometric meaning to
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reducing the standard fibre of the unit tangent bundle to a sphere of lower dimension. We discuss
hypocoercivity of the induced anisotropic models. The main theoretical feature of the new technique
is that one can basically restrict oneself to parallelisable manifolds.

In Appendix A, we give abstract local coordinate expressions and a few explicit examples for nice
manifolds.

Although our motivation comes from production nonwoven material, we emphasise that Langevin-type
equations appear in many different scientific areas. For a broad historical overview we refer to [CKW12,
Chapter 2] and to the subsequent chapters for various applications in physics and more specifically, in
chemistry as well as electric engineering. It shouldn’t be surprising that geometric Langevin equations
have become an intriguing topic before: Coming from the work [Koz89] of S. M. Kozlov on tori with flat
metric, M. R. Soloveitchik considered compact connected Riemannian manifolds. Both take the view of
Hamiltonian mechanics to geodesic motion subjected to a smooth potential field, start from the corresponding
Hamiltonian, and add a Brownian diffusion by adding its generator to the Hamiltonian vector field. Basically,
this is the same route pursued by T. Lelièvre, M. Rousset and G. Stoltz e. g. in [LRS12] for multibody
dynamics. Our results are compatible with such previous works as we just choose to take the Lagrangian
mindset rather than the Hamiltonian. Also we should mention the works by V. N. Kolokoltsov, see the
book [Kol00] and references therein, as well as by E. Jørgensen, see [Jør78]. We discuss them in Section 1.3
a bit more.



1 Preliminaries

T his chapter contains an exposition of the employed hypocoercivity method as well as foundational con-
cepts and vocabulary from differential geometry. One the one hand, we assume that the reader is

familiar with the theory of operator semigroups and Dirichlet forms as well as stochastic differential equa-
tions (in ℝd). Knowledge on generalised Dirichlet forms is useful, see [Sta99], but we cover in the appendix
at least the basic setup, specifically in Section B.3. One the other hand, we do not assume that the reader
has much experience with differential geometry overall.

Most importantly, we report in Section 1.1 on a hypocoercivity strategy, which we are going to refer
to as Abstract Hilbert space Hypocoercivity Method (AHHM). It was developed in its original ‘algebraic’
form by J. Dolbeault, C. Mouhot, and Ch. Schmeiser before it was completed and extended by M. Grothaus
and P. Stilgenbauer. The latter study was motivated by the example of fibre lay-down dynamics as previous
results in the field of hypocoercivity were not able to cover it. We adopt in this section language from [GS14;
GS16; Sti14] that will be used throughout the thesis. In particular, Theorem 1.1.4 is the key theorem we
rely upon. Of course, there are remarkable and quite different approaches to convergence to equilibrium for
Langevin-type equations like rough path methods or Gamma calculus. We give a faceted overview in the
end of Section 1.1.

Afterwards, a quick run-down on topics from differential geometry is given in Section 1.2. Undoubtedly,
we just provide patches of the bigger picture discussed in a wide variety of books. Nonetheless, in none of
the books that I know of the relation between geometry and second order ordinary differential equations is
made as clear as in the semispray formalism that I encountered in the works by I. Bucataru, see Section 1.2.4.
Realising these links was important for me personally in order to reconcile preexisting ideas on geometric
Langevin dynamics by various authors. As many spaces of interest are fibred in the sense of fibre bundles, we
briefly discuss not only integration on manifolds, but also measures on fibre bundles in Section 1.2.2. Finally
in Section 1.3, we shade some light on different perspectives how one can understand stochastic differential
equations on manifolds.

Before we begin, we shall give some orientation on how notation is used in the thesis over all.
Notation 1.0.1 (Some broad paradigmas).

upright: We use upright letters in math mode quite frequently. Of course, special mathematical
constants like Euler’s number ‘e’ and the imaginary unity ‘i’ are set upright, as they should be.
Furthermore, we denote Riemannian metrics by small upright letters often corresponding to the symbol
for the manifold. When introducing a weight on a Riemannian manifold the symbol of the Riemannian
metric becomes boldfaced, compare to Definition 1.2.23.
calligraphic: We use calligraphic letters like 𝒳 or ℰ for vector fields and bilinear forms. In particular,
ℋ always refers to semisprays, see Definition 1.2.27. A second distinct set of calligraphic symbols like
d, b etc. is reserved exclusively for (finite) dimensions.
blackboard bold: As usual the sets of natural numbers, integers, rational numbers, real numbers, and
complex numbers are denoted by ℕ, ℤ, ℚ, ℝ, and ℂ in this order. Here, the set of natural numbers
is the set of nonnegative integers according to DIN 5473:1992-07. If we want to exclude 0, we write
ℕ+ ⋅⋅= ℕ∖{0}. Other blackboard bold letters like 𝕏, 𝕐, 𝔹, 𝔼 etc. refer to certain topological spaces,
oftentimes (smooth) manifolds. In particular, 𝕌 refers to open balls, 𝕊 to spheres, and 𝕋 to tori.
Fraktur: Fraktur typeface in upper case signifies set systems such as power sets, topologies, and
𝜎-algebras. For instance, 𝔅(𝐸) denotes the Borel 𝜎-algebra on a topological space 𝐸. Fraktur letters
in lower case refer to Lie algebras. ¬

1.1 Abstract Hilbert space hypocoercivity method
We assume that the reader is familiar with the basic theory of operator semigroups. See for instance the
books [EN00; EN06] by K.-J. Engel and R. Nagel. Before we formulate the hypocoercivity method, we start
with a little bit of historical context and further developments.

1
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2 1. Preliminaries

Following a suggestion by Thierry Gallay, Cédric Villani coined the term ‘hypocoercivity’ in [Vil09] for
describing a phenomenon of convergence to equilibrium at a specified rate when a degenerate dissipation
operator and a ‘conservative’ operator come together in an operator 𝐿 describing the total dynamic. The
name hypocoercivity reflects that the phenomenon is distinct from, but akin to the well-studied hypoellipticity,
which focuses on regularity rather than convergence to equilibrium. The survey provided by C. Villani sparked
many great works among which we spotlight here a technique introduced by Jean Dolbeault and Clément
Mouhot, and Christian Schmeiser in [DMS15] and the preceding paper [DMS09]. They establish exponential
decay to equilibrium of the strongly continuous semigroup associated to a given generator 𝐿, having in
mind linear kinetic equations with rather general external potentials see [DMS15, Theorem 2]. The strategy
is very appealing, since it is formulated in a general Hilbert space framework and the assumptions seem
fairly reasonable. Conceptionally, the great achievement is the introduction of a modified entropy functional:
Under so-called hypocoercivity assumptions the time derivative times minus one can be estimated from below
in such a way that an application of the Grönwall lemma yields the claim. As mentioned in [DMS15], the
approach is inspired by F. Hérau, compare to [Hér06]. Nevertheless, the new hypocoercivity strategy was
developed only algebraically: Operator domains were not discussed and domain issues were not taken into
account. Martin Grothaus and Patrik Stilgenbauer filled in these gaps in [GS14] and extended the method to
the case where a core for the generator 𝐿 is known. Note that the Lie bracket conditions needed in C. Villani’s
approach are not satisfied in the situation of spherical velocity Langevin equation, so his result doesn’t apply
as it stands. To round off the picture, we mention that another motivation for studies by M. Grothaus and
P. Stilgenbauer was [LRS12, Proposition 3.2]. That is an ergodicity statement for Langevin dynamics with
mechanical constrain, where no explicit rate is given. As we discuss in Section 2.3 ergodicity statements
with explicit rates can be inferred from our desired hypocoercivity results.

As a matter of fact, we point out that many articles containing hypoellipticity, hypocoercivity, or results
on long-time behaviour by means of other analytic methods consider Fokker-Planck equations. One of the
key points in [GS14] is the extension of previous iterations of the hypocoercivity method to Kolmogorov
backwards evolution equations reformulated as abstract Cauchy problems. Even though some might call it
trivial from the rigorous mathematical point of view, we emphasise that in applications the Fokker-Planck
formulation is associated to the Kolmogorov backwards formulation via a unitary transformation of the model
Hilbert space, compare e. g. to [Gro+12, Remark 6.2 (i)] or [Ber21, Section 5.3.1]. This might be interesting
to know for those applicationists who are mostly familiar with the Fokker-Planck situation.

We deem the papers [GS14; GS16] as well as the PhD thesis [Sti14] our main references for what we are
going to call the Abstract Hilbert space Hypocoercivity Method (AHHM) from now on. The main theorem,
Theorem 1.1.4, requires that two sets of conditions are fulfilled. One is the aforementioned set (H) of
hypocoercivity assumptions, but in a reformulated version compared to [DMS15]. The other one is the set (D)
of ‘data’ assumptions providing the Hilbert space framework, a generator of a strongly continuous semigroup,
an invariant measure, and so on. It shall be mentioned that an alternative version of the Theorem 1.1.4 holds
with the set of conditions (D) replaced by the generalised data conditions from [Sti14, Section 2.2.3]. By
now, a quite abstract generalisation going by the name weak hypocoercivity is available. It was developed by
M. Grothaus and F.-Y. Wang in [GW19]. For more details we refer to [Ber21, Section 3]; therein A. Bertram
contrasts weak hypocoercivity with the ‘strong’ hypocoercivity that we are presenting here. Furthermore,
he proposes rearrangements and reformulations compared to original sources in order to paint the bigger
picture.
Condition 1.1.1 (Data conditions (D)).

(D1) model Hilbert space: Let (𝐸, 𝔈, 𝜇) be a probability space and choose the Hilbert space 𝐻 as 𝐿2(𝐸; 𝜇) =
𝐿2(𝜇).

(D2) strongly continuous semigroup and its infinitesimal generator: Let (𝐿, 𝐷(𝐿)) be a linear operator on 𝐻
and (𝑇𝑡)𝑡∈[0,∞) be the strongly continuous semigroup generated by 𝐿, i. e. 𝑇0 = Id𝐻 and 𝑇𝑡𝑓 → 𝑓 as
𝑡 ↓ 0 for all 𝑓 ∈ 𝐻.

(D3) core property: Let 𝐷 ⊆ 𝐷(𝐿) be dense in 𝐻 and an operator core of (𝐿, 𝐷(𝐿)), i. e. the closure of
(𝐿, 𝐷) coincides with (𝐿, 𝐷(𝐿)). We might also refer to 𝐷 as core domain.

(D4) SAD-decomposition of generator 𝐿 into symmetric and antisymmetric part: Let (𝑆, 𝐷(𝑆)) be symmetric
and let (𝐴, 𝐷(𝐴)) be closed and antisymmetric on 𝐻 such that 𝐷 ⊆ 𝐷(𝑆) ∩ 𝐷(𝐴) and the restriction
of 𝐿 to the core can be decomposed as 𝐿|𝐷 = 𝑆 − 𝐴.
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(D5) projection: Let 𝑃 ∶ 𝐻 → 𝐻 be an orthogonal projection such that 𝑃(𝐻) ⊆ 𝐷(𝑆) and 𝑆𝑃 = 0 as well
as 𝑃 (𝐷) ⊆ 𝐷(𝐴) and 𝐴𝑃(𝐷) ⊆ 𝐷(𝐴). Define

𝑃𝑆 ∶ 𝐻 ⟶ 𝐻, 𝑓 ⟼ 𝑃𝑓 + (𝑓 , 1)𝐻 .

(D6) invariant measure: Let 𝜇 be invariant for (𝐿, 𝐷) in the sense that

(𝐿𝑓 , 1)𝐻 = ∫
𝐸

𝐿𝑓 d𝜇 = 0 for all 𝑓 ∈ 𝐷.

(D7) semigroup conservativity: Let 1 ∈ 𝐷(𝐿) and 𝐿1 = 0. ¬
Condition 1.1.2 (Hypocoercivity conditions (H)).

(H1) algebraic relation: The composition 𝑃𝐴𝑃 is trivial on the core, i. e. 𝑃𝐴𝑃|𝐷 = 0.

(H2) microscopic coercivity: There is a constant Λ𝑚 ∈ (0, ∞) such that for all 𝑓 ∈ 𝐷 the following estimate
holds:

Λ𝑚‖(Id𝐻 − 𝑃𝑆)𝑓‖2
𝐻 ≤ −(𝑆𝑓 , 𝑓)𝐻 .

(H3) macroscopic coercivity: There is a constant Λ𝑀 ∈ (0, ∞) such that for all 𝑓 ∈ 𝐷((𝐴𝑃)∗(𝐴𝑃)) the
following estimate holds:

Λ𝑀‖𝑃𝑓‖2
𝐻 ≤ ‖𝐴𝑃𝑓‖2

𝐻 .

(H4) boundedness of auxiliary operators: Define 𝐵 ⋅⋅= (Id𝐻 + (𝐴𝑃)∗(𝐴𝑃))−1(𝐴𝑃)∗ on 𝐷((𝐴𝑃)∗). There
are constants 𝑐1, 𝑐2 ∈ (0, ∞) such that for all 𝑓 ∈ 𝐷 the estimates

‖𝐵𝑆𝑓‖𝐻 ≤ 𝑐1∥(Id𝐻 − 𝑃𝑗)𝑓∥𝐻 and ‖𝐵𝐴(Id𝐻 − 𝑃)𝑓‖𝐻 ≤ 𝑐2∥(Id𝐻 − 𝑃𝑗)𝑓∥𝐻

hold with 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}. ¬
Remark 1.1.3 (𝐵 as bounded operator on 𝐻). From a purely functional analytic point of view, one can say
more about operators 𝐵 of a form as in (H4): Suppose a closed operator (𝑍, 𝐷(𝑍)), that is either symmetric
or antisymmetric, on a Hilbert space 𝐻. Furthermore, let 𝑃 ∶ 𝐻 → 𝐻 be an orthogonal projection such
that for some dense subspace 𝐷 with 𝐷 ⊆ 𝐷(𝑍) holds 𝑃(𝐷) ⊆ 𝐷(𝑍). Then, (𝑍𝑃 , 𝐷(𝑍𝑃)) is densely
defined and closed. Applying von Neumann’s Theorem, specifically [Ped89, Theorem 5.1.9 (ii)], to the latter
operator we obtain that Id𝐻 + (𝑍𝑃)∗(𝑍𝑃)∶ 𝐷((𝑍𝑃)∗(𝑍𝑃)) → 𝐻 with its natural domain

𝐷((𝑍𝑃)∗(𝑍𝑃)) ⋅⋅= {𝑓 ∈ 𝐷(𝑍𝑃) | 𝑍𝑃𝑓 ∈ 𝐷((𝑍𝑃)∗)}

is continuously invertible. Define

𝐵 ⋅⋅= (Id𝐻 + (𝑍𝑃)∗(𝑍𝑃))−1(𝑍𝑃)∗ on 𝐷((𝑍𝑃)∗).

Using standard results as collected in [Sti14, Lemma 2.2], one can show 𝐵 = (𝑍𝑃)∗(Id𝐻 + (𝑍𝑃)(𝑍𝑃)∗)−1

as a linear continuous operator on 𝐻 with norm less or equal than 1, compare to [Ped89, Theorem 5.1.9 (iii)].
This piece of information is just good to keep in mind, but not necessary for the AHHM. ¬

In practice, one needs to impose additional assumptions in order to check the sets of conditions (D)
and (H). Typically, those are assumptions on an external force potential Ψ, that plays into the antisymmetric
operator 𝐴 and the invariant measure 𝜇 but per se is not part of the abstract framework. We state potential
assumptions separately when we want to apply the following theorem.
Theorem 1.1.4 (Abstract Hilbert space Hypocoercivity Theorem). Assume the conditions (D) and (H).
Then, the operator semigroup (𝑇𝑡)𝑡∈[0,∞) generated by (𝐿, 𝐷(𝐿)) is hypocoercive in the sense that there
exist constants 𝜅1, 𝜅2 ∈ (0, ∞) computable in terms of the constants Λ𝑚, Λ𝑀 , 𝑐1 and 𝑐2 appearing in the
assumptions such that

∥ 𝑇𝑡𝑔 − (𝑔 , 1)𝐻 ∥𝐻 ≤ 𝜅1e−𝜅2𝑡 ∥ 𝑔 − (𝑔 , 1)𝐻 ∥𝐻

holds for all times 𝑡 ∈ [0, ∞) and for all 𝑔 ∈ 𝐻. ¬
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See [GS14, Theorem 2.18], [GS16, Theorem 2.2], or [Sti14, Section 2] for the proof. In general, one can
choose first some 𝛿 ∈ (0, ∞) and afterwards 𝜀 ∈ (0, ∞) such that

Λ𝑀
Λ𝑀 + 1 − (1 + 𝑐1 + 𝑐2) 𝛿

2 > 0 and Λ𝑚 − 𝜀(1 + 𝑐1 + 𝑐2)(1 + 1
2𝛿 ) > 0 (1.1)

hold. Then, choosing 𝜅 ∈ (0, ∞) as minimum of the left hand-sides in Equation (1.1) and using that 𝑃 is
an orthogonal projection one finds that

𝜅‖𝑇𝑡𝑓‖2
𝐻 ≤ (Λ𝑚 − 𝜀(1 + 𝑐1 + 𝑐2)(1 + 1

2𝛿 ))‖(Id𝐻 − 𝑃)𝑇𝑡𝑓‖2
𝐻

+ ( Λ𝑀
Λ𝑀 + 1 − (1 + 𝑐1 + 𝑐2) 𝛿

2)‖𝑃𝑇𝑡𝑓‖2
𝐻

is satisfied for all 𝑓 ∈ 𝐷(𝐿). Then, one gets 𝜅1 = √ 1+𝜀
1−𝜀 and 𝜅2 = 𝜅

1+𝜀 . This statement is almost
verbatim [Ber21, Remark 3.2.2] and is directly derived from the proof of Theorem 1.1.4. For Langevin-type
equations, under the necessary conditions on the potential Ψ, one can compute the constants 𝜅1 and 𝜅2
more explicitly, see [GS16, p. 164-165] or [Sti14, pp. 109-110] respectively, and [Sti14, p. 192]. In fact, one
has freedom to choose 𝜅1 ∈ (1, ∞) and then 𝜅2 is determined:

(A) In the case of the (classical) Langevin equation (2.1) on ℝd with friction parameter 𝛼 ∈ (0, ∞) one
gets

𝜅2 = 𝜅1 − 1
𝜅1

𝛼
𝑛1 + 𝑛2𝛼 + 𝑛3𝛼2

where 𝑛𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on the potential Φ = 𝛽Ψ and 𝛽 ∈ (0, ∞). We
want to give the constants 𝑛𝑖 here as explicit as possible based on the proof, which is more concerned
with finding suitable 𝜅 and 𝜀 for fixed 𝛿 = Λ𝑀

Λ𝑀+1
1

(1+𝑐1+𝑐2) . The constants from the hypocoercivity
conditions are Λ𝑀 = Λ/𝛽 with Λ the Poincaré constant of the measure exp(−Φ)𝜆, Λ𝑚 = 𝛼, 𝑐1 = 𝛼/2,
and 𝑐2 = 𝑐Φ;𝛽 a constant only depending Φ and 𝛽. During the proof the quantity

̅𝜀Φ;𝛽(𝛼) ⋅⋅=
𝛼

(𝑎1 + 𝑎2𝛼 + 𝑎3𝛼2)
is significant where the constants 𝑎𝑖 read as

𝑎1 = (1 + 𝑐Φ;𝛽) ⋅ (1 + (1 + 𝑐Φ;𝛽)Λ + 𝛽
2Λ ) + 1

2
Λ

Λ + 𝛽 ,

𝑎2 = 1
2(1 + (1 + 𝑐Φ;𝛽)Λ + 𝛽

2Λ ), and 𝑎3 = 1
4

Λ + 𝛽
2Λ .

Broadly speaking, the quantity ̅𝜀Φ;𝛽(𝛼) is derived from the coefficients in the estimate [GS16, Equa-
tion (2.9)] or [Sti14, Equation (2.18)] respectively. As a function of ̅𝛼 ∈ (0, ∞) the quantity ̅𝜀Φ;𝛽( ̅𝛼)
attains a maximum at

√𝑎1
𝑎3

= 2((1 + 𝑐Φ;𝛽) 2Λ
Λ + 𝛽 + (1 + 𝑐Φ;𝛽)2 + ( Λ

Λ + 𝛽 )
2
)

1
2

= 2(1 + 𝑐Φ;𝛽 + Λ
Λ + 𝛽 ).

Define ̅𝜀Φ;𝛽;max
⋅⋅= max(1, ̅𝜀Φ;𝛽(√𝑎1/𝑎3)), then the 𝑛𝑖 are given as

𝑛𝑖 ⋅⋅= 4 Λ + 𝛽
Λ ⋅ ̅𝜀Φ;𝛽;max ⋅ 𝑎𝑖 for all 𝑖 ∈ {1, 2, 3}.

(B) Very similar to (A), one gets for the fibre lay-down model or spherical velocity Langevin equation with
position space ℝd, potential Ψ, and diffusion parameter 𝜎 ∈ (0, ∞) the form

𝜅2 = 𝜅1 − 1
𝜅1

𝜎2

𝑛1 + 𝑛2𝜎2 + 𝑛3𝜎4
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where 𝑛𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on the potential Ψ. We determine the 𝑛𝑖 as in (A), but
now the constants from the hypocoercivity conditions are Λ𝑀 = Λ/d with Λ the Poincaré constant of
the measure exp(−Φ)𝜆, Λ𝑚 = 𝜎2/2 (d−1), 𝑐1 = 𝜎2/4 (d−1), and 𝑐2 = 𝑐Ψ a constant only depending
on Ψ. Now, the constants in

̅𝜀Ψ(𝜎) = 𝜎2

(𝑎1 + 𝑎2𝜎2 + 𝑎3𝜎4)
⋅⋅=

𝜎2(d− 1)
2( ̄𝑎1 + ̄𝑎2𝜎2 + ̄𝑎3𝜎4)

are given by 𝑎𝑖 = 2
d−1 ̄𝑎𝑖 and

̄𝑎1 = (1 + 𝑐Φ) ⋅ (1 + (1 + 𝑐Ψ)Λ + d

2Λ ) + 1
2

Λ
Λ + d

,

̄𝑎2 = 1
4 (d− 1)(1 + (1 + 𝑐Ψ)Λ + d

2Λ ), and ̄𝑎3 = (1
4 (d− 1))

2 Λ + d

2Λ .

As before, the constants 𝑛𝑖 are defined as

𝑛𝑖 ⋅⋅= 4 Λ + d

Λ ̅𝜀Ψ;max ⋅ 𝑎𝑖 for all 𝑖 ∈ {1, 2, 3},

where ̅𝜀Ψ;max
⋅⋅= max(1, 𝜀Ψ( 4√𝑎1/𝑎3)).

For good measure, let us finish this section with a very short overview on some relevant long-time
investigations that use rather different methods. We start with the discussion of so-called kinetic Brownian
motion on Riemannian manifolds due to J. Angst, I. Bailleul, and C. Tardif, see [ABT15]. Kinetic Brownian
motion is the spherical velocity Langevin equation, that we discuss in Section 2.2, with zero potential. For
Euclidean position space the random path is driven by Brownian motion on the sphere as velocity dynamic;
in the general Riemannian case the stochastic process takes values in the unit tangent bundle and can be
thought as stochastic perturbation of geodesic flow. A long-time analysis for rotationally invariant manifolds
can be found in [ABT15, Section 3] employing the so-called dèvissage method that determines the Poisson
boundary of the process, see [AT16]. Besides, another big topic in [ABT15] is the behaviour when the
diffusion parameter approaches infinity, which is tackled with rough path methods. Changing the framework
to Γ-calculus, we refer to the recently published paper [BGH21] devoted to extend hypocoercivity results
due to Villani in order to treat Langevin dynamics with even singular potentials as Lennard-Jones potentials.
Introducing a weight function 𝑊 as well as an adapted 𝐻1,2-norm ‖⋅‖𝜁,𝑊 and requiring some basic structure
of the potential as well as the growth condition [BGH21, Assumption 2.7], the authors derive in [BGH21,
Theorem 2.23] exponential semigroup convergence with respect to ‖⋅‖𝜁,𝑊 . This result heavily relies on
appropriate explicit Lyapunov functions and the authors see potential for further fine tuning here as these
Lyapunov functions might not be optimal. Note that [Bau17], one of the foundational works for [BGH21],
describes the role of generalised Bakry-Émry-type conditions in this Γ-calculus. To obtain such estimates
is a central point in the papers [Bau16] and [BT18]. The former operates in totally geodesic Riemannian
foliations and treats Langevin-type equations in [Bau16, Section 7] as an example. In [BT18] F. Baudoin
and C. Tardif first cover the case non-totally geodesic foliations and then deduce hypocoercivity results for
the spherical velocity Langevin equation. I am grateful to an anonymous reviewer for pointing me at [Bau16;
BT18] which I did not know until August 2021.

1.2 Differentiable manifolds and Riemannian geometry
This section provides a gentle, but swift introduction to the foundations of differential and Riemannian
geometry. Of course, we do not cram a comprehensive study in here and details might slightly differ from
author to author anyways. By and large, the section is based on [Lee13]. Among many other great books we
also warmly recommend [Lan95], [Nic96], and [Sak96], as well as [Jän05] for German speaking readers. Sadly,
notation is far from being standardised, as the saying goes: ‘Differential geometry is the study of properties
that are invariant under change of notation.’1 We try to keep everything accessible even for uninitiates, but
take some shortcuts here and there.

The primordial basis for this thesis is the definition of manifolds, of course. Furthermore, fibre bundles
(and more general fibrations) appear as the conceptual framework for various important constructions such
1At [Lee13, page x] J. M. Lee refers to it as an old joke.The original source seems to be lost to history.
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as the tangent bundle or Riemannian metrics. These basic concepts are contained in Section 1.2.1. Latter
subsections are devoted mostly to concepts linked to the choice of a Riemannian metric. In particular
in Section 1.2.4, we shade light on the relations between semisprays, Ehresmann connections and, (dynamical)
covariant derivatives which can be determined by a Riemannian (or Lagrangian) metric. The remaining
subsections deal on the one hand with integration theory on manifolds or fibre bundles, see Section 1.2.2,
and on the other hand with the most important differential operators, see Section 1.2.3.

1.2.1 Basic definitions
Definition 1.2.1 (topological and differentiable manifolds).

(i) A topological space 𝕐 is said to be a y-dimensional topological manifold (over ℝ) if the following
three conditions hold:

(1) 𝕐 is a Hausdorff space,
(2) 𝕐 is second countable, i. e. its topology admits a countable base,
(3) 𝕐 is locally homeomorphic to an open subset of ℝy, more formally: For every point 𝑦 ∈ 𝕐 exist

an open neighbourhood dom(ℎ) ⊆ 𝕐 of 𝑦, and a homeomorphism ℎ∶ dom(ℎ) → ran(ℎ) ⊆ ℝy

with ran(ℎ) denoting the range of ℎ.

Such a local homeomorphism ℎ is referred to as a chart (at 𝑦). The inverse of a chart at 𝑦 can be
thought as a local parametrisation of 𝕐 around 𝑦. For any two charts ℎ1 and ℎ2 the composition ℎ2∘ℎ−1

1
(with its natural domain ℎ1(dom(ℎ1) ∩ dom(ℎ2))) is called their transition map, see Figure 1.1.

𝕐

dom(ℎ1)

dom(ℎ2)

ran(ℎ1)

ℝy

ran(ℎ2)

ℝy

ℎ1

ℎ−1
1

ℎ2

ℎ2 ∘ ℎ−1
1

Figure 1.1: Two charts and their transition map

(ii) An atlas for a topological manifold 𝕐 is a collection of charts that cover 𝕐. According to part (i) at
least one atlas for 𝕐 exists. An atlas 𝐃 is called differentiable if for two charts in 𝐃 the transition map
is differentiable in the classical sense. A differentiable structure on 𝕐 is a differentiable atlas for 𝕐
which is maximal with respect to inclusion among differentiable atlases.

(iii) If 𝕐 is a y-dimensional topological manifold endowed with a differentiable structure 𝐃 for 𝕐, then 𝕐
(or rather the pair (𝕐, 𝐃)) is called a differentiable manifold.

(iv) A function 𝑓 between two differentiable manifolds (𝕐1, 𝐃1) and (𝕐2, 𝐃2) is called differentiable at
𝑦 ∈ 𝕐1 if for all charts ℎ1 ∈ 𝐃1 and ℎ2 ∈ 𝐃2 the composition ℎ2 ∘𝑓 ∘ℎ−1

1 is differentiable at ℎ1(𝑦). ¬



1

7

Notation 1.2.2 (local coordinates). Once we fix a basis on ℝd a chart on a d-dimensional manifold can
be thought as having d many component functions. Therefore, it’s rather common to write the chart as
collection of component functions e. g. (𝑥𝑗)d𝑗=1, where upper indices are chosen to avoid confusing jam of
lower indices. Calculations with these component functions, as if they were real numbers, should always
be taken at least with a grain of salt. On this matter, Hermann Weyl is often quoted as saying that
‘the introduction of numbers as coordinates […] is an act of violence’, see [Wey49]. However, the quote
does not stop there and Weyl acknowledges that there is a ‘practical vindication’ by means of manageable
computations. In the same vein, we renunciate local coordinate descriptions for the most part, but it
should not be denied that they are needed in some proofs as well as in every fast computer implementation.
Therefore, we provide several useful local coordinate expressions in Appendix A. ¬

Replacing the notion of differentiability in parts (ii) and (iii) of Definition 1.2.1 by continuous differen-
tiability or any higher order differentiability ‘𝐶𝑘’, 𝑘 ∈ ℕ+ ∖ {1}, or even infinitely often differentiability ‘𝐶∞’
we end up each time with another category2 of manifolds. In lieu of more regularity, one could also require
less regularity such as ‘Lipschitz continuity’ or ‘piecewise linearity’ yielding by analogy Lipschitz manifolds
and piecewise linear manifolds. It’s well-known that every 𝐶𝑘-differentiable structure, 𝑘 ∈ ℕ+, admits an up
to 𝐶𝑘-diffeomorphisms unique 𝐶∞-differentiable structure, see [Whi36]3. Therefore, we reasonably restrict
ourselves to 𝐶∞-differentiable manifolds which we refer to as (smooth) manifolds from now on. The set
of smooth functions in the sense of part (iv) of Definition 1.2.1 is denoted by 𝐶∞(𝕐1; 𝕐2); as usual, we
write 𝐶∞(𝕐1) for the set of real-valued smooth functions.

When we proceed to recapitulate several definitions more, we impose either continuity or smoothness as
regularity, but it goes without saying that constructions like fibre bundles would carry over to other categories.
Definition 1.2.3 (submanifolds). Consider a y-dimensional manifold (𝕐, 𝐃), a subset 𝑆 ⊆ 𝕐, and 𝑗 ∈
{0, … ,y}. Assume that for each 𝑠 ∈ 𝑆 there is a chart ℎ ∈ 𝐃 at 𝑠 such that ℎ(dom(ℎ) ∩ 𝑆) = ran(ℎ) ∩
(ℝ𝑗 × {0}y−𝑗) and denote by 𝐃(𝑆) the set of those charts ℎ restricted to 𝑆. Then, 𝑆 endowed with subspace
topology and 𝐃(𝑆) as a smooth structure is a 𝑗-dimensional manifold. We say that 𝑆 is a submanifold of 𝕐
(of dimension 𝑗). ¬

We quickly run to a variety of standard examples of manifolds. A more detailed discussion as well as
several more examples can be found in [Lee13, Section 1].
Example 1.2.4. The most trivial examples are the Euclidean spaces ℝd with the standard smooth structure
consisting of the identity as the only (global) chart. The minimal examples are countable discrete spaces 𝕐
as zero-dimensional manifolds; the smooth structure consists just of charts {𝑦} → ℝ0 = {0} for all 𝑦 ∈ 𝕐.
More common examples include general ellipsoids, tori, and the Klein bottle, see Figure 1.2.

(a) Sphere 𝕊2 (b) Torus 𝕋2 (c) Klein bottle self-intersecting in ℝ3

Figure 1.2: Some example manifolds

Furthermore, an open subset 𝑈 of a manifold (𝕐, 𝐃) naturally inherits the smooth structure 𝐃(𝑈) ⋅⋅=
{ℎ | ℎ ∈ 𝐃∶ dom(ℎ) ⊆ 𝑈} and becomes an open submanifold (𝑈, 𝐃(𝑈)). It is straight forward to see
that also finite Cartesian products of manifolds are manifolds, which shows that the (topological) d-torus
𝕋d = ⨉d

𝑗=1 𝕊1 becomes a manifold once we made the circle 𝕊1 into a manifold.
An easy method for creating manifolds is provided by the Regular Value Theorem, see [Lee13, Propo-

sition 8.10]: Consider a smooth function 𝑓 between manifolds 𝕐1 and 𝕐2. A point 𝑦2 ∈ 𝕐2 is a reg-
ular value if for all 𝑦 ∈ 𝑓−1({𝑦2}) the rank4 of 𝑓 at 𝑦 equals the dimension of 𝕐2. In this situation
𝑓−1({𝑦2}) is called regular level set. The Regular Value Theorem asserts that regular level sets of smooth
2The objects are manifolds with the respective regularity 𝐶 and the morphisms are 𝐶-differentiable functions between manifolds.
3Also, the modern definition of manifolds in terms of charts and atlases traces back to this paper.
4That is the rank of the Jacobian 𝐷ℎ1(𝑦)(ℎ2 ∘ 𝑓 ∘ ℎ−1

1 ) for arbitrary charts ℎ1 at 𝑦 and ℎ2 at 𝑓(𝑦).


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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maps are submanifolds of 𝕐1 with dimension dim(𝕐2). For instance, 1 is regular value of the mapping
𝑓 ∶ ℝd → ℝ, 𝑥 ↦ ‖𝑥‖euc = √(𝑥 , 𝑥)

euc
computing the Euclidean norm, thus the sphere 𝕊d−1 = 𝑓−1({1})

can be thought as a smooth submanifold of ℝd. ¬
Note that manifolds in the sense of Definition 1.2.1 have empty boundary in terms of [Lee13, Section

1.5]. For sake of illustration we sometimes consider manifolds with nonempty boundary; e. g. the Möbius
strip is an example which famously has exactly one boundary curve. In such a situation, we might use
adequately altered definitions without mentioning it explicitly.
Definition 1.2.5 (continuous and smooth fibre bundles). A continuous surjection 𝜋 between topological
spaces 𝔼 and 𝔹 is called continuous fibre bundle with (standard) fibre 𝔽 if 𝔽 is a topological space and 𝜋
satisfies the axiom of local trivialisation: For any 𝑏 ∈ 𝔹 there is an open neighbourhood 𝑈𝑏 ⊆ 𝔹 as well as
a homeomorphism 𝜑 that sends the preimage 𝜋−1(𝑈𝑏) to the Cartesian product 𝑈𝑏 × 𝔽. Meaning that 𝜑
renders the diagram in Figure 1.3 commutative. In this situation one refers to 𝔹 as base space, to 𝔼 as

𝜋−1(𝑈𝑏) 𝑈𝑏 × 𝔽

𝑈𝑏

𝜑

𝜋
pr1

Figure 1.3: Local trivialisation of a fibre bundle

total space, and to 𝜑 as (local) trivialisation chart (at 𝑏). The set 𝔼𝑏 ⋅⋅= 𝜋−1({𝑏}) for given 𝑏 ∈ 𝔹 is called
fibre over 𝑏 and is homeomorphic to 𝔽, whence the name standard fibre for 𝔽. One also calls 𝜋 ∶ 𝔼 ⟶ 𝔹
the bundle projection thinking it as a part rather than the whole object.

If the spaces 𝔹, 𝔼, 𝔽 are manifolds, 𝜋 is smooth, and trivialisation charts are diffeomorphisms, then
𝜋 ∶ 𝔼 ⟶ 𝔹 is a (smooth) fibre bundle over the base manifold 𝔹 with (standard) fibre 𝔽. ¬
Example 1.2.6. The simplest examples consist of product spaces 𝔼 = 𝔹×𝔽 and a bundle projection 𝜋 = pr1
that coincides with projection to the first component. Then, the axiom of local trivialisation is satisfied even
globally. If one wants to verify that a surjective submersion 𝜋 ∶ 𝔼 → 𝔹 is a fibre bundle, then one can check
that 𝜋 is proper. This criterion is known as Ehresmann Fibration Theorem, see [Ehr51].

Later on in Definition 1.2.15 we introduce the unit tangent bundle which is an instance of so-called
sphere bundles having a sphere as standard fibre. Whilst a torus is a trivial bundle over the circle 𝔹 = 𝕊1

with standard fibre 𝔽 = 𝕊1, the Klein bottle is a fibre bundle with the same base space and fibre, but by
no means a trivial bundle. This phenomenon is easier to visualise via the example of an annulus on the one
hand, which is a trivial bundle over the circle 𝔹 = 𝕊1 with a certain finite interval as fibre, and on the other
hand a Möbius strip which is a nontrivial bundle over the very same base manifold with the same standard
fibre but also with a twist in the total manifold.

Enriching the standard fibre with additional structure and making sure that the trivialisation charts respect
it, gives us new interesting types of fibre bundles. For instance, vector bundles (of rank 𝑘) are fibre bundles
such that the standard fibre is a 𝑘-dimensional (real) vector space and every trivialisation chart 𝜑 is linear,
hence the restriction of 𝜑 to the fibre 𝔼𝑏 over 𝑏 ∈ 𝔹 is a linear isomorphism. ¬
Example 1.2.7 ((co-)tangent bundles). For extensive definitions regarding the tangent bundle T𝔹 over a
manifold 𝔹 we refer to [Lee13, Section 3, 4]. However, we quickly recall the three equivalent definitions of
tangent vectors/spaces at 𝑏 ∈ 𝔹 as exquisitely explained in [Jän05, Abschnitt 2.2]:

(i) algebraic definition: One considers equivalence classes of smooth functions that coincide in a neigh-
bourhood of 𝑏. Those equivalence classes are called germs at 𝑏. A tangent vector 𝑣 at 𝑏 is a so-called
derivation at 𝑏 that is a linear functional on the space of germs at 𝑏 satisfying the product rule, i. e.
𝑣([𝑓]𝑏 ⋅ [𝑔]𝑏) = 𝑣([𝑓]𝑏) ⋅ 𝑣([𝑔]𝑏) for germs [𝑓]𝑏 and [𝑔]𝑏 at 𝑏. This is largely considered as the most
elegant approach.

(ii) geometric definition: Two 𝔹-valued smooth curves 𝛾1 and 𝛾2 such that both their domains are open
intervals containing 0 and 𝛾1(0) = 𝛾2(0) = 𝑏 holds are said to be tangentially equivalent if there is a
chart ℎ at 𝑏 such that 𝑑

𝑑𝑡 (ℎ ∘ 𝛾1)∣𝑡=0 = 𝑑
𝑑𝑡 (ℎ ∘ 𝛾2)∣𝑡=0 holds. If this equality holds for one chart ℎ, it

holds for every chart at 𝑏. An equivalence class with respect to tangential equivalence is called tangent
vector at 𝑏.
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(iii) ‘physical’ or chart based definition: Let 𝐃 be the smooth structure of 𝔹. Define the tangent space T𝑏𝔹
at 𝑏 as

⎧{
⎨{⎩

𝑣 = (𝑣ℎ)ℎ ∈ ⨉
ℎ∈𝐃

ℎ chart at 𝑏

ℝdim(𝔹) ∣
∣∣
∣
∀ℎ1, ℎ2 ∈ 𝐃∶ 𝐷ℎ1(𝑏)(ℎ2 ∘ ℎ−1

1 )𝑣ℎ1
= 𝑣ℎ2

⎫}
⎬}⎭

.

To put it in words, a tangent vector 𝑣 could be understood as a function assigning to a given chart ℎ the
representation of 𝑣 in the chart ℎ and the differential of the transition map tells us how a representation
of 𝑣 transforms under change of charts.

Once the tangent space T𝑏𝔹 at 𝑏 is defined, so is the cotangent space T∗
𝑏𝔹 at 𝑏 as dual vector space.

The disjoint unions T𝔹 = ⨆𝑏∈𝔹 T𝑏𝔹 and T∗𝔹 = ⨆𝑏∈𝔹 T∗
𝑏𝔹 both carry a natural smooth structure and the

mappings

𝜋0 ∶ T𝔹 → 𝔹, T𝑏𝔹 ∋ 𝑣 ⟼ 𝑏, and T∗𝔹 → 𝔹, T∗
𝑏𝔹 ∋ 𝑣∗ ⟼ 𝑏

are vector bundles over 𝔹, the so-called tangent bundle and cotangent bundle respectively, see [Lee13,
Lemma 4.1, Proposition 5.3, Proposition 6.5]. The cotangent bundle is an example of the so-called dual
bundle of a given vector bundle which is so to say the ‘fibrewise dual’. ¬

As we frequently operate in tangent bundles of higher order, especially in Chapter 3, we might as well
introduce some short hand notation at this point.
Notation 1.2.8 (Higher order tangent bundles). Define T0𝔹 ⋅⋅= 𝔹. For every 𝑘 ∈ ℕ+ the 𝑘th order tangent
bundle is recursively defined as T𝑘𝔹 ⋅⋅= T(T𝑘−1𝔹). Consistently, this yields T1𝔹 = T𝔹. Denote by 𝜋𝑘,𝑘−1
the bundle projection in the 1st order tangent bundle T𝑘𝔹 ⟶ T𝑘−1𝔹. Then consequently, the projection
in the (𝑘 − 𝑗)th order bundle T𝑘𝔹 ⟶ T𝑗𝔹 is denoted by 𝜋𝑘,𝑗; explicitly, it is given as the composition of
several ordinary tangent bundle projections

𝜋𝑘,𝑗 = 𝜋𝑗+1,𝑗 ∘ 𝜋𝑗+2,𝑗+1 ∘ ⋯ ∘ 𝜋𝑘−1,𝑘−2 ∘ 𝜋𝑘,𝑘−1.
The 𝑘th order tangent bundle together with these projections is an instance of a so-called multi(-fibre-
)bundles, compare to [Sau02, Section 3]. ¬

Torus and Klein bottle can be viewed as fibre bundles with both same base manifold and same standard
fibre, but they are fundamentally different. However, just by looking at the definition of fibre bundles
one does not easily spot the difference. The key is to understand the mechanism that, roughly speaking,
glues the fibres together. This mechanism is provided in terms of the so-called structure group of a fibre
bundle. For an extensive discussion see [Nic96, Section 2.3.3], we boil it down to its essence in the following
remark. Structure groups will become relevant in the context of local product measures on fibre bundles,
see Definition 1.2.19 later on.
Remark 1.2.9 (structure groups). Given the (smooth) fibre bundle 𝜋 ∶ 𝔼 ⟶ 𝔹 we consider two local trivi-
alisation charts 𝜑𝑖 and 𝜑𝑗 with domains of trivialisation 𝑈𝑖, 𝑈𝑗 ⊆ 𝔹, and define their transition map as

𝜑𝑖𝑗 ⋅⋅= 𝜑𝑖 ∘ 𝜑−1
𝑗 ∶ 𝑈𝑗 × 𝔽 → 𝑈𝑖 × 𝔽.

Due to the fact that 𝜋0 ∘ 𝜑−1
𝑘 (𝑏, 𝑣) = 𝑏 for all (𝑏, 𝑣) ∈ 𝑈𝑘 × 𝔽, 𝑘 ∈ {𝑖, 𝑗}, the transition map can be

understood as
𝜑𝑖𝑗(𝑏, 𝑣) = (𝑏, 𝑇𝑖𝑗(𝑏)𝑣) for all (𝑏, 𝑣) ∈ 𝑈𝑗 × 𝔽,

where 𝑇𝑖𝑗(𝑏) ∶ 𝔽 → 𝔽 is a diffeomorphism and 𝑇𝑖𝑗(𝑏) smoothly depends on the base point 𝑏. As the
diffeomorphisms of 𝔽 form a group, the fibre bundle is indeed a so-called (smooth) 𝐺-fibre bundle with
the diffeomorphisms of the standard fibre as structure group 𝐺. For a 𝐺-fibre bundle one says that a
diffeomorphism 𝑇 ∶ 𝔼 → 𝔼 is a 𝐺-automorphism if it maps fibres to fibres, i. e. 𝜋 ∘ 𝑇 = 𝜋 holds, and
for any trivialisation chart 𝜑 with domain 𝑈 of trivialisation there is a smooth map 𝑔 ∶ 𝑈 → 𝐺 such that
𝜑 ∘ 𝑇 ∘ 𝜑−1 = (𝑏, 𝑔(𝑏)𝑣) for all 𝑏 ∈ 𝑈 and 𝑣 ∈ 𝔽. One can show by means of covering theory5 that for
the total space 𝔼 being torus or Klein bottle the set of 𝐺-automorphisms is isomorphic to the fundamental
group of 𝔼. As clearly the fundamental groups of torus and Klein bottle are quite different, so are the fibre
automorphisms. ¬
5To this end, one considers the universal covering space of 𝔼, since its automorphism group is isomorphic to the fundamental
group of 𝔼. See [Lee11, Proposition 12.6, Example 12.7, Exercise 12.5].
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Definition 1.2.10 (differential of smooth functions). Consider a function between manifolds 𝑓 ∈ 𝐶∞(𝕐1; 𝕐2),
a point 𝑦 ∈ 𝕐1, and a tangent vector 𝑣 ∈ T𝑦𝕐1. We define a tangent vector 𝑑𝑦𝑓(𝑣) ∈ T𝑓(𝑦)𝕐2 by the assign-
ment

(𝑑𝑦𝑓(𝑣))ℎ2
⋅⋅= 𝐷ℎ1(𝑏)(ℎ2 ∘ 𝑓 ∘ ℎ−1

1 )𝑣ℎ1
∈ ℝdim(𝕐2)

for all charts ℎ1 and ℎ2 at 𝑦 and 𝑓(𝑦) respectively, compare to (iii) of Example 1.2.7. Note that the assignment
does not depend on the choice of the charts and yields a unique tangent vector. In this way 𝑓 induces a
linear mapping 𝑑𝑦𝑓 ∶ T𝑦𝕐1 → T𝑓(𝑦)𝕐2 called the differential of 𝑓 at 𝑦. Taking the differential at 𝑦 on the one
hand satisfies 𝑑𝑦Id𝕐1

= IdT𝑦𝕐1
and on the other hand obeys the chain rule 𝑑𝑦(𝑓2 ∘ 𝑓1) = 𝑑𝑓1(𝑦)𝑓2 ∘ 𝑑𝑦𝑓1 for

any two smooth functions 𝑓1 from 𝕐1 to 𝕐2 and 𝑓2 on 𝕐2. Reminiscent of partial derivatives, we sometimes
write 𝜕𝑣𝑓(𝑦) ⋅⋅= ⟨𝑣 , 𝑑𝑦𝑓⟩ for 𝑣 ∈ T𝑦𝕐1. ¬
Notation 1.2.11 (local coordinate form of tangent vectors and differentials). Suppose a chart ℎ of a y-di-
mensional manifold 𝕐 and denote the induced local coordinates by (𝑦𝑗)y𝑗=1. Moreover, consider the tangent
vectors (𝜕/𝜕𝑥𝑗(𝑥))y𝑗=1 at 𝑥 ∈ ℝy corresponding to the standard coordinates (𝑥𝑗)y𝑗=1 of ℝy provided by the
identity chart. I. e. when the differential of a function 𝑔 ∈ 𝐶∞(ℝy) acts on 𝜕/𝜕𝑥𝑗(𝑥), 𝑗 ∈ {1, … ,y}, we
just obtain the classical partial derivatives ⟨𝜕/𝜕𝑥𝑗(𝑥) , 𝑑𝑥𝑔⟩ = 𝜕𝑥𝑗𝑔(𝑥) at 𝑥 ∈ ℝy. For all 𝑦 ∈ 𝕐 and
𝑗 ∈ {1, … ,y} as well as functions 𝑓 ∈ 𝐶∞(𝕐) the expressions 𝜕/𝜕𝑦𝑗(𝑦) and 𝜕𝑓/𝜕𝑦𝑗(𝑦) are defined as

𝜕
𝜕𝑦𝑗 (𝑦) ⋅⋅= ⟨ 𝜕

𝜕𝑥𝑗 (ℎ(𝑦)) , 𝑑ℎ(𝑦)(ℎ−1)⟩ and 𝜕𝑓
𝜕𝑦𝑗 (𝑦) = 𝜕

𝜕𝑦𝑗 𝑓 (𝑦) ⋅⋅=
𝜕(𝑓 ∘ ℎ−1)

𝜕𝑥𝑗 (ℎ(𝑦))

See [Lee13, Section 3.3] for more details and formulae that describe a change of coordinates. ¬
Definition 1.2.12 (sections and vector fields). Let 𝜋 ∶ 𝔼 ⟶ 𝔹 be a continuous fibre bundle. A (global)
continuous section in this bundle is a continuous right inverse of the bundle projection, i. e. a mapping
𝒳∶ 𝔹 → 𝔼 such that 𝜋 ∘ 𝒳 = Id𝔹. The set of continuous sections is denoted by Γ0(𝔹 → 𝔼) or just Γ0(𝔼).
A local continuous section is defined in almost the same manner, but rather with an open subset as domain
than the whole base space.

Clearly, a (global) (smooth) section in a (smooth) fibre bundle is a smooth right inverse of the bundle
projection. The set of smooth sections is denoted by Γ∞(𝔹 → 𝔼) or Γ∞(𝔼) for sake of brevity. Smooth
sections in the tangent bundle are commonly referred to as vector fields and can be thought as differential
operators in view of Example 1.2.7: Given a smooth function 𝑓 ∈ 𝐶∞(𝔹) and a vector field 𝒳 ∈ Γ∞(T𝔹)
then the action of 𝒳 on 𝑓 is a smooth function 𝒳𝑓 = 𝒳(𝑓) ∈ 𝐶∞(𝔹) given as

𝒳𝑓(𝑏) = (𝒳𝑓)(𝑏) ⋅⋅= 𝜕𝒳𝑓(𝑏) = ⟨𝒳(𝑏) , 𝑑𝑏𝑓⟩ for all 𝑏 ∈ 𝔹.

It’s common to denote the 𝑘-times action of 𝒳 on 𝑓 by 𝒳𝑘𝑓 = 𝒳𝑘(𝑓) which we usually just need for 𝑘 = 2,
i. e. 𝒳2𝑓 ⋅⋅= 𝒳(𝒳(𝑓)). ¬
Remark 1.2.13 (parallelisability). Consider a vector bundle 𝜋 ∶ 𝔼 → 𝔹. A local (smooth) frame (𝐸𝑗)b𝑗=1 is
an ordered tuple of local sections 𝐸𝑗 ∈ Γ∞(𝑈; 𝔼) with common open domain 𝑈 ⊆ 𝔹 that provides fibrewise
a basis of 𝔼|𝑈 , i. e. (𝐸𝑗(𝑏))b𝑗=1 is a basis of 𝔼𝑏 for all 𝑏 ∈ 𝑈 . By extension, a global frame is a local frame
that is fully supported on 𝔹. E. g. given local coordinates (𝑏𝑗)b𝑗=1 the local vector fields (𝜕/𝜕𝑏𝑗)b𝑗=1 form a
local frame in 𝔼 = T𝔹. According to [Lee13, Corollary 5.11], a (smooth) vector bundle is trivial if and only
if there is a (smooth) global frame.

The manifold 𝔹 is said to be parallelisable if there is a global frame in T𝔹. Obviously, ℝd possesses
a global frame induced by its global chart of Euclidean coordinates. Many more examples are provided
by [Lee13, Proposition 5.15], for instance the d-dimensional torus 𝕋d is parallelisable. However, most
spheres are not parallelisable: Since the works [Ker58] by M. Kervaire and independently [BM58] by R. Bott
and J. Milnor it’s known that 𝕊d−1 is parallelisable exactly for d ∈ {1, 2, 4, 8}. The case d = 3 is well-known
as a consequence of the Hairy Ball Theorem, see [Lee13, Exercise 14.22]. This observation motivates our
usage of stratifolds in Chapter 4. Moreover, the possible lack of parallelisability causes, but just initially,
an issue with the McKean-Gangolli injection scheme for construction of skew Brownian motions on general
manifolds. We address this later in Section 1.3 in a bit more detail. ¬

In terms of sections, one defines the analogues of inner products on vector spaces for vector bundles.
These analogues are the Riemannian metrics which are discussed in [Lee13, Section 11.4]. As to be expected,
Riemannian metrics provide a fibrewise sense of length of tangent vectors and angles between nonzero
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tangent vectors, thus also a measure for the length of curves on the base manifold and a fibrewise sense of
orthogonality.
Definition 1.2.14 (Riemannian metrics). Let 𝜋 ∶ 𝔼 → 𝔹 be a vector bundle and denote by Symm(𝔼) the
space of fibrewise symmetric bilinear forms on 𝔼. A Riemannian metric in 𝔼 is a section in the fibre bundle
Symm(𝔼) → 𝔹 that is fibrewise an inner product. A Riemannian metric b yields fibrewise a norm via
|𝑒|b ⋅⋅= √b𝑏(𝑒 , 𝑒) for all 𝑒 ∈ 𝔼𝑏 and 𝑏 ∈ 𝔹. The pair (𝔹, b) is called Riemannian manifold. Usually, we
implicitly consider 𝔼 = T𝔹. Two Riemannian manifolds (𝔹𝑗, b𝑗), 𝑗 ∈ {1, 2}, are said to be isometric if there
is a diffeomorphism 𝑖 ∶ 𝔹1 → 𝔹2 such that the pushforward 𝑖∗b1 ⋅⋅= b1(𝑑𝑖 ⋅ ,𝑑𝑖⋅) coincides with b2. ¬

The next definition follows immediately and gives us the most important example of sphere bundles.
Definition 1.2.15 (unit tangent bundles). Consider a b-dimensional Riemannian manifold (𝔹, b). The unit
tangent space at a point 𝑏 ∈ 𝔹 is defined as

U𝑏𝔹 ⋅⋅= {𝑣 ∈ T𝑏𝔹 ∣ |𝑣|2b = b𝑏(𝑣 , 𝑣) = 1}
and the disjoint union over all points 𝑏 yields the unit tangent bundle 𝜋0|U ∶ U𝔹 → 𝔹 which indeed is a
smooth fibre bundle with standard fibre 𝔽 = 𝕊b−1. ¬

Via the length of connecting curves one obtains a notation of the distance between to points in a
Riemannian manifold. We make a few comments on the arising metric space.
Remark 1.2.16 (Riemannian distance metric and completeness properties). To avoid ambiguities, we refer to
a metric in the sense of metric spaces as distance metric/function. Given a connected Riemannian manifold
(𝔹, b) the associated length measure for curves in 𝔹 induces a distance metric via

distb(𝑏1, 𝑏2) = inf
𝛾 ∶ [0,1]→𝔹

(piecewise) smooth with
𝛾(0)=𝑏1, 𝛾(1)=𝑏2

length(𝛾) ⋅⋅= inf
𝛾 …

∫
1

0
| ̇𝛾(𝑡)|b d𝑡

for all points 𝑏1, 𝑏2 ∈ 𝔹. By [Lee13, Proposition 11.20], the topology of the metric space (𝔹, distb) coincides
with the original topology of the manifold 𝔹.

The famous Hopf-Rinow Theorem, see [Nic96, Theorem 4.1.29], states that completeness of connected
Riemannian manifold (𝔹, b) as a metric space is equivalent to several other nice properties, among them are
to mention geodesically completeness6 and that at every point 𝑏 ∈ 𝔹 the exponential map7 exp𝑏 is defined
on the entirety of T𝑏𝔹. In particular, for two points in a complete manifold 𝔹 there is at least one length
minimising curve that also is a geodesic with respect to the Levi-Civita connection, which we introduce later
in Remark 1.2.28. Spheres with their standard round metric are examples of complete connected Riemannian
manifolds with not necessarily unique minimising geodesics: Given two antipodal points there infinitely many
length minimising, connecting geodesics. ¬

A given Riemannian metric not only induces a ‘geodesic’ structure as outlined in Remark 1.2.16. We
foreshadow that it also induces a so-called spectral structure, see Definition 4.1.9, by means of the Laplace-
Beltrami operator introduced in Definition 1.2.20. As important as Riemannian metrics may be, one must
nevertheless keep in mind that every vector bundle can be endowed with some Riemannian metric8 and in
general there is no canonical way of selecting one among all the possible Riemannian metrics. In this thesis,
we usually suppose that a Riemannian metric is given and other structures are compatible with it. But e. g.
in the context of semisprays we briefly touch upon the cases where instead another piece of information like
a Lagrangian is given.

1.2.2 Integration on manifolds and in fibre bundles
When it comes to integration on manifolds one usually distinguishes the cases of orientable and nonorientable
manifold. An oriented manifold is a manifold with a maximal9 oriented atlas by which we mean that
6Meaning that the so-called geodesic flow is a global flow, see [Nic96, Definition 4.1.11].
7See [Nic96, § 4.1.3] for the definition of the exponential map.
8In a domain of local triviality 𝑈 ⊆ 𝔹 one can construct from some smooth map 𝑠𝑈 ∶ 𝑈 → Symm(𝔼)|𝑈 a Riemannian metric
on 𝑈 as 𝑈 → Symm(𝜋−1(𝑈)) ≃ Symm(𝑈 × ℝ𝑘), 𝑏 ↦ (𝑏, 𝑠𝑈 (𝑏)). Now, a global Riemannian metric is built from the local ones
by a partition of unity argument.

9With respect to inclusion.
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the Jacobian determinant of any transition map is everywhere positive. Such a maximal oriented atlas
formally represents the concept of an orientation. A manifold is orientable if there is an orientation, i. e. a
maximal orientable atlas; a nonempty connected orientable manifold admits exactly two different orientations.
Famously, the Möbius strip and the Klein bottle are examples of manifolds that are not orientable. Integration
on orientable manifolds is defined in terms of volume forms whilst on nonorientable manifolds one uses density
fields. A detailed discussion would go far beyond the scope of this thesis, thus we refer to [Lee13, Sections 12-
14] or [Gro+01, Section 3.1.2]. The result is integration with respect to the so-called Riemannian volume
measure as both constructions yield the same integral on orientable manifolds. Alternatively, one could
define the Riemannian volume measure directly as a Radon measure via an integral expression reminiscent
of integration with respect to differential forms, compare to [Sak96, Section II.5].

Definition 1.2.17 (Riemannian volume form/density field). Consider a b-dimensional Riemannian manifold
(𝔹, b). Suppose that 𝔹 is oriented. Then, there is a unique nonvanishing smooth differential form d𝜆b of
degree b such that d𝜆b(𝐸1, … , 𝐸b) = 1 holds for every oriented local orthonormal frame (𝐸𝑗)b𝑗=1, see [Lee13,
Proposition 13.22]. This differential form is called Riemannian volume form or Riemannian volume element.
If 𝔹 is not necessarily orientable, there still is a unique positive, smooth density field |d𝜆b | such that
|d𝜆b |(𝐸1, … , 𝐸b) = 1 holds for every local orthonormal frame (𝐸𝑗)b𝑗=1, see [Lee13, Proposition 14.33]. One
calls it the Riemannian density field by analogy. ¬
Remark 1.2.18 (d𝜆b = |d𝜆b |). Riemannian volume form and Riemannian density field coincide for oriented
Riemannian manifolds. We adopt the common practice to write integrals of real-valued functions 𝑓 on 𝔹
always as ∫𝔹 𝑓 d𝜆b no matter if there might be an orientation or not. The Radon measure 𝜆b defined by
⟨𝑓 , 𝜆b⟩ ⋅⋅= ∫𝔹 𝑓 d𝜆b for all 𝑓 ∈ 𝐶0

c (𝔹) is the Riemannian volume measure. For local coordinate expressions
see Section A.1. ¬

Once integration on manifolds is established, one proceeds to introduce 𝐿𝑝-spaces 𝐿𝑝(𝔹; 𝜆b) and Sobolev
spaces 𝐻𝑚,𝑝(𝔹) = 𝐻𝑚,𝑝(𝔹; 𝜆b), see [Heb00]. This might be a good point to mention that for locally
Lipschitzian functions 𝑓0 on 𝔹 holds 𝑓0 ∈ 𝐻1,𝑝

loc (𝔹) for all 𝑝 ∈ [1, ∞), see [Heb00, Proposition 2.4] and
references therein for the proof.10 Furthermore, if 𝔹 is complete, then the set of smooth functions with
compact support is dense in 𝐻1,𝑝(𝔹), see [Heb00, Theorem 3.1]; the case of 𝑚 > 1 is discussed subsequently
there.

Moving on, we also desire ‘product-like’ measures in the total space of a fibre bundle corresponding to
given measures on the base space and the standard fibre. The general situation was investigated in [Goe59]
by A. Götz. We choose to adapt his wording slightly and speak either of ‘bundle measures’ or ‘local product
measures’.

Definition 1.2.19 (bundle measures). Consider a continuous fibre bundle 𝜋 ∶ 𝔼 → 𝔹 with standard fibre 𝔽
such that both 𝔹 and 𝔽 are locally compact.11 Let 𝜇𝔹 and 𝜈𝔽 be a Baire measures on 𝔹 and 𝔽 respectively.
A Baire measure 𝜇𝔼 on 𝔼 is a bundle measure or local product measure with base measure 𝜇𝔹 and fibre
measure 𝜈𝔽 if for every local trivialisation chart 𝜑 with domain of trivialisation 𝑈 and all Baire sets 𝐴 ⊆
𝜋−1(𝑈) × 𝔽 holds 𝜇𝔼(𝜑−1(𝐴)) = 𝜇𝔹 ⊗ 𝜈𝔽(𝐴). In this case, we write 𝜇𝔹 ⊗loc 𝜈𝔽 ⋅⋅= 𝜇𝔼. Recall the notion of
structure groups from Remark 1.2.9. According to [Goe59, Theorem 1], the local product measure 𝜇𝔹 ⊗loc 𝜈𝔽
exists if and only if 𝜈𝔽 is invariant under transformation by the structure group.

Notably, a local product measure 𝜇𝔹 ⊗loc 𝜈𝔽 disintegrates in the following way: For all Baire sets 𝑍 in 𝔼
and integrable functions 𝑓 ∶ 𝑍 → ℝ hold

𝜇𝔹 ⊗loc 𝜈𝔽(𝑍) = ∫
𝔹

𝜈𝔽;𝑏(𝑍) 𝜇𝔹(d𝑏)

and ∫
𝑍

𝑓 d𝜇𝔹 ⊗loc 𝜈𝔽 = ∫
𝜋(𝑍)

∫
𝔼𝑏

𝑓 d𝜈𝐹;𝑏 𝜇𝔹(d𝑏),

where 𝜈𝔽;𝑏 can roughly be thought as a copy of 𝜈𝔽 on the fibre 𝔼𝑏. For the construction of 𝜈𝔽;𝑏 see part b)
of the proof of [Goe59, Theorem 1]. ¬
10On a related note, a variant of Rademacher’s Theorem asserts that 𝑓0 is differentiable almost everywhere and the set of

points where 𝑓0 is differentiable is dense in 𝔹. This variant is given in [AFL05, Theorem 5.7].
11Then, also 𝔼 is locally compact. Clearly, the assumption is satisfied for smooth fibre bundles.
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1.2.3 Divergence Theorem and Laplace-Beltrami operator
Definition 1.2.20 (the ‘big three’ differential operators on Riemannian manifolds). Consider a Riemannian
manifold (𝔹, b).

(i) Given a function 𝑓 ∈ 𝐶∞(𝔹) its gradient ∇b𝑓 is the unique vector field that fulfils

b(∇b𝑓 , 𝒳) = 𝜕𝒳𝑓 for all 𝒳 ∈ Γ∞(T𝔹). (1.2)

(ii) The divergence operator is defined in terms of the Lie derivative12 ℒ, since this definition reminds us
that the divergence models infinitesimal change of volume under the flow of a vector field. Suppose
that 𝔹 is orientable with volume form d𝜆b . Given a vector field 𝒳 ∈ Γ∞(T𝔹) the divergence divb𝒳 is
a smooth function that satisfies

ℒ𝒳 d𝜆b = divb𝒳 ⋅d𝜆b .
This definition actually doesn’t depend on the orientation at all, see [Lee13, Problem.14-20], so the
volume form can be replaced by the corresponding volume density field.

(iii) For a smooth function 𝑓 ∈ 𝐶∞(𝔹) the so-called Laplace-Beltrami operator Δb𝑓 is the divergence of
the gradient of 𝑓 : Δb𝑓 = divb(∇b𝑓). Some authors choose a different sign convention and define the
Laplace-Beltrami as minus divergence of the gradient. ¬

Remark 1.2.21 (Divergence Theorem and formal adjoint of vector fields). The Divergence Theorem states
that for every smooth vector field 𝒳 one has

∫
𝔹

𝑓 ⋅ divb𝒳 d𝜆b = − ∫
𝔹

b(∇b𝑓 , 𝒳) d𝜆b = − ∫
𝔹

𝒳𝑓 d𝜆b for all 𝑓 ∈ 𝐶∞
c (𝔹). (1.3)

Compare to [Lee13, Theorems 14.23 and 14.34]. If one of two functions 𝑓, 𝑔 ∈ 𝐶∞(𝔹) has compact support,
then it follows the analogue of integration by parts:

∫
𝔹

Δb𝑓 ⋅𝑔 d𝜆b = − ∫
𝔹

b(∇b𝑓 , ∇b𝑔) d𝜆b = ∫
𝔹

𝑓 ⋅ Δb𝑔 d𝜆b . (1.4)

Furthermore, we can use Equation (1.3) to determine the formal adjoint of a vector field 𝒳: Observing that

∫
𝔹

𝒳𝑓 ⋅ 𝑔 d𝜆b = ∫
𝔹

b(∇b𝑓 , 𝑔𝒳) d𝜆b
(1.3)= − ∫

𝔹
𝑓 ⋅ divb(𝑔𝒳) d𝜆b

= − ∫
𝔹

𝑓𝑔 ⋅ divb𝒳 +𝑓 ⋅ 𝒳𝑔 d𝜆b

we infer that 𝒳∗ = −𝒳 − divb𝒳 ⋅Id. ¬
It can not be overstated how important the question of essential self-adjointness of the Laplace-Beltrami

operator is. Unsurprisingly, that question has been tackled with a large variety of different tools.
Theorem 1.2.22 (essential self-adjointness of Laplace-Beltrami). Suppose that 𝔹 is complete as in Re-
mark 1.2.16. The Laplace-Beltrami operator (Δb , 𝐶∞

c (𝔹)) is essentially self-adjoint on 𝐿2(𝔹; 𝜆b). ¬
For a proof of the theorem as it stands we refer to [Str83, Theorem 2.4] which relies on an eigenvalue

discussion. We mention a few different proofs without going into details, since the result is that central.
P. R. Chernoff formulates in [Che73, Section 2] a criterion for all powers of operators 𝑇 = −i 𝐿 being
essentially self-adjoint, where 𝐿 is a formally antisymmetric differential operator on the Hilbert space of
square integrable sections in a vector bundle with Riemannian metric over a complete manifold. The criterion
is then applied to the Hodge-de Rham operator13 (d + 𝛿)2 = (d𝛿 + 𝛿d) which differs from the Laplace-
Beltrami operator by a sign. In contrast, in [Roe60, Satz 8] the author shows that the deficiency indices are
zero, see the corollary on [RS75, p. 141] or see [Wer11, Lemma VII.2.7 (a), Satz VII.2.8]. Other classical
references on the matter are [Gaf51; Gaf54a; Gaf54b], [LM89, Section II.5] and [Wol73]. If we would assume
nontrivial boundary, then essentially self-adjointness of the Laplace-Beltrami operator is rather delicate. This
challenging problem has been tackled in [Pér13] and the noteworthy paper [ILP15].
12See [Lee13, Section 18].
13See [Sak96, p. 302].
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Definition 1.2.23 (weighted Riemannian manifolds). Let (𝔹, b) be a Riemannian manifold. Consider a
nonconstant, smooth14 function 𝜌2

𝔹 ∶ 𝔹 → (0, ∞) and define 𝜌𝔹 ⋅⋅= √𝜌2
𝔹. The weighted Riemannian

metric b (with weight function 𝜌𝔹) is defined by

b(𝑣 , 𝑤) = (𝜌𝔹b)(𝑣, 𝑤) ⋅⋅= b(𝜌𝔹𝑣 , 𝜌𝔹𝑤)

for all 𝑣, 𝑤 ∈ T𝔹 with 𝜋0(𝑣) = 𝜋0(𝑤). The main differential operators associated to the Riemann metric
change in a consistent way as follows: For the weighted gradient ∇b ⋅⋅= 1/𝜌𝔹 ⋅∇b the relation (1.2) transforms
into b(∇b𝑓 , 𝒳) = 𝜌𝔹 ⋅ 𝜕𝒳𝑓 for 𝑓 ∈ 𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹). We define the weighted divergence as
divb𝒳 ⋅⋅= 1/𝜌𝔹⋅divb(𝜌2

𝔹𝒳) for 𝒳 ∈ Γ∞(T𝔹). Consequently, following the logic of part (iii) of Definition 1.2.20,
we define the weighted Laplace-Beltrami as Δb ⋅⋅= divb∇b = 1/𝜌𝔹 ⋅ divb(𝜌𝔹∇b). The definitions are chosen
such that the Divergence Theorem and its consequences hold: We have that

∫
𝔹

𝑓 ⋅ divb𝒳 d𝜆b = − ∫
𝔹

b(∇b𝑓 , 𝒳) d𝜆b

and
∫

𝔹
𝑓 ⋅ Δb𝑔 d𝜆b = − ∫

𝔹
b(∇b𝑓 , ∇b𝑔) d𝜆b = ∫

𝔹
𝑓 ⋅ Δb𝑔 d𝜆b (1.5)

hold for all 𝑓 ∈ 𝐶∞
c (𝔹) and 𝑔 ∈ 𝐶∞(𝔹). For sake of readability, we write 𝐿𝑝(𝔹; b) instead of 𝐿𝑝(𝔹; 𝜆b).

Suppose a fibre bundle 𝔼 → 𝔹 over 𝔹 with some bundle measure 𝜇𝔹 ⊗loc 𝜈𝔽. If 𝜇𝔹 is weighted by 𝜌𝔹
and 𝜈𝔽 is weighted by a function 𝜌𝔽 that is invariant with respect to transformations of the structure group,
we denote the Radon-Nikodým derivative of the weighted loc-product measure by 𝜌𝔹 ⊗loc 𝜌𝔽. ¬

1.2.4 Ehresmann connections and semisprays
A definition of Ehresmann connections for general fibre bundles can be found in [KMS93, Section III.9].
Here, we restrict ourselves to the case of vector bundles.

Definition 1.2.24 (vertical bundle). Consider a fibre bundle 𝜋 ∶ 𝔼 ⟶ 𝔹. The null space of the differential
𝑑𝜋 ∶ T𝔼 → T𝔹. of the bundle projection is called the space of vertical vectors and denoted by V𝔼 ⋅⋅=
null(𝑑𝜋). We think vertical vectors as being tangent to the fibres of 𝜋. Then, 𝜋 ∶ V𝔼 ⟶ 𝔼 is referred to as
the vertical bundle. Indeed: As 𝑑𝑣𝜋 is surjective for all 𝑣 ∈ 𝔼, the vertical bundle is a smooth subbundle. The
fibrewise projection to the space of vertical vectors is denoted by vpr. If 𝜋 ∶ 𝔼 ⟶ 𝔹 happens to be a vector
bundle, than we additionally can define the vertical lift at 𝑣 ∈ 𝔼 fixed as the mapping vl𝑣 ∶ 𝔼𝜋(𝑣) → T𝑣𝔼
that acts on test functions 𝑓 ∈ 𝐶∞(𝔼𝜋(𝑣)) as

⟨vl𝑣(𝑤) , 𝑑𝑣𝑓⟩ = 𝑑
𝑑𝑡 𝑓(𝑣 + 𝑡𝑤) ∣𝑡=0.

If 𝔼 = T𝔹, then ⟨vl𝑣(𝑤) , 𝑑𝑣𝑑𝑓⟩ = ⟨𝑤 , 𝑑𝑓⟩ for all 𝑓 ∈ 𝐶∞(𝔹) determines the lift uniquely. The smooth
section 𝒱 ∈ Γ∞(𝔼; V𝔼) given as 𝑣 ↦ 𝒱(𝑣) ⋅⋅= vl𝑣(𝑣) is called canonical vector field. ¬
Definition 1.2.25 (Ehresmann connections in vector bundles). Consider a vector bundle 𝜋 ∶ 𝔼 ⟶ 𝔹. A
(smooth) subbundle 𝜋 ∶ H𝔼 → 𝔹 is called Ehresmann connection or horizontal bundle if the total space
decomposes into the Whitney sum T𝔼 = H𝔼 ⊕ V𝔼 meaning that

T𝑣𝔼 = H𝑣𝔼 ⊕ V𝑣𝔼 for all 𝑣 ∈ 𝔼.

In this case, we denote the projection of vectors in 𝔼 to their horizontal parts by hpr. Furthermore, the
horizontal lift at 𝑣 of some vector 𝑤 ∈ 𝔼 is the unique vector hl𝑣(𝑤) ∈ H𝑣𝔼 such that 𝑤 = ⟨hl𝑣(𝑤) , 𝑑𝜋⟩. ¬

In general there is no canonical choice of a Ehresmann connection, rather such a choice adds additional
geometric information. We discuss this phenomenon after the following definition a bit more. Since for
this thesis our main concern are Riemannian manifolds, we specifically look for an Ehresmann connection
associated to the Riemannian structure.
14As mentioned earlier, local-Lipschitz regularity would suffice, since then is locally integrable and possesses a weak gradient.
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Definition 1.2.26 (connector map and Riemannian horizontal bundle). Consider a Riemannian manifold (𝔹, b)
and a generic point 𝑜 ∈ 𝔹. Let 𝑈 ⊆ 𝔹 be a neighbourhood of 𝑜 and 𝑉 ⋅⋅= 𝜋−1

0 (𝑈) ⊆ T𝔹 such that the
exponential15 exp𝑜 ∶ T𝑜𝔹 → 𝔹 maps a 0-neighbourhood to 𝑈 diffeomorphically. Denote by 𝜏 ∶ 𝑉 → T𝑜𝔹
parallel transport of 𝑣 ∈ 𝑉 along the unique geodesic arc connecting 𝜋(𝑣) and 𝑜. Let 𝑟−𝑢 ∶ T𝑜𝔹 → T𝑜𝔹 be
the translation 𝑤 ↦ 𝑤 − 𝑢 by the vector 𝑢 ∈ T𝑜𝔹. Now, consider the mapping

𝜅∶ 𝑉 ⟶ 𝔹, 𝑣 ⟼ (exp𝑜 ∘𝑟−𝑢 ∘ 𝜏)(𝑣).
The dependency on the chart vanishes when passing to the differential

𝑑𝜅𝑢 ∶ T2
𝑢𝔹 ⟶ T𝜋0(𝑢)𝔹, 𝑎 ⟼ ⟨𝑎 , 𝑑(exp𝜋0(𝑢) ∘𝑟−𝑢 ∘ 𝜏)⟩

which is called the connector map, compare to [Dom62, Section 2]. Via the assignment HT𝔹 ⋅⋅= null(𝑑𝜅)
we gain an Ehresmann connection which we call Riemannian since it depends by means of the exponential
map on the Riemannian metric, see e. g [Dom62, Appendix (ii)]. ¬

Some authors view the mappings 𝑑𝜋0 and 𝑑𝜅 as horizontal and vertical projections respectively, but this
could lead to confusion as they don’t map fibrewise into the same vector space. One observes that the
dependency of the connector map on the Riemannian metric in Definition 1.2.26 essentially lies in the notion
of a geodesic on the base manifold.

