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Decoupling normalizing transformations

and local stabilization of nonlinear
systems

S.Nikitin

Abstract

A method of decoupling normalizing transformations has been developed. According to
the method only the part of differential equations corresponding to the dynamic on a
center manifold has to be modifyed by means of the normalizing transformations of a
Poincare type. The existence of the normalizing transformation completely decoupling
the stable dynamic from the center manifold dynamic has been proved. A numerical
- procedure for the calculation of asymptotic series for the decoupling normalizing trans-
formation has been proposed. The developed method is especially important for the
perturbation theory of center manifold and, in particular, for the local stabilization
theory. In the paper some sufficient conditions for local stabilization have been given.



1 Introduction
Consider the system
= Az + ®(z,9),

(1)
By + ¥(z,§),

NSql
il

where (Z,7) € R™ x R®, R™ is used for n-dimensional Euclidean space, the eigenvalues
of A € R™™ have zero real parts, the eigenvalues of B € R™*™ have negative real parts,
® and ¥ , are at least C? functions which vanish together with their derivatives at the
origin, 1.e., -

@ € C}C(‘Rln x R,H’Rnl)’ @(070) = 07 d(i)((), 0) = 07

T e C*(R™ x R*,R"), $(0,0) = 0, d¥(0,0) = 0,

where k > 2, d® = (@ @) and C*(R™ x R™ RY) is the class of all functons

dr’ Jy

ap:R"‘xR“HRZ,

which have the continuous derivatives of order k.

~To investigate the dynamic of the system (1) in a neighborhood of the origin we apply
the center manifold theory which mainly consists of the following three theorems.
Theorem 1.1 [4,8] Given the conditions (2), then there exists a center manifold

M, = {(z,5) € B5(0) x R § = h(%)},

2

where Bs(0) = {z € R™;| x |[< ¢}, |x|]*=<x,x> and <x,z2>= ) X% for x,z€
: i=1

R’, h € CK(R™, R") and ¢ is a sufficiently small real positive number.

It is convenient to use the following notations:

f(z.9) = (4% + &(z,9), By + ¥(=, zi))T,

etf denotes the flow generated by the vector field f. etf_(z, y) is the point drifted by the
flow et/ in time t from the point (z,y). The zero solution is said to be stable, iff for
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every neighborhood W there exists a neighborhdod V', such that

eVew w20,
where eV = {e/(z,y); (z,y) € V'}. The zero solution is asymptotically stable, iff it
is stable and there exists a neighborhood =, such that
Y —
i, ) =0

for all (z,y) € Z. The flow on the center manifold M, is governed by the system

= Az + ®(z, h(2)). | (3)

The next theorem tells us that (3) has all the necessary information needed to determine
the asymptotic behavior of (1) in a neighborhood of the origin.

Theorem 1.2 [4]

(a) If the zero solution of (3) is stable (asymptotically stable) (unstable), then the
zero solution of (1) is stable (asymptotically stable) (unstable).

(b) If the zero solution of (3) is stable, then there exists a neighborhood V of the
origin, such that for every (z9,yo) € V one can find z;, such that

etf(:vo,yo) = (z(t,20), h(2(t, 20))) + O(e™),
where v > 0 is a constant, z(t,z) is the solution of(3) with initial condition

Z(O, Zo) = 2.

The center manifold can be approximated to any degree of accuracy. For C! functions
@ : R™ — R™ define the nonlinear operator

(Mp)(z) = de(2)[AT + ®(2,(2))] — Bo(Z) — U(Z, p(Z)).

For the function h(Z) defining the center manifold M, we have (Mh)(z) = 0.

Theorem 1.3 [4] Let v be a C! mapping of a neighborhood of the origin in R™ into
R™ with ¢(0) = 0.dp(0) = 0. Suppose that as z — 0, (Mp)(z) = O(| = |?) where
g>1. Thenasz — 0, | h(z) —p(z)|=0(| = |7) .

The main results of this paper occupy the place of Theorem 1.2 among these three
theorems. In fact, Theorem 1.2 can be replaced by two stronger theorems (Theorem 2.2
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and Theorem 3.1), which are the core of the theory proposed here. At the same time,
the method developed here together with the theorems 1.1, 1.3 give us a powerful tool
for the investigation of stability and stabilizability of nonlinear systems.

