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1. Introduction

There is an extensive literature concerning feedback invariants
of linear multivariable systems and their connection to control
problems. Popov (1964) introduced feedback invariants in connec-
tion with a study of stability and linear optimal control.

The indices which are known as controllability indices in the
literature were first identified as a complete set of invariants
of the orbits of controllability pairs under state-coordinate,
input~-coordinate and feedback transformations in a paper by
Brunovsky (1970). Popov (1972), Rosenbrock (1970) and Kalman
(1971) published similar results nearly at the same time.
Rosenbrock (1970) and Kalman (1971) showed the connection
between controllability indices and Kronecker 1indices of a
singular matrix pencil, Wonham and Morse (1972) analysed
controllability indices 1in the context of the geometric state
space theory.-

Rosenbrock (1970) and Rosenbrock and Hayton (1974) introduced
dynamical indices of transfer functions and showed that they
equal the controllability indices.

Wolovich (1974) identified the controllability indices with the
help of coprime factoriéations of transfer matrices, where the
polynamial matrices are in "column proper form".

All these papers consider either the classical state-space
setting or the transfer-function description. |

A module theoretic approach to the definition of controllability
indices and their controltheoretic properties was given 1in
Forney (1975), Minzner and Pratzel-Wolters (1978) and Kailath
- (1980).

In the recent yéars singular linear systems and linear systems
in autoregressive representation have become a major research
topic 1in linear control theory. The investigation of the fine
structure of controllability for these systems plays an
important role, in particular, the above mentioned module
theoretic approach has been extended to singular linear systems.
In Kucdera and Zagalak (1988) "input controllability indices" for
singular linear systems (E,A,B) are defined as minimal indices
of the Fl[s]-module ker[sE-A,B] and an extens%on of Rosenbrock’s
pole-(invariant factor) assignment theorem is given. However,

these controllability indices do not form a complete system of



invariants for the feedback-action on singular systems.

In a series of papers, Dai (1989), Shayman (1988), Karkanias and

Heliopoulou (1989), Malabre et al. (1990) and recently
k]

Glusing-LuerBen (1991) refined the above concept of c.i.’s to

obtain such sets of complete invariants for the feedback action.

For the mofe general class of linear systems in AR-representa-
tions there is no developed theory for the feedback equivalence,
the pole-assignability-problem and the concept of controllab-
ility indices. However, recently Fagnani (1991) has introduced a
geometric concept of controllability indices for general
dynamical discrete time behaviour systems as defined in a series
of pioneering papers of Willems ((1986a), (1986b), (1987),
(1988), (1991)). In Willems’ approach contrellability is defined
as an 1intrinsic system property which does neither depend on
special dynamical properties like 1linearity, finite dimen-
sionality etc. nor on the model representation., Consequently,
the index list defined by Fagnani is given exclusively in terms

of the behaviour.

In our paper we apply the module theoretic concepts introduced
for behaviour systems in Hoffmann and Pritzel-Wolters (1991b) to
construct a list of algebraic controllability indices for linear
dynamical systems 1in AR—representation. Our approach is a
straightforward extension of the characterization of controll-
ability indices as minimal indices of the F[s]—médules
ker[sE-A,B] in the state~ space setting. It covers Fagnani’s
definition if the system class is restricted to linear,

time-invariant complete behaviour systems with time axis T=%.

Section 2 contains some preliminary remarks concerning
controllability of behaviour systems, in particular in AR-
representation.

In Section 3 controllability indices are defined for linear
systems in AR-representation. The obtained index list is shown
to be equal to the Fagnani index list. A characterization of
controllability via the controllability indic?s and an effective

algorithm for their computation is given.



2. Preliminaries

In the recent years J.C. Willems developed in a series of papers
a general theory of dynamical behaviour systems } = (T,W,B) with
time axis T ¢ R, signal alphabet W and behaviour B ¢ WT (see
e.g. Willems (1986a, 1986b, 1987, 1988, 1991)).