The geometric information of an Ehresmann connection is closely linked to the concept of semisprays,
which we introduce next. Semisprays naturally arise in the study of second order (ordinary) differential
equations on manifolds or more generally Lagrange spaces. One motivation comes from Newton’s (second)
law see [Gli97, Section 4] or from Euler-Lagrange equations [MR99, Chapter 7]. The semispray considered
in these classical situations appears as Lagrangian vector field and is again referred to as geodesic spray
due to the fact that induces the geodesic flow. In the neat book by M. do Carmo one finds in [Car92,
Lemma III.2.3] a construction of that semispray just in terms of geodesics corresponding to the Riemannian
metric16 which also justifies the name geodesic spray. As explained in [Buc06], starting from a Lagrange
space with regular Lagrangian one obtains from the Euler-Lagrange equations a system of second order
differential equations that yield local coefficients for a semispray. There is a unique associated Ehresmann
connection that is compatible with both the metric tensor17 and the symplectic structure on the tangent
space – just compatibility with respect to the metric tensor would not suffice. Thence, a possibility for future
studies would be not to choose a Riemannian metric, but rather consider Lagrange spaces.
Definition 1.2.27 (semisprays). A section ℋ ∈ Γ∞(T𝔹; T2𝔹) is a called a semispray or second order vector
field if it satisfies ⟨ℋ , 𝑑𝜋0⟩ = IdT𝔹 or equivalently if any integral curve18 𝑠∶ 𝐼 → T𝔹 takes the form
𝑠 = (𝜋0 ∘ 𝑠)′. A curve 𝑐 ∶ 𝐼 → 𝔹 is called geodesic of the semispray ℋ if there is an integral curve
𝑠∶ 𝐼 → T𝔹 such that 𝑐 = 𝜋0 ∘ 𝑠. Equivalently, 𝑐 is geodesic if ℋ ∘ ̇𝑐 = ̈𝑐. A semispray is called (full) spray
if it additionally fulfils [𝒱 , ℋ] = ℋ. ¬

For a description of semisprays in local coordinates we refer to Remark A.1.2. Note that, as every
semispray comes with its own set of geodesics, it introduces a whole ‘geodesic structure’. If one is starting
from a semispray rather than having it already as generator of the geodesic flow, a natural assumption would
be that the associated geodesic structure induces a nice metric space structure via minimising geodesics.

Assume that an Ehresmann connection T2𝔹 = H𝔹 ⊕ V𝔹 is given. We already know that for a given
vector 𝑣 ∈ T𝔹 there is a unique horizontal vector 𝑎 ∈ T2

𝑣𝔹 such that 𝑣 = ⟨𝑎 , 𝑑𝜋0⟩, namely the horizontal
lift of 𝑎 = hl𝑣(𝑣). Furthermore, 𝑎 depends on 𝑣 smoothly. Hence, the assignment ℋ(𝑣) ⋅⋅= hl𝑣(𝑣) yields a
semispray associated to the Ehresmann connection. If the Ehresmann connection is the one corresponding
to a Riemannian metric b and its Levi-Civita connection, then we denote the associated semispray by ℋb
and call it Riemannian semispray.
Remark 1.2.28 ((dynamical) covariant derivatives and Levi-Civita connection). In general, an Ehresmann
connection and a semispray give rise to a so-called dynamical covariant derivative. see [Buc06, Section 2]
for details. Here, we stick to the classical case of covariant derivatives in Riemannian geometry as one uses
it e. g. to define geodesics.
15Recall [Nic96, § 4.1.3].
16Via the Levi-Civita connection, see Remark 1.2.28 later.
17Rather its induced dynamical covariant derivative is compatible with the metric, compare to Remark 1.2.28.
18An integral curve of a given smooth vector field 𝒳 ∈ Γ∞(T𝕐) is a smooth curve 𝛾 ∶ 𝐼 → 𝕐 with �̇�(𝑡) = 𝒳(𝛾(𝑡)) for all times

𝑡 ∈ 𝐼. See [Lee13, Chapter 17].
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By a covariant derivative or Koszul connection we mean a mapping

∇∶ T𝔹 × Γ∞(T𝔹) → T𝔹, (𝑤, 𝒳) ↦ ∇𝑤𝒳

that is fibrewise linear in the first argument, additive in the second argument, satisfies the Leibniz rule
∇𝒲(𝑓𝒳) = 𝒲𝑓 ⋅ 𝒳 + 𝑓 ⋅ ∇𝒲𝒳 for all 𝒳, 𝒲 ∈ Γ∞(T𝔹) and 𝑓 ∈ 𝐶∞(𝔹), and yields smooth vector fields
𝑏 ↦ ∇𝒲(𝑏)𝒳(𝑏) for any 𝒳, 𝒲 ∈ Γ∞(T𝔹). A geodesic with respect to ∇ is a smooth curve 𝛾 such that
∇�̇� ̇𝛾 = 0 holds.

The Fundamental Theorem of Riemann Geometry states that there is a unique Koszul connection ∇b

that is both torsionfree and compatible with the given Riemannian metric b. That unique connection is called
Levi-Civita connection. ‘Torsionfree’ means that19 [𝒳 , 𝒴] = ∇b

𝒳𝒴 − ∇b
𝒴𝒳 holds for all 𝒳, 𝒴 ∈ Γ∞(T𝔹).

The term ‘compatible with the Riemannian metric’ means that

𝒵(b(𝒳 , 𝒴)) = b(∇b
𝒵𝒳 , 𝒴) + b(𝒳 , ∇b

𝒵𝒴) for all 𝒳, 𝒴, 𝒵 ∈ Γ∞(T𝔹).

Compare to [Nic96, Section 3.3] and [Nic96, § 4.1.2]. ¬
Later on in Section 2.1, we make use of a few other related facts, specifically the so-called Koszul formula

and the constructive definition of covariant derivatives from parallel transport. The Koszul formula appears
in the proof of existence of the Levi-Civita connection, see [Nic96, Proposition 4.1.8]. The fact that parallel
transport determines a covariant derivative is well-known, an explicit proof can be found e. g. in [HT94,
Bemerkung 7.85].

As a key assertion for our purposes, we need that the Riemannian semispray is an antisymmetric dif-
ferential operator. The precise statement is the version of Liouville’s Theorem which we present below
in Theorem 1.2.30 – it is a well-known theorem, but comes in quite different flavours. Before we can
give Theorem 1.2.30, we have to introduce the so-called Sasaki metric first, originally defined in [Sas58].
Definition 1.2.29 (Sasakian metric). Let (𝔹, b) be a Riemannian manifold and some given Ehresmann
connection of the tangent bundle. The Sasaki metric t is a Riemannian metric on T𝔹 uniquely characterised
as respecting inner products for either both vertically or both horizontally lifted vector fields, and turning
the Ehresmann connection into an fibrewise orthogonal Whitney sum. In more detail, the Sasaki metric t on
the one hand is natural in the sense of [GK02] meaning that

t(hl(𝒳) , hl(𝒴)) = b(𝒳 , 𝒴) ∘ 𝜋0 and t(vl(𝒳) , hl(𝒴)) = 0

for all 𝒳, 𝒴 ∈ Γ∞(T𝔹). On the other hand, the metric t additionally satisfies

t(vl(𝒳) , vl(𝒴)) = b(𝒳 , 𝒴) ∘ 𝜋0

for all 𝒳, 𝒴 ∈ Γ∞(T𝔹). Therefore, one could say that the Sasaki metric respects the Ehresmann connection.
The metric t is explicitly given as the sum of pullbacks of the metric tensor of the base manifold:

t( ̄𝑣 , �̄�) ⋅⋅= 𝜅∗b( ̄𝑣 , �̄�) + 𝜋∗
0b( ̄𝑣 , �̄�)

= b( ⟨ ̄𝑣 , 𝑑𝜅⟩ , ⟨�̄� , 𝑑𝜅⟩) + b( ⟨ ̄𝑣 , 𝑑𝜋0⟩ , ⟨�̄� , 𝑑𝜋0⟩)

for all ̄𝑣, �̄� ∈ T2𝔹. We call the component h ⋅⋅= 𝜋∗
0b the horizontal (Sasaki) metric. Mutatis mutandis, the

vertical (Sasaki) metric v is defined as v ⋅⋅= 𝜅∗b. More condensed, we write t = v + h. Compare to [GK02,
Definition 7.1].

Similarly, one gets a Riemannian metric u on the unit tangent bundle U𝔹 by requiring that

u(hl𝒳 , hl𝒴) = t(hl𝒳 , hl𝒴), u(tl𝒳 , hl𝒴) = 0 and
u(tl𝒳 , tl𝒴) = t(𝒳 ∘ 𝜋1,0 − b(𝒳 ∘ 𝜋1,0 , Id)Id , 𝒴 ∘ 𝜋1,0 − b(𝒴 ∘ 𝜋1,0 , Id)Id)

for all 𝒳, 𝒴 ∈ Γ∞(T𝔹). Here ‘tl’ denotes the adaptation of the vertical lift that ensures that the result lives
in the unit tangent bundle – we go into this later on in Definition 2.2.1, but also refer here to [BV01, p. 525].
We call the metric u unit Sasaki metric. This Riemannian metric splits into two parts as u = v|U + h just
as the Sasaki metric does. ¬
19Of course, [𝒳 , 𝒴] ⋅⋅= 𝒳𝒴 − 𝒴𝒳 is the usual Lie bracket, see [Lee13, Section 4.3].
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Now, we can formulate Liouville’s Theorem. Afterwards, we turn to differential operators associated to
the Sasaki metric.

Theorem 1.2.30 (Liouville’s Theorem). The Riemannian semispray ℋb is solenoidal with respect to Sasaki
metric t. ¬

One proof could be done via explicitly calculating the Sasakian volume form in so-called normal coordi-
nates, compare to [Car92, Exercise 3.14] and [Nic96, § 4.1.3] for the notion of normal coordinates. Another
way would be to observe that the unit tangent bundle is invariant under the geodesic flow, see [Nic96,
p. 122].

As every Riemannian metric does, the Sasaki metric naturally induces gradient, divergence and Laplace-
Beltrami operator, but furthermore each one of those splits along t = v + h. into a vertical and a horizontal
part: ∇t = ∇v + ∇h , divt = divv + divh , and Δt = Δv + Δh . Similar notation is used for the unit Sasaki
metric by analogy. We want to identify two classes of functions on which vertical and horizontal gradient or
Laplace-Beltrami operator act characteristically.

Remark 1.2.31 (vertical and horizontal lift of functions). Let 𝑓0 be a real-valued function with domain in 𝔹.
We call the pullback of 𝑓0 with respect to the tangent bundle projection 𝜋0 the vertical lift of 𝑓0: We write
𝑓 v

0 = 𝜋∗
0𝑓0 ⋅⋅= 𝑓0 ∘ 𝜋0, whenever it’s defined. A horizontal lift of 𝑓0 as direct analogy to the vertical lift might

be expected to be the pullback with respect 𝜅 declaring 𝑓h
0 = 𝜅∗𝑓0 ⋅⋅= 𝑓0 ∘𝜅, whenever it’s defined. However,

this is not straight forward since 𝜅 depends on the choice of a certain neighbourhood 𝑈 of some base point 𝑜
and a translation vector 𝑢, compare to Definition 1.2.26. Splitting a double tangent vector in vertical and
horizontal part and projecting these components into the tangent bundle by means of 𝑑𝜅 and 𝑑𝜋0 we find that
𝑑𝑓0(𝑑𝜅+𝑑𝜋0) = 𝑑𝑓0∘𝑑𝜅+𝑑𝑓 v

0 independent of the framework used to define 𝜅. We define the horizontal lift 𝑓h
0

of sufficiently regular 𝑓0 algebraically as solution of the problem ⟨𝑎 , 𝑑𝑓h
0⟩ = ⟨𝑎 , 𝑑𝑓0 ∘ 𝑑𝜅⟩ for 𝜆t -almost

all 𝑎 ∈ T2𝔹 up to constant offsets. An analytic intuition would be 𝑓h
0(𝑣) = ∫T2

𝑣𝔹 𝑑𝑓0 ∘ 𝑑𝜅 d𝜆, where 𝜆
is the Lebesgue measure on the standard fibre ℝ2d of the double tangent bundle. The simplest instance
consists of 𝑓0 being smooth and having compact support in the neighbourhood 𝑈 as in Definition 1.2.26
as then 𝑓h

0 = 𝑓0 ∘ 𝜅 as originally expected. If 𝑓0 ∈ 𝐶∞
c (𝔹), then we cover the support by open sets as

in Definition 1.2.26, localise by means of a partition of unity subordinate to this covering, lift the elements
of the partition of unity horizontically, and glue the lifted peaces together. ¬
Example 1.2.32. The Riemannian semispray ℋb acts on vertically lifted functions 𝑓 = 𝑓 v

0 with 𝑓0 ∈ 𝐶∞(𝔹)
as

ℋb𝑓 = h(ℋb , ∇h𝑓 v
0) = b𝜋0

(IdT𝔹 , ∇b𝑓0 ∘ 𝜋0).

In case of 𝔹 = ℝd with standard Riemannian metric this action reads as ℋeuc𝑓(𝑥, 𝑣) = (𝑣 , ∇𝑥𝑓0(𝑥))
euc

for
the smooth function 𝑓 ∶ ℝd

𝑥 × ℝd
𝑣 → ℝ, ( ̄𝑥, ̄𝑣) ↦ 𝑓0( ̄𝑥) and all 𝑥, 𝑣 ∈ ℝd.

By analogy, the canonical vector field 𝒱 acts on horizontally lifted functions 𝑓 = 𝑓h
0 as

𝒱𝑓 = v(𝒱 , ∇v𝑓h
0) = b𝜋0

(IdT𝔹 , ∇b𝑓0 ∘ 𝜋0).

In the Euclidean case, this action reads as 𝒱𝑓(𝑥, 𝑣) = (𝑣 , ∇𝑣𝑓0(𝑣))
euc

with the horizontal lift being of the
form 𝑓 ∶ ℝd

𝑥 × ℝd
𝑣 → ℝ, ( ̄𝑥, ̄𝑣) ↦ 𝑓0( ̄𝑣) and 𝑥, 𝑣 ∈ ℝd. ¬

Remark 1.2.33. Clearly, the vertical lift of a function 𝑓0 ∈ 𝐶∞
c (𝔹) is smooth but not compactly supported

on T𝔹, as the standard fibre 𝔽 = ℝb is not compact. But for 𝔹 satisfying the assumptions (M), that we
impose for the position manifold starting from Chapter 2, we can approximate 𝑓 v

0 nicely. We need a cut-off
function 𝜑 ∈ 𝐶∞

c (𝔹; [0, 1]) with 𝜑 = 1 on 𝕌(𝑜; 1) and 𝜑 = 0 outside of 𝕌(𝑜; 2) for some base point 𝑜 ∈ 𝔹.
Given 𝜑, we define 𝜑𝑛 ⋅⋅= 𝜑 ∘ 𝛾Id(1/𝑛) for all 𝑛 ∈ ℕ+, where 𝛾𝑏 ∶ [0, 1] → 𝔹 denotes the minimising geodesic
with 𝛾𝑏(0) = 𝑜 and 𝛾𝑏(1) = 𝑏 for 𝑏 ∈ 𝔹. Then, (𝜑𝑛)𝑛∈ℕ+

converges pointwise to the constant function 1.
We define 𝑓𝑛 = 𝑓 v

0 ⊗ 𝜑h
𝑛 ⋅⋅= 𝑓 v

0 ⋅ 𝜑h
𝑛 for 𝑛 ∈ ℕ+ and use (𝑓𝑛)𝑛∈ℕ+

as approximating sequence for 𝑓 v
0 later on.

An explicit choice of 𝜑 is given as follows: Let ℎ be a chart at 𝑜. Without loss of generality the ball 𝕌(𝑜; 2)
is contained in the chart domain. Define the auxiliary ‘mountain’ function

𝑚∶ ℝ → ℝ, 𝑡 ⟼ exp(− 1
𝑡(1 − 𝑡)) ⋅ 1(0,1)(𝑡).
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We transform the ‘mountain’ 𝑚 to a ‘table mountain’ 𝜏 by the assignment

𝜏 ∶ ℝd → [0, 1], 𝑦 ⟼
∫2−‖𝑦‖2
0 𝑚(𝑡) d𝑡

∫1
0 𝑚(𝑡) d𝑡

.

Then, the choice 𝜑 ⋅⋅= 𝜏 ∘ ℎ ⋅ 1𝕌(𝑜;2) yields a smooth function with the desired properties. ¬
Lemma 1.2.34 (Tensor product of lifted test functions). Define the space

𝐷0 ⋅⋅= 𝜋∗
0𝐶∞

c (𝔹) ⊗ 𝜅∗𝐶∞
c (𝔹) ⋅⋅= span{𝑓 v

0 ⊗ 𝑔h
0 ⋅⋅= 𝑓 v

0 ⋅ 𝑔h
0 | 𝑓0, 𝑔0 ∈ 𝐶∞

c (𝔹)}.

Then, 𝐷0 is dense in 𝐶∞
c (T𝔹). By this we mean dense with respect to the usual locally convex topology

induced by appropriate seminorms, which implies uniform convergence of all derivatives on compacts; for the
well-known Euclidean case see [Hor66, Example 2.4.10] and for the generalised geometric case see [Gro+01,
Section 3.1.3].

Proof. Consider a local trivialisation with domain 𝑈 and trivialisation chart 𝜑∶ 𝑉 → 𝑈 × ℝb. Then, we
immediately conclude the relations

𝜋∗
0𝐶∞

c (𝑈) = 𝜑∗(𝐶∞
c (𝑈) ⊗ {1}) and 𝜅∗𝐶∞

c (𝑈) = 𝜑∗({1} ⊗ 𝐶∞
c (ℝd)).

Thus, by [Hor66, Proposition 4.8.1] the tensor product 𝜋∗
0𝐶∞

c (𝑈) ⊗ 𝜅∗𝐶∞
c (𝑈) is dense in 𝐶∞

c (𝑉 ) =
𝜑∗𝐶∞

c (𝑈 × ℝd) and the proof is finished via a partition of unity argument.

For the following characterisation lemma I don’t know a reference, hence a short proof is given.
Lemma 1.2.35 (differential operators induced by the Sasaki metric). The gradient, divergence and Laplace-
Beltrami operators corresponding to the vertical Sasaki metric fulfil

∇v𝑓h
0 = vl(∇b𝑓0 ∘ 𝜋0), divv(vl𝒳) = (divb𝒳) ∘ 𝜋0 and Δv𝑓h

0 = (Δb𝑓0) ∘ 𝜋0

for all 𝑓0 ∈ 𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹). Similarly, for the case of the horizontal Sasaki metric we have that

∇h𝑓 v
0 = hl(∇b𝑓0 ∘ 𝜋0), divh(hl𝒳) = (divb𝒳) ∘ 𝜋0 and Δh𝑓 v

0 = (Δb𝑓0) ∘ 𝜋0

for all 𝑓0 ∈ 𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹).
Proof. We restrict ourselves to the vertical case, since the other statements follow analogously. Let 𝑓0 ∈
𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹) be fixed. Then, we know that the following two equations hold simultaneously
which characterises the vertical gradient:

v(vl𝒳 , ∇v𝑓h
0) = (𝒳𝑓0) ∘ 𝜋0

and v(vl𝒳 , vl(∇b𝑓0)) = b(𝒳 , ∇b𝑓0) = (𝒳𝑓0) ∘ 𝜋0.

Recall the defining equations of divergence for the Riemannian metrics b and v from Definition 1.2.20:

ℒ𝒳 𝜆b = divb(𝒳) ⋅𝜆b and ℒvl𝒳 𝜆v = divv(vl𝒳) ⋅𝜆v .

Cartan’s magical formula, see [Lee13, Proposition 18.13], applied to 𝜆b as volume form yields the equation20

ℒvl𝒳 𝜆v = 𝑑(vl(𝒳) ¬ 𝜅∗𝜆b) + vl(𝒳) ¬ 𝑑(𝜅∗𝜆b) = (𝑑𝒳 ¬ 𝜆b) ∘ 𝜋0 + vl(𝒳) ¬ 𝑑𝜅∗𝜆b

= (𝑑𝒳 ¬ 𝜆b) ∘ 𝜋0 + (𝒳 ¬ 𝑑𝜆b) ∘ 𝜋0 = (ℒ𝒳 𝜆b) ∘ 𝜋0.

Thus, the statement follows by reduction of the nonorientable to the orientable case as mentioned in Def-
inition 1.2.20 before. By combining the results for gradient and divergence we get the equation for the
Laplace-Beltrami operator.
20Here, the symbol ‘¬ ’ refers to the partial evaluation map that usually goes by the confusing name interior product: If 𝜔 is

an alternating 𝑘-multilinear map, 𝑘 ∈ ℕ+, on a finite-dimensional vector space 𝑉 and 𝑣 ∈ 𝑉 is a vector, then the partial
evaluation at 𝑣 is defined as 𝑣 ¬ 𝜔 ⋅⋅= 𝜔(𝑣, ⋅). Since 𝑣 ¬ 𝜔 is an alternating (𝑘 − 1)-multilinear map, J. M. Lee also calls
the mapping ¬ ‘contraction’. The partial evaluation of a constant mapping 𝜔 at 𝑣 is zero by definition. Now, the entire
construction extends to differential forms which are partially evaluated at a given vector field.
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Let us finish this subsection with an almost unduly short note on curvatures. For the following definitions
we refer to [Nic96, Definitions 4.2.1 and 4.2.4].

Definition 1.2.36 (Riemannian and Ricci curvature). The Riemannian curvature is the curvature of the
Levi-Civita connection. That is the tensor 𝑅b uniquely determined by

𝑅b(𝒳, 𝒴)𝒵 = [∇b
𝒳 , ∇b

𝒴]𝒵 − ∇b
[𝒳,𝒴]𝒵 = ∇b

𝒳∇b
𝒴𝒵 − ∇b

𝒴∇b
𝒳𝒵 − ∇b

[𝒳,𝒴]𝒵

for all 𝒳, 𝒴, 𝒵 ∈ Γ∞(T𝔹). Let 𝒳, 𝒴 ∈ Γ∞(T𝔹), then the mapping 𝑣 ↦ 𝑅b(𝑣, 𝒳)𝒴 is an endomorphism
of T𝔹. Taking the trace of this endomorphism as

Ricb(𝒳, 𝒴) ⋅⋅= trb(𝑣 ↦ 𝑅b(𝑣, 𝒳)𝒴)

defines a symmetric (0,2)-tensor field Ricb . This tensor field is called Ricci curvature. ¬
Remark 1.2.37 (significance of the Ricci curvature). It is well-known that Poincaré inequalities as well as
isoperimetric or Harnack inequalities and many more analytic estimates often are linked to a lower bound
𝐾 ∈ ℝ on the Ricci curvature. In formulae, lower boundedness of the Ricci curvature means that Ricb ≥
(b− 1) 𝐾 ⋅ b. Just to give one reference here, we refer to [Sal02, Section 5.6.3] which is based on the works
by S. T. Yau. In Section 4.1 we briefly touch upon the generalisations by K. T. Sturm as well as J. Lott and
C. Villani for metric measure spaces. We point out there that lower Ricci curvature bounds are stable under
a Gromov-Hausdorff-type convergence of certain metric measure spaces. ¬

1.3 SDEs on manifolds
We assume that the reader is to a comfortable extend familiar with stochastic integration and stochastic
differential equations (SDE) on ℝd. It is largely considered as most convenient to consider Stratonovich
SDEs on manifolds, since Stratonovich integration leads under transformations to a chain rule compared
to Itô integration, which yields the famous Itô formula. See the discussions e. g. in [Elw82, Section VII.1]
and [IW81, Section V]. Some people disagree like Y. Gliklikh in [Gli97, Section 4.13]: ‘In the theory of SDEs
on smooth manifolds, as well as in the Euclidean space, the Itô equations are more fundamental objects
than the Stratonovich equations.’ He advocates to use Itô bundles as introduced by Y. I. Belopol’skaya and
Y. L. Daletskij in [BD82]. We think the majority opinion is justified by the fundamental significance of the
chain rule in differential geometry and choose to only formulate Stratonovich SDEs in this thesis. Apart
from the decision whether Itô or Stratonovich, different branches in the study of SDEs on manifolds can
be recognised. They are very briefly sketched here as the choice among all those options matters at the
modelling stage.

We start with the formulation that is the easiest one to grasp: Consider some smooth vector fields
𝒜0, 𝒜1, … , 𝒜𝑘 ∈ Γ∞(T𝕐) on the smooth manifold 𝕐. If 𝕐 is compact, then �̂� ⋅⋅= 𝕐, otherwise �̂� denotes
the one-point compactification of 𝕐. Furthermore, let 𝑊 = (𝑊𝑡)𝑡∈[0,∞) = ((𝑊 ℓ

𝑡 )𝑘
ℓ=1)𝑡 be a 𝑘-dimensional

real Wiener process adapted to a given filtration 𝔉 and starting at 0 almost surely. Suppose that there is a
�̂�-valued continuous process 𝑌 = (𝑌𝑡)𝑡∈[0,∞) starting on 𝕐 almost surely that can not escape the eventual
‘point at infinity’. We say that 𝑌 is a solution to the Stratonovich SDE

d𝑌𝑡 = 𝒜0(𝑌𝑡) d𝑡 +
𝑘

∑
ℓ=1

𝒜ℓ(𝑌𝑡) ∘ d𝑊 ℓ
𝑡 (1.6)

if for all 𝑓 ∈ 𝐶∞
c (𝕐) extended trivially to �̂� the Stratonovich integral equation

𝑓(𝑌𝑡) − 𝑓(𝑌0) = ∫
𝑡

0
(𝒜0𝑓)(𝑌𝑠) d𝑠 +

𝑘
∑
ℓ=1

∫
𝑡

0
(𝒜ℓ𝑓)(𝑌𝑠) ∘ d𝑊 ℓ

𝑠

on ℝ holds for all times 𝑡. The Kolmogorov backwards generator ℒ associated to Equation (1.6) attains the
Hörmander-type form

ℒ𝑓 = 𝒜0𝑓 + 1
2

𝑘
∑
ℓ=1

𝒜2
ℓ𝑓 for all 𝑓 ∈ 𝐶∞

c (𝕐). (1.7)
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See [IW81, Section V.1] specifically [IW81, Theorem V.1.2]. As mentioned in [IW81, Remark V.1.1] this
intrinsic formulation is straight up compatible with the extrinsic one, where the manifold is embedded into
a Euclidean ambient space. Unfortunately, the Laplace-Beltrami operator can not be written globally in the
Hörmander form (1.7) unless 𝕐 is parallelisable. Therefore, in order to gain more general nondegenerate
diffusions – as e. g. Brownian motion on 𝕐– one constructs a ‘parent’ dynamic in the bundle of orthonor-
mal frames over 𝕐 that projects to the desired diffusion. This is the most widespread approach and the
background is explained in the introductory paragraphs of [IW81, Section V.4]: Bochner proposed the idea
that given an inky Wiener process in the plane one could role a sphere along the trajectory and the ink trace
on the sphere should describe a spherical Brownian motion. By means of an (affine) connection the idea
has been realised in [EE76] and is elaborated in [IW81, Section V.4] subsequently. In the end, if one has a
second order differential operator that is given in local coordinates (𝑦𝑗)y𝑗=1, y ⋅⋅= dim(𝕐), as

ℒ𝑓(𝑦) =
y

∑
𝑖=1

𝑏𝑖(𝑦) ⋅ 𝜕𝑓
𝜕𝑦𝑖 + 1

2
y

∑
𝑗=1

𝑎𝑖𝑗(𝑦) ⋅ 𝜕𝑓
𝜕𝑦𝑖𝜕𝑦𝑗 for 𝑓 ∈ 𝐶∞

c (𝕐), 𝑦 ∈ 𝕐 (1.8)

with (𝑎𝑖𝑗) being symmetric and strictly positive definite, then [IW81, Theorem V.4.2] together with [IW81,
Proposition V.4.3] yields exactly the desired nondegenerate diffusion 𝑌 with Kolmogorov backwards gen-
erator ℒ as in (1.8). The corresponding ‘parent’ dynamic in the orthonormal frame bundle is referred to
as horizontal lift of 𝑌 . In context, this nomenclature absolutely makes sense, however we can’t help but
notice that a ‘horizontal’ stochastic process might just as well be a process in a horizontal tangent bundle.
Now, one is in the position to develop more martingale theory, analysis on path spaces etc. on manifolds;
we recommend the two books [Hsu02; HT94].

The SDEs in this thesis are to be read in the sense of [Jør78, Proposition 2]. E. Jørgensen used the
McKean-Gangolli injection scheme to construct what he called an ‘Ornstein-Uhlenbeck process’. The appeal
of the injection scheme its rather intuitive founding idea: Basically, one injects increments of skew Brownian
motion in tangent spaces via the exponential map and repeats the process from the new points. Compare
to [Gan64, Equation (2.3)]. We think that it might be worth considering the injection scheme for simulation
purposes. In Figure 1.4 one finds realisations of a Wiener process on a sphere for diffusion parameter 0.4,
which are generated using the injection scheme. The theoretical groundwork of that method was done by
H. P. McKean Jr. for Lie groups, see [McK60], and the general case was addressed by R. Gangolli in [Gan64].
As briefly mentioned before in the margins of Remark 1.2.13 though, the procedure in [Gan64] is flawed in
regards to implicitly requiring parallelisability. The problem arises from the compatibility conditions and was
pointed out by E. Jørgensen in the remark at the end of [Jør78, Section 1]. So, stochastic processes in local
coordinate patches still need to be stitched together to a global process which is an issue of topological nature.
E. g. K. Itô in [Itô50] imposes a suitable transformation rule for the local coefficients of the considered SDE
under change of coordinates. The first part of [Jør78] consists of fixing the injection scheme by employing
it in the bundle of frames and projecting the resulting process via the bundle projection. A central point is
an extension of a theorem by E. B. Dynkin on measurable transformations of Markov processes, see [Dyn65,
Theorem 10.13, p. 325], to ensure that the projection of the process constructed in the holonomy bundle to
the base manifold again is a Markov process, see [Jør78, p. 76].

Miscellaneously, we list a few other formulations that occur in the literature. In [Kol00, Chapter 4]
V. N. Kolokoltsov studies ‘curvilinear Ornstein-Uhlenbeck processes’ in terms of stochastic Hamiltonian sys-
tems which are heavily based on local coordinate expressions. One notes that everything is formulated in
terms of smooth tensor fields such that the local coordinate forms transform correctly. Going off on a small
tangent here, more ideas from classical Hamiltonian mechanics have been enriched with stochastic aspects:
E. g. [BO09] caught our attention wherein the authors construct variational integrators from stochastic varia-
tional principles and discuss physically interesting features of these schemes. In contrast to painstaking local
coordinate formulations, there also is the class of approaches using second order objects: E. g. in [Elw82,
Chapter VI] the second order objects are second order vectors, in [AB18] the authors promote the idea to use
2-jets. While the former work is quite famous and well developed, the latter using 2-jets is not widespread
at all. It might get more attention in the future though, as some mathematicians and physicists deem the
jet formalism most appropriate for ordinary or partial differential equations on manifolds in invariant form.
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Figure 1.4: Different realisations of a Wiener process on a sphere via the McKean-Gangolli injection scheme





2 Hypocoercivity for Langevin-type equa-
tions on manifolds

I n this chapter, we are going to apply the Abstract Hilbert space Hypocoercivity Method (AHHM) as
introduced in Section 1.1 to both the Langevin equation and the spherical velocity Langevin equation

on an abstract, connected, finite dimensional smooth Riemannian manifold 𝕏. The results of Section 2.1
and Section 2.2 have been published before in [GM22]. The main theorems are the hypocoercivity re-
sults Theorem 2.1.4 and Theorem 2.2.4. We learned the techniques for many of our proofs concerning
hypocoercivity from [GS14; GS16]. We extend them and justify for several steps that are obvious just in the
Euclidean case. Afterwards in Section 2.3, we construct on the one hand an in a reasonable way associated
Hunt processes by means of generalised Dirichlet form theory, and on the other hand show ergodicity for
these processes at an explicit rate that even is optimal in regards to the time dependence. Furthermore,
that section contains some remarks on what we can say when the diffusion parameter approaches infinity.
In the end of the chapter in Section 2.4, we allude to various perspectives of new research topics, possibly
interesting thoughts for optimisation in industrial application, and more related models.

2.1 Geometric Langevin equation
As already mentioned in the introduction, we think the Langevin equation in the classical Euclidean setting
as the SDE system

d𝑥𝑡 = 𝑣𝑡 d𝑡
d𝑣𝑡 = −𝛼 ⋅ 𝑣𝑡 d𝑡 − ∇Ψ(𝑥𝑡) d𝑡 + 𝜎 ∘ d𝑊𝑡,

(2.1)

where 𝑥𝑡 ∈ ℝd
𝑥 are positions in a space ℝd

𝑥 and 𝑣𝑡 ∈ ℝd
𝑣 are velocities for all times 𝑡 ∈ [0, ∞) respectively

– the spaces ℝd
𝑥 and ℝd

𝑣 are independent copies of ℝd. The model parameters 𝛼 and 𝜎 both are positive
real numbers. The potential Ψ∶ ℝd

𝑥 → ℝ has to satisfy certain regularity properties that are relatively
weak – we give the details below in Condition 2.1.3 and the subsequent discussion. By 𝑊 = (𝑊𝑡)𝑡∈[0,∞)
we denote a d-dimensional Wiener process and the symbol ‘∘’ signifies Stratonovich integration. In classical
statistic physics, Equation (2.1) describes a particle at time 𝑡 with position 𝑥𝑡 and velocity 𝑣𝑡 moving in
the presence of a force field −∇Ψ (up to a multiple) and experiencing random collisions caused by smaller
particles. One interprets 𝛼 as a friction parameter, while the diffusion parameter 𝜎 regulates the impact of
the collisions. Note that later on, we introduce the parameter 𝛽 ∈ (0, ∞) rescaling Φ = 𝛽Ψ and impose the
relation 𝜎 = √2𝛼/𝛽 linking the parameters.

As we usually choose the mind set of Lagrangian dynamics we adopt its nomenclature and clarify a few
other manners of speaking in the classical framework: We refer to the space ℝd

𝑥 as the position space; the
fundamental issue of this thesis is the choice of an abstract manifold as the position space, the position
manifold 𝕏, incorporating some smooth side condition for the position variables. Position space and the
‘space of velocities’ together form the configuration manifold Q = ℝd

𝑥 × ℝd
𝑣 ; in general the configuration

manifold is the tangent space of the position manifold, in formulae Q = T𝕏. Recall Remark 1.2.13 where we
mentioned that a tangent space is not a trivial bundle unless the base manifold is parallelisable. Oftentimes,
for instance in [MR99], people rather use the term ‘configuration space’, what we purposefully don’t do
even though it causes slight inconvenience in Chapter 4. We reserve this term for the configuration space
as a model of multiparticle systems, see [Röc98] for an overview on this concept. The configuration space
formalism might become handy when studying ensembles of multiple, possibly interacting filaments at once,
however this is not part of this thesis. Whilst 𝕏 encodes a smooth side condition on the position, a side
condition on the velocity is implemented in Section 2.2 by choosing Q as a subbundle of the tangent bundle.
Now, we specify which properties (M) of 𝕏 are required henceforth and throughout the thesis.

Condition 2.1.1 (Position manifold (M)).

23
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(M1) General geometry: Let (𝕏, x) be a real, finite dimensional, connected Riemannian manifold with d ⋅⋅=
dim(𝕏) ≥ 2.

(M2) Completeness: Let 𝕏 endowed with the intrinsic metric be a complete metric space. ¬
In view of Section 1.3, we consider as the natural generalisation of Equation (2.1) the following Stratonovich

SDE on Q:

d𝜂 = ℋx d𝑡 − 𝛼 ⋅ 𝒱 d𝑡 + vl𝜂(−∇xΨ) d𝑡 + 𝜎
d

∑
𝑗=1

vl𝜂( 𝜕
𝜕𝑥𝑗

𝜂
) ∘ d𝑊 𝑗

𝑡 , (2.2)

where 𝜂 ∶ 𝐼 → T𝕏 is a curve with time interval 𝐼 and (𝑥1
𝜂, 𝑥2

𝜂, … , 𝑥d
𝜂 ) is a chart at 𝜋0(𝜂) providing normal

coordinates.1 Recall that 𝒱 denotes the canonical vector field. Below in Condition 2.1.3 we specify certain
assumptions on the potential Ψ∶ 𝕏 → ℝ. The nonnegative model parameters 𝛼 and 𝜎 are related by
𝜎 = √2𝛼/𝛽, where 𝛽 is a nonnegative rescaling of the potential as Φ = 𝛽Ψ. We call Equation (2.2) the
Langevin equation on 𝕏 or geometric Langevin equation in the vein of [GS16; Sti14]. The Kolomogorov
backwards generator formally reads as

𝐿 = ℋx − ∇vΨh + 𝜎2

2 Δv −𝛼𝒱 = ℋx − 1
𝛽 ∇vΦh + 𝛼

𝛽 Δv −𝛼𝒱, (2.3)

compare to Equation (1.8). For short, we refer to 𝐿 as the Langevin generator. Evidently, this operator is
defined for all smooth functions on Q. Once the model Hilbert space 𝐻 is introduced in the next definition,
the space of smooth functions with compact support offers itself as candidate for the core 𝐷.

It should be noted that we can very easily write down both Equation (2.2) and the operator 𝐿 in
local coordinate form. For sake of convenience, we give local coordinate forms in Appendix A for abstract
coordinates and a few examples of position manifolds 𝕏.
Definition 2.1.2 (model Hilbert space (D1)). Consider the probability space

(𝐸, 𝔈, 𝜇) = (T𝕏, 𝔅(T𝕏), 𝜆t),

where 𝜆t = 𝜆x ⊗loc 𝜈 is the weighted Sasaki volume measure, specifically 𝕏 is weighted by 𝜌𝕏 ⋅⋅= exp(−Φ) =
exp(−𝛽Ψ) with 𝛽 ∈ (0, ∞) such that 𝜆x is a probability measure on (𝕏, 𝔅(𝕏)) and 𝜈 = N(0; 𝛽−1Idd) is
the zero-mean normal distribution on the fibre 𝔽 = ℝd with covariance matrix 𝛽−1Idd. In other words,
𝜆t has the loc-density 𝜌 = 𝜌𝕏 ⊗loc 𝜌𝔽 = exp(−Φ) ⊗loc ∏d

𝑗=1 𝜑0,𝛽−1 ∘ pr𝑗, where 𝜑0,𝛽−1 denotes the density
of a one-dimensional normal distribution with variance 𝛽−1. The model Hilbert space is 𝐻 ⋅⋅= 𝐿2(𝐸; 𝜇) =
𝐿2(T𝕏; t). ¬

Note that the weighted Sasaki volume measure 𝜇 = 𝜆t really is well-defined in terms of Definition 1.2.19.
Indeed, this follows from the facts that on the one hand the standard fibre 𝔽 = ℝd of T𝕏 is considered as a
linear metric space and on the other hand that the Gaußian measure 𝜈 is invariant with respect to rotations.

As of yet, we didn’t impose assumptions on the potential Ψ, but of course such assumptions are crucial
in order to verify conditions (D) and (H) in applications. First, we give typical requirements for the potential
and afterwards discuss a few already contemplated variations.
Condition 2.1.3 (Potential conditions (P)).

(P1) General regularity and boundedness: Let Φ = 𝛽Ψ a loc-Lipschitz potential which is bounded from
below and such that 𝜆x = 𝜌𝕏 𝜆x = exp(−Φ) 𝜆x is a probability measure on (𝕏, 𝔅(𝕏)).

(P2) Poincaré inequality: The weighted Riemannian measure 𝜆x satisfies the Poincaré inequality

∥∇x𝑓0∥2
𝐿2(𝕏→T𝕏;x)

≥ Λ ⋅ ∥𝑓0 − (𝑓0 , 1)𝐿2(𝕏;x)∥
2

𝐿2(𝕏;x)
(2.4)

for all 𝑓0 ∈ 𝐶∞
c (𝕏) and some Λ ∈ (0, ∞).

1We choose normal coordinates here for sake of sheer convenience, since in such coordinates a Laplace-Beltrami operator attains
a sum of squares form. Compare to Section A.1.
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(P3) Hessian dominated by gradient: Assume Φ ∈ 𝐶2(𝕏). There is a constant 𝑐 ∈ (0, ∞) such that

∣Hessx(Φ)(𝑥)∣ ≤ 𝑐 (1 + ∣∇xΦ(𝑥)∣
x
) holds for all 𝑥 ∈ 𝕏.

Here, ‘Hessx(⋅)’ denotes the Hessian with respect to the given Riemannian metric and the norm
‘|Hessx(⋅)|’ of the Hessian is the Frobenius tensor norm induced by the Riemannian metric. ¬

Clearly, the Poincaré inequality (2.4) is the most restrictive condition on the geometry of the weighted
position manifold (𝕏, x). Recall Remark 1.2.37. It is explained in [GS14, Remark 3.16] the condition (P3)
as above can be weakened to the assumptions (A3), (A4), (A5) as in [GS14, Appendix A].

Next, we step by step verify the data and hypocoercivity assumptions relying at large on the methods
of proving form [GS14] and [GS16]. Though, I have to elaborate on several computations that didn’t need
further justification in case of Euclidean position spaces. This yields the main theorem of this section:
Theorem 2.1.4 (Hypocoercivity of the geometric Langevin dynamic). Consider parameters 𝛼, 𝛽 ∈ (0, ∞) and
a Riemannian manifold (𝕏, x) satisfying (M). Assume that the potential Φ∶ 𝕏 → ℝ fulfils the conditions (P).
Denote by 𝜈 the zero-mean Gaußian measure with covariance matrix 𝛽−1Id and define 𝜇 ⋅⋅= 𝜆x ⊗loc 𝜈. Then,
the Langevin operator

(𝐿, 𝐶∞
c (T𝕏)) = (𝛼

𝛽 Δv −𝛼𝒱 + ℋx − 1
𝛽 ∇vΦh, 𝐶∞

c (T𝕏))

is closable in 𝐻 = 𝐿2(T𝕏; 𝜇). Moreover, its closure (𝐿, 𝐷(𝐿)) generates a SCCS (𝑇𝑡)𝑡∈[0,∞). Finally, for all
𝜅1 ∈ (1, ∞) there is a constant 𝜅2 ∈ (0, ∞) such that for all 𝑔 ∈ 𝐻 and times 𝑡 ∈ [0, ∞) holds

∥𝑇𝑡𝑔 − (𝑔 , 1)𝐻∥𝐻 ≤ 𝜅1e−𝜅2𝑡∥𝑔 − (𝑔 , 1)𝐻∥𝐻 ,

and 𝜅2 is given as
𝜅2 = 𝜅1 − 1

𝜅1

𝛼
𝑛1 + 𝑛2𝛼 + 𝑛3𝛼2 (2.5)

where 𝑛𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on Φ and 𝛽, compare to the calculation (A) in Section 1.1. ¬

Data conditions
One of the first incidents where I had to expand on the usual computations for the Euclidean position space
concerns the SAD-decomposition. Relying just on integration by parts, one ostensibly has to impose the in
view of Weyl’s theorem rather restrictive assumption of a weakly harmonic potential. In second view, we
realise that one can get rid of this assumption by means of a Poincaré bracket.
Lemma 2.1.5 (SAD-decomposition (D3), (D4), (D6)). Assume that condition (P1) holds and let Φ be
weakly harmonic. Consider the SAD-decomposition 𝐿 = 𝑆 − 𝐴 on 𝐷 with

𝑆𝑓 ⋅⋅=
𝛼
𝛽 Δv𝑓 = 𝛼

𝛽 Δv𝑓 −𝛼 ⋅ 𝒱𝑓

and 𝐴𝑓 = −ℋx𝑓 ⋅⋅= −ℋx𝑓 + 1
𝛽 (∇vΦh)(𝑓) for all 𝑓 ∈ 𝐷.

Then, the following assertions hold:

(i) (𝑆, 𝐷) is symmetric and nonpositive definite.

(ii) (𝐴, 𝐷) is antisymmetric.

(iii) For all 𝑓 ∈ 𝐷 we have that 𝐿𝑓 ∈ 𝐿1(T𝕏; 𝜇) and ∫T𝕏 𝐿𝑓 d𝜇 = (𝐿𝑓 , 1)𝐻 = 0.

Proof.

(i) In order to avoid tedious formulae, we condense notation a bit calculating the logarithmic derivative
as

1
𝜌𝔽;𝑥

∇v𝜌𝔽;𝑥(𝑓) = ∇euc(−𝛽
2 |Id𝔽|2euc)(𝑓) = −𝛽 ⟨IdT𝕏 , 𝑑𝑓0⟩ = −𝛽 ⋅ 𝒱𝑓



2

26 2. Hypocoercivity for Langevin-type equations on manifolds

on T𝑥𝕏 holds for all 𝑓 = 𝑓h
0 ∈ 𝜅∗𝐶∞

c (𝕏). Hence, it follows for all 𝑓, 𝑔 ∈ 𝐷0 that

(𝑆𝑓 , 𝑔)𝐻 = − ∫
T𝕏

v(∇v𝑓 , ∇v𝑔) d𝜇 = − ∫
T𝕏

v(∇v𝑓 , ∇v𝑔) d𝜇,

and therefore (𝑆, 𝐷0) is symmetric and nonpositive definite. Since 𝑆 is well defined on 𝐷 and 𝐷0 is
dense in 𝐷 with respect to graph norm, the statement follows.

(ii) By Liouville’s Theorem we know the adjoint of the Riemannian semispray with respect to 𝐿2(T𝕏; t)-scalar
product:

ℋx
∗ = −ℋx − 0 − 1

𝜌 ℋx𝜌 = −ℋx + 1
𝜌𝔽

𝛽𝜌𝔽 ⋅ ℋxΨv

= −ℋx + 𝛽 ⋅ ℋxΨv.

Furthermore, we compute the adjoint (with respect to 𝐿2(T𝕏; t)-scalar product) of ∇vΨh = 1
𝛽 ∇vΦh

using that Ψ is weakly harmonic:

(∇vΨh)∗ = −∇vΨh − divt(∇vΦh)⏟⏟⏟⏟⏟
=0

−1
𝜌 (∇vΨh)(𝜌)

= −∇vΨh − v(∇vΨh , −𝛽𝒱)⏟⏟⏟⏟⏟⏟⏟
= h(∇h Ψv,−𝛽ℋx)

= −∇vΨh + 𝛽 ⋅ ℋxΨv.

This shows that (𝐴, 𝐷) is an antisymmetric operator. Since it is densely defined on 𝐻, it is closable.

(iii) Integrability is rather clear. Moreover, consider some test function ℎ ∈ 𝐷, then by part (i) we have
∫T𝕏 𝑆ℎ d𝜇 = 0, and by part (ii) ∫T𝕏 𝐴ℎ d𝜇 = 0. Finally, the densely defined operator (𝐿, 𝐷) is
dissipative, thus closable.

Notation 2.1.6 (closures of 𝑆, 𝐴 and 𝐿). Form Lemma 2.1.5 we know that (𝑆, 𝐷), (𝐴, 𝐷) and (𝐿, 𝐷) are
closable. Their respective closures are denoted by (𝑆, 𝐷(𝑆)), (𝐴, 𝐷(𝐴)) and (𝐿, 𝐷(𝐿)). ¬

Of course, we are not content with assuming a weakly harmonic potential. Hoping to replace the
assumption, we revisit the easiest example of Euclidean space as in [GS16] the authors don’t need assumption
more restrictive than 2.1.3.

Example 2.1.7. Let’s look at 𝕏 = ℝd
𝑥 . The inverse ( 0 −Idd

Idd 0 ) of ‘the’ symplectic matrix ( 0 1
−1 0)

yields an almost complex structure 𝒥 on Tℝd
𝑥 ≃ ℝd

𝑥 × ℝd
𝑣 , that is a mapping 𝒥∶ T𝕏 → T𝕏 fulfilling

𝒥2 = −Id. Taking our convention of listing the vertical component first and the horizontal one second into
account, it’s the same as the one constructed in [Dom62, Paragraph 5] or later in [TO62]. Moreover, it
is compatible with the Euclidean metric and the canonical symplectic form Ω on T∗ℝd

𝑥 ≃ ℝd
𝑥 × (ℝd)∗,

see [Lee13, Section 12.6] for the basic definition, in the sense that

(𝑣 , 𝑤)
euc

= Ω(𝑣, 𝒥𝑤) and Ω(𝑣, 𝑤) = (𝒥𝑣 , 𝑤)
euc

for all 𝑣, 𝑤 ∈ ℝ2d,

compare to [MR99, Exercise 2.2.1]. The symplectic form gives rise to a Poisson bracket {⋅ , ⋅} such that the
corresponding Poisson tensor reads as

{𝑓 , 𝑔}(𝑥, 𝑣) = −(∇euc𝑓(𝑥, 𝑣) , 𝒥∇euc𝑔(𝑥, 𝑣))
euc

= Ω(𝑥,𝑣)(𝑑𝑓, 𝑑𝑔)

for all 𝑓, 𝑔 ∈ 𝐶∞(ℝ2d) and (𝑥, 𝑣) ∈ ℝd
𝑥 × ℝd

𝑣 . In [MR99] one finds a broad discussion of Poisson brackets
in physics and some historical background.

Using Poisson bracket terminology, the proof of [GS16, Lemma 3.4 part ii)] relies on linking the opera-
tor (𝐴, 𝐷) to the antisymmetric bilinear form (𝒜, 𝐷) of integrating minus the Poisson bracket with respect
to 𝜇, in formulae:

𝒜(𝑓, 𝑔) ⋅⋅= ∫
ℝ2d

−{𝑓 , 𝑔} d𝜇 for all 𝑓, 𝑔 ∈ 𝐷 = 𝐶∞
c (ℝ2d).
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Via integration by parts one can show that (𝛽 𝐴𝑓 , 𝑔)𝐿2(𝜇) = 𝒜(𝑓, 𝑔) holds for all 𝑓, 𝑔 ∈ 𝐶∞
c (ℝ2d). This

can be done without the assumption of a weakly harmonic potential, since the vector field action can
be represented in terms of the Hamiltonian vector fields. Indeed: Denote by H𝑓 the Hamiltonian vector
field of 𝑓 ∈ 𝐶∞(ℝ2d), i. e. it fulfils H𝑓(𝑔) = {𝑓 , 𝑔} for all 𝑔 ∈ 𝐶∞(ℝ2d). We get the explicit formula
−H𝑓 = (∇𝑣𝑓 , ∇𝑥)

euc
− (∇𝑥𝑓 , ∇𝑣)

euc
and conclude that H𝑓 is solenoidal by Schwarz’s theorem. Hence, the

following equality is true:

𝒜(𝑓, 𝑔) = ∫
ℝ2d

H𝑓(𝜌) ⋅ 𝑔 d𝜆 = (𝛽 𝐴𝑓 , 𝑔)𝐿2(𝜇) for all 𝑓, 𝑔 ∈ 𝐷,

where 𝜌 ⋅⋅= 𝑑𝜇/𝑑𝜆 is the (loc-)density of 𝜇. ¬
Proposition 2.1.8 (SAD-decomposition (2nd version)). The assertions of Lemma 2.1.5 are true without the
assumption of Ψ being weakly harmonic.

Proof. We only have to look at part (ii) of Lemma 2.1.5 and mimic the technique discussed in the previous
example. Denote by 𝒥 minus the almost complex structure on T𝕏 constructed in [Dom62], and let Ω be
the canonical symplectic form on T(𝕏). By construction, the Sasaki metric, 𝒥 and Ω are compatible, see
[MR99, page 341]. Hence, they define the same Poisson bracket {⋅ , ⋅} on T𝕏 via both assignments

Ω𝑣(𝑑𝑓, 𝑑𝑔) =⋅⋅ {𝑓 , 𝑔}(𝑣) ⋅⋅= −t(∇t𝑓(𝑣) , 𝒥∇t𝑔(𝑣))𝑣

for all 𝑓, 𝑔 ∈ 𝐶∞(T𝕏) and 𝑣 ∈ T𝕏. Thus, for any fixed 𝑓 ∈ 𝐶∞(T𝕏) there is a unique Hamilton vector
field H𝑓 by [MR99, Proposition 10.2.1]. Let a chart (𝑣𝑗)2d

𝑗=1 that gives normal coordinates and respects the
Ehresmann connection such that (𝜕𝑣𝑖)d𝑖=1 provides a local basis for vertical vector fields and (𝜕𝑣𝑘+d)d𝑘=1
provides a basis for the horizontal vector fields. In these coordinates we can write the Hamiltonian vector
fields in the form

−H𝑓 =
d

∑
𝑘=1

𝜕𝑣𝑘𝑓 ⋅ 𝜕𝑣𝑘+d −
d

∑
𝑖=1

𝜕𝑣𝑖+d𝑓 ⋅ 𝜕𝑣𝑖 .

Then, we easily compute that divt(H𝑓) = 0 using Schwarz’s Theorem. In other words, all H𝑓 are solenoidal.
Define the antisymmetric bilinear form (𝒜, 𝐷) by 𝒜(𝑓, 𝑔) ⋅⋅= ∫T𝕏 −{𝑓 , 𝑔} d𝜇 for all 𝑓, 𝑔 ∈ 𝐷 =

𝐶∞
c (T𝕏). From the Divergence Theorem it follows that

𝒜(𝑓, 𝑔) = ∫
T𝕏

−H𝑓(𝑔) d𝜆t = ∫
T𝕏

H𝑓(𝜌) ⋅ 𝑔 d𝜆t .

We infer that H𝑓(𝜌) = −𝜌 ⋅ ℋx𝑓 . In a nutshell, we localise in the support of 𝑓 via a partition of unity
argument where the corresponding open cover is formed by charts (𝑣𝑗)2d

𝑗=1 that are respecting the Ehresmann
connection and also are restricted to domains of local trivialisation; therein, we can use the local coordinate
form of H𝑓 and that the loc-density 𝜌 trivialises to a product of exponential-type densities. Hence, we gain
that (𝛽 𝐴𝑓 , 𝑔)𝐻 = 𝒜(𝑓, 𝑔) for all 𝑓, 𝑔 ∈ 𝐷 which finishes the proof.

Turning to the projections 𝑃 and 𝑃𝑆 mentioned in (D5) they always are built from some kind of fibrewise
average. Given any 𝑓 ∈ 𝐻 the fibrewise average of 𝑓 is the following mapping

E𝜈[𝑓] ∶ 𝕏 → ℝ, 𝑥 ⟼ ∫
T𝑥𝕏

𝑓 d𝜈𝑥.

The fibrewise average acts trivially on vertically lifted functions as they are fibrewise constant: E𝜈[𝑓 v
0] = 𝑓0

for all 𝑓0 ∈ 𝐿2(𝕏; x). The projection 𝑃𝑆 is chosen as the vertical lift of the fibrewise average assigning to an
element 𝑣 of the tangent bundle the average of 𝑓 over the fibre corresponding over 𝜋0(𝑣): 𝑃𝑆𝑓 ⋅⋅= E𝜈[𝑓] ∘𝜋0.
Note that ran(𝑃𝑆) coincides with {𝑓 v

0 ∈ 𝐻 ∣ 𝑓0 ∈ 𝐿2(𝕏; x)}, which is closed, and 𝑃𝑆 is a projection indeed.
Furthermore, for all 𝑓 ∈ 𝐻 we compute that

∫
T𝕏

(𝑃𝑆𝑓)2 d𝜇 = ∫
T𝕏

(E𝜈[𝑓] ∘ 𝜋0)2 d𝜆x ⊗loc 𝜈 = ∫
T𝕏

(E𝜈[𝑓])2 ∘ 𝜋0 d𝜆x ⊗loc 𝜈

= ∫
𝕏

E𝜈[𝑓]2 d𝜆x .
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This implies ‖𝑃𝑆𝑓‖𝐻 = ‖E𝜈[𝑓]‖𝐿2(𝕏;x) ≤ ‖𝑓‖𝐻 meaning that 𝑃𝑆 is continuous with norm 1. Thus, 𝑃𝑆 even
is an orthogonal projection by [Con90, Proposition 3.3]. Eventually, we define the projection 𝑃 from (D5)
via the assignment 𝑃 ⋅⋅= 𝑃𝑆 − (⋅ , 1)𝐻 . Then, we are in the position to verify not only the part of the data
conditions involving 𝑃 , but also semigroup conservativity.
Lemma 2.1.9 (Properties of projection 𝑃 and semigroup conservativity (D5), (D7)). Assume that condi-
tion (P1) holds. Then, we have 𝑃(𝐻) ⊆ 𝐷(𝑆), 𝑆𝑃 = 0, as well as 𝑃(𝐷) ⊆ 𝐷(𝐴), and 𝐴𝑃(𝐷) ⊆ 𝐷(𝐴).
Furthermore, 1 ∈ 𝐷(𝐿) and 𝐿1 = 0.

Proof. The proof is based on [GS16, Lemma 3.4 part (iv)] for the Euclidean case. First of all, we deal with
the statements related to 𝑆. In order to deal with the noncompact standard fibre, we consider the sequence
(𝜑𝑛)𝑛∈ℕ in 𝐶∞(𝕏; [0, 1]) as constructed in Remark 1.2.33 which serves as an approximation of the constant
function 1 on 𝕏. In particular, recall that there is some constant 𝑐 ∈ (0, ∞) such that

|∇x𝜑𝑛(𝑥)|x ≤ 𝑐
𝑛 and |Hessx(𝜑𝑛)(𝑥)|∞ ≤ 𝑐

𝑛2

for all 𝑥 ∈ 𝕏 and 𝑛 ∈ ℕ+, compare to [GS16, Definition 3.3]. Let 𝑓0 ∈ 𝐶∞
c (𝕏) and define

𝑓𝑛 ⋅⋅= 𝑓 v
0 ⊗ 𝜑h

𝑛 = 𝑓 v
0 ⋅ 𝜑h

𝑛 for all 𝑛 ∈ ℕ+. (2.6)

The sequence (𝑓𝑛)𝑛∈ℕ+
lives in 𝐷 and approximates 𝑓 v

0 in 𝐻. By dominated convergence it follows that

𝑆𝑓𝑛 = 𝛼
𝛽 Δv𝑓𝑛 = 𝛼

𝛽 𝑓 v
0 ⋅ Δv𝜑h

𝑛 −𝛼𝑓 v
0 ⋅ 𝒱𝜑h

𝑛 ⟶ 0 in 𝐻 as 𝑛 → ∞.

Note that we used here that the function T𝕏 → ℝ, 𝑣 ↦ |𝒱(𝑣)|t = |𝑣|x is in 𝐻, since the mapping ∣IdT𝑥𝕏∣
x

is in 𝐿2(T𝑥𝕏; 𝜈𝑥) for all 𝑥 ∈ 𝕏. Using closedness of (𝑆, 𝐷(𝑆)) now, we infer that 𝑓 v
0 ∈ 𝐷(𝑆), and even

more 𝑆𝑓 v
0 = 0. This already gives as an idea for the next assertion namely that 𝑃 maps into the null space

of 𝑆. As we know that the range of 𝑃 is contained in 𝜋∗
0𝐿2(𝕏; x), we just take one 𝑔0 ∈ 𝐿2(𝕏; x) and show

that 𝑔v
0 ∈ null(𝑆). Since the space 𝐶∞

c (𝕏) is dense in 𝐿2(𝕏; x), we consider for given 𝑔0 ∈ 𝐿2(𝕏; x) a
sequence (𝑔𝑛)𝑛∈ℕ+

in 𝐶∞
c (𝕏) approximating 𝑔0 in 𝐿2(𝕏; x). We have seen above that the vertically lifted

sequence (𝑔v
𝑛)𝑛∈ℕ+

is a sequence in null(𝑆). Again, from closedness of (𝑆, 𝐷(𝑆)) it follows that 𝑔v
0 ∈ 𝐷(𝑆)

and 𝑆𝑔v
0 = 0.

Concerning the statements involving 𝐴 we start by fixing a function 𝑓 ∈ 𝐶∞
c (𝕏) and define the sequence

(𝑓𝑛)𝑛∈ℕ+
⋅⋅= (𝑓 v

0 ⊗ 𝜑h
𝑛)𝑛 as in Equation (2.6). First, we observe that

𝐴𝑓𝑛 = −𝜑h
𝑛 ⋅ ℋx𝑓 v

0 + 1
𝛽 𝑓 v

0 ⋅ (∇vΦh)𝜑h
𝑛 = −𝜑h

𝑛 ⋅ ℋx𝑓 v
0 + 1

𝛽 𝑓 v
0 ⋅ x(∇xΦ , ∇x𝜑𝑛)

⟶ −ℋx𝑓 v
0 + 1

𝛽 𝑓 v
0 ⋅ 0 = −ℋx𝑓 v

0 in 𝐻 as 𝑛 → ∞.

To see this we note that |ℋx |t = ∣IdT𝕏∣
x

∈ 𝐻, furthermore ∇xΦ ∈ 𝐿2(𝕏 → T𝕏; x), and then use dominated
convergence. As (𝐴, 𝐷(𝐴)) is closed we get 𝑓 v

0 ∈ 𝐷(𝐴) and 𝐴𝑓 v
0 = −ℋx𝑓 v

0. It’s enough to show that
1 ∈ 𝐷(𝐴) and 𝐴1 = 0 for the inclusion 𝑃(𝐷) ⊆ 𝐷(𝐴), therefore we take (𝜑𝑛)𝑛∈ℕ+

as before and compute
that

𝐴𝜑v
𝑛 = −ℋx𝜑v

𝑛 ⟶ 0 in 𝐻 as 𝑛 → ∞
using dominated convergence again. In order to prove now the inclusion 𝐴𝑃(𝐷) ⊆ 𝐷(𝐴) we adhere to our
approximation strategy and define ℎ𝑛 ⋅⋅= ℋx𝑓 v

0 ⋅ 𝜑h
𝑛 for all 𝑛 ∈ ℕ+. By construction, the sequence (ℎ𝑛)𝑛∈ℕ

converges to ℋx𝑓 v
0 both pointwisely and in 𝐻. We note that the function ℋ2

x𝑓 v
0 = ℋx(ℋx𝑓 v

0) is dominated
by

‖ℋx‖𝐿2(T𝕏→T2𝕏;𝜇) ⋅ ∥ℋx𝑓 v
0∥

𝐻
≤ ‖ℋx‖2

𝐿2(T𝕏→T2𝕏;𝜇) ⋅ ‖𝑓 v
0‖𝐻 = ∥|IdT𝕏|x∥

2
𝐻

⋅ ‖𝑓 v
0‖𝐻

due to the Cauchy-Bunyakovsky-Schwarz inequality (CSBI) applied twice. The left hand side is finite due
to the choice of the Gaußian fibre measure: On each fibre T𝑥𝕏 the function ∣IdT𝑥𝕏∣2 is in 𝐿2(T𝑥𝕏; 𝜈𝑥).
Together with aforementioned facts that ∣IdT𝕏∣

x
∈ 𝐻 and ∇xΦ ∈ 𝐿2(𝕏 → T𝕏; x) we conclude that

𝐴ℎ𝑛 = −𝜑h
𝑛 ⋅ ℋ2

x𝑓 v
0 + 1

𝛽 ⋅ (∇vΦh)ℎ𝑛
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= −𝜑h
𝑛 ⋅ ℋ2

x𝑓 v
0 + 1

𝛽 ⋅ ((ℋx𝑓 v
0) ⋅ (∇vΦh)𝜑h

𝑛 + 𝜑h
𝑛 ⋅ (∇vΦh)(ℋx𝑓 v

0))

⟶ −ℋ2
x𝑓 v

0 + 0 + 1
𝛽 ⋅ (∇vΦh)(ℋx𝑓 v

0) in 𝐻 as 𝑛 → ∞

by dominated convergence. Since (𝐴, 𝐷(𝐴)) is closed, the function ℋx𝑓 v
0 is an element of 𝐷(𝐴).

Closing the proof, the statements on 𝐿 follow in the same vein: Let 𝑓0 ∈ 𝐶∞
c (𝕏) and define the sequence

(𝑓𝑛)𝑛∈ℕ+
as in Equation (2.6). Then, repeat the previous steps and conclude from closedness of (𝐿, 𝐷(𝐿))

that 𝑓 = 𝑓 v
0 ∈ 𝐷(𝐿) as well as 𝐿𝑓 v

0 = −𝐴𝑓 v
0. In particular, the sequence (𝐿𝜑v

𝑛)𝑛∈ℕ converges in 𝐻 to 0 as
𝑛 → ∞, and by closedness it follows 1 ∈ 𝐷(𝐿) with 𝐿1 = 0.

As quite useful consequence, we have explicit formulae for 𝐴𝑃 on 𝐷. First, for 𝑓 ∈ 𝐷 we know by the
previous lemma that 𝑃𝑓 ∈ 𝐷(𝐴), thus we can calculate that

𝐴𝑃𝑓 = −ℋx(E𝜈[𝑓]v) = − ⟨ℋx , 𝑑E𝜈[𝑓] ∘ 𝑑𝜋0⟩ = − ⟨IdT𝕏 , 𝑑E𝜈[𝑓]⟩ = −𝑑E𝜈[𝑓]. (2.7)

This attains a more intuitive form

𝐴𝑃𝑓 = −ℋx(𝑃𝑓) = −ℋx(E𝜈[𝑓]v) = −h(ℋx , ∇h𝑃𝑆𝑓)
= −h(ℋx , hl(∇xE[𝑓])) = −x𝜋0

(IdT𝕏 , ∇xE𝜈[𝑓] ∘ 𝜋0).
(2.8)

Unlike Equation (2.7), we immediately recognise Equation (2.8) as the appropriate generalisation of [GS16,
Equation (3.12)].

The most involved one among all the data condition certainly is (D2) requiring that (𝐿, 𝐷(𝐿)) generates
a SCCS. In view of the Lumer-Philips Theorem, this is equivalent to m-dissipativity of (𝐿, 𝐷(𝐿)). In order to
show that (𝐿, 𝐷) is essentially m-dissipative, we adopt a threefold strategy used in [GS14, Section 4] wherein
step by step less regular potentials are allowed: At first, we look at smooth potentials and use hypoellipticity
methods from [HN05]; afterwards, we employ the Kato Perturbation Theorem for m-dissipative operators to
cover the case of globally Lipschitzian potentials, before we repeat the localisation argument of M. Grothaus
and P. Stilgenbauer that yields the case of locally Lipschitzian potentials.

To start of, we briefly quote a consequence of the Hörmander Theorem, namely [GS14, Proposition A.1].
Assume a second order differential operator 𝑇 on a b-dimensional Riemannian manifold (𝔹, b) of the form
𝑇 = 𝑐 + 𝒳0 + ∑ℓ

𝑘=1 𝒳2
𝑘 for some 𝑐 ∈ 𝐶∞(𝔹) and 𝒳𝑘 ∈ Γ∞(T𝔹) for all 𝑘 ∈ {0, … , ℓ}. This operator 𝑇 is

said to satisfy the Hörmander condition if at any point 𝑏 ∈ 𝔹 it holds

dim(Lie𝑏(𝒳0, … , 𝒳ℓ)) = dim(T𝑏𝔹) = b,

where Lie𝑏(𝒳0, … , 𝒳ℓ) denotes the generated Lie algebra at 𝑏. See [Lee13, Sections 4.4 and 20] for definitions
and discussion on Lie algebras and related topics.
Proposition 2.1.10. Assume that 𝑇 satisfies the Hörmander condition and let 𝑓 ∈ 𝐿1

loc(𝔹; b) such that
∫𝔹 𝑓 ⋅ 𝑇 𝜓 d𝜆b = 0 for all 𝜓 ∈ 𝐶∞

c (𝔹). Then, 𝑓 has a smooth representative.

Proof. The proof is virtually the same as for [GS14, Proposition A.1]: It is done in chart domains, and within
these domains it’s perfectly fine to consider 𝒳𝑗 = 𝜕𝑥𝑗 = 𝜕/𝜕𝑥𝑗, where (𝑥𝑗)b𝑗=1 are local coordinates provided
by the given chart. Then, we have smooth representatives in chart domains serving as starting point for a
partition of unity argument. Thus, even if 𝑇 is just available in local coordinate form, the proposition applies
as soon as the respective chart domains form an open cover.

Lemma 2.1.11 (Hörmander condition for the Langevin generator). Consider a smooth potential Ψ ∈
𝐶∞(𝕏). Then, the Langevin generator satisfies the Hörmander condition. More precisely, let 𝑣 ∈ T𝕏
and (𝑥𝑗)d𝑗=1 be local coordinates corresponding to a chart at 𝜋0(𝑣). Then, we have that

dim(Lie𝑣(ℋx , vl(∇xΨ), vl(𝜕𝑥1), … , vl(𝜕𝑥d), 𝒱)) = dim(T2
𝑣𝕏) = dim(T𝕏) = 2d.

Proof. From [GK02, Proposition 5.1] we know explicit forms for Lie brackets of vertically and horizontally
lifted vector fields in any combination. With that said, we have the equations

[vl(𝒳) , vl(𝒴)] = 0 and [hl(𝒴) , vl(𝒳)] = vl(∇x
𝒴𝒳)
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for all 𝒳, 𝒴 ∈ Γ∞(T𝕏). Neither vl(∇xΨ) nor 𝒱 contribute anything to the generated Lie algebra. Hence, the
only nontrivial pairing of the seeding vector fields 𝒳, 𝒴 ∈ {𝜕𝑥1, … , 𝜕𝑥d} is [hl(𝒴) , vl(𝒳)] = vl(∇x

𝒴𝒳). All
vector fields of this form are linear dependent of the vertical vector fields {vl(𝜕𝑥1), … , vl(𝜕𝑥d)} generating
the vertical elements in the Lie algebra. This just shows that the collection {𝜕𝑥1, … , 𝜕𝑥d} even if we would
build our generator with both kinds of liftings is not enough to generate a 2d-dimensional Lie algebra at 𝑣.

The previous statement regarding Lie brackets of a vertically and a horizontally lifted vector field does
not apply to ℋx , since a semispray can not arise as horizontal lift of a vector field. Therefore, we compute
in Lemma 2.1.12 that [ℋx , vl(𝜕𝑥𝑗)] = hl(𝜕𝑥𝑗) − ∑d

𝑖=1 𝑁 𝑖
𝑗 ⋅ vl(𝜕𝑥𝑖) for certain functions 𝑁 𝑖

𝑗 . This yields
d many linear independent horizontal vector fields in the generated Lie algebra which finishes the proof.

I derived the auxiliary lemma used in the preceding proof directly from the local coordinate form of
semisprays as I couldn’t find any reference for this result. After this general calculation is presented, we are
in the position to show essential m-dissipativity of smooth potentials in Proposition 2.1.13. That proof is
based on [HN05, Proposition 5.5], compare to [GS14, Theorem 4.2].
Lemma 2.1.12. Compare Remark A.1.2 for abstract local coordinate forms of a semispray ℋ and vertical
as well as horizontal lifts. Then, it holds

[ℋ , vl(𝜕𝑥𝑘)] = hl(𝜕𝑥𝑘) −
d

∑
𝑗=1

𝑁 𝑗
𝑘 ⋅ vl(𝜕𝑥𝑗) for all 𝑘 ∈ {1, … ,d}.

Proof. Let 𝑘 ∈ {1, … ,d}. Straightforward calculation shows that indeed

[ℋ , vl(𝜕𝑥𝑘)] = [ℋ , 𝜕𝑣d+𝑘] =
d

∑
𝑗=1

[𝑣d+𝑗𝜕𝑣𝑗 , 𝜕𝑣d+𝑘] − 2[𝐺𝑗𝜕𝑣d+𝑗 , 𝜕𝑣d+𝑘]

=
d

∑
𝑗=1

𝜕𝑣d+𝑗

𝜕𝑣d+𝑘⏟
=𝛿𝑗𝑘

⋅ 𝜕𝑣𝑗 + 𝑣d+𝑗 [𝜕𝑣𝑗 , 𝜕𝑣d+𝑘]⏟⏟⏟⏟⏟
=0

− 2( 𝜕𝐺𝑗

𝜕𝑣d+𝑘 ⋅ 𝜕𝑣d+𝑗 + 𝐺𝑗 [𝜕𝑣d+𝑗 , 𝜕𝑣d+𝑘]⏟⏟⏟⏟⏟⏟⏟
=0

)

=
d

∑
𝑗=1

𝛿𝑗𝑘 ⋅ 𝜕𝑣𝑗 − 2𝑁 𝑗
𝑘 ⋅ 𝜕𝑣d+𝑗 = 𝜕𝑣𝑘 − 2

d

∑
𝑗=1

𝑁 𝑗
𝑘 ⋅ 𝜕𝑣d+𝑗

= hl(𝜕𝑥𝑘) −
d

∑
𝑗=1

𝑁 𝑗
𝑘 ⋅ 𝜕𝑣d+𝑗 = hl(𝜕𝑥𝑘) −

d

∑
𝑗=1

𝑁 𝑗
𝑘 ⋅ vl(𝜕𝑥𝑗).

Proposition 2.1.13 ((D2) for smooth potentials using a hypoellipticity startegy). Let Ψ ∈ 𝐶∞(𝕏) be a
smooth potential. Then, (𝐿, 𝐷) is essentially m-dissipative. Thus, its closure (𝐿, 𝐷(𝐿)) generates a SCCS.