We prove for small (Z,7) the existence of the decoupling normalizing transformation

& =1z+v(z,y— h(z)), v(z,0) =0, dv(0,0) =0,
(4)

under which the system (1) has the form

&= AT + ®(F,h(2)),

(5)
y =By +¥(5,7),

where h(z) is the function from Theorem {.17_(§(i, h(%)) is from (3), ¥(&,0) = 0 for all
# sufficiently small and d¥(0,0) = 0. If ®, ¥ are C* functions, then v(z,§ — h(z)) is
also C* function. v(z,y) can be approximated to any degree of accuracy. We will show
that the theorem analogous to Theorem 1.3 holds. To know v(z,y, ) is important, both
for the investigation of the stabilization and for the design of a stabilizing feedback.
To illustrate that, we will prove several sufficient conditions for local stabilizability of

nonlinear systems with noncontrollable linearizations and propose a stabilizer design
procedure for a bilinear system.

2 Existence of decoupling normalizing transforma-
tion
Here we prove the existence of the decoupling normalizing transformation (4). The

proof i1s analogous to the proof of Theorem 1.1 [8].
The system (1) is more convenient to rewrite in the new coordinates

T =z,

where h(Z) is from Theorem 1.1. Under the coordinate transformation the system (1)
has the form

r= Az + &)(:E,y),

(6)
v = By + U(z,y),



where
&(z,y) = ®(z,y + h(z)),
U(z,y) = dh(z)(®(z, h(2)) — ®(z,y + h(2))) + ¥(z,y + h(z)) — ¥(z, h(z)).

Now for the system (5) we prove the existence of the function »(z,y), such that under
the transformation '

F=z+v(z,y)
(7)

<2
Il
N~

the system (6) has the form (5).

Theorem 2.1. Let ®(z,y), ¥(z,y) be C* functions ( k > 3 ) which vanish together
with their derivatives at the origin, i.e., $(0,0) = 0, d®(0,0) = 0, d¥(0,0) = 0 and in
addition \if(r,,():) = 0 for all (2,0) € Q, where Q is a neighborhood of the origin. Then
there exists in a neighborhood @ C @ of the origin a C*~? function v(z,y), such that
v(z,0) =0 ¥ (z,0) € Q, dv(0,0) =0 and under the normalizing transformation (7)
the system (6) has the form (5).

Proof.Introducing the scalar change of variables (z,y) — (Az,Ay) and multiplying
O, Ubyw(z|*+]|y|* +KA?) where K is a sufficiently large positive constant and
w(r) is a C™ real valued function satisfying

0<w(r)>1 Vr2>0,

w(iry=1 v0<r <

[\DIP-‘

wir)y=0 V1<r < oo,

we obtain

t = Az + &(z,y,A),

y = By + ¥(z,y,A),
where ) ‘
B(z,y,A) = Jull e P+ Ly P +KA)2(Az, hy),
Wy ) = el o4y [P EN)EO, M)
and the following conditions hold:

(ai) ®(z,y.A), ¥(r,y.)\) exist and are continuous for all (z,y,A) and for each fixed
A are C'* functions in (z,y).



(aii) ®(0,0,\) = 0, for any fixed A d®(0,0,A) = 0, d¥(0,0,A) = 0. There exists a
real positive value § > 0, such that ¥(z,0,A) =0 Vz € R™, |A[<é.

(aili) &, ¥ =0 V |z |* + |y |*> 1, where | - | represents the Euclidean norm
corresponding to the usual scalar product < -,- > on pairs of vectors.

(aiv) (2)'(2)’(®,%) — 0 uniformly in (z,y) € R™ x R as A — 0 for |1 [+ | j |S &;

G G =) o) ") ™ ()™

where ¢ = (4y,....im), J = (j1,...,Jn) are an m - tuple and an n - tuple of
nonnegative integers respectivly, {1 |= @1 4+ -+ tm, |J =01+ + Jn-

If X # 0, then system (6) and (8) are locally (near the origin) related by a scalar change
of variables. Therefore it is sufficient to prove Theorem 2.1 only for system (8).