! is called time invariant if T is an additive subgroup of R and

B is invariant with respect to all t-shifts

oty Wl o Wl w(f) 1= w(t+t), t € T

A time invariant system I with time axis T=Z or T=R is called

controllable if, for every w, and w, in B, there exists 0ft € T

1 2
- - t 4+
and w € B such that w =W and (o 'w) =Wo ) where
- . w+
w o= w’(—m,o)nT , wl[o’m)nT .
Y is said to be complete if
{w e B} = {wl[tl,tz] € B,[tl,tzl’ Tttty e T tl‘tz}

In Willems (1991) it is shown that every linear time-invariant

complete system } = (Z,Rq,B) has an autoregressive (AR)-

representation:

1

B = ker P(o,a ) (2.1a)

P(s,s ') = B s"+...4p,s’ ¢ P I[s,s71) (2.1b)

The operator

(RHZ (RP)

b4
, t € %

w(t) |l— PLw(t+L)+...+le(t+l)

is called a dipolynomial shift operator. If €20 then P(0,0~1) is
polynomial and denoted by P(¢). q denotes the dimension of the
signal alphabet space W=Rq, whereas p, the number of equations
representing B, is flexible. However, among all dipolynomial
matrices P(s,s—l) satisfying (2.1la) there exist those with full
row rank. They are unique up to multiplication from the left by

unimodular matrices U(s,s‘l); there holds:



-1 d

U(s,s ) € RPXP[S,S_l] unimodular == det U = as ,
(202)

« e RNIOY, d € 2
- Introducing the dipolynomial degree function

T R (2.3)

ddeg: Rlxq[s,s—l] > N, « ¢

L

Willems (1991) calls a full row rank matrix P a minimal lag

description, if among all full row rank AR-representations its
total lag, i.e. the sum of the row degrees of P, is as small as

possible.

For T=Z+, R, R+ we consider analogous polynomial AR-representa-—

~tions with:

_ _ d
B = ker P(¢) resp. B = ker P(a{) (2.4)
where P(s) ¢ RP*9[s]

Whether or not a behaviour system in AR-representation is con-

trollable can be read off from the behavioural equations:

2.1 Theorem [Willems (1991)]

Let % = (Z,Rq,B) a dynamical system in AR-representation:

B = ker P(G,G—l) )

—1) € Rpxq[s,s—l] of full row rank. Then the following

conditions are equivalent:

with P(s,s

(i) I is controllable.

-1

(11) ranka P(A,x ) = p for all 0+x ¢ ¢ (2.5)

2.2 Remark:

For T = R,Ry resp, Z, Theorem 2.1 remains true if we replace

P(s,s-l) by a polynomial matrix P(s) e RP*9[s] and require (2.5)
for all » € ¢, i.e.

rank(E P(A) = p VYA € @ (2.5a)

o



A characterization of controllability in terms of the
coefficient matrices of the representing dipolynomial resp.
polynomial matrices which generalizes the classical
controllability matrix in the state-space setting is derived in
Hoffmann and Pratzel-Wolters (1991a). Furthermore, an effective
numerical algorithm to test controllability is given in the

above paper.



3. Controllability indices for AR-systems

In the literature there are several approaches for the investi-

gation of controllability indices {(c.i.) for different represen-

tations of linear systems (c.f. ex. Miinzner and Pratzel-Wolters
(1978)). Recently, Fagnani (1991) has introduced a general
concept of c¢.i.’s for linear time-invariant dynamical systems
I=(T,R9,B}) with time domain T=Z exclusively in terms of the
behaviour B, i.e. independent of a certain system representa-

tion. We suggest to call this approach the geometrical

description of controllability indices. In the segquel we give a

module theoretic definition of controliability indices for the

special case of linear time-invariant complete systems and prove
the equivalence of the two concepts. Furthermore, we also define

c.i.’s for the time axis T=Z,,R;,R.

Let T=Z and let supp(w) denote for every w e wZ the subset:
supp(w) := {t e 2, w(t) # O} c ?

Let further B:, t € T denote the truncated behaviour spaces
defined by:

BY = {w* e B 3 v ¢ B with
vt=w® and supp(v ) < [—t,—l]}

+ . . .
The Bt are linear subspaces satisfying:

o lgt c gt e gt c .. cptc .., cp
o~ "o — 71 — - Tt - -
The dimensions m;(Z) := dim C:, t e No’ of the quotient spaces
+ ‘ +
+ ._ B + _ B
co 9y 0—1B+ ! Ct =t / gt ,  t=21
o t-1
. +
form a descending sequence (mt(E))teNo
Following Fagnani (1991) the numbers
et = #{m+(2) > i} 1€im’ (1) (3.1)
i t ' o ‘ .1,

are called the future controllability indices.of Y. An analogous
construction with respect to the restrictions B;, t € & leads

to the definition of past controllability indices.