Proof. From Lemma 2.1.5 we know that (𝐿, 𝐷) is dissipative. We show that the range (Id𝐻 − 𝐿)(𝐷) is
dense in 𝐻. To this end, let 𝑓 ∈ 𝐻 fixed such that

((Id𝐻 − 𝐿)𝑢 , 𝑓)𝐻 = 0 for all 𝑢 ∈ 𝐷. (2.9)

We claim that 𝑓 = 0.
Due to the choice of 𝑓 we have that exp(−Φv)𝑓 ∈ 𝐿1

loc(T𝕏; 𝜆x ⊗loc 𝜈), thus we can assume that
exp(−Φv)𝑓 is smooth by Lemma 2.1.11. Consider the sequence (𝜑𝑛)𝑛∈ℕ of cut-off functions as in Re-
mark 1.2.33. Now, define 𝑢𝑛 ⋅⋅= (𝜑v

𝑛)2𝑓 for all 𝑛 ∈ ℕ. It’s clear that

(𝑢𝑛 , 𝑓)𝐻
(2.9)= (𝐿𝑢𝑛 , 𝑓)𝐻 = (𝑆𝑢𝑛 , 𝑓)𝐻 − (𝐴𝑢𝑛 , 𝑓)𝐻 .

Due to the fact that (𝑆, 𝐷) is nonpositive definite and multiplying with 𝜑 commutes with the action of 𝑆,
we see that (𝑆𝑢𝑛 , 𝑓)𝐻 = (𝑆(𝜑v

𝑛𝑓) , 𝜑v
𝑛𝑓)𝐻 ≤ 0. Similarly, using antisymmetry we get that

(𝐴𝑢𝑛 , 𝑓)𝐻 = (𝐴(𝜑v
𝑛) ⋅ 𝜑v

𝑛𝑓 , 𝑓)𝐻 + (𝐴(𝜑v
𝑛𝑓) , 𝜑v

𝑛𝑓)𝐻 = (𝐴(𝜑v
𝑛) 𝜑v

𝑛𝑓 , 𝑓)𝐻 .
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Altogether, this yields the estimate

(𝑢𝑛 , 𝑓)𝐻 = ∫
T𝕏

(𝜑v
𝑛)2𝑓2 d𝜇 ≤ 1

𝑛 𝐶 ∫
T𝕏

𝜑v
𝑛𝑓2 d𝜇 ≤ 1

𝑛 𝐶‖𝑓‖𝐻

using (2.8). This implies that ‖𝑓‖2
𝐻 ≤ 0 by dominated convergence, thus 𝑓 = 0.

For the case of a Lipschitzian potential, we view the logarithmic derivative caused by the base weight as a
perturbation, thus we consider the nonweighted position manifold, but keep the fibre weight. In other words,
we could think of T𝕏 endowed with bundle weight 1⊗loc𝜌𝐹 . Let Ψ ∈ 𝐿1

loc(𝕏; x) and define 𝐿0 ⋅⋅= 𝛼
𝛽 Δv + ℋx

on 𝐷0.
Lemma 2.1.14. The operator (𝐿0, 𝐷0) on 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈) is essentially m-dissipative.

Proof. Applying Proposition 2.1.13 to the case of the zero potential, we know that (𝐿0, 𝐷) on the Hilbert
space 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈) is essentially m-dissipative. One has to show that (𝐿0, 𝐷) is contained in the closure
of (𝐿0, 𝐷0).

For any 𝑓 ∈ 𝐷 there is an approximating sequence (𝑓𝑛)𝑛∈ℕ in 𝐷0 with respect to usual locally convex
topology implying uniform convergence of all derivatives on compacts, compare to Lemma 1.2.34. Further-
more, there is a common compact set in T𝕏 large enough containing supp(𝑓) and supp(𝑓𝑛) for all 𝑛 ∈ ℕ.
Therefore, we have that sup𝑣∈T𝕏|𝐿0𝑓𝑛(𝑣) − 𝐿0𝑓(𝑣)| → 0 as 𝑛 → ∞. Thus, 𝑓𝑛 → 𝑓 and 𝐿0𝑓𝑛 → 𝐿0𝑓
in 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈) as 𝑛 → ∞.

Denote by 𝐻1,∞
0 (𝕏) the closure of 𝐶∞

c (𝕏) with respect to 𝐻1,∞-norm and define the set

𝐷1 ⋅⋅= 𝜋∗
0𝐻1,∞

0 (𝕏) ⊗ 𝜅∗𝐶∞
c (𝕏).

We realise that Lemma 2.1.5 still does apply to the operator (𝐿, 𝐷1) as the proof has to be adapted just
slightly. Furthermore, we consider the unitary isomorphism

𝑈 ∶ 𝐻 → 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈), 𝑓 ⟼ exp(−1
2Φ)

v

⋅ 𝑓,

note that 𝑈(𝐷1) = 𝐷1, and thus define the operator 𝐿 ⋅⋅= 𝑈𝐿𝑈−1 on 𝐷1. Observe that

𝐿 = 𝑆 − 𝐴 ⋅⋅= 𝑈 Δv 𝑈−1 − 𝑈𝐴𝑈−1 holds on 𝐷1

with (𝑆, 𝐷1) being symmetric, nonpositive definite and (𝐴, 𝐷1) being antisymmetric. Moreover, we find
that

𝐴𝑓 v
0 = −𝑈(𝑓 v

0 ⋅ x𝜋0
(IdT𝕏 , ∇x exp(Φ/2) ∘ 𝜋0) + exp(Φ/2)v ⋅ x𝜋0

(IdT𝕏 , ∇x𝑓0 ∘ 𝜋0))

= −1
2 𝑓 v

0 ⋅ x𝜋0
(IdT𝕏 , ∇xΦ ∘ 𝜋0) − x𝜋0

(IdT𝕏 , ∇x𝑓0 ∘ 𝜋0)

= −1
2 𝑓 v

0 ⋅ ℋxΦv − ℋx𝑓 v
0 for all 𝑓0 ∈ 𝐻1,∞

0 (𝕏).

For a given function 𝑓 = 𝑓 v
0 ⊗ 𝑔h

0 ∈ 𝐷1 we get that

𝐴𝑓 = −1
2 𝑓 v

0𝑔h
0 ⋅ ℋxΦv − 𝑔h

0 ⋅ ℋx𝑓 v
0 + 𝑓 v

0 ⋅ 1
𝛽 (∇vΦh)(𝑔h

0)

= −1
2 𝑓 ⋅ ℋxΦv − ℋx𝑓 + 1

𝛽 (∇vΦh)(𝑓).

For sake of completeness, we recall the well-known perturbation theorem on which the argument in the
next lemma is based. See [Dav80, Corollary 3.8, Lemma 3.9 and Problem 3.10] for the proof.
Theorem 2.1.15 (Kato perturbation of an essentially m-dissipative operator). Let an essentially m-dissipative
operator 𝑍 and a dissipative operator Pert have common domain in some given Hilbert space with norm
‖⋅‖ ⋅⋅= √(⋅ , ⋅). Assume that there are constants 𝑐1 ∈ ℝ and 𝑐2 ∈ (0, ∞) such that

‖Pert𝑓‖2 ≤ 𝑐1(𝑍𝑓 , 𝑓) + 𝑐2‖𝑓‖2

holds for all 𝑓 from the common domain. Then, the perturbated operator 𝑍 + Pert defined on the common
domain of 𝑍 and Pert is essentially m-dissipative. ¬
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Lemma 2.1.16 (Essential m-dissipativity in case of globally Lipschitzian potentials). Assume that Ψ is
globally Lipschitzian. Then, (𝐿, 𝐷1) is essentially m-dissipative on 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈). Hence, (𝐿, 𝐷1) is
essentially m-dissipative on the space 𝐻 = 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈).

Proof. Define 𝑍 ⋅⋅= 𝐿0 on 𝐷1. Then, (𝑍, 𝐷1) is a dissipative extension of (𝑍, 𝐷0). Thus, (𝑍, 𝐷1) is
essentially m-dissipative on 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈) by Lemma 2.1.14. Define the perturbation

Pert𝑓 ⋅⋅= − 1
𝛽 (∇vΦh)(𝑓) + 1

2 𝑓 ⋅ ℋxΦv

for all 𝑓 = 𝑓 v
0 ⊗ 𝑔h

0 ∈ 𝐷1. Since by Liouville’s Theorem (ℋx , 𝐷1) is antisymmetric and also (𝐴, 𝐷1) is
antisymmetric in 𝐿2(T𝕏; 𝜆x ⊗loc 𝜈), (Pert, 𝐷1) is antisymmetric as well. Thus, (Pert, 𝐷1) is dissipative.

Choose 𝑔 as the preimage of 𝑓 under the transformation 𝑈 , i. e. 𝑓 = 𝑈𝑔. Using the CSBI we get that

∫
T𝕏

(∇vΦh(𝑓))2
d𝜆x ⊗loc 𝜈

= ∫
T𝕏

|v(∇vΦh , ∇v𝑓)|2 d𝜆x ⊗loc 𝜈 = ∫
T𝕏

|v(∇vΦh , ∇v𝑔)|2 d𝜆x ⊗loc 𝜈

≤ ‖∇vΦh‖2
𝐿2(T𝕏→T2𝕏;𝜆x⊗loc𝜈) ⋅ ∫

T𝕏
|∇v𝑔|2v d𝜆x ⊗loc 𝜈

= ‖∇xΦ‖2
𝐿2(𝕏→T𝕏;x) ⋅ (− Δv𝑔 ,𝑔)

𝐿2(T𝕏;𝜆x ⊗loc𝜈)

= ‖∇xΦ‖2
𝐿2(𝕏→T𝕏;x) ⋅ (−𝑆𝑓 , 𝑓)

𝐿2(T𝕏;𝜆x⊗loc𝜈)
.

We abbreviate 𝐶Φ ⋅⋅= ‖∇xΦ‖2
𝐿∞(𝕏→T𝕏;x). Then, we conclude

‖Pert𝑓‖2
𝐿2(𝜆x⊗loc𝜈) ≤ 1

𝛽2 𝐶Φ ⋅ (−𝑆𝑓 , 𝑓)
𝐿2(𝜆x⊗loc𝜈)

+ 1
4 𝐶Φ ⋅ ‖𝑓‖2

𝐿2(𝜆x⊗loc𝜈)

= 𝑐1(−𝑍𝑓 , 𝑓)𝐿2(𝜆x⊗loc𝜈) + 𝑐2‖𝑓‖2
𝐿2(𝜆x⊗loc𝜈)

with 𝑐1 ⋅⋅= 2
𝛼𝛽 𝐶Φ and 𝑐2 ⋅⋅= 1

4 𝐶Φ, since we know (ℋx𝑓 , 𝑓)
𝐿2(𝜆x⊗loc𝜈)

= 0. Finally, the claim follows by
applying Theorem 2.1.15 to (𝑍 + Pert, 𝐷1).

Corollary 2.1.17 ((D2) for globally Lipschitzian potentials). Assume that Ψ is a globally Lipschitzian po-
tential. Then, (𝐿, 𝐷) is essentially m-dissipative on 𝐻.

Proof. Note that (𝐿, 𝐷) is a dissipative extension of (𝐿, 𝐷0). Thus, we show that (𝐿, 𝐷1) is contained in
the closure of (𝐿, 𝐷0) and then apply Lemma 2.1.16.

Let 𝑓 = 𝑓 v
0 ∈ 𝜋∗

0𝐻1,∞
0 (𝕏), 𝑔 ∈ 𝜅∗𝐶∞

c (𝕏), and a sequence (𝑓𝑛)𝑛∈ℕ+
in 𝐶∞

c (𝕏) such that its vertical
lifting approximates 𝑓 in 𝐻1,2-sense, i. e.

(i) 𝑓𝑛 ⟶ 𝑓0 as 𝑛 → ∞ in 𝐿2(𝕏; x)-sense and

(ii) 𝜕𝑓𝑛/𝜕𝑥𝑗 ⟶ 𝜕𝑓0/𝜕𝑥𝑗 as 𝑛 → ∞ in 𝐿2(𝕏; x)-sense for any chart 𝑥 = (𝑥𝑗)d𝑗=1.

This convergence is maintained under passing to 𝜋∗
0𝐿2(𝕏; x), i. e. weighting the manifold. Finally, we

conclude that
𝐿(𝑓 v

𝑛 ⊗ 𝑔) ⟶ 𝐿(𝑓 v
0 ⊗ 𝑔) = 𝐿(𝑓 ⊗ 𝑔) in 𝐻 as 𝑛 → ∞.

The final proof of this section virtually is the same as in [GS14, Theorem 4.7].

Proposition 2.1.18 ((D2) for locally Lipschitzian potentials). Let Ψ be a loc-Lipschitzian potential bounded
from below. Then, (𝐿, 𝐷) is essentially m-dissipative on 𝐻.
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Proof. Without loss of generality, we assume that Ψ ≥ 0. Let 𝜀 ∈ (0, ∞) and fix some 𝑔 ∈ 𝐷 ∖ {0}. Choose
𝜑, 𝜓 ∈ 𝐷 such that

𝜑|supp(𝑔) = 1, 𝜓|supp(𝜑) = 1 and 0 ≤ 𝜑 ≤ 𝜓 ≤ 1.
Let 𝑓 ∈ 𝐷 arbitrary. Throughout the proof, we add to the generators and invariant measures a subscript to
indicate the corresponding potential, e. g. 𝜇0 = 𝜆t in case of the zero potential. By construction and using
dissipativity of (𝐿𝜓Ψ, 𝐷) on 𝐿2(T𝕏; 𝜇𝜓Ψ) we get that

‖(Id𝐻 − 𝐿Ψ)(𝜑𝑓) − 𝑔‖𝐿2(𝜇Ψ)

≤ ‖𝜑((Id𝐻 − 𝐿𝜓Ψ)𝑓 − 𝑔)‖𝐿2(𝜇𝜓Ψ) + ‖𝑓‖𝐿2(𝜇𝜓Ψ) ⋅ ‖∇x𝜑‖𝐿∞(𝜆x )

≤ ‖(Id𝐻 − 𝐿𝜓Ψ)𝑓 − 𝑔‖𝐿2(𝜇𝜓Ψ) + ‖(Id𝐻 − 𝐿𝜓Ψ)𝑓‖𝐿2(𝜇𝜓Ψ) ⋅ ‖∇x𝜑‖𝐿∞(𝜆x ).

Now, we tighten the requirements on 𝜑 via additionally demanding that

‖∇x𝜑‖𝐿∞(𝕏→T𝕏;x) = ‖∇x𝜑‖𝐿∞(x) < 𝜀
4 ⋅ ‖𝑔‖−1

𝐿2(𝜇0) = 𝜀
4 ⋅ ‖𝑔‖−1

𝐿2(t).

Due to Corollary 2.1.17 (𝐿𝜓Ψ, 𝐷) is essentially m-dissipative on 𝐿2(T𝕏; 𝜇𝜓Ψ), hence as a consequence of
the Lumer-Philips Theorem, there is 𝑓 ∈ 𝐷 such that simultaneously hold

‖(Id𝐻 − 𝐿𝜓Ψ)𝑓 − 𝑔‖𝐿2(𝜇𝜓Ψ) ≤ 𝜀
2 and ‖(Id𝐻 − 𝐿𝜓Ψ)𝑓‖𝐿2(𝜇𝜓Ψ) ≤ 2‖𝑔‖𝐿2(𝜇𝜓Ψ).

For such an 𝑓 we end up with ‖(Id𝐻 −𝐿Ψ)(𝜑𝑓)−𝑔‖𝐿2(𝜇𝜓Ψ) < 𝜀. In conclusion, we proved that (Id𝐻 −𝐿Ψ)(𝐷)
is dense in 𝐻 = 𝐿2(T𝕏; 𝜇Ψ).

Hypocoercivity conditions
In the course of verifying the set of conditions (H) the most demanding task is to derive an explicit expression
for the operator 𝑃 𝐴2𝑃 on 𝐷. We need this to prove (H3) by means of [GS14, Corollary 2.13]. This requires
a few auxiliary results that I did not find in the literature. Regarding (H4), one explicitly uses that ℋx is a
full spray, not just a semispray.
Lemma 2.1.19 (algebraic relation (H1)). Let condition (P1) hold. Then, we have 𝑃𝐴𝑃|𝐷 = 0.

Proof. Recall Equation (2.8). Furthermore, we are going to apply the formula for Gaußian integrals
from [GS14, Lemma 3.1]: Let 𝑓 ∈ 𝐷 and consider polar coordinates in the fibre at 𝑥 ∈ 𝕏. Using [For12,
Satz 14.8], which is an application of the transformation formula and Fubini, we get that

∫
T𝑥𝕏

𝐴𝑃𝑓 d𝜈𝑥

= ∫
(0,∞)

∫
U𝑥𝕏

−x𝑥(𝑣(𝑟, 𝑢) , ∇xE𝜈[𝑓](𝑥)) ⋅ 𝑟d−1 𝑑𝜈(𝑣(𝑟, 𝑢))
𝑑𝜆 ⊗ S

S𝑥(d𝑢) 𝜆(d𝑟)

= ∫
(0,∞)

0 ⋅ 𝑟d−1 𝑑𝜈(𝑣(𝑟, 𝑢0))
𝑑𝜆 ⊗ S

𝜆(d𝑟) = 0,

where 𝑢0 ∈ U𝑥𝕏 is arbitrary, S denotes the surface measure of the sphere 𝕊d−1 and

𝑣 ∶ (0, ∞) × 𝕊d−1 → 𝑣((0, ∞) × 𝕊d−1) ⊆ T𝑥𝕏, (𝑟, 𝑢) ⟼ 𝑣(𝑟, 𝑢)

is the diffeomorphism corresponding to (0, ∞)×𝕊d−1 → ℝd, (𝑟, 𝑢) ↦ 𝑟𝑢. We can freely choose 𝑢0, since 𝜈
is invariant with respect to rotations. We have seen that 𝑃𝑆𝐴𝑃 is trivial an 𝐷, so we can use orthogonality
of 𝑃𝑆 to obtain

0 = (𝑃𝑆𝐴𝑃𝑓 , 1)𝐿2(𝕏;x) = (𝐴𝑃𝑓 , 1)𝐻 for all 𝑓 ∈ 𝐷.

Thus, 𝑃 𝐴𝑃|𝐷 = 0.

Lemma 2.1.20 (microscopic hypocoercivity (H2)). Let condition (P1) hold. Then, condition (H2) is fulfilled
with Λ𝑚 = 𝛼.
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Proof. Let 𝑓 ∈ 𝐷. Using the Poincaré inequality for Gaußian measures, see [Bec89], we deduce that

(−𝑆𝑓 , 𝑓)𝐻 = 𝛼
𝛽 (∇v𝑓 , ∇v𝑓)

𝐿2(T𝕏→T2𝕏;t)
= 𝛼

𝛽 ‖∇v𝑓‖2
𝐿2(T𝕏→T2𝕏;t)

≥ 𝛼∥𝑓 − (𝑣 ↦ ∫
T𝜋0(𝑣)𝕏

𝑓 d𝜈)∥
2

𝐻

= 𝛼‖(Id𝐻 − 𝑃𝑆)𝑓‖2
𝐻

and the claim follows.

Moving on, the strategy for proving condition (H3) relies on [GS14, Corollary 2.13]. Most importantly,
one has to prove that (Id𝐻 − 𝑃𝐴2𝑃 , 𝐷) is essentially m-dissipative. To do so, we characterise Id𝐻 − 𝑃𝐴2𝑃
on 𝐷 starting from Equation (2.8) and show that the range (Id𝐻 − 𝑃𝐴2𝑃)(𝐷) is dense in 𝐻. Before we
calculate that in several smaller steps that (Id𝐻 − 𝑃𝐴2𝑃 , 𝐷) actually is the weighted horizontal Laplace-
Beltrami operator, we insert an auxiliary lemma.
Lemma 2.1.21. For all 𝒳 ∈ Γ∞(T𝕏) holds that

h(∇t
ℋx

hl(𝒳) , ℋx) = x𝜋0
(∇x

IdT𝕏
(𝒳 ∘ 𝜋0) , IdT𝕏).

Proof. Let 𝒳 ∈ Γ∞(T𝕏). Then, the Koszul formula, see [Nic96, Equation 4.1.3], reads as

2 h(∇t
ℋx

hl(𝒳) , ℋx)

= ℋx(h(hl(𝒳) , ℋx)) + hl(𝒳)(h(ℋx , ℋx))
− ℋx(h(ℋx , hl(𝒳))) − h(hl(𝒳) , [ℋx , ℋx]) − h(ℋx , [hl(𝒳) , ℋx])
+ h(ℋx , [ℋx , hl(𝒳)])

= hl(𝒳)(|IdT𝕏|2x) + 2h(ℋx , [ℋx , hl(𝒳)])
= h(hl(𝒳) , ∇h(|IdT𝕏|2x)) + 2h(ℋx , [ℋx , hl(𝒳)]).

First, we note that

𝑑𝜋0[ℋx , hl(𝒳)] = [𝑑𝜋0ℋx , 𝑑𝜋0 hl(𝒳)] = [IdT𝕏 , 𝒳 ∘ 𝜋0] = ∇t
IdT𝕏

(𝒳 ∘ 𝜋0).

Second, the value of ∣IdT𝕏∣2
x

does not specifically depend on the current position and therefore it could be
approximated just by functions from 𝜅∗𝐶∞

c (𝕏). For all intents and purposes, this function can be treated
as a horizontal lift and the horizontal gradient of a horizontal lift equals 0 always. Hence, the claim is
proven.

Consider a curve 𝑠∶ (−𝛿, 𝛿) → T𝕏 such that 𝑠(0) = 𝑣 and 𝑠′(0) = ℋx(𝑣) for 𝑣 ∈ T𝕏 fixed and some
small 𝛿 ∈ (0, ∞). Let 𝑥 ⋅⋅= 𝜋0(𝑣). The following computation relies on 𝜋0 ∘ 𝑠 being a geodesic of ℋx and
the characterisation of the directional derivative in terms of parallel transport ‘pt’ along 𝑠 which is provided
by the Levi-Civita connection:

−ℋx𝐴𝑃 𝑓(𝑣) (2.8)= −ℋx(−x𝜋0
(IdT𝕏 , ∇xE𝜈[𝑓] ∘ 𝜋0))(𝑣)

= t𝑣( lim
𝑡→0

1
𝑡 (pt𝑠(𝑡)

𝑠(𝑡)(IdT𝕏 ∘ 𝑠(𝑡)) − pt
𝑠(𝑡)
𝑠(0)(IdT𝕏 ∘ 𝑠(0))) , ∇h𝑃𝑆𝑓(𝑣))

+ h𝑣(ℋx(𝑣) , ∇t
ℋx

(∇h𝑃𝑆𝑓)(𝑣))

= h𝑣(ℋx(𝑣) , E𝜈[∇h𝑓](𝑣)) + x𝑥(𝑣 , ∇x
𝑣(∇xE𝜈[𝑓])(𝑥))

= x𝑥(𝑣 , ∇xE𝜈[𝑓](𝑥)) + x𝑥(𝑣 , ∇x
𝑣(∇xE𝜈[𝑓])(𝑥)).

(2.10)

For the second equality we also used the metric compatibility of the Levi-Civita connection ∇t . The last
but one line is obtained applying Lemma 2.1.21 to the second summand. Now, we transform into polar
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coordinates in the fibre T𝑥𝕏 similar as in the proof of Lemma 2.1.19. With this ansatz we calculate
applying [GS14, Lemma 3.1] twice that

∫
T𝑥𝕏

−ℋx(−x𝜋0
(IdT𝕏 , ∇xE𝜈[𝑓] ∘ 𝜋0)) d𝜈𝑥

= ∫
T𝑥𝕏

x𝑥(𝑣 , ∇xE𝜈[𝑓](𝑥)) d𝜈𝑥(𝑣) + ∫
T𝑥𝕏

x𝑥(𝑣 , ∇x
𝑣(∇xE𝜈[𝑓])(𝑥)) d𝜈𝑥(𝑣)

= ∫
(0,∞)

∫
U𝑥𝕏

x𝑥(𝑣(𝑟, 𝑢) , ∇x
𝑣(𝑟,𝑢)(∇xE𝜈[𝑓])(𝑥))

⋅ 𝑟d−1 𝑑𝜈𝑥(𝑣(𝑟, 𝑢))
𝑑𝜆 ⊗ S𝑥

dS𝑥(𝑢) 𝜆(d𝑟)

= 1
d

ΔxE𝜈[𝑓](𝑥) ⋅ ∫
(0,∞)

𝑟2 ⋅ ( 1
S(𝕊d−1) ∫

U𝑥𝕏
1 dS𝑥) ⋅ 𝑟d−1 𝑑𝜈𝑥(𝑣(𝑟, 𝑢0))

𝑑𝜆 ⊗ S𝑥
𝜆(d𝑟)

= 1
𝛽 ΔxE𝜈[𝑓](𝑥) ⋅ 1,

(2.11)

where we have taken 𝑢0 ∈ U𝑥𝕏 arbitrary, since 𝜈𝑥 is invariant with respect to rotations. In order to
arrive at the last but one line, we consider some chart (𝑥𝑗)d𝑗=1 at 𝑥 ∈ 𝕏 providing normal coordinates; in
such coordinates the Levi-Civita connection is understood in terms of directional derivatives as ∇x

𝒴𝒳(𝑥) =
∑𝑖,𝑗∈{1,…,d} 𝒴𝑖(𝑥) 𝜕𝒳𝑗(𝑥)

𝜕𝑥𝑖 𝑥𝑗 for all 𝒳, 𝒴 ∈ Γ∞(T𝕏) with local coordinate expressions 𝒳 = ∑d

𝑗=1 𝒳𝑗 ⋅ 𝜕𝑥𝑗

and 𝒴 = ∑d

𝑗=1 𝒴𝑗 ⋅ 𝜕𝑥𝑗. Thus, we can understand the mapping U𝑥𝕏 → U𝑥𝕏, 𝑢 ⟼ (∇x
𝑢∇xE[𝑓])(𝑥) as

the matrix in [GS14, Lemma 3.1]. The last step of Equation (2.11) is due to the fact that the mean of a
chi-squared distribution equals the number of degrees of freedom, i. e. d in the present case.

With the proof of part (ii) of Lemma 2.1.5 and with [GS14, Lemma 3.1] we similarly get that for every
𝑣 ∈ T𝕏 with 𝑥 ⋅⋅= 𝜋0(𝑣) holds

𝑃𝑆( 1
𝛽 ∇vΦh(𝐴𝑃𝑓))(𝑣) = ∫

T𝑥𝕏
ℋxΦv ⋅ 𝐴𝑃𝑓 d𝜈𝑥

(2.8)= − ∫
T𝑥𝕏

h(ℋx , ∇hΦv) ⋅ h(ℋx , ∇h(𝑃𝑆𝑓)) d𝜈𝑥

= − ∫
T𝑥𝕏

x𝑥(IdT𝕏 , ∇xΦ(𝑥)) ⋅ x𝑥(IdT𝕏 , ∇xE𝜈[𝑓](𝑥)) d𝜈𝑥

= − 1
𝛽 x𝑥(∇xΦ(𝑥) , ∇xE𝜈[𝑓](𝑥)) = − 1

𝛽 𝜕∇xΦ(E𝜈[𝑓])(𝑥).

(2.12)

Combining Equation (2.11) and Equation (2.12) we conclude that

𝑃𝐴2𝑃𝑓 = 𝑃𝑆𝐴2𝑃𝑓 = 1
𝛽 ⋅ (ΔxE𝜈[𝑓] ∘𝜋0 − 𝜕∇xΨ(E𝜈[𝑓]) ∘ 𝜋0)

= 1
𝛽 ⋅ Δh(E𝜈[𝑓]v) = 1

𝛽 ⋅ Δh(𝑃𝑆𝑓)
(2.13)

for all 𝑓 ∈ 𝐷. Compare our result to [GS16, Equation (3.16)]. These preparations give shape to the following
corollary, compare to [GS16, Proposition 3.9].

Corollary 2.1.22 (𝑃𝐴2𝑃 is essentially m-dissipative). Let condition (P1) hold. Then, the range (Id𝐻 −
𝑃𝐴2𝑃)(𝐷) is dense in 𝐻, thus 𝑃𝐴2𝑃 is essentially m-dissipative on 𝐷.

Proof. Right away, we know that (𝑃𝐴2𝑃 , 𝐷) (2.13)= (1/𝛽 Δh ∘𝑃𝑆, 𝐷) is essentially m-dissipative on 𝑃𝑆(𝐻) =
𝜋∗

0𝐿2(𝕏; x), as 𝑃𝑆(𝐷) = 𝜋∗
0𝐶∞

c (𝕏) and (Δh , 𝐷) is essentially self-adjoint in 𝐻. The later is true,
since (Δh , 𝐷0) is essentially self-adjoint in 𝐻 as so is the Laplace-Beltrami on (T𝕏, h), and due to the
fact that 𝐷0 is dense in 𝐷.
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Let 𝑔 ∈ 𝐻 such that
((Id𝐻 − 𝑃𝐴2𝑃)𝑓 , 𝑔)𝐻 = 0

for all 𝑓 ∈ 𝐷 and we claim that 𝑔 = 0. The assumption on 𝑔 immediately implies that

0 = ((Id𝐻 − 𝑃𝐴2𝑃)𝑓 v
0 , 𝑃𝑆𝑔)𝐻 = (𝑓 v

0 − 1
𝛽 Δh𝑓 v

0 ,𝑃𝑆𝑔)
𝜋∗

0𝐿2(𝕏;x)

for all 𝑓0 ∈ 𝐶∞
c (𝕏). Thus, 𝑃𝑆𝑔 = 0, since the range (Id𝐻 − 1/𝛽 Δh)(𝜋∗

0𝐶∞
c (𝕏)) is dense in 𝜋∗

0𝐿2(𝕏; x).
Ultimately, this means that

(𝑓 , 𝑔)𝐻 = (𝑃𝐴2𝑃𝑓 , 𝑔)𝐻 = (1/𝛽 Δh((𝑃𝑆𝑓) ,𝑃𝑆𝑔)
𝜋∗

0𝐿2(𝕏;x)
= 0 for all 𝑓 ∈ 𝐷,

which implies (𝑓 , 𝑔)𝐻 = 0 for all 𝑓 ∈ 𝐷, hence 𝑔 = 0 as claimed.

Finally, we are in the position to verify (H3).
Proposition 2.1.23 (macroscopic hypocoercivity (H3)). Assume that the conditions (P1) and (P2) hold.
Then, condition (H3) is fulfilled with Λ𝑀 = 1

𝛽 Λ.

Proof. Let 𝑓 ∈ 𝐷. Since (𝑃𝐴2𝑃 , 𝐷) = (1/𝛽 Δh𝑃𝑆, 𝐷) pregenerates the weighted horizontal gradient form
restricted to the range of 𝑃𝑆 in the sense that

(𝑃𝐴2𝑃𝑓 , 𝑔)𝐻 = − 1
𝛽 ∫

T𝕏
h(∇h𝑃𝑆𝑓 , ∇h𝑃𝑆𝑔) d𝜇 for all 𝑓, 𝑔 ∈ 𝐷,

we easily compute that

‖𝐴𝑃𝑓‖2
𝐻 = 1

𝛽 ∫
T𝕏

∣∇h𝑃𝑆𝑓(𝑣)∣2
h

𝜇(d𝑣) = 1
𝛽 ∫

𝕏
∣∇xE𝜈[𝑓](𝑥)∣2

x
𝜆x(d𝑥)

= 1
𝛽 ∥∇xE𝜈[𝑓]∥2

𝐿2(𝕏→T𝕏;x)
≥ 1

𝛽 Λ ∥ E𝜈[𝑓] − (E𝜈[𝑓] , 1)𝐿2(𝕏;x)∥
2

𝐿2(𝕏;x)

by Poincaré inequality (2.4). Combining this estimates with the previous corollary, then [GS14, Corollary 2.13]
finishes the proof.

The remaining hypocoercivity condition (H4) is checked via a standard procedure relying on [GS14,
Lemma 2.14] and [GS14, Proposition 2.15], compare to also [GS16, Proposition 3.11].
Lemma 2.1.24 (boundedness of (𝐵𝑆, 𝐷), first part of (H4)). Let condition (P1) hold. Then, with 𝑐1 ⋅⋅= 1

2 𝛼
it holds that

‖𝐵𝑆𝑓‖𝐻 ≤ 𝑐1‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷
and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. First, we show that 𝑆𝐴𝑃 = 𝛼𝐴𝑃 on 𝐷. For the first time, it will become important here that ℋx

is not just a semispray, but actually a spray, i. e. additionally we have that [𝒱 , ℋx] = ℋx . Let 𝑓 ∈ 𝐷 be
fixed. Then, we immediately get that

𝑆𝐴𝑃𝑓 = 𝑆𝐴𝑃𝑆𝑓 = −𝛼𝒱(−ℋx(𝑃𝑆𝑓)) = 𝛼𝒱(ℋx(E𝜈[𝑓])v),

since we know from the proof of Lemma 2.1.5 that (𝐴ℎ , 1)𝐻 = 0 for all ℎ ∈ 𝐷. Using the Koszul formula,
see [Nic96, Equation 4.1.3], we calculate that for all 𝒳 ∈ Γ∞(T𝕏) holds

𝒱h(ℋx , hl𝒳) = 0 − h([𝒱 , ℋx] , hl𝒳) + h([𝒱 , hl𝒳] , ℋx).

Similar to [GK02, Proposition 5.1] mentioned before in Lemma 2.1.11, one could use local coordinates for 𝒱
in order to show that [𝒱 , hl𝒳] is purely vertical. As ℋx even is a (full) spray, we gain that

𝑆𝐴𝑃𝑓 = 𝛼𝒱h(ℋx , ∇h(E𝜈[𝑓])v) = −𝛼h(ℋx , ∇h(E𝜈[𝑓])v)
= −𝛼ℋx(E𝜈[𝑓])v = 𝛼(−ℋx(E𝜈[𝑓])v) = 𝛼𝐴𝑃𝑓

Setting 𝑐1 ⋅⋅= 𝛼
2 the claim follows with [GS14, Lemma 2.14].
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Lemma 2.1.25 (boundedness of (𝐵𝐴(Id𝐻 −𝑃), 𝐷), second part of (H4))). Let the potential conditions (P)
hold. Then, there exists a constant 𝑐2 ∈ (0, ∞) such that

‖𝐵𝐴(Id𝐻 − 𝑃)𝑓‖𝐻 ≤ 𝑐2‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷

and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. Let 𝑓 ∈ 𝐷 and 𝑔 ⋅⋅= (Id𝐻 − 𝑃𝐴2𝑃)𝑓 . We know that 𝑔 ∈ 𝐷((𝐵𝐴)∗) with (𝐵𝐴)∗𝑔 = −𝐴2𝑃𝑓 ,
compare to [GS14, Proposition 2.15]. Using our knowledge from the proof of part (ii) of Lemma 2.1.5,
furthermore Equation (2.8) and the CSBI we estimate that

‖(𝐵𝐴)∗𝑔‖𝐻 ≤ ∥𝑣 ⟼ ℋx
2(E𝜈[𝑓]v)(𝑣)∥

𝐻
+ ∥𝑣 ⟼ 1

𝛽 ∇vΦh(𝐴𝑃𝑓)(𝑣)∥
𝐻

≤ ∥∣ℋx
2(E[𝑓]v)∣∥

𝐻
+ ∥∣ℋxΦv∣

h
⋅ ∣ℋx(E𝜈[𝑓]v)∣

h
∥
𝐻

≤ ∥𝑣 ↦ |𝑣|2x ∥
𝐻

⋅ (∥∣Hesst(E𝜈[𝑓]v)∣∥
𝐻

+ ∥∣∇hΦv∣
h

⋅ ∣∇hE𝜈[𝑓]v∣
h
∥
𝐻

)

= d

𝛽 (∥|Hessx(E𝜈[𝑓])|v∥
𝐻

+ ∥∣∇xΦ∣v
x

⋅ ∣∇xE𝜈[𝑓]∣v
x
∥
𝐻

).

Due to the form of 𝑃𝐴2𝑃 we derived in Equation (2.13), we know that 𝑢 ⋅⋅= 𝑃𝑓 solves the elliptic equation

𝑢 − 1
𝛽 Δh𝑃𝑆𝑢 = 𝑔

in {𝑢 ∈ 𝜋∗
0𝐿2(𝕏; x) ∣ ∃ 𝑓0 ∈ 𝐶∞

c (𝕏) ∶ 𝑢 = 𝑓 v
0 − (𝑓 v

0 , 1)𝐻}.

As we assumed the necessary potential conditions, the a priori estimates of Dolbeault, Mouhot and Schmeiser,
compare to [GS14, Appendix], yield existence of a constant 𝑐2 ∈ (0, ∞) independent of 𝑃𝑓 and 𝑔 such that

‖(𝐵𝐴)∗𝑔‖𝐻 ≤ 𝑐2 ⋅ ‖𝑃𝑔‖𝐻 ≤ 𝑐2 ⋅ ‖𝑔‖𝐻 .

Now, [GS14, Propositions 2.15] does apply which finishes the proof.

Collecting all the individual results so far we can infer Theorem 2.1.4 using the Hypocoercivity Theorem.

2.2 Geometric spherical velocity Langevin equation
As said in the introduction, we suppose that fibre filaments are both inextensible and extruded with constant
speed, therefore we assume that velocities are normalised. See e. g. [KMW12a; GS13; Sti14] and references
therein. Incorporating the ‘polynomial-type’ normalisation assumption on the velocities, one could think the
fibre lay-down model as an SDAE on T𝕏. However, we implement the algebraic side condition geometrically
via passing from the tangent bundle to the unit tangent bundle 𝜋0|U ∶ U𝕏 → 𝕏.

As the unit tangent bundle is a smooth subbundle and in particular a smooth submanifold, we have
modify several objects used before in Section 2.1. By the choice of the Sasaki metric on T𝕏, the normal
bundle of U𝕏, which is the quotient bundle T2𝕏|U𝕏/TU𝕏 in the first place, can be realised as the orthogonal
complement NU𝕏 ⋅⋅= TU𝕏⟂ of TU𝕏 with respect to Sasaki metric. Whilst the horizontal lift of unit tangent
vector is again tangent to the unit tangent bundle, the same doesn’t hold true for the vertical lift: Given
𝑣 ∈ U𝕏 and a vertical vector 𝑎 ∈ T𝑣U𝕏, there is a 𝑤 ∈ T𝜋0(𝑣)𝕏 such that 𝑎 = vl𝑣(𝑤), but in general there is
no vector field 𝒳 ∈ Γ∞(T𝕏) – not even a local one – such that both vl𝑣(𝒳) = 𝑎 and vl(𝒳)∣U𝕏 ∈ Γ∞(TU𝕏)
hold. Thus, one adapts the vertical lift slightly to guarantee that the lift of elements in T𝜋0(𝑣)𝕏 are elements
of T𝑣U𝕏. I first stumbled upon this phenomenon reading the diploma thesis [Fáb11, Abschnitt 2.1] which
bases its discussion on the articles [BVA97; BV01]. The latter provide the following definition of so-called
tangential lifts2.
2This name seems highly unfortunate, it’s established anyways.
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Definition 2.2.1 (tangential lift). Let 𝑥 ∈ 𝕏, 𝑣 ∈ T𝑥𝕏 and 𝑢 ∈ U𝑥𝕏. The tangent lift of 𝑣 is defined as

tl𝑢(𝑣) ⋅⋅= vl𝑢(𝑣 − x(𝑣 , 𝑢) ⋅ 𝑢) = vl𝑢(𝑣) − x(𝑣 , 𝑢) ⋅ 𝒩t(𝑢),

where the unit normal vector field 𝒩t ∈ Γ∞(NU𝕏) has the following properties:

⟨𝒩t , 𝑑𝜋0⟩ = 0 and ⟨𝒩t , 𝑑𝜅⟩ = IdU𝕏.

We call 𝒩t the Sasakian normal vector field, since this normal vector field depends on our choice of the
Sasaki metric on T𝕏 as outlined above. ¬

Thus, the restriction of the double tangent bundle to the unit tangent bundle splits into three parts,
namely the vertical in terms of a tangential lift, the horizontal tangent bundle as well as the normal tangent
bundle:

T(T𝕏)|U𝕏 = VU𝕏⏟
⋅⋅= tl(U𝕏)

⊕ HU𝕏⏟
= HT𝕏|U𝕏

⊕ NU𝕏⏟
= TU𝕏⟂

. (2.14)

Recall the unit Sasaki metric u introduced in Definition 1.2.29 on the configuration manifold Q = U𝕏 that
renders TQ = HQ ⊕ VQ into a fibrewise orthogonal sum.

Now we introduce some convenient shorthand notation.

Notation 2.2.2 (spherical notations). The vertical lift 𝑓 v
0 of a function 𝑓0 ∈ 𝐶∞(𝕏) should is to be read now

as 𝑓 v
0 = 𝑓0 ∘ 𝜋0|U. Similarly, the symbol ℋx is to be interpreted as the restriction ℋx |Q of the Riemannian

semispray to Q. Note that it maps into TQ according to [Sak96, Lemma 4.2]. The horizontal lift of a
function 𝑓0 ∈ 𝐶∞

c (𝕏) is up to constant summands characterised by ⟨𝑎 , 𝑑𝑓h
0⟩ = ⟨𝑎 , 𝑑𝑓0 ∘ 𝑑𝜅⟩ for all

𝑎 ∈ TU𝕏. Compare to Remark 1.2.31. It is easily verified that ∇u𝑓h
0 = tl(∇x𝑓0 ∘ 𝜋0|U) holds. ¬

Another important side effect of the new standard fibre being a sphere relates to the equality

Δ𝕊d−1 Id𝕊d−1 = −(d− 1) Id𝕊d−1 , (2.15)

where the spherical Laplacian is taken componentwise in standard Euclidean coordinates. See [GS14,
Lemma 3.2] or [GMS12, Appendix 7] and for a general proof on eigenvalues of the spherical Laplace-Beltrami
we refer e. g. to [DX13, Theorem 1.4.5]. The following lemma states that the relation (2.15) carries over to
the tensor Laplacian of the Riemannian semispray.

Lemma 2.2.3. It holds Δuℋx = −(d− 1)ℋx , where we denote by Δu also the tensor Laplacian and think
of the vector field ℋx as a (1, 0)-tensor field.

Proof. For fixed 𝑤 ∈ U𝕏 with 𝑥 ⋅⋅= 𝜋0|U(𝑤) we get that

h𝑤(Δuℋx |U𝑥𝕏 , hl(𝑤)) = Δuh𝑤(ℋx |U𝕏𝑥 , hl(𝑤))
= Δux𝑥(IdU𝑥𝕏 , 𝑤) = x𝑥(Δu IdU𝑥𝕏 ,𝑤) = x𝑥(Δv |UIdU𝑥𝕏 ,𝑤).

Use Equation (2.15) in the fibre U𝑥𝕏 ≃ 𝕊d−1.

In its first form, the fibre lay-down model on 𝕏 is formulated as the following Stratonovich SDE in Q =
U𝕏:

d𝜂 = ℋx d𝑡 + tl𝜂(−∇xΨ) d𝑡 + 𝜎 ⋅
d

∑
𝑗=1

tl𝜂( 𝜕
𝜕𝑥𝑗

𝜂
) ∘ d𝑊 𝑗

𝑡 , (2.16)

where the chart (𝑥1
𝜂, 𝑥2

𝜂, … , 𝑥d
𝜂 ) at 𝜋0|U(𝜂) provides normal coordinates and 𝜎 is a nonnegative diffusion

parameter. Compared to Section 2.1, note that neither we rescale the potential nor we incorporate a friction
term. Another name not tied to our industrial application would be spherical velocity Langevin equation
(on 𝕏) as used e. g. [BT18, Section 3]. Formally, the Kolmogorov backwards generator attains the form

𝐿 = ℋx − tl(∇xΨ) + 𝜎2

2 Δu . (2.17)
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We call it either fibre lay-down generator or spherical velocity Langevin generator. Per se, this operator is
defined for all smooth functions on Q. However, one uses smooth functions with compact support as test
functions since the model Hilbert space is of 𝐿2-type. Some computations are done on the set

𝐷0|U = 𝜋∗
0|U𝐶∞

c (𝕏) ⊗ 𝜅∗𝐶∞
c (𝕏) ⋅⋅= span{𝑓 v

0 ⊗ 𝑔h
0 ⋅⋅= 𝑓 v

0 ⋅ 𝑔h
0 | 𝑓0, 𝑔0 ∈ 𝐶∞

c (𝕏)}

which is dense in 𝐷 ⋅⋅= 𝐶∞
c (Q) with respect to the local convex topology that implies uniform convergence

of all derivatives on compact sets. Recall Lemma 1.2.34 and modify its proof.
Next, we formulate the main theorem regarding the fibre lay-down model and prove it in the same vein as

in Section 2.1. We restrict ourselves to computations substantially different from the ones before, though.
The potential conditions (P) are kept virtually the same with only the natural modifications. It turns out
that we additionally need the Assumption (2.19) below. It has not been considered by others before, since it
is always fulfilled in Euclidean space, compare to Example 2.2.5. One sees that Equation (2.16) transforms
into

d𝜂 = ℋx d𝑡 − 1
d− 1 ∇v |U(ℋxΨv) d𝑡 + 𝜎 ⋅

d

∑
𝑗=1

tl𝜂( 𝜕
𝜕𝑥𝑗

𝜂
) ∘ d𝑊 𝑗

𝑡 , (2.18)

under Assumption (2.19). We discuss this assumption after the theorem is stated.
Theorem 2.2.4 (Hypocoercivity of the geometric spherical velocity Langevin dynamic). Consider the dif-
fusion parameter 𝜎 ∈ (0, ∞) and a Riemannian manifold (𝕏, x) satisfying (M). Assume that the potential
Ψ∶ 𝕏 → ℝ fulfils the conditions (P), and additionally that the relation

ℋxΨv = (d− 1) Ψh on U𝕏 (2.19)

holds. Abbreviate by 𝜈 ⋅⋅= Sd−1
1 the normalised surface measure on (𝕊d−1, 𝔅(𝕊d−1)) and define 𝜇 ⋅⋅=

𝜆x ⊗loc 𝜈.
Then, the fibre lay-down generator

(𝐿, 𝐷) = (𝜎2

2 Δv |U +ℋx − 1
d− 1 ∇v |U(ℋxΨv), 𝐶∞

c (U𝕏)) (2.20)

is closable in 𝐻 = 𝐿2(U𝕏; 𝜇). Moreover, its closure (𝐿, 𝐷(𝐿)) generates a strongly continuous contraction
semigroup (𝑇𝑡)𝑡∈[0,∞). Finally, for all 𝜅1 ∈ (1, ∞) there is a constant 𝜅2 ∈ (0, ∞) such that for all 𝑔 ∈ 𝐻
and times 𝑡 ∈ [0, ∞) holds

‖ 𝑇𝑡𝑔 − (𝑔 , 1)𝐻‖𝐻 ≤ 𝜅1e−𝜅2𝑡‖ 𝑔 − (𝑔 , 1)𝐻‖𝐻 ,

where 𝜅2 explicitly is given as

𝜅2 = 𝜅1 − 1
𝜅1

𝜎2

𝑛1 + 𝑛2𝜎2 + 𝑛3𝜎4 (2.21)

where 𝑛𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on Ψ, compare to (B) in Section 1.1. ¬
Example 2.2.5 (Assumption (2.19) for Euclidean position space). Let 𝕏 = ℝd

𝑥 be endowed with standard
Euclidean metric x = ((⋅ , ⋅)

euc
)𝑥∈ℝd

. As discussed in the discussion subsequent to Definition 1.2.27, the
Euclidean semispray ℋx = ℋeuc can be thought as the gradient of the Lagrangian L = 1

2 |⋅|x = 1
2 |⋅|euc

Thus, it is basically the identity mapping: The mapping 𝑤 ↦ ℋeuc(𝑤) coincides with the gradient of
𝑧 ↦ 𝑈𝑤(𝑧) ⋅⋅= (𝑤 , 𝑧)

euc
. One comes to the same conclusion when starting with the canonical 2-form We

investigate the restriction to the configuration manifold Q = U𝕏 = Uℝd
𝑥 ≃ ℝd

𝑥 × 𝕊d−1
𝑣 and find for every

𝑤 ∈ 𝕊d−1 as well as 𝑓 ∈ 𝐶∞
c (Uℝd

𝑥 ) that

∫
U𝑥ℝd

ℋx𝑓 d𝜈𝑥

= ∫
U𝑥ℝd

(∇v |U𝑈𝑣(𝑧) , ∇v |U𝑓(𝑣))
euc

𝜈𝑥(d𝑣) = ∫
U𝑥ℝd

(∇s𝑈𝑣(𝑧) , ∇s𝑓(𝑣))
euc

𝜈𝑥(d𝑣)

= − ∫
U𝑥ℝd

Δs𝑈𝑣(𝑧) ⋅ 𝑓(𝑣) 𝜈𝑥(d𝑣) (2.15)= (d− 1) ∫
U𝑥ℝd

(𝑣 , 𝑧)
euc

⋅ 𝑓(𝑣) 𝜈𝑥(d𝑣)
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by integration by parts with some 𝑧 ∈ ℝd, compare to [GS14, Lemma 3.3]. Here, ‘s’ refers to the round
metric on 𝕊d−1.

We derive an explicit expression for the horizontal lift of a given test function 𝑓0 ∈ 𝐶∞
c (ℝd

𝑥 ). Any
𝑎 ∈ TQ splits into vertical and horizontal part as 𝑎 = 𝑎𝑣 ⊕ 𝑎𝑥, i. e. ⟨𝑎 , 𝑑𝜋0|U⟩ = 𝑎𝑥 and ⟨𝑎 , 𝑑𝜅|Uℝd⟩ =
𝑎𝑣 = 𝑣 ⋅⋅= 𝜋0|U(𝑎). Then, we find that

⟨𝑎 , 𝑑𝑓h
0⟩ = ⟨𝑎𝑣 ⊕ 𝑎𝑥 , 𝑑𝑓0 ∘ 𝑑𝜅|Uℝd⟩ = ⟨𝑣 , 𝑑𝑓0|Uℝd⟩ = (𝑣 , ∇𝑥𝑓0

|∇𝑥𝑓0| ∘ 𝜋0|U(𝑣))
euc

.

Thus, 𝑓h
0(𝑣) = 𝑈∇𝑥𝑓0/|∇𝑥𝑓0 |(𝑥)(𝑣) for all 𝑣 ∈ U𝑥ℝd. Combining both intermediate results we arrive at

∫
U𝑥ℝd

ℋeucΨv ⋅ 𝑔h
0 d𝜈𝑥 = ∫

U𝑥ℝd

ℋeuc(Ψv ⋅ 𝑔h
0) d𝜈𝑥

= (d− 1) ∫
U𝑥ℝd

(𝑣 , ∇eucΨ(𝑥)
Ψ(𝑥) |∇eucΨ(𝑥)|)

euc

⋅ Ψv(𝑣) 𝑔h
0(𝑣) d𝜈𝑥(𝑣)

= (d− 1) ∫
U𝑥ℝd

Ψh(𝑣) ⋅ 𝑔h
0(𝑣) d𝜈𝑥(𝑣)

holds for all 𝑔0 ∈ 𝐶∞
c (ℝd

𝑥 ) with the particular choice of 𝑧 = ∇eucΨ(𝑥)
Ψ(𝑥) |∇eucΨ(𝑥)| . Note that we assume Ψ > 0

with out loss of generality in view of (P1). Summarising, we have shown that Assumption (2.19) holds for
𝕏 = ℝd

𝑥 . ¬

Data conditions
We already impose Assumption (2.19) for the SAD-decomposition. This is a little odd, since the assertions
of Lemma 2.2.6 below are true without this assumption when the antisymmetric operator is ℋx = ℋx −
tl(∇xΨ). This can be seen similarly as in Proposition 2.1.8: The configuration manifold Q is a smooth
submanifold of T𝕏. So, both the 2-form Ω and the almost complex structure 𝒥 restrict to T∗Q and TQ
respectively. They are compatible with the unit Sasaki metric and generate basically the same Poisson bracket
but on Q. In turn, the Poisson bracket defines Hamiltonian vector fields H𝑓 ∈ Γ∞(TQ) for given 𝑓 ∈ 𝐶∞(Q).
One finds that H𝑓(𝜌) = −𝜌⋅(ℋx𝑓 − tl(∇xΨ)(𝑓)) for all 𝑓 ∈ 𝐷 = 𝐶∞

c (Q), by investigating the action of the
Hamiltonian vector field in local coordinates for Q that respect the Ehresmann connection and also provide
a local trivialisation. Even though (−ℋx , 𝐷) = (−ℋx + tl(∇xΨ), 𝐷) is the more natural formulation at
first glance, we need the antisymmetric operator 𝐴 as in Lemma 2.2.6 for a suitable characterisation of
(𝑃 𝐴2𝑃 , 𝐷), specifically at the step (2.25).
Lemma 2.2.6 (SAD-decomposition (D3), (D4), (D6)). Consider the loc-Lipschitzian potential Ψ such that
Assumption (2.19) is fulfilled. Consider the SAD-decomposition 𝐿 = 𝑆 − 𝐴 on 𝐷 with

𝑆 ⋅⋅=
𝜎2

2 Δv |U and 𝐴 ⋅⋅= −ℋx = −ℋx + 1
d− 1 ∇v |U(ℋxΨv).

Then, the following assertions hold:
(i) (𝑆, 𝐷) is symmetric and nonpositive definite.

(ii) (𝐴, 𝐷) is antisymmetric.

(iii) For all 𝑓 ∈ 𝐷 we have that 𝐿𝑓 ∈ 𝐿1(U𝕏; 𝜇) and ∫U𝕏 𝐿𝑓 d𝜇 = 0.

Proof.
(i) Using integration by parts we see that (𝑆, 𝐷) pregenerates the spherical gradient form on U𝕏. Compare

to the proof of part (i) of Lemma 2.1.5.

(ii) The adjoint of ∇v |UΨh
(2.19)= 1

d−1 ∇v |U(ℋxΨv) with respect to 𝐿2(U𝕏; u)-scalar product is computed
using Lemma 2.2.3 as

( 1
d− 1 ∇v |U(ℋxΨv))

∗
= − 1

d− 1 ∇v |U(ℋxΨv) − 1
d− 1 Δv |U(ℋxΨv)
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= − 1
d− 1 ∇v |U(ℋxΨv) + ℋxΨv.

The rest follows as in the proof of part (ii) of Lemma 2.1.5.

(iii) Follows with the parts (i) and (i).

The fibrewise average is defined as in Section 2.1 just with ‘U𝑥𝕏’ instead of ‘T𝑥𝕏’. Also, the form of the
operator (𝐴𝑃 , 𝐷) given in Equation (2.8) just changes marginally:

𝐴𝑃𝑓 = −x(IdU𝕏 , ∇xE𝜈[𝑓] ∘ 𝜋0|U)𝜋0|U for all 𝑓 ∈ 𝐷. (2.22)

Since the standard fibre 𝔽 = 𝕊d−1 is compact, one can simplify the proof Lemma 2.1.9 similar to [GS14,
Lemma 3.8].

Lemma 2.2.7. Let condition (P1) hold. Then, we have 𝑃(𝐻) ⊆ 𝐷(𝑆), 𝑆𝑃 = 0, 𝑃(𝐷) ⊆ 𝐷(𝐴), and
𝐴𝑃(𝐷) ⊆ 𝐷(𝐴). Furthermore, 1 ∈ 𝐷(𝐿) and 𝐿1 = 0.

Proof. The range 𝑃(𝐻) is identified with a subset of 𝐿2(𝕏; x) via the vertical lift. For any 𝑓0 ∈ 𝐿2(𝕏; x)
there is an 𝐿2-approximating sequence (𝑓𝑛)𝑛∈ℕ+

in 𝐶∞
c (𝕏). Then, it holds 𝑓 v

𝑛 ∈ 𝐷 and 𝑆(𝑓 v
𝑛) = 0 for all

𝑛 ∈ ℕ+. We conclude that 𝑓 v
0 ∈ 𝐷(𝑆) and 𝑓 v

0 ∈ null(𝑆) as 𝑓 v
𝑛 ⟶ 𝑓 v

0 in 𝐻 as 𝑛 → ∞ and (𝑆, 𝐷(𝑆)) is
closed.

We fix an 𝑓 ∈ 𝐷. Choose 𝑜 ∈ 𝕏 and an open ball 𝕌(𝑜, 𝑟) centred at 𝑜 with radius 𝑟 ∈ (0, ∞) with respect
to the intrinsic metric on (𝕏, x) such that the support of 𝑓 is completely contained in 𝜋−1

0|U(𝕌(𝑜, 𝑟)) ⊆ U𝕏.
Than, the support of E𝜈[𝑓] is contained in 𝕌(𝑜, 𝑟). Thus, 𝑃𝑆𝑓 ∈ 𝐷. Therefore, 𝑃(𝐷) ⊆ 𝐷 ⊆ 𝐷(𝐴).

Besides, we calculate via chain rule that

𝐴𝑃𝑓 = −ℋx(E𝜈[𝑓]v) = − ⟨ℋx , 𝑑E𝜈[𝑓] ∘ 𝑑𝜋0⟩
= − ⟨IdU𝕏 , 𝑑E𝜈[𝑓]⟩ = −𝑑E𝜈[𝑓].

(2.23)

Consequently, 𝐴𝑃(𝐷) ⊆ 𝐷 ⊆ 𝐷(𝐴), as the right-hand side of Equation (2.23) is smooth with compact
support. Let 𝜑 ∈ 𝐶∞

c (𝕏; [0, 1]) be a cut-off function such that 𝜑 = 1 on 𝕌(𝑜, 1) and 𝜑 = 0 outside
of 𝕌(𝑜, 2). Define 𝜑𝑛 ⋅⋅= 𝜑 ∘ 𝛾Id(1/𝑛) for all 𝑛 ∈ ℕ+, where 𝛾𝑥 ∶ [0, 1] → 𝕏 denotes the geodesic with
𝛾𝑥(0) = 𝑜 and 𝛾𝑥(1) = 𝑥. Note that |∇x𝜑𝑛(𝑥)|x ≤ 1

𝑛 ‖∇x𝜑(𝑥)‖𝐿∞(x) for all 𝑥 ∈ 𝕏 and 𝑛 ∈ ℕ+. By
construction, we have that

𝐴𝑃𝜑v
𝑛 = −ℋx𝜑v

𝑛 = ⟨ℋx , 𝑑𝜑𝑛 ∘ 𝑑𝜋0⟩ = −𝑑𝜑𝑛 ⟶ 0 as 𝑛 → ∞

pointwise and in 𝐿2-sense. Since (𝐴, 𝐷(𝐴)) is closed, we have 1 ∈ 𝐷(𝐴) and 𝐴1 = 0.
Since we know form part (i) of Lemma 2.2.6 that 𝑆𝜑v

𝑛 = 0 for all 𝑛 ∈ ℕ, we have 𝐿𝜑v
𝑛 = −𝐴𝜑v

𝑛 for all
𝑛 ∈ ℕ. The sequence (𝐿𝜑v

𝑛)𝑛∈ℕ converges in 𝐻 to 0 as 𝑛 → ∞.

From here on, the rest of the data conditions is verified as in Section 2.1. Note regarding the Hörmander
condition for 𝐿 that the Lie brackets of a semispray and a tangentially lifted local vector field evaluates to a
local vector field with nontrivial horizontal part due to Lemma 2.1.12. Therefore, we get for the dimension
of the spanned Lie algebra that

dim(Lie𝑢(ℋx , tl(∇xΨ), tl(𝜕𝑥1), … , tl(𝜕𝑥d))) = dim(U𝕏) = 2d− 1,

where (𝑥𝑗)d𝑗=1 are local coordinates at 𝜋0|U(𝑢) for given 𝑢 ∈ U𝕏. Now, the three step method for essential
m-dissipativity of (𝐿, 𝐷) applies as outlined in Section 2.1.

Hypocoercivity conditions
Lemma 2.2.8 (algebraic relation (H1)). Let Ψ be loc-Lipschitzian such that 𝜆x = exp(−Ψ) 𝜆x is a probability
measure on (𝕏, 𝔅(𝕏)). Then, we have 𝑃𝐴𝑃|𝐷 = 0. Compare to [GS14, Proposition 3.11].



2

42 2. Hypocoercivity for Langevin-type equations on manifolds

Proof. Using only [GS14, Lemma 3.1] and Equation (2.22) we calculate that

∫
U𝑥𝕏

𝐴𝑃𝑓 d𝜈𝑥
(2.22)= ∫

U𝑥𝕏
−x𝑥(IdU𝕏 , ∇xE𝜈[𝑓](𝑥)) d𝜈𝑥 = 0

holds for all 𝑓 ∈ 𝐷 and 𝑥 ∈ 𝕏. The rest of the proof works as in Lemma 2.2.8.

Lemma 2.2.9 (microscopic coercivity (H2)). Let Ψ loc-Lipschitzian such that 𝜆x = exp(−Ψ) 𝜆x is a prob-
ability measure on (𝕏, 𝔅(𝕏)). Then, condition (H2) holds with Λ𝑚 = (d − 1)𝜎2/2. Compare to [GS14,
Proposition 3.12].

Proof. The proof works the same way as in Lemma 2.1.20 using the Poincaré inequality for the spherical
measure, see [Bec89, Theorem 2].

Regarding condition (H3), we again characterise the operator (𝑃𝐴2𝑃 , 𝐷) as a weighted horizontal
Laplace-Beltrami applied to a fibrewise average. Essential m-dissipativity of this operator is obtained as
in Corollary 2.1.22. Mirroring the computations in Equation (2.11) we calculate that

∫
U𝑥𝕏

−ℋx(−x𝜋0|U
(IdU𝕏 , ∇xE𝜈[𝑓] ∘ 𝜋0|U)) d𝜈𝑥

(2.22)= ∫
U𝑥𝕏

x𝑥(𝑣 , ∇xE𝜈[𝑓](𝑥)) 𝜈𝑥(d𝑣) + ∫
U𝑥𝕏

x𝑥(𝑣 , ∇x
𝑣(∇xE𝜈[𝑓])(𝑥)) 𝜈𝑥(d𝑣)

= 1
d

ΔxE𝜈[𝑓](𝑥)

(2.24)

for all 𝑣 ∈ U𝕏 with 𝑥 ⋅⋅= 𝜋0|U(𝑣).
As for Equation (2.12), we use the proof of part (ii) of Lemma 2.2.6 to get that

𝑃𝑆( 1
d− 1 ∇v |U(ℋxΨv)(𝐴𝑃𝑓))(𝑣) = ∫

U𝑥𝕏
ℋxΨv ⋅ 𝐴𝑃𝑓 d𝜈𝑥

= − 1
d

x𝑥(∇xΨ(𝑥) , ∇xE𝜈[𝑓](𝑥)) = − 1
d

𝜕∇xΨ(E𝜈[𝑓])(𝑥)
(2.25)

for all 𝑣 ∈ U𝕏 with 𝑥 ⋅⋅= 𝜋0|U(𝑣).
Combining now both Equation (2.24) and Equation (2.25) we infer the relation

𝑃𝐴2𝑃𝑓 = 𝑃𝑆𝐴2𝑃𝑓 = 1
d

⋅ (ΔxE𝜈[𝑓] ∘𝜋0|U − 𝜕∇xΨ(E𝜈[𝑓]) ∘ 𝜋0|U)

= 1
d

⋅ Δh(E𝜈[𝑓]v) = 1
d

⋅ Δh(𝑃𝑆𝑓)
(2.26)

for all 𝑓 ∈ 𝐷. Compare this to [GS14, Equation (3.27)]. Now, we are in the position to prove the next
proposition.
Proposition 2.2.10 (macroscopic coercivity (H3)). Let Ψ loc-Lipschitzian such that 𝜆x = exp(−Ψ) 𝜆x is a
probability measure on (𝕏, 𝔅(𝕏)) satisfying the Poincaré inequality (2.4). Then, condition (H3) is fulfilled
with Λ𝑀 = 1/dΛ. Compare to [GS14, Proposition 3.14].

Proof. For all 𝑓 ∈ 𝐷 we compute that

‖𝐴𝑃𝑓‖2
𝐻 = ∫

𝕏
∫

U𝑥𝕏
(𝐴𝑃𝑓)2∣U𝑥𝕏 d𝜈𝑥 𝜆x(d𝑥)

(2.22)= ∫
𝕏

∫
U𝑥𝕏

x𝑥(𝑣 , ∇xE𝜈[𝑓](𝑥))2 𝜈𝑥(d𝑣) 𝜆x(d𝑥)

= 1
d

∫
𝕏

∣∇xE𝜈[𝑓](𝑥)∣2
x

𝜆x(d𝑥)

= 1
d

∥∇xE𝜈[𝑓]∥2
𝐿2(𝕏→T𝕏;x)

≥ 1
d

Λ∥ E𝜈[𝑓] − (E𝜈[𝑓] , 1)𝐿2(𝕏;x)∥
2

𝐿2(𝕏;x)
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using the Poincaré inequality of the weighted base measure. The claim follows with [GS14, Corollary 2.13],
since (𝑃 𝐴2𝑃 , 𝐷) is essentially m-dissipative due to the modification of Corollary 2.1.22 to the case of
Q = U𝕏.

In contrast to checking the first part of condition (H4) in Section 2.1, we do not need ℋx to be a full
spray. Compare the following Lemmas 2.2.11 and 2.2.12 as well as their proofs to [GS14, Proposition 3.15].

Lemma 2.2.11 (boundedness of (𝐵𝑆, 𝐷), first part of (H4)). Let Ψ be loc-Lipschitzian such that 𝜆x =
exp(−Φ) 𝜆x is a probability measure on (𝕏, 𝔅(𝕏)). Then, with 𝑐1 ⋅⋅= (d− 1) 𝜎2/4 it holds that

‖𝐵𝑆𝑓‖𝐻 ≤ 𝑐1‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷

and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. Let 𝑓 ∈ 𝐷 be fixed. Then, we observe that

𝑆𝐴𝑃 𝑓 = 𝑆𝐴𝑃𝑆𝑓 = 𝜎2

2 Δv |U(−ℋx(𝑃𝑆𝑓))

= 𝜎2

2 (d− 1) ⋅ ℋx(𝑃𝑆𝑓) = −𝜎2

2 (d− 1)𝐴𝑃𝑓

by Lemma 2.2.3, and since (𝐴ℎ , 1)𝐻 = 0 holds for all ℎ ∈ 𝐷 by part (ii) of Lemma 2.2.6.

Lemma 2.2.12 (boundedness of (𝐵𝐴(Id𝐻 − 𝑃), 𝐷), second part of (H4))). Let all the conditions of Theo-
rem 2.2.4 on the potential hold. Then, there exists a constant 𝑐2 ∈ (0, ∞) such that

‖𝐵𝐴(Id𝐻 − 𝑃)𝑓‖𝐻 ≤ 𝑐2‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷

and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. Let 𝑓 ∈ 𝐷 and 𝑔 ⋅⋅= (Id − 𝑃𝐴2𝑃)𝑓 as in the proof of Lemma 2.1.25. Now, the relevant estimate
reads as

‖(𝐵𝐴)∗𝑔‖𝐻 ≤ ∥|Hessx(E𝜈[𝑓])|v∥
𝐻

+ 1
d

∥|∇xΦ|vx ⋅ |∇xE𝜈[𝑓]|vx∥𝐻
.

In view of Equation (2.26) we have the solution 𝑢 ⋅⋅= 𝑃𝑓 of the elliptic equation

𝑢 − 1
d

Δh𝑃𝑆𝑢 = 𝑔

in {𝑢 ∈ 𝜋∗
0|U𝐿2(𝕏; x) ∣ ∃ 𝑓0 ∈ 𝐶∞

c (𝕏) ∶ 𝑢 = 𝑓 v
0 − (𝑓 v

0 , 1)𝐻}.

The proof is completed as in Lemma 2.1.25.

2.3 Martingale solutions, 𝐿2-exponential ergodicity, and limit of diffusion
parameter approaching infinity

We start this section by showing existence of 𝐿-martingale solutions to the SDEs investigated in this chapter.
The strong mixing of the corresponding semigroups with exponential rate of convergence then implies their
𝐿2-exponential ergodicity, see Corollary 2.3.2 below. For basic notions used in the following theorem we
refer to [Sta99], [Tru00], and [Tru03].
Corollary 2.3.1 (existence of martingale solutions). Consider the configuration manifold Q ∈ {T𝕏, U𝕏}
and let the assumptions of the respective main theorems hold, i. e. the assumptions of Theorem 2.1.4 for
Q = T𝕏 and of Theorem 2.2.4 for Q = U𝕏.

Then, there is a Hunt process

HP = (Ω, 𝔄, 𝔉 = (𝔉𝑡)𝑡∈[0,∞), 𝜂 = (𝜂𝑡)𝑡∈[0,∞), (ℙ𝑣)𝑣∈Q)

properly associated in the resolvent sense with (𝐿, 𝐷(𝐿)) having infinite life-time and continuous paths
ℙ𝑣-almost surely for all 𝑣 ∈ Q. Note that ‘properly associated in the resolvent sense’ means the following:
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If (𝐺𝑎)𝑎∈(0,∞) denotes the resolvent corresponding to (𝐿, 𝐷(𝐿)), then the transition resolvent (𝑅𝑎)𝑎∈(0,∞)
yields a quasi-continuous version 𝑅𝑎𝑓 of 𝐺𝑎𝑓 for all 𝑓 ∈ 𝐿2(Q; 𝜇) and 𝑎 ∈ (0, ∞). Recall that the transition
resolvent is given as 𝑅𝑎𝑓(𝑣) = ∫(0,∞) exp(−𝑎𝑠)E𝑣[𝑓(𝜂𝑠)] 𝜆(d𝑠) with E𝑣[⋅] = Eℙ𝑣

[⋅].
Moreover, for quasi every initial point 𝑣 ∈ Q the probability measure ℙ𝑣 solves the martingale problem

for (𝐿, 𝐶2
c (Q)), i. e. HP is a martingale solution to either (2.2) if Q = T𝕏 or to (2.18) if Q = U𝕏 for quasi

every initial point 𝑣 ∈ Q.

Proof. As said several times before, 𝐷 = 𝐶∞
c (Q) is a core of (𝐿, 𝐷(𝐿)). Observe that 𝐷 also is an algebra

which separates the points of Q. Thus, (𝐿, 𝐷(𝐿)) defines a generalised Dirichlet form fulfilling the assump-
tions of [Sta99, Theorem IV.2.2]. This theorem provides a special standard process HP properly associated
with (𝐿, 𝐷(𝐿)) in the resolvent sense. Now, infinite life-time follows from (D7), i. e. conservativity, together
with [Sta99, Theorem IV.3.8 (ii)]. Moreover, continuous paths are obtained via [Tru03, Theorem 3.3]. Sum-
marising, HP is a Hunt process indeed. For the statement concerning the martingale problem see [CG08,
Corollary 1] and its proof. Note that there are finer statements on the martingale problem, see [Tru00].

Now, consider the probability measure ℙ on (Ω, 𝔄) defined as

ℙ(𝐴) ⋅⋅= ∫
Q

ℙ𝑣(𝐴) 𝜇(d𝑣) for all 𝐴 ∈ 𝔄.

Furthermore, suppose some 𝑔 ∈ 𝐿2(Q; 𝜇) with E𝜇[𝑔] = 0. Then, we estimate for all 𝑡 ∈ (0, ∞) that

∥1
𝑡 ∫

[0,𝑡)
𝑔(𝜂𝑠) 𝜆(d𝑠)∥

2

𝐿2(ℙ)
= ∫

Ω

1
𝑡2 ∫

[0,𝑡)2
𝑔(𝜂𝑠)𝑔(𝜂𝑢) 𝜆(d(𝑠, 𝑢)) dℙ

=
1
𝑡2 ∫

[0,𝑡)2
Eℙ[𝑔(𝜂𝑠)𝑔(𝜂𝑢)] 𝜆(d(𝑠, 𝑢)) = 2

𝑡2 ∫
[0,𝑡)

∫
[0,𝑠)

Eℙ[𝑔(𝜂𝑠)𝑔(𝜂𝑢)] 𝜆(d𝑢) 𝜆(d𝑠) (2.27)

=
2
𝑡2 ∫

[0,𝑡)
∫

[0,𝑠)
(𝑇𝑠−𝑢𝑔 , 𝑔)𝐿2(𝜇) 𝜆(d𝑢) 𝜆(d𝑠) (2.28)

=
4
𝑡2 ∫

[0,2𝑡)
∫

[0,𝑡)
(𝑇𝑣𝑔 , 𝑔)𝐿2(𝜇) 𝜆(d𝑣) 𝜆(d𝑤) = 8

𝑡 ∫
[0,𝑡)

(𝑇𝑣𝑔 , 𝑔)𝐿2(𝜇) 𝜆(d𝑣) (2.29)

≤ 8
𝑡 ‖𝑔‖𝐿2(𝜇) ∫

[0,𝑡)
‖𝑇𝑣𝑔‖𝐿2(𝜇) 𝜆(d𝑣).

At step (2.27) we use Fubini. Afterwards at step (2.28), we can ensure 𝑢 < 𝑠 for symmetry reasons and
transform expectation with respect to ℙ using the (weak) Markov property. Then, at step (2.29) we apply
the 2D-transformation formula with 𝑣 = 𝑠 − 𝑢 and 𝑤 = 𝑠 + 𝑢, and finish with the CSBI. By the previous
estimate in combination with our main theorems we not only can infer convergence to 0 as 𝑡 → ∞, but also
the rate of convergence is explicitly computable. Indeed, with 𝑔 as before we gain

∥1
𝑡 ∫

[0,𝑡)
𝑔(𝜂𝑠) 𝜆(d𝑠)∥

2

𝐿2(ℙ)
≤ 8

𝑡 ‖𝑔‖𝐿2(𝜇) ∫
[0,𝑡)

‖𝑇𝑣𝑔‖𝐿2(𝜇) 𝜆(d𝑣)

≤ 8
𝑡 ‖𝑔‖2

𝐿2(𝜇) ∫
[0,𝑡)

𝜅1e−𝑣𝜅2 𝜆(d𝑣)

= 8
𝑡 ⋅ 𝜅1

𝜅2
(1 − e−𝑡𝜅2) ⋅ ‖𝑔‖2

𝐿2(𝜇).

Thus after reducing everything to zero-mean functions with respect to 𝜇, we proved the following corollary.
Corollary 2.3.2 (𝐿2-exponentially ergodicity with optimal rate and explicit constants). Consider the config-
uration manifold Q ∈ {T𝕏, U𝕏} and let the assumptions of the respective main theorems hold. Moreover,
let 𝜅1 and 𝜅2 be the constants form these respective theorems. Then, we have

∥1
𝑡 ∫

[0,𝑡)
𝑓(𝜂𝑠) 𝜆(d𝑠) − E𝜇[𝑓]∥

𝐿2(ℙ)
≤ 2√

𝑡 ⋅ √2𝜅1
𝜅2

(1 − e−𝑡𝜅2) ⋅ ∥𝑓 − E𝜇[𝑓]∥𝐿2(𝜇)

for all 𝑡 ∈ (0, ∞).
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As in [CG10], we say that the martingale solutions are 𝐿2-exponential ergodic, i. e. ergodic with a rate
that corresponds to exponential convergence of the corresponding semigroups.