The function v(z,y) is a solution of the following equation in partial derivatives.

Jv Jdv Jv ov _
Av — %AT — %By = E@(l,y, A) + a—y\I’(m,y,/\) + ®(z,y;\) — ®(z +1,0,1), (9)

v(z,0)=0 VazeR™
dv(0,0) = 0.
To solve the equation (9) we take into account that

d

E[C““(S‘”)'V(fmy)] =) (B2, y,N) - B(z +v,0,0)],  (10)

: , . T X
where f = (Aa: + ®(z,y,A\), By+ \Il(w,y,/\)) , %e’“ = Ae?t, eM|i=o =1, I is the
identity matrix, o

() ez, y) = p(e(z,y)) VteR.
After integrating (10) with respect to ¢ we obtain

ey v, y) — vie.y) = /t e (e [@(x,y, \) — @(x + v,0,\)]dr. (11)

¢]

In according with condition (aii) we have

1
\I](I’y,)\):/(; %W(m,sy,/\)ds-y

&nd (’(11 V ) Y 1(1(1 »]
a @ .S A Z‘\ 0
0 aJ ( o y. )( >



uniformly in (z,y) € R™ x R® as A — 0. Therefore we can choose the positive real value
6 from (aii), such that

Jim Py( e(z,y)) =0 V(z,y) € R™ x R",

where P, : R™ x R" — R", Py(x,y) = y. Thus it follows from boundary condition
v(z,0) =0 Vz € R™ and (11) that

V(z,y) = /_Ooo A (e~ [B(2, 5, A) — B(z + (2, 1), 0, \)]dr.

Consider the nonlinear operator

Tteag) = [ B0y, 0) — B + vle,4),0,)ldr
which is defined on the following Banach space T2
YT = {v=v(z,y) satisfying (bi - biv)}.
(bi) v is a real vector - valued C' function defined on R™ x R* and v : R™ x R® — R™.
(bii) v(z,0)=0 VazeR™ dv(0,0)=0.
(biii) (1| = maxpersup | (2) (2) " v(e,w) | < oo

It follows from the theorem of differentiation of unproper integrals with respect to
parameter (see [9]) that T\v € TF=2 V€ T+2,

" Introduce the notations
; O\iy O
X0 = (57) () Pe v,

0= (50) (3 Pl tz.)) |
Then {( \’” (1), };;(t))}mﬂﬂgk_l is the solution of the following system
#(t) = Av(t) + D(a(t), (), ),
y(t) = By(t) + ¥(z(t),y(t), 1),
9 sty = axiig + (—‘z)i(ﬁ)j@(w(w () )
FTRREN 'Y y Ny

dz’/ \Oy

d gy i ONiy ONg -
Y =By + (=) (5;) T(z(t), y(t),\),



whereli’+|j]<k—1 z(t)

( (e(z,y)), y(t) = Py(e(z,y)) and X3 (0) =
0, Y}7(0)=0for |[i|+]][>2,

~ P,
sy Pe(e(2,9))l=0 =0, ZP(e(z,y))li=0 =0,

" (e (2, ) llco = o

g i
[%Pr(e (537.7/)), ey a.fm‘

P (2, o P (2,0l = T

where I, € R™*™ I, € R™*" are identity matrices. Using the method of the induction
with respect to |1 | + | 7 |= [ we can prove the existence of § > 0, such that for | A |< é

dvigd y ) |
< (1B e > 1 12
supl(al)(ay)w( w) |< att) - s (12)
where &(t) is a polynomial in ¢ with positive coefficients, B(X\) > 0 is continuous in A
and 3(A) - 0as A — 0, p=max{| Re z|; z € 0(B)}, o(B)is the set of eigenvalues
of B.

Step 1. Let | ¢ |+ |j |=0. Then

. 190
it = By(t) + [ 50 (a(), sy(), s - y(2)

and the eigenvalues of B have negative real parts . Therefore there exists positive real
value 6 > 0, such that for | A |[< § and |7 |+ |j|=1 the inequality (12) holds.