3.1 Remark:

Observe that the sequence (m:(Z))teN will become constant after
o

+
some to € No’ but not necessary my

the future controllability indices can be equal to o, If one

() = 0 for tito. Hence some

. .. + .
only considers finite memory systems, all Ci(E) are finite.

Moreover, the past and future c.i.’s are equal in this case.

Furthermore, Fagnani showed that the c.i.’s are invariants with
respect to a "controllability equivalence relation” on the set
of all linear time-invariant behaviour systems defined as
follows:

. . . . qd3 .
Two linear time-invariant systems Zi = (Z,R l,Bi), i=1,2, are

said to be controllably eguivalent (Z1 e Ez) if there exists

a linear bijection ¥: B, - B, such that:

1 2
(i) ¢00t = Otow for all t € 2. (3.2)
(ii) For any WiaW, € B1 we have

wlnwz € B1 = ¢(W1)AW(W2) € BZ’

(3.3)
and, if this is the case, then
w(wlsz) = ¢(w1)AV(w2) ,
where for WisW, € WZ we define
w,(t) for t<0
1
wr«wz(t) =
wz(t) for t=20
An equivalent condition for (3.3) is:
(iii) Let w € Bl; then
w o= 0 == (y(w)) = 0
(3.4)
wh = 0 == (¢(w))+ = 0

Assume now that § = (Z,Rq,B(R)) is a dynamical system in AR-

representation:



1

B = ker R(o,0 *) (3.5a)
- ¢ -
R(s,s 1) = RLSL+...+st € Rpxq[s,s 1] (3.5b)
rank _ R(s,s—l) = p - (3.5c)
Rls,s ]

Here we implicitly assume that p<4q; otherwise the following
‘construction does not lead to a reasonable definition of c.i.’s;
observe that p=q corresponds to the autonomous case (compare
Willems (1991)).

Interpreting R(s,s_l) as the R[s,s_ll—linear mapping:
Rq[s,sﬁl] — Rp[s,s_ll

-1

x(s,s 1) > R(s,s 1) -x(s,s™)

we obtain that

1

M(R) := ker R{s,s )

is a free m[s,s—l]—submodule of mq[s,s_l], satisfying:

M(R) = M(U‘R) for U(s,s—l) € Rpo[s,s—l] unimodular

Following the notation in Miinzner and Pratzel-Wolters (1978) we

call Mz 1= M(R(s,s_l)) the "module of return to zero".

The 1list of polynomial indices (c.f. Minzner and Pratzel—Wolters
(1978))

v(I) := (vl(Z),...,vm(Z)), m := g-p
of the module

Mo n R9[s]

)

is called the list of (algebraic) controllability indices.

3.2 Remarks:

a) Another possible way to introduce c.i.’s is to define them as

the dipolynomial indices of MZ (cf. Hoffmann and Pratzel—
Wolters (1991b)). However, these two sets of integers coin-
cide. Since the definition via the polynomial module is also

valid for the case T = Z4,R;,R, we have chqsen it,



b) If L is in state space form, i.e.

= (2,8 B((s1_-4,B))), (a,B) ¢ @M

then the list c(}) coincides with the list of the ordinary
c.i.’s for state space systems. This is a consequence of the

special form; the subsets Bz admit in this case:

w N '
+ 1 ntm, o, _ _Ak-1 _ _ _
BO = {[wg] e (R ) T wl(k) = -A BWZ(O) “ee sz(k 1) ,
k21, w1(0)=0 and wz(k) e R™ for kEO}
w
a—lB+ = [[ 1] € B+: w,.{(0) € ker B]
o w2 o 2
+ + 4 .
B, = (¢ B__,) for k=1
and hence:
+ By
dim ¢’ = dim| ©/ = n-dim ker B = dim im B ,
o] G-1B+
o
i By
dim C, = dim /
k B+
k-1
k-1
dim IM(B,AB,...,A" "B _

Im(B,AB,...,A B)

Note that the form of o_lB; as calculated above contradicts

the characterization

o—lB; = {w € B; : w(0) = O]

given in Fagnani (1991).
The geometric and algebraic contreollability indices coincide:

3.3 Theorem:

Let I = (Z,R%,B(R)) where R satisfies (3.5). Then c(l) = v(L).