Remark 2.3.3. In the title of Corollary 2.3.2 we claim that the rate 𝑡−1/2 is optimal. This is obvious in
the case that the spectrum of the generator (𝐿, 𝐷(𝐿)) has, apart from the eigenvalue zero, the largest
element −𝜅 < 0 which is an eigenvalue of (𝐿, 𝐷(𝐿)). Evidently, all the inequalities in the estimates prior
to Corollary 2.3.2 are equalities when choosing the function 𝑔 there as the eigenvector corresponding to −𝜅.
Hence, the rate of convergence in Corollary 2.3.2 is sharp with 𝜅1 = 1 and 𝜅2 = 𝜅.

In situations where (𝐿, 𝐷(𝐿)) can be controlled by a Lyapunov function, see e. g. [HM19] in case of purely
Euclidean setting, one obtains also exponential rates of convergence for the corresponding semigroups; even
in (weighted) total variation distance. This implies pointwise convergence of the semigroup applied to test
functions at an exponential rate. But even this convergence with an exponential rate would not give a
better rate as the one in Corollary 2.3.2. As we mentioned before in Section 1.1, M. R. Soloveitchik showed
exponential convergence in total variation norm in [Sol95, Proposition 4.5], however the rate there is not
very explicit. ¬

𝜅2 → Λ as 𝜎 → ∞?
We want to close the section with a few comments on the limiting behaviour for 𝜎 → ∞. An anonymous
reviewer formulated great interest in this topic pointing us to [BT18, Section 3.1]. There, the authors
formulated the following conjecture regarding the spherical velocity Langevin dynamic: ‘It is expected that
the optimal rate converges, when the parameters go to infinity, to the spectral gap of the base manifold,
but unfortunately the rate obtained converges to 0 and we do not reach the base manifold spectral gap.’
The argument is based on the result [ABT15, Theorem 2.2] that the projection of the process in U𝕏 to 𝕏
converges in distribution to a Wiener process. In our two main theorems, we have given explicit formulae (2.5)
and (2.21) for the constant 𝜅2 depending on the choice of 𝜅1 ∈ (1, ∞) in terms of constants 𝑛𝑖, 𝑖 ∈ {1, 2, 3},
that depend on the potential and maybe a rescaling of said potential. First and foremost, we observe that
𝜅2 → 0 as 𝜎 → ∞ for 𝜅2 as in Equation (2.21). Thus, we didn’t prove the Baudoin-Tardif conjecture.
In order to achieve at least some convergence, we could rescale time by the factor 𝜎2: If one replaces
time 𝑡 by 𝜎2𝑡 and passes the scaling factor over to 𝜅2 in the hypocoercivity estimate, then we obtain that
𝜎2𝜅2 → 𝜅1−1

𝜅1
1

𝑛3
as 𝜎 → ∞. The simple form of the spectral gap on the base manifold is not to be expected

with our approach. For sake of clarity, we write out 𝑛3 for Q = U𝕏 using the computation (B) in Section 1.1:

𝑛3 = 4 Λ + d

Λ ⋅ 𝑎3 ⋅ ̅𝜀Ψ;max = 4 Λ + d

Λ
d− 1

2 ⋅ (1
4 (d− 1))

2 Λ + d

2Λ ⋅ ̅𝜀Ψ;max

= (1
4

Λ + d

Λ )
2
(d− 1)3 ⋅ ̅𝜀Ψ;max.

2.4 Opportunities for further research
Infinite dimensional cases
One might ask oneself about the case of infinite-dimensional position manifolds such as Fréchet, Banach, or
Hilbert manifolds. A Fréchet/Banach/Hilbert manifold is a manifold modelled on a Fréchet/Banach/Hilbert
space in the sense of [Lan95, § II.1]. Recently, B. Eisenhuth and M. Grothaus applied in [EG21] the
AHHM to the Langevin equation on the Cartesian product of two real separable Hilbert spaces. As every
Hilbert manifold is parallelisable due to Kuiper’s Theorem, see [EE70], the previously mentioned study also
covers (up to diffeomorphisms) Hilbert manifolds as ‘position’ manifolds. Even though D. W. Henderson
achieved in [Hen70] a nice classification result for separable metric Fréchet manifolds and by extension
Banach manifolds, this classification is given just in terms of homeomorphisms instead of diffeomorphisms.
I don’t know a stronger classification theorem, but once such a result is found, one can pull the constructions
of B. Eisenhuth and M. Grothaus back along the classification diffeomorphism.

Boundary value problems
In our industrial application the limits of the conveyor belt do not cause interesting boundary effects, hence
we just looked at position manifolds without boundary. A possible direction for further research would be
considering manifolds 𝕏 with nontrivial boundary. But other boundaries might arise from the choice of
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the configuration manifold Q: Suppose the ‘algebraic’ requirement that the norms of tangent vectors are
contained in A ⊆ [0, ∞) and define

A𝑥𝕏 ⋅⋅= {𝑣 ∈ T𝑥𝕏 ∣ |𝑣|x ∈ A} for all 𝑥 ∈ 𝕏 as well as A𝕏 ⋅⋅= ⨆
𝑥∈𝕏

A𝑥𝕏.

Since the Levi-Civita connection is compatible with the Riemannian metric, the associated parallel transport
leaves A𝕏 invariant. Furthermore, each A𝑥𝕏 is invariant with respect to rotations. Let us go through some
of the possible constructions:

Two cases we already covered: The choice A = [0, ∞) yields the tangent bundle again. For A = {𝑟}
with 𝑟 ∈ (0, ∞) the set A𝕏 is the spherical tangent bundle of radius 𝑟, which we know as the unit
tangent bundle for 𝑟 = 1.

For A = [0, 𝑟] with fixed 𝑟 ∈ (0, ∞) the space A𝕏 can be viewed as ‘globular’ tangent bundle. It
sometimes is also called disk tangent bundle, even though the standard fibre is a closed unit ball. This
choice corresponds to the algebraic side condition of a sharp upper bound 𝑟 on the velocity magnitude.

Consider A = [𝑟0, 𝑟1] for 𝑟0, 𝑟1 ∈ (0, ∞] with 𝑟0 < 𝑟1. Then, we think A𝕏 as ‘annular’ tangent space
as the standard fibre is an annulus if d = 2 or a spherical shell if d > 2. This choice corresponds to
the algebraic side condition of sharp upper and lower bounds on the velocity magnitude.

Note that the choices A ∈ {[0, 𝑟], [𝑟0, 𝑟1]} indeed yield a fibre bundle

𝜋0|A ∶ A𝕏 → 𝕏, A𝑥𝕏 ∋ 𝑣 ⟼ 𝑥

according to the Ehresmann Fibration Theorem, as the projection mapping 𝜋0|A is proper. We can construct
local product measures in the sense of A. Götz on A𝕏 due to the fact that the standard fibre is invariant with
respect to rotations. Thus, one can consider reasonable SDAEs by choosing Q = A𝕏 which has nontrivial
boundary.

In the light of this observation, one might also want ‘ellipsoidal’ tangent spaces that also encode side
conditions of ‘preferred’ directions. However, that is not immediately possible due to the general lack of
parallelisability: If there was a smooth fibre bundle 𝔼 → 𝕏 with 𝔼 ⊆ T𝕏 and the standard fibre being
an ellipsoid, an ellipsoidal ball, or an ellipsoidal shell, then the principal axes of the fibres would form a
global smooth frame. In Chapter 4 we present ideas that would pave the way for such side conditions:
Suppose a locally Lipschitzian frame 𝐸 that shall yield the principal axes. Then, the set 𝑆(𝐸) on which 𝐸
fails to be smooth is of measure zero and its complement is dense, by Rademacher’s Theorem, see [Fed96,
Theorem 3.1.6]. Declare 𝑆(𝐸) to be the set of singularities and make 𝕏 into a stratifold, compare to Sec-
tion 4.1.2. Then, the top stratum 𝕏 ∖ 𝑆(𝐸) is a smooth parallelisable manifold with 𝐸 as global frame.
Therefore, one can mostly work on that top stratum employing a global trivialisation.

Foliations
Another interesting research topic is the more general framework of Riemannian foliations. As mentioned
before in Section 1.1, F. Baudoin and C. Tardif established in [Bau16; BT18] the theoretical setup and
already proved first hypocoercivity results.

Control on the position space
Instead of a static position manifold 𝕏 one could imagine a ‘smoothly varying’ family (𝕏𝑐)𝑐 of position
manifolds indexed by a control parameter 𝑐. In this way, one could model e. g. stretching and letting loose
the conveyor belt. For instance, the smoothly varying family can formally be realised as smooth fibre bundle
over a manifold of control parameters. This might be interesting for further optimisation of nonwoven
production processes. I want to thank Wolfgang Bock for proposing that idea to me.

More general potentials
Recall that we rely on the a priori estimates originally derived in [DMS15], see [GS14, Section A.1], specifically
in order to verify (H4). Hence, we either require the entirety (P) of potential conditions or replace (P3)
by the assumptions (A3), (A4), and (A5) from [GS14, Assumption A.2], compare to [GS14, Remark 3.16].
Naturally, one is interested in less regular or even singular potentials like Lennard-Jones potentials used in
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Statistical Mechanics. Unfortunately, it still is an object of ongoing research whether strong 𝐿2-hypocoercivity
can be established for singular potentials. Recall that one can alternatively employ the method of weak
hypocoercivity, which we mentioned in Section 1.1.

Regarding 𝐿2-ergodicity for singular potentials we refer to [Sti14, Chapter 3]. Therein, P. Stilgenbauer
generalises ideas from [GK08; CG10] and develops an abstract ergodicity method. The ideas come from
settings with even 𝐿2-exponential ergodicity related to hypocoercivity, but the ergodicity method covers
several new situations.

In the special infinite-dimensional situation of [EG21] one observes that the assumptions on the potential
can be chosen a little different, but the differences are significant. Particularly see [EG21, Hypotheses 2, 3,
6, and 7]: The potential Φ there is convex, lower semicontinuous, bounded from below, an element of the
Sobolev space 𝐻1,2(𝜇1) with respect to the Gaußian measure 𝜇1 on the base Hilbert space, furthermore it
has an essentially bounded weak gradient, the measure 1/∫ exp(−Φ) d𝜇1 ⋅ exp(−Φ)𝜇1 satisfies some kind of a
Poincaré inequality, and finally one assumes a certain inequality used to prove the first part of (H4). The
proofs of [EG21] might inspire future improvements of the results in finite dimension.

Multiplicative noise
Very recently, A. Bertram and M. Grothaus published in [BG22] the first results regarding essential m-dissi-
pativity and hypocoercivity for Langevin equations on position space ℝd that are subject to multiplicative
noise. Meaning that instead of the system (2.1) they study the system [BG22, Equation (1.1)] which we
write here as

d𝑥𝑡 = 𝑣𝑡 d𝑡
d𝑣𝑡 = 𝑏(𝑣𝑡) d𝑡 − ∇Ψ(𝑥𝑡) d𝑡 + 𝜎(𝑣𝑡) ∘ d𝑊𝑡.

(2.30)

The mapping 𝜎 ∶ ℝd → ℝd×d is assumed to have at least weakly differentiable coefficients. The mapping
𝑏 = (𝑏𝑖)d𝑖=1 ∶ ℝd → ℝd is given by 𝑏𝑖 ⋅⋅= ∑d

𝑗=1 𝜕𝑗𝑎𝑖𝑗 − 𝑎𝑖𝑗 pr𝑗 with (𝑎𝑖𝑗)𝑖,𝑗∈{1,…,d} ⋅⋅= 𝜎𝜎⊺.
In order to formulate the problem (2.30) in the manifold setting, let us denote for a vector bundle 𝔼 → 𝔹

by 𝐿(𝔼) the space of endomorphisms of 𝔼. By endomorphism we mean a map 𝐹 ∶ 𝔼 → 𝔼 that is fibrewise
a vector space endomorphism3 𝐹 ∶ 𝔼𝑏 → 𝔼𝑏 for all 𝑏 ∈ 𝕏. If 𝕏 as before is our position manifold, then we
choose 𝜎 as a section in the endomorphism bundle 𝐿(VT𝕏) → T𝕏. Of course, the section 𝜎 needs to be
at least weakly differentiable again. Furthermore, the term 𝑏 is defined as

𝑏 ⋅⋅= divv(Σ) − Σ𝒱 with Σ ⋅⋅= 𝜎𝜎∗,

where the adjoint of 𝜎 is taken with respect to vertical Sasaki metric. The vertical divergence of Σ is
computed row-wise when Σ is represented in matrix form.

3Since the standard fibre is a finite dimensional vector space by definition of vector bundles, the endomorphism is continuous
and has a matrix representation given a local frame with domain containing 𝑏.





3 Higher order fibre lay-down models

S imulated trajectories of particles described by the fibre lay-down model (2.18) appear coarser than the fibre
filaments in real life. One of the ideas for dealing with this discrepancy is to let the stochastic perturbation

act not on the velocity, but rather on the level of acceleration, compare to [Her+09]. Specifically, it was
proposed in [KMW12b] to replace the Wiener process by an Ornstein-Uhlenbeck process. Meaning in the
Euclidean case

d𝑥𝑡 = 𝑣𝑡 d𝑡 d𝑣𝑡 = −∇v |UΨh(𝑣𝑡) d𝑡 + �̃� ∘ d𝑊𝑡, (3.1)

with �̃� ∈ (0, ∞), one replaces 𝑊 by a solution of the system
d𝑣𝑡 = 𝑎𝑡 d𝑡 d𝑎𝑡 = −𝛼 ⋅ 𝑎𝑡 d𝑡 + 𝜎 ∘ d𝑊𝑡 (3.2)

on T(Uℝd
𝑥 ) ≃ T(ℝd

𝑥 × 𝕊d−1). This yields the new model
d𝑥𝑡 = 𝑣𝑡 d𝑡 (3.3a)
d𝑣𝑡 = −∇v |UΨh(𝑣𝑡) d𝑡 + 𝑎𝑡 d𝑡 (3.3b)
d𝑎𝑡 = −𝛼 ⋅ 𝑎𝑡 d𝑡 + 𝜎 ∘ d𝑊𝑡. (3.3c)

In fact, the new model given by Equation (3.3) causes smoother looking trajections in simulations. Therefore,
we refer to model (3.3) as the ‘smoothed’ version of the fibre lay-down model (3.3). In [Her+09; KMW12b]
the authors rather speak of ‘smooth fibre lay-down models’, which we avoid because the term ‘smooth’ is
quite overloaded. For the sake of illustration, one finds in Figure 3.1 a few numerical experiments – random
seed and window sizes are fixed of course. Also, compare to [KMW12b, Figure 2].

In this chapter, we have the very same agenda as in Chapter 2, but now for ‘smoothed’ modifications
of Langevin-type models. As before, we formulate models over the position manifold 𝕏 and attempt to
prove hypocoercivity by means of the AHHM. It turns out though that we have to adapt the smoothed
fibre lay-down equation by adding a bit of additional noise to the velocity component. Beforehand, we
will discuss in Section 3.1 the technical setup for higher order equations. With these preparations, we are
in the position to run the machinery used in Chapter 2 for the adapted smoothed fibre lay-down model
in Section 3.2. We see there that the additional velocity noise is needed in order to get the microscopic
coercivity estimate in (H2). The main result is Theorem 3.2.12. At the end of the section, we investigate
how the hypocoercivity constants behave as the additional diffusion parameter approaches zero. Afterwards
in Section 3.3, we briefly touch upon the smoothed Langevin equation focusing only on a few new aspects.
We also compare it in Section 3.4 to the confusingly named generalised Langevin equation (GLE) as discussed
for instance in [OP11; PSV21].

3.1 Higher order tangent spaces and related structures
In this section, we extend notions form Section 1.2 in regards to tangent bundles of higher order. We explore
Ehresmannian Whitney sum decompositions, compatible Sasakian Riemannian metrics as well as associated
differential operators. We encountered generalisations in this direction first in [BCD11, Section 3.1]. How-
ever, they are well-known in the course of higher order variational problems, see e. g. [Sau02]. Our aim here
is to establish notions and notations that allow for easy computations and various degrees of freedom. In
the end of Section 1.3, we mentioned other higher order objects that one could consider such as in the jet
bundle formalism.

Let 𝔹 be a b-dimensional connected, smooth manifold. Recall Notation 1.2.8 on tangent bundles of
order 𝑘. Since the case ‘𝑘 = 1’ has been treated in Section 1.2 excessively, we assume that 𝑘 ∈ ℕ ∖ {0, 1}
for the rest of the section.
Definition 3.1.1 (vertical distributions). For a 𝑘th order tangent space there are 𝑘 many vertical distributions
V𝑗T𝑘𝔹 for 𝑗 ∈ {0, … , 𝑘 − 1} characterised as the spaces tangent to the fibres of the bundle projection 𝜋𝑘,𝑗.
In formulae:

V𝑗
𝑢(T𝑘𝔹) ⋅⋅= null(𝑑𝑢𝜋𝑘,𝑗) ⊆ T𝑢(T𝑘𝔹) for all 𝑢 ∈ T𝑘𝔹 and 𝑗 ∈ {0, … , 𝑘 − 1}.

49
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(a) 𝜎 = 1/2 and 𝛼 = 1/2 (b) 𝜎 = 1/2 and 𝛼 = 1 (c) 𝜎 = 1/2 and 𝛼 = 2

(d) 𝜎 = 1 and 𝛼 = 1/2 (e) 𝜎 = 1 and 𝛼 = 1 (f) 𝜎 = 1 and 𝛼 = 2

(g) 𝜎 = 2 and 𝛼 = 1/2 (h) 𝜎 = 2 and 𝛼 = 1 (i) 𝜎 = 2 and 𝛼 = 2

(j) 𝜎 = 5 and 𝛼 = 1/2 (k) 𝜎 = 5 and 𝛼 = 1 (l) 𝜎 = 5 and 𝛼 = 2

Figure 3.1: Showcase of trajectories for the smoothed fibre lay-down model with 𝜎 varying by row and 𝛼 varying by column
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For any 𝑗 ∈ {0, … , 𝑘 − 1} the dimension of the 𝑗th vertical distribution is computed as

dim(V𝑗T𝑘𝔹) = dim(V𝑘−1T𝑘𝔹) +
𝑘−1
∑

ℓ=𝑗+1
dim(T𝑘−ℓ𝔹)

= dim(V𝑘−1T𝑘𝔹) +
𝑘−𝑗−1
∑
ℓ=1

dim(Tℓ𝔹) = (2𝑘 + 2𝑘−𝑗 − 2)b.

Furthermore, for 𝑗 ∈ {0, … , 𝑘−1} we define the 𝑗th vertical lift corresponding to the 𝑗th vertical distribution
as follows: Let 𝑢 ∈ T𝑘𝔹 a base point and 𝑤 ∈ T𝑗𝔹 the vector to be lifted. The 𝑗th vertical lift of 𝑤 at 𝑢
to T𝑘+1𝔹 is the unique vector v𝑢↾𝑘+1

𝑗 (𝑤) ∈ T𝑘+1𝔹 satisfying the relation

⟨v𝑢↾𝑘+1
𝑗 (𝑤) , 𝑑𝑘+1−𝑗

𝑢 (𝑑𝑗𝑓)⟩ = ⟨𝑤 , 𝑑𝑗𝑓⟩ for all 𝑓 ∈ 𝐶∞𝔹.

For the case of 𝑘 = 1 one gets v↾𝑘+1
𝑘 = vl. Higher order vertical lifts can be constructed inductively:

⟨v𝑢↾𝑘+1
𝑗 (𝑤) , 𝑑𝑘+1−𝑗

𝑢 (𝑑𝑗𝑓)⟩ = ⟨v𝑢↾𝑘+1
𝑗 (𝑤) , 𝑑𝑢(𝑑𝑘−𝑗

𝜋𝑘−1,𝑘(𝑢)(𝑑𝑗𝑓))⟩ = ⟨𝑤 , 𝑑𝑗𝑓⟩
def= ⟨vl𝑢(v𝜋𝑘,𝑘−1(𝑢)↾𝑘

𝑗 (𝑤)) , 𝑑𝑢(𝑑𝑘−𝑗
𝜋𝑘−1,𝑘(𝑢)(𝑑𝑗𝑓))⟩

= ⟨v𝜋𝑘,𝑘−1(𝑢)↾𝑘
𝑗 (𝑤) , 𝑑𝑘−𝑗

𝜋𝑘−1,𝑘(𝑢)(𝑑𝑗𝑓)⟩,

hence we have v𝑢↾𝑘+1
𝑗 (𝑤) = vl𝑢(v𝜋𝑘,𝑘−1(𝑢)↾𝑘

𝑗 (𝑤)) = v𝑢↾𝑘+1
𝑘 (v𝜋𝑘,𝑘−1(𝑢)↾𝑘

𝑗 (𝑤)).
The assignment 𝒱(𝑘,𝑗)(𝑤) ⋅⋅= v𝑤↾𝑘+1

𝑗 (𝑤) yields the analogue of the canonical vector field. One might call
it canonical (𝑘, 𝑗)-vector field. If 𝑘 = 𝑗, then we just write 𝒱(𝑘) ⋅⋅= 𝒱(𝑘,𝑗). ¬
Remark 3.1.2 (motivation for Definition 3.1.3). The previously defined vertical distributions in T𝑘+1𝔹 form
a decreasing sequence:

V𝑘−1T𝑘𝔹 ⊆ V𝑘−2T𝑘𝔹 ⊆ ⋯ ⊆ V1T𝑘𝔹 ⊆ V0T𝑘𝔹.
In particular, V𝑘−1T𝑘𝔹 = VT𝑘𝔹.

Consider an Ehresmann-type decomposition in terms of the Whitney sum T𝑘+1𝔹 = V0T𝑘𝔹 ⊕ H0T𝑘𝔹.
Then, the vertical distributions (V𝑗T𝑘𝔹)𝑗∈{0,…,𝑘−1} induce the following family of decompositions:

T𝑘+1𝔹 = V1T𝑘𝔹 ⊕ H1T𝑘𝔹 ⊕ H0T𝑘𝔹,
⋮ ⋮

T𝑘+1𝔹 = V𝑘−2T𝑘𝔹 ⊕ ⨁
ℓ∈{0,…,𝑘−2}

HℓT𝑘𝔹,

and T𝑘+1𝔹 = V𝑘−1T𝑘𝔹 ⊕ ⨁
ℓ∈{0,…,𝑘−1}

HℓT𝑘𝔹.

This observation gives rise to the following definition. ¬
Definition 3.1.3 (horizontal distribution). Consider an Ehresmann-type decomposition T𝑘+1𝔹 = V0T𝑘𝔹 ⊕
H0T𝑘𝔹. Then, we define recursively

H𝑗T𝑘𝔹 ⋅⋅= V0T𝑘𝔹 ∖ (V𝑗T𝑘𝔹 ⊕
𝑗−1
⨁
ℓ=1

HℓT𝑘𝔹) ∪ {0} for all 𝑗 ∈ {1, … , 𝑘 − 1}. (3.4)

The spaces (H𝑗T𝑘𝔹)𝑗∈{0,…,𝑘−1} form a so-called horizontal distribution. ¬

Remark 3.1.4. All the spaces (HℓT𝑘𝔹)ℓ∈{1,…,𝑘−1} in Definition 3.1.3 originate from the space H0T𝑘𝔹 by
applying the tangent structure 𝐽 of T𝑘𝔹 several times. The tangent structure (or canonical endomorphism)
of T𝑘𝔹 is the function

𝐽 ∶ T𝑘+1𝔹 → T𝑘+1𝔹, 𝑣 ⟼ vl(𝜋𝑘+1,𝑘)∗𝑣,
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where we think of the vertical lift as vector bundle isomorphism vl ∶ (𝜋𝑘+1,𝑘)∗T𝑘𝔹 → VT𝑘𝔹 and therefore
(𝜋𝑘+1,𝑘)∗𝑣 denotes an element of the pullback bundle with respect to the projection 𝜋𝑘+1,𝑘. The tangent
structure is understood as a (1, 1)-tensor field on T𝑘𝔹 and has the properties that

null(𝐽𝑘−𝑗) = ran(𝐽 𝑗+1) and 𝐽𝑘+1 = 0 for 𝑗 ∈ {0, … , 𝑘 − 1}.

Eventually, it can be used to characterise both vertical and horizontal distribution as

V𝑗T𝑘𝔹 = null(𝐽𝑘−𝑗) = ran(𝐽 𝑗+1) and HℓT𝑘𝔹 = 𝐽 ℓ(H0T𝑘𝔹)

for all 𝑗 ∈ {0, … , 𝑘 − 1} and ℓ ∈ {0, … , 𝑘 − 1}. See [BCD11, Section 3.1]. ¬
Example 3.1.5. For our purposes the most interesting example arises from 𝑘 ‘stacked’ Ehresmann connec-
tions

T𝑗+1𝔹 = V𝑗−1T𝑗𝔹 ⊕ HT𝑗𝔹 = VT𝑗𝔹 ⊕ HT𝑗𝔹 for all 𝑗 ∈ {1, … , 𝑘}.
The respective horizontal lifts hl = h↾𝑗+1

𝑗 ∶ T𝑗𝔹 → HT𝑗𝔹 for 𝑗 ∈ {1, … , 𝑘} can be concatenated yielding
the lifts

h↾𝑗+1
ℓ ∶ Tℓ𝔹 → HT𝑗𝔹, 𝑤 ⟼ h↾𝑗+1

𝑗 ∘ ⋯ ∘ h↾ℓ+1
ℓ (𝑤) for ℓ ∈ {1, … , 𝑗}.

Now, the horizontal distributions are given as

H0T𝑘𝔹 = h↾𝑘+1
1 T𝔹

and HℓT𝑘𝔹 = h↾𝑘+1
𝑘−(ℓ−1) (V𝑘−(ℓ−1)−2T𝑘−(ℓ−1)−1𝔹) = h↾𝑘+1

𝑘−ℓ+1 (VT𝑘−ℓ𝔹)

for all ℓ ∈ {1, … , 𝑘 − 1}. ¬
Definition 3.1.6 (Ehresmann multiconnection). Assume Ehresmann connections

T𝑗+1𝔹 = V𝑗−1T𝑗𝔹 ⊕ HT𝑗𝔹 = VT𝑗𝔹 ⊕ HT𝑗𝔹 for all 𝑗 ∈ {1, … , 𝑘}.

An Ehresmann multiconnection consists of the Whitney sum gradings

T𝑗+1𝔹 = V𝑗−1T𝑗𝔹 ⊕ ⨁
ℓ∈{0,…,𝑗−1}

HℓT𝑗𝔹 for all 𝑗 ∈ {1, … , 𝑘}. (3.5)

¬
Horizontal distributions can be described in terms of semisprays and vice versa. The following definition

of higher-order semisprays covers semisprays as in Definition 1.2.27 as ‘semisprays of first order’.
Definition 3.1.7 (higher-order semisprays). A vector field ℋ(𝑘) ∈ Γ∞(T𝔹; T𝑘+1𝔹) is called semispray of
order 𝑘 if it satisfies ⟨ℋ(𝑘) , 𝑑𝜋𝑘,0⟩ = IdT𝔹. Equivalently, ℋ(𝑘) is a semispray of order 𝑘 if any integral curve
𝑠∶ 𝐼 → T𝑘𝔹 is of the form1 𝑠 = 𝑗𝑘(𝜋𝑘,0 ∘ 𝑠), cf [BCD11, p. 11]. By analogy to the first order case, we call a
curve 𝑐 ∶ 𝐼 → 𝔹 geodesic of ℋ(𝑘) if there is an integral curve 𝑠∶ 𝐼 → T𝑘𝔹 of ℋ(𝑘) such that 𝑐 = 𝜋𝑘,0 ∘ 𝑠. ¬
Remark 3.1.8 (local coefficients and generalised geodesic equations). Higher-order semisprays, just as first-
order ones, are determined by local coefficients. These coefficients appear in the (𝑘 + 1)-order ordinary
differential equation [BCD11, Equation (3.3)] that resembles a geodesic equation. See [BCD11, Section 3]
for classification results on higher-order semisprays, reminiscent of the ones for the first-order semisprays,
using these coefficients. ¬
Remark 3.1.9 (horizontal distribution induced from higher order semispray). It should be clear from Defi-
nition 3.1.7 that a 𝑘th order semispray ℋ(𝑘) defines a space H0T𝑘𝔹 as its range: H0T𝑘𝔹 ⋅⋅= ran(ℋ(𝑘)).
From Remark 3.1.4 we know that a full horizontal distribution originates from this space applying the tan-
gent structure repeatedly. ¬
Remark 3.1.10. A 𝑘th order semispray can be built from 𝑘 semisprays of first order: Assume there are
semisprays ℋ(𝑗+1,𝑗) ∈ Γ∞(T𝑗+1𝔹; T𝑗+2𝔹) of first order for all 𝑗 ∈ {0, … , 𝑘 − 1}. Define the vector field ℋ(𝑘)

as iterative composition of the given semispays: ℋ(𝑘) ⋅⋅= ℋ(𝑘,𝑘−1) ∘ ⋯ ∘ ℋ(1,0). Then, it’s easy to check that

⟨ℋ(𝑘) , 𝑑𝜋𝑘,0⟩ = ⟨ℋ(𝑘) , 𝑑𝑢(𝜋1,0 ∘ 𝜋2,1 ∘ ⋯ ∘ 𝜋𝑘−1,𝑘−2 ∘ 𝜋𝑘,𝑘−1)⟩
1Here ‘𝑗𝑘’ denotes the 𝑘th order jet, see [KMS93, Section IV.12].
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= ⟨ℋ(𝑘,𝑘−1) ∘ ⋯ ∘ ℋ(1,0) , 𝑑𝑢(𝜋1,0 ∘ 𝜋2,1 ∘ ⋯ ∘ 𝜋𝑘−1,𝑘−2 ∘ 𝜋𝑘,𝑘−1)⟩
= ⟨ℋ(𝑘,𝑘−1) ∘ ⋯ ∘ ℋ(1,0) ,

𝑑𝜋𝑘,𝑘−1(𝑢)(𝜋1,0 ∘ 𝜋2,1 ∘ ⋯ ∘ 𝜋𝑘−1,𝑘−2 ∘ 𝜋𝑘−1,𝑘−2) ∘ 𝑑𝑢𝜋𝑘,𝑘−1⟩
= IdT𝔹.

In case of an Ehresmann multiconnection the horizontal lifts yield higher-order semisprays via

ℋ(𝑘,ℓ)(𝑤) ⋅⋅= h𝑤↾𝑘+1
ℓ (𝑤) for all 𝑤 ∈ Tℓ𝔹.

We might call these vector fields (𝑘, ℓ)-semisprays on 𝔹. ¬
Example 3.1.11. Consider the Riemannian semispray ℋx for (𝕏, x) and the tangent space (T𝕏, t) endowed
with Sasaki metric. Associated to the Sasaki metric there is the Riemannian semispray ℋt , which might
be called Sasakian semispray to avoid confusion. Then, the composition ℋ(2)

x
⋅⋅= ℋt ∘ ℋx is a semispray

of second order. As it depends just on the choice of the metric x, it’s reasonably called the Riemannian
semispray of second order. ¬
Definition 3.1.12 (Sasakian multimetric).

(i) Assume an Ehresmann multiconnection as in Definition 3.1.6. Let a Riemannian metric t[𝑘] of the form

t[𝑘] ∶ T𝑘+1𝔹 × T𝑘+1𝔹 → ℝ, (𝑎1, 𝑎2) ↦ ∑
ℓ∈{0,…,𝑘−1}

t[𝑘;ℓ](𝑎1 , 𝑎2)

build from a family (t[𝑘;ℓ])ℓ∈{0,…,𝑘−1} of Riemannian metrics

t[𝑘;ℓ] ∶ V𝑘−1T𝑘𝔹 ⊕ HℓT𝑘𝔹 × V𝑘−1T𝑘𝔹 ⊕ HℓT𝑘𝔹 → ℝ.

Assume that for all ℓ ∈ {0, … , 𝑘 − 1} there are given Riemannian metrics gℓ on Tℓ𝔹. We call t[𝑘]
natural (with respect to (gℓ)ℓ∈{0,…,𝑘−1} ) if all elements of the family (t[𝑘;ℓ])ℓ∈{0,…,𝑘−1} are natural
metrics in the sense that

t[𝑘;ℓ](𝒳 , 𝒴) = 0 and
t[𝑘;0](h↾𝑘+1

1 𝒵1 , h↾𝑘+1
1 𝒵2) = g0(𝒵1, 𝒵2) respectively

t[𝑘;ℓ](h↾𝑘+1
𝑘+1−ℓ v↾𝑘+1−ℓ

𝑘−ℓ 𝒲1 , h↾𝑘+1
𝑘+1−ℓ v↾𝑘+1−ℓ

𝑘−ℓ 𝒲2) = g𝑘−ℓ−1(𝒲1, 𝒲2) if ℓ ≠ 0

for all 𝒳 ∈ Γ∞(V𝑘−1T𝑘𝔹), 𝒴 ∈ Γ∞(HℓT𝑘𝔹), as well as 𝒵1, 𝒵2 ∈ Γ∞(T𝔹), and 𝒲1, 𝒲2 ∈ Γ∞(T𝑘−ℓ𝔹).
Compare to [GK02, Definition 6.1].

(ii) Assume a Riemannian metric b on 𝔹 and that the Ehresmann multiconnection is induced by b. Define
t[0] ⋅⋅= b. Furthermore, let Riemannian metrics (t[𝑗])𝑗∈{0,…,𝑘} which are of the form as in part (i) for
𝑗 ∈ {1, … , 𝑘}.
The family (t[𝑗])𝑗∈{0,…,𝑘} is called Sasaki multimetric if it respects the Ehresmann multiconnection by
which we mean that

it is natural in the recursive sense that for all 𝑗 ∈ {1, … , 𝑘} the metric t[𝑗] is natural with respect
to (t[𝑗′])𝑗′∈{0,…,𝑗−1},
and additionally holds

t[𝑘;0](v↾𝑘+1
1 𝒵1 , v↾𝑘+1

1 𝒵2) = t[0](𝒵1 , 𝒵2) = b(𝒵1 , 𝒵2)
t[𝑘;ℓ](v↾𝑘+1

𝑘+1−ℓ 𝒲1 , v↾𝑘+1
𝑘+1−ℓ 𝒲2) = t[𝑘−ℓ](𝒲1 , 𝒲2) if ℓ ≠ 0

for all 𝒵1, 𝒵2 ∈ Γ∞(T𝔹) and 𝒲1, 𝒲2 ∈ Γ∞(T𝑘+1−ℓ𝔹).
Consider the situation of part (ii). We see that t[1] is the Sasaki metric with respect to b as in Defi-

nition 1.2.29, or in formulae t[1] = t[1;0] = t = v + h. Just as for the standard Sasaki metric, a Sasakian
multimetric naturally decomposes into a vertical multimetric (v[𝑗])𝑗∈{0,…,𝑘} and a horizontal multimetric
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(h[𝑗])𝑗∈{0,…,𝑘}: For all 𝑗 ∈ {1, … , 𝑘} and ℓ ∈ {0, … , 𝑗 − 1} the marginal metric t[𝑗;ℓ] splits into a vertical
and a horizontal part as t[𝑗;ℓ] = v[𝑗] + h[𝑗;ℓ]; the marginal vertical metric and its horizontal counterpart are
characterised by

h[𝑗;ℓ](𝒳 , 𝒴) = 0
h[𝑗;0](h↾𝑗+1

1 𝒵1 , h↾𝑗+1
1 𝒵2) = b(𝒵1 , 𝒵2)

h[𝑗;ℓ](h↾𝑗+1
𝑗+1−ℓ v↾𝑗+1−ℓ

𝑗−ℓ 𝒲1 , h↾𝑗+1
𝑗+1−ℓ v↾𝑗+1−ℓ

𝑗−ℓ 𝒲2) = t[𝑗−ℓ](𝒲1 , 𝒲2) if ℓ ≠ 0
v[𝑗](𝒳 , 𝒴) = 0,

and v[𝑗](v↾𝑗+1
𝑗 �̃�1 , v↾𝑗+1

𝑗 �̃�2) = t[𝑗−1](�̃�1 , �̃�2)

(3.6)

for all 𝒳 ∈ Γ∞(V𝑗−1𝔹), 𝒴 ∈ Γ∞(HℓT𝑗𝔹), 𝒲1, 𝒲2 ∈ Γ∞(T𝑗−ℓ𝔹), �̃�1, �̃�2 ∈ Γ∞(T𝑗𝔹), and 𝒵1, 𝒵2 ∈
Γ∞(T𝔹). The horizontal part h[𝑗] reads as

h[𝑗] = ∑
ℓ∈{0,…,𝑗−1}

h[𝑗;ℓ].

¬
Remark 3.1.13. Assume a Riemannian metric b on 𝔹, then a Sasakian multimetric is constructed iteratively:
Then, b induces an Ehresmann connection T2𝔹 = VT𝔹 ⊕ HT𝔹 and a corresponding Sasaki metric t. We
mentioned before in Example 3.1.11 that the Sasaki metric t[1] = t induces an associated semispray as a
Riemannian metric on T𝔹, which in turn induces an Ehresmann connection on T3𝔹 by means of Remark 3.1.4.
The latter defines a Sasaki metric t[2] on T2𝔹, and so on. In fact, there is no degree of freedom for another
set of metrics that could meet the properties required by Definition 3.1.12 part (ii). ¬

Henceforth, we consider a Riemannian manifold (𝔹, b) with the induced Ehresmann multiconnection and
Sasakian multimetric (t[𝑗])𝑗∈{1,…,𝑘} = (v[𝑗] + h[𝑗]) according to Remark 3.1.13. For the most part, we are
interested in the case 𝑘 = 2 for our third-order models and thus simplify the notation appropriately.

Notation 3.1.14 (Simplyfied notation for 𝑘 = 2). Consider 𝑘 = 2. Then, the Sasakian multimetric (t[𝑗])𝑗∈{0,1,2}
on T2𝔹 consists of

t[0] = b, t[1] = t and t[2] = v[2] + h[2;1] + h[2;0].
The gradient with respect to t[2] splits into three parts, two of which get a shorthand notation as well:

∇h1 ⋅⋅= ∇h[2;1] and ∇h0 ⋅⋅= ∇h[2;0] .

Of course, we will proceed similarly for other objects induced by t[2] such as the divergence and the Laplacian,
e. g. Δh0 = Δh[2;0] . ¬

Notation 3.1.15 (vertical/horizontal lift of functions). We iterate on Remark 1.2.31 for higher order lifts of
functions. Vertical lifts of 𝑓0 are the pullbacks with respect to the projections in the tangent multibundle: The
𝑗th vertical lift of 𝑓0 with 𝑗 ∈ {1, … , 𝑘} is defined as 𝑓 v[𝑗]

0 ⋅⋅= 𝑓0 ∘ 𝜋𝑗,0. If we operate with particular numbers
for 𝑗, then we omit square brackets for sake of readability, e. g. 𝑓 v2

0 = 𝑓 v[2]
0 . Similarly to Remark 1.2.31, the

𝑗th horizontal lift 𝑓h[𝑗]
0 of 𝑓0 with 𝑗 ∈ {1, … , 𝑘} is defined by

⟨𝑎 , 𝑑𝑓h[𝑗]
0 ⟩ = ⟨𝑎 , 𝑑𝑓 ∘ 𝑑𝜅[𝑗,0]⟩ for all 𝑎 ∈ T𝑗+1𝔹

and might be abbreviated for explicit numbers e. g. as 𝑓h2
0 = 𝑓h[2]

0 . Here, the mapping 𝑑𝜅[𝑗,0] is the con-
catenation of connector maps 𝑑𝜅[𝑗,𝑗−1], …, 𝑑𝜅[2,1], 𝑑𝜅[1,0], where 𝑑𝜅[1,0] is the connector map with respect
to b, 𝑑𝜅[2,1] is the connector map with respect to t, 𝑑𝜅[3,2] is the connector map with respect to t[2], and so
on. ¬

With the lifting procedure in place, we explore the action of differential operators and semisprays on
suitable functions, similar to Lemma 1.2.35.

Lemma 3.1.16 (Differential operators associated to a Sasaki multiconnection).
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(i) Let 𝑓 ∈ 𝐶∞
c (𝔹) and denote by 𝑓 l ∶ T𝑘−1𝔹 → ℝ some lifting of 𝑓 involving vertical and horizontal

liftings in a not specified order.
Then, for the vertical and horizontal gradients hold the following relations:

∇v[𝑘](𝑓 l)h = ∇t[𝑘−1]𝑓 l and ∇v[𝑘](𝑓 l)v = 0 as well as

∇h[𝑘](𝑓 l)v = ∇t[𝑘−1]𝑓 l and ∇h[𝑘](𝑓 l)h = 0, in particular

∇v[𝑘]𝑓h[𝑘] = v↾𝑘+1
1 (∇b𝑓 ∘ 𝜋𝑘,0) and ∇h[𝑘]𝑓 v[𝑘] = h↾𝑘+1

1 (∇b𝑓 ∘ 𝜋𝑘,0).

(ii) Let 𝒳 ∈ Γ∞(T𝔹) and denote by 𝒳l ∈ Γ∞(T𝑘𝔹) some lifting of 𝒳 involving vertical and horizontal
liftings in a not specified order.
Then, for the vertical and horizontal divergences hold the following relations:

divv[𝑘]h↾𝑘+1
𝑘 (𝒳l) = divt[𝑘−1]𝒳l and divv[𝑘]v↾𝑘+1

𝑘 (𝒳l) = 0 as well as
divh[𝑘]v↾𝑘+1

𝑘 (𝒳l) = divt[𝑘−1]𝒳l and divh[𝑘]h↾𝑘+1
𝑘 (𝒳l) = 0 in particular

divv[𝑘]h↾𝑘+1
1 𝒳 = divb𝒳 and divh[𝑘]v↾𝑘+1

1 𝒳 = divb𝒳 .

(iii) Let 𝑓 ∈ 𝐶∞
c (𝔹) and denote by 𝑓 l ∶ T𝑘−1𝔹 → ℝ some lifting of 𝑓 involving vertical and horizontal

liftings in a not specified order.
Combining part (i) and (ii) we get that

Δv[𝑘](𝑓 l)h = Δt[𝑘−1]𝑓 l and Δv[𝑘](𝑓 l)v = 0 as well as

Δh[𝑘](𝑓 l)v = Δt[𝑘−1]𝑓 l and Δh[𝑘](𝑓 l)h = 0, in particular

Δv[𝑘]𝑓h[𝑘] = Δb𝑓 ∘ 𝜋𝑘,0 = (Δb𝑓)v[𝑘]
and

Δh[𝑘]𝑓 v[𝑘] = Δb𝑓 ∘ 𝜋𝑘,0 = (Δb𝑓)v[𝑘].

Corollary 3.1.17 (‘Higher-order’ Liouville Theorem). For the Riemannian 𝑘th order semispray ℋt[𝑘−1] =
ℋt[𝑘−2] ∘ ⋯ ∘ ℋb with respect to (𝔹, b) holds divt[𝑘]ℋt[𝑘−1] = divtℋb = 0. In other words, ℋt[𝑘−1] is
solenoidal.
Example 3.1.18 (Dense set of lifted functions and Euclidean case). The tensor product of the four spaces

(𝐶∞
c (𝔹))v2 ⋅⋅= {𝑓 v2 ∣ 𝑓 ∈ 𝐶∞

c (𝔹)}, (𝐶∞
c (𝔹))h1v1 ⋅⋅= {(𝑓h1)v1 ∣ 𝑓 ∈ 𝐶∞

c (𝔹)},

(𝐶∞
c (𝔹))v1h1 ⋅⋅= {(𝑓 v1)h1 ∣ 𝑓 ∈ 𝐶∞

c (𝔹)}, (𝐶∞
c (𝔹))h2 ⋅⋅= {𝑓h2 ∣ 𝑓 ∈ 𝐶∞

c (𝔹)}

is a total subset of 𝐶∞
c (T2𝔹) with respect to the usual local convex topology, where convergence also implies

uniform convergence of all derivatives on compacts, compare to Lemma 1.2.34. This is significant as certain
computations are done on this tensor product space

𝐷0 ⋅⋅= (𝐶∞
c (𝔹))v2 ⊗ (𝐶∞

c (𝔹))h1v1 ⊗ (𝐶∞
c (𝔹))v1h1 ⊗ (𝐶∞

c (𝔹))h2. (3.7)

Particularly, let 𝔹 = ℝb with standard Euclidean geometry, thus one has T2𝔹 ≃ ℝb
𝑥 ⊕ ℝb

𝑣 ⊕ ℝ2b
𝑎 . Then, we

write out what the possible lifts of 𝑓 ∈ 𝐶∞
c (ℝb) to a function on T2ℝb could be:

𝑓 v2 coincides with T2ℝb → ℝ, (𝑥, 𝑣, 𝑎) ⟼ 𝑓(𝑥),

(𝑓h1)v1 coincides with T2ℝb → ℝ, (𝑥, 𝑣, 𝑎) ⟼ 𝑓(𝑣) and,

if we mirror the Ehresmann connection as ℝ2b
𝑎 = ℝb

vpr(𝑎) ⊕ ℝb
hpr(𝑎), then 𝑓h2 coincides with T2ℝb →

ℝ, (𝑥, 𝑣, 𝑎) ↦ 𝑓(hpr(𝑎)) as well as (𝑓 v1)h1 coincides with T2ℝb → ℝ, (𝑥, 𝑣, 𝑎) ↦ 𝑓(vpr(𝑎)).
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Computing the gradient with respect to t[2] shows that

∇t[2]𝑓 v2 = ∇h0𝑓 v2 = ∇𝑥((𝑥, 𝑣, 𝑎) ↦ 𝑓(𝑥)) = ∇euc𝑓 ,

∇t[2](𝑓h1)v1 = ∇h1(𝑓h1)v1 = ∇𝑣((𝑥, 𝑣, 𝑎) ↦ 𝑓(𝑣)) = ∇euc𝑓 ,

∇t[2](𝑓 v1)h1 = ∇v[2](𝑓 v1)h1 = ∇𝑥(Tℝb ≃ ℝ2b → ℝ, (𝑥, 𝑣) ↦ 𝑓(𝑥)) = ∇euc𝑓 ,

∇t[2]𝑓h2 = ∇v[2]𝑓h2 = ∇𝑣(Tℝb → ℝ, (𝑥, 𝑣) ↦ 𝑓(𝑣)) = ∇euc𝑓 . ¬

3.2 Smoothed spherical velocity Langevin equation
Compared to Section 2.2, we consider the restriction of the triple tangent bundle to the tangent bundle of
the unit tangent bundle over the position manifold. This restriction splits into four parts as follows:

T(T2𝕏)|TU𝕏 = T(TU𝕏) ⊕ T(TU𝕏)⟂ = V1TU𝕏 ⊕ H0TU𝕏 ⊕ H1TU𝕏 ⊕ NTU𝕏⏟
=TU𝕏⟂

,

where one has that

V1TU𝕏 = v↾3
2 (TU𝕏), H0TU𝕏 = h↾3

2 (HU𝕏), and H1TU𝕏 = h↾3
2 (VU𝕏).

For sake of readability, we might abbreviate the configuration manifold as Q ⋅⋅= TU𝕏, so the previous
decomposition reads as

T(T2𝕏)|Q ⋅⋅= V1Q ⊕ H0Q ⊕ H1Q ⊕ NQ. (3.8)
As before in Section 2.2 several modifications subordinate to the choice of Q have to be made.

Notation 3.2.1 (more spherical notations). Similar to Notation 2.2.2, the restriction of the tangent bundle
projection 𝜋1,0 to U𝕏 is denoted by 𝜋1,0|U. Compositions of tangent bundle projections with 𝜋1,0|U get the
adapted index notation as well, e. g. 𝜋2,0|U = 𝜋2,1 ∘ 𝜋1,0|U. The restriction

𝒱U
⋅⋅= 𝒱(2)|TU𝕏 ∶ TU𝕏 → T2U𝕏, 𝑎 ⟼ v𝑎↾3

2 (𝑎) = vl𝑎(𝑎)

is the usual canonical vector field for U𝕏 being the base manifold. Since the unit tangent bundle U𝕏 is
naturally endowed with unit Sasaki metric u, we do not feel the need to change notation for the higher order
semispray associated with that metric, so the symbol ℋ(2)

x now should be read as ℋu ∘ (ℋx |U𝕏). Recall
that the standard unit Sasaki metric decomposes as u = v|U + h and we carry the restriction symbol ‘|U’
over to the higher-order objects, if it seems appropriate. Therefore, we write the metric on TU𝕏 induced
by u as t[2]|U = v|U[2] + h|U[2,1] + h[2,0]. Also, the shorthands get the restriction symbol: For instance, for the
gradient ∇h|U[2,1] becomes ∇h1|U.

The vertical lift of functions 𝑓0 on 𝕏 is to be read as

𝑓 v[𝑗]
0 = 𝑓0 ∘ 𝜋𝑗,0|U = 𝑓0 ∘ 𝜋𝑗,1 ∘ 𝜋1,0|U.

The horizontal lift of sufficiently regular functions 𝑓0 on 𝕏 is defined by the requirement

⟨𝑎 , 𝑑𝑓h[𝑗]
0 ⟩ = ⟨𝑎 , 𝑑𝑓 ∘ 𝑑𝜅[𝑗,0]⟩ for 𝜆t[𝑗] -almost all 𝑎 ∈ T𝑗U𝔹.

Compare to Notation 2.2.2. ¬
Now, consider the following Stratonovich SDE on Q:

d𝜂 = ℋ(2)
x ∘ 𝜋2,1 d𝑡 − h↾3

2 (tl𝜋2,1
(∇xΨ)) d𝑡 − 𝛼 ⋅ 𝒱U d𝑡 + 𝜎

2d−1
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑣𝑖𝜂
) ∘ d𝑊 𝑖

𝑡

= ℋ(2)
x d𝑡 − h↾3

2 (tl(∇xΨ)) d𝑡 − 𝛼 ⋅ 𝒱U d𝑡 + 𝜎
2d−1
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑣𝑖𝜂
) ∘ d𝑊 𝑖

𝑡 ,
(3.9)
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where (𝑣1
𝜂, 𝑣2

𝜂, … , 𝑣2d−1
𝜂 ) is a chart at 𝜋2,1(𝜂) providing normal coordinates. For sake of readability, we

dropped the bundle projection 𝜋2,1 in the second line. We refer to Equation (3.9) as smoothed fibre lay-
down model on 𝕏. Let Ψ↾ be a shorthand for (Ψh1)v1 ∶ Q → ℝ. The Kolmogorov generator 𝐿 corresponding
to the smoothed fibre lay-down model reads as

𝐿 = ℋ(2)
x ∘ 𝜋2,1 − ∇h1|UΨ↾ − 𝛼 ⋅ 𝒱U + 𝜎2

2 Δv|U[2] on 𝐶∞(Q).

If one drops the projection 𝜋2,1 in the first term, since it looks unpleasant, one should be careful to keep in
mind how this operator acts on smooth functions: For 𝑓 ∈ 𝐶∞(Q) the action of ℋ(2)

x ∘ 𝜋2,1 on 𝑓 at 𝑎 ∈ Q
is prescribed as

(ℋ(2)
x ∘ 𝜋2,1)(𝑓) ∶ Q → ℝ, 𝑎 ⟼ t[2]𝑎(ℋu(ℋx(𝜋2,1(𝑎))) , ∇t[2]𝑓).

In particular, one obtains (ℋ(2)
x ∘ 𝜋2,1)𝑓 v2

0 = (ℋx𝑓 v
0)v1

. As we have seen in Section 2.2, the previous form of
the generator 𝐿 wont carry us far when checking the hypocoercivity conditions (H), most importantly when
determining 𝑃𝐴2𝑃 on a suitable core domain 𝐷. However, under the additional Assumption (2.19) we get
as before tl∇xΨ = 1

d−1 ∇u(ℋxΨv). Then, the generator attains the form

𝐿 = ℋ(2)
x ∘ 𝜋2,1 − 1

d− 1 h↾3
2 (∇v |U(ℋxΨv)) − 𝛼 ⋅ 𝒱U + 𝜎2

2 Δv|U[2]

= ℋ(2)
x ∘ 𝜋2,1 − 1

d− 1 ∇h1|U(ℋxΨv)v1 − 𝛼 ⋅ 𝒱U + 𝜎2

2 Δv|U[2] on 𝐶∞(Q).
(3.10)

In fact, the local coordinate form of Equation (3.9) for the case Euclidean case, see Example A.2.3, coincides
with the form derived by P. Stilgenbauer in his PhD thesis. But Equation (3.10) is to my best knowledge
the first instance of the generator in invariant form.

As announced previously, it turns out that we want to add a bit Brownian noise to the action in H1Q
in Equation (3.9), which could be thought as diffusion on the velocity level. Otherwise, we are not able to
check the microcoercivity estimate from (H2) later on and hence the AHHM doesn’t apply. All the other
conditions could be proven comparatively easy. Introduce the parameter 𝜎𝑣 ∈ (0, ∞) and add the term

√2𝛼 𝜎𝑣
𝜎𝑣 + 1 ⋅

d

∑
𝑗=1

h↾3
2 tl( 𝜕

𝜕𝑥𝑗
𝜂

) ∘ d𝑊 (𝑣;𝑗)
𝑡

to Equation (3.9), where (𝑥1
𝜂, … , 𝑥d

𝜂 ) provides normal coordinates at 𝜋2,0(𝜂) and 𝑊 (𝑣) = (𝑊 (𝑣)
𝑡 )

𝑡∈[0,∞)
is

a Wiener process independent of 𝑊 = (𝑊𝑡)𝑡∈[0,∞). Then, Equation (3.10) transforms into

𝐿 = ℋ(2)
x ∘ 𝜋2,1 − 1

d− 1 ∇h1|U(ℋxΨv)v1 − 𝛼 ⋅ 𝒱U + 𝜎2

2 Δv|U[2] + 𝛼 𝜎𝑣
𝜎𝑣 + 1 Δh1|U

= ℋ(2)
x ∘ 𝜋2,1 − 1

d− 1 ∇h1|U(ℋxΨv)v1 + 𝛼
𝛽 Δv|U[2] + 𝛼 𝜎𝑣

𝜎𝑣 + 1 Δh1|U,
(3.11)

where 𝛽 ∈ (0, ∞) is an auxiliary variable, similar as in Section 2.1, such that 𝜎2
2 = 𝛼

𝛽 . The adaptation
seems counterintuitive as the original idea of the smoothed model was to ‘integrate’ stochastic irregularity
of the acceleration dynamic so that the velocity and subsequently the position trajectories look smoother.
Fundamentally, the reason for introducing an additional diffusion part is that we have to choose the projec-
tion 𝑃 as basically an iterated fibrewise average vertically lifted twice – we do so in order to get a grasp of
the 𝑃𝐴2𝑃 on the core domain 𝐷 for verification of macroscopic hypocoercivity (H3). This projection maps
into the nullspace of 2 Δv|U[2] , the symmetric part of the generator of the smoothed fibre lay-down model,
but not onto that nullspace. That goes against the grain of [DMS15, Section 1.3] where the choice of 𝑃
is motivated in the context of linear kinetic equations.3 It seems that the smoothed fibre lay-down model
2To be precise, we are talking here about the closure of the densely defined, symmetric operator (Δv|U[2] , 𝐶∞

c (Q)) in the Hilbert
space 𝐻 defined in Definition 3.2.2 below.

3Actually, the motivation in both [DMS09] and [DMS15] is that this nullspace consists of local equilibria. We just think
that [DMS15] pronounces it more clearly.
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doesn’t provide enough relaxation on either microscopic or macroscopic level for the AHHM to apply. Thus,
we want to see what can be done, if we artificially switch to a setting for which the AHHM was designed for.
Our hope is that the new parameter 𝜎𝑣 can be chosen small without affecting the hypocoercivity constants
too much. The final discussion is postponed to the end of this section.

First, we show some typical realisations for the adapted smoothed fibre lay-down model in the plane,
see Figure 3.2. We fixed the diffusion parameter in order to investigate the effect of the additional velocity
noise. One should keep in mind that the specific values of the parameter 𝜎𝑣 are not too interesting there,
since they are determined by our somewhat arbitrary choice of the intermediate function 𝜎𝑣 ↦ 𝜎𝑣/(𝜎𝑣 + 1) and
the prescribed values of the control 𝑐𝑣 ⋅⋅= √2𝛼 𝜎𝑣/(𝜎𝑣 + 1) on the velocity noise. In principle, the values of the
control 𝑐𝑣 range from

√
2𝛼, which corresponds to similar amount of noise on velocity and acceleration level,

to 0, which corresponds to the smoothed fibre lay-down model (3.9). In Figure 3.2, we observe that the
trajectories already look fairly smooth for the ‘large’ value of 𝑐𝑣 = 1/5. To the naked eye, the trajectories for
smaller values of 𝑐𝑣 appear as regular as the one for 𝑐𝑣 = 0. Such observations indicate that the 𝜎𝑣-adapted
smoothed fibre lay-down model is a reasonable replacement of the smoothed fibre lay-down model, up to
the time when a hypocoercivity result is found for the smoothed fibre lay-down model.

(a) 𝑐𝑣 = 1 (i. e. 𝜎𝑣 = 1) (b) 𝑐𝑣 = 1/2 (i. e. 𝜎𝑣 = 1/7) (c) 𝑐𝑣 = 1/5 (i. e. 𝜎𝑣 = 1/49)

(d) 𝑐𝑣 = 1/7 (i. e. 𝜎𝑣 = 1/97) (e) 𝑐𝑣 = 1/10 (i. e. 𝜎𝑣 = 1/199) (f) 𝑐𝑣 = 0 (i. e. 𝜎𝑣 = 0)

Figure 3.2: Realisations of the 𝜎𝑣-adapted smoothed fibre lay-down model for fixed 𝛼 = 𝜎 = 1 and different values of
𝑐𝑣 ⋅⋅= √2𝛼 𝜎𝑣/(𝜎𝑣 + 1)

Data conditions
Definition 3.2.2 (model Hilbert space (D1)). Consider the probability space (Q, 𝔅(Q), 𝜇) with

𝜇 = 𝜆t[2] |U = (𝜆x ⊗loc 𝜈) ⊗loc 𝜈𝛽

with base weight 𝜌𝕏 ⋅⋅= exp(−Ψ) such that 𝜆x is a probability measure, with 𝜈 being the normalised
spherical surface measure and 𝜈𝛽 = N(0; 1/𝛽 Idℝ2d−1) being the zero-mean normal distribution on ℝ2d−1 with
covariance matrix 1/𝛽 Idℝ2d−1 . The model Hilbert space is 𝐻 ⋅⋅= 𝐿2(Q; 𝜇) = 𝐿2(TU𝕏; t[2]|U). ¬
Lemma 3.2.3 (SAD-decomposition (D3), (D4), (D6)). Let the potential Ψ be loc-Lipschitzian such that
Assumption (2.19) holds on U𝕏. Consider the decomposition 𝐿 = 𝑆 − 𝐴 on the core domain 𝐷 ⋅⋅= 𝐶∞

c (Q)
with

𝑆𝑓 = 𝛼 Δ𝛽;𝜎𝑣
𝑓 ⋅⋅=

𝛼
𝛽 Δv|U[2]𝑓 + 𝛼 𝜎𝑣

𝜎𝑣 + 1 Δh1|U𝑓
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and 𝐴𝑓 = ℋ(2)
x 𝑓 ⋅⋅= ℋ(2)

x 𝑓 − 1
d− 1 ∇h1|U(ℋxΨv)v1𝑓

for all 𝑓 ∈ 𝐷.
Then, the following assertions hold:

(i) (𝑆, 𝐷) is symmetric and nonpositive definite.

(ii) (𝐴, 𝐷) is antisymmetric.

(iii) For all 𝑓 ∈ 𝐷 we have that 𝐿𝑓 ∈ 𝐿1(Q; 𝜇) and ∫Q 𝐿𝑓 d𝜇 = 0.

Proof.

(i) We show that the two summands of (𝑆, 𝐷) are symmetric and nonpositive operators. As in the proof
of part (i) of Lemma 2.1.5, we compute the vertical logarithmic derivative with the usual suggestive
shorthands

1
𝑑𝜈𝛽/𝑑𝜆

∇v|U[2](
𝑑𝜈𝛽
𝑑𝜆 )(𝑓h

1) = ∇euc(−𝛽
2 |Idℝ2d−1 |2

euc
)𝑓1

= −𝛽 ⟨IdU𝕏 , 𝑑𝑓1⟩ = −𝛽 ⋅ 𝒱U(𝑓h
1)

for all 𝑓1 ∈ 𝐶∞
c (U𝕏). Regarding the last summand in Δ𝛽;𝜎𝑣

note that it is up to the factor 𝛼 𝜎𝑣
𝜎𝑣+1

the Laplace-Beltrami operator with respect to the horizontal marginal metric h|U[2;1]. As it doesn’t
interact with the base weight exp(−Ψ) nor the fibre weight 𝑑𝜈𝛽/𝑑𝜆, it is symmetric and nonpositive
definite.

(ii) Use the computations from part (ii) of Lemma 2.1.5 as a basis: The adjoint of 1
d−1 ∇h1|U(ℋxΨv)v1

with respect to 𝐿2(Q; t[2]|U)-scalar product is computed as

( 1
d− 1 ∇h1|U(ℋxΨv)v1)

∗

= − 1
d− 1 ∇h1|U(ℋxΨv)v1 − 1

d− 1 Δh1|U(ℋxΨv)v1

= − 1
d− 1 ∇u(ℋxΨv) ∘ 𝜋2,1 − 1

d− 1 Δu(ℋxΨv) ∘𝜋2,1

= − 1
d− 1 Δu(ℋxΨv) ∘𝜋2,1 + (ℋxΨv)v1.

(iii) Using the first two assertions of this lemma one has for all 𝑓 ∈ 𝐷 that (𝐿𝑓 , 1)𝐻 = (𝑆𝑓 , 1)𝐻 −
(𝐴𝑓 , 1)𝐻 = 0.

Notation 3.2.4. From Lemma 3.2.3 it follows that (𝑆, 𝐷), (𝐴, 𝐷), and (𝐿, 𝐷) are closable. The closures of
(𝑆, 𝐷), (𝐴, 𝐷) and (𝐿, 𝐷) are denoted by (𝑆, 𝐷(𝑆)), (𝐴, 𝐷(𝐴)) and (𝐿, 𝐷(𝐿)) respectively. ¬

The projection 𝑃𝑆 again is defined by means of an average, specifically the doubled fibrewise aver-
age E𝜈;𝛽[⋅] given as

E𝜈;𝛽[𝑓] ∶ 𝕏 → ℝ, 𝑥 ⟼ ∫
U𝑥𝕏

∫
T𝑢U𝕏

𝑓(𝑎) 𝜈𝛽(d𝑎) 𝜈(d𝑢) for all 𝑓 ∈ 𝐻.

Then, 𝑃𝑆 is defined as twofold vertical lifting as 𝑃𝑆𝑓 ⋅⋅= (E𝜈;𝛽[𝑓])v2 for all 𝑓 ∈ 𝐻 and furthermore define
𝑃 = 𝑃𝑆 − (⋅ , 1)𝐻 .

Lemma 3.2.5 (Properties of projection 𝑃 and semigroup conservativity (D5), (D7)). Let condition (P1)
hold. Then, we have 𝑃(𝐻) ⊆ 𝐷(𝑆), 𝑆𝑃 = 0, 𝑃(𝐷) ⊆ 𝐷(𝐴) and 𝐴𝑃(𝐷) ⊆ 𝐷(𝐴). Moreover, 1 ∈ 𝐷(𝐿)
and 𝐿1 = 0.
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Proof. Since the standard fibre ℝ2d−1 of TQ is noncompact, we follow the strategy from the proof of
Lemma 2.1.9, which is based on [GS16, Lemma 3.4 part (iv)] as the reader might recall.

Regarding the assertions involving just 𝑆 and 𝑃 note that there is nothing to prove for the last summand
of Δ𝛽;𝜎𝑣

as it reduces to the situation of the symmetric operator in Section 2.2 on the image of 𝑃 . For the
first summand we basically replace (𝕏, x) by (U𝕏, u) in the first parts of the proof of Lemma 2.1.9: Let
𝑢𝑜 ∈ U𝕏 and 𝜒 ∈ 𝐶∞

c (U𝕏; [0, 1]) be a cut-off function such that 𝜒 = 1 on 𝕌(𝑢𝑜; 𝑟) for some 𝑟 ∈ (0, 𝜋/4)
and 𝜒 = 0 outside of 𝕌(𝑢𝑜; 2𝑟). Define 𝜒𝑛 ⋅⋅= 𝜒(𝛾Id(1/𝑛)) for all 𝑛 ∈ ℕ+, where 𝛾𝑢 refers to the geodesic
connecting 𝑢0 and 𝑢 with 𝛾𝑢(0) = 𝑢0 and 𝛾𝑢(1) = 𝑢. There is some 𝑐(𝜒) ∈ (0, ∞) such that

|∇u𝜒𝑛(𝑥)|u ≤ 𝑐(𝜒)
𝑛 and |Hessu(𝜒𝑛)(𝑥)|∞ ≤ 𝑐(𝜒)

𝑛2

for all 𝑥 ∈ 𝕏 and 𝑛 ∈ ℕ+. Let 𝑓0 ∈ 𝐶∞
c (U𝕏), then the sequence (𝑓𝑛)𝑛∈ℕ+

⋅⋅= (𝑓 v
0 ⊗ 𝜒h

𝑛)𝑛 is in 𝐷 and
converges to 𝑓 v

0 in 𝐻. Due to dominated convergence we get that

Δv|U[2]𝑓𝑛 = 𝜎2

2 (𝑓 v
0 ⋅ Δv|U[2]𝜒h

𝑛 −𝛽𝑓 v
0 ⋅ 𝒱U𝜒h

𝑛) ⟶ 0 in 𝐻 as 𝑛 → ∞.

Combining this with our knowledge regarding Δh1|U and the fact that (𝑆, 𝐷(𝑆)) is closed, we infer that
𝑓 v

0 ∈ 𝐷(𝑆) and 𝑆𝑓 v
0 = 0. Next on, since ran(𝑃 ) ⊆ 𝜋∗

2,1𝐿2(U𝕏; 𝜆x ⊗loc 𝜈) we pick 𝑔0 ∈ 𝐿2(U𝕏; 𝜆x ⊗loc 𝜈)
and show that both 𝑔v

0 ∈ 𝐷(𝑆) and 𝑆𝑔v
0 = 0. Since 𝐶∞

c (U𝕏) is dense in 𝐿2(U𝕏; 𝜆x ⊗loc 𝜈), we can choose
a sequence (𝑔𝑛)𝑛∈ℕ+

in 𝐶∞
c (U𝕏) approximating 𝑔0 in 𝐿2(𝜆x ⊗loc 𝜈). As seen before, (𝑔v

𝑛)𝑛∈ℕ+
is a sequence

in 𝐷(𝑆) such that 𝑆𝑔v
𝑛 = 0 for all 𝑛 ∈ ℕ+. Due to closedness of (𝑆, 𝐷(𝑆)), it follows 𝑔v

0 ∈ 𝐷(𝑆) and
𝑆𝑔v

0 = 0.
We turn to the statements involving 𝐴. Let 𝑜 ∈ 𝕏 and 𝜑 ∈ 𝐶∞

c (𝕏; [0, 1]) be a cut-off function such
that 𝜑 = 1 on 𝕌(𝑜; 1) and 𝜑 = 0 outside of 𝕌(𝑜; 2). Define 𝜑𝑛 ⋅⋅= 𝜑(𝛾Id(1/𝑛)) for all 𝑛 ∈ ℕ+, where 𝛾𝑥
refers to the geodesic connecting 𝑜 and 𝑥 with 𝛾𝑥(0) = 𝑜 and 𝛾𝑥(1) = 𝑥. There is some 𝑐(𝜑) ∈ (0, ∞) such
that

∣∇x𝜑𝑛(𝑥)∣
x

≤ 𝑐(𝜑)
𝑛 and ∣Hessx(𝜑𝑛)(𝑥)∣

∞
≤ 𝑐(𝜑)

𝑛2

for all 𝑥 ∈ 𝕏 and 𝑛 ∈ ℕ+. Let 𝑓0 ∈ 𝐶∞
c (𝕏) and define an approximating sequence for 𝑓 v2

0 in 𝐻 via

𝑓𝑛 ⋅⋅= 𝑓 v2
0 ⊗ (𝜑h1

𝑛 )v1 ⊗ (𝜑v1
𝑛 )h1 ⊗ 𝜑h2

𝑛 for all 𝑛 ∈ ℕ+.

Using dominated convergence we find that

𝐴𝑓𝑛 = −(𝜑h1
𝑛 )v1 ⊗ (𝜑v1

𝑛 )h1 ⊗ 𝜑h2
𝑛 ⋅ ℋ(2)

x 𝑓 v2
0

+ ((𝜑h1
𝑛 )v1 1

d− 1 ∇u(ℋxΨv)(𝑓 v1
0 )

+ 𝑓 v2
0

1
d− 1 ∇u(ℋxΨv)(𝜑h1

𝑛 )) (𝜑v1
𝑛 )h1 ⊗ 𝜑h2

𝑛

= −(𝜑h1
𝑛 )v1 ⊗ (𝜑v1

𝑛 )h1 ⊗ 𝜑h2
𝑛 ⋅ ℋ(2)

x 𝑓 v2
0

+ 𝑓 v2
0 ⊗ (𝜑h1

𝑛 )v1 ⊗ (𝜑v1
𝑛 )h1 ⋅ 1

d− 1 ∇u(ℋxΨv)(𝜑h1
𝑛 )

⟶ − ℋ(2)
x 𝑓 v2

0 = −(ℋx𝑓 v
0)v

in 𝐻 as 𝑛 → ∞

We use this result in order to show 1 ∈ 𝐷(𝐴) and 𝐴1 = 0; then, we can infer that 𝑃(𝐷) ⊆ 𝐷(𝐴).
From Lemma 2.1.9 we know that ℋx𝜑v

𝑛 → 0 in 𝐻 as 𝑛 → ∞ implying that 𝐴𝜑v2
𝑛 = (ℋx𝜑v

𝑛)v → 0 in 𝐻 as
𝑛 → ∞, which is what we wanted.

Now, let us prove 𝐴𝑃(𝐷) ⊆ 𝐷(𝐴). Define the sequence (ℎ𝑛)𝑛∈ℕ in 𝐷(𝐴) via ℎ𝑛 ⋅⋅= 𝜒h
𝑛 ⊗ 𝐴𝑓 v2

0 for
all 𝑛 ∈ ℕ+ and 𝑓0 as well as the cut-off function 𝜒𝑛 as before. Recall that ℋ(2)

x 𝑓 v2
0 ∈ 𝐻. Then similar as

in Lemma 2.1.9, using dominated convergence we get that

𝐴ℎ𝑛 = (ℋx𝑓 v
0)v ⋅ 1

d− 1 ∇h1|U(ℋxΨv)v1𝜒h
𝑛 − 𝜒h

𝑛 ⋅ ℋ(2)
x (ℋx𝑓 v

0)v

= (ℋx𝑓 v
0)v ⋅ 1

d− 1 ∇v |U(ℋxΨv)𝜒𝑛 − 𝜒h
𝑛 ⋅ ℋ(2)

x (ℋx𝑓 v
0)v
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= (ℋx𝑓 v
0)v ⋅ 1

d− 1 ∇v |U(ℋxΨv)𝜒𝑛 − 𝜒h
𝑛 ⋅ (ℋ2

x𝑓 v
0)v ⟶ −(ℋ2

x𝑓 v
0)v

in 𝐻 as 𝑛 → ∞. The statements regarding 𝐿 follow as in previous works: The sequence (𝜑v2
𝑛 )𝑛∈ℕ approxi-

mates the constant function 1 in 𝐻 and 𝐿𝜑v2
𝑛 = −𝐴𝜑v2

𝑛 = (ℋx𝜑v
𝑛)v

converges in 𝐻 to 0 as 𝑛 → ∞ which
finishes the proof using closedness of (𝐿, 𝐷(𝐿)).
Remark 3.2.6. From the proof of Lemma 3.2.5 we know for all 𝑓 ∈ 𝐷 that 𝑃𝑓 ∈ 𝐷(𝐴) and

𝐴𝑃𝑓(𝑎) = −t[2]𝑎(ℋu ∘ ℋx(𝑢) , ∇t[2]𝑃𝑆𝑓(𝑎))

= −h[2]𝑎(ℋu ∘ ℋx(𝑢) , h↾3
2 (∇t[1](E𝜈;𝛽[𝑓])v1(𝑢)))

= −(ℋx(E𝜈;𝛽[𝑓])v)v = −x𝑥(𝑢 , ∇x(E𝜈;𝛽[𝑓])(𝑥))

(3.12)

for all 𝑎 ∈ Q with 𝑢 ⋅⋅= 𝜋2,1(𝑎) ∈ U𝕏 and 𝑥 ⋅⋅= 𝜋1,0|U(𝑢). ¬
What remains is the notorious question of essential m-dissipativity of the operator (𝐿, 𝐷) as in Equa-

tion (3.11). This can be verified with the three step strategy that we established in Section 2.1:

(i) For the case of a smooth potential Ψ, it’s fairly easy to see that 𝐿 satisfies the Hörmander condition.
One just has to iterate on Lemma 2.1.12 using the local coordinate forms of higher-order sprays. Then,
essentially m-dissipativity is proven as in Proposition 2.1.13.

(ii) For globally Lipschitzian potentials we perturb the operator

(𝐿0, 𝐷0) = (𝛼 Δ𝛽;𝜎𝑣
+ℋ(2)

x , 𝐷0)

corresponding to the case of Ψ being the zero potential and apply the Kato Perturbation Theo-
rem, Proposition 2.1.13. To this end, one first shows that (𝐿0, 𝐷0) is essentially m-dissipative on
𝐿2(Q; (𝜆x ⊗loc 𝜈) ⊗loc 𝜈𝛽) and then that

(𝑈𝐿𝑈−1, 𝜋∗
2,0𝐻1,∞(𝕏) ⊗ (𝐶∞

c (𝕏))h1v1 ⊗ (𝐶∞
c (𝕏))v1h1 ⊗ (𝐶∞

c (𝕏))h2)

on 𝐿2(Q; (𝜆x ⊗loc 𝜈) ⊗loc 𝜈𝛽) is essentially m-dissipative, where 𝑈 is the unitary isomorphism

𝐻 → 𝐿2(Q; (𝜆x ⊗loc 𝜈) ⊗loc 𝜈𝛽), 𝑓 ⟼ (exp(−Ψ/2))v2 ⋅ 𝑓.