Step 2. Let inequality hold for all |7 | + | j |< I. Consider the case |1 | + l1l=1L
dyig i 0 =({ X0 i |
2 Yeu(t) = BY; (t)+0 T(a(t), y(1), A) Y () +Z{X50 (O i< {Y25 (O Hiaiien Ay

) (13)
where Xg:g(t) = z(t), Y (t)=y(t) and the function Z(-,-, \) satisfyes the following
conditions

S 1<, 0:4) = 0,
X2 it Y220 51«5 0) = 0.

Due to the conjecture of the induction

sup | Z({X,7 () awlitct (Y23 () Haapiats A) | @(t) - ey >0 | A < 6, (14)

(z.y)

where 6 > 0 is small enough, a(t) is polinomial in ¢ with positive coefficients, B(A) >0
1s continuous in A and J(A) — 0 as A — 0.

Thus (13) and (14) imply (12).
The inequality (12) yields

N )| < a(t)e=HHPE vt > g, (15)



where |[(¢!/)7|| is the norm of the operator
(etj)x . Tk—l - 'rk—l
and a(t), B(A) are of the same type as a(t), ,B (A) and a(t) B(N).
The condition (all - aiv) unply
¥(z,y,4) = (z + (2,),0,A) € T,
whenever ® is C* function and v € Y*=2, Moreover,
[B(,y,A) = @(x + v(z,y),0. M| < ||(2,y,A) — (2,0, A)||+

|®(x,0,A) = ®(x + v(z,y),0,\)]] <
1®(z,y,A) = ®(2,0,A)[| + Dy - [ ®(z,0, M) [ler-s - (ol + 1)

where k > 3, constant D, dependes only on k and

8 .
12(2,0, Vo = max sup | (5-)'®(z,0,4)|

Thus, taking into account (15), we obtain
0
1Tl < [ e O e (@2, 5. 3) ~B(, 0, 1)+ Do 8,0, Ml cam-(LH )

Vve Y2
where @(t) is polynomial in ¢ with positive coefficients.

Therefore there exists ¢ > 0, such that for | A |< )
Ty TE2 o k-2,

(aiv) implies

lim{/ G(r)el P4 (1|82, y, A~ @ (2,0, A+ Deel|B(, 0, V|l oums -(147)571)} = 0

A—0
for any positive real value r. Hence for any r > 0 there exists 6(r) > 0, such that
T\ : Br — Br

for | A [< é(r). where B, = {v € T2 ||v]| < r}.

We now prove the existence r > 0, such that for all 14,1, € B,

e

HT,\Vl - T,\Vz” < 5 ”VI - V2|| (16)



and | A |< ¢(r). It follows from (15) and the definition of T\ that
0
| Thvy — Thvs|| < / a(7)eH BT dr 1@ (2 4 11,0, 0) — ®(z 4 15,0, N)||.  (17)
It is easy to see that

19
®(z + 1n(z,y),0,A) — ®(z + 1n(z,y),0,)\) = /0 gé(z’ + sv; + (1 — s)vp,0,N)dsx

(18)
v 0O 0
/0 (a_yVl(fﬂ) - a—yw(:c,G))dO.

Due to (aiii) we obtain from (18)

|®(2 4+ 11,0,A) — B(z + v2,0, V)| < [|D(z,0,N)||cx=1 - C(r) - |11 — 2], = (19)

where C'(r) is a constant depending only on r.

Thus (19) together with (17) and (aiv) yield (16). We have proved the existence of
r > 0 and § > 0, such that for | A [< § T) is a contraction mapping on B, C Tk,
Therefore according to the Banach’s contraction principle [6] there exists the function
v(z,y) € T2, which we are looking for.

Theorem 2.1 can be reformulated in terms of the original system (1).

Theorem 2.2. Let ®(z,y), ¥(z,7) be C* functions (k > 3) which vanish together with
their derivatives at the origin, i.e., ®(0,0) =0, ¥(0,0) =0, d®(0,0) =0, d¥(0,0) =
0. Then there exist in a nieghborhood @ of the origin a C*~? function v(z,y) and a C*
function h(z), such that v(2,0) =0 V (2,0) € Q, dv(0,0) =0, h(0) =0, dh(0)=0

and under the normalizing transformation

T=7T

+
<
~~
834
U]
|
=
N
831
=

the system (1) has the form

where ¥(£.0) =0 VY (F,0)€ Q, d¥(0,0)=0.