For the proof of Theorem 3.3 we need the following lemmata:
_g_



3.4 Lemma:

Let } = (Z,mq,B(R)) where R satisfies (3.5). Furthermore, let

U € RPXP[S,S_ll unimodular and Q € re*4 nonsingular such that

deg k de
) P s =: ))
k=0 k=

g

P := URQ =

0

. i D -
with PO 0, rank Pdeg P Opx

(P

k'’ "k

(a-p)~

)s

k

Then URQ is strict system equivalent to the state space form

(SIdeg°p—A2’BZ) where:
- ._..1 -~
0 “ e 0 —PO Pdeg Po
1
p . . . .
AE := 0 - .o . , BZ =
’ ’ 0 .
0 o 1. -P ! P
P deg-1 ~deg deg-1
Proof:
] . . deg pxdeg- p
We will show that there exist matrices Mle’MZe e R {s]

unimodular and K € Rdeg-px(q—p)

[s] such that

M K I 0
Mle(SIdec-p_Az’BE) ze = [ (deg-1)-p (3.6)
S ¢} I 0 P
q-p
Now
(SIdeg'p—AZ’BZ)
- .___1 ~
s 0 0 P P P
P o deg o
-1 sI 0
p. Pl
0
O : L]
ST S S
P deg-2 " deg deg-2
— __1 ~
0 . e 0 Ip SIp+Pdeg—1 Pdeg Pdeg—l

Successive multiplication from the left by thq unimodular

matrices




0O ... 0 X1 Y1
-I
p
O ) .
O Xgeg-1  Ydeg-1
0 0 -Ip Xdeg Ydeg
where
.. _deg-1+1 deg-i= 51 = .51 Pxp
Xi = s Ip+s Pdeg—l Pdeg + ... 4 Pi—l Pdeg € R [s]
and
.- deg-iy - px{(g-p)
Y, :=s Pdeg_1 tooo v P, € R [s]
for i=1,...,deg.
Multiplying successively from the right by the unimodular
matrices
Ip Ip Xz Y2
Ip Xdeg Ydeg ’ ) Ip
I 0 I
p b
I I
a-p q-p
and
I
p
I
1Y
= ]
Pdeg
I
q-p




one obtains

O [N I Y Y I B ) O
-I_° 0
P
0 *
b
0
O ... ... 0 -1 0
p

which gets transformed by elementary row transformations into

I(deg-1)-p O

0 P

In total all the transformations are of the form (3.6).

(1)

3.5 Lemma:
(1) Let Zl = (Z,Rq,B(R)) where R satisfies (3.5). Let
22 = (Z,Rq,B(RT)) where T ¢ RT*Y ig nonsingular. Then:
(a) cll;) = clly)
(b) v(Z,) = v(I,)
(ii) Let I. = (Z,R™',B(R.)), R. = (T.,U.) =0+
11) Le i ’ ’ i’i_(i’i"q_im,
tixty ' tixm
T, ¢ R {s], det T,%0, U, € R (s]l, i=1,2. Further-
more, assume that Tlei is strictly proper rational for
i=1,2 and that El and 22 are strictly system equivalent.
Then:
(a) v(I;) = v(I,)
(b) e(Z;) = c(I,)
Proof:

w = T-lw.

(a) Define v¥: B(R) — B(RT), Then ¥ is an iso-

morphism and clearly satisfies conditions (3.2) and

(3.4). Hence Zl 2 22.

a
The mapping Mz n R

[s] — MZ n mq [s] ,
1

2
e
x(s) = T_1°x(s) is a {polynomial) degree-preserving

R{sl-isomorphism, which implies V(El) = V(ZZ).

- 12 -



(ii) (a) (Compare Theorem 3.4 in Miinzner and Prdtzel-Wolters
(1978).)

(b) By the definition of strict system equivalence there

exists qémax(ll,iz) and polynomial matrices Mle; M

2e
and Y with Mle’ M2e unimodular such that
Iq_z1 0o 0 Iq_tz 0 0 )M, Y
Mie = (3.7)
0 T1 U1 0 T2 U2 0 Im
I 0 0
b ' q+m ~ ~ q—ti gqx{(q+m)
Let Y.=(Z,R yB(R.)) where R, = e R [s] ,
i i i
0 T. U.
i i
i=1,2. Then c(Zi) = c(ii) for i=1,2. Define:
_ _ Mze(o) —Y(O)
v B(Rl) — B(RZ) y W b w (3.8)
0 I '
m

Then ¥ is an isomorphism (c.f. (3.7)) which commutes with the

shift o¢. It remains to show that (3.4) is satisfied.