See Lemma 2.1.14 and Lemma 2.1.16. Then, one proceeds as in Corollary 2.1.17.

(iii) We wrap thinks up as in Proposition 2.1.18 for the locally Lipschitz case.

Hypocoercivity conditions
Lemma 3.2.7 (algebraic relation (H1)). Assume that condition (P1) is satisfied. Then, it holds 𝑃𝐴𝑃 = 0
on 𝐷.

Proof. Let 𝑓 ∈ 𝐷 and 𝑥 ∈ 𝕏. Due to Equation (3.12) we know that

∫
U𝑥𝕏

∫
T𝑢U𝕏

𝐴𝑃 𝑓 d𝜈𝛽 𝜈(𝑑𝑢) = ∫
U𝑥𝕏

∫
T𝑢U𝕏

−x𝑥(𝑢 , ∇xE𝜈;𝛽[𝑓](𝑥)) d𝜈𝛽 𝜈(𝑑𝑢)

= ∫
U𝑥𝕏

−x𝑥(𝑢 , ∇xE𝜈;𝛽[𝑓](𝑥)) 𝜈(𝑑𝑢)

which is zero just as in the proof of Lemma 2.2.8.

Lemma 3.2.8 (microscopic coercivity (H2)). Let the potential Ψ be loc-Lipschitz such that 𝜆x = exp(−Ψ)𝜆x

is a probability measure on (𝕏, 𝔅(𝕏)). Then, we have that

(−𝑆𝑓 , 𝑓)𝐻 ≥ Λ𝑚‖(Id𝐻 − 𝑃𝑆)𝑓‖2
𝐻 ⋅⋅= 𝛼 𝑚𝑣 ⋅ ‖(Id𝐻 − 𝑃𝑆)𝑓‖2

𝐻 for all 𝑓 ∈ 𝐷

with 𝑚𝑣 = 𝑚𝑣(𝜎𝑣) ⋅⋅= min(1, (d− 1) 𝜎𝑣
𝜎𝑣+1 ).
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Proof. Instead of 𝐷 we consider 𝐷0 as in Equation (3.7) which is dense in 𝐷 with respect to the usual local
convex topology that implies uniform convergence of all derivatives on compact sets. Let 𝑓 ∈ 𝐷0 of the
form 𝑓 ⋅⋅= 𝑓 v2

00 ⊗ (𝑓h1
01)v1 ⊗ (𝑓 v1

10)h1 ⊗ 𝑓h2
11 with 𝑓𝑗 ∈ 𝐶∞

c (𝕏) for 𝑗 ∈ {00, 01, 10, 11}. Define

𝑃𝜈𝛽
𝑓 ⋅⋅= 𝑓 v2

00 ⊗ (𝑓h1
01)v1 ⋅ ∫

T𝜋2,1 U𝕏
(𝑓 v1

10)h1 ⊗ 𝑓h2
11 d𝜈𝛽.

Note that 𝑃𝜈𝛽
on 𝐷0 extends to a continuous linear operator on 𝐷 ⊆ 𝐻, even more an orthogonal projection

on 𝐻. For sake of readability, we write 𝑢 = 𝜋2,1(𝑎) given some 𝑎 ∈ TU𝕏 in the following calculation: We
estimate that

∫
TU𝕏

(𝑓 − 𝑃𝑆𝑓)2 d𝜇

≤ ∫
TU𝕏

(𝑓 − 𝑃𝜈𝛽
𝑓)2

d𝜇 + ∫
TU𝕏

(𝑃𝜈𝛽
𝑓 − 𝑃𝑆𝑓)2

d𝜇

≤
1
𝛽 ∫

TU𝕏
∣∇v[2]𝑓∣

2

v[2]
d𝜇 + ∫

𝕏
∫

U𝑥𝕏
∫

T𝑢U𝕏
(𝑃𝜈𝛽

𝑓 − 𝑃𝑆𝑓)2
d𝜈𝛽 d𝜈 d𝜆x (3.13)

= 1
𝛽 ∫

TU𝕏
∣∇v[2]𝑓∣

2

v[2]
d𝜇

+ ∫
𝕏

𝑓00(𝑥)2 ⋅ ∫
U𝑥𝕏

(𝑓h1
01 − ∫

U𝑥𝕏
𝑓h1

01 d𝜈)
2

(𝑢)

⋅ (∫
T𝑢U𝕏

(𝑓 v1
10)h1 ⊗ 𝑓h2

11 d𝜈𝛼;𝜎)
2

𝜈(d𝑢) 𝜆x(d𝑥)

≤ 1
𝛽 ∫

TU𝕏
∣∇v|U[2]𝑓∣2

v|U[2]
d𝜇

+ ∫
𝕏

𝑓00(𝑥)2

⋅ 1
d− 1 ∫

U𝑥𝕏
∣∇v|U[1](∫

T𝑢U𝕏
(𝑓 v1

10)h1 ⊗ 𝑓h2
11 d𝜈𝛽) ⊗ 𝑓h1

01∣
2

v|U[1]

𝜈(d𝑢) 𝜆x(d𝑥)

(3.14)

= 1
𝛽 ∫

TU𝕏
∣∇v|U[2]𝑓∣2

v|U[2]
d𝜇 + 1

d− 1 ∫
TU𝕏

∣∇h1|U𝑓∣2
h|U[1]

d𝜇

≤ max(1, 1
d− 1

𝜎𝑣 + 1
𝜎𝑣

) ∫
TU𝕏

∣ 1
𝛽 ∇v|U[2](𝑓) + 𝜎𝑣

𝜎𝑣 + 1∇h1|U𝑓∣
2

t[2] |U

d𝜇

= max(1, 1
d− 1

𝜎𝑣 + 1
𝜎𝑣

)(−( 1
𝛽 Δv|U[2]𝑓 + 𝜎𝑣

𝜎𝑣 + 1 Δh1|U𝑓) , 𝑓)
𝐻

. (3.15)

We used the Poincaré inequality for the Gaußian measure at step (3.13), moreover the Poincaré inequality for
the uniform spherical surface measure at step (3.14), and finally integration by parts to arrive at step (3.15).
By bringing the constant to the left-hand side and then multiplying by 𝛼, the previous estimates imply that

(−𝑆𝑓 , 𝑓)𝐻 = (−𝛼( 1
𝛽 Δv|U[2]𝑓 + 𝜎𝑣

𝜎𝑣 + 1 Δh1|U𝑓) , 𝑓)
𝐻

≥ 𝛼 min(1, (d− 1) 𝜎𝑣
𝜎𝑣 + 1)‖(Id𝐻 − 𝑃𝑆)𝑓‖2

𝐻 .
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Since we are again concerned with showing that the operator (Id𝐻 − 𝑃𝐴2𝑃 , 𝐷) is essentially m-dissipa-
tive, we focus now on characterising (𝑃𝐴2𝑃 , 𝐷). Reminiscent of Equation (2.24) we calculate that

𝑃𝑆(−ℋ(2)
x 𝐴𝑃𝑓) = 1

d
(Δx(E𝜈;𝛽[𝑓]))v2,

and furthermore, we derive

𝑃𝑆( 1
d− 1 ∇h1|U(ℋxΨv)v1(𝐴𝑃𝑓))(𝑎)

= ∫
U𝑥𝕏

∫
T𝑢U𝕏

(ℋxΨv)v1 ⋅ 𝐴𝑃𝑓 d𝜈𝛽 𝜈(d𝑢) = − ∫
U𝑥𝕏

ℋxΨv ⋅ ℋx(E𝜈;𝛽[𝑓])v d𝜈

= − 1
d

x𝑥(∇xΨ(𝑥) , ∇x(E𝜈;𝛽[𝑓])(𝑥)) = − 1
d

∇∇xΨ(E𝜈;𝛽[𝑓])(𝑥)

for all 𝑎 ∈ Q with 𝑥 ⋅⋅= 𝜋2,0|U(𝑎). Combining these results, we find for all 𝑓 ∈ 𝐷 that

𝑃 𝐴2𝑃 𝑓 = 𝑃𝑆𝐴2𝑃𝑓 = 1
d

((ΔxE𝜈;𝛽[𝑓])v2 − ∇∇xΨ(E𝜈;𝛽[𝑓]) ∘ 𝜋2,0|U)

= 1
d

Δh0|U(E𝜈;𝛽[𝑓])v2 = 1
d

Δh0|U(𝑃𝑆𝑓) .
(3.16)

Now, it’s clear that (𝑃 𝐴2𝑃 , 𝐷) = (1/d ⋅ Δh0|U, 𝐶∞
c (Q)) is essentially m-dissipative in 𝐻, as it is up to a

factor the well-known Laplace-Beltrami on Q endowed with the horizontal metric induced by u with the
usual predomain of smooth functions with compact support. This knowledge is quintessential for treating
the remaining hypocoercivity conditions.
Proposition 3.2.9 (macroscopic coercivity (H3)). Let Ψ loc-Lipschitz such that 𝜆x = exp(−Ψ)𝜆x is a
probability measure (𝕏, 𝔅(𝕏)) satisfying the Poincaré inequality (2.4). Then, the macroscopic coercivity
estimate is fulfilled with Λ𝑀 = 1

d
Λ.

Proof. Let 𝑓 ∈ 𝐷. Using Equation (3.12) and then applying the Poincaré inequality (2.4) we estimate that

‖𝐴𝑃𝑓‖2
𝐻 = ∫

𝕏
∫

U𝑥𝕏
x𝑥(𝑣 , ∇xE𝜈;𝛽[𝑓])2 𝜈(d𝑣) 𝜆x(d𝑥) = 1

d
∫

𝕏
∣∇xE𝜈;𝛽[𝑓]∣2

x
𝜆x(d𝑥)

= 1
d

∥∇xE𝜈;𝛽[𝑓]∥2
𝐿2(𝕏→T𝕏;x)

≥ 1
d

Λ ∥E𝜈;𝛽[𝑓] − (E𝜈;𝛽[𝑓] , 1)𝐿2(𝕏;x)∥
2

𝐿2(𝕏;x)
.

Since (𝑃𝐴2𝑃 , 𝐷) is essentially m-dissipative, the claim now follows by [GS14, Corollary 2.13].

Recall that the linear continuous operator 𝐵 on 𝐻 is the extension of

𝐵 ⋅⋅= (Id𝐻 + (𝐴𝑃)∗𝐴𝑃)−1(𝐴𝑃)∗ on 𝐷((𝐴𝑃)∗).
Lemma 3.2.10 (boundedness of (𝐵𝑆, 𝐷), first part of (H4)). Let condition (P1) hold. Then, with 𝑐1 ⋅⋅=
𝛼
2 (d− 1) 𝜎𝑣

𝜎𝑣+1 it holds
‖𝐵𝑆𝑓‖𝐻 ≤ 𝑐1‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷

and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. Let 𝑓 ∈ 𝐷. Then, we find that 𝑆𝐴𝑃𝑓 = −𝛼(d − 1) 𝜎𝑣
𝜎𝑣+1 𝐴𝑃𝑓 . Indeed, using Equation (3.12) as

well as Δu ℋx = −(d− 1)ℋx we calculate that

𝑆𝐴𝑃𝑓 = 𝛼
𝛽 Δv|U[2] 𝐴𝑃𝑓 − 𝛼𝒱U𝐴𝑃𝑓 + 𝛼 𝜎𝑣

𝜎𝑣 + 1 Δh1|U 𝐴𝑃𝑓

= 0 − 0 + 𝛼 𝜎𝑣
𝜎𝑣 + 1 (Δv|U[1](−ℋxE𝜈;𝛽[𝑓]v))

v

= 𝛼 𝜎𝑣
𝜎𝑣 + 1 (d− 1)(ℋxE𝜈;𝛽[𝑓]v)v = −𝛼 𝜎𝑣

𝜎𝑣 + 1 (d− 1)𝐴𝑃𝑓.

Thus, 𝑃𝐴𝑆 = 𝛼 𝜎𝑣
𝜎𝑣+1 (d − 1) 𝑃𝐴 on 𝐷 and the claim follows. Compare to the similar proof of [GS16,

Proposition 3.11] for the Langevin equation on ℝd.
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Lemma 3.2.11 (boundedness of (𝐵𝐴(Id𝐻 −𝑃), 𝐷), second part of (H4)). Let the potential conditions 2.1.3
hold. Then, there exists a constant 𝑐Φ;𝛽 ∈ (0, ∞) such that

‖𝐵𝐴(Id𝐻 − 𝑃)𝑓‖𝐻 ≤ 𝑐Φ;𝛽‖(Id𝐻 − 𝑃𝑗)𝑓‖𝐻 for all 𝑓 ∈ 𝐷
and 𝑃𝑗 ∈ {𝑃 , 𝑃𝑆}, 𝑗 ∈ {1, 2}.

Proof. In course of applying [GS14, Proposition 2.15], we want to estimate the quantity ‖(𝐵𝐴)∗𝑔‖𝐻 for
𝑔 ⋅⋅= (Id𝐻 − 𝑃𝐴2𝑃)𝑓 with 𝑓 ∈ 𝐷. On the one hand, its well-known that (𝐵𝐴)∗𝑔 = −𝐴2𝑃𝑓 , see [GS14,
Proposition 2.15]. On the other hand, using Equation (3.12) and the strategy as in Equation (2.10), we can
see that

−𝐴2𝑃𝑓 = 𝐴(x𝜋2,0|U
(𝜋2,1|U , ∇x(E𝜈;𝛽[𝑓]) ∘ 𝜋2,0|U))

= x𝜋2,0|U
(𝜋2,1|U , ∇x(E𝜈;𝛽[𝑓]) ∘ 𝜋2,0|U)

+ x𝜋2,0|U
(𝜋2,1|U , ∇x

𝜋2,1|U(∇x(E𝜈;𝛽[𝑓]) ∘ 𝜋2,0|U)).

Hence, we estimate that

∥(𝐵𝐴)∗𝑔∥𝐻 ≤ ∥ 𝑎 ↦ ℋ(2)
x (E𝜈;𝛽[𝑓])v2(𝑎)∥

𝐻
+ 1

d
∥|∇xΨ|v2x ⋅ |∇xE𝜈;𝛽[𝑓]|v2x ∥

𝐻

≤ ‖𝑣 ↦ |𝑣|2x ‖𝐻 ⋅ ∥Hesst[2] |U((E𝜈;𝛽[𝑓])v2)∥
𝐻

+ 1
d

∥|∇xΨ|v2x ⋅ |∇xE𝜈;𝛽[𝑓]|v2x ∥
𝐻

= d

𝛽 ∥Hesst[2] |U((E𝜈;𝛽[𝑓])v2)∥
𝐻

+ 1
d

∥|∇xΨ|v2x ⋅ |∇xE𝜈;𝛽[𝑓]|v2x ∥
𝐻

.

Since we know that 𝑃𝐴2𝑃 = 1
d

Δh0|U(𝑃𝑆) on 𝐷 by Equation (3.16), the function 𝑢 ⋅⋅= 𝑃𝑓 solves the elliptic
problem

𝑢 − 1
d

Δh0|U(𝑃𝑆𝑢) = 𝑔

in {𝑢 ∈ 𝜋2,0|U
∗𝐿2(𝕏; x) ∣ ∃ 𝑓00 ∈ 𝐶∞

c (𝕏) ∶ 𝑢 = 𝑓 v2
00 − (𝑓 v2

00 , 1)𝐻}.

In order to apply the a priori estimates of Dolbeault, Mouhot and Schmeiser, the potential conditions (P)
are required, in particular 𝐶2-regularity. With these estimates at hand, one can infer existence of a constant
𝑐Φ;𝛽 ∈ (0, ∞) independent of 𝑃𝑓 and 𝑔 such that

∥(𝐵𝐴)∗𝑔∥𝐻 ≤ 𝑐Φ;𝛽‖𝑃𝑔‖𝐻 ≤ 𝑐Φ;𝛽‖𝑔‖𝐻 .

Finally, we use [GS14, Proposition 2.15] finishing the proof.

Summarising plainly our result, the AHHM implies the following theorem.
Theorem 3.2.12 (Hypocoercivity of the 𝜎𝑣-perturbated smoothed fibre lay-down model). Consider a Rie-
mannian manifold (𝕏, x) satisfying (M) and a potential Φ∶ 𝕏 → ℝ satisfying (P) and ℋxΦv = (d− 1)Φh

on U𝕏. Furthermore, assume the diffusion parameters 𝜎, 𝜎𝑣 ∈ (0, ∞), the ‘friction’ parameter 𝛼 ∈ (0, ∞),
and 𝛽 ∈ (0, ∞) such that 𝜎2/2 = 𝛼/𝛽. Let the measure 𝜇 and the Hilbert space 𝐻 = 𝐿2(TU𝕏; 𝜇) as
in Definition 3.2.2. Then, the operator (𝐿, 𝐶∞

c (TU𝕏)) as in Equation (3.11) is closable in 𝐻. Its closure
(𝐿, 𝐷(𝐿)) generates a SCCS (𝑇𝑡)𝑡∈[0,∞). For all 𝜅1 ∈ (1, ∞) there is a constant 𝜅2 ∈ (0, ∞) such that for
all 𝑔 ∈ 𝐻 and times 𝑡 ∈ [0, ∞) holds

‖𝑇𝑡𝑔 − (𝑔 , 1)𝐻‖𝐻 ≤ 𝜅1e−𝜅2𝑡‖𝑔 − (𝑔 , 1)𝐻‖𝐻 ,
and 𝜅2 is given as

𝜅2 = 𝜅1 − 1
𝜅1

𝛼
𝑛1 + 𝑛2𝛼 + 𝑛3𝛼2 , (3.17)

where 𝑛𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on Φ and 𝛽. Compare to the calculations (A) and (B)
in Section 1.1 with Λ𝑀 = Λ

d
, Λ𝑚 = 𝛼 𝑚𝑣 = 𝛼 min(1, (d− 1) 𝜎𝑣

𝜎𝑣+1 ), 𝑐1 = 𝛼
2

𝜎𝑣
𝜎𝑣+1 (d − 1), and 𝑐2 = 𝑐Φ;𝛽

as in Lemma 3.2.11. ¬



3

65

Discussion of 𝜎𝑣→ 0
Let us explicitly write down the constants 𝑛𝑖 in Equation (3.17) in order to explore what happens as 𝜎𝑣
passes to 0. Computing the coefficients of the ̅𝜀Φ;𝛽(𝛼) = 𝛼/(𝑎1 + 𝑎2𝛼 + 𝑎3𝛼2) corresponding to Theorem 3.2.12
yields

𝑎1 = 𝑎1(𝜎𝑣) = 1
𝑚𝑣

(1 + 𝑐Φ;𝛽) ⋅ (1 + (1 + 𝑐Φ;𝛽)Λ + d

2Λ ) + 1
2

Λ
Λ + d

,

𝑎2 = 𝑎2(𝜎𝑣) = 1
𝑚𝑣

1
2

𝜎𝑣
𝜎𝑣 + 1(d− 1)(1 + (1 + 𝑐Φ;𝛽)Λ + d

2Λ ),

𝑎3 = 𝑎3(𝜎𝑣) = 1
𝑚𝑣

(1
2

𝜎𝑣
𝜎𝑣 + 1(d− 1))

2 Λ + 𝛽
2Λ .

Recall the proofs at [GS16, p. 164-165] or [Sti14, pp. 109-110] respectively for the construction of ̅𝜀Φ;𝛽(𝛼).
Again, the corresponding 𝑛𝑖 are defined by

𝑛𝑖 = 𝑛𝑖(𝜎𝑣) ⋅⋅= 4 Λ + d

Λ 𝑎𝑖 ⋅ ̅𝜀Φ;𝛽;max = 4 Λ + d

Λ 𝑎𝑖(𝜎𝑣) ⋅ ̅𝜀Φ;𝛽;max(𝜎𝑣) with

̅𝜀Φ;𝛽;max = ̅𝜀Φ;𝛽;max(𝜎𝑣) ⋅⋅= max(1, ̅𝜀Φ;𝛽(√𝑎1
𝑎3

)) = max(1, ̅𝜀Φ;𝛽(√𝑎1(𝜎𝑣)
𝑎3(𝜎𝑣))).

Since 𝑚𝑣 converges to 1 as 𝜎𝑣 tends to 0, 1/𝑚𝑣 = max(1, 1
d−1

𝜎𝑣+1
𝜎𝑣

), this factor converges to 1 as 𝜎𝑣 tends
to 0. Hence, the 𝑎𝑖 converge as well: We have 𝑎3 ⟶ 0, 𝑎2 ⟶ 0 and,

𝑎1 ⟶ 𝑎1(0) = (1 + 𝑐Φ;𝛽) ⋅ (1 + (1 + 𝑐Φ;𝛽)Λ + d

2Λ ) + 1
2

Λ
Λ + d

as 𝜎𝑣 → 0. Therefore, for 𝜎𝑣 large enough one has

̅𝜀Φ;𝛽;max = ̅𝜀Φ;𝛽;max(𝜎𝑣) = ̅𝜀Φ;𝛽(√𝑎1(𝜎𝑣)
𝑎3(𝜎𝑣)) = 1

2√𝑎1(𝜎𝑣) ⋅ 𝑎3(𝜎𝑣) + 𝑎2(𝜎𝑣)

and thus ̅𝜀Φ;𝛽;max ⟶ ∞ as 𝜎𝑣 → 0. Immediately, we obtain 𝑛1 → ∞ as 𝜎𝑣 → 0, which already is enough
to conclude 𝜅2 = 𝜅2(𝜎𝑣) ⟶ 0 as 𝜎𝑣 → 0 with 𝜅2(𝜎𝑣) given by Equation (3.17). This is rather unfortunate,
as we are not able to establish hypocoercivity for the smoothed fibre lay-down model asymptotically. Let
us console ourselves with the fact that in applications one could choose some 𝜎𝑣 small enough such that
the simulated trajectories look smooth enough and stick with that choice. Nonetheless, further research is
desirable extending the AHHM such that it also applies to the original smoothed fibre lay-down model and
higher-order equations in general.

3.3 Smoothed Langevin equation
In the same vein as in the previous section, one could tackle the ‘smoothed’ version of the Langevin equation
which for the position space 𝕏 = ℝd

𝑥 reads as

d𝑥𝑡 = 𝑣𝑡 d𝑡 (3.18a)
d𝑣𝑡 = −∇vΨ(𝑥𝑡) d𝑡 + 𝑎𝑡 d𝑡 (3.18b)
d𝑎𝑡 = −𝛼 ⋅ 𝑎𝑡 d𝑡 + 𝜎 ∘ d𝑊𝑡. (3.18c)

Compare this to Equation (3.3). For a general position manifold 𝕏 we would consider on T2𝕏 the
Stratonovich SDE

d𝜂 = ℋ(2)
x ∘ 𝜋2,1 d𝑡 − h↾3

2 (v𝜋2,1
↾2

1 (∇xΨ)) d𝑡 − 𝛼 ⋅ 𝒱(2) d𝑡 + 𝜎
2d
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑣𝑖𝜂
) ∘ d𝑊 𝑖

𝑡

= ℋ(2)
x d𝑡 − h↾3

2 v↾2
1 (∇xΨ) d𝑡 − 𝛼 ⋅ 𝒱(2) d𝑡 + 𝜎

2d
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑣𝑖𝜂
) ∘ d𝑊 𝑖

𝑡 ,
(3.19)



3

66 3. Higher order fibre lay-down models

where (𝑣1
𝜂, 𝑣2

𝜂, … , 𝑣2d
𝜂 ) is a chart at 𝜋2,1(𝜂) providing normal coordinates. Again, we dropped the bundle

projection 𝜋2,1 for sake of readability in the second line. Also, one replaces Ψ by Φ = 𝛽Ψ with an auxiliary
variable 𝛽 ∈ (0, ∞). For sake of readability, we define Ψ↾ ⋅⋅= (Ψh1)v1 ∶ T2𝕏 → ℝ and subsequently Φ↾.
Then, the corresponding generator reads as

𝐿 = ℋ(2)
x − ∇h1Ψ↾ − 𝛼 ⋅ 𝒱(2) + 𝜎2

2 Δv[2] = ℋ(2)
x − 1

𝛽 ∇h1Φ↾ − 𝛼 ⋅ 𝒱(2) + 𝜎2

2 Δv[2] (3.20)

on 𝐶∞
c (T2𝕏). We call Equation (3.19) as smoothed Langevin equation on 𝕏 and consequently we refer to

the operator 𝐿 by smoothed Langevin generator.
Before proceeding, we look a bit closer at the Euclidean case.

Example 3.3.1 (Euclidean position space). Let 𝕏 = ℝd
𝑥 be endowed with standard metric. We identify a

double tangent vector with a triple

𝑧 = (𝑥, 𝑣, 𝑎) ∈ T2𝕏 ≃ ℝd
𝑥 × ℝd

𝑣 × ℝ2d
𝑎

as well as the two gradients

(∇t[2] , 𝐶∞
c (T2𝕏)) and ((∇𝑥, ∇𝑣, ∇𝑎)⊺, 𝐶∞

c (ℝd
𝑥 × ℝd

𝑣 × ℝ2d
𝑎 )).

Then, the vector field ∇h1Φ↾ acts nontrivially only on test functions in 𝐷0 of the form 𝑓 = (𝑓h1
0 )v1 with

𝑓0 ∈ 𝐶∞
c (ℝd), i. e. that formally depend only on the velocity variable. We calculate that

∇h1Φ↾(𝑓)(𝑧) = h[2;1](∇h1(Φh1)v1(𝑧) , ∇h1(𝑓h1
0 )v1(𝑧))

= (∇𝑣Φh1(𝑣) , ∇𝑣𝑓h1
0 (𝑣))

euc
= (∇𝑥Φ(𝑥) , ∇𝑥𝑓0(𝑥))

euc
.

For general functions 𝑓 ∈ 𝐶∞
c (T2𝕏), approximated via a sequence in 𝐷0, the action reads as

∇h1Φ↾(𝑓)(𝑧) = (∇𝑣Φh1(𝑣) , ∇𝑣𝑓(𝑧))
euc

= (∇𝑥Φ(𝑥) , ∇𝑣𝑓(𝑧))
euc

.

Hence, for all 𝑓 ∈ 𝐶∞
c (T2𝕏) we get that the action of 𝐿 on 𝑓 pointwisely reads as

𝐿𝑓(𝑧) = (𝑣 , ∇𝑥𝑓(𝑧))
euc

− 1
𝛽 (∇𝑥Φ(𝑥) , ∇𝑣𝑓(𝑧))

euc
− 𝛼 ⋅ (𝑎 , ∇𝑎𝑓(𝑧))

euc
+ 𝜎2

2 Δ𝑎𝑓(𝑧).

¬
We don’t repeat the attempt on the AHHM procedure here. That again would require an additional

𝜎𝑣-noise term as in Section 3.2, just for the sake of the microscopic coercivity estimate. Instead, we sketch
in broad strokes some things worth mentioning when one considers just the smoothed Langevin equation.
First, we come up with invariant measure and model Hilbert space. Consider the measure

𝜇 = 𝜌𝜇𝜆t[2] ⋅⋅= (𝜇𝕏 ⊗loc 𝜈𝛽) ⊗loc 𝜈𝛼;𝜎

on T2𝕏, where 𝜇𝕏 ⋅⋅= exp(−Φ)𝜆x , 𝜈𝛽 is the zero mean Gaußian measure with covariance matrix 𝛽−1Idℝd,
and 𝜈𝛼;𝜎 is the zero mean Gaußian measure with covariance matrix 2𝛼/𝜎2 Idℝ2d. As usual, we assume that 𝜇𝕏
is a probability measure, thus 𝜇 is a probability measure. Define 𝐻 ⋅⋅= 𝐿2(T2𝕏; 𝜇). On 𝐷 ⋅⋅= 𝐶∞

c (T2𝕏)
the generator 𝐿 as in Equation (3.20) decomposes as

𝑆 ⋅⋅=
𝛼
𝛽 Δv[2] = 𝜎2

2 Δv[2] −𝛼 ⋅ 𝒱(2) and 𝐴 = ℋ(2)
x ⋅⋅= ℋ(2)

x − 1
𝛽 ∇h1Φ↾,

where we assume that 𝛽 satisfies 𝜎2/2 = 𝛼/𝛽. Similar to Lemma 2.1.5, one can prove under the assumption
of Φ being weakly harmonic that

(𝑆, 𝐷) is symmetric in 𝐻 and nonpositive definite,

(𝐴, 𝐷) is antisymmetric in 𝐻, and
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𝐿𝑓 ∈ 𝐿1(T2𝕏; 𝜇) as well as ∫T2𝕏 𝐿𝑓 d𝜇 = 0 for all 𝑓 ∈ 𝐷.

By employing a Poisson bracket construction we can get rid of the restrictive assumption on Φ, compare
to Proposition 2.1.8 and the discussion surrounding it. We want to give a few more details, since that
Poisson bracket actually does not correspond to the almost complex structure of the first order tangent
bundle T(T𝕏). For sake of illustration, we start investigating the example of Euclidean case.
Example 3.3.2 (Almost complex structure for Euclidean position space). Let 𝕏 = ℝd

𝑥 with standard Eu-
clidean metric x = ((⋅ , ⋅)

euc
)𝑥∈ℝd

Define

𝒥 ⋅⋅= ⎛⎜
⎝

( 0 Idℝd

−Idℝd 0 ) 0ℝ2d

0ℝ2d 0ℝ2d

⎞⎟
⎠

.

Note that (−𝒥)𝒥 = pr12. This justifies the name almost complex projection, in contrast to the classical
situation of an almost complex structure on a manifold 𝔹 where an almost complex structure is a fibrewise
linear mapping 𝐽 ∶ T𝔹 → T𝔹 with 𝐽2 = −Id. Corresponding to 𝒥, we define a anticommutative bilinear
form {⋅ , ⋅} via

{𝑓 , 𝑔} = −(∇𝑓 , 𝒥∇𝑔)
euc

= (∇𝑥𝑓 , −∇𝑣𝑔)
euc

+ (∇𝑣𝑓 , ∇𝑥𝑔)
euc

for 𝑓, 𝑔 ∈ 𝐶∞
c (T2ℝd). Note that it fulfils the Leibniz rule right away and one can verify also the Jacobi

identity. Hence, {⋅ , ⋅} is a Poisson bracket on T2ℝd. The corresponding Hamiltonian vector fields are
denoted by the letter ‘H’ for instance H𝑓(𝑔) = {𝑓 , 𝑔}. We define the bilinear form 𝒜 by integrating
minus the Poisson bracket with respect to 𝜇: 𝒜(𝑓, 𝑔) ⋅⋅= ∫T2ℝd −{𝑓 , 𝑔} d𝜇 for 𝑓, 𝑔 ∈ 𝐶∞

c (T2ℝd). Using
integration by parts we find that

𝒜(𝑓, 𝑔) = ∫
T2ℝd

H𝑓(𝜌𝜇) ⋅ 𝑔 d𝜆 = (𝛽𝐴𝑓 , 𝑔)𝐻 .

Therefore, (𝐴, 𝐷) is antisymmetric without the assumption of a weakly harmonic potential. ¬
Definition 3.3.3 (almost complex projection). Let 𝐽 ∶ T𝑘𝔹 → T𝑘𝔹 be a fibrewise linear mapping as well as
a fibrewise subspace 𝑉 ⊆ T𝑘𝔹, i. e. 𝑉 ∩ T𝑘

𝑎𝔹 ⊆ T𝑘
𝑎𝔹 is a linear subspace for all 𝑎 ∈ T𝑘−1𝔹. We call 𝐽 an

almost complex projection if 𝐽2 = − pr𝑉 holds, where the projection pr𝑉 to 𝑉 is defined fibrewise. ¬
Remark 3.3.4. The usual almost complex structure 𝐽 on a tangent bundle 𝜋0 ∶ T𝔹 → 𝔹 is characterised by
the equations

𝑑𝜋0 ∘ 𝐽 = −𝑑𝜅 and 𝑑𝜅 ∘ 𝐽 = 𝑑𝜋0,
see [Dom62, Equation (12)]. In our current situation of 𝔹 = T𝕏 this characterisation reads as

𝑑𝜋2,1 ∘ 𝐽 = −𝑑𝜅[2,1] and 𝑑𝜅[2,1] ∘ 𝐽 = 𝑑𝜋2,1. (3.21)

Imposing the two following relations

𝑑𝜋2,0 ∘ 𝒥 = −𝑑𝜅[1,0] ∘ 𝑑𝜋2,1 and 𝑑𝜅[1,0] ∘ 𝑑𝜋2,1 ∘ 𝒥 = 𝑑𝜋2,0 (3.22)

we define another linear mapping 𝒥 on T3𝕏. We observe how 𝒥 acts on lifted vector fields: Let 𝒳 ∈ Γ∞(T𝕏),
then Equation (3.22) implies that

𝒥(h↾3
1 𝒳) = h↾3

2 (v↾2
1 𝒳), 𝒥(v↾3

1 𝒳) = 𝒥(v↾3
2 h↾2

1 𝒳) = 0,
and 𝒥(h↾3

2 v↾2
1 𝒳) = −h↾3

1 𝒳.

Thus, 𝒥2 = − prHT2𝕏. The almost complex projection 𝒥 can be understood as the ‘horizontal’ lifting of the
standard almost complex structure on T𝕏.

With this almost complex projection we define a Poisson bracket {⋅ , ⋅} via

{𝑓 , 𝑔} ⋅⋅= t[2](∇t[2]𝑓 , −𝒥∇t[2]𝑔) for all 𝑓, 𝑔 ∈ 𝐶∞
c (T2𝕏).

There are corresponding Hamiltonian vector fields denoted by the letter ‘H’ such that H𝑓(𝑔) = {𝑓 , 𝑔} for all
𝑓, 𝑔 ∈ 𝐶∞

c (T2𝕏). We derive the local coordinate expression as well as solenoidality of these Hamiltonians
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from the standard almost complex structure on T𝕏: Denote Hamiltonians with respect to the aforementioned
almost complex structure by ‘H(1)’ and let (𝑣𝑗)2d

𝑗=1 be chart of T𝕏 such that (𝜕𝑣𝑖)d𝑖=1 provides locally a basis

of VT𝕏 and (𝜕𝑣d+𝑘)d𝑘=1 locally a basis of HT𝕏. These coordinates lifted to T3𝕏 yield coordinates respecting
the decomposition T3𝕏 = V1T2𝕏 ⊕ H1T2𝕏 ⊕ H0T2𝕏, and the Hamiltonians with respect to 𝒥 take the
form

H𝑓 = −
d

∑
𝑘=1

𝜕hl𝜕𝑣𝑘𝑓 ⋅ 𝜕hl𝜕𝑣d+𝑘 +
d

∑
𝑖=1

𝜕hl𝜕𝑣d+𝑖𝑓 ⋅ 𝜕hl𝜕𝑣𝑖 for all 𝑓 ∈ 𝐶∞
c (T2𝕏).

Furthermore, the nontrivial divergences of 𝒥-Hamiltonians are computed to be the divergence of correspond-
ing Hamiltonians H(1):

divt[2]H𝑓v = divh[2]H𝑓v = divtH
(1)
𝑓 = 0 and divt[2]H𝑓h = 0

for all 𝑓 ∈ 𝐶∞
c (T𝕏).

By the Divergence Theorem, the antisymmetric bilinear form 𝒜 defined by integrating minus the Poisson
bracket as 𝒜(𝑓, 𝑔) ⋅⋅= − ∫T2𝕏 {𝑓 , 𝑔} d𝜇 can be alternatively written as

𝒜(𝑓, 𝑔) = − ∫
T2𝕏

H𝑓(𝑔) d𝜇 = ∫
T2𝕏

H𝑓(𝜌𝜇) ⋅ 𝑔 d𝜆t[2] for all 𝑓, 𝑔 ∈ 𝐶∞
c (T2𝕏).

With the local coordinate form for H𝑓 one calculates for all 𝑓 ∈ 𝐷0 that H𝑓(𝜌𝜇) = −𝜌𝜇𝛽 ⋅ (ℋ(2)
x − ∇h1Ψ↾)𝑓

and that assertion also holds for all 𝑓 ∈ 𝐷, as 𝐷0 is dense in 𝐷. Thus, 𝒜 = (𝛽𝐴 ⋅ ,⋅)𝐿2(𝜇) holds on 𝐷 × 𝐷.
Hence, (𝐴, 𝐷) is antisymmetric without the assumption of weakly harmonic potential. ¬

3.4 Generalised Langevin equation
Finally, we touch upon the so-called generalised Langevin equation (GLE). G. Stoltz brought the hypocoer-
civity discussion of this model in [PSV21] to our attention. For a derivation of the generic form [PSV21,
(1.1c)] of GLE we refer to [Zwa61; Zwa73]. For sake of completeness, we briefly write it down here in the
usual form, but don’t go into any details:

̈𝑞(𝑡) = −∇𝑉 (𝑞(𝑡)) − ∫
𝑡

0
𝛾(𝑡 − 𝑠) ⋅ ̇𝑞(𝑠) d𝑠 + 𝐹(𝑡)

with position variable 𝑞, smooth potential 𝑉 , (𝐹(𝑡))𝑡∈[0,∞) a zero-mean, stationary Gaußian process such
that E[𝐹 (𝑠) ⋅ 𝐹 (𝑡)] = const ⋅ 𝛾(|𝑡 − 𝑠|), where the unnamed constant would be 1/𝛽 for 𝛽 as in Section 2.1.
In the introduction of [OP11] one finds a short discussion on GLE-subclasses that are equivalent to finite-
dimensional Markovian systems – it depends on the point of view, but general GLE are notoriously either
finite-dimensional non-Markovian or infinite-dimensional Hamiltonian systems. G. A. Pavliotis, G. Stoltz,
and U. Vaes consider the stochastic Hamiltonian system [PSV21, (2.2)] obtained via a quasi-Markovian
approximation using [Pav14, Proposition 8.1]. As far as we know, GLE on general manifolds have not been
considered yet, so we want to propose generalisations of the nice finite-dimensional systems in the spirit of
this thesis.

For sake of illustration, we start of with basically the system [OP11, (7)]. Consider the position space
𝕏 ∈ {ℝd, 𝕋d} with standard notation of this thesis (𝑥 position variable, 𝑣 velocity variable, Ψ potential
on 𝕏 etc.) and T𝕏 ≃ 𝕏 × ℝd

𝑣 due to parallelisability. Suppose that 𝛾 can be approximated by the finite
sum of exponentials 𝑡 ⟼ ∑𝑁

𝑛=1 𝜆2
𝑛 ⋅e−𝛼𝑛⋅|𝑡| for real numbers 𝜆1, … , 𝜆𝑁 ∈ ℝ as well as 𝛼1, … , 𝛼𝑁 ∈ (0, ∞),

where 𝑁 ∈ ℕ+, compare to [Kup04, Section 5]. Then, the approximating system of SDEs [OP11, (7)] reads
as

d𝑥𝑡 = 𝑣𝑡 d𝑡

d𝑣𝑡 = −∇𝑥Ψ(𝑥𝑡) d𝑡 +
𝑁

∑
𝑛=1

𝜆𝑛 ⋅ 𝑧𝑛
𝑡 d𝑡

d𝑧𝑛
𝑡 = −𝜆𝑛𝑣𝑡 d𝑡 − 𝛼𝑛𝑧𝑛

𝑡 d𝑡 + √2𝛼𝑛
𝛽 ∘ d𝑊 𝑛

𝑡 for all 𝑛 ∈ {1, … , 𝑁},

(3.23)
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where 𝛽 ∈ (0, ∞) and 𝑧1
𝑡 , … , 𝑧𝑁

𝑡 ∈ ℝd. As in Section 2.1, we define Φ ⋅⋅= 𝛽Ψ and henceforth use Φ
instead of Ψ. We point the reader to [OP11, Assumption 2.1] on the potential Ψ; in particular, Ψ is smooth
and [OP11, Assumption 2.1 (ii)] implies a Poincaré inequality for the measure exp(−Φ)𝜆. The Markovian
approximation (3.23) has the configuration manifold Q𝑁 ⋅⋅= T𝕏 × (ℝd)𝑁 ≃ 𝕏 × ℝd

𝑣 × (ℝd)𝑁 and the
generator 𝐿𝑁 reading as

𝐿𝑁𝑓(𝑥, 𝑣, 𝑧)

= (𝑣 , ∇𝑥𝑓(𝑥, 𝑣, 𝑧))
euc

− 1
𝛽 (∇𝑥Φ(𝑥) , ∇𝑣𝑓(𝑥, 𝑣, 𝑧))

euc
+

𝑁
∑
𝑛=1

𝜆𝑛(𝑧𝑛 , ∇𝑣𝑓(𝑥, 𝑣, 𝑧))
euc

+
𝑁

∑
𝑛=1

−𝜆𝑛(𝑣 , ∇𝑧𝑛𝑓(𝑥, 𝑣, 𝑧))
euc

− 𝛼𝑛(𝑧𝑛 , ∇𝑧𝑛𝑓(𝑥, 𝑣, 𝑧))
euc

+ 𝛼𝑛
𝛽 Δ𝑧𝑛𝑓(𝑥, 𝑣, 𝑧)

(3.24)

for all smooth functions 𝑓 ∈ 𝐶∞(Q𝑁) and (𝑥, 𝑣, 𝑧) = (𝑥, 𝑣, (𝑧1, … , 𝑧𝑁)⊺) ∈ Q𝑁 . Compare to [OP11,
Equation (8)]. We also know the invariant measure 𝜇𝑁 on Q𝑁 , see [OP11, Equation (10)] or [PSV21,
(2.3)]:

𝜇𝑁 = (exp(−Φ)𝜆 ⊗loc N(0; 𝛽−1Idd)) ⊗
𝑁

⨂
𝑛=1

N(0; 𝛽−1Idd)

= exp(−Φ)𝜆 ⊗
𝑁+1
⨂
𝑛=1

N(0; 𝛽−1Idd).

In this situation M. Ottobre and G. A. Pavliotis proved under [OP11, Assumption 2.1] ergodicity and
exponentially fast convergence to equilibrium in relative entropy norm, see [OP11, Theorems 2.1, 2.2, 2.3].
The latter is done in the hypocoercivity framework of C. Villani. Such results but for more general forms
of GLE are summarised in [PSV21, Section 2.2]. We would like to contribute our modelling approach to
allow for more general position manifolds 𝕏. Afterwards, we would like to discuss what assumptions of
the AHHM hold right away and which ones cause trouble. Inspired by the inspection of GLE, we propose
another smoothed fibre lay-down model.

Consider a Riemannian manifold (𝕏, x) satisfying (M) and Ψ∶ 𝕏 → ℝ satisfying (P). As configuration
manifold we pick Q ⋅⋅= T2𝕏 endowed with the Sasaki multimetric t[2] = v[2] + h[2;0] + h[2;1]. Then, we have
the Ehresmannian decomposition

TQ = V1Q ⊕ H0Q ⊕ H1Q.
We interpret the Markovian GLE-approximation described by Equation (3.23) as geodesic motion of a particle
in presence of Ψ that additionally is subjected to a velocity motion that consists of 𝑁 separate Langevin
dynamics. The geodesic velocity motion is influenced by a Gaußian potential and scaled by the factor 𝜆𝑛,
whilst 𝛼𝑛 is the friction parameter and √2𝛼𝑛/𝛽 is the diffusion parameter, 𝑛 ∈ {1, … , 𝑁}, respectively.
Define ℋhx ⋅⋅= ℋh ∘ ℋx . Recall from Definition 3.1.1 the higher order canonical vector fields

𝒱(2) = 𝒱(2,2) ∶ T2𝕏 → T3𝕏, 𝑤 ⟼ v𝑤↾3
2 (𝑤)

and 𝒱(2,1) ∶ T1𝕏 → T3𝕏, 𝑤 ⟼ v𝑤↾3
1 (𝑤).

Now, we write the system from Equation (3.23) as the system of Stratonovich SDEs

d𝜂 = 𝜂0 d𝑡 +
𝑁

∑
𝑛=1

𝜂𝑛 d𝑡 (3.25a)

d𝜂0 = ℋhx d𝑡 − 1
𝛽 h↾3

2 (v↾2
1 (∇xΦ)) d𝑡 (3.25b)

d𝜂𝑛 = 𝜆𝑛 ⋅ (ℋv − 𝒱(2,1)) − 𝛼𝑛𝒱(2) d𝑡 + √2𝛼𝑛
𝛽 ⋅

2d
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑣𝑖𝜂𝑛

) ∘ d𝑊 𝑖
𝑡

for all 𝑛 ∈ {1, … , 𝑁}.
(3.25c)
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Here we dropped again eventual tangent bundle projections and time indices for sake of readability. Further-
more, (𝑣𝑖

𝜂𝑛
)2d

𝑖=1
refers to normal coordinates at 𝜂𝑛. The aforementioned geodesic motion in presence of Ψ is

described by Equation (3.25b). In contrast, each one of the dynamics described by Equation (3.25c) can be
viewed as Langevin equation (2.2) on the Riemannian manifold (T𝕏, v) with Gaußian potential 1

2 ∣IdT2𝕏∣2
v

and the additional scaling factor 𝜆𝑛. The first line, Equation (3.25a), yields a curve 𝜂 ∶ 𝐼 → T𝕏 and the
trajectory of the position dynamic is 𝑡 ↦ 𝑥𝑡 ⋅⋅= 𝜋0 ∘ 𝜂𝑡. The generator corresponding to the system (3.25) is

𝐿 = ℋhx − 1
𝛽 h↾3

2 (v↾2
1 (∇xΦ)) +

𝑁
∑
𝑛=1

𝜆𝑛 ⋅ (ℋv − 𝒱(2,1)) − 𝛼𝑛𝒱(2) d𝑡 + 𝛼𝑛
𝛽 Δv[2] (3.26)

which is defined for all smooth functions on Q.
Definition 3.4.1 (model Hilbert space (D1)). Consider the probability space (Q, 𝔅(Q), 𝜇) with

𝜇 = 𝜆t[2] = (𝜆x ⊗loc 𝜈1) ⊗loc 𝜈𝛽

with base weight 𝜌𝕏 ⋅⋅= exp(−Φ) such that 𝜆x = 𝜌𝕏𝜆x is a probability measure, and Gaußian measures 𝜈1 ⋅⋅=
N(0; Idd) as well as 𝜈𝛽 ⋅⋅= N(0; 1/𝛽 Id2d). The model Hilbert space is 𝐻 ⋅⋅= 𝐿2(Q; 𝜇) = 𝐿2(T2𝕏; t[2]). ¬
Example 3.4.2. For 𝕏 ∈ {ℝd, 𝕋d} the system (3.25) and the generator 𝐿 as in Equation (3.26) reduce to
the system (3.23) and the operator 𝐿𝑁 as in Equation (3.24). Indeed: Due to parallelisability, we can write

H0Q ≃ HT𝕏 ≃ 𝕏 × ℝd
𝑣 , H1Q ≃ VT𝕏 ≃ (ℝd

𝑣 × ℝd
𝑎 )

and V1Q ≃ T(ℝd
𝑣 × ℝd

𝑎 ) ≃ (ℝd
𝑣 × ℝd

𝑎 ) × (ℝd
𝑎 × ℝd

𝚥 ),
where the subscripts ‘𝑣’, ‘𝑎’, and ‘𝚥’ signify 𝑣elocity, 𝑎cceleration, and 𝚥erk respectively. Hence, the H0Q-val-
ued vector field ℋhx is understood just as ℋx . In contrast, the H1Q-valued vector field ℋv acts as

ℋv𝑓 v
0(𝑥, 𝑣, 𝑎) = h[2;1](ℋv , ∇h1𝑓 v

0)(𝑥, 𝑣, 𝑎)
= v(𝑥,𝑣)(IdT2𝕏(𝑎) , ∇v𝑓0(𝑥, 𝑣)) = (𝑎 , ∇𝑣𝑓(𝑥, 𝑣))

euc

for functions 𝑓0 ∈ 𝐶∞(T𝕏) ≃ 𝐶∞(𝕏 × ℝd
𝑣 ). The two canonical vector fields 𝒱(2,1) and 𝒱(2) act as

𝒱(2,1)𝑓(𝑥, 𝑣, 𝑎) = v[2](𝒱(2,1) , ∇v[2]𝑓)(𝑥, 𝑣, 𝑎) = (𝑣 , ∇𝑎𝑓(𝑥, 𝑣, 𝑎))
euc

,

and 𝒱(2)𝑓(𝑥, 𝑣, 𝑎) = v[2](𝒱(2) , ∇v[2]𝑓)(𝑥, 𝑣, 𝑎) = (𝑎 , ∇𝑎𝑓(𝑥, 𝑣, 𝑎))
euc

on functions 𝑓 ∈ 𝐶∞(Q) ≃ 𝐶∞(𝕏 × ℝd
𝑣 × ℝd

𝑎 ). Clearly, the Laplace-Beltrami Δv[2] is read as the Lapla-
cian Δ𝑎. Instead of the dynamics 𝑧1 = (𝑧1

𝑡 )𝑡, … , 𝑧𝑁 = (𝑧𝑁
𝑡 )𝑡 on copies of ℝd

𝑎 we go with independent
dynamics 𝜂1 = (𝜂1;𝑡)𝑡, … , 𝜂𝑁 = (𝜂𝑁;𝑡)𝑡 living in T2𝕏. ¬
Remark 3.4.3 (SAD-decomposition for 𝐿). The generator 𝐿 as in Equation (3.26) decomposes on 𝐷 ⋅⋅=
𝐶∞

c (Q) into
𝐿 = −𝐴0 + 𝐿1∶𝑁 ⋅⋅= −𝐴0 + 𝑆1∶𝑁 − 𝐴1∶𝑁

with the operators

𝑆1∶𝑁 = 𝛼1∶𝑁
𝛽 Δv[2] =

𝑁
∑
𝑛=1

𝛼𝑛
𝛽 Δv[2]

⋅⋅=
𝛼1∶𝑁

𝛽 Δv[2] −𝛼1∶𝑁𝒱(2) =
𝑁

∑
𝑛=1

𝛼𝑛
𝛽 Δv[2] −𝛼𝑛𝒱(2) with 𝛼1∶𝑁 ⋅⋅=

𝑁
∑
𝑛=1

𝛼𝑛,

𝐴0 ⋅⋅= − ℋhx + 1
𝛽 h↾3

2 (v↾2
1 (∇xΦ)), and

𝐴1∶𝑁 ⋅⋅= − 𝜆1∶𝑁(ℋv − 𝒱(2,1)) = −
𝑁

∑
𝑛=1

𝜆𝑛 ⋅ (ℋv − 𝒱(2,1)) with 𝜆1∶𝑁 ⋅⋅=
𝑁

∑
𝑛=1

𝜆𝑛.

Clearly, the operator (𝑆1∶𝑁 , 𝐷) on 𝐻 is symmetric and nonpositive definite; also, the operators (𝐴0, 𝐷) and
(𝐴1∶𝑁 , 𝐷) are antisymmetric. Compare to Lemma 2.1.5. ¬
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Remark 3.4.4 (essential m-dissipativity of (𝐿, 𝐷)). In [OP11, Proposition 3.1] it is proven for 𝕏 ∈ {ℝd, 𝕋d}
and smooth potential Φ that (𝐿, 𝐷) is essentially m-dissipative. The strategy of the proof is taken from [HN05,
Proposition 5.5], therefore it shares the same spirit with Proposition 2.1.13. The key to the manifold setting
is to obtain the Hörmander condition for 𝐿 using Lemma 2.1.12 with ℋ = ℋt = ℋv + ℋh . Afterwards, one
considers the situation without base weight on 𝕏, i. e. on the space 𝐿2(Q; (𝜆x ⊗loc 𝜈1) ⊗loc 𝜈𝛽) the operator
𝐿0 = −ℋhx + 𝐿1∶𝑁 with predomain 𝐷 is found to be essentially m-dissipative as in Lemma 2.1.14. Then,
introduce the unitary transformation

𝑈 ∶ 𝐻 → 𝐿2(Q; (𝜆x ⊗loc 𝜈1) ⊗loc 𝜈𝛽), 𝑓 ⟼ (exp(−1
2Φ))

v2
⋅ 𝑓 = exp(−1

2Φv2) ⋅ 𝑓

and look at
𝐿 ⋅⋅= 𝑈𝐿𝑈−1 = −𝑈𝐴0𝑈−1 + 𝑈𝐿1∶𝑁𝑈−1 =⋅⋅ −𝐴0 + 𝐿1∶𝑁

on a suitable domain. Since 𝐴0 acts on twice vertically lifted functions basically the same way as 𝐴
from Section 2.1 acts on vertically lifted functions, one can deal with a globally Lipschitzian potential
via the almost identical perturbation argument as in the proof of Lemma 2.1.16 and then arguments as
in Corollary 2.1.17. The case of a locally Lipschitzian potential is covered as in Proposition 2.1.18. ¬

Unfortunately, the question of 𝐿2-hypocoercivity of the (approximate) GLE remains open. From point
of view of the AHHM, the crux is the lack of a symmetric operator 𝑆0 complementing 𝐴0 in terms of a
SAD-decomposition. In other words, the geodesic motion corresponding to the base Riemannian metric x
is not perturbed by a diffusion that provides the necessary amount of microscopic coercivity. As we did
in Section 3.2, one can add a ‘small noise on the velocity level’ by introducing 𝑆0 as weighted version of the
Laplace-Beltrami Δh1 times friction parameter 𝛼1∶𝑁 as well as some factor involving a scaling parameter 𝜎𝑣,
e. g. 𝜎𝑣/𝜎𝑣 + 1. The weighted Laplacian is required, rather than the unweighted one, due to the fact that the
covariance matrix of the Gaußian measure 𝜈1 is to be rescaled by the reciprocal of the 𝜎𝑣-diffusion factor, in
order for 𝜇 to still be the invariant measure. Not to forget that 𝒱(2,1)-term also gets the 𝜎𝑣-diffusion factor
as consequence of the change of measure. Still, the hypocoercivity constant 𝜅2 = 𝜅2(𝜎𝑣) converges to 0
when taking the limit 𝜎𝑣 → 0. Compare to the discussion at the end of Section 3.2.

To end the chapter, we propose another fibre lay-down model that yields smoother looking paths and
might benefit from future research achievements in the GLE-field. Instead of the smoothed fibre lay-down
model (3.9) we suggest basically the GLE but with the algebraic side condition of normalised velocities. The
side condition is incorporated via the choice of Q ⋅⋅= TU𝕏 and accordingly of the Sasaki multimetric on Q
induced by the unit Sasaki metric u = v|U + h.

d𝜂 = 𝜂0 d𝑡 + 𝜂1 d𝑡 (3.27a)
d𝜂0 = ℋhx d𝑡 − h↾3

2 (tl(∇xΨ)) d𝑡 (3.27b)

d𝜂1 = 𝜆1 ⋅ (ℋv |U − 𝒱(2,1)|U𝕏) − 𝛼1𝒱(2)|TU𝕏 d𝑡 + √2𝛼1
𝛽 ⋅

2d−1
∑
𝑖=1

v↾3
2 ( 𝜕

𝜕𝑢𝑖𝜂1

) ∘ d𝑊 𝑖
𝑡 . (3.27c)

A certainly fitting name for Equation (3.27), not related to fibre lay-down dynamics, is spherical velocity GLE .
Again as in Section 3.2, we replace the expression h↾3

2 (tl(∇xΨ)) by the vector field 1
d−1 ∇h1|U(ℋxΨv)v1

.
Furthermore, we simplify notation for the restricted canonical vector fields as 𝒱(2,1)

U ⋅⋅= 𝒱(2,1)|U𝕏 and 𝒱(2)
U ⋅⋅=

𝒱(2)|TU𝕏. Then, the so-called spherical velocity GLE-generator reads as

𝐿 = ℋhx − 1
d− 1 ∇h1|U(ℋxΨv)v1 + 𝜆1 ⋅ (ℋv − 𝒱(2,1)

U ) − 𝛼1𝒱(2)
U d𝑡 + 𝛼1

𝛽 Δv|U[2] (3.28)

and decomposes on 𝐷 ⋅⋅= 𝐶∞
c (Q) in virtually the same way as in Remark 3.4.3 with 𝑁 = 1. The corre-

sponding invariant measure on Q is 𝜇 ⋅⋅= (𝜆x ⊗loc 𝜈) ⊗loc 𝜈𝛽 with 𝜈 ⋅⋅= Sd−1
1 being the normalised spherical

surface measure. The operator (𝐿, 𝐷) from Equation (3.28) is essentially m-dissipative on 𝐻 ⋅⋅= 𝐿2(Q; 𝜇),
as the arguments from Remark 3.4.4 translate just with slight modifications. But the question whether the
generated semigroup is 𝐻-hypocoercive is a topic for further research.

We close the section by presenting a few numerical experiments: In Figure 3.3 one finds trajectories for
Equation (3.27) in the plane. We fixed 𝛽 = 1 in order to investigate the influence of the parameters 𝛼1
and 𝜆1.
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(a) 𝜆1 = 0.25 and 𝛼1 = 0.1 (b) 𝜆1 = 1 and 𝛼1 = 0.1 (c) 𝜆1 = 4 and 𝛼1 = 0.1

(d) 𝜆1 = 0.25 and 𝛼1 = 0.5 (e) 𝜆1 = 1 and 𝛼1 = 0.5 (f) 𝜆1 = 4 and 𝛼1 = 0.5

(g) 𝜆1 = 0.25 and 𝛼1 = 1 (h) 𝜆1 = 1 and 𝛼1 = 1 (i) 𝜆1 = 4 and 𝛼1 = 1

(j) 𝜆1 = 0.25 and 𝛼1 = 2 (k) 𝜆1 = 1 and 𝛼1 = 2 (l) 𝜆1 = 4 and 𝛼1 = 2

(m) 𝜆1 = 0.25 and 𝛼1 = 4 (n) 𝜆1 = 1 and 𝛼1 = 4 (o) 𝜆1 = 4 and 𝛼1 = 4

Figure 3.3: Spherical velocity GLE with 𝜆1 varying by row and 𝛼1 varying by column



4 Dimension reduction by means of scaling
limits

U ntil now we assumed a general finite dimension d of the Riemannian manifold (𝕏, x), which in most
applications would not be the most desirable degree of freedom. In fibre lay-down applications we surely

consider d ∈ {2, 3}, as on the one hand the conveyor belt is two-dimensional by nature whereas on the other
hand the nonwoven fleece has microscopically a three-dimensional structure. Clearly, the three-dimensional
fibre lay-down models discussed so far don’t fit the reality of industrial production well, since the velocities
are uniformly distributed on the sphere 𝕊d−1 = 𝕊2 and thus defy gravity as well as other possible influences
that might favour a particular set of directions. Thus, in contrast to the former isotropic models we look for
anisotropic variations.

Proposals to achieve this goal have been made in [KMW12a; KMW12b]. The idea of A. Klar et al. is
to introduce scaling parameters in special local coordinate equations to weight certain velocity directions
differently. The pool of scaling limit techniques is immensely broad and many of them by design answer
specific questions in specific situations. We mention some techniques from this multifarious zoo and results
in Section B.1, but that exhibition is by no means exhaustive.

As we formalise our scaling procedure as geometric as possible, we recall in Section 4.1.1 common notions
of convergence for spaces that carry measurable, metric, metric-measure, or so-called spectral structures.
We don’t attempt to cover everything in this thesis, but a few more details are given in Section B.2.
Though, we interject an introduction to stratifolds in Section 4.1.2. This concept was introduced by Matthias
Kreck and I think it provides the perfect framework compared to other generalisations of smooth manifolds:
The power of stratifolds comes from generalising properties of manifolds within the context of so-called
differential spaces, rather than relying on group actions, quotient space constructions etc. Furthermore,
we can allow for singularities by proximity to stratified spaces in topology. In fact, several quite intuitive
operations naturally result in stratifolds like taking the cone over or the suspension of a manifold. Afterwards
in Section 4.2, we deliver on the geometric convergence results. First in Section 4.2.1, we look at the sphere
as isolated standard fibre of the unit tangent bundle and make it collapsing to a sphere of lower dimension.
See Corollary 4.2.6, Corollary 4.2.9, and Corollary 4.2.10. Then in Section 4.2.2, we adapt the configuration
manifold of isotropic fibre lay-down models on 𝕏 to the configuration stratifold1 for anisotropic fibre lay-
down models, and construct the limit space when the standard fibre collapses.

Eventually, in Section 4.3 we formulate our anisotropic fibre-lay down models, once the configuration
stratifold bundle is well-established. Then, we investigate hypocoercivity of the anisotropic as well as the
collapsed dynamics. See Theorem 4.3.1, Corollary 4.3.3, and Theorem 4.3.9. Having generalised Dirichlet
forms at the back of one’s mind, one naturally asks whether or not the anisotropic fibre lay-down models
converge in Mosco sense. In case the reader is not familiar with Mosco convergence, we provide a short
discussion in the appendix, see Section B.3. Mosco convergence is rather sensible in regards to dimension
reduction. Therefore, the final result Theorem 4.3.10 establishing Mosco convergence of the anisotropic fibre
lay-down models seems quite remarkable.

Before we get into the details, we sketch our take on the scaling problem. Let us suppose that the
unit tangent bundle is trivial: U𝕏 ≃ 𝕏 × 𝕊d−1. Furthermore, we think 𝕊d−1 as isometrically embedded
submanifold of ℝd of the form

𝕊d−1 = {𝑢 =
d

∑
𝑗=1

𝑢𝑗𝑒𝑗 ∈ ℝd ∣
d

∑
𝑗=1

𝑢2
𝑗 = 1},

where (𝑒𝑗)d𝑗=1 is the standard basis of ℝd. Without loss of generality, we choose 𝑒d as the direction that we
want to get rid off. The sphere 𝕊d−1 carries the normalised surface measure Sd−1

1 as canonical probability
measure. For every scaling parameter 𝜀 ∈ (0, 1) we consider a probability density 𝜌𝜀

𝕊 such that on the one
hand 𝜌𝜀

𝕊 is invariant with respect to rotations around the 𝑒d-axis and on the other hand the probability
1To be more precise, it is the total space of a stratifold bundle, as introduced in Definition 4.2.14 later.
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measures 𝜌𝜀
𝕊S

d−1
1 weakly converge to Sd−2

1 ⊗ 𝛿𝜋/2 as 𝜀 ↓ 0. The Dirac measure 𝛿𝜋/2 detects the ‘equator’
in standard polar coordinates: One measures the ‘latitudinal angle’ for the highest order ‘meridian’ starting
with 0 at the ‘north pole’ 𝑒d, thus the angle 𝜋/2 corresponds to points in the ‘equator’

𝕊d−2 = {𝑢 =
d

∑
𝑗=1

𝑢𝑗𝑒𝑗 ∈ ℝd ∣
d−1
∑
𝑗=1

𝑢2
𝑗 = 1 ∧ 𝑢d = 0}.

We construct an explicit example for such densities (𝜌𝜀
𝕊)𝜀 in Section 4.2.1.

The poles are to be treated somewhat separately. E. g. in the case of d = 3 the density 𝜌𝜀
𝕊, 𝜀 ∈ (0, 1),

can not be globally smooth and have globally nonvanishing derivative at the same time. Otherwise due to
its rotational invariance, it would determine a smooth section 𝕊2 → T𝕊2, 𝑢 ↦ 𝐸2(𝑢) that always points
into direction of 𝑒3. But such a section is not even continuous by the Hairy Ball Theorem. Be that as it
may, the density can easily be smooth with nonvanishing derivative ‘far away’ from the poles ±𝑒3. Back in
the general case, we desire some kind of stratification separating poles from the rest of the sphere. Although
so-called Alexandrov spaces come with such a stratification, we choose to rely on the fairly new concept
of stratifolds. On the one hand it gives us a bit more structure to work with and on the other hand that
structure is easier accessible in terms of a certain subalgebra of continuous functions.

Beyond that, we also use stratifolds to get into a situation of ‘quasi-parallelisability’. Meaning, we
transform the position space 𝕏 into a stratifold such that the top stratum is a parallelisable smooth manifold
and the remaining strata can basically be neglected. E. g. if one makes the poles ±𝑒3 of 𝕏 = 𝕊2 into one
stratum and the complement into the second stratum 𝕏○∧ , then 𝕏○∧ is diffeomorphic to an open cylinder
over 𝕊1 (with finite height) and therefore is parallelisable.

4.1 Preface
We suppose that the reader is familiar with neither varifolds, nor Gromov-Hausdorff-type convergences, nor
convergence of spectral structures. Therefore, we give basic definitions, examples, references etc. in Sec-
tion 4.1.1. The convergence of varifolds is the weakest geometric notion of convergence in this thesis and one
does not strictly need it for our purposes. Nevertheless, we recommend to consider it anyways: As varifolds
are a measure theoretic generalisation of manifolds, this versatile notion allows for all kinds of manipulations.
We use varifolds for a first construction of the limit spaces under our scaling limits. Though, we see in
the process that varifold convergence is not appropriate to cover reduction of dimension correctly. In lieu,
the central notion of geometric convergence is Gromov-Hausdorff convergence of (pointed) metric measure
spaces.

Afterwards, we introduce the concept of stratifolds in Section 4.1.2. This might surprise some, since
in the context of Gromov-Hausdorff convergence the category of so-called Alexandrov spaces is the natrual
one. Indeed, as an implication of the Gromov Compactness Theorem for metric spaces, see [Gro07, Propo-
sition 5.2], the set of pointed finite dimensional Riemannian manifolds with Ricci curvature bounded from
below is precompact with respect to Gromov-Hausdorff distance, see [Gro07, Theorem 5.3]. The limit spaces
of such Riemannian manifolds are Alexandrov spaces. However, I prefer stratifolds for all intents and purposes
of this thesis, as stratifolds by their very design yield a nicer stratification compared to Alexandrov spaces.
In the end of Section 4.1.2, we briefly discuss well-known results concerning Alexandrov spaces contrasting
them to stratifolds.

4.1.1 Overview of several notions of geometric convergence
Weak convergence of varifolds
Anticipating definitions below, varifolds are certain measures, thus one would naturally say that a sequence
(𝕍𝑛)𝑛∈ℕ of varifolds in a manifold 𝕐 converges to a varifold 𝕍 in 𝕐 if 𝕍𝑛 ⟶ 𝕍 weakly as 𝑛 → ∞. The
term ‘varifold’ was coined by F. J. Almgren Jr. for a substitute of manifolds in geometric measure theory,
see [Alm66, Section 3]. In its first form the concept appeared before in the works of Laurence Chisholm
Young as ‘generalised surface’. The slightly different varifold formalism has proven itself by now for solving
variational problems arising in real life applications. See e. g. [Tay76; Tay78] for applications to soap-film-like
respectively soap-bubble-like surfaces or crystalline structures. We present a more ‘geometrical’ formulation
from [All72, Section 3] which describes varifolds as Radon measures on Graßmannians. As a side note, the
interested reader is also referred to [Sim83, Chapter 4 and 8] which approaches the well-behaved so-called
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integral varifolds from a different direction that might be easier to grasp. Rectifiability theorems like [Sim83,
Theorem 38.3] and [All72, Theorems 3.5.1 and 3.5.2] relate integral varifolds in the sense of W. Allard and
L. Simon to each other.

Definition 4.1.1 (varifolds). Consider a smooth manifold 𝕐 as submanifold of ℝn. Denote by 𝔾(k, 𝕐) the
(unoriented) Graßmannian of 𝕐: If 𝔾(k,n) is the space of k-dimensional (unoriented) subspaces of ℝn

with its natural topology2, then one defines

𝔾(k, 𝕐) ⋅⋅= (𝕐 × 𝔾(k,n)) ∩ {(𝑦, 𝑆) ∣ 𝑦 ∈ 𝕐 ∧ 𝑆 ⊆ T𝑦𝕐}.

A k-dimensional varifold 𝕍 (in the ambient space 𝕐) is a Radon measure on 𝔾(k, 𝕐). Furthermore, we
define via ‖𝕍‖(𝐴) ⋅⋅= 𝕍({(𝑦, 𝑆) ∈ 𝔾(k, 𝕐) | 𝑦 ∈ 𝐴}) for 𝐴 ∈ 𝔅(𝕐) a Radon measure on 𝕐, which we call
weight measure. If ‖𝕍‖(𝕐) is finite, this number is called weight of 𝕍. ¬
Example 4.1.2. Consider the situation of Definition 4.1.1. If 𝕐 is compact and 𝐵 ∈ 𝔅(𝕐), then the
following assignment defines a varifold 𝕍𝐵 due to the Riesz Representation Theorem:

∫
𝔾(k,𝕐)

𝑓 d𝕍𝐵 ⋅⋅= ∫
𝐵

𝑓(𝑦, T𝑦𝕐) ℋk(d𝑦)

for all continuous functions 𝑓 ∶ 𝔾(k, 𝕐) → ℝ with compact support. Here, ‘ℋk’ denotes the k-dimensional
Hausdorff measure. The weight measure ‖𝕍𝐵‖ equals the restriction ℋk|𝐵 to 𝐵. ¬
Example 4.1.3 (Riemannian manifolds as varifolds). Consider a b-dimensional Riemannian manifold (𝔹, b)
as a submanifold of the ambient space ℝn. For the moment, assume that 𝔹 is compact; hence the
Riemannian volume measure 𝜆b could be viewed as probability measure up to a normalisation constant that
we are going to suppress henceforth. Define

𝑘𝔹 ∶ 𝔹 × 𝔅(𝔾(b,n)) → ℝ, (𝑏, ̄𝐴) ⟼ ∫
𝔾(b,n)

1 ̄𝐴(𝑆) 𝛿T𝑏𝔹(d𝑆).

Then, 𝑘𝔹(𝑏, ⋅) is a probability measure for all 𝑏 ∈ 𝔹 and 𝑘𝔹(⋅, ̄𝐴) is measurable for all ̄𝐴 ∈ 𝔅(𝔾(b,n)),
thus 𝑘𝔹 is a Markov kernel. Hence, there exists a unique probability measure 𝕍b satisfying

𝕍b(𝐴) = ∫
𝔹

𝑘𝔹(𝑏, pr2(𝐴)) ⋅ 1pr1(𝐴)(𝑏) 𝜆b(d𝑏) = ∫
pr1(𝐴)

𝑘𝔹(𝑏, pr2(𝐴)) 𝜆b(d𝑏)

= ∫
pr1(𝐴)

∫
𝔾(b,n)

1pr2(𝐴)(𝑆) 𝛿T𝑏𝔹(d𝑆) 𝜆b(d𝑏)
(4.1)

for all 𝐴 ∈ 𝔅(𝔾(b, ℝn)) = 𝔅(ℝn × 𝔾(b,n)). Similarly, if the not necessarily compact 𝔹 is endowed with
a weight 𝜌𝔹 such that 𝜆b = 𝜌𝔹𝜆b is a probability measure, then there is a probability measure 𝕍b that
satisfies Equation (4.1) with 𝜆b replaced by 𝜆b . ¬

Gromov-Hausdorff convergence
One fairly basic notion of geometric convergence is provided via the Gromov-Hausdorff (GH) distance between
metric spaces. Originally, it was defined in [Gro81, Section 7]; see [Gro07, Section 3.A] for concise definitions.
Here, we restrict ourselves to a few examples to just give an impression. What we really need are the
extensions of Gromov-Hausdorff convergence that include for instance measure convergence.

Example 4.1.4 (collapsing of manifolds).

(i) Let (𝑒1, 𝑒2) an orthonormal base of ℝ2. For 𝑐 ∈ (0, 1] we consider the torus 𝕋𝑐 corresponding to the
quotient space ℝ2/𝕃𝑐 where 𝕃𝑐 denotes the lattice generated by (𝑒1, 𝑐𝑒2). Then, the Ricci curvature
of every 𝕋𝑐 is zero and (𝕋𝑐)𝑐∈(0,1] GH-converges to the sphere 𝕊1 as 𝑐 ↓ 0 corresponding to ℝ𝑒1/ℤ𝑒1.
See [Gro07, Counterexamples 5.5].

2It comes from the identification of 𝔾(k,n) with the coset O(n)/O(k) × O(n − k).
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(ii) Consider for parameters 𝑐 ∈ (0, 1] the ellipsoids 𝕐𝑐 defined as

𝕐𝑐 ⋅⋅= {𝑥 ∈ ℝ3 ∣ 𝑥2
1 + 𝑥2

2 + (𝑥3
𝑐 )

2
= 1}.

Then, the sequence (𝕐𝑐)𝑐∈(0,1] convergences as 𝑐 ↓ 0 to the space 𝔻𝔻 constructed as follows: Take
different closed disks 𝔻− and 𝔻+ of radius 1 and glue them together along their respective boundary
which forms the ‘sutura’ 𝑆 of points that lay on both glued disks; the quotient space centred at 0 is
now denoted by 𝔻𝔻 and endowed with the metric

𝔻𝔻 × 𝔻𝔻 → [0, ∞)∶

(𝑥, 𝑦) ⟼ {|𝑥 − 𝑦|euc 𝑥, 𝑦 ∈ 𝔻±
inf𝑧∈𝑆(|𝑥 − 𝑧|euc + |𝑧 − 𝑦|euc) 𝑥 ∈ 𝔻±, 𝑦 ∈ 𝔻∓

.

That metric ensures that points on the same disk have Euclidean distance to each other, whilst for
points on different disks one measures the shortest path travelling from the point 𝑥 ∈ 𝔻+ to a point 𝑧
on the sutura and from 𝑧 to 𝑦 ∈ 𝔻−. Compare to [Sor07, Example 2.3] and Figure 4.1. ¬

Figure 4.1: Ellipsoids collapsing from left to right, where the red circles are glued together

Example 4.1.5 (appearing singularities). Again, this example is taken from [Gro07, Counterexamples 5.5].
Consider the hemisphere 𝕐1 and deform it towards a cone as in Figure 4.2. The cone is not a Riemannian

Figure 4.2: Deformation of a hemisphere to a cone

manifold. However, it can be seen as a stratifold, see Example 4.1.22. ¬
Example 4.1.6 (vanishing holes). Consider the sequence (𝕐𝑐)𝑐∈(0,1] constructed as follows: For 𝕐1 glue a
pair of handles to the sphere 𝕊2. As the parameter 𝑐 decreases to zero the handles become smaller and
smaller such that the Gromov-Hausdorff limit is exactly the sphere 𝕊2. See [Sor07, Example 2.2] ¬

These examples show that dimension, curvature, and several more geometric data are not preserved by
Gromov-Hausdorff convergence. As mentioned and seen before, the limit of a GH-convergent sequence of
(Riemannian) manifolds is not necessarily a (Riemannian) manifold – even under nice curvature bounds.
However, there are several closedness results available many of which can be found in the expository arti-
cle [Fuk90].