Remark.Decoupling normalizing transformation is not unique becouse of non - unique-
ness of the center manifold.
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3 Approximation of the decoupling normalizing trans-
formation

The function ((z,y) = v(Z,y — h(Z)) can be approximated to any degree of accuracy.
To show that we introduce the following nonlinear operator '

S(u) = Ap— Lyp+ ®(F + p, h(z + ) — @(2,y),
where Ly is Lie derivativ, i.e.,
Lip = (e uleco,
h(z) is the function from Theorem 1.1. We remind that
glz.y) = O & |+ |y )" [y = k(@) ]) as (2,5) 0,
iff there exists a neighborhood of the origin W, such that

(e, g) s C-(Jz [+ 1y )" ly—h@)| V(z,y) €W,

where C' is a positive real constant.

Theorem 3.1. Suppose that x is C* function with du(0,0) = 0 and there exists p > 0
such that pu(z,h(z)) =0 V |Z|< p and that ’

S(w) =0z [+ g ])" 19 -h2)]) as (z,9) =0
where g > 1. Then

(@ y) =z 9) =0z |+ gDy —h(z)]) as (z,9) = 0. (20)

Proof. Following the proof of Theorem 2.1, it is sufficient to prove (20) only for the
system (8) with A sufficiently small. Take the function '

1 , 4 . . ’
Or(z.y) = —p(Az, Ay) - w(| z |2 + |y |P +K 1), (21)

A

where 2 = I, y = y — h(Z) and w(r)is truncated function introduced in the proof
of Theorem 2.1. Then 6y € T° and there exists A > 0, such that

6r€IntB, ={veX’; |v|<r} V|Al<A
Define a mapping Sy : T® — Y9 by

Sz =T\(z+6)\) - 6..

11



Since T is a contraction mapping on B, for | A |< §(r), S\ is a contraction mapping
on

20 = {9 € T° ; lp+8ill < |o(z,p) IS K-((z |+ v ) |y} V(z,y) € R"xR"},

where K is a positiveﬂ real constant. Indeed, it is only sufficient to show that

If p € Z()\,g), then
[1Sve + 0 = [ITM(e + O] < T,y

where the last inequality follows from
T.: B, — B,.

Thus it remains to prove that for all (z,y) € R™ x R®

oz, ) ISK - ((lz [+ 1y )y
yields ;
| (S y) [SK-((fe |+ 1y Dy D)
for some positive K.
The function 9;\( x) can be represented as

—8\(z) = — /_0 —(i—(e‘4T(e—Tf)*9(:c))dT =— /_OOO e (e TV (AG — L;8)dr.

co dT

Since 3(1) = O(( | + [y | | v |) and hence S(6) = O((| = | + [y )" |y |) we
obtain '

O\(zyy) = _/ (e ) {[B(a,y,A) — B(z + 6,0,0)] + N(z,y)}dr,
where
N(z,y) = A0 — L6+ @(x +60,0,\) — ®(z,y, \).
Thus

(Swle )= [ (e [B(x +6.0,0) ~ Bx +6+,0,1) = N(z,y)dr.

Hence having applied (15), (19) we obtain the existence of § > 0, such that
[ ple) [SK-(el+ [y D Tyl ¢ eZ(Aq)

‘which yields )
| (Sxpdz,y) [S K- (x4 Ty )y
for all (z,y) and | A |[< 4. The proof is completed.
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Now using Theorem 1.3 and Theorem 3.1 we can approximate the decoupling normal-
1zing transformation

=
+

g:*~hﬁy
to any degree of accuracy, where v(z,0) = 0, h(0) =0, dv(0,0) =0, dh(0)=0.
Consider more thoroughly the numerical procedure for the calculation of asymptotic
series for v. For simplicity we suppose that the coordinate transformation

T =231

y=y— hz)
has been already applyed. Thus we deal with the system (6). Then the function v(z,y)
satisfles the equation ‘

~

Av = —dvQ) — {Ci)(l,y) - ®(z + v,0)},

where

Av = adav + —a—uBy, adsv = QZA:r — Av
dy Oz

and

Quﬂ”:(éWw%®WWD?