Let II: (mq+m)Z - (mm)Z denote the projection [?] —— v and let

w € B(ﬁl). Assume w =0. Then by (3.8) HO(v(w)) = Ow = 0; now

- Oq"zz -1
(1-m) (¥(w)) = -1 _ since T, U, is strictly
T, "Ug(o)I(y(w))

proper rational, and hence (1-1)(y(w)) = 0. The converse impli-
cation (¥(w)) = 0 => w = 0 is proven analogously because ¢~1

is of the form
-1 -1
Mpo (@) My Y(0)

) , W B w : (3.9)

0 I
m

-1, ~ ~
v o B(RZ) — B(R1

with M;i polynomial.

Assume w+=0. Since M2e and Y are polynomial there holds:
(111(w))+ = w(w+), which gives (¢(w))+ = 0. Fur%hermore, the

. . . + + ) . .
implication (¥(w)) = 0 => w = 0 is an immediate consequence



-

of the unimodularity of M2e and (3.9). Summarizing, there holds

I, = 1

1 2°

Proof of Theorem 3.3: ‘
Let P := URQ, AE and Bz as defined in Lemma 3.4 and let

- qa L (deg-1) -p+q
I, = (2,RY,B(P)) and I, := (Z,R B(sT g p

Since left multiplication of R by a unimodular U does not

—AZ,BE)).

change the behaviour we obtain c(}) = C(El) and v(I) = V(El) by
Lemma 3.5 (i). By Lemma 3.4 21 and 22 are strict system equiva-
lent and satisfy the assumptions of Lemma 3.5 (ii), hence

C(El) = c(Zz) and V(Zl) = V(Zz). By Remark 3.2 b) the list c(J}

coincides with the list of ordinary c¢.i.’s for state space

2)

systems, which is identical to v(l (c.f. Theorem 3.3 in

)
2
Minzner and Pratzel—Wolters (1978)). ‘ u}

3.6 Remark:

For arbitrary Rosenbrock-type polynomial system matrices:

T{s) U(s) ‘
R(s) = € R(t+p)x(‘+m)[s] (3.10a)

I3

-V(s) W(s)

1

det T(s) # 0, (VI "U+W) strict proper rational (3.10b)

as well as for singular state-space systems

EX = Ax+Bu , (3.11a)
E,A € RV B e R™™™, det[sE-A] # 0 (3.11b)

the lists of controllability indices defined in the literature
(c.f. Minzner and Pratzel—Wolters (1978) and Gliising-LiierBen
(1991)) coincide with the list v(I) of I = (Z,R"*™ B(T(s),U(s)))
with T,U as in (3.10) respectively the list v(}) with

I = (2,R""™ B(sE-A,B)) and E,A,B from (3.11).

o

Let } = (Z,Rq,B(R)) be again a dynamical system in AR-represent-
ation with R satisfying (3.5). Let further

f(s,s—l) = [fl,...,f(g)]



be the vector of all pxp-minors fi of R. Willems (1891) defines
the Mc Millan degree of I, Mm(l), as:

Mm(Z) = Mm(R) = ddeg f(s,s ') (3.12)
Mm(.f) is well defined because Mm(R) = Mm(UR) for any unimodular
U. Even Mm(RQ) = Mm(R) is true for nonsingular constant matrices

Q.

3.7 Theorem: -

Let I = (Z,Rq,B(R)) where R satisfies (3.5). Let further
v(l) = (vl,...,vm) be the list of controllability indices of 1.
Then:

¥ controllable

Proof: _

Transform R to P = URQ = (ﬁ,ﬁ) as in Lemma 3.4 with rank Po=p.
These transformations leave controllability invariant, i.e. B(R)
controllable <=> B(P) controllable, and Mm(R) = Mm(P).

Now by Theorem 3.4 (ii) <=> {(iii) in Hoffmann and Pratzel-
Wolters (1991b) we have

Mm(P) = ¥ g, (3.13)
1=

e
where p := (Fl""’#p) is the index list associated with the

module RIXP[s,s‘l]-P, i.e. the #i’s are the lags of a minimal
lag description of B(P) (see Hoffmann and Pratzel-Wolters
(1991b) ).