(Pointed) Measured Gromov(-Hausdorff) convergence
We adopt notions from [GMS15] which are contrasted in [GMS15, Section 1.1.5] specifically for compact
metric measure spaces: Pointed measured Gromov (pmG) convergence just asks for weak convergence of
measures, whilst pointed measured Gromov-Hausdorff convergence (pmGH) requires both weak convergence
of measures and Hausdorff convergence of the metric spaces. There are several equivalent definitions of
pmG-convergence, see [GMS15, Section 3.2] and Definition B.2.6 in the appendix. We want to spotlight
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//
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//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
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//
//   * `Get Current View'
//
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//
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//
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//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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the extrinsic definition given below in Definition 4.1.7. In [GMS15, Section 3.4] it’s explained very neatly
that the extra information of an effective realisation in the extrinsic approach enables us to make a precise
definition, how a sequence of points might converge when each point is in a (different) space of a converging
sequence of spaces, see [GMS15, Definition 3.23].
Definition 4.1.7 (Extrinsic pmG-convergence). Let 𝐽 be a directed set and a net of pointed metric measure
spaces (𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑦𝑗)𝑗∈𝐽 . We say that this net converges extrinsically to (𝕐∞, dist∞, 𝜇∞, ̄𝑦∞), if there
exists a so-called effective realisation (𝕐, dist𝕐, 𝜄𝑗)𝑗∈𝐽∪{∞}, consisting of a complete, separable metric space
(𝕐, dist𝕐) and isometric embeddings 𝜄𝑗 ∶ 𝕐𝑗 → 𝕐 for all 𝑗 ∈ 𝐽 as well as 𝜄∞ ∶ 𝕐∞ → 𝕐, such that the
net of image measures weakly converges, i. e. (𝜄𝑗)∗𝜇𝑗 ⇀ (𝜄∞)∗𝜇∞, and the net of designated points also
converges, i. e. 𝜄𝑗( ̄𝑦𝑗) → 𝜄∞( ̄𝑦∞) ∈ supp((𝜄∞)∗𝜇∞). This is [GMS15, Definition 3.9]. ¬

For the precise definition of pmGH-convergence we refer to [GMS15, Definition 3.24 and Proposi-
tion 3.28]; also see the discussion in [GMS15, Remarks 3.25-27].3 In general, pmG-convergence doesn’t
imply pmGH-convergence. Wherefore, one desires powerful criteria for this implication to hold. We briefly
present here [GMS15, Theorem 3.33] which crucially requires a common doubling constant for the converging
spaces.
Theorem 4.1.8 (from pmG- to pmGH-convergence). Let 𝐽 be a directed net. Assume pointed metric
measure spaces (𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑦𝑗), 𝑗 ∈ 𝐽 ∪ {∞}, such that (𝕐𝑗, dist𝑗) is complete as well as separable, 𝜇𝑗
is a nonzero Borel measure that is finite on every bounded subset and, ̄𝑦𝑗 ∈ supp(𝜇𝑗) for all 𝑗 ∈ 𝐽 ∪ {∞}.
Furthermore, assume that the sequence (𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑦𝑗)𝑗∈𝐽 is uniformly 𝑐-doubling for some constant 𝑐 ∈
(0, ∞) and supp(𝜇∞) = 𝕐∞. If (𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑦𝑗)𝑗∈𝐽 converges in pmG-sense to (𝕐∞, dist∞, 𝜇∞, ̄𝑦∞), then
(𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑦𝑗)𝑗∈𝐽 converges to (𝕐∞, dist∞, 𝜇∞, ̄𝑦∞) in pmGH-sense. ¬

One of the prominent features of pmGH-convergence is that the set CD(𝐾, 𝑁) of metric measure spaces
with lower Ricci curvature bounded from below by 𝐾 ∈ ℝ and dimension bounded by 𝑁 ∈ [1, ∞] from above
is stable under this type of convergence. Here the notion of lower Ricci curvatures for metric measure spaces
is due to K.-T. Sturm as well as J. Lott and C. Villani, see [Stu06a; Stu06b] and [LV09]. In a nutshell,
the construction of CD(𝐾, 𝑁)-spaces is the geometric side of a coin with the Bakry-Émery (curvature-
dimension) condition on the analytic side. Recall from the famous paper [BÉ85] that the Bakry-Émery
condition is rooted in Γ-calculus in contrast to the ideas from optimal (mass) transport employed by Sturm
and Lott-Villani. We highly recommend the papers [AGS14; AGS15] that are devoted to establish equivalence
between these curvature-dimension conditions in a certain sense. Specifically, in [AGS14, Section 5] the
subclass RCD(𝐾, ∞) of CD(𝐾, ∞)-spaces that behave somewhat ‘Riemannian’ was introduced and the
authors showed that these spaces satisfy the Bakry-Émerey condition with lower bound 𝐾. Afterwards,
[AGS14] investigated when the converse implication holds. Furthermore, the RCD(𝐾, ∞)-property is stable
under pmG-convergence according to [GMS15, Theorem 7.2].

Let us close this subsection with a few additional references. In the series of papers [CC97; CC00a;
CC00b] J. Cheeger and T. H. Colding provide a classical extensive study of sequences of Riemannian manifolds
converging. Moreover, the variation of eigenvalues of the Laplacians under the measured Gromov-Hausdorff
convergence is the topic of [Fuk87]. In particular, K. Fukaya provides several explicit examples and counter
examples for his results which is much appreciated.

Convergence of spectral structures
We briefly present a central result of the famous paper [KS03] by K. Kuwae and T. Shioya. It states that if
one has a sequence of in some sense converging Hilbert spaces and self-adjoint nonnegative definite linear
operators on these Hilbert spaces, then several different convergences of objects associated to the self-adjoint
operators are equivalent. Thus, each one of the equivalent convergence statements can be used to define
the so-called convergence of spectral structures.
Definition 4.1.9 (spectral structures). Consider a Hilbert space 𝐻. A quintuple Σ = (Λ, ℰ, 𝐸, 𝑇 , 𝑅) is
called a spectral structure on 𝐻 if (Λ, 𝐷(Λ)) is a self-adjoint nonnegative definite linear operator on 𝐻 that
has spectral measure 𝐸 and generates the densely defined closed bilinear form (ℰ, 𝐷(ℰ)) as well as the SCCS
𝑇 = (𝑇𝑡)𝑡∈[0,∞) and the SCCR 𝑅 = (𝑅𝑎)𝑎∈𝜌(Λ). ¬
3The difference are the asymptotic approximation mappings denoted by 𝑓𝑅,𝜀

𝑗 in [GMS15].
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From now on we assume a net (𝐻𝑗)𝑗∈𝐽 of Hilbert spaces convergent to 𝐻 in the sense of [KS03, Sec-
tion 2.2] as well as special structures Σ𝑗 = (Λ𝑗, ℰ𝑗, 𝐸𝑗, 𝑇 𝑗, 𝑅𝑗) on 𝐻𝑗 for any 𝑗 ∈ 𝐽 and Σ = (Λ, ℰ, 𝐸, 𝑇 , 𝑅)
on 𝐻. Alternatively, the convergent net of Hilbert spaces can be understood in terms of asymptotic relations
of Hilbert spaces, see the appendix Section B.2.
Definition 4.1.10 (strong graph limit). The strong graph limit Γ[Λ𝑖] of (Λ𝑗)𝑗∈𝐽 is defined as the set of of
pairs (𝑢, 𝑣) ∈ 𝐻 × 𝐻 such that there is a net (𝑢𝑗)𝑗∈𝐽 with both 𝑢𝑗 → 𝑢 and Λ𝑗𝑢𝑗 → 𝑣𝑗 strongly. This
is [KS03, Definition 2.7]. ¬
Theorem 4.1.11 (various equivalent characterisations of spectral convergence). The following statements
are all equivalent and therefore all of them can equally adduced in order to define the convergence Σ𝑗 → Σ:

(i) 𝑅𝑗
𝑎 → 𝑅𝑎 strongly for some 𝑎 ∈ 𝜌(Λ),

(ii) 𝑇 𝑗
𝑡 → 𝑇𝑡 strongly for some 𝑡 ∈ (0, ∞),

(iii) 𝐸𝑗((𝑥, 𝑦]) → 𝐸((𝑥, 𝑦]) strongly for any 𝑥, 𝑦 ∈ ℝ with 𝑥 < 𝑦,

(iv) (𝐸𝑗𝑢𝑗 , 𝑣𝑗)𝐻𝑗 → (𝐸𝑢 , 𝑣)𝐻 vaguely for any nets (𝑢𝑗)𝑗∈𝐽 , (𝑣𝑗)𝑗∈𝐽 , and any 𝑢, 𝑣 ∈ 𝐻 such that
𝐻𝑗 ∋ 𝑢𝑗 → 𝑢 ∈ 𝐻 strongly and 𝐻𝑗 ∋ 𝑢𝑗 → 𝑢 ∈ 𝐻 weakly

(v) ℰ𝑗 → ℰ in the sense of Mosco convergence, see Definition B.3.2 in the appendix. ¬
In case of convergence of spectral structures, one also has the following asymptotical statement for the

spectra, which is [KS03, Proposition 2.5].
Theorem 4.1.12 (asymptotical behaviour of spectra under spectral convergence). If one has that Σ𝑗 → Σ,
then it holds 𝜎(Λ) ⊆ lim𝑗∈𝐽 𝜎(Λ𝑗) in the sense that for all 𝑠 ∈ 𝜎(Λ) there are 𝑠𝑗 ∈ 𝜎(Λ𝑗) such that
𝑠 = lim𝑗∈𝐽 𝑠𝑗. ¬

4.1.2 Introduction to Stratifolds
As said in the introduction to this chapter, the concept of stratifolds is due to M. Kreck. His book [Kre10]
is the holy scripture of stratifold theory and our main reference on the topic. However, the primal ideas of
local detectability and subsequently differential spaces originally are formulated in [Sik71].
Definition 4.1.13 (local detectability). Let 𝐸 be a topological space and 𝐂 a set of functions with domain
in 𝐸. A real-valued function 𝑓 with dom(𝑓) ⊆ 𝐸 is said to be locally 𝐂-detectable if for every 𝑥 ∈ dom(𝑓)
there exists a open neighbourhood 𝑈 of 𝑥 in dom(𝑓) and a 𝑔 ∈ 𝐂 such that 𝑓1𝑈 = 𝑔1𝑈 . For given 𝑉 ⊆ 𝐸
we denote by 𝐂(𝑉 ) the set of all locally 𝐂-detectable functions with domain 𝑉 . We call 𝐂 locally detectable
if 𝐂 = 𝐂(𝐸). ¬
Definition 4.1.14 (differential space). Consider a pair (𝐸, 𝐂) consisting of a topological space 𝐸 and
a locally detectable subalgebra 𝐂 ⊆ 𝐶0(𝐸; ℝ) that is closed with respect to ‘composition with smooth
functions’ by which we mean that for all 𝑘 ∈ ℕ+, 𝑓1, … , 𝑓𝑘 ∈ 𝐂 and 𝑔 ∈ 𝐶∞(ℝ𝑘; ℝ) the composition
𝐸 → ℝ, 𝑥 ↦ 𝑔(𝑓1(𝑥), … , 𝑓𝑘(𝑥)) belongs to 𝐂 as well. Then, one calls 𝐂 the differential structure of 𝐸
and the pair (𝐸, 𝐂) is called a differential space.

For two differential spaces (𝐸1, 𝐂(𝐸1)) and (𝐸2, 𝐂(𝐸2)) a continuous mapping 𝜑 from 𝐸1 to 𝐸2 is a
morphism of differential spaces if 𝑓 ∘ 𝜑 ∈ 𝐂(𝐸1) for all 𝑓 ∈ 𝐂(𝐸2). Consequently, a homeomorphism 𝑖
from 𝐸1 to 𝐸2 is called an isomorphism (of differential spaces) if for all 𝑓𝑗 ∈ 𝐂(𝐸𝑗), 𝑗 ∈ {1, 2}, both
𝑓2 ∘ 𝑖 ∈ 𝐂(𝐸1) and 𝑓1 ∘ 𝑖−1 ∈ 𝐂(𝐸2) hold. ¬

Compare the definition of local detectability and differential spaces to [Sik71, Section 1]. We feel that
a few examples are necessary. In particular, Example 4.1.16 is of major significance for our considerations,
since it explains how to make a point into a ‘singularity’.
Example 4.1.15 (compatibility with manifold formalism). As explained in [Kre10, Section 1.3], we can
understand a y-dimensional smooth manifold 𝕐 equivalently as a differential space (𝕐, 𝐂) that is locally
isomorphic to ℝy in the sense that for each 𝑦 ∈ 𝕐 there is an open neighbourhood 𝑈 of 𝑦, an open set
𝑉 ⊆ ℝy, and an isomorphism (𝑉 , 𝐶∞(𝑉 )) → (𝑈, 𝐂(𝑈)) between differential spaces. Naturally, for every
open subset 𝑌 ⊆ 𝕐 the pair (𝑌 , 𝐂(𝑌 )) is a smooth manifold in this sense. ¬
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Example 4.1.16 (smooth functions locally constant at north pole). Consider the standard round sphere 𝕊d−1

supplemented with the set 𝐂 ⊆ 𝐶∞(𝕊d−1) of functions such that any 𝑓 ∈ 𝐂 is locally constant near the
‘north pole’4 𝑁 = (0, … , 0, 1)⊺ meaning that there is a neighbourhood 𝑈(𝑓) of 𝑁 such that 𝑓 is constant
on 𝑈(𝑓). Then, (𝕊d−1, 𝐂) is a differential space, but not a smooth manifold. Indeed, suppose an open
neighbourhood 𝑈 of 𝑁 , a homeomorphism 𝑖 ∶ 𝑉 → 𝑈 for some 𝑉 ⊆ ℝd−1 open, and 𝑓 ∈ 𝐶∞(𝑉 ) not
locally constant at 𝑖−1(𝑁), then 𝑓 ∘ 𝑖−1 ∉ 𝐂(𝑈), thus 𝑖 is not an isomorphism between differential spaces.
See [Kre10, Exercise 1.4.10]. ¬
Remark 4.1.17 (restriction of differential spaces). For a differential space (𝐸, 𝐂) and a subset 𝑉 ⊆ 𝐸
the set 𝐂(𝑉 ) in general does not coincide with the set of restrictions of 𝐂-elements to 𝑉 , compare [Kre10,
Exercise 1.4.2]. However, if 𝑉 is closed and 𝐸 is a stratifold, see Definition 4.1.20 below, then 𝐂(𝑉 ) coincides
with the set of restrictions of 𝐂-elements to 𝑉 , see [Kre10, Proposition 2.4.5] and [Kre10, Exercise 1.4.9]
for the instance of a closed submanifold 𝑉 of a manifold 𝐸. ¬

Recall the the algebraic construction of tangent spaces of manifolds from part (i) of Example 1.2.7. As
the construction can be employed for basically any set of continuous functions, we can use it for differential
spaces. Similarly, the logic for defining the differential of a smooth function carries over to the world of
differential spaces, so their name really is justified.
Definition 4.1.18 (tangent spaces of differential spaces). Consider a differential space (𝕐, 𝐂), functions
𝑓, 𝑔 ∈ 𝐂, and a point 𝑦 ∈ 𝕐. We view 𝑓 and 𝑔 as equivalent if there is an open neighbourhood of 𝑦 on
which both functions coincide; the equivalence class of 𝑓 is called germ of 𝑓 at 𝑦 and is denoted by [𝑓]𝑦. The
set of all germs at 𝑦 is denoted by 𝐂𝑦. We define the tangent space T𝑦𝕐 as the vector space of derivations
at 𝑦 that are linear functions 𝑣 ∶ 𝐂𝑦 → ℝ obeying the Leibniz rule 𝑣([𝑓]𝑦 ⋅ [𝑔]𝑦) = 𝑣([𝑓]𝑦)⋅𝑔(𝑦)+𝑓(𝑦)⋅𝑣([𝑔]𝑦)
for all 𝑓, 𝑔 ∈ 𝐂 and 𝑦 ∈ 𝕐. ¬
Definition 4.1.19 (differentials of morphism between differential spaces). Consider two differential spaces
(𝕐1, 𝐂(𝕐1)) and (𝕐2, 𝐂(𝕐2)). A function 𝑓 from 𝕐1 to 𝕐2 is a morphism if 𝑔 ∘ 𝑓 ∈ 𝐂(𝕐1) holds for all
𝑔 ∈ 𝐂(𝕐2). For any point 𝑦 ∈ 𝕐1 the differential 𝑑𝑥𝑓 of a morphism 𝑓 at 𝑦 is defined as the mapping

𝑑𝑥𝑓 ∶ T𝑥𝕐1 → T𝑓(𝑥)𝕐2,
𝑣 ⟼ ([𝐂(𝕐2)]𝑓(𝑥) → ℝ, [𝑔]𝑓(𝑥) ↦ 𝑣([𝑔 ∘ 𝑓]𝑥)).

¬
If the differential spaces 𝕐1 and 𝕐2 in Definition 4.1.19 are smooth manifolds, then one obtains the same

notion of differentials as in Definition 1.2.10.
Definition 4.1.20 (stratifolds). Consider a differential space (𝕐, 𝐂) decomposed into the disjoint union
𝕐 = ⋃𝑘∈ℕ strat𝑘(𝕐) where strat𝑘(𝕐) is the so-called 𝑘th stratum defined as

strat𝑘(𝕐) ⋅⋅= {𝑦 ∈ 𝕐 ∣ dim(T𝑦𝕐) = 𝑘} for all 𝑘 ∈ ℕ.
In particular, this implies that the tangent space at any point 𝑦 ∈ 𝕐 has finite dimension. We say that
(𝕐, 𝐂) is a y-dimensional stratifold if it has the following properties:
(Strat0) The space 𝕐 is a locally compact, second countable Hausdorff space and the so-called 𝑘-skeleta

⋃�̃�≤𝑘 strat�̃�(𝕐) are closed (topological) subspaces.

(Strat1) The number y ∈ ℕ is minimal such that all tangent spaces have dimension at most y, i. e.
dim(T𝑦𝕐) ≤ y for all points 𝑦 ∈ 𝕐.

(Strat2) Any restriction of 𝐂 to a stratum strat𝑘(𝕐) yields a smooth manifold

(strat𝑘(𝕐), 𝐶∞(strat𝑘(𝕐))) ⋅⋅= (strat𝑘(𝕐), 𝐂(strat𝑘(𝕐))).

(Strat3) For all 𝑦 ∈ strat𝑘(𝕐) the mapping

𝐂𝑦 → [𝐶∞(strat𝑘(𝕐))]𝑦, [𝑓]𝑦 ⟼ [𝑓|strat𝑘(𝕐)]𝑦

is a vector space isomorphism.
4Here the sphere is viewed as a subset of ℝd just for sake of illustration, as the specific choice of 𝑁 doesn’t matter.
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(Strat4) For every point 𝑦 ∈ 𝕐 and open neighbourhood 𝑈 ⊆ 𝕐 of 𝑦 there is a so-called bump function 𝜂 ∈
𝐂 such that 𝜂(𝑦) ≠ 0 and supp(𝜂) ⊆ 𝑈 . ¬

Before giving examples, we want to discuss some of the defining properties as well as immediate properties.
First and foremost, stratifolds in this thesis are finite dimensional, even though the definition could be
extended to allow infinite dimensions as well. Furthermore, by property (Strat1) all strata strat𝑘(𝕐) are
empty for 𝑘 ∈ {ℓ ∈ ℕ | ℓ > y}. This doesn’t conflict with (Strat2) as the definition of manifolds doesn’t
exclude the empty space.5 The stratum straty(𝕐) is referred to as the top stratum. It coincides with the
complement of the (y − 1)-skeleton in 𝕐, thus the skeleton might be thought as the singular set of 𝕐 in
our applications. Moreover, the mapping in property (Strat3) is always surjective, so injectivity is the new
piece of information formalising the idea that one could locally extend a smooth function on a stratum to
an element of 𝐂 somewhat uniquely. However, this is to be taken with a grain of salt as there might be
smooth functions on strata that do not extend to the whole stratifold. Furthermore, the property implies
that the 𝑘th stratum is in fact a 𝑘-dimensional manifold. The property (Strat4) is the essential ingredient
for constructing a partition of unity of smooth functions subordinate to a given open cover, see [Kre10,
Proposition 2.2.3]. Prior and form now on in the context of stratifolds the term ‘smooth function’ refers to
a morphism in the sense of Definition 4.1.19 from a stratifold to a smooth manifold.
Example 4.1.21. Every d-dimensional manifold is a stratifold that coincides with its top stratum, or in other
words its (y−1)-skeleton is empty. A characterisation of algebraic varieties and (topological) stratified spaces
in terms of certain stratifolds6 is possible, however not obvious. Therefore we refer to the thesis [Gri03] of
A. Grinberg, as so does M. Kreck. ¬
Example 4.1.22 (open cone over a manifold). Quite accessible nonmanifold examples are cones over man-
ifolds: Consider some b-dimensional compact7 manifold 𝔹 as the ‘base’. Then, the open cone over (the
topological space) 𝔹 is defined as the quotient

∘C𝔹 ⋅⋅= (𝔹 × (0, 1]) / (𝔹 × {1}).

See Figure 4.3. This cone is endowed with the subalgebra 𝐂 ⊆ 𝐶0(∘C𝔹) of continuous functions that are

Figure 4.3: Open cone ‘over’ the red spiral

both constant on an open neighbourhood of the vertex point (𝔹 × {1})/(𝔹 × {1}) and whose restriction to
the smooth manifold 𝔹 × (0, 1)/(𝔹 × {1}) is smooth. The pair (∘C𝔹, 𝐂) is a differential space indeed. The
topological conditions (Strat0) are clear and there are exactly two nonempty strata, namely the singleton
consisting of the vertex and the lateral area 𝔹 × (0, 1)/(𝔹 × {1}). See [Kre10, Example 2.3.1] for more
details, but we also apply the same techniques to suspensions of manifolds in Example 4.1.23 below.

In a similar way, one can choose an algebra of functions that renders one-point compactifications of
a noncompact smooth manifold into a stratifold: It consists of continuous functions on the one-point
compactification that are both constant on some open neighbourhood of the point at infinity and smooth
when restricted to the underlying manifold. ¬
5But the dimension of the empty manifold is not well-defined, rather it has arbitrary dimension.
6Cornered parametrised stratifolds to be precise.
7I. e. compact as a topological space.


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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Example 4.1.23 (suspension of manifolds). Intuitively, a (topological) suspension can be thought as two
(closed) (topological) cones with different vertices over the same base that are glued together at their shared
base. More formally, consider some b-dimensional compact manifold 𝔹, then the suspension of 𝔹 is defined
as the quotient space

Sus𝔹 = (𝔹 × [−1, 1]) / ∼
⋅⋅= (𝔹 × [−1, 1]) / {((𝑏1, 𝑡1), (𝑏2, 𝑡2)) ∈ (𝔹 × [−1, 1])2 ∣ 𝑡1 = 𝑡2 ∈ {±1}}

with vertices denoted as 𝑝− ⋅⋅= 𝔹 × {−1}/∼ and 𝑝+ ⋅⋅= 𝔹 × {1}/∼. See Figure 4.4. It is endowed with

Figure 4.4: Suspension of the red circle

the subalgebra 𝐂 ⊆ 𝐶0(Sus𝔹) of continuous functions 𝑓 that are both constant on some open neighbour-
hoods 𝑈− and 𝑈+ of the vertex points 𝑝− and 𝑝+ respectively and the restriction of 𝑓 to either of the smooth
manifolds 𝑆1 ⋅⋅= 𝔹 × {0}/∼ or 𝑆2 ⋅⋅= 𝔹 × ((−1, 0) ∪ (0, 1))/∼ yields a smooth mapping. The space Sus𝔹
is a second countable Hausdorff space and locally compact as 𝔹 is compact. The stratification formally is
determined as follows: For 𝑦 ∈ Sus𝔹 ∖ {𝑝±} there are two possibilities, either 𝑦 lies in the ‘sutura’ 𝑆1 or in
the one of the two parts of the ‘cap’ 𝑆2. As both sets are smooth manifolds, the set 𝐂𝑦 of 𝐂-germs at 𝑦
coincides with the set of germs of smooth functions on 𝑆𝑗 if 𝑦 ∈ 𝑆𝑗, 𝑗 ∈ {1, 2}. Hence, we have that

T𝑦(𝑆𝑗) = {T𝑦(𝔹 × {0}) if 𝑗 = 1
T𝑦(𝔹 × ((−1, 0) ∪ (0, 1))) if 𝑗 = 2

and dimT𝑦(𝑆𝑗) = {b if 𝑗 = 1
b + 1 if 𝑗 = 2 .

The tangent space at 𝑦 for 𝑦 ∈ {𝑝±} contains only the zero derivation and thus is 0-dimensional. In
conclusion, the nonempty strata are exactly

Susb𝔹 ⋅⋅= stratb(Sus𝔹) = 𝑆1, Susb+1𝔹 ⋅⋅= stratb+1(Sus𝔹) = 𝑆2,
and Sus0𝔹 ⋅⋅= strat0(Sus𝔹) = {𝑝±}.

Except for (Strat4) the remaining conditions are clearly satisfied. For all 𝑦 ∈ Susb+1𝔹 there is a bump
function at 𝑦 since there is a corresponding bump function in 𝔹 × ((−1, 0) ∪ (0, 1)). Let 𝑦 ∈ Sus0𝔹 be a
vertex point, without lost of generality 𝑦 = 𝑝+. An open neighbourhood 𝑈 of 𝑦 necessarily contains an open
neighbourhood of 𝑦 of the form (𝔹 × (𝛿, 1])/∼ for some 𝛿 ∈ (0, 1). Let 𝑔 ∶ (0, 1] → [0, ∞) be a smooth
function such that 𝑔 = 1 in a neighbourhood of 1 and 𝑔 = 0 on (0, 𝛿]. Then, the assignment (𝑏, 𝑡)/∼ ⟼ 𝑔(𝑡)
is a bump function for 𝑦. Similarly for the sutura: For given 𝑦 ∈ Susb𝔹 any open neighbourhood of 𝑦 contains
an open neighbourhood of 𝑦 of the form (𝑈 × (−𝛿, 𝛿))/∼ for some 𝑈 ⊆ 𝔹 open and 𝛿 ∈ (0, 1). Take a
bump function 𝑔 for the point corresponding to 𝑦 in 𝔹 with domain in 𝑈 and a bump function ℎ for 0
in (−𝛿, 𝛿). Then, the assignment (𝑏, 𝑡)/∼ ⟼ 𝑔(𝑏)ℎ(𝑡) yields a bump function for 𝑦. Summarising, the
suspension Sus𝔹 is a (b + 1)-dimensional stratifold. ¬


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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Apart from [Kre10], A. Grinberg provides even more useful theory on stratifolds in her PhD thesis. E. g.
she defines stratifold bundles where the standard fibre is allowed to be a stratifold, see [Gri03, Section 1.2]
and Definition 4.2.14 later on, and she discusses resolutions of singularities of stratifolds in [Gri03, Chapter 2].
from the introduction to this section

As we now know what structure a stratifold has to offer, we came back to the more general concept
of Alexandrov spaces for comparison. Recall that we mentioned Alexandrov spaces in the introduction to
this section, as they appear as Gromov-Hausdorff limits of nice Riemannian manifolds. An Alexandrov space
is a complete length space with curvature bounded from below and finite Hausdorff dimension. A length
space is a metric space where the distance function is given by the infimum of the length of continuous
curves connecting two given points. Curvature bounds in length spaces are defined in terms of comparison
triangles. One the one hand, an Alexandrov space possesses a topological stratification into topological
manifolds, see [BGP92, Remark 6.9]. One the other hand, there are some useful results on the respective
sets of regular and singular points. The set of singular points of a y-dimensional Alexandrov space 𝕐 might
be dense, however it has at most dimension (y− 1), compare to [OS94, Theorem A, Section 2]. The set of
regular points is locally path-connected, has a differentiable structure, and carries a continuous Riemannian
metric that coincides with the metric on 𝕐 measuring the angle between shortest geodesics, see [OS94,
Sections 5 and 6]. We encountered similar but stronger properties in the framework of stratifolds: By
design, the stratification consists even of smooth manifolds and in particular the (y− 1)-skeleton subsumes
all singular points. Aside from the references on Alexandrov spaces that we already mentioned, the interested
reader is pointed to the famous works [Ale51; Ale57; Per93] by A. D. Alexandrov and G. Y. Perelman.

Remark 4.1.24 (strativarifolds). We think that a synthesis of the concepts of stratifolds and varifolds promises
to be useful for solving variational problems with singularities. We recommend more research in this direction
and propose the name strativarifolds. However, that is by no means the point of this thesis, thus we defer
our ideas to the appendix, see Appendix C. Though, the configuration stratifolds (Q𝜀𝕏)𝜀∈[0,1] constructed
in Section 4.2.2 later on can be viewed as examples. ¬

4.2 Geometric convergence of configuration stratifold
After the preparations of the previous sections, we have the vocabulary to formulate our new technique.
One of the central ideas is that we declare certain ‘directions’ in the unit tangent bundle to be singular.
Therefore, we leave the category of smooth manifolds in favour of stratifolds. This is a critical step, that
happens before we attempt any scaling at all.

We not only manipulate the differential structure of the standard fibre, i. e. the sphere. But also, we
declare some singularities in the position manifold. We do so mindful of the fact that the position manifold
is in general not parallelisable: The choice of ‘singular directions’ is formalised via the choice of a measurable
section ○∧ ∶ 𝕏 → U𝕏. We call ○∧ compass (on 𝕏), as ○∧(𝑥) shall tell us where ‘north’ is in the fibre U𝑥𝕏 for
𝑥 ∈ 𝕏. The set of ‘singular directions’ in the fibre U𝑥𝕏 is given by the set {±○∧(𝑥)} of ‘north’ and ‘south
pole’. If 𝕏 is not assumed to be parallelisable, the compass can not be chosen as a smooth section. In fact,
we can’t even ensure continuity. The best we could do is choosing the compass as a locally Lipschitzian
section. Then, it fails to be differentiable on a set of measure zero and the complement dom(𝜕○∧), i. e. the set
on which the compass is differentiable, is dense. Recall Rademacher’s Theorem, see [Fed96, Theorem 3.1.6]
and [AFL05, Theorem 5.7]. Additionally, we require that the set 𝕏 ∖ dom(𝜕○∧) of singular points for ○∧
consists of finitely many isolated points. More could be done and we recommend more research in that
regard, but we decide to keep things simple here. In lieu of the entire position manifold 𝕏, we render 𝕏
into a stratifold with exactly two nonempty strata strat0(𝕏) = dom(𝜕○∧)c and stratd(𝕏) = dom(𝜕○∧). For the
most part, the top stratum stratd(𝕏) serves as position manifold rather than the whole space 𝕏. The unit
tangent bundle U𝕏 as configuration manifold is replaced by a stratifold Q1𝕏 that is the total space of a fibre
bundle-like construction over some base stratifold and with a stratifold as standard fibre. As a consequence,
we are almost in the situation of a parallelisable position manifold: For given 𝑥 ∈ 𝕏 we can add unit
vectors 𝑒1(𝑥), … , 𝑒d−1(𝑥) to the northwards pointing unit vector 𝑒d(𝑥) ⋅⋅= ○∧(𝑥) such that (𝑒𝑗(𝑥))d𝑗=1 is an
orthonormal basis of T𝑥𝕏 with respect to the underlying Riemannian metric on 𝕏. This yields a measurable
orthonormal frame (𝑒𝑗)d𝑗=1 which we call compass frame. The compass frame can be chosen in such a way
that it restricts to a smooth frame on stratd(𝕏) just by keeping track of the indices between fibres.

After all this is done, we actually start scaling. We create a sequence of metric measure spaces (Q𝜀𝕏)𝜀
by endowing Q1𝕏 with suitable weight functions (𝜌𝜀)𝜀∈(0,1] and adapting the distance metric accordingly.
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Assume that the weight functions are chosen in such a way that (Q𝜀𝕏)𝜀∈(0,1] converges to a stratifold in
pmGH-sense as 𝜀 ↓ 0. Intuitively, the collapsed space Q0𝕏 restricts to a smooth fibre bundle over stratd(𝕏)
with fibres

Q0
𝑥𝕏 = {𝑢 =

d

∑
𝑗=1

𝑢𝑗𝑒𝑗(𝑥) ∈ U𝑥𝕏 ∣
d−1
∑
𝑘=1

𝑢2
𝑘 = 1 ∧ 𝑢d = 0} ∪ {±𝑒d}.

Now, the spherical velocity Langevin equation can be reformulated to an equation on Q1𝕏 instead of U𝕏.
Then, by introducing the weight function 𝜌𝜀 we get a weighted spherical velocity Langevin equation.

4.2.1 Collaps of spheres in different senses
Gromov-Hausdorff-type convergence
Consider the sphere 𝕊d−1, d ∈ ℕ ∖ {0, 1, 2}, in polar coordinates, see Notation A.2.1. We construct an
explicit family of probability densities ( ̄𝜌𝜀

𝕊)𝜀∈(0,1) on 𝕊d−1 such that the sphere experiences convergence
to 𝕊d−2 as 𝜀 ↓ 0 in a suitable sense. To this end, we look at the sequence (𝛽𝑛)𝑛∈ℕ given by

𝛽𝑛 ∶ (0, 𝜋) → ℝ, 𝜃 ⟼ 1
𝑐𝛽(𝑛) sin(𝜃)𝑛 ⋅⋅= (∫

(0,𝜋)
sin𝑛 d𝜆)

−1

⋅ sin(𝜃)𝑛.

By means of the following two lemmas we show that the sequence of measures (𝛽𝑛𝜆)𝑛∈ℕ on ((0, 𝜋), 𝔅((0, 𝜋)))
converges weakly to the Dirac measure 𝛿𝜋/2. I don’t know a reference for the next lemma, thus a proof is
given. Whereas, the lemma after next is more number theoretic in nature and proven by straight forward
calculation.

Lemma 4.2.1 (Dirac sequences on finite intervals). Assume that a sequence (𝜅𝑛)𝑛∈ℕ in 𝐿1((−1, 1); 𝜆)
is given such that 𝜅𝑛 ≥ 0 𝜆-almost everywhere, ∫(−1,1) 𝜅𝑛 d𝜆 = 1 and we have the following 𝜆-almost
everywhere uniform convergence: For all 𝛿 ∈ (0, 1) the ‘(1 − 𝛿)-outskirts’ sequence (𝜅𝑛 ⋅ 1(−1,−𝛿)∪(𝛿,1))𝑛∈ℕ
uniformly converges to 0 as 𝑛 → ∞ 𝜆-almost everywhere, i. e. for all ̄𝜀 ∈ (0, ∞) there is a 𝑛 ̄𝜀 ∈ ℕ such that

∥𝜅𝑛 ⋅ 1(−1,−𝛿)∪(𝛿,1)∥𝐿∞
< ̄𝜀 for all 𝑛 ≥ 𝑛 ̄𝜀. (4.2)

Then, for all 𝑓 ∈ 𝐶0(ℝ) and compact intervals [𝑎, 𝑏] ⊆ ℝ we have

∫
[−1,1]

𝑓(Id − 𝑦)𝜅𝑛(𝑦) 𝜆(d𝑦) ⟶ 𝑓 uniformly on [𝑎, 𝑏] as 𝑛 → ∞.

Proof. Let 𝑓 ∈ 𝐶0(ℝ) and [𝑎, 𝑏] ⊆ ℝ as well as ̄𝜀 ∈ (0, ∞). Without loss of generality, assume that 𝑓|[𝑎,𝑏]
does not equal the zero function. Note that for all 𝑥 ∈ [𝑎, 𝑏] holds 𝑓(𝑥) = ∫[−1,1] 𝑓(𝑥)𝜅𝑛(𝑦) 𝜆(d𝑦) for all
𝑛 ∈ ℕ by the assumptions on (𝜅𝑛)𝑛. Thus, we get the estimate

∣∫
[−1,1]

𝑓(𝑥 − 𝑦)𝜅𝑛(𝑦) 𝜆(d𝑦) − 𝑓(𝑥)∣ ≤ ∫
[−1,1]

|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)|𝜅𝑛(𝑦) 𝜆(d𝑦)

= ∫
[−1,−𝛿)∪(𝛿,1]

|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)|𝜅𝑛(𝑦) 𝜆(d𝑦) + ∫
[−𝛿,𝛿]

|𝑓(𝑥 − 𝑦) − 𝑓(𝑥)|𝜅𝑛(𝑦) 𝜆(d𝑦)

=⋅⋅ 𝐼1 + 𝐼2.

Define the nonnegative constant 𝑀 ⋅⋅= ‖𝑓 ⋅1[𝑎−1,𝑏+1]‖∞. Since 𝑓 ∶ [𝑎−1, 𝑏+1] → ℝ is uniformly continuous,
we can choose 𝛿 ∈ (0, 1) such that for all 𝑧, 𝑧′ ∈ [𝑎 − 1, 𝑏 + 1] with |𝑧 − 𝑧′| < 𝛿 holds |𝑓(𝑧) − 𝑓(𝑧′)| <

̄𝜀/2. By assumption, there is 𝑁 ̄𝜀 ⋅⋅= 𝑛�̄�/8𝑀 ∈ ℕ such that the estimate (4.2) attains the form of ‖𝜅𝑛 ⋅
1(−1,−𝛿)∪(𝛿,1)‖𝐿∞ < ̄𝜀/8𝑀 for all 𝑛 ≥ 𝑁 ̄𝜀. With these preparations we estimate that

𝐼2 ≤ ̄𝜀
2 ∫

[−𝛿,𝛿]
𝜅𝑛 d𝜆 ≤ ̄𝜀

2 ∫
[−1,1]

𝜅𝑛 d𝜆 = ̄𝜀
2
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and for all 𝑛 ≥ 𝑁 ̄𝜀 that

𝐼1 ≤ 2𝑀 ⋅ ̄𝜀
8𝑀 ∫

[−1,−𝛿)∪(𝛿,1]
1 d𝜆 ≤ ̄𝜀

4 ∫
[−1,1]

1 d𝜆 = 2 ⋅ ̄𝜀
4 = ̄𝜀

2 .

All together, we get

∣∫
[−1,1]

𝑓(𝑥 − 𝑦)𝜅𝑛(𝑦) 𝜆(d𝑦) − 𝑓(𝑥)∣ ≤ 𝐼1 + 𝐼2 ≤ 2 ⋅ ̄𝜀
2 = ̄𝜀,

and thus the statement is proven.

Lemma 4.2.2 (Explicit form of the reciprocal normalisation constansts). Consider a sequence (𝑎𝑛)𝑛∈ℕ with
𝑎0, 𝑎1 ∈ ℝ ∖ {0} and such that 𝑎𝑛 = 𝑛−1

𝑛 𝑎𝑛−2 holds for all 𝑛 ∈ ℕ ∖ {0, 1}. Then, for all 𝑘 ∈ ℕ we have
the explicit expression

𝑎2𝑘 = 𝑎0
𝑘

∏
𝑗=1

(1 − 1
2𝑗) = 𝑎0 𝜋− 1

2 ⋅ Γ(𝑘 + 1
2 )

Γ(𝑘 + 1) ,

𝑎2𝑘+1 = 𝑎1
𝑘

∏
𝑗=1

(1 − 1
2𝑗 + 1) = 𝑎1

√𝜋
2 ⋅ Γ(𝑘 + 1)

(𝑘 + 1
2 ) ⋅ Γ(𝑘 + 1

2 ) = 𝑎1

√𝜋
2 ⋅ Γ(𝑘 + 1)

Γ(𝑘 + 3
2 ) .

In particular, 𝑐𝛽(𝑛) = 𝑛−1
𝑛 𝑐𝛽(𝑛 − 2) holds for all 𝑛 ∈ ℕ ∖ {0, 1} and since 𝑐𝛽(0) = 𝜋 as well as 𝑐𝛽(1) = 2,

we have

𝑐𝛽(2𝑘) = √𝜋 Γ(𝑘 + 1
2 )

Γ(𝑘 + 1) and 𝑐𝛽(2𝑘 + 1) = √𝜋 Γ(𝑘 + 1)
Γ(𝑘 + 3

2 ) for all 𝑘 ∈ ℕ.

Proof. Based on the well-known identity Γ(𝑘 + 1
2 ) = 𝜋 1

2 4−𝑘 (2𝑘)!
𝑘! we easily calculate that

𝑎2𝑘

𝑎0 𝜋− 1
2 ⋅ Γ(𝑘+ 1

2 )
Γ(𝑘+1)

= 𝜋 1
2 𝑘! ⋅ 𝜋− 1

2 𝑘! ⋅ ((2𝑘)!)−14𝑘
𝑘

∏
𝑗=1

((2𝑗 − 1)
2𝑗 ⋅ 2𝑗

2𝑗)

= 22𝑘(𝑘!)2(
𝑘

∏
𝑗=1

1
2𝑗)

2

= 1

and similarly

𝑎2𝑘+1
𝑎1

√𝜋
2 ⋅ Γ(𝑘+1)

(𝑘+ 1
2 )⋅Γ(𝑘+ 1

2 )
= 𝜋− 1

2
2𝑘 + 1

𝑘! ⋅ Γ(𝑘 + 1
2) ⋅

𝑘
∏
𝑗=1

( 2𝑗
2𝑗 + 1 ⋅ 2𝑗

2𝑗)

= 1
22𝑘(𝑘!)2 ⋅ (2𝑘 + 1)!

(2𝑘 + 1)! ⋅ (
𝑘

∏
𝑗=1

2𝑗)
2

= 1.

It remains to show the recursion formula for (𝑐𝛽(𝑛))𝑛∈ℕ. The recursion formula was found by P. Stilgenbauer,
but not published; we present his argument here: For all 𝑛 ∈ ℕ ∖ {0, 1} we calculate using integration by
parts and Pythagoras’ Theorem that

𝑐𝛽(𝑛) = − ∫
(0,𝜋)

sin𝑛−1 ⋅ cos′ d𝜆 = (𝑛 − 1) ∫
(0,𝜋)

sin𝑛−2 ⋅ cos2 d𝜆

= (𝑛 − 1) ∫
(0,𝜋)

sin𝑛−2 d𝜆 − (𝑛 − 1) ∫
(0,𝜋)

sin𝑛 d𝜆.

This implies 𝑐𝛽(𝑛) = 𝑛−1
𝑛 𝑐𝛽(𝑛 − 2) finishing the proof.
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Lemma 4.2.3 (Convergence of spherical surface measure along highest order meridian). For all 𝛿 ∈ (0, 1)
the sequence

(𝛽𝑛 ⋅ 1(0, 𝜋
2 (1−𝛿))∪( 𝜋

2 ⋅(1+𝛿),𝜋))𝑛∈ℕ
uniformly converges as 𝑛 → ∞ 𝜆-almost everywhere. Thus, combining Lemma 4.2.1 and the Portemanteau
Theorem we get that

𝛽𝑛𝜆 ⟶ 𝛿 𝜋
2

weakly in ((0, 𝜋), 𝔅((0, 𝜋))) as 𝑛 → ∞.

Proof. Let 𝛿 ∈ (0, 1). We are going to distinguish the cases of even and odd indices. For symmetry reasons
we restrict ourselves to the interval (0, 𝜋/2(1 − 𝛿)). Furthermore, for sake of brev’ty we define 𝜈(𝛿) ⋅⋅=
sin(𝜋/2(1 − 𝛿)) ∈ (0, 1). By monotonicity, we have ∥𝛽𝑛1(0,𝜋/2(1−𝛿))∥∞

= 𝛽𝑛(𝜋/2(1 − 𝛿)) = 𝑐𝛽(𝑛)−1𝜈(𝛿)𝑛 for
all 𝑛 ∈ ℕ+. Consider the case of even indices, then one gets

𝜈(𝛿)2𝑘

𝑐𝛽(2𝑘) = 𝜋− 1
2

Γ(𝑘 + 1)
Γ(𝑘 + 1

2 ) ⋅ 𝜈(𝛿)2𝑘 = 1
𝜋 ⋅ (𝑘!)2

(2𝑘)! ⋅ (𝜈(𝛿)
2 )

2𝑘

for 𝑘 ∈ ℕ by Lemma 4.2.2. Thus, ∥𝛽2𝑘1(0, 𝜋
2 (1−𝛿))∥∞

⟶ 0 as 𝑘 → ∞. Similarly for the case of odd indices,
we first note by Lemma 4.2.2 that

𝜈(𝛿)2𝑘+1

𝑐𝛽(2𝑘 + 1) = 𝜋− 1
2

Γ(𝑘 + 3
2 )

Γ(𝑘 + 1) ⋅ 𝜈(𝛿)2𝑘+1 = (2𝑘)!
(𝑘!)24𝑘 ⋅ (𝑘 + 1

2) ⋅ 𝜈(𝛿)2𝑘+1

= (2𝑘 + 1)!
(𝑘!)2 ⋅ (𝜈(𝛿)

2 )
2𝑘+1

for 𝑘 ∈ ℕ. Using ∏2𝑘+1
𝑗=𝑘+1 𝑗 ∈ 𝒪(𝑘𝑘) as 𝑘 → ∞, we get that

lim
𝑘→∞

𝑐𝛽(2𝑘 + 1)−1𝜈(𝛿)2𝑘+1 = 1
2 lim

𝑘→∞
𝑘𝑘

𝑘! ⋅ 22𝑘 𝜈(𝛿)2𝑘+1.

The latter limit equals 0, since by the quotient criterion the series ∑𝑘∈ℕ
𝑘𝑘

𝑘!⋅22𝑘 converges:

(𝑘 + 1)𝑘+1 ⋅ 𝑘! ⋅ 22𝑘

(𝑘 + 1)! ⋅ 22(𝑘+1) ⋅ 𝑘𝑘 = 1
4

(𝑘 + 1)𝑘

𝑘𝑘 = 1
4 (1 + 1

𝑘)
𝑘

⟶ e
4 ≈ 0.67957 < 1 as 𝑘 → ∞.

Remark 4.2.4 (Byproducts of Lemma 4.2.3). We already mentioned that P. Stilgenbauer also considered the
scaling by means of 𝛽𝑛 – the idea naturally comes to mind looking at the spherical surface measure in polar
coordinates. He pointed out that the weak convergence in Lemma 4.2.3 is equivalent to

lim
𝑛→∞

∫
(0,𝜋/2)

Id d𝛽𝑛𝜆 = lim
𝑛→∞

∫
(0,𝜋/2)

𝜃 ⋅ 𝛽𝑛(𝜃) 𝜆(d𝜃) = 𝜋
4 . (4.3)

Indeed: By the Portemanteau Theorem weak convergence 𝛽𝑛𝜆 → 𝛿𝜋/2 is equivalent to lim𝑛→∞ ∫(0,𝜋) 𝑓 d𝛽𝑛𝜆 =
∫(0,𝜋) 𝑓 d𝛿𝜋/2 = 𝑓(𝜋/2) for all Lipschitz continuous functions 𝑓 on (0, 𝜋). With such a function 𝑓 with Lipschitz
constant Lip(𝑓) we estimate that

∣∫
(0,𝜋)

𝑓 − 𝑓(𝜋/2) d𝛽𝑛𝜆∣ ≤ ∫
(0,𝜋)

|𝑓 − 𝑓(𝜋/2)| d𝛽𝑛𝜆 ≤ Lip(𝑓) ∫
(0,𝜋)

∣Id − 𝜋
2 ∣ d𝛽𝑛𝜆

= 2 ⋅ Lip(𝑓) ∫
(0,𝜋/2)

Id − 𝜋
2 d𝛽𝑛𝜆.

Since ∫(0,𝜋/2) 𝛽𝑛 d𝜆 = 1/2, one can infer convergence of the right-hand side if (4.3) holds. Vice versa, the
convergence in (4.3) even is necessary as one could choose 𝑓 = |Id − 𝜋/2|. By investigating recursive as well
as explicit formulae for the sequence (∫(0,𝜋/2) Id d𝛽𝑛𝜆)

𝑛∈ℕ
, one gets two assertions both equivalent to (4.3):

∑
𝑘∈ℕ {0}

1
(2𝑘)2 ⋅ 1

𝑐𝛽(2𝑘) = 𝜋
8 or ∑

𝑘∈ℕ

1
(2𝑘 + 1)2 ⋅ 1

𝑐𝛽(2𝑘 + 1) = 𝜋
4 .
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Thus, we proved these formulae for 𝜋 that P. Stilgenbauer conjectured. I couldn’t find these series expansions
in the literature. ¬

Now, define the sequence of probability measures (𝜈𝑛)𝑛∈ℕ on 𝕊d−1 via

𝜈𝑛(𝐴) ⋅⋅= ∫
𝕊d−2

∫
(0,𝜋)

1𝐴(𝑢, 𝜃d−2) (𝛽d−2+𝑛𝜆)(d𝜃d−2) Sd−2
1 (d𝑢)

for all 𝐴 ∈ 𝔅(𝕊d−1) and 𝑛 ∈ ℕ. From Lemma 4.2.3 we can infer that

𝜈𝑛 ⟶ 𝜈∞ weakly on (𝕊d−1, 𝔅(𝕊d−1)) as 𝑛 → ∞

where the limit 𝜈∞ ⋅⋅= (𝜄𝕊d−1)∗S
d−2
1 is the pushforward of the normalised surface measure on 𝕊d−2 with

respect to the standard set-level embedding 𝜄𝕊d−1 ∶ 𝕊d−2 ↪ 𝕊d−1. The measures (𝜈𝑛)𝑛∈ℕ all are absolutely
continuous with respect to 𝜈0 = Sd−1

1 . For all 𝑛 ∈ ℕ+ we take the Radon-Nikodým derivative ̄𝜌1/𝑛
𝕊 ⋅⋅= 𝜈𝑛/𝜈0

as a weight function for the round metric s on 𝕊d−1. To be more precise, we choose ̄𝜌1/𝑛
𝕊 as the representative

of 𝜈𝑛/𝜈0 that is both invariant with respect to rotations around 𝑒d-axis and 0 at the poles. This function is
smooth everywhere and positive except at the poles.

Recall Example 4.1.3 for the varifold representation of manifolds. Denote by 𝕍𝕊;1/𝑛 the varifold corre-
sponding to the measure space8 (𝕊d−1, 𝔅(𝕊d−1), 𝜈𝑛) for all 𝑛 ∈ ℕ+. Already, we have shown that 𝕍𝕊;1/𝑛

converges as 𝑛 → ∞ to a varifold 𝕍𝕊;0 that corresponds to the measure space (𝕊d−2, 𝔅(𝕊d−2), 𝜈∞). But
this limit varifold is still (d − 1)-dimensional: Due to the weak convergence 𝜈𝑛 → 𝜈∞ we get that for all
𝑓 ∈ 𝐶0

c (𝔾(d− 1, ℝd)) holds

⟨𝑓 , 𝕍𝕊;1/𝑛⟩ = ∫
𝕊d−1

∫
𝔾(d−1,d)

𝑓(𝑦, 𝑆) 𝛿T𝑢𝕊d−1(d𝑆) 𝜈𝑛(d𝑢)

⟶ ∫
𝕊d−2

∫
𝔾(d−1,d)

𝑓(𝑦, 𝑆) 𝛿T𝑢𝕊d−1(d𝑆) 𝜈∞(d𝑢) = ⟨𝑓 , 𝕍𝕊;0⟩ as 𝑛 → ∞.

Hence, the varifold 𝕍𝕊;0 is (d − 1)-dimensional in terms of Definition 4.1.1. This effect is a consequence
of the varifold approach itself: Backed into the classical definition of varifolds is the fixed dimension of
the ‘tangent space information’, hence the concept is not destined to capture dimension reduction. Even
the generalisation of varifolds proposed in Remark 4.1.24 wouldn’t fix that. Thus, we turn to matters of
pmGH-convergence.

The oncoming corollary shows that the metric measure spaces naturally associated to the weighted
manifolds (𝕊d−1, ̄𝜌1/𝑛

𝕊 s) converge in pmGH-sense. To this end, we should determine how the induced
distance metric looks like. In a nutshell, keep the set of geodesics on 𝕊d−1 as it is and only add a ‘penalty’
to the length measure. In the same vein as in Definition 1.2.23, for a continuously differentiable path
𝛾 ∶ 𝐼 → 𝕊d−1 its velocity at time 𝑡 ∈ 𝐼 in the weighted manifold (𝕊d−1, ̄𝜌1/𝑛

𝕊 s) is defined as

̇𝛾1/𝑛(𝑡) ∶ 𝐶∞(𝕊d−1) → ℝ ∪ {±∞}, 𝑓 ⟼ 1
̄𝜌1/𝑛
𝕊 (𝛾(𝑡))

⋅ 𝑑
𝑑𝑠 ( ̄𝜌1/𝑛

𝕊 𝑓)(𝛾(𝑠))∣
𝑠=𝑡

= ⟨𝑓 , ̇𝛾(𝑡)⟩ + 𝑓(𝛾(𝑡)) ⋅
⟨ ̄𝜌1/𝑛

𝕊 , ̇𝛾(𝑡)⟩
̄𝜌1/𝑛
𝕊 (𝛾(𝑡))

,

where we read in the logarithmic derivative term the quotient as infinity times sign of the numerator when-
ever 𝛾(𝑡) is one of the poles. If points 𝑢1, 𝑢2 ∈ 𝕊d−1 are given, then the new distance metric is

dists;1/𝑛(𝑢1, 𝑢2) = inf
𝛾 geodesic in (𝕊d−1,s) ∶

𝛾(0)=𝑢1, 𝛾(1)=𝑢2

∫
1

0

√√√√
⎷

| ̇𝛾(𝑡)|2s + ∣
⟨ ̄𝜌1/𝑛

𝕊 , ̇𝛾(𝑡)⟩
̄𝜌1/𝑛
𝕊 (𝛾(𝑡))

∣
2

d𝑡

= inf
𝛾 …

∫
1

0
√| ̇𝛾(𝑡)|2s + (1/ ̄𝜌1/𝑛

𝕊 (𝛾(𝑡)))2 ∣𝜕�̇�(𝑡) ̄𝜌1/𝑛
𝕊 (𝛾(𝑡))∣

2
d𝑡.

8That additionally carries ‘tangential’ information when we talk about varifolds.
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This construction for sure belongs to mathematical folklore, I am just not aware of a specific reference
at the time of writing. Intuitively, connecting geodesics are brutally penalised if they pass through the
poles. But really they are penalised for moving any closer to the closest pole in case there is one. If
the minimising geodesic 𝛾 maps into the domain of 𝜃d−2 and 𝜃d−2(𝛾) is constant, then we can think
dists;1/𝑛(𝑢1, 𝑢2) = ∫1

0 √| ̇𝛾(𝑡)|2s + (ℎ(𝜃d−2(𝛾)))2 d𝑡 for some smooth function ℎ∶ (0, 𝜋) → [0, ∞) with
ℎ(𝜋/2) = 0 and lim𝜃→0 ℎ(𝜃) = lim𝜃→𝜋 ℎ(𝜃) = ∞. Note that the restriction of dists;1/𝑛 to 𝕊d−2 coin-
cides with dist𝕊d−1 restricted to 𝕊d−2. As we guessed and have seen by now, the poles ±𝑒d are to be
interpreted as points at infinity in the limit 𝜀 ↓ 0 from the point of view of the distance metrics. Therefore,
we extend dist𝕊d−2 to ⋅𝕊⋅ ⋅⋅= 𝕊d−2 ∪ {±𝑒d} by

dist⋅𝕊⋅(𝑢1, 𝑢2) ⋅⋅=
⎧{
⎨{⎩

dist𝕊d−2(𝑢1, 𝑢2) if 𝑢1, 𝑢2 ∈ 𝕊d−2

0 if 𝑢1 = 𝑢2 ∈ {±𝑒d}
∞ if 𝑢1 ≠ 𝑢2 and 𝑢𝑗 ∈ {±𝑒d} for some 𝑗 ∈ {1, 2}

.

Naturally, one extends the normalised surface measure Sd−2
1 to the Borel-𝜎-algebra of (⋅𝕊⋅, dist⋅𝕊⋅) by charging

the singletons containing the poles with measure 0 and denotes the extension by Sd−2
1 again.

Remark 4.2.5 (uniform doubling of weighted spheres). Assume d = 3. Then, one calculates that the weighted
spheres are (d− 1)-dimensional Riemannian manifolds with nonnegative Ricci curvature. As a consequence,
they are 2d−1-doubling by the Bishop-Gromov Comparison Theorem9, see [Cha93, Theorem 3.10]. The
computation is postponed to Remark A.2.4.

Now, assume d > 3. Unfortunately, computing the weighted Ricci curvatures either in local coordinates
or in terms of [Bes87, Theorem 1.159 part d)] does not yield lower bounds independent of 𝑛. It is easy to
show the curvature-dimension conditions (𝕊d−1, dists;1/𝑛, 𝜈𝑛) ∈ CD(1, 𝑁) for all 𝑛 ∈ ℕ+ and 𝑁 ∈ ℕ ∪{∞}
with 𝑁 ≥ (d− 1)(𝑛 + 1). See [BGL14, Section C.6]. Using [Stu06b, Corollary 2.4] on doubling of
CD(𝐾, 𝑁)-spaces, we get doubling, but a strictly divergent sequence (2(d−1)(𝑛+1))𝑛∈ℕ+

of upper bounds
on the respective doubling constants. So we are left to just conjecture uniform doubling in the next corol-
lary. A possibility for still proving uniform doubling might be showing a so-called ‘(𝛼,𝛽)-polynomial growth
condition in 𝛿-asymptotical {±𝑒d}-direction’ as introduced in [TD15] and used later on in [TSD15]. ¬
Corollary 4.2.6 (pmGH-convergence of spheres along the highest order meridian). Pick a point �̄� ∈ 𝕊d−2.
If d > 3, then asssume that (𝜈𝑛)𝑛∈ℕ are doubling with a shared doubling constant independent of 𝑛. Then,
the sequence (𝕊d−1, dists;1/𝑛, 𝜈𝑛, �̄�)

𝑛∈ℕ+
of pointed (d − 1)-dimensional spheres converges to the lower

dimensional space (⋅𝕊⋅, dist⋅𝕊⋅, 𝜈∞, �̄�) in pmGH-sense.

Proof. We show extrinsic pmG-convergence in the sense of Definition 4.1.7: Consider

𝕐 = ⨆
𝑘∈ℕ+

𝕐𝑘 ⊔ 𝕐∞ ⋅⋅= ⨆
𝑘∈ℕ+

(𝕊d−1 ∪ {0}) ⊔ (⋅𝕊⋅ ∪ {0}).

Here, we treat the point 0 ∈ 𝕐�̄� as artificial point at infinity for �̄� ∈ ℕ+ ∪ {∞}: For 𝑘 ∈ ℕ+ and
𝑦1,𝑘, 𝑦2,𝑘 ∈ 𝕐𝑘 ∖ {0} we define dist𝕐𝑘

(𝑦1,𝑘, 𝑦2,𝑘) ⋅⋅= dists;1/𝑘(𝑦1,𝑘, 𝑦2,𝑘) as well as dist𝕐𝑘
(𝑦1,𝑘, 0) ⋅⋅= ∞ and

dist𝕐𝑘
(0, 0) ⋅⋅= 0. Similarly, for all 𝑦1,∞, 𝑦2,∞ ∈ 𝕐∞ ∖{0} we define dist𝕐∞

(𝑦1,∞, 𝑦2,∞) ⋅⋅= dist⋅𝕊⋅(𝑦1,∞, 𝑦2,∞)
as well as dist𝕐∞

(𝑦1,∞, 0) ⋅⋅= ∞ and dist𝕐∞
(0, 0) ⋅⋅= 0. Then, we endow 𝕐 with the distance metric

dist𝕐 ∶ 𝕐 → [0, ∞], (𝑦1, 𝑦2) = ((�̄�, 𝑦1,�̄�)�̄�∈ℕ+∪{∞}, (�̄�, 𝑦2,�̄�)�̄�∈ℕ+∪{∞})

⟼ ∑
�̄�∈ℕ+∪{∞}

dist𝕐�̄�
(𝑦1,�̄�, 𝑦2,�̄�).

Moreover, we consider the embeddings

𝜄𝑛 ∶ (𝕊d−1, dists;1/𝑛, 𝜈𝑛) → 𝕐, 𝑢 ⟼ (�̄�, 𝛿𝑛,�̄�𝑢)�̄�∈ℕ+∪{∞}

9The comparison theorem as proven by R. Bishop can be found in [BC64, Corollary 4], whereas result and idea of the proof
have been outlined in the short note [Bis63] before.
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and 𝜄∞ ∶ (⋅𝕊⋅, dist⋅𝕊⋅, 𝜈∞) → 𝕐, 𝑢 ⟼ (�̄�, 𝛿∞,�̄�𝑢)�̄�∈ℕ+∪{∞},

where ‘𝛿’ refers to a Kronecker delta. Then, (𝕐, dist𝕐) and (𝜄�̄�)�̄�∈ℕ+∪{∞} form an effective realisation.
Alternatively, one can show pmG-convergence by finding a measure approximation in the sense of Defini-
tion B.2.6: Consider the projection pr𝕊d−2 from 𝕊d−1 ∖ {±𝑒d} to 𝕊d−2. Then, the family (pr𝕊d−2)𝑛∈ℕ+

is a
measure approximation.

Once the uniform doubling condition is satisfied, we can infer pmGH-convergence from pmG-convergence,
which finishes the proof. Recall Theorem 4.1.8 and Remark 4.2.5.

By setting ̄𝜌𝜀
𝕊 ⋅⋅= ̄𝜌1/𝑛[𝜀]

𝕊 with 𝑛[𝜀] ⋅⋅= ⌈1/𝜀⌉+1 for 𝜀 ∈ (0, 1), we find the desired sequence of explicit weight
functions and hence achieve our goal for this subsection. However, we are not content yet and therefore turn
to convergence of spectral structures.

Spectral convergence
Define the Hilbert spaces

𝐻𝕊;1/𝑛 ⋅⋅= 𝐿2(𝕊d−1; 𝜈𝑛) and 𝐻𝕊;0 ⋅⋅= 𝐿2(⋅𝕊⋅; Sd−2
1 ) = 𝐿2(𝕊d−2; Sd−2

1 ).

Now, on to a very important step with serious implications: In the spirit of Section 4.1.2 and specifically Ex-
ample 4.1.16, we declare the poles ±𝑒d to be singularities and therefore adapt the standard differential
structure on 𝕊d−1 to the differential structure 𝐂 of smooth functions that are constant in an open environ-
ment of a singularity. Then, the two nonempty strata are

𝕊d−1
top

⋅⋅= stratd−1(𝕊d−1) and strat0(𝕊d−1) = {±𝑒d}.

For sake of brevity, we call the stratifold (𝕊d−1, 𝐂) the stratified sphere. We already built some intuition
that actually 𝕊d−1

top is the object whose dimension is reduced. In case we can show both pmGH-convergence
and spectral convergence, the limit object consists on set level of the sphere 𝕊d−2, the reduction of 𝕊d−1

top ,
and the remaining nonempty stratum. I. e. the limit set is ⋅𝕊⋅ fitting our expectations from the previous
part on pmGH-convergence. The set ⋅𝕊⋅ is rendered naturally into a differential space by extending the
standard differential structure on 𝕊d−2: The differential structure 𝐂(⋅𝕊⋅) on ⋅𝕊⋅ is defined by the assertion
that 𝑓 ∈ 𝐂(⋅𝕊⋅) if and only if 𝑓 ∈ 𝐶0(⋅𝕊⋅) and 𝑓|𝕊d−2 ∈ 𝐶∞(𝕊d−2). This yields stratd−2(⋅𝕊⋅) = 𝕊d−2 and
strat0(⋅𝕊⋅) = {±𝑒d}.

Next, we make the stratified sphere into a ‘Riemannian stratifold’ in a natural way starting from
the classical round metric s on 𝕊d−1. Consider a chart ℎ of the smooth manifold (𝕊d−1

top , 𝐂|𝕊d−1
top

) =
(𝕊d−1

top , 𝐶∞(𝕊d−1
top )) that provides local coordinates (𝑢𝑗)d−1

𝑗=1 in ‘close proximity’ to one of the poles 𝑒 ∈
{±𝑒d}. By the latter we mean that the coordinate functions locally extend to 𝑒 as an element of 𝐂; this
extension is unique due to the defining property (Strat3) of stratifolds. Thus, we must have that all the
germs at 𝑒 are zero, in formulae: [𝑢𝑗]𝑒 = 0 for all 𝑗 ∈ {1, … ,d− 1}. This justifies the definition

s1
𝑢(𝜕𝑢𝑖(𝑢) , 𝜕𝑢𝑗(𝑢)) ⋅⋅= {s𝑢(𝜕𝑢𝑖(𝑢) , 𝜕𝑢𝑗(𝑢)) , if 𝑢 ≠ 𝑒

0 , if 𝑢 = 𝑒

for all 𝑢 ∈ dom(ℎ)∪{𝑒} and 𝑖, 𝑗 ∈ {1, … ,d−1}. As the pole 𝑒 and the chart ℎ can be chosen arbitrarily, this
procedure defines a Riemmanian metric s1 on (𝕊d−1

top , 𝐶∞(𝕊d−1
top )) that smoothly10 extends to the poles by

zero and coincides with the standard round metric on 𝕊d−1 far away from the poles. The following example
shows that all local coordinate expressions for objects on the standard sphere are still true on 𝕊d−1

top but in
an approximate sense.
Example 4.2.7 (approximate charts). Consider any chart ℎ of the manifold 𝕊d−1 providing local coordinates
(𝑢𝑗)d−1

𝑗=1 . Assume that the set 𝑆ℎ ⋅⋅= {±𝑒d} ∩ dom(ℎ) of poles in the chart domain is nonempty. Then,
the restriction of ℎ to 𝕊d−1

top can’t be a chart for the manifold (𝕊d−1
top , 𝐶∞(𝕊d−1

top )). Supposing otherwise,
the restrictions of the coordinate functions would extend to 𝑆ℎ as elements of 𝐂; meaning that there are
constant in some open environments of the poles in 𝑆ℎ and in particular they are not injective, contradiction.
10Recall that the term ‘smoothness’ really has a strict formal meaning for functions that map from stratifolds to manifolds.
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For every 𝑒 ∈ 𝑆ℎ and some large number 𝑘 ∈ ℕ+ we consider a cut-off function 𝜑𝑒;𝑘 that constantly is 1
on 𝕌(𝑒, 1/𝑘) as well as 0 outside of 𝕌(𝑒, 2/𝑘), compare to Remark 1.2.33. Then, we define approximate
coordinate functions by

𝑢𝑗
𝑘 ⋅⋅= 𝑢𝑗 ⋅ ∏

𝑒∈𝑆ℎ

(1 − 𝜑𝑒;𝑘) on dom(ℎ) for all 𝑗 ∈ {1, … ,d− 1}.

These approximate coordinate functions are elements of 𝐂 and provide on dom(ℎ) ∖ 𝕌(𝑒, 2/𝑘) the original
coordinates. Hence, the family (𝑢𝑗

𝑘)d−1
𝑗=1

gives rise to a chart ℎ𝑘 for (𝕊d−1
top , 𝐶∞(𝕊d−1

top )) with dom(ℎ) ∖
𝕌(𝑒, 2/𝑘) ⊆ dom(ℎ𝑘).

The same approximation scheme is performed for the chart ℎ of standard spherical coordinates (𝜃𝑗)d−2
𝑗=0 ,

see Notation A.2.1, even though the poles are not contained in the chart domain. We observe that the
restriction of the polar coordinate chart can not be a chart of (𝕊d−1

top , 𝐶∞(𝕊d−1
top )) for the same reason as

before. Fortunately, the assignment

𝜃𝑗
𝑘 ⋅⋅= 𝜃𝑗 ⋅ (1 − 𝜑+𝑒d;𝑘)(1 − 𝜑−𝑒d;𝑘) on dom(ℎ) for all 𝑗 ∈ {0, … ,d− 2}

defines a chart of approximate spherical coordinates on (𝕊d−1
top , 𝐶∞(𝕊d−1

top )). ¬
As a consequence, objects associated to the new Riemannian metric s1 coincide with the objects associated

to s in the a ‘large’ subdomain of approximate charts derived from the charts of 𝕊d−1. For instance, this
applies to the Christoffel symbols, hence subsequently to the Levi-Civita connection, geodesic equation, and
Euler-Lagrange equations.
Remark 4.2.8 (Curvature at the poles). Every smooth vector field 𝒳 ∈ Γ∞(T𝕊d−1

top ) smoothly extends to the
stratified sphere by zero, since if it is represented as 𝒳 = ∑𝑗 𝒳𝑗 ⋅ 𝜕/𝜕𝑢𝑗 in local coordinates (𝑢𝑗)𝑗 that locally
extend to elements of 𝐂, then every coefficient function 𝒳𝑗 smoothly extends to an element of 𝐂 and every
𝜕/𝜕𝑢𝑗 extends by zero. Even more, we can infer that for every pole 𝑒 there is an open neighbourhood 𝑈𝑒 of 𝑒
such that 𝒳 is constant on 𝑈𝑒 ∩ 𝕊d−1

top . That means that Lie and covariant derivatives extend to poles by
zero. Therefore, the Riemannian curvature tensor on (𝕊d−1

top , s1) extends to the poles by zero and so does
the Ricci curvature tensor. ¬

Furthermore, we observe that the induced distance metric dists1 on the stratifold as a length space
coincides with dists . But, as geodesics in 𝕊d−1

top can’t pass through the poles, two points can not necessarily
be connected by a length minimising geodesic. Once we weight s1 by ̄𝜌1/𝑛

𝕊 the corresponding distance metric
also coincides with dists;1/𝑛, since in order to define the latter distance metric we penalised connecting curves
for passing through poles. Moreover, we get for the Riemannian volume measure that 𝜆s1 = Sd−1

1 (= 𝜆s) in
all approximate charts, which implies that this equality holds even globally on (𝕊d−1, 𝐂).

We also render (⋅𝕊⋅, 𝐂(⋅𝕊⋅)) into a ‘Riemannian’ stratifold. To this end, denote by ‘g’ the round metric
on 𝕊d−2 and naturally extend it to ⋅𝕊⋅ by setting

g(𝑢1 , 𝑢2) ⋅⋅=
⎧{
⎨{⎩

g(𝑢1 , 𝑢2) 𝑢1, 𝑢2 ∈ 𝕊d−2

0 𝑢1, 𝑢2 ∈ {±𝑒d}
0 𝑢1/2 ∈ 𝕊d−2, 𝑢2/1 ∈ {±𝑒d}

for all 𝑢1, 𝑢2 ∈ ⋅𝕊⋅.

Clearly, both distance metric and volume measure on the top stratum 𝕊d−2 remain unchanged. The previously
used extensions dist⋅𝕊⋅ and Sd−2

1 (= 𝜆g) on ⋅𝕊⋅ are compatible with g in the expected way. Consequently, our
convergence result Corollary 4.2.6 for weighted spheres as metric measure spaces translates to the stratified
spheres.

Corollary 4.2.9. The sequence ((𝕊d−1, 𝐂, ̄𝜌1/𝑛
𝕊 s1))

𝑛∈ℕ+
of weighted stratified spheres with associated dis-

tance metric and volume measure pmGH-converges to (⋅𝕊⋅, 𝐂(⋅𝕊⋅), g) with associated distance metric and
volume measure.

The Laplace-Beltrami on the Riemannian manifold (𝕊d−1
top , s1) can be viewed as a self-adjoint oper-

ator (Δs1 , 𝐷(Δs1)) on 𝐿2(𝕊d−1, Sd−1
1 ), since strat0(𝕊d−1) = {±𝑒d} has measure zero. The operator
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(Δs1 , 𝐷(Δs1)) defines a spectral structure on the unweighted stratifold (𝕊d−1, 𝐂). For given 𝑛 ∈ ℕ+ the
spectral structure on the weighted sphere is given by the weighted Laplace-Beltrami operator of the form

Δs;1/𝑛𝑓 ⋅⋅= Δs1𝑓 + 1
̄𝜌1/𝑛
𝕊

∇s1 ̄𝜌1/𝑛
𝕊 (𝑓) = Δs1𝑓 +𝑛 ⋅ cot 𝜃d−2𝜕𝜃d−2𝑓

for 𝑓 ∈ {𝑔 ∈ 𝐂 ∣ cot 𝜃d−2𝜕𝜃d−2𝑔 ∈ 𝐿2(𝕊d−1; 𝜈𝑛) = 𝐻𝕊;1/𝑛} ⊆ 𝐷(Δs;1/𝑛) ⊆ 𝐻𝕊;1/𝑛.

For sake of illustration, we opted for writing the logarithmic derivative term in polar coordinates, see No-
tation A.2.1. More formally, the weighted Laplace-Beltrami is defined first on the top stratum and then
considered as an operator on 𝐻𝕊;1/𝑛. Furthermore, the spectral structure on ⋅𝕊⋅ is given by the Laplace-
Beltrami operator (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) on 𝐻𝕊;0.

Note that 𝐂 is dense both in 𝐿2(𝕊d−1; Sd−1
1 ) and in 𝐻𝕊;1/𝑛. Indeed: Let 𝑓 ∈ 𝐶∞(𝕊d−1) and assume

without lost of generality that the support is contained in the upper hemisphere, i. e.

supp(𝑓) ⊆ {
d

∑
𝑗=1

𝑢𝑗𝑒𝑗 ∈ 𝕊d−1 ∣ 𝑢d > 0}.

Consider for 𝑘 ∈ ℕ+ large enough a smooth cut-off function 𝜑𝑘 with 𝜑𝑘 = 1 on 𝕌(𝑒d, 1/𝑘) and 𝜑𝑘 = 0
outside of 𝕌(𝑒d, 2/𝑘). Define the approximation function

𝑓𝑘 ⋅⋅= 𝑓 ⋅ (1 − 𝜑𝑘) + (𝑓 , 1𝕌(𝑒d,1/𝑘))𝐻𝕊;1/𝑛

⋅ 𝜑𝑘. (4.4)

Then, it holds that 𝑓𝑘 ∈ 𝐂 and we get that 𝑓𝑘 → 𝑓 both in 𝐿2(𝕊d−1; Sd−1
1 ) and in 𝐻𝕊;1/𝑛 as 𝑘 → ∞.

As 𝐶∞(𝕊d−1) is dense both in 𝐿2(𝕊d−1; Sd−1
1 ) and in 𝐻𝕊;1/𝑛, the claim is proven.