Let y-¢' be a linear space of vector fields whose coefficients are homogeneous polynomials
of degree 1 + 1 and for every g € v - 53 g(z,0) =0 Vaz € R™ holds. ‘Suppose further
we have the asymptotic series

<
Il

4M8
RS

"

Q

I
v I
[ &]

@(:U,y)— d(x + v, 0) = [@(r y) — ®(z + v,0)]it1,

i

where v;, [®(z,y) — ®(z +1,0))is1 € y- ¢ and Q; € ', ' is a linear space of vector
fields whose coefficients are homogeneous polynomials of degree :. Then we have to
solve for {1}, the following linear equations in the linear spaces {y - '},

Ay = — > dviy; — [®(z,y) — ®(z + 1,0)]i11 (I=1,2,...)  (21)

i+y=I+1,1>1, j>2

The solution {1,}}2, exists and is unique. Namely the following statement is true.
Proposition 3.1. There exists A~ : y- ' — y - o' and

ATV =— /0\ e~V (e e ePTy)dr
forhecy ¢ (i=1,2,...).

13



Proof. Suppose there exists ¢ #0, g €y - o', such that Ag = 0. Then

d.
E G_Atg(eAt:L',eBty)} =0.

Thus _
e Yg(eMz,ePly)} = g(z,y).

fort > 0. But ¢ € y- o' and consequently

lim e Yg(e?tz, ePly) = 0.

t— oo

Hence g(z.y) = 0. Thus Ag = 0 implyes ¢ = 0. That means the existence of A7
Example 3.1. Consider the polynomial system
r = Az + (1/1].1' + Vrlzy) < k,y >,

y = By + (Varz + Vaay)- < k,y >,

where the eigenvalues of A € R™™ have zero real parts, the eigenvalues of B € R*™*"
have negative real parts, Vj; € R™X™ Vi, € R™® Vy € R™™, Vy € R and
k € R". Then for I =1 the equation (21) has the form

Ay = —(Vipe + Vigy)- < k,y > .

Using Proposition 3.1, we obtain

> e
" ___/ G_AT(X/HeATI + ‘/IZCBTy)' < k,@BTy > dr
0

and

1/:V1+O((‘I|‘+‘|y|)2|yl)

4 Additional smoothness

Smoothness and/or real analyticity of a decoupling normalizing transformation is com-
pletly determined by smoothness and/or real analiticity of a center manifold. Consider
the sequence

0
§o=— [ e,y 0) - @20, M]dr, & =Tibo, & = Do, -
where ®(x,y.)) and Ty are defined in the proof of Theorem 2.1. Then {§;}2, are Cc*
functions whenever f is C* vector field and | A |< §, where ¢ is a sufficiently small
positive real value. It has been proved in Section 2, that lim;_., & = v in the Y*~2
topology. Thus a restriction of v to any closed ball in R™ x R" is the limit of {£;}%2, in
the C*~2 topology. Moreover for sufficiently small 6 and | A |< & the (k—2)th derivatives
of v are uniformly Lipschitzian. Using this fact and the proof method of Theorem 4.2
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from [ 5 ], one can show that, for )\ sufficiently small, v is a C* function on a closed ball

in R™ x R™.

In general real analiticity of the vector field f does not imply the existence of a real
analytic center manifold [ 8 ]. But if the function h(z) from Theorem 1.1, the vector
field f are real analytic and moreover ‘ :

A=-AT

then the decoupling normalizing transformation is also real analytic. To prove that one
define the norm

a ;
lgll: = sup |o-g(z,y)| on y-p"
jz|+|y|=1 )
If A= —AT then there exists a constant I > 0, such that
AT <K Yi=1,2,.... (22)

Thus using (21) one can show that
lill: < M, (23)

where constant M > 0. (23) means real analyticity of v. The details of this scenario
are quite laborious so we do not present them here. It is necessary only to note, that
the condition A = —AT is quite important. In general, for arbitrary matrix A, whose
eigenvalues have zero real parts, there not exists any constant K > 0 for which (22)

holds.