However, controllability of I is equivalent to controllability
of B(P) where P is a polynomial Rosenbrock-type system matrix.

For these matrices we have:

m
B(P) controllable <=> deg(det P) = [ v

This together with deg(det P) = By and (3313) proves the
i=1
result. a

1"



Finally, based on Lemma 3.4 we obtain an effective algorithm for
the calculation of the controllability indices.

Starting with a system % = (Z,Rq,B(R)) satisfying (3.5) we first
construct a strictly system equivalent state-space system
(AZ’BZ) € mdeg'px(deg—l)p+q according to Lemma 3.4. For an
explicit construction of the transformation matrices (Q,U)
compare Hoffmann (1991). Note that (AZ’BZ) is not uniquely
determined; however, all possible state-space systems generate
the same index list v{l). Having obtained‘(AE,Bz) we determine

v(L) by the Kalman-Rosenbrock deleting procedure.

3.8 Example:

Consider the nconsingular system of difference equations:

wl(t+2)+3w3(t+2)+6w t+2)+3w_(t+2)+

4( 5
+2w1(t+1)+w2(t+1)—w3(t+1)+w5(t+1)+

it
(@]

+w1(t)+2w2(t)+2w4(t)+3w (t)

5

2w1(t+2)+w t) =0, t € &

4l

with the associated dynamical system I = (Z,MS,B(R)), where:

sz+2s+1 s42 382—5 6s2+2 332+s+3
-1 _ : 2x5 -1
R(s,s ~) := 9 e R [s,s 7]
2s 0 0 1 0]
Hence p=2, q=5 and deg=2. The 2x2-minors of R are
-252(s+2), —2s2(352—s), 52+25+1-232(652+2), -282(3sz+s+3),

0, s+2, 0, 3s°-s, 0, -(3s°+s+3).
Since there is one minor not equal to zero,

1

rank _ R(s,s
Ris,s ]

) = 2

Furthermore, simple calculations show that the gcd of the above
minors is a dipolynomial unit, which yields the controllability
of I (c.f. Willems (1991)). Now write

1 1 2 0 2 3

R(s,s

1 0 3 6 3 2 2 1 -1 0 1
) = s +

2 0 0 0 0O 0O o 0o 1 o

Observe that R is polynomial; moreover, R fs a (dipolynomial)

minimal lag description with Mm(l) = 4. Define @ ¢ R3x5 by

- 16 -



1 0 0 0 O
0 0 1 0 O
Q := |0 1 0 -2 -1
0O 0 0 1 0
O 0 0 0 1
Then
1 3 0 0 0).2 2 -1 1 2 2
P(s) := R(s)'Q = [2 0 0 0 o]s + [0 0 0 O O]S *

Obviously, P is in the form as in Lemma 3.4. For the matrices AE

and B2 we obtain

0 0 0 -3 2 2 3
SRS T
3 6
0O 1 0 © 0O 0 0
Moreover,
2 3 _
(BpsAgBp ApBysagBy) =
2 2 3 0, O 0 0 —% 0 0 0 0
a 0 1 0 0 0 0 0 0 0 0 0 0
Sy 0, . 7 8 11 7 _5 11 _1 16 11|’
3 3 3 9 18 9 27 27 217
0 0 0 0 1 0 0 0 0 0 0 0
and the controllability indices of I are Vl=2 > V2=V3=1.
3
T vi=4=deg'p=Mm(Z).

i=1 lu]

For the time axis T=Z+, m+,m there does not exist a geometrical
description of the controllability indices of § = (T,RY,B).
However, if I is a linear time-invariant system in AR-represent-
ation, i.e. B = B(R) where R(s) is a polynomial pxgq-matrix
satisfying rankm[s]R(s) = p, then the developed algebraic

construction carries over completely to the RIsl]-linear mapping:

Ri[s] — RP[s]
R(s)
x(s) > R(s)x(s)
and the associated module
M(R) = ker R(s) ¢ R[s]



4. Conclusign

The purpose of this paper was the construction of controllabil-
ity indices for dynamical AR-systems in a modﬁle theoretic
framework. The obtained list of controllability indices
coincides with the index list introduced by Fagnani (1991) in a
geometric framework. | »

Moreover, several existing concepts of controllability indices
for different representations of linear systems are shown to be
special cases of the new definition.

Finally, an effective algorithm for the calculation of the

controllability indices was derived.
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