Moving on, we observe that 𝐻𝕊;0 is continuously embedded into 𝐻𝕊;1/𝑛 as a closed subspace for all 𝑛 ∈ ℕ
by the canonical embedding

𝜄𝕊;1/𝑛 ∶ 𝐻𝕊;0 → 𝐻𝕊;1/𝑛, 𝑓 ↦ 𝑓 ∘ pr𝕊d−2 .
Abusing notation, one might view the operator (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) really as operator in 𝐻𝕊;1/𝑛 given by

Δ𝕊d−2𝑓 ⋅⋅= 𝜄𝕊;1/𝑛(Δ𝕊d−2𝑓0) for all 𝑓 = 𝜄𝕊;1/𝑛𝑓0 ∈ 𝜄𝕊;1/𝑛(𝐷(Δ𝕊d−2)).

Consider the left inverse Φ𝕊;1/𝑛 ∶ 𝐻𝕊;1/𝑛 → 𝐻𝕊;0 of 𝜄𝕊;1/𝑛, which can be thought as continuous projection
in 𝐻𝕊;1/𝑛 to the range of 𝜄𝕊;1/𝑛. Then, we arrive at the situation of a convergent net of Hilbert spaces
as in [KS03, Section 2.2]. Recall that alternatively one could think in terms of asymptotic relations of
Hilbert spaces, see specifically Definition B.2.7 in the appendix. Now, the following corollary arises from the
observation that Δ𝕊d−2 = Φ𝕊;1/𝑛 ∘ Δs;1/𝑛 ∘𝜄𝕊;1/𝑛 first on 𝐶∞(𝕊d−2) and hence also on 𝐷(Δ𝕊d−2).

Corollary 4.2.10. The graph of (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) coincides with the strong graph limit Γ[Δs;1/𝑛], compare
to Definition 4.1.10. Hence, the spectral structures on the weighted spheres converge to the spectral structure
on 𝕊d−2 (or ⋅𝕊⋅ respectively) according to Theorem 4.1.11.

Proof. Consider a pair (𝑢0, 𝑣0) in the graph of the operator (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) on 𝐻𝕊;0. Then, for the net
(𝜄𝕊;1/𝑛𝑢0)

𝑛∈ℕ+
we observe that

𝜄𝕊;1/𝑛𝑢0 ⟶ 𝑢0 ∘ pr𝕊d−2 = 𝑢0

and Δs;1/𝑛(𝜄𝕊;1/𝑛𝑢0) = Δ𝕊d−2(𝜄𝕊;1/𝑛𝑢0) = 𝜄𝕊;1/𝑛𝑣0 ⟶ 𝑣0 ∘ pr𝕊d−2 = 𝑣0

strongly as 𝑛 → ∞. Thus, (𝑢0, 𝑣0) ∈ Γ[Δs;1/𝑛].
Vice versa, consider now some given pair (𝑢0, 𝑣0) ∈ Γ[Δs;1/𝑛]. By definition of the strong graph limit,

there is a net (�̃�𝑛)𝑛∈ℕ+
with �̃�𝑛 ∈ 𝐻𝕊;1/𝑛 for all 𝑛 ∈ ℕ+ and

�̃�𝑛 ⟶ 𝑢0 as well as Δs;1/𝑛�̃�𝑛 ⟶ 𝑣0 strongly as 𝑛 → ∞.

Passing to the image sequence (𝑢𝑛)𝑛∈ℕ+
⋅⋅= (Φ𝕊;1/𝑛�̃�𝑛)

𝑛
, this implies the convergences in 𝐻𝕊;0

𝑢𝑛 ⟶ 𝑢0
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and Δ𝕊d−2 𝑢𝑛 = Φ𝕊;1/𝑛(Δs;1/𝑛(𝜄𝕊;1/𝑛𝑢𝑛)) = Φ𝕊;1/𝑛(Δs;1/𝑛�̃�𝑛) ⟶ 𝑣0 as 𝑛 → ∞.

Since (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) is closed in 𝐻𝕊;0, it follows that 𝑣0 = Δ𝕊d−2𝑢0. Therefore, (𝑢0, 𝑣0) is in the graph
of (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)).

We have to spare a minute for considering the spectra as this turns out to be central for the argument of
Mosco convergence. From Theorem 4.1.12, we know that 𝜎(Δ𝕊d−2) ⊆ lim𝑛∈ℕ+

𝜎(Δs;1/𝑛). Recalling [DX13,
Theorem 1.4.5], we also know that −(d − 2) is the eigenvalue of Δ𝕊d−2 on 𝕊d−2 corresponding to the
1-homogeneous spherical harmonic 𝜒0. So, there must be a sequence (𝑠𝑛)𝑛∈ℕ+

such that 𝑠𝑛 ∈ 𝜎(Δs;1/𝑛)
and 𝑠𝑛 → −(d− 2) as 𝑛 → ∞. In fact, note that 𝜒 ⋅⋅= 𝜄𝕊;1/𝑛(𝜒0) ∈ 𝐷(Δs;1/𝑛) for fixed 𝑛 ∈ ℕ+. Indeed,
approximate 𝜒 by a sequence (𝜒𝑘)𝑘 in 𝐂 with functions 𝜒𝑘 as in Equation (4.4) and indices 𝑘 ∈ ℕ+ large
enough. In that construction, we used the functions (𝜑𝑘)𝑘, for which there is a constant 𝑐 ∈ (0, ∞)

|∇s1𝜑𝑘(𝑢)|s1 ≤ 𝑐
𝑘 and |Hesss1(𝜑𝑘)(𝑢)|∞ ≤ 𝑐

𝑘2

for all 𝑘 and 𝑢 ∈ 𝕊d−1. Then, we get that the images (Δs;1/𝑛𝜒𝑘)
𝑘

converge and moreover that Δs;1/𝑛𝜒𝑘 ⟶
Δs;1/𝑛𝜒 as 𝑘 → ∞, since (Δs;1/𝑛, 𝐷(Δs;1/𝑛)) is closed. We notice that

Δs;1/𝑛𝜒 = Δs;1/𝑛(𝜄𝕊;1/𝑛𝜒0) = Δ𝕊d−2(𝜄𝕊;1/𝑛𝜒0) = −(d− 2) ⋅ 𝜄𝕊;1/𝑛𝜒0 = −(d− 2) 𝜒.

Beyond that, we also get along the same lines that 𝜒 ∈ 𝐷(Δs1) with Δs1𝜒 = −(d− 2)𝜒. To this end, one
considers the continuous embedding

𝜄𝐂 ∶ 𝐻𝕊;0 → 𝐿2(𝕊d−1; Sd−1
1 ), 𝑓 ⟼ 𝑓 ∘ pr𝕊d−2 ,

its left inverse Φ𝐂, and the relation Δs1 ∘𝜄𝐂 = Δ𝕊d−2 ∘𝜄𝐂. We summarise these findings in a lemma.

Lemma 4.2.11. For all 𝑛 ∈ ℕ+ it holds −(d−2) ∈ 𝜎(Δs;1/𝑛). More precisely, −(d−2) is an eigenvalue and
the lifting 𝜄𝕊;1/𝑛(𝜒0) of the 1-homogeneous spherical harmonic 𝜒0 on 𝕊d−2 is the corresponding eigenvector.
Note that this result does not depend on the specific choice of 𝜌1/𝑛

𝕊 . Furthermore, −(d− 2) ∈ 𝜎(Δs1) is an
eigenvalue of Δs1 for 𝜒.

Remark 4.2.12 (spherical harmonics). The deeper theoretical reason for the previously observed effect is that
the set of spherical harmonics differs for the two Laplacians Δs and Δs1 . Let us recall the definitions,
compare to [DX13, Section 1.1]: A real homogeneous polynomial 𝑝 of degree 𝑘 on ℝd is a polynomial of
the form

𝑝(𝑥) = ∑
ℓ∈ℕd

|ℓ|=𝑘

𝑐ℓ ⋅ 𝑥ℓ = ∑
ℓ1,…,ℓd∈ℕ

ℓ1+⋯+ℓd=𝑘

𝑐(ℓ1,…,ℓd) ⋅ 𝑥ℓ1
1 ⋯ 𝑥ℓd

d with 𝑐ℓ = 𝑐(ℓ1,…,ℓd) ∈ ℝ

using multiindex notation. Such a homogeneous polynomial 𝑝 is harmonic if additionally Δℝd𝑝 = 0 holds
for the standard Laplacian Δℝd on ℝd. The restriction of such a harmonic polynomial to 𝕊d−1 ⊆ ℝd is a
spherical harmonic. But since one has T±𝑒d(𝕊d−1) = {0} for the stratified sphere (𝕊d−1, 𝐂), the reasonable
requirement for a spherical harmonic 𝑝 to be a spherical harmonic with respect to Δs1 is to additionally
demand that the germs of 𝑝|𝕊d−1

top
‘continuously’ extend to the poles by zero in the following sense: For all

𝑒 ∈ {±𝑒d} there is a neighbourhood 𝑈𝑒 of 𝑒 such that [𝑝]𝑦 = 0 holds for all 𝑦 ∈ 𝑈𝑒 ∩ 𝕊d−1
top .11 Of course,

this is the case if and only if 𝑐(ℓ1,…,ℓd) = 0 holds for all the coefficients with ℓd ∈ ℕ+. Equivalently, we
can say that 𝑝 is a spherical harmonic with respect to Δs1 if and only if there is a spherical harmonic 𝑝0 on
𝕊d−2 ⊆ ℝd−1 such that 𝑝 = 𝜄𝐂(𝑝0). That means that one has to be careful regarding statements made
for Δs relying on spherical harmonics to the operator Δs1 . ¬

In contrast, W. Beckners proof of the standard Poincaré inequality for the spherical surface measure,
see [Bec89, Theorem 2], heavily relies on the usual spherical harmonics, but we do not need to adapt
11Note that this does not necessarily mean that 𝑝 is smooth in the stratifold sense that 𝑝 ∈ 𝐂. However, the requirement is

akin to continuous differentiability at the poles, although 𝑝 as a function on the stratified sphere turns out to be not even
continuous.
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statement or proof for the stratified sphere: Let 𝑓 ∈ 𝐂, then the gradient of 𝑓 equals zero in open neigh-
bourhoods 𝑈(±𝑒d) of the poles and outside of these neighbourhoods the standard sphere and stratified
sphere are indistinguishable. Thus, the inequality

∫
𝕊d−1

|∇s1𝑓|2s1 d𝜆s1 = ∫
𝕊d−1∖(𝑈(+𝑒d)∪𝑈(−𝑒d))

|∇s1𝑓|2s1 d𝜆s1

= ∫
𝕊d−1∖(𝑈(+𝑒d)∪𝑈(−𝑒d))

|∇s𝑓|2s d𝜆s = ∫
𝕊d−1

|∇s𝑓|2s d𝜆s

≥ (d− 1) ∫
𝕊d−1

(𝑓 − (𝑓 , 1)𝐿2(𝕊d−1;s))
2

d𝜆s

= (d− 1) ∫
𝕊d−1∖(𝑈(+𝑒d)∪𝑈(−𝑒d))

(𝑓 − (𝑓 , 1)𝐿2(𝕊d−1;s))
2

d𝜆s + 0

= (d− 1) ∫
𝕊d−1∖(𝑈(+𝑒d)∪𝑈(−𝑒d))

(𝑓 − (𝑓 , 1)𝐿2(𝕊d−1;s1))
2

d𝜆s1

= (d− 1) ∫
𝕊d−1

(𝑓 − (𝑓 , 1)𝐿2(𝕊d−1;s1))
2

d𝜆s1

holds by [Bec89, Theorem 2].

4.2.2 Collaps of unit tangent bundles based on convergence of the standard fibre
Consider the disjoint union of the spaces

Q0
𝑥𝕏 ⋅⋅= {𝑢 =

d

∑
𝑗=1

𝑢𝑗𝑒𝑗(𝑥) ∈ U𝑥𝕏 ∣ 𝑢d = 0} for 𝑥 ∈ 𝕏,

defined in terms of the compass frame (𝑒𝑗)d𝑗=1, and the projection

𝜋Q0 ∶ Q0𝕏 ⋅⋅= ⨆
𝑥∈𝕏

Q0
𝑥𝕏 → 𝕏, Q0

𝑥𝕏 ∋ 𝑢 ⟼ 𝑥.

As alluded to before, we don’t get a smooth or even continuous fibre bundle, due to lack of parallelisability
of the base manifold. Be that as it may, we refer to 𝜋Q0 ∶ Q0𝕏 → 𝕏 as equatorial tangent bundle event
though we still have to make sense of the term ‘bundle’ here. In the following construction, we opt for
describing Q0𝕏 as a limit varifold first. Overall, we assume a sequence of probability measures (𝜈𝜀)𝜀∈(0,1]
on 𝕊d−1 such that

𝜈1 = Sd−1
1 ,

every 𝜈𝜀 is invariant with respect to rotations around the axis passing through the poles ±𝑒d,

there is the Radon-Nikodým derivative 𝜌𝜀
𝕊 ⋅⋅= 𝑑𝜈𝜀/𝑑𝜈1 for all 𝜀 ∈ (0, 1],

the sequence (𝕊d−1, 𝜈𝜀, �̄�)𝜀∈(0,1] for given �̄� ∈ 𝕊d−2 converges in pmG-sense to (⋅𝕊⋅, 𝜈0 ⋅⋅= Sd−2
1 , �̄�)

(and thus also in pmGH-sense),

and the spectral structures of the weighted spheres (𝕊d−1, s𝜀 ⋅⋅= 𝜌𝜀
𝕊s)𝜀∈(0,1] converge to the spec-

tral structure corresponding to the Laplace-Beltrami operator (Δ𝕊d−2 , 𝐷(Δ𝕊d−2)) on 𝐿2(⋅𝕊⋅; 𝜈0) =
𝐿2(𝕊d−2; 𝜈0).

We have seen previously that such a sequence (𝜈𝜀)𝜀∈(0,1] exists. Suppose the embedding U𝕏 ↪ ℝn to
view the unit tangent bundle of 𝕏 as submanifold of the n-dimensional Euclidean space. We construct a
weighted version of unit tangent bundle as varifold 𝕍𝜀: Introduce the transition kernel

𝑘𝜀 ∶ 𝕏 × 𝔅(ℝn), (𝑥, 𝐴) ⟼ ∫
U𝑥𝕏

1𝐴∩U𝑥𝕏(𝑢) 𝜈𝜀
𝑥(d𝑢),
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where 𝜈𝜀
𝑥 is a copy of 𝜈𝜀 on U𝑥𝕏 that is compass aligned by which we mean that 𝑑𝜈𝜀

𝑥/𝑑𝜈1
𝑥(±○∧(𝑥)) = 0.

This kernel induces a measure 𝜇[𝑘𝜀] on (ℝn, 𝔅(ℝn)) by the assignment 𝜇[𝑘𝜀](𝐴) ⋅⋅= ∫𝕏 𝑘𝜀(𝑥, 𝐴) 𝜆x(d𝑥)
for 𝐴 ∈ 𝔅(ℝn). Note that 𝜇[𝑘𝜀] is supported on U𝕏 ⊆ ℝn, but it depends on the chosen embedding and
can generally not be realised as a bundle measure in the sense of Definition 1.2.19. Now, the varifold 𝕍𝜀 is
defined via

⟨𝑓 , 𝕍𝜀⟩ = ∫
ℝn×𝔾(2d−1,n)

𝑓 d𝕍𝜀

⋅⋅= ∫
ℝn

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 1U𝕏(𝑢) 𝜇[𝑘𝜀](d𝑢)

= ∫
𝕏

∫
U𝑥𝕏

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 𝜈𝜀
𝑥(d𝑢) 𝜆x(d𝑥)

for all 𝑓 ∈ 𝐶∞
c (ℝn × 𝔾(2d− 1,n)). In view of Example 4.1.3, one might be even more inclined to think

that 𝜇[𝑘𝜀] = 𝜆x ⊗loc 𝜈𝜀 would hold. We want to see that the sequence (𝕍𝜀)𝜀∈(0,1] of varifolds converges to
a varifold 𝕍0 as 𝜀 ↓ 0. By assumption on (𝜈𝜀)𝜀∈(0,1], we can define the transition kernel

𝑘0 ∶ 𝕏 × 𝔅(ℝn), (𝑥, 𝐴) ⟼ lim
𝜀↓0

∫
U𝑥𝕏

1𝐴∩U𝑥𝕏(𝑢) 𝜈𝜀
𝑥(d𝑢) = ∫

U𝑥𝕏
1𝐴∩Q0

𝑥𝕏(𝑢) 𝜈0
𝑥(d𝑢),

where 𝜈0
𝑥 is a copy of 𝜈0 on Q0

𝑥𝕏 that also is compass aligned but now in the sense that 𝜈0
𝑥 is a measure

on U𝑥𝕏 supported on Q0
𝑥𝕏. Consequently, we get a measure 𝜇[𝑘0] given by 𝜇[𝑘0](𝐴) ⋅⋅= ∫𝕏 𝑘0(𝑥, 𝐴) 𝜆x(d𝑥)

for all 𝐴 ∈ 𝔅(ℝn). By construction, we arrive at

⟨𝑓 , 𝕍𝜀⟩ = ∫
𝕏

∫
U𝑥𝕏

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 𝜈𝜀
𝑥(d𝑢) 𝜆x(d𝑥)

⟶ ∫
𝕏

∫
U𝑥𝕏

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 𝜈0
𝑥(d𝑢) 𝜆x(d𝑥)

= ∫
𝕏

∫
Q0

𝑥𝕏
∫

𝔾(2d−1,n)
𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 𝜈0

𝑥(d𝑢) 𝜆x(d𝑥)

= ∫
ℝn

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 1Q0𝕏(𝑢) 𝜇[𝑘0](d𝑢) as 𝜀 ↓ 0

for all 𝑓 ∈ 𝐶0
c (ℝn × 𝔾(2d− 1,n)). Define the varifold 𝕍0 by

⟨𝑓 , 𝕍0⟩ ⋅⋅= ∫
ℝn

∫
𝔾(2d−1,n)

𝑓(𝑢, 𝑆) 𝛿T𝑢U𝕏(d𝑆) 1Q0𝕏(𝑢) 𝜇[𝑘0](d𝑢)

for all 𝑓 ∈ 𝐶0
c (ℝn × 𝔾(2d− 1,n)). At the cost of relying on a specific embedding U𝕏 ↪ ℝn, we can

now view the mere set Q0𝕏 as the varifold 𝕍0. Again, one should note that 𝕍0 is by construction a
(2d− 1)-dimensional varifold as every 𝕍𝜀 is.

Certainly, our next step has to be establishing Q0𝕏 as an object independent of an ambient space. We
recollect the assumptions on the compass mentioned in the introduction to this chapter. Once more, we
stress that these assumptions and subsequent stratifold constructions are not needed if 𝕏 is parallelisable
e. g. in the Euclidean case 𝕏 = ℝd.
Condition 4.2.13 (Compass conditions (○∧)).

(○∧ 1) Assume that the compass ○∧ ∶ 𝕏 → U𝕏 is a locally Lipschitzian vector field. According to Rademacher’s
Theorem, the set dom(𝜕○∧) ⊆ 𝕏 on which ○∧ is differentiable has full measure and is dense.

(○∧ 2) Assume that 𝕏 ∖ dom(𝜕○∧) consists of finitely many points which we declare as singular points. Con-
sistently, we say that the set 𝕏○∧ ⋅⋅= dom(𝜕○∧) consists of regular points. ¬

Now, we replace the differentiable structure on 𝕏 by the differential structure 𝐂(○∧) ⊆ 𝐶∞(𝕏) such
that 𝑓 ∈ 𝐂(○∧) holds if and only if for every 𝑥 ∈ 𝕏c

○∧ there is an open neighbourhood 𝑈𝑥 ⊆ 𝕏 of 𝑥 such
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that 𝑓 is constant on 𝑈𝑥. We note that the top stratum of (𝕏, 𝐂(○∧)) is stratd(𝕏) = 𝕏○∧ and the only
other nonempty stratum is the complement strat0(𝕏) = 𝕏c

○∧ . Furthermore, 𝕏○∧ is a parallelisable manifold.
Next, we replace the differentiable structure on U𝕏 by the differential structure 𝐂(Q1𝕏) ⊆ 𝐶∞(U𝕏) such
that 𝑓 ∈ 𝐂(Q1𝕏) if and only if

the fibrewise average E𝜈𝜀 [𝑓] = (𝑥 ↦ ∫U𝑥𝕏 𝑓 d𝜈𝜀
𝑥) is in 𝐂(○∧),

and for all 𝑥 ∈ 𝕏○∧ there are two open neighbourhoods 𝑈± of ±○∧(𝑥) respectively such that 𝑓|U𝑥𝕏 is
constant on 𝑈± ∩ U𝑥𝕏.

Note that vertical lifts of functions form 𝐶∞(𝕏○∧) are contained in 𝐂(Q1𝕏) automatically, since they are
fibrewise constant. The set U𝕏 endowed with the differential structure 𝐂(Q1𝕏) is denoted by Q1𝕏. We
want to see that Q1𝕏 still is a bundle in a certain sense. Technically, the following definition of so-called
stratifold bundles from [Gri03, Section 1.2] does not suffice, but is our starting point nonetheless.
Definition 4.2.14 (stratifold bundles). Consider a stratifold 𝔼 and a smooth manifold 𝔹. A morphism
𝜋 ∶ 𝔼 → 𝔹 is a stratifold bundle if for each 𝑏 ∈ 𝔹 there is an open neighbourhood 𝑈𝑏 of 𝑏, a stratifold 𝔽𝑏,
and an isomorphism 𝜑∶ 𝜋−1(𝑈𝑏) → 𝑈𝑏 × 𝔽𝑏 that renders the following diagram commutative:

𝜋−1(𝑈𝑏) 𝑈𝑏 × 𝔽𝑏

𝑈𝑏

𝜑

𝜋
pr1

Besides, one uses terminology as for fibre bundles: We call 𝔹 the base space, 𝔼 the total space, and the
mapping 𝜋, as part of the stratifold, the bundle projection. ¬
Lemma 4.2.15. The mapping Q1𝕏○∧ = Q1𝕏|U𝕏○∧

→ 𝕏○∧ , Q1
𝑥𝕏 ∋ 𝑢 ⟼ 𝑥 is a stratifold bundle with the

fibre 𝔽𝑥 for 𝑥 ∈ 𝕏○∧ being the stratifold 𝔽𝑥 = (𝕊d−1, 𝐂) with singularities at {±𝑒d}.

Proof. The short version of the proof is that the unit tangent bundle U𝕏○∧ over 𝕏○∧ is a trivial bundle. Now,
we can manipulate the standard fibre in U𝕏○∧ ≃𝕏○∧ ×𝕊d−1 as we like and find that 𝕏○∧ ×(𝕊d−1, 𝐂) ≃ Q1𝕏○∧ .
So the statement of the lemma can be strengthened to the effect that we even have a trivial stratifold bundle.

Alternatively, a version grounded in the definition of stratifold bundles goes like this: Consider 𝑥 ∈ 𝕏○∧
and a local trivialisation at 𝑥 of the smooth fibre bundle 𝜋0|U ∶ U𝕏 → 𝕏 consisting of the trivialisation
chart 𝜒 and domain of trivialisation 𝑈 such that 𝑈 ∩ 𝕏c

○∧ = ∅. Explicitly, we can choose 𝑈 as domain of a
chart ℎ from the differentiable structure of 𝕏. Then, the mapping

�̃� ∶ 𝜋−1
0|U(𝑈) → ℎ(𝑈) × 𝕊d−1, 𝑢 ⟼ (ℎ(𝜋0|U(𝑢)), 𝑢ℎ)

is a diffeomorphism. Here, 𝑢ℎ is the representation of 𝑢 in the chart ℎ, compare to Example 1.2.7 part (iii).
Then, one directly obtains 𝜒 from �̃�. Now, we replace the standard sphere in the target set of 𝜒 by the
stratifold (𝕊d−1, 𝐂). We show that the mapping 𝜒∶ 𝜋−1

0|U(𝑈) → 𝑈 × (𝕊d−1, 𝐂) is an isomorphism of
stratifolds: Let 𝑓1 be a function from the restriction 𝐂1 of 𝐂(Q1𝕏) to 𝜋−1

0|U(𝑈) and 𝑓2 be a function from
the canonical differential structure 𝐂2 of the product stratifold composed of 𝑈 and (𝕊d−1, 𝐂). Then, we
have both that 𝑓1 ∘ 𝜒−1 ∈ 𝐂2 and that 𝑓2 ∘ 𝜒 ∈ 𝐂1. So, the choice 𝜑 = 𝜒 yields the local trivialisation of a
stratifold bundle.

Due to the fact that (𝕏, 𝐂(○∧)) has just two rather simple nonempty strata, we don’t have to think to
hard on how to extend Definition 4.2.14 to the situation of a stratifold as base space instead of a smooth
manifold. A more general extension of Definition 4.2.14 would be a topic for further research. We finally
call the mapping

𝜋Q1 ∶ Q1𝕏 → 𝕏, Q1
𝑥𝕏 ∋ 𝑢 ⟼ 𝑥

a (stratifold) bundle in the sense that the restrictions of 𝜋Q1 as

Q1𝕏○∧ = Q1𝕏|U𝕏○∧
→ 𝕏○∧ and Q1𝕏c

○∧ = Q1𝕏|U𝕏c
○∧

→ 𝕏c
○∧ (4.5)

to the nonempty strata 𝕏○∧ and 𝕏c
○∧ are stratifold bundles. The former part of the assertion was addressed in

the previous lemma, but the latter part follows directly from (○∧ 2). Indeed, as 𝕏c
○∧ consists of finitely many
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isolated points the tangent bundle over the manifold (𝕏c
○∧ , 𝐶∞(𝕏c

○∧) = 𝐂(○∧)|𝕏c○∧
) is just T𝕏c

○∧ = ⨆𝑥∈𝕏c○∧
{0}.

Hence, U𝕏c
○∧ = ∅, meaning that the second mapping in Equation (4.5) has empty domain: Q1𝕏c

○∧ = ∅. The
first stratifold bundle in Equation (4.5) is trivial in the sense that there is an isomorphism of stratifolds

Υ○∧ ∶ Q1𝕏○∧ → 𝕏○∧ × (𝕊d−1, 𝐂)

that rotates the fibres Q1
𝑥𝕏○∧ with singularities ±○∧(𝑥) to align with the strata of (𝕊d−1, 𝐂). In particular,

we now know the dimensions of the possibly interesting strata of Q1𝕏: The nonempty strata are

strat2d−1(Q1𝕏) ≃Υ○∧
𝕏○∧ × 𝕊d−1

top and stratd(Q1𝕏) ≃Υ○∧
𝕏○∧ × {±𝑒d}.

Similarly, 𝜋Q0 ∶ Q0𝕏 → 𝕏 is understood as a stratifold bundle in the sense that the restrictions to U𝕏○∧ and
U𝕏c

○∧ = ∅ respectively yield stratifold bundles analogously to Equation (4.5). Then, we have Q0𝕏c
○∧ = ∅ and

the nonempty strata are

strat2d−2(Q0𝕏) ≃ 𝕏○∧ × 𝕊d−2 and stratd(Q0𝕏) ≃ 𝕏○∧ × {±𝑒d}.

In the stratifold sense, the Riemannian metric x on the manifold (𝕏○∧ , 𝐂(○∧)|𝕏○∧
) = (𝕏○∧ , 𝐶∞(𝕏○∧)) extends

smoothly to the stratifold (𝕏, 𝐂(○∧)) by zero. As we did for the round metric on the stratified sphere, we
can justify this in terms of approximate charts: Consider local coordinates (𝑥𝑗)d𝑗=1 for the manifold 𝕏 such
that the chart domain contains at least one singularity. For every singular point 𝑜 ∈ 𝕏c

○∧ we choose cut-off
functions (𝜑𝑜;𝑘)𝑘 that are constantly 1 on 𝕌(𝑜, 1/𝑘) and 0 outside of 𝕌(𝑜, 2/𝑘), where the indices 𝑘 are some
large natural numbers. Define for each 𝑘 approximate local coordinates (𝑥𝑗

𝑘)d

𝑗=1
by

𝑥𝑗
𝑘 ⋅⋅= 𝑥𝑗 ⋅ ∏

𝑜∈𝕏c○∧

(1 − 𝜑𝑜;𝑘) ∈ 𝐂(○∧) for all 𝑗 ∈ {1, … ,d}.

Then, we get that x𝑜(𝜕𝑥𝑖
𝑘 , 𝜕𝑥𝑗

𝑘) = 0 ⟶ 0 as 𝑘 → ∞ for all 𝑖, 𝑗 ∈ {1, … ,d}. We denote the smooth
extension of x on (𝕏○∧ , 𝐶∞(𝕏○∧)) to (𝕏, 𝐂(○∧)) by x1.

Again, local coordinate expressions in terms of x are still valid ‘far away’ from singularities, meaning in a
large subdomains of approximate charts. One of the consequences is that the stratifold 𝕏 is still complete as
a length space, i. e. with respect to the distance metric induced by measuring the length of connecting paths
in terms of x1, but for two given points there might not be a minimising geodesic connecting them, since
geodesics with respect to x1 do not pass through singularities. Furthermore, we have 𝜆x1 = 𝜆x , since 𝕏c

○∧ is
a 𝜆x -null set. We also use the notation x1 for the restriction of x on (𝕏○∧ , 𝐶∞(𝕏○∧)) in order to emphasise
the different differential structure, even in places where it would not be strictly necessary.

With all this work done, we can enjoy how the several pieces finally come together to form the con-
figuration stratifolds. First for the top stratum as the most important part: On Q1𝕏○∧ the measure
𝜆x1 ⊗loc 𝜈1 = (exp(−Ψ) 𝜆x1) ⊗loc S

d−1
1 can be defined as the pushforward measure with respect to Υ−1

○∧
of the actual product measure 𝜆x1 ⊗ Sd−1

1 , in formulae:

𝜇1 = 𝜆x1 ⊗loc 𝜈1 ⋅⋅= (Υ−1
○∧ )∗(𝜆x1 ⊗ Sd−1

1 ).

We keep the notation ‘⊗loc’ albeit the construction is substantially different to Definition 1.2.19. Similarly,
we can define the fibre weighted measures

𝜇𝜀 = 𝜆x1 ⊗loc 𝜈𝜀

⋅⋅= (Υ−1
○∧ )∗(𝜆x1 ⊗ 𝜈𝜀) = (Υ−1

○∧ )∗(𝜆x1 ⊗ (𝜌𝜀
𝕊 Sd−1

1 )) for all 𝜀 ∈ (0, 1) on Q1𝕏○∧

which are absolutely continuous with respect to 𝜆x1 ⊗loc 𝜈1 with Radon-Nikodým-derivative 𝜌𝜀 ⋅⋅= 𝑑𝜇𝜀/𝑑𝜈1.
The pushforward with respect to Υ○∧ of the unit Sasaki metric restricted to Q1𝕏○∧ trivialises as

(Υ○∧)∗u1 = (Υ○∧)∗(v1|U + h1) = s1 + x1.

As for x and x1, the upper index 1 just signifies that we are working with the differential structures differing
from the standard differentiable structures of the involved manifolds. One defines u1 = v1|U + h1 ⋅⋅=
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(Υ−1
○∧ )∗(s1 + x1) on Q1𝕏○∧ . Note that 𝜇1 on Q1𝕏○∧ coincides with the volume measure 𝜆u1 . Unsurprisingly,

weighted versions of yonder restricted unit Sasaki metric u1 are straightforwardly defined as the pushforward
of the weighted product metric with respect to Υ−1

○∧ :

u𝜀 = v𝜀|U + h1 ⋅⋅= (Υ−1
○∧ )∗(s𝜀 + x1) = (Υ−1

○∧ )∗(𝜌𝜀
𝕊 s1 + x1) for all 𝜀 ∈ (0, 1).

The associated distance metric distu𝜀 coincides with (Υ−1
○∧ )∗(dists;𝜀 + distx1), where dists;𝜀 is either constructed

as dists;1/𝑛 in Section 4.2.1 directly or the distance metric induced by s𝜀. Observe that for 𝜀 ∈ (0, 1] the
tangent spaces of the strata split in Ehresmannian fashion as

T(strat2d−1(Q𝜀𝕏)) = V(strat2d−1(Q𝜀𝕏)) ⊕ H(strat2d−1(Q𝜀𝕏))
≃Υ○∧

T𝕊d−1
top ⊕ T𝕏○∧

and T(stratd(Q𝜀𝕏)) = V(stratd(Q𝜀𝕏)) ⊕ H(stratd(Q𝜀𝕏))
≃Υ○∧

T{±𝑒d} ⊕ T𝕏○∧ .

In the same vein as before, we construct a measure 𝜇0 and a Riemannian metric u0 on the preimage
Υ−1

○∧ (𝕏○∧ × ⋅𝕊⋅) ⊆ Q1𝕏○∧ . The resulting space is then denoted by Q0𝕏○∧ . Clearly, we choose 𝜇0 = 𝜆x1 ⊗loc

𝜈0 ⋅⋅= (Υ−1
○∧ )∗(𝜆x1 ⊗ 𝜈0) and denote by 𝜈0

𝑥 the fibre measure (Υ−1
○∧ (𝑥, ⋅))∗𝜈0 on Υ−1

○∧ ({𝑥} × ⋅𝕊⋅). Endow
the set Q0𝕏○∧ with the topology induced from the pushforward distance metric (Υ−1

○∧ )∗(distx1 + dist⋅𝕊⋅). This
metric measure space is supplemented with the differential structure 𝐂(Q0𝕏) ⊆ 𝐶0(Q0𝕏○∧) defined by
demanding 𝑓 ∈ 𝐂(Q0𝕏) if and only if there is a function 𝑔 ∈ 𝐶∞(strat2d−1(Q1𝕏)) such that 𝑓 = 𝑔 on the
set Υ−1

○∧ (𝕏○∧ × 𝕊d−2). Then, (Q0𝕏○∧ , 𝐂(Q0𝕏)) is a stratifold with nonempty strata

strat2d−2(Q0𝕏○∧) ≃Υ○∧
𝕏○∧ × 𝕊d−2 and stratd(Q0𝕏○∧) ≃Υ○∧

𝕏○∧ × {±𝑒d}.

Now, one endows Q0𝕏○∧ with the mapping u0 = v0|U + h1 ⋅⋅= (Υ−1
○∧ )∗(g + x1) that is in fact a smooth

Riemannian metric on the top stratum. Note that
the induced distance metric distu0 coincides with (Υ−1

○∧ )∗(distx1 + dist⋅𝕊⋅), and

the associated Laplace-Beltrami operator Δu0 coincides with (Υ−1
○∧ )∗(Δg + Δx1) on strat2d−2(Q0𝕏○∧).

Furthermore, we get Ehresmannian decompositions with respect to u0 for the tangent bundles over the
strata:

T(strat2d−2(Q0𝕏○∧)) = V(strat2d−2(Q0𝕏○∧)) ⊕ H(strat2d−2(Q0𝕏○∧))
≃Υ○∧

T𝕊d−2 ⊕ T𝕏○∧

and T(stratd(Q0𝕏)) = V(stratd(Q0𝕏)) ⊕ H(stratd(Q0𝕏))
≃Υ○∧

T{±𝑒d} ⊕ T𝕏○∧ .
Turning to matters of convergence, observe that the statement of Corollary 4.2.6 also holds if we replace

the sequence (𝜈𝑛)𝑛∈ℕ therein by (𝜈𝜀)𝜀∈(0,1], since the only fact that matters there is the assumption of
pmG-convergence and that the distance metrics can be constructed from the spherical weight functions.
Thence, for all �̄� ∈ Q1𝕏○∧ with pr2 ∘Υ○∧(�̄�) ∈ 𝕊d−2 the sequence of pointed metric measure spaces

(Q𝜀𝕏○∧)𝜀∈(0,1] ⋅⋅= (Q1𝕏○∧ , distu𝜀 , 𝜇𝜀, �̄�)
𝜀∈(0,1]

converges in pmGH-sense to (Q0𝕏○∧ , distu0 , 𝜇0, �̄�) as 𝜀 ↓ 0. In turn, from Corollary 4.2.10 we infer conver-
gence of the spectral structures on Q𝜀𝕏○∧ given by the Laplacians (Δu𝜀 , 𝐷(Δu𝜀)) on 𝐿2(Q𝜀𝕏○∧ ; 𝜇𝜀) to the
spectral structure on Q0𝕏○∧ given by (Δu0 , 𝐷(Δu0)) on 𝐿2(Q0𝕏○∧ ; 𝜇0).

We don’t have to spent any time dealing with Q𝜀𝕏c
○∧ for 𝜀 ∈ [0, 1], which always is empty as so is U𝕏c

○∧ .
Therefore, we write Q𝜀𝕏 instead of Q𝜀𝕏○∧ oftentimes. Of course, if we don’t make an assumption like (○∧ 2)
that makes U𝕏c

○∧ empty, then we have do be more careful. Sometimes we choose to draw attention to the
hypothetical case, where U𝕏c

○∧ is nonempty, by ostentatiously writing Q𝜀𝕏○∧ . This should help, if future
researchers attempt to extend our results.

In conclusion, we have completely characterised the spaces Q𝜀𝕏 for 𝜀 ∈ (0, 1] as well as Q0𝕏 and the
convergence Q𝜀𝕏 ⟶ Q0𝕏 as 𝜀 ↓ 0 on geometric level.
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4.3 Hypocoercivity and Mosco convergence
In this section, we show hypocoercivity of the anisotropic fibre lay-down models that we derive from fibrewise
weighting in the configuration stratifold. The same is done for the corresponding limit model. Furthermore,
we will see that the anisotropic models do converge in Mosco sense to the limit model.

Let us very briefly summarise the situation established in Section 4.2.2: We suppose that the manifold 𝕏,
with d = dim(𝕏) ∈ ℕ ∖ {0, 1, 2}, is not parallelisable and therefore we assume that the compass conditions
(○∧) hold. By declaring both sets 𝕏c

○∧ and {±○∧(𝑥) | 𝑥 ∈ 𝕏} to be singular sets, one constructs the stratifold
bundle 𝜋Q1 ∶ Q1𝕏 → 𝕏 from the unit tangent bundle U𝕏. The total space is endowed with a measure 𝜇1

and a weighted Sasaki-type metric u1 such that 𝜇1 = 𝜆u1 . Both objects are constructed primarily on U𝕏○∧ ,
since 𝕏○∧ is parallelisable and U𝕏c

○∧ is empty. Introducing the fibre weights 𝜌𝜀
𝕊 for 𝜀 ∈ (0, 1] results in the

spaces Q𝜀 𝕏 carrying the measure 𝜇𝜀 and the metric u𝜀 respectively with 𝜇𝜀 = 𝜆u𝜀 . The spaces Q𝜀𝕏,
𝜀 ∈ (0, 1], are endowed with the distance metric corresponding to u𝜀 as well as the spectral structure given
by (Δu𝜀 , 𝐷(Δu𝜀)) on 𝐻𝜀 ⋅⋅= 𝐿2(Q𝜀𝕏; 𝜇𝜀). Moreover, the equatorial tangent bundle 𝜋Q0 ∶ Q0𝕏 → 𝕏
is constructed as stratifold bundle with measure 𝜇0, metric u0, distance metric corresponding to u0, and
spectral structure given by (Δu0 , 𝐷(Δu0)) on 𝐻0 ⋅⋅= 𝐿2(Q0𝕏; 𝜇0). We have seen pmGH-convergence and
spectral convergence as 𝜀 ↓ 0. Henceforth, we assume that the weighted volume measure 𝜆x1 = exp(−Ψ)𝜆x1

on 𝕏 is a probability measure, thus so are 𝜇𝜀 and 𝜇0.

4.3.1 Hypocoercivity under fibrewise scaling
Let us turn to the anisotropic adaptations of the spherical velocity Langevin equation. By passing over to a
configuration stratifold bundle, we even get for 𝜀 = 1 an anisotropic model, which we treat first. For Q1𝕏○∧
we consider almost the situation of Section 2.2 and the proofs of data conditions (D) as well as hypocoercivity
conditions (H) translate with a few notable changes, that we are discuss now. The role of smooth functions
is played now by 𝐂(Q1𝕏○∧) = 𝐂(Q1𝕏)|Q1𝕏○∧

replacing the standard differential structure of U𝕏○∧ . Thus, one
should be aware that the natural core domain 𝐷1

○∧ of smooth functions with compact support reads as

𝐷1
○∧ ⋅⋅= 𝐂c(Q1𝕏○∧) = {𝑓 ∈ 𝐂(Q1𝕏)|Q1𝕏○∧

∣ (supp(𝑓) is compact.)}
In fact, 𝐂c(Q1𝕏○∧) is dense in 𝐿2(Q1𝕏○∧ ; 𝜇1) = 𝐿2(U𝕏○∧ ; 𝜆x ⊗loc 𝜈1). One infers this from the two facts
that 𝐶∞

c (strat2d−1(Q1𝕏)) is dense in 𝐿2(strat2d−1(Q1𝕏); 𝜇1) and stratd(Q1𝕏) is a 𝜇1-null set. Due to the
presence of a global trivialisation, we obtain a dense subset 𝐷1

○∧;0 ⊆ 𝐷1
○∧ as the span of the pushforward of

𝐶∞
c (𝕏○∧) ⊗ 𝐂 with respect to the mapping Υ−1

○∧ . In fact, working on 𝐷1
○∧;0 ⋅⋅= span(Υ−1

○∧ )∗(𝐶∞
c (𝕏○∧) ⊗ 𝐂)

is more comfortable than on the span of tensor products of vertical and horizontal lifts. E. g. suppose
𝑓 = 𝑓0 ⊗ 𝑓1 with 𝑓0 ∈ 𝐶∞

c (𝕏○∧) and 𝑓1 ∈ 𝐂, then

∇u1((Υ−1
○∧ )∗𝑓) = ∇v1|U((Υ−1

○∧ )∗𝑓) + ∇h1((Υ−1
○∧ )∗𝑓)

= ∇v1|U(𝑓1 ∘ pr2) + ∇h1(𝑓0 ∘ pr1) = (Υ−1
○∧ )∗(∇s1𝑓1 + ∇x1𝑓0).

Now, we study the following Stratonovich SDE on the top stratum strat2d−1(Q1𝕏○∧), which we afterwards
extend to an equation on Q1𝕏○∧ :

d𝜂 = ℋx1 d𝑡 − 1
d− 2 ∇v1|U(ℋx1Ψv) d𝑡 + 𝜎 ⋅

d

∑
𝑗=1

tl𝜂(𝑣𝑗
𝜂) ∘ d𝑊 𝑗

𝑡 , (4.6)

where 𝛽 ∈ (0, ∞) is such that 𝛼/𝛽 = 𝜎2/2. Here, we consider normal coordinates (𝑥𝑗
𝜂)

𝑗∈{1,…,d}
at 𝜋Q1(𝜂𝑡)

and time 𝑡 for the smooth manifold (𝕏○∧ , 𝐶∞(𝕏○∧)). Since the tangential lifts of (𝜕𝑥𝑗)𝑗∈{1,…,d} might not
lie in the tangent space of strat2d−1(Q1𝕏) at 𝜂𝑡, we construct (𝑣𝑗

𝜂)
𝑗∈{1,…,d}

as approximate chart derived
from (𝜕𝑥𝑗)𝑗∈{1,…,d}, compare to Example 4.2.7, and restrict its domain such that the coordinate functions
are smooth on strat2d−1(Q1𝕏). The sharp sighted reader already noticed the factor 1/(d− 2), in contrast
to 1/(d− 1) as in Section 2.2. That is a consequence of Lemma 4.2.11, which we discuss in a moment.

The Kolmogorov backwards generator associated to Equation (4.6) reads as

𝐿1 = 𝛼
𝛽 Δv1|U +ℋx1 ⋅⋅=

𝜎2

2 Δv1|U +ℋx1 − 1
d− 2 ∇v1|U(ℋxΨv). (4.7)
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We realise the reason for the factor 1/(d− 2) in the context of the SAD-decomposition. First, the sym-
metric part ( 𝛼

𝛽 Δv1|U, 𝐶∞
c (strat2d−1(Q1𝕏○∧))) is essentially self-adjoint and nonpositive definite on the

Hilbert space 𝐿2(strat2d−1(Q1𝕏○∧); 𝜇1), as it is the Laplace-Beltrami operator on the Riemannian manifold
(strat2d−1(Q1𝕏○∧), v1|U). Second, we want to show that (−ℋx1 , 𝐶∞

c (strat2d−1(Q1𝕏○∧))) is an antisymmetric
operator on that same Hilbert space 𝐿2(strat2d−1(Q1𝕏○∧); 𝜇1). Indeed, one observes that

(∇v1|U(ℋx1Ψv))
∗

= −∇v1|U(ℋx1Ψv) − Δv1|U(ℋx1Ψv)

= −∇v1|U(ℋx1Ψv) + (d− 2) ⋅ ℋx1Ψv. (4.8)

We arrive at step (4.8) by adapting Lemma 2.2.3 using the eigenvalue information from Lemma 4.2.11: If
we apply the Laplacian Δs1 componentwise to the identity Id𝕊d−1

top
, we end up with

Δs1 Id𝕊d−1
top

= −(d− 2) Id𝕊d−1
top

by Lemma 4.2.11,

instead of Equation (2.15). Then, this implies that Δs1ℋx1 = −(d − 2) ℋx1 justifying step (4.8). Hence,
we conclude antisymmetry of (−ℋx1 , 𝐶∞

c (strat2d−1(Q1𝕏○∧))) as claimed. Note that this whole argument is
linked just to the geometry of the fibres and not to the regularity of the compass.

Even though the remaining nonempty stratum stratd(Q1𝕏) is a 𝜇1-null set and therefore doesn’t matter for
the AHHM, we think about how to extend the involved vector fields and differential operators to stratd(Q1𝕏).
In that geometric sense, both SDE (4.6) and associated generator extend to the entire configuration stratifold.
Obviously, vertical vector fields on strat2d−1(Q1𝕏) extend to Q1𝕏○∧ by zero, as the vertical tangent space
of stratd(Q1𝕏) contains only the zero vector. Per se, the semispray ℋx1 is defined on the entire tangent
space of the Riemannian manifold (𝕏○∧ , x1) and is purely horizontal. All our fibrewise manipulations affect
just the vertical tangent spaces, thus we can just take ℋx1 as already defined on stratd(Q1𝕏). Thus, we
developed geometric meaning to viewing both the SDE (4.6) and the generator of the form (4.7) as given
on Q1𝕏○∧ . We call them ○∧-anisotropical fibre lay-down model and ○∧-anisotropical fibre lay-down generator
respectively.12 As announced before, we write Q1𝕏 instead of Q1𝕏○∧ from now on, since Q1𝕏c

○∧ is empty and
a formal distinction between Q1𝕏 and Q1𝕏○∧ serves no purpose for what follows.

All things considered, the AHHM applies to the ○∧-anisotropical fibre lay-down equation on Q1𝕏 similar
to Section 2.2, but with the discussed changes. In particular, essential m-dissipativity of the generator is
achieved via the by now well-known three step procedure. We touch upon the Hörmander condition to
make the previous statement lucid: Consider 𝑢 ∈ strat2d−1(Q1𝕏) and local coordinates (𝑥𝑗)d𝑗=1 at 𝜋Q1(𝑢).
Construct the local coordinates (𝑣𝑗)d𝑗=1 at 𝑢 from (𝜕𝑥𝑗)d𝑗=1 in terms of approximate charts such that every
coordinate function 𝑣𝑗 is in 𝐶∞(strat2d−1(Q1𝕏)) = 𝐂(Q1𝕏)|strat2d−1(Q1𝕏). Then, one gets

dim(Lie𝑢(ℋx1 , tl(∇x1Ψ), tl 𝑣1, … , tl 𝑣d)) = dim(strat2d−1(Q1𝕏)) = 2d− 1.

Thus, the Hörmander condition is satisfied on strat2d−1(Q1𝕏). For stratd(Q1𝕏) we just have the values
of ℋx1 at hand, but that does not matter too much, as stratd(Q1𝕏) is a 𝜇1-null set. The rest of the essential
m-dissipativity argument runs through now. Thence, we obtain a hypocoercive semigroup 𝑇 1 = (𝑇 1

𝑡 )𝑡∈[0,∞)
on 𝐻1 = 𝐿2(Q1𝕏; 𝜇1) as summarised in the following theorem.
Theorem 4.3.1 (hypocoercivity of ○∧-anisotropic fibre lay-down dynamic). Consider the compass ○∧ fulfilling
the conditions (○∧) on the Riemannian manifold (𝕏, x) satisfying (M) with d = dim(𝕏) ∈ ℕ ∖ {0, 1, 2}.
Assume that the conditions (P) on the potential Ψ hold. Construct the Riemannian stratifold (𝕏, 𝐂(○∧), x1)
and the configuration stratifold bundle Q1𝕏 via replacing the standard fibre of the unit tangent bundle by
the stratifold (𝕊d−1, 𝐂). Then, the data conditions (D) and the hypocoercivity conditions (H) hold for the
○∧-anisotropic fibre lay-down generator 𝐿1 on the model Hilbert space 𝐻1 with constants Λ1

𝑚 = (d−1) 𝜎2/2,
Λ1

𝑀 = 1/dΛ, 𝑐1
1 = (d − 2) 𝜎2/2, and 𝑐1

2 = 𝑐Ψ depending only on Ψ. By the Hypocoercivity Theorem, the
semigroup 𝑇 1 associated to 𝐿1 is hypocoercive: For all 𝑔 ∈ 𝐻1 and times 𝑡 ∈ [0, ∞) holds

∥ 𝑇 1
𝑡 𝑔 − (𝑔 , 1)𝐻1∥𝐻1 ≤ 𝜅1

1e−𝜅1
2𝑡∥ 𝑔 − (𝑔 , 1)𝐻1∥𝐻1 ,

12An even longer name for the equation would be ○∧-anisotropical spherical velocity Langevin equation, that on the upside is
not related to a specific application.
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where the choice of 𝜅1
1 ∈ (1, ∞) determines 𝜅1

2 as

𝜅1
2 = 𝜅1

1 − 1
𝜅1

1

𝜎2

𝑛1
1 + 𝑛1

2𝜎2 + 𝑛1
3𝜎4

where 𝑛1
𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} are computable in terms of Λ1

𝑚, Λ1
𝑀 , 𝑐1

1, and 𝑐1
2. ¬

Next, we obtain more anisotropic equations via weighting Q1𝕏 by 𝜌𝜀 = 1⊗loc 𝜌𝜀
𝕊 ⋅⋅= 𝑑𝜇𝜀/𝑑𝜇1 for 𝜀 ∈ (0, 1):

We make the following additional assumption on 𝜌𝜀
𝕊 which ensures that the weighted vertical Laplace-

Beltrami Δv1|U attains a nice form.

Assumption 4.3.2 (logarithmic derivative). For all 𝜀 ∈ (0, 1) there is a smooth function 𝜓𝜀
𝕊 on 𝕊d−1

top and
some 𝛽 ∈ (0, ∞) such that 1/𝜌𝜀

𝕊 ∇s𝜌𝜀
𝕊 = −1/𝛽 ∇s𝜓𝜀

𝕊 holds on 𝕊d−1
top . ¬

Note that Assumption 4.3.2 is satisfied for the explicit densities from Section 4.2.1. Under Assump-
tion 4.3.2 we get the form

Δv𝜀|U = 1
𝜌𝜀 divv1|U(𝜌𝜀∇v1|U) = Δv1|U − 1

𝛽 ⋅ ∇v1|U𝜓𝜀
𝕊

on the restriction of 𝐂(Q1𝕏) to the top stratum, where ∇v1|U𝜓𝜀
𝕊 is a short hand for the pushforward

(Υ−1
○∧ )∗(∇s1𝜓𝜀

𝕊), i. e. it holds ∇v1|U𝜓𝜀
𝕊(𝑓) = ∇s1𝜓𝜀

𝕊(𝑓 ∘ Υ−1
○∧ ) for all 𝑓 ∈ 𝐶∞(strat2d−1(Q1𝕏○∧)). Then,

the ○∧-anisotropic fibre lay-down model in Equation (4.6) on Q1𝕏 is transformed into the following SDE
on Q𝜀𝕏:

d𝜂 = ℋx1 d𝑡 − 1
d− 2 ∇v1|U(ℋx1Ψv) d𝑡 − 𝛼

𝛽 ⋅ ∇v1|U𝜓𝜀
𝕊 d𝑡 + 𝜎 ⋅

d

∑
𝑗=1

tl𝜂(𝑣𝑗
𝜂) ∘ d𝑊 𝑗

𝑡 . (4.9)

We refer to Equation (4.9) as 𝜌𝜀-anisotropic fibre lay-down equation (on Q𝜀𝕏) , since 𝜌𝜀 encapsulates the
dependency on the compass ○∧ and the weighting density 𝜌𝜀

𝕊. The corresponding Kolmogorov backward
generator reads as

𝐿𝜀 = 𝛼
𝛽 Δv𝜀|U +ℋx1 = 𝜎2

2 Δv1|U −𝛼
𝛽 ⋅ ∇v1|U𝜓𝜀

𝕊 + ℋx1 − 1
d− 2 ∇v1|U(ℋxΨv).

Note that 𝐿𝜀𝑓 is defined for all 𝑓 ∈ 𝐂(Q1𝕏), but its natural predomain as an operator on 𝐻𝜀 = 𝐿2(Q𝜀𝕏; 𝜇𝜀)
is the space 𝐂c(Q1𝕏) of smooth functions 𝑓 with compact support. By construction the SAD-decomposition
holds with

𝑆𝜀 ⋅⋅=
𝛼
𝛽 Δv𝜀|U , 𝐴𝜀 ⋅⋅= −ℋx1 , and 𝐷𝜀 ⋅⋅= 𝐂c(Q1𝕏).

One could translate the proofs for employing the AHHM from Chapter 2. E. g. one constructs from fibrewise
averages with respect to 𝜈𝜀 the projections 𝑃 𝜀 as well as 𝑃 𝜀

𝑆 and computes that 𝑃 𝜀(𝐴𝜀)2𝑃 𝜀 = 1/d ⋅ Δh1𝑃 𝜀
𝑆

on 𝐷𝜀. To shake things up a little and for sake of brevity, we pursue an alternative course that only requires
existence of semigroups 𝑇 𝜀 generated by 𝐿𝜀 for all 𝜀 ∈ (0, 1]. Again, we employ the three step procedure
for essential m-dissipativity used before. In particular, the generator 𝐿𝜀 satisfies the Hörmander condition,
since there is just the additional vertical vector field ∇v1|U𝜓𝜀

𝕊 involved, compared to the case of 𝜀 = 1.
In order to conclude hypocoercivity for all the semigroups 𝑇 𝜀, we employ a result from [PV20]. In this

recently published paper, P. Patie and A. Vaidyanathan looked at so-called intertwining semigroups. Two
SCCSs 𝜏 = (𝜏𝑡)𝑡∈[0,∞) and ̃𝜏 = ( ̃𝜏𝑡)𝑡∈[0,∞) on Hilbert spaces 𝑋 and 𝑋 are said to intertwine if there is a
linear bounded so-called intertwining operator 𝑉 ∶ 𝑋 → 𝑋 such that 𝜏𝑡𝑉 = 𝑉 ̃𝜏𝑡 holds for all 𝑡 ∈ [0, ∞). If
intertwining operators are additionally required to be bijective, then intertwining forms an equivalence relation
for SCCSs on Hilbert spaces. The corresponding equivalence classes are called similarity orbits. Now, [PV20,
Proposition 2.1] asserts that if one representative of a similarity orbit experiences hypocoercivity, so do all
representatives. Beyond just that, the respective hypocoercivity constants can be determined in terms of the
respective intertwining operators via the condition number 𝜅𝑉 ⋅⋅= ‖𝑉 ‖ ⋅ ‖𝑉 −1‖. Employing this machinery,
we obtain the following corollary.



4

100 4. Dimension reduction by means of scaling limits

Corollary 4.3.3 (hypocoercivity of anisotropic fibre lay-down dynamics). and also the configuration stratifolds
(Q𝜀𝕏)𝜀∈(0,1] and weighting it by the densities (𝜌𝜀

𝕊)𝜀∈(0,1].
Consider the transformation 𝑈𝜀 ∶ 𝐻𝜀 → 𝐻1, 𝑓 ⟼ √𝜌𝜀 ⋅𝑓 for fixed 𝜀 ∈ (0, 1). Note that 𝑈𝜀 is a unitary

operator, thus it has the condition number 𝜅𝑈𝜀 = 1. Furthermore, 𝑈𝜀 satisfies 𝑇 1
𝑡 𝑈𝜀 = 𝑈𝜀𝑇 𝜀

𝑡 . Hence, 𝑇 1

and 𝑇 𝜀 belong to the same similarity orbit and 𝑇 𝜀 is hypocoercive with constants 𝜅𝑈𝜀𝜅1 = 𝜅1 and 𝜅2,
since 𝑇 1 is hypocoercive with constants 𝜅1 and 𝜅2. Compare to [PV20, Proposition 2.1].

In applications one would fix some positive 𝜀 small enough for realistic anisotropic behaviour. The
previous corollary guarantees hypocoercivity without any change in the hypocoercivity constants compared
to the ○∧-anisotropic fibre lay-down model. Note that Corollary 4.3.3 does not yield optimal hypocoercivity
constants for the weighted dynamics though. E. g. if one checks for microscopic coercivity (H2) of the
𝜌𝜀-anisotropic fibre lay-down model, then one would fibrewise employ a Poincaré inequality for 𝜆s𝜀 , wherefore
the derived constant Λ𝜀

𝑚 would differ from Λ1
𝑚.

4.3.2 Hypocoercivity of collapsed fibre lay-down models and Mosco convergence
We start this subsection by discussing the collapsed fibre lay-down dynamic on the equatorial tangent bun-
dle Q0𝕏. In particular, we still obtain hypocoercivity. Again, the way to go is translating results from [GS14]
or respectively Section 2.2. Giving all the details would be repetitive and redundant, but we take the time
where it seems necessary. Once more, an important piece of information is the global trivialisation Υ○∧
of Q1𝕏 which restricts to Υ○∧ ∶ strat2d−2(Q0𝕏) → 𝕏 × 𝕊d−2. Recall that u0 = v0|U + h1 = (Υ−1

○∧ )∗(g + x1)
is a smooth Riemannian metric on the manifold strat2d−2(Q0𝕏) and extends in the stratifold sense smoothly
to Q0𝕏. As the fibres collapsed as 𝜀 ↓ 0, we need to understand the various vertical objects, whilst the
horizontal ones stay unchanged.

Vertical vector fields on Q0𝕏, the vertical gradient ∇v0|U , and the vertical Laplacian Δv0|U characteristically
act on functions of the form

𝑓1 = (Υ○∧)∗(1 ⊗ ̃𝑓1) = (1 ⊗ ̃𝑓1) ∘ Υ○∧ with ̃𝑓1 ∈ 𝐶∞(𝕊d−2)

as follows: Suppose a vertical vector field 𝒳 ∈ Γ∞(V(strat2d−2(Q0𝕏))), then one computes

𝒳𝑓1 = ⟨𝒳 , 𝑑((1 ⊗ ̃𝑓1) ∘ Υ○∧)⟩ = ⟨𝑑Υ○∧(𝒳) , 𝑑 ̃𝑓1⟩.

Therefore, the vertical gradient is found to be the pushforward of ∇g ̃𝑓1 by Υ−1
○∧ :

𝒳𝑓1 = v0|U(𝒳 , ∇v0|U 𝑓1) = g(𝑑Υ○∧(𝒳) , ∇g ̃𝑓1) = v0|U(𝒳 , 𝑑Υ−1
○∧ (∇g ̃𝑓1)),

where 𝒳 is a vertical vector field as before. For the Laplace-Beltrami Δv0|U we get

Δv0|U 𝑓1 = divv0|U (∇v0|U 𝑓1) = divv0|U (𝑑Υ−1
○∧ (∇g ̃𝑓1)) = Δg ̃𝑓1 ∘Υ○∧ ,

since for every vertical vector field 𝒳 as before the divergence reads as divv0|U 𝒳 = divg(𝑑Υ○∧(𝒳)). Note that
the set

(Υ○∧)∗(𝐶∞(𝕏○∧) ⊗ 𝐶∞(𝕊d−2))
= span{(𝑓0 ∘ Υ○∧) ⊗ (𝑓1 ∘ Υ○∧) ∣ 𝑓0 ∈ 𝐶∞(𝕏○∧), 𝑓1 ∈ 𝐶∞(𝕊d−2)}

is dense in 𝐶∞(strat2d−2(Q0𝕏)), recall [Hor66, Example 2.4.10] and [Gro+01, Section 3.1.3]. Vertical
vector fields, vertical gradient, and vertical Laplacian-Beltrami are extended to 𝐂(Q0𝕏) by zero: For all
𝑓1 ∈ 𝐶∞(stratd(Q0𝕏)) one naturally defines

𝒳𝑓1 ⋅⋅= 0, ∇v0|U 𝑓1 ⋅⋅= 0, and Δv0|U 𝑓1 = 0,

where 𝒳 ∈ Γ∞(V(strat2d−2(Q0𝕏))). Due to the fact that

(Δv0|U , 𝐶∞(strat2d−2(Q0𝕏))) on 𝐿2(strat2d−2(Q0𝕏); 𝜇0)
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is essentially self-adjoint by Theorem 1.2.22, so is the operator (Δv0|U , 𝐂(Q0𝕏)) on 𝐻0, as stratd(Q0𝕏) is
a 𝜇0-null set.

Now that we have studied vertical gradient and Laplace-Beltrami on Q0𝕏, we show that

(ℋx1 − 1
d− 2 ∇v0|U (ℋx1Ψv), 𝐶∞(strat2d−2(Q0𝕏))) on 𝐿2(strat2d−2(Q0𝕏); 𝜇0)

is antisymmetric. Indeed, the adjoint of ∇v0|U (ℋx1Ψv) with respect to 𝐿2(𝜇0)-scalar product amounts to

(∇v0|U (ℋx1Ψv))
∗

= −∇v0|U (ℋx1Ψv) − Δv0|U (ℋx1Ψv)

and we verify next that Δv0|U (ℋx1Ψv) = −(d− 2) ℋx1Ψv holds. That follows from Equation (2.15), since
we get similar to Lemma 2.2.3 that

h1
𝑤(Δv0|U ℋx1 , hl(𝑤)) = Δv0|U h1

𝑤(ℋx1 , hl(𝑤)) = Δv0|U x
1
𝑥(IdQ0

𝑥𝕏∩strat2d−2(Q0𝕏) , 𝑤)

= x1
𝑥(Δv0|U IdQ0

𝑥𝕏∩strat2d−2(Q0𝕏) ,𝑤) = −(d− 2) h1
𝑤(ℋx1 , hl(𝑤))

for fixed 𝑤 ∈ strat2d−2(Q0𝕏) with 𝑥 ⋅⋅= 𝜋Q0(𝑤). Hence, we already have the SAD-decomposition for the
operator 𝐿0 that we now introduce alongside with the collapsed fibre lay-down equation.

We study the Stratonovich SDE on the top stratum strat2d−2(Q0𝕏) of the equatorial tangent bundle:

d𝜂 = ℋx1 d𝑡 − 1
d− 2 ∇v0|U (ℋx1Ψv) d𝑡 + 𝜎 ⋅

d−1
∑
𝑗=1

tl𝜂( 𝜕
𝜕𝑥𝑗

𝜂
) ∘ d𝑊 𝑗

𝑡 , (4.10)

where (𝑥𝑗
𝜂)d

𝑗=1
are normal coordinates at 𝜋Q0(𝜂) such that 𝜕/𝜕𝑥d

𝜂(𝜂) = ○∧(𝜋Q0(𝜂)). We call Equation (4.10)
the collapsed fibre lay-down equation. The corresponding Kolmogorov backwards generator is

𝐿0 = 𝜎2

2 Δv0|U +ℋx1 = 𝜎2

2 Δv0|U +ℋx1 − 1
d− 2 ∇v0|U (ℋ0

xΨv), (4.11)

which is defined on 𝐂(Q0𝕏)|strat2d−2(Q0𝕏) = 𝐶∞(strat2d−2(Q0𝕏)). As we know how the vertical vector fields
and the vertical Laplacian in the equations (4.10) and (4.11) extend to Q0𝕏, both the collapsed fibre lay-
down equation and its generator also extend to Q0𝕏.

In order to get a hypocoercivity result, we quickly run down the essential arguments for the data and
hypocoercivity conditions to hold. The model Hilbert space 𝐻0 = 𝐿2(Q0𝕏; 𝜇0) is already established and
we also have proven the SAD-decomposition.
Corollary 4.3.4 (SAD-decomposition for 𝐿0). Consider

𝐿0 = 𝑆0 − 𝐴0 with 𝑆0 ⋅⋅=
𝜎2

2 Δv0|U and 𝐴0 ⋅⋅= ℋx1 on 𝐷0 ⋅⋅= 𝐂c(Q0𝕏).

The following assertions hold:

(i) (𝑆0, 𝐷0) is symmetric and nonpositive definite on 𝐻0.

(ii) (𝐴0, 𝐷0) is antisymmetric on 𝐻0.

(iii) For all 𝑓 ∈ 𝐷0 we have that 𝐿0𝑓 ∈ 𝐿1(Q0𝕏; 𝜇0) and ∫Q0𝕏 𝐿0𝑓 d𝜇0 = 0.

Again, the projections 𝑃 0 ⋅⋅= 𝑃 0
𝑆 −(⋅ , 1)𝐿2(𝜇0) and 𝑃 0

𝑆 are derived from the fibrewise average with respect
to 𝜇0 and subsequently vertical lift:

E𝜇0 [𝑓] ∶ 𝕏 → ℝ, 𝑥 ⟼ ∫
Q0

𝑥𝕏
𝑓 d𝜈0

𝑥 = ∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
𝑓 d𝜈0

𝑥
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= {∫⋅𝕊⋅ 𝑓 ∘ Υ−1
○∧ (𝑥, ⋅) d𝜈0 = ∫𝕊d−2 𝑓 ∘ Υ−1

○∧ (𝑥, ⋅) d𝜈0 if 𝑥 ∈ 𝕏○∧
0 if 𝑥 ∈ 𝕏c

○∧

and 𝑃 0
𝑆𝑓 ⋅⋅= (E𝜇0 [𝑓])v = E𝜇0 [𝑓] ∘ 𝜋Q0 for all 𝑓 ∈ 𝐿1(Q0𝕏; 𝜇0). Then, one computes that

𝐴0𝑃 0𝑓(𝑢) = −x1
𝑥(IdQ0

𝑥𝕏∩strat2d−2(Q0𝕏) , ∇x(E𝜇0 [𝑓])(𝑥)) (4.12)

for all 𝑓 ∈ 𝐷0, 𝑢 ∈ strat2d−2(Q0𝕏), and 𝑥 ⋅⋅= 𝜋Q0(𝑢) ∈ 𝕏○∧ . The remaining data conditions can be proven
as for the spherical velocity Langevin equation with minor modifications. In particular, 𝐿0 really satisfies
the Hörmander condition. The argument is almost exactly as in Section 2.2 just with one tangentially lifted
vector field less to pair with the semispray. We proceed with the hypocoercivity conditions.
Lemma 4.3.5 (algebraic relation (H1)). It holds 𝑃 0𝐴0𝑃 0 = 0 on 𝐷0.

Proof. For all 𝑓 ∈ 𝐷0 and 𝑥 ∈ 𝕏○∧ one finds that

∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
𝐴0𝑃 0𝑓 d𝜈0

𝑥 = ∫
⋅𝕊⋅

𝐴0𝑃 0𝑓 ∘ Υ−1
○∧ (𝑥, ⋅) d𝜈0

= ∫
𝕊d−2

𝐴0𝑃 0𝑓 ∘ Υ−1
○∧ (𝑥, ⋅) d𝜈0 (4.12)= ∫

𝕊d−2
−x𝑥(𝑢 , ∇x(E𝜇0 [𝑓])(𝑥)) 𝜈0(d𝑢) = 0.

Lemma 4.3.6 (microscopic coercivity (H2)). Then, condition (H2) holds with constant Λ0
𝑚 = (d − 2) 𝜎2

2 .
Compare to Lemma 2.2.9.

Proof. Let 𝑓 ∈ 𝐷0. Then, one estimates

(−𝑆0𝑓 , 𝑓)𝐻0 = 𝜎2

2 ∥∇v0|U 𝑓∥
2

𝐻0
= 𝜎2

2 ∥∇g(𝑓 ∘ Υ−1
○∧ )∥2

𝐿2(𝕏○∧×𝕊d−2→T𝕏○∧×T𝕊d−2;𝜆x ⊗𝜈0)

≥ 𝜎2

2 (d− 2)∥(Id𝐻0 − 𝑃 0
𝑆)𝑓∥2

𝐻0

using integration by parts and afterwards the Poincaré inequality for the spherical measure, see [Bec89,
Theorem 2].

We characterise 𝑃 0(𝐴0)2𝑃 0 on 𝐷0 now. Let 𝑓 ∈ 𝐷0 and 𝑥 ∈ 𝕏○∧ . Then, we calculate as in Equa-
tion (2.24) that

∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
−ℋx1(𝐴0𝑃 0𝑓) d𝜈0

𝑥

= ∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
x1

𝑥(𝑢 , ∇x1(E𝜇0 [𝑓])(𝑥)) 𝜈0
𝑥(d𝑢)

+ ∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
x1

𝑥(𝑢 , ∇x1
𝑢 (∇x1(E𝜇0 [𝑓]))(𝑥)) 𝜈0

𝑥(d𝑢)

= ∫
𝕊d−2

x1
𝑥(Υ−1

○∧ (𝑥, 𝑢) , ∇x1(E𝜇0 [𝑓])(𝑥)) 𝜈0(d𝑢)

+ ∫
𝕊d−2

x1
𝑥(Υ−1

○∧ (𝑥, 𝑢) , ∇x1

Υ−1
○∧ (𝑥,𝑢)(∇x1(E𝜇0 [𝑓]))(𝑥)) 𝜈0(d𝑢)

= 1
d− 1 Δx1(E𝜇0 [𝑓])(𝑥) = 1

d− 1 Δh1(𝑃 0
𝑆𝑓)(𝑥).

(4.13)

Similar to Equation (2.12) and Equation (2.25), we derive for 𝑣 ∈ Q0
𝑥𝕏 ∩ strat2d−2(Q0𝕏) that

𝑃 0
𝑆( 1

d− 2 ∇v0|U (𝐴0𝑃 0𝑓))(𝑣) = ∫
Q0

𝑥𝕏∩strat2d−2(Q0𝕏)
ℋx1Ψv ⋅ 𝐴0𝑃 0𝑓 𝜈0

𝑥

= − ∫
𝕊d−2

x1
𝑥(Υ−1

○∧ (𝑥, 𝑢) , ∇x1Ψ) ⋅ x1
𝑥(Υ−1

○∧ (𝑥, 𝑢) , ∇x1E𝜇0 [𝑓](𝑥)) 𝜈0(d𝑢)

= − 1
d− 1 x1

𝑥(∇x1Ψ , ∇x1(E𝜇0 [𝑓])(𝑥)) = − 1
d− 1 𝜕∇

x1 Ψ(E𝜇0 [𝑓])(𝑥).

(4.14)
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Putting the equations (4.13) and (4.14) together, we conclude that

𝑃 0(𝐴0)2𝑃 0𝑓 = 𝑃 0
𝑆(𝐴0)2𝑃 0𝑓 = 1

d− 1 (Δh1(𝑃 0
𝑆𝑓) −𝜕∇

x1 Ψ(E𝜇0 [𝑓]) ∘ 𝜋Q0)

= 1
d− 1 Δh1(𝑃 0

𝑆𝑓) .
(4.15)

Again, we have seen that (𝑃 0(𝐴0)2𝑃 0, 𝐷0) is the weighted horizontal Laplace-Beltrami operator just with
the factor 1/(d− 1) instead of 1/d as Section 2.2. In particular, it is an essentially m-dissipative operator
on 𝐻0 by adapting Corollary 2.1.22.
Lemma 4.3.7 (macroscopic coercivity (H3)). Assume that 𝜆x1 = exp(−Ψ)𝜆x1 satisfies the Poincaré inequal-
ity (2.4). Then, condition (H3) is fulfilled with Λ0

𝑀 = 1/(d− 1) ⋅ Λ.

Proof. One has that

∥𝐴0𝑃 0𝑓∥2
𝐻0

(4.15)= 1
d− 1 ∫

𝕏
∣∇x1(E𝜇0 [𝑓])(𝑥)∣2

x1
𝜆x1(d𝑥)

≥ 1
d− 1 Λ ∥ E𝜇0 [𝑓] − (E𝜇0 [𝑓] , 1)𝐿2(𝕏;x1)∥

2

𝐿2(𝕏;x1)
for all 𝑓 ∈ 𝐷0.

This estimate with the fact that (𝑃 0(𝐴0)2𝑃 0, 𝐷0) is essentially m-dissipative imply the claim by [GS14,
Corollary 2.13].

Denote by 𝐵0 the operator ‘𝐵’ from (H4) corresponding to 𝐴0 and 𝑃 0.
Lemma 4.3.8 (boundedness of (𝐵0𝑆0, 𝐷0), first part of (H4)). It holds that

‖𝐵0𝑆0𝑓‖𝐻0 ≤ 𝑐0
1‖(Id𝐻0 − 𝑃𝑗)𝑓‖𝐻0 for all 𝑓 ∈ 𝐷

and 𝑃𝑗 ∈ {𝑃 0, 𝑃 0
𝑆}, 𝑗 ∈ {1, 2} with 𝑐0

1 ⋅⋅= (d− 2) 𝜎2/4.

Proof. For 𝑓 ∈ 𝐷0 one computes that

𝑆0𝐴0𝑃 0𝑓 = 𝑆0𝐴0𝑃 0
𝑆𝑓 = 𝜎2

2 Δv0|U (−ℋx1𝑃 0
𝑆𝑓)

= 𝜎2

2 (d− 2) ⋅ ℋx1𝑃 0
𝑆𝑓 = −𝜎2

2 (d− 2)𝐴0𝑃 0𝑓

and the claim follows with [GS14, Lemma 2.14]. Compare to Lemma 2.2.11.