'5 Local stabilization of nonlinear system with non-
controllable linearization

Here we continue the work begun in [ 1,3 ]. Namely we apply the results obtained above
in order to investigate the local stabilization of the single - input nonlinear system

(24)
y=By+9@.9)+ @+ Q) u,
where control value v € R and A, B, ®, ¥ have been defined in (1),
G . R.m % Rn N Rm‘
Q - R™ & Rn N Rn
are C'™ function which vanish at the origin. i.e., G(0,0) = 0, @Q(0,0) = 0.
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Definition 5.1 The system (24) is said to be locally stabilizable in the origin iff there
exists the C? feedback u = w(z,y) which vanish together with their derivatives at the
origin (i.e., w(0,0) = 0,dw(0,0) = 0 ), such that the zero solution of the closed loop
system ( the system (24) with u = w(z,y)) is asymptotically stable.

Due to Theorem 2.2 there exists a decoupling normalizing transformation (4) under
which the system (24) has the form

= A% + ®(3, k(%)) + G(Z,9) - u,

STE

(25)
g = Bj+V(z,9)+ (¢ + Q(&,7)) - u,

where
. 0 - - -0 _ 0, A
G(z,y) = G(,y)+ vz, y—h(:r))lz:fG(:v’y)+a—1JV(:r,y—h($))(q+Q(w,y)—a—jh(w)G(w,y)

and (#,9), (z,y) are connected by the decoupling normalizing transformation (4).

It is easy to see that § = 0 yields # = 7 and y = A(&). Thus

GL2.0) = G2 () + 5-015,0)(a + QU h(E) - S-h()G(E (@)

The next theorem gives us some sufficient conditions for local stabilizability of nonlinear
system (24).

Theorem 5.1. Let the system

&= Ai + (3, h(F)) | - (26)

be stable, V(Z) be its C™ weak Liapunov’s function, i.e, there exists § > 0, such that
V(z)>0forall0 <]z |[<é V(0)=0 and < dV(3), A7+ (&, k(%)) ><0 V | & |< 6.
Suppose further that for every complete trajectory #(¢,z(0)) = {z(t); | #(0)|< §, 0 <
t < oo} of (26) which satisfves

< dV(#(1).G(¥(1),0) >=0 VYt >0 (27)

it follows that x(t) = 0. Then the system (25) is locally stabilizable in the origin by the
feedback v = — < dV(7).G(%,7) > .

Proof. According to Theorem 1.1 the system (25) with u = ~ < dV(z),G(%,7) > has
a center manifold § = H(7). Then due to Theorem 1.2 ( and/or Theorem 2.2) the zero

solution of the closed loop system is asymptotically stable iff the zero solution of the
system

&= AT+ O3, (7)) - G(i, H(3)) < dV(3),G(3,HE) > (28)
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is asymptotically stable. If there exists § > 0, such that lim;_o, Z(t,z*) =0 V |z*|<
8, where z(t,z") is the solution of (28) generated by the initial conditions Z(0,z*) = z*,
then the proof is completed. Otherwise for every § > 0 one can find 0 <| z* |< §, such
that lim, .., Z(t,z*) # 0 and (¢, z*) saticfyes

< dV(#(t,2%), G(3(t,2"), H(3(t, ")) >=0 V ¢ > 0.

But (i‘(t, ™), H(z(t, x’))) is a solution of the system (25) with u = 0. Hence, due to the
stability of the zero solution of (26) lim,_.., H(Z(t,z*)) = 0. Thus there exists nontrivial
trajectory of (26) which satisfyes (27). That contradictes the conditions of the theorem.
The proof is completed.

Using the sufficient conditions of stabilization obtained in [7] we can formulate the
following corollary of Theorem 5.1.

Corollary 1. Let &(3,h(2)) =0, AT = —A, G(%,0) be C* function and for &
sufficiently small o
rank{ad G(z,0)}2,=m, YO<|Z|<$é

where ad%G(#,0) = G(7,0), ad4G(7,0) = ZG(#,0)A% — AG(%,0) and ad}G(#,0) =
ada(ad' 7 G(E,0)). Then the system (25) is locally stabilizable in the origin by the

feedback v = — < 7,G(z,7) > .

The next theorem follows from the sufficient conditions of the stability of homogeneous
polynomial systems [2].

Theorem 5.2. Let 4 = — AT

(i, h(2)) = B(3) + O(| 7 **),

G(&,5) = Go(7,9) + O((| & | + | 5 )",

where &5 € f, G,, € " and ¢° " are defined in Section 3. Suppose further
6 >2n+1 and C

{2 €S™!; <i.G)(5,0)>=0} C{z e S™! ;| <z,B(F) >< 0},

where S™7! is the (m-1)- dimensional unit sphere. Then there exists v > 0, such that
the feedback

W)= —y < 2,G,(2,0) > & |77
stabilizes the system (25).

Proof. Consider the system (25) closed by u(z) = —vy < i,é’n(f:,O) >| & |1
Having applied Theorem 1.1 we obtain the existence of the center manifold y = H(%)
for the closed loop system. Hence the feedback stabilizes the system (25), iff the zero
solution of the system

i = A+ O3 h(3) - G(2.H(3)) -y < 7,Gy(£,0) >| & 72
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is asymptotically stable. Take the Liapunov’s function V(z) = ; | # |* . Then

%V(i) —< #,30() > —v(< 5,Go(3,0)>) - | E P 4O £ D) (29)

According to the result of (2], there exists v > 0 such that
< E Be(2) >< y(< &, Go(£,0)>)? | £ |71 Vi #0.
Thus the statement of the theorem follows from (29).
Now we formulate sufficient conditions for local stabilizability of the bilinear system

&= Az + (Viiz + Viay)v,

(30)
g = By + (¢ + Varz + Vaay)o,
where control value v € R, q € R", the system
y=By+q-v
is stabilizable and A, {‘/'ij}?v]‘:i are defined in Example 3.1.
We will design the stabilizing feedback in the form
v =<k,y > +u(z,y) | (31)

~with u(0,0) = 0, du(0,0) = 0 and k& € R", such that all eigenvalues of B = B+ ¢ -k

have negative real parts.

After inserting (31) in (30) we obtain

@ = Az + (Ve + Vigy) < kyy > +(Vinz 4 Vigy) - u,

(32)
y =By + (Varz + Vauy)- < kyy > +(q + Varz + Vagy) - w.
Theorem 5.3. If 4 = —A7 and
<o Vyz > +/0°° < M Ve r >< k,ePTg > dr = 0 (33)
implies © = 0, then the system (30) is stabilized by the feedback
v=<kbky>-~- <z, Vir> —/Ox < eV Vipe' e >< k,eP7q > dr. (34)
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Proof. It is easy to see that for the system (32) with u = 0 we have h(z) = 0 and
®(z,h(z)) = 0. The decoupling normalizing transformation is of the form

T =z+v(z,y),
| (35)
Y=y,
where

v= [T Vet e + Vigey) <k e®y > dr+ O |+ 1y ) [y D)

that was calculated in Example 3.1.
Under the normalizing transformation (35) the system (32) has the form
&= A%+ G(&,7)u
(36)
j = Bj + ¥(,9) + (¢ + Q(F,9)) - u
where ¥ () are analogous to the corresponding functions in (25).

Consider the system (36) closed by
u(e)=— <z, Vo > ——/N < eAT:L',VneAT:l: >< k,eBTq >dr (37)
0

where (z,y) and (Z,¢) are connected by the transformation (35). Then using Theorem
1.1 we obtain for the system (36) closed by (37) the center manifold § = H(Z). Hence
to prove the theorem we need to investigate a local behaviour of the system

b= Ai + G(&, H(%)) - u(z), (38)

where & = & — v(x, H()). Take the Liapunov’s function V(&) = £ | @ |*. Then

;—ZtV(;i’) =< ié(i,H(fc)) > u(x).
But

<i,é’(ft,H( ) >= <r1111>+/ < eVi Viget r>~<k,eBTq>dT+O(|a?|3)

u(z) = — < 3. Viz > —/ < eV VieVE >< kePg>dr+0( & ).
0
Therefore
d o o0 B 2 s
dt‘ (1) (<.r.¥111‘>+ <eVE VaeTE >< ke Tq>d7') +O(] Z ).
0

and due to the condition (33) that means asymptotic stability of the zero solution of
(38). Hence the zero solution of the system (30) which is closed by the feedback (34) is
also asymptotically stable.
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