The second boundedness assertion of (H4) is proven as in Lemma 2.2.12. All in all, the operator
(𝐿0, 𝐷(𝐿0)) generates a hypocoercive semigroup 𝑇 0 by the Hypocoercivity Theorem, which we summarise
in the following theorem.
Theorem 4.3.9 (hypocoercivity of collapsed fibre lay-down dynamic). Consider the Riemannian mani-
fold (𝕏, x), the potential Ψ, the compass ○∧ as in Theorem 4.3.1. Construct the Riemannian stratifold
(𝕏, 𝐂(○∧), x1) and the equatorial tangent bundle Q0𝕏 as configuration stratifold bundle. Then, the collapsed
fibre lay-down generator (𝐿0, 𝐷0) = (𝐿0, 𝐂(Q0𝕏)) as in Equation (4.11) is closable in 𝐻0 = 𝐿2(Q0𝕏; u0).
Its closure generates a SCCS 𝑇 0 = (𝑇 0

𝑡 )𝑡∈[0,∞) that is hypocoercive: For all 𝜅0
1 ∈ (1, ∞) there is a constant

𝜅0
2 ∈ (0, ∞) such that such that for all 𝑔 ∈ 𝐻0 and times 𝑡 ∈ [0, ∞) holds

∥ 𝑇 0
𝑡 𝑔 − (𝑔 , 1)𝐻0∥𝐻0 ≤ 𝜅0

1e−𝜅0
2𝑡‖𝑔 − (𝑔 , 1)𝐻0‖𝐻0 ,

where 𝜅0
2 explicitly is given as

𝜅0
2 = 𝜅0

1 − 1
𝜅0

1

𝜎2

𝑛0
1 + 𝑛0

2 𝜎2 + 𝑛0
3 𝜎4

where 𝑛0
𝑖 ∈ (0, ∞) for 𝑖 ∈ {1, 2, 3} only depend on Ψ, compare to (B) as in Section 1.1. ¬
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Let us turn to matters of Mosco convergence, see in the appendix Section B.3 for a short outline and
notation. Recall from [CG08, Theorem 3] or Corollary 2.3.1 respectively that we consider the generalised
Dirichlet forms 𝒢ℰ𝜀, 𝜀 ∈ [0, 1], built from the constant zero Dirichlet form (ℰ𝜀, 𝐷(ℰ𝜀)) = (0, 𝐻𝜀) and the
Dirichlet operator (𝒜𝜀,ℱ 𝜀) = (𝐿𝜀, 𝐷(𝐿𝜀)) in order to obtain Hunt processes properly associated in the
resolvent sense to (𝐿𝜀, 𝐷(𝐿𝜀)) that also solve the respective martingale problems. In formulae:

𝒢ℰ𝜀 ∶ 𝐷(𝐿𝜀) × 𝐻𝜀 ∪ 𝐻𝜀 × 𝐷((𝐿𝜀)∗) → ℝ,

(𝑓, 𝑔) ⟼ {(−𝐿𝜀𝑓 , 𝑔)𝐻𝜀 if 𝑓 ∈ 𝐷(𝐿𝜀), 𝑔 ∈ 𝐻𝜀

(−(𝐿𝜀)∗𝑔 , 𝑓)
𝐻𝜀

if 𝑔 ∈ 𝐷((𝐿𝜀)∗), 𝑓 ∈ 𝐻𝜀 ,

compare to [Sta99, Example I.4.9 part (ii)]. The forms are extended to 𝐻𝜀 by +∞. Due to Theorem B.3.4,
we know that one has to check either condition (F2), (F2’b), or (F2’); alternatively, we can verify the
equivalent condition from Lemma B.3.5. In fact, the linear space 𝑊 ⋅⋅= 𝐷0 ⊆ 𝐻0 is dense in (ℱ 0, ‖⋅‖ℱ 0) =
(𝐷(𝐿0), ‖⋅‖𝐷(𝐿0)). We fix 𝑤0 ∈ 𝐷0 and 𝑢0 ∈ 𝐻0 as well as a net (𝑢𝜀)𝜀∈(0,1] with 𝑢𝜀 ∈ 𝐻𝜀 weakly convergent
to 𝑢0. We construct a sequence (𝑤𝜀)𝜀∈(0,1] with 𝑤𝜀 ∈ 𝐻𝜀 and strongly convergent to 𝑤0 as 𝜀 ↓ 0 such that
lim𝜀↓0 𝒢ℰ𝜀(𝑤𝜀, 𝑢𝜀) = 𝒢ℰ0(𝑤0, 𝑢0) holds.13

For all 𝜀 ∈ (0, 1] and 𝑥 ∈ 𝕏○∧ consider the fibrewise embeddings for the top strata

𝜄Q𝜀
𝑥𝕏 ∶ 𝐿2(Q0

𝑥𝕏 ∩ strat2d−2(Q0𝕏); 𝜈0
𝑥) → 𝐿2(Q𝜀

𝑥𝕏 ∩ strat2d−1(Q𝜀
𝑥𝕏); 𝜈𝜀

𝑥),
𝑓𝑥 ⟼ 𝑓𝑥 ∘ prQ0

𝑥𝕏∩strat2d−2(Q0𝕏) .

Of course, the remaining parts of the fibres at 𝑥, i. e. the sets Q0
𝑥𝕏 ∩ stratd(Q0

𝑥𝕏) and Q𝜀
𝑥𝕏 ∩ stratd(Q𝜀

𝑥𝕏),
are null sets with respect to 𝜈0

𝑥 and 𝜈𝜀
𝑥 respectively, so we could have written the 𝐿2-spaces just as well

as 𝐿2(Q0
𝑥𝕏; 𝜈0

𝑥) and 𝐿2(Q𝜀
𝑥𝕏; 𝜈𝜀

𝑥) instead. But the projection used in the definition of 𝜄Q𝜀
𝑥𝕏 a priori is

well-defined just for the fibres of the top strata. Note that all the embeddings 𝜄Q𝜀
𝑥𝕏 are continuous. For

every 𝑓 ∈ 𝐂(Q0𝕏) we define its embedding 𝜄Q𝜀𝕏(𝑓) into 𝐻𝜀 fibrewise: Define by 𝑓𝑥 ⋅⋅= 𝑓|Q0
𝑥𝕏 the fibre

restriction of 𝑓 at 𝑥 ∈ 𝕏○∧ , which can be identified with a function 𝑔 ∈ 𝐂(⋅𝕊⋅) in terms of Υ−1
○∧ (𝑥, ⋅) as

𝑔 = 𝑓𝑥 ∘ Υ−1
○∧ (𝑥, ⋅). Furthermore, define the function ̃𝑓 as

̃𝑓 ∶ strat2d−1(Q𝜀𝕏) → ℝ, 𝑢 ⟼ ̃𝑓(𝑢) ⋅⋅= (𝜄Q𝜀
(𝜋Q1 (𝑢))

𝕏(𝑓𝜋Q( 𝑢)))(𝑢).

Then, note that for every 𝑥 ∈ 𝕏○∧ we can identify the function ̃𝑓𝑥 ⋅⋅= ̃𝑓|Q𝜀
𝑥𝕏 with 𝑔 ∘ pr𝕊d−2 for some

𝑔 ∈ 𝐶∞(𝕊d−2) in terms of Υ−1
○∧ (𝑥, ⋅) as 𝑔 ∘ pr𝕊d−2 = ̃𝑓𝑥 ∘ Υ−1

○∧ (𝑥, ⋅) with equality in 𝐿2(𝕊d−1; 𝜈𝜀). Thus,
̃𝑓 ∈ 𝐿2(strat2d−1(Q𝜀𝕏); 𝜇𝜀) and even ̃𝑓 ∈ 𝐻𝜀 = 𝐿2(Q𝜀𝕏; 𝜇𝜀), since the remaining stratum stratd(Q𝜀𝕏) is a

𝜇𝜀-null set. Hence, we eventually define 𝜄Q𝜀𝕏(𝑓) ⋅⋅= ̃𝑓 ∈ 𝐻𝜀 which basically is an elongation of 𝑓 on Q𝜀𝕏.
Note that 𝜄Q𝜀𝕏 can be defined similarly for any function in 𝐿2(Q0𝕏; 𝜇0) using representatives – we just
loose the nice intuition in terms of the global trivialisation Υ○∧ . Then, the mapping 𝜄Q𝜀𝕏 ∶ 𝐻0 → 𝐻𝜀 is
a continuous embedding. By construction, the sequence (𝜄Q𝜀𝕏(𝑓))𝜀∈(0,1] strongly converges to 𝑓 as 𝜀 ↓ 0.
Thence, we choose (𝑤𝜀)𝜀∈(0,1] = (𝜄Q𝜀𝕏(𝑤0))

𝜀∈(0,1]
.

Since every 𝑤𝜀 can be approximated by a function 𝑤𝜀
𝑘 ∈ 𝐂(Q𝜀𝕏) that is constructed fibrewise similar

to Equation (4.4) and also (𝐿𝜀, 𝐷(𝐿𝜀)) is closed, we can infer that 𝑤𝜀 ∈ 𝐷(𝐿𝜀). Furthermore, since the
SAD-decomposition for 𝐿𝜀 even holds on 𝐂(Q𝜀𝕏) and both (𝑆𝜀, 𝐷(𝑆𝜀)) and (𝐴𝜀, 𝐷(𝐴𝜀)) are closed, we
get that 𝐿𝜀𝑤𝜀 = 𝑆𝜀𝑤𝜀 − 𝐴𝜀𝑤𝜀. Then, we observe that

𝑆𝜀𝑤𝜀 = Δv𝜀|U (𝜄Q𝜀𝕏(𝑤0)) = 𝜄Q𝜀𝕏(Δv0|U 𝑤0) = 𝜄Q𝜀𝕏(𝑆0𝑤0)
and 𝐴𝜀𝑤𝜀 = 𝜄Q𝜀𝕏(𝐴0𝑤0).

Recalling our assumptions, we conclude that

𝒢ℰ𝜀(𝑤𝜀, 𝑢𝜀) = (−𝐿𝜀𝑤𝜀 , 𝑢𝜀)𝐻𝜀 = (−𝜄Q𝜀𝕏(𝐿0𝑤0) , 𝑢𝜀)
𝐻𝜀

13The basic idea for the construction of (𝑤𝜀)𝜀∈(0,1] is to use fibrewise the measure approximation, see Definition B.2.6, that we
already used in Section 4.2.1.



4

105

⟶ (−𝐿0𝑤0 , 𝑢0)𝐻0 = 𝒢ℰ0(𝑤0, 𝑢0)

as 𝜀 ↓ 0. By Lemma B.3.5, this result implies the following theorem.
Theorem 4.3.10 (Mosco convergence of 𝜌𝜀-anisotropic fibre lay-down dynamics). The 𝜌𝜀-anisotropic fibre
lay-down models from Equation (4.9) converge to the collapsed one from Equation (4.10) in the sense of
Mosco as 𝜀 ↓ 0. ¬





A Local coordinate forms

A.1 Abstract local coordinates
A chart 𝑥 = (𝑥𝑗)b𝑗=1 on a b-dimensional manifold 𝔹 with domain 𝑈 ⊆ 𝔹 induces local coordinates in a
natural way local coordinates ( ̄𝑥𝑗, 𝑣𝑗)b𝑗=1 for the preimage 𝑉 ⋅⋅= 𝜋−1

0 (𝑈):

̄𝑥𝑗 ⋅⋅= 𝑥𝑗 ∘ 𝜋0 and 𝑣𝑗 ⋅⋅=
𝜕

𝜕𝑥𝑗 = 𝜕𝑥𝑗 for 𝑗 ∈ {1, … ,b}.

For short we might write ( ̄𝑥, 𝑣) = ( ̄𝑥, 𝜕𝑥) ⋅⋅= ( ̄𝑥𝑗, 𝑣𝑗)b𝑗=1 if confusion is not to be expected. Iterating this
procedure, we get in the same vein an induced chart on 𝜋−1

2,0(𝑈) consisting of

̄𝑥𝑗 ⋅⋅= 𝑥𝑗 ∘ 𝜋2,0, ̄𝑣𝑗 ⋅⋅= 𝑣𝑗 ∘ 𝜋2,1, 𝜕
𝜕 ̄𝑥𝑗 = 𝜕�̄�𝑗 , and 𝑎𝑗 ⋅⋅=

𝜕
𝜕𝑣𝑗 = 𝜕𝑣𝑗

for 𝑗 ∈ {1, … ,b}. As before, we might shorthand ( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) = ( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝜕𝑣) ⋅⋅= ( ̄𝑥𝑗, ̄𝑣𝑗, 𝜕�̄�𝑗 , 𝑎𝑗)b𝑗=1.
Similar charts could be used in higher order tangent bundles. It’s clearly reasonable to overload the symbols
that already got a bar, like ̄𝑥𝑗 here.

We proceed to write in these abstract local coordinates important objects like vector fields, Riemannian
metrics, and Ehresmann connections. A vector field 𝒳 ∈ Γ∞(T𝔹) it can be locally represented by a collection
of smooth functions (𝒳𝑗)

b

𝑗=1 via

𝒳 =
b

∑
𝑗=1

𝒳𝑗𝑣𝑗 =
b

∑
𝑗=1

𝒳𝑗
𝜕

𝜕𝑥𝑗 .

Given a Riemannian metric b on 𝔹 it is locally represented by the matrix (b𝑖𝑗)𝑖𝑗 in the sense of the tensor

b = ∑
𝑖,𝑗∈{1,…,b}

b𝑖𝑗 𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗.

The inverse of the matrix (b𝑖𝑗)𝑖𝑗 is signified by upper indices as (b𝑖𝑗)𝑖𝑗. By √det b we denote the determinant
of any local coordinate representation (b𝑖𝑗)𝑖𝑗 of b. The Riemannian volume form d𝜆b of an oriented
Riemannian manifold (𝔹, b) locally reads as

𝜆b = √det b
b

⋀
𝑗=1

𝑑𝑥𝑗 = √det b ⋅ 𝑑𝑥1 ∧ ⋯ ∧ 𝑑𝑥b.

See the proof of [Nic96, Proposition 3.4.3] for the local construction of the Riemannian density field |d𝜆b |.
Associated to the metric b – or to be more precise to the Levi-Civita connection – are the so-called

Christoffel symbols that are defined as

Γ𝑘
𝑖𝑗 ⋅⋅=

1
2

b

∑
ℓ=1

b𝑘ℓ(𝜕bℓ𝑖
𝜕𝑥𝑗 +

𝜕bℓ𝑗
𝜕𝑥𝑖 − 𝜕b𝑖𝑗

𝜕𝑥ℓ ) for all 𝑖, 𝑗, 𝑘 ∈ {1, … ,b}.

See [Nic96, § 3.3.6, § 4.1.2]. The local coordinate forms of gradient, divergence, and Laplacian are well-
known, compare e. g. to [Lee13, Problem 14.11]:

∇b𝑓 =
b

∑
𝑖=1

(
b

∑
𝑗=1

b𝑖𝑗 𝜕𝑓
𝜕𝑥𝑗 )𝑣𝑖 = ∑

𝑖,𝑗∈{1,…,b}
b𝑖𝑗 𝜕𝑓

𝜕𝑥𝑗 𝑣𝑖 = ∑
𝑖,𝑗∈{1,…,b}

b𝑖𝑗 𝜕𝑓
𝜕𝑥𝑗

𝜕
𝜕𝑥𝑖 ,

107
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divb𝒳 = divb(
b

∑
𝑗=1

𝒳𝑗𝑣𝑗) = 1
√det b

b

∑
𝑗=1

𝜕
𝜕𝑥𝑗 (√det b ⋅ 𝒳𝑗)

=
b

∑
𝑗=1

𝜕𝒳𝑗
𝜕𝑥𝑗 + 𝒳𝑗

𝜕
𝜕𝑥𝑗 (ln√det b),

and Δb𝑓 = 1
√det b

∑
𝑖,𝑗∈{1,…,b}

𝜕
𝜕𝑥𝑖 (b𝑖𝑗√det b 𝜕𝑓

𝜕𝑥𝑗 )

= ∑
𝑖,𝑗∈{1,…,b}

b𝑖𝑗( 𝜕2𝑓
𝜕𝑥𝑖𝜕𝑥𝑗 −

b

∑
𝑘=1

Γ𝑘
𝑖𝑗

𝜕𝑓
𝜕𝑥𝑘 )

for 𝑓 ∈ 𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹). Sometimes, the local equation is used as definition of the divergence. If
(𝑥𝑗)b𝑗=1 is a chart of normal coordinates1, then the Laplace-Beltrami operator simplifies to Δb = ∑𝑗 𝜕2/𝜕𝑥𝑗𝜕𝑥𝑗

reminiscent of the Euclidean case. If the metric is weighted by a function 𝜌𝔹 as in Definition 1.2.23, then
the weighted gradient, divergence and Laplace-Beltrami read as

∇b𝑓 = 1
𝜌𝔹

∑
𝑖,𝑗∈{1,…,b}

b𝑖𝑗 𝜕𝑓
𝜕𝑥𝑗

𝜕
𝜕𝑥𝑖 ,

divb𝒳 = 1
𝜌𝔹√det b

b

∑
𝑗=1

𝜕
𝜕𝑥𝑗 (𝜌2

𝔹𝒳𝑗√det b),

and Δb𝑓 = 1
𝜌𝔹√det b

∑
𝑖,𝑗∈{1,…,b}

𝜕
𝜕𝑥𝑖 (𝜌𝔹b𝑖𝑗√det b 𝜕𝑓

𝜕𝑥𝑗 )

= ∑
𝑖,𝑗∈{1,…,b}

b𝑖𝑗 𝜕2𝑓
𝜕𝑥𝑖𝜕𝑥𝑗 + ( 1

𝜌𝔹

𝜕𝜌𝔹
𝜕𝑥𝑖 b𝑖𝑗 + 𝜕b𝑖𝑗

𝜕𝑥𝑖 ) 𝜕𝑓
𝜕𝑥𝑗

for 𝑓 ∈ 𝐶∞(𝔹) and 𝒳 ∈ Γ∞(T𝔹). Again reminiscent of the Euclidean case, if (𝑥𝑗)b𝑗=1 is a chart of normal
coordinates, then the weighted Laplace-Beltrami operator attains the simple form

Δb𝑓 = ∑
𝑗

𝜕2𝑓
𝜕𝑥𝑗𝜕𝑥𝑗 + 1

𝜌𝔹

𝜕𝜌𝔹
𝜕𝑥𝑗

𝜕𝑓
𝜕𝑥𝑗 = Δb𝑓 + 1

𝜌𝔹
(∇b𝑓)(𝜌𝔹) for 𝑓 ∈ 𝐶∞(𝔹).

We turn to the matters of the standard Riemannian Ehresmann connection associated to the Levi-Civita
connection. From [Dom62, Equations (24) and (25)] or [GK02, Lemma 4.1 and Corollary 4.2] respectively
we know some particular vertical and horizontal lifts:

vl𝒳 𝑣𝑖 = vl𝒳( 𝜕
𝜕𝑥𝑖 ) = 𝒳𝑖

𝜕
𝜕𝑣𝑖 = 𝒳𝑖 𝑎𝑖

and hl𝒳 𝑣𝑖 = hl𝒳( 𝜕
𝜕𝑥𝑖 ) = 𝒳𝑖

𝜕
𝜕 ̄𝑥𝑖 − ∑

𝑗,𝑘∈{1,…,b}
(Γ𝑖

𝑗𝑘 ∘ 𝜋0) ̄𝑣𝑗𝒳𝑘 ⋅ 𝜕
𝜕𝑣𝑖

= 𝒳𝑖
𝜕

𝜕 ̄𝑥𝑖 − ∑
𝑗,𝑘∈{1,…,b}

(Γ𝑖
𝑗𝑘 ∘ 𝜋0) ̄𝑣𝑗𝒳𝑘 ⋅ 𝑎𝑖

for all 𝑖 ∈ {1, … ,b} and 𝒳 = ∑𝑗 𝒳𝑗𝑣𝑗 ∈ Γ∞(T𝔹). Compare the following local coordinate expressions
to [Sak96, Section II.4.1]: Note that the differential 𝑑𝜋2,1 locally reads as

𝑑𝜋2,1( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎 = 𝜕𝑣) = ( ̄𝑥, 𝜕𝑥) = ( ̄𝑥, 𝑣)

thinking ( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) as point in the double tangent bundle rather than a collection of mappings and sim-
ilarly for ( ̄𝑥, 𝑣) in the tangent bundle. The vertical tangent bundle at ( ̄𝑥, 𝑣) is understood as V(�̄�,𝑣)T𝔹 =
1Recall [Nic96, § 4.1.3] and in particular [Nic96, Proposition 4.1.18].
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{( ̄𝑥, ̄𝑣, 0, 𝑎) ∣ 𝑎 ∈ ℝb} and identified with T𝑥𝔹 via the mapping ( ̄𝑥, ̄𝑣, 0, 𝑎) ↦ ( ̄𝑥, 𝑎). In contrast, the hori-
zontal tangent bundle at ( ̄𝑥, 𝑣) is

H(�̄�,𝑣)T𝔹 =
⎧{
⎨{⎩

( ̄𝑥𝑖, ̄𝑣𝑖, 𝜕 ̄𝑥𝑖, − ∑
𝑗,𝑘

Γ𝑖
𝑗𝑘 ̄𝑣𝑗 𝜕 ̄𝑥𝑘)

b

𝑖=1

∣ 𝜕 ̄𝑥1, … , 𝜕 ̄𝑥b ∈ ℝ
⎫}
⎬}⎭

.

Therefore, the vertical and horizontal projections of ( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) read as

vpr( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) = ( ̄𝑥𝑖, ̄𝑣𝑖, 0, 𝑎𝑖 + ∑
𝑗,𝑘

Γ𝑖
𝑗𝑘 ̄𝑣𝑗 𝜕 ̄𝑥𝑘)

b

𝑖=1

and hpr( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) = ( ̄𝑥𝑖, ̄𝑣𝑖, 𝜕 ̄𝑥𝑖, − ∑
𝑗,𝑘

Γ𝑖
𝑗𝑘 ̄𝑣𝑗 𝜕 ̄𝑥𝑘)

b

𝑖=1

.

From the proof of [Sak96, Proposition II.4.1] that the connection map 𝑑𝜅 locally reads as

𝑑𝜅( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) = ( ̄𝑥𝑖, 𝑎𝑖 + ∑
𝑗,𝑘

Γ𝑖
𝑗𝑘 ̄𝑣𝑗 𝜕 ̄𝑥𝑘)

b

𝑖=1

.

Remark A.1.1 (canonical flip). The mapping ‘flip’ given by ( ̄𝑥, ̄𝑣, 𝜕 ̄𝑥, 𝑎) ⟼ ( ̄𝑥, 𝜕 ̄𝑥, ̄𝑣, 𝑎) is independent of
the chart. It is referred to as the canonical flip and sometimes used to define a semispray as vector field ℋ
that is a fix point for the canonical flip: flip(ℋ) = ℋ. ¬
Remark A.1.2 (general coordinate form of semisprays). The Riemannian/geodesic semispray locally reads as

ℋb( ̄𝑥, 𝑣) = ⎛⎜
⎝

̄𝑥𝑖, ̄𝑣𝑖, ̄𝑣𝑖, − ∑
𝑗,𝑘∈{1,…,b}

Γ𝑖
𝑗𝑘 ̄𝑣𝑗 ̄𝑣𝑘⎞⎟

⎠

b

𝑖=1

for ( ̄𝑥, 𝑣) ∈ T𝑥𝔹.

Integral curves 𝑡 ↦ (𝜉(𝑡), ̇𝜉(𝑡)) of ℋb satisfy the geodesic equation

̈𝜉𝑖 + ∑
𝑗,𝑘

Γ𝑖
𝑗𝑘 ̇𝜉𝑗 ̇𝜉𝑘 = 0 for all 𝑖 ∈ {1, … ,b},

compare to [Sak96, Section 4.2 item (II)] and [MR99, Section 7.5]. In general, a semispray ℋ is described
by its so-called local coefficients (𝐺𝑖)b𝑖=1 via

ℋ( ̄𝑥, 𝑣) = ( ̄𝑥𝑖, ̄𝑣𝑖, ̄𝑣𝑖, −2𝐺𝑖( ̄𝑥, 𝑣))b𝑖=1 for ( ̄𝑥, 𝑣) ∈ T𝑥𝔹

and hence, an integral curve 𝑡 ↦ (𝜉(𝑡), ̇𝜉(𝑡)) of ℋ satisfies

̈𝜉𝑖 + 2𝐺𝑖(𝜉(𝑡), ̇𝜉(𝑡)) = 0 for all 𝑖 ∈ {1, … ,b}. (A.1)
To the semispray ℋ corresponds an Ehresmann connection such that the horizontal lift has the form

hl𝒳 𝑣𝑖 = 𝒳𝑖
𝜕

𝜕 ̄𝑥𝑖 −
b

∑
𝑗=1

𝑁 𝑖
𝑗(𝒳)𝒳𝑗 ⋅ 𝑎𝑖 with 𝒳 ∈ Γ∞(T𝕏)

and the local coefficients (𝑁 𝑖
𝑗)𝑖,𝑗∈{1,…,b} satisfy 𝑁 𝑖

𝑗 = 𝜕𝐺𝑖/𝜕𝑣𝑗. If we consider a Lagrange space, i. e. a regular
Lagrangian L ∶ T𝔹 → ℝ, the Euler-Lagrange equations

𝜕L
𝜕 ̄𝑥𝑖 − 𝑑

𝑑𝑡( 𝜕L
𝜕𝑣𝑖 ) = 0

are equivalent to Equation (A.1) and the local coefficients (𝐺𝑖)b𝑖=1 are given as

𝐺𝑖 = 1
4 ∑

𝑗,𝑘∈{1,…,b}
𝑔𝑖𝑗( 𝜕2L

𝜕𝑣𝑗𝜕 ̄𝑥𝑘 𝑣𝑘 − 𝜕L
𝜕 ̄𝑥𝑗 ),

where (𝑔𝑖𝑗)𝑖,𝑗 = (1/2 ⋅ 𝜕2L/𝜕𝑣𝑖𝜕𝑣𝑗)𝑖,𝑗 are the component matrix of the Lagrangian metric and (𝑔𝑖𝑗)𝑖,𝑗 is the
inverse matrix. See [Buc06] and references therein for details. ¬
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A.2 Particular coordinate forms
We fix the standard notation used for polar coordinates, see e. g. [DX13, Section 1.5].
Notation A.2.1 (polar coordinates). Consider polar coordinates recursively defined via

pold ∶ (0, ∞) × (0, 2𝜋) × (0, 𝜋)d−2 → ran(pold),

(𝑟, 𝜃0, 𝜃1, … , 𝜃d−2) ↦ 𝑟 ⋅ (pold−1(𝑟, 𝜃0, 𝜃1, … , 𝜃d−3) ⋅ sin 𝜃d−2
cos 𝜃d−2

) for d > 2

and pol2 ∶ (0, ∞) × (0, 2𝜋) → ℝ2, (𝑟, 𝜃0) ↦ 𝑟 ⋅ (cos 𝜃0, sin 𝜃0)⊺.

The inverse pol−1
d yields the chart of polar coordinates on ℝd; in particular, the restriction (pold(1, ⋅))−1

gives the chart (𝜃𝑗)d−2
𝑗=0 on the sphere 𝕊d−1.

In polar coordinates, the matrix form (s𝑖𝑗)𝑖,𝑗∈{0,1} of the round metric s on 𝕊d−1 has the only nonzero
components s00 = (sin 𝜃1)2 and s11 = 1. Clearly, the polar coordinates are not normal coordinates. The
only nonzero Christoffel symbols for (s𝑖𝑗)𝑖,𝑗 are Γ0

01 = Γ0
10 = cot 𝜃1 and Γ1

00 = − cos 𝜃1 sin 𝜃1. Oftentimes,
we use the normalisation of the tangent vectors 𝜕𝜃𝑖 given as 𝑛𝑖 ⋅⋅= 𝜕𝜃𝑖/|𝜕𝜃𝑖 | = √s𝑖𝑖𝜕𝜃𝑖 for 𝑖 ∈ {0, 1}. We
calculate the semispray ℋs at 𝑣 = ∑1

𝑘=0 𝑤𝑘𝜕𝜃𝑘 = ∑1
𝑘=0 𝜈𝑘𝑛𝑘 as

ℋs(𝑣) = 𝑤0 𝜕 ̄𝜃0 + 𝑤1 𝜕 ̄𝜃1 − 2 cot 𝜃1𝑤0𝑤1 𝜕𝜕𝜃0 + cos 𝜃1 sin 𝜃1𝑤2
0 𝜕𝜕𝜃1

= 𝜈0 �̄�0 + 𝜈1 �̄�1 − 2 cot 𝜃1 𝜈0 𝜈1 𝜕𝑛0 + cot 𝜃1𝜈2
0 𝜕𝑛1 ,

(A.2)

where �̄�𝑖 ⋅⋅= 𝑛𝑖 ∘ 𝑑𝜋2,1. The Riemannian volume measures on ℝd and 𝕊d−1 read in polar coordinates as
product measures:

on ℝd: 𝜆euc = 𝑟d−1d𝑟 ⊗ ⨂d−2
𝑗=0 (sin 𝜃𝑗)𝑗d𝜃𝑗,

on 𝕊d−1: Sd−1 = 𝜆s = ⨂d−2
𝑗=0 (sin 𝜃𝑗)𝑗d𝜃𝑗 where Sd−1 denotes the spherical surface measure on 𝕊d−1.

¬

Fibre lay-down model on the sphere
We write the fibre lay-down model (2.16) on 𝕏 = 𝕊2 in polar coordinates.
Example A.2.2 (fibre lay-down model on sphere). The chart (𝜃0, 𝜃1) on 𝕊2 induces the chart

( ̄𝜃0 = 𝜃0 ∘ 𝜋2,1, ̄𝜃1 = 𝜃1 ∘ 𝜋2,1, 𝜕𝜃0 = 𝜕
𝜕𝜃0 , 𝜕𝜃1 = 𝜕

𝜕𝜃1 )

on T𝕊2. Furthermore, Ψh = 1 ⋅ Ψ( ̄𝜃0, ̄𝜃1). Then, Equation (2.16) becomes

d ̄𝜃𝑖
𝑡 = 𝑤𝑖;𝑡 d𝑡

d𝑤0;𝑡 = −2 cot ̄𝜃1
𝑡 ⋅ 𝑤0;𝑡𝑤1;𝑡 d𝑡 − 1

(sin ̄𝜃1
𝑡 )2

𝜕Ψ
𝜕 ̄𝜃0 ( ̄𝜃0

𝑡 , ̄𝜃1
𝑡 ) d𝑡 − 𝛼𝑤0;𝑡 d𝑡 + 𝜎 1

sin ̄𝜃1
𝑡

∘ d𝑊 0
𝑡

d𝑤1;𝑡 = + cos ̄𝜃1
𝑡 sin ̄𝜃1

𝑡 ⋅ 𝑤2
0;𝑡 d𝑡 − 𝜕Ψ

𝜕 ̄𝜃1 ( ̄𝜃0
𝑡 , ̄𝜃1

𝑡 ) d𝑡 − 𝛼𝑤1;𝑡 d𝑡 + 𝜎 ∘ d𝑊 1
𝑡 ,

(A.3)

which coincides with [Sti14, Equation (1.48)] indeed. Switching over to normalised tangent vectors, Equa-
tion (A.3) transforms into

d ̄𝜃0
𝑡 = 𝜈0;𝑡

sin ̄𝜃1
𝑡

d𝑡

d ̄𝜃1
𝑡 = 𝜈1;𝑡 d𝑡

d𝜈0;𝑡 = −2 cos ̄𝜃1
𝑡 ⋅ 𝜈0;𝑡𝜈1;𝑡 d𝑡 − 1

sin ̄𝜃1
𝑡

𝜕Ψ
𝜕 ̄𝜃0 ( ̄𝜃0

𝑡 , ̄𝜃1
𝑡 ) d𝑡 − 𝛼𝜈0;𝑡 d𝑡 + 𝜎 ∘ d𝑊 0

𝑡

d𝜈1;𝑡 = cot ̄𝜃1
𝑡 ⋅ 𝜈2

0;𝑡 d𝑡 − 𝜕Ψ
𝜕 ̄𝜃1 ( ̄𝜃0

𝑡 , ̄𝜃1
𝑡 ) d𝑡 − 𝛼𝜈1;𝑡 d𝑡 + 𝜎 ∘ d𝑊 1

𝑡 .

(A.4)

¬
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Higher order fibre lay-down models
We turn to the smoothed models of Chapter 3. P. Stilgenbauer was the first to determine necessary
compensation terms that ensure that the process doesn’t leave the configuration manifold – previous attempts
did not contain these compensation terms. However, beyond that these compensation terms had neither
physical nor geometric interpretation due to the overall extrinsic approach. In our intrinsic formulation these
terms just appear naturally.
Example A.2.3 (smoothed fibre lay-down model on Euclidean position space). Let 𝕏 = ℝ3

𝑥, then Q ≃
ℝ3 × T𝕊2

𝑣. The horizontal part of the unit Sasaki metric u is just the Euclidean metric, whilst the the
vertical part is the round metric s on the sphere. We calculate for 𝑏 = ∑1

𝑘=0 𝛽𝑘𝜕𝜃𝑘 = ∑1
𝑘=0 𝜈𝛽;𝑘𝑛𝑘

using [GK02, Lemma 4.1] that

h𝑏↾3
2 (𝛼𝑖𝜕𝜃𝑖) = h𝑏↾3

2 (𝜈𝛼;𝑖𝑛𝑖) = 𝛼𝑖𝜕 ̄𝜃𝑖 − ∑
𝑗,ℓ∈{0,1}

(Γ𝑖
𝑗ℓ ∘ 𝜋2,1|U)𝛼𝑗𝛽ℓ

𝜕
𝜕𝜕𝜃𝑖

= {𝛼0 𝜕 ̄𝜃0 − cot 𝜃1(𝛼0𝛽1 + 𝛼1𝛽0) 𝜕𝜕𝜃0 𝑖 = 0
𝛼1 𝜕 ̄𝜃1 + cos 𝜃1 sin 𝜃1𝛼0𝛽0 𝜕𝜕𝜃1 𝑖 = 1

= {𝜈𝛼;0 𝑛0 ∘ 𝑑𝜋2,1|U − cot 𝜃1 (𝜈𝛼;0 𝜈𝛽;1 + 𝜈𝛼;1 𝜈𝛽;0) 𝜕𝑛0 𝑖 = 0
𝜈𝛼;1 𝑛1 ∘ 𝑑𝜋2,1|U + cot 𝜃1𝜈𝛼;0𝜈𝛽;0 𝜕𝑛1 𝑖 = 1 .

(A.5)

The semispray ℋeuc with respect to Euclidean metric can roughly be thought as the identity mapping.
In this sense, the second order semispray ℋ(2)

euc coincides with ℋs . In the Euclidean case we know that
Assumption (2.19) holds, see Example 2.2.5, and therefore one has tl∇eucΨ = 1/2 ∇sΨ. Now, we have
gathered all the ingredients and write the smoothed fibre lay-down model (3.9) as the system

d𝑥𝑡 = 𝑢𝑡 d𝑡 = pol(𝜃0
𝑡 , 𝜃1

𝑡 ) d𝑡

d ̄𝜃𝑖
𝑡 = −1

2 (𝑛𝑖 , ∇eucΨ)
euc

d𝑡 + 𝜈𝑖;𝑡 d𝑡

d𝜈0;𝑡 = −2 cot 𝜃1𝜈0;𝑡𝜈1;𝑡 + 1
2 cot 𝜃1((𝑛0 , ∇eucΨ)

euc
𝜈1;𝑡 + (𝑛1 , ∇eucΨ)

euc
𝜈0;𝑡)

− 𝛼𝜈0;𝑡 d𝑡 + 𝜎 d𝑊 0
𝑡

d𝜈1;𝑡 = cot 𝜃1𝜈2
0;𝑡 − 1

2 cot 𝜃1(𝑛0 , ∇eucΨ)
euc

𝜈0;𝑡 − 𝛼𝜈1;𝑡 d𝑡 + 𝜎 d𝑊 1
𝑡 .

(A.6)

In [Sti14, Proposition 1.7] P. Stilgenbauer basically gives the same local coordinate form [Sti14, Equa-
tion (1.56)] for the smoothed fibre lay-down model on ℝd for arbitrary dimensions d. Of course, we have
chosen here d = 3 just for sake of simplicity and the case of higher dimensions is derived along the very
same lines. So, the only difference is that [Sti14, Equation (1.56)] doesn’t contain the factor 1/d− 1 in front
of the potential terms. Our derivation seems more transparent and insightful as every term traces back to
one of the four intrinsic terms from Equation (3.9). ¬

Curvature of weighted spheres 𝕊2

We discuss Ricci curvature of the weighted spheres (𝕊d−1, dists;1/𝑛, 𝜈𝑛, �̄�)
𝑛∈ℕ+

as considered in Section 4.2
for the special case of d = 3. The implication of uniform doubling plays an important role in Corollary 4.2.6
and therefore we already devoted Remark 4.2.5 to the matter.
Remark A.2.4. Assume d = 3. We compute in polar coordinates the Christoffel symbols Γ𝑘

𝑖𝑗 = Γ𝑘
𝑖𝑗(𝑛) with

respect to s1/𝑛 = ̄𝜌1/𝑛
𝕊 s and afterwards the components 𝑅𝑖𝑗 = 𝑅𝑖𝑗(𝑛) of the Ricci tensor. The nonzero

Christoffel symbols are

Γ0
01 = Γ0

10 = (𝑛 + 1) cot 𝜃1, Γ1
00 = −(𝑛 + 1) cos 𝜃1 sin 𝜃1, and Γ1

11 = 𝑛 cot 𝜃1.

Using the expression

𝑅𝑖𝑗 =
d−2
∑
𝑎=0

𝜕Γ𝑎
𝑖𝑗

𝜕𝜃𝑎 − 𝜕Γ𝑎
𝑎𝑖

𝜕𝜃𝑗 +
d−2
∑
𝑏=0

Γ𝑎
𝑎𝑏Γ𝑏

𝑖𝑗 − Γ𝑎
𝑖𝑏Γ𝑏

𝑎𝑗 with 𝑖, 𝑗 ∈ {0, … ,d− 2}
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we compute that

𝑅01 = 𝑅10 = 0, 𝑅00 = (𝑛 + 1)(sin 𝜃1)2, and 𝑅11 = (𝑛 + 1).

Thus, we have found that the weighted Ricci curvatures are nonnegative for all 𝑛 ∈ ℕ. ¬



B Terminology on scaling limits and geo-
metric convergence

The objective of this appendix is twofold. First in Section B.1, we complement the picture painted in Chap-
ter 4 by commenting on two particular scaling techniques used in literature. Afterwards, we provide vocabulary
from the theory of converging Banach spaces. General definitions are given in Section B.2 for context. Then,
we specifically recall notions regarding Mosco convergence in Section B.3.

B.1 Overview of different methods
White noise limits
The authors of [Her+09; KMW12a; KMW12b] investigate different limits for three-dimensional fibre lay-
down models such as for large diffusions, large coiling forces, vanishing or prevalent anisotropicity effects,
and balanced parameter convergence yielding a model reduction. While results regarding extreme cases
of anisotropicity are obtained by considering specific values for the corresponding parameter, the model
reduction from the smoothed fibre lay-down model to the original one is achieved by a so-called white noise
limit. This argument can be found in [Her+09, Proposition 1.1], [KMW12b, Section 5.2], and [Mar13,
Proposition 4.6]: Assume that for the smoothed model (3.3) the parameters 𝛼 and 𝜎 approach zero such
that the quotient �̄� ⋅⋅= 𝜎/𝛼 is fixed. Then, the smoothed model converges to the original fibre lay-down model
with diffusion parameter �̄�. Such limiting arguments are widespread in applied mathematics and physics. For
instance, M. Ottobre and G. A. Pavliotis showed that the generalised Langevin equation converges in white
noise limit sense to the Langevin equation. See [OP11, Theorem 2.6 and Section 6]. Though, it seems by
no means trivial to rigorously justify white noise limit statements in more singular situations.

Effective limits in homogeneous spaces
The frighteningly dense paper [Li15] was my starting point to the topic of scaling limits. X. M. Li discusses a
homogenisation procedure on so-called homogeneous spaces. Among other influences, this study was inspired
by collapsing of Riemannian manifolds, see [CG86; CG90]. A famous example of such collapsings are the
Berger’s spheres that converge to the 2-dimensional sphere 1

2 𝕊2 of radius 1
2 while the sectional curvatures

are bounded, see the first paragraph of the introduction of [Li15]. A manifold 𝕐 is homogeneous if there is a
transitive action by a Lie group 𝐺. In this case, denote by 𝐻 the isotropy group at a point 𝑦 and represent the
manifold as coset space 𝐺/𝐻. To this end, 𝐺/𝐻 gets the unique smooth structure such that all mappings
𝐺/𝐻 → 𝕐, 𝑔𝐻 ↦ ℓ𝑔𝑦 are diffeomorphisms, where ℓ𝑔 denotes the left action of 𝑔. X. M. Li’s technique
makes use of a so-called reductive structure that determines an Ehresmann connection in the principal bundle
𝜋 ∶ 𝐺 → 𝐺/𝐻. Then, the slow motion (𝑥𝑡)𝑡 is described as horizontal lift (𝑢𝑡)𝑡 of curves in 𝐺/𝐻 to 𝐺 in
the sense that 𝜋(𝑢𝑡) = 𝑥𝑡, compare to [Li15, Lemma 4.1], while the fast motions are considered as curves
in 𝐻. A solution (𝑔𝜀

𝑡 )𝑡 of the SDE [Li15, Equation (1.1)] is viewed as perturbation of a conservation law
where the projection 𝜋 ∶ 𝐺 → 𝐺/𝐻 represents this conservation law. The equations for the slow motions
for (𝑔𝜀

𝑡 )𝑡, i. e. the horizontal lift of (𝜋(𝑔𝜀
𝑡 ))𝑡 with respect to the Ehresmann connection prescribed by the

reductive structure, are derived as well as for the fast motions in 𝐻. Under certain conditions convergence
of the slow motions in weak topology on the path space and in Wasserstein metric is proven and in some
instances the limiting process can be characterised as a scaled Brownian motion. The machinery is algebraic
in nature, so [Li15, § 10] illuminates differential geometric context and [Li15, § 11] contains a few examples.
One of these examples, [Li15, Example 11.4], considers the sphere 𝕊d−1 for d ≥ 3 as homogeneous space
SO(d)/SO(d− 1) and showcases explicitly the reductive decomposition 𝔤 = 𝔥 ⊕ 𝔪: Identify SO(d− 1) with

{(𝑅 0
0 1) ∣ 𝑅 ∈ SO(d− 1)},

113
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then the choice
𝔪 ⋅⋅= {( 0 𝑐

−𝑐⊺ 0) ∣ 𝑐 ∈ ℝd−1}

yields indeed a reductive decomposition. There are a many different ways to think about a sphere as a
homogeneous space, another one would e. g. use 𝐺 = SU(2) and 𝐻 = U(1), but the one given earlier is the
right one for matters of Section 4.2.

In the end, we departed from the technique of X. M. Li, because we felt that its algebraic nature is
somewhat restrictive and might obfuscate the intuition of applicationists.

B.2 Terminology from geometric convergences
For this and the next section we primarily refer to the PhD thesis [Töl10] of J. M. Tölle. He consolidates
many convergence notions and results in great generality, specifically for varying Banach spaces. Therefore,
we can keep the discussion concise here.
Definition B.2.1 (subnet). Let two directed sets (𝐼, ⊲𝐼) and (𝐽, ⊲𝐽), a nonempty set 𝐸, as well as a net
(𝑥𝑖)𝑖∈𝐼 in 𝐸. If there is a cofinal mapping ℎ∶ 𝐽 → 𝐼 , i. e. for all ̃𝑖 ∈ 𝐼 there is some ̃𝑗 ∈ 𝐽 such that for all
𝑗 ∈ 𝐽 with 𝑗 ⊳𝐽 ̃𝑗 holds ℎ(𝑗) ⊳𝐼 ̃𝑖, we call (𝑥ℎ(𝑗))𝑗∈𝐽 a subnet of (𝑥𝑖)𝑖∈𝐼 . ¬

For the following definition see [KS08, Definition 3.1] or [Töl10, Definition 5.8] respectively. See also
[Töl10, Section 5.2.1] for a comparison to the ‘Variable Banach spaces’ of V. V. Zhikov and S. E. Pastukhova,
which turns out to be the same concept.
Definition B.2.2 ((Strong) asymptotic relation). Let 𝐽 be a directed set as well as metric spaces (𝕐∞, dist∞)
and (𝕐𝑗, dist𝑗) for all 𝑗 ∈ 𝐽 . Define the disjoint union 𝕐 ⋅⋅= ⨆𝑗∈𝐽 𝕐𝑗 ⊔𝕐∞. A topology 𝔗(𝕐) on 𝕐 is called
asymptotic relation (between (𝕐𝑗)𝑗∈𝐽 and 𝕐∞) if it’s satisfying the following properties:

(A1) The restriction of 𝔗(𝕐) to each 𝕐𝑗 or to 𝕐∞ coincides with its respective original topology; moreover,
all 𝕐𝑗 and 𝕐∞ are closed in 𝕐.

(A2) For any 𝑦 ∈ 𝕐∞ there is a net (𝑦𝑗)𝑗∈𝐽 with 𝑦𝑗 ∈ 𝕐𝑗 converging to 𝑦 in 𝕐.

(A3) For any subnet (𝑗)𝑗∈𝐽 of (𝑗)𝑗∈𝐽 and all nets (𝑥𝑗)𝑗∈𝐽 , (𝑦𝑗)𝑗∈𝐽 with 𝑥𝑗, 𝑦𝑗 ∈ 𝕐𝑗 and limits 𝑥 =
lim𝑗∈𝐽 𝑥𝑗, 𝑦 = lim𝑗∈𝐽 𝑦𝑗 ∈ 𝕐∞ in 𝕐 one has that lim𝑗∈𝐽 dist𝑗(𝑥𝑗, 𝑦𝑗) = dist∞(𝑥, 𝑦).

(A4) For any subnet (𝑗)𝑗∈𝐽 of (𝑗)𝑗∈𝐽 and all nets (𝑥𝑗)𝑗∈𝐽 , (𝑦𝑗)𝑗∈𝐽 with 𝑥𝑗, 𝑦𝑗 ∈ 𝕐𝑗, limit 𝑥 = lim𝑗∈𝐽 𝑥𝑗 ∈ 𝕐∞
and lim𝑗∈𝐽 dist𝑗(𝑥𝑗, 𝑦𝑗) = 0 it holds lim𝑗∈𝐽 𝑦𝑗 = 𝑥.

In the instance that (𝕐𝑗)𝑗∈𝐽 and 𝕐∞ are topological linear spaces over a common coefficient field 𝕂 ∈ {ℝ, ℂ}
such that the topologies are compatible with the metric structures, an asymptotic relation is called linear if
𝕐-convergence is stable with respect to linear combination. I. e. for all nets (𝑥𝑗)𝑗∈𝐽 , (𝑦𝑗)𝑗∈𝐽 with 𝑥𝑗, 𝑦𝑗 ∈ 𝕐𝑗
and 𝕐-limits 𝑥 = lim𝑗∈𝐽 𝑥𝑗, 𝑦 = lim𝑗∈𝐽 𝑦𝑗 ∈ 𝕐∞, and scalars 𝑐𝑥, 𝑐𝑦 ∈ 𝕂 the net (𝑐𝑥𝑥𝑗 + 𝑐𝑦𝑦𝑗)𝑗∈𝐽 converge
in 𝕐 to 𝑐𝑥𝑥 + 𝑐𝑦𝑦 ∈ 𝕐∞. Compare to [KS08, Definition 3.1]. If the topological linear spaces are normed
spaces, then one requires that additionally the norms (‖𝑦𝑗‖𝕐𝑗

)
𝑗∈𝐽

for any convergent net (𝑦𝑗)𝑗∈𝐽 converge
to ‖lim𝑗∈𝐽 𝑦𝑗‖𝕐∞

, where (𝑗)𝑗∈𝐽 of (𝑗)𝑗∈𝐽 is a subnet. Compare to [Töl10, Definition 5.6]. Similarly for the
case that the topological linear spaces carry an inner product. ¬
Remark B.2.3 (Weak convergence). The general notion of weak (and weak∗) convergence is defined as
in [Töl10, Definition 5.33]. If we consider a linear asymptotic relation between Hilbert spaces (𝐻𝑗)𝑗∈𝐽 and
𝐻0, then that notion of weak convergence basically reduces to [KS03, Definition 2.5]: Let (𝑗)𝑗∈𝐽 be a subnet
of (𝑗)𝑗∈𝐽 ; then, a net (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐻𝑗 weakly converges to 𝑢0 ∈ 𝐻0 if for any net (𝑤𝑗)𝑗∈𝐽 with 𝑤𝑗 ∈ 𝐻𝑗
converging to 𝑤0 ∈ 𝐻0 it holds lim𝑗∈𝐽(𝑢𝑗 , 𝑤𝑗)𝐻𝑗

= (𝑢0 , 𝑤0)𝐻0
. ¬

Definition B.2.4 (Convergence of bounded operators along linear asymptotic relations). Assume linear
asymptotic relations between (𝔹𝑗)𝑗∈𝐽 and 𝔹∞ as well as between (𝔼𝑗)𝑗∈𝐽 and 𝔼∞ such that all involved
spaces are Banach spaces. Furthermore, assume a subnet (𝑗)𝑗∈𝐽 of (𝑗)𝑗∈𝐽 and a net (𝑇𝑗)𝑗∈𝐽 of linear bounded
operators with 𝑇𝑗 ∈ 𝐿(𝔹𝑗; 𝔼𝑗), 𝑗 ∈ 𝐽 . We say that (𝑇𝑗)𝑗∈𝐽 (strongly) converges to 𝑇∞ ∈ 𝐿(𝔹∞; 𝔼∞) if for
any net (𝑏𝑗)𝑗∈𝐽 with 𝑏𝑗 ∈ 𝔹𝑗 and 𝑏∞ ⋅⋅= lim𝑗∈𝐽 𝑏𝑗 ∈ 𝔹∞ the net (𝑇𝑗𝑏𝑗)𝑗∈𝐽 converges to 𝑇∞𝑏∞ ∈ 𝔼∞. ¬
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Definition B.2.5 (Metric approximation). Assume a asymptotic relation between (𝕐𝑗)𝑗∈𝐽 and 𝕐∞. More-
over, let (𝑚𝑗 ∶ dom(𝑚𝑗) → 𝕐𝑗)𝑗∈𝐽 be a net of maps with domains dom(𝑚𝑗) ⊆ 𝕐∞ for all 𝑗 ∈ 𝐽 . It is called
metric approximation (for (𝕐𝑗)𝑗∈𝐽 and 𝕐∞) if it satisfies the following properties:

(Met1) The net of domains (dom(𝑚𝑗))𝑗∈𝐽 is monotone nondecreasing and their union is dense in 𝕐∞.

(Met2) For any two points 𝑥, 𝑦 ∈ ⋃𝑗∈𝐽 dom(𝑚𝑗) the distances of images under 𝑚𝑗 converge as

lim
𝑗∈𝐽

dist𝑗(𝑚𝑗(𝑥), 𝑚𝑗(𝑦)) = dist∞(𝑥, 𝑦).

If the (strong) asymptotic relation is linear, the domains are linear subspaces and the metric approxima-
tion consists of linear mappings, then the metric approximation is called linear. A metric approxima-
tion (𝑚𝑗 ∶ dom(𝑚𝑗) → 𝕐𝑗)𝑗∈𝐽 is said to be compatible with a given asymptotic relation on 𝕐 if for all
𝑦 ∈ ⋃𝑗∈𝐽 dom(𝑚𝑗) the net (𝑚𝑗(𝑦))𝑗∈𝐽 converges to 𝑦 in 𝕐. Compare to [KS08, Definitions 3.3 and 3.4] as
well as [Töl10, Definition 5.24 and 5.26]. ¬

Due to [KS08, Lemma 3.5] we know that (strong) asymptotic relations and metric approximations walk
hand in hand: If either of them exists, there exists an instance of the alternative concept such that they are
compatible. This also holds true if you add the word ‘linear’ everywhere in the previous definition.

Until the end of this subsection, we consider a net of pointed metric measure spaces (𝕐𝑗, dist𝑗, 𝜇𝑗, ̄𝑥𝑗)𝑗∈𝐽 ,
and a pointed metric measure space (𝕐∞, dist∞, 𝜇∞, ̄𝑥∞). Assume that the measure spaces are locally
compact Polish spaces with full supported Radon measures as in [KS08, Section 2].
Definition B.2.6 (pmG-convergence). A net (𝜑𝑗 ∶ dom(𝜑𝑗) → 𝕐∞)𝑗∈𝐽 of maps with dom(𝜑𝑗) ⊆ 𝕐𝑗 is called
measure approximation if it satisfies the properties

(Meas1) For all 𝑗 ∈ 𝐽 the domain of 𝜑𝑗 is a Borel set, i. e. dom(𝜑𝑗) ∈ 𝔅(𝕐𝑗), and 𝜑𝑗 is measurable.

(Meas2) The pushforward measures converge weakly, i. e.

lim
𝑗∈𝐽

∫
dom(𝜑𝑗)

𝑓 ∘ 𝜑𝑗 d𝜇𝑗 = ∫
𝕐∞

𝑓 d𝜇∞ for all 𝑓 ∈ 𝐶0
c (𝕐∞).

Assume the spaces 𝕐𝑗, 𝑗 ∈ 𝐽 , and 𝕐∞ are proper in the sense that bounded subsets are relatively compact.
We say that they converge in pointed measured Gromov (pmG) sense if there is a measure approximation. In
this case, the measure approximation is referred to as pointed measured Gromov approximation. See [KS08,
Definitions 2.4 and 2.5]. Contrast that to [Fuk87, Definition 0.3] where also metric convergence is required.

¬
Definition B.2.7 (𝐿𝑝-topology). Let 𝑝 ∈ [1, ∞) and (𝜑𝑗 ∶ dom(𝜑𝑗) → 𝕐∞)𝑗∈𝐽 be a measure approximation
between (𝕐𝑗)𝑗∈𝐽 and 𝕐∞. For all 𝑗 ∈ 𝐽 , 𝑢 ∈ 𝐶0

c (𝕐∞; ℝ) define

Φ𝑗𝑢 ⋅⋅= {𝑢 ∘ 𝜑𝑗 if 𝑢 ∈ dom(𝜑𝑗)
0 = 0𝕐𝑗

otherwise

and 𝐷(Φ𝑗) ⋅⋅= {𝑢 ∈ 𝐶0
c (𝕐∞; ℝ) ∣ ‖Φ𝑗𝑢‖𝐿𝑝(𝕐∞) < ∞}.

According to [KS08, Proposition 3.13], the net (Φ𝑗 ∶ dom(Φ𝑗) → 𝐿𝑝(𝕐𝑗))𝑗∈𝐽 is a linear metric approximation.
Hence, it induces on ⨆𝑗∈𝐽 𝐿𝑝(𝕐𝑗) ⊔ 𝐿𝑝(𝕐∞) a unique linear asymptotic relation which one calls the
𝐿𝑝-topology. See [KS08, Definition 3.14]. ¬

B.3 Mosco convergence
As we use generalised Dirichlet form techniques to construct a nice stochastic process associated the Lange-
vin-type generators in this thesis, we present the framework of generalised forms as introduced by W. Stannat,
compare to [Sta99, Section I.2] and the summary in [Töl10, Section 2.2.3].
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Notation B.3.1 (generalised forms). Consider a coercive closed form (ℰ, 𝐷(ℰ)) on a Hilbert space 𝐻 with
sector constant 𝐾 ∈ [1, ∞). Moreover, we consider a linear operator1 (𝒜, 𝐷(𝒜, 𝐻)) that generates a
SCCS on 𝐻 which restricts to a SCCS on 𝐷(ℰ). Denote the generator of the restricted semigroup by
(𝒜, 𝐷(𝒜, 𝐷(ℰ))). The adjoint operator (𝒜∗, 𝐷(𝒜∗, 𝐷(ℰ)′)) of (𝒜, 𝐷(𝒜, 𝐷(ℰ))) satisfies the same assump-
tions as (𝒜, 𝐷(𝒜, 𝐷(ℰ))) and furthermore, 𝐷(𝒜, 𝐻)∩𝐷(ℰ) is dense in 𝐷(ℰ). Therefore according to [Sta99,
Lemma I.2.3], the operator 𝒜∶ 𝐷(𝒜, 𝐻) ∩ 𝐷(ℰ) → 𝐷(ℰ)′ is closable. Denote its closure by (𝒜,ℱ ). The
spaces ℱ and ℱ ∗ ⋅⋅= 𝐷(𝒜∗, 𝐷(ℰ)′) ∩ 𝐷(ℰ) are endowed with graph inner product with respect to 𝒜 or 𝒜∗

respectively:

(𝑢1 , 𝑢2)ℱ ⋅⋅= (𝑢1 , 𝑢2)𝐷(ℰ) + (𝒜𝑢1 , 𝒜𝑢2)𝐷(ℰ)′ for all 𝑢1, 𝑢2 ∈ ℱ

and (𝑤1 , 𝑤2)ℱ ∗ ⋅⋅= (𝑤1 , 𝑤2)𝐷(ℰ) + (𝒜∗𝑤1 , 𝒜∗𝑤2)𝐷(ℰ)′ for all 𝑤1, 𝑤2 ∈ ℱ ∗.

Then, the following assertions hold: ℱ is a Hilbert space, 𝐷(𝒜, 𝐷(ℰ)) is dense in ℱ , both ℱ and ℱ ∗ are
dense in 𝐷(ℰ), and one has the two estimates of dual pairings

𝐷(ℰ) ⟨𝑢 , 𝒜𝑢⟩𝐷(ℰ)′ ≤ 0 and 𝐷(ℰ) ⟨𝑤 , 𝒜∗𝑤⟩𝐷(ℰ)′ ≤ 0 for all 𝑢 ∈ ℱ , 𝑤 ∈ ℱ ∗.

Compare to [Sta99, Lemmas I.2.5 and I.2.6].
The generalised form 𝒢ℰ (associated to (ℰ, 𝐷(ℰ)) and (𝒜,ℱ )) is defined by

𝒢ℰ(𝑢, 𝑤) ⋅⋅= {
ℰ(𝑢, 𝑤) − 𝐷(ℰ) ⟨𝑤 , 𝒜𝑢⟩𝐷(ℰ)′ if 𝑢 ∈ ℱ , 𝑤 ∈ 𝐷(ℰ)
ℰ(𝑤, 𝑢) − 𝐷(ℰ) ⟨𝑢 , 𝒜∗𝑤⟩𝐷(ℰ)′ if 𝑢 ∈ 𝐷(ℰ), 𝑤 ∈ ℱ ∗ . (B.1)

¬
Consider a net (𝐻𝑗)𝑗∈𝐽 of Hilbert spaces and a Hilbert space 𝐻0. Assume that an asymptotic relation on

ℋ ⋅⋅= ⨆𝑗∈𝐽 𝐻𝑗⊔𝐻0. besides the strong convergence Furthermore, let (𝒢ℰ𝑗)𝑗∈𝐽 be a net of generalised forms
on (𝐻𝑗)𝑗∈𝐽 meaning that 𝒢ℰ𝑗 is a form on 𝐻𝑗 respectively for 𝑗 ∈ 𝐽 . Moreover, let 𝒢ℰ0 be a generalised
form on 𝐻0. For every generalised form 𝒢ℰ𝑗, 𝑗 ∈ 𝐽 ∪ {0}, denote by (ℰ𝑗, 𝐷(ℰ𝑗)) the associated coercive
closed form and by (𝒜𝑗,ℱ 𝑗) the corresponding linear operator. Henceforth, every generalised Dirichlet form
is extend to the entire Hilbert space by the artificial value +∞.

The following definition of Mosco convergence of closed quadratic forms is [Töl10, Definition 7.11],
compare to [KS03, Definition 2.11]. Afterwards, we show how that notion is translated to the net (𝒢ℰ𝑗)𝑗∈𝐽
of generalised forms.
Definition B.3.2 (Mosco convergence). Consider nonnegative, closed quadratic forms ℬ𝑗 ∶ 𝐻𝑗 → [0, ∞] for
𝑗 ∈ 𝐽 ∪ {0}. One says that (ℬ𝑗)𝑗∈𝐽 Mosco converges to ℬ0 if the following two assertions hold:

(Mosco 1) For every net (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐻𝑗 for 𝑗 ∈ 𝐽 weakly ℋ -convergent to 𝑢0 ∈ 𝐻0 it holds
ℬ0(𝑢0, 𝑢0) ≤ lim inf𝑗∈𝐽 ℬ𝑗(𝑢𝑗, 𝑢𝑗).

(Mosco 2) For every 𝑢0 ∈ 𝐻0 there is a net (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐻𝑗 for 𝑗 ∈ 𝐽 strongly ℋ -convergent to 𝑢0

such that ℬ0(𝑢0, 𝑢0) = lim𝑗∈𝐽 ℬ𝑗(𝑢𝑗, 𝑢𝑗). ¬

Recall Theorem 4.1.11 linking Mosco convergence and convergence of spectral structures. In a certain
sense this link shall also hold in the nonsymmetric case, i. e. we say that (𝒢ℰ𝑗)𝑗∈𝐽 Mosco converges to 𝒢ℰ0

if the associated resolvents converge, see (R) below. Therefore, one introduces the following conditions and
identifies mutual implication relations.
Condition B.3.3 (Standard conditions for Mosco convergence). Define the ‘asymmetry rate norms’ as

Θ𝑗(𝑢𝑗) ⋅⋅= ∥𝒢ℰ𝑗(⋅, 𝑢𝑗) + (⋅ , 𝑢𝑗)𝐻𝑗∥
𝐷(ℰ𝑗)′

= sup
𝑢∈𝐷(ℰ𝑗)

‖𝑢‖𝐷(ℰ𝑗)=1

∣𝒢ℰ𝑗(𝑢, 𝑢𝑗) + (𝑢 , 𝑢𝑗)𝐻𝑗 ∣

for all 𝑢𝑗 ∈ (ℱ 𝑗)∗
and 𝑗 ∈ 𝐽 ∪ {0}. Extend these functionals Θ𝑗 to 𝐻𝑗 artificially by +∞.

1If 𝒜 = 0, then we end up with the classical Dirichlet form theory, see [Sta99, Example I.4.9 part (i)].
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(F1) For every net (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐻𝑗 weakly ℋ -convergent to 𝑢0 ∈ 𝐻0 such that lim inf𝑗∈𝐽 Θ𝑗(𝑢𝑗) < ∞
holds that 𝑢0 ∈ 𝐷(ℰ0).

(F1b) (F1), but with Θ𝑗 replaced by ‖⋅‖𝐻𝑗 .

(F2) For any 𝑤0 ∈ ℱ 0 and every net (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐷(ℰ𝑗) weakly ℋ -convergent to 𝑢0 ∈ 𝐷(ℰ0) there is
a net (𝑤𝑗)𝑗∈𝐽 with 𝑤0 ∈ 𝐻0 strongly ℋ -convergent to 𝑤 such that lim𝑗∈𝐽 𝒢ℰ𝑗(𝑤𝑗, 𝑢𝑗) = 𝒢ℰ0(𝑤0, 𝑢0).

(F2’) There is a subspace 𝑊 ⊆ 𝐻0 dense in (ℱ 0, ‖⋅‖ℱ 0) such that the following assertion holds: For all
𝑤0 ∈ 𝑊 , 𝑢0 ∈ 𝐷(ℰ0), and any net (𝑢𝑗)𝑗∈𝐽 , where 𝐽 ⊆ 𝐽 is a directed subset, with 𝑢𝑗 ∈ 𝐻𝑗 for all
𝑗 ∈ 𝐽 which is weakly ℋ -convergent to 𝑢0 and satisfies sup𝑗∈𝐽 Θ𝑗(𝑢𝑗) < ∞ there is a net (𝑤𝑗)𝑗∈𝐽
with 𝑤𝑗 ∈ 𝐻𝑗 strongly ℋ -convergent to 𝑤0 with lim inf𝑗∈𝐽 𝒢ℰ𝑗(𝑤𝑗, 𝑢𝑗) ≤ 𝒢ℰ0(𝑤0, 𝑢0).

(F2’b) (F2’), but with Θ𝑗 replaced by ‖⋅‖𝐻𝑗 .

(R) The net of resolvent operators (𝐺𝑗
𝑎)

𝑗∈𝐽
corresponding to (𝒢ℰ𝑗, 𝐷(𝒢ℰ𝑗))𝑗∈𝐽 strongly converges to the

resolvent operator 𝐺0
𝑎 corresponding to (𝒢ℰ0, 𝐷(𝒢ℰ0)). ¬

Since ‖⋅‖𝐻𝑗 ≤ Θ𝑗 by [Hin98, Lemma 2.2 (ii)], one has both that (F1b) implies (F1) and that (F2’b)
implies (F2’). The following theorem was proven originally by M. Hino for 𝐻𝑗1 = 𝐻𝑗2 , 𝑗1, 𝑗2 ∈ 𝐽 ∪ {0},
see [Hin98, Theorem 3.1, Corollary 3.3 (i)], and then extended by J. M. Tölle to the varying Hilbert space
situation, see [Töl10, Theorem 7.15].
Theorem B.3.4.

(i) (F2) implies (F2’).

(ii) The following equivalence holds: (F1) ∧ (F2’) ⟺ (F1) ∧ (F2) ⟺ (R). If (ℰ𝑗, 𝐷(ℰ𝑗)) =
(0, 𝐻𝑗) for all 𝑗 ∈ 𝐽 ∪ {0}, then (F1) can be omitted, see [Töl10, Remark 7.19].

(iii) (F1b) and (F2’b) imply (R). ¬
The next lemma is [Töl10, Proposition 7.18], compare to J. M. Tölle’s diploma thesis [Töl06, Proposi-

tion 2.45] and [Mat99, Proposition 2.5] for a constant asymptotic relation of Hilbert spaces.
Lemma B.3.5. Assume a dense subspace 𝑊 of (ℱ 0, ‖⋅‖ℱ 0). Then, the following seemingly weaker assertion
is actually equivalent to (F2): For all 𝑤0 ∈ 𝑊 and nets (𝑢𝑗)𝑗∈𝐽 with 𝑢𝑗 ∈ 𝐻𝑗, 𝑗 ∈ 𝐽 , weakly ℋ -convergent
to 𝑢0 ∈ 𝐻0 there is a net (𝑤𝑗)𝑗∈𝐽 with 𝑤𝑗 ∈ 𝐻𝑗, 𝑗 ∈ 𝐽 , strongly ℋ -convergent to 𝑤0 ∈ 𝐻0 such that

lim
𝑗∈𝐽

𝒢ℰ𝑗(𝑤𝑗, 𝑢𝑗) = 𝒢ℰ0(𝑤0, 𝑢0).

Coincidentally, we came across [Av10, Theorem 3.5], where S. Andres and M.-K. von Renesse prove
Mosco convergence of Dirichlet forms assuming a similar replacement ‘(Mosco II’)’ of (F2) that works with a
core of the target Dirichlet form. Apparently, the authors derived their result independently of Lemma B.3.5.





C Miscellaneous
In Remark 4.1.24, we proposed a combination of stratifolds and varifolds. Assume a b-dimensional strati-
fold 𝔹 that is embedded into some ℝn as ambient space and carries a probability measure 𝜇𝔹. We want
to represent 𝔹 as measure on a suitable Graßmannian, in the same way as a Riemannian manifold can
be represented as varifold, see Example 4.1.3. Define the Graßmannians 𝔾(0∶b,n) ⋅⋅= ⋃b

𝑗=0 𝔾(𝑗,n) and
𝔾(0∶b, ℝn) ⋅⋅= ℝn × 𝔾(0∶b,n). Furthermore, we define the selector function ⋄ ∶ 𝔹 → ℕ that assigns to a
point 𝑏 the index of the stratum containing 𝑏, i. e. 𝑏 ∈ strat⋄(𝑏)(𝔹). Moreover, let 𝔄 ⋅⋅= 𝜎(⋃b

𝑗=0 𝔅(𝔾(𝑗,n)))
be the 𝜎-algebra on 𝔾(0∶b,n) generated by the union of Borel-𝜎-algebras of the 𝑗-dimensional Graßmannians.
Now, consider the transition kernel

𝑘𝔹 ∶ 𝔹 × 𝔄 → ℝ, (𝑏, ̄𝐴) ⟼ ∫
𝔾(0∶b,n)

1 ̄𝐴(𝑆) 𝛿T𝑏(strat⋄(𝑏)(𝔹))(d𝑆).

Since 𝑘𝔹(𝑏, ⋅) is a probability measure for all 𝑏 ∈ 𝔹 and 𝑘𝔹(⋅, ̄𝐴) is measurable for all ̄𝐴 ∈ 𝔄, the mapping
𝑘𝔹 is a Markov kernel. Then, the assignment

𝕍𝔹(𝐴) ⋅⋅= ∫
𝔹

𝑘𝔹(𝑏, pr2(𝐴)) ⋅ 1pr1(𝐴)(𝑏) 𝜇𝔹(d𝑏) = ∫
pr1(𝐴)

𝑘𝔹(𝑏, pr2(𝐴)) 𝜇𝔹(d𝑏)

= ∫
pr1(𝐴)

∫
𝔾(0∶b,n)

1pr2(𝐴)(𝑆) 𝛿T𝑏(strat⋄(𝑏)(𝔹))(d𝑆) 𝜇𝔹(d𝑏)

for all 𝐴 ∈ 𝔅(𝔾(0∶b, ℝn)) defines a probability measure on 𝔾(0∶b, ℝn). The measure 𝕍𝔹 is the strativarifold
representing 𝔹 (in ℝn).

Now, it should be clear that the ambient space ℝn can be replaced by a smooth manifold 𝕐 as in Defi-
nition 4.1.1. Also in the spirit of Definition 4.1.1, one defines general k-dimensional strativarifolds as Radon
measures on 𝔾(0∶k, 𝕐).
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Acronyms
AHHM Abstract Hilbert space Hypocoercivity Method. 1–3, 23, 45, 49, 57, 58, 64–66, 69, 71, 98, 99

CSBI Cauchy-Bunyakovsky-Schwarz inequality. 28, 32, 37, 44

GH Gromov-Hausdorff convergence. 75, 76

GLE generalised Langevin equation. 49, 68, 69, 71, 72, 113, 137

pmG pointed measured Gromov convergence. 77, 87, 88, 92, 96, 115

pmGH pointed measured Gromov-Hausdorff convergence. 76, 77, 83, 86–89, 92, 96, 97

SAD decomposition 𝐿 = 𝑆 − 𝐴 on the core 𝐷. 25, 40, 58, 70, 71, 98, 99, 101, 104

SCCR strongly continuous contraction resolvent. 77

SCCS strongly continuous contraction semigroup. 25, 29, 30, 64, 77, 99, 103, 116

SDAE stochastic differential-algebraic equation. 37, 46

SDE stochastic differential equation. 19, 20, 23, 24, 38, 43, 56, 65, 68, 69, 97–99, 101, 113
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Index
○∧-anisotropical fibre lay-down model, 98
𝜌𝜀-anisotropic fibre lay-down equation, 99

AHHM, 3
Alexandrov space, 82
almost complex projection, 67
almost complex structure, 26
approximate chart, 88
asymptotic relation, 114
atlas, 6

base space, 8
bundle measure, 12
bundle projection, 8

canonical vector field, 14
chart, 6
collapsed fibre lay-down equation, 101
compass, 82, 93
compass frame, 82
configuration manifold, 23
connector map, 15
core domain, 2
covariant derivative, 16

differentiable structure, 6
differential, 10, 79
differential space, 78
differential structure, 78
divergence, 13

effective realisation, 77
Ehresmann connection, 14
Ehresmann multiconnection, 52
equatorial tangent bundle, 92
extrinsic pmG-convergence, 77

fibre (standard), 8
fibre bundle, 8
fibrewise average, 27
frame (local), 10

generalised Dirichlet form, 44, 104, 115
generalised form, 116
generalised Langevin equation, 68
geodesic, 15, 16, 52
germ, 8, 79
gradient, 13
Gromov-Hausdorff convergence, 75

Hörmander condition, 29
horizontal (Sasaki) metric, 16

horizontal distribution, 51
horizontal lift, 14, 17, 52

intertwining semigroups, 99
invariant measure, 3

Koszul connection, 16

Laplace-Beltrami operator, 13
length space, 82
Levi-Civita connection, 16
loc-product measure, 12
local trivialisation, 8

McKean-Gangolli injection scheme, 20
measure approximation, 115
metric approximation, 115
model Hilbert space, 2
Mosco convergence, 116

parallelisability, 10
pmG-convergence, 115
pmGH-convergence, 77
pointed measured Gromov convergence, 76
pointed measured Gromov-Hausdorff convergence, 76
position manifold, 23
position space, 23

Rademacher’s Theorem, 12, 82
Ricci curvature, 19, 77
Riemannian manifold, 11
Riemannian metric, 11
Riemannian semispray, 15
Riemannian volume measure, 12

SAD-decomposition, 2
Sasaki metric, 16
Sasaki multimetric, 53
section (smooth), 10
semispray, 15
semispray of higher order, 52
singular set, 80
skeleton, 79
smoothed fibre lay-down model, 49, 57
smoothed Langevin equation, 66
spectral convergence, 78
spectral structure, 77
spherical velocity GLE, 71
spray (full), 15
stratified sphere, 88
stratifold, 79
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stratifold bundle, 94
stratum, 79
strong graph limit, 78
structure group, 9
subnet, 114

tangent bundle, 9
tangent lift, 38
top stratum, 80
total space, 8

unit Sasaki metric, 16
unit tangent bundle, 11

varifold, 75
vector bundle, 8
vector field, 10
vertical (Sasaki) metric v, 16
vertical distribution, 49
vertical lift, 14, 17, 51

weak hypocoercivity, 2, 47
Whitney sum, 14



Symbols
○∧ compass on the position manifold pointing ‘northwards’. 82, 93

{⋅ , ⋅} Poisson bracket. 26, 27, 67

≃ diffeomorphic identification, usually some trivialisation. 11, 26, 38, 55, 70, 94–96

𝔅(𝐸) Borel 𝜎-algebra on a topological space 𝐸. 1

b weighted version of the Riemannian metric b. 14

𝐂 differential structure of a differential space. 78

Δb𝑓 Laplace-Beltrami of a function 𝑓 on the Riemannian manifold (𝔹, b). 13

𝐃 differentiable atlas or structure on a manifold. 6

𝑑𝑦𝑓 differential of a function 𝑓 ∈ 𝐶∞(𝕐) at a point 𝑦 ∈ 𝕐. 10

divb𝒳 divergence of a vector field 𝒳 on the Riemannian manifold (𝔹, b). 13

𝑓h
0 horizontal lift of a function 𝑓0. 17

𝑓 v
0 vertical lift of a function 𝑓0. 17

∇b Levi-Civita connection on the Riemannian manifold (𝔹, b). 16

Γ∞(𝔼) smooth sections in the fibre bundle 𝔼 → 𝔹. 10

H𝔼 horizontal bundle in the fibre bundle 𝔼 → 𝔹 yielding an Ehresmann connection. 14
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